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Rayleigh-Taylor instability of two superposed Walters’ B has elastico-viscous fluids in a uniform magnetic
field through a porous medium with different permeability been studied to include the suspended (dust) particles
effect. Using normal mode technique a dispersion relation has been derived. The stability analysis has been
carried out. The magnetic field stabilizes the unstable configuration for the wave number band K > K* in which
the system is unstable in the absence of the magnetic field. It is also found that for a potential stable arrangement
for Walters B’ elastico-viscous fluids of different permeabilities in the presence of suspended particles through a
porous medium the system is stable, whereas in the potentially unstable case instability of the system occurs.
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1. Introduction

The influence of viscosity on the stability of a plane interface separating two incompressible
superposed conducting fluids of uniform densities, when the whole system is acted on by a uniform magnetic
field, was studied by Bhatia (1974). Chandra (1938) observed a contradiction between the theory for the
onset of convection in fluids heated from below and his experiments. He performed the experiment in an air
layer and found that the instability depended on the depth of the layer. A Bénard-type cellular convection
with the fluid descending at the cell centre was observed when the predicted gradients were imposed, for
layers deeper than /0 mm. A convection which was different in character from that in deeper layers occurred
at a much lower temperature gradient than predicted, if the layer depth was less than 7mm was called
‘columnar instability’. An aerosol was added to mark the flow pattern.

Scanlon and Segel (1973) studied the effect of suspended particles on the onset of Bénard convection
and found that the critical Rayleigh number was reduced solely because the heat capacity of the pure gas was
supplemented by that of the particles. Sharma et al. (2002) studied the effect of suspended particles on the
onset of Bénard convection in hydromagnetics. The effect of suspended particles was found to destabilize the
layer whereas the effect of the magnetic field was stabilizing. Walters (1962) reported that the mixture of
polymethyl methacrynate and pyridine at 25°C containing 30.5 g of polymer per litre with density 0.98g per
litre behaves very nearly as Walters (Model B’) elastico-viscous fluid. Polymers are used in the manufacture
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of spacecrafts, aeroplanes, tyres belts, conveyer, ropes, cushion seats foam, plastics, engineering equipment,
contact lens.

Generally, the magnetic field has a stabilizing effect on the instability but there are a few exceptions.
For example, Kent (1966) studied the effect of a horizontal magnetic field, which varies in the vertical
direction, on the stability of parallel flows and showed that the system is unstable under certain conditions,
while in the absence of the magnetic field the system is known to be stable. Sunil et al. (2006) studied two
superposed stratified Walters (Model B’) fluids in the presence of a horizontal magnetic field and rotation,
and found that the system is unstable for stable stratification for low values of permeability or high values of
kinematic viscoelasticity. Kumar et al. (2006) studied MHD instability of rotating superposed Walters’ B
viscoelastic fluids through a porous medium, and found that the system is stable for low values of
permeability or high values of kinematic viscoelasticity. Two superposed Walters B’ fluids with suspended
particles were studied by Kumar and Singh (2007) They found that the system is stable or unstable
depending on the kinematic viscoelasticity, permeability and porosity of the medium. Singh and Kumar
(2011) studied hydrodynamic and hydromagnetic stability of two stratified Walters’ B elastico-viscous
superposed fluids, and found that the system is stable as well as unstable, however for unstable
stratifications, the presence of the magnetic field system stabilizes certain wave — number bands, whereas the
system is unstable for all wave numbers in the absence of the magnetic field.

Due to a growing importance of the effect of suspended particles on the stability of superposed fluids
in the field of industrial and chemical engineering, Sharma (1976) studied the thermal instability of a layer of
Oldroydian viscoelastic fluid acted on by a uniform rotation, whereas Sharma and Sharma (1977) studied the
instability of the plane interface separating two Oldroydian viscoelastic superposed fluids of uniform
densities.

In all the above studies, the fluids have been considered to be Newtonian or viscoelastic (Maxwellian
or Oldroydian). There are many elastico-viscous fluids that cannot be characterized by Maxwell’s or
Oldroyd’s constitutive relations. The study of the flow of non-Newtonian fluids having a uniform
distribution of dust particles such as latex particles in emulsion paints, reinforcing particles in polymer melts
and rock crystals in molten lava is quite useful.

The present study attempts to study the hydrodynamic and hydromagnetic stability of superposed
Walters B elastico-viscous fluids permeated with suspended particles through a porous medium.

2. Formulation of the problem and perturbed equations

A Walters B’ fluid is one of those elastico-viscous fluids which cannot be characterized by
Maxwell’s constitutive relations or Oldroyd’s constitutive relations. As we know, when the fluid permeates a
porous material, the gross effect is represented by Darcy’s law. As a result of this macroscopic law, the usual
viscous and visco-elastic terms in the equation of Walters’ B fluid motion are replaced by the resistance term

k; ot
of variable density is arranged in horizontal strata in a variable porous medium and the pressure p, density p,
viscosity W, suspended particles number density N are functions of the vertical coordinate z only. The
character of the equilibrium of this initial static state is determined as usual, by supposing that the system is
slightly disturbed and then by following its further evolution.
Let p, p and ¢ (u, v, w) denote respectively the density, pressure and filter velocity of the pure fluid;

{——(u— u’ﬁ)q}. Consider a static state in which an incompressible elastico- viscous fluid-particle layer

q, (x, t) and N(x, f) denote the velocity and number density of the suspended particles, ¢, = (1, r, s), X = (x,
v, z) and A= (0, 0, 1), respectively. K = 6npvn (n the particle radius) is the Stokes’ drag coefficient. Let €,
k;, n, 1 and g stand for medium porosity, medium permeability, viscosity of the fluid, viscoelasticity of the

fluid and acceleration due to gravity respectively. Then the equations of motion and continuity for Walters’
B viscoelastic fluid permeated with suspended particles through a porous medium, (Scanlon and Segal, 1973;
Sharma and Kumar, 1997) are
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Assuming a uniform particle size, spherical shape and small relative velocities between the fluids
and particles of two phases, then the net effect of the particles on the fluid through a porous medium is

equivalent to an extra body force term per unit volume ﬂ(qa, - q). Since the force exerted by the fluid on
€

the particles is equal and opposite to that exerted by the particles on the fluid, there must be an extra force
term, equal in magnitude but opposite in sign, in the equations of motion of the particles. The distances
between particles are assumed to be so large compared with their diameter that inter-particle reactions need
not be accounted for. The effects of pressure, gravity and Darcian force on the suspended particles, assuming
large distances apart, are negligibly small and therefore ignored. If mN is the mass of particles per unit
volume, then the equation of motion and continuity for the particles, under the above assumptions, are

0 1
mN[%+;(qd -V)qd}zKN(q—qd), (2.3)

ea—N+V-(qu)=0. (2.4)
ot
Since the density of a fluid particle moving with the fluid remains unchanged, we have

op
— -V)p=0. 2.5
€ +(q-V)p (2.5)

Let op, op, q(u, v, w) and ¢, (/, r, s) denote respectively the perturbations in density p, pressure p,

fluid velocity (0, 0, 0) and particle velocity (0, 0, 0). Then the linearized perturbation equations of Walters’
B’ fluid-particle layer are

p oq KN 1( ,a}

=2 =-Vép-gdph+—(q; —q)——| n—-W=|q, 2.6

o PTE® e(q”’q)k,““azq (2:6)

V-q=0, 2.7
m 0

— 4] =q, 2.8

(2l tai=a @3
d

e—8p=—w(Dp), (2.9)
ot

d

M
—+V-q, =0, 2.10
B qq ( )
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eN . . . . .
where M = YA and N,, N stand for the initial uniform number density and perturbation in number density,
0

. d
respectively and D = —.
dz
Analyzing the disturbances into normal modes, we seek solutions whose dependence on x, y and ¢ is
given by

e(ikxx+ikyy+nt)

(2.11)
where # is, in general, a complex constant. k,, k, are wave numbers along x- and y- directions and K=K+

K,).
For perturbation solutions in the form Eq.(2.11); after elimination of Eqs (2.6)-(2.9), ¢, , yield

mN

p : 1 :

—nu=-ik op ——(n—uwn)u ————nu , 2.12
€ P k; (1=nn) e(mn+1) (2.12)
p . 1 , mN

—nv=—ik op——(n—-pun)y———nv, 2.13
€ P k; (k=) e(m+1) @13)
p 1 :

—nw=—D6p——(|,t—|,tn)w— nw— gop, (2.14)
€ k; e(rn+1)

ika + ikyy + Dw = 0, (2.15)
endp=—-(Dp)w (2.16)

where t= % . Eliminating 8p between Eqs (2.12)-(2.14) and using Eqs (2.15) and (2.16), we obtain

2 ’ ’
n D(Eij—k—pw + DI BBy ipwl 2| BB+
S S k] k] k] k]
n 2

_n EmNw) =8
+- (m+1){D[mNDw] I mNw| ~—(Dp)w.

(2.17)

3. Two uniform fluids separated by a horizontal boundary

Consider the case of two uniform Walters B’ viscoelastic fluids of densities, viscosities,
viscoelasticities, suspended particles number densities as p,, wo, W, N> and py, p;, p/, N; separated by a
horizontal boundary at z = (. The subscripts 1 and 2 distinguish the lower and the upper fluids, respectively.
The medium porosity € is assumed to be the same in both the regions. Let the medium permeabilities of
upper (z > 0) and lower (z < 0) media be k;, and k;;, respectively.

Then in each region of constant p, constanty, constant 1, constant N and constant K; Eq.(2.17)
reduces to

(D*- k) w=0. (3.1
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Fig.1. Two uniform Walters B’ elastico-viscous fluids separated by a horizontal boundary.
The general solution of Eq.(2.18) is
w=Ae™+Be* (3.2)

where 4 and B are arbitrary constants. Then the boundary conditions to be satisfied in the present problem
are

6)] The velocity w — 0 when z — oo (for the upper fluid) and z — — o (for the lower fluid).

(i1) w(z) is continuous at z =0.

(ii1))  The jump condition at the interface z = 0 between the fluids. is obtained by integrating Eq.(2.17)
across the interface z = 0 and is

ﬁ(psz2 -pDw;)._, +[(“—2—“—2nJDWZ —[ﬁ—u—anDw]] +
- -
z=0

k k k k
2 Kk 1k (3.3)

+L[N2DW2 _N]DWI] =—g£(p2 —PJ)W{)

€ (Tn +1 ) ol €n
where wy is the common value of w at z = 0.
Applying boundary conditions (i) and (ii), we can write

w; =A4é,  (z<0), (3.4)
w, =Ae™, (z>0) (3.5)

where the same constant 4 has been considered to ensure the continuity of w at z = 0. Applying condition
(3.3) to solutions (3.4) and (3.5), we obtain
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u 1,2
where v, ,=—=, V), =—>, and 0, =

Discussion

(a) Stable case (o, <a;)

. . k k
For the potentially stable arrangement (1,6:., V) <Ly, <12

j, there is no change in the
€ €

coefficients of Eq.(3.6), therefore, all the three roots of Eq.(3.6) are either real, negative or there is one real,
negative root and the other two are complex conjugates with negative real parts. The system is, therefore,
stable in each case. This is in agreement with the stability of Newtonian superposed fluids permeated with
suspended particles in a porous medium, where also the system is always stable for the stable arrangement.
However, this is in contrast to the stability of Walters B’ elastico —viscous fluids permeated with
suspended particles in a porous medium with different permeability and for the potentially stable
arrangement where the system is found to be unstable or stable depending on whether the kinematic
viscoelasticity is greater or less than the medium permeability divided by medium porosity, in each region.

(b) Unstable case (o, > ;)

gkt vy L Gy

: : o,V
For the potentially unstable arrangement, i.e., —(a ,—o 1) >—22
(S

oV 1
+—LL and >—+

kis ky; 12 ky, €

+K(Mj+r(m+mj , the constant term in Eq.(3.6) is negative therefore equation (3.6) has a
el ete ki ki

change of sign and hence allows one positive root. The occurrence of positive root implies instability of the
system.

We, therefore, conclude that for two superposed Walters B’ elastico-viscous fluids permeated with
suspended particles in a porous medium with different permeability and for the potentially unstable
arrangement, the system is unstable. This is in agreement with the stability of Newtonian superposed fluids
permeated with suspended particles in a porous medium with variable permeability, where the system is also
always unstable for the unstable arrangement.

4. Effect of a variable horizontal magnetic field

Here we consider a static state in which an incompressible, infinitely electrically conducting
Walters’ B’ elastico-viscous fluid is arranged in horizontal strata in a porous medium with variable
permeability in the presence of suspended particles and a variable horizontal magnetic field H(H(z),0,0).

Let h(hx,hy,hz) denote the perturbation in the magnetic field, . stands for magnetic permeability. Then the

linearized hydromagnetic perturbation equations, relevant to the problem, are
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together with Eqs (2.7)-(2.9), using Eq.(2.11), eliminating u, v, h,, h,, h. ,0p and &p in Eqs (4.1)-(4.3) and
Eqgs (2.7)-(2.9), we obtain

foleor) o] ol 55

2 Hekﬁ 2 2,2 | gk2
+m[D(mNDW)—k me]+m[D(H Dw)-Hk w]——g(Dp)W.

4.4

5. Two uniform Walters’ B visco-elastic fluids separated by a horizontal boundary
Here we consider the case of two uniform, Walters’ B elastico-viscous densities, viscosities,
viscoelasticities, suspended particles number densities, magnetic fields as p,, po, Ws, Na, Hs> and py, py, 1,

N,, H, separated by a horizontal boundary z = 0 in a porous medium. Let the medium permeabilities of
upper (z > 0) and lower (z < 0) media be k;, and k;,, respectively.

AZ
I g0.0-9

Fig.2. Two uniform Walters’ B elastico-viscous fluids separated by a horizontal boundary.
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Then in each region of constant p, constant p, constant p', constant m N, constant k;, Eq.(4.4)
reduces to

(D*- KY)w = 0. (5.1)
The boundary conditions to be satisfied in the present problem are (i) the vanishing of w at z — +oo

and z — - oo, (ii) continuity of w at z = 0 and (iii) the jump condition. The jump condition is obtained by
integrating (4.4) across the interface at z = 0 and is

E(pZDwZ—p,le) o7t B B, Dw, — H By, Dw, R L
€ = ~ e(

12 K 11 K - m+1) (5.2)
[N,Dw, —N,Dw;| _ + ek (sz)w2 —Hwa]) :_gﬁ(pz —p; )W
=0 4mne z=0 en

Applying boundary conditions (i) and (ii), the solution of Eq.(5.1) is given by Egs (3.4) and (3.5), in
Eq.(5.2), we obtain

. (oc2+a1}_ oy OV |3, o;+a, +ﬂ[N2+NIJ+T(a2v2+a1vlj+
€ kip ki € €\ P2tpy kip ki

. 2
ky; ki ki, ki € ? !

k‘C kx2 V2 VZ gk -0
_g:(ocz—aj)n + ?( A2+ A[)_:(G’Z_a’]) =

where V), =&, U',’2 :%) and o, = P12 , ij . and le 2“6—1‘
P12 P2 PI+P> 4n(p; +p;) 4n(p, +p;)

Discussions:

(a) Stable case (0, <a,)

For the potentially stable arrangement, i.e., [v& > kl—z,v} > mj , there is no change of sign in the
€ €

coefficients of Eq.(5.3). The system is, therefore, stable. Therefore, we conclude that for two superposed
Walters’ B elastico-viscous fluids permeated with suspended particles in a porous medium with variable
permeability in hydromagnetics field is instable. The result is the same in the hydrodynamic case, however,
this is in contrast to the stability of Walters (model B”) superposed fluids permeated with suspended particles
in a porous medium, with variable permeability, and the system can be stable or unstable depending on
whether the kinematic viscoelasticity is less than or greater than the medium permeability divided by
medium porosity, in each region.
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(b) Unstable case (a,> o)

: . k K .
For the potentially unstable arrangement, i.e., v), <—2,v) <—IL the system in stable or unstable
€ €

according to
kxz(Vj] +ij)>or<gk (o, —0;),

2
. “’ekx 2 2
1.e., —p,<or>—*\H; +H5 ).
P2 =Py 4ngk( 1 2 )

The system is clearly unstable in the absence of the magnetic field. However, the system is
completely stabilized by a large magnetic field.

2
“ekx 2 2
-p; < H; +H5 ).
P2 =Py 47cgk( 1 2)

The presence of the field thus completely stabilizes the wave number band k > &',

where £ = —47tg(p2 —p])

5 > sec’ 0, Here 0 is the angle between k. and k such that k= kcos.
He (H 1 +H; )

Concluding remarks

The hydrodynamic and hydromagnetic stability of two superposed Walters’ (Model B) elastico —
viscous fluids of different permeability in the presence of suspended particles in a porous medium has been
investigated. The main results from the analysis are:

(1): When kinematic viscoelasticity is less than the medium permeability divided by medium porosity, than
the system is stable for the potential stable arrangement in the case of suspended particles in a porous
medium.

(2): The case of the potential unstable arrangement, for two superposed Walters’ (Model B) elastico —
viscous fluids permeated with suspended particles in a porous medium with different permeability is
always unstable.

(3): Using normal mode technique a dispersion relation has been derived.

(4): The magnetic field stabilizes the unstable configuration for wave number band K > K*, in which the
system is unstable in the absence of the magnetic field.
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Nomenclature

g —acceleration due to gravity
H(H(z),0,0) - variable horizontal magnetic field
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h(h,,h,,h,) —perturbation in magnetic field

X270y
K= 6mpvn - Stokes drag coefficient
k; —medium permeability
ky, k, — wave numbers along x, y- directions
mN —mass of particles per unit volume
p —pressure
q(u,v,w) - filter velocity of the pure fluid

q4(x,t) and N(x, £) — velocity and number density of the suspended particles
€ — medium porosity
n — particle radius
| —viscosity of fluid
p'  — viscoelasticity of fluid
l. — magnetic permeability
p —density
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