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MATRIX QUADRATIC EQUATIONS, COLUMN/ROW
REDUCED FACTORIZATIONS AND AN INERTTA
THEOREM FOR MATRIX POLYNOMIALS'

IriINA KARELIN*, LEoNID LERER*

It is shown that a certain Bezout operator provides a bijective correspondence
between the solutions of the matrix quadratic equation and factorizatons of a
certain matrix polynomial G(A) (which is a specification of a Popov-type func-
tion) into a product of row and column reduced polynomials. Special attention
is paid to the symmetric case, i.e. to the Algebraic Riccati Equation. In particu-
lar, it is shown that extremal solutions of such equations correspond to spectral
factorizations of G(A). The proof of these results depends heavily on a new in-
ertia theorem for matrix polynomials which is also one of the main results in
this paper.
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1. Introduction

In this paper we deal with matrix quadratic equations of the form
A X — XA = —-XWX (1)

under the standing assumptions that (Ag, W) is controllable and (W, A1) is observ-
able. It is worth mentioning that if a solution Y; of the equation

AlY —YAy=-YWY +Q (2)

is known, then any solution of (2) is given by ¥ = Yy + X where X is a solution
of (1), Ay is replaced by A; — YoW, and A, is replaced by As + WYy. Among the
numerous works devoted to the study of the equation of type (1), (2), and especially
of their symmetric versions (known as Algebraic Riccati Equations), we mention only
the recent monographs (Ando, 1988; Lancaster and Rodman, 1995) and the paper
(Tonescu and Weiss, 1993), where one can find the main elements of the theory and
further references.
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The present paper can be viewed as a continuation and refinement of the papers
(Karelin and Lerer, 2001; Lerer, 1989; Lerer and Tismenetsky, 1982). In (Lerer, 1989)
we considered (1) with coefficients that are similar to companion matrices and we
established that the Bezoutian for a quadruple of matrix polynomials, introduced
in (Anderson and Jury, 1976) and thoroughly studied in (Lerer and Tismenetsky,
1982), is an adequate connecting link between the set of all solutions of (1) and the
set of all monic divisors of specified degree of a certain matrix polynomial generated
by (1). The general case was treated in (Lerer, 1989) by a certain dilation method
which seems to be cumbersome. In some recent papers (see, e.g., Gomez and Lerer,
1994; Haimovici and Lerer, 1995; Karelin and Lerer, 2001; Lerer and Rodman, 1996b)
more refined notions of Bezout operators were developed (based on the representation
of the functions in question in realized form). These Bezout operators were employed
in (Karelin and Lerer, 2001; Karelin et al., 2001) to study the connections between
the solutions of the general equation (2) and factorization of rational matrix function
of the Popov type associated with (2). To be more precise, write

Ay — UK o 17"

Q+CK A —Cd

v

Q

where K and C are arbitrary (fixed) feedback matrices and W = ¥U® is a rank
decomposition. We prove in (Karelin and Lerer, 2001) that a certain Bezout operator
for families of rational matrix functions provides a bijective correspondence between
the set of all solutions of (2) and the set of factorizations

Gex(\) = GHle MG ), (4)

Gox (V) =1 —[K A — NG

where Gg)K (i = 1,2) are of a specific form given in terms of realizations:

GO W =1 —d\ —Uc)™'M, GZp(\)=1- N\ —Vg)™'¥, (5)

Uc=A,—-C®, Vg = A, —VK,and M, N are some matrices. Clearly, if one takes
C and K in (3) so that the matrices Uz and Vi are nilpotent (which is possible
due to the controllability of (A2, ¥) and the observability of (@, A;)), then Ge k()
becomes a matrix polynomial and in the particular case of (1) one easily sees that, in
fact, G,k ()\) can be written as a product of two matrix polynomials:

Geo,x(A) = Li(A)La(N). (6)

In this paper we show that for a specific choice of C' and K the polynomials L;())
and Lz(A) in (6) are row and column reduced, respectively, and the requirement (5)
on the factors in (4) can be expressed also in a more convenient form in terms of
row and column reduced polynomials. This approach provides more insight into the
structure of hermitian solutions of the Algebraic Riccati Equation

A*X+XA=XWX (W >0). (7)

In this case the associated matrix polynomial G()) is non-negative definite on the
real axis and there is a bijective correspondence between the set of hermitian solu-
tions of (7) and the set of all symmetric factorizations of G(X). Moreover, we show
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that the minimal and maximal solutions of (7) correspond to left and right spectral
factorizations of G()), respectively.

Remark that in the framework of this paper the above-mentioned bijective corre-
spondence between the solutions of (1) or (7) and the set of appropriate factorizations
into a product of matrix polynomials is provided by the Bezoutian of a quadruple of
matrix polynomials given in realized form as introduced in (Haimovici and Lerer,
1995). Using this Bezoutian one can describe completely the common zero structure
of the underlying polynomials (see, e.g., Haimovici and Lerer, 2001; Lerer and Rod-
man, 1996b). Based on this fact we obtain conditions for the existence of an invertible
solution for linear matrix equations of the Sylvester type, a problem which has been
addressed in several publications (see, e.g., (Gohberg et al., 1984; Hearon, 1977; Lerer,
1989; Lerer and Ran, 1996; Lerer and Rodman, 1996¢; 1999) and references therein).

Moreover, the above-mentioned property of the Bezoutian alows us to prove in
this paper a new inertia theorem of the Hermite-Fujiwara type for matrix polynomi-
als. The previously known result of this type established in (Lerer and Tismenetsky,
1982) describes the localization of the zeroes of matrix polynomials in the extended
complex plane C|J{oo} (i.e. taking into account possible zeroes at infinity). The in-
ertia theorem in the present paper provides results on zero localization in the finite
complex plane in terms of the Bezoutian mentioned above. Some results of this type
were obtained previously in (Dym, 1991; Dym and Young, 1990) in other terms and
by different methods. Note that this inertia theorem is heavily used in the study of
extremal solutions of (6).

This paper is organized as follows. After preliminary Section 2 we study in Sec-
tion 3 the connection between the solutions of (1) and factorizations of an associated
matrix polynomial G(X) into a product of row and column reduced polynomials.
In Section 4 we prove the inertia theorem which is used in Section 5 to study the
extremal solutions of the Algebraic Riccati Equation (7).

2. Preliminaries

First we remind some well-known notions and results concerning the spectral theory
of matrix polynomials. More detailed information can be found, e.g., in (Gohberg et
al., 1981; 1982; Lerer and Rodman, 1996a).

In this work we deal with right admissible pairs (®,V) of order p, where V' is an
p x p matrix and ® is an n X p matrix. A pair of matrices (A, ¥) is a left admissible
pair of order p if A and ¥ are pxp and p X n, respectively. It is clear that the pair
(®,V) is right admissible if and only if the pair (V7 ®T) is left admissible. (Here the
superscript ‘T’ means matrix transposition.)

A pair of matrices (A4, ¥) is called controllable if for some integer [ > 1 the matrix
row [A7~1 Bt [B, AB, ..., A""1B] is right invertible. A pair of matrices (®,V)

j=1°"=
is called observable if col [PV, := [row [(VT)j_1CI>T]§:1]T is left invertible, i.e.

(VT,®T) is controllable.

Let L(X\) = Zé:o [;M be an n x n matrix polynomial, where [; are n x n
matrices. Ag € C is called an eigenvalue of the polynomial L(A) if det L(A\g) = 0.
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The set of the eigenvalues of L(A) is denoted by o(L). We consider only polynomi-
als which are regular, i.e. o(L) # C. A vector ¢o # 0 is a right eigenvector of the
polynomial L(X) corresponding to an eigenvalue Ao if L(Ag)¢o = 0. If ¢ is an
eigenvector of L(A) corresponding to Ao, then the sequence of n-dimensional vectors
0,01, -, dm for which the equalities Y_ £ LW (Xo)gp—; =0 (k=0,1,...,m~1)
hold true is called the right Jordan chain of length m + 1 for the polynomial L(\)
corresponding to Ag. Its leading vector ¢g(# 0) is a right eigenvector and the subse-
quence ¢1,..., ¢, is called the sequence of generalized eigenvectors. By constructing
a certain canonical set of Jordan chains corresponding to all the eigenvalues of L(\)
one can encode the zero information about L(\), as a right admissible pair (®,V)
(Ve P, & € C"*P, p = degdet L(\)) called the right finite null pair of L(\)
(see, e.g., (Gohberg et al., 1982; Lerer and Rodman, 1996a). One can see that an
admissible pair (®, V) of order p is a right null pair of a regular polynomial L()) if
p = degdet L()), rankcol(®VI~1)i_, = p and L(®,V) = Zé‘:o [;®V7 = 0. It can be
proved that L(X) is uniquely defined by its right finite null pair up to multiplication
from the left by a matrix polynomial with constant determinant. In an obvious way
one defines the ‘left’ counterparts of the above notions.

We also need the definitions of divisors and common divisors of matrix polynomi-
als. We say that a polynomial D()) is a right divisor of L()) if there exists a matrix
polynomial Q(X) such that L(A\) = Q(A\)D(A). A polynomial D()) is called a right
common divisor of the polynomials L1(\) and La(A) if D(A) is a divisor of both the
polynomials Li(\) and Ls(A). A right common divisor Dg(A) is the greatest right
common divisor of the polynomials Lq(A\) and Lo(X) if any right common divisor
of L1(N\) and L2(X) is also a right divisor of Dg(A). The dual concepts concerning
left common divisors are defined similarly. Matrix polynomials Li(A) and La(\) are
called right (left) coprime if I is their greatest right (left) common divisor. For more
details from the divisibility theory of matrix polynomials see, e.g., (Gohberg et al.,
1981; 1982; Lerer and Rodman, 1996a).

We shall use the representation of polynomials in realized form:
L(A) = L(0) + A\C(I — NA)"'B. (8)

The following result reflects the connection between finite null pairs of matrix poly-
nomials and their realizations (Bart et al., 1979).

Proposition 1. Let L(\) be a matriz polynomial with an invertible coefficient L(0)
and let (8) be its minimal realization. Write A* = A — BL(0)"*C. Then )¢ is
an eigenvalue of A™ if and only if )\51 is an eigenvalue of L(X) and the partial
multiplicities of Ao as an eigenvalue of A™ coincide with the partial multiplicities
of \g*' as an eigenvalue of L(\). Moreover, (L(0)~C, (A*)™Y) is a right finite null
pair of L(X\), and ((AX)~1, BL(0)™1) is a left finite null pair of L(X).

Now we shall introduce the notion of the Bezoutian of a quadruple of matrix
polynomials following the work (Haimovici and Lerer, 1995).
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Let L(A) and M(XA) be two n X n matrix polynomials. One can always find
(Lerer and Tismenetsky, 1982) two complementary polynomials Li(X) and M;y)
satisfying

Li(NL(A) = Mi(A)M(A). (9)
Write a joint observable realization of Li(\) and M;p(A):
[L1(Y) Mi(N)] = [L1(0) Mi(0)] +AR(I = AU)~H[C C], (10)

and a joint controllable realization of L(A) and M())

L(A)

M) |
Theorem 1. (Haimovici and Lerer, 1995) There exists a unique matriz B such that
the equality

)
l ]I V) )

Li(N)L(p) = My (N)M (1)
A—p

= - NU)'B(I —pV) 'w (12)
holds true for all (X, p) for which both the sides make sense.

The matrix B from Theorem 1 is called the Bezoutian of the quadruple of the
polynomials (L1, M1; L, M) associated with (9) and realizations (10) and (11).

Assume now that L(0) = M(0) = D and L;(0) = M;(0) = E are invertible
matrices, and introduce the matrices V;* =V — VD~ 1K, V) =V — VD 1Ky,
Uf =U—-CLE'® and UJ; = U — CyE~'®. It was shown in (Haimovici and
Lerer, 2001) (see also (Lerer and Rodman, 1996¢; 1999)) that for functions which
are analytic at the origin the Bezoutian of (L1, M7;L, M) associated with (9) and
realizations (10) and (11) satisfies the following equations:

Proposition 2.
UyB=BV, BV =(C,—Cy)E, ®B=(Ky—K)D,
U'B—-BV, =—(Cr—Cu)(Kr — Kn).

We also need a description of the kernel of the Bezoutian B for the quadruple
of the polynomials (L1, My; L, M) associated with the equality (9) and the real-
izations (10) and (11). The theorem below (Haimovici and Lerer, 2001; Lerer and
Rodman, 1996b) will play an important role in the sequel.

Theorem 2. Let B be the Bezoutian of the quadruple of the polynomials
(L1, My; L, M) associated with the equality (9), the observable realization (11) and
the controllable realization (10). Then the kernel of B is the maximal subspace con-
tained in Ker (K — Kpr) which is invariant with respect to the operator VLX. If, in
addition, Ker W = {0}, then KerB is the mazimal subspace which is invariant with
respect to V7 such that on this space the operators V;* and Vy; coincide.
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If the realizations (10) and (11) are minimal, then Ao is a common eigenvalue
of L(\) and M()) if and only if \y" is an eigenvalue of V/ |kers and the common
multiplicity of Mo as a common eigenvalue of L(\) and M(X\) equals the multiplicity
of )\61 as an eigenvalue of VLX|KerB.

3. The ‘Homogeneous’ Matrix Quadratic Equation and
Factorizations of Matrix Polynomials

In this section we shall be concerned with relations between the solutions of the matrix
quadratic equation (1) and factorizations of some matrix polynomials. Some different
aspects of such relations are studied in (Lerer and Ran, 1996).

Consider the matrix quadratic equation
A X — XAy =-XWX, (13)

where X is a ¢ X p complex matrix, and Ay, As, W are ¢ X q, pXp, p Xq
complex matrices, respectively. It will be assumed throughout that the pair (W, A;)
is observable and the pair (A2, W) is controllable. Also, without loss of generality, we
may (and will) assume that A; and As are invertible. Write a rank decomposition of
the matrix W: W = U®, where ¥ and ® are pxn and n x g matrices, respectively.
(Here n = rank W.) Since (Ag, ¥) is controllable, we can choose an n X p matrix
K such that o(Ay — YK) = {0}. Write V = Ay — UK. Similarly, there is a matrix
C such that U = A; — C® is nilpotent. Clearly, the pair (®,U) is observable
and the pair (V, W) is controllable. Since V' and U are nilpotent matrices, the
functions

Li(\) = E - AE®(I - \U)~'C,
(14)
Ly(A\) =D —AK(I —\V)" WD
are polynomials. (Here we fix some invertible matrices D and E.) Define

Geo,x(A) = Li(A)La(N).

In this section we establish a bijective correspondence between the solutions
of (13) and some factorizations of G¢, i (A). To be more precise, we consider a fac-
torization of G¢ k(N)

G(\) = Ri(\)R2(N) (15)
with factors of the form

Ri(\) = E—AE®(I — \U)"'Ck,

Ro(\) = D — AKg(I — \V)~'UD,

where Cr and Ky are some matrices of appropriate sizes.
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Theorem 3. Let R1(\) and Ra(\) be two nxn matriz polynomials of the form (16),
respectively, satisfying (15). Then the Bezoutian of the quadruple (L1, Ri;La, Ro)
associated with the equality (15) and the realizations (14), (16) is a solution of (13).

Conversely, if X is a solution of (13), define the polynomials
Ri(\) = E - AE®(I — \U) Y (C + X0),
(17)
Ro(A) = D — A\(K — ®X)(I — \V)""UD.

Then the polynomials R1(\), Ra(X\) satisfy (15). Moreover, the solution X of (13)
coincides with the Bezoutian of the quadruple (L1, R1; Lo, Ra) associated with the
equality (13) and the realizations (14), (17). The above correspondence between the
set of the solutions of (13) and factorizations of G,k (X) of the type (16) is bijective.

The above theorem in the case of D = F = I can be obtained as a corollary from
the results of (Karelin and Lerer, 2001). For the sake of completeness, we present an
independent proof in the case of arbitrary invertible D and FE.

Proof . We prove first the converse part of the theorem. Assume that X is a solution
of (13). Set A(A\) = AE®(I —\U)~ Y, A(p) = p(I — pV)~1 WD and multiply (13) by
A(N) from the left and by A(u) from the right:

AN (A1 X — XAy + XWX)A(p) = 0. (18)
Compute
A2A(p) = (V+YE)A(p) = —(I — pV)(I — pV)"1ED
+ (I —pV) ' UD+UKA(u) = —VLo(u) + A(p)p™ "
Similarly, we get
AN A = —Li(A)® + AN L
Thus (18) becomes
0= —L1(N)X2(p) + X (A p) + X1(A) La(p) — AX (A, p)
+ X1(N) X2 () — (L1(V) = X1(V)) (La(p) + Xa(n)
+ Li(A)L2(p) — (A= ) X (A, p), (19)

where X7(A\) = AN)XT, Xo(u) = PXA(u), XA\, u) = AN)XA(u)/ M. Setting
A=p in (19) and

Ri(\) =Li(\) = X1(\) = E - AE®(I — \U)"Y(C + XVU), (20)
Ra(\) = La(A) + Xo2(A\) = D — A(K — ®X)(I — A\V)"'¥D, (21)

we obtain the factorization (15). From (19) one sees that X is the Bezoutian of
(L1, R1; La, Re) associated with the factorization (15) and the realizations (14),
(20), (21).
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Conversely, let R;(A) and Rz(A) be polynomials of the form (16), satistying (15).
We claim that the Bezoutian B of the quadruple (L1, R1; Lo, R2) associated with (15)
and the realizations (14), (16) is a solution of (13). Indeed, from (19) we have

AN (A1 B—BA2)A(p) = (1= A)B(A, 1) +B1 (A) Lo (1) — L1 (M) Bz (1), (22)
where
ABA()
Ap
Since B is the Bezoutian of the above polynomials,
(b= MNBA, 1) = =L1(A)La(p) + Ra(A) Rz (p)-

Substituting this expressions into (22), we obtain

B\, 1) = LB = ABY,  By() = SBA().

AN (A1B — BA2)A(p) = —L1(A) L2 (p) + Ri(A) Rz (1)
+ Br (M) La(p) — Li(A)Ba (1) (23)

Setting A = 0 in (23), we obtain Ra(p) = Lo(p) + By (p). Similarly, setting p = 0,
we observe that Ri(\) = Li(\) — By (). Substituting these expressions into (23), we
see that A(A)(A1B — BA3)A(p) = —By (A)Ba (1), and hence, using the observability
of (®,U) and the controllability of (V,¥), we see that B is a solution of (13).

To complete the proof of the theorem it remains to show that the above corre-
spondence between the set of the solutions of (13) and the set of the factorizations
(16) of G,k (X) is bijective. Suppose that there are two factorizations of G¢ i (A),

Li(A)L2(A) = Ri(A)R2(N),  Li(A)L2(A) = Q1(M)Q2(}), (24)
where R;(A) and Ra(A) have realizations (16), and
Q1(N)=E-\ES(I-\U)""Co, Q2(A)=D—\Kq(I-AV)~'UD. (25)

Assume that one and the same solution X of (13) corresponds to each of these
factorizations. We claim that in this case Ri(A) = Q1(A\) and Ra(A\) = Q2(A). In-
deed, X is the Bezoutian of the quadruple (Li, Ry; Lo, Ro) associated with (24) and
realizations (14), (16). Also, X is the Bezoutian of the quadruple (Li,Q1; L2, Q2)
associated with (24) and realizations (14), (25). Hence

Li(A)La(p) = Ri(A)Ra (i) = La(A)La(p) — Q1(\)Q2(p)
= A= pWE(I - \U)'X(I - pV)'¥D.

Setting A = 0 in this equality we have Ro(u) = Q2(n), and, similarly, setting u =10
we have R;(A\) = @Q1()). The theorem is thus proved. |

Now we present some notions and results concerning column and row reduced
polynomials and their realizations. Let L(A) = > ._; l; M be an n xn matrix polyno-
mial. Consider this polynomial as a nxn matrix whose entries are scalar polynomials.
The column index a; of the j-th column is defined as the maximal degree of the scalar
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polynomials in this column. Let aq,...,q, be column indices of L()\), and let Lo
be an n x n matrix such that its j-th column consists of the coefficients of A% in
the j-th column of L()\). A polynomial L()\) is called column reduced if Lg is a
non-singular matrix. Any matrix polynomial can be brought to column reduced form
by elementary operations on its rows and columns (see, for example, (Kailath, 1980)).

Let aq,...,apn be the column indices of L(A). We shall use the multi-index
a = (a1,02,...,a,) when it is convenient. Without loss of generality we may (and
will) suppose that a; < as < -+ < ay. For any n x n matrix polynomial L())
with column indices a; < as < --- < «, we construct a special realization. Namely,
introduce J, = diag (Jo,, Jag, - - Ja, ), where Jy, is an a; x a; Jordan matrix (i =
1,...,n):
[0 1 0|
0 0 1 0
Jo, =
00 - - 01
00 - - - 0

Set p= 1", @;. Then J, is of size p x p. Define the p x n matrix
Qa = col (Qa17Qa27 ) Qan)

whose blocks @), are a; x n matrices of the form
Qo, =10 ... ¢ ... 0, i=1,...,n,

where 0 stands for the a; x 1 zero-column and the i-th column of @, is of the

form e; = [0 ... 0 1]7. Write the polynomial L()\) in the form L(\) = L(0) +
[Li k(M) k=1, where L k() = D255 Loyt tag_y +5A™ 7 F, and define the n x p
matrix Ky = [K; K ... K], where K, (s=1,...,n) is an n x o; matrix of the

form K, = [li,a)++a._1+ilij=1-

Proposition 3. Let L(\) be an n x n polynomial with column indices which do not
exceed ap < ag < -+ < ay,. Then L(X\) has the realization

LX) = L(0) + AK (I — Ao) ' Qa, (26)

where Jo, Qu, K1 are defined by the formulae above. Moreover, the realization (26)
is minimal if and only if L(X\) is a column reduced polynomial with column indices
ap Sag < - <.

Proof. Computations show that

n

LA Al
(I — o)™ " =diag (I - Ma,)™ "), = diag

0 1 A

0 0
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Then (I—-X\Jo) 'Qa = col (I—AJa,) " 1Qu;)" 1, where (I—AJa,) 'Qa, isan a;xn
matrix such that the i-th column of this matrix has the form T'; = col (A\®~7 )?‘;1 and
all the other columns are equal to zero. Multiplying (I — A\J,) Q. by AK from
the left and adding L(0) we obtain (26). To show the minimality of the realization
(26) for a column reduced polynomial, we remind that the minimal size of the state
space in a realization of a matrix polynomial L()) equals degdet L(\). Because of
the column reduceness of L(A), degdet L(\) = a1+ - -+, = p. Conversely, suppose
that (26) is minimal. Then degdet L(A\) = p. This implies that the column indices of
L(X\) are exactly equal to a1,...,a, and L(X) is column reduced. The proposition
is proved. [ |

Assuming that L(0) is invertible, define the matrix
B =Jo — QoL ' (0)K. (27)
We call By, the first Brunovsky companion matriz for a polynomial L()) with column
indices a; < -+ < ap. Write L(A) = L(0)"'L(A) = I 4 [Lik(N)]}4=1, Where Ly,

(i,k = 1,...,n) is the (i,k)-th entry of the matrix L()), and represent L;x(\) =
Z;‘il Li iy +-+ax—j+1 M. Substituting expressions for J,, Qa, K1, into (27), we have

Ci,, Rz Rin
Ry Cj,, Ron
BL = )
Rn1 R Lo
where
I 0 1 0 0 i
0 0 1 ... 0
Ci,. = : : s 0
0 0 0 ... 1
L ~lianttor 141 —liantotor 42 oo oo —liaytota
for i=1,...,n and
0 0
Ri; =
7Z’i7041+“'+04j—1+1 cee 7Zi,061+"'+06j

The minimality of the realization (26) implies the following result:

Proposition 4. Let L(\) be a column reduced polynomial. Then the pair of matrices
(B;, QaL71(0)) is a left null pair of L(\).
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We also need the following notions: For an observable pair (®, A1) (® isan nxp
matrix, A; is a p X p matrix) define the observability indices /1 < B < --- < [, in
the following way (Kailath, 1980):

Bi={j: n+aqsj1—aqr; <i—1, j=1,...,s+1-1}

where j =1,...,n, qx = rankcol (@A) | and | = max{m > 1| ¢, = mn}. The
controlability indices of a controllable pair (Az, U) can be defined, e.g., as observabili-
ty indices of the observable pair (U7, AT). Now we recall the solution to the following
problem: Given a controllable pair (A4, ¥), construct a column reduced polynomial
L(\) such that: (a) the pair (A~!, ¥) is a left null pair of L()), (b) the column indices
of L(\) concide with the controllability indices of (A, ¥).

There are several solutions to this problem (Gohberg et al., 1980). We present
here the construction from (Ball et al., 1994)).

Proposition 5. Let (A, ¥) be a controllable pair of matrices, where A is a p X p
invertible matriz and ¥ is a p X n full rank matriz, and let a7 < -+ < «a,, be the
controllability indices of the pair (A, V). Choose a basis {gjyk}?}’zl of CP such that
it satisfies the following properties:

1. {gj1}j=1 1is a basis of Im¥;
2. Agjr — gikv1 € Im¥, where gjo,41 =0 (j=1,...,n; k=1,..., ;).
With the basis {gjr} we associate the operator V: CP — CP defined by

9j,k+1 Zf kzl,...,aj—l,
0 if k=aj,

ng,k =

Then there exists an operator K : CP — C" such that A — VK = V. We can
get linearly independent vectors yi,...,yn such that Vy; = —g;1 for j=1,...,n.
Finally, we define the operator D : C* — C* by the formula De; = y;, where
{ej}j=1 is a standard basis in C". Then the polynomial

L) =D - AK(I—-\V)'¥D (28)

is column reduced such that (28) is its minimal realization, (A=Y, W) is its left null
pair, and a1 < --- < ay, are its column indices.

We also need the dual notion of row reduced polynomials. Namely, for a poly-
nomial M()\) = > 7" m;A we define the row index [3; as the maximal power of
entries in the i-th row. Without loss of generality we can (and will) suppose that
B1 < By < -+ < . Let My be an n x n matrix such that its i-th row consists of
the coefficients of A% in the i-th row of M()). A polynomial M(})) is called row
reduced if My is a non-singular matrix.
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Note that if M()) is row reduced, then M7T()) is column reduced, and hence
Proposition 3 implies the following result:

Proposition 6. Let M(\) be an n xn matriz polynomial with row indices which do
not exceed B1 < --- < Bn. Then

M(\) = M(0) + AQs(I — N\Jg) 'Ky, (29)
where
Js = JﬁT’Qﬁ = QE,KM =K.

The realization (29) is minimal if and only if M(\) is row reduced with row indices
which are equal to By < --- < [B,.

Similarly, Proposition 4 implies the following result:

Proposition 7. Let M(\) be a row reduced polynomial and (29) be its minimal
realization. If M(0) is nonsingular, then (M(0)~'Qpg, (Js — KpM(0)71Qp)™ 1) is a
right null pair of M(X).

The matrix By = fg — KMM(O)_IQg will be called the second Brunouvsky
companion matric.

Similarly to the column reduced case, one can construct a row reduced polynomial
M()) from a given observable pair (®, A;) such that (a) (®, A]') is a right null
pair of M()), (b) the row indices of M(\) concide with the observability indices
of (®,A1). To do this, we pass to the controllable pair (AT ®7) and construct the
column reduced polynomial M;(A) as described in Proposition 5. Then M(A) =
M{'(X\) is the polynomial with desired properties.

The following result will be important in the sequel:

Proposition 8. Let L(\) be a column reduced polynomial with column indices oy <
< <y and a minimal realization (28). Then any polynomial R(\) which is equal

to D at A = 0 with column indices which do not exceed oy < --- < «, has the
realization of the form
R(\) =D — \K{(I —\V)"'¥D (30)

for some K. Conversely, any polynomial R(\) with realization (30) has the above
properties (i.e. its column indices do not exceed oy < --- < o, and R(0) = D). The
realization (30) is minimal if and only if R(X) is column reduced.

Similarly, let M(\) be a row reduced polynomial with row indices 1 < --- < [,
and a minimal realization

M(X\) = E — AE®(I — \U)~'C. (31)

Then any polynomial N(X) which is equal to E at A =0 and has row indices which
do not exceed 1 < --- < (B, has the realization

N\ =E - \E®(I - \U) 'y
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for some matriz Cy. Conversely, any polynomial N(X\) with realization (31) has row
indices which do not exceed (1 < --- < B, and N(0) = E. The realization (31) is
minimal if and only if N(\) is row reduced.

Proof. Since the realizations (26) and (28) have the same size of the state space, there
is an invertible matrix S such that

Jo =SS, SQ,=¥D, K; S '=K,

and L(0) = D. On the other hand, R(\) admits a realization of the type (26) as
well:

R(\) = R(0) + AKr(I — AJo) "' Qa.

Substituting the above similarity relations into the last expressions for R()), we
obtain

R(\) = R(0) 4+ AKRS™ (I = A\V)715Q,
= R(0)+ AKrS™HI — AV)~1WUD.

If R(\) is column reduced, then this realization as well as the realization of the
type (26) are minimal. Since R(0) = D, by setting KzS~! = K; we obtain the first
part of the proposition. The second part can be obtained in a similar way. [ |

Based on the construction of column and row reduced polynomials for given
controllable and observable pairs, we now refine Theorem 3. Namely, for (13) consider
two pairs of matrices: the controllable pair (A2, ¥) and the observable pair (@, A;).
Applying the procedure of Proposition 5 to the pair (As, ¥) with controllability
indices a1 < -+ < @, yields a column reduced polynomial Lo(A) with column
indices a7 < -+ < a,, such that the pair (A;l, U) is a left null pair of Lo(\). For
this polynomial Lo(A) write the minimal realization

La(A\) =D — AK(I —\V)'¥D, (32)
where Ay =V + VK.

In a similar way, for the observable pair (®, A1) with observability indices [; <
-+« < 8, we can also construct a row reduced polynomial L;(A\) whose right null
pair is (®, A;") and the row indices are 3; < --- < 3,. The polynomial L;(\) has
a minimal realization

Li(A\) = E - AE®(I - \U)'C, (33)
where A1 =U + C®.

Now consider the matrix polynomial
G(A\) = Li(A)La(N). (34)

Let P¥ be the set of all column reduced polynomials with column indices a3 < --- <
an, which are equal to D at 0, and let Pf be the set of all row reduced polynomials
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with row indices (1 < --- < 3, which are equal to F at 0. We are interested in
factorizations of the polynomial G()) into a product of two polynomials
G(A) = L1(A)L2(A) = Ri(M)R2(}) (35)

such that Ra(A) belongs to P and R;()\) belongs to P?. Let D,5(G) be the set of
all such factorizations. The next theorem establishes the connection between the set
of solutions of (13) and the class D,g of the factorizations of G(A) into a product
of row and column reduced polynomials with row and column indices defined by the

given pairs (®, A1) and (A2, ).
Theorem 4. For (13) consider column and row reduced polynomials
Li(A)=E - AE®(I - \U)"'C, Ly(\)=D —AK(I - \V)"'¥D (36)

as described in the construction of (33) and (32), respectively. Let X be a solution
of (13). Then X generates a factorization of G(\) = L1(A)L2(\) into a product of
two polynomials

Li(A)L2(A) = Ri(A)Ra(N), (37)
where

Ri(\) = E—AE®(I - \U)" 1 (C+ XD),

Ra(A\) = D — MK — ®X)(I —\V)"1¥D. (38)

This factorization belongs to the class Dog(G). Here X is the Bezoutian of the quad-
ruple (L1, R1; Lo, R2) associated with the equality (37) and the realizations (36), (38).

Conversely, consider any factorization of G(X\) belonging to the class Dag(G):
G(A\) = R1(M\)Ra(X), and hence

RN =E - AEQ(I-\U)"'Cy, Ra(\)=D—AK{(I-\V)"'¥D. (39)

Then the Bezoutian of (Li,R1; Lo, R2) associated with (37) and realizations (36),
(39) is a solution of (13). The correspondence between the solutions of (13) and the
factorizations G(X) in the class Dog(G) is bijective.

Proof. All the assertions of the theorem follow from Theorem 3 except the fact that
the polynomials Rq(\) and Ra2(A) which are defined by the realization (38) are row
and column reduced, respectively. Indeed, from Proposition 8 it is clear that the row
indices of R1(\) do not exceed f; < --- < 3, and the column indices of Ra2(A) do
not exceed a3 < -+ < . We claim that R;()) is row reduced with row indices
which are exactly equal to (i,...,8, and Ra(\) is column reduced with column
indices aq, ..., ay. Indeed, since Li(A) is row reduced with row indices as above, the
degree of the polynomial det L1 () is exactly equal to ¢ = 81+ - -+ (3. Analogously,
because of the column reduceness of La()), the degree of det La()\) is exactly equal
to p= oy + -+ ay. Clearly,

degdet G(A) =t + p = degdet R1(\) + degdet Ra(N). (40)
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Since the degree of det R1(A\) does not exceed ¢ and the degree of det Ra2(A) does
not exceed p, (40) implies degdet Ry(A) = ¢, degdet R2(A) = p, and therefore Ri(\)
belongs to P,Sﬁ ) and Ry()\) belongs to Pc(a). [ ]

Note that Theorem 4 can be proved without using Theorem 3 by a direct proof
for the case when the coefficients are in Brunovsky form and by applying a similarity
in order to pass to the general case.

Combining Theorem 4 with Proposition 2, we obtain the following result:

Corollary 1. Let X be a solution of (13), and let this solution X generate the
factorization Li(X)La(A) = R1(A)Ra(N) from the class Dog(G), where L1, Lo, Ry,
Ry are defined by (36), (39). Then rank X = p—degdet D,.(\), where D,.(\) denotes
the greatest right common divisor of Lo and Rs. In particular, X is invertible if and
only if La(N) and Ra(X) are right coprime.

Theorem 4 allows us to obtain conditions for the existence of an invertible solution
of the Sylvester equation

ZA — AsZ +W =0, (41)

where Ay, Ay and W are p X p matrices.

Corollary 2. Given the Sylvester equation (41), construct a row reduced polynomial
Li(\) and a column reduced polynomial Lo(X\) defined by (36). If there is a factoriza-
tion L1(A)La(A) = R1(N)R2(X) from the class Dog(G) such that La(X) and Ra(N)
are right coprime, then (41) has an invertible solution Z and

Ri(\) = E - AE®(I - \U)"Y(C + Z71D), (42)

Ry(A\) =D — NK — ®ZY)(I — AV) "' ¥D. (43)

Conversely, if (41) has an invertible solution Z, then L1(X)L2(N\) can be factored
as Li(A)La(X) = Ri(A)Ra2(N), where La(X) and Ra2(N) are right coprime, Ri(\) and
R2(N\) can be written in the form (42) and (43), and X = Z~' is the Bezoutian of the
quadruple (L1, Ry, La, R2) associated with the realizations involved and the equation
Li(A)La(A) = Ri(A)R2(N).

Furthermore, any invertible solution Z of (41) can be found by the formula
Z = X1, where X is the Bezoutian of the quadruple (L1, Ri;La, Ra) associated
with the equality L1(N)L2(X\) = R1(A)Ra(X\) and the realizations (36), (38), provided
that La(X\) and Ra(\) are right coprime.

For other results concerning the existence of invertible solutions of (41), see,
e.g., (Gohberg et al., 1981; Hearon, 1977; Lerer, 1989; Lerer and Rodman, 1999) and
references therein.
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4. An Inertia Theorem for Matrix Polynomials

In this section we deal with inertia (i.e. localization of zeros with respect to R) of
matrix polynomials. This problem has been addressed previously in (Lerer and Tis-
menetsky, 1982), where the localization of zeroes of a matrix polynomial is described
in terms of the ‘coefficient’ Bezoutian in the extended complex plane C|J oo (i.e.
taking into account possible zeroes at infinity). In this section we use the notion of
the Bezoutian based on the representation of polynomials in realized form (as defined
in Section 1) to obtain results on zero localization in the finite complex plane. Some
results of this sort were also obtained in (Dym, 1991; Dym and Young, 1990), in other
terms and by different methods.

Here a symmetric factorization of a matrix polynomial G(A) means a factor-
ization of the type G(\) = P*(A\)P(X), where P(\) is a matrix polynomial and
P*(X\) = (P()\))*. We start with some general auxiliary facts. Assume that there are
two symmetric factorizations

L*(A)L(N\) = R*(M)R(N), (44)
where L(\) and R(A) are polynomials. Let L(\) be written in realized form,

L(\) =D+ \K(I —\V)""W¥D. (45)
Clearly, (45) is controllable if and only if the realization

L*(\) = D* + AD*U*(I — AV*) " K*
is observable.

Proposition 9. Let L(\) and R(\) be n x n matriz polynomials such that (44)
holds; we have a controllable realization

P *E Loy 46
-[D]+ [KR]<— ) 0

and hence a (necessarily observable) realization

[L*(N) R*(N)] = [D* D]+ AD*¥*(I = \V*) 'K} Kj]. (47)
Then the Bezoutian B associated with (44), (46) and (47) is a skew-hermitian matriz.
Proof. Write T'(A\, ) = L*(A\)L(p) — R*(A)R(p). Then the Bezoutian B associated
with (44) and realizations (46), (47) is defined by the equation

A= )T\ p) = D*U*(I = A\V*)"'B(I — pV) 1D, (48)

One easily sees that

(@) =T(a,N). (49)
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From (48) we have

T(a, A _
L)) /_\) = D*U*(I — gV*)"'B(I — \V)~LUD.
i —
Taking adjoints of both the sides of this equality and using (49), we obtain
(A
(7”/1\) = D" (I — AV*)"'B* (I — V)10 D. (50)
-

Comparing (50) with (48) and using the uniqueness of the Bezoutian, we infer that
B* = —-B. [ |

Let L()\) € P ie. L(A) is an n x n column reduced polynomial with column

indices ay < --- < ay, which is equal to D at A = 0. It is obvious that the n x n
matrix polynomial L*()A) is row reduced with row indices a3 < -+ < a5 (ie. it
belongs to P with E = D*). Set

G(\) = L*(A)L(N) (51)

and consider symmetric factorizations of G(A),
G(A) = B (MR, (52)
such that R(0) = D. Denote the set of such factorizations of G(\) by D¥™(QG).

Proposition 10. Let G(\) be a matriz polynomial defined by (51), where L(X) be-
longs to the set P®. Then D™(QG) consists of all the symmetric factorizations (52),

where R(X\) belongs to P,

Proof. Let L(X) € P! First, note that the degrees of the entries (G(N))j,; of the
matrix polynomial G(\) are 2«;. This follows from the equality

(GW),, = (L"), (L)

J
where (L(A)); is the j-th column of L(A) and (L*(\)); is the j-th row of L*(\).
Suppose that for some j the column index of the j-th column of R()) isnot «;. Then
the equality (G(X));; = (R*(X));(R(N\)); implies that the degree of the polynomial
(G(N)j,; # 2a;. Hence the j-th column index of R(\) is exactly equal to a;. The
fact that R(A) is column reduced is known from Theorem 4. ]

]'7

Now recall some notions. For a matrix A its inertia is defined as the triple
of integers In A = (w(A),v(A),0(A)), where 7(A),v(A),d(A) denote the number of
eigenvalues of A, counting multiplicities, with positive, negative and zero real part,
respectively. Similarly, introduce In(A) = (v4+(A),v-(A4),v(A)) with respect to the
real axis. It is clear that

T(iA) = 7-(4), v(id) = 7(A), 5(id) = o(A).

For a matrix polynomial L()\) introduce in a similar manner In (L) = (y4 (L), v— (L),
vo(L)), where 4 (L) is the number of eigenvalues (counting multiplicities) in the open
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upper half-plane, v_(L) is the number of eigenvalues (counting multiplicities) in the
open lower half-plane and ~y(L) is the number of those lying on the real axis. It is
clear that if L()) is a matrix polynomial with minimal realization

L(\) =D+ \XC(I —\A)"'B,
where D is an invertible matrix, then for A = A — BD7'C we have v_(L) =
V+(A%), 7 (L) = 7 (A7), 0(L) = 0(A).
For a given column reduced polynomial L(A) with column indices a3 < -+ <
and minimal realization

LA) =D —AK(I —\V)"'¥D (53)

define the non-negative matrix polynomial G(\) = L*(A)L(A). Consider symmetric
factorizations of this polynomial

L* (ML) = BT A)R(N), (54)
where R(0) = D, and where the column indices of R(A) do not exceed ag < -+ < .
According to Propositions 8 and 10, R(A) has the minimal realization

R(\) =D — AKg(I —\V)"'¥D (55)
for some matrix Kpr of the appropriate size. In this and in the next section, we
denote by B the Bezoutian of (L*, R*; L, R) associated with (54) and realizations (53)
and (55). Let Lo(A\) be the greatest right common divisor of L(A) and R(A). The

following theorem is the main result of this section. Let L(A) be a column reduced
polynomial.

Theorem 5. Let L(\) be a column reduced polynomial. Preserving the above nota-
tions, we have

V(L) = 7(iB) + v+ (Lo), v-(L) = v(iB) + v-(Lo),
Y0(L) = 0(iB) — v+ (Lo) — v (Lo)-
To prove this theorem, remind the following results.

Theorem 6. (Carlson and Shneider, 1963). Let A be an sx s matriz and 6(A) = 0.
Suppose that there exists a non-singular hermitian matriz H such that

AH+ HA® > 0. (56)
Then In(A) =1In(H).

Lemma 1. (Lerer and Tismenetsky, 1982) Let L(A) and M (X) be matriz polynomials
such that

LEANLA) = M*(NM (),

and let \o be a real eigenvalue of L(N). Then Ao is an eigenvalue of M(N) and
the Jordan chains of L(\) corresponding to Mo are also the Jordan chains of M(\)
corresponding to Xo, i.e. they are the common Jordan chains of L(\) and M(\)
corresponding to Ag.
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Proof of Theorem 5. Decompose the space CP into a direct sum
CP = N @ Ker B, (57)

where N is the orthogonal complement of Ker B in CP. (Recall that p is the minimal
state space dimension in the realization (45).) Since B is skew-hermitian, it is clear
that N is B-invariant. Therefore, with respect to the decomposition (57) of CP, the
operator B has the representation

s [ B0 .
150 e

Here By acts from N into N and KerB; = (0), i.e. By is invertible. In a similar
way, we have the representation of the matrices A, K and Kpg with respect to the
direct sum (57). But A = V* =V — UK. According to Proposition 2, KerB is
the maximal A-invariant subspace contained in Ker (K — Kg). Hence we have the
following representation of A: N & KerB — N & Ker B:

A 0
= (59)
X AQ
Similarly, K and Kpg acting from N @ KerB into C* have the representations
K = [K1 Ko, (60)
Kgr = [Kir Ko (61)

with the same K, since K and Kp coincide on KerB. According to Proposition 2,
the matrix B satisfies the equation

A'B—-BA = —(K*— Kp)(K — Kg). (62)
Rewriting (62) for the matrix representations (58)—(61), we obtain
ABy —B1 A = —(KT — Ki) (K1 — KiR). (63)

We claim that A; has no real eigenvalues. Indeed, according to Lemma 1, if Ag
is a real eigenvalue of multiplicity ko for L(X), then )¢ is an eigenvalue of the same
multiplicity ko for R(A), and the Jordan chains corresponding to the real eigenvalue
Ao of L(\) coincide with the Jordan chains corresponding to the same eigenvalue
of R(A). Then, according to Theorem 2, Ay 1 is an eigenvalue of multiplicity ko of
A |kerB= Ap. Thus all the real eigenvalues of A are eigenvalues of Ay and hence A;
has no real eigenvalues.

Write Ay = —iA; and By = —iB;. Then (63) can be rewritten as
A5(=B2) + (B2 A2) = (K7 — K{g)(K1 — KiR). (64)

Clearly, the matrix —Bs is hermitian and invertible. We know that A; has
no real eigenvalues. Hence In Ay = (7(Az2),7(A2),0). Then, in view of Theorem 6,
7(By) = m(A2), v(Bz) = v(Az) or

m(iBy) = m(iA1) = 7- (A1), v(iBi) =v(id1) = v4(41). (65)
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We return to the initial matrices B and A. Since B is hermitian, it has only
real eigenvalues. Then it is clear from the representations (58) and (59) that 0(iB) =
dim KerB = pg, where pg is the size of Ag. Therefore 6(iB) = v_(Ao) + 7+ (4o) +
v0(Ao). Recall that A; is an eigenvalue of Ay of multiplicity k; if and only if A, !
is a common eigenvalue of L(XA) and R()A) of common multiplicity k;. Therefore we
have v_(Lo) = v+(Ao), 7+ (Lo) = 7= (4p) and ~o(Lo) = Y0(Ao), where Lg(\) is the
greatest right common divisor of L(X) and R(\). Hence

6(iB) = 74 (Lo) +v-(Lo) +70(Lo)-

It remains to rewrite (65) as follows:
V- (4) = 7(iB) +7-(Ao), 7+(A) = v(iB) + 7+ (Ao),

Y0(A) = 6(iB) — v+ (Ao) — v-(Ao)

Y4+(L) = 7(iB) +v4+(Lo), v-(L) = v(iB) +~v-(Lo),
Y0(L) = 0(iB) — v+ (Lo) — v-(Lo),
and the theorem is proved. [ |

5. Spectral Factorizations and Extremal Solutions
of the Riccati Equation

In this section we consider the algebraic Riccati equation of the form
A X+ XA=XWX, (66)

where A and W are pXxp matrices, and A is invertible, W is a non-negative definite
hermitian matix, and (A4,W) is a controllable pair. Here we establish an explicit
connection between the problem of determining hermitian solutions of (66) and the
problem of symmetric factorizations for non-negative definite matrix polynomials.
Special attention is paid to the description of extremal solutions of (66) in terms of
spectral factorizations.

First, construct the matrix polynomial L(\) as in Proposition 5. Write a rank
decomposition of W: W = WW¥*, where ¥ is a p X n matrix. Let a; < --- < o, be
the controllability indices of the controllable pair (¢4, ¥). For the given pair (i4, V),
define a column reduced polynomial L(A) with column indices a3 < -+ < a, as
described in Proposition 5. Let

L(\) =D — XNiK(I —\iV)~'¥D (67)

be a minimal realization of such a polynomial L(\) belonging to P§a). Write the
n X n row reduced polynomial

L*(\) = D* + XiD*U*(I +iAV*) " 'K* (68)
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with row indices o < --- < ay,. Set

and consider symmetric factorizations of G(A),

G(A) = R* (AR, (70)
such that R(0) = D.
Theorem 7. Preserving the above notation, assume that X is a hermitian solution
of (66). Then X generates a symmetric factorization of the polynomial G(N\) =
L*(AN)L(\) as follows:

L*A)LA) = R (A R(N), (71)
where

R(\) =D — Xi(K —U*X)(I — \iV)"'¥D (72)
and, obviously,

R*(\) = D* +iAD*U*(I +i\V*)"H(K* — XT). (73)

In this case the Bezoutian of the quadruple (L*, R*;L,R) associated with (71) and
realizations (68), (13), (67), (72) equals iX.
Conversely, let any symmetric factorization of G(\) be given, i.e. let a matriz

polynomial R(X\) satisfying (70) be given. Then R(X) admits a minimal realization
of the form

R(\) =D — XiKg(I — X\iV)"'¥D (74)
for some Kpgr and, consequently,

R*(\) = D* + XiD*W*(I + XiV*) "' K7, (75)
If B denotes the Bezoutian of (L*, R*; L, R) associated with (71) and (68), (75), (67),
(74), then the matrix —iB is a hermitian solution of (66).

The above correspondence between the set of hermitian solutions of (66) and the
set of all the symmetric factorizations of the polynomial G(\) is one-to-one.

The proof of this theorem is immediately obtained from Proposition 10 and
Theorem 4 if we set A =iA, X1 =iX.

For two matrix polynomials L(A\) and R(\) satisfying (71) we define the num-
bers v4+(L,R), v—(L,R), v(L,R) as the total common multiplicity of the com-
mon eigenvalues of L(A) and R(A) in the upper half-plane, in the lower half-plane
and on the real axis, respectively, i.e. v_(Lo) = v—(L, R), v+(Lo) = v+(L,R) and
vo(Lo) = v0(L, R). Then, combining Theorem 5 with Theorem 7, we obtain the fol-
lowing result.
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Corollary 3. Let X be a hermitian solution of (66) generating the symmetric fac-
torization (71), where R(X) is defined by (72). Then w(X) = w(A) — v_(L,R),

Indeed, for example, 7(X) = 7(—iB) = v(iB) = v4+(GA) — v+ (4o) = w(A) —
~v—(L, R). From this corollary we obtain the next proposition concerning coprime
factorizations of G(\).

Theorem 8. Let X be a hermitian invertible solution of (66). Then In (X) =In (A)
and X generates a coprime symmetric factorization L*(N)L(X) = R*(A)R(X), where
L(X\) and R(X) have the minimal realizations (67) and (72), respectively.

Conversely, let
L*(A\)L(M\) = R*(MR(N) (76)

be a symmetric factorization, where L(X\) and R(X) have realizations (67) and (74)
such that L(X\) and R(X) are right coprime. Then (66) has an invertible solution
which coincides with the Bezoutian B of the quadruple (L*,R*;L,R) associated
with (76) and realizations (67), (74).

Among all the hermitian solutions of (66) we pay special attention to extremal
(i.e. mazimal and minimal) solutions. (For details on extremal solutions, see, e.g.,
(Lancaster and Rodman, 1995; Rodman, 1980; 1983; Shayman, 1983)). A hermitian
solution X4 of (66) is called mazimal if for any hermitian solution X of (66) the
inequality X < X, holds true. Similarly, a hermitian solution of (66) X_ is minimal
if X>X_.

We show in this section that extremal solutions correspond to spectral fac-
torizations of the matrix polynomial G(A\) under the bijective correspondence de-
scribed in Theorem 9. Recall (Gohberg et al., 1982; 1983) that the factorization
G(A) = R (M) R4 (M) of a non-negative matrix polynomial G(X) is called right spec-
tral if all the eigenvalues of Ry(\) are in the closed upper half-plane, while the
factorization G(A) = R* (A\)R_(A) is called left spectral if the spectrum of R_(\)
is situated in the closed lower half-plane. The polynomials R, (\) and R_()) are
called the right and left spectral divisors of G, respectively.

The connection between the extremal solutions of (66) and the spectral factor-
izations of G(\) is explored in the following result:

Theorem 9. Let

LY(ALA) = RL(A) R (A) (77)
be a right spectral factorization of L*(N)L(N\). Then R4 (\) has the realization
R.(\) =D —iAKg, (I —iAV)~'¥D, (78)

and X, = —iB,, where B, is the Bezoutian of (L*,L; R%,R. ) based on (77) and
associated with realizations (67) and (78), is the mazimal hermitian solution of (66).
In this case we have In(Xy) = (w(A),0,v(A) 4+ 6(A)).
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In a similar way, let

L*(A)L(A) = RE(AM)R-(N) (79)
be a left spectral factorization of L*(N)L(X). Then

R_(\) =D —XiKr_(I —X\iV)~'¥D, (80)
and X_ = —iB_, where B_ is the Bezoutian of (L*, R*; L, R) associated with fac-

torization (79) and realizations (67), (80), is the minimal solution of (66). In this
case,

In(X_) = (0,v(A), 7(A) + 6(4)). (81)

Conversely, let Xy be the mazimal solution of (66). Then X, generates the
right spectral factorization (77), where

Ri(\) =D - XK —-¥*X)(I-\V)"'¥D
and

In(A—WX,) = (0,7(A) + v(A),5(A)).

Analogously, the minimal solution X_ generates the left spectral factoriza-
tion (79), where

R_-(N)=D—-NMK-9"X_)I- /\iV)*l\I/D.
Moreover,

In(A—-WX_) = (n(A) + v(A),0,5(A)).

Proof. First we observe that any R(\) satisfying (76), with minimal realization (74),
has a left null pair (fz'A;-il, U), where Agp = A — W Xg. From Theorem 7 we know
that Kr = K — ¥*Xpg, where Xg is a solution of (66) generated by the given
factorization (76) in the sense of Theorem 7. The last equality implies that Ap =
V+iU(K —U*Xg) = A — WXg. Now let us prove the first part of the theorem.
Suppose that (77) holds and X; = —iB; is the solution of (66) corresponding to (77).
For an arbitrary hermitian the solution X of (66) set Y = X — X . Then one easily
checks that Y satisfies

AR Y +Y AR, =YWY, (82)

where Ap, = A— WX, In view of Theorem 7, the solution Y of (82) generates a
factorization of the matrix polynomial R* (A\)R; ()):

RL(A) R4 (A) = MT(A)M(N).

Now Theorem 5 implies 7(Y) = v—(R4) —v4(R, M), v(Y) = 74 (Ry) — v+ (R, M),
YY) = v (R, M) + v (R4, M) + vo(R4, M). Since the spectrum of Ry (A) lies
in the closed upper half-plane, v_(R+) = 0, and hence v_ (R4, M) = 0. We obtain



1308 1. Karelin and L. Lerer

In(Y) = (0,74(R+) = v+ (R4, M), v4 (R4, M) + 70 (R, M)), i.e. for any solution X
of (66) we have X — X4 <0, i.e. Xy is the maximal solution of (66). As —X is
also a solution of (82), corresponding to the factorization R (A)Ry(A) = L*(A)L(N),
we have

In(=X4) = (0,74 (Ry) = v4(Ry, L), 74 (R4, L) +70(R4, L)) (83)

On the other hand, since X is a solution of (66),

In(X4) = (v=(L)=v=(Rp, L), v (L) =74 (R4, L), 74+ (R, L) +v0(Ry, L)) (84)

But v_(Ry,L) = 0, and we see from (83) and (84) that v4(R+,L) = v4+(L) and
hence In(X4) = (y-(L),0,v+(L) + vo(L)), which proves the assertion on In (X ).

In a similar way one proves that the left spectral factorization generates the
minimal solution X_, where X_ satisfies (81).

Conversely, let X be the maximal solution of (66). Then for any hermitian
solution X of (66), Y = X — X is a non-positive definite solution of (82). Using
again Theorem 7, we infer that Y generates the factorization of R* (A)R4(\) into
the product

RI(NR(A) = MP(A)M(N). (85)
In view of Theorem 5,

I (Y) = (0,1(Y),8(Y)) = 7—(Ry) — 7 (Rs, M),

V4 (Ry) =4 (Ry, M), 70 (Ry) + 74 (Ry, M) + - (R4, M)). (86)

We see from (86) that v_(R+) = v— (R4, M) for any factorization (85). In particular,
this relation holds true for M (\) with the spectrum located in the closed upper half-
plane. It is known that such a factorization exists. Thus we have v_(Ry) = 0. The
hermitian solution ¥ = —X of (82) generating the factorization

RI (AR (A) = LT (M) L(A)
satisfies the equation
In(=X53) = (0,7 (R+) = v+ (R4, L), 70(R+) + 74+ (Rs, L) + 7 (R4, L)). (87)
Comparing (87) and (84), we conclude that vy (R4, L) = v4(L) and therefore

In (—X4) = (0,74 (Ry) — v+(L),70(R4)) +74(L)). (88)

Finally, since (88) holds, we have In (A — WX, ) = (0,7(X ) + v(4);6(X4) —v(A)),
or, in view of Corollary 3,

In(A— WX, )= (0,7(A) + v(A),5(A)).

The assertions about X _ are proved in a similar way. [ |
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