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The design of incentive-compatible mechanisms for a certain class of finite Bayesian partially observable Markov games is
proposed using a dynamic framework. We set forth a formal method that maintains the incomplete knowledge of both the
Bayesian model and the Markov system’s states. We suggest a methodology that uses Tikhonov’s regularization technique
to compute a Bayesian Nash equilibrium and the accompanying game mechanism. Our framework centers on a penalty
function approach, which guarantees strong convexity of the regularized reward function and the existence of a singular
solution involving equality and inequality constraints in the game. We demonstrate that the approach leads to a resolution
with the smallest weighted norm. The resulting individually rational and ex post periodic incentive compatible system
satisfies this requirement. We arrive at the analytical equations needed to compute the game’s mechanism and equilibrium.
Finally, using a supply chain network for a profit maximization problem, we demonstrate the viability of the proposed
mechanism design.
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1. Introduction Markov games (BPOMGs).

The literature has usually reported the design of
(economics) mechanisms without careful consideration
of incentives and regardless of the differences with the
real-world. As a consequence, the design of mechanisms
needs to be related to an engineering approach.

There exists an extensive literature on mechanism
design. We refer the reader to Bergemann and Said
(2011) for a detailed survey on the mechanism design
literature. The main focus is usually on one of the
following approaches:

1.1. Brief review. Mechanism design emerges as a
framework for incentive compatible design of resource
allocation processes in the engineering and economic
theories. It has been already extended to other disciplines
(Gallien, 2006; Kakade et al., 2013; Nocedal and Wright,
2006). The main focus of the literature is on efficient
or optimal mechanism design with selfish agents. A
key difficulty in practical mechanism design is that they
are developed by trial and-error techniques (Hartline and
Lucier, 2015), which is not a method for finding the best

solution. We develop a theory of designing mechanisms e models  where  mechanisms depend on
for frameworks with dynamic private information and informativeness of the agent with private information
propose a mechanism that maximizes profit for a (Courty and Li, 2000; Battaglini, 2005);

particular class of finite Bayesian partially observable . L .
* environments considering a continuum of agents
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and Lucas, 1992);

* games with repetitions in which players observe
public outcome with imperfect signals and actions.

More precisely, Esé and Szentes (2007) extended
the study of analyzing a monopolist selling an indivisible
good to multiple players for optimal information
revelation in auctions, employing a two-period state
representation to orthogonalize an agent’s future
information.  Board (2007) presented a multi-agent
framework with an infinite-time horizon. Kakade et al.
(2013) took into consideration a bandit auctions and
proved that the optimal mechanism is a version of
the dynamic pivot mechanism. Garg and Narahari
(2008) suggested a mechanism design for single
leader Bayesian Stackelberg problems. Gershkov and
Moldovanu (2009) described a mechanism design
approach for dynamic revenue maximization in which
the agents arrive stochastically over time. Athey and
Segal (2013) developed a Bayesian incentive-compatible
mechanism for a dynamic environment with quasilinear
payoffs in which agents observe private information
and decisions are made over countably many periods.
Pavan et al. (2014) considered a Myersonian mechanism
design approach, which studies dynamic quasilinear
environments where private information arrives over
time and decisions are made over multiple periods.
Board and Skrzypacz (2016,) suggested an approach
for mechanism design where players take into account
one piece of private information arriving stochastically
over time. Hartline and Lucier (2015) presented a
technique for transforming a potentially nonoptimal
algorithm approach to optimization into a Bayesian
incentive-compatible mechanism that improves the social
welfare and revenue.

1.2. Main results. This paper presents a dynamic
framework for incentive-compatible mechanism design
for a particular class of finite BPOMGs. The main results
are summarized as follows:

1. Provides a formal approach that preserve both, the
incomplete information of the Bayesian model and
the incomplete information over the states of the
Markov system,

2. Proposes a method involving Tikhonov’s
regularization technique for converging to a
Bayesian Nash equilibrium and the corresponding
mechanism for the game.

3. Ensures the strong convexity of the reward function
by a penalty approach and the existence of a solution
involving equality and inequality constraints.

4. Derives analytical expressions for computing the
mechanism and the equilibrium of the game.

1.3. Organization of the paper. The paper is
structured paper as follows. In Section 2, we formalize the
Bayesian Markov games defining incentive compatibility
and mechanism design. In Section3, we discuss our
approach for designing mechanisms in BPOMGs. The
concepts of mechanism and equilibrium for this game
are formalized in Section 4. In Section 5 the dynamic
approach is presented and the convergence analysis is
developed in Section 6. Section 7 provides an application
example of the proposed method involving a supply chain
network for profit maximization. Section 8 concludes
with some remarks. Appendix contains the proofs of the
lemmas and theorems.

2. Preliminaries: Bayesian Markov games

We consider a discrete-time repeated game played by a
set N' = {1,...,n} of players indexed by | € N.
Following standard practice, we shall say that at each time
t > 1, the player [ is privately informed about her type
¢! € ©L. Players simultaneously take an action (make
decisions) a} € AL Let A, = X, Al. We write ©;
for Xien©!, O for Xpenr n207 and A(A) for the set
of all probability distributions over A. We assume that A!
and ©! are finite sets for all [.

A social choice function k is a mapping from the
profile of types to lotteries over alternatives if all players
report their type 0! € O, ie, k : O, — A(4;). A
social choice function represents the goals of the game,
e.g., to maximize revenues, etc. Finally, each player
has a known valuation function u'(al,6!) > 0, which
determines the actual value (utility) for the player [. Each
ul : Al x ©} — R* is a mapping from the alternatives
and the set of type profiles to the set of non-negative real
numbers.

We assume that the type 6! of player [ follows a
controllable Markov process on the state space ©L. A
controllable homogeneous Markov chain is a sequence
of #-valued random variables 6;, ¢ € T, satisfying the
Markov condition:

pl<0i+1|91l57 af&v eé—la af‘,—l e 70l0a alo)
= pl (ezls-i-lwzlsaff) , (1)

which represents the probability associated with the
transition function (or stochastic kernel) from state 9,{ to
state 6! 41, under an alternative al. The common prior
(initial distribution) of the state-alternative process for
each player is denoted by {(©,, A;) |t € T'}. In this case,
the process described by a Markov chain is completely
described by the transition function p' (6% |6}al) and
the initial distribution vector P (6}) € A(©}) such that
P} (6}) € A(O}), where A(B}) denotes the set of all
probability distributions over ©!. The Markov chains
are mutually independent. We assume that each chain
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(P, p(6! +1 16!, al)) is irreducible and aperiodic, and that
P! is its unique invariant distribution.

Definition 1. A mechanism i in the above environment
assigns a set of possible messages M/ to the player I.

At each time ¢, the player | sends a message m!

from this set and the mechanism p responds with a
(possibly randomized) decision that may depend on the
entire history of messages sent up to time ¢, and on past
decisions. Hence, the mechanism (at|m;) has inputs a;
that is the current allocation for the players and m; =
(m},...,m%), which is the joint set of messages made by
the player [.

Let us consider an allocation rule g, which represents
the probability measure associated with the occurrence of
an alternative a; from the profile of messages m; at time
t € T. It is a mapping from the message m; to lotteries
over alternatives A(A), i.e., g : My — A(As).

Formally, a mechanism g is a pair (M, g) where M;
is the set of messages for player I and g : M; — A(A;)
is the allocation rule. The mechanism g is interpreted as
the probability that a; will be the outcome if the profile of
types 6; and messages m; are the players’ types.

Let U be a set of available mechanisms. We have that

Unin = { plarlme) > 0 |

S pladme) =1, m, € @t}. )

at€A¢

We write (g, M} X -+ X MJ*) € Uyam and g(m;) =
A(At), where my € My, Uym is the set of feasible
mechanisms.

Note that the mechanism is common for all players,
i.e., it is independent of the individual index [ € N.

A dynamic mechanism induces a dynamic game
with incomplete information. The following sequence of
events takes place in each period t. At the beginning
of each period ¢, the designer announces publicly the
mechanism to the players and each agent privately learns
her current type 6, € ©! drawn from p' (6},,]60}, a}).
Next, players sent messages m! simultaneously, and
the profile of messages is publicly observed m;. The
mechanism selects a decision a; € A; according to
u(ag|my) and the implemented alternative a; is publicly
announced.

With this assumption, the public history in period
t is a sequence of messages m! and alternatives al(6;)
until period ¢ — 1. The state of an observer is the vector
ht = (mb,dl,...,ml_;, al_;,ml), which is a trajectory
of length ¢ called the history (public history) where:

(i) H, is the set of possible states in period ¢, capturing
all information relevant to the decision by the
observer in that period, and

(ii) each m; = (ml,...,ml) is a report profile of the

player (.

The public history h; stands for a generic element of H;,
which is the set of possible public histories in period .
The sequence of reports by the players is part of the public
history and we assume that the past reports of each player
are observable to all the players. The private history h}
of player [ in period ¢ consists of the sequence of private
observations and the public history until period ¢, that is,
ht (907m07a07' ewlf 17mff 170'55 1791)

The set of possible private histories for each player [
in period ¢ is denoted by H! = ©} x H!_,. A (behavioral)
strategy o'(ml|0!) for player [ is a mapping o : H' x
@l — A(M?). The set of all feasible policies is denoted

!
by S,4,- Therefore, we have

Skam = { ' (mh]6}) > 0

> ol =1, 6 €0t} 3

mleo!

The valuation functions u!(a!, #!) and the transition
functions p' (6}, ,|6}a}) are all common knowledge at ¢.
The common prior initial distribution vector P'(A (6}))
and the transition function p' (6., |0ia}) are assumed to
be independent across players. The interaction between
players induces a Markov game given by the quintuple

= (NV,0! Al PLUY e, where the average payoff
of player [ is the expected value of the summed payoff
obtained under the mechanism p, the strategy o, and is
defined as

Up (1, 0)

=22 > >

teT glcol mlcol alc Al

H p(aclme)o

LEN
=22 > 2 Whanb)

teT glcol mieo!l alc Al

X H wlagme)ot(m;|6;) P (0;)
LEN

(al(6,),6})

x p'(014110a}) “(mi6p) P (0;)

where

W' (at, 01) = u'(ay(ms), 01)p (011 101at).-

3. Bayesian partially observable Markov
games

We consider the case where the process is not directly

observable. Let us associate with ©! the observation set
=l which takes values in a finite space. The stochastic
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process Z! is called the observation process. By observing
Z; at time ¢ information regarding the true value of ©; is
obtained.

A mechanism p in the above environment assigns
a set of possible messages M| to the player I. At each
time ¢, the player [ sends a message m! from this set and
the mechanism p responds with a (possibly randomized)
decision that may depend on the entire history of messages
sent up to time ¢, and on past decisions. Hence, the
mechanism p(a¢|my) has inputs a; that is the current
allocation for the players and m; = (m}, ..., m}), which
is the joint set of messages made by the player (.

Consider an allocation rule g, which represents the
probability measure associated with the occurrence of an
alternative a; from the profile of messages m; at time ¢ €
T. Itis is a mapping from the message m; to lotteries over
alternatives A(A4;), i.e.,, g : My — A(A;).. Formally,
a mechanism p is a pair (Mg, g), where M, is the set
of messages for player [ and g : M; — A(A;) is the
allocation rule. Let U/ be a set of available mechanisms.
We have that

uadm={,u(at|mt) >0 |

Z plaglme)=1, my € Et} 4

a; €A

which differs from Eqn. ().

A realization of the Bayesian partially observable
system at time t is given by the infinite sequence
(96,196,7710,(10,9l1,19l1,m1,al1,...) € Q! =
(0,0, =, A%, where ) has a given distribution
P'(0}) € A®O) and A; is a control sequence in A
determined by a control policy. To define a (behavioral)
strategy, we cannot use the states 6}, 60,.... Then, we
introduce the observable histories kY, € H} and h; :=
(9%)’1%77”6’@6’“'701{71’19%71’”7’%71’@%7177”%) €
Hiyforallt > 1and HL = = x Hy_y, ift > 1. A
(behavioral) strategy o' (9L|0L) for player [ is a mapping
ol O — A(OY). The set of all feasible policies is
denoted by S';,,. We have that

Skaw={ o (0116}) 2 0
> o) =1, 6 e o), )

UASICH

which differs from Eqn. ().

Now, the probability p(m! |9, al) is called the ob-
servation kernel and denotes the relationship between the
type ¥, € ©! and the message m! € M/ when an action
al € Alis chosen at time t. The observation kernel is a
stochastic kernel on =!.

The dynamics of the game with a set N =
{1,...,n} of players (indexed by | = 1,n) is described
as follows. At time t = 0, the initial state 06 has

a given a-priori distribution P! (96) € A®), and the
initial message m), is generated according to the initial
observation kernel p!(m!|¥Lal). If at time ¢ the state of
the system is ©; and the action AL € Al is applied, then
each strategy is allowed to randomize, with distribution
ol (9L]6L) considering the mechanism p(a;|m;) over the
action choices A!. These choices induce immediate
utilities U/ (i1, o) where the system tries to maximize the
corresponding one-step valuation functions u!(at, 6%, ml).
Next, the system moves to a new state 6! 41 according
to the transition probabilities p ( H +1|91at) Then,
the observation =; is generated by the observation
kernel p!(m!|9¥lal). Based on the obtained utility, the
systems adapt its strategy computing o*(14]6%) and the
mechanism g (a:|m;) for the next selection of the actions.
The valuation functions u!(al, 6!, ml) and the transition
functions p' (6 ,,|0}al) are all common knowledge at
t = 0. The common prior initial distribution vector
P! (0}) € A®©}, and the transition function p' (6}, ,|6}al)
are assumed to be independent across players. The
interaction between players induces a Bayesian partially
observable Markov game where the average payoff of
player [ is the expected value defined as

Uk (p,0)

=22 > > >

teT pleol vicol mieEl ale Al
PO 101ap) T mlaclme)
LEN
x ot (03107 )p* (my|9yaq) P (67)

=22 > 2 > Wianbimy)

teT pleol vicol mieEl ale Al

x [T uaclme)o (95167)p" (m|94a;) P*(6;),
LEN

(al(6y),0%)

with
Wl(aiv 01157 mé) = ul(aé(mi), 01157 mi)pl(eé+1 |9ia{‘.)

Given a direct mechanism 4 and a history ¢, the
following sequence of events takes place in period ¢ and
forany i € N:

1. Each player [ privately observes her current type 6!
drawn from P' (6}).

2. Each player, considering p!(ml|9¥lal), sends a
message m! € M/ using a mechanism p(a;|m;) €
Uaam with the strategy o (94]61).

3. The mechanism selects an alternative a; € A
according to p(ag|me) € Updm-

4. Then, the allocation is realized and they obtain a
reward.
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5. Finally, the state changes to 6! 41 by taking
pl(9é+1|0éai).

The realization of this goal implies the fulfillment of
the strong form of the strategy and mechanism such that
the limiting average payoff in the ergodic case is

U%mﬂzﬁgT”Uﬂmﬂ

4. Mechanism and the equilibrium

In this section, we provide an analytical method for

computing a mechanism. We restrict ourselves to the case
Ll 109 o — ool (ol 490

where p' (mg|d;a;) = p' (my|0y).

4.1. Problem formulation. We assume that players
know their payoffs. Each player maximizes the individual
payoff function U'(p, o) realizing the rule given by

(u*,0,+) € Arg max

l L
Heuadm Z U (M, 0’” ) (6)

leN

for a given mechanism /i, and the strategies o, satisfy

the Bayesian Nash equilibrium fulfilling for all admissible
o the condition

Ul(u,o;) > Ul(p, o', 07™). 7
Here
¢ the mechanism y is unique for all the players,
o™*) is referred to

e the strategy o* = (o'%,..., :
«

as a Bayesian Nash equilibrium with o= =
1% 1—1x% I+1,% n*
(O’ ye oy O ,O e )

4.2, Auxiliary problem. Now, introduce the

z-variable:

(0 bmbal) = plar|me)o! (9116)p (md 9} P (6)).
(8)

Let us define Q' = [p'(m}|})] -

Problem 1. We will try to find a mechanism
u(at|my) and Bayesian strategies o (9}|6!) which solve
the following individual nonlinear programming problem:

:ZUZ(,Z

leEN
L 1 pl l
= E E E E W(ay, 0;,my)
0lcol 9lcol mic=l ale Al

X H 2 (0 9ymyay),
LeN

9
) = max ©)

(10)

aamcs

where 2'(0i9imiat) is given by @) and Zum =
X' 7L with

adm

Zl

adm

= {leil&vﬁi’miva{t) >0 |

Z Z Z Z Heloimial) =1,
0leol vieol mle=l alc Al
> D> D AOwimia) = P'or) >

9le0l mie=l ale Al

POEDDED DED BT AU L)
0lcol vicol mle=l ale Al
x 2H(019imlal) = 0, 6}, € O,
DD D D By —p(mild)]
oleol vicol ple=!l alc Al
(9 ﬂé@i é) =0, mt €= Ht
TS S S el e 20
0teol ¥vieo!l mleEl ale Al
dGi}
(1D
Notice that the following relations hold:

Z plaglme) =1, Z ol (0;60}) =

ar€A: CHSCH

> pmlo) =1, > Ple)=1

mleol ASCH

It is easy to check that Z!, includes the simplex A!,

namely, 2! € Al ¢ Z!

dm

Al = 3 0Wmlal) >0
tt

>0 > >

0leol vicol micEl alec Al

D > D HEaimial

9 eol mleEl aleAl

(0l9imlal) =1,
ﬂw)>@ (12)

Write the solution of the problem (9) as z*, [ € N.

4.3. Recovering of optimal mechanism and strategies
from the z* solution. The result below clarifies how we
may recover the mechanism p*(az|my).

Lemma 1. Suppose that the problem (9) is solved.
Then the mechanism p*(a¢|m¢) can be recovered from
201, 9L, ml, al) as follows:

2 2 2
leN glcol vicol

T (L9l L ALY
> 2 (00ymiay)
leN 9icol 9icol alc Al

2(0p9imiat)

w(aglmy) =

(13)
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Proof. See Appendix, Section[ATl ]

Variables o'*(9%|0) and P™*(m
as it is presented below.

t) can be recovered

Corollary 1. The equilibrium (behavior) strategies
ol*(0L|6}) are given by

ISIEDY

el gl 1
myEZ;, a; €A

Y X X (biehmiay)’

gie@lt mlte:lt aiGAlt

2 (004 miay)

B (0416})= (14)

| € N and the corresponding distributions P™*(ml) are
as follows:

Prmi)=2>, >, > #

0lcol vicol aleAl

(09imtal),
le N. (15)

4.4. Necessary conditions for ergodicity. The next
theorem presents the necessary egodicity conditions that
the solutions of the problem (@) must satisfy.

Theorem 1.  If the strategy o' (9L|0L) and the mech-
anism p*(at|m¢) are solutions to the problem (9) and,
hence, correspond to a Nash equilibrium (), then vari-
ables 2" (0L, 9L, ml, al) foralll € N satisfy the following

ergodicity constraints:

2 2 2. D Ba,

aleol kleo! plexl ylc Al

le*(aft“é t’Yt) 0,

e:ls+1|0‘t’7t)]

0,., €0, (16)

22 2 2l

oleEl aleol kleol ylcAl

6t|’€t)]

x 2" (abrloly) =0, B eEl, (A7)

DD > QB (b =

aleol kleo! plexl vlc Al
I - =l
Py €2 (18)

Proof. See Appendix, Section[A2 ]

4.5. Bayesian Nash equilibrium.

Lemma 2.  The obtained mechanism p*(a;m;) and
the strategies o'*(VL|0L) satisfy the Bayesian-Nash equi-
librium given in Eqn. (7).

Proof. We have

max U(z)

Z€ Zydm

=U(z")=> U'(z)=> U, o;.)

leN leN

=222 2 2 > Wiantmy)

leEN teT 9lcOl 9l cOl mleEl ale Al
x (0 (aelme))" o™ (9;100)p"™ (mylOyaz) P™ (67)
x I o @16n)pt™ (miloiat) P (65),

LELEN
= E E max E E w*(agmye))™
oles ld
IeEN teT wm ol ezl gl e Al

X Z Z W(at, 6L, m!)

oleol yicol
x o' (9416;)p" (m¢|9,al) P! (6;)
< [ o @il6s)p™ (mi|9}ay) P (67)

LElEN
=20 2. > wiaim)
lEN €T mlcEl alc Al

X Z Z (Wl(atvetlhmi)

0leol vieo!
x o (93]03)p' (mi91a) P! (6))
x T o @ionp (milosa) P (6;)
LElEN
_ Z Ul(,LL,O'l,O'_l*).
leN
(19)

From this inequality it follows that

S (U o) = Ut o' 07) > 0. (20)
leEN

Since the above inequality is valid for all admissible
strategies o, it is valid when 07 = ¢7* for j # [, implying

Ul(p*,o5.) = Ulp 0t 07%) >0, @2
which coincides with Eqn. (Z) when p = p*. The lemma
is proven. |

5. Convergence analysis

5.1. Nash equilibrium problem. In this section,
we prove the convergence of the proposed method to
a mechanism and unique Bayesian Nash equilibrium
(Clempner and Poznyak, 2015; 2016). Each player selects
the best reply to the other players’ strategies to reach the
equilibrium. To this end, we first recall the definition of
the (standard) Nash equilibrium problem.
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We consider a game played by aset N' = {1,...,n}
players indexed by [ € N. Each of player [ € N controls
the variable

2! (O0,0ymiay) == p(ac|my)o’ (04104)p' (mi|95) P (67).

Consider a game whose strategies are denoted by z! €
X! where X! is a convex and compact set, and ! :=
col (2! (0i9imlal)), where col is the column operator. Let

x = (z},...,2")" € X, the vector formed by all these
decision variables, be the joint strategy of the players
and 7! = (:cl,...,xl’l,xl“,...,x”)T € X'bea

strategy of the rest of the players adjoint to 2! € X'. To
emphasize the [-th player’s variables within the vector z,
we sometimes write # = (z!,27))T € R"™ where 2~
subsumes all the other players’ variables. We consider
a Nash equilibrium problem with n players and denote
by = (z!,27!) € R" the vector representing the [-th
player’s strategy where x € Xygm and Xygm = X;dm X
Xagél, such that

Xaam == {z : 2 >0, Pox = by, P12 < b1}.

Let f© : R® — R be the [-th player’s reward
function (cost function). We assume that these reward
functions are at least continuous, and we further assume
that the functions f' (z!,z7") are concave in the variable
x!. The players try to reach one of the non-cooperative
equilibrium, that is, they try to find a strategy z* =

(z'*,...,x"*) satisfying for any 2! and any | € N that

Fa)=Y ng? 7 (:ﬂ,ﬂ)) iy (:rl,:rl)] .

leN
(22)
Note that
Fla):=Y_[f (@)= f("27")], @3
leN
where
z' € Arg max f! (wl,x_l) (24)
zte Xl
and the function f! satisfies
fHaha™) = @dha™l) 20 (25)

for any ! € X' and I € N. Then a vector z* € X is
a non-cooperative equilibrium, or a solution of the Nash
equilibrium problem if

z*€ Arg max {F(z)}. (26)

In the case where F (x) is a strictly concave function,
we have that

o= arg max {F(x)}.

5.2.  Penalty function approach. Considering the
“slack” vectors ¢ € A with nonnegative components, that
is, ¢; > 0, the original problem (26) can be rewritten as

F(x) —» max
IGXadnn CZO
Xadm 1= {.TZ{EZO, Pox = by, P1x — by +C:0}

(27)

Remark 1.  Note that the problem (27) may have a
nonunique solution and det (V1 V) = 0.

We are dealing with a penalty function solution
method which considers (Clempner and Poznyak, 2018a;
2018b)

e (0.0)i= ~F() 4. |5 02~ ol

el by 4P @
P 2 2
+2 (llall® + 1¢1”)]

with ¢, p > 0, such that the optimization problem

e p(x,C) — min (29)

7€ Xadm, CZO

has a unique equilibrium point. The following lemma
proves this statement.

Lemma 3. The optimization function given in Eqn. (28)
is strongly convex if the Hessian matrix H associated with
the penalty function given in Eqn. (28) is strictly positive.

Proof. See Appendix, Section[A3] ]
It is important to note that

ar mi
gxexadf,lczowg’” (,6)

=ar min W T
gweXadm,CZO “p ( ,C)

such thatw := ¢~! > 0 and
1
Wy (2,€) 1= —wF(z) + 5 || oz - bol|®
1
+ 5 @1z — by + )1 (30)

+ £ (el + 1¢I?)

Let X* C X,gm be the set of all solutions to the
problem 27). The following proposition holds for the
penalty function method.

Proposition 1. The parameters x* (w, p) and * (w, p),
which are the solutions of the optimization problem
Y — i
e () 2€ Xy €20
tend to the set X* of all solutions of the original optimiza-

tion problem (27), when the penalty parameter w tends to
zero.
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Remark 2. We have that Proposition [ holds if
¢pl0
where d {a; X*} is the Hausdorff distance defined as

d{y; X"} = min_[ly —z*|*

xT* X*

The following theoreem determines how the
parameters w and p tend to zero. We provide the
convergence analysis of the sequences {z,},.y and
{¢n},en in the following theorem. Define y = (z,()T

such that YVagm = Xadm X Aadm.

Theorem 2. Let the Markov game be Lipschitz continu-
ous; in particular, for any y := (z,¢)", let ¥, , (z,() =
U, , (y) be convex and differentiable with the gradient
satisfying the Lipschitz condition given by

Ve, (y) = V0, (Rl < clly — k|

forc > 0 and all y, k € YVagm, where Vaam a is convex
and compact set. In addition, assume that w and p are
time-varying, i.e.,

W = Wn, P = Pn (n:071727"')7
where the parameters satisfy
Wn
O<wp,0, —1L0 asn— oo (32)
Pn
Then, for any p € (0,1) and any vector yk :=
(@3, = o (Wny pn) , Gy = ¢ (Wi, pn))T € Vaam the se-
quences
I’rl =z (men) njo)o I**v
G = (wnypn) — ¢ (33)
n—oo

converge to a Bayesian Nash equilibrium point and a
incentive-compatible mechanism such that ** € X* is
the solution of the original problem (27).

Proof. See Appendix, Section[Adl ]

The following theorem determines how the
parameters w and p tend to zero employing the Hausdorff
distance defined in Eqn. (31).

Theorem 3. Assume that the bounded set X* of all so-
lutions of the original optimization problem (27) is not
empty and Slater’s condition holds, that is, there exists
a point © € Xy such that

D12 < by. (34)

Then, by Theorem[2 for any p € (0, 1) the sequences

*
n

=2 ) =

X

C;: = C* (men) — C**

n—r oo

converge to a unique Bayesian Nash equilibrium point
and a unique incentive-compatible mechanism, such that
T** € X* is the solution of the original problem (27) with
the minimal weighted norm given by

lz**|| < ||lz*|| forallz® € X* (35)
and

C** = bl — @1.%'**. (36)

Proof. See Clempner and Poznyak (2018a; 2018b). =

Corollary 2. The resulting mechanism is unique, and it
is incentive compatible, i.e., it satisfies Eqn. (i6).

6. Numerical example: A supply chain
network

6.1. Description of the supply chain problem.
Consider a multinational firm with several subsidiaries
(Maskin and Riley, 1984; Asian and Nie, 2014). We
develop a supply chain network model where subsidiaries,
denoted by I € N, are involved in the competitive
production of a homogeneous product for multiple
demand markets and compete in a noncooperative manner
(Zeifman et al., 2020; Khoury et al., 2022). We consider
the problem of selling prices and optimal production
levels for a supply chain in the presence of asymmetric
information related to local ownership requirements. The
profit-maximizing divisions select independently both
the capacities associated with producing as well as the
product quantities.

The market requests a new product and the firm
decided to invest in this new product. This new product
involves several parts that can be produced by different
subsidiaries, which have different capacities. In the supply
chain, each subsidiary can take the actions a of either
accept or reject to produce and deliver the intermediate
product. In addition, the subsidiary decides about the
produced and delivered quantity q.

The new product “coordinates” the independent
divisions. Therefore, a price system combined with
rules of the intra-firm information flow must be defined.
The subsidiary [ produces an intermediate product which
is employed by the parent (I1+1) to produce a finished
product along a vertically integrated supply chain. The
last division in the supply chain sells the final product.
Let 6 denote the subsidiaries’ willingness to pay for an
intermediate product.

A key feature of the supply chain subsidiaries model
is that there is both asymmetric information and no
intention to reveal the willingness to pay. In order to
promote the persuasion process, we consider that the
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intermediate product is available on any outside market
and can be sold there.

We define the cost function of the subsidiary as a
combination of ¢! (al#im!) and v*(m!|al)) that represents
the quantity produced of the intermediate good.

The problem is presented in terms of the direct
revelation mechanism (Myerson, 1983; Jackson, 2003),
where the revelation game is played after a mechanism
is defined by the mean of the combination of the
functions U'(u(asmy), o' (91167), p'(mi|91), P'(6}))
and v!(ml|al). Bear in mind that the former function,
U (u(arlmy), o' (91]61), p'(mi]9}), P'(6})) represents a
monetary transfer from the parent to the subsidiary. The
latter function represents the quantity level, v!(m!|al),
depending on the reported type m! and the action a;. The
profit function of the subsidiary, denoted by 7!, is defined
as

7w (u(a,Jm, ) (0,]04)p' (m}]0,) P (6})v' (m}a;))

=03 3 3N wiag6),m)

0leol vicol mlcEl alc Al

X H playlm,)o

LEN

PPV

0le0l mieEl alc Al

“(016%)p (m;ww(e;)}vl(mﬂai

atelmt Ul(m“aé),

where

Tadm::

mt|at

S vonle <ot

(=T 1
myEE; a, €A}

such that 0 < ov™T is the maximum quantity able to
be produced. This represents the gross profit of the
subsidiary who reports m/! for the observed type 1% when
its true type is 6.

Simplifying, we have
w! (2! (010imya})q (mhat))

=<3 3 3N wial, el ml)

0leol vico! mleEl alc Al

<L =

LEN

PPV

0le®! mlecEl alec Al

L Ly
(0, 0imyay }Ul(mt|at)

alolm!) Ul(mi|ai).

)

We will also define the profit function
' (2'(03ay)q' (6t at))
=12 D Wiao)

0leO!l ale Al

DI

0tcOl aleAl

v'(64ay)

I1 = 61a)
LEN

atel 91 |at)

The dynamics of the game is as follows. As soon as
the mechanism is suggested, the subsidiary makes a report
of its type m! for the observed type 9. when its true type
is 0!; then the parent determines the quantity v (m!|al) to
be produced. Next, production takes place and revenues
and the intermediate products are transferred. The parent
pay-off represents the reward obtained from the sale of
vl(ml|al) units of the intermediate product minus the
costs (of the parent). The finished product is sold in a
monopolistic manner by the final subsidiary in the supply
chain on the open market, i.e., taking into account its
effect on price. Without loss of generality, it can be
supposed, that the quantity of the finished product equals
the quantity of the intermediate good.

We will now develop the profit function of the parent
shareholders. We suppose that they own a fraction a of the
subsidiary. This means that they share, on a pro-rata basis,
the revenues and bear the same share of costs. The profit
of the parent is as follows

! (! (B19myaz)v’ (miay))

{3 Y whalehm)

0leol vicol mie=l alc Al

X H (0;9imiay)
LEN

% Wl—l( —1 Hl 1 l 1)

X H (0;9;myay) }U (mt]al)
LEN

{Z Z Z ! (at, 0, my) }Ul(mﬂai)v

01€0} mleEl alcAl

l=2,...,n

where [ = 1 represents the first divisionand l = 2,...,n
the rest of the divisions on the vertically integrated supply
chain such that

' (21 (6,9} mia})o’ (mjla}))

:{ Z Z Z Z Wl(aivai’m%)

0;€Ol ¥} €O m{€E] aj €A}

aamcs
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210 0imial) - C" ol (mia)

*{ > X ayohmb) fot(mia}),

0t€O} m{cE} ajcA}
=1

given C! denotes acquisition and production costs (per
unit/marginal costs).

6.2. Problem formulation. We now formulate the
problem of designing a mechanism. We suppose that
the players have all of the bargaining ability and can
enforce the best ex-post outcome while respecting the
players’ opportunity of cost and private information. The
mathematical statement of the problem is as follows:

m(p(ae|me)o (9¢]0:)p(me|0e) P(0r)v(meat))

max (37)
HEUm ,0 € Sadm,VE T adm
subject to
(2! (Biap)v l(9l|ai))
' (2 (By0ymiar) (milar)),  (38)
m (2! (By9ymiap)v' (milag)) > 0, (39)

where

m(p(at|me)o(9¢]0:)p(me]9:) P(Or)v(me|ar))

= 7' "(9116)

leEN

at|mt
P! (mil9y) P (60! (miay)).-

The revelation principle states that the equilibrium of
any Bayesian game of incomplete information can be
implemented as an equilibrium of the direct revelation
game in which players report the truth using an
incentive-compatible mechanism (Myerson, 1981). The
constraint of Eqn. (39) is the individual rationality or
participation constraint, which determines that the parent
should not lose from the arrangement. Here, the constraint
on the problem reflects the fact the parent must prefer
to buy the product with the subsidiary over an outside
option. Notice that there is a point for an equal surplus
for the subsidiary and the parent, where the constraint of
individual rationality holds with equality,
(2 (Oimiap)v’ (milay)) = 0. (40)
The economic interpretation of Eqn. (@0) is that the
subsidiary chooses a quantity where the marginal benefit
to the parent equals the subsidiary’s marginal cost of
production. That is, the socially efficient quantity of the
good is offered. This maximizes the size of the economic

pie to be split between the parties. Having done this,
the subsidiary then uses the transfer to capture all of this
surplus.

In order to solve the problem given in Eqn. (37),
we employ the proposed method for determining the
incentive compatibility constraint. The following result of
the mechanism design literature is given in the following
lemma.

Lemma 4. The mechanism pi(a;|my) is incentive com-
patible, i.e., it satisfies Eqn. (37).

Proof. It follows immediately from Theorem 3] that

E{x* (1" (aslmq) o™ (916})
X p(mh |0} P (0)" (mi|a}) }
> E{ ' (u(ar|me)o (9}16})
xp (mb 9} PO} (milat)) ). 41)

6.3. Numerical results. We consider a “downstream”
production, so that intrafirm trade flows from the
subsidiary to the parent. The constraint given in Eqn. (38)
is the incentive compatibility or truth-telling constraint
imposed on the mechanism designer (parent); in other
words, Eqn. (38) says that a player must prefer to report
her type truthfully than to reject the contract entirely.
We suppose that the parent can enforce the best ex-ante
outcome while respecting the subsidiary’s opportunity
cost and private information.

The convergence of the strategies 2! (Al9imlal) are
given in Figs. [l @l and B Applying Eqns. (13), (14)
and (I3), we have that the resulting Bayesian strategies
ol (9L]6L) are the following:

[0.5542  0.1537 0.2455 0.1631]
oW — 0.1486 0.1537 0.2648 0.1631
0.1486 0.1537 0.2447 0.1631(°
10.1486  0.5388 0.2450 0.5108 |
[0.5295 0.1530 0.1914 0.1561]
(2% — 0.1568 0.1530 0.4299 0.1561
0.1568 0.1530 0.1894 0.1561|°
10.1568 0.5409 0.1894 0.5313|
[0.2363 0.2531 0.2419 0.1591]
o3 — 0.2575 0.2532 0.2510 0.1561
0.2576 0.2533 0.2536 0.1599(°
10.2486  0.2405 0.2534 0.5249 |

and the distribution vectors P*(ml) for each player [ are
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Dynamic of the strategies z for the Player 1
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Fig. 1. Convergence of strategies o")* (9|19) of Player 1.

Dynamic of the strategies z for the Player 2
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Fig. 2. Convergence of strategies o(2)* (9|19) of Player 2.
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Fig. 3. Convergence of strategies o®)* (9|19) of Player 3.

given by

[0.2126]
0.2645
0.2537
0.2692 ]

[0.1600]
0.3160
0.2563 |’
02676

[0.1816]
0.2158
0.3005

0.3020

P@x_

P@*_

The resulting mechanism is

0.4576  0.5424
i 0.3417 0.6583
wilalm) =10 6818 0.3182
0.6174 0.3826

The convergence of the resulting quantities
vl(mllal) is illustrated in Figs. @ [ and The
values of v!(ml|al) are as follows:

[10.9140 6.9828
ol — 8.2940  6.9235

5.3148 6.1103|°
| 6.5392  6.1096

[6.1343  9.5842]
. 6.1343 8.0331
7.1797 4.9834
6.8088 4.9828|

[6.1343  9.5842]
3 6.1343 8.0331
7.1797 4.9834
[6.8988  4.9828 |

7. Conclusion

This paper presented an analytical method for computing
incentive-compatible mechanisms for a class of
controllable Markov games. For solving the problem, a
new variable is considered that represents the product of
the mechanism design, the strategy and the distribution
vector. This variable makes the problem computationally
tractable. We derive relations to analytically compute the
variables of interest: the mechanism, the strategies and the
distribution vector. We employed the notion of Bayesian
Nash equilibrium as the equilibrium concept for our
game. We also introduce a regularization parameter based
on Tikhonov’s approach for ensuring the convergence to a
unique equilibrium point. We also show the convergence
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Quantity v for Player 1

N N N N N N N N N W

2 4 6 8 10 12 14 16 18 20
Iterations

Fig. 4. Convergence of quantities v'*(m|a) of Player 1.

Quantity v for Player 2

0 2 4 6 8 10 12 14 16 18 20
lterations

Fig. 5. Convergence of quantities v>*(m/|a) of Player 2.

Quantity v for Player 3

0 2 4 6 8 10 12 14 16 18 20
Iterations

Fig. 6. Convergence of quantities v** (m/|a) of Player 3.

to a unique incentive-compatible mechanism and to a
unique Bayesian Nash equilibrium of the game. The
proposed approach is validated by a numerical example.
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Appendix
Al. Proof of Lemmalll

Observe that p*(a¢|m;) can be obtained from Eqns. (1))
and (I2) as follows:

Z Z Z tvmffvaff)

lEN ¢lcol vicol
wadm) 35S o0
leEN plcol vicol
x p!* (my|94) P™ (63).

Hence
W (ae|my)
XX X 26,9, mya))
1A ico! vico! pee (A1)

> zl*(ﬂ ﬂtvmtvat)
leN ¢lcol 9icol alcAl

A2. Proof of Theorem [I]

This means that the new variables 2'* (alx.3!4!) should
satisfy the following linear ergodicity constraints.
We prove the relation given in Eqn. (T8)) as follows:

Pl*(9t+1)
= Z Z Z Z t+1|0‘t%)
aleol \ xleol pleEl vle Al
x 2% (agri i)
Now,

(O alai)

SRDID DI

0;,,€0} klcOlBleElvicA]
Ix 1l 1
z (9t+1f€tﬁﬂt)}

Y{X X X

aleol  kleol plezl yleAl

x 2 (atﬂtﬁt'yt)}

'Ol

Gamcs
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which implies
PP IEDY Z 100
aleol kleol BleEl ylcA
le*(at“t ﬂt) 0,

= P! (B4 lotyy)]

t+1

011 € O}
Zl* c Al

= {Zl* gk Byt Z Z Z Z

aleol kleol plexl yle Al

Batgr . —p' (0 1))

tVt41

x 2 (alklBing), 01, € @l}. (A2)

Equation (I7) is fulfilled automatically since

Yo XD Bus - P (BR)]
oleEBl aleo! kleol yicAl
Xfﬂddd%)
Z Z 5t|“t)]

o G:lt nié@l

x Z > 2 laimiens).
teol yleAl
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Yo D Aladkid
aleol yle Al
Z Z 'Yt|Qt “t|0‘t) (gé|/€i)Pl(ai)
aleOl yle Al
=p' Qt|"$t Z Z 'Yt|Qt “t|at)Pl( t)
aleol yleAl
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As a result,
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P (Bilsy)o! (slot)

=

kleo!

- Z Bt|"’€t

ASCH

/-@t|ozt) 0.

Now, we prove the relation given in Eqn. (I8). We
have that Q' = [p'(m}|9})]
pL € © we have

Z Z Z Z Q 6t|pt l* O‘t"’”t ﬂt)

aleol kleol pleEl yleAl
= > > D QB (kilal)p'(Bilkt)
aleol kleol ple=!

x P(ah) Y i (el Br)

yieAl

=Y > " (kilap) P (a1)

aleol xicol

x> QB (Blkh)

" Then, we get that for any

BLEE}
= Z Z *(kl]al) Pl*(at)éz :
col kleol
= Z o' (ptlag) P (af) > 0.4.
aleol

The theorem is proved.

A3. Proof of Lemma

Let us show that the Hessian matrix H associated with
the penalty function given in Eqn. (28)) is strictly positive
definite for any positive w and p. We have to prove that
forany x € Xygmand ( >0

2 2
%\I/“UP (xvc) %\ij,p (I’,C)

eV (2.0) 2, (2,0)

H= > 0.

(A3)
For showing that Eqn. (A3) is true, in accordance with
Schur’s lemma, it is necessary and sufficient to prove only
that

82
@\ij,p (I,C) > 0
82
a—éﬂq}w,p (I,C) > 0
82 82
w\ljw,p (I’,C) > m\ljw,p (xvc) (A4)
0? =
[a<2 wp(iE,C)}
32
o (2,6 -

< gz

Hence, we have

62
@\Pw,p (LL',C)
82 T T
= W@]:CE) + (1)0(1)0 + (1)1(1)1 + pINXN

2
F(x)+ pInxn

5aZ
W _
p<1+5)\)INxN>O, Y pn >0,

2
A7 = min Amin (a—}"(z)> ,

€ Xadm Ox?
32
6—<2\ij,p (5177 C) = (1 + p) IM1><M1 > 0.
Then, we need to satisfy
62

@\I}w,p (z,¢)
82
= ww}—(lﬁ) + (1)8(1)0 + (I).qu)l +pInxN

2 2 -1
> a?mww,p (I»O [aa_cgq}w,p (I» )]
2
X m‘l’w,p (z,¢)
=(1+p) o]0,
or in an equivalent manner,
2
Y022 1

which is fulfilled for any p > 0; then

.7:( )+ (I)T(I)0+ (I)T(I)1+pIN><N>0

(w)f er) IngN Jr(I)g(I)O +

>p (1 + %/\_) Inxn
:p(1+0(1))IN><N >0

As a result, we have that H > 0, which means that
the penalty function in Eqn. (28) is strongly concave and
it has a unique maximal point.

1+p(1) 03]

A4. Proof of Theorem

By the strictly convexity property showed in Lemma [3]
for any y := (x,¢)7 and for any vector such that y :=
(x} = 2* (Wn, pn) , ¢ = C* (wn, pn))" for the function
U, ,(z,¢) =T, ,(y) we have

* a *
(=) a—y%n,pn (yn)

0
:@pwgﬂ%Mﬁ@> (A5)

+ (G = O 57 Y (23,G) -

C

aamcs



J.B. Clempner and A.S. Poznyak

amcsm

Selecting in (A3) = = z* € X* (z* is one of

admissible solutions such that ®gz* = bg) and ( :=
(14 p) "' (by — ®127), we obtain
* 0 %\ 12
0> wy (25, = 2")T = F (23) + | Qo (x5, — 27)|

Oz

+ @1 (2, — ) + pu (2, — )T 2,
+(L+p) @12, — b1+ (1+p) G
+ pn (¢ — by — P12)T (.

Dividing both the sides of this inequality by p,,, we get

02 22 (5}~ 0" L7 (a})
= (1o, — boll® + 11 (5 — 2°)]
n " " (A6)
@1z, — b1+ (14 9) )
(= )T+ (G by — BTG

Notice also that from (A3), taking z = 7 and ¢ = 0, it
follows that

0> (¢ (Pray, — b1+ (14 0)C)
= ()" (Pray, = b1) + (1+p) I\Ciill2

_ bl)
— ||vrae + Gt

B H((DII;; —b1) 1 7

2v/1+4+p
* * —1 2
e+2(L+p) G (@1, — b)Y
lell = 1,

implying

1>

which means that the sequence {(} is bounded. In view
of this and taking into account that by (32))

from (A6) it follows that
Const = limsup (|(z}, — 2*)T z}|
n—o00
+ (G — b1 = @127)T G)

1
> 1imsupp— (Il@oxz = boll* + (|1 (2, — =)

n—oo n

(L) @0 — b+ (L p) G

(A7)

From (A7) we can conclude that

[ @0z, — bol|* + ||<1>1 (3, — "))

+ (L pu) @1, — b1+ (L4 pa) G
=0 (pn) (A8)
and
@Oxzo - bo = O,
@11';0 —P2" = @11';0 — b + C;o =

where x%, € X* is a partial limit of the sequence {x}},

which may be not unique. The vector (%, is also a partial
limit of the sequence {¢}.
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