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Notation
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1-D one-dimensional
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Chapter 1

INTRODUCTION

In the past three decades, progress in technology has been accompanied by the
development of diverse and complicated systems. Among them, are multidimen-
sional (n-D) systems characterized by rational functions, or matrices of several
independent variables which can represent di erent space co-ordinates or mixed
time and space variables. This is a result of information propagation in more than
one independent direction which is the essential di erence from the classical, or
one-dimensional (1-D) case, where information propagates only in one direction.

The interest in n-D systems (Bose, 1982, 1985, 2001; Gatkowski et al., 2003e;
Galkowski and Wood, 2001; Kaczorek, 1985; Zerz, 2000) has been motivated pre-
dominantly by a wide variety of applications, arising in both theory and practical
applications. Examples of such applications are multidimensional signal and image
processing (Bracewell, 1995; Dudgeon and Merserau, 1984; Handkiwicz et al., 2000;
Mese and Vaidyanathan, 2002), n-D coding and decoding (Miri and Aplevich, 2000;
Shi and Zhang, 2002) and n-D  ltering techniques (Basu, 2002; Lu and Antoniou,
1992), which are frequently used in computer graphics and animation for object
rendering. Recently, repetitive processes have been the most investigated class
of n-D systems (Rogers et al., 2005; Rogers and Owens, 1992, 2001), which are
clearly two-dimensional (2-D) systems, with applications ranging from long-wall
coal cutting and metal rolling (see, for example, (Foda and Agathoklis, 1992; Gal-
kowski et al., 2003d; Rogers and Owens, 1992)) to iterative learning control (ILC)
schemes (Amann et al.,, 1998; Longman, 2000; Owens et al., 2000) and iterative
algorithms for solving nonlinear dynamic optimal control problems based on the
maximum principle (Roberts, 2000a,b, 2002).

While studying linear n-D systems and linear repetitive processes (LRPs),
many analysis and synthesis problems arise. Among them are fundamental qu-
estions related to stability and stabilisation, feedback control, robust control and
performance measure that should be provided with efficient methods of their so-
lution. Unfortunately, linear n-D systems and LRPs cannot be analyzed by direct
extension of existing methods from 1-D systems theory, because such an approach
ignores their inherent n-D structure and results in computationally hard problems.
This makes most n-D system analysis and synthesis tests not computationally ef-
fective and sometimes not feasible.

In view of computer-aided analysis and synthesis, the efficiency of a method
involves two main aspects: avoiding extensive storage use and keeping the com-
putational complexity as low as possible. The rst requirement implies that the
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storage should be proportional to the amount of data de ning the system. Due to
the fact that large amounts of memory are available in modern computer worksta-
tions, the rst requirement may be neglected. Concerning the second requirement,
we focus on some key concepts from the theory of complexity, highlighting their re-
levance to systems and control theory (Blondel and Tsitsiklis, 2000b; Fu and Luo,
1997; Vidyasagar, 1998). A large proportion of the control problems (especially
in 1-D systems theory) is algorithmically solvable with polynomial time computa-
bility, i.e. the running time of an algorithm on any problem instance of the size
n increases no faster than some polynomial function in n. This class of problems
is so-called P, and the problems which belong to such a class are considered ef-

ciently solvable. An example of such a problem in 1-D control theory, known
to be polynomial-time solvable, is the stability problem. It can be converted into
computing of system matrix eigenvalues and verifying whether their moduli are all
smaller than 1 (discrete system case) or that they are all in the open-left half-plane
(continuous system case). Since these operations are always performed in polyno-
mial time, the stability problem belongs to class P. It is important to note that an
alternative method is the Routh test, which can also be answered in polynomial
time. This clearly means that the described stability tests of a 1-D system can be
efficiently solved even for high-order systems, and hence it is suitable for inclusion
in a software package.

The problem is assigned to the NP (nondeterministic polynomial time) class
if it is veri able (but not necessarily solvable) in polynomial time, i.e. we can ve-
rify, in polynomial time, whether a proposed solution is correct. Other problems
are shown to be N'P-hard (Blondel and Tsitsiklis, 2000b; Vidyasagar and Blondel,
2001), meaning that although these problems may be algorithmically solvable, no
polynomial time algorithm is possible, assuming the validity of a long-standing
conjecture in computer science (P # N'P), which is widely believed to be true.
An example of the N"P-hard problem in 1-D system theory is a question related to
output feedback stabilisation with constraints, namely determining whether there
exists a matrix K satisfying Kjow < K < Kyjgn and such that A + BKC is
stable (Vidyasagar, 1998), where matrices A, B, C, K)o and Kygn are given.
However, many NP-hard problems can be routinely solved in practice, either exac-
tly or approximately using various methods, but generally they are only limited
to low-scale problems. This makes computer implementations possible. Some of
control problems are shown to be undecidable, that is, they are not amenable to
an algorithmic solution and frequently the approximate versions of these problems
are also computationally hard. An example of an undecidable problem in control
theory is the one related to the stability of linear time-varying systems (Blondel
and Tsitsiklis, 2000a).

It is a natural question to ask if analysis and synthesis problems in n-D sys-
tems theory can be considered e ectively or satisfactorily solved. Unfortunately,
nowadays, most of such problems are assumed to be A'P-hard or even undecidable.
This means that solving many of n-D system analysis and synthesis problems is
a nontrivial task. To see this, consider, for example, the stability problem. When
dealing with 2-D (n-D) systems, representations in terms of rational functions of
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several independent variables are frequently used as a foundation for a systems
analysis (Bose, 1977, 1982; H at onen and Ylinen, 2003; Youla and Gnavi, 1979)
and allow us to formulate stability tests. However, they turn out to be undeci-
dable because we have to check an in nite set of system poles, which obviously
cannot be done in  nite time. Indeed, zeros of a 2-D (n-D) system characteristic
polynomial (i.e. 2-D (n-D) system poles) are not isolated as in the 1-D case and,
in general, they cannot form a  nite set. Therefore, to date no e ective tests
(with the complexity being a polynomial in decision variables) exist for deciding

if a polynomial of several independent variables has no zeroes in the closed bidisk
(n-disk). Furthermore, the problems with computation of n-D system poles are
accompanied by difficulties in applying the pole placement technique, since there is
no link between the pole placement and the dynamic response of the n-D system.
This immediately makes the controller synthesis a difficult task.

It is not a surprise that computational problems of the same kind occur when
dealing with LRPs and we take account of the fact that they reveal an inherent
2-D system structure. As an example, the stability test for discrete LRPs can be
considered. It is shown in (Rogers and Owens, 1992) that the standard test for
stability along the pass, involves the computation of the eigenvalues of a potentially
large matrix for all points on the unit circle in complex plane. This is clearly
impossible in practice and means that the stability problem of LRPs is undecidable.
In view of these computational difficulties, it is only possible to provide sufficient
stability conditions, i.e. conditions which involve only computations for a  nite
number of points. On the other hand, it is difficult to specify the points for
checking. However, in the case of LRP, information propagation in one of two
separate directions only occurs over a  nite duration and therefore the 1-D model
of underlying dynamics can be provided. One of the implications of this fact, is the
possibility of applying 1-D system analysis and synthesis methods. Nevertheless,
the resulting process matrices depend on the pass length, which often makes 1-D
system theory tests computationally ine ective (Gramacki, 1999b).

Another set of problems with the n-D system theory are those that are cau-
sed by the complexity of the underlying ring structure, i.e. polynomials in two
and more indeterminates where the underlying ring does not have a division al-
gorithm (Bose, 1977; Galkowski, 2001a). The existence of a division algorithm
for Euclidean ring forms constitutes a foundation for the algorithmic derivation of
many canonical forms and solution techniques in 1-D system theory.

To overcome some of these problems, much e ort has been dedicated to es-
tablishing mathematical tools, outside these required in 1-D system theory, which
can be used to constitute computationally e ective methods for n-D systems ana-
lysis and synthesis. Among recently developed methods are those based on beha-
vioural theory (Pillai et al., 2002; Wood et al., 2001) and Gr oebner-basis (Basu,
2002; Curtin and Saba, 1999; Kalker et al., 1995).

The behavioural approach (Polderman and Willems, 1997; Willems, 1991) to
linear systems looks at system equations as just one possible way of representing a
‘behaviour’, that is a set of time trajectories of a vector of selected variables. This
point of view allows us to consider some hard problems in n-D system theory, e.g.
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n-D systems pole placement, but this requires wide-spread knowledge of abstract
algebra (Shankar and Willems, 2000; Wood et al., 2001). In addition to this, the
behavioural approach is still under development and today, this approach cannot
be widely applied in practice as many theoretical problems to overcome remain.

The interest in the Gr oebner bases, which have been introduced by Buchber-
ger (Buchberger, 1985), has been motivated by developing algebraic methods and
software to support them. Nevertheless, Gr oebner bases establish an automatic
proving method for many non-trivial theorems which have immediate applications
in n-D system theory (Lin, 2001; Lin et al., 2001). They need to  nd an appro-
priate multivariate polynomial set associated with the problem at hand that is a
hard task—worst-case complexity is doubly exponential in the number of varia-
bles (Bose, 1985). For this reason available software allows us to apply this method
only to very small problems (systems with  ve or six variables), and therefore it
is not very useful while solving engineering problems.

Recently, the most popular technique for formulating the stability test for
n-D systems is that based on constructing Lyapunov functionals (Bliman, 2002;
Hinamoto, 1997; Lu, 1994; Lu and Lee, 1985). Since an appropriate Lyapunov
functional candidate is provided, the corresponding stability condition can be
expressed in terms of bilinear matrix inequalities (BMIs) (Safonov et al., 1994;
VanAntwerp and Braatz, 2000; Vandenberghe and Balakrishnan, 1997) or linear
matrix inequalities (LMIs) (Boyd et al., 1994; Packard et al., 1991). These two
problem formulations di  er from each other. BMIs introduce a general framework
to formulate control problems, but they are known to be AP-hard (Toker and
Ozbay, 1995), and hence no polynomial-time algorithm exists to solve them. On
the other hand, not all problems can be formulated in terms of LMIs, but are
solved with great practical and theoretical efficiency using interior-point algori-
thms (Nesterov and Nemirovskii, 1994) which are polynomial-time algorithms. It
turns out that, in practice, that is even more e ective. Therefore, LMI methods
seem to be especially attractive when dealing with n-D systems and LRPs. Ho-
wever, this approach only results in sufficient conditions for stability and requires
the problem to be formulated in terms of LMIs which is a difficult task. Although
some results on converting stability conditions of n-D systems and LRPs into an
LMI form have been published (Du and Xie, 2002; Galkowski et al., 2002d; Lu,
2002), it is necessary to provide the results for various classes of n-D systems,
especially for these where uncertainties, disturbances and delays may appear.

One of the most challenging problems in control theory of 1-D and n-D systems
are those related to analysis and designing systems in the presence of uncertain-
ties. It is a critical issue because physical parameter values are only approximately
known or vary in time (Ackerman, 1997; Zhou et al., 1996). Another cause of un-
certainty is the imperfect knowledge of some system components, or the alteration
of their behaviour due to changes in operating conditions. Finally, we have to
consider the nite precision of computational issues, which can be, for example
introduced by a  nite wordlength of the Analog to Digital (A/D) converters and
the Digital to Analog (D/A) converters. For these reasons, there is a need to  nd
a method that makes it possible to determine whether or not a system is robustly
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stable. Unfortunately, the problem of providing such a method that can deal with
uncertainties of all sorts, is still unsolved. Moreover, most robust problems are
proven to be A'P-hard (Blondel and Tsitsiklis, 1997, 2000b). In addition to this,
the most common situation encountered when dealing with robust problems is
the fact that the controller parameterization depends explicitly on the state-space
matrices of the system, which are unknown. This immediately leads to a problem
formulation in terms of BMIs, which has no e ective solution. However, there are
several ways to approximate solutions to robust problems using efficient polyno-
mial time algorithms. The most frequently used approach is based on computing
upper bounds on parameter values for which the system remains stable. Further,
this can be formulated with convex optimization over LMIs (Boyd et al., 1994;
El Ghaoui and Niculescu, 1999; Packard et al., 1991). In what follows, this appro-
ach can be used even in the area of n-D systems (Du and Xie, 1999b; Gatkowski
et al., 2003b) and their classes i.e. repetitive processes (Gatkowski et al., 2003a,
2002a,b). Nevertheless, the works related to the area LRPs or n-D systems provide
only some preliminary results which are suitable for a speci ¢ class of systems or
processes.

Another set of problems, even for 1-D systems, are those related to integra-
tion of stability and performance design objectives, but only for some specialized
de nitions of performance and stability measures. In general, performance optima-
lity does not guarantee robust stability. Hence, performance should be optimized
with a robust stability constraint. To this end, optimization of the Hy and H
norms representing a performance measure has been proposed recently. Since most
‘Ho and Ho, control problems are shown to be NP-hard and have no analytical
solution, we are therefore interested in  nding a suboptimal solution which is po-
ssible in practice. This strategy involves some numerical search techniques such
as convex optimization, which is frequently adopted for solving problems in 1-D
system theory (Gahinet and Apkarian, 1994; Scherer and Weiland, 2002; Skelton
et al., 1998). Recently, some attempts have been made towards the development
of convex optimization methods involving LMIs to Hs and H., design for 2-D
systems (Du and Xie, 2002; Tuan et al., 2002) but to date, no work has been
reported on a solution to this design problem with performance requirements for
LRPs. Hence, there is a need to provide these results.

It is well known that the increasing expectations of system dynamic perfor-
mances is accompanied by a selection of adequate models of a system. In the
real world, many systems and process dynamics are a ected by delays which can-
not be neglected and make the control such the systems complicated (Richard,
2003). Examples of systems with delays in biology, chemistry, economics, mecha-
nics, physics, population dynamics, as well as in engineering sciences are included
in (Boukas and Liu, 2003; Dugard and Verriest, 1998; Mahmoud, 2000; Malek-
Zavarei and Jamshidi, 1987; Niculescu, 2001) and references therein.

For this reason, in the last few years, great research e orts have been spent
on the development of analysis and synthesis techniques which, extending results
from the eld of delay-free systems, may apply to time-delay systems. However,
it turns out that many analysis and design tests and procedures are not suitable
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for computer implementation due to their high computational complexity. For
example, the design of stabilising controllers for time-delay systems may be, in
general, N'P-hard (Toker and Ozbay, 1996). This has motivated us to seek com-
putationally e ective methods for their analysis and synthesis even if they only
result in approximate solutions.

The point of interest in 1-D time-delay systems is that they can be modelled
using 2-D dimensional theory (Loiseau and Breth e, 1997). Since 1-D time delay
systems are indeed in  nite-dimensional systems (Hale and Lunel, 1993), then it is
highly attractive to use 2-D (n-D) tools, which are clearly  nite-dimensional, to
analyse them (Agathoklis and Foda, 1989; Kamen, 1980).

On the other hand, most of the existing works on time-delay systems are
concerned with control problems of 1-D systems, but relatively little has been re-
ported on 2-D linear systems with delays. The study of such systems with delay
has been motivated by the fact that time delays, which correspond to transpor-
tation or computation times, are encountered e.g. during the processing of visual
images which are intrinsically two-dimensional.

In view of the above facts, there is a need to provide a method suitable for
treating many problems of analysis and synthesis of 2-D(n-D) system classes in a
uni ed manner. Additionally, the method to be provided must result in a computer
numerical package, which makes not only analysis and synthesis considered systems
to be automated processes, but a reasonable computational cost of computations
(i.e. polynomial-time) has to be maintained, even for large-scale problems.

In the context of an increasing demand for software that will facilitate the
tedious tasks of data input for automatic system design and analysis, numerous
software packages have been created. Indeed, since packages like CONTROL SYS-
TEM TOOLBOX for MATLAB (The Mathworks Inc., 2002) and CONTROL SYSTEM
PROFESSIONAL SUITE integrated with MATHEMATICA (Bakshee, 2003) exist, both
classical and modern methods are available for automated analysis and control de-
sign. Moreover, recently developed numerical techniques can be applied to a large
number of previously unsolved problems (or hard to solve) in system control the-
ory. It should also be pointed out that, even though an analytical solution exists, a
numerical search method for the same problem might have a lower computational
complexity than the analytical solution.

Unfortunately, these packages are only available for 1-D systems and up now
there is no commercial software related to n-D systems. Although there exists
a MATLAB-based package (Galtkowski et al., 2000) to aid control related analy-
sis/design of LRPs;, its use is mainly restricted to 1-D representation and simu-
lation capabilities. However, it provides routines for constructing the discrete
approximation of a di erential LRP, which is an nontrivial task in the case of
LRPs and 2-D systems in general. The main reason for the lack of software tools
for n-D systems is that the inherent complex structure of such systems resulted
in an absence of satisfactory mathematical and numerical tools for solving related
analysis and synthesis problems.

It has been indicated that among numerical search techniques, convex and
quasiconvex optimization methods (Boyd and Vandenberghe, 2004) which involve
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LMIs (Boyd et al., 1994; Dullerud and Paganini, 2000; El Ghaoui and Niculescu,
1999) are one of the most promising and e  ective tools for the analysis and synthe-
sis of 1-D and n-D systems. Hence, to apply LMI methods as the algorithmic core
for a wide variety of problems which have arisen in n-D control theory, appropriate
problem formulations in terms of LMIs are required.

Faced with the above facts, it turns out that convex optimization methods
which involve LMIs lead to computer implementable analysis and synthesis tests,
and can generally o er an escape from some potential difficulties which have ari-
sen in n-D system theory. However, there are still many analysis and synthesis
problems for n-D systems and LRPs, which have no LMI formulations. This is
especially valid for n-D system classes for uncertainty, disturbances and delays
occurrence cases. For these reasons this work is focused on extending recently
developed LMIs methods to solve problems which have arisen in the analysis and
synthesis of such n-D system classes.

The main objective of this work is to convert non-trivial problems in the
analysis and synthesis of LRPs and n-D systems into an LMI framework
for solving them e  ciently with recently developed software packages. In
particular, the problem is to apply LMI methods to n-D system classes
subject to parameter uncertainties, disturbances and delays. The resulting
LMI conditions are implemented as MATLAB m- les.

The following thesis can be formulated:

Many analysis and synthesis problems of di  erential and discrete LRPs
and generally n-D systems, including very di cult and practically moti-
vated problems where uncertainties, disturbances and delays may appear,

can be solved e ectively with LMI methods.

To con rm this thesis, the following problems have been addressed:

Theoretical aspects:

e provision and development of a computer implementable formulations,
which involve LMlIs, for the following problems:
— stability and stabilisation of LRPs subjected to parameter uncertainty,

— controller synthesis with performance requirements (in the form of H
and Hz norms) for LRPs,

— guaranteed cost control of LRPs,
— stability and stabilisation of state delayed 2-D systems,
— robust stability and robust stabilisation of state delayed 2-D systems,

e formulating optimization procedures which can be used to attenuate the
e ects of uncertainty and disturbances.
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Implementation aspect:

e Implementation of a MATLAB-based package which numerically solves con-
sidered class of problems.

Application aspects:

e application of LMI methods to study stability and convergence properties of
iterative algorithms such as iterative learning control procedures,

e applications of LMI methods to analyze parallel computing processes.

The following outlines the structure of this dissertation and shortly highlights its
contributions.

Chapter 2: This Chapter reviews the state-space representations of the 2-D (n-
D) systems and LRPs that are considered. The models with parameter
uncertainty and state delays are also presented. Furthermore, computatio-
nal problems associated with the analysis and synthesis of n-D systems and
their classes (e.g. LRPs) are indicated. In particular, it is shown that existing
approaches to the analysis and synthesis of LRPs and 2-D(n-D) systems are
limited only to a certain type of problem and they may not be suitable for
other classes of problems, especially for those where uncertainties, distur-
bances and delays may appear. Finally, an example is given to illustrate the
applicability of 2-D state-space representation to describe realistic problems
arising in computer science.

Chapter 3: The aim here is to present some fundamental facts about linear ma-
trix inequality methods which are the main tools used in this dissertation.
Computational aspects of using LMI methods and software to solve them
are also considered. This chapter also presents some mathematical tools to
manipulate matrix inequalities and their applications, to obtain a LMI form
for a given non-LMI formulation.

Chapter 4: This Chapter is devoted to providing a concept of computer-aided
robust design for uncertain LRPs. It is shown that LMI methods extend the
use of computer software to deal with engineering decision problems with
uncertainties. The algorithms to design robust and efficient controllers are
also provided. Some computational experiments are presented to illustrate
the e ectiveness of the proposed algorithms.

Chapter 5: This chapter focuses on providing LMI conditions for analysis and
synthesis purposes with performance requirements. This is accompanied
with Hy and Ho, control theory. Moreover, the guaranteed cost control pro-
blem is considered. The resulting conditions are formulated as optimization
problems involving LMIs, which allows us to increase the system perfor-
mance. It is also shown that most of the problems cannot be solved efficien-
tly with classical methods (if a solution exists) or even that there was not
an analytical solution.
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Chapter 6: Here 2-D state delayed systems are considered. The stability and
stabilisation results are established. To facilitate the computation process,
LMIs methods are employed. An optimization technique to improve nume-
rical results is described.

The dissertation concludes with an overview of major results and the contribu-
tion of this work. Several directions for future research are identi ed.



Chapter 2

2-D(n-D) LINEAR SYSTEMS AND LRPS

The linear state-space models for considered classes of 2-D (n-D) systems have
been the subject of research for over three decades due to their advantage of
providing a simple and intuitive way to analysis and synthesis for n-D systems (Du
and Xie, 2002; Galtkowski, 2001a; Kung et al., 1977). Although, 2-D state-space
models seem to be similar to 1-D state-space models, some essential di erences
exist between them. One of the major di erences between 1-D and 2-D (n-D)
state-space models is that in the 2-D (n-D) case these models deal only with the
local state in contrast to the global state which preserves all past information as in
1-D case. Therefore, some principal system concepts like stability or controllability
must be formulated for both local and global states.

The state-space representations of 2-D (n-D) systems and their classes are
described in detail in this chapter. Based on these representations, some basic
properties such as stability, robustness and performance bounds are de ned and
described. Furthermore, it will be shown that checking these n-D systems proper-
ties are not generally amenable to an e ective algorithmic solution owing to the
fact that they are generally characterized as being A/P-hard or undecidable pro-
blems. Finally, some examples are used to illustrate applications and properties
of presented models.

2.1. State-space models of 2-D linear systems

During the last few decades, considerable attention has been devoted to 2-D sys-
tems due to their practical importance (Kaczorek, 1985). In particular, since the
linear state-space models were introduced in the 1970’s the 2-D systems have been
studied intensively.

There are several state-space models for 2-D systems introduced by Roesser
(Roesser, 1975), Fornasini and Marchesini (Fornasini and Marchesini, 1978), At-
tasi (Attasi, 1973) and Kurek (Kurek, 1985) which have been generalized to the
n-D models later on. These models have been commonly used to describe 2-D
(n-D) systems, and to investigate their several properties.

Here, we will only concentrate on the most common state-space models i.e.
Roesser model (RM) and Fornasini-Marchesini model (FMM). Originally, RM had
been proposed to analyse and control linear iterative circuits, but it can be used
in encoding, decoding and image processing, see (Bose, 1982; Bracewell, 1995; Lu
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and Antoniou, 1992). One of the key features of this model is that the state vector
is partitioned into horizontal and vertical components, say " and z, respecti-
vely. An alternative formalism to RM is FMM, which is extensively used in signal
processing (Du et al., 2000) and control (Du and Xie, 2002; Xie et al., 2002). It
should be noted that FMM is also used to describe delay-di erential models, see
for example (Tian and Zhang, 2004; Zhang and Deng, 2001). Both models are
easily generalized to the general n-D (n > 2) case and also to the continuous or
hybrid case (Kaczorek, 1994). Moreover, it turns out that RM and FMM are not
fully independent of each other therefore one model can be embedded in the second
one.

On the other hand, a 2-D framework has proven to be an e ective tool in
the study of LRPs (Rogers and Owens, 1992) due to their inherent 2-D system
structure. This allows us to use 2-D state-space models i.e. RM and FMM for
modelling both the di erential and discrete LRPs.

The unquestioned popularity of the state-space methods in 1-D and n-D sys-
tem theory stems from the fact that they are well understood and efficient and
stable numerical linear algebra routines exist, such as the singular value decom-
position (SVD) required when manipulating state-space models. In what follows,
state-space methods are less sensitive to the size of perturbation in entry data (Hi-
gham et al.,, 2004). This is why the numerical packages prefer state-space repre-
sentations of linear systems by means of matrices and vectors rather than rational
matrix functions or polynomials. Furthermore, much 2-D (n-D) system analysis
can be done within Lyapunov’s framework, which is most naturally performed
in the state space. Additionally, it turns out that the Lyapunov matrix can be
found by solving a linear system of equations (LSE), algebraic Riccati equations
(ARE) (Doyle et al., 1989) and LMIs (Boyd et al., 1994; Skelton et al., 1998) for
which polynomial-time algorithms exist. Thus, the state-space methods have a
computational advantage over the transfer function approach and they are used
throughout this dissertation.

2.1.1. Roesser state-space model

The Roesser state-space model (RM) (Kung et al., 1977; Roesser, 1975) is de  ned
by the following equations

A IR P B A A
y(ij)=[C1 C: ] [ .

In this model i and j are the positive integer valued horizontal and vertical coef-

cients, & € R™ is the vector of horizontally transmitted information, z¥ € R™

is the vector of vertically transmitted information, v € R is the vector of control
inputs and y € R™ is the output vector.

This state-space formalism (2.1) has been introduced for a linear iterative

circuit, which is considered as a spatial system. An iterative circuit is the combi-
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nation of individual cells, each of which is identical, in a regular pattern (Malakorn,
2003), and where each cell performs a linear transformation, as it is depicted in
Fig. 2.1. This type of circuit is used widely in automata and logical circuit theory.
From a practical viewpoint, the iterative circuit may be used in encoding, deco-
ding and image processing (Roesser, 1975). In this case, the boundary conditions

L]

e | »

l

x"(i,j—&-l)[ ﬂY(i’j)

cell
(i) | (1) | XE)
A ﬂ o Y
u(iy) [
— »> »> —>

I

Fig. 2.1. A two-dimensional iterative circuit.

are given by
Xn(0) ={="(0.4) Vi:j =0} (2.2)
X,(0) ={«"(4,0) Vi:i>0}

It should be pointed out, that relationships between polynomial matrix theory and
state-space description are very strong in the 2-D(n-D) linear case. As a result of
application two variable Z transform in case of RM (2.1), the following transfer
function is obtained

2 _ I—2A; —214A12 - B,
Gim(z1,22) = [ C1 Cy | ({ CpAy T — 2y As B,

and the characteristic polynomial is given by
I-2A1 —21Ap
Chy = det 2.4
Ry = 66 ({ —2A21 I —2A2 24)

2.1.2. Fornasini-Marchesini state-space model

] +D (2.3)

Another commonly used state-space model for 2-D systems is the so-called Fornasini-
Marchesini model (FMM) (Fornasini and Marchesini, 1978). The basic model of
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this type (called the second FMM in literature) has the following form
21,54+ 1) =Aga(i+1,7)+ Ase(i, j+1)+ Bru(i+1, j)+ Bau(i, j+1)
y(i,j) =Cux(i, j)+ Dul(i, j)
where, x(i,j) € R” is the local state vector, u(i,j) € R! and y(i,7) € R™ are

the control input vector and the output vector respectively with 4,5 € N. The
boundary conditions are de ned by

Xn(0) ={x(0,j) Vj:j =0}

X,(0) ={x(4,0) Vi:i>0}
This model has been motivated by the algebraic point of view of Nerode equiva-
lence where 2-D input-output map had been factorized (Fornasini and Marchesini,
1976, 1978; Kung et al., 1977). In contrast to RM, the state vector is not split into
horizontal and vertical components. Moreover, Fornasini and Marchesini were the

rst to realize that the major di  erence between 1-D and 2-D systems is that we

can introduce a global and a local state in 2-D (n-D) case. The global state pre-
serves all past information and it is of in  nite dimension in general (the diagonal
line L depicted in Fig. 2.2) while the local state gives us the size of recursion.
What is more, the global state, denoted here by Xy, is de ned as collection of all
local states along Ly = {(i,7): i+ j = k}, hence

Xe={z(i,j): i+j=k}
In case of FMM of the form (2.5), the transfer function is

J(I) Lk ‘«Lkn

(2.5)

(2.6)

x(i+1,j+1)

X(i,j—l—l)‘“\w
O O @ @
x(i+Lg)

O O O

I N o e N
Q O
Fig. 2.2. An illustration to FMM and global state.

G%M(zl, 222) =C (I — 21 A5 — ZQAl)_l (21B2 + ZgBl) + D (27)
and the characteristic polynomial is de ned as

CI%‘M = det (I — ZlAQ — Z2A1) (28)
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2.1.3. State-space models of n-D systems

The models de ned in (2.1) and (2.5) can be generalized in an easy way to any
n > 2. Hence, the n-D system can be described in state space by the Roesser type
model of the form

ol(iy+1,.. ., dy) A AL T2t (i, in) B,
; =] - : +1 0 ulin,... i)
™ (ipy e yin+1) Apr o A | 2™, i) B,
2l(in, .. yin)
y(ih...,in):[Cl Cn} + Du(iy, ..., in)
(i ey in)

(2.9)
where " (i1,...,1,), 7 = 1,2,...,n are the local state sub-vectors, u(iy,...,i,)
and y(i1,...,%,) are the input vector and the output vector respectively with
i1,...,i, € N. The characteristic polynomial is associated with (2.9) is then

I—2A1 ... 21 A1,
Cra(z1,...,2n) = det : : (2.10)
ZnAn1 oo T —2, A,

On the other hand, the Fornasini-Marchesini state-space model for n-D systems is
l’(ll-l-l, Z'2+1, ey Zn+1) :All'(il, ’L.2+]., . 7Zn+].)

+A21‘(i1+1,i2,i3—|—1, e 77;”4-1)
+. .+ A+ i+ 1, in_1 + 1,4y)

o . (2.11)
+ Biyu(iy,is+1,...,i, + 1)
+...+Buulis+ Lio+1,. .. in—1 + 1,4,)
y(il,ig, R Z'n) ZCJC(il,ig, R Z.n) + Du(il,ig, - 7in—17in)
where (i1, 9, ...,4,) is the local state vector, u(iy, s, ...,4y,) is the input vector
and y(i1,142,...,1,) is the output vector with iq,...,4, € N. The characteristic

polynomial is given by
Cru(#1,..., 2n) = det <I—ZziAi> (2.12)
i=1

2.1.4. Relation between models

It is worth mentioning that RM and FMM are not fully independent of each other.
To see this, consider the FMM equations (2.5) and de ne a new state (4, j) as

§(i,5) = =(i,j +1) — Ayz(i, j) (2.13)
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then
i+ 1,5)=2(i+1,j+1)— A1(i+1,5) + Bu(i,j)
=Aox(i, j) + A2 [§(4, ) + Arx(i, )] + Bu(i, j)
=A28(i,j) + [Ao + A2 A1] 2(4, j) + Bu(i, j)
Hence

[ (i+1,7) ]

(i, +1) [ Az Aot dodh } [ £(i.7) ] + [ ]g ]u(z’,j)

I A x(i,7)

- 0% } -

,j)=1 0 C 20| 4+ Du(i,

y( 3) [ ] [ x(l,j) ( ])
which is identical to the RM form described by (2.1). On the other hand, by
identifying in (2.1) the vector
. P (i, j
stiod) = | Tl d) |

z¥ (i, j)

and the matrices Aq, Ao, By and By with

_ A11A12 _ 0 0 a5 Bl a5 0
SR R PP kA Y

and use simple operations as in (Fornasini and Marchesini, 1978) to obtain the
FMM form (2.5).

Throughout this dissertation, the results are presented for one model (RM or
FMM) only with the understanding that they could be applied to another model
after the above mentioned transformations.

2.2. Linear repetitive processes

Linear repetitive processes (LRPs) are one of the most important classes of 2-

D linear systems of both practical and algorithmic interest (Amann et al., 1998;
Roberts, 2000a; Rogers et al., 2005; Rogers and Owens, 1992). The essential unique
characteristic of such a process is a series of sweeps, termed passes, through a set

of dynamics de ned over a xed nite duration known as the pass length. On each
pass an output, termed the pass pro le, is produced which acts as a forcing function
on, and hence contributes to, the dynamics of the next pass pro le. This, in turn,
leads to the unique control problem for these processes in that the output sequence

of pass pro les generated can contain oscillations that increase in amplitude in the
pass to pass direction.

To introduce a formal de nition, let o < co denote the pass length (which
is assumed to be constant). Then the pass pro le g(p), 0 < p < « (p is the
independent spatial or temporal variable) generated on the pass k acts a forcing
function on, and hence contributes to, the dynamics of the new pass pro  le g11(p),
0<p<a,k>0.
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The schematic illustration of the dynamics evolution is depicted in Fig. 2.3.
This  gure also corresponds to the simplest possible case of LRP dynamics where
only the previous pass pro le contributes to the current one. In this case we deal
with unit memory LRPs and within this dissertation, reference will be made only
to this subclass of LRPs.

A

k
> 1 . !
RoyE ot 1
o AT :: k
: b
a (=const)

Fig. 2.3. Schematic illustration of the dynamics of a LRP.

The intrinsic feature of repetitive processes is that their dynamics evolve in
two separate directions, i.e.

e from pass to pass direction (k-direction),
e along a given pass of  nite duration (p-direction).

Hence, they clearly have 2-D system structure systems and therefore it is natural
to exploit structural links between 2-D linear systems and LRPs. It is worth noting
that in the case of LRP, information propagation in one of two separate directions
only occurs over a  nite duration. This fact is the key di  erence with other classes
of 2-D linear systems (see Fig. 2.4 for illustration). According to the fact that
LRP dynamics can evolve as discrete or continuous function of the independent
variable (which has temporal or spatial characteristic), two subclasses of LRPs can
be considered

e discrete LRPs, where evolution of the dynamics in both directions is discrete,

e di erential LRPs where, in contrast to discrete LRPs, the dynamics along the
pass evolves as a continuous function of the independent variable (dynamics
from pass to pass is still discrete).

The state-space model of a di erential LRP has the following, commonly
known (Rogers and Owens, 1992), form over 0 <t < o, k >0

$k+1(t) :A$k+1(t) + Boyk(t) + Buk+1(t)

yk+1(t) :ka_;,_l(t) + Doy (t) + Duk+1(t) (214)

Here on pass k, xi(t) € R™ is the state vector, yi(t) € R™ is the pass pro le
vector, uy(t) € R! is the vector of control inputs.
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i K] :
oo Y XK,
® o ®
® O
o
N >
i (o p
A 2-D system An LRP

Fig. 2.4. Information propagation for 2-D systems and LRPs.

To complete the process description, it is necessary to specify the ‘initial
conditions’ - termed the boundary conditions here, i.e. the state initial vector on
each pass zp4+1(0) and the initial pass pro le (i.e. on the pass number 0) g(t).
The simplest possible form of them are

Tp41(0) = dgg1, k>0

>0,
wt)=f(t), 0<t<a (2.15)

where f(t) € R™ is a vector whose entries are known functions of ¢ over [0, o] and
di+1 € R™ is a vector with constant entries.

In case of discrete LRP, the state-space model has the following form over
0<p<a, k>0

Trr1(p+ 1) =Az1(p) + Boyk(p) + Bugt1(p)
Yk+1(p) =Cxpy1(p) + Doyk(p) + Dugy1(p)

Again it is necessary to specify the boundary conditions, which are given by

(2.16)

Tr41(0) = dyq1, k =0,
yO(p) :f(p)a pZO,l,,Of—l

In some cases (e.g. in the cases of mining or optimal control applications, see (Ro-
berts, 2000a,b; Rogers and Owens, 1992)) the following form of (2.17) are used

(2.17)

a—1
2r41(0) = di1(0) + > Kjui(h), k=0,1,... (2.18)
j=0

where K ; is a constant matrix of appropriate dimension. These boundary con-
ditions are called dynamic boundary conditions (Gatkowski et al., 2001b; Rogers
et al., 2002, 2005). Note that in case of di erential LRP, j is sample point along
the previous pass.
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2.2.1. Linear repetitive processes in terms of Roesser model

It was mentioned that LRPs are a class of 2-D systems thus they share certain
structural similarities with 2-D linear systems. Therefore, 2-D state-space mo-
dels i.e. RM (2.1) and FMM (2.5) can be used for modelling both discrete and
di erential LRPs. To use the RM, a simple ‘forward transformation’ of the pass
pro le vector followed by a change of variable in the pass number are employed.
In particular, introduce

r=k+1,

Yk (p) =vr41(p) = vr(p), (2.19)

then the state-space model (2.16) takes state equation structure in the RM

[ xgr(f;(rp? ] - { é gz ] [ :583)) } + { g ]ur(p) (2.20)

Hence in terms of RM, the pass pro le vector g(p) plays the role of the vertical
state vector and the pass state vector z;11(p) plays the role of horizontal state
vector. In what follows, the pass pro le vector is simultaneously the output vector,
denoted here by z,.(p) and hence we can write

S = =[o 1| 5] (2.21)

2.2.2. Linear repetitive processes in terms of Fornasini-Marchesini model

On the other hand, the state-space models of LRPs (2.16) and (2.14) can be
embedded into the FMM (2.5). To proceed, de ne the following matrices from the
state-space model (2.16)

~ | A By ~ | 0 0 = | B| 5 | O
Ae[4 %) A8 4] 5e[3]5[8] em
and the augmented state vector

Bp+1k+1) = { r(p+1) }

Yr(p)
Furthermore, introduce the input vector
i(p+1,k) = a(p, k +1) = uk(p)
then the equation (2.16) can be rewritten in the following form
E(p+1,k+1) = A13(p, k+1)+ Ax2(p+1, k) + Bri(p, k+1)+ Bai(p+1, k) (2.23)

which is clearly the FMM.
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2.2.3. 1-D equivalent model

It is shown (Gramacki, 1999b; Rogers et al., 2005; Rogers and Owens, 1992) that
some of the properties of LRPs (e.g. asymptotic stability) can be characterized
with other forms of discrete LRPs (also for di  erential LRPs, after discretization
process) using a 1-D equivalent state-space model of the underlying dynamics.
Basic steps (for details, see (Galkowski et al., 2002¢; Gramacki, 1999b)) in deri-
vation of a such model involve the change of variables (2.19) and de nition of the
so-called global state, input and pass pro le vectors (« denotes the pass length)

v (0) 2, (1) u,(0)
vr(1) r(2) ur(1)
Y, = ) X, = , Up =
ve(a—2) zr(a—1) up(a —2)
ve(a—1) (@) up(a—1)

Then the 1-D equivalent state-space model for processes described by (2.16) and
(2.17) is de  ned by

Y(r+1) =®Y (r) + AU(r) + Oz,.(0)

- (2.24)
X(r) =LY (r)+ XU (r) + ¥z, (0)
where the matrices @, A, 0, f‘, 3, W are given in (Galtkowski et al., 2002¢; Gra-
macki, 1999b). It is important to note that use of the presented model allows
us to apply 1-D linear system stability tests (in a few very special cases), which
can be answered in polynomial time. On the other hand, observing that the ma-
trices dimensions are: ® € Rmexma A ¢ Rmexla @ ¢ Rmexn TN ¢ Rraxme
3 € Rrexle ¥ ¢ R"**" and they clearly depend on pass length. This fact makes
stability tests computationally difficult, especially for large pass length (o > 20).

A key feature of the model (2.24) is that along the pass dynamics has been
‘hidden’ within the global state, input and pass pro le vectors which de ne the
equivalent 1-D state-space model. Hence, in 1-D linear system terms, the  rst
equation in (2.24) plays the role of the state vector and the second one is the
output equation.

The 1-D model of the form (2.24) is easily extended to the dynamic boundary
conditions (2.18) by simply inserting (2.18) into (2.24) to yield

Y(r+1)=2Y (r) + AU(r) + ©d,.(0)

X(r) =LY (r) + XU(r) + ¥d,.(0) (2.25)

where B B
P=P+0OK, '=T+PK

and
K=[KyK; - -K,1]

In this case the dimensions of ® and I' are equal to the dimensions of ® and T
respectively, and the matrix K € R™*™,
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2.3. State-space models of 2-D state-delayed systems

To this time, most existing works on time-delay systems deal only with 1-D sys-
tems (Boukas and Liu, 2003; Dugard and Verriest, 1998; Mahmoud, 2000; Malek-
Zavarei and Jamshidi, 1987; Niculescu, 2001). It is well known that many, or even
most physical systems have natural n-D characteristics. It is only for convenience
and simplicity, and often to avoid computational complexities, that such features
have been neglected.

Due to the fact that time delays correspond to transportation time or compu-
tation time, encountered for instance during the processing of a visual image which
is intrinsically 2-D (Bracewell, 1995), it becomes appropriate to study 2-D time-
delay systems. For this purpose, the state-space representation of 2-D systems
with delays in the state are introduced.

2.3.1. Roesser model with state delays

The RM of 2-D discrete linear system with single, possibly di erent delays along
two directions (horizontal and vertical) is represented by

a"(i+1,5) | _ [ An A | [ 2"(i,7) 4| Ana A a(i—dy, j)
x¥(i,7+1) Ay Ay z¥ (i, 7) Azig Azg xv (i, j—da)

vid)=[€1 2] | L) [+ Dt

(2.26)

where 2" (i,j) € R™ is the horizontal state, z%(i,j) € R" is the vertical state.
The positive integers d; and ds represent unknown but constant delays along both
directions and satisfy

O§d1§81<00
0§d2§82<00

where d; and dy are constant. In this case, the boundary conditions are given by

Xp(dy) ={a"(i,5) Vj>0;i=—di,—dy+1,...,0}

= (2.27)
Xo(d2) ={z"(i,j) Vi>0; j=—da,—d2+1,...,0}

2.3.2. Fornasini-Marchesini model with state delays
On the other hand, the FMM with state delays has the following form
x(i+1,j+1) =A12(i+1,5) + Asx(i,j+ 1) + Argx(i + 1,5 — dy)
+ Agqx(i —do, j+ 1)+ Biu(i +1,5) + Bou(i,j+1) (2.28)
y(i,5) =Cx(i,j) + Du(i, j)
where z(i, j) € R™ is the local state vector, u(4,j) € R is the input vector, y(i, j) €

R™ is the output vector and d;, ds are constant positive scalars representing delays
along the vertical direction and horizontal direction respectively.
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The boundary conditions are given by

Xp(d2) ={z(i,j) Vj=>0;i=—ds,—d2+1,...,0}

2.29
Xo(dy) ={z(i,j) Vi>0; j=—di,—dy +1,...,0} ( )

2.4. Analysis and synthesis problems in n-D system theory

In this section we are presenting how a multidimensional system structure af-
fects the computational complexity of analysis and synthesis problems for LRPs
and generally n-D systems. It should be pointed out that since the frequency
domain methods are used some computational difficulties appear which make exi-
sting analysis and synthesis tests difficult or impossible to perform on a computer.
Furthermore, when it is not feasible to compute an exact solution to a problem,
we are interested in  nding an approximate solution as this is better than no solu-
tion at all. Therefore the alternative or sometimes only existing solutions to some
theoretical problems are provided for considered system classes, which allow us to
apply numerically reliable design algorithms.

To make computation efficient, the following approach is employed. First, the
state-space representation of n-D systems and LRPs, that have been described in
previous sections, are used. Next, Lyapunov theory is exploited and the solution to
stability and related problems for 2-D(n-D) systems are reduced to the existence
positive de ned matrix (the Lyapunov matrix). Finally, equipped by this, the
analysis and synthesis tests are formulated. These tests seem to be computatio-
nally attractive when polynomial-time algorithms for solving Lyapunov equations
(inequalities) exist. However, this approach only results in sufficient conditions for
stability and usually fails, since we deal with uncertain systems or performance ob-
jectives. Therefore it is necessary to  nd another method which gives us a unifying
point of view for most analysis and synthesis problems in n-D system theory.

It sounds attractive to apply LMI methods that have been recognized as a
computationally e ective tool for solving 1-D system control problems, to solve
analysis and synthesis problems in n-D system theory formulated with the state-
space representations. This, in turn, makes it possible to create a specialized
software tool for automatic n-D system design and analysis.

We will start with the stability problem which is a principal requirement for
both LRPs and n-D systems. Next, control objectives and speci cations in rela-
tion to a stability concept will be considered and control problems will be formu-
lated as a combination of these speci cations and the closed-loop representation.
Here, we will formulate the control problem in the following form: Given a set of
spect  cations and an open-loop system,  nd a controller, if it exists, so that the
closed-loop ful lls the given speci  cations. This form can be further used to derive
LMI formulation for a speci ¢ control problem and for efficient computations.

2.4.1. Stability problem

Concept of an asymptotic stability requires that the n-D system represented by
the state-space model (2.9) or (2.11) without an external input (i.e. u(4,j) = 0)
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returns to an equilibrium for any values of boundary conditions (2.2) or (2.6).

It is well known that necessary and sufficient conditions for asymptotic sta-
bility of n-D systems can be characterized in terms of a characteristic polynomial
of the system matrix.

Lemma 1. (Jury, 1978) The n-D system is asymptotically stable if and only if
the characteristic polynomial given by (2.10) or by (2.12) has no zeros inside the
closed unit n-disc, that is, Cp (21, .., 2n) # 0 (or Cgp(21,...,2n) # 0) for all
(21,...,2n) €U ", where

U" ={(z1,-20) 2l <1,i=1,...,n}

However, it turns out that this stability test is not computationally efficient
and generally the solution is not guaranteed. The main problem here is that zeros
of 2-D (n-D) system characteristic polynomial (i.e. system poles) are not isolated
as in 1-D case and they cannot be a  nite set. Hence, the stability test is not
computationally feasible because in  nitely many points have to be checked.

Example 2.1. To see this, consider a 2-D system with the following characteristic
polynomial
p(z1,22) =2 — 21 — 29 (2.30)

1t is straightforward to see that all points (z1,z2) that satisfy p(z1,22) =0 are po-
les of the system (these points can be: ...,(—1,3),(0,2),(1,1),(2,0),(3,—1),...).
That is, there is the in  nite number of system poles which are zeros of (2.30) and
they form the line (depicted in Fig. 2.5).

Zy

I

2 -1 1 z,

Fig. 2.5. 2-D system poles.

To make stability tests computationally feasible, it is desirable to provide
an approximate solution that results in a signi cant reduction in computational
complexity, but the reduction of computational complexity can only be achieved
by introducing some degree of conservativeness i.e. the resulting stability test is
only a sufficient one. One of the ways to obtain such stability conditions is by
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applying Lyapunov theory within state-space models. This approach uses the
following candidate of the Lyapunov function

V(ityeooyin) =2 (i1, ... in)Px(it,. .. i)

for some P > 0. Equipped with this, we now have the following Lemma which
gives the condition for asymptotic stability of n-D system.

Lemma 2. (Galkowski et al., 2003b) Suppose u(i1,...,in) =0 foriy,..., i, satis-
fying i1 4+ -+ i, > 0. If

Vo= Y. V(i,...,in) <0,
i1+ +in=0

V= Y. V(... in) < o0,
i1t tip =K

and
V41 < Vi (2.31)

then the n-D system represented by the RM (2.9), or by the FMM (2.11) is said
to be Lyapunov stable. Moreover, it is asymptotically stable if (2.31) is satis ed
for any K €N and equality holds in (2.81) only when x(i1,...,i,) =0.

Above Lemma is a basis for all developments presented in this thesis. It allows
us to formulate a sufficient stability condition in terms of LMI.

Lemma 3. (Galkowski et al., 2003b) An unforced (i.e. u(i,j) = 0) n-D system
represented by the RM (2.9) is asymptotically stable if there exist P > 0, Q, > 0,
1=1,2,...,n— 1, satisfying

T n—1

Al P-YQ,0 - 0

Ag i=1

J|P[AI Ay A, - 0 Q- 0 |29 (2.32)
‘ : S0

T

An o 00Q,,

where the matrices Ay, Aa, ... A, are identi ed in (2.9) as

o --- 0
Ay - Ay, D 0 --- 0
0 --- 0 0o ---0 : .
A1: . 3 . 7--~7Ai: AzlAin 7...,1412 :
Do 0 --- 0 0 0
L o --- 0 ]
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The most important fact associated with Lemma 3 is that an n-D system
stability condition can be recast into an LMI feasibility problem i.e.  nite di-
mensional convex optimization problems involving LMI constraints. Indeed, this
stability condition requires only to nd the nite number of scalar variables. More
precisely, since each matrix variable in (2.32) has q(qTH) decision variables, then the
resulting number of decision variables to be found when solving (2.32) is nw
(¢ denotes the number of rows (or columns) of the matrix A;).

Although this result can be further used to solve other analysis and synthesis
problems of 2-D (n-D) system, to date a smaller number of such problems have
been solved in the area of LRPs and n-D systems with delays. In particular, the
lack of results is noticeable for di erential LRPs. Therefore the main purpose
is to provide both e ective and applicable stability tests for these processes and
systems.

2.4.1.1. Stability of linear repetitive processes

The stability theory of LRPs (Rogers et al., 2005; Rogers and Owens, 1992) is
based on an abstract model in a Banach space setting which includes considered
LRPs as special cases. This theory consists of two distinct stability concepts i.e.

e asymptotic stability, that guarantees the existence of a limit pro le which is
described by a 1-D linear system state space model,

e stability along the pass, that guarantees the existence of a limit pro le and
ensures that the resulting limit pro le is stable along the pass dynamics.

In most cases, asymptotic stability is investigated through the use of 1-D system
theory applied to the equivalent 1-D model (see Section 2.2.3). However, it turns
out that asymptotic stability cannot guarantee that the resulting pass pro le has
"acceptable’ characteristic and this can be illustrated by the following examples
for both di erential and discrete cases.

Example 2.2. Consider the following di erential LRP (Benton, 2000), where (3
is a real scalar,
Ep41(t) = — Tp41(t) + w1 () + (1 + B) yu(?)
Yrt1(t) =rx11(1)
2k+1(0) =0, 0 <t<a, k>0.
In this case, the process is asymptotically stable with limit pro le over 0 <t < «
Yoo (1) =0 Yoo (t) + uoso(t)
Yoo (0) =0

Also if up41(t) =1 and yo(t) =0, 0 <t < «, k>0, then it can be easily shown
that the  rst pass pro le is given by

(2.33)

pt)=1-e" 0<t<a. (2.34)
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But solving the limit pro le di  erential equation (2.33) gives
Yool(t) = B = 1), 0<t < a

So although the st pass pro le (2.34) is clearly an acceptable dynamic characte-
ristic response to the unit step command uq(t) = 1, the resulting limit pro le has
unacceptable dynamic characteristics. In particular, for 3 > 0, the dynamics of
the limit pro le increase exponentially and can be said to be ‘unstable along the
pass’ in the obvious intuitive sense.

Example 2.3. Consider the discrete LRP of the form (2.16) described by
Tpt1(p +1) = = 0.52541(p) + (0.5 + B)yr(p) + wrt1(p)
Yrt1(p) =Tr41(p)

and assume that xy4+1(0) = 0. This process is asymptotically stable but the resulting
limit pro le over 0 < p <«

Yoo (P + 1) = BYoo(P) + Ueo
is unstable in 1-D sense if || > 1.

The reason why asymptotic stability does not guarantee a limit pro le which
is ’stable along the pass’ is the nite pass length. Therefore the strongest concept
stability along the pass must be used.

Lemma 4. (Rogers and Owens, 1992) A di erential LRP (2.14) is stable along
the pass if and only if the following conditions are satis ed:

e p(Dy) <1
e Re(p(A)) <0

e all eigenvalues of G(s) = C(sI — A)~1 B with s = iw have modulus strictly
less than unity ¥V real frequencies w > 0

where A, By, C, Dy are matrices from the state-space model of LRP (2.14).

An equivalent set of conditions for stability along the pass can be provided
for a discrete LRP too.

Lemma 5. (Rogers and Owens, 1992) A discrete LRP (2.16) is stable along the
pass if and only if the following conditions are satis ed:

e p(Do) <1
e p(A) <1

e all eigenvalues of G(z) = C(2I — A)"'Bg V|z| = 1 have modulus strictly
less than unity
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It is clear to see that the third condition is required to make computations
for all points on the unit circle. This implies that stability of LRPs problem is
an undecidable problem. It is then obvious that there is no possibility of solving
such a problem in practice. One of the approaches is to perform computations for

nite a set |z| = 1 that makes a stability test only a sufficient one. However, it is
difficult to determine the number of points for which the computations have to be
performed.

Moreover, stability of 1-D equivalent model (2.24) is easily analyzed using the
eigenvalues of the matrix o Unfortunately, this approach cannot be applied in
practise when a large number of points on the pass appear because it dramatically
increases the computational complexity of the stability tests. Even if it is possible,
or there are no such problems, the 1-D model cannot be used in e  ective robustness
and performance analysis because it adds undue complications to the uncertainty
and disturbances structure.

To avoid some of these complications, existing structural links between 2-D
systems and LRPs (see, Sections 2.2.1 and 2.2.2) will be used to develop stability
results for these processes. The fact that information propagation in one of the
separate directions occurs over a  nite duration, means that existing 2-D system
theory can be applied after some modi cations.

To proceed, de ne the shift operators g, 2o in the along the pass (p) and
pass-to-pass (k) directions respectively as

zk(p) ==2z12k(p + 1),
Yi(p) :==229k+1(p)
Then the 2-D characteristic polynomial for discrete processes described by (2.16)

isde mned as N
. I — z1 —ZlBo
p(21722) = det ([ —ZQC I — ZQDO :|>

On the other hand, by using the s/z transforms instead of z1 /29 one, the charac-
teristic polynomial for processes described by (2.14) is obtained

L sI — A —BO
p(s,z) .—det<[ —.C I-:Dy })

Based on these characteristic polynomials, the stability of both discrete and di  e-
rential LRP can be investigated.

Lemma 6. (Galkowski et al., 2003¢) A LRP is stable along the pass if, and only
if,

y
p(s,2) #0, V (s,2) : Re(s) > 0,]2| <1

in case of di  erential LRP described by (2.14)
b)
p(z1,22) #0, V (21,22) : |z1] <1, ][22 <1
in case of discrete LRP described by (2.16)
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Again, since stability tests are based on computing zeros of 2-D characteristic
polynomial then there is no e ective method to check them, because in particular,
the set of all zeros cannot be  nite.

To employ very powerful algorithms for convex optimization based on LMIs,
the results developed for 2-D systems are adopted, therefore the following Lyapu-
nov function candidate is used

V(k,p) = Vi(k,p) + Va(k,p) = 241 (P) Praws1(p) + i (p) Payu(p)  (2.35)

where P; = 0 and P > 0. It should be pointed out that the above functions
are combination of two independent indeterminates due to the 2-D nature of the
repetitive processes considered in this dissertation.

In contrary to discrete LRPs, there is no a result for di ~ erential case. Indeed
there is a need to develop them. It can be done with the following Lyapunov
function candidate

V(k,t) = Vi(k,t) + Va(k,t) = 21 (O Prawsa(t) + i (8) P2yu(t) (2.36)

2.4.1.2. Stability of 2-D state delayed systems

The most natural method to analyse a 2-D system with delays is the transformation
of such a system into an equivalent non-delayed system and inspect the augmented
matrix. For example, the system represented by (2.28) can be transformed into
the following

2(i+1,j+1) 1 [A1A1 0 ---00A30---Ap] (i, j+1)
w(i—dy+1,j+1) 0 0 I--000°0--0 z(i—dy, j+1)
x(i—dg, j+1) O 0 0 .0 0O0---0 z(i—de+1,5+1)
o ¢ . I0 000 o
95(2—_1334-1) o 0 0---0T 00---0 96(2_—27.7_—1—1)
x(i,j+1) 71 0 0---0000---0 z(i—1,7+1)
x(i+1,i—dy) 0 0 0---00710---0 z(i+1,j—d1)
x(i+1,5—d1+1) 0 0 0---0001TI---0 z(i+1,7—d1+1)
z(i+Lj) 1 [0 0 00000 0... 1 |L =(+L))

However, immediately some difficulties appear due to the following facts:

e the state delays can be large in both directions, which results in a possibly
very large dimension of the augmented matrix,

e if the state delays are not exactly known; the dimension of the augmented
matrix is unknown.

Hence, it is very difficult or even impossible in some cases to provide a computa-
tionally e ective stability test for 2-D state delayed systems in this way. This is
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the reason why the other methods have to be employed to verify that property, e.g.
LMI-based method, which has become a main tool in the analysis and synthesis
of 1-D systems (Boukas and Liu, 2003).

Moreover, it is important to note that two types of stability problems for
delayed systems exist:

e delay-independent stability (Dugard and Verriest, 1998),
e delay-dependent stability (Lee and Kwon, 2002; Moon et al., 2001).

In the rst case, a stability does not depend on delay, which means that systems
are stable for any delay but this stability condition is sometimes restrictive. To
overcome this drawback, a delay-dependent stability condition has to be provided.
It turns out that it is relatively simple to provide a delay-independent stability con-
dition (for some preliminary results for 2-D linear systems with delays, see (Paszke
et al., 2003, 2004; Trinh and Fernando, 2000)) but there are problems with formu-
lating delay-dependent stability conditions.

2.4.2. Stabilisation problem

The problem of stabilisation of LRPs and linear 2-D (n-D) systems has received
considerable attention in the literature over the last few years (Benton, 2000; Cook,
2000; Du and Xie, 1999a; Lin, 2001; Lin et al., 2001; Rogers and Owens, 1992).
The goal of stabilisation is to  nd a controller connected to the original system so
that a stability of the connected system (called closed-loop system - see Fig. 2.6)
is guaranteed.

One unique feature of LRPs is that it is possible to de ne physically meaning-
ful control laws for them. For example, in the ILC application, one such family of
control laws is composed of state feedback control action on the current pass com-
bined with information ‘feedforward’ from the previous pass (or trial in the ILC
context) which, of course, has already been generated and is therefore available
for use. In the general case of LRPs it is clearly highly desirable to have an ana-
lysis setting where such control laws can be designed for stability and guaranteed
performance. In this dissertation two types of a controller (connections a plant

n-D system n-D system
(LRP) u y (LRP) v
X
controller controller

(a) state feedback controller  (b) output feedback controller
Fig. 2.6. Control setups.

with a controller) are considered, i.e.
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(a) static feedback controller (see, Fig. 2.6(a)). In this case, we assume that the
state of the system is perfectly available from the state feedback. Hence the
following control law can be applied

(El(il,...ﬂ;n)
u(iy,...,in)=[ K1 - K, | ; (2.37)

(b) dynamic output feedback controller (see, Fig. 2.6(b)). This controller is used
when no complete state vector is available then one option is to use an
observer to reconstruct it. Therefore the following controller is used

R (T N Aoy, o Agy, 1T 2%, in)

< (iy, .. in+1) | | A, .. A

Cnn xcn(inv R Zn)
B,
+1 0 |y, i) (2.38)
B, '

Al (R

+Dcy(i17 .. 77'71)

Note that a static output controller, although possible, has a limited use for
n-D systems due to much stronger limitations than for the 1-D case, and the
dynamic structure is more frequently investigated.

Now the stabilising control problem can be formulated: Given the open-loop LRP
(orn-D system)  nd a controller (2.37) or (2.88) (if it exists) such that the closed-
loop system is stable along the pass (asymptotically stable).

The most common situation when we deal with the stabilisation problem
is that the condition for controller existence is clearly bilinear in the Lyapunov
matrix and the controller matrices, which are variables to be found. Therefore,
this problem is generally stated as the BMI problem and hence it probably belongs
to the class of NP-hard problems.

2.4.3. Robust control problem

Robustness has recently become one of the most important issues in control sys-
tems research (Ackerman, 1997; Dullerud and Paganini, 2000; Zhou et al., 1996).
This is the result of taking into consideration uncertainties in the modelling pro-
cess. When the data is uncertain, there is a need to describe the structure of
perturbation which a ects system matrices.
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In common with 1-D linear systems theory, we consider three models of uncer-
tainty structure which are introduced below. Note that all uncertainties satisfying
presented conditions are said to be admissible.

(a) norm-bounded model of uncertainty. This model of uncertainty corresponds
to a system which matrices uncertainty are modelled as an additive per-
turbation to the nominal system matrices. Therefore a system is said to
be subjected to norm-bounded parameter uncertainty if matrices of such a
system can be written in the form

M = M+ AM = M+ HFE (2.39)

where H and E are some known constant matrices with compatible dimen-
sions and M de nes the nominal system. J is an unknown, constant matrix
which satis es

FrF<1I (2.40)

Note, that the above model of uncertainty has been widely adopted in de-
scribing parametric uncertainty of 1-D uncertain systems (see (Khargonekar
et al., 1990) and the references therein).

(b) polytopic model of uncertainty. This model of uncertainty corresponds to a
system which matrices range in the polytope of matrices. This means that
each system matrix M is only known to lie in a given  x polytope of matrices
described by

MECO(Ml,MQ,...,Mh) (241)

where Co denotes the convex hull. Then, for positive i =1,2,..., h, M can
be written as

h h
M = {X:X:ZaiMi, a; >0, Zaizl}
=1 =1

As a simple example, the polytope formed from 4 vertices: M, Mo, M3
and M, is depicted in Fig. 2.7. It has to be emphasized that polytopic

M,

M,

M, M,

Fig. 2.7. A polytope.
model of uncertainty is only used when we deal with di erential equations

in the state-space model (2.14). This is motivated by the fact that in the
discrete case, the set all stable matrices may not be a convex set.
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Example 2.4. Let us consider a polytope formed from 2 vertices and assume

that they are
0.5 2 05 0
Al_[o 0.5}"42_[2 0.5}

Based on well known fact that stability in the discrete case is guaranteed if
and only if all eigenvalues of a system matriz lie in the interior of the unit
circle, it can be seen that the matrices A1 and Ay are stable (Amax(A1) = 0.5
and Amax(A2) = 0.5). However, a convex combination yields

A=05A;+05A, = [ 05 1 ]

1 05

and Amax(A) = 1.5. This means that A is unstable.

(¢) a mnemodel of uncertainty. This model of uncertainty corresponds to a system
which matrices are modelled as a collection of  xed affine functions of some

varying parameters pi, ..., pg i.e. each matrix can be written in the form
M(p)=Mo+pMi+...+pr My (2.42)
where M ; Vi = 0,1,..., k are given. Parameter uncertainty is described with

range of parameter values. It means that each parameter p; ranges between
two known extremal values p; (minimum) and p; (maximum), therefore it
can be written as

Pi < pi <Di

Furthermore, the set of uncertain parameters is

Aé {p:(plap2a7pk) 1 pi < pi < pi, ZZI)ak}

and the set of corners of uncertainty region Ag is de ned as

A0 £ {p:(plap27"'7pk) ‘pE {&7171}7 Z:177k}

As an example of a set of uncertain parameters, consider 3 parameters:
p1, P2, p3 whose values range in the parameter box formed by their extremal
values in 3-D parameter space - see Fig. 2.8.

Imposing one of the uncertainty model on the state-space model of a di erential
LRP (2.14) (an uncertain discrete model can be written in this form too) the
following uncertain state-space model is obtained

Tpt1(t) =Azpi1(t) + Boyr(t) + Bugy1(t)

Yr+1(t) =Cxrr1(t) + Doyr(t) + Dugs1(t) (2.43)

where the process matrices A, Bgy, B, C, Dy, D are uncertain and they are de-
scribed by one of the model de ned above.
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DS DZ

Fig. 2.8. 3-D parameter space.

Now the robust control problem can be formulated: Given an uncertain open-
loop LRP (or n-D system) nd a controller equation (2.37) or (2.38) (if it exists)
such that the closed-loop system is stable along the pass (is asymptotically stable)
for each admissible system representation.

It turns out that, in the presence of uncertainty, many classical methods of
analysis and synthesis may be limited. This is especially valid for robust control
problems in n-D system theory which, similarly to 1-D case, belongs to the class
of N'P-hard problems because considered problems are nonlinear and nonconvex.
This, in turn, is a result of the dependency of the controller matrices on the
state-space matrices of the system, which are unknown. Additionally, since any
pole assignment method is used, then it is difficult to certify if the poles remain
in the prescribed region. Therefore, providing sufficiency conditions, based on
approximation techniques, are often about the best we can do. Recently, some
preliminary results on applying LMI methods to deal with uncertain systems and
processes have been presented (Du and Xie, 1999b; Gatkowski et al., 2003b) but
they need to be developed, especially for LRPs.

2.4.4. Control problem with performance requirement

It often turns out that the model which is stable cannot be used in practice. Hence,
the ability e.g. to guarantee the upper bounds on signal is more important than
the ability to guarantee stability property. For this reason, performance measures
and disturbance rejection or attenuation (when stability is ensured) have become
important issues in recent years, also for n-D systems and LRPs. It is important
to note that disturbance rejection for LRPs and n-D systems have received far less
attention than for standard 1-D systems due to a lack of numerically trackable
control design methods. This is mainly caused by difficulties in applying pole
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placement techniques according to the fact that there is no link between the pole
placement and dynamic response of the n-D system. Finally, it is difficult to
provide an analytical solution for such problems or even know if an analytical
solution exists, a numerical search method for the same problem might have a
lower computational complexity than the analytical solution.

It is therefore desirable to have computationally e ective methods which make
it possible to apply popular techniques like the Ho, norm (Helton and Merino,
1998; Stoorvogel, 1992; Zhou et al., 1996), the H2 norm (Saberi et al., 1995), and
guaranteed cost control for LRPs and 2-D (n-D) systems (Guan et al., 2001). In
particular, the lack of these result is noticeable in the area of di erential LRP,
there is therefore a need to provide and develop them.

In this dissertation, the e ect of disturbances is modelled as an exogenous
input w added to the plant model (see Fig. 2.9). Taking this into consideration

z W
n-D system
y (LRP) v
controller

Fig. 2.9. The setup for performance.

the additional input results in state-space model (e.g. state-space model of a
di erential LRP)

Try1(t) =Axp 1 (t) +Bug 1 (t) +Boyr(t) + Brwy 1 (1)
Yrt1(t) =Crpp1(t)+Dugr1(t) + Doyr(t) +Diwpe 1 (t)

Then, in order to quantify the e ect of w on output z i.e. pass pro le in the case
of LRPs, the Hs and Ho, norms (de ned in Chapter 5) are chosen.

Now the control problem with performance requirements can be formulated:
Given an open-loop LRP (n-D system) and performance requirements  nd a con-
troller (2.37) or (2.88) (if it exists) such that the closed-loop system is stable along
the pass (asymptotically stable) and satisfy performance requirements.

It is clear that this design problem requires performance requirements has to
be taken into account, in addition to stability. That is, the main difficulty here
is to provide an e ective method which can accommodate these objectives into
a single design procedure. It turns out that, in the case of 1-D systems, LMI
formulation can overcome this difficulty and make the numerical computation
process e ective. Therefore, due to the lack of results in the area of LRPs, there
is a need to  nd the LMI formulation for the stabilising control problem with
performance requirements.
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2.5. Applications 2-D systems approach

Many physical processes and systems can be described by embedding them in a
2-D(n-D) framework for further analysis and synthesis (Geng et al., 1990; Kurek
and Zaremba, 1993). In addition to this, many, or even most physical systems
have natural 2-D (n-D) characteristics but for simplicity, and often to avoid com-
putational complexities, such features have been neglected.

Due to these facts, three engineering examples, from the area of computer
sciences, are provided to show use of the 2-D state-space representation and n-D
system theory.

2.5.1. lterative learning control

Iterative learning control (ILC) is a relatively well-known technique for improving
the tracking response in systems that repeat a given task or operation over and
over again. This technique is motivated by human learning and it is mainly used
to learn arti cial intelligence systems (e.g. neutral networks) and machines (e.g.
robots) and has attracted considerable research interest in recent years (Amann,
1996; Chen and Wen, 1999; Moore, 1983; Owens et al., 2000).

One of the most interesting results of research on ILC is that the learning
process can be cast into 2-D framework due to information propagation in two
independent directions i.e. time and iterative directions. This, in turn, leads us to
apply 2-D stability theory as a useful method for analysis of learning convergence
and stability.

To see this, recall that the basic idea of ILC is to use the information from a
previous execution of the task in order to improve performance from trial to trial,
in the sense that the tracking error is sequentially reduced.

2.5.1.1. Discrete case

To formalize the notion of ILC, let a learning iteration (or a trial), denoted here
by the subscript k, be a single execution of the system

r(p + 1) =Axi(p) + Buk(p)

yr(p) =Cxi(p) (2.44)

which has input wug(p), output yx(p), and desired output trajectory yq(p) and
where p € 1,2,..., N. In this case, the boundary conditions are

xr(0) =zg, k=0,1,...

2.45
up(p) =0, p=0,1,...,N (2.45)

With this notation the following ILC problem is formulated as: nd, using a
learning technique, an appropriate control sequence ug(p), p € [0, N — 1] such that
tracking error covers to zero along the iterative learning direction (k-direction). In
other words, the problem is to derive the optimal input by evaluating the tracking
error given by

ex(p) = yalp) — yr(p) (2.46)
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This is accomplished by adjusting the input from the current trial i.e. ux(p) to a
new input ugy1(p) for the next trial. Therefore, a general iterative control rule
can be de ned in the following form

ug+1(p) = uk(p) + Aug(p) (2.47)

where Aug(p) denotes modi cation of the control input. Now, it follows from
(2.44), (2.46) and (2.47) that

er+1(p) — ex(p) = —C Ang(p) — CBAuy(p — 1)

where
Mk(p) = Tppa(p — 1) —2r(p — 1)
Further, from (2.47) and (2.44) can be found

mk(p+ 1) = Ani(p) + BAug(p — 1)
Then, de ning the control law
Aug(p) = Kini(p + 1) + Kaer(p+ 1)
the RM for ILC is obtained

[ e+ ) ] - { O enR, 1 ok, } { s ]

and the boundary condition are given by

Nk (0) =2k 41(0) — 2% (0) = x0 — 29 =0, k=0,1,...

. (2.48)
eo(p) =ya(p) — yo(p) = ya(p) —CA 9, p=0,1,...,N
2.5.1.2. Continuous case
Let us consider the following system
t.(t) =A t)+ B t
iy (t) =Azy(t) + Bug(t) (2.49)

yr(t) =Czy(t)

where wuy(t) is input, yx(¢) is output, and desired output trajectory is yq(¢). Fur-
ther, it is assumed that 0 <t < T where T denotes the known time horizon. The
boundary conditions are given by

{L‘k(O) =Xxo, k= 07 1, PN

up(t) =f(t), 0<t<T (2.50)

The aim is to derive the optimal input by evaluating the tracking error

er(t) = ya(t) — yr(t) (2.51)
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Similarly to the discrete system case, it is accomplished by adjusting the input from
the current trial i.e. ux(t) to a new input ugy1(¢) for the next trial. Therefore, a
general iterative control rule can be de ned in the following form

g1 (t) = ug(t) + Aug(t) (2.52)

where Auy(t) denotes modi cation of the control input. Now, based on (2.49),
(2.51) and (2.52) it is seen that

¢
ert+1(t) —ep(t) = —CAng(t) — C’B/ Auy(T)dr
0
where .
)= [ lona(®) - aule)
Further, from (2.52) and (2.49) can be found

dn (1)
dt

= A?]k(t) +BA Auk(’r)dT

Hence, under assumption that y4(¢) is di  erentiable, the following control law can

be de ned J J
i (t) % ex(t)

A =K
uk (?) Yar 2T a
and the continuous-discrete form of RM for ILC is obtained
dﬂdL-t(t) _ A - BK,; —BK, k(1) (2.53)
€k+1(t) —CA+CBK1 I - CBK2 ek(t)

where the boundary conditions are given by
n:(0) =0, k=0,1,...

t
eo(t) =ya(t) — Cetlag — / CeA'"") Bug(7)dr
0

2.5.2. 2-D framework for distributed and parallel computing

Due to a dramatic increase in system complexity and growth of data volume, the
problem of efficient computing becomes of crucial importance. One of the options
to overcome this problem is to use parallel or distributed computation methods.
This, in turn, often requires the use of a networked system. Unfortunately, the
e ect of network congestion (Srikant, 2004), which naturally arises in data ne-
tworks such as Internet or ATM and communication delays, can make the result
of computations di er from the ideal solution, or make the computation process
unstable.

While such situations occur, available data (samples) can be substituted in
place of the delayed, or even lost samples, to maintain real time requirements and
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process stability. Faced with these facts the following problem arises: under what
conditions is the stability of the parallel or distributed process guaranteed?

It has been shown in (Bauer et al., 2001) that this problem can be analysed in
a 2-D framework. To proceed, it is assumed that the computation process required
to evaluate the following di  erence equation

y(ni,ng) = Z aijy(ni —i,ng — j) + Z bijz(ni —i,m2 —j)  (2.54)
(4,5)€Mo (6,7)eM;

where n1, ng are the positive integer valued coefficients, a;5,b;; € R, (n1,n2) and
y(n1,ng) are input and output signals respectively. Further, M; and M, de ne
input and output masks.

Suppose now that the equation (2.54) is computed in parallel on C processors.
Then, in order to ensure computability, inputs within inputs masks and previously
computed outputs within outputs masks must be available to each processor in
time (processors cannot wait for sample to arrive).

Adapting results and notation from (Bauer et al., 2001) we consider the case
when C' = 4. It is assumed that each processor computes the output for a certain
subregion S;, ¢ = 1,...,4 and they are

Sl :{(nl,nQ):Ogng § 10,711 10,4,8,...}

SQ z{(nl,ng):OSng S 10,’/11 = 1,5,9,...}

S3 ={(n1,n2): 0 <ny < 10,77 =2,6,10,...}
(n1,ms) -

54:{711,712 0§TL2§10,711:3,7,11,...}

In what follows, the processor assignment function f is (f assigns one out of 4
processors to every output sample in the quarterplane)

1 for (n1,n2) € S

_J 2for (n1,n2) € Sy
flnine) =9 54 (n1,m2) € S3
4 for (ny,nz) € Sy

n
n

The processors compute the solutions of the following di  erence equation

y(ni,n2) =ao1y(ni,n2 — 1) + aoy(ni — 1, na)

+ any(ni — 1,ne — 1) + booz(n1,n2)

by mapping the function of the form (this function symbolizes the time instant at
which the sample y(n1,n2) is computed on the processor f(ni,n2))

ng + 11ny for (ny,n2) € 51

ny + 2+ 11(ny — 1) for (nq,ng) € Sy
ng + 4+ 11(ny — 2) for (n1,n2) € S
ny + 6+ 11(ny — 3) for (ny1,ng) € Sy

I(nl,ng) =

As a result we obtain a process for computing the 2-D system response as shown
in Fig. 2.10. It is straightforward to see that large delays reduce the amount of
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Fig. 2.10. Order of computation using 4 processors.

parallelism because some samples are not available (see Fig. 2.11). To ensure real
time implementation of the equation (2.54), available outputs can be substituted
for the missing output samples. Note however, that these substitutions can make

n, b

o o o available
sample y(n, ,n, )

o o

o o ® unavailable
sample y(n, ;n, )

o o

° currently
o o computed sample
n,

Fig. 2.11. Relationship of available output samples between two consecutive mask
positions

our process unstable. To analyse the process behaviour, 2-D system theory can be
applied since results on the stability of 2-D systems are available. In order to use
such an approach, rewrite (2.54) in terms of RM (2.1) as

Aj(n1,n2) A12(n1,n2)][$h(n1,n2)}
Aoy (ni,n2)  Aga(ni,ng) || z¥(n1,n2)

(2.55)

[mh(nl—i—l,ng)

x”(m,nzﬂ)} =A(n1,n2)a(n1, ng) =
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where z(nq,n9) € RHXV is the state vector in a 2-D system of order H in n; and
V in ng. A(ni,n9) is uncertain system matrix which is taken from a set A which
involves all matrices A(n1,ns) that correspond to all possible incomplete output
masks. Therefore, it seems to be appropriate to make use of developing results on
robustness to stability investigation of the system (2.55).

2.5.3. Analysis of iterative algorithms in 2-D system framework

It is well known that most engineering problems are solved on computers with a
numerical algorithm. The solution is obtained in an iterative manner where the
numerical algorithm is designed to update the solution in each iteration.

One of the important problems solved in this way is the nonlinear optimal
control problem based on maximum principle. It is a standard fact that the appli-
cation of maximum principle, results in a set of nonlinear dynamic equations with
mixed boundary conditions.

Roberts (Roberts, 2000a,b) has recognized that the solution search can be
cast into 2-D framework where

e one dimension is a time horizon of the dynamic system under investigation,
e and another one is the progress of the iterations.

This allows us to use linear a 2-D state-space model and in turn 2-D system
theory to analyse local stability and convergence properties of a speci ¢ algorithm
designed to achieve the problem solution.

2.5.3.1. Discrete case

Let us consider the real optimal discrete problem (following Roberts (Roberts,
2000b))

N-1
151&1)1 { Z L™ (x(7), u(i), Z)}
i=0

subject to {x(z‘ +1) = f*(a(i), u(i), i)

z(0) = o
where 2(i) € R™ and u(i) € R! are the system state and the control vectors
respectively, L* : R® x R™ — R is the real performance function, f* : R™ x
R™ — R™ represents the real system state equations, and z( is a de ned initial
condition vector. Applications of the maximum principle requires the solution of
the following two point boundary value problem

p(i),i), T(0) = xo; i € [0, N — 1]



2. 2-D(n-D) linear systems and LRPs 49

where p(i) € R™ is the costate vector and the symbol ~ denotes the optimum
value. In this case the optimum control is

u(i) = h(z(i), pli), )
The solution of a problem of the above form is obtained in an iterative manner by

applying methods such as quasilinearisation or a gradient method in a function
space. The general form of such an algorithm can be written in the form

Step 1: Select or compute a nominal solution

(i)
Yo (i) = | (i)

po(i)
and set the iteration counter k£ = 0

Step 2: Compute an estimate of the optimal control by solving

CUESTE U
ﬁ:(i+1) ] = F(Xk (i), Yr(i)), Xi = do,

i) =h(Xy(i)), i € [0, N — 1]

Xk(’i-i-l):{

Step 3: Update the estimated solution
Vi1 (i) = G(X(2), Yi(4))

Step 4: Increment £k = k + 1 and repeat steps 1-3 above until convergence is
achieved.

The above algorithm is clearly in the form of a nonlinear discrete repetitive process
where dyp, is the initial condition which changes from iteration to iteration and
Yi(7), i € [0,N] acts as a driving input from iteration to iteration. However,
analysis of the algorithm can be difficult due to the lack of result on nonlinear
repetitive processes. Since we are interested in local convergence properties of the
algorithm, appropriate manipulations enable us to write the algorithm in the form
of discrete LRPs (2.16)

Xi(k+1) =AoX;(k) + BoY;(k)
Yit1(k) =CX;(k) + D1Y;i(k)

with

X;(0) = d;
where the pass length @@ = N and d; is the vector of initial conditions. In this
case, X;(k) and Y;(k) are de ned as follows
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and the matrices Ag, By, C and D, are

Ay =

A+BR 'B"A"Q BR 'BTA T
-AT'Q AT ’

p._|B~BR 'R A-A-BR B"A™(Q-Q") BR (A'A"'B-B")
" 0 A7@-Q) I-(aa™)r |

kLR 'B"TATQ —k,R 'BTAT

C = kxI 0 )
—k,ATTQ k,A~T
I-kR 'R kR 'B"ATQ-Q") kR (A"A'B-B")T
D, = 0 (1— k)T 0
0 kAT(@Q - Q) i—k,(A*A ™))"

The matrices R, Q, A, B represent the current solution and R*, Q* represent
the optimal solution. The parameters k,, k; and k, are scalar gain parameters.
2.5.3.2. Continuous case

Now consider the problem of determining the solution of the real optimal con-
trol (Roberts, 2000a)

. T
%l{qﬁ (2(T)) + / L <x<t>,u<t>>dt}

() = f*(x(t), ult)) (2.56)
subject to ¢ z(0) = =z
Y ((T)) =0

de mned over nite time horizon ¢ € [0,7], where u(t) €"Rand x(t) € R" are
continuous control and state vectors respectively, ¢* : R™ — R is real terminal
measure, L* : R” x R™ — R is real performance measure function, f* : R" xR"™ —
R™ represents real system state equations, and ¢* : R™ — RY is the real terminal
constraint vector.
By carrying out required manipulations presented in (Roberts, 2000a), it is
shown that the solution of (2.56) can be found iteratively by solving
d . . .
EX(Z)(t) =A0 XD (1) + BoY (1)
YD) =X D (t) + DY (1)

(2.57)

where - )
Oy D) = | 0
x00=[ o |- o0 =| 0



2. 2-D(n-D) linear systems and LRPs 51

and

——1_7
a[
0 kT

0 kR 'BT
C
-Q _ATT |

* -1 5% * ——1 NYA
BOZ[B —-BR R* A*—-A BR (B-BY

0 Q-Q (A—AnT ’
I-kR 'R 0 kR (B-B")T
D, = 0 (1 — k)T 0
0 0 (1— k)T

which clearly has the form of di erential LRPs (2.14). Similarly to the discrete
case, the matrices A, B, @Q and R represent the current solution, R*, Q" stand
the optimal solution and k., k; and k, are scalar gain parameters.

2.6. Software for n-D (LRP) analysis and design

The great advantage of the state-space description is that the analysis and syn-
thesis methods derived from it are easily amenable to computer implementation.
In what follows, state-space models require manipulation of vectors and matrices,
therefore several software packages for engineers can be used for simulating and
for evaluating a system’s behaviour through the state-space representation. The
most widely used software package which supports such a system description is
MATLAB (The Mathworks Inc., 2004). This package can be easily adopted for
simulating, and also for visualization of LRPs or n-D systems.

To date, some packages for simulating and analysis of 2-D (n-D) systems and
LRPs which work under MATLAB environment have been presented (D‘Andrea,
1999; Galtkowski et al., 2000). Unfortunately, they only provide some simple tools
for system simulations, analysis and synthesis. The package LRP TooLBOX (Gal-
kowski et al., 2000) makes use of 2-D and 1-D models of both di erential and
discrete LRPs for their analysis. The 1-D model of LRP can be very easily im-
plemented on a computer but becomes quickly impractical when the pass length
grows. However, in some simple cases, it is possible to exploit the structure of the
matrices. One of the major features of the LRP TOOLBOX are routines for con-
structing the discrete approximation of a di erential LRP, which is a nontrivial
task in the case of LRPs and 2-D systems in general (Gramacki, 1999a). Never-
theless, this package does not involve any tool to analyse and synthesise uncertain
LRPs or performance design purposes.

The MULTIDIMENSIONAL SYSTEMS (MD) TooLBOX (D‘Andrea, 1999) invo-
Ives many useful routines for n-D system analysis and design. They may be used
to test the stability of n-D systems, to simulate them and to perform control de-
sign for these systems. However, this software does not provide tools to solve n-D
system theory problems with uncertain data, and there are no routines to manipu-
late LRPs and 2-D(n-D) state-delayed systems. Even through LRPs analysis and
design are possible with 2-D system routines, this package does not exploit LRPs
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features (e.g. in LRPs case the pass pro le vector is simultaneously the output
vector) which leads to other algebraic manipulations and to many simpli  cations
in relation to a clear 2-D approach.

2.7. Concluding remarks

This chapter gives a brief introduction to n-D state-space models and their ability
to formulate n-D control theory problems. There is no doubt that n-D systems
constitute the important class of systems according to a wide variety of applications
arising in both theory and practical applications. Motivated by these applications,
the interest in n-D systems is growing and there is a need for numerical software to
analyse them. However, commonly known numerical methods for system analysis
and design which are based on computing system poles, cannot be directly applied
to 2-D (n-D) system analysis because of an in nite number of 2-D (n-D) system
poles. Therefore, these methods have very high computational cost and they
cannot be directly used as a basis to build a software tool for the automatic analysis
and synthesis of n-D systems. In order to overcome computational difficulties we
propose to put the alternative problems formulations to some theoretical problems
for n-D systems and LRPs which results in computationally feasible tests. The
proposed approach is based on combining the state-space representations of a
considered class of n-D systems with Lyapunov’s framework to derive the problem
formulation in terms of LMI which are described in the next chapter.



Chapter 3

LINEAR MATRIX INEQUALITY METHODS

Recently, linear matrix inequality (LMI) methods have become popular among re-
searchers from the control community due to their relative simplicity and e ective
numerical solution. The basic idea of the LMI methods is to approximate a given
problem via an optimization problem with a linear objective and LMI constraints.
These problems are recognized to belong to the class of P problems because they
are solved with polynomial-time algorithms.

LMI methods are reviewed and discussed in detail in this chapter. First, we
need to describe the background information required to understand what LMIs
are. Next, the application of modern polynomial-time interior-points methods to
solve optimization problems under LMI constraints are described. In particular,
it is shown that convex and quasi-convex optimization problems, which involve
LMIs, can be adopted as a core to build software to analyse and synthesise 2-
D (or n-D in general) systems and LRPs, where uncertainties, disturbances and
delays occur. Moreover, some software packages used to solve convex optimization
problems are described.

3.1. Linear matrix inequalities

A linear matrix inequality (LMI) is an expression of the form

F(z)=F(2)T = Fo + ZmFz =0 (3.1)

i=1
where

o r=(x1,...,2y), * € R” - is a vector of n real numbers called the decision
variables to be found,

o Fy,... F, - agiven set of real symmetric matrices of equal dimension,

e the inequality symbol > means that the expression (3.1) is nonnegative de-
ned, that is 2F(z)z > 0, V2 # 0, z € R™.

The constraint (3.1) is often used to de ne a minimization problem, which is
commonly referred to as a semide nite program (SDP) (Vandenberghe and Boyd,
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1996) of the form

min ¢’z

3.2
subject to F(z) = 0 (32)

where the vector ¢ € R™ is given.

It is important to note that LMIs have several intrinsic and attractive features.
Firstly, the LMI (3.1) is convex constraint on x (a convex feasibility set). Secondly,
while the constraint is matrix inequality instead of a set of scalar inequalities like in
linear programming (LP), a much wider class of feasibility sets can be considered.
Indeed, for example, LMIs allow us to describe quadric curves like circles (see,
Example 3.1). Thirdly, the convex problems involving LMIs can be solved with
powerful interior-point methods (Nesterov and Nemirovskii, 1994). In this case
"solved” means that we can  nd the vector of the decision variables x that satis es
the LMI, or determine that no solution exists. Sometimes, such solvability problem
is called a feasibility problem or an LMI problem in literature. Moreover, the right
hand side of (3.1) is symmetric matrix and it is nonnegative de ned if, and only
if, all its eigenvalues are nonnegative.

Example 3.1. To con rm that the feasibility set represented by LMI is the convex
set, the following inequality is now considered (adopted from (Meinsma, 1997)).

1 0 = 1 00 0 0 1 0 0 O
0 1 a5 |=]010/|4z] 00 0|4as|0 0 1|=0(33)
r1 xg 1 0 0 1 1 0 0 01 0

F(z) Fo Fq Fs

In this case, we see that the feasible set is the interior of the unit disc (\/J?%F.T%S 1) ,
that is depicted in Fig. 3.1. Note that the Schur complement (for details see Sec-

Fig. 3.1. Example of a feasibility set.

tion 3.5.1) of the block [ é ] in (3.8) gives the equivalent condition

o

1—[ o { lH 1}50 & 1—(zi4+23)>0
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It is important to note that since the intersection of two or more convex sets
is again convex (Boyd and Vandenberghe, 2004), then the intersection of two or
more convex sets described by LMIs is again a convex set. This means that there
is no distinction between a set of LMIs (where p denotes the number of LMIs)

F(l)(ac) =0

F®P (1) =0

and a single LMI
diag (F(l)(aﬂ), N (x)) =0

Example 3.2. To illustrate the fact that multiple LMIs can be expressed as a single
LMI, the following example is considered. Suppose, two convex sets described by
(3.3) and

1 +05>0

are given. They can be expressed by the LMI of the form

0 0 0 |z1405

which represents the convex set depicted in in Fig. 3.2 (the intersection of hyper-
plane and the interior of the unit circle).

Fig. 3.2. Example of a feasibility set 2.

It is worth mentioning that in the case of convex optimization problems with
convex objective functions, any local minimum is a global minimum. This means
that any algorithm that can compute a local minimum for a convex optimization
problem, will compute in fact a global minimum.

Remark 3.1. Note that the expressions F(x) =< 0 and F(x) < G(z) can be
rewritten as —F(x) = 0 and G(z) — F(x) = 0 respectively. Moreover, since an
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LMI is written with = or < then we refer it as a nonstrict LMI. On the other hand,
< or > denotes that the considered LMI is a strict one. It turns out that a nonstrict
LMI can be reduced to an equivalent strict LMI by eliminating equality constraints
(a more thorough discussion on this can be found in (Boyd et al., 1994)). Keeping
these facts in mind, we generally deal with strict negative de ned LMIs.

3.1.1. Bilinear matrix inequalities

It is a fact that most control problems cannot be directly written in the form of
the LMI (3.1). Thus, bilinear matrix inequalities (BMIs) have been introduced as
a general framework to tackle these control problems (Safonov et al., 1994). BMI
has the following form

n m

F(z,y) = F(z,y)" = Fo + ZIze + Zijj + sziyjHij =0 (34)
i=1 =1

i=1 j=1

where the variables are z = (z1,...,2,), z € R and y = (1,...,ym), y € R™,
and the symmetric matrices Fo, F;, i« = 1,...,n, Gj, j = 1,...,m and Hjj,
i=1,...,n, j = 1,...,m are given data. Unfortunately, BMIs are in general
highly non-convex optimization problems, which can have multiple local solutions,
hence solving a general BMI was shown to be N'P-hard (Toker and Ozbay, 1995)
i.e. no polynomial-time algorithm has been found so far for solving them (we
cannot utilize the convex optimization methods) (Goh et al., 1994). This means
that the solution to the problem formulated in terms of BMI can be provided

with approximation methods. Obviously, this introduces a signi cant degree of
conservativeness. In e ect, BMIs are not so popular as LMIs. However, some of

the problems recognized as BMI problems (and therefore assumed to be A/P-hard
problems) have ”hidden” convexity properties and they can be reformulated in
terms of LMI.

In this dissertation, a BMI problem formulation will be used to indicate that
a considered problem cannot be directly solved with polynomial-time algorithms
but in some cases exploration of problem properties can lead to the problem for-
mulation in terms of LMI.

On the other hand, an interesting point to note is that a BMI of the form

(34) is an LMI in = for xed y and an LMI in y for xed z. Furthermore, i

means that BMI is convex in « and convex in y but not jointly convex in z and
y (VanAntwerp and Braatz, 2000).

Example 3.3. Consider the following bilinear inequality
1—2y>0 (3.5)

where © and y are scalar variables. It is clear that (3.5) does not represent a
convex set. To see this, we can consider two points on xy-plane which satisfy the
constraint (3.5), e.g. p1 = (z1,y1) = (0.2,2) and ps = (z2,y2) = (4,0.2) and we
look on the Fig. 3.3. Obuviously, the point in the half way between the two values,
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5

Fig. 3.3. Example of a non-convex set.

i.e.
1 1
p3 = 5(0.2,2) + 5(470.2) =(2.1,1.1)

does not satisfy (3.5).

Today, problems formulated in BMI framework can be solved with algorithms
based on a spatial branch and bound strategy which are available only for very
small problems. Moreover, there remains some problems in the branch and bound
approach therefore these methods are still under development (El Ghaoui and
Niculescu, 1999).

3.2. Algorithms and software for LMI methods

Since the simplex algorithm was discovered in the 1940s, much e ort has been
spent trying to overcome the poor worst-case behaviour of the algorithm - the
number of iterations may be exponential in the number of unknowns. This e ort
resulted in algorithms with better computational complexity. The rst polynomial-
time algorithm is the ellipsoid algorithm that was developed in the late 1970’s by
Khachiyan (Khachiyan, 1979). This started an intensive search for algorithms with
a strong emphasis on convex optimization and computational complexity issues.
Then in 1988, interior point algorithms (or interior point method - IPM) had been
established by Nesterov and Nemirovskii. This mainly motivates the increasing
popularity of LMI methods (called semi-de nite programming - SDP) which are
convex optimization problems and can be solved with TPM.
The general features of IPMs are:

e they are efficient in theory - worst-case computational cost of problem solving
is polynomial function of the number of decision variables,
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e they are efficient in practice i.e. about 5 to 50 iterations, almost independent
of input data, are required to  nd a solution.

Due to the importance of both ellipsoid and interior point algorithms, they will
be presented in the next two subsections.

3.2.1. Ellipsoid algorithm

The ellipsoid algorithm is the simplest algorithm to solve LMI problems where the
solution with prescribed accuracy is attained in polynomial-time. The basic idea
behind this algorithm is to, given a starting ellipsoid that contains the optimal
solution (i.e. z*), cut the ellipsoid in half. Then make a minimal volume ellip-
soid enclosing that half that contains the optimal solution, and iterate until the
optimum is reached.

In more detail, the ellipsoid algorithm contains the following steps

Step 1: Set the iteration counter k = 0 and nd a feasible starting point (with
standard numerical computations) z(%)

Step 2: Compute an ellipsoid E*) that contains an optimal point z*)

Step 3: Compute a plane that passes through the centre of the ellipsoid so that
the solution is guaranteed to lie on one side of the plane

Step 4: Discard that part of the plane which does not contain an optimal point

Step 5: If prescribed accuracy is attained then stop, otherwise set k = k + 1 and
return to the second step

The above steps guarantee that a sequence of ellipsoids contains an optimal point
and the volume of these ellipsoids decreases geometrically (for mathematical details
see, for example, (Boyd et al., 1994)). However, the ellipsoid algorithm is rather
slow due to slow practical convergence, therefore this algorithm is not particular
efficient from a computational point of view. Therefore, available LMI solvers use
an interior-point algorithm that currently has many of variations.

3.2.2. Interior-point algorithm

Recently, interior-point methods (IPM) have been applied to optimization pro-
blems involving LMIs. The algorithm based on IPM is more computationally
efficient in practice than the ellipsoid one (Nesterov and Nemirovskii, 1994; Van-
denberghe and Balakrishnan, 1997; Vandenberghe and Boyd, 1996).

The basic idea of the interior-point algorithm is as follows (Meinsma, 1997)

Step 1: Construct a barrier function ¢(z) that is well de ned for strict feasible z
and is —e (where —oco < € < 0) only at the optimal z = z*

Step 2: Generate a sequence {z(®)} so that
lim ¢(zF)) = —¢

k—o0
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Step 3: Stop if ¢(z*)) is negative enough

This algorithm uses the constraints to de ne a barrier function which is convex
within the feasible region and in nite outside it. One of the simplest barrier
functions is
¢(z) = —logdet (F(z)) = logdet (F~'(x))
T

This barrier function is incorporated into an objective function fy(z) = ¢* x (¢ €
R™ is a given vector), which allows the constrained optimization problem to be
replaced with an unconstrained optimization problem

min f(z) = min fo(z) + po(x) = 'z — plogdet (F(z)) (3.6)

where the parameter p > 0 is to be selected. The optimization problem (3.6)
is iteratively solved with the descent method (Beck, 1991; Henrion, 2003) which
produces a minimizing sequence

Tht1 = T + trAxy, (3.7)

where Axy, is the step of search direction and ¢ > 0 is the size or step length. It
turns out that for the optimization problem (3.6) Newton’s method can be applied,
therefore ¢ is the gradient of f(x), and Axy is the inverse of the Hessian of f(x).

As an example of the particular IPM for solving LMIs, we consider the pro-
jective method (Gahinet and Nemirovski, 1997; Nemirovskii and Gahinet, 1994),
which has been efficiently implemented in a MATLAB-based software (Gahinet
et al., 1995). This method guarantees to  nd for e > 0, an e-solution to the
problem within a  nite number of  ops bounded by

mn® log (O>
€

where m is the total row size of the LMIs, n is the total number of decision variables
and C'is some data-dependent scaling factor. Moreover, no initial feasible solution
is required for the projective method.

3.2.3. Implementation and computational issues

It is known that the vector and matrix operations are fundamental to engineering
and scienti ¢ problems. Therefore, several software packages for engineers provide
manipulating and computing on vectors and matrices. Among them, MATLAB
has become a standard environment for algorithm development and numerical
computation, including algorithms for solving problems formulated in terms of
LMI. Since most engineering problems are of the form

Fla)=Y [L,,X,,Rg + R, X" Lﬂ (3.8)

p=1

where L), R, are given matrices and X, is the matrix variable which entries are
decision variables x1,...,2,, then the canonical representation of LMI (3.1) is
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inconvenient form which makes notation longer. However, each problem written
as (3.8) can be formulated in the form (3.1). To see this, the following example is
used.

Example 3.4. Consider the following LMI problem
ATPA-P <0 (3.9)

where P is the matriz variable of the block diagonal structure (i.e. P=diag(Pp,, P.)
Py € Ry P,€ R™*™ and ny + n, = n) to be found and A € R™" is a
given matriz (note that the presented LMI is the stability test for a discrete 2-D
system described by RM (Kaczorek, 1985)).

Since A € R?*2 (i.e.nj, =1 and n, = 1) then (3.9) can be expressed in terms
of the scalar data and the scalar variables as

a1l as 1 0 air a2 1 0
- <0
a2 a2 0 as1 Qo2 0
Noting that

e 07 10 007
P—|:0 x2:|—$1|:00:|+.732|:0 1:|—.T1P1+1‘2P2

we have the following expression

2 2

ai; — 1 ajiaie a3 a210a22

1 2 + x2 N 0
a12a11 ais 22021 Q59 —

which is in the form of (3.1).

Since the decision variables have a matrix structure, i.e. they are matrices,
then it may lead to more efficient computation. To see this fact, observe that
the Newton step Axy in (3.7) can be found by a solution of the linear system of
equations (LSE) written in the form

HAz, = —g (3.10)
where
H,; =trace (F(x)_lFiF(x)_le (x)) ,j=1,...,n
Gi :% + trace (F(z)"'F;) i=1,...,n

The standard approach to solve the LSE de  ned in (3.10) is to form the Hessian H
(which in some cases dominates the cost of solving LSE) and the gradient g, and
then use the Cholesky factorization or QR decomposition to  nd the result. It is
important to note that the Cholesky factorization is the most widely used method
for solving LSE, but the highest accuracy is obtained only for well-conditioned
problems. This means that the method can be used for problems which require
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less accuracy (the standard accuracy for LMI solvers is 1072). When the problem
becomes ill-conditioned (when we are near to the optimum) the LMI solver switches
from the Cholesky factorization to the QR decomposition. In most cases, the QR
decomposition is applicable to a wider class of matrices than Cholesky factorization
but it requires much greater memory and  oating operations. For more details on
comparisons between these two methods of solving LSE, see (Golub and Loan,
1996).

Example 3.5. Consider the problem of computation of the lower bound for stabi-
lity margin of a 2-D system (for further details see Example 3.9). In this example,
we aim to emphasize the trade o between accuracy and e ciency (speed) of the
solution when a switch from the Cholesky factorization to the QR decomposition
occurs. To see this, a random system of the order n = 11 has been generated
and the problem has been solved with the LMI solver. The results are listed in Ta-
ble 3.1. The LMI solver implemented in LMI CONTROL TOOLBOX (Gahinet et al.,

Table 3.1. Solutions obtained via the Choleske and the QR decompositions.
accuracy (€) | iterations | QR iterations | CPU time in sec.
1072 60 0 11.87
1073 100 15 55.92

1995) detects the situation when the Cholesky factorization fails due to numerical
instabilities and switches to the QR decomposition. This fact is reported by the
message (in this example, it was between 85" and 86" iteration of the performed
stmulation,).

Solver for generalized eigenvalue minimization

Iterations : Best objective value so far
85 0.261484

* switching to QR
86 0.261223

Note that presented computations have been performed with LMt CONTROL TO-
OLBOX 1.0.8 under MATLAB 6.5. The MATLAB- les have been run on a PC with
AMD Duron 600 MHz CPU and 128MB RAM.

It should be pointed out that progress in interior point algorithms and har-
dware technology has been dramatic over the past twenty years. Problems that
once took days to solve can now be solved in minutes. The LMI problem with
hundreds of variables and constraints, can be solved in a few hours on a reasonably
priced desktop workstation or parallel computers, see (Benson, 2003; Lustig and
Rothberg, 1996) for some details.
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3.2.4. Software for solving LMls

The growing use of computers and numerical methods result in several software
packages for manipulating and for solving LMIs and most of them are available un-
der MATLAB (The Mathworks Inc., 2004) and SCILAB (Gomez, 1999) environment
(but also under the other enviroments, for example the MAPLE-based package,
see (Xhafa and Navarro, 1996)). The most popular packages are: Sp, SDPA (Fuji-
sawa et al., 2000), SDPT3 (Toh et al., 2002), PENNON (Ko cvara and Stingl, 2003),
MAXDET (Wu et al., 1996), SDPsOL (Wu and Boyd, 1999), DspD (Benson and
Ye, 2002), MOSEK (Andersen, 2001), SEDUMI (Sturm, 1999) and LM1 CONTROL
TooLBOX (Gahinet et al., 1995). Unfortunately, most of them have their own
commands to formulate the LMI problem and some of them are designed for spe-
ci ¢ purposes, e.g. MAXDET is designed for determinant maximization problems,
DspP exploits structure for combinatorics and PENNON is a package for solving
problems of convex and nonconvex nonlinear programming (aimed at large-scale
problems with sparse data structure). Moreover, software packages di er from
each other on efficiency (see (Mittelmann, 2000) for a recent comparison of these
solvers). This is why great attention has been paid to provide uniform interface for
specifying LMI. Recently, YALMIP (L ofberg, 2004) has been created which gives
us simple commands for rapid prototyping of LMI problems and it supports most
of the existing LMI solvers.

Among a large number of available software packages, the following two are
considered in this dissertation to deal with LMI problems

e LMl CONTROL TOOLBOX,
e SEDUMI with YALmIpP for LMI speci  cation.

Both packages use MATLAB as the working environment and implement TPM.

3.2.4.1. LMI Control Toolbox

The LMI CONTROL TOOLBOX (Gahinet et al., 1995) provides a fully integrated
general purpose environment for specifying and solving LMI control problems.
This package is mainly destined for 1-D systems but its LMI capabilities make it
useful anywhere LMI techniques are applicable, so it can be used for our purposes.
Key features of this package are

e support of three LMI solvers: feasibility problems, minimization of linear
objectives under LMI constraints, and generalized eigenvalue minimization,

e interactive LMI editor which allows us to specify LMI as symbolic expres-
sions,

e efficient storage and computation of LMI problems.

The LMt CONTROL TOOLBOX can handle any system of LMIs of the form
(similar to the form represented by 3.8)

NT'L(X,X3,..., X, )N < M"R(X,X,,...,X;,)M (3.11)
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where X1, X5,..., X are the matrix variables, possibly with some prescribed
structure, N and M are known square matrices of identical dimensions and L(-)
and R(-) are symmetric block matrices with identical block structures. Each block
of L(-) and R(-) is an affine expression in the matrix variables X1, Xo,..., X
and their transposes.

In order to solve an LMI, the following basic steps have to be made

Step 1: To initialize internal representation of the LMIs, the command setlmis
has to be given as the rst step. All data for structure, dimension of the
LMIs and matrix variables will be stored in the initialized vector.

Step 2: For each of the unknown matrix variables X1, Xo,..., X in (3.11), its
structure and dimension has to be speci  ed. This is done with the command
lmivar(type,structure) where type selects from available types of matrix
variables i.e symmetric, rectangular and other structures. The parameter
structure gives further information on the structure of X;, i =1,2,...,k
depending on its type de ned by parameter type.

Step 3: Specify the term content of each LMI with command lmiterm. The
syntax is lmiterm (id, A, B) where A and B are real matrices, id=[1mil,
i, j, kI refers to the (4, 7)th block of L(:) or R(-) in (3.11) and k denotes
the matrix variable number.

Step 4: This is the last step. After declaring the matrix variables and LMIs,
the resulting speci cation is written in the MATLAB variable with the com-
mand matlabvariable= getlmis. Finally, invoke one of the implemented
solvers for given problem (one from feasibility, EVP or GEVP problem-see
Section 3.3).

Example 3.6. Consider LMI (3.9) from FExample 3.4. Since ny and n, are
given then A € R ntn0)x(mntne) gnd the solution can be found with the following
program written under LMI CONTROL TOOLBOX

setlmis([]); %Initialize LMI

P=lmivar(1,[nh 1;nv 1]); % P is the matrix variable
% with block-diagonal structure
% nh and nv are given

Imiterm([-1 1 1 P]1,1,1); % LMI #1: P>0

Imiterm([2 1 1 P]1,A’,A); % LMI #2: A’*Px*A
Imiterm([2 1 1 P],1,-1); % LMI #2: -P

example=getlmis; % LMI name
feasp(example) ; % try to find the solution
% by solving feasibility problem
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3.2.4.2. SeDuMi

SEDUMI (Sturm, 1999) is a MATLAB-package which allows us to solve optimization
problems with linear, quadratic and semide niteness constraints. It implements
the primal-dual interior point algorithm (Sturm, 2000). The algorithm has an
O (y/nlog (1)) worst case bound (n denotes the number of decision variables and €
is an accuracy), and treats initialization issues by means of the self-dual embedding
technique of (Ye et al.,, 1994). The iterative solutions are updated in a product
form, which makes it possible to provide highly accurate solutions. SEDUMI has
some features which are not available under LmM1 CONTROL TOOLBOX

e possibility to impose positive semide niteness constraints,
e advantage of matrix sparsity is used to make computation faster,

e the computational worst-case cost of performing each iteration is bounded

by v/nlog ().

Unfortunately, SEDUMI requires the conic formulation of LMI to specify the pro-
blem (recall that the conic formulation is widely used by mathematicians) which
is inconvenient for our purposes. To work with the standard form of LMI and with
matrix variables (see Section 3.2.3 for more details) the pre-processing steps are
required (it is clear that these steps are time-consuming). Such conversion can be
performed with YALMIP.

3.2.4.3. Yalmip

YarMmip (L ofberg, 2004) is a MATLAB toolbox for rapid prototyping of optimization
problems. The package initially focused on SDP, but the latest release extends
this scope signi cantly. YALMIP can now be used for convex linear, quadratic,
second order cone and SDP, as well as for non-convex SDP, mixed integer, multi-
parametric and geometric programming.

The main advantages of YALMIP are:

e only 3 new commands are needed to formulate LMIs,

e constraints and objective functions are de  ned with an intuitive and standard
MATLAB code,

e supports numerous (approximately 20) external SDP solvers.

Example 3.7. In order to solve the LMI problem described in Example 3.4 under
YALMIP and SEDUMI, the following set of commands have to be performed (it is
assumed that np, = 1 and n, = 1)

P=sparse(1:2,1:2,sdpvar(2,1)); % the matrix P

F=1mi (P>0); % LMI #1

F=1mi (A’*P*A-P<0) ; % LMI #2
solution=solvesdp(F); % solve optimization problem
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3.3. Standard LMI problems

The LMI software can solve the LMI problems formulated in three di  erent forms:
e feasibility problem,
e linear optimization problem,

e generalized eigenvalue minimization problem.

3.3.1. Feasibility problem
A feasibility problem is de ned as follows

De nition 3.1. Find a solution x = (&, ...,xy,) such that
F(z) = 0 (3.12)
or determine that the LMI (3.12) is infeasible.

A typical situation for the feasibility problem is a stability problem where
one has to decide if a system is stable or not (an LMI is feasible or not). As an
example of a feasibility problem, consider Example 3.4.

3.3.2. Linear objective minimization problem

Another standard LMI problem is minimization of a linear objective function under
LMI constraint and it is stated as follows

De nition 3.2. Minimize a linear function ¢z (v = (x1,...,2,)), where c €
R™ is a given vector, subject to an LMI constraint (3.12) or determine that the
constraint is infeasible. Thus the problem can be written as

min ¢’

subject to F(z) > 0

This problem can appear in the equivalent form of minimizing the maximum eige-
nvalue of a matriz that depends a nely on the variable x, subject to an LMI
constraint (this is often called EVP)
min A
subject to AI — F(z) = 0

As an example of using this optimization procedure, the problem of the H .,
norm computation for a 2-D discrete system is considered.

Example 3.8. Consider the 2-D system represented by the FMM of the form

w(i+1,j+1) =Az(i +1,5) + Agx(i, j + 1) + Bru(i + 1,j) + Bau(i, j + 1)
y(i,j) =Cu(i, j) + Du(i, j)
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where the matrices Ay, Ay, By, By, C and D are given. Next, introduce the

matrices
| D O
~ 1 0 D

W)

A=[A A, ] B=[B BQ],CZ{g g}

and P o Q o
=[5 ol [T %)

where P = 0 and Q = 0 are matrices to be found. Adapting results from (Du
and Xie, 2002; Xie et al., 2002), it can be shown that the problem of  nding the
manimal Hoo norm bound vy is linear objective minimization

min
P>0,Q>0
T T ~T T
. A" PA+R-S+C°C C D+A PB
subject to T T ~ <0
B"PA+D C D D-ul+B"PB

where = 2. Since the matrices A1, As, B1, By, C and D are assumed to be

0-100 0-10 —1 0 1

00 -10 00 —10 0 0
A=1o0 00" Joo o o B=|i| B27 | ' (3.13)

00 00 00 0 0 0 -1
C=[100 0], D=][0]

then the computation performed with LM1 CONTROL TOOLBOX gives us the result
v = 10.1985 (with accuracy e < 1072). This result is close to the Ho, norm of the
system v = 10.0 obtained in an analytic way (Du and Xie, 2002). This means that
LMTI approach to the Hoo norm computation of a 2-D system allows us to provide
not conservative conditions, at least for this example.

3.3.3. Generalized eigenvalue problem

The last LMI problem is the generalized eigenvalue problem (GEVP) which allows
us to minimize the maximum generalized eigenvalue of a pair of matrices that
depend affinely on the variable x = (z1,...,2,). The general form of GEVP is
stated as follows
min A
A(z) < AB(z)
subject to  { B(z) >0
C(z) < D(z)

(3.14)

where C(z) < D(z) and A(z) < AB(z) denote set of LMIs. It is necessary to
distinguish between the standard LMI constraint, i.e.

C(z) < D(z)



3. Linear matrix inequality methods 67

and the LMI involving A (called the linear-fractional LMI constraint)
A(z) < A\B(x)

which is quasi-convex with respect to the parameters z and A. However, this pro-
blem can be solved by similar techniques as those for previous problems, see (Boyd
et al., 1994) for details.

As an example of using GEVP, let us consider the problem of lower bound for a
stability margin computation of a 2-D system.

Example 3.9. The lower bound for stability margin oo can be obtained by solving
the following quasi-convex optimization problem (Xu et al., 2004)

max g9
X >0, X1>0, 02>0
~T ~ ~T ~
Al XA +X,1—-X (1+0'2) A1 XA, 0 (315)
subject to (1409) :4\12TX:41 X (1+02) XZX <0

0 (1+402) X Ay -X

where the matrices ;11, 212 are given and X = 0, X1 > 0 are matrix variables to
be found. The above optimization problem cannot be directly solved by one of the
LMT solver. This is because the condition (3.15) has no form de mned by (3.14).
Therefore, the following transformations are required. First, decompose the matriz
inequality (3.15) on

~T  ~ T N
ATOA A XA Ag A XA +X,-X 0 0
(I+02) | A, XA, 0 A, X|T 0 -X; 0 | =0
0 XA, O 0 0 -X

which further leads to

T~
0 A XA, 0
A, XA, 0 A, x| =@+ox)! 0 X, 0
0 XA, O 0 0 X

Now, it is obvious that under the following substitutions

)\2(1—1-0'2)_1
and
~T o~ T~
0 A X4 0 ~A, XA,-X,+X 0 0
A(x)=|4,XA, o0 A,x|.B@)= 0 X 0

0 XA, O 0 0 X



68 3.3. Standard LMI problems

the problem (3.15) can be rewritten as

min

X0, X1>0, A>0
(3.16)
subject to Az) < AB()
B(z) >0

which is clearly the GEVP of the form (8.14).

Suppose now the 2-D system represented by RM of the form (2.1) is given
where

Ay =05, Ap=-0395 Ao =1, Ag = —0.01

and the following matrices

~ | A A <~ 0 0
Al_{ 0 0 :|’A2_|:A21 Azz]

are de med. As the result of the computations performed with Lamr CONTROL
TOOLBOX 02 = 0.2820 has been obtained(with the accuracy e < 1072). The com-
parison of the lower bounds for the stability margin derived by presented method
here with previous results is shown in Table 3.2. This comparison shows that

Table 3.2. Comparison of the lower bounds for the stability margin os.

Agathoklis’s result (Agathoklis, 1988) oo = 0.127
Fernando’s and Trinh’s result (Fernando and Trinh, 1999) | oo = 0.2500
LMI result oo = 0.2820

the lower bounds for the stability margin obtained in this dissertation are larger
than those obtained by using the methods in (Agathoklis, 1988) and (Fernando
and Trinh, 1999). This means that the lower bounds for the stability margin in
this dissertation are less conservative than those reported in (Agathoklis, 1988)
and (Fernando and Trinh, 1999). Moreover, it turns out that the analytic result
is 09 = % = 0.28205128205128 therefore it proves again that the LMI approach
allows us to provide not conservative conditions.

It should be pointed out that positivity of the term B(x) (see (3.14) and
(3.16)) is required for the well-posedness of the problem and the applicability of
polynomial-time methods (Gahinet et al., 1995). Due to this, the problems where
the following form of B(z) appears

B(z) = [ Blo(x) g ] , Bi(z) =0 (3.17)

cannot be solved directly with LMI software. To overcome this difficulty, the
constraints
A(z) < AB(x), B(x)>0
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can be replaced by
A(z) < [ P } . Y <ABi(x), Bi(x)>0
where Y is an additional matrix variable of proper dimensions.

Example 3.10. Let us consider again the problem of the Hoo norm computation
for a 2-D discrete system (see Example 3.8). During formulating this problem
as the GEVP, a semi-de nite constraint appeared. However, this constraint can
be replaced by another one to obtain the LMI problem formulation as it has been
presented above.

According to this replacement, the problem of  nding of minimal H, norm
bound vy can be formulated as GEVP and has the following form

min
P>~0,Q-0,Y~0
Y <ul
~T ~
subject to ATPA+R-S+CTC C D+ A"PB 00
T AT~ AT T =
BT'PA+D C D D+B' PB oY

(3.18)

where 1 = 72 and Y is additional variable of proper dimension. In case of the
system (8.13) the result is v = 10.2002 (with the accuracy e < 1072).

3.4. Analytic solution of the LMI problem

It should be pointed out that in some special cases, the control problems formulated
in terms of LMI (e.g. the stability problem) have an analytic solution which can
be computed by direct and more e ective methods. This fact can be used to check
or to validate the numerical results.

It can be shown that the LMI (3.1) is equivalent to n polynomial inequalities.
To see this, consider the well-known result in matrix theory (Golub and Loan,
1996) that given real symmetric matrix F(z) € R™*" is positive de nite if, and
only if, all of its principal minors m;(z) are positive. This means that the principal
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minors are multivariate polynomials of indeterminates x; i.e.

my(z) =F(z)11="Fo,, +Y_ ziF,,,

=1
_ F(z)in F@)he|)_ - -
mQ(x) =det <|:F(JJ)21 F(x)22 - F011 +; xiFiu F022 +Z§::1 miFizz
- <F021 +Z xiFizl) <F012 +Z xiFin)
=1 =1

F(x)un - F(x)u
my(x) =det ;
F(2)r F(x) gk

Flau - F@)m
my,(x) =det(F(z)) =det : .
where F'(z)x; denotes the element on k-th row and I-th column of F(z).

Example 3.11. Consider again the problem of nding a block-diagonal matrix
P -0 (P = diag (Pp, P,)) such that the following LMI

ATPA-P <0 (3.19)
or

~ATPA+P -0 (3.20)
is satis  ed. Since P = diag(g, z2) and the matriz A is given by

A= ai; a2 _ 0.4942 0.5706
N ~ ] 0.1586 0.4662

3.21
a1 a2 ( )

then the solution of the LMI (8.20) is equivalent to the solution of the set of
inequalities
2 —1) — z9a2, = 0.755766362; — 0.0251539625 > 0
ma ()= — x1(a}, — 1) — x0a3, = 0.325584362; + 0.7826575629 > 0
mg(;v):(—xl(afl -1)- 552“%1) (_xla% —wz(a3; — 1)) (3:22)
*(*I1a12a11 - I2a22a21)(*931@121111 - I2a22a21)

= —0.325584362% + 0.557995616621 22 — 0.0251539623 > 0

my(z)=—z1(a

with
21 >0 and x>0 (3.23)
On the other hand, recall that the LMI (3.1) is a conver set in R™ de ned as

fZ{SCERnF(LU):Fo‘FZ!TZFZEO}

i=1
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which can be described in terms of principal minors as
F={zeR":m(z)>0,i=1,...,n}

Hence the inequalities (3.22) and (3.23) describe the convex set which is depicted
in Fig. 8.4 as the shaded area. Additionally, the constraints r1 < 2 and ro < 2

b,

P
x

X,
Fig. 3.4. Feasible set plot.

have been imposed to bound the plot. This plot has been created with YALMIP by
running the following sequence of commands

A =[ 0.4942 0.5706; 0.1586 0.4662]% the matrix A

x = sdpvar(2,1); % two decision variable: x(1) and x(2)
F = set(-(A(1,1)"2)*x(1)-x(2)*A(2,1) "2+x(1)>0)

F = F+set (-(A(1,2)"2)*x(1)-x(2)*A(2,2) "2+x(2)>0)

F = F+set(x(1)>0)

F = F+set (x(2)>0)

F = F+set (x(1)<2)

F = F+set(x(2)<2)

F = F+set ([-(A(1,1)"2)*x(1)-x(2)*A(2,1)"2+x(1),...

AL, D) *A(1,2)*xx(1)-A(2,1)*A(2,2)*x(2) ;. ..

—A(L,1)*A(1,2)*x(1)-A(2,1)*A(2,2)*x(2), ...

-(A(1,2)"2)*x(1)-x(2)*A(2,2) ~2+x(2)]1>0)
plot(F) % plot the feasible set

To validate the result, computations for two points p1 = (x1,22) = (2,0.5) and
p2 = (x1,22) = (0.5,2) will be provided. First consider the point p1. In this case,
the matriz below is obtained from the LMI (3.19).

—1.4990 0.6010

_ATPA_P_
R=A"PA-P 0.6010  0.2598

Because eigenvalues of the matriz R are Ay = —1.6847 and Ay = 0.4456, it is clear
that py is not the solution of the considered LMI (see Fig. 3.4 that p1 does not lie
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inside the feasible set). Taking pa into computation yields

R —0.3276  0.2889
| 0.2889  —1.4025
which is negative de ned (its eigenvalues are A = —1.4752 and Ao = —0.2549).
On the other hand, evaluating the principal minors (3.22) yields

Table 3.3. Values of the principal minors.
b1 D2

my(x) | 0.3759836866 | 0.3759836866
ma(x) | -0.259839940 | 1.402522940
ma(z) | 1.498955740 0.327575260

These results clearly show that in the case of the point (p1 not all principal minors
are positive, hence we conclude again that this point does not solve the LMI (5.19)
with (3.21).

3.5. Methods to reformulate hard problems into LMls

This section is devoted to methods which are useful in cases when it is necessary
to obtain the LMI form the non-LMI formulation i.e. when a matrix inequality is
not linear in respect to its parameters (e.g. the BMI form).

Before the main methods will be described, an important fact from the matrix
theory is presented. This will be helpful to many transformations required by the
proofs. That is, if some matrix F(z) is positive de ned than 2F(z)z = 0, Vz # 0,
z € R™. Assume now that z = My where M is any given nonsingular matrix,
hence

ZTF(x)z -0

implies that
yTMTF(x)My >0

This means that some rearrangements of the matrix elements do not change the
feasible set of LMIs. For example, if the following LMI is feasible

A B <0
C D
then immediately the following LMI is feasible too

D C
B A

| <0

where

al-lelle o]l o]
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3.5.1. Schur complement formula

Quadratic but convex inequality can be converted into the LMI form using Schur
complement formula given by the following Lemma.

Lemma 7. (Boyd et al., 1994) Let A € R™"™ and C € R™*™ be symmetric
matrices and A > 0 then

C+BTA'B<0

if and only if

U= [ -4 B ] <0 or, equivalently, U = [

c BT
a5 }<0

B -A

The matriz C+BT A7 B is called the Schur complement of A in U. The identical
result holds for a positive de ned case.

Example 3.12. Consider a controller design for discrete LRPs (2.16). It can be
shown that the following LMI gives su  cient condition for stability along the pass

(® + RK)"W(® + RK) - W <0 (3.24)

where W = 0 is block-diagonal matriz variable, ® and R are given matrices
identi ed in process state-space model (2.16) as

[A B B 0
*=|& 5] =0 b

and
(8

K, K,

is the matriz to be found. Applying the Schur complement formula to (3.24) yields

-w! ®+RK | _,
" + KTRT W

The above form is still nonlinear due to the occurrence of terms W' and W
(hence it can be stated in terms of BMI). To overcome this problem, introduce the
substitution P = W™ and then multiply the result from the left and the right by
diag (I, P) to obtain

-P P+ RN
pPaT + NTRT _p <0 (3.25)
where N = KP. Now, it is straightforward to see that (3.25) is the feasibility
problem (see De nition 3.1), which is numerically solvable.
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3.5.2. Elimination of a norm bounded matrix

In robustness analysis, we often encounter the following terms
HFE + ETFTH” (3.26)

where H, E are known real matrices of appropriate dimensions, and the matrix
JF represents parameter uncertainties which satis es

FLTF < T orequivalently | F| <1

Inequalities which consist of (3.26) can be transformed into the LMI with the
following Lemma

Lemma 8. Let H, E be given real matrices of appropriate dimensions and F
satisfy FLF < I. Then for any € > 0 the following holds

HFE+E"F'TH" <eHH" + %ETE

Proof. Since it is true that
(E%HT - e*%}'E)T (e%HT - e’%.’FE) =0
then expansion of the above yields
e 'E"F'"FE+eHH" ~ HFE+E"F'H"

Next, observe that

IFI <16 Anax(FTF) <1 FIF I
hence

eHH” + %ETE ~e¢'E"F'"FE+cHH" -~ HFE+E"F"H"

and the proof is complete |

Note that some part of the proof can be found in (Oliveira, 2002).

3.5.3. Elimination of variables

For certain speci ¢ matrix inequalities, if is often possible to eliminate some of the
matrix variables.

Lemma 9. (Gahinet and Apkarian, 1994; Iwasaki and Skelton, 1994) Let ¥ €
R¥* be a symmetric matriv and P € R"™? and Q € R**? be real matrices then
there exists a matriz @ € R"™™* such that

v+ P'eTQ+Q"eP <0 (3.27)
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if and only if the inequalities
WEEWp < 0 and WHLEWq < 0

both hold, where Wp and Wq are full rank matrices satisfying Im(Wp) = ker(P)
and In(Wgq) = ker(Q)

This is a key lemma in stabilisation problems where inequalities of the form
(3.27) appear. However, it can also be used to eliminate variables from already
formulated LMI. Since some variables can be eliminated, the computation burden
can be reduced greatly. To see this, the following example is provided.

Example 3.13. Consider again the stabilisation problem presented in Eram-
ple 3.12. The right-hand term in (3.25) can be rewritten as

SRS

-P ®P + RN
PadT + NTRT -P

+{?_JVT[RT 0 |

Using Lemma 9, we obtain

P &P
ra»” —p

[ —P &P
wh | [wi<o wi| o *F

] WE <0

where Wg = diag(ker(R),I) and Wg = diag(I,0). These two LMI conditions
can be checked with less computation burden than the LMI condition provided in
Ezxample 3.12. Illustrative computations have been performed for processes of pre-
scribed order (n) and the results are listed in Table 3.4. Note that all computations

Table 3.4. Execution time comparison.

n | Example 3.12 (CPU time in sec.) | This Example (CPU time in sec.)
6 0.11 0.06
8 0.22 0.11
12 1.15 0.6
15 19.06 1.76
20 73.44 7.91

have been performed with LMl CONTROL T'OOLBOX 1.0.8 under MATLAB 6.5. The
MATLAB- les have been run on a PC with AMD Duron 600 MHz CPU and 128MB
RAM.

3.6. Concluding remarks

In this chapter, LMI methods which have become a standard in system theory, have
been described in detail. It has been done by providing the mathematical theory
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required to understand what LMIs are and to manipulate them. It is shown that
the LMI approach is very attractive due to its numerical advantages and relative
simplicity. These numerical advantages lie in the fact that computations required
to solve LMIs maintain a reasonable computational cost i.e. the computational
cost of solving LMIs is a polynomial function of the number of decision variables.
Hence it is clear that a problem formulated in terms of LMI belongs to the class
of P-problems.

Moreover, LMIs provide an alternate problem formulation in 1-D system the-
ory that avoids direct manipulation on system poles. This makes LMIs especially
useful in the solving of n-D system analysis and synthesis problems, because com-
putations over system poles are omitted.



Chapter 4

ROBUSTNESS ANALYSIS WITH LMI METHODS

It turns out that LMI methods o er the chance to approximate many N P-hard
problems via polynomial-time algorithms and therefore, these methods make it
possible to  nd a solution for such non-trivial problems. One of the class of pro-
blems for which LMI methods are well suited, are control problems with uncertain
data. Indeed, there are many examples of control problems with uncertain data
which have been e ectively solved using LMI methods. These solution are frequ-
ently obtained under the assumption that a system matrix entries range in a given
convex set and hence such a set can be described in terms of LMI (El Ghaoui and
Niculescu, 1999).

A fundamental point to note is that most of the known results are only pre-
sented for 1-D systems. Therefore, due to the lack of results in robust analysis and
synthesis of LRPs, this chapter provides them. Resulting conditions are formu-
lated in terms of LMI and hence, in the sense of computational complexity, this
approach shows that robust analysis and synthesis problems for LRPs and n-D
systems in general, can be reduced to polynomial-time problems.

4.1. Computed-aided methods for robustness problems

It is known that most robustness problems in both 1-D and n-D system theory
have been proven to be AN'P-hard (Blondel and Tsitsiklis, 2000b). One of the ways
to overcome the computational problems which have arisen in robustness analysis
and synthesis is to use simulation and numerical tools to  nd an upper bound on
parameter values for which a system remains stable.

Using this approach, the robustness of LRP or n-D system with uncertain
parameters can be determined with many simulations of LRP or n-D system per-
formed under various scenarios, i.e. with many di erent parameter values. For
each run, the simulation results are noted and the in uence of parameter values
are studied. An important advantage of such a procedure is that it is easy to
perform and an engineer who is interested in an LRP or n-D system robustness
is not required to be an expert in advanced mathematics or n-D system theory.
Moreover, this technique can be applied for a very wide variety of n-D systems,
including n-D systems with delays. Obviously, values of an uncertain parameter
belong to a set which usually has an in nite number of elements, therefore we
cannot perform all simulations in  nite time. Even though we are interested in
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performing a limited number of simulations, we have to keep in mind that the
resulting conclusion is only restricted to used parameter values. Further, we do
not know for which parameter values the simulations have to be performed.

To reduce some of these drawbacks the methods based on LMI problem formu-
lation can be used. However, the main difficulty behind the direct application of
LMI methods to solve a robust design problem is the fact that the stability region
(a set of all stable matrices) is generally non-convex. This means that the problem
of interest can be generally stated in terms of BMI, which is extremely difficult
to solve by existing global optimization approaches. To overcome this problem,
a convex approximation of non-convex stability region is used. This immediately
results in a sufficiency of obtained LMI conditions, but it is often about the best
we can do.

To proceed, robustness problems in LRP (2-D) system theory e.g. robust sta-
bility and robust stabilisation problems will be reformulated in an LMI framework
with the help of convex analysis and matrix theory. In what follows, uncertain
parameters are assumed to vary in a prescribed convex set, therefore such a set
can be described in terms of LMI.

Suppose now that uncertainty is modelled with a norm-bounded model (2.39)-
(2.40). In this case, the inequality (2.40) represents a convex set. To see this, apply
the Schur complement formula to obtain

FTF<I = [}{T ]I:]zo (4.1)

It is illustrated by the following example.

Example 4.1. Since the matriz F is assumed to be dimension 2 X 1, then the co-
nvex set represented by (4.1) can be depicted on a two-dimensional plane. Consider
the following YALMIP program

x = sdpvar(2,1); % two variables
F = set([eye(2), x; x’, 1]1>0); % the constraint (4.1)
plot(F);

which generates the Fig. 4.1. It is straightforward to see that the set depicted in
this  gure is the conver set.

It was mentioned that the important property of LMIs is that they form a
convex constraint on the decision variables vector . This means that any convex
combination of solutions taken from a feasible set of LMIs, are also a solution.
This also means that in case of uncertainty modelled with a polytopic model (see
the equation (2.41)), we only need to  nd a solution for all vertices of the polytop
to obtain a solution for all elements of the uncertainty set. The main advantage
associated with this fact is that we need to compute a solution for a  nite number
of LMIs which clearly involves a  nite amount of computation.

Affine parameter-dependent matrices (2.42) can be easily transformed to the
polytopic form (2.41). It stems from the fact that parameters change their values
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Fig. 4.1. The set represented by the inequality (4.1).

in the parameter box with 2¥ corners (see Fig. 2.8), where k denotes the number
of parameters. It is clear that M (p) is an affine function in p = (p1,p2,...,Dk),
thus it maps these corners to the polytope of vertices. In this case each vertex can
be determined Vp € Ag with the formula below

M;,=My+p Mq+...+p My (4.2)

where i = 1,..,2%. The graphical illustration of this transformation (for the pa-
rameters p; and py) is depicted in Fig. 4.2. Because of such a transformation,

1%

M,
P
D,

M,

Fig. 4.2. Transformation from the affine model to the polytopic model.

analysis and synthesis problems with uncertain data, modelled with the affine
model of uncertainty can be considered as polynomial-time solvable.

4.2. Robust stability and stabilisation of di erential LRPs

One key area for which no results are currently available is stability and stabilisa-
tion of di erential LRPs in the presence of uncertainties in the model structure.
The presence of these uncertainties in the matrices, which de ne the state-space
model of the process under consideration, requires conditions that ensures the
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process to be robustly stable for all admissible uncertainties. Robust stability
conditions can be further employed to solve the robust stabilisation problem.

4.2.1. Robust stability
4.2.1.1. Norm-bounded model of uncertainty

Consider uncertain di  erential LRPs described by the following state-space model
over 0<t<a, k>0

Sbk+1(t) Z(A + AA)xpyq (t) + (BO + ABo)yk(t) +(B+ AB)uk+1(t) (4.3)
Y1 (t) =(C + AC)zye1 () + (Do + ADg)yy(t) + (D + AD)ug1(t)
The matrices A, B, Bg, C, D, Dy de ne the nominal model (2.14) and AA,
AB, ABy, AC, AD, AD represent admissible uncertainties which are assumed
to be of the form

{AA ABy AB}

H;,
AC ADy AD

HJ F|E:\ E, E;] (4.4)
In this last equation, Hy, Ho, E,, E5, E3 are known constant matrices of com-
patible dimensions, and F is an unknown matrix with constant entries which
satis es

FrF<1 (4.5)

For a stability goal, consider the state-space model (4.3) with no control inputs
i.e. ug+1(t) =0, then by de ning the following matrices

- [A By +~ [0 o
Al_[o 0}"42_[0 DO} (4.6)
and
- [ AA AB, - [ o o
AAI—[ 0 o } AAQ_[AC ADO] (4.7)

the process state-space model (4.3) can be rewritten as

Lo ]-(18 mo ]+ 58 a3 ) [ ]
- (211 + A211> €k, t) + (212 + A212) £k, 1)

where

£k, ) = [ mgz(lg) } (4.8)

With this notation, we have the following sufficient condition for stability along
the pass in terms of LMI feasibility problem.
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Theorem 4.1. A di erential LRP described by (4.3) is stable along the pass for
all admissible uncertainties if there exist matrices P, > 0, Py > 0 and a scalar
€ > 0 such that

—P5 P,C Ps>D, P,H, P>;H,

c’pP, ATP,+P,A+¢ETE, P, B, P,H, P.H,

Dlp, Bl P, —Py,+¢ETE, 0 0 |[=<0 (49

HIP, HT P, 0 —el 0

HIP, HTP, 0 0 —I
Proof. Let us choose the Lyapunov functional candidate as that de ned in (2.36).
Since )

VA(k ) = iy (O P12 (1) + 24y Prvgsa (1)

and

AVa(k,t) = yji1 () Py (t) — yi (8) Payg(t)
then the associated increment for (2.36) is
AV (k,t) =Vi(k,t) + AVy(k, t)
=iy () P12y (8) 42y (8) Pripra (1) (4.10)
i1 (OP2yks1 (t) —yi (8) Payi(t)
which together with notation introduced in (4.6), (4.7) and (4.8) gives
AV (k, ) =€T (k. 1) ((211+A211)TP+P(21+A211)

N N R R (4.11)
HA>+ A4 R(Ay+AAy)—R)E(h 1)

where
P = diag(P;,0), R = diag(0, P2) (4.12)

Hence stability along the pass holds if AV (k,t) < 0 forV&(k,t) # 0, and a su  cient
condition for this is

(A1 +AA)TP+P(A +AA,) +(As+AAy)S(Ay+AA)~R < 0
where S = diag(Ps3, P2), and P3 > 0 is any given matriz of appropriate dimen-
sion. Next, an obvious application of the Schur complement formula yields
-5 SA, 0 SAA,
~T ~T ~ ~T ~T ~
A, S A P+PA —-R AA, S AA, P+ PAA,

or, equivalently (the block — P53 is negative de ned therefore it can be removed),

-pP, P,C  P;D,| [0P;H,P,H,][F00][00 0
c'p, AP, +P,APBy|+|0PH P H ||0OFO0||OE, 0
Dlp, B{P, -P,| [0 0 0 00F||00 E,
00 ol[F" 0 o[ o 0 0

+|0ET o o 7 o ||HYP, HTP, 0| <0
00 E;|]|l0 o F'||HJP, H P, 0
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Based on the result of Lemma 8, we obtain

—P, P,C P,D,
Cc'P, A'P,+P,A+¢ETE, P,B,
Dl p, Bl P, —Py,+¢ETE,
0 P,H, P>H, 0 0 O
+¢'|0o PLH, P\H, || H'P, HTP, 0| <0
0 0 0 HIP, HI P, 0

Finally, using the Schur complement formula, we  nd that the last inequality is
equivalent to the LMI (4.9). This concludes the proof. |

Remark 4.1. If there are no uncertain matrices in the process model (4.3) then
the LMI (4.9) reduces into LMI for nominal model - see (Galkowski et al., 2003¢)
for details.

4.2.1.2. Polytopic model of uncertainty

Here it is assumed that uncertainty of the di erential fraction of an uncertain
di erential LRP (4.3) has a polytopic character, i.e. all possible choices for the
matrices which de ne the current pass state dynamics in (4.3) can be expressed as

[A By |eCo(] A" B ]) (4.13)
where i = 1,2,...,h and
h h
Co([ A" Bj)) ::{X:X:Zai [A"B)], ai>0, Zaizl} (4.14)
i=1 i=1

For the current pass pro le updating equation in (4.3) a standard norm-bound on
the perturbations is assumed, i.e. the second equation entry in (4.3) takes the form

yk+1(t) = (C + AC)Zk+1(t) + (Do + ADo)yk(t) (415)
where
[ AC ADo |=H,F[ E, E]
and the matrix F satis es (4.5). The following result gives an LMI-based sufficient

condition for stability along the pass.

Theorem 4.2. A di erential LRP of the form described by (4.3), with uncerta-
inty structure modelled by (4.13)-(4.14) and (4.15) is stable along the pass for all
admissible uncertainties if there exist matrices P, >~ 0, Py >~ 0 and a scalar € > 0,
such that

~P, P,C P,Dq P,H,
C'"P, A"P,+PA'+c¢EE, P\Bj+¢E{E; 0 20 (4.16)
D,(Z;PQ BBT_Pl +€E§E1 7P2 + EE;EQ 0 ’

H!P, 0 0 —eI
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Proof. Taking account of the uncertainty in the considered process model, we get

—Py pP,C P,D, 0
c'p, AP, +PA" P\B) |+|E{|F [HJP, 0 0]
D! P, B P, P, E}
PyH,
+| 0 |F[0 E, E;]<0
0

which in view of Lemma 8 is equivalent to

—-P, P,C P,D,
c’pP, ATP,+P A'+¢ETE, P B +¢ETE,
Dl p, Bi'P,+¢ELE, —P,+¢ETE,
P>H,
+e'| 0o |[HIP,00]<0
0

Finally, application of the Schur complement formula gives (4.16). This completes
the proof. [ |

Remark 4.2. Some comments are required for Theorem 4.2. First, it should be

emphasized that the result has been obtained by keeping Py constant and indepen-

dent of the index i. The main drawback associated with this fact is that the Lyapu-

nov matriz Py must work for all uncertain matrices (4.14). This condition can

introduce a signi  cant degree of conservativeness to the stability condition (4.16).
This can be overcome by using parameter-dependent Lyapunov functions (Apka-

rian and Tuan, 1998, 2000). Unfortunately, there is no result for LRPs where

parameter-dependent Lyapunov functions are used. Work is proceeding on apply-

ing such functions and will be reported on in due course.

It is clear that computation can be only performed in the case when all vertices
(i.e. all edge matrices A" and Bé) of a convex polygon are known. Unfortuna-
tely, in many practical cases they are unknown, so it is required to determine
these vertices. This is best done with a numerical tool run on a computer. The
example of such a tool is GEOMETRIC BOUNDING TOOLBOX (Veres, 2004) which
provides computations in n-dimensional space. The main objective of this toolbox
is the computation of the convex hull of a  nite set of points (command convh)
which is useful for our purposes. The simplicity of using this software package is
demonstrated with the example below.

Example 4.2. The following set of commands generates a random set of points
in three-dimensional space and compute their convex hull

points3D = rand(7,3) % 7 random points in 3-D space
cxhull=convh(points3D) ’ determine their convex hull
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However, in the case of systems considered here where matrix representation
appears, it is necessary to perform transformation from space of real m by n
matrices to mn-dimensional real vector space, to make computations with the
GEOMETRIC BOUNDING TOOLBOX possible. Then, after computing a convex hull
in that real vector space, return to space of matrices and determine what matrices
have to be used in further computations.

4.2.1.3. A ne model of uncertainty

It was shown that the affine model of uncertainty could be easily transformed to
the polytopic one where a set of vertices corresponds to extremal values of the
parameter vector. Faced with this fact, the affine model of uncertainty is not
considered to be present here any more. On the other hand, the affine model
allows us to maximize a stability region, i.e. the largest portion of the parameter
box where the stability along the pass can be established (for 1-D system case see,
for example, (Gahinet et al., 1995)). To proceed, de ne the nominal value of the
parameter p; as

_bitp

2

which denotes the center of the interval [p;,D;]. Next, for each interval de ne its
radius by a

Do,

to yield
pi € [po, — pdi, po, + pdi]

where p > 0 is the unknown scalar to be selected. Maximization of u leads to
maximization of the parameter box wherein stability along the pass is guaranteed.
It turns out that maximization of x can be cast into GEVP.

4.2.2. Robust stabilisation

In practice, it can happen that an uncertain process can be unstable, hence the
robust stabilisation problem has to be addressed. To proceed, the following form
of the control law is used

up(t) = [ K1 Kj | [ x;:(lt()t> ] (4.17)

where K, and K are appropriately dimensioned matrices to be designed. In
e ect, this control law uses feedback of the current state vector (which is assumed
to be available for use) and ‘feedforward’ of the previous pass pro le vector. Note
that in repetitive processes, the term ‘feedforward’ is used to describe the case
where state or pass pro le information from the previous pass (or passes) is used as
(part of) the input to a control law applied on the current pass, i.e. to information
which is propagated in the pass-to-pass (k) direction.
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4.2.2.1. Norm-bounded model of uncertainty

Application of the control law (4.17) to (4.3) gives the following form of the closed-
loop process

ir1(t)] ([A+BK,; By+ BK,
yk+1(t) o C+DK1 D0+DK2
AA+ABK1 AB0+ABK2 (EkJrl(t)
AC+ADK, ADy+ADK, yr(t)

where the admissible uncertainties are assumed to be of the form (4.4) and (4.5).
In this case, the following theorem gives the condition of existing a controller that
stabilises the process (4.3) for all admissible uncertainties.

Theorem 4.3. Suppose that a di erential LRP of the form described by (4.3),
with uncertainty structure modelled by (4.4) and (4.5), is subjected to a control

law of the form (4.17). Then the resulting closed-loop process is stable along the

pass for all admissible uncertainties if there exist matrices W1 =0, Wy =0, N1

and N9 of compatible dimensions and a scalar € > 0 such that the following LMI
holds

(4.18)

~Wy+2eHHY CW +DN,+2cH,H7
W, CT+NTD"+2cH HY W A"+ NTB"+ AW + BN +2¢H H!
WDl + NI D" W,oBl + NI BT
0 E\W,+EsN,
0 0 (4.19)
DoWy+DN, 0 0
ByWy+BN, W E{+NIE} 0
-W, 0 WLEY + NTEY | <0
0 —el 0
E2W2+E3N2 0 —el

If the above LMI holds then the controller matrices K1 and Ko are given by

K, =NWw;! p
1 (4.20)

Ky = NyW,
respectively.

Proof. Application of Theorem 4.1 result proves that the closed-loop process in
this case is stable along the pass if

-8 SA, 0 SAA, .
A,S A, P+PA -R AA,S AA, P+ PAA,

where

—- A+BK, By+BK, — AA+ABK; ABy+ABK,
Alz ) A141: )

0 0 0 0
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A, — 0 0 AA,— 0 0

> |C+DK, Dy+DK,|'~"?7 |AC+ADK, ADy+ADK,
Note that this last condition is not linear in Py, Py, P3, K1 and K. Clearly, it
is bilinear in variables {P1, Po} and {K 1, K3} and therefore it may be considered
as a BMI problem (3.4), for which e ective computations cannot be performed.
However, this can be reformulated as an LMI problem. To proceed, substitute A,
and A, into this last expression to obtain (the block —P3 has been removed due
to the fact the result does not depend on it)

— Py P,C+P;DK, Py;Dy+P;DK>
c'pP,+K{D"P, A"P+K|B'"P+P,A+P,BK, P,B,+P BK,
D{pP,+KID"P, BlpP,+KIB"P, —P,

0 P,AC+P;ADK, P;ADy+P,;ADK,
+| ACT P+ KT AD" P, Q P,ABy+P,ABK, | <0
AD{P,+K3AD"P, AB!P,+KIAB"P, 0

where

Q =AA"P,+KTAB"P,+P,AA+P,ABK,

Next, pre- and post-multiply the result by diag(PQ_I, Pl_l7 Pz_l) and make changes
of variables W1 = P7', Wy = Py', Ny = K1 P;', Ny = KoP5 " to yield

W, CW,+DN; DyWy+ DN,
w,.cT+NTD" W, AT+ NTB"+AW,+BN, B\W,+BN,
W,Dg+Nj3 D" W,B; +N;BY ~-W,

0 ACW ,+ADN, AD\W;y;+ADN,
+ | w,AcT+NTAD" Q, AByW,+ABN, | <0
W,yAD) +NIADT WLyAB+N3ABT 0

(4.21)

where

Q=W AAT - NTABT+AAW ,+ABN,

Observe now that the second term in (4.21) can be rewritten as

0 0 0 F o0 o 0 00
0 W,E{ +NTE} 0 o ' o | |HY HT 0
0 0 WLEL+NIEY || 0 o F'| |HY H{ 0
OH, H, ||[F 0 0 0 0 0
+10 H, H, 0O F O 0 E¢yW,+E3N; 0 <0
00 o0]/|looF||o 0 E;Wo +E3N,
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Then, the application of the result of Lemma 8 gives

—Wo+2eHHY CW.,+DN+2cH.HT DoWy+DN,
W.CT+NTDT +2¢H HY Q3 ByW,+BN,
W.DI+NIDT W.BT+NTBT —W,
0 0 0 0 0 0
+e oW, Ef+NTEY 0 0 E\W,+EsN, 0 =<0
0 0 WLET+NTET || 0 0 E;W, +E3N,
where

Q=W AT+ NTB"+ AW ,+BN,+2¢H H}

Finally, an obvious application of the Schur complement formula gives the LMI
(4.19) and the proof is complete. [ |

It is clear that to compute the controller matrices K1 and K it is necessary
to compute the inverse of the matrices W1 and Wy - a task where numerical
problems could well arise if this matrix is badly scaled or almost singular.

One of the options is to obtain the solution with the smallest condition num-
ber. The problem of minimizing the condition number of a matrix U (z) > 0, that
depends affinely on the variable z, can be formulated as a GEVP (3.14) of the
following form

min y

F(z) ~ 0, (4.22)
subject to w >0,
pl < U(x) < yul

where F(x) > 0 is the LMI constraint. However, the computational complexity of
this approach is ‘quite high’ (due to the fact that solving GEVP typically demands
more computational e ort than solving other LMI problems) and it turns out that
reformulating the problem into EVP makes the computation process more efficient.
EVP form is obtained in two steps (see (Boyd et al., 1994) for further details).

Step 1: Rewrite the LMI constraint F(z) > 0 and the positive de nite matrix
Ul(x) as
F(z) =Fo +inFi, U(z) = UO"‘inUi
i=1 i=1

Step 2: De ne the new variables v = 1/p and T = x/u, which yields the following
EVP problem:

min vy
m
VFO"‘Z%ze > 0,
subject to =1

I-<VU0+Z§51‘U1‘ <~I

i=1

(4.23)

The above optimization procedure can be easily combined with many LMI
conditions.
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4.2.2.2. Polytopic model of uncertainty

Consider now the process which the current pass state updating equation matrices
range in the given polytope of matrices as it is described by

[A By B]ecCo([A" By B']),i=12,....,h (4.24)
and
h h
Co([A' B' B}]) := {X:X:Zai (A" B' B})], a;>0, Zai=1} (4.25)
i=1 i=1

For the current pass pro le updating equation in (4.3) we assume norm-bounded
type of uncertainty, i.e.

Yrt1(t) =(CH+AC)zp41(t)+(Do+ADg)yr(t) + (D+AD)u41(t) (4.26)
where
[ AC ADy AD | = H,F [E; E, E3] (4.27)
and the matrix F satis es (4.5).
Theorem 4.4. Suppose that a di erential LRP of the form described by (4.3),
with uncertainty structure modelled by (4.24)- (4.25) and (4.27), is subjected to a
control law of the form of (4.17). Then the resulting closed-loop process is stable

along the pass for all admissible uncertainties if there exist matrices W1 = 0,
Wy =0, N1 and Ny of compatible dimensions and a scalar € > 0, such that

~Wy+2eH HY CW,+DN,
w,.CT+NTD" W, AT+ NTBT+A'W,+B'N,
WD+ NTD” W,B{" + NI B™
0 E,W, +E;N;
0 0
(4.28)
DoWy+DN, 0 0
BiW,+B'N, W,ET+NTEY 0
-W, 0 WoEL +N2ELY | <0
0 —el 0
E2W2 +E3N2 0 —el

If the LMI (4.28) holds then the controller matrices K1 and Ko are given by
(4.20).

Proof. Taking account of the results of Theorem 4.2 and Theorem 4.3, it is clear
that the following inequality holds

—W, CWi,+DN;, DyWs+ DN,
W, CT+NTD" W, AT+ NTBT+A'W,+B'N, B{W,+B'N,
w,D! +NITD” W,B{" + NI B™ -W,
0 ACW ,+ADN; ADy\W,+ADN,
+| W,ACT+NTAD” 0 0 <0

W,oADE + NTADT 0 0
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Obviously, the second term in the above inequality is nonlinear in matrix variables
{N1, No, Wy, Wy} and unknown matrices {A\C,ADy, AD}. Therefore, the
robust stabilisation problem considered here can be stated in terms of BMI, for
which polynomial-time interior-point algorithms cannot be applied. To overcome
this problem, i.e. to  nd the LMI problem formulation, rewrite the second term as

0 0 0 F 0 o 0 00
0 WET+NTEY 0 o X' o HY 00
0 0 WLEL+NTET |l o o F7| |HT 00
0H, H;|[[F o0 o0][0 0 0

+/00 0|0 F o0]||l0E,W,+E;N, 0 <0
00 o01l|looF||lo 0 E;W, +E3N,

Now, it is straightforward to see that application of Lemma 8§ followed by carrying
out the Schur complement gives (4.28). This completes the proof. ]

4.3. Robust stability and stabilisation of discrete LRPs

In this section, LMI methods are used as a basis to provide solutions of robust
stability and robust stabilisation problems for discrete LRPs. Based on the state-
space model of such processes, robust stability and robust stabilisation (using an
appropriately speci ed control law) conditions are provided for solving them in
terms of the feasibility of some LMIs.

4.3.1. Robust stability

The following state-space model of discrete LRPs is considered

Tp41(p+1) = A+AA)z)11(p)+(Bo+ABo)yk(p)+(B+AB)ug1(p)

Y1 () ~(C+ D)k 11 () + Do+ ADY(p)+ (D+AD)uria () 2

The matrices AA, AB, ABy, AC, AD, ADj represent admissible uncertainties
to be of the form

{AA AB, AB}

H
AC ADyAD :{ 1}7’[ E\ E; B3] (4.30)

H,

where H{, Hs, E1, E5, E3 are some known constant matrices with compatible
dimensions and F is an unknown constant matrix which satis es (4.5).

Now we have the following sufficient condition for stability along the pass in
terms of LMI (the LMI feasibility problem).

Theorem 4.5. An unforced discrete LRP described by (4.29) is stable along the
pass for all admissible uncertainties if there exist matrices P1 > 0, Py > 0 and a
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scalar € > 0 such that the following LMI holds

-P, 0 P A P.B, P,H, P.H,
0 —-P, P,C P,D, P,H, P.H,
ATP, CTP, -P,+¢ETE, 0 0 0 <0 (431)
Blp, D!P, 0 —Py+e¢E3E;, 0 0 '
HTP, HIP, 0 0 —eI 0
HTP, HIP, 0 0 0 —eI
Proof. First, de ne the vectors
Trp1(p+1) ] [ T1(p) }
k+1,p) = . Clk,p) = 4.32
! P) [ Yr+1(p) ¢(k,p) yk(p) (4.32)

and use the matrices (4.6) and (4.7) to rewrite the state-space model (4.29) as
Ek+1,p) = ((A1+AA)) + (A2 + AAy)) ((k,p) (4.33)

Further, choose the candidate Lyapunov function as that de  mned in (2.35). Since

AVi(k,p) =z} (p+ D Praps1(p+ 1) — 2f 1 (p) Prarsa (p)
AVa(k,p) =yis1(0) Payi41(p) — yil () P2y (p)
then the increment is
AV (k,p) =AVi(k,p) + AVa(k, p)
=21 (p+ D) P1zgpa (p+ 1) =i (p) Prgia (p) (4.34)
i1 () Poyir1 (0) —yi (0) Payi (p)
which together with (4.32) and (4.33) gives

AV (k,p)=¢" (k. p) ((Al +AA;)) " P(A+AA))

+(Ay + AAy)P(Ay + AAy) — P) C(k,p) (4.35)

where P = diag(P1, Ps). Hence stability along the pass holds if AV (k,p) <0 for
V(¢(k,p) # 0. Next, use of the Schur complement formula followed by application
of Lemma 8 yield

—P 0 P A P1By
0 —P2 PQC P2D0

ATP1 CTP2 —P1 —|—EE’{E1 0

BIP, DI P, 0 —Py+€¢ETE,
00 P.H, P.H;: 0 0 00

fet 00 P,H, P>H, 0 0O 00 -0

00 O 0 HTP, HIP, 00
00 O 0 HTP, HTP, 00

Finally, using the Schur complement formula, we  nd that the last inequality is
equivalent to the LMI (4.81). This completes the proof. |
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The interesting point to note is that the alternative problem formulation pro-
vides us with a procedure to increase the process robustness. To proceed, rewrite
the uncertain process (4.29) as

[ e } = [é 53] [ o) } n [g; } w1 (p)

2k41(p) = [ E, E, ] [ x;z(lg) } (4.36)

Wi+1(p) =7 Fzp1(p)

which is a feedback system - for illustration see Fig. 4.3. Hence, based on (4.34)

discrete
“ LRP W

uncertainty

A

Fig. 4.3. An uncertain process as a feedback system.
and (4.36) we have that
AV (ke p)=(¢" (e p) AT+l 1 (VHT ) P (AC(k,p)+ Hwns (9)

+ (" k. p) AT+ w1 (p)H ) P(A2C (k. p)+ Hawer (p) —C” (k, p) Pk, p)

_ C(k’p) T A{PA1+A5PA27P A’{PF1+A5PH2 C(k’p)
“lwen(p)| | H PA+H;PA, H,PH,+H, PH, || wis1(p)

me[f] me )

where

0 H,

Recalling that stability along the pass is held if AV (k, p) <0 for H((k, ), wr4+1(p)}
# 0. Therefore AV (k,p) < 0 is satis ed when

ATPA,+ATPA,—P ATPH,+ AT PH
[1 142 2 A oA P2 (4.37)

H, PA,+H,PA, H,PH,+H,PH,
Next, observe that (4.5) implies that
V2FTF <42
hence

w1 (P)wir1(p) =7 2211 (D) F T Figa (p) 2 v 22111 (0) 2141 ()
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Then, it is straightforward to see that for any wgy1(p), zk+1(p) and ¥y > 0 the
following holds

w1 (P)wi1(p) = 7221 (P) 2k (p) <O
thus by noting F = [ E, E, ] we have

w1 (P)wes1(p) — 72241 (D) 2ks1 ()
T T ~E"E 0 ][ ¢(kp) (4.38)
— [C (k,p) wk_H(p)]{ 0 7_21ka+1(p)} <0

Combining the results of (4.37) and (4.38) yields the = nal LMI condition for robust
stability of discrete LRPs as

ATPA +ATPA,-P+E'E ATPH,+A} PH, L0 (439)
H,PA,+H,PA, H, PH,+H, PH, — v I '

It is observed that the term ~ in the LMI of (4.39) can be minimized by using

linear objective minimization procedure

min
P>0 H

subject to (4.39) with p = y~2

which increases the robustness of an uncertain process.

4.3.2. Robust stabilisation

The previous subsection was concerned with robust stability of open-loop proces-
ses. Here, a natural extension of obtained results to the case of closed-loop process
under a static feedback is presented. The problem here is to  nd a controller of
the form ®)
Tr+1\P
wea) = [ K1 K| )| (4.40)
where K1 and K> are appropriately dimensioned matrices to be designed, such
that the closed-loop process is robustly stable. It is seen that the control law (4.40)
is composed of the weighted sum of current pass state feedback and feedforward
of the previous pass pro le (see (Galtkowski et al., 2002d) for further background
on this form of control action).
Application of the control law (4.40) to (4.29) yields the closed-loop process

|:$k+1(p+1)]<|:A+BK1 B0+BK2:|
Yr+1(p) C+DK, Dy+DK,

+ AA+ABK1 AB0+ABK2 $k+1(p)
AC+ADK1 AD0+ADK2 yk(p)

(4.41)

where the admissible uncertainties are assumed to be of the form (4.30) and (4.5).
The existence of robustly stabilising K1 and K5 can be characterized in LMI
terms as follows.
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Theorem 4.6. Suppose that a discrete LRP of the form described by (4.29), with
uncertainty structure modelled by (4.30) and (4.5) is subjected to a control law of
the form (4.40). Then the resulting closed-loop process is stable along the pass for
all admissible uncertainties if there exist matrices W1 = 0, Wo =0, N1 and N9
of compatible dimensions and a scalar € > 0 such that the following LMI holds

~W, +2¢H HT 2HHT AW ,+BN;
2¢H HY —Wy +2eH,HY CW,+DN,
w,AT+NTBT w,c"+NTD” W,
W,Bl+NYBT"  W,DI+N,D” 0
0 0 E\W,+E3;N,
0 0 0
(4.42)
BoW,+BN, 0 0
DyW,+DN, 0 0
0 W,ET+NTEY 0 ~0
-W, 0 W,ES +NIEY
0 —el 0
E2W2+E3N2 0 —el

and the required controller matrices in (4.40) are given by (4.20).

Proof. Based on Theorem 4.5 we conclude that the closed-loop process is robustly
stabilised by the control law (4.40) if the following matriz inequality is satis ed

—Pq 0 P,A+P,BK, P,By+PBK,
0 —Py P,C+P;DK, P;Dy+P;DK,
ATP,+KTBTP, CTP,+KTDTP, -P, 0
BlP,+KTBTP, DIP,+K.,DTP, 0 -P,
[0 0 0 0 TFT 0o 0 o 0 0O 00
00 0 0 o FT 0o o 0 0O 00
tloo0 EF + KTET 0 o o 7 o ||HTP, HIP, 00
100 0 ET + KTET o 0o o FF||HTP, HTP, 00
00 P.H, P H,][F 0 0 0][00 0 0
+00P2H2P2H2 0OF0O0||0O 0 0 <0
00 O 0 00F0||00E; +EK, 0
(00 O 0 00O0F||lOO 0 E;+ E;K,

The above inequality is clearly stated in the form of BMI. To reformulate it into
LMIs, make use of the following change of variables W1 = Pfl, Wy = P;l
and then pre- and post- multiply both sides of this last inequality by diag(W 1, Wa,
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W1, Ws,). Next, an application of the result of Lemma 8 leads to

00 0 0 00 0 0
1|00 0 0 00 0 0
00W-,ET+NTEY 0 00 E W +E3N; 0
00 0 WLEI+NTET [|00 0 E;W, + EsN,
-W,+2eH . HT 2¢cH,HT AW 1+BN; ByW3;+BN,
2¢H HY —Wiy+2eH;HY CW i +DN, DoWy+DN,
T| W AT+NTBT W,CT+NTD? W 0 =0
1 1 1 1 1
W.BI+NITBT W,LoDI+N,DT 0 -W,

where N1 = KWy and Ny = KoW 4. Finally, the Schur complement formula
gives (4.42) and the proof is complete. [ |

4.3.2.1. Alternative robust stabilisation

Here another approach to characterize and solve the robust stabilisation problem
of discrete LRPs is presented. To proceed, rewrite (4.41) in the form

s lalugl

where

Z_{A+BK1 BO+BK2} {AA+ABK1 ABO+ABK2}

C+DK, Dy+DK, AC+ADK, ADy+ADK,

Suppose also that the matrices describing the uncertainty in this last model are
written in the form

H,
=y 'HFE

{AA+ABK1 ABy+ABK, }

_|Hi |
AC+ADK, ADy+ADK, —{ }’Y .'F[E'H—E?,Kl E2+E3K2]

(4.44)

where F satis  es (4.5). The design parameter v here can be considered as a term
which is used to attenuate the e ects of the uncertainty, for which we have the
following result.

Theorem 4.7. Suppose that a discrete LRP of the form described by (4.29), with
uncertainty structure modelled by (4.44) and (4.5), is subjected to a control law of
the form (4.40). Then the resulting closed-loop process is stable along the pass for
all admissible uncertainties if there exist matrices W1 >= 0, Wy =0, N1 and N
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of compatible dimensions and a scalar v > 0 such that the following LMI holds

W, 0 AW .+BN;
0 —W, CW i +DN;
W, AT+ NTBT w,CcT+NTDT -W,
wW.BY+NTBT w,DI+NTD7T 0
HT HT 0
0 0 E.Wi,+FE3N;
(4.45)
BoWs+BN> H: 0
DyW+DN, H, 0
0 0 W.ET+NTET
T Tmr | <0
W, 0 W2E; +NyE;3
0 —2T 0
E2W2+E3N2 0 71’

Proof. Using the RM and stability condition for a 2-D system, it follows imme-
diately that the LRP of the form (4.43) is stable along the pass if there exists a
block-diagonal matriz P = diag (P1, P3) > 0 such that the following LMI holds

A" PA- P<0
An obvious application of the Schur complement formula yields

—-p! Q4+ 'HFE
QT 4 ETFTHT _p <0

where

| A+BK;, By+BK; Ry _
Q= [C+DK1 Do+ DK, |’ H = H, | E = [E1+E3K1 E2+E3K2]
Applying the result of Lemma 8 to this last condition and then pre- and post-
multiplying the result by diag(e_%P, 6_%I) gives

-P+Py2HH"P PQ -0
Q'p -P+E"E
where a new matriz variable P is introduced as P = e ' P. Next, an application
of the Schur complement formula gives

-P PQ PH 0
Q'P - P o ET
H™P 0 %I o0

0 E 0o I

=<0 (4.46)

Finally, the proof can be completed in an identical manner to the proof of The-
orem 4.0. ]
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The term v in the LMI of (4.45) can again be minimized by using a linear
objective minimization procedure

min
Wi1>0,W3>0,N1,N>
subject to (4.45) with p = ~?

which, due to the presence of the term ~! in the uncertainty model (4.44), pro-

vides an essential advantage as it allows the extension of the uncertainty borders,
i.e. it increases the robustness.

4.4. Application examples

4.4.1. Analysis of ILC processes

It is clear that the principal requirement for ILC process is its stability along the
direction of learning iterations in addition to the stability of a control system. To
proceed, make use of the following change of variables

r=k—1
vp(t) =vg—1(t) = ex(t)
to rewrite (2.53) in the di  erential LRP form as

[ v - | 0 I

Since stability of the model (4.47) guarantees the learning convergence, then the
result of Theorem 4.3 provides the LMI condition for stability checking. Hence,
omitting the uncertainty, the LMI condition for stability ILC process can be for-
mulated as follows

W, —CAW +CBN; Wo—CBN,
Wi ATCT+-NTBTCT W, AT-NTB"™+AW,-BN; —-BN, <0 (4.48)
w,-N¥BTCT -NTBT W,

where W1 = 0, W4 = 0, N1, N4 are the matrices to be found. If they exist then
the explicit speci cation for the learning gain matrices are given by (4.20). It is
signi  cant to note that the LMI condition of (4.48) can be easily implemented and
therefore tools like LMI CONTROL TOOLBOX, SEDUMI, or any equivalent software
can be used to solve the addressed problem.

To show the usefulness of learning gain matrices design method, the following
numerical example is given.

Example 4.3. Let us consider the ILC process (2.49) with the matrices given by

A— 0.1341 0.2674 B 0.5643 0.6876 C— 0.3095 —0.3533
© 111977 1.6292 | 7T | 1.8219 —0.8877 |7 T | 0.0438 0.3968



4. Robustness analysis with LMI methods 97

L

learning error state (n)

Fig. 4.4. Simulation results.

Then the LMI (4.48) is feasible with
1.0198 0.0000 W — 0.6579 —0.0251
0.0000 1.0198 |’ 2~ | —0.0251 0.6458 |’

0.8024  0.9749 N, — 0.0165 0.1004
0.2487 —0.3750 | > ©7 27 1 0.2332 —0.0297

v
|

and the learning gain matrices are

0.7868  0.9560 :| [0.0311 0.1567 ]
) K2 =

Kl:{0.2439 —0.3677 0.3532 —0.0323

To con  m the learning convergence in this case, the simulation results are provided
- see Fig. 4.4. It is assumed that for the  rst trial the learning error is 1.

Furthermore, consider the case when (4.47) is subjected to norm-bounded un-
certainty i.e. it is assumed that uncertainty is modelled as an additive perturbation
(denoted here by AA and AB) to the nominal ILC process matrices (A and B)

[AA AB| = H,F |E, E.)]

where Hy, E;, E5 are given matrices and the matrix F satis es (4.5). Hence
the following matrix inequality can provide robust stability condition for the ILC
process

—W, —CAW,+CBN; Wo—-CBN>
—-W.,ATCT + NTBTCT W,AT - NTBT + AW, - BN, —-BN,
W, - NIBTCT —-NTBT —W

0 0 0
+| 0 wWiAAT - NTABT + AAW, - ABN; —ABN,
0 —-NTABT 0
0 —CAAW,+CABN; —-CABN,
+ | —W1AATCT + NTABTCT 0 0 <0
—NTABTCT 0 0
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Unfortunately, the above inequality is nonlinear and cannot be efficiently solved.

To make the inequality amenable to polynomial-time computation, the matrix
manipulation provided by Theorem 4.3 are applied. As a result, the following
LMI condition is obtained

—-Wsy+2CH HTCT —CAW .+ CBN;
—-wW,ATCT + NTBTCcT wW,AT - N¥BT + AW, - BN, +2e,H,HT
W, - NYBTCT —-NTBT
0 E W+ E;N>
0 0
0 E W+ E;N,
| 0 0
Wy - CBN, 0 0 0 0
—BN, wW.ET + NTET 0 W.ET + NTET 0
-W, 0 NTET 0 NTET
0 —al 0 0 0 =<0
E2N2 0 —611 0 0
0 0 0 —eod 0
EsNo, 0 0 0 —eod

where the matrices W1 >= 0, W5 = 0, N1, Ny and the scalars e; > 0, e > 0 are
to be found via numerical computations.
The following example shows the usefulness of provided LMI condition.

Example 4.4. Let us consider the same ILC process as in Example 4.3. Further,
suppose that the uncertainty is modelled with

0.0001

= [ 0.0061

} , E1=[0.0763 0.0541 ], Bz =[0.0537 0.0331 ]

then the following numerical result is obtained

Wwo— | L0720 000947 L [ 0.7009 —0.0265
P71 —0.0094  1.0796 |’ 7727 | —0.0265 0.6878 |’
N, _ [ 08395 1.0204 N, _ [ 00194 0.1084
171 0.2718 —0.3933 |> "2 7 | 0.2514 —0.0292

with € = 1.0860 and e; = 1.0860. In this case, the corresponding learning gain

matrices are
} ’ K2 - [

To con rm that the obtained controller works properly for all models encountered
by an assumed uncertainty set, the simple simulation for the particular choice of

the matrizc F = 0.7 is presented. Simulations of a learning error v,41(t) and

a state n,.11(t) variables are depicted in Fig. 4.5 (with the assumption that the

initial learning error is 1). Since the number of decision variables to be found in

this example is 16, then time required to  nd the solution was 0.4 seconds.

0.0338
0.3576

0.9603
—0.3621

0.7915

0.1590
0.2504

Ki= [ —0.0286
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o
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/////////////

learning error (v) state (1)

Fig. 4.5. Simulation results for an uncertain ILC process.

Table4.1. Computation time.

n|m|p q | CPU time in seconds
212|216 0.40

3 12| 3| 26 0.72

512 |5 | 52 1.86

6 | 5| 6 | 104 7.53

10| 7 | 10 | 252 71.73

12 | 10 | 12 | 398 259.09

Obviously, due to the polynomial time complexity of the considered problem,
e ciency is maintained for higher problem dimensions - see Table 4.1. Note that
all computations have been performed with LM CONTROL TOOLBOX 1.0.8 under
MATLAB 6.5. The MATLAB- les have been run on a PC with AMD Duron 600
MHz CPU and 128MB RAM.

The overall number of decision variables q is computed from

g= D mmt ) o
2 2

where n is the number of states, m is the number of outputs and l is the number
of inputs. Further, the terms sequence in the above equation denotes the number
of decision variables involved in W1, Wa, N1, Ny and €12 respectively.

4.4.2. Stability of a parallel computing process

To consider the stability problem of a parallel computing process, note  rst that
one of the variables ny and ns can have a  nite value (in this case 1) then system
(2.55) can be considered and analysed as a discrete LRP.

It is written in (Bauer et al., 2001) that the use of 2-D state-space models for
parallel computing processes has been motivated by existing results on the stability
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of such models. Unfortunately, considered in the paper stability conditions are
computationally ine ective due to large dimensions of used matrices. Indeed, in
that paper the following matrix is used

J(n,0) 0 0

K(n,0) J(n-1,1) 0

A.(n) =
0 0 J(0,n)
0 0 K(0,n)

where n denotes the time instant and matrices J(n1,n2) and K (ny,ng) are iden-
tifying in (2.55) as

Aq1(n1,n2) Aia(ni,ng) 0 0

J(nl,ng): 0 0 :| ,K(TL1,TL2): |:A21(77,1,7712) A22(n1,n2)

Hence, it is clear that the dimension of the matrix A..(n) can be vary large due
to n value, therefore potential computational and numerical problems may occur.
Moreover, it is a necessity to perform computations for all possible choices of
incomplete output masks. Therefore, as it is written in (Bauer et al., 2001), the
stability problem belongs to the class of AP-hard problems - even for  nite n.
To overcome these difficulties the approach developed in this chapter can be used
to nd an exact or an approximate solution to the stability problem of parallel
computing processes.

While the number of all possible choices of incomplete output masks is not
large, then the stability test can be based on LMI condition provided by The-
orem 4.5 where there are no uncertain matrices in the process model (4.3).

On the other hand, it can be assumed that matrices, which are the result of
all possible choices of incomplete output masks, belong to some bounded set of the
space of matrices. Furthermore, suppose that this set is a convex set or it can be
approximated by a convex set represented by HF E where F satis es (4.5) and
the matrices H and FE are given. That is, matrices uncertainty can be put in the
norm-bounded form and hence (2.55) can be written as

[Zlttna) | ([An(mon Al )]

n {AA“(m,m) AAlz(nth)D |:xh(n17n2):| (4.49)

AAsi(ni,n2) AAg(ni,ne) x®(n1,n2)
where

[AAu(nl,ng) AAlg(nl,ng)} _ {Hl

F|E, Ey|=HFFE
AAzi(n1,n2) AAgp(ni,ng) Hz] (1 B>

This means that the provided theorems o er a powerful implementable tool to sta-
bility analysis of a parallel or distributed computation process. Even though such
an approach is applied for each time instant (assumed to be  nite), determining
the process stability involves quite a reasonable amount of computations.
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4.5. Concluding remarks

This chapter shows that LMI methods, which are standard in 1-D system theory,
can be applied to analysis and synthesis for LRPs in the presence of uncertainty.
The main obstacles towards applying classical 2-D system theory methods in these
cases are computational problems which are avoided using LMI methods. More-
over, as it is shown, LMI methods allow us to extend the uncertainty borders via
an optimization procedure, i.e. increasing the robustness. Also, they are nume-
rically efficient and allow the efficient handling of considerably high dimensional
problems.



Chapter 5

LMI METHODS IN PERFORMANCE ANALYSIS

It has been shown that the condition for the existence of H,, and Hs controllers
can be written in the form of matrix inequality, which turns out to be bilinear
with respect to its parameters (Helton and Merino, 1998; Saberi et al., 1995;
Zhou et al., 1996). Therefore, such a condition cannot be tested with efficient
computational method. Fortunately, we do not have to solve nonlinear problems
because potential difficulties can be omitted using a variety of methods. Both
Riccati-based (Doyle et al., 1989) and LMI-based (Boyd et al, 1994; Dullerud
and Paganini, 2000; Scherer and Weiland, 2002) solutions have been considered
for H, and Hs control problems in 1-D system theory. It is natural question to
ask if such computationally e ective approaches can be extended to 2-D (n-D)
linear systems and LRPs. In the case of 2-D discrete linear systems, some work
on Hs and Ho approaches have been reported - see, for example, (Du and Xie,
2002; Sebek M., 1993; Tuan et al., 2002). However, these control problems for
LRPs still remain unsolved although some preliminary results have already been
reported on H, control (Paszke et al., 2003, 2004). This lack of results is mainly
seen for di  erential LRPs, and hence the purpose of this chapter is to 1l that gap.

In addition to these results, the solution to the H ., control problem with para-
meter uncertainty in all the matrices of the process state-space model, is provided.
Further, the numerical design procedure for a controller maintaining an adequate
level of performance represented by the quadratic cost, is presented. Searching for
such a controller is called a guaranteed cost control problem and it has even been
considered for 2-D linear systems (Guan et al., 2001). However, this paper only
contains a design method for a 2-D system represented by FMM, in which the spe-
cial case of boundary conditions is taken into account, and it seems that there are
no results for LRPs. Therefore, this chapter proposes a design algorithm involving
a convex optimization for an LRP controller achieving a suboptimal guaranteed
cost such that the process can be stabilised for all admissible uncertainties.

5.1. Performance speci cations for LRPs and n-D systems

One of the most frequently considered ways to describe the performance speci ca-
tions of a control system is to use Hy and Hs norms (Zhou et al., 1996) of signals
and systems. These norms turn out to be natural measures of the worst possible
performance for many classes of input signals.
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In the presented approach, the generalized signals w and z are chosen to
characterize performance properties to be achieved by the controller. The signal
w is the generalized disturbance which collect various disturbance signals. This
signal is assumed to be member of L5 space i.e. space of signals with  nite energy
where the L5 norm is de mned. In the case of a 2-D signal described by mixed
time and space variables, L} norm is de ned as follows (see (Du and Xie, 2002)
for de nition L norm of discrete 2-D signal).

De nition 5.1. The b norm of the vector wy(t) ER™! de  mned over [0, 00], [0, 00]
is given by

wl|z = I;J/O wi (£)Twy (1) dt (5.1)

and wy,(t) is said to be a member of L5{[0, 0], [0, 0]}, or LY for short, if ||w||2 <
0.

The signal z represents the controlled variable. Taking into consideration
these additional signals, the state-space models of both di erential (@) and
discrete LRPs (Ggisc) are

Cuin { Tp1(t) = Azpya(t) + Boyk(t) + Bug1(t) + Biwgy(t) (5.2)

@ ka(t) = Cuxppa(t) + Doyk(t) + Duk+1(t) + D1wk+1(t) ’

and

Gas Trp1(p+1) = Azgii(p) + Boyw(p) + Bugy1(p) + Biwgy1(p) (5.3)
e Ye+1(p) = Cxpi1(p) + Doyr(p) + Dugt1(p) + Diwg1(p) '

respectively. In the above equations, wg1(t) and wyy1(p) are the R™1 distur-
bance input vectors which belong to L. Due to the fact that the pass pro le vector
is simultaneously the output vector, we can write z;11(t) = yg+1(t) in di  erential
case or zx+1(p) = yr+1(p) in discrete one (see also the equation (2.21)).

To study He, or Ho control of LRPs, de nitions of H, and Hs norms are
required. First the H,, norm de nition is provided

De nition 5.2. A di erential (discrete) LRP described by (5.2) (by (5.3) respec-
tively) is said to have the Hoo disturbance attenuation (the Hoo norm bound) -y if
it is stable along the pass and

sup lyll2 <7 (5.4)
ozwery ||wll2

The above de nition corresponds to the maximum gain peak of frequency
response, i.e. supremum of the maximum singular value of the frequency response
of the process. This can be computed from

|G (3, 2)]|co = sup E[G(jwl,ej“’2)]
w1 ER, w2 €[0,27]
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inadi erential case and from

||G(217 Z2)||oo = sup T I:G(ejuh’eij)]
w1,w2€[0,27]

in a discrete case. G(s,z) and G(z1,22) are the 2-D transfer function matrices
between pass pro le and disturbance signal and they are given by

G(s,2)=[0 I] {SIZCA I:E%O }_1{51] (5.5)
" o 1) e B e

for di erential and discrete cases respectively. The 7{ norm de ned as the square
of the Ly norm of wyg(¢) is commonly termed the total energy in the signal wy,(¥)

1 27 s3] ] ‘ ) )
IG(s,2)||2 = \/W/ / trace (G*(—jws, €7°1)G(—jwa, €7“1)) dwadwy
0 —00

(5.7)
where G*(-) denotes the complex conjugate transpose of G(-).

A fundamental point to note is that the Hs norm of a process coincides with
the total output energy in the impulse response of a process. This observation
leads immediately to the algorithms that determine the H5 norm of the process -
see Section 5.6 for details.

5.2. H,, control of di erential LRPs

5.2.1. LMI-based H., norm computation

To compute the Ho, norm, consider the case of a di erential LRP (5.2) with no
control inputs but with external disturbance inputs given by

p(t) ] [ A By ] [ Tpt1(t) } [ B, }
- + W1 (t 5.8
[ Yr+1(t) C Dy yr(t) D, kt1(t) (5.8)
Noting that the measured output vector is equal to the pass pro le vector, we now

have the following Theorem which gives an H., condition for stability along the
pass in terms of LMI.

Theorem 5.1. A di erential LRP which can be written in the form (5.8) is stable
along the pass and has the Hoo disturbance attenuation v > 0 if there exist matrices
Py >0, and P2 >~ 0 of appropriate dimensions such that the following LMI holds

7P2 PQC P2DO P2D1
ct'p, AP, +P,A P,B, PB;
T T <0 (59)
Dl'p, BI'P, —P,+I 0

DTp, BTP, 0 —2I
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Proof. Let us introduce the associated Hamiltonian as

H(k,t) =AV (k, ) +yip1 Oy (t) = 7w (Qwera ()
:Av(k7 t)+ gT(kﬂ t)LTLg(kv t) _72wg+1 (t)wk+1 (t)

(5.10)
— T T f(k’,t)
=[ &M (kt) wi, @) ]© [ W (H) }
where AV (k,t) is de  mned in (4.10), £(k,t) is introduced by (4.8) and
~T ~ AT~ T ~ AT -~
A P+PA,+A,SA,+L"L-R PB,+A,SD,
e= T ‘T - T - (5.11)
B, P+D, SA, D, SD, -1

and P = diag (P1,0), S = diag (P3, P2),

= B, =~ 0
B1=[ 0 }’Dl:{Dl]’L:[O I]

The matriz P3 is any given positive de  ned matriz of appropriate dimension. Then
to ensure that stability along the pass and Ho, noise attenuation v holds, (5.10)

must satisfy
H(k,t) <0

Now, it is straightforward to see that the condition ® < 0 guarantees that (5.4)
holds for any nonzero wy+1(t) € L5{[0,00],[0,00]}. This implies that processes
described by (5.8) are stable along the pass with the Ho, norm less than . Finally,
an obvious application of the Schur complement formula gives (5.9) and the proof
is complete. [ |

Remark 5.1. In many practice cases it is desirable to compute the minimum
disturbance rejection level v. This minimum can be obtained by solving a linear
objective minimization problem of the following form

min
P,>0,P>>0 (512)

subject to (5.9) with p = 2

5.2.2. H,, control with a static feedback controller

The purpose of this section is to study the solution to the problem of H., distur-
bance attenuation in the case of full state access, i.e. the case when the control
law of the form (4.17) is applied.

Under these assumptions, the following result shows that the LMI setting
extends to allow the design of a control law of the form (4.17) for stability along
the pass closed-loop process with a prescribed H., disturbance attenuation.

Theorem 5.2. Suppose that a di erential LRP described by (5.2) is subject to a
control law de  ned by (4.17). Then the resulting closed-loop process is stable along
the pass and has the prescribed Hoo disturbance attenuation v > 0 if there exist
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matrices Wy = 0, Wy = 0, N1 and Ny of compatible dimensions such that the
following LMI holds

—W, CWi,+DN; DyWo+DNsy Dq 0
W.CT+NTDT W AT+ NTBT"+ AW +BN, BbWs+BN, B, 0
W.D{+ NI D" wW.B{+NIB” -Ws 0 Wy |=<0

DT BT 0 —2I 0

0 0 W, o I

(5.13)
If this condition holds, the Ho, controller matrices K1 and Ko are given by

(4.20).

Proof. Application of the Theorem 5.1 result shows that the closed-loop process in
this case is stable along the pass with the prescribed Hoo disturbance attenuation

v >0 if

-S SA, SD,
A,S A P+PA +L'L-R PB, | <0 (5.14)
D.S B/ P A2
where
y A+BK, BO+BK2] ZF[ 0 0
0 0 : C+DK, Dy+DK,

Note that this last condition is not linear in P1, Py, P3, K1 and K1 (it is in the
BMI form). To overcome this problem,  rst apply the Schur complement to yield

-S SA, SD, o
4,8 A P+PA -R PB, L”
T ~T <0
D, S B, P 72T 0
0 L 0 I

Next, substitute of A, and Ay into this last expression, pre- and post-multiplying
the result by diag(P3 ', Py;", Pyt Py I, 1) and set W, = P, Wy = Py*,
W3 = P;', Ny = K,P{', Ny = KyP;'. Finally, by observing that the
result does not depend on the matriz W, the condition (5.13) is obtained. This
concludes of the proof. |

5.2.3. H,, control with a dynamic pass pro le controller

Previously, a full access to the state vector was assumed. Here, the problem of
a pass pro le controller existing such that the closed-loop process is stable along
the pass and the Ho, norm bound is less then v > 0 is considered. It turns
out that such a controller can not be designed by direct application of known
methods for 2-D systems (Du and Xie, 2002) because they only deal with discrete
systems. Furthermore, the intrinsic feature of LRPs is that the pass pro le vector
is simultaneously the output vector. Taking into account this feature, the new
solution is provided.
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To begin consideration of the problem, recall that the following result is used
in this section.

Lemma 10. (Dullerud and Paganini, 2000) Suppose that the n x n matrices
>0 and T = 0 are given and n. is a positive integer. Then there exists n X n.
matrices 3o, T's and n. X n. symmetric matrices X3, and I's, such that

~1
R O > %] [T
{25 Eg]w and [zg 23} _[1“2T 1“3]
if, and only if,
I
el

In order to solve the H., control problem considered here, introduce the
following pass pro le feedback controller of the order g

)= A+ [ B

uk-l—l(t):[cd C. ] |:$k+lt()t):| +Dcyk( )

where 2%, (t) € R™*! is the controller state vector, y(t) € R™*! is the control-
ler output vector and n. = n; + my. Next, denote

(5.15)

| A By | B: _
o[¢ ] o-[5] o (3] oo
A Ao ] B (5.16)
14C — cll cl2 B — cl C CC CC
l: Ac21 Ac22 ] ’ Bc2 ’ [ ! 2 ]
Introduce now, the so-called augmented state and pass pro le vectors
- [ dpsa(t) } [ Yk (t) }
T t) =1 . t
s =g o )OS L
and the matrices
I000O0 I000 0000
0010 00IO 0000
T=1or00]" ™= |0000|"' ™" |oT00 (5.17)
000171 0000 0001
to obtain the closed-loop process of the form
T t — | T t =
Lvcsin | AL [+ B
i (5.18)

0[5
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where
®+B,;D.C, B:C.,
B.C, A,

®+B,D.C, B;C.
BCC2 Ac

B.C» A,

®+B,D.C, B>;C.
BCC2 Ac

An{

}HT(HlJng) {‘IH—BchCQ Bzcc]nT

=H1{ :|HT+H2|: }HT=Z1 +A,
Q

E:Hl[o

Q - =
]—1—1'[2 [0} =B,+B,, C=[C,0]II"
In the following, introduce the matrix of controller data as

DC CC
e = { B A ] (5.19)

and

P 0

Y B B, 0 B 0
Al—H1|:O 0]11 -Az—Hz[O 0 ]7

:|Ha F1H1|: 0 I],Fzﬂz[ oI

C, 0 T T Q Q
CQ:{ o I}H ,C=[C3 0]II ,Blznl[o],&:ng[o}
(5.20)

It allows presenting the closed-loop process matrices in the form affine in the
controller data matrix © as

Xl =A + I'OC,, Xg = A, + T',OC,, El =B, EQ = 32,6 =C (521)
Hence, we have the following result based on Theorem 5.1.
Theorem 5.3. A di erential LRP described by (5.2) is stable along the pass and

has the Hoo disturbance attenuation v > 0 if there exist matrices S, = 0, Py, = 0,
such that the following inequality holds

-S SZQ SEQ 0
A,S A, P+PA -R PB, C
7 —T <0 (5.22)
B, S B, P —?I 0
0 C 0 -I

where S = diag(I, S,), P = diag(Py, I), R = diag(0,S,).
This can be resolved to the following form.

Theorem 5.4. If there exist matrices Pp,, >~ 0, Up,, =0, Sy, =0, Ty, >0
such that the LMIs de ned by (5.23)-(5.25) hold then there exists a controller of
the form (5.15) which guarantees that the di  erential LRP described by (5.18) is
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stable along the pass and has the Hoo disturbance attenuation v > 0.

WT 00 7TU11;D0T011D5T CTUh11+DOT'UllB,(1)—‘ T
0C I 0 Uhllc +‘BOT’UUIDO UhllA +AUh11+BOTvnBO
0 0 I D? B?
T'UllD,(z; 1—'7)11‘3,(1)1 (523)
nonr e s
2‘11 00“11 0 I 0|=<0
- 0 o0 I
0 -I+T.,
|:ATPh11+Ph11A+CTSU11C Ph11B1+CTSU11D1:| <0 (5 24)
B{Phu +D{SUIIC D{SvnDl_’YQI
Py I TR | }
=0, =0 5.25
[ I Uhll} [ I Ty, |~ (5:25)

where W, is full column rank matrixz whose image satis es

mow e[ 2]

Suppose now that the LMIs (5.23)-(5.25) are feasible. Then the following
is a systematic procedure for obtaining the corresponding controller state-space
matrices.

Step 1: Compute the matrices Pj12, P12 using the following formulas

S,,8,:8T =8, —T,;*!

V22T V12 V11

Phlzpl;lnglz = Phll - Ui:111
where Py = I and Syo0 =1

Step 2: Construct the matrices Py > 0 and S, > 0 as

Ph — |: Ph11 Pz;lg :| Sv — |: Svu 511;12 :|
Ph12 ’ SU12

and then the matrices S = diag(I, S,), P = diag(Py,I), R = diag(0, S,)
Step 3: Compute the matrices M, N and ¥ de ned in (5.28)
Step 4: Solve the following LMI
¥+ MTON+NT'O'"M <0

to obtain (5.19) i.e. the matrices which de ne the controller state-space mo-
del (5.15).
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Proof. Using matriz de nitions (5.21), the inequality (5.22) can be rewritten as

[ -S SA; + ST20C- SB-> 0
ATs+cte’ris Afp+cle’r’P+PA,+PI1OC,—R PB; C7 -0
BIS BTP —2I 0
i 0 c o -I

] SA; SB, 0O 0 SI.ec, 0 0
- Afs ATp+PA -R PB, cF N 0 PIhOC, 0 O
BLS BTP %I 0 0 0 00
0 c o I 0 0 0 0
0 0 00
cre’rts cle™rfp o0 o
+ 0 0 o o]| 0
0 0 0 0
(5.26)

It is straightforward to see that (5.26) can be rewritten as

-8 S A, SB, O ST,
Al's ATp+PA -R PB, C7 PT,
BIS B'P —2I 0 o |©@[0 ¢ 0 0]
0 (¢ 0 -1 0
0
CT
+[Ti8 TIP 0 0]O" | "2 | <0
0
(5.27)
Now, de ne the matrices
-8 SA; S§B, O ST,
o Al's ATP+PA, -R PB, CT A7 | P
BS B'P -2 0 |’ 0 " (5.28)
0 Cc 0 -1 0
N=[0 C, 0 0]
to present (5.27) in the form
¥+ M'ON+NT"O'M <0 (5.29)

In the sequel, invoke Lemma 9 to eliminate the matrixz variable ® and obtain
WE W,y <0 and WEEWy <0 (5.30)

where
Wi € ker(M), Wy € ker(N) (5.31)
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Next, note that

S000
M=[TJST{P00|=[T,T{ 00] 00710|=MV (5.32)
0001
where the matrices P and S are partitioned as
Py, Py, 00 I 0 O 0
P = Pril;w Ph22 00 S — 0 I 0 0
0 0 I O ’ 0 0 S’U11 S"UIQ
0 0 o0 I 0 0 S, S,

and

_ PhIIPh12 o I0 N I0 . Sv11 Sv12
O e R PR R T R

V12 V22

Observe that the solution of (5.22) is independent of the matrices P, and Sy but
they are necessary to compute V' (the matriz V is de  ned in (5.32)). Further-
more, it is important now to observe that

ker(M,V) =V ker(M,)
and using (5.31) yields that
Wy =V Wy .
Therefore, the st inequality in (5.30) is
Wi VIRV TIWwy, <0

Furthermore, introduce the matriz E as

_g-1 A, P! B, 0
_ _ p'Al p'AT L APT-R B PCT
2=v7Tev'= L ,
Bi BT e
0 cp! 0 I
Then, two inequalities of (5.50) are
Wi EWy, <0 (5.33)
and
WREWN <0 (5.34)

These inequalities clearly are in the BMI form, thus to obtain LMI for (5.33) and
(5.34) some matriz manipulations are required. First, rewrite matrices in the full
form

00 0 o|/BY o0 o0o0lo0]oO
M,=[T;"|r,"|o|o]=]0 0 D" ol 0 I 0 o0|0]|0O
00 0 I| 0O 0O0O O|0]|O
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S OO~
oo o
SO NO
oo o

(=i el e ]
O NOO
==l el e i o]
~NOo oo

o
(en]

[en]
(en]

o o
S OoOMN
o ~NO
~N O o

B

coUwW
o~o O
~NOo oo

0
0
0

colUW
o~o O
~No oo
cococo

==}
==}

[en]
[en]
o o 0o
o NO
COMN
~N o o

S OO~

O ~NO O

S O NO

~NO oo
o

It is clear to see that the kernels of M, and IN are images of

W, =

n

where

[IT0 0 0000
0I 0 0000
O0Np0000O
00 0 0000
0O0AN50000
00 0 0000
00 I000
00 000
00 0010

==l el e i o]

(00 0 0001

[T000000]
0100000
0010000
0001000
0000700
0000000
0000000
0000000
0000070

(0000001

7WN:

Ng e ker(BT), Np e ker(DT)7

SO NO
oo o

oo o
~No oo

c oo

o ~NO
S OoOMN
~N O o

Moreover, the matrices P~', 8™' and R can be partitioned in the following way

Uy, U,,00 Io o O 00 0 O
p-1_ UﬁQUMJu)’54: 0I 0 O R- 00 0 O

0 o0 Io 00T, T,, 00S,, S,,

0 0 0TI ooTr T 00s?t s

V12 V22

V12

V22
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It allows us to rewrite the matric 2 as

r—I 0 0 0 0 0 0 0 0 | 07
0 -I o 0 0 0 0 0 0 |0
o 0o -T,, -T., CUp,, CU,, Dy 0 D, |0
0 0 -T!, —Tu, 0 0 0 0 0 0
= | 0 0 Uy, C" 0 |Un,A™+AU,, AU, Bo 0 B, |0
=l o0 ovu;,c" o uU;,A" 0 0 0 0 |0
0o 0o DY 0 BY 0 -S4, —Su,| 0O I
00 0 0 0 0 -SY,-Suw,| O 0
0 0 D7 0 BT 0 0 0 |—yI|o

Lo o 0 0 0 0 I 0 0 |-I]

Consider the — rst BMI constraint (5.34)

W?\}n EWnr, <0

By observing that the forth and sixth rows of Wy, are zero, the last inequality

can be rewritten as

[ -T cuU, Do 0 D, O
T T V11 11
NbHNE0000) |y o7 AT AU, | By, 0 | Bi 0
0 0 IoooO DT BT e 5T
0 0 0 I 0 0 0 0 V11 v12
0 0 -sT _8§ 0 o0
0O 0 00IO viz P v22
DT BT 0 0 —~’T 0
0 0 0001 1 1 v
.l O 0 I 0 0 -—I|
Np000O
Np000O
0 I000O -0
0 0I00O
0 00710
0 0001

Next, application of the Schur complement formula yields (5.28). In order to

obtain the inequality (5.24), rewrite the matriz ¥ as

r-I 0 0 0 0 0 0

0-I o0 0 0 0 0

0 0 —S,, —Su, Sy, C 0 S,,Do

0 0 —-ST, —S., st.,C 0 SI.,Do
g_| 00 CTSm1CTSm2ATPh%+PhuA APy, Py, Bo

00 O 0 P A 0 P} ,Bo

00 Dgsvn Dgsvll nghu nghm —Su; —

00 O 0 0 0 -St, -

00 D{Svu D{Svm B{Phu B{Phu 0

L0 0O O 0 0 0 I

coroococoococo

SCo~NOQCQOOCQCO

|
~
L

Neat, by observing that the some rows of Wy are zero, the condition (5.34)
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reduces to
_Svn _S'UIZ Squ SU11D1 0
-8t —Su, st.c ST.Di 0
c’s,, c¢'s,, AP, +P,,A P, B, 0 | <0
D,{Svu D{SUIZ Br{Phn _721— 0
0 0 0 0 I

Further, application of the Schur complement formula gives

(

which is equivalent to LMI (5.24). Additionally, applying of Lemma 10 gives as
the result the conditions de ned in (5.25) and the proof is completed. |

B?Phll _721 0
0 o -I

c’s,,, C*Ss.,,

D{Svu DTS'U12
0 0

ATPh11+Ph11A Ph11B1 0 j|

+ T, T, || ST,C ST D, 0

v12 v12

|: Tv11 Tv12]|:5v11c Squl 0:|) =<0

The disturbance attenuation level v can be optimized by solving the following
linear minimization problem

min I
P}L11>_07U}L11>_Ovsv11>_07T1711>_0 (535)
subject to (5.23) — (5.25) with u = 2

To show the usefulness of this result, let us consider the following numerical exam-
ple.

Example 5.1. Consider the di  erential LRP of the form (5.2) with matrices given
by

A [1.4684 1.3745] By — [0.0309 0.2553} C- [0.0810 0.0948] ,

—1.4080 —1.6290 0.0635 0.2229 ~ 1 0.0610 0.0289

p. _ [0-04940.05107 o [1.96350.9644] , _ [1.54100.1196
07 10.0530 0.0227 | 7 71 T [ 1.0872 1.6311 | > 1 T | 1.2650 0.1512 | °

B 1.9070 1.2824 D 0.2106 1.5249
© 12,6290 2.1252 |77 | 0.0572 2.6082

With this data, application of the controller design procedure of (5.35) yields

~ [ 0.1169 0.1036 6 [ 83795 0.5142
Pr = [ 0.1036 01740 } » U =10 [ 0.5142 9.1918 } !
g _ [ 61931 588097 . [0.8599 0.158
L™= 58899 7.6801 |’ T VM T | 0.1589 0.8198
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and the corresponding Heo controller matrices are

4 _[38573 -15123] 5 [0.1405 0.1581
¢ =1.7765 —0.9105 | *¢~ [ 0.0712 0.0991 | °

C _[07487 0.7430 ] o _[-0.1041 —0.2130
©=10.0520 —0.0499 |’ 7 °7 | —0.0180 —0.0040

Moreover, the minimum ~y derived in this example is 2.1530.

5.2.4. Numerical computations of the Lyapunov matrix

It should be pointed out that providing the Lyapunov matrix results in computa-
tional problems which are nontrivial due to required of existence of the matrices X
and Y such that Y = X ~'. Unfortunately, this problem is non-convex therefore
the convex formulation is required. Moreover, the controller order is equal to the
rank of X — Y so it is hard to specify the controller order. It is shown in (Fu
and Luo, 1997) that computational problems which have arisen in  xed output
feedback design are N'P-hard problems.

In the above design procedure, the dynamic controller with unspeci ed order
was considered. In this case, the constraint ¥ = X' = 0 can be replaced
by Y = X' = 0 (Iwasaki and Skelton, 1994) which, after applying the Schur
complement formula, leads to

[ Y 1I

I X]?O

Thus, the convex formulation has been found and it can be applied in H,, con-
troller design - see conditions in (5.25). Unfortunately, since one of the block
X is chosen as I (the identity matrix) then the condition number of X can be
large. To avoid computation problems, the approach based on the singular value
decomposition (SVD) is used. As the rst step, SVD of I — XY is computed

I-XY=UzV"
Next, the matrices M and IN are chosen as
M =Ux*
N =Vx:

and they satisfy M N T — 1 — XY. This allows us to compute the Lyapunov
matrix L from the relation

s ]

As the next step, partition L as

Lll L12:|
L:
{LTZ Lo,
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to obtain

p[ I X | _[Luy Lo ][I X |_[ Ly LuX+LoM'
o0 M" || L], Ly || 0 M" | | LY, LT,X+ LyyM”

Based on the above equation, the blocks of L can be computed from

L,=Y
L1T2 =N

Ly X +LsMT =1
L, X +LpM" =0

thus Loy = X2 VT XUTS "2 and L and its inversion are

Y N L [ X M
L[NT LQQ]’L {MT K]

where K is any given matrix of appropriate dimension.

It should be pointed out that there several algorithms exist which give suffi-
cient condition for  nding the matrices X and Y so that Y = X! via convex
optimization (Iwasaki and Skelton, 1995a,b). This immediately allows us to apply
LMI methods.

The idea of these algorithms is based on the observation that for any matrices
X >0 and Y > 0 that satisfy

Y 1I
[ T X ] =0 (5.36)
the condition trace(XY') = n (where n denotes the number of rows of the matrix
X (or Y)) implies that XY = I. Hence, the solution to the problem of nding
the matrices X > 0 and Y > 0 such that X = Y ! is reduced to the solution

min trace(XY)
X=0,Y >0

subject to (5.36)

It was illustrated in (Oliveria and Geromel, 1997) that the above optimization
problem can be solved in an e ective way using Product Reduction Algorithm
(PRA). Moreover, this algorithm is simple in numerical implementation and can
therefore be used for our purposes.

5.2.4.1. Product Reduction Algorithm

The preliminary step of this algorithm is to provide any matrices Xy > 0 and
Y, >~ 0 which satisfy (5.36) then set the iteration counter £ = 0 and successively
perform the following steps
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Step 1: De ne the linear function

fk(X, Y) = trace (XkY + YkX)

Step 2: Compute X1 and Y41 by solving linear objective minimization pro-
blem of the form

i (XY
X>Hol,111}>o (X, Y)

subject to (5.36)

Step 3: If prescribed accuracy e is attained e.g. trace X p11Y +Y g1 X)—2n<e
(where n denotes the number of rows of X or Y') then stop, otherwise return
to the second step.

5.3. H, control of uncertain di erential LRPs

In this section we extend the results of the previous section to a process model
containing some uncertainties in all the matrices. The presence of these uncer-
tainties in the model structure is the consequence of varying physical parameters
and imperfect knowledge on process dynamics. Motivated by this practical fact,
we are interested in designing a static feedback controller that stabilises the con-
sidered class of LRPs and ensures that the H,, norm bound does not exceed the
prescribed level for all admissible uncertainties. Two representations of uncerta-
inty are taken into consideration: norm-bounded and polytopic forms. Both of
these representations have their advantages and disadvantages and there are also
practically relevant problem areas where one in more suitable than the other.

5.3.1. Norm-bounded model of uncertainty

Here, we assume that the uncertainty is norm bounded in both the state and pass
pro le updating equations. This form corresponds to the process with uncertainty
which is modelled as an additive perturbation to the nominal model matrices. In
such a case we can write the process state-space model in the form

(e R 238D ) (3438 )

(5 1[28 D

(5.37)
where the admissible uncertainties are assumed to be of the form
AA ABy AB AB,| |H;
[AC ADy AD ADJ - [HJ}-[ E\ E; E; E, | (5.38)

and where H,, Ho, E, E5, E3, E, are known constant matrices of compatible
dimensions, and F is an unknown matrix with constant entries which satis es
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(4.5). In this case, the following theorem gives the condition of a controller existing
that stabilises the process (5.37) and ensures that the Ho, norm bound does not
exceed prescribed level for all admissible uncertainties.

Theorem 5.5. Suppose that a di erential LRP of the form described by (5.37),
with uncertainty structure modelled by (5.38) and (4.5), is subjected to a control
law of the form (4.17). Then the resulting closed-loop process is stable along the
pass for all admissible uncertainties and has the prescribed Ho, disturbance atte-
nuation v > 0 if there exist matrices W1 =0, Wo =0, N1 and N4y of compatible
dimensions and a scalar € > 0 such that the following LMI holds

i -Wo+3eHHY CW i +DN,+3e¢HHT
W.CT+NTDT+3¢H HY W, AT+ NTBT+AW,+BN,+3cH . HT
WD+ NITDT W,.BI+NITBT
DY BT
0 0
0 E.W.,+ E3N;
0 0
0 0
y ; (5.39)
DoWs+DNsy D1 0 0 0 0
ByW:+BN>; B, 0 W,ET+NTEY 0 0
W, 0 W, 0 WLET+NTET o
0 —*I 0 0 0 ET <0
W, 0o -I 0 0 0
0 0O o0 —eI 0 0
E:W3,+EsN, 0 0 0 —el 0
0 E, o0 0 0 —eI |

If (5.39) holds then the controller matrices K1 and Ko are given by (4.20).

Proof. In view of the proof of Theorem 5.2 it can be shown that the closed-loop
process is stable along the pass for all admissible uncertainties and has prescribed
Hoo disturbance attenuation v > 0 if the following inequality is satis ed

0 ACW +ADN; ADWo+ADN> AD; 0
WiACT+NTADT AA AB\W+ABN, AB; 0
WoADI+NTADT WLoABI+NITABT 0 00

ADT ABYT 0 0 0

0 0 0 0 0

(5.40)
W, CW,+DN; DyW,+DNo D, 0
w.CT+NTDT A ByWs+BN, B, 0
+ | WoD¥+NTDT wW,BI+NIBT W, 0 W,y =<0

DT BT 0 —’I 0
0 0 W 0 —I

where A = W AT + NTBT + AW, 4+ BN, and AA = W AAT+ NTABT +
AAW +ABN;. The rst term in the above inequality can be rewritten as

HFE+E F H'
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where
0 H, H, H, 0
0 HA, H, H, 0
H=|0 0 0 0 0|, F=diag(F, F,F,F,F),
0 0 0 o0 O
0 0 0 o0 O

E =diag (0,E1W1 + EsN,,E;Wo + EsNsy, Ey, 0)

An obvious application of Lemma 8 followed by application of the Schur comple-
ment formula yields (5.39) and the proof is complete. [ |

5.3.2. Polytopic model of uncertainty

Consider the di erential LRP which the current pass state updating equation
matrices range in the polytope of matrices as it is described by

[A B By Bi|eCo((A" B, B' B]),i=12,...,h (5.41)

and
h h
Co( A" By B' Bi)) :—{X :X=>"ai[A" By B' Bi],a: >0, Zai—l} (5.42)
i=1 =1

For the current pass pro  le updating equation in (5.2) we assume a norm-bounded
type of uncertainty

Yrr1(t) =(C+AC) k41 (t) +(Do+ADo)yi(t)
+ (D+AD)ug41(t)+(D1+AD1 ) w1 (2)

where

| AC ADy AD AD, | =H,F | E, E; E3 E, | (5.43)
and the matrix F satis es (4.5).

Theorem 5.6. Suppose that a di  erential LRP of the form described by (5.2), with
uncertainty structure modelled by (5.41)-(5.42) and (5.43), is subjected to a control
law of the form of (4.17). Then the resulting closed-loop process is stable along
the pass for all admissible uncertainties and has the prescribed Ho, disturbance
attenuation v > 0 if there exist matrices W1 = 0, Wy = 0, N1 and N2 of
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compatible dimensions and a scalar € > 0, such that

[ —Wo+3eHHY CW,+DN,
WiCT+NTDT W AT+ NTB T+ A'W,+B'N;
wW.,DI+NIDT W B+ NI BT
DT BT
0 0
0 E.W,+ E3N;
0 0
0 0
- ) (5.44)
DWx+DN, D; 0 0 0 0
BiW+B‘N, B 0 W.,ET+NTE?T 0 0
W, 0o W, 0 WLET+NTET o
0 %I 0 0 0 ET <0
W o -I 0 0 0
0 0 o —eI 0 0
E;W o+ FE3N- 0 0 0 —el 0
0 E, 0 0 0 —eI |

If the LMI (5.44) holds then the controller matrices K1 and Ko are given by
(4.20).

Proof. It can be proven in an identical manner to proofs of previously presented
Theorems. |

5.4. H,, control of discrete LRPs

This section addresses the problem of the H, disturbance rejection or attenuation
problem for discrete LRP. Therefore, the aim can be summarized as  nding an
implementable control law which will give stability along the pass closed loop with
a prescribed degree of disturbance rejection, including the case when there is an
uncertainty in the model structure.

5.4.1. LMI-based H,, norm computation

Consider the model of a discrete LRP (5.3) with no control inputs but with external
disturbance inputs given by

(o0 1A Bl o) | B 0 )

then with (5.4) we have the following result.

Theorem 5.7. A discrete LRP described by (5.45) is stable along the pass and
has the Hoo disturbance attenuation v > 0 if there exist matrices P1 > 0 and
P5 - 0 such that the following LMI with P = diag(P1, P2) holds

-P P® PQ O

P -P 0o C}

QTP 0 -4 o0
o C, o0 -I

<0 (5.46)
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where ®, Q and Cq are de  ned in (5.16).

Proof. In order to ensure the Hoo noise attenuation 7y holds, it is required that
the associated Hamiltonian de mned by

H(k,p) = AV (k. p)+ Y1 (0)yrs1(p) — vwi i1 (P)wes1(p) (5.47)

satis es
H(k,p) <0 (5.48)

where AV (k,p) is de  ned in (4.34). Next, by carrying out appropriate substitutions
we obtain
Hb,p)= [T hp) wly(p)] ®"P®-P+CLC, 2@"PQ ¢(k,p)
’ ’ kt1 QTPe QPQ—~21 || wit1(p)

where ((k,p) is de  ned in (4.32). Now the above condition guarantees that (5.48)
holds for any ((k,p),wrs+1(p) # 0. Finally, application of the Schur complement
formula gives the solution and the proof is complete. |

Remark 5.2. Since LRPs share certain structural similarities with 2-D linear
systems then the result can be also obtained via manipulations required for 2-D
linear systems described by RM, for example, in (Du and Xie, 2002). On the
other hand, it should be pointed out that the structure of the control algorithms
are not well founded physically due to the fact that, for example, the concept of
a state for these systems is not uniquely de mned. Furthermore, it turns out that,
in case of LRP, a control law is a combination of current pass information and
‘feedforward’ information from the previous pass. In terms of 2-D systems this is
the equivalent to a clear state feedback control law, which has not been used in (Du
and Xie, 2002) for Ho control. Moreover, it is known in terms of RM, that
the pass pro le vector is simultaneously the output vector which employs di  erent

algebraic manipulations and in e ect yields a simpli  ed version in comparison to
the standard 2-D approach of (Du and Xie, 2002; Du et al., 2001).

Remark 5.3. It can be seen that the inequality (5.46) has the same form as the
inequality (4.46). Therefore, the robust stabilisation of an uncertain LRP can be
solved via Hoo control results developed here.

5.4.2. H., control with a static feedback controller

The following result enables (4.40) to be designed to give stability along the pass
of the closed-loop process with a prescribed disturbance rejection bound.

Theorem 5.8. Suppose that a discrete LRP described by (5.3) is subject to a
control law of the form (4.40). Then the resulting closed-loop process is stable
along the pass with the prescribed Hoo disturbance attenuation v > 0 if there exists
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matrices W1 =0, Wy =0, N1 and No such that the following LMI holds

—-W; 0 AW.+BN; BpW>+BN>; B; 0
0 —Wa CWi+DN, D0)Ws+DN> D; 0
Wi AT+ NTBT w,Cc"+NTDT W, 0 0 o

T T T T T T =<0
WQBO +NzB W2D0 +N2 D 0 —W2 0 W2
BT DT 0 0 —*I 0
0 0 0 W 0 -I

(5.49)

and the required controller matrices in (4.40) are given by (4.20).

Proof. Applying the result of Theorem 5.7 it follows immediately that stability
along the pass holds if there exist matrices P1 > 0 and Pg > 0 such that

-P, 0 P,A+P,BK, A, P,B; 0
0 -P, P,C+P>;DK, A, P;D; 0O
ATP.+KTBTP, CTP,+KTDTP, —P; 0 0O o
AT AT 0 P, o 1|7
BTP, DTpP, 0 0 I o
0 0 0 I 0o -I

where Ay = P1By+P1BK 5 and Ao = Py Dg+P>D K o, This last inequality is not
in LMI form because it is nonlinear with respect to its parameters. Consequently,
set Py = Wfl, Py = W;l and pre and post-multiply by diag(W 1, Wy, Wy,
W, I, I), followed by setting N1 = K1W1 and No = KoW o to obtain the LMI
of (5.49) and the proof is complete. |

Note that the Ho, disturbance attenuation here can be minimized using the
linear objective minimization procedure which leads, in e ect, to minimization of
the e ects of the disturbance.

min
Wi1>0,W2>~0,N1,N2

subject to (5.49) with p = ~?

5.4.3. H., control with a dynamic pass pro le controller

The control law of the previous section requires that the complete current pass
state vector is available for measurement. If this is not the case then one option
is to use an observer to reconstruct it. In this section, we consider the control of
processes described by (5.3) through use of a full dynamic pass pro le feedback
controller of the order n,

RN e bt il S A PR (5.50)

upt1(p)=[Ce1 Ce| [mgg&g?)]ﬁ-Dcykﬂ@)

where z¢(p) € R™ is the controller state vector, y;(p) € R™! is the output vector
and n, = ni; +mq.
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To obtain the state-space model of the resulting closed-loop process, use the
notation (5.16)-(5.17) and introduce the so-called augmented state and pass pro le
vectors for the closed-loop process as

T (p) = { igﬁgzg ] , Uk(p) = { z

BSOS
—
3
N

Then the closed-loop process is given by

Trra(p+1) } :A{ Tr11(p) ] B
{ T (p) gi(p) | T EE)
) (5.51)
—c | )|
Yi+1(p) [ Uk (p)
where
= | ®+B2D.Cy ByC.| 7 = |8 _ T
AH[ B.C, AC]H,BH[O},C[CQ 0 II
Next, de ne
(@ o [By 0 [Cc, 0 [
N TN O paer

then it is obvious that the closed-loop state-space model matrices can be written
in the following form which is affine in the controller data matrix © (introduced
in (5.19))

A=II| A+B,0C, |I", C=cll", B=1IB (5.52)
Now we have the following result which gives an existence condition for the con-
troller matrices A., B, C., D, to ensure stability along the pass and then enables
controller design.

Theorem 5.9. Suppose that a dynamic pass pro le feedback controller de ned
by (5.50) is applied to a discrete LRP described by (5.3) with resulting closed-
loop state-space model (5.51). Suppose also that there exist matrices P11 > 0,
(Pll = diag(PhthUu)) and R11 - 0, (Ru = diag(Rhu,Rvu)) such that the
LMIs de ned by (5.58)—(5.55) below hold. Then the resulting closed-loop process
is stable along the pass and has the Ho, disturbance attenuation v > 0

Ni00]'[®R,®"-R;y Q@ @R, CT N100
010 o’ —2I 0 0 I0|=<0 (553)
0 01 CoR, ®7 0 —-I+CyR;,CY 0 01
N.00]"[®" P ®-P,, @®"PuQ CI [N200
0 I0 QP ® Q'PL1Q-4T 0 0 I0|=<0 (5.54)
0 0rI C, 0 -I1||l0o0I

Ppn I P, I
=0 =0 5.55
[ I Run ] - [ I R, ] a ( )
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where N'1 and Ny are full column rank matrices whose images satisfy
Im (A}) = ker (B2T) , Im (V) = ker(C»)

Proof. Interpreting the result of Theorem 5.7 in terms of the matrices (5.52) gives
the following inequality

¥+ MTON + NT'O'M <0 (5.56)
where
-R RA RB 0 RB,
AR -R o C* T 0
U= MT= N=[0 C, 0 0
BTR 0 21 o0 |’ 0 |’ [ 2 ]
0 c 0 I 0

and R = TI7 PII. Partitioning the matriz R as

Py, 0 Py, 0
0o P, 0 P Py | Py
R=T"PII = ~ 2| { v 5.57
Paz 0 Py,, 0 P’{2|P22 ( )
o P, | 0o P,
where
Ph Ph P'U PU
Ph — |: 11 12 :| , P . |: 11 12
Ph12 Ph22 ! Pg;Q PU22
it can be written that
_ R,. R, } _1 [RU R, ]
P 1:|: 11 12 , Pv _ 11 12
h ,’1;12 Rh22 RZIZ RU22
and
Ry, 0 Ry, 0
~ _ 0 R, 0 R, Ri | Ryy
RlZHTP 1]._.[: 11 12 :|:
RI 0 |[Ry,, O R}, | R
0 R/, | 0 R,

After manipulations similar to these described in the proof of Theorem 5.4 the
conditions of (5.53) and (5.54) are obtained.

The last problem is to provide the conditions which allow us to  nd the matrix
P and its inverse. To begin,  rst note again that P = diag(R, P,) and that only
P11 and Ryy appear in the  rst two LMIs to be satis ed. Application of Lemma 10
now gives the required conditions and the proof is complete. |

If this last result holds then the stabilising controller can be designed using
the following algorithm
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Step 1: Compute the matrices Pp12, P12 using

—1 T _ —1
Ph12Ph22Ph12 = Ppu— Rh117

P,2P,Pl, = P,i— Ry,
where Ppos = I and Py =1
Step 2: Construct Py > 0 and P, = 0 and then the matrix P = diag(Py, P,).
Step 3: Compute the matrices M, N and .

Step 4: Solve the LMI (5.56) (where © is the unknown matrix) and hence the
controller state-space model matrices.

Also the disturbance attenuation level 7 can be minimized using the following
optimization procedure

min
Pi,>0, R11>0
subject to (5.53) — (5.55) with u = 2

5.5. H,, control of uncertain discrete LRPs

This section deals with the robust H., control problem for discrete LRPs with
norm-bounded uncertainty. For this purpose consider a discrete LRP with un-
certainty modelled as additive perturbations to the nominal model matrices with
resulting state-space model

Tp+1(p+ 1) =(A+AA)z)41(p) + (B + AB)ug11(p) + (Bo + ABo)yx(p)
+ (B 4+ AB)wi41(p)
Ye+1(p) =(C + AC)z111(p) + (D + AD)ug41(p) + (Do + ADo)yx(p)

+ (D1 + AD)wi41(p)
(5.58)

where the admissible uncertainties to be of the form (5.38) and (4.5). Now we
have the following result.

Theorem 5.10. Suppose that a discrete LRP described by (5.58) with the un-
certainty structure satisfying (5.38) and (4.5) is subject to a control law de ned
by (4.40). Then the resulting closed-loop process is stable along the pass with the
prescribed Hoo disturbance attenuation v > 0 if there exist a scalar ¢ > 0 and
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matrices W1 =0, Wy =0, and N1, Ny such that the following LMI holds

[—W . +3eH HT 3eH HY AW .+BN; BoW,+BN,
3eH HT —-Wsy+3cHHY CWi.+DN, DoWy;+DNT
W, AT+ NTBT w,cT+NTDT -W, 0
W.BT+NITBT WwW,DI+NIDT 0 —-W,
BT DT 0 0
0 0 0 W,
0 0 0 W.ET+NTET
0 0 0 0
i 0 0 0 0
i (5.59)
B 0 0 0 0
D, 0 0 0 0
0 0 0 0 0
0 Wo EWi+E3N; 0 0
—’}/QI 0 0 E;Wo+E3N, 0 <0
0 -I 0 0 E,
0 0 —el 0 0
WL.ET+NTET o 0 —el 0
0 ET 0 0 —eI |

If this condition holds, the corresponding controller matrices are given by (4.20).

Proof. On applying (4.40), the closed-loop process stability along the pass condi-
tion can be written in the form

—~~ T ~T—T
I'+HFE+E F H <0
where T is left hand side of LMI (5.49) and
O0H, H  H,0

00H; Hy H,0|
~ |00 0 0 O 0| F=diag(F,F,F,F,F,F),

H= )~
000 0 0O E=diag (0,0, E\W +E3sN,E;Wot+E3Ny, E4,0)
000 O OO
000 0 00O

The LMI of (5.59) is now obtained by an application of the inequality of Lemma 8
followed by the Schur complement formula and the proof is complete. |

To reduce the e ects of the disturbance vector, the following linear objective
minimization procedure can be used.

min
W1-0,W5~0,N1,Na,e>0
subject to (5.59) with p = ~?
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5.5.1. Alternative robust stabilisation

In this subsection the solution for the H ., problem is applied to design a pass pro-
le feedback controller in the presence of norm-bounded parameter uncertainties.
Consider the state-space model of a discrete LRP written in the form (4.29).
Further, use the notation (5.16)-(5.17) and introduce

AA AB H ~1E
AB H
ABQ_—{ }—[ ;:|71-7'-[E3]

The matrices H1, Hy, E1, E,, E3 are known and constant and a scalar v > 0

is given, hence they are de ned in the same form as in (4.30) and the matrix F
satis es (4.5). In the case when the pass pro le controller (5.50) is applied, the
closed loop process state space model can be written as

(Pt 1) } A+ AA { Tr41(p) ]
- — (A+0A)|
et AN
- T l‘k+1(p)] 60
) Rt (5.60)
with
__ - @"‘BQDCCQ BQCC T A¢+AB2DCC2 ABQCC -
A+AA_1'I[ BC, A ]H +n{ . " ]n
(b + BQDCCQ B2CC ,Y—IH
:H[ B.C, A, }HT—’_H{ 0 F[E+E3Dccz Egcc} n”
=A+ HFE

where the matrices ®, By, C5 are as before and

H,

H-|

:|7E[E1 E, | (5.61)

Now we have the following result.

Theorem 5.11. Consider a discrete LRP whose dynamics are described by (5.58).
Suppose also that a full dynamic pass pro le feedback controller de ned by (5.50)
is applied. Then the resulting closed-loop process (5.60) is stable along the pass
holds if there exist matrices P11 = 0, (P11 = diag (Pp11, Py11)) and Ryp > 0,
(Ry, = diag (Rp11, Ry11)) such that the following LMIs hold

Nioo]'[e"PE-P,, ®"P,H ET|[N,00
0 I0 H"P,® H'P, H-+*T 0 0 I0|=<0 (562
0 01 E 0 -I||l 0orI
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N,00]'[®R,,®"-R,y, ®R,E" H (1[N,00

0 I0 ER " -I+ERE" 0 0 IT0|=<0 (563)
0 0I HT 0 —2I|| 0 0TI
Phll I Pvll I
=0, =0 5.64
|: I Rhll :| - |: I val :| - ( )

where N'1 and Ny are full column rank matrices whose images satisfy
m(N1) = ker(C3), Im(N3) = ker([B} EL])

Proof. Based on the proof of Theorem 4.7 it can be shown that the closed-loop
stability along the pass holds in this case if

P PA PH o0
AP -P o E'
T =<0
HP 0 T 0

0 E 0 —I

where A, H, E are de ned as before. Next, apply similar transformations to those
used in the previous proof to obtain (5.62)-(5.64) and the proof is complete. M

To increase robustness, the term v in the LMIs of (5.62)—(5.63) has to be mi-
nimized. This can be achieved by using a linear objective minimization procedure

min
P11>0,R11>0

subject to (5.62) — (5.64) with u = 2

5.6. H, control of di erential LRPs

The Hs norm of the system is another commonly used control performance measure
for control synthesis. For 2-D linear discrete systems, the Hy control problem was
considered and solved in (Tuan et al., 2002). However, the Hsy control problem
in the case of di erential LRPs is still unsolved and therefore, this problem is
investigated in this section.

It has been mentioned that the Hs norm of a process Gaig (5.2) is the energy
(Lo norm) of the response g(k,t) to an impuls applied at t = 0, k£ = 0, and denoted
by 0(k,t). Then (5.7) is equivalent to (by invoking Parseval’s theorem in the 2-D
case)

[|Gaigtll2 = ||g (k,t)| Z/ g(k,t)dt (5.65)

Note that the above equation is valid for the case of a single input stable along the
pass process Gqig. To extend this de nition to vector-valued inputs, introduce

ull(t) = 5(k, t)e"
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where e € R*! is the vector whose entries are zero except for a unit entry in
position h, 1 < h <[. Then we have that

l oo 00
[Gasls = | 53 / (g")7 (k. £)g" (k, t)dt

h=1k=0

To determine ¢g"(k,t), rst introduce
“h h
e = [Tl = [l a=| D) w=[c D]

Then, due to physical applications of LRPs where nonzero boundary conditions
(2.15) appear, we have that

~ o~ f:lh+zzlzch(k,t), for k=0,a>t>0
€ (k1) = (Ar+-A2)C" (k, )+ (k, )" = (A1+Ao)C"(k,1), for k>0,a>1>0

0, otherwise
(5.66)
and
ﬁh—&-Doy,ﬁ(t), fork=0,a>t>0
g"(k,t) = WMk, t) + DS(k,t)e = W(lh(k,t), fork>0,a>t>0

0, otherwise
(5.67)
where ﬁh and flh denote h-th column of the matrices D and €2 respectively.
The following result gives a sufficient condition for stability along the pass and an
upper bound on the Hy norm of the 2-D transfer function matrix.

Theorem 5.12. A di erential LRP described by (5.2) but without disturbance
input is stable along the pass and has the Ha norm bound v > 0, i.e. ||Gagll2 < 7,
if there exist matrices P1 > 0 and Py > 0 such that the following LMIs hold

-pP, pP,C P,D,
c'p, AP, +P,A+CTC PBy+C'Dy| <0 (5.68)
Dg P BjP+D;C —P,+D{ Dy

and

trace (aDTD +aBTP.B+ aDTP2D> + trace (\IITPQlIl / 10 f(t)Tdt)
0

+ trace (DgDo /a f(t)f(t)Tdt> <~?
0

(5.69)
Proof. It is straightforward to see that if (5.68) holds then the following
—Py P,C P>;Dy 0
c'pP, A"P,+PiA P\By|+|C"|[0 C Dy]=0 (5.70)

D} P, Bl P, —-P, D{
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holds too. As the second term of the left hand side of (5.70) is clearly non-negative
de mnite, it is obvious that

-P, P,C P,D,
c'p, AP, +P,A PBy| <0 (5.71)
Dl p, Bl'P, —-P,

which invoking Theorem 4.1 for process without uncertainty implies that the process
1s stable along the pass.

To show the Ha performance, recall st that (5.71) holds if #1(t) # 0 and
ye(t) # 0 in

V(k,t) = &} () Pragi () +ap (O Prigsr () +yis () Payrs1 () —yi (1) Payr(t)

the following is satis ed

AV (k,t) <0

Next, introduce

AV (k,t) = (k1) (OP12g 4 (1) + (@f )T (O Prig o (1)

5.72
+ (i) (1) Payiga (1) — (i) (8) Payg (1) o7

and note that

l
AV (k,t) => AV"(k,1)
h=1
where
h AT =T 2 “T 55 h
AVI(k, 1) = (M (K, 1) <A1P+PA1 +A, RAQ—R)Q‘ (k. 1)

with P, R given in (4.12) and :41, Ay de  ned in (4.6).
If stability along the pass holds then the following equality holds

- > h _ - “ h _
;;)/0 AV (k,t) = kz—o/o AV (k1) =0 (5.73)

Furthermore, based on (5.66) and (5.72) we have

> | AVt = [P R+ [V 0,085 (P4 R) Aot 0,00
k=0

+3 [T (A1 P+PA+ Ay RA-R) ¢ ()
k=0"0
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Given (5.65), we also have that

l 00 )
Gal3 =32 [ 4" k0" (o)

h=1k=0

l o o
T ~
=3 ([ BlDuar+ [ty 0D Doy
h=1 0 0

o wchT<k,t>wTwch<k,t>dt>
k=070

and also, using (5.73),
1

oo o] T~ a
| Gaige || :Z (Z/O Avh(k,t)dt+aDhDh+/O (y)T () D§ Doyl (t)dt
h=1 \k=0

5> / wchT<k7t>wT\P<h<k,t>dt>
k=070
(5.74)

Routine manipulations show that (5.74) is equivalent to

!
T ~
IGaill3 = (aDh Dy, +aBIP,B, + aDIP,D,
h=1

+ " (YT (0,6)87 Py ch (0, 1)dt + / ()T (1) DT Doyl (1)t
0 0
+> /Oo(gh)T(k,t) (\IIT\I:+21TP+P21+A§SEQR)gh(k,t)dt>
— Jo
e (5.75)

Further transformations lead to

|Gaigr||2 =trace (aDTD +aBTP.B + aDTPgD)
+ trace (\IITPQ\II/ f(t)f(t)Tdt> + trace <DOTD0/ f(t)f(t)Tdt>
0 0
= [F.r T =T 3 T o
+3° [ Tk (\1: W+A, P+PA, + A, SAg—R) C(k,t)dt
k=070

It now follows immediately from this last expression that (5.68) and (5.69) imply
that ||Gaige||2 < v holds and the proof is complete. |

Remark 5.4. Note that the Ho norm bound here can be minimized using the
following linear objective minimization procedure
min W
P;>0,P>>0 (576)
subject to (5.68) and (5.69) with yu =~



132 5.6. Ho control of di erential LRPs

5.6.1. H-> control with a static feedback controller

Some applications areas clearly require the design of control laws which guarantee
stability along the pass and also have the maximum possible disturbance attenu-
ation (here as measured by the Hy norm).

The problem considered here is as follows: for a given v > 0, nd a controller
of the form (4.17) for the process (5.2) such that the closed-loop process is stable
and the Hs norm of the 2-D transfer function matrix between the disturbance
vector and the current pass pro le, denoted here by G(s,z) (see, (5.5)) bounded
by v, i.e. ||G(s,2)||]2 < 7 - is also termed the Ho disturbance rejection bound.

The following result gives a solution to this problem with an algorithm for
designing the control law.

Theorem 5.13. Suppose that a di  erential LRP described by (5.2) is subject to a
control law de  ned by (4.17). Then the resulting closed-loop process is stable along
the pass and has the prescribed Ho disturbance rejection bound v > 0 if there exist
matrices W1 = 0, Wy =0, N1 and Ny such that the following LMIs hold

—W, CWi.1+DN; DoWs+DN> 0
NTDTy+w.,.CcT W, AT+ AW +NTBT+BN; ByW;+BN, W;.CT =0
NIDT+w,D¥ W.BY+NIBT -Ws W.D?

0 CW; DyW -1
(5.77)
and
trace(X)+trace(DE Do XY +aDI D;) < ~?
x BT DT 112
1 1

B ()z_lWl 0 0 .0 (578)

D, 0 0471W2 0 ’

Iz 0 0 W,

where X is an additional symmetric matriz variable of proper dimension and

= W o (%, 1= [ niond @y (5.79

If these conditions hold, the controller matrices K1 and Ko are given by (4.20).

Proof. Interpreting (5.75) (or Theorem 5.12 results) for the closed-loop process
yields

—P, P,C + P,DK, P,Do + P,DK,
KIDTPy,+CTP, Ay P,By+P,BK,+CTDy| <0
K;D"P;+D{P; BijPi+K;B"P,+D;C —~P>+D{ Dy

where Q" = [ B] DT | and Ay = ATP,+P1A+K| B"P,+P,BK,+C"C.
Now set W1 = Pfl, Wy = P;l, and pre- and post- multiply both sides of this



5. LMI methods in performance analysis 133

last inequality by diag (W o, W1, W) to obtain

-W, CW,+DK W, DyW,+ DKW,
W, K] D"+w,C” Ay AL <0
W,K3 D' +W,D! As ~Wy + WyDDoW,

where
Ay =W AT+ AW +W KT BT+ BK,\ W ,+W ,CTCW,
Ay =W,,Bl +W,K BT +W,DICcw,

An obvious application of the Schur complement formula to the left hand side of
this last expression and setting N1 = K1W1 and Ny = KoW 5 now yields

—W, CW,{+ DN, DWWy + DN 0
NTDTy+w,.CcT W, AT+AW +NTBT+BN, By\W,;+BN, W;.CT
NIDT+w,D¥ W,B{ + NI BT -W, w.D7 | <Y

0 CW, DoW, -1

(5.80)

In what follows, by observing the fact that
trace (PoIT) =trace (H% PQH%)

where II is de  ned in (5.79) then the inequality (5.69) in this case becomes

) , (5.81)
<y

which is equivalent to (5.78). To see this, introduce a new matriz variable X and
make use of the following transformation to yield

trace(aD{ D1+ Dg DoY)
aW 0 0 } 1[ B;

+trace [BlT DT H%} 0 aWs 0 D,
0 0 W, Iz

X-aBTW{'B,—aDTW,;'D,-TI2W,IIz 0 0 0
0 W, 0 o0
ofen = 1
0 0 W, 0
0 0o 0 W,
where
X a2BY a:DT 2 I 000
6 a?B; Wi 0 0 o —a:W7i'B, 100
= = 1
Ot%Dl 0 W2 0 ’ —oﬁW;lDl 0I0
m: o 0 W, -W;'Iz 001

Next, observe that the block (1,1) in the resulting matriz implies that
X - aBTW{'By + aDTW;' D, + I W 'TI*

Finally, apply the Schur complement formula and the proof is complete. |
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Remark 5.5. The Hy disturbance rejection bound «y in the LMI of (5.78) can be
mintmized by using the linear objective minimization procedure

min W
Wi>=0,W3>0,N1,No (5.82)
subject to (5.77) and (5.78) with yu =~
Let us now show the applicability of this result with the following numerical

example.

Example 5.2. Consider the di erential LRP represented by (a model of metal
rolling process, for details see (Galkowski et al., 2003d))

—0.0050 —5.8077] ’ Bo={ 0

A= [ 1 —0.0050 0.0494

] , C= [1 O] , Dp=0.7692  (5.83)
where the boundary condition are

xk+1(0>: |:8 :|7 yO(t):la 0<t<a
Further, we assume the matrices B, D, By and D1 to be

1.2 0.7
B-|gs] D12 m=| )]

The purpose is to  nd a controller of the form (4.17) such that (5.77) and (5.78)

are satis ed. By solving the convex optimization problem (5.82) we obtain

2.6102 0.2420
0.2420 0.0657

Ny =[-27623 —0.5935], Ny = —0.4522

],D1:0.8

W, = { ] , W5 = 0.7052,

Then, the following controller matrices are computed
K, =[-03353 —7.7998], Ky = —0.6412

That 1is, the controller guarantees that the closed-loop process is stable along the
pass and ensures that the Ha norm bound ts never greater than 7.6607. The results
have demonstrated that the proposed approach is numerically simple and e  ective.

5.7. Guaranteed cost control of LRPs

In previous sections of this chapter, the problem of designing H ., or Hs controllers
has been addressed. Here, another step is taken further to examine the next design
approach called guaranteed cost control (Moheimani and Petersen, 1996; Petersen
and McFarlane, 1994; Petersen et al., 1998). This is an area for which no results
currently exist and here we develop a solution to the problem of obtaining a control
law which simultaneously robustly stabilises an uncertain process and guarantees
that the associated cost function has a value below the prescribed upper bound.
Keeping up with this objective throughout the section, we will start by treating
di erential LRPs and then deal with discrete LRPs.



5. LMI methods in performance analysis 135

5.7.1. Di erential LRP case

Consider an uncertain di  erential LRP described by the following state-space mo-
delover 0 <t<a, k>0

Tp1(t) =(A+ AA)zpy () + (Bo + ABo)yk(t) + (B + AB)ug1(t) (5.84)
Yrt1(t) =(C + AC)xy41(t) + (Do + ADo)yy(t) + (D + AD)ug4a(t)
The matrices A, B, By, C, D, Dy de ne the nominal model and AA, AB, AB,
AC, AD, ADj represent admissible uncertainties which are assumed to be of the
form
AA ABy AB| |H;
[AC AD, AD} —[HJ]-'[El E; E;] (5.85)
In this last equation, H,, Hy, E|, E5, E3 are known constant matrices of compa-
tible dimensions, and F is an unknown matrix with constant entries which satis es
(4.5).
We start by developing the LMI condition which guarantees that the unforced
(the control input terms are deleted) process is stable along the pass and also the
associated cost function is bounded for all admissible uncertainties. These results
are then extended to design a guaranteed cost controller.
It is assumed that the following cost function is associated with the uncertain
process (5.84)

Bl S ] (3 4] )
(5.86)

where ¥ > 0, Q; > 0 and @, > 0 are given matrices, is bounded for all admissible
uncertainties.

Remark 5.6. LRPs are de ned over the nite pass length a and, in practice,
only a  nite number of passes, say k, will actually be completed. Hence the cost
function (5.86) should be replaced by

=g [t g (] [3 6]
(5.87)

However, it is routine to argue that the signals involved can be extended from [0, «

to the in  nite interval in such a way that projection of the in  nite interval solution
onto the  mite interval is possible. The same is true for the pass-to-pass direction
and hence we can work with (5.86).
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5.7.1.1. Guaranteed cost bound

Here we are interested in  nding an upper bound for the corresponding cost func-
tion of the unforced process (ugy1(t) = 0) with associated cost function

Jo = Z/ <[$k+1 ] [%1 C(l)ngZ(lt()t)D dt (5.88)

The following theorem gives a sufficient condition for stability along the pass with
guaranteed cost.

Theorem 5.14. An unforced di erential LRP described by (5.84) is robustly stable
if there exist matrices Py = 0, Py > 0 and a scalar € > 0 such that the following
LMI holds

—Ps P,C P>;D, P,H, P,H,
c'pP, ATP,+P,A+Q,+<ETE, P.B, P,H, P,H,
Dl'p, BI'p, —Py+Q,+¢EYE, 0 0 |=<o0
HIP, HTP, 0 —I 0
HIP, HTP, 0 0 —el
(5.89)
Moreover, in this case the cost function (5.88) satis es the following upper bound
k* «
Jo £ Yol OPraea(0)+ [y (0 Pan(o) (590)
k=0 0

Proof. Based on Theorem 4.1 proof, it is shown that stability along the pass holds
if AV (k,t) <0 (de ned in (4.11)) for £(k,t) # 0. Neat, it is straightforward to
see that the inequality

AV (k1) + €7 (k. 1) { % 52 ]g(k,t) <0 (5.91)

implies that unforced process is stable along the pass. Noting that
N [T e Q 0
T= Z/O (5 (k1) [ 0 Q, ] 5<k,t)> dt
k=0

and, since the process is stable along the pass, we now have that

5 /oo(Vl(k, D)+ AVa(k, £))dt
k=00

[ (Z(y£+l(t)P2yk+l(t) - yg(t)Pka(t))) dt

0 k=0

Zl’k+1 P1$k+1 / y P2yoo ) (t)szo(t)) dt
0

=— meﬂ VP 1x541(1)

k=0

S~

Mg II

2 11(0)P12141(0 +/ ya (t)Payo(t)dt
0

>
Il

’ (5.92)
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Using (4.11) and (5.91), a su  cient condition for stability along the pass which
ensures that (5.90) holds is given by

(A1 +AA) P+ P(A; + AA;) + (Ay + AA2)S(As + AAy) — R+ Q) <0

where Q = diag(Q4,Q5), S = diag(Ps, P3), and P3 = 0 are any given matrices
of the required dimensions. Next, an obvious application of the Schur complement
formula yields

- P 0 0 0
0 — Py P,C+P>,AC Py;Dy+P;ADg
0 CTP,+ACTP, A, P,By+P,AB, | <0 (693
0 D}P,+AD}P, B{P,+ABlP, Q,-P,

where
A=ATP, + AATP, + PIA+ PAA+Q,

On removing the block —Ps which is always negative de nite, (5.93) gives the
equivalent condition

-P, pP,C P,D,
c’p, ATP,+P,A+Q, P.B
Dl p, Bl P, Q,— P,
0 P,H, P,H,|[F 0 0][0 0 0
+|0PH, PPH, ||0OF O0||0E; O (5.94)
0 0 0 00F||0O0 E,
00 o07[F" 0o o 0 0 0
+|0ET o OTT0]H2TP2H1TP10 <0
00 El|[o o F'||HIP,H{P, 0

and by an obvious application of the result of Lemma 8, we obtain

—Py P.C P;y;D,

c'p, AP+ P ,A+¢cETE, +Q, P.B,

D! p, Bl'P, Q,— P> +¢EJE, 5 05
0 P,H, P,H, 0 0 o0 (5.95)

+e¢*|0 P\H, P\H, || H} P, H{ P, 0| <0
0 o0 0 HIP, H'P, 0

Finally, an obvious application of the Schur complement formula gives (5.89) and
the proof is complete. |

Remark 5.7. Note that it is possible to minimize the upper bound on the cost
function (5.90) using the following optimization procedure

k* @
. 2 : T P / TP
P, >r{)1,11r312>0 k=0 a1 (0)P1z141(0) + 0 ¥ (1) Payo ()t (5.96)

subject to:  (5.89)
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5.7.1.2. Guaranteed cost control with a static feedback controller

Now we proceed with the design of a static controller of the form of (4.17) that
stabilises the process (5.84) and guarantees the cost is bounded.

Applying the control law (4.17) to (5.84) gives the closed-loop process state-
space model of the form (4.18) and the associated cost function is

1= 5 [([a] [Pt it N w won

where ¥ > 0, @, > 0 and @, > 0 are given matrices.
The existence of stabilising K1 and K5 can be characterized in LMI terms
as follows.

Theorem 5.15. A di erential LRP described by (5.84) is robustly stable under
the control law (4.17) if there exist matrices W1 »= 0, W4 =0, N1 and N2 and
a scalar € > 0 such that the following LMI holds

[ —Wo+2eHHY CW.+DN,+2eH-HT
WiCT+NTDT+2¢eH HY W,AT+ AW +NTBT+ BN, +2¢H HY
W.DT+NIDT w.,BY + NIBT
0 E\W,+4+ E3N;
0 0
0 N1
0 Wi
0 0
- ) (5.98)
DoWy+DN, 0 0 0 0 0
ByWsy+ BNy, W ET+NTET 0 NT w, o
-W, 0 WLET+N,ET NT o0 W,
0 —eI 0 0 0 0 |
E-Wo+E3N- 0 —el 0 0 0
N, 0 0 —-r-! 0 0
0 0 0 0 Q' o
W2 0 0 0 0 Q7'

where ¥ > 0, Q; > 0 and Q4 > 0 are the given matrices for the cost func-
tion (5.86). Also, if this condition holds, then stabilising control law matrices K1,
K are given by (4.20). The cost function (5.97) of the closed-loop process (4.18)
satis  es the following upper bound

k* a
J< Sl OW e (0) + / uE (W5 Lyo(t)dt (5.99)
k=0 0

Proof. Since (5.89) is satis  ed then applying the some matriz manipulations i.e.
setting W, = P{', Wy = Py, Uy = W1Q, W1, Uy = WyQ,W followed by
pre- and post- multiplying of both sides of resulting inequality by diag(W o, W1, W)
we conclude that the closed-loop process (4.18) is robustly stabilised by the control
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law (4.17) if the following matriz inequality is satis ed

—W, CWi.+DN; DoW2+DN,
w.CT+NTDT T ByWy+BNy+N,¥NYT
WoDI+NID" WoBl{+NIBT+NIWN, -W,y+U,+NJ¥N,

OH,H:|][Fo0oO 0 0 0
+ |0 H, Hy 0FO 0 E\sW+E3N; 0
00 O 00F| |0 0 E-Wo+E3N,
0 0 0 FT o o 0O 0O
+ |0 NTET+W,ET 0 o FT o HI HT 0|<0
0 0 NIET+wW,ET o o FT| |HY HT o
(5.100)

where Ny = K\W 1, Ny = KoyWy and ¥ = W AT+ AW, + NTBY+ BN, +
Uﬁ—N{\IINl. Applying the result of Lemma 8 and making an obvious application
of the Schur complement formula gives (5.98) and the proof is complete. |

Note that it is possible to minimize the upper bound on the cost func-
tion (5.90) using the following optimization procedure

k* e
. T -1 T -1
o |1<§ Oxk+1(0)”’ 1 $k+1(0)+/0 Yo )W yo(t)dt]

(5.101)
subject to (5.98)

The convex optimization algorithm cannot be applied in this case because of the
nonlinear terms W' and W5 . However, a controller which ensures the minimi-
zation of the guaranteed cost (5.99) can be achieved as follows. First note that,
from the fact that trace (XY') = trace (Y X), we have

k* k*
> i OW a1 (0)=)  trace (2, ()W ' 2441(0))
k=0 k=0

-
= Z trace (W1 'ak41(0)z1,1(0))
k=0

and

(o3 [e%

/a yg(t)ngyo(t)dt:/ trace (yg(t)ngyo(t)) :/ trace (ngyo(t)yg(t))
0 0 0

Next, recall that if a matrix M is symmetric and positive semi-de nite i.e. M = 0
then the eigenvalue decomposition of such a matrix gives

M=vevT (5.102)

where V' is some unitary matrix and © is a diagonal with nonnegative diagonal
1 1
entries. Therefore, the matrix square root of M can be de ned as M = V@z V7T
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and computed (Golub and Loan, 1996). Based on this, the matrices Y and X2

-
YT =005 =) a1(0)af,(0)
k=0

x -tz = [ o
0

can be obtained. The dimensions of 2 and Y are n x n and m x m respectively.
Furthermore, introduce the symmetric matrices =, £ which satisfy

trace(T%WflT%) < trace(E)
trace(E%WfE%) < trace(€2)
hence we can write
YIW;IY: <2, S:W,'S: <Q (5.103)
Carrying out an obvious application of the Schur complement of (5.103) yields

_Q 3
1

1
=X A <0 (5.104)
2 2 W,y

1 <0 and
W,

respectively. Finally, the following minimization problem can be formulated as
min (trace(E) + trace(2))
Wi1>~0,W3>~0,N1,N2 (5105)
subject to: (5.98) and (5.104)

and the solution (4.20) now guarantees that the cost function is minimized over
the nite pass length in the case when only a  nite number of trials is actually
completed. Since the minimization problem of (5.105) is the convex optimization
problem, then it is simple to implement using a computer and computationally
e ective.

To show the validity of the above controller design procedure, let us provide
the following numerical example.

Example 5.3. Consider the di erential LRP represented by (5.83) with the fol-
lowing boundary conditions

0
a© =0 | wo =1 0<e<a

Suppose also that the matrices B, D, Hy, Hy, E1, E5 and E3 are

1.2 0.2
p[12] porn - 02

E;=1.0-107°[03 0.2], E; =02, E3=05

} ,Hy,=0.1,
(5.106)
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Further, it is assumed that

10 0
le[o 10],Q2:20,\Il:10

then the application of procedure (5.105) for 20 passes (i.e. k* =20) and o = 10
gives the solution matrices

0.0256  —0.0017
—0.0017  0.0022

Ny = [—0.0199 —0.0025] , N2 = —0.0050, €= 0.0069

W, = { } , Wy =0.02249, & = 444.5218,

Hence we get the following controller matrices
K, = -0.8965 —1.8275 |, K, =—0.2201

The obtained controller guarantees the stability along the pass of the closed-loop
process and ensures cost bound (5.99). It is clear that upper cost bound is 444.5218
i.e. it is equal to trace (X). On the other hand, it follows from (5.99) that

10
/ yE (W5 tyo(t)dt = 10 - W5t = 444.642
0

This means that the proposed numerical procedure for controller matrices design
provides an e ective method to obtain the minimum cost.

5.7.2. Discrete LRP case

The problem of designing a controller for a discrete LRP to make the closed-
loop process robustly stable and to minimize a quadratic cost has not yet been
considered in any paper. However, the solution to this problem for a clear discrete
2-D system has been presented in (Guan et al., 2001) therefore it can be the basis
for developing the result in terms of a discrete LRP. Furthermore, due to the fact
that in terms of LRPs, the pass pro le vector is simultaneously the output vector,
this leads to some simpli cation in relation to a clear 2-D approach. This allows
us to design the dynamic pass pro le controller with the use of Lemma 9 what is
novel to the known results (Guan et al., 2001).
Let us consider the following state-space model of discrete LRP

2ep1 (p+1) =(A+AA) k11 (p)+(Bo+ABo)yk(p)+(B+AB)ugt1(p)

et (1) =(C+AC) 1 (0)+ (Dot A () + D+ AD)ueca () 1

The matrices AA, AB, ABy, AC, AD, AD represent admissible uncertainties
to be of the form

{AA ABy AB}

_|Ha
AC ADyAD —[ }f[ E, E; Es] (5.108)

H,
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where H{, Hs, E1, E5, E3 are some known constant matrices with compatible
dimensions and F is an unknown constant matrix which satis es (4.5).
Associated with the uncertain process (5.107) is the cost function

T2 (o () e (p +ZZ<V“1 } [%1 cngxZZ(lg)D

k=0 p=0 k=0 p=0
(5.109)
where ¥ > 0, @Q; > 0 and Q, > 0 are design matrices to be speci ed. This cost
function is bounded for all admissible uncertainties. In physical terms this cost
function can be interpreted as the sum of quadratic costs on the input, state and
pass pro le vectors on each pass.

The approach taken in this section is as follows: we  rst derive a sufficient
condition which guarantees that the unforced (the control input terms are deleted)
process is stable along the pass with an associated cost function which is boun-
ded for all admissible uncertainties and then this result is extended to design a
guaranteed cost controller in both the static and dynamic version.

Remark 5.8. It is signi  cant to note that a discrete LRP is de ned over the  nite
pass length a and, in practice, only a  nite number of passes, say %, will actually
be completed. Hence, the cost function bound is computed over  mnite intervals

€ [0,a] and k € [0,k*]. However, in theoretic operations the in nite interval
in both directions (i.e. along a given pass and from pass to pass directions) are
considered - see Remark 5.6.

5.7.2.1. Guaranteed cost bound

Since the process is assumed to be unforced (ug41(p) = 0) then the associated cost
function (5.117) becomes

=55 (0] 12 allww]) e

k=0 p=0

The following theorem gives a sufficient condition for stability along the pass with
a guaranteed cost.

Theorem 5.16. An unforced discrete LRP described by (5.107) is stable along
the pass for all admissible uncertainties if there exist matrices P1 >~ 0, Py = 0
and a scalar € > 0 such that the following LMI holds

—P1 0 PlA PlBO P1H1 P1H1

0 -Py pP,C P,D, P,H, P,H,
ATP, Cc'P, Q,—P+¢ETE, 0 0 0
BI'P, D'P, 0 Q,~Ps+¢ETE, 0 o |V
HP, HI P, 0 0 —I 0
HIP, HI P, 0 0 0 —I

(5.111)
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Also if this condition holds, the cost function (5.110) satis es the upper bound

Jo < sz’-i-l(o)Plxk—&-l + Zyo VPoyo(p (5.112)

Proof. First, note that the inequality
AV (k,p) + ¢ (k,p)QC(k,p) < 0 (5.113)

implies that unforced process (5.107) is stable along the pass where Q =diag(@,, Q.).
Combining (4.35) and (5.113) yields the following su  cient condition for stability
along the pass

Now suppose that stability along the pass holds and introduce

T=> % ¢"(kp)QC(k,p)

k=0 p=0

then

oo o0

Z Av1 k,p) + AVa(k, p))
(Z e (p+ )T Praga(p+1) —af(p )P1$k+1(P)>

_ Z (Z yk+1 Pka+1( ) (p)Pka(p)>

Z Tjoq1(0) P12+1(0 +Zyo )P2yo(p
k=0

which ensures that (5.112) holds. Next, application of the Schur complement for-
mula to inequality (5.114) followed by using the result of Lemma 8 yields

—P, 0 PA P.B,
0 —-P, P,C P,D,
AP, CTP, Q,—-P,+¢ETE, 0
BI'p, DIp, 0 Q,—Py+e¢ELTE,
00 P,H, P,H, 0 0 00
, |00 PyH, P,H, 0 0 00

00 0 o ||HTP, HIP,00]| Y

00 0 0 H{P, H}P, 00

Finally, application of the Schur complement formula to this last expression gi-
ves (5.111) and the proof is complete. |
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Note that it is possible to minimize the upper bound on the cost func-
tion (5.112) using the following optimization procedure

[e3

-
> w1 (0) Py (0) + Y 9o () Payo(p)
k=0

p=0

min
P;>0,Py>0

subject to  (5.89)

5.7.2.2. Guaranteed cost control with a static feedback controller

Here, it is assumed that all states are available for feedbacks then the control law
of the form (4.40) can be applied to a process described by (5.107). Hence the
associated cost function for the resulting closed-loop process is given by

[eelNee) T T T
Tr+1(p) Q+K1 YK, K;¥YK, ] [Ik+1(p)]
J= 5.115
k; Z(ﬂ ui(p) } { K; 9K, Q,+K;%K;| | yr(p) (5.115)
which is of the form of that in Theorem 5.16 and we have the following result.

Theorem 5.17. Suppose that a control law of the form (4.40) is applied to a
discrete LRP described by (5.107). Then the resulting closed-loop process is stable
along the pass for all admissible uncertainties if there exist matrices W1 > 0,
Wy =0, N1 and Ny and a scalar € > 0 such that the following LMI holds

[—W i +2eH HT 2¢H,HT AW ,+BN; B(W;+BN;
2¢cH HY —-Wy+2eH;HY CW,+DN;, D¢W3;+DN,
W, AT+ NTBT W.CT+NTDT -W, 0
WoBY+NTBT  W,LoDI+N,DT 0 W,
0 0 E\Wi1+E3N; 0
0 0 0 E;Wo+E3N-
0 0 N, N,
0 0 W, 0
0 0 0 W
- ) (5.116)
0 0 0 0 0
0 0 0 0 0
WL E{ +NTEY 0 NT  w, 0
0 WL.ET+NTET NT 0 W,
—el 0 0 0 0 <0
0 —el 0 0 0
0 0 —p! 0 0
0 0 0 Q! 0
0 0 0 0 -Q5*' |

Also, if this condition holds, then stabilising control law matrices K1, Ko are
given by (4.20) and the cost function (5.115) of the closed-loop process satis —es
the following upper bound

k* «a
J < Z T (O)W g 41(0) + Z Y (P)W3 5o (p) (5.117)
k=0 p=0
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Proof. Based on interpreting (5.89) for the state-space model considered here, we
conclude that the closed-loop process is robustly stabilised by the control law (4.40)
if the following matriz inequality is satis ed

—P; 0 P,A+PBK; P,.By+P.1BK-

0 -P, P,C+P>;DK, Py;Dy+P>;DK,
ATP,+KTB"P, C"P,+KTD"P>, Q- P+ KTV¥K, KTOK,

BlP,+KTBTP, DI P,+K,DTP, KIwK, Q,~ P+ KITK,

[0 0 0 0 (FT 0 0 0 0 0 00

00 0 0 o FT 0o o 0 0O 00
tloo0 EF + KTET 0 o o F© o ||HTP, HIP, 00

100 0 ET + KTET o o o F'||HTP, HIP, 00

00 P.H, P\H,][F 0 0 0][00 0 0
+00P2H2P2H2 0OFo0O0||O0O 0 0 -0

00 O 0 00FO0||00E +EK; 0

00 O 0 000ZF]||lOO 0 E.+ E;K,

Now set W1 = P!, Wy = Pyt Uy = W1Q W, and Uy = WoQ,W o and
then pre- and post- multiply both sides of this last inequality by diag(W,, W,
Wi, Wy). Next, apply the result of Lemma 8 to obtain

-W+2¢H HT 2¢H,HT AW ,+BN; BoW,+BN,
2¢H HY —-Wy+2HHY CW,+DN; DyW.+DN,
W, AT+ NTBT w,CT"+NTDT U,-W,+NTWN, NTWN,
WB{+N3 BT W,D§+N,D" NTwN, UsW,+ NIWN,
00 0 0 00 0 0
_./00 0 0 00 0 0
€ 100 W,ET+NTET 0 00 E\W +E;N, 0 <0
00 0 W.ET+NTET |00 0 EsW o+ E3N,

where N1 = K1W 1 and Ny = KoW 4. Finally, making an obvious application
of the Schur complement formula gives (5.116) and P1 = Wl_1 and Py = WQ_I,
(5.112) is converted into (5.117). Finally, the bound on the cost function (5.117)
can be established in an identical manner to that on Jy in the previous result.
Hence the details are omitted here. |

The presence of the nonlinear terms W1 ' and W5 in (5.117) means that it
is not possible to apply a linear objective minimization procedure to minimize the
cost function (5.117). However, a controller which ensures the minimization of the
guaranteed cost can be achieved as follows. First, use the eigenvalue decomposition

1 1
(5.102) to compute the matrices 332 and X3 (i.e. the matrix square roots) which
satisfy

k* a
1 1 1 1
TIDE =D w0z (0), B3B3 =g (0)yo(p)
k=0 p=0
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and hence we can write

o
Z 2} (O)W 1tz 11(0) = trace(Z] Wi 'E)
k=0

(63
> us (W5 yo(p) = trace(S5 W5 ' 5y)
p=0

Next, introduce the symmetric matrices {27 and 9 such that
1 1 1 1
SIWIR? <), ZIWLIEZ <, (5.118)
Application of the Schur complement formula gives

o, =
1

1
-Q, %2
1 1
$: -W,

B W,

<0 and <0 (5.119)

Finally, the following minimization problem can be formulated as
min trace(2; + Q2)
Wi1>0,W3>0,N1,N>
subject to (5.116) and (5.119)

which gives a controller that guarantees the cost function is minimized.

5.7.2.3. Guaranteed cost control with a full dynamic pass pro le controller

Under the assumption that the process state is completely accessible to feedback,
we developed a static feedback controller that stabilises process (5.107) and gu-
arantees an upper bound for the cost function de ned by (5.117). When the pro-
cess state is not available, we can use a dynamic pass pro le controller to stabilise
discrete LRPs and guarantee that the cost is bounded.

To simplify notation, the following matrices are introduced

so-lac )= [m] 7
s 35 = [ f]71m)

where Hy, Ho, E;, E5, E3 are known real matrices satisfying (5.108) and the
matrix F satis es (4.5).

Substituting (5.50) into (5.107) (and assuming D. = 0) yields the resulting
closed-loop process

R RN

_ (5.120)
Y1 (D) —C [ Try1(p) ]
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where
~ ~ P B>C, T AP AB,C. T
A—l—AA_H{BCC2 A, }H —&—H{ 0 0 ]H
_ (1] BQCC T H T
H{BCC2 2 }n —&—H[O]IF[E EC.] 11
—A+HFE,

c=[C, o]m”

and the matrices H and E are given by (5.61). The associated cost function is

Trr1(p Q 0| 7 |Tpt1(p)
J= kzoz ([ ] H{O Y}H [ o) D (5.121)
p=0
where Q = diag(Q,,Q,), Y = CTWC,. and Q,, Q,, ¥ are given matrices of
(5.109).
Now we have the following result which gives the existence condition for gu-
aranteed cost controller of the form (5.50) (with D, = 0).

Theorem 5.18. Suppose that a control law of the form (5.50) is applied to a
discrete LRP of the form considered here with the associated uncertainty structure.
Then the resulting closed-loop process is stable along the pass if there exist matrices
Py - 0, (Py, = diag(Ppi11, Py11)), Ri1 = 0, (Ryy = diag(Rp11, Ry11)) such
that the LMIs de ned by (5.122)—(5.123) hold

1
e"PnE-Pn E'PLH ET Q>

T T =) T _
{j\gl” H'"P,E H'PuH-eI 0 0 {A(glﬂ{o (5.122)

E 0 -1 0
Q: 0 0 -I
ZR,E"-R;,  ERET 0 H ER,Q?
N2 0 T ERHET —€_II+ER11ET 0 0 ERHQ% Nz 0
0 0 1 o0 0 <0
0 I - 01
H 0 0 —I 0
QR E" Q*RLET 0 0 I
(5.123)
Phrit I P11 I
, ) 5.124
[ I Rh11:| |: I R1;11:| ( )

where N'1 and Ny are full column rank matrices whose images satisfy
m (N1) = ker(Cs), Im (NV3) = ker ([B2T ET \IID

and € is a given positive scalar. If these conditions hold, the cost function (5.121)
of the closed-loop process (5.120) satis es the following upper bound

J<quwk+l 'n[¢ ;;}HT[IW}) 5125

k=0 p=0
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Proof. Following the steps in the proof of Theorem 4.7 it follows that stability
along the pass condition for the uncertain process (5.120) can be written in the
form

-P A H 0 0
A" -p o E F
H o - o o |=0 (5.126)
0 E o0 —'1 o
o S o o I

where A, H, E are as before and

- Q: 0 r ([Q o 0
S‘[o W%CC]H_QO 0]+{‘115

=QM” +TOCc,I1”
and Co and © (with D, = 0) are also as before. Next, pre multiply (5.126) by

diaug(l_IT7 n’ 1, I), post-multiply it by the transpose of this last matriz, and set
R =T"PII (sce, (5.57)) to rewrite (5.126) as

¥+ MTON +NOTM <0

where
-R A H 0 0 B,
~T
A" - R 0 &7 Q 0
U=|H" 0 I 0 O |,M'=|0| N=[0C;000]
0 &€ 0 —'ToO €4
0 Q 0 o -I v
and
H
Since
M:[BTOOgT@T}:B§OOOOE§0@%
2 4 o0 I|lo olo] o0 |0 O
B _[o o|Ccy, 0]0|0|O O
N_[OCQOOO]_{OO 0 1‘0‘0‘0 0}
then the kernels of M and N are the images of
[A7;00000] (70 0 0000]
0 00000 0 0 0000
0 10000 O0N50000
0 0I000 00 0 0000
Wu=1| o o0o0r00| ™" |00 0 I000
Ni200000 00 00700
0 00001 00 0 0010
[ NM13500000 | |00 0 00017 |
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where N'11 = ker(B3), N2 = ker(EY), N3 = ker(\Il%) and Ny = ker(C3).
Now invoke Lemma 9 to obtain the following conditions which are equivalent to
(5.126)

WL oW,y <0 and WEEWy <0

Since some rows of Wy and Wy are zero then

[7T000000] [AN1;0000] [0 0 0000]
000I000]| [ANi20000 07 0 0000
0000I00| |[N1350000 O0AN50000
Wy =[000001I0 0 I000|, Wy=[00 0 I000
0100000 0 0I00 00 0000
0000001 0 0010 00 0 0010
|00I0000] | 0 0001 |00 0 0001 |

Routine matriz manipulations yield (5.122)-(5.123). Finally, the cost function
bound is established in an identical manner to that of the previous result and hence
the details are omitted here. |

The guaranteed cost controller here can be computed as in the previous case,
see for example Section 5.2.3.

The interesting point to note is that the presented result provides the alter-
native computational method for designing the guaranteed cost controller by the
method included in (Guan et al., 2001). To illustrate the e ectiveness and imple-
mentation simplicity of the proposed LMI condition for controller computation,
the following example is provided.

Example 5.4. Consider the discrete LRP as described by (4.29) and suppose that
the process data are

A 0.4841 0.0599 B — 0.1574 0.0000 C— 0.0990 0.0455
T 106488 0.5585 |7 707 [ 0.1312 0.0262 | | 0.0077 0.0656 |’

D[ 08508 051837 o [13672 2.5656] L [2.6984 0.7550
07101863 0.4568 |* 7 | 2.5893 1.4168 |' 7 | 0.9412 1.2990

and take the matrices de ning the uncertainty model as

0.0326 0.0884
0.0380 0.0457 [0.0065 0.0374 0.0969 0.0253]

0.0886 0.0799 |’ BE= 0.0375 0.0484 0.0342 0.0585
0.0761 0.0134

B, _ | 0-0524 0.0486
371 0.0163 0.0496

and the matrices Q, Q4 and ¥ in the cost function (5.115) as

80 0
Q1:Q2:|:0 80:|’\II:40
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Application of the controller design procedure of Theorem 5.18 for 10 passes and
a =20 and with the boundary conditions of the form

1
a0 =1 ] i) =1 0<pa

gives the solution matrices

L { 8.5599  —3.7049 0.5156  —0.8552 }
hll — )

_ 5
—3.7049  3.0750 } » Po =10 { —0.8552  1.8093

R, | 00059 —0.0020 ] o [ 0.0065 —0.0019
RL=1 _0.0020 0.0080 |’ "7 | —0.0019  0.0062

with € = 800 and hence the following controller matrices are computed

—0.1783 —0.8035 0.1885 0.5879 —29.8481 2.9873
A — 0.1338 0.4647 —0.2754 —0.7546 B — —16.4800  —3.5272
° 0.2620 0.0693 —0.4416 —1.2719 |’ ¢ | —122.5966  56.0848 ’
—0.1745 —0.2498 —0.0896 —0.2251 —36.9975 —89.7781
C. — 0.0001 0.0007 0.0011 0.0032

0.0007 0.0009 —0.0005 —0.0014

Consequently, the guaranteed cost of uncertain closed-loop process satis es
J < 1.6515 - 10°.

5.8. Concluding remarks

The purpose of this chapter was to demonstrate the use of LMI methods to obtain
new results on the design of control laws for di erential and discrete LRPs. The
rst part develops an H, setting for the design of a static control law which,
noting the physical basis of these processes in particular, their links to ILC mean
that it is much more powerful than for 2-D linear systems. These results have then
been extended to the cases when there are uncertainties in the process models. We
also show that all these results can be extended to the use of a dynamic controller
actuated by the previous pass pro le which, by the process structure, is available

for use.

In the second part of this chapter a guaranteed cost control problems have
been formulated and solved using LMI methods. These are the rst major results
on control for performance for such processes and again the cost function used is
well grounded in terms of the process dynamics and the requirements of industrial
examples.



Chapter 6

LMI METHODS FOR 2-D SYSTEMS WITH STATE
DELAYS

It is clear from many practical examples (Gorecki et al., 1989; Kolmanovskii and
Myshkis, 1999; Malek-Zavarei and Jamshidi, 1987; Niculescu, 2001) that time-
delay systems constitute the important class of control systems. Therefore, analy-
sis and synthesis of time-delay systems have been made by many researches and, in
turn, many results have been presented. Unfortunately, the main focus is on 1-D
systems and there is no result in the area of 2-D(n-D) systems with state delays.
Indeed, there is a large number of applications for 2-D(n-D) systems where state
delays are unavoidable and must be take into account, e.g. during computation in
2-D framework, but to date these systems have not been considered.

According to the lack of results on analysis and synthesis of 2-D systems with
state delays, this chapter provides them. It is shown that analysis and synthesis of
2-D systems with delays become possible because an efficient computer software
based on LMI methods is available.

Here, Lyapunov-like techniques based on Lyapunov-Krasovski functionals (Bo-
ukas and Liu, 2003; Kharitonov and Zhabko, 2003; Mahmoud, 2000) have been
utilized to derive sufficient conditions for the stability of 2-D systems with delays
in terms of LMI. This approach gives an e ective and implementable way to deal
with uncertainties because other approaches, e.g. through augmentation of the
local state vectors (Mahmoud, 2000; Xu et al., 2001; Young, 2001), usually add
undue complications to an uncertainty structure.

The chapter is organized as follows: First we provide the conditions for 2-D
systems in both single and multiple delay cases. Some connections between delay
systems and n-D delay-free systems will be established. Based on the derived
results, it will be shown how to obtain conditions for stability and stabilisation
under norm-bounded uncertainties.
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6.1. Stability and stabilisation of 2-D system with state delays

The class of 2-D systems with delays under consideration, is represented by FMM
with state delays (see-(2.28)) of the form

z(i+1,j+1) =A1x(i+1,j) + Asx(i,j + 1) + Arga(i+ 1,7 — dv)
+ Agga(i —d2,j +1) + Biu(i+1,5) + Bou(i,j +1)  (6.1)
y(i, j) =Cux(i, j) + Du(i, j)
where (i, j) € R™ is the local state vector, u(i, j) € R is the input vector, y(i, j) €
R™ is the output vector and d;, do are constant positive scalars representing delays
along the vertical direction and horizontal direction respectively. The boundary
conditions are given by
Xh(dg) :{Jf(l,j) Vji>0;i=—do,—do+1,... ,0}

6.2
Xo(dy) ={z(i,j) Vi>0; j=—dy,—d1+1,...,0} (6.2)

For our purposes, denote X, = sup{||z(¢,j)|| : ¢ +j =r, i,j € Z}, which allows
us to de ne the asymptotic stability of the model (6.1).
De nition 6.1. The 2-D linear state-delayed system (6.1) is said to be asympto-
tically stable if lim X, = 0 for zero input u(i,j) = 0 and any bounded boundary
conditions of (6.2).

The following theorem gives us a sufficient condition for system (6.1) to be

asymptotically stable for any dy € [0,00) and dy € [0,00) (delay independent
stability).

Theorem 6.1. The 2-D state-delayed system (6.1) is asymptotically stable if there
exist matrices P >0, Q = 0, Q, = 0, Q5 > 0 such that the following LMI holds

A7 P-Q-Q,-Q, 0 0 0
AT 0 Q 0 0
A?d P [Al Ay Ay Agd} — 0 0 Q1 0 <0 (63)
AL, 0 0 0 Q

Proof. Let a function V((,€) that expresses the energy stored in the point x(i+
C,j+E) be de  ned as

V(C€) =T+ j+EWeew(i+C, 5 + ) (6.4)

where Wee = 0 4s given and ¢ > —dy,& > —do. To utilise the Lyapunov-Krasovskii
approach in establishing the result, we introduce the Lyapunov function candidates
for the delayed terms as

-1

Va (GO =V(¢O+ D a"(i+¢j+0)Ucea(i+(,j+6)
0=—d;
-1

Var (GO = V(GO + D 2" (i46,j +Ucca(i+6,j+¢)
O0=—ds

(6.5)
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where U¢e > 0 is given. In order to represent the change of the energy in both
sides of (2.28), consider the increment AV (i, ) given by

AV(Za]) = V(lv 1) - Vd1(170) - Vd2 (07 1) (66)
Substituting (6.4) and (6.5) into (6.6), we obtain

AV (i, §) = [Arz(i+1,5) + Azz(i, j+1) + Ara(i+1, j—di) + Azaw(i—da, j+1)]"
XWii[A1z(i+1,5)+ A2z (i, j+ 1)+ Arqx(i+1,j—d1) + Azqz(i—d2, j+1)
-1
— 2l (i+1,5)Wioz(i+1,5) — Y 2’ (i+1,j+0)Urex(i+1,5+0)
6=—d;
-1
— 2T (6, )W ora(i,j+1) — > 2’ (i40,j+)Uorz(i+0, j+1)
0=—ds

After arranging the terms in the above equation, we have

AV (i,j)=zTTIZ (6.7)
where
AT Wy 0 0 0 0 o©
AT 0 Wy, 0 0 0 O
| AT, 0 0 Uy, 0 0 0
M= Al Wii[Ar Ay A1y A 00+ 0 0 0 Uy 0 0 |’
0 0 0 0 0 Q O
0 0 0 0 0 0 7901

T = [xT(i—f—l,j) 2T (i, 5+1) 2T (i+1,j—dy) a7 (i—dg, j+1) 2T (i+1,5—1)
QlO :diag (l]l()7 Ul(), ey UIO) y (dl terms)
QOl :diag (U()l7 U01, [P U01 ) s (dz terms)
In the case when AV (i,j) < 0 for T # 0, then a 2-D discrete linear system is
asymptotically stable. In order to guarantee this stability condition it is clear that
IT < 0 has to hold. The last two rows and columns (blocks that only consist of

—Qq9 and —Qo1) in (6.7) can be omitted because these terms are always negative
de mite. Thus we immediately obtain

AT Wi 0 0 0
AT 0 Wou O 0
A%d Wil A Ay Ay Ay |- 0 0 Up 0 =<0
Agd 0 0 0 U01

Based on (6.4), the above inequality can be rewritten e  ectively as

V(17 1) < (V(17 0) + V(]-v *dl)) + (V(07 1) + V(*d% 1)) (68)
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This means that the energy associated with the quadratic form V(1,1) at the point
(1,1) on i+ j = 2 is strictly less than those at the adjacent points (1,0) and
(0,1) and their delayed points (1,—dy) and (—da,1). Notice that (1,0) and (0,1)
are located on i+ j = 1. Thus, the condition (6.8) guarantees a local dissipative
property. By considering the same e  ect at points along the linesi+j = K+1 and
i+ j =K (see Lemma 2) for any nonnegative integer K and taking into account
the energy transferred to a point at i + j = K is passed to two points along the
line i+ j = K+ 1 along two directions (horizontal and vertical) and to one point
along the line i + j = K + 1+ dy (vertical) and i + j = K + 1+ dy (horizontal)
respectively, we choose

Win=~P, Wyp=P-Q-Q,—-Q,, Wnu=Q, Uiw=Q,, Upn=Q,

The condition (6.8) further implies that

S v Y VK
(+He=K+1 (+é=K
where the equality sign holds only when
> V(G =0
CHe=K
Consequently, from (Hinamoto, 1989), we have {&m le(@+ ¢, 7+ &) =0. The

asymptotic stability of the system is established and the proof is complete. |

It is straightforward to see that the LMI condition (6.3) is simple in computer
implementation and e ective because the number of decision variables to be com-
puted is 2n(n+1), where n is the dimension of the local state vector (z(i, j) € R™).

Example 6.1. Consider the following 2-D state-delayed system of type (6.1)

0.1 0.4 0.1 -0.3 0.1 -0.3 0.1 0
Al_{o.:’) 0.2] A= [0.3 0 } » Ara= [0.3 0 }  Aza= [0.1 —0.2] (6.9)

In this case, LMI (6.3) is feasible and the matrices are

p_ 42.6997 —8.8064 Q- 16.4171 —7.6379
T | —8.8064 49.2817 |’ | —7.6379  14.6225 |’

0 - 7.0795 1.2712 Q,— 7.2570 —6.0167
171 1.2712 5.9217 |’ 27| —6.0167 10.6735

This means that the system (6.9) is asymptotically stable independent of the delay
sizes according to Theorem 6.1.



6. LMI methods for 2-D systems with state delays 155

6.1.1. Connection between 2-D delay-free systems and 1-D state-delayed sys-
tems

The interesting point to note is that existing computer procedures for stability
checking 2-D(n-D) systems can be immediately used to analyse 1-D systems with
state delays. To see this, notice that Theorem 6.1 generalised the results for 2-D
delay-free systems and 1-D state-delayed systems. Speci cally, we consider the
2-D delay-free system

i+ 1,5 +1) = Aa(i+1,5) + Asa(i,j +1) (6.10)
and the 1-D state-delayed system

By deleting appropriate rows and columns in (6.3) and considering the redundancy
of certain positive de nite variable matrices, we obtain the following corollaries.

Corollary 6.1. The 2-D delay-free system (6.10) is asymptotically stable if there
exist matrices P > 0 and Q > 0 such that the following LMI holds:

[jﬂP[Al AZ]—[PBQ g}<0 (6.12)

Corollary 6.1 recovers the asymptotic stability result of 2-D delay-free system
given by Lemma 1. It implies that the characteristic polynomial (2.8) has no zeros

inside closed unit bidisc U~ = {(z1, 22) : |z1] < 1, 22| < 1}.

Corollary 6.2. The 1-D state-delayed system (6.11) is asymptotically stable if
there exist matrices P > 0 and Qq > 0 such that the following LMI holds:

T
{ﬁ%d}P[Al Ald][PBQl 51 ]<0 (6.13)
1

By comparing the two corollaries, it can be observed that the LMIs in (6.12)
and (6.13) are having an identical LMI structure which provides asymptotic stabi-
lity for the two types of systems. In other words, when A4 in the 1-D time-delay
system is identi ed with 4 in the 2-D delay-free system, the delayed signal in the
1-D case can be viewed as a signal transmitting through another dimension in the
2-D framework.

Remark 6.1. The asymptotic stability of the 2-D delay-free system (6.10) is equ-
ivalent to having no (21, z3) in the unit bidisc such that det(I —z1 A1 — 25 A9) = 0.
This clearly implies that there is no z in the unit disc such that det(I — zA1 —
21 Ay) = 0 for any nonnegative integer d which corresponds to the asymptotic
stability of the 1-D state-delayed system (6.11).

Thus, it can be seen that the asymptotic stability of 2-D delay-free systems
is a fairly strong condition imposing on the system matrices as compared to the
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asymptotic stability of 1-D State-delayed systems. The connection can be extended

to between n-D delay-free systems and 1-D systems with n di erent time delays.
Other interesting observations related to delay di erential equations and to 2-D
polynomials can be found in (Agathoklis and Foda, 1989; Chiasson et al., 1985;

Loiseau and Breth e, 1997).

6.1.2. Multiple state-delayed case

Consider the 2-D multiple state-delayed system represented by

S1
2(i+1,5+1) =Ayz(i+1,§) + Asx(i, j+1) + > Argax(i+ 1,5 — dig)
=t (6.14)

52
+ Y Agga(i—dyr, j+1) + Byu(i+1,§) + Bou(i, j+1)
=1

where Ay, Ao, Agg, K =1,...,81, Agiq, l = 1,...,89, and By, By are known
constant matrices, s1, so denote the number of delayed terms in each direction.
Additionally we assume that di; < dig < -++ < dlsl and dog < dog < -+ < dgsz.
In this case the boundary conditions are de ned as

(6.15)

Theorem 6.2. The 2-D multiple state-delayed system (6.14) is asymptotically sta-
ble if there exist matrices P =0, Q >~ 0, U11,...,U1s, = 0andUsy,...,Usg, =0
such that the following LMI holds

AT P-Q-%-®%,0 0 0
AT 0 Q00
Ar{d P [Al A2 Aqg Agd]f 0 0 91 0 <0 (616)
AL, 0 0 0 9

where

Ava = [Ana, Ara, -, Arsa] Asa = [A21a, Aa, .., Adgyd |
2, = diag (an Q- Q131 ) , Q2 = diag (QQD Qo s QQSQ) )

s1—k+1 so—I+1

81 S2
Qu= Z Uio, Qyu= Z Uz, ®1 = ZQlk? @, = ZQ%
=1 k=1 =1

6=1
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Proof. It can be established in the same manner as tn Theorem 6.1 with

Vi, (6,8 =27 (i 4+ ¢, j + OWeea(i + ¢, 5+ €)

sl -1
+3 > 2T+ i+ OU (i 4,5 +0)

k=10=—d
Viap (6, 6) =27 (i + ¢, j + Weea(i + ¢, 5 +€)

S92 —1

+Z Z 2l (140, +Uyx(i+ 6,5+ &)

=1 0=—dy

The LMI then follows according to the choice of matrices as

s1—k+1 so—l+1
Wiu=P, Qu= Y U Qu= Y Uy Wn=0q,
0=1 =1

Win=P-Q-Q;—...—Q1;,— Qs —...—Qy

6.1.3. Commensurate delays case

One potential problem with the computing of the condition (6.16), however, is
the fact that the dimensions of the matrices involved in the LMI based conditions
could well be very large and hence numerical difficulties could arise. This can
occur, for example, when the system dimensionality is large (n > 1) and/or many
delays are present.

It turns out that in case of commensurate delays in Theorem 6.2 the number of
decision variables can be reduced. To proceed, the following de nition is required

De nition 6.2. (Niculescu, 2001) Delays k,--- ,h, are termed noncommensu-

q

rate if 3 no integers ly,--- 1y (not all of them zero) such that Zlihi =0. The
i=1

underlying delay di  erential system is termed commensurate if ¢ = 1.

It is shown that if all delays present in (6.16) are commensurate, then in-
vestigation of the stability properties of a 2-D delay system can be treated equ-
ivalently as the stability investigation of a 4-D delay free system. The key to
establishing this fact is the Elementary Operation Algorithm (EOA) developed by
Gatkowski (Gatkowski, 2001a). The basic idea behind this algorithm is the subse-
quent use of elementary operations over multivariable polynomials and the matrix
size augmentation which preserves the matrix determinant, to obtain the requ-
ired state-space realization. To see the application of EOA, consider the following
example.

Example 6.2. In general case, the notation associated with this area is very
cumbersome and therefore ease of presentation we only consider the particular



158 6.1. Stability and stabilisation of 2-D system with state delays

case of a 2-D linear system of the form (6.14) with two delays in each direction,
i.e. we restrict attention to mi; = mo = 2. In which case it is clear that the
associated characteristic polynomial for stability is given by the determinant of the
following 2-D polynomial matriz

T— Azt — Agzyt — Agey P — Agzyeh — Az — Agz Pt (6.17)

where real scalars k,l are positive and hi, ha, p1, p2 are natural numbers. Now
introduce the new variables z¥ = z3, 2L = 24 and then rewrite (6.17) as

T— Azt — Agzyt — Agzg ™ — Agzg™ — Agz[ — Agzy ™
Assume also that hy =1, ho =2, py = 1, po = 2 which yields
I— Alzl_1 - A222_1 — A323_1 — A423_2 — A5z4_1 — A624_2 (6.18)
Application of the EOA to this last 4-D polynomial matriz now gives

I o 2 L As
0o I 23 T Ay (6.19)
24_1I zglI I—Alzl_l—A222_1—A323_1—A624_1

which is equivalent to

I—;llzfl—ﬁgzgl—ﬁ3z§1—ﬁ4z;1 (6.20)
where
R 00 0 R 00O R 00 O R 0 0—-A;
A, =000 |,A,=|000 | ,A3=|00 —-A,|,A,=| 00 0
00 A, 00 A, 0-1 A; —-I10 Ag
(6.21)

Here only elementary operations that preserve the matriz determinant are used,
hence it is straightforward to see that (6.18) and (6.20) have the same determinant
and the stability property for both system descriptions is the same. Indeed, the
system with the characteristic polynomial represented by (6.17) is stable if there
exist P>~ 0, Q >0, Q, > 0, Qy > 0 such that the following LMI holds

4 P-Q-Q,-Q
A N T 0
3| Pl A A A A - 0

~T 0

where the matrices :41, :42, ;13, :44 are de  ned in (6.21).

It is clear that the above result is easily extended to the partially commen-
surate case. In particular, assume that each delay dy,, v = 1,...,mq is a mul-
tiple of one of the basic noncommensurate delays k1, k2, . .., kt, and similarly for
dip, h=1,...,mg of l1,la,...,l,. Then the previous method exploiting this fact
requires the investigation of an n-D linear system, where n = t; 4 t5 + 2 whereas
the method of Theorem 1 here requires the investigation of an m-D linear system
with m = m1 +mo + 2.
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6.1.4. Stabilisation of 2-D systems with delays

Consider the 2-D state-delayed system (2.28) and assume that the following state
feedback control law is used

u(i, j) = Kx(i, ) (6.22)
The corresponding closed-loop system is

o _ , (6.23)

+Agr(i+ 1,5 —dy) + Asgx(i — dg, 5+ 1)
If there K exists so that (6.23) is asymptotically stable, then the 2-D state-delayed
system (2.28) is said to be stabilisable.

Theorem 6.3. The 2-D state-delayed system (2.28) is stabilisable with control
law (6.22) if there exist matrices W =0, Z = 0, Z1 = 0, Z3 = 0 and N such
that

-W AW+B|N A;W+ByN A W AygW

WAl +N"Bl W-2-2,-2, 0 0 0

WA+ NTBY 0 -Z 0 0 | <0 (6.24)
W A7, 0 0 -Z, 0
WAL, 0 0 0 -2z,

In this case, a stabilising matriz K is given by NW .

Proof. Based on (6.3) and (6.22), the closed-loop system is asymptotically stable
if there exist P =0, Q > 0, Q, > 0, Q4 > 0, such that

(A1+B1K)T P_Q_Ql_QQO (U
(A2+B2K)7 0 Qo0 0
A{d P[A1+BlK As+BoK Aqy Agd]— 0 0 Q1 0 <0
Al 0 00 Q,

Applying the Schur complement formula to the above inequality followed by pre-
and post-multiplying diag(P,I,I,1,I) and its transpose, we obtain

-P PA,+PB,K PA;+PB;K PA; PAy,
ATP+K'"BTP -P+Q+Q,+Q, 0 0 0
AJP+K"BIP 0 -Q 0 0 <0
AT P 0 0 Q, O©
AL P 0 0 0 —Q

Note that this last condition is bilinear in matrix variables P and K and therefore
it may be considered as a BMI problem (3.4), which is not amenable for e ective
computations (recall that BMI problems belong to the class of N'P-hard problems).
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However, this can be reformulated as an LMI problem and hence solved in poly-
nomial time. To see this, let us de ne a new variable W = P! and pre- and
post-multiplying by diag (W, W, W W W) to yield

-W AW +B KW AW +Bo KW AW AggW
WAT+WK' BT Y 0 0 0
WAL+WK'B) 0 -WQwW 0 0 <0

wAT, 0 0 -wWQ,Ww 0
WAL 0 0 0 -WQ,W

where
YT=-W+WQRQW+WQ,W+WQ,W

and let Z =WQW, Z, = WQW, Zy, = WQ,W, N = KW we obtain the
nal form as in (6.24). [

6.2. Robust stability and robust stabilisation of 2-D systems with
state delays

In this section, for brevity, we consider a 2-D uncertain system with single delays
described by

x(i+1,74+1) =(A1+AA)z(i+1, )+ (A1 +AA )z (i, j+1)
+(A1+AADz(i4+1, j—d1)+(A1g+AAyg)x(i—da, j+1) (6.25)
+(B1+AB1)u(i+1,j)+(B2+ABs)u(i, j+1)

Suppose the uncertain matrix AA be de ned in the norm-bounded (Khargonekar
et al., 1990; Mahmoud, 2000) form as

AA = [AA; AA; AA; AAyy|=[HFE, HFE; HFE\y HFEoy] (6.26)

where H, E1, E>, E14, E5; are known constant matrices with compatible dimen-
sions and F satis es (4.5).
For further consideration we rewrite the uncertainty structure of (6.26) as

FOOO]|[E;:0 0 0O
_ 0FO0O0[|0E, 0 O | _ zr%
AM=[HHHH]| 0 z0ll o 0B, o |=HFE (6.27)
000F || 0 0 0 Ey

6.2.1. Robust stability

Theorem 6.4. A 2-D state-delayed system (6.25) with uncertainty modelled by
(4.5) and (6.27) is asymptotically stable if there exist matrices P = 0, Q = 0,
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Q, -0, Qs >0 and a scalar € > 0 such that the following LMI holds

-P PA, PA, PAy, PAy, PH
ATp r 0 0 0 0
ATP 0 —Q+¢ElE, 0 0 0

<0 (6.28
AT P o 0 -Q,+<E],E\, 0 0 (6.28)
AP 0 0 0 —Q,+¢ELEyy 0
H'P o 0 0 0 —0.25¢I

where
T = 7P+Q+Q1+Q2+€E,{E1

Proof. Based on Theorem 6.1, a su cient condition for asymptotic stability of
the 2-D state-delayed system (6.8) can be rewritten in the form to contain the
uncertainty modelled by (4.5) and (6.27) as

[ AT+ AAT JP[ A+AA [+5<0 (6.29)

where

~P1Q+Q,+Q, 0 0 0

0 —Q 0 0
A=[A1 Ay Ay Ay], S= 0 0 -Q, 0
0 0o 0 -Q,

By applying the Schur complement to (6.29), we obtain

~P' A+AA] [-P'A 0 HFE
AT+ AAT S | AT s EFH o
By using Lemma 8, (6.29) is implied by
P 't+4e'HH" A, Ay A, Asg

AT 0’ 0 0 0
AT, 0 Q+eETE, 0 0 <0
AT 0 0 -Q,+¢E} E, 0
AL 0 0 0 -Q,+€¢El Eyy

which is BMI form due to occurrence of the terms P and P~'. However, by pre-
and post-multiplying diag(P, I,I,I,1I) and its transpose and considering the Schur
complement, we obtain the LMI (6.28). [ |

Remark 6.2. The extension to the multiple delay case follows in a similar way
as in Theorem 6.2.
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6.2.2. Robust stabilisation

Consider the uncertain 2-D state-delayed system described by (6.25). The un-
certainties associated with the state matrices are modelled by (4.5), (6.27) and
additionally we have

[ AB, AB, | =[ HFE,, HFEy | (6.30)

With the same type of control law as (6.22), the corresponding closed-loop system
is given by

z(i+1,j+1) =((A1+AA)+(B1 + AB1)K) 2(i+1, )
H(A+AADz(i+1, j—d1)+(A1g+AAg)x(i—dy, j+1)

A matrix K is said to be robustly stabilising if (6.31) is asymptotically stable for
all uncertainties in (6.25) satisfying (4.5), (6.27) and (6.30). The system (6.25) is
said to be robustly stabilisable with K.

Theorem 6.5. The 2-D uncertain state-delayed system (6.25) is robustly stabi-
lisable with control law (6.22) if there exist matrices W = 0, Z = 0, Z; > 0,
Zs =0, N and a scalar € > 0 such that the following LMI holds:

Y Yo }
<0 6.32
{ Ti, T (6.32)
where
~W+4eHHT A W+B,N A,W+BsN AW AyyW
WA+ N"BT wW+z+2,+2, 0 0 0
Yii=|WAJ+N"BY 0 —-Z 0 0 (6.33)
wAT, 0 0 -Z, 0
WAL, 0 0 0 -2,
0 0 0 0
0 0 0 0
(E:W + E,N)" 0 0 0
Y= 34
12 0 (EsW + EyN)" 0 0 (6.34)
0 0 WET, 0
0 0 0 WE3Z,
Yo, =diag ( —el, —el, —eI, —el ) (6.35)

In this case, a robustly stabilising matriz K is given by NW 1.
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Proof. By incorporating the norm-bounded uncertainties to (6.24), we obtain

-W AW + BN AW + BN A gW  AyyW
WAT + NTBY W+ Z+2Z,+ 2, 0 0 0
WAL + NTBY 0 -z 0 0
W AT, 0 0 -Z 0

W AT 0 0 0 —Zs

0 AAIWHABIN AAsW +ABsN AA W AAygW

WAAT+NTABT 0 0 0 0
+ | WAAT +NTABYT 0 0 0 0 <0

WAAT, 0 0 0 0
WAAT, 0 0 0 0

The second term in the above inequality can be represented using the following
exTpression

FO0OO0OO E.W + E N 0 0 0

0OFO0O0 0 E;W +EapN 0 0
[HHHH} 00FO 0 0 E W 0

000F 0 0 0 EyuW

By carrying out the same operation as previously presented for (6.29), we can write

0 AAW+ABN AAW +AByN AA W AAygW
WAAT+NTABT 0 0 0 0
WAAT+NTABY 0 0 0 0

WAAT, 0 0 0 0
WAAL, 0 0 0 0

~diag (46HHT, Y E\W + Eyu,N)T(E,W + Ey,N),

e Y EW + EouN)(EuW + EyN), e 'WEL E1,W, e*1WE2TdE2dW)

The result then follows by observing that

Y1 — T12X5, Y1, <0
is a Schur complement of (6.32) where Y11, Y12, Yoo are described by (6.33)-
(6.35). ]

Example 6.3. To illustrate the results of Theorem 6.5, let us consider a system
described by (6.25) with the following matrices

A [ 02450 0.0307) [ 02860 0.1800]  _[0.14530.1489
171 -0.1444 0.0008 | > %27 | —0.1435 —0.4601 | > 14~ | 0.0824 0.0536 | °

A, _[0.08800.1367] o _ [0.83920.1338] o _ [1.03220.6298
2d=10.1867 0.0425 | 1~ 1 0.6288 0.2071 | * 2~ | 1.0708 0.9778



164 6.3. Concluding remarks

with uncertainty modelled by (4.5), (6.27) and represented by
E1,=[0.1366 0.0186 |, Eo=[0.0071 0.1225 |,

g _[0:3043 0.0082 g, _ [ 02935 0.1838
4= 0.0079 0.0950 |’ 2471 0.0288 0.3157
E,=[00272 03127 ], E;=[ 0.01290 0.3840 |, H = { 8:33% ]

In this case, LMI (6.32) is feasible and the matrices are

2.7354 —0.7082 7 0.7730 —0.1974
—0.7082  2.1651 |’ © | =0.1974  0.7353 |’

7 [ 0.7966 —0.2018] _ _ [ 0.7883 —0.1620
171 20.2018  0.4507 | " <27 | —0.1620 0.5530

w-|
N 1.0029 —0.5007
77| —1.5858  1.1028

and scalar € = 2.3197 which yields the stabilising matriz K equal to

0.3351 —0.1216 }

K= [ —0.4893  0.3493

The resulting system is asymptotically stable independent of the delay sizes accor-
ding to Theorem 6.4 with the following matrices

p_[232270.6053] o [0.747803073
~10.60533.0341 | | 0.3073 0.9924 |’

Q, = 0.6179 0.1094 Q,— 0.6605 0.1537
1710.1094 0.6936 | 271 0.1537 0.7948

and € = 1.3709 computed.

Remark 6.3. In passing, the robust stability and stabilisation results given in this
section can be extended naturally to the multiple delay case in a similar way as in
Theorem 6.2.

6.3. Concluding remarks

Time delays are usually result in unsatisfactory performance and are frequently
a source of instability. Therefore their presence must be considered in realistic
control design procedures for both 1-D and 2-D(n-D) systems. Due to the lack
of results for 2-D systems with delays, this chapter provides the preliminary de-
velopments in this area. In particular, the implementable and computationally
e ective conditions for stability, robust stability and stabilisation of 2-D state-
delayed systems are presented. Furthermore, it is shown that numerical procedu-
res for asymptotic stability of n-D delay-free systems can be used for a stability
investigation of 1-D multiple delay systems. However, the dimension of the ma-
trices involved in the LMI based conditions could well be very large and therefore
numerical difficulties could arise. This can occur, for example, when the system
dimensionality is large (n > 1) and/or many delays are present. To overcome this
potential problem, the approach based on EOA has been presented.



Chapter 7

CONCLUSIONS AND FUTURE WORKS

Several modern engineering  elds such as image enhancement, signal and data
processing or digital  ltering, use 2-D(n-D) system theory due to the n-D character
of considered processes and systems. Unfortunately, application of the classical
(i.e. spectral) methods to analyse and synthesise n-D systems is a source of many
computational problems, which make known computer-aided methods inefficient.
Indeed, the number of system poles (variables) in the case of n-D systems can be
in nite and no method exists to deal with such a big number of variables. Therefore
the stability problem of n-D systems can be put into the class of undecidable
problems and there is a need in the n-D system community for an appropriate
theoretical framework which leads to easily implementable numerical methods to
analyse and design n-D systems.

It turns out that among numerical techniques, convex and quasi-convex opti-
mization methods which involve LMIs are the most promising, powerful tools for
the analysis and design of control for 1-D systems. It is mainly because problems
formulated in terms of LMI can be solved efficiently using a computer and they
o er a framework for the formulation of problems arising in control.

In view of the described situation, the main purpose of this dissertation is to
provide alternate problem formulations and the alternative, or sometimes only exi-
sting solutions to some theoretical problems for linear n-D and their class of great
practical importance i.e. LRPs. The proposed approach is based on combining
state-space representations of the considered class of n-D systems with the Lyapu-
nov framework to derive the problem formulation in terms of BMI, which has been
proven to be NP-hard problems. However, some of the BMI problem formulations
can be transformed into LMIs due to their ”hidden” convexity properties. This is
done using several techniques and further leads to exact or approximate solutions
to the original problem.

Due to the fact that little or no work has yet been reported on di erential
LRPs, the great emphasis is put upon solving the problems of analysis and syn-
thesis for this class of 2-D systems. The development of the presented method
results in a computer numerical package which can assist with the analysis and
design of considered classes of systems. Availability of such a software makes not
only analysis and design for LRPs and n-D systems automated processes, but can
overcome potentially difficult control problems for which traditional methods of
analysis and synthesis may be limited. This is especially valid for systems where
delays and/or parameter uncertainty appear.
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The major developments presented in this dissertation can be summarized as

follows:

e This dissertation provides computer implementable formulation of the follo-
wing problems arising in analysis and synthesis 2-D systems and their classes
i.e. LRPs.

The rst results on robust stability and stabilisation of both di  erential
and discrete LRPs allow us to consider the e ect of uncertainty which
occurred in system state-space models. It is shown that stability and
stabilisation conditions which involve LMIs become easy to check with

a computer. Further, it can be seen that it is possible to formulate
optimization procedures which can be used to attenuate the e ects of
the uncertainty.

The numerical solution to the H ., control problems for LRPs are provi-
ded. The LMI formulation of such problems allows not only to provide
numerical algorithms for controller design but also makes it possible to
optimize some parameters of the design process. Moreover, the solution
to the problem of the H., output controller designing, where nominal
computational complexity is very high, is given.

Derives the solution to the robust Hs, control problems for LRPs. It
is shown that LMI methods allow us to formulate and solve the H,
control problems for LRPs with parameter uncertainties.

Formulation and solving the Hsy control problem for di erential LRPs
in spirit of LMI methods. It is proven that LMI techniques allow us to
design the control laws which guarantee stability of the process and the
maximum possible Hs disturbance attenuation.

Derives the solution to the guaranteed cost control problem. It is shown
that control cost can be minimized with provided LMI conditions.

The last result shows that LMI methods can be applied to analyse and
synthesise 2-D systems with delays. Moreover, it is proven that this
result can be extended to deal with uncertain 2-D systems with delays.

e Application presented result to analyse and design two processes from com-
puter engineering.

e Development of a MATLAB-based tool which is a collection of MATLAB func-
tions to analyse and design considered systems and processes.

It should be pointed out that there are many research directions which should
be pursued in order to improve and extend the result presented in this dissertation.
In particular, the following research directions must be considered

e multi-objective Ha/Hoo control of LRPs and n-D systems,

e further development of LMI methods for systems with state and input delays,
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e attempts to apply LMIs to the analysis of systems with state-dependent
delays,

e application of LMI methods to  ltering problems,

e generalizations for processes with nonlinearities and combinations with sto-
chastic approaches.

It should be pointed out that it is possible to apply LMI methods to deal with a
polynomial of two variables. As it is shown in (Henrion et al., 2001) the stability
test of a 2-D polynomial matrix in various regions of the complex plane can be
cast as a non-convex rank-one LMI feasibility problem. Convex LMI relaxations
can readily be derived from this formulation.

Another important issue to be addressed is the further development of the
MaTLAB-based tool. This should be optimized to improve its efficiency, and exten-
ded to support a wider class of repetitive processes e.g. non-unit memory LRPs
and (n-D) systems.



Streszczenie

Rozprawa dotyczy rozwiazywania probleméw analizy i syntezy liniowych uktadéw
wielowymiarowych (ang. multidimensional — n-D), a w szczegdlnodei ich podklasy
tj. liniowych proceséw powtarzalnych (ang. linear repetitive processes — LRPS) z
zastosowaniem wspolczesnych metod komputerowej analizy numerycznej.

Uktady wielowymiarowe charakteryzuja sie wystepowaniem wiecej niz jednej
zmiennej niezaleznej jako wyniku:

e wystepowania wiecej niz jednej zmiennej przestrzennej,
e wystepowania wplywu przestrzeni i czasu,

e efektu czasowej/przestrzennej zmiennej oraz indeksu reprezentujacego ko-
lejng iteracje, pas lub krok uczenia.

Generalnie uktady wielowymiarowe, a w tym liniowe procesy powtarzalne zna-
lazty zastosowanie w opisie wielu zjawisk i proceséw wystepujacych w licznych
dziedzinach wspoélczesnej techniki. Szczegdlnie interesujacymi zastosowaniami sa
procesy iteracyjnego sterowania z uczeniem, iteracyjnego sterowania suboptymal-
nego bazujacego na zasadzie maksimum, procesy przetwarzania réwnoleglego i roz-
proszonego oraz sterowanie maszynami w gérnictwie, hutnictwie, papiernictwie
i rolnictwie. Wgréd licznych zastosowan uktadow wielowymiarowych i ich klas
znajdujemy réwniez uklady wielowymiarowego przetwarzania sygnaléow i obrazow,
kodowania i dekodowania oraz  ltracji sygnaléw, ktore czesto sa uzywane w gra  ce
komputerowe;j.

Nalezy jednak podkreslié¢, ze zastosowanie modeli wielowymiarowych jest bar-
dzo ograniczone, gtéwnie ze wzgledu na brak dobrze rozwinietej teorii uktaddow
wielowymiarowych, ktora dostarczylaby odpowiedniego formalizmu matematycz-
nego, umozliwiajacego zapisanie wielu probleméw analizy i syntezy w postaci pre-
destynujacej do zastosowania szerokiego wachlarza efektywnych metod numerycz-
nych. Efektywnosé jest tutaj rozumiana jako praktyczna mozliwo$é¢ rozwiazania
rozwazanego problemu w czasie wielomianowym tj. czas potrzebny do rozwiag-
zania problemu jest ograniczony przez funkcje, ktéra jest wielomianem zmiennej
okredlajacej wielkos¢ zasobdéw potrzebnych do zde niowania problemu. Problem
posiadajacy taka wlasnosé zaliczany jest do klasy probleméw P-trudnych.

W przypadku uktadéw 1-D pokazano, iz wiele probleméw analizy i syntezy
moze by¢ sprowadzonych do postaci probleméw badania wlasnosci pewnych wie-
lomianéw lub macierzy. Innymi stowy, problemy analizy i syntezy sprowadza sie
gtéwnie do probleméw zwigzanych z wyznaczaniem i lokowaniem biegunow uktadu.
Z kolei te problemy, moga by¢ rozwiazane przy uzyciu algorytmdéw wielomiano-
wych. Przykladem problemu, dla ktérego udowodniono istnienie algorytmu wie-
lomianowego do jego rozwiazania jest problem stabilnosci. Istotnie, rozwigzanie
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problemu stabilnoéci moze by¢ sprowadzone do wyznaczenia wartosci wlasnych
macierzy systemowej i sprawdzenia czy wszystkie one maja moduty mniejsze od 1
(w przypadku ukladéw dyskretnych) lub leza w lewej pdlplaszczyZnie zespolonej
(dla uktadéw ciaglych). Z kolei, warto$ci wlasne macierzy zawsze moga by¢ obli-
czone w czasie wielomianowym, dlatego problem stabilnosci nalezy do klasy pro-
bleméw P-trudnych. Nalezy tutaj zaznaczyé¢, ze alternatywna metoda okreslania
stabilnosci uktadu jest uzycie kryterium Routh’a, ktére zawsze daje odpowiedz
czasie wielomianowym. Oznacza to réwniez, ze istnienie wielomianowego algo-
rytmu rozwiazujacego problem analizy (stabilnoéé) daje potencjalna mozliwosé
rozwiazania problemu syntezy (stabilizacja). Co wiecej, w przypadku ukladéw
1-D, dla duzej liczby probleméw zaliczanych do klasy probleméw A P-trudnych
(czyli takich dla ktérych nie udowodniono istnienia algorytmu wielomianowego)
zostalo przedstawionych wiele metod heurystycznych umozliwiajacych uzyskanie
zadowalajacego rozwiazania danego problemu.

Naturalnym jest postawienie pytania, czy problemy analizy i syntezy uktla-
dow wielowymiarowych mogg by¢ rownie efektywnie rozwiazane jak to ma miejsce
w przypadku ukladéw jednowymiarowych. Niestety, okazuje sie, ze zastosowanie
znanych (tj. stosowanych w teorii ukladéw 1-D) i efektywnych metod do rozwiazy-
wania probleméw analizy i syntezy uktadéw wielowymiarowych jest bardzo ogra-
niczone, a czesto nawet niemozliwe. Trudnosci te sa przede wszystkim zwigzane
z brakiem lub wysokim stopniem komplikacji istniejacego formalizmu matema-
tycznego, uniemozliwiajacym zastosowanie efektywnych metod w celu rozwiazania
problemu zapisanego z uzyciem tego wlasnie formalizmu.

Najbardziej istotnym faktem, zwiazanym z zastosowaniem metod opartych
na manipulowaniu biegunami uktadu wielowymiarowego, jest mozliwo$¢ istnienia
nieskonczenie wielu biegunéw uktadu. Dlatego tez, w kontekscie ztozonosci ob-
liczeniowej, problem analizy tychze uktadéw zaliczany jest do klasy probleméw
NP-trudnych lub nawet nierozstrzygalnych, gdyz trudno jest testowaé¢ potozenie
kazdego bieguna uktadu (gdy ich liczba dazy do nieskonczonosci), co jest odpowied-
nikiem tradycyjnego spektralnego warunku stabilnosci uktadu. Dodatkowo nalezy
pamietaé, ze w przypadku ukladéw 1-D polozenie biegunéw caltkowicie okresla
dynamike ukladu i wiemy w jakie miejsca plaszczyzny zespolonej przesuwacé bie-
guny, aby zapewnié¢ sobie okre$long dynamike. Dla uktadéw wielowymiarowych
nie dysponujemy taka wiedza, mozemy tylko, podobnie jak dla przypadku 1-D,
scharakteryzowac stabilnos¢ i ewentualnie marginesy stabilnosci w terminach bie-
gundéw.

Waznymi kwestiami, dominujacymi ostatnio w teorii sterowania, sa odpornosé
ukladéw na niepewnoéci i zakldcenia oraz sterowanie optymalne przy zadanych
wskaznikach jakosci. Dlatego konieczne stalo si¢ réwniez rozwazanie tych kwestii
dla uktadéw wielowymiarowych, a w szczegdlnosci dla liniowych proceséw powta-
rzalnych, dla ktérych odczuwalny jest brak wynikéw w tym zakresie. Jednakze,
okazalo sie, ze badanie odpornosci uktadéw i proceséw w przypadkach wystepo-
wania niepewnosci parametréw oraz zakiocen jest zadaniem trudnym z punktu
widzenia informatyki. Trudnosci te wynikaja z bardzo duzej zlozonosci obliczenio-
wej tychze probleméw (zaklada sie, ze sa to problemy N P-trudne). Dlatego weiaz
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prébuje sie sprowadzi¢ wigkszosé probleméw analizy i syntezy do postaci umoz-
liwiajace] zastosowanie efektywnych algorytméw, ktére pozwolilyby na podanie
jakichkolwiek rozwiazan (gdy wystepuje ich brak) lub umozliwienie zredukowania
konserwatyzmu istniejacych juz wynikow.

Ze wzgledu na duza liczbe potencjalnych zastosowan liniowych proceséw po-
wtarzalnych oraz uktadéw n-D, mozliwo$é sprowadzenia probleméw analizy i syn-
tezy tychze uktadow, w szczegdlnosci dla przypadkéw kiedy wystepuja niepewno-
$ci, zaklOcenia i op6znienia, do postaci pozwalajacej na zastosowanie efektywnych
i znanych procedur numerycznych, stala sie istotnym zagadnieniem.

Gléownym celem pracy jest zatem zastosowanie liniowych nieréwnosci ma-
cierzowych (ang. linear matriz inequalities — LMI) do sformulowania i rozwia-
zania wielu probleméw z zakresu sterowania ukladéw wielowymiarowych i ich
klas tj. liniowych proceséw powtarzalnych celem ich komputerowej analizy i syn-
tezy. Atrakcyjno$é proponowanego podejscia zwigzana jest z istnieniem tzw. al-
gorytmoéw punktu wewnetrznego, posiadajacych zlozono$é wielomianowa, ktore
stuza do rozwiazania probleméw optymalizacyjnych z ograniczeniami w postaci
liniowych nieréwnoéci macierzowych. Dodatkowym atutem takiego postepowania
jest mozliwo$é¢ przezwyciezenia wielu probleméw wystepujacych przy zastosowaniu
klasycznych metod analizy i syntezy dla modeli zawierajacych niepewnosci oraz
opdznienia, gdyz unikamy bezposredniego wyznaczania i manipulowania biegu-
nami ukladu wielowymiarowego. Choé¢ otrzymane warunki istnienia rozwiazania
sa tylko warunkami wystarczajacymi, to jednak najczeéciej stanowig one jedyne
znane rozwiazanie. Kwestia ta ma szczegblne znaczenie dla liniowych réznicz-
kowych proceséw powtarzalnych, dla ktérych tylko niewielka liczba rezultatéw
zostata opublikowana.

W celu sformulowania rozwazanych problemdéw analizy i syntezy ukladow
wielowymiarowych w formie liniowych nieréwnosci macierzowych, w pracy zasto-
sowano nastepujace podejscie. Po pierwsze, uzyto metod Lapunowa uzyskujac
problem w postaci nieréwno$ci macierzowej, gdzie wystepuja znane i poszukiwane
macierze. Nieréwnosci te, najczesciej sa nieliniowe wzgledem poszukiwanych pa-
rametrow, co implikuje brak efektywnych algorytmoéow do ich rozwiazania. Nalezy
jednak podkresli¢, ze w wielu przypadkach mozliwa jest eksploracja pewnych wta-
snosci otrzymanych nieréwnosci w celu otrzymania postaci liniowej nieréwnosci
macierzowej. Szczegdlng uwage poswiecono problemom analizy i syntezy uktadéw
z niepewno$ciami parametrow, ktérych wiekszosé zaliczana jest do klasy proble-
méw N P-trudnych. Jednakze, mozliwe jest uzyskanie przyblizonego rozwigzania
takiego problemu przy zastosowaniu metod liniowych nieréwnosci macierzowych.

Wszystkie warunki istnienia rozwiazania rozwazanych w pracy probleméw zo-
staly zaprezentowanie w formie liniowych nieréwno$ci macierzowych, umozliwiajac
implementacje i rozwiazanie z uzyciem dostepnego oprogramowania. Przyklady
procedur, stanowiacych cze$¢ opracowanego pakietu numerycznego zostaly row-
niez zawarte w pracy. Dodatkowo, opracowane i zaimplementowane procedury
numeryczne zostaly zastosowane do analizy praktycznych probleméw znajduja-
cych sie w obszarze zainteresowan informatyki.



BIBLIOGRAPHY

Ackerman J. (1997): Robust Control. Systems with Uncertain Physical Parameters.
— Communications and Control Engineering Series, 3rd edn, London, England:
Springer-Verlag.

Agathoklis P. (1988): Lower bounds for the stability margin of discrete two-
dimensional systems based on the two-dimensional Lyapunov equation. — IEEE
Transactions on Circuits and Systems, Vol. 35, No. 6, pp. 745-749.

Agathoklis P. and Foda S. (1989): Stability and the matriz Lyapunov equation for
delay di  erential systems. — International Journal of Control, Vol. 49, No. 2,
pp. 417-432.

Amann N. (1996): Optimal algorithms for iterative learning control. — PhD thesis,
University of Exeter, England.

Amann N., Owens D. H. and Rogers E. (1998): Predictive optimal iterative learnig
control. — International Journal of Control, Vol. 69, No. 2, pp. 203-226.

Andersen E. (2001): MOSEK Manual. — MOSEK ApS, Copenhagen, Denmark.
Available at http://www.mosek.com/

Apkarian P. and Tuan H. D. (1998): Parameterized LMIs in control theory. —
Proc. 37th IEEE Conf. Decision and Control (CDC), Tampa, USA, 16-18 De-
cember, 1998, Vol. 1, pp. 152-157.

Apkarian P. and Tuan H. D. (2000): Parameterized LMIs in control theory. —
SIAM Journal of Control and Optimization, Vol. 38, No. 4, pp. 1241-1264.

Attasi S. (1973): Syst emes lineaires homog enes a deuz indices. — Rapport La-
bria 31, IRIA.

Bakshee 1. (2003): Mathematica. Control System Professional. — Wolfram Rese-
arch Inc., Champaign, USA.

Basu S. (2002): Multidimensional causal, stable, perfect reconstruction  lter banks.
— IEEE Transactions on Circuits and Systems I: Fundamental Theory and
Applications, Vol. 49, No. 6, pp. 832-842.

Bauer P. H., Sichitiu M. and Premaratne K. (2001): Stability of 2-D processes
with time-variant communication delays. — Proc. IEEE Int. Symp. Circuits
and Systems (ISCAS), Sydney, Australia, 6-9 May, 2001, Vol. 2, pp. 497-500.



172 BIBLIOGRAPHY

Beck C. (1991): Computational issues in solving LMIs. — Proc. 30th Conf. De-
cision and Control (CDC), Brighton, England, 11-13 December, 1991, Vol. 2,
pp. 1259-1260.

Benson S. (2003): Parallel computing on semide nite programs. — Re-
search report ANL/MCS-P939-0302, Mathematics and Computer Science
Division, Argonne National Laboratory. Available at http://www-
unix.mcs.anl.gov/~benson/dsdp/

Benson S. and Ye Y. (2002): DSDP/ - a software package implementing the dual-
scaling algorithm for semide nite programming. — Research report ANL/MCS-
TM-255, Mathematics and Computer Science Division, Argonne National La-
boratory.

Benton S. E. (2000): Analysis and control of linear repetitive processes. — PhD
thesis, University of Southampton, Southampton, England.

Bliman P.-A. (2002): Lyapunov equation for the stability of 2-D Systems. — Mul-
tidimensional Systems and Signal Processing, Vol. 13, No. 2, pp. 201-222.

Blondel V. and Tsitsiklis J. N. (1997): NP-hardness of some linear control de-
sign problems. — SIAM Journal on Control and Optimization, Vol. 35, No. 6,
pp. 2118-2127.

Blondel V. and Tsitsiklis J. N. (2000a): The boundedness of all products of a
pair of matrices is undecidable. — Systems and Control Letters, Vol. 41, No. 2,
pp. 135-140.

Blondel V. and Tsitsiklis J. N. (2000b): A survey of computational complexity
results in systems and control. — Automatica, Vol. 36, No. 9, pp. 1249-1274.

Bose N. K. (1982): Applied Multidimensional Systems Theory. — New York, USA:
Van Nostrand-Reinhold.

Bose N. K. (1985): Multidimensional Systems Theory. Progres, Directions and
Open Probles in Multidimensional Systems. — Dordrecht, Holland: D. Reidel
Publishing Company.

Bose N. K. (2001): Two decades of multidimensional research and future trends. —
in K. Galtkowski and J. Wood (eds), Mutidimensional Signals, Circuits and Sys-
tems, Systems and Control Book Series, London, England: Taylor and Francis,
pp- 5-27.

Bose N. K. (ed.) (1977): Multidimensional Systems. — Proceedings of the IEEE,
Vol. 65, No. 6.

Boukas E. K. and Liu Z. K. (2003): Deterministic and Stochastic Time Delay
Systems. — Control Engineering, Boston, USA: Birkh auser.



BIBLIOGRAPHY 173

Boyd S., Ghaoui L. E., Feron E. and Balakrishnan V. (1994): Linear Matriz
Inequalities in System and Control Theory. — SIAM Studies in Applied and
Numerical Mathematics, Philadelphia, USA: STAM, Vol. 15.

Boyd S. and Vandenberghe L. (2004): Convex Optimization. — Cambridge, En-
gland: Cambridge University Press.

Bracewell R. N. (1995): Two-dimensional Imaging. — Prentice Hall Signal Pro-
cessing Series, Upper Saddle River, USA: Prentice Hall Inc.

Buchberger B. (1985): Gr obner bases: an algorithmic method in polynomial ideal
theory. — in N. K. Bose (ed.), Multidimensional Systems Theory, Dordrecht,
Holland: Reidel Publishing Company, pp. 184-232.

Chen Y. and Wen C. (1999): Iterative Learning Control. Convergence, Robust-
ness and Applications. — Lecture Notes in Control and Information Sciences,
London, England: Springer-Verlag, Vol. 248.

Chiasson J. N., Brierley S. D. and Lee E. B. (1985): A simpli  ed derivation of the
Zeheb-Walch 2-D stability test with applications to time-delay systems. — IEEE
Transactions on Automatic Control, Vol. 30, No. 4, pp. 411-414.

Cook P. A. (2000): Stability of two-dimensional feedback systems. — International
Journal of Control, Vol. 73, No. 4, pp. 343-348.

Curtin E. and Saba S. (1999): Stability and margin of stability tests for multidi-
mensional  lters. — IEEE Transactions on Circuits and Systems I: Fundamental
Theory and Applications, Vol. 46, No. 7, pp. 806-809.

D‘Andrea R. (1999): The Multidimensional System Toolbox. Version 1.0. — Rese-
arch report, Mechanical and Areospace Engineering. Cornell University. Availa-
ble at http://www.mae.cornell.edu/ra /Software/MDtoolbox/mdtoolbox.pdf

Doyle J. C., Glover K., Khargonekar P. P. and Francis B. A. (1989): State-space
solutions to standard Hy and Ho, control problems. — IEEE Transactions on
Automatic Control, Vol. 34, No. 8, pp. 831-847.

Du C. and Xie L. (1999a): LMI approach to output feedback stabilization of 2-D
discrete systems. — International Journal of Control, Vol. 72, No. 2, pp. 97-106.

Du C. and Xie L. (1999b): Stability analysis and stabilization of uncertain two-
dimensional discrete systems: an LMI approach. — IEEE Transactions on Cir-
cuits and Systems I: Fundamental Theory and Applications, Vol. 46, No. 11,
pp. 1371-1374.

Du C. and Xie L. (2002): H,, Control and Filtering of Two-dimensional Sys-
tems. — Lecture Notes in Control and Information Sciences, Berlin, Germany:
Springer-Verlag, Vol. 278.



174 BIBLIOGRAPHY

Du C., Xie L. and Soh Y. C. (2000): H., ltering of 2-D discrete systems. —
IEEE Transactions on Signal Processing, Vol. 48, No. 6, pp. 1760-1768.

Du C., Xie L. and Zhang C. (2001): H,, control and robust stabilization of two-
dimensional systems in Roesser models. — Automatica, Vol. 37, No. 2, pp. 205—
211.

Dudgeon D. E. and Merserau R. M. (1984): Multidimensional Digital Signal Pro-
cessing. — Prentice-Hall Signal Processing Series, Englewood Cli s, USA: Pren-
tice Hall.

Dugard L. and Verriest E. 1. (1998): Stability and Control of Time-delay Sys-
tems. — Lecture Notes in Control and Information Sciences, London, England:
Springer-Verlag, Vol. 228.

Dullerud G. E. and Paganini F. (2000): A Course in Robust Control Theory. A
Convex Approach. — Texts in Applied Mathematics, New York, USA: Springer-
Verlag, Vol. 36.

El Ghaoui L. (eds) and Niculescu S.-I. (1999): Advances in Linear Matriz Ine-
quality Methods in Control. — Advances in Design and Control, Philadelphia,
USA: STAM, Vol. 2.

Fernando T. and Trinh H. (1999): Lower bounds for stability margin of two-
dimensional discrete systems using the MacLaurine series. — Computers and
Electrical Engineering, Vol. 25, No. 2, pp. 95-109.

Foda S. and Agathoklis P. (1992): Control of the metal rolling process: a mul-
tidimensional system approach. — Journal of the Franklin Institute, Vol. 329,
No. 2, pp. 317-332.

Fornasini E. and Marchesini G. (1976): State-space realization theory of two-
dimensional  lters. — IEEE Transactions on Automatic Control, Vol. 21, No. 4,
pp. 484-492.

Fornasini E. and Marchesini G. (1978): Doubly indexed dynamical systems: state
models and structural properties. — Mathematical Systems Theory, Vol. 12,
pp. 59-72.

Fu M. and Luo Z.-Q. (1997): Computational complexity of a problem arising in
xzed order output feedback design. — Systems and Control Letters, Vol. 30,
No. 5, pp. 209-215.

Fujisawa K., Kojima M. and Nakata K. (2000): SDPA (Semide nite Programming
Algorithm) - user’s manual. — Technical Report B-308, Tokyo Institute of
Technology. Available at http://rnc.r.dendai.ac.jp/~fujisawa/sdpa_doc.pdf

Gahinet P. and Apkarian P. (1994): A linear matriz inequality approach to Ho,
control. — International Journal of Robust and Nonlinear Control, Vol. 4,
pp. 421-448.



BIBLIOGRAPHY 175

Gahinet P. and Nemirovski A. (1997): The projective method for solving linear
matriz inequalities. — Mathematical Programming, Vol. 77, No. 2, pp. 163—
190.

Gahinet P., Nemirovski A., Laub A. J. and Chilali M. (1995): LMI Control Toolbox
for use with MATLAB. — The Mathworks Partner Series, Natick, USA: The
MathWorks Inc.

Galkowski K. (2001a): State-Space Realisations of Linear 2-D Systems with Exten-
sions to the General nD Case. — Lecture Notes in Control and Information
Sciences, London, England: Springer-Verlag, Vol. 263.

Gatkowski K., Lam J., Rogers E., Xu S., Sulikowski B., Paszke W. and Owens D. H.
(2003a): LMI based stability analysis and robust controller design for discrete
linear repetitive processes. — International Journal of Robust and Nonlinear
Control, Vol. 13, No. 13, pp. 1195-1211.

Galkowski K., Lam J., Xu S. and Lin Z. (2003b): LMI approach to state-feedback
stabilization of multidimensional systems. — International Journal of Control,
Vol. 76, No. 14, pp. 1428-1436.

Galkowski K., Paszke W., Lam J., Rogers E. and Owens D. H. (2002a): Stability
of uncertain di erential linear repetitive processes. — Proc. XIV Nat. Conf.
Automatic Control (KKA), Zielona Goéra, Poland, 24-27 June, 2002, Vol. 1,
pp. 297-302.

Galkowski K., Paszke W., Rogers E., Xu S., Lam J. and Owens D. H. (2003c):
Stability and control of di  erential linear repetitive processes using an LMI se-
ting. — IEEE Transactions on Circuits and Systems - II: Analog and Digital
Signal Processing, Vol. 50, No. 9, pp. 662-666.

Galkowski K., Paszke W., Sulikowski B., Rogers E. and Owens D. H. (2002b): LMI
based stability analysis and controller design for a class of 2D continuous-discrete
linear systems. — Proc. American Control Conference (ACC), Anchorage, USA,
8-10 May, 2002, Vol. 1, pp. 29-34.

Gatlkowski K., Rogers E., Gramacki A., Gramacki J. and Owens D. H. (2000):
Development of a Matlab Toolbox for a class of 2D linear systems. — SAMS
/Systems Analysis - Modelling - Simulation/ special issue on Analysis and Con-
trol of Technological Systems, Vol. 38, pp. 313-324.

Galkowski K., Rogers E., Gramacki A., Gramacki J. and Owens D. H. (2001b):
Stability and dynamic boundary condition decoupling analysis for a class of 2-D
discrete linear systems. — IEE Proceedings - Circuits Devices Systems, Vol. 148,
No. 3, pp. 126-134.

Gatkowski K., Rogers E., Paszke W. and Owens D. H. (2003d): Linear repetitive
process control theory applied to a physical example. — International Journal
of Applied Mathematics and Computer Science, Vol. 13, No. 1, pp. 87-99.



176 BIBLIOGRAPHY

Galkowski K., Rogers E., Wood J., Benton S. E. and Owens D. H. (2002¢): One-
dimensional equivalent model and related approaches to the analysis of discrete
nonunit memory linear repetitive processes. — Circuits, Systems and Signal
Processing, Vol. 21, No. 6, pp. 525-534.

Galkowski K., Rogers E., Xu S., Lam J. and Owens D. H. (2002d): LMIs - a
fundamental tool in analysis and controller design for discrete linear repetitive
processes. — IEEE Transactions on Circuits and Systems I: Fundamental Theory
and Applications, Vol. 49, No. 6, pp. 768-778.

Gatkowski K., Sulikowski B. and Paszke W. (2003¢): Multidimesional systems. —
Pomiary Automatyka Kontrola, No. 2-3, pp. 53-58. (in Polish)

Galkowski K. and Wood J. (eds) (2001): Multidimensional Signals, Circuits and
Systems. — Systems and Control Book Series, London, England: Taylor and
Francis.

Geng Z., Carroll R. and Xie J. (1990): Two-dimensional model and algorithm
analysis for a class of iterative learning control. — International Journal of
Control, Vol. 52, No. 4, pp. 833-862.

Goh K. C., Turan L., Safonov M. G., Papavassilopoulos G. P. and Ly J. H. (1994):
Bia ne matriz inequality properties and computional methods. — Proc. Ameri-
can Control Conference (ACC), Baltimore, USA, 29 June - 1 July, 1994, pp. 850—
855.

Golub G. M. and Loan C. V. (1996): Matriz Computations. — John Hopkins Series
in the Mathematical Sciences, 3rd edn, Baltimore, USA: The John Hopkins
University Press.

Gomez C. (1999): Engineering and Scienti ¢ Computing with Scilab. — Boston,
USA: Birkh auser.

Goérecki H., Fuksa S., Grabowski P. and Korylowski A. (1989): Analysis and
Synthesis of Time-delay Systems. — New York, USA: John Wiley and Sons.

Gramacki A. (1999a): Discretisation methods of linear di  erential repetitive pro-
cesses. — PhD thesis, Faculty of Electrical Engineering, Technical University of
Zielona Goéra, Zielona Géra, Poland. (in Polish)

Gramacki J. (1999b): Stability and stabilisation linear repetitive processes. — PhD
thesis, Faculty of Electrical Engineering, Technical University of Zielona Gora,
Zielona Goéra, Poland. (in Polish)

Guan X., Long C. and Duan G. (2001): Robust optimal guaranteed cost control
for 2D discrete systems. — IEE Proceedings - Control Theory Applications,
Vol. 148, No. 5, pp. 355-361.



BIBLIOGRAPHY 177

Hale J. K. and Lunel S. M. V. (1993): Introduction to Functional Di erential
Equations. — Applied Mathematical Sciences, New York, USA: Springer-Verlag,
Vol. 99.

Handkiwicz A., Kropidlowski M. and Eukowiak M. (2000): Two-dimensional si-
gnal processing based on FPGA. — Proc. 2nd Int. Workshop on Multidimen-
sional (nD) Systems, Czocha Castle, Lower Silesia, Poland, 27 - 30 June, 2000,
pp. 143-148.

H at onen J. and Ylinen R. (2003): Polynomial systems theory applied to the analysis
and design of multidimensional systems. — International Journal of Applied
Mathematics and Computer Science, Vol. 13, No. 1, pp. 15-29.

Helton J. W. and Merino O. (1998): Classical Control Using H, Methods. Theory,
Optimization, and Design. — Philadelphia, USA: STAM.

Henrion D. (2003): Course on LMI Optimization with applications in control. —
Prague, Czech Republic. Available at http://www.laas.fr/~henrion/courses/lmi

Henrion D., Sebek M. and Bachelier O. (2001): Rank-one LMI approach to stability
of 2-d polynomial matrices. — Multidimensional Systems and Signal Processing,
Vol. 12, No. 1, pp. 33-48.

Higham N. J., Konstantinov M., Mehrmann V. and Petkov P. (2004): The sen-
sitwity of computational control problems. — IEEE Control Systems Magazine,
Vol. 24, No. 1, pp. 28-43.

Hinamoto T. (1989): The Fornasini-Marchesini model with no over ow oscilla-
tions and its application to 2-D digital  lter design. — Proc. IEEE Int. Symp.
Circuits and Systems (ISCAS), Portland, USA, 9-11 May, 1989, Vol. 3, pp. 1680—
1683.

Hinamoto T. (1997): Stability of 2-D discrete systems described by the Fornasini-
Marchesini second model. — TEEE Transactions on Circuits and Systems I:
Fundamental Theory and Applications, Vol. 44, No. 3, pp. 254-257.

Iwasaki T. and Skelton R. E. (1994): All controlers for the general Hs control
problem: LMI existence conditions and space state formulas. — Automatica,
Vol. 30, No. 8, pp. 1307-1317.

Iwasaki T. and Skelton R. E. (1995a): The XY-centering algorithm for the dual
LMI problem: a new approach to  zed order control design. — International
Journal of Control, Vol. 62, No. 6, pp. 1257-1272.

Iwasaki T. and Skelton R. E. (1995b): A uni ed approach to  zed order controller
design via linear matrix inequalities. — Mathematical Problems in Engineering,
Vol. 1, No. 1, pp. 59-75.

Jury E. (1978): Stability of multidimensional scalar and matriz polynomial. —
Proceedings of the IEEE, Vol. 66, No. 9, pp. 1018-1047.



178 BIBLIOGRAPHY

Kaczorek T. (1985): Two-dimensional Linear Systems. — Lecture Notes in Control
and Information Sciences, Berlin, Germany: Springer-Verlag, Vol. 68.

Kaczorek T. (1994): Singular 2D continuous-discrete linear systems. — Bulletin
Polish Academy of Science. Technical Sciences, Electronics and Electrotechnics,
Vol. 42, pp. 417-422.

Kalker T., Park H. and Vetterli M. (1995): Gr oebner basis techniques in multidi-
mensional multirate systems. — Proc. Int. Conf. Acoustics, Speech, and Signal
Processing (ICASSP), Detroit, USA, 9-12 May, 1995, Vol. 4, pp. 2121-2124.

Kamen E. W. (1980): On the relationship between zero criteria for two-variable
polynomials and asymptotic stability of delay di erential equations. — IEEE
Transactions on Automatic Control, Vol. 25, No. 5, pp. 983-984.

Khachiyan L. (1979): A polynomial algorithm in linear programming. — Soviet
Mathematics Doklady, Vol. 20, pp. 191-194.

Khargonekar P. P., Petersen I. R. and Zhou K. (1990): Robust stabilization of
uncertain linear systems: quadratic stabilizability and H., control theory. —
IEEE Transactions on Automatic Control, Vol. 35, No. 3, pp. 356-361.

Kharitonov V. L. and Zhabko A. P. (2003): Lyapunov-Krasouvskii approach to the
robust stability analysis of time-delay systems. — Automatica, Vol. 39, No. 1,
pp- 15-20.

Kolmanovskii V. and Myshkis A. (1999): Itroduction to the Theory and Applica-
tions of Functional Di  erential Equations. — Mathematics and Its Applications,
Dordrecht, The Netherlands: Kluver Academic Publishers, Vol. 463.

Ko cvara M. and Stingl M. (2003): PENNON - a code for convex nonlinear and se-
mide nite programming. — Optimization Methods and Software, Vol. 18, No. 3,
pp- 317-330.

Kung S.-Y., L evy B., Morf M. and Kaliath T. (1977): New results in 2-D systems
theory, part II: 2-D state-space models - realization and the notions of controlla-
bility, observability and minimality. — Proceedings of the IEEE, Vol. 65, No. 6,
pp. 945-961.

Kurek J. E. (1985): The general state-space model for a two-dimensional linear
digital system. — IEEE Transactions on Automatic Control, Vol. 30, No. 6,
pp. 600-602.

Kurek J. E. and Zaremba M. B. (1993): Iterative learnig control synthesis based
on 2-D system theory. — IEEE Transactions on Automatic Control, Vol. 38,
No. 1, pp. 121-125.

Lee Y. S. and Kwon W. H. (2002): Delay-dependent robust stabilization uncertain
discrete-time state-delayed systems. — Proc. 15th Triennial World Congress of
the IFAC, Barcelona, Spain, 2002. (CD-ROM)



BIBLIOGRAPHY 179

Lin Z. (2001): Output feedback stabilizability and stabilization of linear n-D sys-
tems. — in K. Galkowski and J. Wood (eds), Mutidimensional Signals, Circuits
and Systems, Systems and Control Book Series, London, England: Taylor and
Francis, pp. 59-76.

Lin Z., Lam J., Gatkowski K. and Xu S. (2001): A constructive approach to stabili-
zability and stabilization of a class of nD systems. — Multidimensional Systems
and Signal Processing, Vol. 12, No. 3-4, pp. 329-343.

L ofberg J. (2004): YALMIP 3. — Available at http://control.ee.ethz.ch/
~joloef /yalmip.msql

Loiseau J. J. and Breth e D. (1997): The use of 2-D system theory for the control
of time-delay systems. — Journal Europeen des Systemes Automatises, Vol. 31,
pp. 1043-1058.

Longman R. W. (2000): Iterative learning control - dynamic systems that learn
in time and repetitions. — Proc. 2nd Int. Workshop on Multidimensional (nD)
Systems, Czocha Castle, Lower Silesia, Poland, 27-30 June, 2000, pp. 55-65.

Lu W.-S. (1994): On a Lyapunov approach to stability analysis of 2-D digital
lters. — IEEE Transactions on Circuits and Systems I: Fundamental Theory
and Applications, Vol. 41, No. 10, pp. 665-669.

Lu W.-S. (2002): A uni ed approach for the design of 2-D digital  lters via semi-
de nite programming. — IEEE Transactions on Circuits and Systems I: Funda-
mental Theory and Applications, Vol. 49, No. 6, pp. 814-826.

Lu W.-S. and Antoniou A. (1992): Two-dimensional Digital Filters. — Electrical
Engineering and Elecronics, New York, USA: Marcel Dekker,Vol. 80.

Lu W.-S. and Lee E. (1985): Stability analysis for two-dimensional systems via
a Lyapunov approach. — IEEE Transactions on Circuits and Systems, Vol. 32,
No. 1, pp. 61-68.

Lustig L. and Rothberg E. (1996): Giga ops in linear programming. — Operations
Research Letters, Vol. 18, No. 4, pp. 157-165.

Mahmoud M. S. (2000): Robust Control and Filtering for Time-delay Systems. —
Control Engineering Series, New York, USA: Marcel Dekker, Vol. 5.

Malakorn T. (2003): Multidimensional linear systems and robust control. — PhD
thesis, Faculty of the Virginia Polytechnic Institute, Blacksburg, USA.

Malek-Zavarei M. and Jamshidi M. (1987): Time-delay Systems: Analysis, Opti-
mization and Applications. — North Holland Systems and Control, New York,
USA: North-Holland, Vol. 9.

Meinsma G. (1997):  Interior Point Methods - Mini Course. —
The University of Twente, Enschede, The Netherlands. Available at
http://wwwhome.math.utwente.nl/~meinsmag/courses/ipm.html



180 BIBLIOGRAPHY

Mese M. and Vaidyanathan P. P. (2002): Recent advances in digital halftoning and
inverse halftoning methods. — IEEE Transactions on Circuits and Systems I:
Fundamental Theory and Applications, Vol. 49, No. 6, pp. 790-805.

Miri S. A. and Aplevich J. D. (2000): [Iterative techniques for decoding mn-
dimensional codes. — Proc. 2nd Int. Workshop on Multidimensional (nD) Sys-
tems, Czocha Castle, Lower Silesia, Poland, 27-30 June, 2000, pp. 155-158.

Mittelmann H. (2000): An independent benchmarking of SDP and SOCP solvers.
— Mathematical Programming, Vol. 95, No. 2, pp. 407-430.

Moheimani S. O. R. and Petersen 1. R. (1996): Optimal guaranteed cost control
of uncertain systems via static and dynamic output feedback. — Automatica,
Vol. 32, No. 4, pp. 575-579.

Moon Y. S., Park P., Kwon W.-H. and Lee Y.-S. (2001): Delay-dependent ro-
bust stabilisation of uncertain state-delayed systems. — International Journal of
Control, Vol. 74, No. 14, pp. 1447-1455.

Moore K. L. (1983): Iterative learning control for deterministic systems. — Ad-
vances in Indrustrial Control Series, London, England: Springer-Verlag.

Nemirovskii A. and Gahinet P. (1994): The projective method for solving linear
matriz inequalities. — Proc. American Control Conference (ACC), Balimore,
USA, 29 June - 1 July, 1994, Vol. 1, pp. 840-844.

Nesterov Y. and Nemirovskii A. (1994): Interior-point Polynomial Algorithms in
Convex Programming. — STAM Studies in Applied and Numerical Mathematics,
Philadelphia, USA: STAM, Vol. 13.

Niculescu S.-I. (2001): Delay E  ects on Stability. — Lecture Notes in Control and
Information Sciences, London, England: Springer-Verlag, Vol. 269.

Oliveira M. C. d. (2002): Linear systems control and LMIs. Lecture No-
tes of University of Campinas. — Campinas, Brasil. Available at
http://www.dt.fee.unicamp.br/~mauricio/

Oliveria M. C. d. and Geromel J. C. (1997): Numerical comparison of output
feedback design methods. — Proc. American Control Conference (ACC), Albu-
querque, USA, 4-6 June, 1997, Vol. 1, pp. 72-76.

Owens D. H., Amann N., Rogers E. and French M. (2000): Analysis of linear
iterative learning control schemes - a 2D systems/repetitive processes approach.
— Multidimensional Systems and Signal Processing, Vol. 11, No. 1-2, pp. 125—
177.

Packard A., Zhou K., Pandey P. and Becker G. (1991): A collection of robust
control problems leading to LMI’s. — Proc. 30th Conf. Decision and Control
(CDC), Brighton, England, 11-13 December, 1991, Vol. 2, pp. 1245-1250.



BIBLIOGRAPHY 181

Paszke W., Galkowski K., Rogers E. and Owens D. H. (2003): H., control of di-
screte linear repetitive processes. — Proc. 42th IEEE Conf. Decision and Control
(CDC), Hyatt Regency Maui, USA, 9-12 December, 2003, Vol. 1, pp. 628-633.

Paszke W., Galkowski K., Rogers E. and Owens D. H. (2004): H., control of
di erential linear repetitive processes. — Proc. American Control Conference

(ACC), Boston, USA, 30 June - 2 July, 2004, Vol. 2, pp. 1386-1391.

Paszke W., Lam J., Gatkowski K. and Rogers E. (2003): Hs control of 2D linear
state-delayed systems. — Proc. 4th IFAC Workshop on Time Delay Systems
(TDS), Paris, France, 8-10 September, 2003. (CD-ROM)

Paszke W., Lam J., Galkowski K., Xu S. and Lin Z. (2004): Robust stability
and stabilisation of 2D discrete state-delayed systems. — System and Control
Letters, Vol. 51, No. 3-4, pp. 277-291.

Petersen I. R. and McFarlane D. C. (1994): Optimal guaranteed cost control and
ltering for uncertain linear systems. — IEEE Transactions on Automatic Con-
trol, Vol. 39, No. 9, pp. 1971-1977.

Petersen I. R., McFarlane D. C. and Rotea M. A. (1998): Optimal guaranteed
cost control of discrete-time uncertain linear systems. — International Journal

of Robust and Nonlinear Control, Vol. 8, No. 8, pp. 649-657.

Pillai H., Wood J. and Rogers E. (2002): On homomorphisms of n-D behaviors.
— IEEE Transactions on Circuits and Systems I: Fundamental Theory and
Applications, Vol. 49, No. 6, pp. 732-742.

Polderman J. W. and Willems J. C. (1997): Introduction to Mathematical Systems
Theory. A Behavioral Approach. — Texts in Applied Mathematics, New York,
USA: Springer-Verlag, Vol. 99.

Richard J.-P. (2003): Time-delay systems: an overview of some recent advances
and open problems. — Automatica, Vol. 39, No. 10, pp. 1667-1694.

Roberts P. D. (2000a): Numerical investigations of a stability theorem arising from
2-dimensional analysis of an iterative optimal control algorithm. — Multidimen-
sional Systems and Signal Processing, Vol. 11, No. 1-2, pp. 109-124.

Roberts P. D. (2000b): Stability analysis of iterative optimal control algorithms
modelled as linear unit memory repetitive processes. — IEE Proceedings - Con-
trol Theory Applications, Vol. 147, No. 3, pp. 229-237.

Roberts P. D. (2002): Two-dimensional analysis of an iterative nonlinear optimal
control algorithm. — IEEE Transactions on Circuits and Systems I: Fundamental
Theory and Applications, Vol. 49, No. 6, pp. 872-878.

Roesser R. P. (1975): A discrete state-space model for linear image processing. —
IEEE Transactions on Automatic Control, Vol. 20, No. 1, pp. 1-10.



182 BIBLIOGRAPHY

Rogers E., Galkowski K., Gramacki A., Gramacki J. and Owens D. H. (2002):
Stability and controllability of class of 2-D linear systems with dynamic boun-
dary conditions. — IEEE Transactions on Circuits and Systems I: Fundamental
Theory and Applications, Vol. 49, No. 2, pp. 181-195.

Rogers E., Gatkowski K. and Owens D. H. (2005): Control Systems Theory and
Applications for Linear Repetitive Processes. — Lecture Notes in Control and
Information Sciences, Springer-Verlag. (to be published)

Rogers E. and Owens D. H. (1992): Stability Analysis for Linear Repetitive Pro-
cesses. — Lecture Notes in Control and Information Sciences, London, England:
Springer-Verlag, Vol. 175.

Rogers E. and Owens D. H. (2001): Two decades of research on linear repetitive
processes. — in K. Gatkowski and J. Wood (eds), Mutidimensional Signals, Cir-
cuits and Systems, Systems and Control Book Series, London, England: Taylor
and Francis, pp. 107-147.

Saberi A., Sanuti P. and Chen B. M. (1995): Hy Optimal Control. — Prentice-
Hall International Series in System and Control Engineering, London, England:
Prentice-Hall International.

Safonov M., Goh K. C. and Ly J. H. (1994): Control system synthesis via bilinear
matriz inequalities. — Proc. American Control Conference (ACC), Baltimore,
USA, 29 June - 1 July, 1994, Vol. 1, pp. 45-49.

Scherer C. and Weiland S. (2002): DISC course linear matriz inequalities in con-
trol. — Delft University of Technology, Delft, The Netherlands. Available at
http://www.cs.ele.tue.nl/sweiland /lmi.htm

Sebek M. (1993): Sub-optimum H., problem for 2-D MIMO systems. — Proc. 2nd
European Control Conference (ECC), Gr oningen, The Netherlands, 28 June - 1
July, 1993, pp. 1476-1479.

Shankar S. and Willems J. (2000): Behaviors of n-D systems. — Proc. 2nd Int.
Workshop on Multidimensional (nD) Systems, Czocha Castle, Lower Silesia,
Poland, 27-30 June, 2000, pp. 23-30.

Shi Y. Q. and Zhang X. M. (2002): A new two-dimensional interleaving techni-
que using successive packing. — IEEE Transactions on Circuits and Systems I:
Fundamental Theory and Applications, Vol. 49, No. 6, pp. 779-789.

Skelton R. E., Iwasaki T. and Grigoriadis K. (1998): A Uni ed Algebraic Approach
to Linear Control Design. — Series in Systems and Control, London, England:
Taylor and Francis.

Srikant R. (2004): The Mathematics of Internet Congestion Control. — Systems
& Control: Foundations & Applications, Boston, USA: Brickh auser.



BIBLIOGRAPHY 183

Stoorvogel A. (1992): The Hy, Control Problem. A State Space Approach. —
Prentice-Hall International Series in System and Control Engineering, London,
England: Prentice-Hall International.

Sturm J. F. (1999): Using SeDuMi 1.02, a MATLAB toolbox for optimization
over symmetric cones. — Optimization Methods and Software, Vol. 11, No. 1,
pp. 625-653. Special issue on Interior Point Methods (CD supplement with
software)

Sturm J. F. (2000): Central Region Method. — in J. Frenk, C. Roos, T. Terlaky
and S. Zhang (eds), High performance optimization, kluwer academic publishers,
pp. 157-194.

The Mathworks Inc. (2002): Control  System  Toolbox user’s — gu-
ide. — The Mathworks Inc., Natick, USA. Available at
http://www.mathworks.com/access/helpdesk/help/helpdesk.html

The Mathworks Inc. (2004): Matlab. The Language of Technical Com-
puting. — The Mathworks Inc., Natick, USA. Available at
http://www.mathworks.com/access/helpdesk /help /helpdesk.html

Tian C. and Zhang J. (2004): Ezponential asymptotic stability of delay partial
di erence equations. — Computers and Mathematics with Applications, Vol. 47,
No. 2-3, pp. 345-352.

Toh K. C., Tutuncu R. H. and Todd M. J. (2002): SDPT3 version 3.02 — a
MATLAB software for semide nite-quadratic-linear programming. — Depart-
ment of Mathematics, National University of Singapore, Singapore. Available
at http://www.math.nus.edu.sg/~mattohke/sdpt3.html

Toker O. and Ozbay H. (1995): On the NP-hardness of solving bilinear matriz
inequalities and simultaneous stabilization with static output feedback. — Proc.
American Control Conference (ACC), Seattle, USA, 21-23 June, 1995, Vol. 4,
pp. 2525-2526.

Toker O. and Ozbay H. (1996): Complezity issues in robust stability of linear delay-
di  erential systems. — Mathematics of Control, Signals, and Systems, Vol. 9,
pp. 386-400.

Trinh H. and Fernando T. (2000): Some new stability conditions for two-
dimensional di erence systems. — International Journal of Systems Science,
Vol. 31, No. 2, pp. 203-211.

Tuan H. D., Apkarian P., Nguyen T. Q. and Narikiyo T. (2002): Robust mized
Hy/Ho  ltering of 2-D systems. — IEEE Transactions on Signal Processing,
Vol. 50, No. 7, pp. 1759-1771.

VanAntwerp J. G. and Braatz R. D. (2000): A Tutorial on linear and bilinear
matriz inequalities. — Journal of Process Control, Vol. 10, No. 4, pp. 363-385.



184 BIBLIOGRAPHY

Vandenberghe L. and Balakrishnan V. (1997): Algorithms and software for LMI
problems in control. — IEEE Control System Magazine, Vol. 17, No. 5, pp. 89—
95.

Vandenberghe L. and Boyd S. (1996): Semide nite programming. — SIAM review,
Vol. 38, No. 1, pp. 49-95.

Veres S. M. (2004): Geometric Bounding Toolbox for MATLAB. — SysBrain Ltd.
Available at http://sysbrain.com/gbt/index.shtml

Vidyasagar M. (1998): Statistical learning theory and randomized algorithms for
control. — IEEE Control Systems Magazine, Vol. 18, No. 6, pp. 69-85.

Vidyasagar M. and Blondel V. (2001): Probabilistic solutions to some NP-hard
matrixz problems. — Automatica, Vol. 37, No. 9, pp. 1397-1405.

Willems J. C. (1991): Paradigms and puzzles in the theory of dynamical systems.
— IEEE Transactions on Automatic Control, Vol. 36, No. 3, pp. 259-294.

Wood J., Rogers E. and Owens D. H. (2001): Behaviours, modules, and duality. —
in K. Gatkowski and J. Wood (eds), Mutidimensional Signals, Circuits and Sys-
tems, Systems and Control Book Series, London, England: Taylor and Francis,
pp- 45-55.

Wu S.-P. and Boyd S. (1999): SDPSOL: A parser/solver for semide nite programs
with matriz structure. — in L. El Ghaoui and S.-I. Niculescu (eds), Recent
Advances in LMI Methods for Control, Vol. 2 of Advances in Design and Control,
SIAM, pp. 79-91.

Wu S.-P., Vandenberghe L. and Boyd S. (1996): MAXDET manual. — Stanford
University. Available at http://www.stanford.edu/~boyd/MAXDET html

Xhafa F. and Navarro G. (1996): A Maple package for semide nite program-
ming. — Research report LSI-96-28-R, Dept. Llenguatges i Sistemes In-
formatics - Universitat Polit enica de Catalunya. Available at http://www-
Isi.upc.es/dept/techreps/ps/R96-28.ps.gz

Xie L., Du C., Soh Y. C. and Zhang C. (2002): H., and robust control of 2-D sys-
tems in FM second model. — Multidimensional Systems and Signal Processing,
Vol. 13, No. 3, pp. 265-287.

Xu S., Lam J., Gatkowski K. and Lin Z. (2004): An LMI approach to the compu-
tation of lower bounds for stability margins of 2D discrete systems. — Dynamics
of Continuous, Discrete and Impulsive Systems, accepted for publication

Xu S., Lam J. and Yang C. (2001): Quadratic stability and stabilization of un-
certain linear discrete-time systems with state delay. — System and Control
Letters, Vol. 43, No. 2, pp. 77-84.



BIBLIOGRAPHY 185

Ye Y., Todd M. J. and Mizuno S. (1994): An O(y/nL)-iteration homogeneous and
self/dual linear programming algorithm. — Mathematics of Operations Rese-
arch, Vol. 19, pp. 53-67.

Youla D. and Gnavi G. (1979): Notes on n-dimensional system theory. — IEEE
Transactions on Circuits and Systems, Vol. 26, No. 2, pp. 105-111.

Young S. S. (2001): Stability of discrete state delay systems. — Proc. 40th IEEE
Conf. Decision and Control (CDC), Orlando, USA, 4-7 December, 2001, Vol. 5,
pp. 4727-4732.

Zerz E. (2000): Topics in Multidimensional Linear Systems Theory. — Lecture
Notes in Control and Information Sciences, London, England: Springer-Verlag,
Vol. 256.

Zhang B. G. and Deng X. H. (2001): The stability of certain partial di erence
equations. — Computers and Mathematics with Applications, Vol. 42, No. 3-5,
pp. 419-425.

Zhou K., Doyle J. C. and Glover K. (1996): Robust and Optimal Control. —
London, England: Prentice-Hall International.



Lecture Notes in Control and Computer Science
Editor-in-Chief: Jézef KORBICZ

Vol. 8: Wojciech Paszke

Analysis and Synthesis of Multidimensional System Classes Using Linear Matrix
Inequality Methods

188 p. 2005 [83-89712-81-4]

Vol. 7: Piotr Ste¢
Segmentation of Colour Video Sequences Using the Fast Marching Method
110 p. 2005 [83-89712-47-4]

Vol. 6: Grzegorz Labiak

Wykorzystanie hierarchicznego modelu wspoétbieznego automatu
w projektowaniu sterownikéw cyfrowych

168 p. 2005 [83-89712-42-3]

Vol. 5: Maciej Patan
Optimal Observation Strategies for Parameter Estimation of Distributed Systems
220 p. 2004 [83-89712-03-2]

Vol. 4: Przemystaw Jacewicz

Model Analysis and Synthesis of Complex Physical Systems Using Cellular
Automata

134 p. 2003 [83-89321-67-X]

Vol. 3: Agnieszka Wegrzyn
Symboliczna analiza ukladow sterowania binarnego z wykorzystaniem wybranych
metod analizy sieci Petriego
125 p. 2003 [83-89321-54-8]

Vol. 2: Grzegorz Andrzejewski

Programowy model interpretowanej sieci Petriego dla potrzeb projektowania
mikrosysteméw cyfrowych

109 p. 2003 [83-89321-53-X]

Vol. 1: Marcin Witczak
Identi cation and Fault Detection of Non-Linear Dynamic Systems
124 p. 2003 [83-88317-65-2]



Prace Naukowe z Automatyki i Informatyki
Przewodniczacy: Jézef KORBICZ

Vol. 8: Wojciech Paszke

Analysis and Synthesis of Multidimensional System Classes Using Linear Matrix
Inequality Methods

188 p. 2005 [83-89712-81-4]

Vol. 7: Piotr Ste¢
Segmentation of Colour Video Sequences Using the Fast Marching Method
110 p. 2005 [83-89712-47-4]

Tom 6: Grzegorz Labiak

Wykorzystanie hierarchicznego modelu wspo6tbieznego automatu
w projektowaniu sterownikéw cyfrowych

168 s. 2005 [83-89712-42-3]

Tom 5: Maciej Patan
Optimal Observation Strategies for Parameter Estimation of Distributed Systems
220 s. 2004 [83-89712-03-2]

Tom 4: Przemystaw Jacewicz

Model Analysis and Synthesis of Complex Physical Systems Using Cellular
Automata

134 s. 2003 [83-89321-67-X]

Tom 3: Agnieszka Wegrzyn

Symboliczna analiza ukladow sterowania binarnego z wykorzystaniem wybranych
metod analizy sieci Petriego

125 s. 2003 [83-89321-54-8]

Tom 2: Grzegorz Andrzejewski

Programowy model interpretowanej sieci Petriego dla potrzeb projektowania
mikrosysteméw cyfrowych

109 s. 2003 [83-89321-53-X]

Tom 1: Marcin Witczak
Identi cation and Fault Detection of Non-Linear Dynamic Systems
124 s. 2003 [83-88317-65-2]



