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A NONLINEAR MODEL OF A TURBINE BLADE BY ASYMPTOTIC ANALYSIS
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In this paper we obtain a limit model for a turbine blade fixed to a 3D solid. This model is a three-dimensional linear elasticity
problem in the 3D part of the piece (the rotor) and a two-dimensional problem (the nonlinear shallow shell equations) in the
2D part (the turbine blade), with junction conditions in the part of the turbine blade fixed to the rotor. To obtain this model,
we perform an asymptotic analysis, starting with the nonlinear three-dimensional elasticity equations on all the pieces and
taking as a small parameter the thickness of the blade.
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1. Introduction

The objective of this article is to mathematically justify a
coupled 3D-2D model for a turbine blade under centrifu-
gal and pressure forces. Let us suppose that the turbine
blade can be modelled by a shallow shell, as defined by
(Ciarlet and Miara, 1992).

We shall assume that the turbine blade is made of a
Saint Venant-Kirchhoff material. We shall need the fol-
lowing notation:

Let O be a bounded and connected open set,O ⊂
R3, with boundary∂O smooth enough (for instance, a
Lipschitz boundary composed of a finite number of parts
of class C1). Let Γ0 ⊂ ∂O have positive measure
(meas(Γ0) > 0).

Here and subsequently, we will use the following
symbols:

ω ⊂ R2, Ω = ω× ]−1, 1[, Ωε = ω× ]−ε, ε[,

ω a bounded and connected open set with∂ω
a Lipschitz boundary composed of
a finite number of curves of classC1,

θ : (x1, x2) ∈ ω −→ R, θ ∈ C3(ω),

θε(x1, x2) = εθ(x1, x2),

αε(x1, x2) = 1 + |∂1θ
ε|2 + |∂2θ

ε|2,

d̂ε(x1, x2) = (αε)−1/2(−∂1θ
ε,−∂2θ

ε, 1),

πε : x ∈ Ω −→ xε = πε(x) = (x1, x2, εx3) ∈ Ωε,

Θε : xε ∈ Ωε −→ x̂ε = Θε(xε) ∈ Θε(Ωε),

Θε(xε) =
(
x1, x2, θ

ε(x1, x2)
)

+ xε
3d̂

ε(x1, x2),

Ω̂ε = Θε(Ωε),

ω̂ε =
{(

x1, x2, θ
ε(x1, x2)

)
∈ R3 : (x1, x2) ∈ ω

}
,

Sε = O ∪ Ω̂ε, Ω̂ε
β = Ω̂ε ∩ O, Oε

β = O − Ω̂ε
β .

We shall use the summation convention for repeated
indices, where the Latin indices (i, j, k, . . . ) take on val-
ues in {1, 2, 3} and the Greek indices (α, β, γ, . . . ) take
on values in{1, 2}. For example,xαxα = x2

1 + x2
2,

xixi = x2
1 + x2

2 + x2
3. Let δij be the identity matrix,

i.e. δij = 0 if i 6= j and δij = 1 if i = j. We shall
use the following notation for partial derivatives:∂i for
∂/∂xi, ∂ε

i for ∂/∂xε
i and ∂̂ε

i for ∂/∂x̂ε
i .

From our definitions, we can see thatSε is a com-
plete solid,O is the 3D part,Ω̂ε is the shallow shell and
ω̂ε stands for the middle surface of the shallow shell (a
turbine usually has more than one blade, but the results
can be easily extended). We shall also use the following
notation:

Let ωβ = {(x1, x2) ∈ ω : (x1, x2, 0) ∈ O}, and
suppose that meas(ωβ) > 0. Then we haveωβ 6= ∅ and,
for a smallε, Ω̂ε

β 6= ∅.

Let ω∗ = ω − ωβ , γ∗ = ω∗ ∩ ωβ , Γ∗ =
γ∗ × [−1, 1], Ωβ = ωβ× ]−1, 1[, Ω∗ = ω∗ × ]−1, 1[,
Γ+ = ω∗ × {1}. The upper face of the shallow shell

can be defined byΓ̂ε
+ = ∂

(
Ω̂ε − Ω̂ε

β

)
∩ Θε(ω ×
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{ε}). We also introduceΩβ(ε) = (Θε ◦ πε)−1
(
Ω̂ε

β

)
⊂

Ω, Γ+(ε) = (Θε ◦ πε)−1
(
Γ̂ε

+

)
and ωβ(ε) =

{(x1, x2) ∈ ω : (x1, x2, εθ(x1, x2)) ∈ O}.

2. Problem Posed onSεεε

We shall consider the nonlinear elasticity problem for a
solid Sε. We are interested in the case whenSε is a
turbine blade subjected to large centrifugal and pressure
forces, and we suppose that the turbine is fixed onΓ0

(we shall choose a reference frame that spins withSε).
Let us consider the case when the Lamé coefficients are
λ̂ε and µ̂ε in Sε. Let us consider a body forcêfε(x̂ε) =
(f̂ε

i (x̂ε)) applied in Sε and a surface forcêgε(x̂ε) =
(ĝε

i (x̂
ε)) applied on Γ̂ε

+. Let us remember that we are
interested in the case when̂fε is a centrifugal force and
ĝε is a pressure, so we have (ifSε spins around theOx2

axis):

f̂ε
1 (x̂ε, ûε) = δ̂ε(x̂ε)(ωε)2

(
x̂ε

1 + ûε
1(x̂

ε)
)
, f̂ε

2 (x̂ε) = 0,

f̂ε
3 (x̂ε, ûε) = δ̂ε(x̂ε)(ωε)2

(
x̂ε

3 + ûε
3(x̂

ε)
)
, (1)

ĝε
i (x̂

ε) = −p̂ε
(
x̂ε + ûε(x̂ε)

)
d̂ε

i

(
x̂ε + ûε(x̂ε)

)
,

where δ̂ε(x̂ε) is the mass density at point̂xε, ωε is
the angular velocity,p̂ε is the normal pressure to(I +
ûε)(Γ̂ε

+) and d̂ε is the unit outward normal to(I +
ûε)(Γ̂ε

+).

Then our problem is (see, e.g., Ciarlet, 1990): Find
ûε ∈ V ε such that∫
Sε

{
λ̂εÊε

pp(û
ε)δij + 2µ̂εÊε

ij(û
ε)

}
êε
ij(v̂

ε) dx̂ε

+
∫
Sε

{
λ̂εÊε

pp(û
ε)δij + 2µ̂εÊε

ij(û
ε)

}
∂̂ε

i ûε
k∂̂ε

j v̂ε
k dx̂ε

=
∫
Sε

f̂ε
i (x̂ε, ûε)v̂ε

i dx̂ε +
∫

Γ̂ε
+

ĝε
i (x̂

ε, ûε)v̂ε
i dâε,

∀ v̂ε ∈ V ε, (2)

where

Êε
ij(v̂

ε) = êε
ij(v̂

ε) +
1
2
∂̂ε

i v̂ε
k∂̂ε

j v̂ε
k

=
1
2
(∂̂ε

j v̂ε
i + ∂̂ε

i v̂ε
j ) +

1
2
∂̂ε

i v̂ε
k∂̂ε

j v̂ε
k (3)

and V ε =
{
v̂ε ∈ W 1,4(Sε) : v̂ε = 0 onΓ0

}
.

3. Changing to the Reference Sets

Let us now perform two changes of variables to reference
open sets in order to be able to pass on to the limit within
open sets independent of the parameterε. Let us consider
the following two changes of variables:

A) Õ = O + r, with r ∈ R3 (x̃ ∈ Õ ⇔ x̃i = x̂ε
i +

ri, x̂ε ∈ O) and let Õε
β = Oε

β + r, Ω̃ε
β = Ω̂ε

β + r,
etc.

B) x ∈ Ω −→ xε = πε(x) ∈ Ωε

−→ x̂ε = Θε
(
πε(x)

)
∈ Ω̂ε.

Let us taker ∈ R3 such thatΩ ∩ Õ = ∅ and
consider now∇εΘε(xε) =

(
∂ε

j Θε
i (x

ε)
)
. If we use

(αε)−1/2 = 1 + ε2r(ε, θ), where r(ε, θ) is bounded on
ω̄ (Ciarlet and Miara, 1992; Ciarlet and Paumier, 1986),
we have

∇εΘε(xε)=

 1 0 −ε∂1θ

0 1 −ε∂2θ

ε∂1θ ε∂2θ 1

+ε2M(ε;xε), (4)

where sup
0<ε≤ε0

max
xε∈Ω̄ε

|M(ε;xε)| < +∞.

Consider now the following terms which appear
when performing the change of the variables of the prob-
lem (2) to the reference sets:

δε(xε) = det
(
∇εΘε(xε)

)
,

bε
ij(x

ε) =
((
∇εΘε(xε)

)−1
)

ij
,

xε ∈ Ω̄ε,

βε(xε) =
(
bε
3i(x

ε)bε
3i(x

ε)
)1/2

, xε ∈ Γε
+.

We can prove (Ciarlet and Miara, 1992; Ciarlet and Pau-
mier, 1986) that we have

δε(xε) = 1 + ε2r∆(ε;xε),

βε(xε) = 1 + ε2rB(ε;xε),

bε
αβ(xε) = δαβ + ε2rαβ(ε;xε),

bε
α3(x

ε) = ε∂αθ + ε3rα3(ε;xε),

bε
3α(xε) = −ε∂αθ + ε3r3α(ε;xε),

bε
33(x

ε) = 1 + ε2r33(ε;xε),

where

sup
0<ε≤ε0

max
xε∈Ω̄ε

{
|r∆(ε;xε)| , |rij(ε;xε)| ,

|rB(ε;xε)|
}

< +∞.
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We now use the change of variables to the reference
sets in eqn. (2). The change of variables used depends on
the integral under consideration as follows:∫
Sε

F̂ ε(x̂ε) dx̂ε =
∫
O

F̂ ε(x̂ε) dx̂ε +
∫

Ω̂ε−Ω̂ε
β

F̂ ε(x̂ε) dx̂ε

=
∫
Õ

F̃ (ε)(x̃)dx̃

+
∫

Ω−Ωβ(ε)

F (ε)(x)
(
1 + ε2r∆(ε)(x)

)
dx, (5)

where F̂ ε(x̂ε) is any function onSε, and F̃ (ε)(x̃) and
F (ε)(x) denote their images oñO and Ω through the
changes of variables. The same goes forr∆(ε)(x) and
r∆(ε;xε).

In order not to have to integrate over a domainΩ −
Ωβ(ε) that dependsa priori on ε, we make the following
simplifying geometric assumption:

Ω− Ωβ(ε) = Ω∗, (6)

whereΩ∗ is independent ofε.

Hypothesis (6) is very restrictive and it means
(nearly) that the turbine blade (Ω̂ε) is fixed toO in a right
angle. This hypothesis simplifies the computations and we
shall study later the consequences of eliminating (6).

With hypothesis (6), eqn. (5) becomes∫
Sε

F̂ ε(x̂ε) dx̂ε

=
∫
Õ

F̃ (ε)(x̃)dx̃

+
∫

Ω∗
F (ε)(x)

(
1 + ε2r∆(ε)(x)

)
dx. (7)

Performing the change of variables fromΩε to Ω in
functions δε(xε), bε

ij(x
ε) and βε(xε), we obtain

δ(ε)(x) = 1 + ε2r∆(ε)(x),

β(ε)(x) = 1 + ε2rB(ε)(x),

bαβ(ε)(x) = δαβ + ε2rαβ(ε)(x),

bα3(ε)(x) = ε∂αθ + ε3rα3(ε)(x),

b3α(ε)(x) = −ε∂αθ + ε3r3α(ε)(x),

b33(ε)(x) = 1 + ε2r33(ε)(x),

(8)

where

sup
0<ε≤ε0

max
x∈Ω̄

{
|r∆(ε)(x)| , |rij(ε)(x)| ,

|rB(ε)(x)|
}

< +∞.

Now, for eachv̂ε ∈ W 1,4(Sε), we define the pair
(ṽ,v) ∈ W 1,4(O) × W 1,4(Ω), given by the following
scalings:

v̂ε
i (x̂

ε) = ε2ṽi(x̃), x̂ε ∈ O,

v̂ε
α(x̂ε) = ε2vα(x), v̂ε

3(x̂
ε) = εv3(x), x̂ε ∈ Ω̂ε.

(9)

Then we have

∂̂ε
j v̂ε

i (x̂
ε) = ε2∂̃j ṽi(x̃), x̂ε ∈ O,

∂̂ε
j v̂ε

i (x̂
ε) = ∂ε

kvε
i (x

ε)bε
kj(x

ε), x̂ε ∈ Ω̂ε,
(10)

where ∂ε
αvε

β(xε) = ε2∂αvβ(x), ∂ε
αvε

3(x
ε) = ε∂αv3(x),

∂ε
3v

ε
β(xε) = ε∂3vβ(x), ∂ε

3v
ε
3(x

ε) = ∂3v3(x) and
bε
kj(x

ε) = bkj(ε)(x).
To proceed as with (7), let us consider theO part of

the integral on the left-hand side of (2). Let us suppose
that the Lamé constants satisfŷλε = ε−tλ̂ and µ̂ε =
ε−tµ̂.

Then we have, sincêuε fulfils relations (9),∫
O

{
λ̂εÊε

pp(û
ε)δij + 2µ̂εÊε

ij(û
ε)

}
êε
ij(v̂

ε) dx̂ε

+
∫
O

{
λ̂εÊε

pp(û
ε)δij + 2µ̂εÊε

ij(û
ε)

}
∂̂ε

i ûε
k∂̂ε

j v̂ε
k dx̂ε

= ε4−tAε
(
ũ(ε), ṽ

)
, (11)

where

Aε
(
ũ(ε), ṽ

)
= A0

(
ũ(ε), ṽ

)
+ ε2A2

(
ũ(ε), ṽ

)
+ ε4A4

(
ũ(ε), ṽ

)
(12)

and

A0

(
ũ(ε), ṽ

)
=

∫
Õ

{
λ̂epp

(
ũ(ε)

)
δij

+ 2µ̂eij

(
ũ(ε)

)}
eij(ṽ) dx̃, (13)

A2

(
ũ(ε), ṽ

)
=

1
2

∫
Õ

{
λ̂∂pũk(ε)∂pũk(ε)δij

+ 2µ̂∂iũk(ε)∂j ũk(ε)
}

eij(ṽ) dx̃

+
∫
Õ

{
λ̂epp

(
ũ(ε)

)
δij + 2µ̂eij

(
ũ(ε)

)}
× ∂iũk(ε)∂j ṽk dx̃, (14)

A4

(
ũ(ε), ṽ

)
=

1
2

∫
Õ

{
λ̂∂pũk(ε)∂pũk(ε)δij + 2µ̂∂iũk(ε)

× ∂j ũk(ε)
}

∂iũk(ε)∂j ṽk dx̃. (15)
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We are now going to do the same witĥΩε. We
must study the behaviour of̂eε

ij(v̂
ε) and ∂̂ε

i ŵε
k∂̂ε

j v̂ε
k un-

der the change of variables. For this reason, we are go-
ing to define the following functionals onW 1,4(Ω) and
W 1,4(Ω)×W 1,4(Ω):

Pij(ε)(v)(x) =
1
ε2

êε
ij(v̂

ε)(x̂ε), (16)

Qij(ε)(w,v)(x) =
1
ε2

{
∂̂ε

i ŵε
k∂̂ε

j v̂ε
k

}
(x̂ε), (17)

respectively. The dependence of (16) and (17) onε can
be studied if we use (8)–(10), and then we obtain

êε
αβ(v̂ε) =

1
2
(
∂ε

γvε
αbε

γβ+∂ε
γvε

βbε
γα+∂ε

3v
ε
αbε

3β+∂ε
3v

ε
βbε

3α

)
=

ε2

2

[
∂γvα

(
δγβ + ε2rγβ(ε)

)
+ ∂γvβ

(
δγα + ε2rγα(ε)

)
+ ε−1∂3vα

(
−ε∂βθ + ε3r3β(ε)

)
+ ε−1∂3vβ

(
−ε∂αθ + ε3r3α(ε)

)]
=

ε2

2
(
∂βvα + ∂αvβ − ∂3vα∂βθ − ∂3vβ∂αθ

)
+

ε4

2
(
∂γvαrγβ(ε) + ∂γvβrγα(ε)

+ ∂3vαr3β(ε) + ∂3vβr3α(ε)
)
,

so we have

Pαβ(ε)(v) = eθ
αβ(v) + ε2e]

αβ(ε, θ;v), (18)

wheree]
αβ(ε, θ;v) depends on neitherθ nor v3:

eθ
αβ(v) = eαβ(v)− 1

2
(∂βθ∂3vα + ∂αθ∂3vβ) ,

eαβ(v) =
1
2

(∂βvα + ∂αvβ) ,

e]
αβ(ε, θ;v) =

1
2
(
∂ivαriβ(ε) + ∂ivβriα(ε)

)
.

In a similar way, we obtain

Pα3(ε)(v) =
1
ε
eθ
α3(v) + εe]

α3(ε, θ;v), (19)

where

eθ
α3(v) = eα3(v)− 1

2
∂αθ∂3v3,

eα3(v) =
1
2

(∂3vα + ∂αv3) ,

e]
α3(ε, θ;v) =

1
2
(
∂γvα∂γθ + ∂iv3riα(ε) + ∂3vαr33(ε)

)
+

ε2

2
(
∂γvαrγ3(ε)

)
.

We know thatêε
α3(v̂

ε) = êε
3α(v̂ε), so we have

P3α(ε)(v) =
1
ε
eθ
3α(v) + εe]

3α(ε, θ;v), (20)

whereeθ
3α(v) = eθ

α3(v), e3α(v) = eα3(v), e]
3α(ε, θ;v)

= e]
α3(ε, θ;v).
We also have

P33(ε)(v) =
1
ε2

∂3v3 + ∂γv3∂γθ + ∂3v3r33(ε)

+ ε2e]
33(ε, θ;v), (21)

whereeθ
33(v)=e33(v)=∂3v3, e]

33(ε, θ;v)=∂γv3rγ3(ε).
We can clearly see that there exists a constantC in-

dependent ofε, such that

max
i,j

∣∣e]
ij(ε, θ;v)

∣∣
0,Ω

≤ C‖v‖1,Ω.

Similarly, we can find the expressions for
Qij(ε)(w,v) after the change of variables. We
thus obtain

Qαβ(ε)(w,v) = (∂αw3 − ∂αθ∂3w3)(∂βv3 − ∂βθ∂3v3)

+ ε2q]
αβ(ε, θ;w,v), (22)

and also

Qα3(ε)(w,v) =
1
ε
(∂αw3 − ∂αθ∂3w3)∂3v3

+ εq]
α3(ε, θ;w,v). (23)

From (17), it is clear that Q3α(ε)(w,v) =
Qα3(ε)(v,w), and then we have

Q3α(ε)(w,v) =
1
ε
∂3w3(∂αv3 − ∂αθ∂3v3)

+ εq]
3α(ε, θ;w,v), (24)

where q]
3α(ε, θ;w,v) = q]

α3(ε, θ;v,w).
Finally, we also have

Q33(ε)(w,v) =
1
ε2

∂3w3∂3v3 + ∂3wρ∂3vρ

+ ∂3w3

(
∂ηv3∂ηθ + ∂3v3r33(ε)

)
+ ∂3v3

(
∂γw3∂γθ + ∂3w3r33(ε)

)
+ ε2q]

33(ε, θ;w,v). (25)

For the remaindersq]
ij , we have the following bound:

max
i,j

∣∣q]
ij(ε, θ;w,v)

∣∣
0,Ω

≤ C‖w‖W 1,4(Ω)‖v‖W 1,4(Ω).
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We are now able to proceed as in (11), but onΩ̂ε

instead ofO. For that purpose, let us introduce the fol-
lowing expressions:

bαβ(w,v) = eθ
αβ(v)
+(∂αw3 − ∂αθ∂3w3)(∂βv3 − ∂βθ∂3v3),

bα3(w,v) = eθ
α3(v) + (∂αw3 − ∂αθ∂3w3)∂3v3,

b3β(w,v) = eθ
3β(v) + ∂3w3(∂βv3 − ∂βθ∂3v3),

b33(w,v) = ∂3v3 + ∂3w3∂3v3.

(26)

We also introduce

d]
ij(ε;w,v) = e]

ij(ε, θ;v) + q]
ij(ε, θ;w,v), (27)

and

c33(ε;w,v) = ∂αv3∂αθ + ∂3v3r33(ε) + ∂3wρ∂3vρ

+ ∂3w3

(
∂ηv3∂ηθ + ∂3v3r33(ε)

)
+ ∂3v3

(
∂γw3∂γθ + ∂3w3r33(ε)

)
.(28)

Remark 1. If ∂3v3 = 0, then c33(ε;w,v) does not de-
pend onε, and we have

c33(ε;w,v) = c∗33(w,v)

= ∂αv3∂αθ + ∂3wρ∂3vρ + ∂3w3∂ηv3∂ηθ.

Now we can proceed as in (11). Using the last ex-
pressions and hypothesis (6), we obtain∫

Ω̂ε−Ω̂ε
β

{
λ̂εÊε

pp(û
ε)δij + 2µ̂εÊε

ij(û
ε)

}
êε
ij(v̂

ε) dx̂ε

+
∫

Ω̂ε−Ω̂ε
β

{̂
λεÊε

pp(û
ε)δij +2µ̂εÊε

ij(û
ε)
}

∂̂ε
i ûε

k∂̂ε
j v̂ε

k dx̂ε

= ε5−tBε
(
u(ε),v

)
, (29)

where

Bε
(
u(ε),v

)
=

∫
Ω∗

{
λ̂Bε

0

(1
2
u(ε),u(ε)

)
Bε

0

(
u(ε),v

)
+ 2µ̂Bε

ij

(1
2
u(ε),u(ε)

)
Bε

ij

(
u(ε),v

)}
×

(
1 + ε2r∆(ε)

)
dx (30)

with

Bε
0(w,v) =

1
ε2

b33(w,v) + c33(ε;w,v) + bαα(w,v)

+ ε2d]
pp(ε;w,v),

Bε
αβ(w,v) = bαβ(w,v) + ε2d]

αβ(ε;w,v),

Bε
α3(w,v) =

1
ε
bα3(w,v) + εd]

α3(ε;w,v),

Bε
3β(w,v) =

1
ε
b3β(w,v) + εd]

3β(ε;w,v),

Bε
33(w,v) =

1
ε2

b33(w,v) + c33(ε;w,v)

+ ε2d]
33(ε;w,v).

Remark 2. If we do not consider hypothesis (6), we find
that in (30) the integral onΩ∗ is then onΩ−Ωβ(ε). Com-
putations are then harder and we must know exactly what
is Ω − Ωβ(ε) (unless terms with an integral onΩβ(ε)
are small enough to not affect our computations). Remov-
ing hypothesis (6) would then require more complicated
computations, but yield similar results.

The last step is to perform the same change of vari-
able on the right part (the force contribution) of (2). We
must then know the asymptotic behaviour of forces (1).
Let us suppose that the mass density and the angular ve-
locity have the following global asymptotic behaviour:
δ̂ε(x̂ε)(ωε)2 = ε−γω0. That is, we are supposing large
angular velocities (larger asγ grows).

Then, after the change of variables, iñO we have

f̂ε
i (x̂ε, ûε) = ε−γ f̃i(ε)

(
x̃, ũ(ε)

)
, (31)

with f̃1(ε)
(
x̃, ũ(ε)

)
= ω0(x̃1 − r1) + ε2ω0ũ1(ε),

f̃2(ε)
(
x̃, ũ(ε)

)
= 0 and f̃3(ε)

(
x̃, ũ(ε)

)
= ω0(x̃3−r3)+

ε2ω0ũ3(ε).
If we perform the change of variables given onΩ,

we obtain

f̂ε
1 (x̂ε, ûε) = ε−γf1(ε)

(
x,u(ε)

)
, f̂ε

2 (x̂ε, ûε) = 0,

f̂ε
3 (x̂ε, ûε) = ε−γ+1f3(ε)

(
x,u(ε)

)
, (32)

with f1(ε)(x,u(ε)) = ω0x1 + ε2ω0

(
−x3∂1θ(αε)−1/2 +

u1(ε)
)

and f3(ε)(x,u(ε)) = ω0

(
x3 + θ(x1, x2) +

u3(ε)
)

+ ε2ω0r(ε, θ), where we bring to mind that
(αε)−1/2 = 1 + ε2r(ε, θ).

Now, we must do the same study with pressureĝε.
We must thus consider̂pε(x̂ε + ûε(x̂ε)) and also the
surface(I + ûε)(Γ̂ε

+). This surface is described by the
function (x1, x2) ∈ ω∗ = Γ+ −→ Gε(x1, x2) ∈
(I + ûε)(Γ̂ε

+), where

Gε(x1, x2) = (Θε ◦ πε)(x1, x2, 1)

+ ûε
(
(Θε ◦ πε)(x1, x2, 1)

)
. (33)

Using the scalings, we have

ûε
α

(
(Θε ◦ πε)(x1, x2, 1)

)
= ε2uα(ε)(x1, x2, 1),

ûε
3

(
(Θε ◦ πε)(x1, x2, 1)

)
= εu3(ε)(x1, x2, 1),

(34)
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so we obtain ∂1G
ε
1 = 1 − ε2∂1

(
(αε)−1/2∂1θ

)
+

ε2∂1u1(ε), ∂1G
ε
2 = −ε2∂1

(
(αε)−1/2∂2θ

)
+ ε2∂1u2(ε),

∂1G
ε
3 = ε∂1θ + ε∂1[(αε)−1/2] + ε∂1u3(ε), and then

∂1G
ε = (1, 0, ε(∂1θ + ∂1u3(ε)) + ε2(aε

1 + ∂1u1(ε), aε
2 +

∂1u2(ε), εaε
3), where |aε

i | is bounded inL2(Γ+). In
the same way, we obtain∂2G

ε = (0, 1, ε(∂2θ +
∂2u3(ε)) + ε2(bε

1 + ∂2u1(ε), bε
2 + ∂2u2(ε), εbε

3), where
|bε

i | is bounded inL2(Γ+).
Then the unit outward normal is

d̂ε
(
x̂ε + ûε(x̂ε)

)
=

(
− ε

(
∂1θ + ∂1u3(ε)

)
,

− ε
(
∂2θ + ∂2u3(ε)

)
, 1

)
+ ε2

(
εm1(ε), εm2(ε),m3(ε)

)
,

where |mi(ε)|0,Ω ≤ C
(
1 + ‖u(ε)‖1,Ω

)
.

Consider now an arbitrary point of̂Γε
+ after a dis-

placement and the change of variables. Letx̂ε ∈ Γ̂ε
+. We

have (recall that(αε)−1/2 = 1 + ε2r(ε, θ)):

x̂ε + ûε(x̂ε)

=
(
x1, x2, ε

(
1 + θ(x1, x2) + u3(ε)(x1, x2, 1)

))
+ ε2

(
− ∂1θ(x1, x2) + u1(ε)(x1, x2, 1),

− ∂2θ(x1, x2) + u2(ε)(x1, x2, 1), 0
)

+ ε3
(
0, 0, r(ε, θ)(x1, x2)

)
+ ε4

(
− ∂1θ(x1, x2)r(ε, θ)(x1, x2),

− ∂2θ(x1, x2)r(ε, θ)(x1, x2), 0
)
.

We are now going to study the asymptotic behaviour
of p̂ε. We haveGε(x1, x2) = x̂ε + ûε(x̂ε) on Γ̂ε

+, so it
is easy to see thatGε tends to(x1, x2, 0) as ε goes to
zero in a spaceX if u(ε) is bounded in the same space
X. For this reason, it is useful to define a scaled pressure
on ω∗ = Γ+. Let

p(ε)(x1, x2) = εη (p̂ε ◦Gε) (x1, x2), (35)

for (x1, x2) ∈ ω∗. This definition allows us to make the
following hypothesis about the asymptotic behaviour of
p(ε):

p(ε)(x1, x2) = p(0)(x1, x2) + εγ(ε)(x1, x2), (36)

with p(0) ∈ L2(Γ+), γ(ε) ∈ L2(Γ+), and |γ(ε)|0,Γ+
≤

C.

Then p̂ε satisfies

p̂ε
(
x̂ε+ûε(x̂ε)

)
= ε−ηp(0)(x1, x2)+ε−η+1γ(ε)(x1, x2).

(37)
That is, we assume large pressures (larger asη increases).

We can now write the expression for̂gε after the
change of variables:

ĝε
α(x̂ε) = ε−η+1gα(ε)(x), ĝε

3(x̂
ε) = ε−ηg3(ε)(x),

(38)
with gα(ε)(x) =

(
∂αθ + ∂αu3(ε)

)
p(0) + εm̃α(ε),

g3(ε)(x) = −p(0) − εm̃3(ε) and |m̃i(ε)| bounded in
L2(Γ+).

Now we can rewrite the expression on the right hand-
side of (2), which takes the form∫
Sε

f̂ε
i v̂ε

i dx̂ε +
∫

Γ̂ε
+

ĝε
i v̂

ε
i dâε

=
∫
Õ ε−γ+2f̃i(ε)ṽi dx̃

+
∫

Ω∗
ε−γ+3fi(ε)viδ(ε) dx

+
∫

Γ+

[
ε−η+3gα(ε)vα + ε−η+1g3(ε)v3

]
δ(ε)β(ε) da.

If we take into account the last equation as well as
(31), (32), (38) and (8), we conclude that∫

Sε

f̂ε
i v̂ε

i dx̂ε +
∫

Γ̂ε
+

ĝε
i v̂

ε
i dâε

= ε−γ+2
[
L1

0(ṽ) + ε2L1
2

(
ũ(ε), ṽ

)]
+ ε−γ+3

[
L2

0

(
u(ε),v

)
+ ε2L2

2

(
ε;u(ε),v

)]
+ ε−η+1

[
L3

0(v)+εL3
1(ε;v)+ε2L3

2(ε;v)
]
, (39)

where

L1
0(ṽ) =

∫
Õ

ω0

[
(x̃1 − r1)ṽ1 + (x̃3 − r3)ṽ3

]
dx̃,

L1
2

(
ũ(ε), ṽ

)
=

∫
Õ

ω0

[
ũ1(ε)ṽ1 + ũ3(ε)ṽ3

]
dx̃,

L2
0

(
u(ε),v

)
=

∫
Ω∗

ω0

[
x1v1 +

(
x3 + θ(x1, x2)

+ u3(ε)
)
v3

]
dx,

L2
2

(
ε;u(ε),v

)
=

∫
Ω∗

ω0

[
x1v1 +

(
x3 + θ(x1, x2)

+ u3(ε)
)
v3

]
r∆(ε) dx

+
∫

Ω∗
ω0

[(
− x3∂1θ(αε)−1/2 + u1(ε)

)
v1

+ r(ε, θ)v3

]
δ(ε) dx,
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L3
0(v) = −

∫
Γ+

p(0)v3 da,

L3
1(ε;v) = −

∫
Γ+

m̃3(ε)v3 da,

L3
2(ε;v) =

∫
Γ+

gα(ε)vαδ(ε)β(ε) da

+
∫

Γ+

g3(ε)v3

(
r∆(ε) + rB(ε) + ε2r∆(ε)rB(ε)

)
da.

Finally, we use eqns. (11), (29) and (39) to deduce
that (2) is equivalent to the problem:

Find
(
ũ(ε),u(ε)

)
∈ V (ε) such that

ε4−tAε
(
ũ(ε), ṽ

)
+ ε5−tBε

(
u(ε),v

)
= ε−γ+2

[
L1

0(ṽ) + ε2L1
2

(
ũ(ε), ṽ

)]
+ ε−γ+3

[
L2

0

(
u(ε),v

)
+ ε2L2

2

(
ε;u(ε),v

)]
+ ε−η+1

[
L3

0(v) + εL3
1(ε;v) + ε2L3

2(ε;v)
]
,

∀ (ṽ,v) ∈ V (ε), (40)

whereV (ε) is the space obtained after the change of vari-
ables fromV ε, and then

V (ε) =
{

(ṽ,v) ∈ W 1,4(Õ)×W 1,4(Ω);

ṽ = 0 on Γ̃0, ṽα

(
Θε

(
πε(x̃)

)
+ r

)
= vα(x),

εṽ3

(
Θε

(
πε(x̃)

)
+r

)
=v3(x), ∀ x∈Ωβ

}
. (41)

We must now choose values for parameterst, γ and
η. There are infinitely many different possibilities which
will give us different limit models. The best choice is the
same as in the linear case (Rodriguez, 1997; 1999)

η > 0, t = 4 + η, γ = 2 + η. (42)

In this way we preserve the most interesting effects
and the nonlinear model is going to remain ‘close’ to the
linear model. Then (40) becomes

Aε
(
ũ(ε), ṽ

)
+ εBε

(
u(ε),v

)
=

[
L1

0(ṽ) + ε2L1
2

(
ũ(ε), ṽ

)]
+ ε

[
L2

0

(
u(ε),v

)
+ ε2L2

2(ε;u(ε),v)
]

+ ε
[
L3

0(v) + εL3
1(ε;v) + ε2L3

2(ε;v)
]
,

∀ (ṽ,v) ∈ V (ε). (43)

4. Asymptotic Expansion

We are going to suppose now, as usually in this kind
of methods, that it is possible to write the solution
(ũ(ε),u(ε)) ∈ V (ε) as an asymptotic expansion in
W 1,4(Õ) × W 1,4(Ω), i.e. there exist pairs(ũm,um) in
spaceW 1,4(Õ)×W 1,4(Ω) such that

(
ũ(ε),u(ε)

)
=

k∑
m=0

εm(ũm,um) + · · · . (44)

The solution(ũ(ε),u(ε)) belongs to spaceV (ε), so
we have (cf. (41))

ũα(ε)
(
Θε

(
πε(x)

)
+ r

)
= uα(ε)(x),

εũ3(ε)
(
Θε

(
πε(x)

)
+r

)
= u3(ε)(x), ∀ x∈Ωβ .

(45)

We also have the following injections:

W 1,4(Õ) ⊂ C0(Õ), W 1,4(Ω) ⊂ C0(Ω). (46)

As (αε)−1/2 = 1 + ε2r(ε, θ), we can write

Θε
(
πε(x)

)
+ r

= r +
(
x1, x2, εθ(x1, x2)

)
+ εx3(−ε∂1θ,−ε∂2θ, 1)

+ ε3r(ε, θ)x3(−ε∂1θ,−ε∂2θ, 1). (47)

If we take limits in (45), keeping in mind (46)
and (47), then we obtain

ũ0
α(x1 + r1, x2 + r2, r3) = u0

α(x1, x2, x3),

u0
3(x) = 0, ∀ x ∈ Ωβ ,

(48)

i.e. we have

u0
α|Ωβ

= ũ0
α|ω̃β

, u0
3|Ωβ

= 0. (49)

We must now substitute (44) into (43) and then
equate the terms multiplied by the same power ofε. If
we do so, we obtain

Aε
(
ũ(ε), ṽ

)
= A0 + εA1 + ε2A2 + · · · ,

εBε
(
u(ε),v

)
= ε−3B−3 + ε−2B−2 + · · · ,

[
L1

0(ṽ) + ε2L1
2

(
ũ(ε), ṽ

)]
+ ε

[
L2

0

(
u(ε),v

)
+ ε2L2

2

(
ε;u(ε),v

)]
+ ε

[
L3

0(v) + εL3
1(ε;v) + ε2L3

2(ε;v)
]

= L0 + εL1 + ε2L2(ε) + · · · ,
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where, for example,

A0 =
∫
Õ

{
λ̂epp(ũ0)δij + 2µ̂eij(ũ0)

}
eij(ṽ) dx̃,

B−3 =
∫

Ω∗

{
λ̂b33

(1
2
u0,u0

)
b33(u0,v)

+ 2µ̂b33

(1
2
u0,u0

)
b33(u0,v)

}
dx,

L0 =
∫
Õ

ω0

[
(x̃1 − r1)ṽ1 + (x̃3 − r3)ṽ3

]
dx̃.

We have written these terms as examples. Next,
we are going to equate the terms multiplied by the same
power of ε and we write explicitly the terms needed in
each case (see (Rodriguez, 1997) for more detailed steps):

B−3 is the only term multiplied byε−3, so we have
B−3 = 0, i.e.

∫
Ω∗

{
λ̂b33

(1
2
u0,u0

)
b33(u0,v)

+ 2µ̂b33

(1
2
u0,u0

)
b33(u0,v)

}
dx = 0

for all (ṽ,v) in V (ε). Then we have (cf. (26))

(λ̂ + 2µ̂)
∫

Ω∗
∂3u

0
3

(
1 +

1
2
∂3u

0
3

)
(1 + ∂3u

0
3)∂3v3 dx = 0

(50)
for all v in W 1,4(Ω∗). As in (Ciarlet, 1990), we can use
the following result in (50):

Let w ∈ L2(Ω∗) satisfy
∫

Ω∗
w∂3v dx = 0

for all v ∈ C∞(Ω∗) such thatv = 0 on γ∗ × [−1, 1].

Thenw = 0. (51)

Accordingly, we have∂3u
0
3(1+ 1

2∂3u
0
3)(1+∂3u

0
3) =

0 in Ω∗. From (49) we deduce thatu0
3 = 0 on Γ∗, and,

if we make the hypothesis∂3u
0
3 ∈ C0(Ω∗), we obtain

∂3u
0
3 = 0 in Ω∗. (52)

The unique term multiplied byε−2 is B−2, so we
have B−2 = 0. Using (52) we obtain(λ̂ + 2µ̂)
×

∫
Ω∗∂3u

1
3∂3v3 dx = 0, and then (cf. (51))

∂3u
1
3 = 0 in Ω∗. (53)

The unique term multiplied byε−1 is B−1, so we have
B−1 = 0 and then we deduce (in a similar way as before)
that

eθ
α3(u

0) = 0, in Ω∗, (54)

and

(λ̂ + 2µ̂)
[
∂3u

2
3 + ∂αu0

3∂αθ +
1
2
∂3u

0
ρ∂3u

0
ρ

]
+ λ̂

[
eθ
αα(u0) +

1
2
∂αu0

3∂αu0
3

]
= 0. (55)

Now, from (52) and (54) we deduce thateθ
3α(u0) =

0, ∂3u
0
3 = 0, and then

u0 ∈ VKL(Ω∗) =
{
v ∈ W 1,4(Ω∗); e3i(v) = 0 in Ω∗

}
.

(56)
The spaceVKL(Ω∗) can be also written in the fol-

lowing way (Ciarlet, 1990):

VKL(Ω∗) =
{
v ∈ W 1,4(Ω∗); vα = ηα − x3∂αη3,

v3 = η3 and ηα ∈ W 1,4(ω∗), η3 ∈ W 2,4(ω∗)
}

. (57)
But from (49),u0 satisfies

u0
α = ζα − x3∂αζ3, u0

3 = ζ3 (58)

with ζα ∈ W 1,4(ω∗), ζ3 ∈ W 2,4(ω∗), and

ζα|γ∗ =
(
ũ0

α|ω̃β

)
|γ∗ , ζ3 = ∂νζ3 = 0 onγ∗, (59)

where ν = (ν1, ν2) is the unit outward normal toω∗

on γ∗.

If we take terms multiplied byε0, we obtain

A0 + B0 = L0, (60)

where, after the steps done before, we have

A0 =
∫
Õ

{
λ̂epp(ũ0)δij + 2µ̂eij(ũ0)

}
eij(ṽ) dx̃, (61)

B0 = 2µ̂

∫
Ω∗

eθ
α3(u

1)
[
2eθ

3α(v) + ∂αu0
3∂3v3

]
dx

+
∫

Ω∗

[
(λ̂ + 2µ̂)

(
∂3u

3
3 + ∂αu1

3∂αθ + ∂3u
1
ρ∂3u

0
ρ

)
+ λ̂

(
eθ
αα(u1) + ∂αu0

3∂αu1
3

)]
∂3v3 dx, (62)

L0 =
∫
Õ

ω0 [(x̃1 − r1)ṽ1 + (x̃3 − r3)ṽ3] dx̃. (63)

Now, if we considerṽ = 0, v|Ωβ
= 0, v|Γ∗ = 0,

v ∈ W 1,4(Ω∗), we have(ṽ,v) ∈ V (ε) for all ε > 0
and we can take(ṽ,v) ∈ V (ε) as a test function in (60).
Taking first v3 = 0, we obtaineθ

α3(u
1) = 0 in Ω∗, and

with (53) this gives

u1 ∈ VKL(Ω∗). (64)

Taking nowvα = 0, we obtain

(λ̂ + 2µ̂)
(
∂3u

3
3 + ∂αu1

3∂αθ + ∂3u
1
ρ∂3u

0
ρ

)
+ λ̂

(
eθ
αα(u1) + ∂αu0

3∂αu1
3

)
= 0. (65)
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Equations (64) and (65) giveB0 = 0 and then (60)
becomesA0 = L0 for all (ṽ,v) ∈ V (ε), i.e.

∫
Õ

{
λ̂epp(ũ0)δij + 2µ̂eij(ũ0)

}
eij(ṽ) dx̃

=
∫
Õ

[
f̃0
1 ṽ1 + f̃0

3 ṽ3

]
dx̃,

∀ ṽ ∈ H1(Õ), ṽ|Γ̃0
= 0, (66)

where f̃0
1 = ω0(x̃1 − r1) and f̃0

3 = ω0(x̃3 − r3).
Then we deduce that̃u0 is the unique solution to the

linearized elasticity problem(66).

Remark 3. In (66) as a test function we have takeñv
in H1(Õ) and not in W 1,4(Õ). This is correct since
W 1,4(Õ) is dense inH1(Õ). Now we only haveũ0 ∈
H1(Õ) and we suppose that̃u0 ∈ W 1,4(Õ).

Actually, if we havef̃0
1 , f̃0

3 ∈ L2(Õ) (and, with our
choice, this is the case) and alsõO with smooth boundary
or convex, then we havẽu0 ∈ H2(Õ) ⊂ W 1,4(Õ).

The terms containing the factor ofε give the equa-
tion

A1 + B1 = L1, ∀ (ṽ,v) ∈ V (ε), (67)

where

A1 =
∫
Õ

{
λ̂epp(ũ1)δij + 2µ̂eij(ũ1)

}
eij(ṽ) dx̃, (68)

B1 =
∫

Ω∗

{
λ̂
(
∂3u

2
3+eθ

αα(u0)+
1
2
∂αu0

3∂αu0
3+∂αu0

3∂αθ

+
1
2
∂3u

0
ρ∂3u

0
ρ

)(
eθ
αα(v)+∂αu0

3(∂αv3−∂αθ∂3v3)
)

+ 2µ̂
[(

eθ
αβ(u0) +

1
2
∂αu0

3∂βu0
3

)
×

(
eθ
αβ(v) + ∂αu0

3(∂βv3 − ∂βθ∂3v3)
)

+
(
eθ
α3(u

2)+
1
2
∂3u

2
3∂αu0

3+d]
α3

(
ε;

1
2
u0,u0

))
eθ
α3(v)

+
(
eθ
3α(u2)+

1
2
∂3u

2
3∂αu0

3+d]
3α

(
ε;

1
2
u0,u0

))

× eθ
3α(v)

]}
dx

+
∫

Ω∗

{
λ̂
[
∂3u

4
3 +

1
2
∂3u

2
3∂3u

2
3 + eθ

αα(u2)

+
1
2
∂αu1

3∂αu1
3 + ∂αu0

3(∂αu2
3 − ∂αθ∂3u

2
3)

+ ∂αu2
3∂αθ + ∂3u

2
3r33(ε) + ∂3u

0
ρ∂3u

2
ρ

+
1
2
∂3u

1
ρ∂3u

1
ρ+

1
2
∂3u

2
3∂ηu0

3∂ηθ+d]
pp

(
ε;

1
2
u0,u0

)]
+ 2µ̂

[
∂3u

4
3 +

1
2
∂3u

2
3∂3u

2
3 + ∂αu2

3∂αθ + ∂3u
2
3r33(ε)

+ ∂3u
0
ρ∂3u

2
ρ +

1
2
∂3u

1
ρ∂3u

1
ρ +

1
2
∂3u

2
3∂ηu0

3∂ηθ

+ d]
33

(
ε;

1
2
u0,u0

)]}
∂3v3 dx, (69)

L1 =
∫

Ω∗
ω0

[
x1v1 + (x3 + θ + u0

3)v3

]
dx

−
∫

Γ+

p(0)v3 da. (70)

Using in (67) a test function(ṽ,v) ∈ V (ε) such that
ṽ = 0 and v ∈ W 1,4(Ω∗) with v|Γ∗ = 0, we obtain

B1 = L1, ∀ v ∈ W 1,4(Ω∗); v|Γ∗ = 0. (71)

If we also takev in VKL(Ω∗), use (55) and define

γθ
αβ(u0) = eθ

αβ(u0) +
1
2
∂αu0

3∂βu0
3, (72)

m̃θ
αβ(u0)=−

{
2λ̂µ̂

λ̂+2µ̂
γθ

ρρ(u
0)δαβ+2µ̂γθ

αβ(u0)

}
, (73)

then (71) becomes

−
∫

Ω∗
m̃θ

αβ(u0)(eθ
αβ(v) + ∂αu0

3∂βv3) dx

=
∫

Ω∗

[
f0
1 v1 + (f0

3 + ω0u
0
3)v3

]
dx

−
∫

Γ+

p(0)v3 da, ∀ v ∈ VKL(Ω∗); v|Γ∗ = 0, (74)

wheref0
1 = ω0x1 and f0

3 = ω0(x3 + θ).
Now, we are going to see that (74) is a two-

dimensional problem, using the fact thatu0, v ∈
VKL(Ω∗). We have then (58), (59) and from (57) (with
v|Γ∗ = 0) we also have

vα = ηα − x3∂αη3, v3 = η3, with ηα ∈ W 1,4(ω∗),

η3 ∈ W 2,4(ω∗) and ηi = ∂νη3 = 0 onγ∗. (75)
Then we get

eθ
αβ(v) = eθ

αβ(η)− x3∂αβη3, (76)

whereeθ
αβ(η) = eαβ(η) +

1
2
(∂βθ∂αη3 + ∂αθ∂βη3).

We also have∂αu0
3∂βv3 = ∂αζ3∂βη3, and

γθ
αβ(u0) = eθ

αβ(ζ)− x3∂αβζ3 +
1
2
∂αζ3∂βζ3. (77)
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Then we obtain

m̃θ
αβ(u0) = −

{
2λ̂µ̂

λ̂ + 2µ̂

(
eθ
ρρ(ζ) +

1
2
∂ρζ3∂ρζ3

)
δαβ

+ 2µ̂

(
eθ
αβ(ζ) +

1
2
∂αζ3∂βζ3

) }

+ x3

{
2λ̂µ̂

λ̂ + 2µ̂
(∆ζ3) δαβ + 2µ̂∂αβζ3

}
. (78)

Performing the integration with respect tox3 in (74)
and introducing the notation

mθ
αβ(ζ) = −

{
4λ̂µ̂

3(λ̂ + 2µ̂)
(∆ζ3) δαβ +

4
3
µ̂∂αβζ3

}
, (79)

nθ
αβ(ζ) =

4λ̂µ̂

λ̂ + 2µ̂

(
eθ
ρρ(ζ) +

1
2
∂ρζ3∂ρζ3

)
δαβ

+ 4µ̂

(
eθ
αβ(ζ) +

1
2
∂αζ3∂βζ3

)
, (80)

eθ
αβ(η) =

1
2
(∂αηβ + ∂βηα)

+
1
2
(∂αθ∂βη3 + ∂βθ∂αη3), (81)

we prove the following result:

Theorem 1. The function ζ = (ζ1, ζ2, ζ3) gives u0

through (58) and is a solution to the following variational
problem :

ζα ∈ W 1,4(ω∗), ζ3 ∈ W 2,4(ω∗), ζα|γ∗ =
(
ũ0

α|ω̃β

)
|γ∗ ,

ζ3 = ∂νζ3 = 0 onγ∗,

−
∫

ω∗
mθ

αβ(ζ)∂αβη3 dx1 dx2

+
∫

ω∗
nθ

αβ(ζ)
(
eθ
αβ(η) + ∂αζ3∂βη3

)
dx1 dx2

=
∫

ω∗

{( ∫ 1

−1

f0
1 dx3

)
η1 −

( ∫ 1

−1

x3f
0
1 dx3

)
∂1η3

+
[( ∫ 1

−1

f0
3 dx3

)
+ 2ω0ζ3 − p(0)

]
η3

}
dx1 dx2,

∀ (ηα, η3) ∈ W 1,4(ω∗)2 ×W 2,4(ω∗);

ηi = ∂νη3 = 0 onγ∗.

Remark 4. The last problem is a nonlinear shallow shell
problem of the same type as that found in (Ciarlet and
Paumier, 1986).

If we take first ηα = 0, η3 ∈ W 2,4(ω∗) and then
η3 = 0, ηα ∈ W 1,4(ω∗) in the last variational problem,
we obtain

−
∫

ω∗
mθ

αβ(ζ)∂αβη3 dx1 dx2

+
∫

ω∗
nθ

αβ(ζ)(∂αθ + ∂αζ3)∂βη3 dx1 dx2

=
∫

ω∗

{
−

( ∫ 1

−1

x3f
0
1 dx3

)
∂1η3

+
[( ∫ 1

−1

f0
3 dx3

)
+ 2ω0ζ3 − p(0)

]
η3

}
dx1 dx2,

∀ η3 ∈ W 2,4(ω∗); η3 = ∂νη3 = 0 onγ∗, (82)

∫
ω∗

nθ
αβ(ζ)∂βηα dx1 dx2

=
∫

ω∗

[( ∫ 1

−1

f0
1 dx3

)
η1

]
dx1 dx2,

∀ ηα ∈ W 1,4(ω∗); ηα = 0 onγ∗. (83)

If the solution ζ to the problem (82), (83) is smooth
enough (e.g.ζα ∈ H3(ω∗) and ζ3 ∈ H4(ω∗)), we can
apply Green’s formula to these problems and obtain the
following result:

Theorem 2. If ζ is a sufficiently smooth solution to the
variational problem (82) and (83), then it is also a solu-
tion to the strong problem

−∂αβmθ
αβ(ζ)− ∂β

(
nθ

αβ(ζ)∂α(θ + ζ3)
)

=
∫ 1

−1

f0
3 dx3+∂1

(∫ 1

−1

x3f
0
1 dx3

)
+2ω0ζ3−p(0) in ω∗,

−∂βnθ
αβ(ζ) =

( ∫ 1

−1

f0
1 dx3

)
δα1 in ω∗,

ζα|γ∗ =
(
ũ0

α|ω̃β

)
|γ∗ , ζ3 = ∂νζ3 = 0 onγ∗,

(
∂βmθ

αβ(ζ)
)
να+nθ

αβ(ζ)∂α(θ+ζ3)νβ+∂τ

(
mθ

αβ(ζ)τανβ

)
= −

( ∫ 1

−1

x3f
0
1 dx3

)
ν1 on ∂ω∗ − γ∗,

mθ
αβ(ζ)νανβ = 0 on ∂ω∗ − γ∗,

nθ
αβ(ζ)νβ = 0 on ∂ω∗ − γ∗.

Remark 5. Let us point out thatτ = (τ1, τ2) is the tan-
gent on γ∗ and that with our choice of forces we have
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f0
1 = ω0x1, f0

3 = ω0(x3 + θ), and then in the last theo-
rem ∫ 1

−1

f0
1 dx3 = 2ω0x1,

∫ 1

−1

f0
3 dx3 = 2ω0θ,

∫ 1

−1

x3f
0
1 dx3 = 0.

We should determine now̃u1. From (67) we have∫
Õ

{
λ̂epp(ũ1)δij + 2µ̂eij(ũ1)

}
eij(ṽ) dx̃ = L1 −B1,

∀ (ṽ,v) ∈ V (ε), (84)

and (71) givesL1 − B1 = 0 if ṽ ∈ W 1,4(Õ), and
there existsv ∈ W 1,4(Ω) such that(ṽ,v) ∈ V (ε) and
v|Γ∗ = 0. We cannot guarantee the existence ofv sat-
isfying these conditions for each̃v, so L1 − B1 can be
non-zero. In this way, we cannot computẽu1, that is in
general non-zero.

5. Problem in the Original Domain

In the previous section, we found the zeroth-order prob-
lem in reference sets. We must now perform a change of
variables to the original domain to obtain a zeroth-order
problem in the original domain. Let us consider the fol-
lowing functions defined onSε:

ũε
i (0)(x̂ε) = ε2ũ0

i (x̃), ∀ x̃ ∈ Õ,

uε
α(0)(x̂ε) = ε2u0

α(x), uε
3(0)(x̂ε) = εu0

3(x),

∀ x ∈ Ω. (85)

If we set

ζε
α(x1, x2) = ε2ζα(x1, x2), ζε

3(x1, x2) = εζ3(x1, x2),

∀ (x1, x2) ∈ ω, (86)
then we have

uε
α(0)(x̂ε) = ζε

α(x1, x2)− xε
3∂αζε

3(x1, x2),

uε
3(0)(x̂ε) = ζε

3(x1, x2).
(87)

The forces f̃0
i , f0

i and p(0) are only approxima-
tions of order zero of forces̃fi(ε), fi(ε) and p(ε), so
when we perform the change of variables to the original
domainSε, we do not recover the original forceŝfε

i and

p̂ε, and we must define

F̃ ε
1 (x̂ε) = ε−γ f̃0

1 (x̃), F̃ ε
2 (x̂ε) = 0,

F̃ ε
3 (x̂ε) = ε−γ f̃0

3 (x̃),

F̄ ε
1 (x̂ε) = ε−γf0

1 (x), F̄ ε
2 (x̂ε) = 0,

F̄ ε
3 (x̂ε) = ε−γ+1

(
f0
3 (x) + ω0u

0
3(x)

)
,

P ε
(
Gε(x1, x2)

)
= ε−ηp(0)(x1, x2).

We must also scalemθ
αβ(ζ), nθ

αβ(ζ) and eθ
αβ(ζ),

and we define

mθε,ε
αβ (ζε) = −ε3

{
4λ̂εµ̂ε

3(λ̂ε+2µ̂ε)
(∆ζε

3) δαβ +
4
3
µ̂ε∂αβζε

3

}
,

nθε,ε
αβ (ζε) = ε

{
4λ̂εµ̂ε

λ̂ε + 2µ̂ε

(
eθε

ρρ(ζ
ε) +

1
2
∂ρζ

ε
3∂ρζ

ε
3

)
δαβ

+ 4µ̂ε

(
eθε

αβ(ζε) +
1
2
∂αζε

3∂βζε
3

) }
,

eθε

αβ(ζε) =
1
2
(∂αζε

β+∂βζε
α)+

1
2
(∂αθε∂βζε

3 +∂βθε∂αζε
3).

Then, using (66) and Theorem 2, and after the change
of scale, we obtain the following result:

Theorem 3. The functionũε(0) is the unique solution to
the following problem:

ũε(0) ∈ H1(O), ũε(0)|Γ0 = 0,

−∂j

{
λ̂εepp

(
ũε(0)

)
δij + 2µ̂εeij

(
ũε(0)

)}
= F̃ ε

i in O,{
λ̂εepp

(
ũε(0)

)
δij +2µ̂εeij

(
ũε(0)

)}
nj = 0 on∂O−Γ0,

and ζε is a solution to the problem

−∂αβmθε,ε
αβ (ζε)− ∂β

(
nθε,ε

αβ (ζε)∂α(θε + ζε
3)

)
=

∫ ε

−ε

F̄ ε
3 dxε

3 + ∂1

( ∫ ε

−ε

xε
3F̄

ε
1 dxε

3

)
− P ε in ω∗,

−∂βnθε,ε
αβ (ζε) =

( ∫ ε

−ε

F̄ ε
1 dxε

3

)
δα1 in ω∗,

ζε
α|γ∗ =

(
ũε

α(0)|ω̃β

)
|γ∗ , ζε

3 = ∂νζε
3 = 0 onγ∗,(

∂βmθε,ε
αβ (ζε)

)
να + nθε,ε

αβ (ζε)∂α(θε + ζε
3)νβ

+ ∂τ

(
mθε,ε

αβ (ζε)τανβ

)
= −

( ∫ ε

−ε

xε
3F̄

ε
1 dxε

3

)
ν1 on∂ω∗ − γ∗,

mθε,ε
αβ (ζε)νανβ = 0, nθε,ε

αβ (ζε)νβ = 0 on∂ω∗ − γ∗.
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The forcesF̃ ε
i , F̄ ε

i and P ε are ‘at order zero’ equal
to forcesf̂ε

i and p̂ε (i.e. the first terms of their respective
asymptotic expansions are equal), so if we change in The-
orem 3 ones for the others, we obtain an approximation
of the same order of the exact solutionuε. This will al-
low us to write a model without referring to the scalings in
ε. In the same way (as we did in (Rodriguez, 1999)), we
can change the boundary conditions ofζε for conditions
of the ‘same order’. Then we can change the boundary
conditions

ζε
α|γ∗ =

(
ũε

α(0)|ω̃β

)
|γ∗ , ζε

3 = ∂νζε
3 = 0 onγ∗,

for

ζε
i |γ∗ =

(
ũε

i (0)|ω̃β

)
|γ∗ , ∂νζε

3 |γ∗ =
((

∂ν ũε
3(0)

)
|ω̃β

)
|γ∗ ,

whereν is the unit outward normal toω∗ on γ∗.

Following these considerations, we can introduce the
following model:

Proposed model:

−∂j

{
λ̂εepp

(
ũε(0)

)
δij + 2µ̂εeij

(
ũε(0)

)}
= f̂ε

i in O,

ũε(0) = 0 onΓ0,{̂
λεepp

(
ũε(0)

)
δij +2µ̂εeij

(
ũε(0)

)}
nj = 0 on∂O−Γ0,

−∂αβmθε,ε
αβ (ζε)− ∂β

(
nθε,ε

αβ (ζε)∂α(θε + ζε
3)

)
=

∫ ε

−ε

f̂ε
3 dxε

3 + ∂1

( ∫ ε

−ε

xε
3f̂

ε
1 dxε

3

)
− p̂ε in ω∗,

−∂βnθε,ε
αβ (ζε) =

( ∫ ε

−ε

f̂ε
1 dxε

3

)
δα1 in ω∗,

ζε
i |γ∗ =

(
ũε

i (0)|ω̃β

)
|γ∗ , ∂νζε

3 |γ∗ =
((

∂ν ũε
3(0)

)
|ω̃β

)
|γ∗ ,

(
∂βmθε,ε

αβ (ζε)
)
να + nθε,ε

αβ (ζε)∂α(θε + ζε
3)νβ

+∂τ

(
mθε,ε

αβ (ζε)τανβ

)
= −

( ∫ ε

−ε

xε
3f̂

ε
1 dxε

3

)
ν1 on∂ω∗ − γ∗,

mθε,ε
αβ (ζε)νανβ = 0, nθε,ε

αβ (ζε)νβ = 0 on∂ω∗ − γ∗.

Remark 6. The proposed model is a 3D model of linear
elasticity in solidO and a nonlinear model of shallow
shells in ω∗, where boundary conditions are determined
by a displacement of junction inO. This nonlinear model
of shallow shells is of the same type as that found in (Cia-
rlet and Paumier, 1986).

Remark 7. As was done in (Rodriguez, 1999), we can
change the boundary conditions

ζε
i |γ∗ =

(
ũε

i (0)|ω̃β

)
|γ∗ , ∂νζε

3 |γ∗ =
( (

∂ν ũε
3(0)

)
|ω̃β

)
|γ∗ ,

for
ζε
i |γ∗ =

([
ũε

i (0) ◦Θε
]
|ω̃β

)
|γ∗ ,

∂νζε
3 |γ∗ =

(
∂ν

[
ũε

3(0) ◦Θε
]
|ω̃β

)
|γ∗

,

and then we have a model of same order as exposed, but
giving also the continuity of the deformation ofΘε(ω).

6. Stress Approximation

We shall use Hooke’s law to compute the stresses:

σ̂ε
ij(x̂

ε) =
{

λ̂εÊε
pp(û

ε)δij + 2µ̂εÊε
ij(û

ε)
}

(x̂ε). (88)

We are going to use asymptotic expansion to obtain
the stresses, so we shall need a scaling of the same type as
in (Ciarlet, 1990):

σ̂ε
ij(x̂

ε) = ε2−tσ̃ij(ε)(x̃), ∀ x̃ ∈ Õ, (89)

σ̂ε
αβ(x̂ε) = ε2−tσαβ(ε)(x), σ̂ε

α3(x̂
ε) = ε3−tσα3(ε)(x),

σ̂ε
33(x̂

ε) = ε4−tσ33(ε)(x), ∀ x ∈ Ω. (90)

We haveũ(ε) = ũ0 + εũ1 + ε2ũ2 + · · · in Õ and
u(ε) = u0 + εu1 + ε2u2 + · · · in Ω. From (88)–(90)
and (3), (16), (17), we obtain

σ̃ij(ε) = σ̃0
ij + εσ̃1

ij + ε2σ̃2
ij + · · · in Õ,

σαβ(ε) = σ0
αβ + εσ1

αβ + · · · in Ω,

σα3(ε) = ε−1σ−1
33 + σ0

α3 + εσ1
α3 + · · · in Ω,

σ33(ε) = ε−2σ−2
33 + ε−1σ−1

33 + σ0
33 + · · · in Ω.

Using expressions (18)–(25), (52)-(54) and (64), we
obtain (see (Rodriguez, 1997) for details)

σ̃0
ij = λ̂epp(ũ0)δij + 2µ̂eij(ũ0) in Õ,

σ0
αβ =

1
2
nθ

αβ(ζ) +
3
2
x3m

θ
αβ(ζ) in Ω∗,

σ−1
α3 = σ−2

33 = σ−1
33 = 0 in Ω∗.

Now we must return to the original domainsO and
Ω̂ε, where we propose the following approximations:

σ̃ε
ij(0)(x̂ε) = ε2−tσ̃0

ij(x̃), x̃ ∈ Õ,

σε
αβ(0)(x̂ε) = ε2−tσ0

αβ(x), x ∈ Ω∗,

σε
α3(0)(x̂ε) = ε3−tσ0

α3(x), σε
33(0)(x̂ε) = ε4−tσ0

33(x),

x ∈ Ω∗,
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i.e. we have

σ̃ε
ij(0) =

{
λ̂εêε

pp

(
ũε(0)

)
δij + 2µ̂εêε

ij

(
ũε(0)

)}
, (91)

σε
αβ(0) =

1
2ε

nθε,ε
αβ (ζε) +

3
2ε3

xε
3m

θε,ε
αβ (ζε). (92)

Remark 8. The zeroth-order approximation of stress in
O of (91) is a linear approximation. Equation (92) is a
classic equation for plane stress (Ciarlet, 1990), where
nθε,ε

αβ (ζε) and mθε,ε
αβ (ζε) are the stress resultants and

bending moments, respectively. We also have

nθε,ε
αβ (ζε) =

∫ ε

−ε

σε
αβ(0) dxε

3,

mθε,ε
αβ (ζε) =

∫ ε

−ε

xε
3σ

ε
αβ(0) dxε

3.

As regardsσε
α3(0) and σε

33(0), we only know that
they are negligible with respect toσε

αβ(0) (because
σε

αβ(0) is of order O(ε2−t) and σε
α3(0), σε

33(0) are of
ordersO(ε3−t) and O(ε4−t), respectively).
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