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The paper deals with modelling and calculations of asymmetrical multi-bolted joints at the assembly stage. The 
physical model of the joint is based on a system composed of four subsystems, which are: a couple of joined 
elements, a contact layer between the elements, and a set of bolts. The contact layer is assumed as the Winkler 
model, which can be treated as a nonlinear or linear model. In contrast, the set of bolts are modelled using simplified 
beam models, known as spider bolt models. The theorem according to which nonlinearity of the contact layer has 
a negligible impact on the final preload of the joint in the case of its sequential tightening has been verified. Results 
of sample calculations for the selected multi-bolted system, in the form of diagrams of preloads in the bolts as well 
as normal contact pressure between the joined elements during the assembly process and at its end, are presented. 

 
Key words: multi-bolted joint, systemic approach, assembly state, preload. 

 
1. Introduction 

 
 In general, it can be assumed that a multi-bolted joint in the assembly state is loaded only with 
normal forces (Grzejda [1]). Considering contact phenomena between the joined elements in this case, it is 
sufficient to take into account normal characteristics of the contact joint (for a review, see Abdo [2]). Such 
characteristics can be represented with a good approximation by an exponential function (Grudziński and 
Kostek [3], Kostek [4], Misra and Huang [5]). However, the extent of this function depends on values of 
loads acting on the contact joint. In the case of a contact joint between the elements joined in preloaded 
multi-bolted joints, it can be adopted that the contact characteristics are already close to linear. This follows 
directly from the progressive preloading of the bolts in the assembly process (Abid and Nash [6], Kumakura 
and Saito [7]), which in turn is synonymous with the increasingly complete clamping of the contact layer 
between the joined elements. Then, usually nonlinear characteristics of the normal deformation may be 
replaced by their linear counterparts. The aim of this study is to show such a phenomenon based on the 
multi-bolted joint model presented in Grzejda [8]. 
 The most popular method dedicated to modelling of multi-bolted joints is the finite element method 
(FEM). It is used, taking into consideration the following kinds of contact elements: 
 linear contact elements with constant values of the contact stiffness coefficients, available in commercial 

finite element analysis systems (Gerami et al. [9], Maggi et al. [10], Pirmoz [11], Pirmoz et al. [12], Saedi 
Daryan et al. [13], Shi et al. [14], Wang et al. [15]), 

 nonlinear contact elements (Bucher and Ebert [16], Girão Coelho [17]). 
 These works are focused on conventional types of symmetrical joints: 
 bolted angle connections (Pirmoz [11], Pirmoz et al. [12], Saedi Daryan et al. [13]), 
 bolted end-plate connections (Gerami et al. [9], Maggi et al. [10], Shi et al. [14], Girão Coelho [17]), 
 bolted flange connections (Wang et al. [15], Bucher and Ebert [16]). 
 In all the above mentioned papers, a systemic approach to modelling, calculations and analysing 
multi-bolted joints is not taken into account. 
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 The joined elements in FE-models of multi-bolted joints are generally created as a spatial body, but 
the bolts are modelled in different ways. Aside from spatial models of the bolts (Gerami et al. [9], Maggi et 
al. [10], Pirmoz [11], Shi et al. [14], Wang et al. [15], Girão Coelho [17]), the following substitute bolt FE-
models are applied: 
 spring models (Li et al. [18], Luan et al. [19]), 
 beam models (Karagiannis et al. [20]), 
 rigid body bolt models with a flexible plain part of the bolt and a rigid bolt head (Aguirrebeitia et al. [21], 

Grzejda [22], Hammami et al. [23]), 
 spider bolt models (Grzejda [24], Kim et al. [25]). 
 Taking into consideration the above fact, the FEM is also used in this paper for modelling and 
calculations of the multi-bolted system at the assembly state. At the same time the spider bolt model as a bolt 
model has been selected. 

 
2. Physical model of the multi-bolted system 

 
 A general structure of the multi-bolted system model results from an idea presented in Grzejda [24]. 
The model of the system is based on a flexible flange element that is fastened to a flexible support by means of 
k bolt elements, modelled using the spider bolt model (Kim et al. [25]), preloaded by forces Fmi (Fig.1.). 

 

 
 

Fig.1. Multi-bolted system: a) diagram, b) description of system spring properties, c) FEM-models. 
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 Between the flange element and the support, a contact layer of the Winkler model type is introduced. 
The contact layer can be treated as a nonlinear or linear model and is described by means of l one-sided spring 
elements, characterized by the following relationship 

 

   j j jR A f u   (2.1) 

 
where: Rj is the force in the centre of the j-th elementary contact area, Aj is the j-th elementary contact area, 
and uj is the deformation of the j-th nonlinear or linear spring element of the contact layer (for j = 1, 2, …, l). 
 The above-mentioned parts of the multi-bolted joint constitute a system according to the following 
order: 
 B – set of bolts, 
 F – flexible flange element, 
 C – Winkler type contact layer, 
 S – flexible support. 
 The equation of system equilibrium (Fig.1c) can be represented as 

 
  pqK   (2.2) 

 
where: K is the stiffness matrix, q is the displacements vector, and p is the loads vector. 
 Adopting the division of the system into four subsystems, Eq.(2.2) can be transformed into a form 
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where: Kaa is the stiffness matrix of the a-th subsystem, Kab is the matrix of elastic couplings between the a-th 
and b-th subsystems, qa is the displacements vector of the a-th subsystem, and pa is the loads vector of the a-
th subsystem (a, b – symbols of the subsystems, a  {B, F, C, S}, b  {B, F, C, S}). 

 

 
 

Fig.2. Sequential preloading of bolts in the system. 
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 On the grounds of the so defined model of the multi-bolted system, diagrams of preloads in the bolts 
as well as normal contact pressure between the joined elements during the assembly process and at its end can 
be evaluated. 
 The assembly process of the system consists of k steps, in pursuance of the number of bolts in the 
system. During the first bolt preloading, the system is composed of joined element, and the nonlinear contact 
layer between them. In this first step, the system is assembled with only one bolt and loaded by the force Fm1 
which means the preload of the bolt No.1 (Fig.2). 
 In the next steps of the system preloading (for i = 2, …, k), the next spider bolt model is taken into 
account. Therefore, in Eq.(2.3) the stiffness matrix of the bolts subsystem KBB has been complemented with 
the elements, which are preloaded in the current step of the assembly process. However, in the current step of 
the system preloading, the stiffness matrix KBB is a constant part of the system stiffness matrix K, and the 
stiffness matrices KCC, KCF and KCS are a variable part of the system stiffness matrix K. 
 In each calculation step, search for a solution to Eq.(2.3) is conducted in an iterative process. For the 
nonlinear model of the multi-bolted system the secant method is used, while for its linear model the 
linearized normal characteristics are used directly. In the case of the first bolt preloading, the linearization 
runs according to the way shown in Fig.3a, starting from the origin of the coordinate system. In contrast, in the 
case of the next bolt preloading, it starts with the working points Lj corresponding to the preload of the j-th 
nonlinear spring in the previous step of the calculation (Fig.3b). 

 

 
 

Fig.3. Linearization of a curve by the secant method: a) for the first bolt preloading, b) for the next bolt 
preloading. 

 
 In every step of multi-bolted system preloading the linearization process is kept running until the 
following condition has been met 
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where: R’c is the reaction in the j-th nonlinear spring obtained from the linearization, c is the index indicating 
the case of the calculation process (c  j, mj), and  is the admissible error of the linearization. 
 Based on the received values of normal deformation of the j-th nonlinear/linear spring uj, normal 
contact pressure pj on the j-th elementary contact surface can be determined according to the relationship 
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where: czj is the stiffness coefficient of the j-th nonlinear/linear spring model (Fig.1b). 
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 The bolt lying in the region of the smallest average value of normal pressure on the contact surface 
of joined elements is selected as the next bolt for preloading. 

 
3. Calculations of the exemplary multi-bolted system 

 
 According to the proposed method, computations of an asymmetrical multi-bolted system were 
carried out. A simplified FEM-based model of the system is shown in Fig.4a. The model was built and all 
analyses were performed using the Midas NFX 2017 program. The joint is fastened using seven M10 bolts. 
The optimum bolt preloading sequence designated for the adopted multi-bolted system is parenthesized in 
Fig.4a. 

 
a) b) 

 

 
Fig.4.  Assumed multi-bolted system: a) FEM-based model of the multi-bolted system with the adopted 

numbering of the bolts and the tightening sequence given in parentheses, b) nodes adopted to 
describe normal contact pressure distribution. 

 
 The calculations were carried out for the joined elements thickness h equal to 20 mm and the initial 
preload of the bolts Fmi equal to 20 kN. The stiffness characteristics of springs in the contact layer are 
described by the following functions: 
 for the nonlinear model (Grzejda [26]) 
 

   .. 1 657
j j jR A 3 428 u   , (3.1) 

 
 for the linear model (Grzejda [27]) 
 
   jjj u26.873AR  . (3.2) 

 
 Results of calculations were put together in graphs shown in Figs 5 to 7. In Fig.5 variations of the 
preload in individual bolts during the assembly process are shown as follows: 
 in the first line – preload changes in the bolt No.1 (preloaded as the first bolt), 
 in the second line – preload changes in bolts No. 4 and 3 (preloaded as the second and the seventh bolt, 

respectively), 
 in the third line – preload changes in bolts No. 6 and 7 (preloaded as the third and the sixth bolt, 

respectively), 
 in the fourth line – preload changes in bolts No. 2 and 5 (preloaded as the fourth and the fifth bolt, 

respectively). 
 In Fig.6 the scatter of final preload values in the bolts at the end of the assembly process is presented. 
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Fig.5. Preload values during the assembly process. 

 

 
Fig.6. Preload values at the end of the assembly process. 
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 The relative difference between the obtained final preloads can be presented on by the formula 
 

   %
L NL

mi mi
1 NL

mi

F F
Z 100

F


   (3.3) 

 

where: L
miF  is the preload of the i-th bolt according to the linear model of the multi-bolted system, and NL

miF  
is the preload of the i-th bolt in accordance with the nonlinear model of the multi-bolted system. 
 Z1 index values are set up in Tab.1. 

 

 

 
 

Fig.7. Diagrams of normal contact pressure during the assembly process. 
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Table 1. Z1 index values. 
 

i 1 2 3 4 5 6 7 

Z1, % 1.31 -0.52 0 -1.46 0.35 -1.85 -0.09 

 
 The adoption of the linear contact layer between the joined elements in the proposed multi-bolted 
system model may lead to an underestimation of preloads of the bolts by less than 2 %. 
 The distribution of normal contact pressure on elementary surfaces on the line joining the nodes 
defined in Fig.4b during the assembly process of the multi-bolted system is shown in Fig.7. 
 The assessment of final values of normal contact pressure can be made on the basis of the Z2 index 
 

    %
L NL
n n

2 NL
n

p p
Z 100

p


   (3.4) 

 

where: L
np  is the value of normal contact pressure on the n-th contact surface, linked to the n-th node 

(Fig.4b, n = 1, 2, …, 19), according to the linear model of the multi-bolted system, and NL
np  is the value of 

normal contact pressure on the line joining the nodes shown in Fig.4b, in accordance with the nonlinear 
model of the multi-bolted system. 
 The Z2 index values are specified in Tab.2. 
 
Table 2. Z2 index values. 

 

Node’s number 1 2 3 4 5 6 7 8 9 10 

Z2, % -1.17 7.30 2.16 1.00 3.04 0.73 2.17 0.56 0.02 3.47 

Node’s number 11 12 13 14 15 16 17 18 19  

Z2, % 2.01 1.59 4.32 0,69 2.50 3.29 1.59 2.96 -0.25  

 
 The adoption of the linear contact layer between the joined elements in the proposed multi-bolted 
system model may lead to an overestimation of normal contact pressure between the elements by less than 
7.3%. 

 
4. Conclusions 

 
 In the case of preloaded multi-bolted systems, nonlinearity of the contact layer between the joined 
elements may have a marginal impact on the final preload values in the bolts as well as on the final normal 
contact pressure between the joined elements. Hence, for modelling, calculations and analysis of such joints, 
linear models of the contact layer between the joined elements can be successfully applied. At the same time, 
due to this fact one obtains a relevantly higher efficiency of modelling, which is caused by both a smaller 
complexity of the problem and an appreciably shorter process time. 

 
Nomenclature 

 
 jA   j-th elementary contact area, [mm2], Eq.(2.1) 

   admissible error of linearization, Eq.(2.4) 
 yic   stiffness coefficient of the i-th bolt’s model, [kN/mm] 
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 zjc   stiffness coefficient of the j-th nonlinear/linear spring element of the contact layer, [kN/mm], Eq.(2.5) 

 miF  – preload of the i-th bolt, [kN] 

 h  – thickness of the joined elements, [mm] 
 K  – stiffness matrix, Eq.(2.2) 
 p  – loads vector, Eq.(2.2) 
 jp  – normal contact pressure on the j-th elementary contact surface, [MPa], Eq.(2.5) 

 q  – displacements vector, Eq.(2.2) 

 jR   force in the centre of the j-th elementary contact area, [kN], Eq.(2.1) 

 ju   deformation of the j-th nonlinear/linear spring element of the contact layer, [mm], Eq.(2.1) 

 1Z   accuracy index, [%], Eq.(3.3) 

 2Z   accuracy index, [%], Eq.(3.4) 

 
Superscripts 

 
 L – linear model of the contact layer between elements joined in a multi-bolted system 
 NL  – nonlinear model of the contact layer between elements joined in a multi-bolted system 

 
Subscripts 

 
 B  – set of bolts 
 C  – Winkler type contact layer 
 F  – flexible flange element 
 S  – flexible support 
 i  – number of the bolt, (for i = 1, 2, …, k) 
 j  – number of the nonlinear/linear spring element of the contact layer, (for j = 1, 2, …, l) 
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