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An unsteady flow of incompressible Newtonian fluids with linear dependence of viscosity on the pressure 
between two infinite horizontal parallel plates is analytically studied. The fluid motion is induced by the upper 
plate that applies an arbitrary time-dependent shear stress to the fluid. General expressions for the dimensionless 
velocity and shear stress fields are established using a suitable change of independent variable and the finite 
Hankel transform. These expressions, that satisfy all imposed initial and boundary conditions, can generate exact 
solutions for any motion of this type of the respective fluids. For illustration, three special cases with technical 
relevance are considered and some important observations and graphical representations are provided. An 
interesting relationship is found between the solutions corresponding to motions induced by constant or ramp-
type shear stresses on the boundary. Furthermore, for validation of the results, the steady-state solutions 
corresponding to oscillatory motions are presented in different forms whose equivalence is graphically proved. 
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1. Introduction 
 

The fact that the fluid viscosity depends on the pressure was already remarked in the seminal work of 
Stokes [1]. A justification of such an assumption comes from the fact that the viscosity can change by several 
orders of magnitude at significant variations of the pressure while the density remains almost unchanged. 
The manner in which the viscosity varies with the pressure has been both experimentally and theoretically 
studied and the most important results until 1931 can be found in the book of Bridgman [2]. Over time, a lot 
of theoretical and experimental studies regarding the variation of viscosity with the pressure have appeared 
but exact solutions for motions of fluids with pressure-dependent viscosity are very few in the existing 
literature. On the other hand, in all studies prior to 2004, the effect of gravity on the flows of such fluids was 
neglected (see for instance Hron et al. [3]; Rajagopal and Szeri [4]; Vasudevaiah and Rajagopal [5]) although 
there are many important problems in which the phenomena under consideration essentially depend on the 
gravity action and the problem of Bernard convection is such an example. 

                                                            
* To whom correspondence should be addressed 



182  D.Vieru, C.Fetecau and C.Bridges 

  The first exact solutions for steady motions of fluids with pressure dependent viscosity in which the 
effect of gravity is taken into consideration seem to be those of Rajagopal [6]. A little later, Kannan and 
Rajagopal [7] studied the flow of such fluids between two parallel plates rotating about a common axis or 
different axes and found that gravity has a significant effect on the flow characteristics. Rajagopal [8] 
investigated the flow of a fluid with pressure dependent viscosity over an inclined plane and found that the 
vorticity variation is non-monotone. Numerical results regarding unsteady motions of such fluids were 
provided by Massoudi and Phuok [9] and Srinivasan and Rajagopal [10]. The first exact solutions for 
unsteady plane shearing flows of fluids with pressure dependent viscosity seem to be those of Rajagopal and 
Saccomandi [11]. Exact solutions for modified unsteady Stokes’ problems with linear and exponential 
dependence of viscosity on the pressure have been established by Prusa [12] in terms of Kelvin functions but 
a more general and interesting study of the same problems was developed by Rajagopal et al. [13]. Other 
exact or numerical solutions for motions of fluids with pressure dependent viscosity in cylindrical or 
spherical domains have been also obtained by Kalogirou et al. [14], respectively Housiadas et al. [15].  

It is worth pointing out the fact that all exact solutions that have been previously presented 
correspond to fluid motions in which the velocity is given on the boundary although in many practical 
problems the shear stress is specified on the boundary [Renardy 16, 17]. In these cases, contrary to what is 
usually assumed, prescribing the shear stress on the boundary is tantamount to prescribing the force to move 
it. Actually, in Newtonian mechanics, the force is the cause and kinematics is the effect. Furthermore, the no-
slip boundary condition may not be applicable for flows of polymeric fluids that can slip or slide on the 
boundary. To the best of our knowledge, the first exact solutions for fluid flows in which the shear stress is 
given on the boundary have been established by Waters and King [18]. In the last fifteen years, a lot of exact 
solutions for motions induced by shear stresses on the boundary have been published but none of them for 
fluids with pressure-dependent viscosities. 

It is well known that the exact solutions play a double scope. In addition, to provide solutions for 
problems with technical relevance, they can be used as tests to verify numerical schemes that are developed 
to study flows of such fluids in complex geometries. The main purpose of this paper is to provide a general 
class of simple exact solutions for motions of incompressible Newtonian fluids with linear dependence of 
viscosity on the pressure between two infinite horizontal parallel plates. The fluid motion is generated by the 
upper plate that applies a time-dependent shear stress to the fluid. The general expressions that have been 
established for velocity and shear stress fields satisfy all imposed initial and boundary conditions and can 
generate exact solutions for any motion of this kind of respective fluids. For their validation, the solutions 
corresponding to oscillatory motions are presented in two different forms whose equivalence is graphically 
proved. A relationship between the solutions corresponding to constant or ramp-type shear stresses on the 
boundary is established and some graphical representations are presented and discussed. 
 
2. Constitutive and governing equations  
 

The constitutive equation of incompressible Newtonian fluids with pressure-dependent viscosity, as 
it results from Rajagopal [6, 8], is given by 

 
  ( )p p   T I A        with       tr ,0A  (2.1) 

 
where T is the Cauchy stress tensor, Ip  is the reaction stress due to the constraint of incompressibility, A 

is the first Rivlin-Ericksen tensor and ( )p  is the fluid viscosity. Since the fluid viscosity increases for 

increasing values of the pressure p, ( )   is a positive and increasing function. In what follows, we shall 

consider a linear dependence of viscosity on the pressure, namely Rajagopal et al. [13, Eq. (4) with 1n  ] 
 

   ( ) hp p p 1          (2.2) 

 



Analytical solutions for a general mixed boundary ...  183 

where   is the fluid viscosity at the reference pressure hp  and   is a positive constant. In this form 

( )p    as p , a property that has been experimentally proved. 
Let us consider such a fluid at rest between two infinite horizontal parallel plates at the distance h 

apart. At the moment  0t  the upper plate begins to apply a time-dependent shear stress )(tfS  to the fluid. 

Here S is a constant shear-stress while the dimensionless function )(f  is piecewise continuous and 

00f )( . Because of the shear the fluid is gradually moved and we are looking for a velocity field of the 
form 

 
  ( , ) ( , ) , ( , )y t y t p p y t  v v v i    (2.3) 

 
where i is the unit vector along the x- axis of a suitable Cartesian coordinate system x, y and z whose y- axis 
is perpendicular to the plates. The continuity equation is identically satisfied. 

On the basis of Eqs (2.3), the constitutive Eq.(2.1)1 and the balance of linear momentum can be 
reduced to the relevant partial differential equations 

 

    ( , ) ( , ) ( , )
( ) ,h

y t y t p y t
p p 1 g 0

y y t y

    
            

v v
 (2.4) 

 
where   is the fluid density and g is the acceleration due to gravity. From the second relation of Eqs (2.4) it 
results that 

 
  ( , ) ( ),p y t gy c t     (2.5) 

 
where )(c  is an arbitrary function. Following Prusa [12] and Rajagopal et al. [13] we consider the case of a 

pressure field for which the function )(c  is constant and therefore 
 

  ( ) ( ) hp y g h y p      (2.6) 
 

where )(hpph   is the reference pressure. 
Substituting p(y) from Eq. (2.6) in (2.4)1, we find the following governing equation 
 

   
2 ( , ) ( , ) ( , )

; , ,
2

y t y t y t
g h y 1 g 0 y h t 0

y ty

  
             

v v v
 (2.7) 

 
for the velocity field ),( tyv . The corresponding non-trivial shear stress ( , )y t , as it results from Eqs (2.1)-
(2.3), is given by 

 

    ( , )
( , ) ( ) ; , .

y t
y t g h y 1 0 y h t 0

y


        


v

 (2.8) 

 
At the initial moment the fluid velocity and the shear stress have to be zero, i.e. 
 
 ( , ) , ( , ) ; .y 0 0 y 0 0 0 y h    v  (2.9) 

 
The appropriate boundary conditions are 
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 ( , ) , ( , ) ( ); .0 t 0 h t Sf t t 0   v  (2.10) 
 
Introducing the following non-dimensional variables and functions 
 

  , , ,
0

y t
y t

h t hS S
    
    v v  (2.11) 

 
where 0t  is a characteristic time and dropping out the star notation, we get the next initial and boundary 
value problem 

 

  
2 ( , ) ( , ) ( , )

( ) ; , ,
2

y t y t y t
1 y 0 y 1 t 0

y ty

  
       

 
v v v

 (2.12) 

 
  ( , ) ; ,y 0 0 0 y 1  v  (2.13) 
 

   
( , )

( , ) , ( ); ,
y 1

y t
0 t 0 f t t 0

y 


  


v

v  (2.14) 

 
for the dimensionless velocity field ( , )y tv . 

 In order to get the partial differential Eqs (2.12) we chosen the characteristic time 0t  to be equal with 
/ ( )h g  . In addition, the dimensionless pressure-viscosity parameter / ( )1 gh    and the non-

dimensional shear stress ( , )y t  is given by the relation 
 

  
( , )

( , ) ; , .
1 y y t

y t 0 y 1 t 0
y

   
    

 
v

 (2.15) 

 
3. Solution of the problem  
 

In order to solve the partial differential Eq.(2.12) with the initial and boundary conditions (2.13) and 
(2.14) we first make the change of the independent variable 

 

  
2r

y 1
4

          or equivalently      r 2 1 y    . (3.1) 

 
The governing Eq.(2.12) takes a suitable form, namely 

 

  
2 ( , ) ( , ) ( , )

; , ,
2

r t 1 r t r t
a r b t 0

r r tr

  
    

 
v v v

 (3.2) 

 
while the initial and boundary conditions (2.13) and (2.14) become 

 
  ( , ) ; ,r 0 0 a r b  v  (3.3) 
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( , )

( ), ( , ) ; ,
r a

r t
f t b t 0 t 0

r 


    


v

v  (3.4) 

 

where   a 2        and      b 2 1   . 

 

  In what follows, we use the finite Hankel transform defined by Debnath and Bhatta [19] 
 

   ( ) ( , ) ( , ) , , , ...
b

Hn n

a

t r r t A r r dr n 1 2 3 v v  (3.5) 

where 

   ( , ) ( ) ( ) ( ) ( ),n 1 n 0 n 1 n 0 nA r r Y ar J rr J ar Y rr   (3.6) 

 
)(),(),(  100 JYJ  and )(1Y  are standard Bessel functions of the first and second kind and nr  are the positive 

roots of the transcendental equation 

 
   ( , ) ( ) ( ) ( ) ( ) .1 0 1 0A b r Y ar J br J ar Y br 0    (3.7) 

 
Multiplying Eq.(3.2) by ),( nrrrA , integrating the result with respect to r from a to b and bearing in 

mind the identities (A1) and (A2) from the Appendix and the initial and boundary conditions (3.3) and (3.4), 
we find that 

 

   ( ) ( ) ( ); ,2
Hn n Hn

n

2
t r t f t t 0

r


   


v v  (3.8) 

 
   00Hn )(v       for each      ...,, 321n   (3.9) 

 
Now, solving the ordinary differential Eq.(3.8) with the initial condition (3.9) and introducing the 

result in the inverse finite Hankel transform given by Eq.(A3), we find that 
 

   ( )( )
( , ) ( , ) ( )e

( ) ( )

2
n

t2
r t sn 0 n

n2 2
1 n 0 nn 1 0

r J br
r t A r r f s ds

J ar J br


 



  
 v . (3.10) 

 
In this form the solution (3.10) satisfies the initial condition (3.3) and the boundary condition (3.4)2. 

In order to show that the boundary condition (3.4)1 is also satisfied, we use the identity 
 

   ln ( , ) ,
b

n 3
na

r 2
a r A r r dr

b r

       (3.11) 

 
and present the velocity field ( , )r tv  in the equivalent form 
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   ( )( ) ( , )
( , ) ( ) ln ( )e .

( ) ( )

2
n

t2
r t s0 n n

2 2
n 1 n 1 n 0 n 0

r J br A r r
r t 2 f t f s ds

b r J ar J br


 



             
 v  (3.12) 

 
Coming back to the initial variables, we obtain for the dimensionless velocity field ( , )y tv  under the 

suitable form 
 

  
  ( )

( ) ,
( , ) ( ) ln ( )e ,

( ) ( )

2
n

2 t
0 n n r t s

2 2
n 1 n 1 n 0 n 0

J br A 2 1 y r1
y t f t f s ds

1 y r J ar J br


 



                 
 v   (3.13) 

 
which clearly satisfies all imposed initial and boundary conditions. 

The adequate shear stress, as it results from Eqs (2.15) and (3.13), is given by 
 

  
  ( )

( ) ,
( , ) ( ) ( )e ,

( ) ( )

2
n

2 t
0 n n r t s

2 2
1 n 0 nn 1 0

J br B 2 1 y r1 y
y t f t f s ds

J ar J br


 



        
     (3.14) 

 
where )()()()(),( n1n1n1n1n rrYarJrrJarYrrB  . The frictional force per unit area exerted by the fluid on the 
stationary plate is given by 

 

   ( )( ) ( , )
( ) ( , ) ( ) ( )e .

( ) ( )

2
n

t2
r t s0 n n

0 2 2
1 n 0 nn 1 0

1 J br B b r
t 0 t f t f s ds

J ar J br


 



       
    (3.15) 

 
Finally, it is worth pointing out the fact that the general expressions (3.13) and (3.14) can generate 

exact solutions for any motion with technical relevance of this type of incompressible Newtonian fluids with 
linear dependence of viscosity on the pressure. Consequently, the problem under discussion is completely 
solved and, in order to bring to light some physical insight of the obtained results, three special cases will be 
considered. 
 
3.1. Case )()( tHtf   (Upper plate applies a constant shear stress to the fluid) 

 
Replacing )(tf  by )(tH  (the Heaviside unit step function) in Eqs (3.13) and (3.14) and using the 

fact that the derivative of )(tH  is the Dirac delta function, we find the dimensionless velocity and shear 
stress fields 

 

   
 ( ) ,

( , ) ( ) ln ( ) e ,
( ) ( )

2
n

2
0 n n r t

C 2 2
n 1 n 1 n 0 n

J br A 2 1 y r1
y t H t H t

1 y r J ar J br






    
            

v  (3.16) 

 

   
 ( ) ,

( , ) ( ) ( ) ,
( ) ( )

2
n

2
0 n n r t

C 2 2
1 n 0 nn 1

J br B 2 1 y r1 y
y t H t H t e

J ar J br






    
   

   (3.17) 

 
corresponding to the fluid motion induced by the upper plate that applies a constant shear stress )(tSH  to 
the fluid. The frictional force per unit area exerted by the fluid on the stationary plate, corresponding to this 
motion, is given by 
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( ) ( , )

( ) ( , ) ( ) ( ) .
( ) ( )

2
n

0

2
r t0 n n

C C 2 2 2
n 1 n 1 n 0 n

1 J br B b r
t 0 t H t H t e

r J ar J br






 
     

   
  (3.18) 

 
Making t  into Eqs (3.16) and (3.17) we find the steady (permanent) solutions 
 

   ( ) ln , ( ) .Cp Cp
1

y y 1
1 y

  
       

v  (3.19) 

 
 Consequently, in the steady case, the shear stress is constant on the whole flow domain although the 
fluid velocity is a function of y. This constant is just the constant shear stress applied by the upper plate to 
the fluid. 

 

3.2. Case ( ) ( ), ( )f t t H t 0    (Upper plate applies ramp-type shear stress to the fluid) 
 
The solutions corresponding to the motion induced by the upper plate that applies a ramp-type (see 

Toki and Tokis [20]) shear stress to the fluid, namely 
 

   
 ( ) ,

( , ) ln ( ) e ,
( ) ( )

2
n

2 t
0 n n r s1

2 2
n 1 n 1 n 0 n 0

J br A 2 1 y r1
y t t t s ds

1 y r J ar J br


 




    
             

 v  (3.20) 

 

   
 ( ) ,

( , ) ( ) e ,
( ) ( )

2
n

2 t
0 n n r s1

2 2
1 n 0 nn 1 0

J br B 2 1 y r1 y
y t t t s ds

J ar J br


 




    
    

    (3.21) 

 

are immediately obtained substituting )(tf  by ( )t H t  in Eqs (3.13) and (3.14). It is interesting to observe 
that the solutions corresponding to 1  , namely 

 

   
   ( ) ,

( , ) ln ,
( ) ( )

2
n

2
0 n n r t

1 3 2 2
n 1 n 1 n 0 n

J br A 2 1 y r1
y t t 1 e

1 y r J ar J br






    
             

v  (3.22) 

 

   
   ( ) ,

( , ) ,
( ) ( )

2
n

2
0 n n r t

1 2 2 2
n 1 n 1 n 0 n

J br B 2 1 y r1 y
y t t 1 e

r J ar J br






    
    

   
  (3.23) 

 
can also be presented in simpler forms 

 

   ( , ) ( , ) and ( , ) ( , )
t t

1 C 1 C

0 0

y t y s ds y t y s ds    v v  (3.24) 

 
where ( , )C y tv  and ( , )C y t  are given by Eqs (3.16) and (3.17). 

Furthermore, it is not difficult to show that Fetecau et al. [21] 
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     ( , ) ( ) ( , ) , ( , ) ( ) ( , )t C t Cy t 1 I u y t y t 1 I y t 
          v  (3.25) 

 

where the Riemann-Liouville fractional integral operator ( )tI    is defined by Hristov [22] 
 

  { ( )} ( ) ( )
( )

t
1

t

0

1
I f t t s f s ds  

    (3.26) 

 
where ( )   is the Gamma function. In the special case, when n   (a natural number), Eqs (3.25) take the 
simpler forms 

 

   

( , ) ( !) { ( , )} ( !) ... ( , ) ... ,

( , ) ( !) { ( , )} ( !) ... ( , ) ... .

n 11 2

n1 2

ss st
n

n t C C n n n 1 1

0 0 0 0

ss st
n

n t C C n n n 1 1

0 0 0 0

y t n I y t n y s ds ds ds

y t n I y t n y s ds ds ds







 

    

   

   

v v v

 (3.27) 

 
 Consequently, knowing the solutions ( , )C y tv  and ( , )C y t  corresponding to the fluid motion due to 
a constant shear stress on the boundary, we can determine the adequate solutions for motions induced by the 

upper plate that applies shear stresses of the form ( )t H t  on the fluid using the Riemann-Liouville fractional 

integral operator {}tI    defined by Eq.(3.26). If   is a natural number n, the corresponding solutions can be 

obtained by simple or multiple integrations from ),( tyCv , respectively ( , )C y t  like in Eqs (3.27). 
 
3.3. Case ( ) ( )cos( ) or ( ) ( )sin( )f t H t t f t H t t     (Upper plate applies oscillatory shear stresses to the 

fluid) 
 

By substituting the function )(tf  by ( )cos( )H t t  or ( )sin( )H t t  in Eq.(3.13), where   is the non-

dimensional frequency of the oscillations, we find the dimensionless velocity fields ( , )c y tv  and ( , )s y tv  
corresponding to motions of incompressible Newtonian fluids with linear dependence of viscosity on the 
pressure induced by the upper plate that applies oscillatory share stresses to the fluid. Of course, these 
starting solutions can be presented as sums of steady-state (permanent) ( , )cp y tv  and ( , )sp y tv  and transient 

( , )ct y tv  and ( , )st y tv  components, namely 
 

  ( , ) ( , ) ( , ) ( ), ( , ) ( , ) ( , ) ( )c cp ct s sp sty t y t y t H t y t y t y t H t         v v v v v v  (3.28) 

where 

    
 

( , ) ln cos( )

( ) , sin( ) cos( )
,

( ) ( )

cp

2 2
0 n n n

2 2 4 2
1 n 0 nn 1 n n

1
y t t

1 y

J br A 2 1 y r r t t

J ar J br r r





  
       

     
 

  


v

 (3.29) 
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 ( ) ,

( , ) e ,
( ) ( )

2
n

2 3
0 n n r tn

ct 2 2 4 2
1 n 0 n nn 1

J br A 2 1 y r r
y t

J ar J br r






  
  

  v  (3.30) 

 

    
 

( , ) ln sin( )

( ) , cos( ) sin( )
,

( ) ( )

sp

2 2
0 n n n

2 2 4 2
1 n 0 nn 1 n n

1
y t t

1 y

J br A 2 1 y r r t t

J ar J br r r





  
       

      
 

  


v

 (3.31) 

 

   
 ( ) ,

( , ) e .
( ) ( )

2
n

2
0 n n r tn

st 2 2 4 2
1 n 0 n nn 1

J br A 2 1 y r r
y t

J ar J br r






  
  

  v  (3.32) 

 
 An important remark regarding these solutions refers to the fact that, as expected, the velocity field 

),( tycv  tends to the solution ),( tyCv  when the oscillations’ frequency 0 . 
For a check of the obtained results, let us determine new but equivalent expressions for the steady-

state components ( , )cp y tv  and ( , )sp y tv  of the starting solutions ),( tycv  and ),( tysv . To do that, we 

denote by ),( trup  the complex velocity  

 
  ( , ) ( , ) ( , )p cp spu r t r t i r t v v  (3.33) 

 
where ),( trcpv  and ),( trspv  are the steady-state components of the starting solutions of the initial and 

boundary value problem (3.2)-(3.4) and i is the imaginary unit. Of course, ),( trup  has to satisfy the partial 

differential equation 
 

  
( , ) ( , ) ( , )

; , ,
2

p p p
2

u r t u r t u r t1
a r b t R

r r tr

  
    

 
 (3.34) 

 
with the initial conditions 

 

  
( , )

e , ( , ) ; .p i t

r a

u r t
b t 0 t R

r





    


v  (3.35) 

 
For the boundary value problem (3.34)-(3.35) we are looking for a separable solution 
 

  ( , ) ( ) ( ).pu r t r F tV  (3.36) 

 
Substituting Eq.(3.36) in Eq.(3.34) and bearing in mind the boundary conditions (3.35), we find that 

 

  ( ) ( ) ( ) ; ( ) , ( ) .
1

r r i r 0 a b 0
r

         V V V V V  (3.37) 

 
The general solution of Eq.(3.37)1, namely 
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  ( ) ( ) ( ),1 0 2 0r C I r i C K r i   V  (3.38) 
 

is immediately obtained using the change of variable /r s i  . On the basis of boundary conditions 
(3.37)2 and (3.37)3 we can determine the constants 1C  and 2C  and then the new expressions of the steady-

state solutions ),( trcpv  and ),( trspv . Coming back to the original variable, we found the simpler 

expressions 
 

( ) ( ) ( ) ( ) e
( , ) Re ,

( ) ( ) ( ) ( )

i t
0 0 0 0

cp
0 0 0 0

K b i I 2 i 1 y I b i K 2 i 1 y
y t

I b i K a i K b i I a i i

                             
v  (3.39) 

 

( ) ( ) ( ) ( ) e
( , ) Im

( ) ( ) ( ) ( )

i t
0 0 0 0

sp
0 0 0 0

K b i I 2 i 1 y I b i K 2 i 1 y
y t

I b i K a i K b i I a i i

                             
v  (3.40) 

 
where Re and Im denote the real, respectively the imaginary part of that which follows. Figures 1a and 1b 
clearly show that expressions (3.29) and (3.31) of the steady-state components ),( tycpv  and ),( tyspv  are 

equivalent to those given by relations (3.39), respectively (3.40). 
It is well know that the steady-state solutions are independent of the initial conditions but they satisfy 

governing equations and boundary conditions. In practice, they are important for those who want to eliminate 
the transients from their experiments. For that one needs to know the time after which the fluid flows 
according to the steady-state solutions. This is the time after which the diagrams of starting solutions are 
almost identical to those of their steady-state components and it can be graphically determined as shown in 
following by Fetecau and Agop [21].  

 
4. Numerical results and discussions 
 

An analytical study of the unsteady flows of incompressible Newtonian fluids with linear 
dependence of viscosity on the pressure in a rectangular channel was carried out. The fluid motion is 
generated by the upper wall of the channel that applies a time-dependent shear stress )(tSf  to the fluid. 
Consequently, contrary to the similar results from the existing literature, the force with which the plate was 
moved is prescribed and an initially and mixed boundary value problem has been obtained. General 
expressions for dimensionless velocity and shear stress fields and the adequate frictional force per unit area 
exerted by the fluid on the stationary plate have been established and the problem under consideration is 
completely solved. These expressions, that satisfy all imposed initial and boundary conditions, can generate 
exact solutions for any motion of this kind of respective fluids by choosing adequate forms for the arbitrary 
function )(tf . 

For illustration, three motions with engineering applications are considered and some interesting 
observations and graphical representations are provided and discussed. It is found that the solutions 

corresponding to motions induced by shear stresses of the form ( )t H t  are connected to those of the flow 

due to a constant shear stress on the boundary by the Riemann-Liouville fractional integral operator {}tI    

(see Eqs.(3.25)). If n   (a natural number), these solutions can be obtained by simple or multiple 
integrations of the above mentioned solutions. Furthermore, in order to be able to determine the required 
time to reach the steady-state, the solutions corresponding to motions produced by oscillatory or constant 
shear stresses on the boundary are presented as sums of steady-state and transient components. It is worth 
pointing out the fact that the steady shear stress Cp  given by Eq.(3.19)2 is constant on the whole flow 
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domain although the corresponding velocity ( )Cp yv  is a function of y. The respective constant is just the 

constant shear stress applied by the upper plate to the fluid to move it. Finally, for validation, the solutions 
corresponding to oscillatory motions are presented in two different forms whose equivalence has been 
graphically proved by Figs 1. 
 

 
 

Fig.1. Profiles of the permanent solutions ),( tycpv  and ),( tyspv . 
 

In order to analyze the effects of the shear stress applied by the upper plate on the fluid and the 
influence of the non-dimensional pressure-viscosity parameter   on the dimensionless velocity and shear 
stress fields, we have considered the case of the oscillating shear stress given by ( ) sin( ),f t 2t t 0  . 
Numerical results and the corresponding graphical illustrations have been obtained with the software 
Mathcad using the analytical expressions of velocity and shear stress given by Eqs (3.28)2 and (3.14).  

As observed from Eqs (2.7), (2.8) or (2.15), the studied problem contains as a particular case the 
Newtonian fluid with constant viscosity; more precisely, when the dimensional pressure-viscosity coefficient 

0  (fluid with constant viscosity) and the non-dimensional pressure-viscosity parameter   tends to 
infinity. In this case, the flow of Newtonian fluid with constant viscosity is recovered. The previous 
observation is illustrated by the graphs from Figs 2 and 3.  
 

 
 

Fig.2. Profiles of the function ( , )y  . 
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Fig.3. Profiles of the velocity ),( tysv  and shear stress ( , )s y t  for different values of the parameter  . 
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It is important to note that the influence of the variable viscosity on the non-dimensional shear rate 

y

ty


 ),(v

 is given by the function ( , ) , ( , ),
1 y

y y 0 1 0
  

     


 (see Eq.(2.15), whose profiles are 

presented in Fig.2. It is observed from the expression of ( , )y   and from Fig.2 that for large values of the 

pressure-viscosity parameter  , the viscosity function tends to 1 for all values of the spatial variable y. Also, 
it should be noted that the fluid viscosity decreases with the spatial position y, therefore, the fluid flows 
slower near the bottom plate and faster near the upper wall. These aspects can be easily observed in Fig.3 
which was sketched to show profiles of the velocity ( , )s y tv  and the shear stress ( , )s y t , versus the time t, 

for three positions of the channel }.,.,.{ 750500250y  and for five values of the non-dimensional pressure-

viscosity parameter { . , . , , . , }0 25 0 50 1 1 40 100 .  

The spatial profiles of the dimensionless velocity and shear stress fields ),( tysv  and ( , )s y t  have 

been also plotted in Figs 4-7 for ( , ) [ . ] [ . ]y t 0 1 0 8   and for the non-dimensional pressure-viscosity 

parameter .0 5  . Some curves obtained by the intersection of these surfaces with planes const.y  , 

respectively const.t   are also presented in these figures. It is observed that the fluid velocity, as well as the 
shear stress, in absolute value increase with the spatial coordinate y. For large values of the time t, the fluid 
has the velocity given by the post-transition solution (the permanent solution). The amplitude of the shear 
stress with the spatial variable is greater than that of the fluid velocity. In both cases it decreases in time and, 
as expected, tends to zero for t . 
 

        
 

Fig.4. The spatial profile of the velocity ),( tysv  and some sections with planes const.y    
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Fig.5. The spatial profile of the velocity ),( tysv  and some sections with planes const.t   
 

   
 

Fig.6. The spatial profile of the shear stress ( , )s y t  and some sections with planes const.y    
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Fig.7. The spatial profile of the shear stress ( , )s y t  and some sections with planes const.t   
 

From Figs 4 and 6 it clearly results that the fluid velocity satisfies both the initial condition (2.13) 
and the boundary condition (2.14)1. The shear stress, as it results from Figs 5 and 7, is also zero for 0t   and 

),( 10y . Furthermore, from these figures we can come to the conclusion that, in the analyzed case, after 

6t   the flow is described by the post-transient solutions as the transient components become negligible 
after this time. 
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Nomenclature 

 
 g   acceleration due to gravity 
 h   distance between the plates 
 p   hydrostatic pressure 
 T  Cauchy stress tensor 
 v  velocity vector 
    dimensional pressure-viscosity coefficient 
    non-dimensional pressure-viscosity parameter 
    fluid density 
    dynamic viscosity 

,
t x

 


 
 partial derivatives 
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