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48.1 
SYSTEMS WI:L'H V ARIABI,E STRUCTURE IN 

MULTIDIMENSIONAJJ PLANTS IDENTIFICATION AND CONTROL 

S. V. Yemel ' anov , N. Ye. Kostyleva, V. I . Utkj_n 
I nst i tut e of ·Aut omat ion and Telemechanics 

Mo scow, · USSR 

I n discussing t he various problems of synthesis i n a class 
of sys t ems wit h variable structure it is generally a s sumed [1-6 ] 

t hat there i s one quant ity to be controlled and one control 
a c tion in the system (or, i n multivariable systems the number 
of controlled variables is equal to that of control actions ) 
while t he .c.ontrol action itself is formed of the error magni t u -
de and i t .~ deriva tives. In practice this . approach may prove rather 
hard to apply due .to the difficulties in obtaining the derivat ives. 
At the same time in many cases we can measure both the magnitude 
of the error and certain coordinates that 'jJharacterize t he state 
of the system. In forming the control fUnction it would be wise 
to use that pos.sibility. Another feature, often inherent in auto­
matic control systems, is that control actions can be applied t o 
different points of the plant; in other words, control is a vec­
torial quantity. 

In this connection it is interesting to discuss the possibi­
lities of c9ntrol in a class of .systems with variable structure 
for a general case where the control function is formed by using 
information in the shap.e of the system coordinates which general ­
ly are not the system error or its derivatives, while the control 
function itself is a vectorial quantity. The motion of such a 
system without external disturbances is described by the dif­
ferential equations 

~::: = A:z + f'LlJ ( 1 ) 
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~ -(X ::C ) . is an fl; -dimen3ional vector which characterizes .,...., - ~ ---) n. -
the state of the system, 

U= {Lltr .. Urn) is an m -dimensional control vector 
I A 

11; is an n. •rt-dimensional matrix with constant elements q,ij· 
(L:j:::f, ... , ft,)J ~ is an tt-xm -dimensional matrix with constant 

elements bu[e·=t-/tj j=.l./tYFo r control (.,{___ it is assumed 
aoy ! 1 

th~t its component if? a awn of actions by certain coordinates of 
the system; the coefficients of actions are piecewise-constant 
functions and they change with the state of th;e system. It is in 
this sense that the structure of the system is variable. 

Assume that~e system coordinates space is divided by a 
certain set of hyperplanes into regions; within each of these the 
system has a certain linear structure. The structure changes at 
the boundaries of the regions; as a result the control function 
may become discontinuous. If certain conditions are met the slid­
ing mode appears in the system and the trajectory of the describ­
ing point belongs to the boundary of a discontinuit§7~ If the 
dynam.ic properties of sliding mode satisfy certain requirements 
to a control system, then it is practical to choose a control so 
as in any point of discontinuity boundaries the conditions for the 
existence of a sliding mode are met. After the describing point 
has hi t the discontinuity boundary the motion in a sliding mode 
will appear and will not cease.x This synthesis technique was used ., -61 
in Refs- ~ for the case where control is a scalar function of 
coordinates and its derivatives, while sliding mode appears in a 
certain hyperplane in the space of these coordinates. 

We will apply this approach to systems with variable struc­
ture of a mo re general form of eq. (1). with the assumption that 
each component of the control vector is an action by the control­
led variable (let this be ~he coordinate ~1 ) with a discontin­
uous l y changing coefficient of the action. We will show that for 
a structure change law to form in this case , data on the plant 
parameters is to be available. If they are not kno\vn in advance, 
then we have to identify these parameters; the ways to do this 

x) The describin~ point hitting the discontinuity boundary de-
serves special s t udy and wi ll not be discussed in this paper. 
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will be examined. by t he methods of the variable structure systems 
theo~y. In conclusion we will describe a procedure for identifi­
cation of a second order dynamic system. 

1. Selection of Control 

Let us examine a case where control is a vectorial quantity 
and the motion of the system is described by eq.(1). Assume t hat 
a change in the structure of the system and the resulting dis­
continuous change in control ~ will occur if in the space 
(X,, ... , .x"') the describing point will hit a certain hyperplane S ­
given by 

5 =- (c,:x:.) = ~ ( 1 • 1 ) 

where ('::: ((,1>""") c,)J c,) ... ,Ct.- .const, r!,=i.. 

It has been already noted that in such _a dynamic system a 
sliding mode is possible that would require the following inequa­

. li tf2] in the neighbourhood of the hyperplane S 

( . rL~) 
. B:J:t . · (1.2) 

Geometrically this equation means that in the neighbourhood of 
a discontinuity · of S tb.e phase trajectories of. bot~ structures 
are directed towards each other and the describirig point after 
having hit . S continues its motion in the sliding mode along 
the traj~ctories that belong to that hyperplane. ' By Ref .f-7J during 
that kind of motion the vector of phase velocity is directed along 
the hyperplane S and therefore in sliding mode the following 
relations are true 

j =0. ( 1. 3) 

Let us. find what differential equations describe the various 
kinds of sliding modes that can occur in the class of systems 
under consideration if each component Ut, ··., U,.., of the vector 
~ has discontinuities when the describing point hits the ap­

propriate hyperplane in the space ( Xtr· ·J Xf'l.,). 

Let the scalar function ~~ have discontinuities on a 
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certain hyperplane described in the space {:X 1) . . . , .X.n..) by 

" "{ .( 

where the vector c = ( cf; . . > ) c/1, ).J 
f { 

<;., ~ - ) c"' =const' . c: ..: (. 
) 

( 1 .4 ) 

V~1en eq. (1.2) is true, there is a sliding ~ode on the hyper­

plane s1• Let us obtain equations fo+- the motion of the describ­

i ng point along the ""rajectories th~t ··-belong to S 1 • 

It has been already not~d ~.that in sliding mod.e e qs (1.3) 
( "( 

are true . From the condi tiops 5 == 0, -5:0 and eq. ( 1) for motion 

we fi.nd 

Jt.-1 .{ 
x =- - L t. xi 

1\, . <."=-1 ' ' (1.5) 
tn.-f lt -( ' 

u,.." - { ') L,(~,c')u. -:- r: cJZ:. [(aj/ ')-5·1(a,., c;J:ci· 
(Cm- , . c J = t I , J - 1 . . . 

where a1 (j= 'f. .. j ~L ~ (j= l.~trfare the columns of the matrices . .,f; and ~ 
(Cm, e-1 f; 0 • By substituting the values for Xn. and Um.. obtain­

ed above into {1) we will determine the differential equation of 

the n-/-th order for Xt, · ··, Xn. -1 with m-1-dimensional control that 

would describe the , motion of t h e .system in .sliding mode · 

d ( . 
-~- ::. fl. I X { + 
dt 

( 1. 6) 

" where the vector :x,''= (:X1,. .. , XJt.-{} , the vector U f= (f..4, .. . 1 LLm-J , -A and .$ 
are {tt-f)~ ( n- f} -and (n-1} ~ (m- r) - dimensional matrices re-

spectively with the elements CL;·{l:j= {, ... , !t-1} and (; {i::: 1, ... ; n.-~j= I,.-, m-~ 
. f a rl c { &m- r( I I . - f I 7 
a,/=· {,i- vv(n, / - ftrn.~ c ~) L I C)·, c - 5· (a/1,} ~ /J ) 
pf f lifT\., ( /J I) 
0 ij = 0 'j - ( /) . / l Dj) c I . 

. o'"',c J 

(1.7) 

A sol~t-~on to eq. ( 1. 6) is a mapping of the solution to the 

initial s ystem in slj_ding mode on the sub space ( =r1, .. : ~ .:L~t-<f ) • In 

t hat s ubspace we can also select a hypezylane st- given by the 
• ?'-- t. · 1) !(.. r ~ c~ .J c,.-~.~-~ e qu a tion ;) = (C , X ; =~ C =. C1 , · - ·1 ,__0 rand with the aid of t~e 
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discontinu ous control Um-t en sure the appearance of a s lidi!tg 

mode S 2 . Evidently the moti on in the sliding mode lie s i:n. the 

linear subspace of the tt,-£, -th order which is determined in · !h1e 

space ( 'X 1, . . . , . Xw ) by the intersection of S-tand S £- .. That 

motion is described by diffe rential equations of t he { ~-2} -t~ 

order for X~ ('.Xtr·1 l'~t-t}vi t h an ( ht. ... 2) -th control U ~== {a . .,, ... ~ U.....,. 

By itera ting these operations we will obtain at the k ' -th 
step a motion in sliding condition of the ~-k-th order over the 

intersection of hyperplanes S / ... > S" give~ by 

s ,·:::. r(,:· x i-f J =- o, (1 .a» 
i i i ~,.· l 

where the vector e :::{C1 , ... ) C.n.-i. ... 1), C11.-i+t•i '·the vector ~ =tx.,;-"'"i x,.__ 
i ~ f,. ··) k > { ~ I< ~ tn, ~ 0 = .X. 

The equation of this motion for coordinates .l:. .,, .•. , :X~t.-~t is given 

by 

where Jt le and ~ IC are matrices with dimensionalities ( n.-K}It{n-K) 
le .., lr; 

and { 11.-1<) x {rn-t<) · respectively, with elements a ij and D~{ , 
the vector U..." = (ll1, .. "" U.rn-~c}. 

· I< pi< A le d!!.Jc 
The elements Cl~· and "'/ of the matrices a and .ft:l are de-

scribed by the recurrent relations 
K-( 

IC - K_-f- IC-f c~c .li nc-K+f (f. ./C-f k) le ta/C-t ciCJl 
CL~-- a,,l ac tt-K+f I - !f."-t IC] l ( ~- ; c - 7. l' /f..-/C~;, :# 

{ l ln-IU.f , c I 

I< p'/~.-( -C, .. = c 
'1 

{/'. =it·· 1 '(/· 

( 1. 10 ) 

The upper index for a, and C shows what matrix this quanti.tl' 

belongs to as an element; the double lower index signi.f'ies .. the 

numbers of the row and the column, the single - lower L~dex show£ 
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t hat this element is a column-vector and denotes its number.. I t 
is assumed that in ( 1. 10) ( G ::;_~1(,+( , C k) # 0 for any I( .. 

For the case where K= tn. we obtain a linear homogeneous 
differential equation of the (n-~) ~th order 

d:e;,....-= .tt h1,. ~wt.- {1.11) 
d;t . 

As· follows from ( 1.10), ( 1.11) , when sliding modes appear at all 
hyperplanes S)( ... 

1 
S"""'the motion in the system is described by an 

equation with dimensionality lower than in t he initial equation 
and depends on all the coefficients e!f. JG (" = 1, . "" ) nv ,). 't= ~ .. > lt-k+j 

~ c~ 

If by the appropriate choice of coefficients~e motion has the 
desired dyn~c properties, then it would be wise to make each 
hyperplaneSin the space ( :X 1 , ... , Xn..-~c+f) a hyperpla!le of sliding 
i.e. conditions (1.2) are true for any point of the hyperplane. 
The'n as a result of successive decreasing the order of the 
motion differential equation in sliding mode, the control process 
will . be described by equation (1.11). Let us try to solve the 
problem stated in the class of systems with variable structure. 

Choose the scalar function U~tt-11C.+f such that for a system 
described by the equation 

J 1(-f 
~x = A ~c-1 x JC- ( + ~ ~c-1 u J;.-{ 

tit ~ ( 1. 12) 

the conditions for existence of a sliding mode in eq. (1.2) 
are met in any point of the hyperplane S le given in the space 

( xf, ... ' z~~._ le.+ 1 ) by t r0 equation 

s K = ( C, K ' :£ ~- 1
) :: 0. ( 1 • 1 3) 

We will assume that e~ph of the components of the control 
vector is the action by a certain coordinate, e.g. x 1 , with the 
discontinuous coefficient 
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where tlv
1 
p t.._ const 

(note_ that a s imilar procedure was discussed in Ref !~. 
Let us f ind the magnitude ofi k on the hyperplane Sk from 
(1.12-1 .1 4) 

• K ~!0 k- f k1_ k r ~- ., " )~ _ {If tt-f c k }_ 5 == L a. , c c. a,.._,.. , c. 1 :t. a , 1 . i=" J j ,.. f J l f ( 1 • 1 5) 

l'rt-IC . 

- e/' { a;~;H J C I<)-;; rr-: C k) <f1- (t;::+t > C ') if'n-k+1J:f . 

t t) 1?1..-J<; +i 
Note that by eq. ( 1.14) t he quantity T · · ,changes discontin- · · 

uously on the hyperplane· Sk. From (1.12) and (1.15) we obtain 
the necessary and sufficient conditions for the existence of 
sl iding rr:ode in any point of the hyperpl_ane 

. ht-1< . 

K-f c) m.-K+·f { K-f ck}_cl<lak-1 c1-~ L,(t.lr:fCIC)(jl) 
(im-1<+ 1 , C 1</'o{, > (1.,1 > J 1 (C. h.-1<-+f ' Cf,~ .. , lf'm.-1< j=f l J ' 

(1.16) 

( c::c., c j I"'-"''~ (a,k-~ c j - ~"fa;:: •• , c ~ ~t;';:~ £~!f-~ c "l v~· 
(at', c ')_ .. ( k--f c.K) a. , i = ~-··; 17.-k. c 1.: . l't.•KH ) (/ 

If thlse conditions are met -for K = 1, ... , m, the~ each of the 
hyperplanes ~{' ... , sh, will be a hyperplane of. sliding. 

Remark. In synthesis of control the choice of the coefficients 
k. f 

o<. and .} /c. should start with cl, and jJ' because by ( 1.16) all 
values of these coefficients that follow depend on the preceding 
ones. 

For the control law of eq. (1.14) all C~~ should satisfy the 
second group of conditions in (1.16). The algorithm described is 
sui table if with these_ constraints tha motinn of the system in 
sliding mode described by eq.(1.11) can have the required dynamic 
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2. Techniques of Systems wi th Variable Structures 

in the Problem of Identifying a Linear Plant 

For the above control algorithm to be implemented data on 

«-~e parameters t:l-'i!· of the controlled plant is to be available. 

In a number of cases, however, the exact val ues o:f these constant 

parameters may be unknown in advance; e.g. they can vary from a 
p lant to a plant or the case may be that the controller is in­

t e::lded :for di:fferent types of plants. Finally, the parameters ' 

t.he p.la .. ''!.t may be found to change but so slowly tha t v1i thin on~: 

; ·rocess this change can be neglected. In all these cases we have 

t;h.e proble m of identification which reduces to dist.ribution of 
par.awetera in a linear plant of a known structure. We will dis­

C!Ul.SS possible solutions to this problem by met hods of systems 

mnt.h v .a:riable structure. 
I 

Let us t*e first this au.."<iliary problem. Le·t a certain 

dynamic first-order element be described by the equation 

~~ = ( a ) I f-t)) 7 ( 2. 1) 

where the vectors a-:: (a1, .. . , a. •. .-;, /1-t) = ( .h (-t}, ... ) /h-I-t)/, a,- Wr.Jt- ~ /i ft.) ­
are arbitrary linearly independent time f unctions , {~}/!~) is a 

scalar prod:'Jet . The output quantity X.. and the function s /t· !f) 
a.r.e assumed 1c~own. We have to find the unknmm coefficients a,,. • 

To solve t hi s problem le·t us construct a model with variable 

:srtru.cture described by the equation 

wneie the vector 

u/ 
I (, 

con tro 1 U = ( Cf; /) ) 

<f = ( <f'1 ~ ... ; (// n) J 
/ 

r A.. at jc·J 70 

= l; at /u~ 0, 

( 2.2 ) 

(2 . 3) 

( 2.4) 
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( t he feasible range of values of coefficfents {.[.{ will be as­
S"tuned b1mm ). 

!= :C. -Ll. ( ) tl 2.5 

From eqs.(2.2)-(2 .5 ) follows that the structure of the model 

varies with the error between the output values of the element 
to 'be identified .'1'..- and of the model y· . 

To study t he possible kinds of motion in this system of 
(2 .1 ) , (2.2) and (2.5) let us find the quantity S 

--~ = (ra- (/J)> 1 ). ( 2.6 ) 

By eqs. (2. 3) - (2 .6 ) the functions ~ and! differ in signs. 

Therefore the describing point on the plain{~¥) always hits 
the line S (5==0) and then moves along S with zero error in 
sliding mode. 

When· a system operates in sliding mode the control changes 
at an infinitely high frequency. By Filippo~J?Jdifinition~Oin a 

sliding mode · and 

U= (~ /). (2.7) 

The control U "makes" the describing point move along the line 
5 ; by ( 2 ~ '7) depends Qn the parameters ac_. • However, the 

control action is implemented without changing these parameters 
by the sliding condition, and by (2.7) is a con~inuous function. 

This happens beca11se the Fillipov's definition averages at every 
instant of time_ the control action that varies at an infinitely 

high frequency. Let us furthe~ define the average value of each 

~ • To do this the law of eq.(2.3) for variation of~ is more 
conveniently repreeented in the form 

+ .( 2. 8) 

Let, ],n a small interval of time fj-1; the motion take place 

:l.n the following way.: the interval 6i1 corresponds to the struc­
tu:re ~70, the interral l> t1,.; to the structures 5~0 while tJ..t1 + IJ. t,t::4.t. 

Then 
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(2 .9 ) 

+ (1-r) { d,~+ ~~-· -

w·he r e Y= t1i1 
tli . 

From the condition S=O we will find the value of~ • 

i; (- a,, -
4l+.ft + .u· i .ft• ~ I• ) /c: 

t=---~~-----~~~~-----------------------

2: rr~i-;i)~/iJ/t· 
t.'=-1 

(2 . 10) 

Evidently r =const if the ratio of linear forms coefficients 

is constant , i.e. 

From ( 2. 11) we obtain the value of,?,_· at ' which the magni tude 

of J" does not change in time 

{-a,- i~J(<t~-.JI1,)~~- ~r-Ct,- rh-;;~)~~1"· 
j.· :J~·o: -~-__:.--

~-;~V\-~~~-(-~- h ~~M-)u~/i (2.12) 

If condition ( 2. 12) is valid for all }i , t hen )( =~ons t a nd 

by ( 2.9)~~ =const. By the definition of sliding mode 8 =0, 
therefore due to linear independence of the func tions ~· from 

(2.6) fol lows 

or (2.13) 

Thus if 0 =Const, then by measuring the average value of lfc/f 
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we will obtain . . · ·· the val.ue of~. Hence the idea: it after the 

quantity .$ has become zero with the coefficient r assumed con­
stan.t we can change each of the fixed linear structures of the 
model by changing.) 1, ... ; ftn.-1 so as to maintain the constant 
value of '( .• A possible approach to this pro}>lem can be as fol­
lows. Since in the desired point 0(~}= 0, L·= (, .• ~ n..- ( we will ob­

tain a set of equations with .11.. :-1 unknown~f, .. ;.fi11.-f ,:_This :t:rob­
l em can be solved e_.g. by minimizing the function E I rft)l 

{,S"f 

by one of the known hill-climbing techniques. If for the desired 
values of j3~.: ther e is just one extremum, the parameters a,. will 
be found at any initial errors between the ·Values a,· and C/{Cf ;' . 

if there are several extrema, the feasible initial errors have 
constraints. The search for the required values of coefficients 
)'~ will be discussed in more detail f~r a system with two un­

known parameters. 
A technique of finding the parameters of a controlled plant 

follows from the above. Indeed,since the plant to be identified 
is described by the equation 

' (2.14) 

where the ft, -dimensional vector ~ and the n. x n.. - dimensional 
matrix .,4; are given by eq .. ( 1), let us construe~ a model with a 
variable structure whose motion is de~cribed by the equation 

x) To measure ;( and ~'f one can use a relay element whose input 
and output are related as · 

U~ = { l 1 at U& 70 
A:, at U -h. " 0) A.,, it~ - r:.o!1tl-/; · 

The average valueof the output quantity in sliding mode equals 

u~ er == :l., r .,. A,., {1-t). 
Hence to find f we have to assume ~i-x. =sign 5, A1= I, ~#.. = 0 and 
for <ft_'f Uk=-Ji~{i!1 1r=k 7 

Jt.1.: )t-· 1 The average value ea.n be 
obtained ifthe output quantity of a relay element is filtered 
through an inertial unit with a small time constant but sufficient 
to filter . off the high frequency constituent. 

, 
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(2.15) 

Where r is an ft.~(t., dimensional matrix With the elements 'f/ ij (L:J = f, .. "J ~', 

= [~V at Ji .,. 70 

(j/t,· 1, .. "; ~ (1. 16 ) I ~~- at /,; .1:/ L 0 J 
~J = 

dv i-j 7 }~· - Wflfb; .1~· ~ a1· ~ <?(.'/' ) (2.17) 

,,_ = x,· -y,:. (2.18) 

In further di.scussion the components x 1 ... ~of the vector 
J J 

~ wlrich characterizes the state of the system are assumed to 
be linearly independent t ime functions. (If for instance, the 
initial conditions are such that these quantities are linearly 

I 
dependendent time functions, the plant parameters cannot be 
found unambignously by the coordinates Xt, ... ; ;J!..,} . 

Then as follows from the above auxiliary problem, if fixed 
values of ),j can. be f o_und such that the quanti ties {i which 
oharacteri ze the motion in sliding mode are constant, then 

or (2 . 19) 

Thus, the parameters of the plant to be identified can be found 
unambignously. by the characteristics of sliding mode and the model 

when the model parameters are appropriately adjusted. With in­
formation ·on t he coefficients ~~·on hand we can implement 
control by the algorithms .of (1.14), ( 1.16) obtained above. 

Let us illustrate this me t hod of parameters identification 
using _as an example a second-order system described by the equa­
tions 
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where a-1> a.t are constant parameters to be found. 
Generally, in a model vd. th variable structure .four •oe:ffici­

ents have to be changed discontinuously. But since ~ne of the 

equations which describe t he plant to be identifi&d is known. the 
model is chosen as a first-order element 

dy --ea : ~ .X 1 T Cf't, :i!t., J 

where ~ · and (/'.(... are found by ( 2. 16) • 

( 2.21 ) 

With . the generality of the presentation preserved, we can 

discuss only the process of identification at x;7o and ~70 ~ 
Then by ( 2.10) for ft, =2 we have 

(fA.t -)")~1 -+ ( fLf.. -ft~)t£.L 

( .:<..1- .f'-t) ~" + ( <4, ~.t) z,,_ 

( 2 .. 22) 

The required value of~ 1 =;d1o at which ~ is a constant quantit.J 

and <ft Cf = a., , </1, 'f : Cl, g._, • 1 S found from ( 2 • 12) 

(2.2' 

Assuming~! =const and ;B~const, from (2.22) we obtain the magni­

tude of r 
• [- (f?(.f -;5,)( C(,~ -P~) t {ot,~- ;3:t) ( a1 -_J,)] [~f.,+~ Zt t-+Cic. X,£,~] _ r= (t!!.24) 

[ (e<,t-.?1) :c1 + ( o<..i -~J.,)tX:,]~ 

A fer; ··-:o rds have to be se.id on this relation. If the qua~ti.e 
formP(x)= 7i9.,+atx/"-r- ai,:t.tX..t = 0 , then the identificati.on pro-

ces s is not f easible. r ... et u s explain thi.s phenomenon for the case 

0f constant O.,., a nd ~,.,..£..< • In case of real root s o:f the e.har2c:te:r­

isti!J equation f or the plant to be identified its output quan:•ity 
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is a sum of two exponents; if one of the addends is not present, 

P{x) ~o . .In this case no information can be obtained · on t he 

plant parameters by the quantity x.1 since there is a n infinite 

number of second-order linear systems with this particular solu­

tion. Fo·r any other initial conditions as well as . for complex 

roots of the characteristic equation the quantity Pfz)=O only 
at .X,= z~ =0 . 

The sign of the quadratic form will be further assumed de­

finite. The dependence f (.J~ is represented in Fig. 1. 

We will describe a possible procedure of a search for the 

quantit7 j510 if after the appearance of sliding mode the quan­

tity J ~ satisfies the inequality 

(2.25) 

where .ft9 is the extremmn point of the function f (1_,). 
The function {(Jt} on the interval <Jt7 ; (?(. 1 ) can be re­

presented as 

(2.26) 

where the function / (11} meets the relations 

() 4 I I (J1J I '" Jf, 
(2.27) 

1 - is a constant quantity independent from :r., 1:.~ 
) ~ 

. I I ) . ror 
1~ t:l1 = ~ raJ~' . 

(2.28) 

Let us eban8e J 1 discretely by the .procedure 

}t(t+t) =}• {f)- IC :: {t) f (i). 
From ( 2. 26) and ( 2. 29) .. we have · 

(2.29) 

j1{t+1} =:Ji(t}-IC t1Y {-t) I ffitfi)} {ft!t)y-to} 
/y51 :F 

(2. 30) 

By (2.27), (2.28) there is always 

=- }"o j which solves the problem. 

such~that ~~ / · · ) = 
-1:. ~00 .,; 
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The above procedure vvas obtained under the· assumption that the 
function I/ ' .g,)does not change in time.The curve of Fig.2 will 

actually .be. shifted due to changes in X'r and Xi .Therefore the step 

in (2.30) should be chosen such that during the search for the 

required value o)"31 this change can be neglected. 
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48 .4 
ON PROBLEM OF II'iVAR!J....t\fT SYSTEMS SYNTHESIS 

V.V. Velichenko 

Mosc ow Phisi co- Technical I nstitute 
Moscow 

USSR 

The problem of invari ant systems synthesis consist i n 
deve lopment of t he methods of constructing such systems whose 
definite contr ol criterions don't depend on external distur­
bances. 

This problem is very important and attracts attention 
of many investigators • . The invariance theory of linear st·a­
t ionary ·systems and realization methods for non-alsturbable 
technical devi ces was ·developed by .G. V. · Scipanov, . N.!N. Luzin, 
v. s. Kul ebakin, B.N. Petrov and other authors. Survey of the 
problem and results achieved in this region are cited in1 

and 2 • Some results, tied with _investigations. of' invaz:iance 
c onditions in l inear non-stationary -and nonlinear systems 
are stated in papers2- 6 • · 

Control criterion whose independence on disturbances 
are ensured when we des ign invariant systems, are the func­
tionals depending on the bebavior or these syst~ms. The said 
abobe determines variational character of the invariace prob­
lem7 and opene~ the possibilities to investigate the problem . 
by mathematical tools of modern theory o:f ·optimal processes8 '~ 
On the grounds of variational approach to the invariance 
problem L. I . Rozonoer7 gave the complete $olution. of the 
problem o:t necessary and su:fficient conditions of the inva­
riance in linear stationary systems and of perfect invariance 
in nonlinear systems. 

Dev·elopment of the variational approach in direction of 
investigations of large variations of the functional gives 
t he possibil ity t o achieve some new results in the problem 
of invariance in nonlinear systems. I n the present paper we 
formulated the necessary and at the same time sufficient 
conditions of t he invariance with respect to -di sturbances 
and wi t h respect t o initial c ondi tions f or systems of, suf f i-
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ciently general nature. On this ground w~ solved a problem of 
the synt;hesis o:f correc·cing circuit which ensures the inva­
riance o:r the given nonlinear object. 

1. Formulation _of the problem 

oynthesis of invariant system is realized on the grounds 
of invariance conditions which we :formulate :for the :foll~wing 

problem. 
vonsider a system which is discribed by an 

nal system of equations 
rv -dimensi o-

(1) 

Here .x: denotes a vector of phase coordinates and u is a 
vector of external disturbances. We shall study the functio.nal 

(2) 

as the control criterion, which we define as the function 
cp~;t)depending on the coordinates of the system (1) and the 
time in prescribed instant T . Instant -T mq be fixed 
or be defined by means of any conditions on ~he variables of 
the system (1). In the general case it may be threated as 
being defined by the condition that the trajectory x(i~t of 
the system (1) reaches the hypersUrface ft1 defined by the 
equality 

(3) 

In the general case nonlinearity of the problem does not 
permit us to threat disturbances u..(t) as quite arbitrary. 
In any case, we must restrict the class of disturbances by 
thouse vector functions u.)i) which don't let the 
point {X~ u., t} oui; of the region C in which right-band 
parts of t he system (1) are defined. All the following cons­
truction we shall perform for prescribed region .11 of {n t- i)­
dimensional space Xxi and regard such piecewise-conti­
nuous vec t or functions uJt) to be admissible disturba..11ces, 
that ·t he t rajecvories :r..(-1:), ·t > corresponding to them and 
i nit i ating in fl , are all in // and . every point 

1_:>_(t), ;...:-(i) , t} bel ongs to G • The func .ions -f(X/'-,t) , <f>(:x./.) 
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and fv1(x., i.) are asswned to be continuous together with t heir 
firs~ and second-order partial derivatives with respect to 
all of theirs arguments. 

The system (1) is said to be et> -invariant on H with 
respect to u, , if on its trajectories,initiating in points 

{ x, 7 j G .f1 1 the value of the functional (2) does not depend 
on disturbance LL{ 1. ) • Let us formulate the problem on con-
ditions, which ensure invariance of the system (1) in the 
above sense. In such a form, which is a generalization of 
the weak invariance pr<;iblem7, ' a wide class of problems en­
countered in ingineering can be formulated. In this form the 
problems . in which the control criterion is. determined in 

anotber, for example in integral, :form can be formulated as 

well. 

2. Necessary and su:fflcient condition of invariance 

Support ~· Let us consider a vector function v.,{t) 
to be the control, the value of which at any instant we may 

choose at will. Let us choose some !_UP~ort control- uAt) and 
consider all the trajectories x(t) t ' initiating in 

1 

points { :r:.~ <t: JG If and corresponding to the control u,(t) =~t). 
The trajectory x.(l:) t reaches H at the instant t = T • 

) 

Along this trajectory we· define a Ve<?tor functipn j5 {t) by 
the equation 

(4} 

wi tb the boundary condition 

j5(fJ~{~ qw.dz.cp(x/:J+{~:r,ildNd:(:tx,f)\.,uu(H{:c)lj - "' ·-
(} . } 0 -t-=T :l..= x.(T} • 

. .} 

Equation (4) puts the vector pi p(:c:., r) in correspondence 

. to every point {x/r}r:-1/ . • The vector field f(X/"t') is said 

to be the s~~ort ~· 
~ function. The trajectory ~(l) .~ t pas si the 

point { :t, 'r J puts the value of the functional (2) . unique 
correspondence to this point, which makes a yal:ue o the 
fUJlctional (2) a function of t~e point [z.l'Z} • C 11 thus 

defined function 
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a support function. 

Explicit formula. f9.F eh~~~ Q..f funct_~.2nf-.!..!.· With t he 
hel p of . the support £unction V(x,'t') a difference between 
the values of the functional (2). for tra jector ies x{-1:) -t 

J 

(5 ) 

and x(l:)) t , passing from one and the same poj_nt { :G 0 , t..,J E-}! 

and corresponding_ to ,the controls . 1..1..JI:} and fL (t ) may b e 

written. as 
. ' 9 .- -

c.1: rf>[i{TJ, f] ~ <P[ 'i(f), f] = V{XtT(f] ~V("-; rj=J d v ~7t~ t] df. • 
' . . t' 

Now applying an approximate formttla :for small change of the 

func tional (2)10 to calculation of the derivative of V(z, r:) 
Vlith respec t to t ime along the l;rajectory X/t)J ·t We obtain 

/_ . . -
t/J --= -- j lH[x~ 1o(~iJj U:,t]~H[i>fr;:/-t~U.~tl)J-t 

(6) 

·tJ < 

Utilization of the eXflicit formula (6 ) makes it pos­

sible to formufate the ~eces~a.~ and at the same time suffi­
cient condition of invariance of the system (1). 

Theorem 1. (Independence principle). A necessary and 

sufficient condition for the syst em (1) to be qD -invariant 

on f.1 with respect to u... is the independence of t he func-
tion 

corresponding to ·any support contr0l u(-i)) f rom (..{, 

From t he formulation of the ·t l:1eorem follows that if 

i ts ·c ori.d.i tion is valid at le$-st for one support c ontrol, i ·t 

is valid also for any other. This fo llovis from the proper­

t y f the support field ~ectors <.h"ld Hamil t onian H[x.»p(-x,£),. ;[.;-c]= 
,::: ,Lj (::t /"C) of the invarfant system t o be Invariant wi tb r es­
pect to il{t) • ·Th.is means t hat the .values _of j5(:x..~ r) and 

H (Z/r) are determined only by. the poi nt i X/ l'j and don 't 
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depend on the control function ~{t)> whicb·we used in t heir 
calculations. Namely owing to this remarkable property the 
synthesis problem, very difficult for the general case of 
optimal systems construction,becomes very simple for case 
of invariant systems construction. This very property per­
mits us as well to utilize as a support functio~ the functi­
on, ·depending not only on time, but also on coordinates of 
the syst:em. Such support f~ct;i'ons are handly in practice. 

In the terms of the support function, which proves to 
· be connected with the support field and Hamiltonian by means 
the relation,s 

the necessary and sufficient . conditfon of ~variance ma:y be 
formulated the following way. 

Theorem 2~. In order that the system . (1) be -~-Cp ·-inva­
riant on M with respect to u, , it .is necessary and suffi­
cient that the support function, corresponding to ~ ~p­
port control u{t) ' satisfy the .partial differential equa­
tion 

and right-hand part of this equation do not depend on u.. 
Note that according to definition·(5) the function V 

sutisfies the boundary condition V{x)T) = cp(x_J 7:) on M 
Conditions of the theorems 1 and 2 are close to .word­

ings of necessary8 •9 and sufficient11 •12 conditions of op­
timality in the Pontrjagin maximum principle form. This 
analogy turns out to be very deep. Actually, the invariant 
functional for any control, and for the support control 
u(t) too (the trajectories X..(l:)) t corresponding to U..ti) 
sati ::> -:y all conditions o:f reg;ular synthesis 11 ' 12) achieves 
i ts maxi mal ~~d at the same time its minimal .values. On · 
tr~s reason for wide class of problems the conditions of 
in·,·ariance .!!lust differ from corresponding optimality con-
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• 
d.i.ticoDS only by such property, that Hamiltonian, achieving . 

on control . ii(t) its minimal and at the same time l.ts ma­
xi.m.al values, does not depend on u... 

}. structure of region of invariance and invariance 
c.ondi tions with respect to initial conditions 

The support function defines tbe structure of the 
phals.e: spac.e of the invariant system. The region of ip.vari­

ance' .R exfoliates into invariant smooth manifolds of 
dimension.ality t . , with e.~ h , in the (n.+i.) -dimensio­

nal space X xt .The~e . :manif~lds are level su_rfaces of the 
flll!le"ti.on V(::t./l') • For any disturbances u,(f) the trajecto-
ri.es of the invariant system, initiating at same point 
· {x) T} 6- Ji, belong to one and the same invariant. manifold. 

Thus as in case o:f linear systems with constant coefficients, 
nonline:ar invariant system proves to be not completely cont­

rollable: _disturbance does not let the phase point out of the 

invariant manifold and can only change the location of the 
trajectory on this manifold. 

Invariance with respect to initial conditions. If a 
set L.cR' is given, we say the system (1) to be \P -invariant 

with re~pect~tial conditions on L , if the values of 
t .he ftmctional . (2) don't depend on disturbance u{t) . and 

:for all trajectories, initiating on L , are equal. The 

structure o:f the region of invariance shows, that for the 
system (1) to· be invariant with respect to initial condi­

ti.ons on L it is necessary and sufficient that set L 
snou.ld oe.long. to a level surface o:r the function v(x

1
<T) 

The ( YH 1) -dimensional ve~ tor P(x. /t) = {-p (x. /Z:) > H (x) 7:) J 
is no·rmal to this surface. Thus, if L is a smooth mani­

fold and i("JC./T.) is· any tangent vector to . L in the point 
{x. )Tj 1 the following assertions is true. 

Theorem 3. In order that the system (1 ) be Q>-invariant 
w:ith respect to initial conditions on L , it is necessary 

and sufficient that the condition of theorem 1 be satisfied 

and in any poir: '~ { :x. ,7: J EL 
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4. Invariant systems synthesis 

The problem of the:. invariant systems synthesis we 

shall consider as a problem of finding a corrective circuit 
which ensures invariance of the system .with a given iavari­
able part. A correct formulation of the problem is such: 

Let the control system is described by a system of 
equation 

C''i) 

As before u.., . is a disturbance and a scalar control .PBr·&-:­

meter tr characterizes a . changeable part of the system. 
It is necessary to choose such a ~orrecti ve f'uncti.on 

(8) 

that the system 

(9) 

be cp -inv~iant on N with respect to U.. · • We suppose 

that for LL~ 0 the behavior of the system is as desired 
if v: 0 

It may happen that in the region of the varying ·of the 
variables x, u., and t , defined by conditions of the 
prOblem, the c ontinious corrective function does not exist .• 
This makes us take into ·consideration piecewise-cantiDious 

corrective functions l!'{x u.. t) • Then the right-hand part 
} ' 

of the system r r ~ turns to be discontinious, but this does 

not result in . . -~ aring any essential peculiarities, be­
c ause the properties of the invariant system are defined 
by the .support field but system (9) is continious when the 

supp ort control <i..(f) : o is used. Let us build the sup-
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.:' ort field f(X/ t) corresponding to U, {-f): 0 and write t he 
defini~g equation 

which defines ~ as a function of the variables x., u... and 

i . 
'r heorem 4. In order that the function l)(x.,I.L, i) be 

corrective, it is necessary and sufficient that it satisfies 
t he d~fining equation. 

This statement shows that the corrective function must 
be built as a solution (or from solutions) of the defining 
equation. Thus the synthesis of the invariant system is re­
·duced to the prognosis of its nondisturbed motion+. · 

Complete solution of the problem of synthesis is guaran-
teed if we know vector function j'(x)7) determined by non-
disturbed systems (9) and (4), with the values of this vec­
tor function to be. calculated only for points {x

1
Tj of the 

disturbed trajec.tory being realized. 
With the help of the support function the defining 

equation may be written as follows 

But t he problem of the function V(x.,i.) determinat ion is 
equivalent to the problem of integration of the nondisturbed 
s ystem (9}. Than, if we can find the complete solution of 
this system, the invarian~ _system synthesis problem may be 
solved in final form. Let 

+) It is necessary to note t hat t he s ol ution of t he 
optimum systems synthes i s pr oblem requir es that the b oun­
dary probl em for conjugate vari ables be solved. 
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is the complete solut ion of t he sys tem (9) · for tL:: o , u= o 
wher~ point { X:/ t } . plays a r ole of initial conditi ons. If 
we substitute i (t ) . into (3) and solve the obtained equa­
tion with respect to ·f , we obtain T = T (:x; / t: ) and 
consequently, 

Than the support function is determined by the expression 

;...../ 

V(x~7:) = cp[r.(f)> f] = cp[f(x)r)>T(x.)t)]. 
Condit.ions .of the corrective function existence coincide 

with the conditions ot the existence of _the defining equa­
tion solution. As a simple sufficient condition of existence 
of the solution of this equation we may indicate an ~ -
controllability condition of the system (1) with respect to 
if This eondition consist in fulfilment of unequality 

CJ:H[x_,p(x)~),u,)v,tj:Fo 

for all the .values of the variables x. - -1:.. u.. · and t.J un-> ) 
der consideration. In the case when in the given region of 
the values of tbe variables XJ t _ and__ u... , or in any 
part of this region, a solution of the definin~ equation 
does not exist, or any solution of this equation does not sa­
t isf y constructive restricrions on the control parameter u, 
i mposed by the conditions of the problem, the realization 
of the invari·ant synthesis with the help of corrective func­
tion i s .i mpossible. However this does not mean to ensure 
the invariance of the system (?) is impossible and shows 
only that the cont:rol law :ro:#-\tarameter u must be looked 
f or in another f orm. 

It follows f rom the explicit formula (6) for change of 
the f unc t ional, t hat the necessary and suffi~ient condition 
for the syst em (7) to be invariant is that equality 
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J
T . 

6 7 :: - [ H [X.~ f (:X.} t )~ l£,} U'l t] -H [X) f (X) t J_, 0 J 0 ) ·t 1] d f. = 0 (10) 

to . , 

is fulfilled along any disturbed trajectory x(f)> t initi­
ating in the point { x..Q, to} • This equality must be conside­
red as a specific equation with respect to if , solution of 
which must be looked for in accordance with available infor­
mation about the disturbance and the state of the system. 
For example, i;f we are given the constrain t!'E W the 
simplest method to ensure the condition . (10) to be fulfilled 
consists _in addition to the control law, found from the de­
fining equation, the conditions 

and 

- · · I --r ·; t 1 ,·t i-..1(tJ <. o H [ ::c_,p-- (:c.Jt)) u..)V: t]-=- i.n:f H xi f x.~ t i u) ~ -
. · c..~e-W 

where A 7 (t) is a value of the integral in expression (10) 
when upper limit is t 

All above results are easily generalized to the cas~ 
of invariance of m >,. 2. . . functionals in the system ( 1 ) • 
To have the possibility of the synthesis we must consider 
the control parameter . cf _ as an rn., -dimensional vector, 
that permits us to construct m independent corrective 
functions.-

In the case when the _r,ight-hand sides of the system (1) 
(of (7)) are discontinuous above results v1ill be true, if 
consider that the -vector function p(f) in (4), when t he 
trajectory x (-f:) , t passes through the $Urface of discon­
tinuity, satisfies t he jump conditions13. I t is i nteresting 
to note, that if at least one support control exosts for 
which right-hand sides of s ystem (1) ar e c ontinuous al ong 
the trajec ·toFies X:.U:J, t , t he support fie ld p(x.,~ t) will 
be continuous and in the cas e of the system~ wi th the dis-
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continuous right-hand parts. 

5. Eixamples 

Corrective function may be built in an explicit ~orm 
in rmy problem for wbich . the complete solution of nondistur­
bed motion can be found. As an examples of such problems the 
corrective function synthesis problems for the· systems of the 
form 

may serve, as well as the problems, · connect.ed wi t'h · the cont­
rol of a material point motion in the central field of the 
gravity forces, and other problems. 

- . . 

Example 1. Consider the system 

trajectory of which must terminate on the surface determined 
by the equation 

H( xi.> X2, t) ~ x.t + Xz.- 1. = o. 
The only corrective functions, which ,guarantee the invari­
ance of this system witn respect to _u for th~ functionals 

will be, respectively,· functions 

2:t.JXz(:t:t ·f-X.J- X2 
~= ~ 

. . 2::r.i.x2 (x.1 + x 2) +21 

Examp~e 2. In problem 

and 
Xz 

tf::::-- tL . 
~i 
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we have • 

and defining equation is written in the form 

An infinite number of discontinious corrective functions 
may be constructed from two distinct solutions of this 
equation. If we restrict the choice of u by additional 
demand that /If I is to be minimal, we have 

u.. 
tr= xi. for lx.d >I U.. J , lf:::.- ~ for /x.. I ~lu.l and u.,:fo u... 4 ) 

f or U.-=0. 

In this problem corrective function, which is continious 
in all space· X x U ~ -t does not exist. 
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49 .. 1 
On Controllability in a Pursuit Problem 

Babakov N.A., Kim D.P. 

Institute of Automation and. Te1e~anics 

Moscow 
USSR · 

1. Cons ider point A :Pursuein.g point B under the :fo1 loiW­

ing conditions. The pursued point B moves a t constant ·ve.lo­

ci t;y along a straight line. 1'he pursu.eing po,int A has tru! ye­

locity constant in magnltude. · Control actions of.' po:b::rt A are 
angular velocities bounded in magnitude. Veloei·ty ~ 
of the pursueing point A is less than velocity \is of pur­

sued point B ( · ~ ~ V5 ) • This condition me.ans that point 

A, depending on the initial conditions, -~ or~ not hit 
point B or reach an .h:-vicinity of the latter. 

Hence it is required to find a condition whiclt must be 

met by point A in order to hit point B when pursue]ng it. 
'rhe condit ion de:rects a control.tabilit,y region within the 

space of the pursuit initial conditions and it w.il.l b,e t;e.r­

med as tbe condition ror physical possibilit.y of .Pur~Ait, or 
shorter, the ccntrollabili ty condition. 'fuererore th!e :~probl.em 

uuder st;udy may also be 'formulLted as search for a eo:n:tro.lJLa­
bility region wi thin the space of the pursuit :ini.ti.aJ. cmldi-

. · call 
tions • and we .shall :furtherv-J.:t the controllabi.l:i'ty pr.ob.lem .. 

'l'he -~;wo-dimensional controllability prob.lem. the p.le:De 

pursui -c, Has discussed elsewhere ~ 1 : 'l'his paper deals s:it.h the 

t;hree-dirnensional problem. 

2. Pr oblem stated . If co9rdina~e system is cho.sen appro-
priately, -eh~- is ax:~AY is directed as vector .. V5 of' 

veloci~y of point E is~ ~~d at an initial ~ime ics~~~ p~int 

1\. is l oca lised at the origin of the coordinate . s-sste.m, then 

mo"tion equations for points .A and B will be o-c t.be ·:f'omm: 
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x =V. c o-sx· co~:x . 
A A 5 ~ 

• 

~ = ~ GO-!>Xs !J LnX4 

Z = V. S-in Xr A A .;J 

i''i :=: u 1 

Xs= Uz 

Con~rol actions of poin~ A rulril ~he condition 

At an initial time instant of ~he pursuit 

XA { tc J = YA { ·to} .:: 2 { fo} ::= 0 

X4. ( tcJ = X4 i X's {to)::. x; 
X5lto}::.X; J Yr,ltoJ=X2,) 2s (te) .::.:l.jo 

Introduce the notation 

(2.1) 

(2.2) 

(2.4) 

:rJ = ~s - xA ) x2-= Ys- YA > ..z-3 = .zs- ;zA (2.~) 
Tnen eqs. (2.1) and t2.2) give the set 

i 1 :::-~ C 0-:5 X.s C 0-3 X~ 

·±2= V5 -~CO::SXs5LnX'-I 
.1'3 =- ~ ·s t..n ,x 5, 

'Xy .~ LL1 

Xs -::: LLz 



37 

Which describes rela·tive motion of points A and ~. a.:a.d conse­
quen~ly, point A as pur s ueing poin't B. The pursuit initial 
conditions are as :tollows '(~; . eq (2.4)) 

~ ow, the controllaoi~i~ problem will be formulated in 
r 

the rollowi ng manner. Gonsider a pusuit described with set 
(2.6) and relation (2.)) together with a condition 

(2.8) 

For this pursuit find the controllability region within spa-
ce X'c 'of initial conditions xo.= (-:r;) x; I x; ) :c~ ) x; ) 

One mus~~ note that the problem .statem.ent and the solu­
tion procedure do not change to any substantial degree, if, 
first, the motion of points A and B is non-uniform, 
the velocity magni tudes . of points A'andB are assumed :to have a tLme de­

pendence, and if, second, the pursueing point as well as the 
p\ITsued one are ass~~ed to be complex dynamic systems and 
equations are influenced by the equations for these systems. 

). To begin with, consider the two-dimensional control­
lability problem when po'i~t A and B t:J-lways move on the plane 
\ y , 2 ). 'l'he pursuit equations may now be obtained in {2.6) 
'Y'-o ~ _rr 
..A..~ = ) --4..'1- 2 

±2 = v6 -\/,\ c 0-::5 :Xs 

±_:; = - VA S in Xs 

Xs- = u2. 

. (3.1) 

Set 521 of :poss ible values of control action U2 is 
described with ·the inequality I Uz i ±- t.-U2 

Denote t A a t une instant corresponding to point A as 
J_ 

crossing a t~ajectory of pursuied · point B for the first time: 

J: ., (·t,, ) :::0 
J ;. J 
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and X3(t ) :jO at all tE (f.o 1 1 ). Quantities t
1 

and X2 (t:i) -
depend on the ini·tia.L condi tio:p. x(1 :=. ( x ;, x; , X,5 ) of 

the pursuit and. on con.tro.i. e,cti on L-!2 • lf. state X"' is 

contro~lable , there exists such a control ac t ion U 2 f. Q1 
tha-r; X 2. is less than or equal to zero , X 2 (-1:..1) .~ 0 , at 

'!;ime .instan..t +1 • Ac1..-uaL!.y, if a J. l :feasible contr ol ac-

t~ons give x2 (f1 ) > 0 , r.nen whatever control action 

u z ( -t ) E Q 1 is used point A will be behind point B on 

the traj~~tory of the lat~e-r , -at time i nst ant ·1:,
1 

and i.t vfi ll 

not be able to reach point B by virtue o:f c ondit i on (2.8). 
Thus, a necessary condition of control lability o:f s ·t ate :fo 

will be 

m L-n X2. (-t 1 ) ~ 0 } ~ o 
U2~Q1 

(3.3) 

If set S"21 coincides with the entire axis ( cu2.. :::. o.o ) : 
condition (3.3) is sufficient as well. But if set .Qi of 

permissible control is bounded, then s i;ates xc are possi­

ble such that wha tever control action u
2

r: Qi is used point A 

will cross the trajectory of point B being in front of it for 

the f irst time , X 2 ( f 1. ) L 0 , and behind it for the second 

time, x·2 { t2, j > 0 , t
4 

-· time instant corresponding to po­

int A as crossing the target trajectory for the second time. 

Here point A CWL~ot reach p oint B, though condition (J.3) 
h oLds . The following assumtion i s valid. For state x~ to 

be controllable, it is necessary and su:t"ficient that co)ldi·s 

tion ~3.3) be fulfilled togetner with at least one of the fol ~ 

lowing condi~ions: 

rna x.: x 2 { -1: 1.1.X 0
) ~ o 

l..i2.. E S21 

· 1 1 x-="J < o· n-1 t-n :t2 , T2 , -- · 
· u2,-:Q1. 

(j.4) 

l~ecessity. The necessity of condi t i on (3.3) has been 

. ~lread;y shown. Necessity of i n equal"Gj_es (). Lt- ) or (.3.5) is 

prove d a s fol l ows: i::r t hese i n eq_ua l i tie s a r e both i n·o;.ralid, 
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then point A, condition (J. j) be ing satisfied at any Uz f S2"1 
wi ll be in .front of point B at t = ·t1 and beh:i.nd it a t L = -t-2 
I t has alr eady been pointed. out, however, that this l eads to 
non-controll ability of state fc 

Suff i ciency. I f co.ndition (3. 3) holds, t hen for a gi ­
ven s ·ca ·te ~.. t here exists control action such that point A 

will . cross t he t r ajectory o:r poinli B in f'ronli of i t at time 

instan't L1 wnereas i f' conc1ition tJ • .t+) holds, then contro.L ac­

tion exists such 1iha~ point A wi.LJ.. cross tne trajectory of 
point B behind it at time instant t.:l. • It is clear that t he 
t wo conditions holding simultaneously, a control action must 
exist such that ·point A hits point B, X 2 li~):::: 0 , at time ins­

tant t 1 • I n other words~ state XG is here controllable. 

Cont rollabi.li·ty of state X0 will now be demostrated unde!' 
cond.i t ions (j.J) and (J.5). Here point A moves from the t ·ra­
ject ory.of point B for a stretch of time belonging to inter­

val t t-i ) t ~ ) • 'l'herefore, one can make point A hit point B 
at time instant t = t 2 by yarying the stretch with the 

aid of the appropriate choice or control action. ~E.D. 

One can also see that, .the plane pursuit beLng conside­
red, ·the controllability problem resolves in determining the 
minimum a.l'ld maximum of func-tional :X:2 { i-1., xc) , · and the 

minimum of functional .x2 ( t:L, x~;. But to f'ind the minimum 
{.maximum) o:r functional Xz (t2 , zc;) one has to solve the Ma­

yer variational proole:m. which is easy to formulatie! .• '.ro find. 
the mini..:rnum o:r t ·unctional X 2 ( t2., _?o ) . one has to solve the 

three-po~nt variational problem 
X(ij = { 2."zl't) J X3(t) ) Xs-ft) 1 

to three values of time, t" , 

where the values of :runc~ion 
are given that correspond 

t
1 

, a:n_d -t2 ~ PaperZ desc-

ribes a procedure to solve the multipoint variational prob-
1em ~~d, in particular, the three-point one. 

4. Let us now consider the g·en.eral problem of the three­

-dimens ional pursuit. Here necessity and sufficiency cannoli 
be t·ormulatied as above • .tror example , the fact that the con.­

diti ons 

rn i n :c ( t , x") "- o n Z 1. 
U € Ji.. 
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are met s imultaneously does not ecessary imply controllabil-
o -_X" X., X" ...- o ... ) · . 

i t;y ol' state X 10 
• Here x = ( · t. 7 2. 1 .3 >...._.it , Xs is · an ini-

tial of the pursuit, t l means, as in 3. above, a time instant 

correspon.ding to point A when this :ror the :tirst t ime cross-

es a trajectory of p oint B when pursuing it 

(4.1) 

and. at/ least one o:r these ine qua.Li1iies does not hold at any 

t a E ( to) t 1 ) 

But the same procedure as developed in 3. above allows 

to show that necessary conditions of controllability or sta­

te :X" are the inequalities 

r7i..-Lf l X 2 (tu _xc J ~ o 
u..eQ 

(4.2) 

A variational problem wht.cb. has to be solved in order 

to f ind the minimum of functional :::t·2 ( t 1 ? X") may be sta­

ted a s follows. Consider continuous and piecewise-differeti­

a b le functions -c (-6) :={ X'1 (t )') ... ) X$-rtJ} for which set (2.6) 

is satisfied w:i.thin i:1terva.~ (to ; ti) while conditions 

(2.7) and . (4.1) are at the e~ds, and consider piecewise-con-

tinuous control actions u ( t) t S2 ; among the functions 

and the control actions f ind such X (t) and '-l. (I:) that the 
functional 

takes its ·minimum value. 

We shall solve t he problem using L.S.Pontryagin's prin-
c iple of maximum. 

Construct Ham~ltonian function: 
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Write the "conjugated" equatio~s: · 

~ 

~~= -'f'i VA eo~ Xs s£rz x'-t + '+2 ~co-1xs_ c o5 x'i 
(4.4) 

J., --w v. S-in x Co-5 -r. -'f:, v.) inx5 &i.nx., +VJ~ co5x5 
15 - T,t A 6 , -t 2 A 

Variables 'f2 , 4-'.l.f , tf5 and function H must sa-
tis:fy the following conditionS : 3_. at a final time instant t 1 : 

~ ( ti) = .-1) ~ {it} :::: ~ ( 61} :: 0 

. H l t.J = [- f.\4 CDjli-CI.dl"y-V6 -t V.. co$-x.- flli rv -'ti ~ ""·li"l~ 4.6; 

From (4.4) and (4.5) we obtain 

(4.'1) 

+v '::-et~ C~X.;S-i-n :x;- VA CV1X~ CO$ x4{ 

f5 :-C1 ~Sinx5co-sx.,+~.si.n X; .s L.n~..,.~3 ~ Co&Xs 

As function B does not depend explicitly on time, it is con­
!stant and vanishes by virtue of condition {4.6): 

-C1 ~ Co-5x5 co~x~-V6 + ~C01Xs S·i n X~-

- c3 ~~inx.~ +~u1 +'15 u1.=0 

The principle of maximum gives for the optimal controL action 
at 'f'#f =F 0 and. 't'5 '1= 0 

U
1 
= w1 S1 11 'f'-1 1 l/.2 = Wz Sg n 'f-5 (4.9) 

If ~ = 0 and ~ = 0 , then function H doe s not depend 
explicitly on control action u ::: ( u1, u2 } , and t he princip­

le of maximum does n ot allow ~o o"btain an expression for 
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optimal control action. ·rnerefore n this case · we will try 
another approach. 

Let lflt::: 0 at a certain interval. Then 
' function lf'.loj vanishes also at this interva ... 

ple exception o:f its ends, tf 4 -:: 0 
Transform ~ in t.b.is equality by means 

~ . 

(4.4); we oD~ain 

co1 x
5 

{C1 £in xJt + c~ x 4 J ::: 0 . 

!."ivative of 
.::1 the possi-

or expression 

t4.10) 

By using geometric consiaera~ions together with the re­
sultis obtained in paper ,1 one can show that equality co-:sx5 =o 
is out of the question within a certain non-degerate inter-

. ~ . 

val at optimum control action. Hence from (4.10) it fo . ..Llows 

C1 S in X~; + C (}J X 4 -= 0 

hence the exp~ession ror 'Xl.f •. is e~.si.ty obtain~q. 

( 4.11) 

~hus, if function r4 is identically zero at a cer­
tain interval, parameter U1 of 1ifi'e optima.i C0~1irol ac­
tion is ·expressed .by (4.12) at this ip.terva.l. with 1ihe possi­
bLe exception Of the boundary point of ~he ..La~ter. 

(~.i2) . 

~uppose function ~~ vanishes at a finite number 
of l.sola.ted points of interval [ to J ti ] - . · 'fll.en the set 
oi" isolated or boundary points of the interval, the set 
which makes function lftt . vanish, wi1.l be finite because · 
permissible control ac~ion is asswn.ed to be piecewise-con­
tinuous and 'tio con'bain the finite number of discontinuity . 
points. Therefore, the value of parameter U-1 of optimum 
control action may be assumed to vanish at these points wit­
hout violating the optimality condition. So we have at the 
whole j_nterval [ t t; 1 t J J for U 1 . 
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u1 ::= wi £ 3 11 <f;,' ( -1: ) 

V:,ttJ>O 
'rq [£)= 0 

'fl.f(t J ~O 

( 4 . 1)) 

Now let function ·'fs vanish at a certain interval. 
Then derivative lj.;

5 
vanishes at the interval with the pos­

sib'e exception of its boundary ,points: 

( 4.14) 

By differentiating this identity we obtain after easy 
trans:rormations 

(4.15) 
) 

where u~ is a parameter of optimum control action, the para­
meter given by eq. (4.13). Formula (4.15) holds at such po-

. ints of the interval with «j;5 :: 0 where functions x 4 and Xs 
are differentiable. On~ may believe, however, that formula 
(4.15) is true over the entre interval where. tf5:0 without 
violating the generality, because there is only a f'inite nu­
mber o±' the points where functions · Xl.f and 2:5 are non-dif­
ferentiable. Let _ U2= 0 at the isolated and b_oundary points 

o:f the interval where '+5 == 0 • '11hen parameter U2 of the 
optimal control action is given by formula (4.15) at non-de­
generate intervals where derivative 1.{15 is· inde.ntically ze­

ro, or by formula (4.9) at other points of interval [t,Jt1 J. 
To summarize, we nave found the optimal control action 

. LL C t ) = i_ u'.( C i J 7 u
2 

( t ) } . 111o :find .aow the controlla-
biiity condition one has to solve set (2.6) ~ogether with 

set (4.4) under initial conditions (2.7), (4.1), t4.5J and 
1,.4.-6) 
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:E' igure. A ( X4 , ':lA ) 2A } are coordinates o1· the pursue .. 

ing point . H; 5 ( :::C5 1 ':1 
6 1

1
6 

) are coordinates of the pursued 
point B; x 4 is the angle between AX. axis and a projec- . .... . 

tion of vector VA of the point A velocity onto plane ('X,I.)Jj 

x 5 is "the angle between · plane <. X , y ) and the veloci--cy- vector ~ 

Reference 
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INTRODUCTION 

A flexible tetherline can serve as a means of retrievi ng an 
astronaut. The use of the technique ,ca. uses the di fficUlties 

1 2 - . 
which have been treated in works ' • Wrapping of the tetheN. . 
line around the spacecraft rotation rates and excessive i mpact 
velocities .ot the astronaut are th~ I.Qain difficulties.· Because 
of these effectsthe ·astronaut's retrieyal at arbitra:cy init ial 
c ondi ti~n cannot be provide.d. 

One purpose of this work ,is }Q select. -a, region of the initi­
al conditions in which the ast~onaut•s retrieval can be pro­
vided under given res'trictions. The solution of this probl~m 
permits to estimate the practical feasibility of an uncontrol­
led tether line system•' Another pu.r-p~se of this study is to . de­
velop a perspective synthesis technique for attitude space­
craft control which would permit to eliminate some system pro­
perties causing the ditficu~ties of the practical system uses. 
These problems are solved for a case of plane motion at t he 
constant reel-in rate. 

EQUATIONS OF MOTION 

A mathematical model is developed here under the following 
assumptions. 

1 . The spacecraft and the astronaut are so l id bodies . 
2. The tetherline is a non-stationar,y linear cons trai nt. 
3. The external disturbances including t hose from t he gra­

vity gradient are negligible. 
At these assumptions the equations of motion for the center 

of mass and the rotational equations are mutually i ndependent. 
The djm.amical model of .r .otational motion and t he generali- · 

zed coordinate system are shovm in Fig . 1. 

Fig.1 shows: 
1 and 3 - the spacecraf't and the astronaut with masses ~ 

ahd m3, respectively, and moments of i nerti a 31 and 3
3

, res­
pectively, about the axis going thr ough the centres of masses 
0-1$ 83 and normal t o the plane of t he fi5ure·. 

' X~ o_' Y' ·- the iner tial coordinate sys t em with ori gin a t 
the center of system mass. 

r 1 - the dis tance from the center of mc:L-:; ~ er +.r_e ~:-ec- 3craft 
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to the _poi.Iit of the line output from the spacecraft. 
r 2 - the tetherline lenth varying according to: 

r 3 ~he distance from the center of mass of the astronaut 
to the attachment point on the surface of the space~~ 

craft. 
'-~\. ' \~: ...... \ \S;'::. - gene~alized coordinates in the \ r_ '·( 

axis sy_stem. 
t.- - the distance between the center of mass of the space-

"' ····,:·craft and the center· of mass of the astronaut. · 
The second-kind .. -Lag.rangian e.quations·· of. :angular motio~ 

written with respect to the second derivatives are: 

·:~ ~ : -- -~-~~~-..~~"5~"~:s~.)_~ 
\ ' ~ \ - 4 • ~ · H \ ~ ~ L - et '\ "\ · f1 t 

1 · ·, ~ l'l '\ ' · · ·• "\ ;:; ~ -= ::;' "l fl,. \..I.,_'-A> \'""-'\<1.}-:..~l..'t~_ \"'z. ~'\... ... ('.,v"')~ll(2.-l.ll~,~,;l\ \\h.- ~ ·:.).i 
'-l. \. -', . ---.;;r----·- - ' \\ 

_, ' .J~ \. p 

,.. • c. -~ '\. • 2. .. 
- ..<,. ... ~..-~0 \Q l. ~1..\~\.\A !._"-!{,- '\._,~, ~\.~';.""\(~- \~;)~~) 

~::. ':. \'2. 't.!. ~~u. ~~4> .. -~~l: 
'js 

where a force ~~ of line tension is : · 
' I • '\ ' 2. • ·. L '-f • ' •· , 6 \ • fl 1. , 'y - ~l4 ():::r-~\'4(- ;_,;~ ) ~\ ~ 'tl.'-h ~ '-3- t"..D">~~"''.!.J ~~ 1 v .. -:.. ;__'~,, "''' '!> "'\ 

2:. ::0: · · t ·+ ' ~lt~' .\C\t. \_,~~-\~~'l ~- ~t ·hv.'-~~4.-~~ : ' v'A:., ... . •~).~ ' . ..:. ~ 
' . ~\ .. ,.)::,_ . 

· · As· the generalized ~cQordmate is cyclic (ox- i_gnqred) the 
order -of · Eqs~· {1J· can ·be ~ reduced ··b~ ·two·~·· Tb:e .con\rel;ltient redue- . 
tion procedure ·is gained invC.lvilig Routh variables3 ,such as.: 

• - t~ ·.~ / - ; fi - \ ii 
~ ~\ , -,\:- ·:\2. i. ~.a.-'1s. 'h. · 

( 3) 

the Routh function R\t )d..~ . J;, ~t , ) .:L . -~, . t;;:...' '1 
l - 1 } ' I " I • o 

independent. of \.\{'i-·· in ·this case · the . system 
(1) can be replaced an equivalent system as 

\ I ,., \ ,. ') 

~ · ~\ -~: Q 
1.~ ""~:i, 1 ~~, 

..\"\ 
~'- -=-- -
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Since the Routh function is independent of ~i , we have . 
?, -;. ~\ ::-cons;; -and the _prob;Lem comes to integra~ion of th.e 

f.erst two a;;qs. (4X. These equations written with respect to the 
second d.eriwatives are ·: 

r -;:; ,.. ; 4 . • 2 
~i -:.. --.... \ "tv. ..... ""' U. Q'>,. \ -\: c. \~J..2.. -\:-

.. . . . 
\I, J..., J_, l. ....- (: \ 'S J... \.. '\: C. '~"~ .z. 

Where ~ ...... 
1 
2~.... are fUnctions of J.., I !..J.. f ~ c ~(.. 

J - ) 

~~.r... , ~- lA , ~:" ar.e 'functions of J..1, J.. L and +_;~· After 
.Eqs. (5") lrave beeu integrated, the expressions for an angular 
posit-ion o.f tbe spacecraft in the inertial space are obtained~­

'I'.hey are : · 
o . .., • f · ' _ "1.. ~ () { \ '\ 2\ ~ \ u i Q (} ~ r. !'1 ) ~ , ,.1. J, '1. (" !1 \; • 

t : _ ~ _ \\~-+ d . ., ~«..\"~ · ., • 'z.-+ l'C2 "1.4 -4< t , \lL"'" Cl~uz. ) -t- '"':.+'('\~ fq...z. L"',101t:a:" tJ ,~2.4t \.4 ,·~~ .1 __ '\"'\."'_'~-- ~~ 
~:\ .- , .. ~- - - -·· -· -- ---------- --- ______ i._______ ________ ~) 

' ; ),. "ji""" J.> ~ ~ t~ 

,_{7) 

(8) 
It can be shown t .hat the value of ~.. is · aDglllar momen-

tum and an inte-gral p, =- \\~ signifies the conservation of . 

angul·ar mOlJle".ntum.. With ,all these states in mind one can conclu­
de that .Eqs. (5) ,· (6) and (7) describe the system motion com­
-pletely,. 

:SYS:T.EM S.TATIONARY MOTIONS 

The e-quilfbr:±WD states of the system (5) or the points d.{ 
.. .. .• •• ! 

:for .which .-:.. ,:. /--;..:; ~ ,:: J-.. 2 = 1J 1 can be defined 
as root.s af algeb.Daie ,equations :. 

~'\\ \ ;. ~ \ ~2.) -=- \J . 

The so~uti-ons 

fol l owing values of 

( .... , .... 
\ and ·;'..z. 

'J.~ and 

...,1.. .. i ,_ 

' '-· -:.. ~ ~, :.. ~.;.I\ .A. .. 

may be found 'by using the 

a.: 

(9) 

(1 0 ) 



49 

The values o:f _1 ~ and _,. : whi ch are - the solutions of 
Eqs. (9) may be des ined by equations : 

(11) 

(12 ) 

whe re t he second subscripts of" and r: relate to 
various solut ion :forms. It is easy to show that Eq.(11) 
corres pond to an i nfinite set of system ststionar.y motions when 
the nor...rotational space-crrlt and the nonrot.ational astronaut 
are :freely closing at_ a range rate ~0 with their constant 
pos ition with respect to the line -at its zero tention. 1Wo 
stationary motions corresponding to Eqs• (12) _are some _ones at 
whi ch the system un~vists at an increasing velocity with respect 
t o the inertial space while the spacecraft and the astronaut 
att itudes are fixed with respect to the ~ine. 

It is an interesting peculiarity that the system equilib­
r i um ststes and stationary motions depend .not only on the sys~· ­

tem parameters but on the initial conditions as well. It is . 
the l a tter which define . a value of angular momentum t\o • 
The r eal equilibruim values of J~: via the system parame­
t ers and angular moment~ as well as signs .of t~e member 

t..,, ~ ... ,,\ --\-~ :.. in the right ~'side of Eqs. (5) it is conv~. 
ni ent to r epresent by means of a bifurcation diagram (Fig .• 2) 

-- t 
]i and l l 

Fig.2 shows : 
- curves defined by an equation 

·;L_ .:..., ~~-~-1--- . 
''(. \ ~'"'- $. ~ ..I 

cm·ves inclosed between the curves U' and ft' ', 
and defined by an equation : 

=· and t ransferring t o .1! 
== fl 

and tr respectively at 
and ~.~.·\ ~- ~-~ 

I 'lt 

The f tmction ''"-t o1:· o takes the form of 1_·1 or ll t 
I 1·~ 

which depends on t he f act whe t her the value of 
.--_ - -_-----:---, 

,.... .a - ---- -
'\"\ - ... , \ 

(14) 

(15) 
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is less or greater than ~ ~ 

The values of ' ... are defined by equations (Fig.2) 

(16) 

J ~n 
The values of parameters \\\) t ?·v:: and \ '\ , 

at which the number of equilibruim ststes is changing, are 

bifurcational and defined by equatios : 
'/... I M,~~~ 't~ -----

(17) l 

I .. 

The equilibruim values .';.. depend on the system parame-
ters and ·;- '\. in the same manner as shown in Fig.2 with the 
only distinction that a scale of the ~~ - axis and the e·qua-

..-- -. tions of tt and 11 must be changed to 
- N " _.,. .. 

0.. ' :.. :3::. ).'2. 

Now the bifurcation parameter \\\~ is defined by: 
(18) 

1"' I~ 
Since . the values of cx...\ and J. differed by 2k u 

(k=1 ,2 ••• ) relate to the same . system configuration ( .;.._ , ..... ! 

and ..,.. :.. --2• are cylindrical . sttb~pace~J) , all possible equi-
libruim states are exhausted by the _ consideration of equili­
bruim values on an interval ( -:. , il ). For the bifurcation 

diagram in the form I't ' and at '(, ~ ?,1_. ) , ,~· 4 \~ , 
the maj or types of spacecraft..:.tetherline motions are shown 

in Fig.3. 

APPROXIMATE EQUATIONS OF SPACECRAFT- 'rETHERLI NE 

RELATI'/E MOTION I 

For arbitrary geometric and inertial characteristics of 

the closing ?bject an analysis of stationary motion .was per­

formed. A formulae spacecra:ft - line relative motion is deri­

ved t aki ng into account that the fol lowi ng inequa l .:.t ies . 

(19) 
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are valid for the astronaut's retrieval system. In this case 
a st:r;ucture of the phase space for a sysiiem model with an as t!"-' 
ronau~ as a point mass and a structure of the phase subspace 

J..i ~ . for a considered model axe practically the same as 
it follows from the equatuions of equilibruim states ' . 
and from the values of bifurcation parameters. For eur sim­
plified model the equations of spacecraft-line relative mo­
tion linearized in the vicinity of equilibruim states 

I ... I .. I 

!J'. t~ l 1!:. are: 

and linearized in the vicinity of states -": \ ~ , "·\\ 
are~. 

I t ~ 1 1 

where cl- ,:. <i~- :.:{ i and •JI. i denotes ·differentiations 

(20 ) 

(21) 

with respect to a new independent variable . ~ ~ which is a 
linear function of -t •' The values of .4~ __ .,.. :z..) ·~-- , ::.._ , 

and ~' ( 'i.i..) are estimated for any equilibruim state 
using equations: 

()_ I ., \ 
\...) \ "l.. J 

'7 '~ .... .. ;!. \ 
- z. \ ..1 '\ + V.. \. • .it } 

~. "' 
'L -!-.Yo ... 

· * .. ~\~ .;.., 

and is estimated using o·ne of Eqs. (10). 

(22) 

(23) 

(24-) 

(25) 

(2§) 
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Eqs.(20) and (21) can be classified that is they are linear · 
differential equations of Fuks .c+ass 4with four singular points. 
The integration og these is ~ prob~cm the solution of ·which 
is not yet available. Let us'consider the characteristics o:f 

_l 

Eqs.(20) and (21) to compare them to ones of nonlinear system 
s~lutions (5) near the equilibruim states·. With theorems '-- · 
u~ed in 5" ~:~ · _ one may ascertain that the solutions of Eqs'• (20) 
and (21) cannot be oscillatory if correspond to equilibruim 
points ;;-.. ~1 

, J~ , i ~7 and are oscillatory in a quite 
broad interval of argument variation if correspond to equili-

... I , >t l bruim points ri12_ , .J.. t ':. , ; H '• Near the coefficients of 
a singular point =0 the zeros of oscillatory solutions o! 
Eqs.·(20) and (21) have no accumulation points and the deriva­
tive of a general sol~tion goes to infinity as it can be found 
by integration of Eqs.(20) and (21) near the singular point on 
the basis of Frobenius method .• One can see for instance work 5 

or 6 ' . By simulation of the nonlinear system (5) it can 
be a.scertained that properties of system solutions for space­
craft-line relative motion are in. a good agreement with the 
characteristics of linear Eqs.(2~} and (21) established above. 

Using Sonin-Polia theorem 5 ·: it can be proved that the se­
quence of extremuma for the oscillatory solutions of Eqs.(20), 
(21) is decreasing on an interval ( ~20 , 

vafiation and is increasing on an interval 
conditions (19) are fulfiled the value of 
defined by: 

? 
'tzi' ) of -~-

( 't~~ , 0). When 
<v, 

1.~, is positive_ and 

(27) 

The exact solution I and II of Eqs~· (20) and (5) describing 
spacecraft-line relative mption near the equilibruim point .{ 1~ 
are ,shown in Fig.4. It can be seen that the solutions of linear 
Eqs;(20) possess the properties of an associated solution o a 
nonlinear sJlstem \..5 ' n!3ar " :. and are . in a satisfactory quan";" 
tity agreement with it. Also, it may be observed that while re~~ 

turning .the solution deviation from the associated equilibruim 
state is substantial only quite near, the point - z.. =0. Utilizipg 
t he above infor~ation the linear Eqs~· (20) . and (21) ct:n be con-. 
sidered acceptable to describe spacecraft-line re l ative motion. 
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AN ASYMPrOTIC REPRESENTATION FOR THE SOLUTION OF THE 

EQUATION OF SFACECRAFT-TETHERLThlE RELATIVE MOTION 

Ac~epting the autbori ty of 6 · , obtain solutions of Eq~. (20) 
and (21) · in an asymptotic representation. To bring Eqs;(20) 
and (21) into accord with desired form introduce a large para­
meter \ by changing a scale of an independent variable in 
the following way~ 

( 28) 
For the sake of simplicity let the formula 

I { l. • ~ . ,·t.., '~J1. 12...· 0.. \ -:::: {(fi 0 \ - 1 J • .. f J \.) 
1 (29) 

be substituted for an unknown function thus letting Eqs.(20) 
and (21) be reduced to a canonical form as: 

G 1t 
l~ I r, ... .,.z. i ~ = C) 

(3~ 

where l( "tJ takes values of 

(31) 

or 

(32) 

according to coefficients of Eqs• (20) and (21) ·~ - Linear indepen­
dent solutions ?... and ?z. are searcheQ. as series in terms ,_ 
of negative powers of the large parameter. At some unimportant 
limitations (for our case) th~ series are asymptotical ·and de­
fined by: 

(33) 

where C v... ;i,) , '=-~ ':" ... , are unknown functions derived from 
the following recurrent relationshi~s: . 

" c· ..L , r· (\ .. . , r ....... ' - - " 
1--' \ V t, --,. '>,. '\ ·- 2._ "::::: \J j_ J'. 2 '-' ' /'2 I.. ..;, - ..) .. . . -

.Eo ~ 1..)- z. ( '\ "\- '>-/-._ -= .. ; . : .. ~-=-

.. 
i--:_ !/- ..... . :_ • '\ r> 
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and 

(36) 

With the possible exception of a close neighbourhood of 
''t,_ = 0 it may be established that for our case the following 

inequalities: ~ . ..,. · : · ~"] · ~ i <..,) . r ... ~ - .. ~ c~~,~ - (37) 
\..c '·.,.) '"'>"7 j .,; ___ >I ~c .. . ) \.\.. \ '>) -~-- >1 . ~f:" ,) . •. 

. ,) ..... ', \ ' \ 

Therefore an asymptotic representation for the solution 
of Eqs~1 (20) and (21) will be sufficient ,namely: 

• ~ ,. 1 ' \ ,. ~. ~' ~ \ • \ .. ~ \ 

,. ~.-~-t\\~l. ). ":.._--;-- 4 ; 1. \ 1 ·3 ;:, -,..; ~~ .. ) 1.t. . ·- ;-'-~ ' l..'~'-:\ 'tL. -\ 
"'"-- , -:: _.. -1. \ .Z. ) ... !'-' \- ~ 2..... • (38) 

It can be shown that properties of the solution of Eq.'(38) 

are the same a$ those of (20) and (21) which have been ascer­
tained earlier. Exactness of the solution has been estimated 
quantitatively as shown in Fig.5 where the solution in the 
asymptotic representation as well as its envelope are plotted 
with a continuous line whereas the exact solution of the li­
near e_qdction with a dot line. 

AN ADMISSIBLE REGION OF INITIAL CONDITIONS FOR SPACECRAFT­

TETHERLINE RELATIVE MOTION 

Using Eqs.-(11), (12), (16) and (38) spacecraft-line relative 
motion is given as a known function of time, system parameters 
and initial conditions~' Some restrictions put on an angle \ 
between the spacecraft and the lin~, on an a~lar velocity ~. 

or- l !. 'l..\:..:::_..!.:z.. _: .. _l-4::!." -_...._.\'\ i:,/: A ~ 

of the spacecraft with respect to the inertial spac~--a ve-
locity value <t at the impact instant are given by the follo­
wing inequalities: 

(39) .,... 
where being. an instant of mooring does not coincide w~th 

~ = 0 and is chosen from design considerations. The inequali­
t ies (39) define a certain re gion wi t h a .bound ~ in space of 

initial condi tions and system pa rameter s . L~ is called t he 
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region of admissible conditions or syst em parameters·. 
~ this study a projection of the region bounds ~ on a 

plane of initial astronaut's distances - astronaut 's tangen­
tial veloc~ ties with coordinates ''t z. , }!.-'" -==- -:..:...-v ~ , ~ is 
determined. The study results shown in Fig~6 and Fig.? are 
obtained for the following system parameters and accepted con-
strains: 

J ,:: ~~~ -:.. s'tl'\'3-~z. 

at t he fixed values of ~ Yt' and 
Fig .-6 shows: • 

I - between the.se curves the first of inequalities (39) is 
. held at ~ ,0 = o, ~ 2.~ -:f -a • 

II - above ~his curve t~e first of inequalities (39) is . . 
held at \Q.,\J = ', z.. 

:-'I 
<~. " , t- iV\ - below these curves the second and the third of 

inequalities '\39) are held at given constraints·.-
In Fig-. :6 it is a shadowed region where the first three of 

inequalities (39) are satisfied'~' 

.......... \":\\..\\ 

\ '':> .::. \\v . 

Fig .• ? shows: 
a region where ar. - .:lar momentum is less than 
(\ Y\...;.'t'\ .. \- , ... 

'',Ml\ ) . 1 ~\S) 1 tJ.) 7t \ () ::-: ·._\.,S') ,,,.-
'{ _ t \l 'M J r v-'\ t '..J ..,,., t \t v..'\ t · N\ 

to the of these curves the last inequalities (39) is held; the 

first three curyes are , plot~ed ~or ' :~ ,-~ ::. :.; --.::..~ -~- ::_ and 
the next three for \ \':! -:.. ·~ .. ~ ~,: 

From Fig·~-6 and? it can b'e seen that for each initial dis­
tance an astronaut's tangential velocity has to be bounded from 
above and below if a successful retrieval is assumed. Thus the 
use of an uncontrolled tetherline system is unlikly to be accep 
table. 

A:N APPROACH TO SYNTHESIS OF CONTROL SYS:11EM FOR S"PACECRAFT­

TETHERLINE RELATIVE MOTION 

In th~s study a possible control system is considered to be 
an attitude system to control ro t ational mot~on of the space­
craft with the use of reaction _jets with bang-bang characteris ­
tics·. In the case of the accepted operational system and at o.an 

cQ.Rdi.ti~s (1-~ i.'l;: c~a he,· s.hovm. 'that s.p.ac~~f't.L.l.ine ~-ela:·tive 
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conditions (19) i t can be snown that spacecraft-line relative 
motion is described by: 

~ ~, ~ J ~ : ~ "'" ~~ ~ , 
... ' ---:;---p-· 

.... \ "'. Y, .., ~ 

~ \ ~ -_, /\ ) \ ·., "' ,~l. • .' . ~ I "'- ', (\ ~. "\. • •\ .J . 
• \...\~- .... ,- ..... . \, ·~l.':) - .,_ -~;) - ~: ":. __ ..___._ ~ -;:;. -:::: ,~+ \ \ l:.~/1-';\ ~. ~ t (40) 

~ "2.. f! i... Jlo#"'~ \ .. '\ ~\{ ... \] ... , ' ' V ""'0 "" ' 

wb,ere · ""t' -:: -:. , +.- • (;, ...,_'- ..,_ ·t2 '\ ~ "'.!\ b·, - a control 
moment appl~ed to the spacecraft, and 6\ - a control signal· • . 

When Eqs'~' (40) are integrated an angular velmci ty and a rota­
tional angle of the spasecraft are defined with respect to the 
inertial space, namelY 

't I ~ .. r '( ...., A .... ' \ ~ " ) .. \ t-
• ,\":;) -~. G.. , '"G.,_ - ·..._ ' (. 4. ,c ,~ '- L i • ~s 'i :. \ ·~\\ >"-......:: ' " 
·.~ '- :::: -·--------- ---·T"'i:'~-- --· ----------

.._)\ (-. ·~ 

A parameter value \-\~~ ~ .. \;"(from Eq. (40). is chB.n?ing by jumps 
- ? ,, " I () when a certain switching surface :v, '""" ·· .. 

1 
, ; =- ,v · 42 

is transfered by an image point in the phase space. 
The systems described by such equations and called the va- . 

riable-struct~ systems have a number of interesting peculia­
rities in which the component structures 1

. described in this 
case by nonlinear, nonautonomous .equations depending on history 
of motion are lacking in general. The most important peculiari­
ty is as follows: at some given conditions stable motion of the 
system along tne · switching surface in so-called "slippy" regi­
me is possible. Then the system dynamical characteristics are 
defined ·in general by a form of tb.e switching surface and weak­
ly depend on the plant parameters. For our problem the provi-. 
sion of controlled motion of such parameters as angular momen~. 
tum and a. line length give us the possibility of getting a sys­
tem which works in a great range of initial conditions without 
excessive angular velocitie.s at the end of the retrieval and . 
hence without excessive impact velocities~ With all these sta­
tes it is poss~ble'to formulate a synthesis problem for control 
of spacecraft~tetherline relative motion as a problem of a 
switching surface choice so that: 

1. The surface (42) would have such a "slippy" region S.J 
that while moving in this region the system come to and remain 
in given neighbdurhood of a point d~ ~ ~~= ~ in the phase 
space. 

2. Phase trajectories of t he syst em would come into t he re-
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gion~ 9.- at arbitrary initf8.1 con9-itions .• · 
3·~ · The surfac~ 2. . would corret:)poDd to. some . quality . condi-

tions. . 
In this work a specific case is considered when S.itching 

surfaces are chosen as s ·traight li.Xles a 

'{;.. ,/.. ;~ '1:.. J. . -. ·(\ i- · \ ,;,. v ..... - ..;;; 

where an angle v~ue ·'" d... . is defiiled by 

~1~-.,L~ .. \ J.., ~ d... o 
J... - · 0 ' ; " - J.-0,:.. 1 <..J.6 

~' ~-~~ J d. ~ -~~-~;_e . 

(4.3) 

{44) 

The reasonable choice. - ~t ga~ _ 'f...~ . , \~~ , i"; ti succeeds 
in .providing controlied re:L,,.tive' ·.motion ' we~li dependent of 
ini tiB.l . co;ndittons 8nd ·of .· the line · leQg~~o - · thUs _ eliminating 
wrap _of -the line eround ·the space~.~~t as .well as -excessive 
iiupact yel<?ci ties·~., · 

Fig';8 shows_ how an azigle J.. ~ ·between . tt. spacecraft and 
the . line . is. vary~_- when system parameter~ are of values a 

'1..;.:.:. ~ 'I..;._ -;.. !l ~u.... . "Ll.t) ~ ,l.S m . H.,-~ \ 0 :( .. S~\ -J.,~ .':. _(,j .~~ · '1.._~~) -:;. ~\~ 11'\ 

The comparison · of . control,ied · and unc·Qntl:olled .motion charac-
. . . 

· teristics . permits ua to. ~onclUde · that _the conaidered: approach 
to synthesis of ~ control system· for · SJ?&C~craf-t-line relative 
motion is frQ.ftful.•· 
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ABSTRACT 

DYNAMI~ OF THE TETH:ERED ASTRONAUT WVmG TOWARD THE 
SPACECRAFT AND AN APPROACH TO SYNTESIS OF SPACECRAFT 

BASED . ON A THEORY OF THE VARIABLE-STRUCTURE SYSTEMS. 

Soshnikov V.N.-, Ulanov G'.-!4. 

Moscow 
USSR 

In this paper analysis aapects -of an uncontrolled system . 
are considered,, the necessi tt of control to provide a retrie•: 
vaJ. of given quality is_. proved and an approach to the deve- . 
lopment of a control system based OJ;l proper-ties of the vari­
able-structure systems is suggested. 

For an accep~d model of the ~stem tbe possible equilib­
ruiJa states are· stu~ied, their ... dependence on system parameters 
and initial conditions is considered ~ bifurcation values of 
the _parameters are determined. 

A lineari'ed equation representin£- a linear differential 
equation with vacying coefficients of l'uks cl$ss 1s derived 
near equilibruim states of practical interes'te Properties of 
the derived equa~ion are iuvestigated with the use of a$7PP­
totic representations near singular points and of Sonin-Polya 
theorem quail tatively on the whole of time interval. By digi­
tal coaputer simulation ·the properti~s coincidence for linear, 
nonlinear equations as well aa &SJlllPtotic formulae 1s estab­
lished. 

In this paper a control system for the retrieval 1s defined 
by an equation which permits to consider the .sustem as one of 
the variable-structure systems (VSS)-.' A possible . approach to -

synthesis of such system is shor.n. 
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Fig.3~: Major types of spacecraft-tetherline relative motions. 
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Fig .4. Oscillatory solutions of nonlinear. systems and approxi­
mate linear systems for _spacecraft-tetherline relative 

motion. 
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Fig.5. An asymptotic representation and an exact solution of 
the l~ar equation of spacecratt-tetherline relative 
motion. 
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Fig.6. An admissible region 1n a plane of initial distances 
and astronaut's tangential velocities ignoring the 
restrictions of impact velocities. 
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50.5 
ON SELF-ADAPTIVE SYSTEMS FOB NillASUBING 

REAL TEMPERATURES WITHIN OPTICA~ RANGE 

D.Ya.Svet 

Measuring of the temperature of a body by its r ad iation 

in such cases. when the emissivity of the body varies in t he 

course of measurement is a cardinal problem of radiation py­

rometry, whose solution is associated with difficulties of 

principal character. 

Certain advances in solving this very "important problem 

have been made so far only for a radiator whose surface fea­

tures diffuae or direct reflection which .obeys Lambert's law. 

In these cases the necessar.y lnformation on the emissi­

vity is Obtained from. an additional radiation of an external 

source, which is reflected by the surface of the radiator 

,1,2;. 
In ;3•4; polarizat~on of the radiation of a metallic mir­

ror is used to obtain the otherwise lackillg information. 

In ;5; it was shown, that within the limits where Dru-

de's formula holds true, real temperature values can be de­

termined according to one of the methods of pyrometry by the 

relative spectral distribution of thermal rad·iation. 

This method, however, is applicable on~ within the range 

of sufficiently low temperatures. 

In ; 6 I certain new possibilities were shown for measuri.Jlg 

· real temperatures under the conditions of varying emissivity, 
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based on obtaining additional information derived directly . 

from the flux of polychromatic ·radlation ;7; on the basis of 

a certain new form of Wien-Planck's law for the spectral con­

centration of the radiant elili ttance found by u.s ;8 I. 
In. these pape·rs we have shown, that though real tempe­

ra·tu.re and emissivity values cannot be deter milled d i~ectly 

by the values of intrinsic radiation, the opinion commonly 

shared by the specialists ill optical p;yrometry ana astrophy­

sical measu.rements as to the impossibility of evaluatlng the 

influence of emissivity on the results of measu.rlng the in­

trillSic thermal radiation characterized by Wien-Planck's 

equation independently · of the temperatu.re, proves to be not 

always correct. 

· Let l1S consider a certain form of spectral distri.bu.tion 

Wi (~L~ )~which is obta Lned from the spectral concentration ot 

the radiant emittance of a full radiator !o (:A.._i..J r) within 

the limits where Wien's approximation holds true,. if the va­

lues o~ each i-th spectral component of the isotherm at a 

temperature T are raised to the power with the exponent equal 

to its wavelength ) L . 
) 

JP ., . / ) .. ) ""' ] -J" ...:\ ,· ( c 'l.) Vtfo(./L: IT = bo ./\L ( /!.t.· 1T)=Ct Ai eJ<p -_r 
Here constants C1 = ~741~.104 W/cm-2 .mu4 and 

C2. = 14388 mu °K. 

An important feature of the obtained spectrum ~AA> (.A,·, 7} 
is, that its maximum does not shift with temperature. The wa-
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veleJJgth at which the function Wo ~ i 1• T) has a maximum 

is Am= 1,905 mu. This results in that the relative spect- , 

ral density distribution Ro (;\i.,A;·, -T) = Wo ().,·,T)/Wo().;·~rJ 
is independent of temper$iture. For a full radiator 

R /\ . \ . r) = ra f.Ai-~-)(~<) ~ 
o//\l.ti\J, ,_, ,\ · "' . 

• # t 
For· any values of . L and / · 

()Ro (Xi ,Ai , T)/dT = 0 
For .real bodies the distribution consi~ered above will 

haveW 7A:o,r;J = o( >.i(J.i) toAL (J.i.,T)= o/.J.i(J.i) Wo/).,;~ 

where . o!.= f (.A) rf>..) is a cert.aiD. f~~·tloli which characte­

rizes the spec~ral distribution of · the e-missivity factor £{A) 
of the radiator and .of the tr_aruJmissio.n ·factor · _er(~) of the 

medium, tnclud i.ng the . eleme.uts of the optical ·system. 

It is obvious, that the. relation .of any pair ·of components 

( L -th: and j-th) of th~. distributLon R· {)._;_ ,Aj·, T) will 

also be independent of . the temperature X/ · _ 
. ) - 0( Ai (Ai) 

R ().,,A,; - d. );i ().J.} . . . . . . . 
. ThlO fact, that the equation f? (J,-,.1f) = Ro (). ')j) 

holds true with 'f{J.t.)=T(~)::: 1 is .a specific eriterion 

of the ~absolute blackness~ of th~ radiation{o/../).i}:d/,1) )=!J, 
except th~se ·Cas_. es when: ) I } 
. o( ).(. ( Ai) = d AJ ().(j ) tu.t -ol.. (J..l) ;t:o{ I A;' 
x/ For BoL (A) /aT= 0 
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For three and more spectral components (L •J , ·K ,. , ) 

whose frequencies ~: Co /.A satisfy the condition 
f1 , 

L vi ::. ~ Vi (it always -being, that i '# j ) relative 
i d d (/ 
d istribution can also be obtained, the value of which, within 

the l imits where Wien's approximation holds true, is deter-

mined only by the parameter o/.., ().) and does not depend 

on temperature: ,/, ().I., ).j). 

These distributions will be generally described by the 

equations of the form x/ 
n 

) 
ot(Ji,r) 

L () L. I ,~· :: = fl b ().i,T) 
J 

where P and (} aoe the amounts of spectral components i.e. the 

numerator and denomina-tor,respectively. 

For grey rad ia·t ion n -s -

) 
0 A i - (P-~) 

lo (,,"~~,)</ = ~m ):S C, 
. J 

In the particular caie of three compone.nts whose fre-

que.ucies satisf""'J the condition V,=vz.+~ for a full r-adia­

tor we can write 

x/ It is evident,that a thi rd kind of relative dis tributions 

can also be created (satisf ying the condition of being tempe-

rature ind ependent) which are based on combined relation­

sni ps of R and L type. 
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For a real body this r elative spectral d istr iblltion 

wi l l have the form ol(;l,)o1{).
1

) 

J... (J. .. )., , AJ) .= o( (.)") J.o (.,J,. )z, .AJ) 
Similarly, for four components whose frequencies sa tis­

fy the cone it ion ·), -r y z. .= }.) .) ~ Yl( 
/ ) /)J · )" )~- ( 1 ) - o(()., )~t'Az) J / I) j_o ()I' ... , Jlf = C)' Al / L A,, ... AI( .-eX O.J)ol{A~) o {Jt,·· · ..-!If 

The cond i_tion ,/.., (Jt· ,~· .. .) = J" 0~,~!/)being satis­

fied for the case when the nllmber of spectral components is 

the same in the numerator and denominator of the expressions 

for relative spectral distributions of ~ type is a crite­

rion, that the radiation Cb'(~J11) :0 · is grey.An ex­

ception should be made for such particular cases, when w i.th 

od(J))1).;tO there holds the equality of products of the 

form 

The method considered above for deriving the informa­

tion on the character of o( (J) from the intrinsic radia­

tion is effectively employed, particularly, in a ·ryrome­

ter for measuring the real temperature of a radiator, the 

emissivity of whose surface varies in the course of measu-

rements. 

The system developed at the Institute of Metallurgy of 

the Acade~ of Sciences of the USSR for measuring real 
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temperatures by radiation is self-adaptive. 

From the engineering standpoint this system is realized 

in a pyrometer which is provided with a device that produces 

signals determined by the value of the relatio.u of R ,·or j_t· 

type. Depending on the value of this signal which is obt~ i.ned 

sfmultaneously with a signal indicative of the temperature 

that is determined by the relative spectral distribution of 

radiation, a certain correction value 4 7; . is automatically 

introduced into the ~rometer readlngs. 

The accordance between this correction value and the 

signals determined by the values of the functions RO,·,J;) 
or j_ {l i, . . . ~) is at.ta ined by pre-adaptat ion of the 

system. 

-Practically this adaptation process consists in cer­

tain simple pre-scaling operations. Usually it proves suf­

ficient to effect the latter for several extreme values of 

the function f ().) 
Thus, for example, for an automatic control of the 

real temperature of molten steel whose emissivity varies in 

the course of .measu~ements due to the appearance or d isappea­

rance of oxide film, with the aggregate metering error x/not 

z./ The aggregate error should be understood here as the 

sum of errors due •o the instrument and variation of spect-

ral emissivity. 
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worse than ±1%, it is sufficient to effect ·the adaptation­

scaling process for three points, The same adaptation cycle 

proved to be satisfactory for most various chemical composi­

tions of oxide films, this being of great interest and prac­

tical impoxta.nce. 

This phenoae.non is in good agreement with the results 

of investigations of the emissiv1ty of oxides in the visible 

and near infrared regions o:f the spectrum,which are present­

ed, for. eumple, in ;9 I. 

To explain. the above-stated, let us consider the rela­

tion between the temperature correction in terms of the tem­

perature reciprocal ~ T-l a.nd the distribution function 

R (:A~.·, J.J). Let as denote by tn (.Ai) and [M f-'1;)the 

spectral emi·ssivity values of a pure meta-l surface for the 

effective wavelengths . · )[ . ·and . J...j~ and by E f (.A i.) 
and E f (:Aj') the co~respondi.ng values of spectral emissi­

vity of the oxide film. 

Du.e to the dispersion phe.noaeno~, for metals 

EM (J.,)> EM ().i) if .A,· L:. Aj 
It is kno11ll also, that d~e to dispersion, includ Lug the 

abnormal. _one, [ n ~i~ £;(.AI'). 
Let /1 denote that portion of the metal surface which 

is free from the film, and N stand for that covered with 

the oxide film. For the "normalized" surface n+ N' =I. 
When measur~ temperature by the relation between two 

emissivities with effective wavelengths .A; aDd Jcl· ,the 

correction value determined by spectral emissivity in _terms 
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of temperature reciprocals can be written as 
En f.l,·)~ Ni£fl';.t'J- £ ;.,o.~.')J 
c~~-1 f~)rNCE:f(;.J) -f"Mt).~)J 

is the valqe of the equivalent wa-

. For pure metal surface 

T
_, /\ 0 E/"1 (At') 

L\ = C.z r::..-n EM fA;) . 
-r-1 

Accordingly, for a fully oxidized surface Lllz = 0 , sin-

qe the film radiation is grey. For the case when a portion, 

say, one half of the metal mirror is coated with an oxide 

film < M=N=a5 ). . 
T, -1 = At:., £,-., (h) +ET (A<) 

L1 3 Cz EM (J;) ·-r[f (Jv) . 
The values of the fu.nction R(J.,·, JJ), corresponding to 

these correction values will be: 

where K = const. 

The non-linear relationship between the function R t0t·J-l;) 
and the emissivity cannot cause ambiguity of the 

result, this possibility being automatically excluded due 

to the above-mentioned dispersion phenomenon which is cha­

racterized by the function ~~A) that decreases in the vi­

sible and near infrared regions of the spectrum for all 

metals. 
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This system, with a somewhat different adaptation a lgo­

rithm, makes it possible to measure the values of real temp­

erature of the s urface featuring constant emissivity,but with 

a variable transmission factor of the medium. 

Examples of such a problem in metallurgy are encounter­

ed when the peep hol E> is polluted with metal vapors in the 

course of vacuum melting. and for instance, in the sun tempe­

ra ture mea surements, with the appea r ance of atmospheric haz.e, · 

etc. 

No less lnteresting results are obtained when implement­

i.ng a self-adaptive system on the basis on the spectral densi­

ty distribution of the type Lt\ i) .. ··,1t·) • 
Introduction of redundancy by using more than two spectral 

components makes possible significant improvements in the 

stability and accuracy of measurements in the presence of va­

rious irregular outside . effects. 

The development of self-adaptive pyrometric s.ystems on the 

basis of Rand L distributions makes it possible to attain 

successful solution of certain problems associated with the 

plasma diagnosis, surface flaw d~tection, etc. 

The ke;y d iagram of an automatic self-adaptive pyrometer 

is shown in Fig. 1. 

Here ~ stands for the surface of a radiator with varying 

emiss.ivity; 

0- stands for the condenser and sighting optical system 

·of the pyrometer; 
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N stands for a monochromati~ing 

p are rad iation receivers; 

A is an a mpl i:fy ing device; 

p is a preliminary converter; 

C .u. is a correlation unit; 

L is a logometer ing device; 

device; 

B is a measuring and recordlng output instrument. 

The system operates as follows. 

From the radiation emitted by S on the monochromat~zing 

device M the radiation to be investigated is condensed with 

the help of o. The receiver or receivers F co.nvert spectral 

r adiant flu.x:es at the output of M into electric signals which 

are amplified by A and converted into the required form by 

·the preliminary converter P. 

From the ~utput of the latter the converted signals are 

f ed to the logometering device L and to the correction unit 

c.u. The latter, depending on the pre-adaptation,produces the 

r equired value of the correct ion signal. This signal can be 

applied either directly to the measuring and recording ins­

tu.rment R, or first to one of the stages of the logometer­

i.ng syst.em. On the basis of this diagram different versions 

of self-adaptive pyrometric systems have been created. 

For illustration,shown in Fig. 2 are comparative data of 

different pyrometric systems operating with steel melts in 

an ind uction furnace equipped with a special device which 

enables the formation on the metal sur face of an oxide film 
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of the required chemical composition., or the prov!..sion of a 

pure ·metal mirror in the atmosphere of argon. 

In. t he process of melting the film could either partially 

"break" or entirely disappea r . Th is is well illustrated by the 

indications of luminous , tota l and colour rad i.ation pyrome­

ters. 

The pyrometric s.ys t em for mea s uring real t emperatures de­

veloped a t the Institute of Metallurgy of the Acade~ of 

Sciences of the USSB i.n all cases showed t he san:e cla ss of 

accuracy as the thermocouple pyrometer, t hat is, +15°. 

Under the sa me conditions the indications of the col our 

pyrometer varied by 50-60°, of the luminous pyrometer by about 

100°, and of· the tot al radiation pyrometer , by 160-200° . 

It should be pointed out, tbat the condit i ons of the melt­

ing process i n this exper i mental installat i on from the point 

of view of operation of the real temperature pyrometer wer e 

considerably more severe than those observed in real steel 

melting practice. 

The measurements have shown, that under the conditions of 

open melts the results of employi.ng the real temperature py­

rometric system are still better . 
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53.1 
SOME SYNTHESIS PROBLEMS OF ADAPl'lVE 

CONTROL SYST~ffi OF STATIONARY RANDOM PLANTS ~ 

V.I . Ivanenko, D.V. Karachenets 
I nstitute of Cybernetics 
Ukrainian Academy of Sciences 

Kiev 
USSR 

"I. The mathematical model o.f many controll ed plants (CP), 

important in practice, ca _, be 

( K = 
4

\ , where t. - time, 
in the form 

( -t. -m 9) ot K: G-Utc,zK, ' 
where: 

e - some parameter, 

represented in discrete time 
,e. t - quantized time interval) 

(1) 

u! ~ ( u.~ , ... , ui(-t)- sequence of' controlling actions magni­
tudes of which influence X.'< , 

z~ :: ( z~ •. .. , zl(_m )- sequence of' disturbing actions influen­
cing .X: K , 

G - CP nonlinear operator, 
X~- controlled variable. 

C.P is said to be stationary random if G ('1) does not 

depend on shift along time axis, and dis~urbing action tz1 is 
a stationary random sequence defined by n-dimensional densi­

'ty functiOn p ( z:): p (Zt\' . . . > Z K•n) t Where n - COrrelation 
interval. 

3xpression ('I) describes, in particu.lar, a number of in­
dustry processing plants under conditions of normal operation. 2 '3 
I n such cases time of normal operation N = ATt 5!111a X ( t ,111, n ), 

and N may be assumed equalling infinity. 
Consider t.he problem of de~ermining an algorithm ol· cont­

roller (C ) in closed automatic control syst~m \C~) shovm in 
l.i' ~g. i . 

1t · ~ s supposed tha"ti G lags one -v imt! svep , i.e., G se.Lec1:is 

U ~< value on the base oi" data obtaJ.ned by measuring all mea­
surable variables up to (K-f) -th time moment inclus ~ive . 

a Di rect generalization of . 
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l n a general case, con~rol variable x·~ i s measured with 
err or_ hK so that C can observe variable '~"' :. X.c-.. hK only . Se­

quence { h} is supposed to be independent determi ned by den­
sity function p (hi(). 

To est imate CS quality at K -th time moment we int r oduce 
specific loss function Wrc= W (X.,. , X~), where x: - desir ed 
value of X.c • 

W" is a random variable for any fixed U:. s ince i ts 
argument X I( is dependent on a value of CP unm.easurable para­

meters C.= (z:', 9) , i.es W.,. = W(U.~, z:',e,x:). 
Therefore we estimate CS quality at K -th moment by mean 

speei:tic losses or specific risk: 

RK= EJWK\= s .Wt(p(t.K) ctUJ·. ( 2) 

UJ(C.w) 
where: p { C. I() - some probabilistic measure, unknown so far, 

in the form of the density function of CP unmea-
surable parameters. 

I ntroduce a notion of 0 o b s e r v a t i o n s p a c e 
U • In the case of closed CS the observation space is en-­

closed within coordinates UK·i , Uw·&, ... and 'iK·t, lj .... 1 , .,. 

Introduce o b s e r v a t 1 o n s p a c e d 1 m e n s i o n 

t denoting by (X K•l +V ~ ( ut<•\+t.IJ ~K·\. +il ) a pair Of meaSUred 
variables associated with some V -th moment in the past, i.e., 

V can assume values 0, 1, 2, ••• , -i. - 1. In Ul this de- . 
-t (-c. -'- . " (U U ) tez:mines vector _ OlK·s = UK·i, 'iK·t ), UK-t = l(·t,-·. 1 K·i , 

~~-• = { WO(·f> ... ~ ~K;..i.} • The observation space constru.cted in 
this way will be referred to ·as initial or natural. 

Let number L determining the - initial observation space 
dimension , and being a C memory, be chosen by the des~gner. 
Then vector U~-• will contain the whole information available 
for C t O Select u K COntrol. 

Consider a joint density ·function of unmeasurable para­
. meters and of an observation sequence supposing that 

pi((.l() = ~. p(l:K,U.K.,~UK • &, ... . Ull(.t) dw7p~ 
U1 (ii~-tl . 

(3) 

is the unconditional a poster~ori. density of unmeasurable _pa-
rameters. 

Determine p (l:: "') in (2) a·ccording to ( 3). 
Substitute (3) in (2) and denote 
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R ~ = ~ Wj( · p'<C.~e ) d.w . 
Ul\C.K) . 

( 4 )_ 

With an unbounded expansion of the observation space di­
mension we consider a specific risk limit . Using the Lebeg7 

theorem on transfer to the limit under the integral we have: 

limR~ = S W~<·timp\(CK)d.w . 
1.-oo w(t;ll( ) i.•- (5) 

Let the limit 

timpitc;")= tim l. p{Cl<,u!.,)dw i-- l·-w<a~.d 
(6) 

exist and equal 

p: = pea(C.~) = i p{c;i(,()( ... ,, ... ,U:l( .• )dw. (7) 
W {<Xc.,, ... ,u.., ... ) 

Let some distance between current unconditional a poste-

riori density p ~ and its limit value be termed 
The data storing or adaptive process will 

vanishing distance .rr: for K--. The specific 
~ R• ding to p" will be denoted by , "' • 

Jt~: Ji (p~,p":} ~ 
be linked with 
risk correspon-

CS is said to be optimal under stationary working condi­
tions corresponding to limit density function p; , if its 
quality estimation equals N 

- oo,o • I P • 1 \ Roo . . f :tnJ \.lmNL K 

·fUt j("' r N-- (8) 

Some mathematical problems associated with (8) has been 
discussed in4 '5 . 

Considering a change in probabilistic measure p~ to be 
occuring at each time moment, i.e. i. .. oo ·j_f K--.ao , we note that 
the data s.toring process conditions some transient in the sys­
tem. 

·The CS quality in the transiton .regime can be estimated 
by the t1lnctional 

f : [ ( R~ - .P .o, 
0
)' t: K . 

!( :1 
(9) 

The exp.ression (9) can be us ed in certain cases for the 
synthesis of optimal adaptive systems, i.e. the systems with 
the op timal transient. 
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The problem of this type seems to be too complex for the 

present . For understanding t he features of this problem i.t i.s 

necessary to consider particular cases t to investigate a prob­
lem fo:r.· subclasses of stationary CP, to c lear u.p the possibi.­
li ties of an approximate solu:tion. 

2. Let us consider some of' these questions eo.nformabl.-y 

to CP, the mathematical mod.el of which may be repr esented in 
the form (Fig. 2) 

t 
·xl( = 1' ( ~ .LJ · ul(.t·J l zK , s). 

1=0 

(10) 

The error h K of measu..I"ing the value XK. is absent and 

x: = const • 
Suppose function "Y in ( 10) to be m.onotonic with 7. 4 • 

We shall show, that the following equality exists in thi-s casa 

ttrrl mtn R~ = -p oo,o • (11) 

't;~ u~ . 
This means that CS acted upon by control chosen by mi-

n.imizing the specific risk with an unrestricted inel.'"'eas~ of 
a K number i n operation becomes optimal in a sens e of' { 6) 

automatically, i.e. with no intervention fro11 outside . Such 
a system may be related to adaptive systems. 

We denote t 
L J..i· U...--t+i = V"r. l-=0 0 • 0 

(12) 

The specific risk expression now will be ·wr•i:tt.en as 

R~ == -t . r~ . p (O.~. f) dur, . (13) 
. w<u:!.,} 

where r~ - conditional specific risk equalling 

r .i ;; ) W ('aK zK e)· P ( zi( ,G/a G. } dur. (14) 
j( wczK,e) • ' - IC·! 

The conditional a posteriori density of' unmeasurab1e pa· 

rameters can be represented as follows 

p (z,.,e;a ... i.,) = p(9/rrt:.1 }. ~ p(Z~/.ZK~.} · p{z:.t/~ .. ~a)dw. (:t;1) 
W(Z,:'_,) 

We shall consid.er factors in right-band part of (15). It 
is clear that conditional density function p(Ztl; /z:.J can be 
determined immediately by initial data containing jo.int den­
s ity function p ( z:) 
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To det er.m.ine density function . p ( -z ·n ,., "· B ) K • t V\ 1(-1 > we t a~e 

the equation 

l:K·l~v = 'f t 1Jt(·l•v ' ZK·i•v, 9), )I-:: 0, 1, ... , i. - 1 . (16) 

Since function i in (16) is monotonic relative to 'Z.K·i•v 

there corresponds to the pair of value.s ( X K.i·nl, V" · i. •v ) = oti(·i•v 

single value Z~< -l+ v with constant 9 ~ Vector u:., is asso­
ciated with single vector Z ~-t • Therefore we can state that 
it is enough to choose i.:. n , and 

p(i!'.,/u;.,e) = ~(z;_t- z:.,ca: ... e)) . (1?) 

Finally, denoting p (9/u!.,) = p~ we shall discuss be­
haviour of the parameter a posteriori density with the K num­
ber increase. This is the very case with which the data sto­
ring process and the resulted transient in the system are 
connected. Functional (9) characterizing this process reflects 
the control duality in the A. Feldbaum•s 6 sen~e. As was 
shown6 ther~ exist subclasses qf the so called unt ransformed 
and trans~ormed controlled plants. The transformed CP's are 
said to be such plants for which the choice of control does 
not influence the evolution of a posteriori density func-
tion of unmeasurable parameters. In this case problem (9) lo­
ses its sense. 

A special criterion is necessary to classify CP's into un­
t:ransformed . and 'transformed. 

The 1'i.rat step in this direction has been done in the 
mentioned work in which this classification was connected with 
the additive or non-additive occurence of an unknown parame­
ter in th~ CP equation (10). 

Another, more general. criterion o:f untrans1'ormability for 
CP of the ~orm (10) can be -suggested. 

We write 

p{9/Li:-i) = l . p(e/li~ .• , x;_t) · p Cx! .. ;u;.t) dw . c1s) 
. w (X;.,) 

Introdu.ce a one-to-one trans1'ormation o:t· the observa tion 
space 

X ~< - i. .. v =X. ( C.XK-i. .. v) :: X ( 'f ( 1JK ·i. •v ; Z..,.t.~ , 8 ), 'V'~<-itv ) . (19) 

Now it can be sho~Tn t hat 

p t 9 /li~_,) = p ( 8 / X~ .. ) ( 2U) 
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-1. 
where components o:f vector X K-i are :found according to (19) .. 

Now using ('19) and (20) we can classify CP oi" the .form 

<.10) into untrans!ormed and tra~stormed v1ith more confidence . 
Indeed, if' there exists one-to-one trans:t·ormation ~ (U.) such 
'that the C.P equation may be permitted in the !orm ii} 

XK-i.•v =X ( 'X:K-t•v , 11K-~''\•') = 9 (ZK.f.+v, 9 ) (2'1) 

tihen sequence t X\ is uncontrollable, and CP - transformed. 
It is impossible to influence the evolution o:t· a posteriori 

" ' density p~ here because paramelier a is a parameter o:t 

some trans!·ormation % . of uncontrollable random s equence lz\ • 
The case when unknown parameter 9 determines 'the disturbance 
density .runction is apparem:; ly a particu.lar case of -crans­

.tormed CP . It . fol lows here from t he physical sense o f the prob­
lem that a posteriori density .function of parameter e is .no·t; 

dependent on a choice . cf control. I n compliance with these 
considerations the transformed CP may be repre s ·ented as il­

lustrated in Fig. 3. 
In the case of the untransformed CP its equation cannot 

be represented in form (21) and we find that 

X ;c;-l· 11 = ~ ( z K.r t • v • e , u K- i. • .., ) . 
(22) 

n ow sequence l X} prove.s to be contro.Llable·. Such CP'' .s are 
conveniently depicted in the form of .the block diagram shown 

in Fig. 4. 

Approximate solution o±' (22) in form (21) can be utilized 

for _estimation of "untransformability''. In the case of· a weak 
"untransforrnabilityn the effect of control influence on a po-

" ' steriori density :function p~ may be ignored. 
Employing (20) and (17) we substitute (15) to (14). Integrat-
ing over Z :. t we have 

(23) 

Find limit Y'~ for i...,.. oo • r. 

~) Determination of mathematical conditions of solvability 

(21) is an independent problem. 
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Usi.Dg the Lebeg' s theorem we obtain 

r :S = {~m r; = ~ W" · p ( Z~</z:i (i"i:.,e)) · t~m p (B /X,: . .) dui (24) 
,__ OT(ZK,S} t•oe 

Supposing that control \V\ does not take on the values 
causing dege:neracy of operator ( 1) we find p~ to be a 

marti.nga18 and, consequently, there exists limit p; equalling 

t~m p~ = 8 {B- a·) (25) .... -
'where a· - true value o:t• unmeasurable parameter. 

Substl.tu.t 'ing (25) in (24) and integrating ove:r 9 we 
cal.culat;e 

r; =- r tu-K,. a:i. a·) = ~ W (vK. z,.;, e") · p (z"/z ... ~, (ii;~,~t~d&. (26) 
W(Z,,J 

Now we shall determine the specific risk. Evidently 

R: ~ t r;' · p(ti;d dw = R (1Ix e·). (27) 
UJttt:.) ' 

Find &be m.iniwm of' R :' with respect to control VK • As 1J>< 
in (2?) i.s a paramete.r t.o.en, di:t'f'erentiating tihe integrand 

and taking into account that density function p (u:.1)-:/: 0 we 

arrive at ~.he conclusion that the minimum of R~ wit.h respect 

;..O l1~e. i.s determined by the minimum o.f r Koo · -

~&kii~ account of (12) we d~note 

mc.n r:;· = r.,.a- ~o ( u~- ~ , a:.t } 8") c2a) 
u<W' ~. o - t 

I.t :follOWS· :from (28) that r ~' depends on choice of U »·t • 

We shall show that 

mt.n r~ = min r: (29) 
ullt u"' 

ii' no :restrictions are l.lllposed on the choice of control action 

(or ~ restrictions are not reached) , and los.s function . VJ K 

is poe.itive and differentiable with respect to X K .• 

. Setting de:riv~t:tve ~ r:' equal to zero we determine op­
. - ""' a1 . -. r " ,,. (i'T .n n- U ~< 
't; J.m-a~ v:~ 'ue y ; ~ : · v V!.~-i , o ) 

Taking into account ( 12) we have 

11'::::: 1J {Ut:~1T9,.) ;; J.o·U« + .l.1·Ut<.i + .- . ~ J..t · U~<.f . ( JO) 

Assume t ;hat; U><.-- ~ ••.. 
7 

UK-f. are chosen arbitrary ~ Then 
:from (30) t he optimal control u~ ca n be found. J.n the i'orm 

u: ~ U (~1!-f).i: ,> 9" j ~ Thus 
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R. 'IIlO R o<:l -- ROGK ( u~ ) . m~f1 •"' •w mt!'l K .,. ( 31) 
'\TK u ~ 

In practice the unknown parameter data storing process 

(adaptation process) is underst ood to be converging to limit 
R: over a :finite number of steps N1 (( N , f"ollowed by 

stationary working conditions of CS operation. Here control 
u~ is the opt;imal sta·tionary control. 

Ignoring losses ·in a trans:i.ent which j.s caused by data 

storing over interval N" we can, omitting subscript K , 

write that 
~P 90 ,o : R (ill(~ ( u 0). (32) .., 

Now note that risks r ~<t and R ~ converge their limit va­
lue s uniformly with Uf( • This shows that 

min tim R~ = {t.m m i. n R~ . (33) 

Proof (33) from the contrary is apparent . Equality (33) 
with account taken of {32) and (31) proves (11). 

J. Ce>nsider a simple example. 

The CP equation has t he form X K = Uw·9'\ z~ J where t z \ -
independent sequence di?tribut ed with parameters m'Z. and 6 2 

a ccording to Gaussian law .. Choosing the loss function W"'-=- (9"UK~ 1)7 

using the Bayes' formula for a posteriori density function of 
parameter 9 and letting a priori distribution. of 8 be Gaus­

sian, we minimi_ze specific risk RK and find 

For 
obtain. 

1(·1 
ma _1 \ 
6}"+ tLUv·(Xv-moz) 

"' 6, ~=-i 
K- ~ , m.ajori zing t he control by number !Y\ ""'~we 

__ 1_ z;=-zlJ-m 'Z 
- 8'" ' 
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which is the expected result according to (25). 
In many practically importan cases disturbing sequence 

\ z 1 is a result of quant~zation in time of random, con­
tinuous in a sense, funct1.on Z (t.) • Using the method o:e trans­
rorm.ing 11he observatJ.on space, described in9, we can show that 

equality (11) holds approximately in the case when function ~ . 
j_l;l (10) is non-mono"tionic over z l( • Problems o:t· such a type 

arise specii'ically in synthesizing systems of automa'tic opti 
mization under conditions of a random_ wandering oz· the extre­
mum 'IO. Generalization of the result obtained in9 for the case 

of unlmown and unmeasura ble :parameter B , provided function 
in (10) can be subjected to m -power series expansion over Uk , 

ZK and a ' is simple but rather unwiedly. Therefore we shall 
explain the main idea of transformation by a particular example . 

Suppose the CP equat ion has the form 

:eO(. ~ v.; "" z! + et ..- vI(.< zK + s) .... z K' e 
Consider two adjacent moments r and r- i • Subtracting 

X.r. 1 from X"" after some transformations we obtain 

~r-Xr-1 = (v .... 1..T~_ 1 ) t-'Zr ..,g + { (Zr•'Zr.1}+tTr •• •e } (z,..-z,..
1

) . 

V,.- 11,..1 tr,. - 'U'r-.1 

Denote z -2 - 11. z X r - :X:,._ • - "''D r r-i - ~ r - q>., I" 
l.Jr - 11 r-1 

and t ·} = A. 
Assuming that owing to the continuity E \ (6 Zr) 2

} < E. 2 if 
6 t1 < [.., restricting difference ( Vr- tJ r-1) from bottom, and 

ignoring it em· A r· Q Z r we have 

~r ~(V,.+ V,.. .• ) +Z,....-9 and Xr-= ~r- (llr+ tr,.. ... ) ~ Zr-+ 9 . . 
Here ~ r is already monotonic function of Zr and we 

can apply to it all infer~nces obtained above. 
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53.6 
A JLA.THEM.A.TICAL MODEL AND OP.ri.MIZATION OF ;:t"'flli 

PHENOL-FORMALDEHYDE RES IN 

POLYCONDENSATION PHOCESS 

E.G.Dudnikov, G.P.Maikov, P.S.Ivanov 

Moscow USSR 

The phenol-formaldehyde novolac resin polycondensation 
process based on fast resin mov iog out from the reaction 
zone as fast as it was formed was under study. Phenol, - for­
maldehyde and catalyst (hydrochloric acid) are continually 

delivered to the first section of a multiple-section reactor 
(Fi&l). In addition, the catalyst is supplied complementary 
to each of the subsequent reactor sections. The polyconden­
sation reaction is running at the atmospheric pressure and 
boiling point of the reaction mixture (100°0). The reaction 
mixture stirring is carried out at the-expense of boiling 
only. In the consequence of the reaction two immiscible li­
quid phases are formed, liquor and resin. In this case resin 
having a large specific gravity is quickly moved out from the 
reaction zone. The polycondensation reaction proceeds in one 
phase (liquor). 

Equations, characterizing the polycondensation process, 
in n-th section (besides the first) and separately in the 
first sections of the reactor are formed1 • While deriving the 
equations for -phenol and formaldehyde for the n-th section 
the following assumption has been made: in these sections 
hydrodynamic behaviour in liquor approaches ideal mixing be­
haviour and in resin it approaches ideal displacement behav­
iour. Along with the polycondensation process in each section 
ao isolation of phenol and formaldehyde from resin into li­
quo~, supplied by the Rreceding reactor section, takes place. 
With a glance to that equation of material balance for phenol 

. the equation for liquor in the n-th section (besides the 

first) is of the form : A ( ~. ) A 
· . n-1 1- r · ~ - n {1- f)·'/- + 

- a ~ 
+ ~ { Acn- R·An)·Vn = K· Dn· An· Bn ·(1-p)·Vn, 

(1) 
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where 

~ Acn- m.ee. n phenol concentr a tion in resin. 
The balance equation on phenol f or resin i s the follow­

ing: 

where 
Acn- current phen ol co ncentration in resin, 
S - curr ent contact time. 

(2) 

As a result of the transformation of equations ( 1 ) an d 
( 2 ) and ';..ith subsequent calculation by means of· digital com­
puLer t he fol lowing equation has been obtained: 

An-t - D . <I BJJ 
· -=K· n·An· nt 

where 'l:n 
v. _ x J * An E. :t 

rn= i, k= cp , t.p = Ett-P> ·(R -R An-/·[1-expf-'l·Z"n·T)J. 

subst i tut ion of coefficients obtained we have 

An-t .· Al,t6
8

o,s 
Zn =1,14· n . n , (3) 

where 
Zn = 'ln·Dn. 

In ~his way the problem of searching a set of the unknown 

parameters 'l , R • R*, J , E and P is subst.ituted by the 
problem connected with the finding of one coefficient includ­

ing these unknown quantities. 
The similar equation for formaldehyde is of the form 

Bn-t - . AO,~ e/•36 
'i!n -1,69 n n. (4 ) 

If i n t be n-th section phenol and formaldehyde gp into 
liquor f r om resin , supplied by the preceding ractor section, 
then in the f irst section phenol and fo rmaldehyde are extrac­

ted by a n ew generated resin. With a glance to extraction the 

material balance equa t ion for phenol for the first section 
has been f ormed. Af 1jer tJ he transforma t i on a nd calculation of 

' t he unknown co efficient s t he equa t ions fo r phenol are of the 

f orm: Ao =- _ • D ·Ad.~ Bfl1 
'[ Kt 1 f I ' 

1 
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where 
- K~ 
x.~=-' 

I \of{ 
At • J tp1 = 1~ A

0
{t ~rR -I)· 1. 

After substitution of the obtained coeffiqients we have 

Ao =t,l 'i·Ao,:6o,s7 
2~ ' f t ' (5) 

where 
Zt = 'Ct·Dt. 

The similar equation for formaldehyde is of the form 

Bo _
58 

AO,t,2
8

.1,12 
~1- ' • t • I " (6) 

An important parameter, specific to novolac resin, is 

the degrae of polycondensation which indirectly may be ~p­
praised by means of resin viscosity. The following relation­
ship has been found 

mn = 3,02 +I, 18· Zn- 0,26·An + 0,3· Bn' (7) 

where 
mn -~esin viscosity in the n-th section (viscosity 

of the 20%-solution of resin dried up in alcoh:ol), cp. 
Novolac resin viscosity is set within the range of 4-5 

cp , and t aking into account (7) we can write 

0,98t:: 1,18·"in -0,26-An +0,3·Bn-':: 1,98. (8) 

The identity of equations (3-?) to experimental data has 

been checked by means of Fisher's criterion. 
Equations obtained (3-7) enable t be process of novolac 

resins to be optim.ized~ 
The sum of phenol and formaldehyde concentration in li­

quor at the outlet of the last reactor section J =AN+ BN 
has been taken for the opt_ituality criterion. The optimiza­

tion ~otlem consisted in the criterion minimization. For 
the three-section reactor the following problem has been sol­
ved. On the basis of bond equations (3-6) and taking into ac­
count restrictions imposed on resin viscosity (8) it was ne­

cessary to find tb.e mean ·t ime distrioution of the residence 

and co ncentl'ation of the catalyst over the sect ions, which 

minim izio g tbe oytimality criterion J=A3+ B3 under the de­

sired ini~~al phenol and fo rmal dehyde concent~ation. 
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The feature of this problem i s t ha t a t !irst the opt im­

a l d.f:s tribution of l i s de>f iDed 1 product of t he mean r esi ­

dence time and ca·calyst concentration), and t hen the optim­

al values r and D a.r e selected. In t hi s ca se 7: may be 
assume d to be constant for al l sections, since i t is more 
profitable to produce reactors wi th the· same volume , when 

j u.st the same valua of the eriterion optimality can be reach­
ed by t he corxesponding catal yst SUPPlY· 

The stat ed pr obl em has been solved by means o:f t he dyna -
-:> 

mie pr ogramming methodb • Let's reduce bond equations ( 3-6 ) 

to the form. 1 o e -~ ~ssary f or so1v ing t h.e probl~ by means of 

tb.e abovemem t 1oned me t hod 
A''oa 

An= 1,19 · o,;;/ o,6+ , 
Zn · Bn-1 

D.. 1;~~~2 
J.Jn = 0,61.! · 0,6 0,32 ' 

Zn 6 An-t 

A!'no 
A 1 = o,oo3 - .. -0--,--- ' 

":J iy t 
8

,o.s 
~ 1 . ' (J 

B~_:~g 
B1 = 1.84 -_.;;_--. Ja,s2 A0,17 ~ 

C. ; • 0 

(9) 

(10) 

(11) 

(12) 

On the basis . of this equat ions, describing the system 
t ransfer from on e state into a nother (from one section to 
anot her) 9 the recurrent reLations for the three- section rea c­

t:-...r can be written: 
F or the t hird (the l ast ooe) section 

f t (A~, 82) =m in J{A3, 83) = 
~3 ' 

A~,o3 B o,g2 

= ~~n (i, t!J z;·3~ 8~ 64 + O,fi4 z:; A~,32). 
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For the second section • 

For the first section of the reactor 

The calculation is beginning from the third (the last) 

section of the reactor -with the subsequent using of the 

above recurrent relations. In the plane of variables A2- 82 
a net is bull t. Different values l3 are set and op-cimality 

criterion values for each node of this net are found, in 

this case a minimum of J and t be appropriate z3 are r emem­

bered. Unless a restriction imposed on viscosity for some 

node is met, this node is not considered. The calculation of 
the second section is similar. only in this case tbe minimal 

value of the optimality criterion for each node of the net 

in the plane A1-.B1 i:S found, but now for the second and the 

firs t sections . .: o.nly. Having .. calculated the first section si­

milarly, the net of the initial concentrations Ao- B0 is 

obtained. Minimal values of the optimality criter i on :J.::A3+B3 
and an optimal sequence of'lt, t2 and Z3 fol' each aod.e of this 

net are found. The calculations were carried out by t he digi­
t al computer nural-2". Values of tbe initia l concen trat ions 

of phenol a nd formaldehyde lie d within the limits: 

Ao = 45-6.5 (weight %) , 80 =8- 15 ( weight f ) , 



The table lists tbe optimal sequence of l 1 , 'i 2 and 

Z3: and the minimaJ. 'va lue for Ao=55 (weight ~') at the 

various initial concentrations Bo -. 

t _Ao---{ _ __BI!~ 
55 i 8 

" I 10 
t1 I ' 11 

! 
tf 

I ~~ 
1.0 

0.8 

1.2 
1.1 

0.8 

Table 

1.2 
1.2 
1.1 

1.84 

2.00 

2.-59 
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SYMBOLS • 

A
0

, })0 - concentration of phenol and formaldehyde respect­
ively in the starting mixture, weight %. 

A,B,D- concentration of -phenol, formaldehyde and cata­
lyst in liquor, weight %. 

9 - total weight velocity of the mixture, kg/hour 

f coefi:icient characterizi.lig a flow of liquid resin 

in a total flow. 

E - cross-sectional area of t he liquid resin flow in 
the total cross sectional area of the reactor. 

P - volume of the liquid resin in the total volume. 

V - amount of the reaction mixture in one section, kg. 

r- average residence time, hour. 
K- specific constant of the chemical reaction rat e ~ 

1 

hour·( weight-%)7: tfl 
tA ,fl- exponents for the concentrations of phenol and 

formaldehyde 
~ - effective constant of the phenol diffusion rate, 

weight % I hour. 
R - equilibrium coefficient of the phenol distribu­

tion. 

R
._ 

operating coefficient of the phenol distribution. 

Index "n'' means a number of a section for the appro­
priate SJIIlbol. 

' J.... 

') 
(._. 
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54.5 
ALGORI THM OF O?TI}fu~1 hlR EXCESS CONTROL IN- STEAM BOILER F~~-

CES FI.fu.ll WITH SOLID FUEL 

Kazimierz TAR~MINA 

Institut of Power Engineering Systems, Wroclaw, Pol&~d 

1. Introduction 

The purpose of air excess control in steam boilers fi r ed -ri ­
th solid fuel is to reduce to minimum the sum of losses in r.l­
ue gases and losses due to incomplete combustion in eny work­

ing conditions. 
Equa.tion giving the condition of minimum -sum of l osses i n ...:.-1 

ue gases and losses due to incomplete combustion was obtained 

as a re.sul t of differentiating adequately expanded formula f.'r.n"" 

the sum of" these losses with respect to gram-molecule con ten 

of fr~o oxygen in dry flue gases at boiler outlet and equating 
this f.-. st. derivative to zero, and next performing certain tra 
nsf'ormations. In t his equation gram-molecule contents of d.ry 

or moist flue gases at boiler outlet appears,~ and their deri -
vatives in respect to the gram-molecule content of :free oxygen 

These derivati.ves, because of impossibility of arranging a me a 

suring system for continuous and direct measurement of their 
value, are replaced by ·quotient of small increments the value 
of which are calculated on the basis of results of two conse -
cutive measurements of each particular flue gas components. 
Such measurements are conducted at different values of air ex­
cess in the combustion chamber, other combustion factors being 
constant. Each derivative determined in this .wey is related -to 
mean value of gram-molecule content of free oxygen in :f'lue ga­
ses, calculated from two measurements of this parameter. 

It is generally known that equation of t he condition of mini 
mum sum losses in flue gases and losses due t o incomplete com­
bustion, v1ri tten in the form of small increments quotient is 

very sensitive to measuring errors. For thi s reason additional. 
· relations for measuring results coordination has been introdu­

ced to algorithm of optimum control of combust ion procesE . The 

first varue of the funcxio~ det ermining minimum losses evalue­
ted on t he basis of results of first and second meas urement di 

f'fers f r v::n zero i n majori ty 1.. f' cas e s and is t her·e:fore insu:!"i:i -
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or in the combustion chamber. There~ore the quantity of excess 

air must be changed in the known •direction and when the combu­

stion P-~ocess reaches a steady state, a third measurement sho­
uld be done. From the results of second and · third m~asurementt 

a second function describing conditions for minimum losses sho 
uld be calculated. Then, after coordination of results of all 

three measurements, gram-molecule content of free oxygen i n fl 
ue gases should be calculated according to the formula obtai -
ned by equating to zero the linear function that passes thro­
ugh values of minimum losses condition and through two mean va 
l.ues of optimizated parameter. 

Mter the optimum gram-mol;ecule content of free oxygen in f'l 

ue gases has been calculated, the quantity of air flowi~ into 
combustion chamber must be changed so, that the free oxygen co 
ntent in flue gases becomes equal or very nearly equal to opti 

mum quantity. 

2. Expansion of formulae for minimum losses in flue gases and 

losses due to incomplete combustion 
\ 

2.1. Initial formulae 

In expanding the formula for minimum losses the following re 

lat ionships were used: 
· .• General formula for the sum of losses in flue gases and los 

ses due to incomple te combustion 

where:: 

(2:1), 

cp- - mean specific teat o:f] flue gases with ;:aoisture 

content L (1+~0])m~·deq ; 

[~o] gram-molecule rate of moisture content in flue ga 
ses, in dec imal fract ion ; 

~p-To - temperature difference of .f lue gases at boiler 
outl et a nd air [deg]; 

1?02+CO- sum of' gram- molecul e content of carbon dioxid ta­
king into account sulphur dic~ ·de and carbon mon­

ox,ide present in dry flue gases at boiler outlet 
[%] ; 

WCO - :;alor.:.:::.. -::- ·1aluc- ·:.f cs.·:.. ~ ... r. ;:wnoxi."'e n~J 1. 
; - I , 
L m~j' 
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- calorific value o~ combustible components present 
in solid combustion products [~]; 

- calorific value of fuel f~~J ; 
- gram-molecule content in :fuel of: carbon, hydro -

gen, nitrogen, oxygen, combustible sulphur, and 
~ull moi s ture content, expressed in decimal frac­

tions ; 
-ratio of incomplete combustion; 

- volume of kilo-molecu~e weight o:f gas at conven -
tional temperature and pre ssure (273 °K and 1 bar ) 
[m~] ; 
carbon atomic weight; 

- atomic mass quotient of carbon and sulphur ; 
- ·heat loss in evaporating 1 kg of full moisture 

content in fuel [~]. 
B. Gene ral :formula for mean sp-ecif'ic heat of :flue gases 

moisture content, multiplied by 100 

with 

(2.2), 

- gram-molecule content of ~ree nitrogen and 
oxygen in dry flue gases at boiler outlet 
[$]; 

- gram-molecule ratio of moisture content in 

f1ue gases [%]; 
cpli2 ,cpco2 

- mean specific heat of corresponding :fl-

Cpo2 ,CPH2 0 ue gase s contents [m~degJ. . 

c. Relationship,1 :for incomplete combusti on ratio to the che~ 
mi cal composition of fuel and dry flue gases and gram- mole­
cul e content of moisture i.n f'lue gases and in the air 

' where: ne 

n' ... , 
~2 

I I 

~· , fl:a,.,o - numbers of kilo-molecule of:: carbon, hy-
2 ~ , drog en f ull mo ist ur; content, nitrogen 

no2 and oxygen L uni t quant i t y of fuel r-~;~ 



• 

100 

~ - moisture content in ai [%]. 

D. Relationship 1 of incomplete· combustion ratio to the chemi -
~al composition of fuel and dry flue gases at boiler outle t 

: 
(~-1) (R~+CO) 

= 21- Rqz-o£0.605·C.O 
(2.4), 

8h-o+q3n. 
where: La= 1+0,79•0,')75 c.;-0375.~ -characteristic coe:f:ficient 

of :fuel chemical composition. 
From statistic data5, 6 it is apparent that values of this co 

e:f~icient are almost constant and equal to: 
~~ for hard doal from Upper Silesia coalfields 

+ La= 1,10')4- 0,02')7 

b/ f or brown coal :from Turos~6w coa1d:fields 

~= l,O~J! O,OJJ 
hence: 

[%] 

E. Balance of dry flue gases at boiler outle~ 

(2.5). 

(2.6). 

Substituting (2. 5) into (2. 6) we obtain a relationship 

1-x 
"R(\i-CO: L,rx (21-~+q395·CO) (2.7), 

for checking the corectness o:f values indicated by systems mea 
suring R02 , o2 and CO; this relationship, taking int o a ccount 
the fact, that quotien t ~~ i s only very slightly dependent 
on the incomplete combust ion ratio, can be wri tten in t he form 

(2.8). 

The relations hips (2. 3), (2 . 5), and(2 .. 7) were used f or expanding 
the ceneral formula (2. 2) e xpre ssing mean s pe cific heat of' fl ue 
gases, namely:. 

£:/ -:::. _n deter:nining eo position of' dry f l ue gases at boiler 
:;!_rtlet 
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(2.. 9) 

b/ when dete r min ing composition of fl ue gas e s with mois t ure 

c ontent a t boiler outLe t 

- I RO +CO 0 kJ ] 100·Cp=100a. ··f. CO+ T. x (p-e.x)+d·f-120 E 
1+[~])m~·deg 

(2.10) 

where : a=0,79CpN
2 

+ 0 , 21CP
02 

= 1 ,J075:t0 , 00 .3 [~l.deg] - for 

T = 46.3!30 °K and T = 288:15 °K ' 
sp . o · · ' 

t:: c P,1\- cp1:-~ - ~ (cpo - c pN ) ~ A ·C0~ 0 = 1,27a!o,277 
\A/2 . - '2 2 2' . 2 

[~~deJ- ·for boilers f ired with hard coal and .3,217!o,J22 
for boil~;rs fi r e d \Vith brown coal 

d·= cpR
20 

= 1, 522!"0,0075 [~!deg]; 

e::: CpC0
2 

- Cp 02 = 0,456!o,OJ1 [m}dJ; 
f = CpC O~! - CpCO- O, 395 (cp02- CpNd+ ~·CpH20 = 0.,471 + 

+ i kJ ., 
- 0, 03 3 !m,-deg); 

, n • ( . . ) · . .. + r.kJ ] 
f= cpco2- cpco - o ,J95 cpo2- cPNz = 0,456-0,0JJ Lm~·dt9; 

p~ cP002- cpN
2 

- LR (cP
02 

- · cp~<) = o.452:!:o, oJ1 [m~1deq]. 

IJ·hen the gene r al f or mula (2 . 1) f or t he s um of losses in flue ga ­

s e s and l osses due to i ncompl ete c ombust i on takes the ':form: 

a/ v,rhen de te rmin.in? c ompos i tion of dr y f l ue g a se s a t boile r 

utle t 

fr "RO +CO \l } 12·Wc, 
l~OOa.+d·X(fco + .~ (b-ex~(Tsp-To)+CO·~~ (~-x) + 22;71(R02+co}x 

q,= 12. ~-2512(9h+W) ( ~ - • "RO +CO · ·. 
22.71 · c+ 0,375s 2 , 

(2 .11) 

b/ when determining c ··mp osit i::m a t b·oi l e·r out l et of flue ga ses 

with moisture content 
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{[1ooa.-fco+ ~(p-ex)+cHizO ](Tsp-t)+COWe.o ~1-x)+ 'f}Jf(R~ co}x · 

~-=- E._. ~-2512. (9h+w) (RO . +CO) 
2411 c+q375·5 2 

(2.12). 

2.2. General equation describing condition :for minimum sum of 
losses in :flue gases and losses due to incomplete combus-
t ion 

General- equation describing condition for minimum sum o:f l.os 
s es has been obtained by differentiating (2.11) or(2.12) with res 
p.ect t o the ·f'ree oxygen content expressed in gram-molecule in 
dry f lue gases at boi~er outlet and by equating the first deri 
vative to zero and substituting for 1~x·~~ an equivalent expre 
ss ion obtained as a resul.t of differentiation expressions (2. 7) 
and (2.8) with respect to o2 and by dividing the derivatives 
by original expressions (2 .n and~.~' namely: 

ROtCO. dx = 1_0395. dCO _ 21-~+0,395·CO • [ dR~.;. O 605. dCO +1) (2.13), 
1-x d02 ' dC2 21-~-R~-q605.CO d02 J d~ 

Then the general expression f'or minimum losses will have the 
form: 
a/ when determining composi tion of dry flue gases 

eiCJ. ~[12-W. ,1 h 0395·12·Wc ,l dCO [ r 
da= tf#-e(-r;p-'"o~+LWco· ' 2271 -(f-q39Se){Tsp-"Ta)J dO+ 100a+d·Xc r-CO+ z I . I 2 

+ ;•xco (b-ex~ d(~~To) }(21-02- R'l!- q605CO) -{[~~~ - e(T,{r.¥21-~)- [wco + 

- q395·12.Wc- (f-0395e)(Tsp-?;~CO- (100a+d·~)(T~To)}( ad'RQ02+q605 ~~ +1)=F(Oz)=O 
22,71 I ~ • ,. 2 2 (2,15) 

b/ ~hen de ermining composition of flue gases wi th moisture 

content 

dq. Jr12·Wc . ~ r12·Wc ( I .. \ \l !. )( J [d{~O-XL) 
dO:~ll22?1 -e(rsp-To)J~z+L2471 -Wci f-~(T'fT~CD- \100a+~·X'" TsfToJf ci02 + 

+ 2~ ~~}{[~~~ .- e(T.p r.~ 00~2+ [-~~-~'~et (~)(r.pT.~ ~~ - (1 ooa•p·R~ +d ~o) · 
• d (i,p-To)~ ri-1 0-X f1- CO )-~ .:: F( tt):.O (2.16). 

dOz j L"2 L"- 200 }-4 "'2 
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2. 3 . Si mplified expression descr ibing condition f or minimum 
sum of' losses i n f lue gases and losses due to incomplete 
combustion 

From analysis of' formulae (2. 1 ~ and ~.l~it becomes obvious, 
t hat values of certain components depend only very slightl y on 
t he changes of t emperature of flue gases at boil er outle t T = 

+ o...- + o sp 
= 463 - JO ~ A , air temperature T

0
= 288- 15 K and on the tempe 

rature difference Tsp- T
0 

= 180± 40 °IC, namely: 

a/ when burning hard coal 
12·W,. _ _ _ .., """'"'· -:- t..fi·d]. _ O,M5·12·Wc _ .;. -+ fi.~J J . 
22.11. e(¥To)-1 18,J .- -- .. {m~, Wco 22,71 - (t·0.3q5e)(Ts~T0)-5517-15 L~ , 

12·¥\. ( 1 _ [1J l 
22,71 -Wco+ f-e).(Tsp-to) = 527~ ± 1 Lm~ j 

b/ when burning brown coal 

12-w [kJ ] q595·12·We. rkJ l 
22,7~-e(~p-1;,):17235±24 f~ ; Wco 22,71 -Ct-~395e)(r$JI-To):5753±15 L~j; 

12·W, I 4 tll<J J 
22,71 -WC0+(f-~)(T,p·T~: 677t1 ~ 

Taking into account the fact, that component values 0ooa+d·XL+ 
'RO +eo ,1 d(l$p-To) [ ;1 dtr. ·T0 ) 

-fCO+ ~(b-exlJ ~ and' 100a+p.l~Oz+d~~ ~ are appreciably 
2 2 

smaller than the rest of the components in formulae (2.15) and 
(2. 16) and addi tionaly, that the values of' derivatives d~p-'1;,) are 

very close to the value of 1 r:o;1,J these components can b~2. cal­
culated with adequate accuracy for all practical purposes from 
simplified formulae: 
A. for boilers fired with hard coal 
a/ when determining composition of' dry flue gases at · boiler 

outlet 

(2..17) 

b/ J!hen determining composition of fJi.ue gases with moisture 

content 

(2.18) 

:'or boilers fired \ith brown coal 
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a/ when determining composition ot: dry flue gases at boile~ 
outlet . 
,.. Ro...ro J d (Tsp-To) d(Ts!1"To) 
~oOa+d·Xt.-1-CO+ ~ (b-ex~ ~ ~ (133,8+3,36R02) ~ (2.19) 

b/ when determining composition af .f'lue gases with mo i sture 
content 

· r: J d (T.p-To) , d(Tsp-To) 
L100a+pR'\+d·~~ delz ~ (130;1+q453ROz+1,52·HzO) ~ (2,20) 

In accordance with t he above simplifying assumptions formu­
lae (2.15) and (2.16)that describe conditions for minimum losses 
t ake the form: 

A. for boilers fired with hard coal: 
a! when determining composition of dry fl.ue gases at boil er 

outlet 

~ :[17832 +55'17· ~~ +(13~8-1'1,3RO:z)d (~-lO)J2HjrR~-~605 eo)- [178?>2 (21-o;J+ 

-5517·C0-13~8(TsilTo)l( dl?~ +0.605 ddCO +1):: F(~)= 0 (2.21) 
7 ~ d02 I 02 

b/ when determining composition of flue gases with moisture 
content 
d() . [ ,l [ d(H2D-xJ XL dCOl C dR~ 
=.:v:. 17832·R~•5274.co- (130,7+1,52)\)(Tsp-To~ dO + 200 dOzfC.7S32 drt :r 
d~ 2 ' 

+5274· ~~- (130,7+q452ROt1,52·Hfl) d(T;~lO)] r~0-\~-~0~::F(~)::O (2.22) 
2 2 L 

B. far boilers fired with brown coal; 
a/ when de t ermining composition of dry flue . gases at boil.er 

outlet 

~~ ~ ~ms+ 5753 ~~ +( 133,8+ s, 36R~) d~~ Tol]c21-o21?o2o, 605-0l)-fms (21-<l.z}+ 

dR~· · dCD , 
-575;;.c0-13~8(Tsp-To~( dO +q605 dtt. +1)= F(02)=0 (2.23) 

. • 2. ... , 

b/ when 1etermining composition of flue gases wi t h moistur-e 
content 

~~ ~fm5R~+4677co-&30,7+1,52Wr.pr.il[d (~~x,_) + ;~0 ~~fms dd~:+ 
dCD d(Tsp-To)l r, CO l 

+ 4fJ77 do
2 
-(13Q,7+0/t53R02+1,52·H2o)~ j L H20-\(1- 200)j= F(~)=O (2.'24). 
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From the above equations describing condition o:f minimum los 
s es it follows that it i s ve ry sensitive to measuring errors , 
and therefore it cannot be used directly for optimization o~ 

combustion process wi t hout coordination of measuring results. 

2.4• Equation in the :form o:f small increments de scr ibins con-
di t ion for minimum s um. of" losses in flue gases and losses 
due to incomplete combustion 

Because it is impossibl.e to arrange adequate measuring sys -

tems for continuous and direct determination o:f derivatives 
dRO dCO d(H 0-XL) dfTip-To) • 
~ ' dllz J ao

2 
and dOz the values of these der1.vati -

ves are evaluated using the quotients of small i ncrements.: 
dR~ _ (R~~-(R~)z . dCO ~ (CO~-(C0)2 • d(H20-XL)- (H2o)1-XL1-(H20)z+Xt_2 
d~ - (~~-COz>z ' d Cl;_ (~~-(~)2 ' d 02. - COz)-t-(0V2. 

d (Tsp-To) _ C1$p-To~- CT.sp-To)z 

~- ~~ ~ 
where: (Ro2) 1 ,(CO) 1 /Jl2o) 1 ,XL 1 ,ersp -T

0
) 1 - are values obtained du 

ring measurement made before change of air excess quan­

tity in combustion chamber in stabilized firing condi­
tions 

(Ro2) 2 ,(CO) 2 ,~0) 2.,Xr, 2 ,(Tsp -T
0

} 2 - are values obtained du 

ring measurement after change o.f excess air quantity 
when firing conditions have reached a st,abilized condi­
tion. 

To simplify the problem, these derivatives are related to 
the mean value of o2 calculated from ·expression 

02 ~ ~[co2)1+(~Jz.] (2.26). 

In a similar way the mean value of rema1.n1.ng parameters mea­
sured in two consecutive time intervals, should be ca1cu1ated, 
namely: 

~o2 =- ~ ({Ro2)1+(R~h] ; eo= ~8co~-rcco)2] ; xL ~ ~ ( xL1+X12); H2o= i R~o),+ffiilh] ; 

(2.21. 

Subs ti tuting (2 . 25) , ~ . 26) and (2 ~27) to (2. 2V, (2 . 22), ~ .2J), (2. 24) , 
a expression in the form of small incr ement s was obtained tr~t 

des cribes ·the con ition for minimll!!l sum of losses to f'_ue ge-



106 

ses and losses due to incomplete combustion, namely: 
A. ror boilers fired with hard _coal 
a/ when determining composition of dry :flue gases 

F(Q) ={17832f21-(D-'-]-5517(CO) -1338~ -T02} 21-(D2).,-(RQ_z~-~60S(COk + 
21,2 e -z'2 2 · , ¥ 2 (0:2)., -(~)2 

(2.28) 

B. :for boilers :fired with bro\vn coal 
a/ when determining composition of' dry :flue gases 

F(~~ =t17235[21-(4>J-5753(co). -13~8("15 -?;,)} 21-(C2)-f-(R02).,-q605(C0)1 
,2 2 . p 2 (~).,-(~)2 + 

- J17235r21-(et)l- 575 3(CO). -133,8 (1; -To).} 21-(0z)t-(~02)2-q605(C0)2. 
l l4 '"2 tJ . '1 sp ~ (~~ -(02)2. (2.30) 

b/ when determining composition of' flue gases with -moisture 

content (ro~ 

F{Clz\£=fJ235.(ROt2+4677(CO)ff:30,7+0,76(XL'f+XL2lllfsp·l(,)2l (H20~-XL1+ Zfoo(XL1+XL2) + 
J (~).,-(o2)2 

r · ·· }(H o) -x, + (coJ2.(x -rx 2) -l17235(R~1+4677(C0~~[130)+q76(XL1+XL~trsp-/Oh 2 2 (i~ -1~~2 L
1 

L (2.31) 

Calctllated in this way value o:f F (o2) 1 2 a:fter coordination _, 
cf first and second measur ing results , enables to dete rmine on 
ly t he defi ciency or excess of a ir in boiler combustion cham -
ber , and it is therefore inadequate :for determination of' the 
optimal value of' o2 .. I t is there:fo"t'e neces sary to change the 

quantity of air excess, and get a third s e t of measurements af' 
. ter th~ combustion process becomes stabilized; on t he basi c of' 

measu.r-ing results obtained in the seco!ld .:::nd third measurmnent 
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F(O~ 2, 3 must be calculated according to one of the formulae 
(2.2f3), (2.29), (2.:30) or(2.Jl) changing only indexes 1 to 2 and 2 
to J. 

After evaluation of F (o2) 1 2 and F (02) 2 , J and coordina tion 
the results of all three mee$urements it is not difficul t to 
calculate the op-timum participation of oxygen in flue gase s 
from the expression 

which has been obtained by equating to zero the 1inear func­
tion passing through the coordinates of two points 

{Fc~>.,,2 ~i~~~+<~J}; {Fe~~ '~R'2)2+(~)sJ}· 

Expr~ssion~.J2)for(o2)opt.may be used directly only in the 
following cases: . 

a/ when F ( o2) 1 2 > 0 , 
b/ when F (o2) 1 2 < 0 · 

' 
In the remaining cases th~ numeration of meas~ing sequence 
must be interchanged, e.g second to first and conversly, tha t 
is: 

[C~)-1+(0t>J·~(o~.,,2-[(~)1+(02)2] F(02)1,3 

(o2)opt. = 2 [F(~)1,2-F(~)1,~ . 

:3. Coordination of p.arameter values measured in two and three 
successive time intervals 

Coordina t ion of measuring results has the purpose to minimi­
ze the sensitivi~y of expre ssion ~.?2) to measuring errors. 

In the case, v:hen compos ition of dry flue ·gases at boiler 

outlet is det ermined, there are three initial e quations fo r co 
ordination of measuring resul t s, arising f rom expression(2.8), 

namely : 



'"R(R0)2+(LR-q395)(CO~ + (~)2-21=-w2 

LRCRCli3 +(~-D,395)(CO~ +(02)3- 21=-w3 
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where: ~ - the most probable mean value of t his coeffi 
cien~ corresponding to given fuel; 

~. 1 ,w2 , w3 - deviation from the basic equation (2 .8) in thr e e 
consecutive measuring int ervals. 

In the case when . composition of' f l ue gases with moi sture con 
t ent is being determined, results of three consecutive measure 
ments of Ro2, o2, CO, fl20 and XL may be coordinated according 
to two init i al equations arising from relationship 

which was obtained by comparison of formula ~.1~ and(2. 1 ~' na­
mely 

[21-<(\)£(~~)2-q605(CO)~F¥~-XL1+~~~(XL1+XL22-[z1-(~)1-(R~)1-?,605(co)1] [cH20)2-'XL2+ 

+:~~1+\2)] =-W1 (3.5), 

[21-!~">3-('R~)3-qe,os(co)JgHJJ)2-xL2+ ~(xL2+XL3~- [21-(~)2-(R~)2-0,605(co)2JEH20)3-Xz_~ 
(COh ., . 

+ 400 (~+XL3~ ::-W2 (~6). 

The two ·next initial equations for coordina t i on the results 
o:f three consecutive measurements o:f composi t ion of f l ue gases 
with mo i sture content Ro 2; ·o2 , eo, rr2o and XL we r e obtaine d 
by substituting into (J. 5) and (J. ~, fo r 21- (02) 1- (Ro2) 1- o, 6o:(co)1 
2l--(o2} 2-(R02) 2- 0, 60~Co ) 2 and 21- (02)

3
-(Ro2)

3
- o,6o:to)

3 
equi 

valent expressi ons arising from rel_ationships (3.1), (3 . 2), and 
3 .J), namely: 

(3.7) 

and so on 
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Then the next two equations for coordina t ion the results of 
t hree consecutive measurement s of composition of :flue gases wi 
th moisture content will take the :form: · 

[(Ro2)2+(CO);)[C~0)1 -\1+~~~ (XL1+\2)]- [("R02)1+(C0)1] [CH20)2- XL2 + 

(COJ 11 
+ l.tO~(XL1+XL2~ =- W3 (3.8), 

[U~~)3+(C0)3][{~o)2 -xL2+ ~;gcxu.-rX8~ -[('R~2+(Co)zj [01z0)3-XL3+ 

t ~(XL2+X.A)l =-W· L;oo ·u~ 11 

The initial relationships given above are still insufficient 
for calculation of coordinated values of three measuring re­
sults. Therefore additional equations are given which arise 
:f ~om the :following relationships: 

a1 from linearization o£ basic re1ationships :for coordination 
of measuring results with regard to each particular measure 
ment of given parameter 

where:: 

Ld ·V· =W 
i. ki. L k (3.10), 

aki -partial derivatives of the -k-th initial equa­
tion with respect to the i-th measurement of gi 
ven parameter; 

v1 - correction of the i-th measurement value of gi­

ven parameter; 
wk - deviation of the k-th initial equation. 

b/ from the condition of least squares 

where:: 

-2 ~ 
m.·V·=l.a.·k 

l. L k KL k 
(3.11), 

m1 - errors of readings determined by the meter ac­
curacy and its highest scale reading 

kk - indetermined LAGP~NGE coefficient for the k-th 
initial equation 

From solution of' equations (3. 1), (3. 2), (J. J), (J. 1 0) and (J. 11), or 
(J.5), (3.6), (J$8), (;.9), (J . lO) and (3. 1) we obtain .correction ·f'ac­
tors. and thqs the coordinated v:alues of each particular parame 

ter measured in thr~e seperate time i ntervals. 
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4 . Conclusions 

A.Af'ter coordination of measuring results, the reading . errors 
a re smaller than error~ before coordination. Results of these 
calcula tions are listed in tables T. 4.1 and T.4.2. 

T.4.1 Comparing reading errors after coordination of three mea 
suring results for each particular component of dry flue 
gases 

Measured R02 [%] 02 [%] CO [?4 ~ parameters 
Measuring 1 2 3 1 2 1 I sequence 

' I 

Flue gases 14,30 13,98 13,65 5,0 5,4 O,J74 1 , 1 !composition 
I ~ 

)Meter 
accuracy 2,5 2,5 2,5 2,5 2,5 2,5 

!m · - meter 
i l. error o, 5 0,5 0,5 0,25 0,25 0,012 0,026 

jmi -meter error 
after 

I coordination 
0,238 0,2J5 0,224 o, 186 o, 186 0,010 0 ,015 

T. 4.2 Comparing reading errors with errors after coordination 
of three measuring results for each par~icular component 
of flue gases with moisture content 

Mea sured I 

parameters R02 [%] 02 [%] CO[~- H20 [~ XL[%.., 

Measuring 
1 2 3 1 2 1 I 1 1 s~quence 

Flue gase s 
14 ,3C 1J,98 1 J' 65 1 o , c 2 I composition 5-,o 5,4 O,J74 

Meter I 
2,5 1 accuracy 2,5 2,5 2,5 2,5 2 ,5 2,5 2,5 

m. - mete r ! 
l. error 0 ,5 0 ,5 0,5 0, 25 0,25 0 ,01 2 0 , 25 o , 12 1 

mi - met_er erro!' l I I 
· after 0,238 0 , 2J5 b , 222 o , 151 0 ' 1 51 o, oo9 jo , 1 J J lo , os5j 

coo rdination i . 

B. ?~oblem of combustion process optimization cannot be sol ved 
with ut coordination of measuring results, wha t is obvious fr­

C:::l ma;:imum error· (m0 ) calcul at ions before and after COOr-
2 op.t . 

di11ation of results of three ·Gasuren:ents 8f' cry flue gases 
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T. 4. J Comparing errors(m0J opt . before and after coordination 

of three measuring results of flue gases composition con 
taining moisture 

Range of change of 02 in 

flue gases with respect Error(m0) t combustion 
2op. 

process 

to (02) opt. = 5, 7 [%] optimization method 

(o2) 1 (o2) 2 (02) J 
Meter- accuracy 2,5 Meter accuracy 1,5 
without I af'ter without! after 

coordination coordination 

5,2 5, 4 5, £ 43,5 . 5,071 26,1 J' , 1 
5,0 5,4 5,8 10,17 1 '555 6,10 0,96 
4, 8 5, 4 6,0 4,42 0,884 2,65 0,55 
4,6 5, 4 6,2 2,53 0,615 1, 52 O,JBJ 

C. From calculations listed in table T.4.J it is obvious th~t 

optimization problem of c9mbustion process can be solved with 
adequate accuracy with an aid of measuring systems of' accuracy 

1 , 5 v1 i th changes of 02 content in flue gases not smaller than 
0,8 [5tJ in t wo consecutive measurements. 
D. Maximum. error calculation results of the combustion process 
of optimization method listed in table T.4.J should be · regar­
ded as aproximate, because the calculation, owi~ to the lack 
a t that time of specific· measuring results of flue gases with 
moisture content, were made under assumption that the follo 
wing relationships are known~ 

~ 6-02. 
LO = 2 3_2~ + 0,22 (%] -

x =O,Oo2(6-~f+q·oo5 

,,1-x 
1?02 :(21-~ +Q,395·C01 '-R-X - CO [%] for ~ = 1,1 

for A = 0,542 
and XL = 2 % 

according -to 
measurements 

?urther deviations of initial equa tions fo r coordinat ion of 
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measuring results of compositi on of f lue gases with moist ure 

content were calculated a ccording t o law of errors transposi-

t i on 

Rence it is t o be expected that the optimization pr obl.em of 
combus tion process according to the above me thod can be solved 
with sufficient accUii'acy for practical purposes, by u:s ing flue 

gases composit i on meters with class 2 ,5, because for ca l cula -

t ion of (o2) opt. and(m0J opt. such measuring results can be choo-

sen, t hat give appreciably smal~er deviation from val ue wk of 

i ni tial equations for coordination of measuring results,calcu­
lated according to law of' errors transposition. 

\ 
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Contents 

In -this article two algorithms of combustion process opti mi­
zation are given. One of them is based on the coordinated re­
sults of three consecutive measurements of dry flue gases com­
position and the second is based on coordinated results of' 
three consecutive measurements of composition of flue 
with moisture content. 

gases 

These measurements are made at different values of air ex­
cess in combustion chamber, when the combu.stion .process have 
reached a steady state condition. 
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55.3 
THE TRAFIC PLANNING Aif'..xORITRMS OF THE PASSENGER 

AIRCRAFT Al~ THEIR OPERATIVE CORRECTION. 
(automatic control of the tendentional system) 

L.D.Atabegov,O.R.Frolov,H.B.Kordonsky,V. K.Linis, 
Y • .M.Paramonov 

The civil aviation research and computing centre 
Riga 
USSR 

GENERAL CONSIDERATION OF THE SYST~A 

Transport line of the USSR civil aviation provides commu­
nication between 150 large towns and represents graph,having 
about 2500 basic ribs. 

Every flight between two peaks in spite of the number of 
the intermediate landing is named a flight.The . flight is com-
pletely characterized by the set of t] 1 .i2 , .. . j,.} peak number 

in which t erminal and intermediate take-offs (landings) are 
performed and by the time of the original take-off from the 
peak. 

The flights with the identical set of {it . .J~, ... j ,.} peaks 
are of the same name.The track connecting the t it.J4 ,. .. j,.} 

pe~~s is named an airiine.The flights of the same· name are 
performed on the given airline not less than once for the con­
trol period to be considered.Air passengers transportations 
are provided b,y setting the airline net (on the communication 
graph given),getting the flight number on every airline and 
at last by coordinating of all the f lights into a single pas­
senger traffic time-table. 

An airline set wi t h the·.-indication of the fl ight number 
having t he same nam~ is called the traffic plan. 

Demand f or air-transportation during ;;he given period of 
time i s a r andom value .The chance of demand makes it necessa­
r y to correct the f light nu:..r;1ber depending on concrete si tua-: 
tion . ·rhus arises the problem of control in the conditions of 
control in the ~onditions of the disturbing actions. 

If the derna..~d f or air transport ation changes it becomes 
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necessa_~ to change the tra£fic plan.However these change s 
have generally a partial character and represents addition 
or ellimination of some flights.It would be quite impossible 
to change the traffic plan completely as a current correction. 
It is connected with the fact that the traffic plan gives not 
only the passenger transportation conditions but f unctioning 
conditions of the whole civil aviat·i _on system, that is air­
field loadings_, airfield service work, additional passenger 
transportation service,distributed means .,etc. 

Formal description of the system. 

The control object is an -aviation commUii.ication graph,a set 
of airlines,a set of flights and a set of potentional aviation 
passengers (fig.1.). 

The potentional aviation passengers ~ the persons who 
pretend to movement and who could make use of air transport 
under the suitable conditions.The considered object is a large 
system with a number of communications and parameters.The sys­
tem parameters are .the following: the air transportation de­
mand between every two . towns (more than 5000 substantional · 
values),airlines (about ?OO)fthe number of flights of the same 
name on each airline (about ?00). 

The control effect i~ in the flight number changing on 
every line or the lines (landing ways) type changing. 

The control effect according to one parameter is performed 
with the receiving of one control pulse.For ex:ample,it is ne­
cessary to give about 1400 control pulses on all parameters 
for control effect.The demand change for transportation has 
systematic and random components.For example,season changes 
belong to systematic ·ones.The demand change in time results 
in time object state change.We shall call this change the 
displacement along the trajectory of the control system in 
the parameter space • . 

The system behaviour is given by the transitional function 

P tX (T ) ~M jX (t) ,ttC~,s)} . where X (T) 
is the system state in the time moment T , X (t) i s the sys­
tem trajectory (enwneration of all the states ) for the time 

( r,s ) . A!> it is known the t rans itional f m.c tion ·makes i t 
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possi~le to predict the future oehaviour of .the system (here 
we mean probabili~ prediction) wit h the kno~m last· behaviour . 

The system behaviour estimation is performed on the basis 
of the functional,given displacement trajectory of the system. 
Such a f unctional can be profit or cost p~ice of the transpor­
tation for the control time ~eriod considered. 

. The task of the control actions is in the trajectory opti­
:nization of the system displacement,, that is · in the choice of 
such t rajectory which converts the functional into maximum 
(minimum).In the probability plan we mean either mathematical 
functional expectation or limit meaning endless-step control 
process. 

In the considered type the control object (fig.I) is an 
example of the control random process.However here we have 
some features which effect· radically the control method of 
this object and the control system construction. 

As it was considered the control object is a large system. 
There is a great number of links in this system.lt resUlts in 
certain difficulties in the system control. 

Let the control pulse number which is in the control object 
and needs the control effects (actions) be the D. T period. 
The large system is called tendentional if the control action 
delay in relation to a corresponding pulse grows together 
·with the control volume growth.Note that the control effect 
delay is characteristic .for all the dynamic systems.Tenden­
tional system. feature is in the delay growth with the increas­
ing number pulses,which are fed to the system.It's clear that 
t here is ~ certain danger during the tendentional system con­
t rol.The control effect will be performed when the inputs 
have radically changed compared with their state during con­
t rol pulse feeding that is (i.e.) inputs/outputs misalign­
ment will occur. 

·.:.'hen the Yolu.rne of c ontrol is small ,for instance, when only 
one control pulse is i n object,then the control effect comes 
quickly enough. 

In conformity with the transport system i t means the fo l­
_.owi · c •If a large number of pulses is fed into the object, 
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that is if a l arge number of modifications ·in a number of 
f lights and in. the kind of airlines is demanded,it will mean 

I . 

the requirements of the passenger traffic time-table reorga-
nization,the airfield service work reorganization and the 
means redistribution.The control effect realization will re­
quire much time.If only one pulse is fed,that is if one addi­
tional flight is introduced on Moscow - Leningrad airline, 
then this introduction can be performed during some hours. 

Now we shall point the tendentional system control .fea­
tures. 

1.The long-term planning necessity. 
It is necessary to predict displacement of the system 

trajectory considering the control action de~ay presence for 
the successful control.It is also necessary to indicate the 
descrete t~me moments of the control actions.The long-term 
plan represents the control p~lse set with a large control 
volume which is fed into the control object in advance con­
sidering its reaction delay. 

2.The current control must have a small volume. 
The current c~ntrol is required for . input and output 

mismatching correction,~hen the input changes are unfore­
seen (in prediction).The control must · be small in volume as 
the system reaction on the current control must be quick. 

3.The maximum (!ninimurn) of the functional is' out of reach 
when the!-"'e is non-stationary random process of input change 
(the random COU:lponent is considered).It is necessary to pro­
vide absolutely exact input change prevision to reach func­
tional maximum (minimum)with the control effect delay pre­
sence such prevision is impossible with unstationary input 
change. 

Tendentional object control system is constructed accord­
ing to said features.This system includes the following 
blocks. 

1 .Input prediction block (prediction demand for air 
t ranspor tati ons) 

2. Traffic plan calculp:l:iions blod: ( control pul se f ore­
stal l set) considering the communicat ions between 
f light nu..:.1ber and the derc.and for transportations . 
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] .Choose block of the local all of the current contro l -and 

pulse des i gn of the current contr ol. 
Note that we do not consider such blocks which pr ovi de the 

pul se realiza t i on i nto t he c ont rol ef fec t .It depends on the 
f act t hat such "drive" blocks have no automatic character a.11d 

"dri ve" is performed by maintenance personnel • 
. The above considered control blocks are electronic ones 

and performed automatically in 
The control object pattern with no provision for blocks­

"dri ves" is given in fig.2. 
Every control block will be described in detail later. 

Input prediction block. 

As is is shown in fig.2.input prediction is based on traf­
fic $ystem prehistory.According to this we consider input be­
haviour extrapolation for the future. 

The extrapolation has a grounded character if the input 
change process is a process with a strong afteraction. 

The inputs represent the random demand for air transporta­
tions between towns. 

Here there is a typical situation of the demand-supply, 
taking place in any kind of trade. 

The error is well-known 4 when input is investigated 'se­
parately with no provision for connection with output.Then 
the simple extrapolational formulae (polynomas),etc.are for 
input prediction,without the construction mathematical model 
of the demand-supply.· 

The erroneous approach is in misunderstanding that the of-

f er change points form Ma.z:~ov's introduced circuit in t he in­

put change proces s (demand) and thus disturb after action. 
As . t he d~rect calculations showed the extrapola tional 

formula used l eads t o errors during predic t i on of the demand 
for air transportations . These errors are s ometime s 1000 % 
of the UPJcrrown quantity. 

Thus mathematical model is required :for input extrapola­
tion considering the connection between i:P...put and o~ ~tp ut. 
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It is character istic t hat question is about the mathema­
tical description of man' s activity as a transportation sub­
ject.It is not necessary t o speak that a great number of fac­
t ors effects man's act ivity . But among them we can indicate 
predominant ones a..Tld effect of the rest we can take into ac­
count by the presentation. of man 's activity as a random event . 
I f we choose a kind of transport and take a decision about 
the performing of a trip then money and time resources of the 
given passenger,cost and comfort of one or another kind of 
trar...sport will become predominant factors.Here we mean that 
comfort is a t otal flight time ,flight frequency and general 
co~Sort . The flight frequency (the flight number between A, 
B tovn1s) (fig.2) is the control object output. 

Thus organic connection is formed between input and output. 
Note that the transportation comfort -increases with the 

growth of the flight frequency,as a passenger can easily 
choose departure and arrival time suitable for him.So the 
growth of flight number up to some ·1imi t ·leads to the -~n­

creas e of transportation demand. 
The model construction task is in indicating of probabi­

li~J that a potential p~ssenger will use air transport. 
We shall point out~not going into details,that if commu­

nication betw·een towns i·s provided with only a railway and 

aviation then in suggestion of logarithmic normal,distribu­
tion of passenger money resources (this kind of distribution 
was confirmed with the statistical inspection of population 
incomes of the socialist co~tries7). 

Probability that the potential passenger agrees to perform 
t . ; P. 1 (t ) cp ( t,s .. -m) . ( "'. ~ *) · a rJ.pJ.s =- -q.. 6 , 8.,..=mLn o,o 

If here o • > 0 ~ then the probability that the passen-
ger will use air transport is . . 

if 0°.? 8 )!< 

p a= i- (i- q,) <P ( ~) (i- k"* ea exp(- k0 (cl't"'--r•~ 
· 1- ( i _ q.) cp ( tn ~:- m) k'"'~ k 161 ·. ~ 

) (tn8•-rn) . 
then p"-1- 1

-(-1-q. cp -"- 2:._ e:xp (- ~(d:r:"'--ro~\ 
- i- (t- q.) cp(en~c:sa-m) k'~~~-+k 0 \ 16B 'J) 

here 
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are ticket prices,train (flight) numbers a week ·and time of 
movement by train and aircraft~ ~ l(l . · 

q ,m, rJ, ~ are some constants, q>(2) = ~ j e-2 dx . 
r2ft ~-

The total number of passengers who want to use air transport 

in the period of time · ( t ,t +'t) 
is given as K " ( t, t +'t) = K (t,t -t -c) P + P11 

when j( ( t, t -t 't) is the total number of potential pas-
sengers between A and B towns.The Jf(t,t+-r:) value 
as constants which are in the formula (1) - (J) are obtained 
by means of statistical prehistory processing. 

As a .result the input prediction of their change (concern­
ing the transportation between A-B town) as 

Y(t) = G(t) p(t) + C(t) where 
are determined functions which depend on G(t), C(t) 

inputs,and p(t) is stationary random process of Puasson 
type. · 

The input prediction desighns are rather complicated.It 
is necessary to point out that 45000 primary data are intro­
duced into computer for studying of the object traffic pre­
history.The result of calculation is about 1000 data. 

'rhat means that the prediction must be performed on a com­
paratively distant prospect.At present the prediction is per­
~ormed a year before the plan is put into operation. 

The design block of long-term planning. 

As a whole the process of input change , given by(5), i s 
nonstationarJ.However there are comparatively long periods 
of tirre • . G(t)=-const , C(t):corz.st 

there are statio~~ demand sections.Naturally the moments 
of the stationary demand disturbance are the moments ,when 
the control e£fect'is required. 

The perspective plan calculation consists of t he follo­
wing s tages: 

a /The control period divis ion i nto the station,:J.r"J demend 
s ections. 

0 /Thc required airline calcule.tion for tl:.8 sec-':;lo!:.. o.::' the 
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c/Tbe required flight number calcul ation for ·every s ec­
tion of stationary demand.In that case the input and 
output corlllection is taken into account. 

We shall consider the given stages in detail.The division 
into stationary demand sections is performed on the basis o~ 
object traffic prehistory investigation,in that case the pre­
vi ous year regularities are transfered to the following year 
completely. 

Usual ly the section of the greatest s t ationary demand comes 
on August ~The airline ca lculat ion is performed for this month. 
Considering the system tendentionality and ~be delay time as­
sumption of the c ontrol effects with respect to the plan no 
more than for a year (the question is about the plan of short­
term prospect), the airline list is put into the calculation 
basis.These airlines functioned previouS year.The search of 

new airlines,according to the town pairs,which had no direct 
air communication,is performed on the basis of special algo­
rith.:ns.The airline list thus compound is taken as a basis of 
further calculation. 

Then the neccesary number design of the flight having the 
same name is made.The transportation demand of all .the passen­
gers who vnant to perform the f~ight i~ put into the calcula­
tion basis.There is a reverse connection with ipputs and air­

line lists with the given airline calculation.The connection 
with the inputs is based on the use of successive interation 
calculation process.These interations consider that the de­
mand ftinction is convex as to the flight number.The linear 
programming model of the type: 

a/ limitation L: z., ~ Bi j-= 1.2 ... . m ; 
iEwj 

2.: ~ 0 i. = f. 2 .... n ; 
b/ the minimum functional of the transportation cost 

~ c,z. 
i.::'f 

is used at every interation step. 
Here zi are the auxiliary unknowns,the so-called airline 
loading variants. 

wJ -the multitude of all the loading variants, which . 
supply the - to~n pair. 

The linear problem solution ma.'l.ces it possible to .indicate 
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the necessary flight number.Then the return to the prediction 
formula (2) ,(3),(4~ is made again etc .Th~ interation process coin­
sides . qu.ickly -and t wo interations are practically enough . 

The received solution is analysed in computer to define ac­
curately the airline list.For this purpose the number of t he 
trar~ported vacant chair is calculated for every airlL~e,the 
composition of intermediate landing is defined exactly ~~d new 
airlines are set.After all it is necessary that the chair 
usage percent should be about 80 % for every airline section. 

The calculation process of the flight number with intera­
tions -is performed again to define the airliner composition 
accurately. 

The next stage of plan calculation is connacted consider­
ing the available aircraft park.The required ai~craft numbers 
of all types are defined according to the calculated plan. 
These values are compared with the disposed ones.Then the 
plan is defined accurately by the equalization ratio method. 
In this case the .flight number decreases in the case of necessi­
ty and flight~ are redistributed between aircraft types.In 
this equilization ratios we consider that it is necessary to 
provide the destant passengers and the passengers who cannot 
use railway delivery when the flight number decreases.The to­
tal calculation circuit is given fn: Fig.). 

Output cell block of the current , eontrol 
·;;...,-.-

. and pulse calculation. 

As it was noted above the current control necessity appears 
vrith unpredicted input change,note tha~ -the current control 
necessity substantially depends on the 'input behay-iour predic­
tion and the perspective plan developm~nt quality. 

1f!hen some input. behaviour differs a -little fro m predicted 
one there is a certain plan r e serve whi?h permits not to use 
the current control.The pla..7lned chair ().ecupation ratio ( 80%) 

i s a reserve.It is obvious that t he inc:r;ease of demand f or 
t rans porta ti ons against the p lanned .on€i .~ even when it is 10%, 

. doe sn t t require the flight number increase. 
I t is necessary to use the curr ~nt ~9ntrol with great in~ 

pu·t: behaviour differences ( 15% &."ld . more}!Here the quest ion 
•,- :~· 
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a2~rises about the necessary control volum~~The total aviation 
conn~ction graph is rather great. When calculating current cen­
tre~ it is neces sa-ry to mar k out the c on_~ections subgraph in 
which the required f light number recalculation and airline 
compositi on change are performed.Denote the passenger air­

s tream between As. and As,_ towns by '{s.s._ . Denote 
t~e pass enger stream transported along the line witt k- num-
ber be t ween A"' and As to·Nns by yc~t.) . The air lines • ~ .... s , s~ 
.havins ~ 1 • k2 , . .. k e number arc !l..amed connec ted along (S

1 
s

2
) 

s-'-r~~::'!. if ~ v (k,) = Y. . ""'v ik.) > () 
~ l S 1 ~ L"'" {2, .. C . .s.. .:.,st · s.s 
•= V (k;} 

~!Je alrlines for whicb 1 _ .. zero are i s olat ed on the r.. s~ 
(sis2) 

Let the 
section. 

stream changed substantia l ly according 
to t he predict d one .Then t h current control cell consisting 
of airlines for which Y :k;) > 0 is extracted and those 

.. t. 

airli nes are co ~~ected with th . along airline ctrea~. 

As t he calculations show th~ current control cell volume 
for tl perspective plan performed correctly i s not large and 
us· all~;· .r:akes no more than 5 airlines. 

'I'he \'J: ole calculation given in the description of the 
psrs ective plan calcula:tion block is made within the li­
mits of the current control cell. 

The calculation cell volume is small and requires little 
time (no more tr~n an hour).The control volume is not compa­
ratively large.It do_esn't exceed 3-5 pulses. 

C o n c 1 u s i o n. 

The given control system is used in practice.The expe­
rience shows that many parts of the system require further 
development.This concerns both the prediction block and 

. the per spective pla..."l calculation block.However the control 
princi.Ples "'·proved their value completely.These principles 
are suitable for the other tendentional systems connected 
1~~vi i;h e mand sup~J .ly . 
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56.4 
CONTROL A1~ CHECKING ON STOCHASTTC PROCESSES 

A • .A . KLE:MENT ' EV, E.F.MASLOV, A.M~PETROVSKY, 
A.I.YASHIN 

Institute on Automatics and Telemechanics 
Moscow 

USSR 

In the modern control theory the problems in which 
a loss function depends on a difference betwe~n _the .actual 
and reference signals, on a control action and on a cost of 
checking are of great interest. 

Such problems are freq\lently met in the practice, for 
. example, in the mass production industry~ 

The necessity of synthesis of optimal algorithms of con­
trol and checking was remarked in several . papers .• 1-4 But only 
a few of them dealt with the problems, where a checking pro­
cess was under control. 

In the paper4 was studied a problem, -in which a markov 
process with two states was under control. The observations 
of markov process were ~oisy. One of the states was consi­
dered as a "failure." An observer had to solve two problems: 

1) to decide whether the observations are needed at 
the current mo.ment; 

2) to determine the moment of appearance of a "failure• 
and to stop· the process under control. 

In the paper5 was considered a problem of contral with 
i.rrformational constraints. The synthesized optimal controller 
had to divide the region of observations' according to their 
costs. 

In this paper an optimal algorithm' of control and 
checking on a di screte random process is synthesized • . The 
costs of control, checking and difference between the actual 
and reference signals are taken into account. 
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A general statement of the problem i s as follows . 
1. The. system under consiq.eration is discrete-coritiJ;J.U­

ous. All variables are considered only at discrete moments 
of time, n=0,1,2 •••• The value of a quant~ty - at a n-th 
discrete t i me instant carried the subscript n. The N-stage 
control process is considered, where the finite member N 
is fixed. 

2. It is a Bayesian problem that is cvnsidered (it is 
assumed given the a- priori density of each random variable). 
The errors of control .and checking are negligible. 

3. The process { ? ~ l und~ control is characterized by 
a random vector of parameters..A.. The a priori distribu­

. tion of vector../\.. is assumed to be given. 
4. The result of checking coincide with the coordinate 

of process under control at the moment of checking. 

It is assumed also, that a reference process { 9ml 
is deterministic. 

The p.bysieal essence of the procedure of control and 
checking on the process { 'l. n ~ amounts to the following. 
At the end of some arbitrary (n-1)'st stage (moment of 
t i me) the controller possesses some information on the past 
behaviour of the process {'lk J, k~n-1. On , the basis of 
this information the controller decide between two following 
alternatives: 

1. Don't check the process { ?w.! at the moment t=n-1 
and compute t~ optimal control action as a function of the 
past information only. 
. 2. To check the process { 7tt} at the moment t=n-1. 
In this case the controller observe the value ~ n-1 and 
compute an optima l control. ~ction as a function of the result 
of checking nd past information. 

Note, that .a ,l'Oint t=n-1 is simultaneously the end of 
the (n-1)'st stage and the beginning of the n'st stage, and 
introduce a random variable. 
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1, if it was decided t ·o check the process 
{ ( tc.} at the moment t=n-1; 

o, otherwise. 

Let us introduce the following designation; 
{ n. - a coordinate of t he process under control at the mo­

ment t=n~ 
U."' - a control action at the n•_th stage. 

It will be clear from the following that the problem in 
hand is solved by means of dynamic programming method. In 
accordance with this method2•4 , minimization of a functional 
is accomplished by a "reverse" movement from the last stage 
to the first one. 

Thus, a decision about checking X., and a value of 
control action U.n, at the n'th sta~e are _some functions of 
a past information and so depend, as a matter of fact, on ... 
t he nonselected, vectors of decisions x,._ .. = ex, ... x,..,J, control 

.... . . ~ I ' 
actions u,._lCU~-, u .. ~, and also on a vector of observations, 
which structure and dimension yet are not selected. The 
structure of the vector of observatio~s depends on a struc­
ture of decision vector x .... .t• . 

The best, what it can be done in this case, is to 
synthesize a dependence of X" and u,. on the vectors of ob­
servations, control actions and decisions in general. 

To avoid the uncertainty, related· to an unknown struc­
ture of observation vector, and to create an algorithm of 
checking and control in a closed form, we suggest a forma­
listic scheme of synthesis of sequence of ob~ervations. 

The essence of this scheme amounts to the following. 
Let us decide to check the process under control, i.e. ~:! 

In this case the result of observation coincides with 
a coordinate 7,..1• The decision.XI\.so excludes the checld.Dg 
on a coordinate l"_1• But the :fact of nonentering of a:n:y ~n­
formation about the process ·{{..:} is equivalent, from the 
point of view of accumulation of information .about { {tt. l. 
to entering of some information about a hypothetical process, 
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independent in any way on the pro~ess{?~1· In particular , 
in this work we suppose that th.:ls hypothetical process is 
a random sequence { E. !I\ '! , independent from \ 1"' ! ~ · 

Thus, in both cases, when it was decided to check the 
process {{"1 and when it was decided to exclude the checkir..g, 
we can formally consider, that the controller accomplished at 
the moment t=n-1 an observation. Let us name this observation 
as a "generalized" observation and designate it by s;ymbol 

or 

So we can formally write an expression 

4 . - { 7l'\- i c:{ 'X"' == i; 
d n- e"'_": ~1 ~"'- 0 ) 

( i) 

(.2.) 

At the end of some arbitrary (n-1)'st stage the control-_.. 
ler possesses a _.decision vector Xn-.i::: ('X~.,-·· .. 'X,.-.~.)., a vector of 
control actions u"_1=Ctt~ ••.• U"·i)and a vector of generalized 

_. J 

observations J n-.1 = ( ~ 1~ •..• ~ .. -£.). The controller also knows a ...., 
sequence of values of a re~erence deterministic process {em~ 
for an arbitrary moment m. 

On the basis of this information the controller come to 
a decision 

)'\-:.!. ••• )( 
(3) 

J .I 

about the checking on a coordinate t n-j. • Let the control­
ler comes _to a decision~= 0 • Then a coordinate l n-i is 
not observed, ~h::. a.,._.i and an optimal control action u: 
is computed as a function ·Of the past information only: 

·(4a} 
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If the controller comes to a decision 'X"= i ; then the co­
ordinate ~ n-i is checked, ~n => ~ n-J. , and an optimal control 
action tt~ is computed as a function of the r esult of 
checking and past i nformation: 

At the next stage everything is repeated. 
As the criterion of optimality for the present paper 

we chose the criterion of minimal total risk. It is formed 
as follows. At each stage we determine three types of losses. 

1. A loss related to a difference between the controlled 
and reference processes. This type of losses is determined 
by a function, depending on the values e", lt'\. and, in gene-
ral case, also on time: . 

(5) 

2. A loss related to a control action. This type of 
losses is determined by a function 

h•i!. ... .X. 
I J I (6) 

3. A' loss related to checking on a coordi~te ( ,._~ • 
This type of losses is determined by a function 

c~'n::: 'X n c& ( t\) J no:: i, .t, ... )Jr. (?) 

Let us call 

~V.= ~1 ( h, e~J 'Vl) + ~ ( l't 1 1.t"') -t- 'X'"' ~A (.'h ).I 't\· ~1.) .... ) .N (B) 

as a specific loss function. Then the general loss 
function is equal to 

J( 

~ .x ~ ~ [ ~.1 ( ~. ll•, ,,.) + ~L (n, U,) + ?C,. <!a ( n) J (9) 
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We shall consider as optimum t hat system for which the 
total risk (the expectation of _ the variabl e C~) 

R~ :=. M { c~ 1 = M { "t ( 1, ej. ... 7J.) ... <!ot (J., uJ.) + 

+ ?CJ. c~ (L)J +M { ~i (~,e.,,[~.)+<!~ c~, 'lt.-_) + ~~ c3 ~~~) 

.. __ +M~ ~1 CNJ e.tt,[.K) + ~~c N, uN) -t ~xc~ CJ'() 1 
i s minl.mal. 

It is required to find a sequence of decision rules 

r. n~c (- .......... f""'\1( f_,.....,. ~ ~ ~ 
t\ = 1"' 'X"' 'Xtl-J. llW\-i ~-J. Gm}• 'n tt"' XI'\ · 1.1"' 'Un-j &hl)= 

J() J ' .J() ~ "' 

~ r._«.r.u (11) 
n " ~ n-:i.,~~ ... J.N 

and, accordingly, a sequence of pairs ( ~'". U ._ ) , for whi eh 
the total risk R 1 is minimal. 

Let us \9rite down an expression for a specific risk Rn: 

n-- i ~ ... N 
I ~ ) 
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Here and in what f'ollows ...ll ( •) denotes a region of j oint 
variation of the variables within the parentheses, with d..!l.. 
being an infinitesimal element of this region. We shall also 
agree , that the fun~tions P( • ), having different arguments, 
wi ll, in general , represent different functions. The function 
p ( • ) will denote the probability density of a random vari­
able within the parentheses. 

The total risk is equal 
• 

(13) 

- -The problem of choice of 2N-dimensional vector ( 'XJt/ UH) 
• which minimized the total risk R~, is 

programming method. 2 · 
solved by dynamic 

At first the last pair ( 'X.N UN) fs determined. In the 
I 

expression (13) from ( 'XJ( U.x) only the last t .erm depends. 
So, an optimal pair ( x:~ ~:) is found from the condition 
that the ~sk R~be minimal. L~t .the 2(N-1) dimensional 
vector ( 'X.H .. ia uN-i) is given. Then . 

.H-!. 

RN= ~ [J_ (r,1C.nct){ ~[~.t(N,~9.N1 ?.ri)+C,_(N,tlJ1)-t 
( 

..0:. ... .... ..ll.('? 'i 1C t.f 1t ) 
..l'L ~N-il ~.N-!.,~ UH-J.)· ("~, o~ k,(jlt• . lt 

T XHC3 (.N') 1· P(I). P( '1_, 11 ~JII ~~ :,... ) • 
}( l .I I(J I (14) 

n P(4·J _ _. .......... 
• ~:i a c. .AJ Xi_, ~i-J., UL-L) ~ fR"'· ~ -uol.n.l~.a. 

Where 

(15) 
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At each stage the controller decide s between two alter~ 
natives : 
"tto o or '< .11 = i . Therefore, at n=N' the decision ru.le 

r'lC ..... ....... ..... ... .. ~ .... .... ) 
.)'{ ('X .I( I ~~l UN-J. ~N-J. e~) -;11 0 ( 'Xn =i 1 'XN ... J. ull"".l. ~N-J. e .. i') • 

J I J.... I J J 

• ~('XN-J.) + r(Xx::ol i»iJ tlx-"J1.N-J, e:lll )• (16) 

• ~ ( I)(N_ 0) 
1 ............ 

Where V(1CHci}'Xx-J,1AN-.t lfp .. .i&~) .J·::o1- the probabilities 4 (} J J~ 1 .J Q I ~ 

to accept the corresponding decisions ·in the presence of 
... ... .... ..... t'-( . 

information 'XN-J. U.tt-i tt.N .. j em 0~ t> 'Xx- d) -
~ 6 ~ J ,) 

delta-functions. 
Substituting (16) into (15) and integrating the last 

expression on ?CH , we find 
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Let us examine in detail the last formula. It follows 

from . (2)~ tha~ if 'X.N oi~ ~ l'( ; ( H-~. Therefore 

Further, if 'Y.H':o ~ ~.H= E..,_.L ~ The processes{ LM sand { E."1 
are independent. Therefore , . 

PC [.w I)., ~.HJ ;;.N•j .I 'XJ( :0, U~t) s p ( {JI J 1, jJV'-J 1 E..N-l, (20) 
.a. .... . ... ... ... 
'tN-i) 'XH =01 1-t.w)-=- P( ( n Ji, ~.H'-JJ ~Jt-J., -x,.o, 'tl.N) 

(21) 

where P (E.N-.1) a priori density of the random variable e.N·l. 
It was remarked before, that in the case when · it was 

decided to exclude the checking of a coordinate L"-L' an 
optimal control action 'U, is determined as a fU.n.ction 
of past informati-on only. It means, that the decision rule 

r."( ..., ... -+ ... 
)( '\{.K \ ~.N-J.~ ~H -=-0, d.N J 1.tN-J., 9m) .: 

r. '\(( ... ... ... ~ 
-= I{ 'U.If) ?:Jt-J. 1M:O, ~.tl-.L t1K-l 9m) 

I (} . I I (22) 



-136 

Thus in the second summand ofo (1?) only the density 
P(S.~~ ... t)ciepends onJ,t~ E.N·J.. Let .us substitute the expr~ssions 
(18)+(22) into (19), integrate (19) on £JV ... i. and introduce 
two functions 

Taking into account these functions, we found the 
following ~xpression for the risk R~ 

where 
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Optimization of RN concerning ( 'XN, tl.r~·) is reduced t o 
optim_ization of 9? N • Let U:s choose the optimal control 
action U.,., at first. We impo.se the following limitation. We 
shall s ee k our controller in the class of systems which 
possess regular strategies concernin.g" to optimal control 
actions «~ "s ! .t ... Jtr. 

J I I J 

Let u :_• - an optimal control action, corresponding to 
the decision x"~o, u~•- an optimal control action, corres-
ponding to the decision 1C" ,... i • Therefore 

SUbstituting {27) into {26) and integrating_ the ·last 
formula · on UN we find that in the eXpression for ~H 
only dN depends on the optimal action u ~· , and only f 11 

depends on the optimal action u;• . 
Therefore, the optimal control action U:,\s equal to 

a vaiue UN, which Diinimi~es the function DI..N . • Analogically, 

the optimal control action u:: I coincide~ .with a value U11 , 

which minimizes the function f.ll ~ 
Let 

.. 
o[.N' ~olN 

Ux E .il.( U,) 
{28) . 
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Where 1L ( Ufi ) -a region of permissible control actions at . 
• the n'th stage. 

Substituting (28) into (26), we find 

I
... ... .. ... ( .. ~ 

:. [CXJ(&.,{ 'XN·J._, 11N-t., ~N·J.., 9m). l o/.Jf Jl + 
... ... .... ... .A(.(~l 

+ r ( ~I(•Ol 'XN-j. 1 'tfJf-J.1 ~H•l, 9.,.) • ~; 

(29) 

Let us suppose that our controller possesses regUlar 
strategies concerning the decisions 1C .. also: fron,t 

. l ('X,. s Ll ;,._lJ ... ~.. ~--l,!•}; .t 
follows (a.s.) V ( 't"a.of ~•-.1 qa-.1 u,.... t:t,.)• 0 and on .tb$ 

' , ~ # ., . . 
contrary. · 

Thus optimization off?: concernirig 2~ is re.dueed to· 

comparison of two functions. JCll.S a.A and. ~; -and_ . t~ 
choice the lesser .o.(.l•J) : . · . 

of them. When ,. . 

Sct:dn.>f: 
Jl. ( 7,.. J.) 

the decision '~••Ois reached;. when 

~ cl.; cl .A.(.. ~; 
A(1H--1.) (31) 
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the decision 'XN~ .lis r eached . If these functions are equal , 
the choice is arbitrary. The result of such double minimi­

s ation f.His a func t ion 

(32) 

Let us now determine a pair ('X.,_, ttH - t ). We remark 
J 

at first that by analogy wi th (23) , (24), (26) the f unctions 

ol. , , ~" , -2b. can be constructed for each s t age 

" -:. '· .t., ... J J( . 
Let us suppose that a > 2(B-2)-dimensional vector ... - . .... 

( 'tJt-• ~N-L ) is known, and a pair ("Jr -u,.,) is chosen 
- ~, I 

optimally. In the expre.ssion (13) from ( ~N-L f.C•l> depends 
. n n41- . • ' R. the sum SJl .. 1 ~ ..._.N-J. .... ro..H t where l.N • ~'V\. ~. 

This sum i s equal to ~N, 1tN 
Jrr ... ~ 

! n / ' "' . _. ... ~ ... $ ;$ , r, . r~- ) . ~..,_, c 'X~~-· "Jt-A, u.., .. .., e.)ttn. .... 
Jl•t (•J. • . - • ~~ 4 I I · 
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. . 

where 

FN = F. ( =; _. ~ .... . .... .... -+ ..... 
. -1 H-i N-~.~ ~N-.r. (l.N-~ &,. ) ~ Q ('){H-i.: i l 'X.sv-.t, ~N-..t, 1.(#-J.. 9m)• 

• { ( [ol. + ~- 11- ~ J . -+ _. J _. I I 
l <H-i :N ( lN-J, ~.N-isi ~.IV-"'- Y}N-,t t#N-J. ~m] • 

.A({ . I .} (J J L ) .J 
Jt-L, UN-J.) . 

• rk~i c uH-i l iN-... -x,.,..1• 1 4 N·.t. Y7N-A. ;;N-· 9:.) a.n.} + C34) 
J ' <1 .J L I ..,) 

+~( ~N-t~o J'i«-£, ~N-J,, Us..-,,9,.)-{ J [ {6.N-J. +j~:*( ;x-~.~ 
~ .!l( ~J.) .tl.( eN-1..) 

'X~i :.0 J ~N-.t I !.N~J u,_.tJ Gm)d.a.] rk~ c 'U.N'-J. J ;;N-J, '){N-l :0 
• .... ... ... J J 

~N-.1, J .u • .., J Q,.) ol.n.} 
In the expression (34) from ( l.H-1, tt.A) depends the 

function FH-J. only. Therefore optimization of s~-· 
concerning ( ~H-L 'UJt-i) is reduced to optimization of Fx~i • , . 

Let us introduce two functions 

It follows from the formulae (34)+(36) that the opti­

mal COntro~ acti~n u;~i COincides with a ValUe t(H-J.J 

which minimizes the function )(N·i' and the optimal control 
action U!-~.L coincides Wi"th a value {lN·i t which minimizes 
the function ~M~l = 

Let us denote 

(37) 
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Therefore 

.. 
Optimization .of' FN-J. ;oncerning 'XN-.tis reduced to 

comparison of' j le.-, .. 1d.a.and lf»·t and to choice of' lesser 

of them. If' A( £» ... .1} c ~ ~ ,D * 
l N-1 c:{A > \ J( ... .t 

Jl.( '7 N-S.) 
the a.ecision 'XN-i • 0 is reached, and when 

, s ~:-J. d.n. <. q>;-i 
. il((.N-.t.) 

the decision X_, .. 1 si is reached. If' these functions are 
equal, the choice is arbitrary. 

In a similar manner other pairs (?C .. "" U ) , k•l ..... , N- i / 
.,.. .. "', N-k I 

2 • .Minimizing ~H-k and f,., .. \c concerning! U~-k - ,we 
find optimal control actions u ~~k and u:!k ' . respectively. 

3• Substituting t{ 1* .... and 1.( 0 * in leu kand tO,~ le. , we 
1( .. ,.. ,._k -- 1-

find 

~"' *-H-"' 
4f.tJr .. t. E 11( 'Uw-k.) 
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* s4e ~ 
4. Comparl.. ""' the functions I..D and ~-k.d.!l and 

-o 1 k- k. .Q.( 7-M-k.-L) 
choosing the lesser of t hem, we f i nd an optimal 

decision X.J~>-Jo:. • 

An example. Let { 1"1 be a random process which is the ab­

sense of t .he control meets the expression l": An+ k~, where 
{ k.., 1 is a sequence of independent no-r mal value s with 

statistics ( 01 r) and " is an unknown ra~dom parameter, 
distributed normally with statistics ("o, 6'1J.). · ·Let a random 

i nitial condition of the process { !" 1 is equal to {o ~ The 
di s tribution of [o is assumed to be normal with statistics 

( 01 €"t). Let, for the aid of simplicity, we _consider a . 

two-stage process, B=2; at the first stage we put 'X1 • i • 
Then ~1 s£ 0 • In the presense of control there is formed 
a sequence 

7t s UJ. + ~.-lo +h.'-, 
7.t .-- U.._ -t-'UJ+.t~+ {o+ h_LJ 

To each term of the sequence (39) 
tion is put in accordance 

(39) 

a generalized observa-

~ ... - ~ .. {n-i + (1-~")s .. -i 1 n~ i,.t, 

Let us assume that a hypothetical sequence { e" 1 i s 
distributed normally with the statistics (o,t:rf). We introduce 
the follow;Lng loss functions 

. 
) 

(40) 

and assume that on ~, .. o ._ u.,., =- D 
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It can be shown that the f ollowing ~o· strategies meet 
the problem: 

The minimal total riSk corr,esponding to - this strategy 
is equal _ 

- .. -
<~ ·: .... _' _11-:-_ .. 0 :a. ~ - ~ -

... . .· --It 'O"'fSJ. "4 -i/,a. __ , the second ; strategy _, is optimal. 
O-therwise . t~ :tirat strategy ia optimal. 
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57.1 
TWOwROTOR GYROORBIT THEORY 

V.A.Besekersky, Dootvr of Science 
V.G.Gor deev, Voctor of Science 
J ,G,Ostromuhov, Candidate of Science 
Institute of Fine Mechanics and Op~ios 
Leningrad 
USSR 

I. Introduction 
1•. the ory of . a one-rot or gyroorbi t, used in artifi cial earth 

e.ate l l i t e s for :making up the plane of t heir orbit, has been 

developed and publ i shed la·tely!-4 The gyroorbi t together with 

the l ocal vertical measuring element of infrared or any other 
t ype permits to erect on board the satellite a current orbital 
coordinate system, which can be used as _a basis or reference 
c oor dinate system when the satellite is performing its various 
tasks · required. These tasks may include, fer i nstance, geode­
tic survey, meteorological reconnaissance, providing communi­
cation an d navigation of terre s trial objects etc. 

When a memory mode is needed, i.e. when working with the 

vertical. measuring element switched off, an extra vertical 
gyro is erected on board the satellite, which can simultaneous­
ly serve as a smoothing $levioe increasing the accuracy of the 
gyroorbit operation. One of composite gyro devices of this type 
is described in the li te rature~• 3 This device has a certain 
disad-vantage associated with the necessity to provide the ver­
tical gyro prec~ssion motion in the normal orientation mode 
and in the gyroscopic memory mode. It results in an essential 
reduction of the accuracy of the gyro device operation due to 
t he non-linearity and instability of the precession-realizing 
devices. 

Essentially free from the above mentioned disadvantage is 
t he t wo--rotor gyroorbit, reported by Tokar? This gyroorbit is 

characteri zed by the use of two gyroscopes . (Fig.I) with 
angul ar m omenta 1!1 and h,~ , posi tif.?ned in the orbit pl ane 

at an angl e of 90° to each other. 
Fig . I repr esents a current orbital coordinate system x

0
y

0
z

0
, 

t r e axes of whic~ a~e direct ed along the tr_ansversal, t he cur-
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· rent vertical. and the binormal. Three successive rotations . 
through the Eulerian angles of the satellite revolution - a 
hea41Jlg (J&W) angle S' t a pitCh angle . .,jY. and a roll (rota• 

. . . . 
:'10D) angle r - give a Sa~elli te-tixe.d COOrdinate SJ&tem Xc:Ye.t,• 

.l · rotatioa through an angle· £p · pelds an. .instrumented orbit · 
plane. A rotation through an orbital motion ·angle tp• in the 
inetumented orbit plane gives a reference coordinate system 
x2 yl. ~2. • !he Yectors ot the angular: mounta H1 and H~ are 

aiaalignecl troa this coordinate SJStem by the angles C(J ''1 and 
al/l J '/l. •. . 

'!he two-rotor groorbit is also a composite gyro device pro· 
vidiDg ~e orbit aaking up in the normal orientation aode and 
the orbit and . current vertical making up in the gyroscopic . me.;. 
aoZ7 aode. Here, however, the vectors ot the angular iaomenta . 
appear poai tioned in the inertial space (with the eccurac7 up : 
to the orbit precession), which greatl,- reduces the iftro device 
errore due to the elillination ot the need to produce the pre- '· 
ceasionaotion atter a -re:terenoe coordinate s7stem. has been 
established on board the satellite. 

J'urther cliscussed is the establishing ot the orbit plane. 
!he process of the. current vertic$1. erection does not cfi:tfer 
trOll that ot the conventional vertical gyro except tor the gyro 
precession motion elimination. !he orbi.tal angle ~·(Fig. I) in 
this caseie liade up bJ a precise drive, the speed of which · 
changes in accordance with the satellite circular or elliptic 
aotion. 

2. Initial eqwations 
Taking into account onl7 the precession theory and conside­

ring the satellite . co~trol system independent and ideal in re- . 
lation to ita axes, one c~ write the equations of motion of 
the first and second 8Jl"OS as follows: 

H1 Pi = M:u ~ Maz t }"} 

- HJ.1,i = Mxl .,. Maxi 

-H2- tj,~, = 11,.,. + M~z.2.,} 
Hz ~R. = M YJ. + Mayl. 

(I) 

(2) 

where H, and N, · &r$ the angular momenta, Mt./, Nrt ~ fllz2 and 
M Y2. - the control torque~; . MBZI , MyJ J Ms7.R and . M~yz. _;. ,, 

the disturbing torq11es projected upon the correspoding .axes. 
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!he pro~ections of the absolute angular·v~ooitJ on ·the Re­
sal ..-n s are g1 ven bJ 

P, - n 4>e6 X I e,j X t- w"' J 

'l.t =11 Wel }( n f_,jl + Wzf 1 

if 1 -A We It B e~jN + C.Uy;z. , 

· . 12. -d "'e I" I e~j H +4>z.?, , 

j=1,2,, 3, 

where 1 e1.,;1 , 1 e 3j 11 , 1 eR_j I and 1 e;j I are aatrices deterain­
ing the direction cosines; the angular vel~citiea are deter-
Dined as follows 

WX1 • ~t - ip S:in, ('f#f +pi.) 

wx,1 =it eosot + E.p #i,~l. u6(tf!+('t) 

UJ_y.z = c(.! + ip cos ( 'f* + ,, ) 

tAJ%2. • p a, ~& ~ 2 + ~~ sin. (rr-+.f1J· Sin. oc a, .. 

(4) 

!he control torq11ea for the lateral aotioa can be foraulat-
- ~ ' 

ed. according to ·tm expressions 
. . t 

M,,-- l<i .A 1 sin (re+. 'fo)- le~ j 1&1'_ sin- (If"+ f.,J d,t, ) 

.Mz2 =-k~.Ar UJS (V'•+ fo)- k~Jt ~;c:Qs(Cf• + fo) U, · · 

41 - «J 1:115 f'r +('~)-et !1.. s•n(:,. + ~" ),- ( '1J c(Js e, .,. ~SI,-, Ep) ( 5} 

I . I . · 

where i 1 and · le 4 . are t}).e_ trana~er factors of the correction 
I I . 

· channel, k~, and ~Y . - the transfer faoYors of the.iritegral 
correction, lf11 - a constant angle introduced tor transient ill­
proving, ;

8 
and 1', - the ei.gnala troa the local vertical 

indicator. 
!he correction signals ill ·the orbital plane are expressed 

ae tollowf' 

I ~~--!, 

} 
Nrt -lcs . 2, 

~t-At. 
(6) 

I 
M~ =-l<s 2. 
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The equations for the gimbal provi~ing gyro tracking angle~ Ep 

and et* are 

~P = ks [ o<:z. cos(lf f!: + f31)+ dL st-'-'t (Y'* +jJ2. )]., 
,;,~~; _ k ~r+/J;e (7) 
r - 1 e ) 

where k6 .and kr are the Q -factors of the gimbal servo-

systems • 
. 'l'he Ox c. , O.Yc.. and Ozc ... axes eatelli te stabilization 

s y stem is fed by input signals proportional to the angles 

..:1 $P = Ep ~ 

AV:::: (tf,p- cr)coScp-[c<1.c.os(lf~+f3t.)-fl{zst..'n(lf*+jJ2j} St-')7 Cp / 

4T==[o(1.CDS{lf'*+f5t)-oie,Stn ('f¥+;B2J]~S€p +(~p- f/'*) S/:n. cp. 

(8) 

The programmed value of the 'fnp angle for the circular or 

near-circular orbits can be produced according to the expres-

si on 
(9) 

where Q n., is the programmed value of the orbital .v ·eloci ty c.t 

and Cz - the transfer factors of the drive circuit producing 

lfnp ; 
and 

The simultaneous equations from (I) to (9) can be but compu­

ter analysed because of their high order and essential nonli­

neari ties. 

0onsider only the solution of the linearized equations. 
Suppose that Ht.=N2 ~11 and designate J4=k1'11-~ , 12 =k2 '11-t 

assuming that . lt=k.z-k· 
Designate the angles between the gyroscopic plane ~1d the or­

bital plan·e measured in the horizontal and vertical planes as 

£ and o< • These ugle_s, are essEP'tially the unknown varia-

bl e s determining the accuracy of the orbit making up. 

~ ;, yA"- Ep- o!t cos )P" - o(2 $in 'f'*'} ( IO) 

q'= ?* -o(z ecs r.., +c<t $/,·~ 'f'~ . 

Consider t hat the angles '(~ , V'* and fP~ are small. 

The equation~ describing the orbital plane making up and 

the errors of the satellite orientat ion angle s ru* , ~~ can 

be considered independently of the e qua tion s describing tlme 
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gyroscope motion in the plane, formed by the vectors of the an­
gular momen ta a.ncl the motion of the ~P generating drive. Fur­
thermore, consider the case witnout asing an integral correc­

tion, that is, assume kJ=k* =O . 

Then the linearized simultaneo~s eq~ations for the laterar 
motion of the gyroor'bit reduce to 

{S21 E +c()4:oS tt~ , :;?,
2

o( -E.) Sin if?*= 

= k-aB .rin( 'If[;+ ~) +a, 

(f:2t.t+d.) sin 'f'fr +- (9.-a_ot.-E:.)c.L/s ~· -

= kdiJ sin(ffi+ fa) +6" 

Q i:: Qo- iY- UJnp CO~ i 

.Q.£ = 9. 0 - Wnp c.os i 

(b = w,P st-'h ~.-· cos 41 'f-+ cui. 
. t = CtJ¥ Sin i Sin, 11-Cf+ CUa, 

~-- o(+LJ.'ra. 

( II ) 

Here Wnp is the orbit precession rate, t - the orbit 

inclination angle, t.V1. and cv~~, - the gyro drift rates, A~­
the error of the local vertical measuring element. 

For the case of low eccentricity orbits (e~a~) one can 

assume JP* =g.0 t. Then from the simtiltaneous equations {II) 

we can obtain the equations of tae Carson transforms taking 

into account the non-zero ini_tial conditions 

Qt£(p)+ {P+ k cos 'fo)O< {P) =T= ./l(p), 

-pE(p)+{.sG2.-+ksil? 'fo)~(p) =B(p)J 

(I2) 

~~a soluti on of these simultaneous equations can be written 

as follows: 
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Pro~ ( 13) follows iJ1 particular 'the two-rotor gyroorbi t 

8 tabili ty condition - f < ~ <::. r . 

(I3) 

The characteristic equation ll3) coincides with the charac- · 
. ~· teriatio equation ot a one-rotor gyroorbit - , it it is 

asswaed that the correction coefficients are lL=xcosf/, and 

k2=1:sin~ 
3· Main ooaponenta of error in ••king up 

orbital plane 
In acoordaaoe with-equations (I2) and __ (13) the e heading 

and d. roll errors in ll&killg up the orb1 tal pl&De are expre a­
sed by 

£ -cG'+ Enp re:y-+£0 , } (I
4

) 

o(- of,t + Ofnp + afr+ o(o 1 -

where e~ and oiL are the errore due to gyro drift; enp 

- and. o( np are the errore oauaed bJ orb1 tal precession; Er and 

ay are the errors due to the noise 1ll the ve~t1cal •easuring 
element signal; . e. 0 and _ «o are the ·errors due to the non­
-zero initial · ooncli tiona. -

!he orbital precession errore ~ not further discussed - as 
they are aasuaed to be negligible. 

liOp:ltro in1ti.a1 cOndition eqorle •or Siaplification SUp ;­

pOI! .Q1 = 62 2 - .Q that ia 'allowed tor the angle ~·steady 
transient. Hence 

pt1( (o)(.Q+.i SVl. ~)-ps.(o)(p+k cosF0 ) 

~(P)= PR+ pKOf/8 ~- +.2. 2+ Q I Sin~ 

PE (O}.Q + p 2
c( (0} 

do (p) pi+ pl cos ~ +IQ»+ ta~·h 1t . 

(15) 
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From equations (15) it is seen that at · t-..oo the angle 
£0~ o . and · c;(

0 
___... 0 • 

The nature o:t the transient is determined 'b;r the roots of 

the ch~racteristic equation 

P1,2 = i {-k Cb$% ~V lc2
CtJsz.P; -#.glc s;,n ~.fQZ. ). l 16) 

In particular for the . miniawa tilie ot the transient with 
multiple roots we have 

(17) 

(12) and (13) we obtain 

where 

From equation (I8Fone can tin4 the t~mction oriliD&la 
. • . . . ~t 

it(f}=-EesUJ{Rt+>-.)'1-(t;.«t-te••)e t::, ~ ·' 

otc(t) =olm si:~(Sdt+"A1Jt(O<•t-rot•*Je -~. 

Che values ot the paraaetera for El'ft"} are 

e y~.,.IA>a1 Vf+~~"'!t. m ,g .. 01 

(IS) ' 

(19) 

m1su..n-eczcos~ JlDN.r~ COS"' 
l ~ · · - · ---il ~./-IU.,f! ~ . _ ~$tllf:+a>tCOS9;, /1 

e•- "'1 'Cl f._- c.>e ~ 

E* * = ~ ( sth 99 -ms,; ){1-fCIJS f'o)-20Ja a~Silf; ~-,..~ 
~ 
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Accordingly :for olj (t) • 

olm = I~ -1- cv2
• (1-#n f: ) 

er:.=- ~~ Si'l.f':, + aJL COS9'o (i- Sin lP ) 
..Q,. Tq. 

It resu.l ts from the .above expressions that the two-rotor 

gyroorbit errors caused by the constant gyro drifts change ac­
cording to the harmonic law with the satel.li te orbital period. 

The ampli tu.de of the Eh? error cannot be made smaller than 

.I 2 2 
E~ == .!_ w~ a> .a ( 20) 

With % properly chosen the ampli tu:de of the cr'merror 
can be reduced to any va~ue, 

Errors due to vertical measuring element noises. From eq"":' 
u.ations (I2) and \1'3) i·t follows th.at 

F::>r constant noise .A'4B -.6~-- co/?St" the st~ble values 
of the errors are 

arskeos ~ Ep;; =- ~-A~- ct"·iPo ; 
..s~ +k 3in. fa 

A dB k Sin 9;_. 
S2. + k Sin.- f/o ~ Ll ;r;-

t2I) 

(22) 

For the case of harmonic noise in the vertical m.easurj.ng 

element signal '.:l'Ji:, =Li"{Wl Sln aJ.Bt- or when the s atellite has a 

rolling h!.l.i~ting in the insensi ti vi ty region of the vertical 

, ·ea. s uring e lerr en+. the gyroorbi t s rrors -;ill also ;::hang a ac-
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oording to the harm.onic law •-

(23) 

It is interesting ~o note a particular case when the ver­
tical error is caused by the Earth ellipticity. Then 

-r - cact"o -Q; .;z:.. - ·· t. 1.. · X. 
Ll O]J - q T If 2 2, (Vt,C Q lL If 2 2: .. 

r a.. -f X q r a +.X ' 
·{24} 

where a - the !Sarth equatorial radius; # - the Earth 
polar radius ; ~ - the coordinate of a point on tm ~arth 

surface, me asured in t he equatorial plane. 
The coordinate that corresponds to the maximum error is 

Xm= V: . {25) 
Benc.e 

L\ 'r = evt-c ra _!3::. - tVt..Ct"a 1 
OmQ.;c d d ; a.. • 

( 26) 

For Krasovsky's ellipsoid 

A7i =a'Tma;r_ Si/1 ~ · (27) 

where LJ.'drnax • li ang.mi'n; ~ - an orbital. ap.gle deter-
mined from the nodal line. From equations (23) one can 

find Em0 = o( '"r = .1. -o.;o.:c = II ang.min . 'for this case. 
Effect of random noi s$_;Assume that the spectral density of 

the vertical measuring elem~nt noise can be written as 
:2 

2AYc_K TK 
S13 {tcJ J = 1 2r.2 

-;cu ~ 

·rhen , expressing the spectral densities of the errors 
from equations \2 1 ) and integrating -them for all -the frequen­
cies, we obtain 

(28) 
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~ 4 (J2 +k,.Q+JLJ2 J;.O) 

k2 {ff-)-e2k_ r Kt7K &2} 

( 29 ) 

where 4- A-cos~ and Ka_~ k sin ?;; • 
· The above expressions oan be used to de~ermine the oorreo -

tion factor i which provides the desired noise smoothing of 
the current vertical measuring element. 

4. Uonclu.sions 
I . The principal dynamic properties of a two-rotor gyroor­

bit are s±milar to those of a composite gyro device, contain­
ing a one-rotor gyroorbit and a precessing vertical gyro. In 
contrast to the latter, however, the two-rotor gyroorbit ope­
rates under more favourable conditions and does not contain 
the errors associated with the necessity to provide the ver­
tical gyro precession motion. It brings about an essential 
increase of the accuracy in the gyroscopic memory mode. 

2. Constant gyro drifts res~t in orbit plane making up 
errors which change according to a harmonic law. It gives an 

evidence of a modulating property of the two--rotor gyroorbi t. 
the different spectra of the one-rotor ond two-rotor gyro -
orbits permit to achieve their effective combining. 

• I 

3. The two-rotor gyroorbit is capable to provide the 
required smootbing of the noise contained in the local verti­
cal measuring element signal, which increases the accuracy of 
making u.p the reference coordinate system on board the satel­
lite. 
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57 .. 2 
IliVESTIGAT!Oli OF m11LTil'LEX AUTO-OSCILLATIONS OF SPACECRAFT 

E.V.Gaushus . 

Moscow, USSR. 

A speci~ic feature of motion in space is nearly complete 
absence of damping for ces, therefore the spacecraft free mo­
tion about the centre of mass is mainly conservative. Apart 
:from controlling moments of .the active control system the 
spacecraft is af~ected by comparatively small ~-sturbing mo­
ments Vlhich, however , significantly influence the spacecraft 
motion. 

Under the influence of disturbing moments -the spacecraft 
usually undergoes -multiplex asymmetric auto-oscillations. 

These facts along with string requirements of minimizing 
the control system propellant consumptiein lead to a necessity 
of precise and strict investigation of the spacecraft stati­
onary motion, which often excludes the possible use of appro­
ximate methods. 

The most effective method of the spacecraft .dynamics study 
is a method of point transforms /1/,/2/. lt should be noted 
that the necessity of taking into account the main non-idea­
lities of the control system even in ·the simpliest case o:f 
plane oscillations .leads to the use of self-con:tained dynamic 
systems with multivalent phase plane~ 

Multiplex periodic moti.ons which are represented -by. corre­
sponding closed trajectories with multi.ple intersections in a 
phase plane may .· exist in such systems. 

The theoretical problems. of multiplex periodic -motion stu­
d:/ are c-onsidered in /J I. 

The spacecraft plane .oscillations about the centre of mass 
are considered below, i.e.,the equation describing the motion 
about one of its axes of inertia is . supposed to be 

d/lf 1 ~ .L ?v := a~ (Ut) Mynp - M 6 
tvll - (1 ) 

where I - moment of inerti a, 
Mynp/1g- controlling and disturbing moments , respective-

ly' 
'-f - de"\'·iation angle :from given direction , 
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~ (U) - controlling functi on .• 
The control system forms a ~ontrol signal U,= m~~ -t!'t-cf. The 

control function is of a relay responce type with a dead zone 
2a and a hysteresis loop b. The disturbing moment is supposed 
to be constant in magnitude -and direction. Changing variables 

system (1) may be reduced to 

1vhere 

d.t -::: ()e (6) P - _!_p 
~'V 4 

o/ == 25'1 +Y , 

2 tv6 + t'l, .0 
Ql:::m{a, t& )v , Y ==- ~'-f 7 

P- Mml.(Q,+~) _ b 
s: -;-r+ - 'Jn.6~ ; UdO 

Construction of Point Transform . 

(2) 

Let us choose an edge of the f~rst sheet of a phase plape 
as a segment without contact and construct the transform of 
this line (L) into itself. As a coordinate of this straight 
l ine we shall use 

There are several types -of phase .trajectories which per­
form point transform T of the straight line L into itself 
(Fig.1) and, hence, the correspondance function f(x) of this 
transform has the first-order discontinuities. 

It is easily seen that to find periodic motions it ia suf­
ficient to consider only two branches of .this function de­
fined by ~hase trajectories A and B (Fig.1). 

Correspondence functions are 
8 (X .):- ~ X~ .A- Q 

Ut ~X) =-S2 + ~ (X+ .Q. )2.+ 2 .Q-Q. 

for trajectory A and 
dv ( X):::: ~ X 2 -E 

.~---.:----

V ( X)-=: il- V(X-J2) 1+Z.Q +Q. 

} (X) :::: - J X~ -t E 

Ut (X)= - Q +V (X+.\lP·+ZQ- Q. 

for t r a·ect cry B where tl = PS ·; E=p \1 - s) .12 =2 PS . 

(J) 

( 4) 
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Further investigations will use the following parameter s 

Q ,E H= ~ 
Let us denote transforms defined by the t r aj ector ies A and 

B as T& and T~ and the correspondence f unctions of these 
transfor ms as ~(X ) and ~ (X) , re specti vely 

t- ( x) ~ lA-c Q cxn 

~ (X) = U, [ J!l \.V [cf... (X) ]} } 
(5) 

Thus, the corre spondence function f(x) of t he point trans­
form is 

J E ex> u,.t x < JE 
t (X) ~ 

~ (X ) Ott X>lf. 
( 6) 

Le t us analyse first the dynamics of system (2) at very 
large controlling moments taking H=O. When H=O the corres­
pondence f unctions(u) and (v) are substantially simplified 
and bec ome u, (X) ~ ~+X 

V (X)~ .1-X 
and t he corre spondence functions ~ (X) and ~(X) may be writ-
ten as 

£ (X ) '= i- V X -t + Q. 

~ C X h=· ~- .J ( 1-v X l.- E ')'t-E 

(7) 
\ 

The multitude of possible periodic motions of dynamic sys-
tem (2) i s defined by the aggregate of .fixed points (simple · 
and multiple) of the point transform T. 

Multipl e f ixed points of the transform .T are determined as 
s i mple fixed points of the transforms which represent all 
possible sequences of the transforms T e. and T tz, ·, 

T =T~iT ~ !>T~ 4- · 
t.< & lj, ~ ... . 

(8) 

Let us consider first the transform : 

(9) 
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Definition of Periodic Motions . 

The point transform T ~ has no fixed points, for at c >0 ~ · (x) L.. X 

The transform T~ has one ·simple fixed point 

( 10) 

Thi s point . is stable at any values of parameters, for its 
charact~ristic root 

(11) 

does not exceed unity in module. 
The bifurcation of the fixed point X. may occur only at 

the transition through the T-transform discontinuity boundary, 
i.e., at 

~ r;:::-T ( i-Q.)=VE 

Thus, at Q-,..{-21£ the point transform T has the only 
stable simple fixed point, .and at Q.<-~-2'-'E the transform T 

has no simple fixed points. 
The limit cycle corresponding to fixed point (~0) is given 

in Figure J. 
-f 

To find the fixed points of the transform . n n.. = Ts T "', we 
shall analyse the correspondence functions of these trans­
forms 

{ n. (X) ==- ~ n. - i [ E- (X)] 

th . ( 12) 
where ~ n.-

1 
( X) iircn-1 )th iteration of the function ~ (X) • 

As 'the transform T ~ has no fixed points it is enough to 
consider the transform n n, ill the interval (- JE , + ..JE ) • In 
spite of the T-tr~sform discontinuity it will allow to use 
s ome theorems of /J/ for continuous transforms. 

Le t us consider the main properties .of the transforms n~ 

and the correspondence functions fn(x) • 
.t.he function fn(x) is precise due to the f, ex) function 

pr ecision . The .correspondence function f (x) has the only 
n 

;;1axi rrum at t h e p oint x.,o. 
The derivative function f ( x) is n 



. 161 

cJ/n,(xJ _de n. --t d,~ ·[ 
ttx - ct,x D~ d-x i1- ( X) 1 

. (1J) 

and is the monotonically decreasing function ( d,
1 ld.t l ) <..o) "' 

The fixed points of the transform n n are found :from the 

equation 

~, ex )-x -= o. 
{14) 

. It follows from the said that -this equation ha.:s n:o m-ore 

than two roots, i.e., the transform n n has no mo.re than t • o 
fixed points. 

The problem of determining the fixed points of the traas­
form. On. is closely connected with the investigation o:f tbie 

dependence of these transforms on the parameters Q and B. 

We shall carry out this investigation changi;n,g ·Q at a 
fixed E. The correspondence function f (x,E,Q) is a monoto­

nically decreasing function in the par!mete~1 Q. {~~~- <0). 
To analyse the point transforms nn=Tt T\ let us i.nt ro-

- ~ -1 duce the transforms T E- and T '1. . inverse . to the traaa:fOTJils 
T £ and T ~ and the fun!ltions which are inverse to the 
functions t (X) and ~ (X) • We shall denote them a.s t 00 aad 
~ (X) • It should be noted, generally speaking, that theee 

functions are not one-valued, but later on their poait~ve 
branches will be used. 

i (X)~ Jti-X)z.- Q 

{1.5) 

It is evident that the n-th iteration of the ~(X ) func­
tion is inverse to the n-th iteration of the function \(X) • 

The inverse function ~(X) Blld its iteration 10a7 be · re:pre-
sented by the straight lines as follows 

. .. (16) 
-1 - (n-1!} t 

The correspondence function of the transform nn"" T, TE- is 

! n- ( X } '"' l [ ~ 11. - 1 ( X ) J . 
(11) 

Each t r ansform nn is deter mined only at su:ff'icient'ly 
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small values of .the .parameter Q. 

A~ Q. ~(f-:VE.)~for 8.ll1' xe (--v'e .,+VE),f,(X) e:(-v'E;'"~)and, therefore, 
the transforms n n. and the function fil(x) are not defined 
except for the transform n1 with the correspondence function 
~ ( X}. . 

. At Q• (~-re)1 the transform -· with the . correspondence 
f~otion .. J2- _(X)-~ft(X)] , .is born at .. the point x::O. 
.. - ~he functions e (X)and. -l,!X) . increase with. the further . de­
crease of Q, . the deter!Unation zone of the. latter. expanding• 
When Jf, (o)-JE the transform n~ ' with the correspondence func.;,::_­
t:!.on l~<X)-~~~~[f.(X)]} is born .at the point x=O, etc. nn 

It . follows . that the parameters for. any transform"Ybeing . 
changed, the following bifurcation moments of its topology 
changeam&J' take place: 

moment A
11 

correapond1ng to the nn. transform birth; 
moment l3n correapond:1ng to the fixed points of the nn. 

transform birth; 
moment en corresponding to the death of a smaller fixed 

po:!.Dt at the . transition through the nn. trans­
form- d1acont1nu:1ty boundary; 

moment Dn 

moment Fn 

corresponding to the expansion ~f the deter­
m:!.nation zone of the transform nn. up to the 
interval . (-.JE, + fE). In . this case the larger . 
fixed point of the transform f1 n-1 will die. 
corresponding to obtaining the value of rE by 

_the correspondence i'unctions fn(x), which l s 

accompanied by the Hn+1 transform birth; 
correapondirig to the death of the larger fixed 
pout of the transform n t\ at the transition 
through . the .. discontinuity boundary X =~JE. 

These moments are ;illustrated in Figure 4. 
Theequations of the bifurcation curves corresponding to 

the momentsm~ntioned . above m.a.ybe written in an -explicit 
form except for the curve Bn which can b.e obtained from the 
_equations 

.J~CX)-X=O 

c;t,Jn. -1=0 . 
tiX 

The bifurcation curves of the r est moments are 

(18) 
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A "' ~ n.- 2. [ t- Co )) ~ JE 

C n, ~ C JE ) =- t [ ~ n.-;z. C v'E )] 

Jl. n. '-\, t\.-2, [ c ( vf. ) 1 = JE .. 

F, ,_ n --t [ £ Co) 1 = v-E 

H n. ~ n. _., [ E.. C vE )] o= ..JE 

,-- (19) 

These equations may be solved in terms of the parameter Q. 
as follows 

Q,An. =- [ 1- ~~-sr.. ( .f€)12. . 
Qtn, = [ i- "fi,.n-~ ( .JE )) .t- (4- J ~+E)~ 

Q.A = ( t- 1: ~. {Fe) 11 
_; E . 

n, . 'fM-2-

Q. F '=' [. - ~ "-1 ( JE) J l. n. . . 

·Q.H" -=[ ~- ."fi.,_t ( fE)] L-:-E . (20) 

· The analysis of these curves ahows that the . bifurcation 
moments A ••••• Hn follow aa. it .waa listed above. The im})or-n . 
tant fact ·. of the coincidence . of the .moments An and F n-i as 
well as D and Hn 1 ·should be noted. n - . 

It follows that no more than two . transforms On 1118¥ exist 
simultaneousl.J",- i.e., only the points _of either the (n+1)th 
or (n-1)th multiplicity m~ e~ist simUltaneousiT wit~ the 
fixed points . of the n~multiplicity. 

The bifurcation curve form also shows that for any n the 
curv-es An•••••Hn exist. in the Q :::=--0 zone onl.7 at sufficient­
ly small values of E and when E--. 0 n- oo · • 

Thus, any multiplex periodic motions~ occur at . diffe~ 

rent values of .the parameters of the system (fixedpoints 
of any multiplicity from 1 to oo ). 

Investigation of Stability of Multiplex 
Periodic Motions 

BUurcations of the poi.nt ·transforms n n.. connected nth 
the existence of multiplex period1c motions were cons1der.ed 
earlier. Now let us analyse bifurcations of stability of 
these motions. The stability of the fixed point C of the 
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tl:aDsfo:rm Hn. is determined by the value of the correspond­

en~• funct~o.n f (x) at this point /J/. Let us call this n . 
value· a characteristic root and denote it as 1 n.. • The deri-

vative fJJf the function fn (x) is 

dl"' ~ (} e ( X ) rr cl, flt r {. (X ) 1 
d-X ~X ~==-t dtX l 1.- (21) 

.It should be noted that . the .fjJced points equation (14) 

c:al!l!E:ot; b.e solved in terms of . x. 
Tilie::re:fo,re to study the stability let us exclude the pa­

rameter Q fr·om the characteristic root . and use the coordi­
nate of' the fixed point C instead of it. 

After trans.:forms the characteristic root may be written 
a~, foll.owrs 

1~- ~c Uf. ( li\ le> -i )( ~[H.<-<\ en•- E 
(22) 

TJ.Us: ex.p·ression is convenient for constructing the bifur­

cat .:tcm boundaries Bn: 
Th.e eharact,ristic root Jln,. is a monotonic function of 

t:he parameter C .and, thus, it takes extreme ·values of X On 

the GO;Ullldaries of the zone of changing C. At the moment Bn 
a sem.-stabl.e fixed point is born ( with ln-=; -+1) which the_n 

is sp.l:t:t into two points, the ·smaller one being unstable 
(its cbaractartstic- root Jl. n.;.l). 

The chara~teristic root of _· the larger fixed point de­

creases Yfith Q. The range of changing Q is limited by the 

val.u.e: of' Q=O and., thus, the coordinate C is limited by the 
value of C=C

0 
corresponding to the value of Q=O. 

· Let us .define l.n. at the point C=C
0

• At 0=0 the fixe d 

p.aint. equation (14) may be solved in terms of C 

f or .n = 2 m Go = hv m-1 ( ~\- J 1/4- E) rn.=1,7-.) ... ( 2J ) 
Subs tituting, ( 23) into_ ( 22) after these transforms gives 

(24) 

This means that with varying the .. :.rameters Q and E the 
n--1 

:fixed. points of the point transforms n n. = Ts T !z. are born 
and a ie wi.thout changing theix stability, the smaller point 
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being alr-ta.ys unstable and the larger one being always stable. 

_On Existence of Other Types of Periodic Motions. 

The multiplex periodic motions corresponding to the fixed 
. ~~ . 

points of the transforms lln:::.Tf. T~z, were considered above. 
The results received allow to turn to the question of exist­
ence of other type s of periodic motions·w 

Let us divide all possible sequences .(8) of the point 
transforms . Tt and -T 1z, int-o the following classes: 

n--1 
I - transforms n"':= Tt. T~ . ; , 

K II - transforms containing T t as .a factor where ~ ;;.1 ; 
III- transforms containing a group of factors Tf:T:TtT~ (n, j. rn_ 

( 
h.-1 ) K 

I V - trans.forms Te T lj, . which are multiplicities of 
the first class transforms. 

The first . c1ass transforms were. considered : above. The se­
cond class transforms do not ert:st . as the derivative of the 
correspondence function f..( X) does not exceed unity in module. 

The third class transforms for I n,-m I>~ do not exist due 

to coinc~dence of the bifurcations ~ and Fn_1 as well as Dn 
,-TtH n. and H _1 • Let us consider the transform 'f. \ Tt. T 1z. • If the 

n . . tH 
parameters Q and E are .such that the transforms T~ T~ and 
T£ T~"' exist simultaneously then the fi.rst of them is defined 
in the interval (- ~ +J) . , and the second one is defined in 
the interval C-fE,~) and ( +v ,+\lE) where J::.elhn.~~(VE)1 • The 
existence of the transforms Tt.T~"'- 1 Tt.. T; is conditioned by the 
existence of such .points .in the interval ( +J, +{E) which are 
t ransferred into the interval (- J, +v) by means of the trans-

n-1 
forms 1£ T~z, • It should be noted that for any Q and E in the 
zones considerea the inequality inU~(JE)}:P{E is valid, 
and the equality exists only on the bifurcation boundary ~n.. 

It follows that due to the monotonic function fn(x) · in 
the interval ( J,{E) the transforms Tt TIJ. n.-\t. r; do not exist 
for any XE ( v,ft) In (X)E ( V,E). 

Le t us consider the existence of two-fold fixed points of 
the transforms n~ • The second iteration of the correspond­
ence function f (x) is an even function having no more than 

n 
three extrema ( x=O and roots of the function· fn(x)). 

It was· a l ready shown that the characteristic root 1n does 
not exceed unity in module. It follows that the inequality 
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tJ/'1'1. (~)]:>£'be:1:D,s taken into account' the transform n n. 

e~ther has ao two-rold points at all or has an even number 
d brc-:toH Q"C.lea. On the other hand, the function $,., [ ~ n. (X)] 

baa ao acre~ aae bending point and the .existence of two­
~o1d C7=1es reqwizea at least three points. 

iieDce, tile ~orm no: has no two-fold cycles and- basing 
aa tbe tbearem 4 /3/ we ~ conclude that it has no cycles of 
gmate:r lllli1l.t1.pl.i.c1.Q' either. 

ft1us, Ute .UtJ..tade of possible periodic motions . of the 
~ .Q'.tl'tUl /2/ b exhausted by the determined fixed 

n n.-1 
po:tata ~ .tile po:tat transforms 1 L n.:: T eT\ • 

De ~ ..,.tem ·'lD&T have either one or two stable limit 
czc1es (~ aze De~ghbouring in a multiplicity value) de­
pead1ms aa B aa4 Q yalues. The multiplicity of the fixed 
poi:ab ~ take 887 values from 1 to oo depending on the pa­
~tera, ~.e., -~ multiplex periodic motions may take place 
1D eqaat~aa (2). Zcaea of -multiplex periodic motion existence 
aDd stab111t7 are ~sented in the bifurcation diagram of Fi-

gue '· 
Xt sBarRld. 1te aoted that the value Q=O is bifurcate. Really, 

at rQ=O the ::flmcti.oa t.O<)=i-X and the correspondence function of 
the traa:a~rcmm 1111.... i.s /,.,ex) -= ~ \ ~-x) . ,... 'If n. - 1 

U~ (16) ~ aecaad iteration of this function 

· · Jltll. [/"' (X) J= \~_ 1 [ 1- ~ n.-
1 

(1-X)] 
'3lJiiq be wrJ:ttea as 

l.,(l n.CX)]: ~n.- 1 [~~H (X)]~X 
~, tile ,Pid:Dt traaa"form n~ = [r£. T~r,n.- 1 }\s identical at Q=O. 
~ ~ that a continual multitude of the fixed points 

o.f 2m ~t~~i.~ 1s bor~ _out of a stable n-fold fixed 
pout ~ ~ ~arm T. This case is e.nalysed 1n /4/ 1n 

u"ta.JJI.. 

B - Dependence Anal1sis. 

~ ~sm (2) was .considered above at H=O. When His 
~the~ ~ zero the ~r~blem becomes more complicated. There­
~~~, ~ Shal1 g1~ only main qualitative results without 
ea~ om~ c~1et~ and strict analysis. It is easy to see 
th~.:t the tet~:r.r~.spDnde.nce function i (X) increases with H, and 
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H being large enough, we shall have the 1nequ~1t~ ~(liE»>® 
I t -follows that in this case the diagram of bitUrca~ 
A •••••• H ceases to exist, for at the moment or b1rtl!». cd' n n 
the transform nn. at the point x=O the value fd 'tlle ccmr.res-

pondence function Jv. (X)==~ ( fE)>O. Consequent}7,- the baJm.s:rGDll 

f\ n. has no more -than one fixed point, thi.a tme beD& li!IIL­

stable on the boundary of the - nn. transform def':!Dit.:l.a. Zimllle 

at the moment of its birth, _ for its characterist:lc root at 
the moment of its birth equals to -o.o • 

Further change of parameters causes inoreasiJig tlre clla­

racteristic- root up _ to the value of 1--;1 • At tlle liiOIDe.1d; crdf 

nn. transform fixed point stability bifurcat:loa aa ~. 
two-fold cycle - of the transform n n, is born at; th1.s pcdat, 

i.e., the fixed points of the -transform - n:;_ -(f'ETIJI!l-'f.. Dam 

this unstable two-fold cycle increases and dies at tbe tram­
sition through the discontinuity boundar7 x::-IE • titll :fllmt:Jier 

change of parameters the stable fixed point o~ the tzaasrama 
On. also increases and dies at the transitiaa ~ ~ 

discontinuity boundary of the transform T X= lE • . SUch 1s tM 

process of birth and death of the . 0 n. trans~ODI :f1xecl. pcdat& 

at sufficiently large v~ues -- of - H. -

It should be noted .that 1n contrast .to the case .B=O tlle 

transform T IJ. has fixed points at sufficientl.J' l.arp -...-a.bles 

of H. At some .values of the parameters . the tuact:lam \lX) 
touches the coordinate angle bisectr1x. This 1a acc..,..ied 
by rather unusual· bifurcation~ i.e., a simple per.laik-­

tion (of the :f'i~ed points of the transform T ~- ) :la Jtcus oat 
of an infinitely multiplex on• (inf~itely mul:tip~e fixecl 

points o;f the transform T ) • This bi-'furcatioa :ls shGWllli. m 
Figure 7. Thus, as parameter H increases the .:t::lxed pobl.ts Crr 
the transform Hn. of higher -multiplicities are bo.r.ll sccarcl­
ing to the scheme given above. When H approaches same Y21ae 

of H* the multiplicity of the fixed points of the traas!ar.D 
T tends tc infinity and at H=H~ the ~~ DDl­

tiple cycle dies and a simple semi-stable fixe-d pcu:t fd the 

transform T '1. is born which is then split into two pcdnts: 

stable and unstable. With further increase of .B tu UDSta'ble 
point dies at the transition through the discont~~ b~ 
dary x~ .JE 
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At values of H large enough but not exceeding ~ the 
transform T has .onl.y simple fixed points which corre~pond 
either to the transform T e or · the transform T ~ (Fig.a). 
At H ~ ~ the system becomes absolutely unstable, for in this 
case the disturbing effect exceeds the controlling one. 
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A gravity stabilization system (GSS) is suggested for 
orientation of an artificial -earth satellite (AES)1 •2• In 

order to obtain a gravity-stabilized sa~ellite a stabilizer 
is attacheq to ·it in the form of one or twO bars with weights 
at the ends. 

Initial Perturba.tions· of the satellite at th~ aoment of 
its separation from carrier rocket are such that GSS is not 
able to prevent the spi~ of the satellite. For some projects 
it is required that the satellite be quickly stabilized, 
after its separation, with the aid of a passive or active 
preliminary stabilization system (PSS)~ 

The passive PSS's normally use force fields for creat ion 
of control moments2• The active FSS's can be constructed 
with the use of ratatable wheels or gas-reaction . nozzle~•4• 
Other principles of constructing p~ssive or active .PSS's 

. are possible~ 
Before the moment of separation of the satellite from 

carrier rocket the gravity stabilizer is in the folded. 
position and rigidly connected with the satellite body. 
After separation of the satellite the stabilizer must be 
open which is possible to do ei t her right after the satel­
li te separation or after the end of operation of the PSS. 
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This paper analyzes the dynamics of a relay gas-reaction 
PSS in the phase plane with regard to constraints of trans­
ducers. The question of use of transducers constraints in 
:formation of nonlinear control rules is considered. In order 
to decrease the amplitude of auto-oscillations in the PSS 
having a relay characteristic with hysteresis loop it is 
s~ested that the internal feedback compensating the lag 
should be included. Spin motions of the satellite with opened 
bars are studied. The equations are derived of flat bending 
oscillations in the sa~ellite-stabilizer system and the ef­
~ect of natural and artificial damping in bars and bending 
oscillations of the system during the operation of tbe PSS 
are studied. 

1. Equations of Motion of the PSS 

For damping of initial disturbances occuring at the moment 
of satellite separation from carrier rocket we shall use an 
active relay ESS whose control moments are created by gas­
-reaction mozzles. As an initial position relative to which 
the satellite must stabilize we choose the orbital coordinate 
system 0 X

0 
Y

0 
Z

0
• Introduce for consideration the bound 

coordinate system Oxyz whose axes are directed along the 
main central axes of satellite's inertia. The axes of the 
system Oxyz in the set position of equilibrium- of the AES 
coincide with the axes of orbital coordinate system. Both 
systems have their origin in the center of. mass 0 of the 
satellite. It is known that the position of the axes Oxyz 
relative t _o O_X0 Y0 Z0 is determined by setting three 
independent an€;1es: ~ -pitch angle, ~ yaw angle, 
and r - angle of ro'll. 

In considering the satellite's motion round the center 
of mass, when the PSS operates, we shall neglect all the 
perturbing moments due to their smallness compared with 
control moments. The equations of motion of the satellite 
round the center of mass in the bound coordinate system have 
conventional form of the Eulerian dynamic equations. 

In a general case the control moment affecting the satel-
l ite depends on the angles r ~ ir J on pro0ections 

" .) 
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of absolute angular spin velocity onto the ·bound axes 

W , _, w and .on time ...J_ that is 
,c.>" I.A..I 'J , z (., 

M= cf:>(o~ ~ v>wx
1
W;t,wz,i) 

Thus, three Eulerian dynamic equations combine six 

independent functions o, ~' -i/, Wx, W/1 ~ Wz. . In order 
to make the problem definite it is necessary to obtain 
three more equations with the help of Eulerian kinematic 
equations which would establish the connection between 
Wx.

1 
W :J~ W z , the angles OJ '+' > V and the orbi-

tal velocity W 0 ., .. 

Since a short~term operating PSS is considered with 
sufficiently great control moments at low angular velocities 
Wx, w~, w z and angular deviations of the satellite 
the Eulerian dynamic and kinematic equations are simplified. 
Linearization of these equations leads as is known to divisi­
on of the Eulerian dynamic equations into three independent 
equations of the second order 

where 
axis, 
moment~; 

:Jx =-M, (1) 

~ -moment of inertia. with respect to the desired 
X - satellite angular deviations, M control· 

This paper discusses 'the results ~f dynamics. study of the 
PSS on-the basis of equation (1). 

Consider the PSS motion equations. Combine relay charac­
teristics of the output cascade of an inertia-free amplifier 
and electropneumatic valve into one nonlinea~ function qbT~} 
containing the total controller lag 7: • The e,qui~alent 
relay characteristic cp (5) may have the dead zone or 
hysteresis loop.- The argument of the function c.p't (6) is 
the output voltage from the linear cascade of the amplifier~ 
The amplifier is assumed to b.e perfect. 

We shall take into account the constraints in transducers 
char~cteristics • . 

I-~ the amplifier receives the feedback signal t<\ 3 si;Jn cf>{6) 
~ compensating the controller lag then the equa~i-
on for input coordinate of relay characteristic may be 
written in the following form 
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..mere K 1 :~ K 2 , K3 - constant coefficients, 
y, (X) ~ signal from the angle transducer, 
~2 (X)- signal from · the angular velocity transducer. 

The equations for j>1 (X) and _5> 2 (X) are of the 

form 

s.c>e> = { 
Xt- fo-e, X> Xeu., c;m } 

X 1-c-c lXI~ X~ 
) 

-Xe;.., fo-e. X -=::-X ti-t 
) 

. 1o-c x>x~ {X~ ) 

s>2 lX)= ~ <fot IXI~Xw., 
) 

-Xt.&..n fo-e xc: -.X G:.., 
) 

where }(tU,. , X.u.., ,- constraint values relative to coordi-
nate and its velocity, respectively. 

The control moment of the system is the control action. 
If we .: assume that, in switching on and switching off the 
electropneumatic valve, the nozzle thrust inereases and e 

do 
decreases instantaneously and/not to take into account the 
transport lag .then the equation of the control mement may 
be written in the form 

where M'"~ - maximum moment created by the nozzle. 
The motion of one channel of the PSS can be described in 

a simplified form, the lag being taken into account, by the 
set of equations 
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x =-o ) 
o = cp [S(t -T)] . 

> 

Here the following notations are introduced: 
o - value of controller ac.tL.on.. ·; 

E) - control function; m... - constant in 
quantity values taken by the relay characteristic 

M,.,c::t.~) 
(m ==- ::1 > c - value of controller dead zone; 

~ - lag. The other notations are given earlier. The 
structural scheme of the PSS, corresponding to the equations 
of system's motion (2), is given in Fig. 1, •. 

2. The Use of Transducers Constraints 
for Formation of Nonlinear Control Rules 

If in the PSS there are used transducers of angle and 
angular velocity which have eonstrai:ilts then they can be used 
for formation of a nonlinear control rule for construction 
of a system close to optimal .one from the point of view of 
minimum of flow of working body or minimum of thrust impulse. 
Note that for system (2) the minimal thrust impulse required . 
for damping of initial angular velocity X

0 

(3) 

where J' = Const - nozzles thrust, 

For solution of the given problem let us study the phase 
plane for system (2) when = 0 · . 
The type of the phase plane consi.derably depends on the 
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relationship of parameters of control rule 
• 

E)==- Kt g1 (X)+ K2- ~2 (X) 
(4) 

and on the value of dead zone of the relay function GP(G) 

It is necessary to consider the following combinations 

of parameters 

a) K 1 X~- K 2 Xeu,.. <- S) 

b) K 1 X G;.,., - K2. Xec-, =- £,) 

c) € ::> K 1 X~ -Kz Xec:,...,. :> -c.J 
d) 

e) 

K1X~ -K2 X e;.,.,. = e, 
K x b. - K. x. ·~·. > e 1 ~ 2. '""'"" . 

The ~ pe of the phase plane which is three-sheeted plane 
(on sheet I cp(6) = m, on sheet II cJ>(6) = 0 and 
on sheet Ill qb(6)= -m) is presented in Fig. 2a-e, 

• 

correspondingly. Note, that the relationships of the pa­
rameters "b" and "d" are in effect bifurcational due to 
the fact that at infinitely small variation of any parameter 
the kind of switching lines varies qualitatively. Apart from 
this, in ·these cases we confront a new interesting fact 
when switching "lines" at some regions are, in fact, no 
longer lines and occupy certain parts of the phase plane 
(shaded areas in .Fig. 2 b, d). 

According to (2) the switching lines whijlly lie on sheet 
II and, consequently, the shaded parts refer '· also to 
sheet II. 

From consideration of the phase plane it follows that 
the PSS will be more close_ .. to optimal one in case of re-­
lationship of the parameters "a", "b" and "c". In 
fact the thrust impulse in this case 

'j· . K., XtM-n- C 
Pt ·= y(><o+2 Kz. ) (5) 

and for sufficiently great K 2 
with its minimal value. 

it practically coincides 
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Thus , using only natural constraints of·parameters and 
applying no logical elements one can construct the system 
close to optimal with respec t to flow of working body. 

It should be noted that in this case we have long time 
of regulation but as a rule, during the regulation time the 
strict constraints for PSS are not assigned~ 

It is interesting to compare the suggested system with 
respect to thrust impulse with the optimal quick response 
system. It is easy to calculate that for the latter, when · 

e = o. 

(6) 

i.e. the thrust i mpulse is two tiJileS greater thari min:ililal one. 
Consider the phase plane for the case "b" when 7: ~ · 0. 

Its kind is shlown in Fig • .3~. There are sections of super­
position of sheets due to the lag. The equations of switching 
lines are the following 

X=-
Kt XliJ.t.. - C 

K2 
-m.r ) 

(7) 

I 

The lines ( L ;_ ) are symmetrical with ( L i ) 
relative to the origin ~ = 1, 2, .3, 4. It is known that 
in the presense of lag the system (2) will have oscillation 
at any relations of parameters. Wi thout taki.p.g into account 
the auto-oscillations the thrust impulse will be 

Pt =} (X.
0

+.2 K,X~2 -e )+2P'C (B) 



• 
176 

In conclusion note that since ~ usually is small then 
in practice the relationship of the par~eters "a" must be 
chosen since in ease "c" strict constraint~ must be imposed 
on stability of values of K-t , K 2 ~ X~ ~ X e.c.,., 

With lag taken into account it is evident that condition 
"a" should be supplemented with the condition 

2e>m~ (9) 

because, if (9) is not fulfilled, the describing point 
"slips" the dead zone and the thrust impulse increases 
sharply. 

In the steady-state motion the system is in auto-oscil­
lating condition. Here X and X do not reach their 
constraints ( I X l <. X ein. and lX I < Xtim) ~ AutoTOscil­
lations in system (2) in absense of transducers constraints 
are studied in detail. In investigation of auto-oscillations 
one may make use of results obtained in reference , 5~ 

In conclusion let us discuss the operation of the .PSS with 
relay -characteristic having hysteresis loop. It has been 
proved6 that in this case the amplitude of auto-oscillations 
can be decreased due to inclusion of feedback ( K 3 =F 0 ) 
which compensates the lag. On the phase plane . the decrease of 
amplitude of auto-oscillations is explained by approaching 
of switching lines. 

At almost complete lag compensation the controller approaches 
the ideal one but here all dis~dvantages of such a controller 
are revealed •. The control organ in this case switches at a 
very high frequency. This frequency may become inadmissible 
for the given controller and controlled plant. At high 
frequences the breakdown o~ auto-oscillations may occur which 
is equivalent to .that the system will operate without cont­
roller. Therefore, .if theoretically, the lag can be compen­
sated completely it is not expedient to do this in practice. 
Realization of compensation should be done within admissible 
limits. 
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3~ Equations of El astic Oscillations of the 
Satell ite- Stabilizer System 

In deriving. the approximate equations of the satellite 
spin motion. due to stabilizer bending oscillations we neglect 
destribute_d __ mass of bars and weights movements due to longi.:.. 
tudinal and' t orsional oscillations taking into account weights 
movement 's. ·associated only with transverse bending , oscillati­
ons. We also neglect all perturbing moments because of their 
smallness compared with moments from oscillating weights and 
control mc:nents ~rom PSS. We neglect also the perturbing 
Coriolis f orces occuring in the result of interaction of 
tr~sfer and relative movements of weights7. 

For obtaining the above mentioned differential equati·ons 
consider kinematic scheme of motion of only the i-th bar 
with the weight (Fig. 4). It is assumed· .that the center of 
mass of the system is located at · the poin~ "O" and the bar 
and weight are rigidly mountedat points A1 and B1 , res­
pec~i vely. 

During the stabili~er openi.ng due to the action of 
Cariolis forces or opening mechanism the weights receive 
i nitial deflectio.ns. In · this case the satellite will oscil­
late round the center of mass under the action of moments 
r eceived from the weights oscillatirl6 under the . action o~ 
elastic forces of the bars. 

If the weight on the -i-th bar deviates by the angle ~i 
then the satellite body will rotate by the angle ~~ • 

Hence, if the satellite-stabilizer system _is, t~e satel­
lite and "n" bars with weights at the ends then i~ may . 
be considered as the system with "n+1" degrees of freedom. 
The genera.lized coordinates will be l.D LU "P. LJJ ;T, Tf J . 2 :1 . · • •• Tn. 

respectively. 
In the case under discussion the . Lagrangian equations of 

· the second order are of the ·form 

(10) 
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i = '~ 2~ ... . n., . 

where ~ - Lagrangian . function ( ~ :: T- V ) ; 
T and V - kinematic and potential energy of the 

system, respectively, · Mcp - control moment of the PSS, 
MY';, - moment from internal friction forces in material 

of the i-th bar. 
Introduce the following notations (Fig. 4): OA, =-etc..) 

A c. ll;. = l, 0 B;. = 9 i ~ Vi, - absolute velocity of motion 
ot the i-th weight; ~ = a - mass of the i-th ~eight 

(11) 

!he kiDeaa t i c energy ot the satellite-stabilizer system is: 

(12) 

where Ic - a011ent of inertia ot the satellite. 
!he expression for potential energy ot the . 1-th weight 

is of the tom 8 

V. :1& .A_ E;. I~ 'f..z 
c. . 2. l . ' , 

where ~ = Jl - Young'-s aodulus, I1 = I - moment ot 
inertia of the bar cross-section. 

(13) 

Substituting expressions (12), (13) into Lagrangian func­
tion and taking into account (11) we obtain, according to 
(10) 1 the differential equations of the motion of the 
system ~der discussion 7. 

(14) 
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-2 m a {cf f:.. sin V1. 'f i -m. f::. ( l 2 + cdco.s 'I'.·)~~+ 
. i=f L•f ' " . 

+ rncd£ sinvt·~/! =-Mv, 
t=-1 

Not e t hat equations (14) describe the motion of the 
satellite-stabilizer system conditioned onl7 by oscillations 
of weights. At small deviations the total angular motion of 
the system can be considered as the sum of the above menti­
oned motion and the solid body motion• _ 

To the system (14) the . equations descJOib~.ng ~ea 
of the PSS must be added. 

4. Studies of Motion ot the Satellite­
Stabilizer System Caused bz Weights 

· Oscillations 

Simplify equations (14) neglecting the aomen~a · from 

forces of internal friction in bars since it has been 
proved that they are sm~ll 9~ Linearizing the equations, 
assuming the amplitudes ot auto-oscillations to be aaall, 
we obtain 

. (15) 
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Since the PSS is a relay syst; m the control moment 
may be assumed to be constant s,t each region of. addition, 
and at these regions it is possible to find · the solution 
of the set of equations (15). 

For a stabilizer with one bar the solution of the set of 
equations (15) at the initial conditions - i= 0) t.p = <1'0 · -. . . .) 

~ = c..po , l.f' = "#)0 and "''' = ~ 0 has the form 

lf='Po -A,<i:,+(cP0 -A,*')t +111 ~cosw,t + 
A1 • t M tz (16) .+ w, '+'a si.n w, - 8, y :> 

J.·. 

For a stabilizer with two -bars With: weights .the .sol.uti- _·· 'f· 

on of the set of equations (15) for the most' di:sadyantageo.us 
cond.i tions 7; == 0 1 t.f' = 'fo , <i> = ~0 , 1../'1 = ~· = 4'0 --

• . 
and 4'f = 4-'z =- 0 has the fo:nn 

(1?) 
4'1 = ~o ~.SWzi- C.M..p . 

' 
4'z = ~ 

The constant coefficients - A , ,41 , A2 , 8 ~ B;< C, C~· ~; :·r ··r· . 
.. "·~- '~(':f 'f-.;~1 

and frequences w, and w~ depend on paranieters . of :t he .... ,;. 
satellite-stabilizer system and are defined by the fori6vli ng ·.;· 
formulae 

) ' 

•t· \_ ~l '\ .. ~ '."': · ~ .. 

ml(a+t) 1 
A,= Ic + m(a+tl J Az== w, , 
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m t 2 { q + e) . . . -. . me~. (a + e) ,, '\ 

· C,= J E I[Ic+ 2m(a+tl] ;C,- 3EI[Ic + YfliiittJ'-]'' 

• " . • t • ,. 

It is ~~·Em ' ir~~: (16)"'. ~d (17) ·that ~hei t11~ PSs ~· is ··Y.·· 

Swi,_~c.h~·dLof{ ( · .. · .. "1.'f=·,a ··. ) . ~fte'r : opening th~ '-~tabiliz'er-t 
t!le ·. $ateliite ·a.~ ~ ;.po . . wii1 sYowly spin and··.:s±inilltaneous::.. 

~ .' • : ·"', • _:_. ' • I • ! ~.,. '? f"· ~ ., ··. r•i fl :~ .,_ -" 'I • ... ·~..,.. r , _.,~ , . , . ' ,.,. ~ ~ 
ly oscillate at frequency ' depending ·· on bars rfgidi ty. The ·.;, t:-

angular ?-eviatio~ increases until ·the perturbation is 
balanc.ed ·by ~arl_ty ·moment.· Due to the· ~·:ract 'that ··t ·he <:force's 
of . i'nterli~l · frict:i6n 'iri' 'bars. 'ire· n~glig:ib'ly;· smal'l / tne" 'gravl-· '; 
ty-stalibized ~;;/stem . sa.tklli te::_:·stfabili~er·~~~l make: :slow' .. ::X· 

undamped . o'scfllations Under -the e'ff'Efct· o·f >. gravity:. moment . (\:_~)-'. 

and quic'k '.o.scii'latiO:hS :from ;. the' .Sl'iaking cW:eigb•t .s . . 9~) ~~-• . " ~~~- · 

The und:e'sirable £·1l:i!gh;.;frequency ·.· o·sciJ..1ati.®s ?,:tn_:~.:~the ;~~sy~t~.lli:· ;~~;r.L 

can be danfped i 'f the . inte.rna1. : :£r.ict:i-oa r~or~.es .are. r~·nt~od;uc~:, ., 
in bars~" .: .: ·' ~ ;:·>~ ·) -· · ... ·> ':" " _ · · . .. :~ .. :··· :,I 

':since -, tl:ie roots ~ of ·characte·ris:t·ie equatia;o o_f . ·;. the. i.cf)yst~~v ·. 

of the · >:first ~ appDoxima tion:::(15) are> pure ;·imag~nar;y: tl}~;n ~~~e ·.=-~ 

judgement of motion :.stability ' from these . equ~.tions i~L_~O::I; _ . 

la.wful ; >~ For-~ the ~ stl'ict analysis ;·it if$ :necessar,y to .. f?tudyJ. ~: .... ; .~ 

the equations c;:r :.motion · {14)• .::.··, :, ·~ ~ ··: .. · ·,·;,. .\ ... ~ :: · ;~i t~ .,., r.~(J. :::;r,.: :' 
As an :·~ example -' the · se-t : ·of .. equations : (14) ·;.,has · 'oeen ~,n~ .::. ·: .. ··;-: 

merically :: integrated on a ·· digital ..: computer ~·. for ·; S, .. <pumbe.l' o ()~ . • "'. 

particu~ar ·values · of<parwneter$ ~ of ,:. ;the · sat~llite : and st~:- ;~'~'·-.-t· 
bil:izer .f••:: Comparison of~~: results QfJ;n1lmerical : integ;atiO:tl:: :;.; 
with analytical-~ sol,Uti·on c Of): simplified.' equations h~S1 $hown · :·:_ 
that·:. freq.U.ences'; and .: amplitud'es· of. the. sateJ,ld.~ .e S.1J.d·1 sta'Pili~ _, 

zer in both cases practically coihc'ide. : w;. :1':..- !,,:' •• · ;·. '". :. :-

The->e:fifec.t . ot:" mom.ent·:·froin· the ~ in.ternai 1·fr~etft.~>n ;. fOr<?~S 

in mat.eTial of~·- bars.-.rand::.damping de::vi . .ce.S ·· ttas ;7 be~n also c~ 

investigated on:' 1trhe' digit.al coin.Puter.:o. : The.· damping ·: mo.tnen~ 

was taken into account according to the formulae M'f=K'f' ~ 
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The energy dissipation in the bar G K = 6.661; 0.005; 0.01.) 

do not practieall7 infiuenee o~ system's oscillations •. 
If the bar is equipped nth damping devices ( K = 1; 

5; 10; 100) then the oscillations in the system damp very · 
quickly though the satellite continues to deviate from the 
set position u.p to t he moment when the equilibrium state is 
re.ached due to the gravi.Q' JR'oment~ After this the gravity­
stabilized system satellite--stabilizer will slowly oscil­
late under the ef:fect of gravity moment~ However, the angle 
of deviation will be smaller due to introduction of arti­
ficial damping iD bars. :Thus, the satellite cannot be damped 
within small time !DterYals at the expense of bending oscil­
lations. 

On gravity-stabilized satellites launched in USA the 
stabilizer opens after f1Da1 stabilization of the satellite 
with the aid of ~--~ s7stem and besides there is 

2 
magnetic dsmpiDg • A:t such .a choice of the moment of open-

ing the stabilizer the satellite's angular velocity, not 
damped by the FSS1 decreases due to the increase of the 
moment of inertia Q~ the satellite-stabilizer system. 

In equations (16) and (1?) the value of control moment 
. M.., has very saall coe%ficient •. If the time of operation 
of the PSS is short" and cont rol moment is small then one 
m~ expect that it will DO~ render essential effect during 
its operation on satellite's dynamics. Therefore a con­
clusion can b~ made on the expediency of opening the 
stabilizer after switching off the PSS. The conclusion 
obtained requires additional st.udies. If the stabilizer 
does not possess sufficient rigidity then it is reasonable 
to open it after preliminar;y stabilization of the satellite. 
The influence of the PSS on dynamics, when the gravity­
s·tabilizer is open; should be judged of by the results of 
studying moti~n equations (14). 

Complete equations ot motion of bending oscillations 
·of the satellite-stabilizer system have been investigated 
on a: digital eom:pu:te:r '1!ta taking into account the PSS 
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operation for the chosen parameters o:r satellite and 
stabilizer 2• The studies have shosn that if the PSS has 
relay characteristic with a dead zone taen the bending 
oscillations of the satellite-stab:ili.zer system. can be 
damped within acceptable time interval· a.t small control 
moments~ 



• 
184 

~. ·;. · References ~:~. ,l • ··' • t: .. ~" 

_,.• ' ,: ~ / . ~ :_ fj .: -~ . 

· I.Jl. E. Oxori:m·.-WI.<Jiii, · B. A. CapH1!eB ... · C}ICTer-m rpa~}~Taru:IDHHO YI cTp.-
. • ...... ;_ J. ,( ... ). '.· -- • ... . . . 

du.;JIHSai.t:rU'l· HS)KYCCT.B,8HHbiX CeyTHHK.QB", 06. "IliCKY.CCTBe.P...., 
. ,. • -•' ~ ~J ... . ->. •• ' ~ . • ' • • .... 

-~-f?l e _cnyT~~ii 3e~Jui, _BHif . Iq, 11~.-Bo .AI?: , QR9~' ) :Q63. .; 
, 2_.IIpo.6JieMI:I OpiteHTaiUU1 11CKYCTB8HHHX CITYTH~1KOB 3eWw1Z , TIO;z( , : ... 

pe;z(.C.q>. CHHrepa. Hs-Bo "HayKa", !966. 
3. E. B. PaymeH6ax, E. H. ToKapi>. HeKOTOpb!e Bonpocrx ynpaBJieHmi 

B M81KII.JiaH8THOM rrpocTpaHCTBe n' Co. "McKyCC TBeHHble 
;crryTHm<H SeMJm,Botrr. 5.1tls-Bo AH CCCP, !960. 

4.B.II.JierocTaen, E.B.PaymeH6ax. CYicTeMa o~HoocHo ti op:aeHTa­
~~ni IIO COJIHIJ.Y KOpa6Jief1-Cir.fTH:HKOB "BOCTOY. 11 .Kom..m­

l!8CKH8 YICc.Tie.n.onamur~ T. IY,mxn.3,Y!s-no AH CCCP, I966. 
5.B.B.IIeTpOB, B.IO.PyTKOBCKzif . TeopJUI npocTeMtmx peJiei1HbiX 

cepnoHexaHHSMOB c sana3.n,biBaH:Yi eM, I1sB. AH CCCP, 
OTH, !~ 4, !956. 

6.B.l1.llonoB. MccJie,TI.OBaHYie O,TI.HOM pe~eMH OH CYICTSMbi C YI3MeHR­
K!l~HMC.f! BO BpeMeHH peryJinpyiOiiUB'I B03.IJ.8HCTB¥1eM 11 

· nepeKJirotieHHeM saKoHc:. pery JIYiponaHHR. Cd. "Teop1111 a 
rrp:m.1eHeHHe aBTOMaT¥I'48CK11X CHCTSM" • !tiS-BO "HayKa", 

!964. 
7. B.H. ilonon, B. 10. P'JTKOBCKHfr . 11ccJie;z:r,onam1e rurociurx nsrKOHbiX 

KOJiec5amrtf rpaBUT2.UUOHHO-YCTOlll!·HBOM Cl'ICT8Mbl CllYT­
Hl'IK ' CT2.0HJIH3aTOp. KocMH'IeCKHe Hcc~e~onaHHH, T.3, 
BHIT.5, ' ll3-BO AH CCCP, 1965. 

8. IO. A.lll:m,mHCKHTI • .UmraMIP-IeCKYI.ti pacqeT cy ;noBHX I<OHCTPYKUIIti . 
Cy;nrrpoMrYis, !963. 

9.fl.r.IIaHOBKO. BHyTpeHee Tperme npn KOJiec5aHURX yrrpyrMX 
C.f!CTeM. ~YI 3MaTPl1 3, 1960. 

- ~\f. 



1 ... CA.) 

!J.J 
~ 

I 

~ 

10 

N 
l 

I -10. 

l 

-I~ 
- I 
eo t 

1 
I 

~ 

185 

j 
I I ,..... 
~ 
& 
t:.: 
~ 

· -.J IV) I 

~ ,...... ~ 
"\[) .~ ......_, 

-9- ~ 

1 ... 
.. . ~ I &.I 

t . 
O,.J 

L.- I 





187 

cL) 

I 

\ 
e) 

I 

TiT 



• 
188 

><: 

• --.5 
H 

....._ 

I 
I 

I 
) 

\ 



189 

we<.,~h,. 

Xr 



190 
57 .5 

TURN ~~R CONTRGL OF A CIRCULAR 
ORBIT PLANE PROVIDING FOR A SATELLITE 

PASSAGE THROUGH A GIVEN POThlT 

Yu.P. Gouskov, s.v. Bunjakin 
Institute of Aviation 

Moscow USSR 

• 

The method of synthesizing the turn maneuver of a circu­
lar orbit plane of a satellite which guarantees its passage 
through a given fixed or Earth-based point is examined in 

this report. 
The satellite equipment is supposed to cvnsist of the 

uncontrollable-thrust engine, gyro-stabilized platform, atti­
tude stabilization system, accelerometers and computers. 

In case of the uncontrollable1engine thrust considered, 
the problem is reduced to the definition and realization of 
the moments of engine performance onset and termination (cut 
off) and the corresponding thrust vector orientation. 

§1. Problem formulation. 

We consider the problem of syn:thE! .. sizing the maneuver of 
a satellite transfer from a given .. initial circular orbit to 
a new ("target'') circular orbit of the same radius. Moving 
along the target orbit the satellite should pass through a 
given point R which is fixed or Earth-based. We examine the 
center of _mass movement beginning from time t

0
• Moment of 

the s~tellite transfer (while on its initial orbit) to the 
hemisphere o:f R point, i . e . moment of the ascending :node 
C

0 
passage (fig. 1) we take as t

0
• We take then as the co­

ordinate system OXYZ (fig. 1), the zero point of which co­
incides with the center of Earth so, that the OY axis be 
directed to the hemisphere of the R point perpendicular ly to 

. the equator plane n 3' ox axis - to the ascencU.ng node CO 

of the initial orbit n 0 and oz axi s -- perpendicularly to 
the OXY plane~ 

Position of the radius vector rR of the R point on the 
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Earth ' s surface is governed by the 
gi tude cl about OX axis in the 
Provided that d. ( -t, ) = d., 0 

l atitude Y' and the Ion­
equator plane (fig. 1). 

we have for ci and lf 

~(t) =do :t tiJ (1:. -t.o) 

<.f = CDI/Jt 
(1.1) 

where W is angular rate of Earth's rotation. 
Here negative sign refers to the case, when the R point 

is in the south hemisphere (for the equator points, when 
<p = 0, we shall use .the positive sign). 

- When guiding to the fixed point, ti) = 0. Now consider 
the maneuvering satellite. Denote the projections of the ac­
celeration due to the engine thrust upon the radius vector, 
the perpendicular to the -acceleration in the plane of the in­

stantaneous orbit and the binormal to tl;le trajectory as S, T 
and W respectively. It is known ~rom the celestial mechanics 
[ 1 J that the turn of the satellite plane is realiz~d only due 
to the acceleration w. . 

Let the acceleration Yl act over ( t 1 , t 2 ] length of 
time. Here W is a given time fUnction of a constant sign. 
Then the guidanc~ trajector.y of the satellite ·within t 0 - t 3 
time interval[Jthe aomeitt of passage over the R point) we can 
d1 vide into 3 portions (fig. 2): 

1) t
0 

' t < t 1 - unpowered motion 8.1 ong the arc 
cool of the initial orbit; 

2) t 1 ~ t ~ · t 2 - portion of the powered motion 
along the clc2 part of the trajectory; 

3) t 2 < t ~ t 3 - unpowered motion along _ the arc 
C~ of the "target" orbit. 

The position of the plane ·n,, of~the osculating orbit against 
the plane no of the initial orbit will be determined by the 
Eulerian angles l/) and 8 (fig. 1). It is obvions that the 

. angles 4J
2 

and Bz (fig. 2) defi.ning the nz. plane of the "tar­
get" orbit are equal (/1

2 
= 1./) (t2), 8

2 
= E? (t2) respec-

, tively. 

The position of the radius vector le of the satellite 
center of mass (fig. 1) on the osculating and 11target" orbits 
is defined by the argument of the latitude 
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The change o:f angles C/.1 8 and U when t ) t 1 is 
characterized by the differential equations of the osculating 

elements [ 1 J 
d<j) 'Z ~· e - = W --= ~tnu csc 
d-t Vpp 

de= w -· l_ co.su 
dt fPjU 

dU = -/PiJ- W .:!:_ Sti11Jfln() 
dt 'l.J. VPJU 4 

where;u- gravitational constant, 

' - current radius 1 

p - parameter o:f ·the.· osculating orbit. 

(t. i ) 

The change o:f ·the parameters p and 'Z. is governed by the 
equations [ 2 ] 

d'j :: 1. 
d7J' 

d1:. =-U+i(t+ns+: flr) 
d.,Y tr p I 

(/ .3) 

ci.P , .2 
- =- flr 
d.V' :1 

.S - T/,_ 
Where ~ • ! - ~~ ns :~ y 2. I n T : / j2l f .L are the · C Om-
ponents of the longitudinal acceleration at the satellite 
height, an~ V (angular distance of the satellite from the 
axis fixed to the osculating orbit) is governed by the equa-
tion . ~f = '1.-J.yp;V- (/4) 

If' the shape 6f the initial circular orbit is maintained 
unchanged ' during the maneuver, then p = 'Z = c onst • , and the 
system (1.2) can be rewritten as 
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is side 
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d 'f = Q nw Sin u csc 8 
di 
de 
dt ::: QnwCOSU 

d
d U ::: Q ( 1-nw Sin U tia G) 

t -~ "tr , 
Q = z 2. YjU is orbital angular rate; 

acceleration at the satellite height. 

§ 2. Maneuver programming. 

(I.S) 

The first step in t he maneuver synthesizing is the for­
mulation of the control acceleration program providing for 
a coincidence of the radius vectors of the R and C points, 
moving according to the (1.1), (1 . 5) ruies at a time t 3• 

a) Kinematic s of the .powered motion. According to the 
problem in view the control acceleration dependence on time 
for t ) t 1 is preset. Therefore, as a. result of the equa­
tion (1.5 ) solution with the initial requirements 

W( i 1 ) = ~ 
1 

$ (t.,)~ ?J. (t,) = 0 
1 

the followillg 
relationships cari be found: 

(:} = S(t) 
1 

(2.,f) 

where 

form: 

"C = -/;- t.,. : 
If Z\v = const. these functions according to [ 3] take 

n w SI/J (o,sQ ~) 
-fn~ + -t' 

tJ {o,s Q7:t(7 'w+-t ) 

in'w+t~ ' 
We are not able to ascertain the form of ' a decision 

(2.1) for the general case of -~! assignement. It is possible 
only to point out t he follo~g features of this solution 
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resulting from the pattern of the system (1.5) second equa~ . . 

tion, when the sign of ~ is 9upposed to be constant: 
1) the angle of orbit plane rotation cannot exceed a 

certain value e ma.x' dependent or . Dw• 
2) the maximum value of the angle of orbit plane rotati-

on is attained when u:: ¥2 i 
J) theB variation with time is proceeding monotonously. 
Thanks to the mentioned above features, when 0 ~ U. ~ 97~ 

it is possible to pass in the solution (2.1) from the inde­
pendent variable· t to the independent variable C1 

We have as a result: 

For Dw = const. 

· y- £. fcos 
- Q l' 

the relations (2.2) are written as: 

/8mox/) . SiJJ ~I 
2. . azc Sin 

SV, I e mtJX I 
2. 

/f)/ 
( /emaxl -1.1? • St.:n z: ) 

lt =I! f.J.) =0/tt, t9 ( COS -2.- 'd ())GC Stl? $V} /elma.rl 

--z 
where e max = 2 arctg ~· 

(2.2) 

In the case of a pulse maneuver of the orbit plane rota­
tion. ( nw = 00 ) 

7: (B) = .o <fJ ( $) ;: u ( f9) =o . 

b) Necessary relationships. 
Considering the motion in ·tbe central gravitational field we 
shall set up the r:quirements sufficient for a trajectory of 
the satellite ' guidance to the line of the radius vector of 

t.tle R point. l.fi~ 
Suppose that the radius vectors ·Zc and ~~Y coincide as 

a r ~~ ilt of the maneuver at a time t 3• We shall in that case 
suppose for certainty, that at 0~ d., 3 < :Jj a satellite 
passes over the R point (with re_spect to the time · t

0
) during 
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t he second revolution, but when gr ~ d, < 2.Yi it passes 
over _the R point -during the second semi revolution (we mean 
the 1st revolution here). 

Then the balance of time and the requirements of the 
corresponding equality of the two spherical coordinates of 
the R and C points against the 7T 0 plane and the OX axis in 

it should be met. As can be seen from fig. 2, these require­
ments give three relations: 

~. S _ St/J <PCXJSi- (-I) ~Co.s rfSV7t.: Sthd ~ 
VJ .2..- • SirJl/3 

s .3 : K 7i +-a~u:. i _ Cos CfJ r.ba « 3 · 

;j Sin cp Sti1 i ~a( -I) ~:.Cos cp f1>s i, su, r;( 2J (z.3) 

+ u
3 

-Q)et cl/1 ci3 VJ , 
7 Cos&z 

d..:,"' dot.;: {s3 -t. W{ r:;J-11($~ .J.Q7:{r;;j) 

[ e. -- 0 ~e(~ <..c;;-
where s3 ~ q;z. +-U3 1 · K:: 1 91 ~d..~<. 27i 

and functions tJ4J(f)),.?J.(t:;) 
1 

7: (c;) are defined by 
the relations (2.2). _ 

c) Trajectory optimization. 
Three relations obtained above tie together the four unknown 
quantities - o/.3, S 3; 9a, lJ 3 . One is free thesefore, 
to choose arbitrarily one of these parameters. Let us exclude 
this ~ uncertainty with the requirement of energy optimum · 
(minimum energy losses) for the maneuver. 

Under preset engine thrust an energetically optimal ma­
neuver is to be one with a minimum length of its active part. 
As the yariation of a latitude argument U within the active 
part of energetically optimal maneuver with a single engine 
performance onset is always not to exceed9T~· , so in view of 
monotonousness in the 6) variation, the minimization of en­
gine performance ~ time is equivalent to the m~imization of 
the absolute value of the angle c9, required for the maneuver. 
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The determination of an optimal trajectory of guidance is . 
t herefor e . in our case r educed t o the problem of mdnimizatioL 
of t he function ::1:-/el.j unde~ conditions of (2 . 3) . 

This problem i s mos~ simply sol ved carrying out a seri­
es of numeri cal solut i ons of equations (2.3) for different 
values of ll,; ( in the neighbourhood o:f opt imum supposed) 
~th the subsequent finding the relation /Sz./ = j(?JJ) minimum 
The process of iterat ing equations (2.3) c onverges rather 
f ast i f one takes d.j1

) : d.. 0 a s the fir s t approximat ion ., 
Wit h the f ound optimum values 213 ~~-, B2 il'

1 
Sz * of parame­

t ers ?.13, 9 2 , S 3 the progr am of an engine per formance i s 
easily defined. An engine, the thrust action l ine of whi ch 
i s directed along the binormal t o the tra jectory is to be 
en gaged at a moment t 1 , when the angular range </..11 of a 
sa tellite from the ascending node r eache s the value of 
<f1*=S3*-.lJ3 ·-~'#(&,"').The per iod of engine performance ~ t i s 
def i ned as the time of orbitplane rotation t o t he angle e, 
i . e • Ll i; -= 7: ( f)l. *) . 

§ 3. Maneuver contr ol . 

The final stage in the process of a maneuver synthesis 
i s t he realization of the programmed guidance · trajectory. To 
r ealize it a control system is employed. The feedback sys tem 
examined here is based on the measurement of accelerations 

ns, n r 
1 

Dw• The feedback introduction is dictated by the 
necessity to counterbalance accidental deviations of regis­
tered accelerations from their programmed values. These devi­
ations arise in account for engine thrus t fluctuations and 
the error of a satellite angle stabilization. 

Assuming that accelerations ns, n T 
1 

Dw are measured 
by means of mounted on the gyroplatform accelerometers we 
shall form the program correcting control as a function of 
the se measurements . The correction ~ of the side motion is 
i.n. t hat case formed discretly, to. the account of the moment 
of engine cutoff with r e gard to the progr ammed va l ue; t he 

l ongi t udinal pert 11rbeu ·motion cont r ol is r ealized with a re­
lav by means' of a proper thru s t vect or deviation wi th r espect 
to the binormal. To the acc oun-;:; of -that, t he thrust vec t or 
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components, which act in accordance with the conservation of 
the initial circular orbit form requirement shall be project­
ted upon the radius vector and the normal to it in the orbit 
plane. 

a) Quality criterions. 
As the result of perturbations the satellite in a de­

signed moment of encounter t 3 shall be at an angle distance 
jJ from the target point R. The satellite radius vector 

attitude at that moment can be characterized (fig.)) by the 
Eulerian angles 

l./)2. = 'P; +a~ 
82. = e2~ +Be, (.3.1) . 

713 = UJ'~~- +OllJ 
or angles 

E3 = eJi( +at~ 
.A~ = fl. :/' + <5)1 '!:> 

(3. 2) 

Here and further on the programmed motion parameters 
are marked with an asterisk. 

Considering. deviations rS£J and c3 A 3 to be small we ob­
tain from the spherical' triangle C

0
CR (fig. 3) for the an­

gular deflection (a mi~s) 

.P~6E.J 2.• Sin z.c3 * o.ft~ z. . (3 .3) 

From the spherical triangle KC
0

C (fig. 3) we define in a li­
near approximation 

where 

. 8 E3 ~c,o~ ~c2 o$2 +-C3o2l3 

(3.4) 

C
1 

=-Cos ?J3 • Sin~*" csc c3 * ( 1- "/j ll:; * cfa ~ ~~-cc?se2 .. ) 

Cz e csc £.3" fiiJ 7)3 *" ~IIJ '1"' Sti'J £9,. * 
C 3 : StJ? V:/~· Cos f.J.Iz.'* csc e3 ~ ( 1- c t.,j v~ * tg <Pz. </(Cose/' ) 
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fA ....., ~~ , * C.e. e,::: c"d 0'~ tg./1:; +- c; e, 

e~· cfs 213 • i;}.A/. + ~.· e, 
Let us introduce for symmetry, designations 

.2:, = cp(-t,) - q;l( (f,) 
X.t& fJ(t)-e~rt) ,. ~.5) 

~J::: ll (t)- u If-( t.) 

We have then 

Inserting expressions ·(j.4) into (3. · 3) we obtain acco­
unting for designations (3.6) 

f~(c~x(-t~)).t+ Sinl. C.3 • (e. .. X(tJ))t.. (3.1-) 

where points designate scalar product of vector ac ::: 
=['Y' ,., ...,. 2 with vectors C:fC ,· ·. c3 J and 8 [e e D 7 

"''o.fJ.A.J.J..A..3] . ,, t., = 1) 2.,'-3] 

Considering (3.7) as a criterion of side control quality 
submit the side correction synthesis to the aim of the func­
tional (3.1) minimization. 

The synthesis of a longitudinal motion stabilization is 
dependent on the requirement of rapidity of action criterion . 
This requirement being accomplished the accumulated deviati­
ons will be set aside at a minimum of time possible. 

b) Side correction. 
The synthesis of a control which defines a moment of 

engine cutoff ·is performed in assumption that t he circular 
orbit form distartions may be ne glected. 

Let us l inearize equations (1. 5) in the vicinity of the 
:programmed motion at the length [ t 1 , t 3]. Accountirg f or 
( 3.5) we obtain 
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where "5 w is a chance deviation of acceleration Dwt and 
qw i s t he controlling force J 

!I = IJ ~ ~f~ ~ :~ J/ 
o aJ, a32» ) 

Coefficients Q ~ j 
1 

C K are 

a.12 ·-Qn7v Si.nU"ct9 (:}"csce~ aA3 =-Qn~Cosll*c~e,. 
a,3 • Q n. *w Co.Sll ~~o t.JC 8 * f;f = Q SV; Zt* CSC $ * 
a.t.J~-Qn~sv;ll* oa :~: Qfl>su* 
a;;.= Qn *w Sin 21* ~~CJ,f9., b:J: -QSv,lJ*ct! f:7"' 

The solution of vector equation (3.8) with zero initial 
c onditions at a moment t 2 takes form 

t 
~ {t) = j AI { t~ 7:) (; (T:)Il nw (rc}d'C 

wher e t 1 is th~ engine cutin moment, Ll/Z w _ • 'E w ;. 9 w' N ( "t, 7::) 
i s a matrix weight function of equation (3.8). Hence we obta-
in f or the moment t 3 · iJ 

ia, . 

x(t:)= J Jl(tJ,'"l)G (z-Jsw ('C)dr:~-f IV(I:..J/!:)8 f't)flw('t)d.,?; (?JB) 
~ ~ . 

where t 2 is the engine cutoff moment. 
Ad the controllin~. force qw is created at the expence 

of the moment t 2 shift with the respect to its programmed 
· val ue t 2 , for the second integral at the right side of (3.9) 

we have in approximation: 
~ I tJ (f.:J, 't)Ut)~w{?:)d?:-::: N(t;, t~ ")G ( t..~. ") n.: { t.~."JJ't.. c~.IO) 
' 

where 8iJ. = t; J. - t,_ 11
: 

The problem of -correcting control synthesis is thus re­
duced to the sea.rch of such a shift ate that provides a mi­
nimum for the functional (3.7). 

Insert (3.9) into (3.7) we find, taking into account _ 
(3 .10) 
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p~ (c.P+c.r;oi.t)"'+sV;tc; (e ·P+ e·((cStJ .' (3.ll) 
where . t"' .· 

P:: 1 /11 ( t:~ t;)!; {T) JJ nw tc) ri7: 
t, I 

Q = A/ ( t 3, t J. ")6 (t ~ *) n ~/,. ( t.:z *) .. 
The shift value !)iL which provides minimum for the crite-
r ion (3.11) is equal to 
.oi" ~- [( c·Q) ~+ ~V? 2c3 ~(e. t;;J'}-/:(c-r;)(c·P)+Si.n 2cf (e--Q)(e·P)] 

We obtain hence, that the engine cutoff must proceed at 
the moment f;. 4 when the condition 

here 

tl 

1:2.- tl '~:: J rp {-r:) ~ nw ("C) d7: is realized; 
!, 

cj;{r;):: [(c · Q )c +Sin ZC/' (e·Q )e].tJ (tJ, t)6tc) 
(C·Q )1

+ Sin1 £J*' (e·Q)2. 
c) Longitudinal motion control. 

In view of the relay control synthesis we linearize the 
system (1.3) in the vicinity of a circular orbit with the 
radius 'Z * • Introducing designations ? 1 = 8~' ~J.. ~ 81. J flt:: op 
and neglecting the term '1.. 11

-
2 8 f we obtain 

(3. 12.) 

where 15 s and ~~ are the accidental components of accele­

rations , . q
5 

and qT are c ontrolling forces . 
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As fo~.lows from the equation of motion ( ).12) the height 
and the velocity of flight s tabili zati on are realized i nde­
pendently - the first with t he help of the cont rol qs' the 
second with the help of q T • 

In synthesizing c ontrols qs and q we shall consider 
only a free motion, not taking into cons ideration 
and S 1 • The last ones are considered here only as the sour-
ces of deviations ?1 . J ? .t 1 , 3 , ? q rise; the q

6 
and 

q T role i s t o serve to the nost rapid elimination of these 
devi:'l.ti.o:-ls . 

Making use of the results, obt ained in ( 4 ] , and in-
troducing the zero zones e and ~ we def ine t he laws of 

control s qs and q T formation as f ol lows: 

-1s ma.x 7J. ~ ~ {t;~n 71) va 2._.. (?-a. sian ?1).2. t 

0 ?, .t ..,:_ / -L '- ~ G a 
(3.13) 

7 ... < -(sijn ?,Jia .. _ (?,-as~n ?,)'-' 

19 ., - (S'Jil h) Y2 8 J3 stan ?J 
7.3 i + 7.,2. ~ 0 a. (3 . 1'1) 

9 r max- ? , < - ( Si9n ?3 ) Y 26 ?3 Sijn J3 ., 

where qs max and qTmax 

es of control s qs and qT, 

are modules of the maximum valu-

Cf PIQJ( 

a= _.s __ 

z * I 

Note , that t he l aw (3.13) i s written in assumption 

I I n / / Plt:l)f that j , / ~ 2C1.- or ~ 'l 'l . ~ Cfs .. The controls 
(3•13) , (3 .14) counter deviations with accuracy to ~ and 

o • One can obtaL"l an e:;.~ression of ? , 
1 

~ 
1 

~3 1 
t v 

throu2:h accelerations n and n - by analogy with the si.de 
u s i 
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motion- by .means of equations (3.12) solution. The trans- · 
for.m from ~ to t one can re~lize by means of approximate 
ratio c/.,) :::: .Qd.t resulting from (1 .. 4) when p = "l * . 
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GEI'tl']1RA.L PROBLEMS OF GqiDA.NCE THEORY 

E~A .Fedosov , AsM.Batkov, V.FaLevitin, V.AeSkripkin 

(Moscow, USSR) 

This paper introduees the concept of a gUidance system and 

presents general methods of its optimization. 

Introduction 

At present methods of controlling vehicles to induce a 

single time matching of their phase coordinates with those of 

another vehicle which in a general case is a moving one are 

being developed independently for vehicles of various types. 

So for instance theories of remote control, homing and self­

sufficient guidance of moving vehicles are not interconnected. 

2he absence of a unified approach to the solution of these 

problems hinders the development of general methods and mutual 

enrichment of particular approaches and techniques. 

This paper attempts to develop a unified approach to the 

design of control systems of iuoYing vehicles of different 

classes which are solving the "target pursuitn task. The 

approach is based on a general concept of guidance system and 

a unified mathematical formulation of the control system 

synthesis problem as applied to various types of moving 

vehiclest target characteristics and utilized data concerning 

the vehicle phase coordinates. 

!,iodern variational methods permit to ge·t . the solution f o-r 
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the synthesis prob1em with account of possib1e constraints 

re!1ecting specific features of various controlled vehic1es. 

I. Guidance System Concept 

Assume there are two control1ed vehic1es whose position in 

phase coordinate space varies in time. Let one of the vehicles 

be a guided one and the other be a target. 

The re1ative position of the two vehic1es is described with 

some functional. 1 ot their phase coordinates. !he simplest 

case of the functional. 1 is . the distance between the 

guided vehic1e and the target .in the three dimensiunal space. 

Sometimes their re1at1ve position is a1so determined with 

coordinate derivatives and angu1ar positions of the vehicles. 

Let the contro1 of the guided vehic1e aimed at changing the 

minimum va1ue of I at 1east at one moment of the finite or 

intinite time interva1 T be defined as the guidance of the 

vehic1e to the target and the moment when the 1ower bound is ­

reached, J (t) , be defined as _the rendezvous time t -zv ; The 

rendezvous time is determined with the condition 

I ( ttv) s i.nf I ( t) , ( I) 

tE:T 
The control system ensuring the guidance of the vehicle to 

t he target in accordance with its capabi1ities and limited 

information about pha se coordinates of both vehicles . is called 

a guidance system. 

-An essential distinction of the guidance system is that the 

aim of the control is achieved at least at a moment t hat is 

unknown during t he cont rol process and depends on the r el at i ve 
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pos i t i on of t he vehic1es . 

The main f eat ure of the guidance system is the accuracy 

det ermined wit h t he mi~ va1ue of the functional. 1 {t) in 

t he guidance process or, in other words, with its value at the 

rendezvous time I (t-z.v) . 
To cont rol the guided vehicle it is important to determine 

the current measure J (t~t,,) as function X ( t) of the phase 

coordinate vector of both the guided vehicle and the target at 

an arbitrary moment f < f~v of the gu.id~ce interval. T on 

the basis of a known law ot phase coordinate variation ot both 

vehicles in the interval. (f; t't.v} • Rational. current measures 

should satisfy the following conditions: 

I) x(c"l.,) =I (t~v).· 

2) For ever,r moment t of the guidancA interval the current 

measure :x!t} is a monotone nondecreasing odd tanction of I(t~.,J· 
3) Under the conditions of available information about the 

relat ive coordinates and. :r(t) = 0 the . condition I {f }= 0 · 
<rr . 

is achieved at the min1mum (or zero) · values of the control in 

the interval t 1 t zv. 

If I ( t "'zv) determines the distance between the vehicles thetl 

!or ~ft) it is convenient to use the miss vector ~~)definiDg 
the distance between the target and the relative trajector,r 

that is constructed on the assumption that the moving ·vehicle 

and the target. are in a relative rectilinear motio~. ~be miss 

is corr'elated with the distance vector R and the relative 

velocity V by th~ formula 
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• 
where the index 'on denotes unit vectors. 

By differentiating the miss it is poasib1e to find the 

corre1ation for the miss module change rate 

and the anguJ.ar rate ot the vector h in a plane normal to 

the relative velocity vector 

JJZ t 
£=---;;- J' f 

where Jh is projection of the total r elative acce1eration 

vector on the miss direction; j4J}. is projection of the total 

relative acceleration vector on the direction normal to t he 
R(ii · u) 

miss and relat,ive vel.ocity, and t; =- ; • is time till 

rendezvous with the ~rrent values of distance and relative 

vel.ocity. 

Relative acceleration vector projection on the r elative . 
velocity direction equal to ~ ·affects the miss only through 

the quantity t'j 
Thus it follows that the moving vehicle and the t arget can 

achieve maximUm miss variation vel.ocity if t heir acceleration 

vectors are collinear to the miss. 

The. specific features of gl.tidance systems are determined 

with inform.ati.on . and energ",f constr aints that are described with 

irreversible nonlihear transfor~s having no inverses . Infor­

mation constraints are con11ected with specific characteristics 

of information t r a:nsd-[.lcers a..."1d t he.ir :position :i.n phase coordi-

nate space as well as with t he i mpossibility of certain vehicl 

phase coordinate .measure:nent and mea surement errors , 
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Energy constraints are determined by vehic1e types, guidance ~ 

process environment , control energy reserve and contro1 foree 

varia.t ion 1·ange. Suppose further that differentiu equations 

describing the re1ative motion of vehic1es in the guidance 

process are known: 

{2) 

In general caee t~e vector X. includes coordinates of tbe 

guided vehicle and the t arget as wel1 a s the current guidance 

accurac7 measure , hence equation (2 ) is ~ called coup~ 

equation. Controls U. and J~ determine vehicle motions aud 

in general case the)" depend on ·measured val.ues Y 
coordinates X • 

of phase 

~ { t} i s a random function incl.udiDg control realiza't1.on 

err ors and reflecting information incompleteness about the 

vehicles. 

Energy constraints of the guidance s7stem determine easeotial 

nonl.inearities of !unction F as well as additional coDd1't1.cma 

under which equation (2) is solved. 

Information constraints de fine dependance of vector ~ 

on X : 

Y=G-[H~+lf]. 
Matrix H allows to single out the measured components of 

(J } 

. vector x and funct i on G- defines transducer noDl1.near1.-

t i e s and information interrupts. 

The block diagr am of the guidance system is shown in 1'18· I. 
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2. Guidance System Optimi~ation Methods 

Guidance system optimization problem consists in defining 

control vector U dependiJ?S on vector Y(t} from the condition 

m i. n M [ cp [ I\ tt.v )] } , ( 4) 

where M is mathematical expectation operation ; cf is 

!unction of guidance system error, and the rendezvous moment 

f~~ is determined by the condition (I). Energy constraint 

presence in minimizing (4) necessitates taking into account 

conditions of the form 

u..(t:.)€V, (5) 

where U is a closed region of_ isoperimetrical restrictions 
t'tV J ~ ( 1L, X, t) rJ_ t 6 C ( 6 l 

or of the 
t.o 

mathematical expectations of. conditions ( 6 ) I to is 

a starting moment of guidance/. 

It should be noted that control must be physically realizabl~ 

t hat is,it should depend only on the past values of the observe( 

. . process realization Y defined by expression { 3). 

An essential feature of the considered variational problem 

is determined by condition (I). In a determinate case and with 

~ = I it reduces to a variational problem with a parameter. 

Assuming the rehdezvous moment t .zv is defined by the 

condition 

necessary conditions for control opt imali't1 by applying the 

(7) 
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maximum principle can be written in the form /see re!. (I]/ 

where 

H ( ~' :t ' u.' Jt. t ) ~ ~ T F l.x., (.L I t) ' 

d.,"lJ L : 
d_. -f. 'OX(.. 

(9} 

( IO ) 

\P. et. ) " - i ~. U: ) :- '() <P [ ):.lt.vl) ( L.: 0,1, ... ,n)< II? 
o t 1 "' -z.v 'axe, ( il.v) 

C.onditions (6) are taken into account by phase coordinate 

vector .expansion ::C and the moment i~v is defined by the 

c.ondi t ion ( 7 ) • 

If the target also uses an optima1 contro:L maximizing 

guidance errors condition (8) can be rewritten in a form 

generalizing the result~- (2]: 

or 

~Ln M l H( \f' , z,u., Jt, t.)/'f 1 

( 12) 

( I3) 

JtEV 
depending on t he amount of information that the .target and the 

guided vehicle possess concerning the strategies of each other. 

It i s assumed t hat for control purposes in the guidance process 

the tar get also uses vector. ~ or some of its components. 

It f ol lows from opt imality conditions that control u (t ) at 

the moment t is determined by the ·±-unct ion of mathematical 

expect ation of an error at t he r endezvous moment t~v with a 
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known realization of vecto.r Y. · in the interval 

In a particular case 

o~ the constraint 

Mlt~rpucit]:: c 
t.o 

~or a linear coupling equation 

~:.fl:etG-U. +CC(t)ii (!), 

x.( to)::. eo· 

(t(> t). , 

( !4) 

( 15) 

( I6) 

t he necessary conditions for opt~lity reduce to a nonlinear 

integral. equation of special. kind 

u.(i)·S~f1G-Tk.Yt .. i)QM [x.(t~(t), t~i], < I7J 

where Q is a positive and P is a definitely positive 

matrices, respectively; P-1 
is inverse P matrix; I< (t~tv,tj is 

weight function matrix of equation ( I6) 

t EU, 

z~u. 
x(f'lt-} is defined by the solution of equation { I6) at the 

moment t -'l.v • 

(18) 

At present most fully ~e.veloped are design methods for 

optimal linear systems based on the mini mum of miss root mean 

square at a fixed time f 1 • Available r esults are briefly 

~rized below. 

Suppose phase coordinate vector of the guided vehicle 

sa~isfies set of equations ( I6 ). The result of the vehicle 

c.... rdin.ate measurements by the information transducers is 
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described ·by p -dimensional vector 

Y( t.) ~ H( t ) X(t) tV'(t) 
( pl(i) ( p~n) ( tl 1<f } l pJ{i) 

For simpl i city a ssume that vectors eo , u/t} , tr(t) are 

independent a t t .>,. to and 

M ( u. ( t ) u."" ( <t )] : Q ( i) ~ ( i ' t) I 

M L 1J U:) '\[ 'r \ <t)] :. A, \ t) ~" ( t -CC) . 
Define the mov ing vehicle control system. Afte~ear 

( I9) 

( 20 ) 

,cf. thy . . 
proce ssing~surement result s this syst em determines the value 

of t he prescri bed linear form ~---X (~:t) at time t .=: t~ 
{ t •n) {n111) 

{tL -: t ..zv) with minimum root mean square error. Such systems 

can be r epr esented by weight function matr:l,.x I< (t, T). 

System error E (tL ) is e:: 3Sed as 
i, t., 

E( t.) ' j act it( t., ,'t) H (t) d.t' t J x * 1< (ti, t )v('r) cJr- < 
21 

l 

'o to - ~*X ( tt) . 
Block diagr am of this system is pres~nted 1n Fig.2. 

Us ing the pr oper t y of conjugate systems [2] we transform 

expre ssion (2I) for the error to 

s ( tf) ':.cot: 1. (to) +ji'z * ('r).;t('r) j.l: l't) Jq;'t . 
t, t

0 
t., . ( 22) 

t J 1: '~-('L )G-('1:) U.(t) d.z. + 1 a: f k.{t,, "[) lf('t) d<c; 
/. )i:o t . 

whe r e ~ {I s atisfie s the set 0of equations 

{ 
i . -AT(t) Z(t) - W(t) k(/:1, t) it.) (23) 

& (tt):: -(L . 

Averagi ng yields 
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t . 

~(t.,)· J iz,.('t)HCC)Q ( '\)<r\ '[)z('()d.'i: t 

+ ut~,. ('t) it l'Odt l'l: )d.'t r t :z 1' (t.)~,. z. ( t.,) + {24) 

l
t, 

+ :L, £ T k.. (t.i,<t) R(t) k.. -r (ti ,t) t cL<f . 
After introducing new variab~es satisfying the set of 

equations 

i ~ltt~(t)j.L (1:)' 
h+i l: 

i =Z~t)G(t)G(t)G-ti).z(tJ, 
h+Z 

'Z h ~2 (~) ~ 0 ; (25) 

z = 2.1lt t) R.(i)Jt r(t,, t)tlt! J 
11 rJ '' 

the synthesis problem can ultimatelJ be formulated as follows: 
~ . 

Given the set of differential equations (23) and (25), it is 

necessary- to choose matrix k {t~, f) which after satisfying 

necessary boundary conditions would minimize ~rror mean square 

It shoul.d be noted that if vector J! can take arbitrary 

values we have a fi~tration prob~em • 

. By us~ Pontryagin maximum principle for solving the problem 

we find that the synthesi~ _problem solution reduces to the 

solution of the following set of equations: 

(27 
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zh+3 =~ik(ft,t)R(t}~r(l:~,t)~ , 2h t3( t ,;)::_0 i 

~ ::..fl(t)!jl -2 :ih+t ( t , )<f(t)j t ( &)+2~6-r, </1( t. )=<:? Ca C0 r ~-{to ) 

~(-/:, ) ::.- i )eT <J' ( t,)' 
Equations ( 27) allow to define optimal weight function of 

the system not ~nl1 with the prescribed -~t {f) but also with 

the worst behaviour of the opponent. In this case the guidance 

system can be determined frQm the conditions [2]: 

I 
m9-.x. m.in c.~ [ k:(i4, t), j~ (t)] ; 
i.~; € t.L [<:, 

(28} 

II m~n ma.x. &. [lt(tf, t)l it (t)] · 
J(. it.EU. 

(29) 

To . solve problem I it is necessarj· to maximize over j t € V 

for t he set of equations (21); the solution of problem II 

changes equation (9) on~ for· 7r,..
1 

writ t en as follows: 
;{ I .:: n1Q..X. Z. i('f:);f (f;)d't(i)' 

and ~ which are 

n + . f:.U 
0 1-t g (30) 

lfl :: Jl(t) tp~ ll'htl -;;r. [m~:x:. z 1 
£.( 1:) Jt( tTI ·· · 

. Q1 . J~ 
Suppose all the inputs to the control . system and measurement 

e r r ors are random with zero mathematical expectation and vector 

is arbitrary t hen substitution in (27 ) 

~(t) =-2 P(i)Z (i) > 

(3I ) --PC -f: ) : c. c T 
0 () 0 
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• yields a known equation that shoill.d be satisfied by variance 

matrix of the optimal system and by optimal estimation of phase 

coordinates 

clP ~ PJJTtJJP-PHrR-1HPt.G-QG-T , 
clt -
P(to) =- CO COT' ) (32) 

ctft=) ·~(t}-K,(t, t )H<t)]i(t)tK(I:, t;) [H XCtJ t 11"] . 
In the absence of random forces U { t) applied to the 

vehicle equations defining optimal weight function sections 

can be written as 

i: -.flTl -HT"=_T( ti, t) de J 

1 ('t,) = -£ ) 

\jJ ::..JI(t)o/ , 'fl to)= 2.C, C0T 2 ( t 0 ), 

leT(~. t) ~~- ~ R..:4
(t) HCt)lf' lt), 

~}(t·,)~-f£T 'fl~). 

The solutions of this set of equations are 

.:er it( t,. t) ~ Jt r <P( t,, t.) [Et ~T 'Zl t <;, E! 4i\t; t.) H "~"R:( t) 

. €\t
1

) -=-a~T<Ptht.1:.o)lE+C0 C01P]-'~cor {>,.(.tt,tl1)~> 

where <P ( t, 'l) is transition matrix of the vehicle 

(33) 

(34) 

(35) 

t, . 

'f;l~J~r(}t, t.l Hr~ /R-'(f-) H~)<i>(M, t,) d.;u. (}6 l 
t~ 

At present problems of optimal cont rol system realization 

in the form of simple correcting devices have not yet been 

adequately investigated. Data proces sing algori thms produced 



with account of additioua~ control constraints are practical~y­

realizabl.e only by utilizing computers, and, besides, sometimes 

optimal systems are critically sensitive to inputs different 

from design ones . 

However guidance systems that are optimal in accuracy at a 

fixed t ·ime can be realized by using stat ionary correcting 

devices . 

Consider as a.n examp~e block diagram of a guidance system 

shovrn in Fig .3 where VVvt~r) is a known weight function of 

t he common part; M, (t,r); P, {t;r); R.i. /t,z} ~re weight functions 

of the prescribed links and ~i { t-r) are weight functions o! 

the correcting links. 

Suppose that as a result of solving an accuracy optimal 

fixed time problem we find weight function sections Q i (tJt, r) 

(C: -=:f., ... ,n) connecting inputs at points a., (i =.L,-.,nrwith 

tre outpu-t at point c and defined in interval. (-GO~ r~ f.t,}. 
It can be shown that integral equations connecting closed 

system weight functions ar4l separate links become 

Q. ( t1 t ) =- ~~ o <?. " H c Jl.. ~ i Q o )1 ;
1
c R " w " <;P. o ·p. o J.L,. 

Ll ' !.. " '- £f~f ' f lf e. t.. L C. • (37) 

The Laplace t r ansform over the variable ~ - -r in both sides 

of ( 37) in case of stati onary correcth1g filters p. { t - -z) 
. I. 

yields the follow ·ng relationship defining 

cf. • ct'[Qtcjj,~-Jq pL-i] 
·:r. (S):: h ---- (38) 

t. wCs t)-z et [a c .lL -I o R Q w] 
) I ~::f "' 'f <"f 

Synthesis methods presented here are common for such 

seemingly ctifferent guid.ance systems as homing guidance systems, 

remote control and self-sufficient systems. 

}~X&'1lples of block diagrams of homing guidance systems, remote 

control a.'1.d self-sufficient systems are shown in Fig.4 .. 
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It is an inherent f eature of all the guidance systems to 
• measure the moving vehicle coordinates (MVC) direct1y on board 

the moving vehicle. 

A homing guidance system distinction is that relative 

coordinates . (RC) are measured on board the moving vehicle • 

. A specific feature of remote control is that absolute or 

relative coordinates of the target and the moving vehicle are 

being measured in a third point (moving or fixed). Control 

commands are transmitted on board over data link (DL). 

A characteristic feature of a self-sufficient control syste 

is that predetermined coordinates of the target are stored on 

board the moving ·vehicle and corresponding control commands 

are produced on the basis of calculated relative coordinates. 

Block Diagram Notations 
TC- target coordinates; 
KR - kinematic relationships re1ating the coordinates of the 

~arget_ and _ the moving vehicle with directly measured 

quantities; 

ME - measurement errors; 

CF - correcting filters; 
RC - relative coordinates; 
. D - disturbances acting on the moving vehicle; 

MV - m~ving vehicle; 

• MVC moving vehicle coordinates; 

DL - da.ta link. 

3. An Examp1e of Accuracy Opt imal Guidance System Smthesi~ · 

(Homing Guidance System ) 

Consider an example of synthesis of an optimal homing 

guidance system. in a plane. 
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Let kine_matic cQupling link (assuming constant closing . 
velocity 1) of the vehicles) be described by the differen-

tia). equation 

2. 

t'tv - t 
dt - J V 

(39 ) 

where t'l.V is homing guidance time; wlc is line if sight 

angul.ar rate; )t , Jv are acceleration components normal to 

line of sight of the target and the guided vehicle, respectivel.J 

We shall take into account the following inputs: 

I. Initial. guidance error. Instantaneous values of line of 

sight and miss angular rates are related by the expression 

(1:/C t.) . · 2 
het:)= l<bl CJeoC-t)::. \'k>\{tt;i)GJeo (4o) 

As~~e the initial error is a random variable with given 

variance c.V
2
{.

0 
, M ( Wto] = 0 • 

2. Target maneuver. We shall. consider it as a random 

quantity characterized .;,ith its variance j ~ J 1'1 [ ft] = 0 
this random quantity is ·constant during all. the. time for which 

the optimal system is designed. 

3· Constant measurement error characterized by variance t: 
1 

M [ $"] = 0 and representing an additional line of sight 

pseudo angular rate. 

4 . Interference appearing in measuring line of sight angu1ar 

rate. It is assumed that the interference is an additive s1gnal. 

in line of sight angle with the correlation function 

G-z o(t-CC) 
RYtr ( tl cc) =- G-, 0 ( t-cc) t l <b I\ i. - t ) 2. ( 4I ) 

·"tv 

5· Disturbances acting on the moving vehicle will. not be 
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taken into account . Accordingly. the tranRducer measuring own 

coordinates of the moving vehicle will be supposed nonexisting. 

Such a simplification is reasonable if in design process the 

target maneuver is taken into account. 

In accordance with the above ment i oned assumpt ions concerninf, 

the homing guidance system synthesis problem the equations of 

the vehicle become 
0 z XII 

X~ .::: ""4r .. -/; X-1 +I tj) J (/;v-i) 
0 

.22 ::. x:t, 
( 42 ) 

The measured quant ity is 

( 43) 

(44) 

~.rhe §ransition matri x of the set of equations ( 42) j_s easily 

defined and can be written as 

(t-z. -1.;} 2. 

(-i;.y - t)2. 0 0 

cp (t ,7:} ~ {!w· -CC}(t -Tj 
1 0 

I tt.!T- t 
0 0 1 

11 0 0 0 
Vfe shall find the section of the 

t 

1 rt 'l'/ -r:;)J 
1
0! 

2/'iJf (tttr- t)2. -_I I 

_ (t-T)L 
2.{1)J(t'f.v -t) 

0 
1. 

7fe i ght f1..mction 

(45 ) 

ting 

line of sight angle '({t) with t he ,miss from the miss mean 

square minimum. at t he moment it separated from t. e rendezvou: 
by tne period 
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Since the miss is related wit h the coord·inate X~ -GUt by­

formula ( 4lJ) vector (£ 

and 

\ 
l'lil b

2
1 

J> ~ I 
1\ 0 I 

should be expressed as 

(46) 

(47) 

As~ummng the initial target maneuver error and measurement 

error <-'Je 

conditions 

a:re not correlated t he variance matrix of initial · 

can be written as 

w2. o o 
'.{,q 

0 0 0 
0 0 
0 0 

b' 
0 

0 

0 

0 
0 
J~ 

(48) 

Subst itut ing expressions from ( 44) to (48) into (33) and 

ma.king some trau.sforms to determine weight function l<tt (t.:L, z-) 

relating Y (t} v:ith line of sight angular rate . yields the 

equation j { . t 3 - ).,1 l. lJ -
I 'hit/· i<u (t/l:) =- r ., /'])/ 'tV" IAJ:J.. +cc; .ctw -Ill - Lz. -

t L?, ~it 'J)Iz (t~v~ -TJ' t.,~- 7: 'lo . 1f r»l {tt...- -X) o t 
[ l • 2 )<. - ;t 1. -b! 2. ).. -

-/*''r,.(t.}<-)t-J.<. d.p. ~~!');" -jl;,ll~<,(t, f<\~l(t-~-JL) Jlt~-?:)j:-
0 0 ( 49) 

lt is aasu.med here that the homing g--1idance system is 

switched on a·t Z: = 0. 
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To simplify optimality equation• (49) divide both sides a~ 
tDL!l -.z tz -=-2 • z _ -=2/r · 12 . 

it by f ·- L ; denote a.o = zvwLo' a.~-;- D and 
- ~v 

subst.::..t u.te 

(50) 

The weight function W-z (t1 , T) rel.ates the quantity f'/JD\, 
linear mismatch, divided by cl.osing velocity module with line 
of· sight angular vel.ocity multiplied by the time Ll : t-"Z..., - t 1 

left til1 the meTing Tehicle meets the target. 

In accordance with the accepted notations equation (I3) is 

wr. (tt,'i:)- rift ~t+.€z. tr:r wJt~.~) ~-~-
rewritten as v- i 1 

-~::, 1. u· lb,S 0 ~ 1 
tt 

+a::( f ~(tl,,);l'~+(ll<t:(t~,-z:)j~~t,JtJt.,~)_atJ/' 
- ~ f-:; t%1,. 'Z' + a.-:/ '!:'2. i, tlll" - t J.} 
- r;;(i=zv -7J+G2 ;ftr/" t· tev- tt J. lf il-,. - -t t • 

The solution of (51) or of the equivalent (49) is given by 

the formulas from (34) to (36). 

(52) 

4 . Some Problems of Guidance Theo~ 

At present guidance syst ems are designed in two phases. At 

the first phase . of kinematic investigat·:ion a guidance l aw is 

chosen t hat defines the relationshi p between the phase coordi-
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nates of t he guided vehi cl e and t hose of t he t ar get under 

idealized conditions without taking ipto account i nf at ion 

element er rors, certain energy constrai nt s and wi th t he 

prescribed law of target motion . At the s econd dynamic phase 

par ameters of smoothing filters are onl.y refined. 

The method presented i n this paper all ows to solve the 

problem and s imultaneously it takes into account kinematic and 

dynamic aspects. Taking into account phase coordinate measure­

ment errors and energy constraints defines _not only the 

parameters of the guidance law but its structure too. Without 

taking into account random erro~ there exist infinite number 

of guidance laws and with taking into account these random 

errors the optimization problem has a unique solution. To our 

mind guidance laws existing at present are only successful 

particular solutions of the general problem. The investigation 

of this problem may become a subject of further development 

of guidance theory. 

The investigation of'the problems considered 1ri this paper 

shows that the hypothesis _concerning the target motion consi­

derably affects the guidance system structure and XX. characte­

ristics of its errors. At present assumptions regarding the 

nature of the target motion are based on typical laws of its 

phase coordinate ·, variation. From the point of view of the 

considered methods it is more expedient to define the hypothe­

sis concerning the target motion depending on -the degree of its 

:nowledge of phase coordinates of the guided vrhicle and the 

cont rol system of the latter. The solution of this problem can -

be based on methods of theory of games and their development as 

applied to optimal guidance problems in the presence of random 

dis turbances . 
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On the one hand the accuracy of the optimal guidance systems 

that are designed without taking into account information and 

energy constraints is sufficiently high and it considerably 

r educes when the constraints are taken into account. Onthe 

other hand taking into account constraints considerably compli­

cates the guidance systems and makes t hem more sensitive to 

the assumptions regarding the system functioning conditions. 

In this case guj.dance systems are described by nonlinear 

operators even in the presence of Gauss inputs. At t he same 

time engineering methods of guidance problem s olving with due 

account of constraints and z·ealizat ion slmplicity have not yet 

been elaborated as it would ~e necessary. There are no appro­

ximate general synthesis methods which could have been u sed 

to get correcting devices in nonline~ automatic control 

systems with random inputs~ 

The attempts to unify various exiBting ~~dance system des~~ 

methods entai~ great difficulties <iue to the absence of automa·~ 

tic control. system optimization methods i n case of restrictions 

in regard to their structure. These problems include optimi­

zation of nonstationary systems by using stat ionary correcting 

devices or of .nonlinear systems by using linear lirlks. Automatic 

control sy_stem simplicity and reliability requirements often 

reduce to the solution of the above mentioned problems . 

The solution of these problems is one of the fundamental 

tasko of t he guidance theory. 
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Fig.1. 

I - coupling equation; 2 - target control operator; 

' -~"~o~ ele_menta ; 4 - guided vehicle control operator ~ 

!'ig.~. 

(Ji{t,t) 
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a) 

b) 

c) 

F1g.4. 
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Olf SnrtBESIS OF OPriMAL COWrROL SYSTEMS WITH 

THE GIVEN -RELIABELirrr) 

Bodner V.A.? Alexeev K.B., Zakirov R.A. 

Institute of Automation and Telemedhanics 

Moscow, USSR 

ABoDg the requirements to control systems intended for 

1~ operation reliability is the most important. However, 

ill actual. co~~putation and ·design this requirement seems to be 

tbe last in tbe list of priorities; it is attended to after the 

strmcture and scbeaatics of a system have been selected • 

.Apart :troll "the probl.euas involved in fill:ding the relations 

bet.een ~ qualitative and power characteristics and statistic 

.indices of reliability for the components this happens due to 

t.perfection of the existing investigations techniques. The 

1iedmi.ques of investigating the control systems in terms of 

gene.ral thee>r7 developed in recent years, in particular for opti­

.al ~. aake it possible to use the substantial relation 

between tbose characteristics and indices at early stages of design. 

Oae of these tecbniques which is widely applied practically is 

Pcm'triagin' s principle of maximum. 

!bis paper is a first attempt to ~nthetize a certain 

class of systeas by using 'a generalized optimality criterion 

which would include requirements to accuracy, power consumption 

and rellabili. ty. 

x) 

1. Method of study 

lftJe essence of' Pontriagin • s p2:'inciple is .in finding 

Reliability is unO.erstoo·d in a narrowed sense as probabil ity 
o.f' fault_ess operation. 
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an extremal value of a certain functional which is a measure 
of quantitative evaluation of whether the system synthetized 
meets the _requirements. For the given class of automatic systems 
these are assumed to be: 

1) minimal weigh~ed system error dispersion; 
2) minimal powar consumption. 
It is assumed that the system has the reQuired reliability 

p.3 (probability of faultless operation). By the principle of 
maximu.."D a system which meets these requirements is optimal 
and structill.red of relays. This makes it possible to relate the 

reliability to the permissible number of switchings. Denoting x 
the system error vector-column as x and assuming power consumption 
proportional to the magnitude of control action /u/ , the 
expression for the functional used to satisfy the above require­
ments to the system is given by 

t!l t . 
:J =[(c,x~+c~xz)Jt +{ftJ/dt (1) 

wherelfs control time, 

c1 and c2 are weights. 

Due to imperfection of the principle, optimal 8ntrol control 
U K is found from a set of extremal controls I./ • This problem 

is very complicated and as a routine solved by investigating the 
control process in phase space. For c_lo :~u~d-loop automatic systems 
the inverse time technique is used in such an investigation. 
The optimal paths are found as solution to a set of differential 
equations in inverse time originating in a certain point in 
the phase space. By the computing procedure of the maximum 
principle, regions of optimal controls are found where functio­
nal (1) acquires a relative minimum. Phase paths of the system 
state in this re gion differ in instants when: control u is 
switched"' Each component can have one of three possible values 
+1 ,o - 1 • . \Vhen the ini·t ial di.fferential equation is integrated 

in inYerse time the se i n s t;ants . of switching can be expressed 

by time~which sets a l i mit e.g. to the action ~:f the control 
L/ = + f • The n the abso lute mini:mwr. of functional (1 ) 
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i s ::ound f ro"m tne cmndition 

Jl • 
0 

(2) 

= ;:1 (~,.)' 

x - ls the initial value of the er::;::or (t=O) or tne value of 
~ . ./~ 

t he error a t which the relay responds (control s-;;itched) . 
Sel ection of ~ from condition (2) determines the optimal 

w 
co~trol u lli1&ubi guously. 

~eliability R Ce~ also be determined ~s a flmction of ~1 • 

To know control time t and total time T of .nor mal system y 
fu2ctioning . Thsn i s suffic ient the optiln.a l cor-1trol is fotmd 

wl1en the problem. of the ;nininrum o:f fl..~ctional "( 1) 



at the additional constrair.t f/)(?:'1)==.!i]is solved 

The Lagrnage technique can: be used for this purpose. 
Condition (2) is then written as 

';l(J (J(T,) +A.9(T,))=O, 
(I'Z', 

(3) 

where A. is the Lagrange factor. 
It is characteristic that~is in this case a function of 

the control error initial value and the required probabi l ity P3 
of the system operating without faults. When the control time 

i.Y is also to be found, the optimal · control is found from 
the se conditions . 

8 [J {ty, -r, )+'AP(t1./t',)] = 
0 

. ()[J (tx,-r:;) + A.P (t:~,'t.)] . = 
0 (4) ot

1 
. ~ u7:, · 

Conditions (3) and (4) facilitate selection of the system 
structUre that would meet the requirements, the required relia-
bili ty included. -

2. Application of the method 

Let us take up orientation control of a space vehicle. 
The attitude of the vehicle is given by the orbital base e-arth ; 
ceatered system OXYZ. Denote the angular rotation velo~it,r J( 
around -the axi& OZ as~ (Fig.1). The problem of control to be 
discussed below is to make the axis OY of the coordinates 
system OXYZ related to the vehicle rigidly coin~ide with the 
geocentric vertical line in a plane which crosses the axis OY 

. ...... 
of ·the base system and the velocity vector V of the vehicle 
center of masses. 

The orientation system incorporates: 
- a one - coordinate vertical to · measure the angular error 

(control error between the axes OY and oy) 
- two pairs of jet nozzles fixed on the vehicle bo~ so as 

to apply the control moment My; 
amplifiers-converters and solenoid type electromagnetic 

. ~ valves to control the operation of the nozzles. 
Assuming that the vehicle is an absolut~ly solid body and 

cy is the main axis of inertia, the dynamic propertied of the 
plant controlled are described by the equation 

- JZf(t) 
I Jt i! == M!J ( t) + M & _( t) I ( 5) 

where <f(t}is the angular deviation of the vehicle; 
I is the moment of inertia 
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M I is the disturbance moment. 

Due to the orbital motion, the signal at the input to the 
orientation system will be 

(6) 

where lo is the initial value of f 1x (t} at t = O. 
Consequently the orientation error is found by the equation 

(?) 

Fig.2. shows the schematic of a closed-loop orientation system. 
The requirements that this system should meet have been 
discribed above. 

The orientation system operates in the following manner. 
Then the vehicle deviates bz the angle ~ ~ ~ where ~ -

is the permissible orientation error, jet nozzles are switched on. 
However, the orbital motion and the effect of the -disturbance 
moment lead again to accumulation of another error and action 
of the mozzles. 

Denote the time during which the error B::: t;/ is cor­
rected as ty and the time of the error accumulation as tn• 
Then the number n of the cycles of correction and accumulation 
during time T of the vehicle flight will be 

(8) 

In a relay orientation s.ystem there will two switchings 
(of the relay and the valve); during the f1ight there will be 
2n switchings. If this is .~ssociated with the probability of 
faultless operation P< P3, the requirement to reliabil~ty 
is not met and the.orientation accuracy at the given structure 
of the system does not meet the reqUirements to the vehicle. 

Assuming the angular velocity of the vehicle constant 
( V = const.) we find from equations (?) 

do = v - cl" 
clt . Jt 

Then we can write equation (5) as 
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or 

where 

m, (t)= Me (t) , 
I 

{9) 

~~-is the utmost permissible value of the control moment. 
Since fvf!J>/'i1f , the effect of the disturbing moment on {1;,) 

angular movements of the vehicle during the entire time of 
the nozzles operation can be neglected Durillg error aeCUDqjla­

tion the disturbing .moment changes the angular velociv o·f the 
vehi cle by the amount }.{si~ at Ht, .:; const. , 

Because the time inter¥al tn is small we will consider 
Jvfl {t} as pulsed disturb911ce at the · instant when the nozzl.es 
start to act (t ~ 0), i.e. 

Me (t) = M~o d'(t), 

where M eo is the pulse are a; 
o(t) is the Dirak function. , 

Denote 

x, (t) = (} (t) = vt +fo- "(t), 

JP . 
X 2 (t) = --;;rr =V -.'/{t}, 

(10) 

Represent equation (9) as a se t of two first-order equations 

t:fx,(t} (t. 
---;;{t = X~ ) ,; 

('111) 
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at the following initial conditions 
0 

(12) 

Considering expression (10) for the disturbing moment the 
latter condition can be given by 

where 

M m, =__:_:_sg_ 
oo 1 

It is characteristic that the action of each input signal 
and disturbing moment can be seen in initial values of the 
system state vector 

X ( 0) • ( X 1o , Xao) · 

The values of that vector at time t = tyare assumed zero, 

(13) 

while ty has not been found yet. 
Thus the boundary conditions of eq. (11) or one of eq. (9) 

written in new notations as 

J'-x, (t) = -CIU {t) 
dt~ 

are specified completely. 

(14) 

B,y t~e principle of aaximum we will find the expression for 
the Hamiltonian 

I I . , 
H = y c, x/(t)+ ~ Ca_.xa.'"(t)+/LI(t)J-xi! (t)P, (t}. 

The equations for conjugated variables 
are given by 

dp,(tJ aH · 
c:lt =- (Jx, =- c, x,(t); 

d&(t} ()H 
o/t = -a:;c =- CaXz.(t)-P,{t) . 

~ 

(15) 

( p, (t) aJD.d ~ (f:) ) 

(16) 
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Because the initial and f i nal conditions of the state vector 
x(t) are given , the boundary conditions f or p,(t} and Pz lt} 
from eq. (16) can be taken arbitrarily. S~t of equations (16) 
can be expressed by one second order equation 

(17) 

From eqs (11) and (1y) follows that _ before we can determine the 
optimal control u(t) we have t o know the conjugated variable 
p

2
(t) which in its turn depends on the current value of the state 

vector. 
Let us first express u(t) as a function of P2 (t). The 

minimal Hamiltonian will be obtained if 

at 
-I<LI<I~ 

where ~(t) is ~he optimal control. 
From condition GB) we find 

at 

at 

- {+I 
u*(t) = o 

-I 

at 

I 
fe(t)~-g~ 

~ tt}/ < ~ ~ 
P~ (tJ ~- ~ . 

(18) 

(19) 

Introduce inverse time "C = t
1 
-t 

of the control process. Because dt= -d~ 
will be given by 

originating -at the end ' 
, equs (14) and (17) 

d 2 x~ (tJ 
d-r:t! =- CILI (P4)) 

Besides (20) 

dx, (-r) ~ 
:X (7:} = =0 . 

I ~"'0 c:/'f: 'l'" a() I 

clx, {1:) 
c/'t' -- -xt! (-r:). 
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The phase plane origin of coordinates can be reach~d at 
'* + 1 .. eh d t ' 1 u = - • wm. · corre spon s o p~ (7:') ·'l 

2 
• Eq s ( 20) will then 

be given by 
JZ,x,fr}=-CI . JZ~(;) =C,X,(7:)+aC~ . (21) 

c:lc z , , d't' 

Int~gra"tion of eqs (21) in the interval of inverse time 0 ~ '7:' ~ "t"r, 

(22) 

yields 

(23) 

mere 

~e control time r, corresponds to switching from control 

u =! 1 to u = o. 
The describing point until time T, moves along the 

parabola described by the following equation (Fig. 3) 

( 
I z 

X, t:') =- CCI Xz ('C) . (24) 

Siace selection of F10 and P20 is arbitnary we can assume that 
f'z(?:} > c! · and then the parabole of eq. (21) will 
be t:he optimal path. At time 'r='t', the nature of the describing 
poLnt motion changes; this moves parallel to the abscissa axis. 
'!"hen fz (C)=+ which makes it p<)SSible to write 

. CtC, ., etC.! 2 ( 

fz fcJ =P10 + Pzo -r; - 2.ifT, + a:-T, =a} 

oi&L'I:} I . = D +C/C 't:- CIC2 T3 <0 
c/r /T=T, /ZO Z ' 6 f 

(25) 

Tb.e latter inequality follows from the fact that at u = +1 and "r <T, 

and at u = 0 anO. T =T, 

I 
~ (T)= a . 
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The optimal path equa ·tion for T >'L, i s found from integrated e q rc.· · 
a t u = 0. 

·From the first equation 
dZ X,{'C) 

c/1:'2 =et 

and with eq. (21) in mind we find 

. dzx,(T:) . ' 
--- = ·-ct'l:.. 

eh:' 1 

or 
.X2 {'t') -at:, 1 

I x, (7:) =- ct't:, {'t' --;at;) ·. 

From the second equation 

d 2 &(1:) . · I 
cJ-r:Z = - QC, 7:, ( t; - "TT,) 

we obtain . 

c/fz f7:) CIC, T, ( ) I 3 , · 
--\- = D - --'( T-t; - """F"<tC,'t'; +CIC~'t", J eh: 1~o c__ _ _ -u 

(26) 

(27) 

The switching of control.· from u = 0 and u =-1 occurs at T-~>7:, 

Switching is easily shown to be un.feasible :for · 

At time T =Tz. 

by the above considerations. 
Assuming in equali ties (27) that· 't ='t"2 

eq. (28) we have 

Hen ce 
0 _ ctc, ~ T. (T -T.) _ _.!__ ac, -z-; 3+ ac, 'l:", <0., 
/e.o · 2 z z. 1 .6 · 

2 ac, T, ( · z. '} 
D = - --- + -- eT. - T, 'r,e + 'r, -QC~ T, > 
1 zo a(Tz_ -T,) 12. z . 

and also 
f z .:..... l.) fz.o < '6 qc,T, (3~ -3T,~ +T, -ctCzT, 

(28) 

and bearing in mind 

(29) 

(30) 
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The latter inequality is already satisfied by eq. (25) because 
'Z'"z. z > t", 't'c! • Therefore by using eqs (25) ~d (30) we :find 

'r, (Ti!- 't';)i! ( ~~ +'t",) < ~ · (31) 
ct~·, 

The points on the phase plane for which the inequality is true 
lie between the parabola x,('t')-- 2~ xi('r:) and the l ine for Nhich 

i!'l 
T, (Ti! -T, )z ( 2'ri! + 'L,) = ct~C, . 

These calculated expressions make it possible to find a solution 
to the problem formulated. ·Indeed, at known ~ and r, 
of eqs (25) and (30) P10 and P20 are found such that the optimal 
control finds their value unambiguously. The values of 'Z""'.z. 
and 'tf' are found from condition ( 4) for 
the quality functional minimum ( · '-r) with the required r eliabil i ty 
of the system. 

S~thesis computation 

For illustration of the s,ynthesis technique described we 
wiil briefly describe the computing procedure. For physical 
illustrativeness (Fig. 4) assume that 

Note .that the latter condition is equivalent to the equation 
V-nn~ • Write the expression for optimal control as a function 

of swi~ching instants in inverse time 

. {+I 
_LI*Ct:)= o 
. -I 

0~7:~7:, 

'r,<T<~ 

7: > T.i!. 

By integrating eq. (11) we· ·obtain 

O~T<t"', 

't; < 1:' < 7:2 

at 
at 
at 

T>~ 

at 
O~'t"~'tf at 

t',<r<~ at 

T.>T2 

(32) 
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t'l = 'r, + T.a I 
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Xzo = X c ( ~ + 'Cz) = 0 ' 

.x,o =X, (tt; +'tc) =-aT,~ 

from eq. (33) we find 

'l:. =- x,o 
~ a7:, 

Represent functional \'1) as 
'r,1-'r& 't;1-T"~ 

:J = ~ c, j x,Z(-r:-)c/7: + ~ cc.j x: (7: )J-r: +c'C, . 

It is interesting to note that this functional can be 
computed directly by integration for a fixed value of x10• 

(33) 

(34) 

The optimization problem has thus been reduced x to finding such · 
a value of 'C, which minimizes the quality functional. 

Then we find the n control cycles which correspond to 
the required faultless operation of a valve, P3• With time tn 
kno~n we find ty by eq. (13) and assume the value of x10• 

Thfl switching o:f control at 'l, and~= tx:1 ensures the minimal 
et .. , 

error dispersion and fuel consumption at the required reliability 
of the system. 

This synthesis technique can be extended to control 
. systems with a human ope~ator. With higher requirements to the 

control quality in such system the load on the operator also 
i n creases, which fatigues him quicker and r educes the reliability. 
Therefore such systems must be synthetized when the quality 
criterion is minimized and the required reliability of the 
operator maintained. 

Reference 

l t ilOHTpHrHH Jl .Q. H .n,p, fiaTeMaTvrqeCKM Teopk.'! OUTHMa.T!bHHX nponeCCOB. 

<l>HaNaTrH3, I 960. 
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'\ Ms· 

f,1( (t) .{)?\ tJ'( t) Cqntweeer., -- I 'J(t) 
. , . . 

'<.,>' -
. . 

Jpi! I M a 
; ··-
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x,(?:j=Ja x.;ft) 

F,: 3 '1· 

.x,(-r) 

-~------·-·-·----------> ---~ -.. -
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63.1 

E~lliNTS OF I~~ORMJ~TION CONTROL THEORY 

B. N. J?etrov ~ Y. -r.,r . Petrov, G. r. • TJlanov, -r_r . :M. Ageev ,A. V . Zaporozhets,. 

A. S.Uskov,I.D. Kotchubievsky 

I . The need fo r elaborating an information control theory 

Cybernetics in the broad sense of the wo-rd is a science dealing 

with information and control within purposively functioning dyna­

mic systems • 

The c·ontemporary theory of ccn1trol describes fairly well only . 
relatively simple cases.Thus,a systemic appreach to complex anto-

mation of productive processes as well as development of :mt.llti.­

measurable systems call for an elaboration of a uniform informa­

tion cont r ol theory gov?rning multip~ex dynamic systems. 

And at the same time ,providing a competen~ general theory 

based on an information 'concept and pertaining to a linkage 

system has been develop~d,yet this very concept has so far 

enjoyed a rather limited application in control systems. 

Control systems represent dyn~ic systems _operating with 

l i mited resources (energy,amount of mate~ial etc.}.These pro­

perties of element s and systems are liable to be reflected 

in a t r ansmissive function distinctive from one~The motion 

of such systems is described by variables,restricted accord.i.ng 

to module,examined at the terminal band of frequencies witbin 

a limited ti!I!e interval . Hence , in such systems processes are 

r epresented as a sequence of interdependent states. 
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Purposively "dyn&mic systems reveal both determined and casual 

stationar,t aa~ noBstationary signals and different combinations 

of the latter. Under these conditions arises a general problem o'f 

di"scerning states and of observing dynamic precision in the re­

productie• of required processes aad in the identification cf 

elements ud systems• For the purpose of selvimg the indicated 

problems it is Batural to refer to the facilities of the infor-

. mat ion theory. 

lli_A.n i•fermatie• approach to the theory of dynamic systems 

I.Discertlability of state ill control object 

Any object appears _as a complex aggregation in a general case 

of heterogeneous elements. Therefor~, the state of such object may 

be distinguished merely under the condition,when the drAamic va­

riables,describing this entire object differ in a certain value 

E ~l) designated as discernability threshold (2,3).The given 

method of describi~~ the behaviour of a dynamic system incorpo­

rates the properties of a continuous and discrete notion.The 

introduction_~f discernability permits to produce an adequate 

description of objects at different hierarchic levels of orga­

lrlzation and to . determine the maximal amount of infarmation 

required for the funetioning of the control system. 

The choice of t~e discernability threshold introduced into 

the nathematical· model of. the dyna..~c system may also be based 

on the required accuracy o~ the investigation contrary t o the 

object's natural physical properties.This permits to opel.'at e 

with a minim.ally required amount o~ informa.tiE>n for the solu­

tio~ of a f ixed problem. 
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The i l'Ct :roduct i on of discernabili ty thresholds and a careful 

account o£ l i mitat i ens related to phase variables of the dyna­

mic system determines the threshald P!Operties of all the para­

meters of its mathematical model. 

2. The theorem of readings at a fixed dynamic accuracy 

In real systems,under conditions of limited resources,t~re 

always occurs a dynamic inaccuracy,which leads to a certain loss 

of inferm.atio:n,and,c?nseq~ently,to a reduct-ion of demands towards 

exactness of reproduction ~ Thus,it appears advisable to reduce the 

demands ef minimal nrimeral readings applied to dynamic systems as 

compared to the established theory of readings adopted for dyaamic 

systems (3,4).It is felt adequate to refiect the values ef the 

process at time intervals-where 

At- ---.1_ 
~ - !2(w-k) 

and K denotes the reduction of the frequency balld,which is deter­

mined from the conditions of the fixed dynamic accuracy: 

. '21i'W 

j ,£ { w)dw ~ :Ji8~. 
2'li(W-2k) 

where Sx (W)-is the signal'sspectral density 

(3,I) 

er· - is the maximally permissible meansquare error 

J?x cm the condition J' :0 _it follows that K=O and,hence,we arrive 
;, 

-" , • ...:J"- _ 

at condi t i ons of ;.:'Kotelnikov's thearem. 
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3 . The information cGntrol theer y is based o:n an enthropi.c 

description ef complex and .multimeasurab,le dynamic systems ( 5) • 
• A si~ilar enthroDic approach-enables to appreciate different 

control processes. 

4 . The operation of the autcnnatic system proc eeds owing to 

a specially arranged compensation in the control of casual 

disturbances.The quality of the control process dep ends o~ the 

rate ef this cempensation. 

'the basic conditions of control in its infQrmation language 

represents a balance of enthropies exhibit ing a compensative 

control performance.In its general appearance the result may 

be expressed as (I): 

In this case the Et index designates dynamic enthropy,which 

characterizes indetermiriancy ef some value throughout a minute 
·~~ 

time :interval and corresponds · the time discer:nabi l i ty th::.:eshold . 

In case of a complete compensation a total invariance of the 

control system is attained.U~der this situation the b~~ance 

equation ~f the enthropies' control and disturbance effects may 

be represented as 

(3,3) 

At insignificant deviations away fram a cemplete balance (3,3) 

the i nva:ria:nc e co:rldi tion is observed~ up to E. ( 2 , 6 ,7, 8) . 

The i ndicated i n fo rmation condi tions are indispensable for 

G. r JT[)O s e t\.11 func -t ioni ng o f dynam.ic systems . 
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III. Probl ems of i nfo r mat i on cont r ol theory and cont ro l 

Let us co~sider the results cf some developments i n this 

range,which r eflect the speci::'ic i t y o:f control systems men -

tioned above. 

I.Introduction of the diversity nunber measure in the dynamic 

system. 

The necessity of introducing this measure is i nvolved with 

restrictions in applying entv~opy :for the estimation of control 

processes. 

'ill this paper it is inteEded to elucidate only the basic 

notion ef this mea~~re h~ving demonstrated it in a continuous 

model. 

Suppose x(t) is an arbitrary (in its general case nonstationa­

ry) control process :fixed as a product of spaces X@ T. This 

process may be represented as: 
- 0 

X(t} =f(t} -h_X{t) (4,I) 

wher e f( t) is the function of :mathematical expectation of the 

process determining the distribu..~..io n. c:f j .3 F values throughout 

the range of det ermini ng T and x (t ) is a cent red casual pro-
o 0 

cess aet. e:rmined ~ y a prooc.bilistic distri bution of v~lues X a X 
for each t .;\ T. 

Sunpese 
:b-~~ we est i me,te the di stribution cf values ·of x{t)process 

onto X@ T - the ::r,.easure of diversity o:f multiple values of the 

process ,v-ib...ich is uniform ::or determined and casual functions. 
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It is sensible te expect that this measure o~ diversity r evealed 
• a.a additivity capacity and failed te depend on concrete values of 

the process Slld scales and teok into ac?aunt merely the cl1.aracter 

of distributiom of the process values i.e. displayed a feature si­

milar to those of enthropy's casual values (processes) i n the i nfor­

ms:t ion theory. 
0 

SUpposing the density of probabilities distribution is ~t (X), 
. 0 ° 0 

providing values are X3.X' and the continuous process is :x ( t ) 

ud each single t 3 T in this case the dynamic enthropy ·of the 

precess !i.e. the enthropy at t/ (I) mome•t may be put down as: 

(4,2) 

where £x - is the discernability threshold of values determined 

i• set X. 

Haviag asSUllled that the available constallt shifting fai.ls to 

chaage the appearaace et distributions it turns out that 

~()() -:-[~(x)&1r~J(~(x)lrlx =~(tJ (4,3) 

. Heltce,dynamic enthr,PY :J:epresents a measure of diversity valu,. 

:x3X ef process :x (t) merely for X for each t 3 T and does not 

take i•to acceunt the function of mathematic ~l expectatipn f (t) 

i.~. an importaBt dynamic characteristic of the process x (t). 
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Rence,a complete mae.su:re of di ver sity in the distributi~n of 

t he process values :x ( t) onto X® T calls fo r an introduction 

of the characteristics of distribut ion of t he process values T 

determined . f (t). 

For the purpose of t aking into account :merely the character ef 

' distri-outio~ ef the process values ·T ·regar1less of its scale and 

physical character we shall examine a normalized process · 

0 

· Xlt) }ft) . X (t} 
- ·-=- +--
X,ax Xmax . Xmax 

{4,4) 

Let us introduce the density of its values distribution T as 

a characteristics :for the distributio11. o_f' values of a contimtous 

uorme~ized functio1;1 of mathematical expectation 

* 

f. · .. * .· lh' (t)j . 
(t) jx·· .I' · 'max {4,5) 

f(t) characterizes the· intensity ef changing the process values 

. in time. 

In this case the density of diversity of"t>rocess values x (t) 

may be represented as , 
. ; I' 

f · . [IX/j . · 
. )'..(x,t) -IX~~/ l!oJ c" -K{tJI/(x)toj[EI(~(x)~ 

where K (t) is 'the· function of r eadings. 

Having introdtteed as a com.:;lete char acteristics o.f the process 
rate 

values x (t) at · a time moment t T the velocity of building up 

diversity vt (x) 

~ providing 

.:_ • ... .... _.'J!N •• ~---~'""- -.-

* ·o{[XJ} ~(F) =- j {t) Ulj. £ 
J( 

(4,7) 

(4. 8) 
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is the rate er evolvi11g diversity of a deter.ni:nat'ing component 

(fb.nctio!i ef mathematical expect at;;!.. all. of the process .x: ( t )' at a 

t f:!:r.e moment t T. 

fit( x) is the dynamic enthropy of determination in accordanc e 

ntn (4 .J) 

K*{t) ~{X} is the dynamic diversity of the process x (t) per 

"t 3 T at moment t . 

E!aving introduced functionar R (X,T) in the capacity of a 

co~1ete measure ef diversity of x (t) process values per x- T 

i!l t:he form of 

R!<tJ =:- f f J1 tx.tJ dx clt = R ( F;T'J + 12 (X)~ 
T X 

(4 .9) 

y;rovidi:ng that 

(4 .IO ) 

• ~e diversity ef the determinative component (function of 

~athematical ~xpectation) ef the process x (t) per T 

~e diversity ef the centred component x (t) . 

T!-ms, the suggested measure of diversity in an arbitrary c ont:!·ol 
~------:7 

process represents a sum ofcmeasure~&f' diversity ¥- of determina-

t i7e and centred components of a process .. 

Tne suggested ev~.luation may lm serve as a basis of information 

~~ysis of control systems and cont - ol. 
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A detailed review e f diversity features may be regar ded as 

ax a to pic ef a separate communication. 

2 . Potent ial characteristics of elements and control sysee~s 

One of the basic problems of the information theory is to 

ascertain nwhat may and may not be attained through the s ervices 
[;, /'.: _l~ 

of!a'utomatic system~ and what are the( potent.i. Jl. 9a.pacities"cd'. 

The sGlution of this problem ought to be based on a fUDBB$enta1 

notion of theoretical nature,namely,potenti-al characteristics. 
~is sug~t ed 't th~ . ing 

·.· fhe value c~.~.arac er~z~:ng the li:mi tu dynamic features should 

be designated as potential characteristics of el~ment (syst~}. 

In our particular case 

(4.I2} 
C (x) MA.XR(X) 

where the maximum is su!veyed according to all the possible eEfect 
-ual 
values y ( t) ·causing process :x ( t). 

The very notiGn of a potential characteristics adopted "for 

automatic systems is greatly relative. 

First of all it depends on the :routine of the system's ope-

:ratio:n,criteria of its efficiency and Gn its . "input" and"ou.tput~. 

A dynamic potential characteristics reflecting the systel::l's 

peculiar features at moment t or,to be more precise,.at an i.nte:r­

val equalling t he time discern.abili ty t i"' reshold St appears to 

be the most specific trait 0f autematic systems. 

The i nt roduction of t he notion of "potent_ial characteristics"' 

permits to formulate and su.bstan.tiate the basic theorem applicoU ·:­
~i; 

to dynamic systems ,which in the theory of information corresponds 

to Shenno~ s theore~ . 
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The general formulation of such theorem applicable for dynamic 

systems may be represented as fellows: 
. . --

Supposing a~ the object's input,providing the discernability is 

E the input effect y (t) e~bits a dynamic diversity Rt (y),in this 
- . ... . ~h~~-

case there is a pessibility of obtai~ng at the;g>bjec~~ 

a -~imi1ar diversity ef states )((tJ>{R,t(X) ==~(YJJ 
induced by a very same effect y (t) providing 

-~ (Y) 6. et (X) (4.r3) 

and it appears to be impossible if 

(4.!4) 

I:n the suggested model this theorem i .s distributed onto arbitrary 
.. the 

control processes im~luding thos~_ of de~ermined and nonstationary 

type.A:ad,indee~ _,havi.ng . repres~nted the expression of dynamic diver­

sity (4.7) according to its compOBents,we are to obtai•: 
j( 

~(~) _+K!I ftJf!t (Y) !:S ~(X) (4.!5) 
instead of (4.I3).And,heD:~e,it fellows that the possibilitjes of 

both components are restricted ~the ve~same potential characteri ~ 

sties and,therefere,t:he increase of diversity of one of the compo­

nents is achi~vable enly · at the cost of reducing the diversity of 

the other one.Thus,within the range both the d~terrnined and casual 

effect may be conveyed within the limits of a very same potential 

characteristics. 

In case some faults and distortions are observed within the 

system,their diversity in dynamics may be taken into account by 

respective additive members without a~tering the very essence of 

the abovecited formulation of the basic theorem. 



.. [1-h~as-~-y~r~~':rl:-a.t-~-d-i-f~~ 

.a.c..c.onnt a f .d i ~?-eRt- The basic theorem may vary in its formulation 

i n relation to particular _automatic systems.The formulation of 

such theorem applied to stabilization systems a:oE is given (I). 

It ought to be noted that E-values connecte-d \'lith discernability 

threshold either generally with some E value characteri~ing dyna~ic 

precision are used in the formulation of the basic theorem.Diversity. 

are diminishing functions of £. 

Thus,a dynamic petential characteristics is a limiting ch&.racte­

r~stics restricting ch?ice ~~tween intensity of the effect and the , 

accuracy of its reproduction. 
. . 

Hence, any control is restricted in i t _s possibilities by a pot en-
• It is ~ -!hat ,_ responses to 

tia characteristlcs~this very vaiu~tsxresp~l·~ the basic 

question as to what may be and what may ~ot be achieved by control 

systems. 

3. The measure of ent}).ropic stability in control processes 

Conditions cf enthrepic and information stability may be regarded 

as a criteria of definite:aess in the course of control processes 

(IO,II,I2). 

The specific feature of an enthropic notion comprising a vast 

aggregation of events or processes is-the singling out of a high­

ly-probable gro~p from the latter,which permits to ·realize real 

operational re gimes in analysis and calculation~• 

This very specificity of g~oup enthropy and information ought · 

to permit to single out characteristic features of dynamic systems 

in the course of their information description. · 
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Under these conditions it s e9ms appro priat e to introduce :i:1a a-
• 

measure of definiteness i n the progress cf t he proc ess.In case of 

an uncontrolled system the unfavourable case is that o f a reg~lar 

dist.ributiol! and dynamic ent!tropy ,which is determined as 

H (X)::! /V? I X I 
t .·. '-AJ? £)( for t .3 T 

This situation naturally arises a question as to how much an 

enthropic evaluation is distinguished provi di ng the object is 

controlled and the distribution differs frcm a r~~~lar o~e. 

The solution of this question,a.1ong with an enthxopy not ion 

as a mathe~atical expectation of enthropic d ensit~ /-~ex f?(x) l 

it is expedient to expose its dispersion in th·- following way 

])Ht =!1(- !OjcxP(x) -He (}<5}
2 

In this case oo . . 

.DHt = -_£.q {x)4J 
2

[ ftx)}c/x- flo2.(X.) 
and H

0
(X) is the differential enthropy.It follows from tr~s expres-

sion that the DE value does not depend on the step of qu~~tization 

according to level.It is determined only by the function of dis-

tribution of a casual value and is a restricted value,whereas an 
absolute 
enthropy of a continuous casual value tends to infinity under con-

ditions of unlimited r e .uction of the quantization step according 

t o l evel. 

It ~ay be shown that at ~ a uniferm distribution of DH~o 

the DH value may characterize the rat e of definiteness ,i n the course 

of cont ro l proc esses. 

The i ncrease of DB reflects the role e f highly- probable states 

of th con~rol process and ma. be used as a measure of information 

t abi l i t y . 
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4 . :PrGblems cf signal f i l t ... at ion. withi n a r estricted fr eque:!!cy 

band 

In some problems o~ automatic contro ~ system (ACS) and contro l 

it appears exnedient t o r eproduc e the signal i n a precise way merel y 
a - w1 -

in zw•xYJ part 0f t he f r equency band , 

W1 = W- K ; W- s iganl f r equen cy band 

For this purpose,accordi ng to a g ener a li z ed t heorem of readings 

( 4) ,it is suffic e to ~:~:r-I:rn:m make mea surements in a lapse of i nter-

val 

t . I . 
.1 = 2(W-K) sec . (W,K - i n hertz ~ 

and the function of readi ngs appears as 

11. -Jin[2.!\Cw-Z K)tl 
{t)= zJ\t-W-K)t a 

In real machines interferences are i mpo sed on useful signal. 

In the prese1tce of a high:.frequ.ency interference the optimal 
· minimum 

rectangular filt er may be obtained from th~ rcondit1on of the root-

- m.eansquare (RMS) error~ exprass:i,.oil ~f 
::<'Gr signals, l imited in frequency,th), P..M-S error is thus: 

(4,I6) 

Ra-v-ing mi n i mized the exnre2 s i on { £1., I 6 ) a ccording to parameter 

K it f ollows t hat 

S (W-K*) m (4.I7) 

in 
The relatiol1 ( 4. I ) may be r ega rdec :rtrd:"tn:x::k:m: a s well as ,tb.e 

generalization of 1 • .A . 1~o t~l::2i}:ov t s. theor em in the case ,when a..'"l 

.. .. . • .. c:..c-.., ~ ...! ("f>...,.. ,...., X) 
1.n--r;er~erey,ce ~s 1. r-· css~ u.uo'1 FL u s -.· ..Lt...J.. S.!. e;, ... o. .:.. • 

'3'ot e~ Fors:f.gnals vd -tn. a..."!':J. ~~li:miteO. spect:r~ e:::".rossion. (4 . I 7) 
S'"(W j =.5n -(W"') where W i s a f r equ ency ~and o:f a rect a.n.gu.lar 

anpears as 
fi i ter. 
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All appraisable filter (fig.I) is determined fr·em ccrd.ition 
· . · W W-K .-

1(a:.i.m«x ~J S"'(w)ci;;+/Snlw)dw . 
'W-1( . - .. . . . . 

The method of _i~tegral q~adratic approximation of rectangular 

.characteristics . may be used for the realization of aprraisable 

filter with a W-K band and expressed through 

jJ "' n . m- I a . I CfJ (. . ~ = K m ( iw) + J"' m-t ( l W) + ... + .~.~ f L UJ + 
lW d..11 (iw)n + «n-l flw/'·t.,. ... + ri

1 
iW +I 

The described method is not connected with the regularizatio~ 

problem an~ permits to synthesize filters at a fixed dynamic 

accuracy with a minimal band traR~ssion. 

In restrictiag the band trusmissiol}. by an appraising value 
• --- - -- - <' - -- • ·- • 

W•K and precisaly calculated spectral densities of the usefUl 

signal and interferences!the synthesis pr&blem may be reduced 

to the solution ef the Kolmogorov-~~Tiener problem: 

-

where~{(tu)~~~iGd)ts are co~plex-conjugated multipliers with 

no zeroes a.Jld •e poles in the lower and upper semipL~nes of the 

cemplex Cl) plane, respectively • 

. </J(t~U?) tp•(iu,J),: S,n (tV) +- Sn(w) 
~ ( iw)- ideal operator and 

. r·, -J.[w- W+K.] . e J W ~(W-K)·2/( 

/ ~fiwJ/ = 1 .. , w ~ (W-KJ2J\ 
e J..l(() W-K.l. W ~ -(W-K)-2 ft. 

• J . 

(-4.I9) 
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~aving assumed thay in expression (4 . I9)d. >d.* where ~ * 
is an adequately large number,we obtain a f amily of operators 

. akin to the appraised one (fig.2). 

Providing cl =0 formula (4. I8) re-presents a characteristics 

ef an optimal filter.Having supposeq that in expression (4 . I9) 

d.. =0_ and .l?-aving repl aced in the first intee:ral (4 .I8.) 0 by OC) 

we obtain a physically unrealizible · optimal transfer function 

tp{ . ,) ·. S,nrw) 
l W; = ·----.,;.__-

- · 5 _ {W) -1- S (W) m n 
{4.20} 

A respective value of RMS err0r is estimated by formula 

{4.2!) 

Expression (4.2I) may be- used as an appraisi~g fermula in 

the projection of optimal filters.For-nulas (4 .. 2r.J}, (4 •. 2I) are 

of p_rincipal sigTiificance-.Having applied expres$ion (4.20) and 
is to 

(4.2I) it ~»2 easy~~/'Sho\l'rl1 irwv+ the connection o:f Shennon•s 

result s with those obtai~ed through the method of statistical 

eptimizatio~ ef filters. 

Having examined from this angle the error in the class 

of information signals i.e. having r es-tricted its approximation 

by the frequency band of spectru.m W and time extension T we 

obtain enthrc:ipy 1 of error in band .A :f. 

(4 .22} 
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Integrating (4.22) i n regard te the band and having used ex- -• 
presshn1 (4.2I) we obtaiE. enthropy related to one d~gree of freedo:r 

of the s ignal's error 

(4.23) 

-The integral of the right part coincides with Shennon's expres­
the 

sion of maximal rate of transmitting infermati0n along the channel 

with W band. 

The same result may be obtained through using Shennon's formula 

for the _loss ~f enthropy in a linear filter. 

Thus,we succeeded in obtaining a correspondence between Shennon' s 

formula and the optimal filter of Kolmogorov-i'Tiener.As long as i n 

seeking the latter the condition ef physical implementation has :not 

been taken inte account,the maximal rate of transmitting informa­

tion according te Shennon proves to be unrealizible.In other words , 

Shannon's formula provides for an excessive estimation of maximal 

rate i n transmission of information. 

5. f~ount of information and transitional processes 

Let us evaluate the change of amount of information in case of 

serious errors in the system observed in transitional patterns. 

Suppgse there is a fixed ensemble ?f signals x(t) r ec eiving 

values within a limited se-t ,with metrics;(xf Xz) ~I xf- X2/ 
which in a time momemt t=O is transmitted onto an input of a 

1inear dynamic system with an impulse transitional function u (t). 
a ssumed 

It is~~ the i nitial conditions are zero.At the system's 

output is: an ensemble !/{t) with a metrics_f(!Jtf/2)=/~-.Yz/· Let 
signals x (t) and y ( t ) b e represented thus: 

X i~ot ( t J -= Xi ( t) . + L\ X S f t) 
Where !Ji +-I (t).:::: !/itt) +il!/ (t) 

t 

fJjJ{t) = L1 ~! stt -r)Lt(r) clr 

the 
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At any time moment 

fmt _ (.d. X) =-Id X ) =11:&)=- f == 
.i!f-0 4 !1 t IJ_ylt _ trij /jtt-r)litrJclr /((t) 

providing J;(j} is the Jacobia:a-transfo:rmation of co-ordinates 

at t time. 

In the information theery data relat ~ d tG same casual X value 

produced as a result of observing ·casual y value change its ind·efini· 

tenes s .The latter is characterized by a substitution of an uncan-
t~ val-g.e . 

di tionai'(€iitnropy for a mean conditional enthropy of :x: value rela-

tive te y value. With due account of linearity transformation,the 

amount of information at any time moment is described by a follow­

ing relation: 

~ ( Y; X) z Ht (X) - !o; K ttJ 
. that 

It is necessary te not~d:;-the measurement of casual values 

k (t) function is easily determiRed: 

. 1 -· I 
KttJ== t ::::.-

~~1 11(-r)dr A {t) 
Havin? estimated the transitory function of system A (t) by 

using 
~--m:£ any of the known methoC.s , cne can calculate the numeral 

change of information throughout the t ransitory process. . 
Rzx±~g ~~en dealing wi th stationary casnal signals with a limi-

ted f requency band F eY..hibit il:g i nfo:rnation capacity at any ·ttme 

moment H( x) it turns out that . 
~ 

:/yrx,tJ=-1/tx) + 2~/ i!o,y/WtJJrdf -!oi!({t) + £;~~ 
fkg I n its gen r a l c~se ~~ it is rather . difficu~t to obtain 

~ i nitial corr elations fo :r t he obtained expression.However,in 

some par ticular cases ( Ga:tss p::rocesse_s, t!:le filter being described 

b a differential equation of t 'he fi :rst or der ) the problet1 is :s·ol v-

ed r elatively easy . 
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rv. · Peispect$ves and tasks of i nformatio n t heor y 

The appl ication of Xka postulates of the -cl assi cal information 

theer.y to _9roblems i nvol ved with contr~l encou nt er s cons iderable 

difficnl ties.The latter may be removed through xx a further indi s ­

_p_ensabl e elaboration of t _he basic ideas of i nf ormat i on t heory and 

the establisbment of quantitative correlations between l osses of 

in:for-na.tion aJtd the precision ef its reproduction in dynamic sy s -

t em.s. 

'!he basic problem to be s0lved to built up an info rmtion control 

theory and control is to be in the capacity to solve t he problem 

of transmitt ing diversity in systems with different t ypes of :rE3f 

~ feedbacks,particularly in multi-linked and multi-measur able 

syst ems. 

ne s econd,llo less important,problem is the study of systems 

wjlAxaw o£ a branched hierarchic str~cture and a priori t y of 

ce11!.!nallds. 

~e third urgent problem which arose pres ent l y in connection 

Wit~ the demand for an implementation of the resul ts of t he infor~ 

!!m.tion contrel theory consists in the devel opment of computing . 
method$ of information analysis and synthesis of complex mult i­

~easnrab1e _systems of multi-storeyed structure. 
a 

kn information approach permits to view ~ complex of control 

:m.easnrem.9nt systems and control from a uniform t heo r et i c al angle 

:regar dless of its designation and ni.et hods of r ealization . Thus, 
. • • ·, :d1,W earl'i stages of pr_g_.._i_~~:t_i_QJl 

sci ent1:f1cally-grou!1ded solutions maytO"e--a:a.-OJ)t-e-dv :t n cas es t>rhere 
} - . 

up to late t here has been a domain of experience and i nt uit ion . 
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!63.4 
Correctness, Regu1arization and M1nimal Complexity 

Principle in statistical Dynamics of Automatic §ystems. 

v.v. Solodov.nikov 

v.L. Lensky 

Moscow High Technical School of Baumann. 

I. The design of optimal automatic control systems in most 

cases consists of two steps. 

On the first step a mathematical ~thesis of the s.rstea 

is made, which usually requires the solving of some variati• 

onal problem. 

On the second step a physical realization of the determi~ 

ned solution is made. 

Both these steps are connected with several ditficulties~ 

Let a functional J (:x) which _ is the inde:r; of performance 

o:f t he system is given on a class of operators X. B,r the u.Se 

of the conditions for the extremum existence for tunctioDals 

the optimality condition is often received as a fUnctional 

equation 
( 1 ) 

for the unknown operator x. 

For instance, the solving of optimization problem in the 

class of p.ol;rnominal filters: ; ; . . . 
T . 

Fly ltL)} ~ J R 1 lt~)~ lt -'C)d.CC' + ... + .J J R.n(t,cci, ... cr")~lt-~) .. _ . ~lt-Gf.Jd\:- . def,, l2} 
if the f~ctional F l~rl), t-T ~~ < t], which gives the m;n1mum 

for the mean square value of the difference between transf~ 

. med F l:r] and desired x( t ) signals, yields the system of ~ 

. tegral equations 2. • 

n T T J {F)= 11 t:x: (t)- Ft~ l'L),t-T ,<( 4 tl} = mln ' . . l3l 

, E J .. J R, l t ,.-c,, ... "l, )f y lt:L, .eel; 91, ... ej)d\ ... d'Lj • r":llt, 9,, .. . ej)1 
c 0 { 4 J i ~ ~2 · ... n \ 

.: ) ' 
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· where ry "nty lt-'"c.) ... y lt-'~:J~rt-9,J .. . y tt-Qj )} 

r xy ; M {X l t) ~ l t. 91) ... y l t ~ 9 j )} 
(5) 

( t,cC~,·· · ~~)are multidimensional imPulse response 

functions. 

This system of equations can be written in the abbrevia­

ted form 
(6) 

where k and T~ are the elements ~f the Hilbert space. 

In many cases the exact solution of the equation (1) is 

impossible and so some numerical technique for the finding 

of the approximate solution must be used. 

Besides the initial data for the solution of the equati­

. on ( 1 ) usuall,- are known with some error. 

All this points out that it is necessary to investigate 

the stability of the solution of the equation (1) relative 
. . . 

to the acc~pted numerical technique and er~ors of the initial 

data. 

The degree of stability of the equation (1) relative to 

the variations of its right-hand side is defined by the mo­

dules of a continuity for the inverse represantation 

w (o, X):sup f (x,x~) npu x,x
1 
EX, f {Ax, Ax

1
) ~ J ll} 

where t~e funetionj) (x,X1) defines a metrics in class X. 

It is evident that the possible error in evaluation of 

the optimal operator grows together with the expansion of a 

class in which the optimal operator is to be determined, that 

is to say the following inequality holds 

w ( 6, X1) ~ w ( 6. X 2) , X 
1 
c X~ l &) 

If equatibns (1) is incorrect the solution becomes unsta-

ble relative to errors in the initial data and so a synthesis _ 
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problem of the optimal system becomes princip~ ~&si­

le~ But even if a problem is correct the nuaerical procedu­

re often is very complicated and time and .memor;r required 

for the determining o~ the solution with a given ~ 

cy by the aid of a computer are very great. 

For the possibility of the physical realizatioa of the 

solution it is usually necessary to appro~te it in same 

way. 

A tendency to diminish a .loss in the iJlde% or perfor­

mance makes it necessary to increase the accu.r&C7 of i.ts 

approximation and the class of operator in which 'the ex~ 

tremum of functional J (:x:) is determined. '.fhia leads 'to a 

loss in technological propertie~ of the co~l ~· 

Let for every operator x € X the m1 n1J!t1a :aecessar.r cost 

of the practical realization of a control ~ is det~-­

ned by the function Ct(~), an operator of Which appro~- -
- -

mates x with the error~. It is easy to see, that i:t 

The same inequality holds for the eveey flmction YEx) 

giving the measure of computing work 

. uecess~--y to ~ete.rm.ine the operator x with the BCCur&C7t 

ma:r ve l ~) < max V£ (X) 

:t e X 
1 

x _ E. X 'l 
\10}-

Let for every :x:EX, the functi-on '(,·s. (x) is deterwined. 
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Tbis ~tion defines the maximum ossible probability fanlt\~ss -

work of tbe control system. 

lll1.r:iDg some fixed interval of time, an operator of which 

approximates operator X with. the errer 6• 

:It is al.so evident, that if ~ C ~, then 

mi.n -'Le. la:) )- mi.n 'Le. t~} 

X e x1 X € X?. 
Let us call the operator e t corresponding to the absence 

o.f control s,rstem as a null-operator. 

J'or DUll-operator it is naturally to propose ce ( 9): 0' 

V£ (9)=9 and tc. (x) = 1. 

Let a family of classes msatisfies to the conditions 

nx = e 
X E. m 

PrQi..Dg attention to the ineqaiities it is evident that 

it is de~able to determine the operator of a control sys­

teabelouging to the most contracted class of the family. But 

the contraction of the class leads to a poorer index of per­

ror.ance. -

This contradiction may be solved if the control system 

s.J.Btbesis problem will be defined as follows: 

~ all operator~ having the admissible index of perfor­

BaDCe, which is -supposed to Qe known, to find the operator · 

belonging to the narrowest class of a family of operators 

considered. 

~s s,y.nthesis problem may be formulated in a more com­

pact form as .follows. 
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Consider two oper.a~ors X1' ~: 
- ~ , f: X xl ~ X...L 

and 

X eX 
1 'L 

I t is evident that it is a more difficult problem to deter­

mine and to realize with a :given accuracy the operator X2 thaa 

the operator x., • . 
Accordingly ·let us admit that : the operator X2 as a more 

complicated operator than the operator x., · if tbere is no iD:fOJ.'I- -

mation exept tbat 

x e.x 
1 1 

and 

In tbis case a family of classes M may be considered as a 

coMplexity scale for a set being tbe combination of all c~ 

ses of a family. 

Now the· · synthesis problew. may be defined as a minimal coa­

plexity principle as follows : 

Af!!oQ_g_a,!l_o!ae£a!o!:_s_bf!Vi~ !h~ !!~i.2_sib!e_igd~x_o!~e£f~~ 

~8.£C~ !o_f'in£ !h~ 2P~r~t2_r_o!_ !!!if!i~l £O,!£P];ep,EY_r~:!.J!tiv.!. !_o_ 

!h~ £i~e~ ~c~l~·-

As well the principle of limited complexity may be used: 

For the definite c lass be lo11.~ing to tbe scale o:f complerl­

t~ considered to find an oper a· or to which correspond the extre­

mum value of the i ndex of nerfvrmance~ 

2. To apply the minimal coznplei<..ity principle. it is necessaq 

to have the methods for the designing .of a complexity scale. 

Consider a continuous funct ional G(x) which has the abso-

lute minimum on the null -operator. 



• 
268 I 

~a ~arame~rie tamU~ ~ot classes Xt{.x\G lX)~t} has 

~ properiea at the famil7 of classes M defined ~bo~e. 

Ia tbia case a compression of the class corresponds to 

Ule mmwtzaHon o:£ the functional G(x). 

~ applica~ion of the minimum complexity principle leads 

'to tiba CODditi cmal extreDWDl problem: 

!0 w1niwdse the functional G(x) subject to the constraint 

J (x) = q. 

!he solution ot this problem require the minimization of 

Ule hacUcmal. 

l G l.X} ~J lX) 

1lba:re l is Lagraage 11111tiplier. 

!!le otber .ethod to define the complexity scale is as :tol­

I.a.a. 

Calud.der tbe i.DcreasiDg system finite dimensional classes 

9c X cX
1
c ... ex c ... eX 

' n 
1lbare 1Ddez: 118&118 tbe dimensionalit," of the class. 

ft:ls avste- ot classes m~ be considered as the compex:i.ty 

aca1e aDd tbe ~ication of complexity principles in t his ea­

• .ndtlces to extreaal problems for the functions of ma.P.y vari­

ables. ~ deSign of such complexity scale is possible, for 

1Dst;aace1 _ror the class x with basis x., ,~, ••• ·~· ••• In t his 

case riDite dtweosional class X is a set of all possible line-
n 

ar ca.b1Da1;1.0DS ot basis elements. 

!be ·otbar design methods of complexity scalec are also po­

ssib1e. !he B,JStems of classes included in the compl exity scale 

~ is not unique. Therefore ever,r specifi c synthesis 

prob1ea require a construction of the complexity scal e which 

take ~o accoUnt a peculiarity of the problem considered and 

.PC•ssiblliti.es ot the physical realization of a systen1. 
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'3~ The application o:f complexity principles is useful not on~ 

ly for that the synt hesized systems have bet t er technological 

properties, but as well for that the necessary conditions of 

eXtremum. existence in the f o:rm of equation ( 1) are correct in 

Tichonov sense, if the complexity scale is correspondingly 

chosen. For the correctness o:f conditions f .or the extremum 

existence in t he form (1) it is suffici ent that the classes 

Xt= {;c \_&l;{) ~ t) are com.pact and the Euler operator for the fun­

ctional G(x) is completely continuous. 1 In. this case the fun­

ctional G(x ) is t he functional of regularization for t he eq.(1). 

The incorrectness of eq.(1) is not . only theoretical possibili­

ty which practically ma:y not be taken into account. ~ prob­

lems of statistical ·dynamics of control systems reduce to linear 

integral equations of the first kind which are incorrttct. Ac­

tually the syn~pesis of the s,ystem which is optimal in rms 

sense require the minimizaDion of thequadratic functional 

J ~ s_) ~ (, A~ . ~ ) - 2 l ~ , l:f) ~'L) 
where A is a positive self-adjoin.t linear operator. It is known 

that an element x minimize tb.e fu.n.ctional.J )(x) . provided it 

satisfies the lineat eq. (1 ) . 

The solution of eq.(1) m~ be written as Stiltijes integral 

expansion of the self-adjoint op~rator A: 
00 

( ~ .. [ 
J::: ~ - ct L lj' .; ), 1 . 

.l. S used , where E 
1 

i s t r:.e· e:>:pansion of the u.n.i ty corresponding 

to the self-adjoint opera · or. 

The solution eAist s L~ that and only in that case, if 
CC> 

r 1 ·. . - \ 
I - ci \ l:.lJ lJ , <.. ~ J '12.. \ )l_j>j / 

A 

If the zero i s a l imi-t poi~t of the spectre of the operator 

,A, then the integral ( 14) may not exis t. 
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'This impuls _that the eq.(1) may not have the solution with a 
• 

~ini te norm. 

Such situation arises for instance in all cases of linear 

filters synthesis, when opt~ impulses response includes ..,. 

function and its derivatives not integrable in quadrature sen­

se. These filters are physically nonrealizable. Let the ele­

ment "1' with some error h is given , then, taking into account 

theadditivi~ of the inverse operator, the square of the error 

norm pf the solution m87 be represented as follows: 

\\S:r.\( r r, d lll h,ll) (15) 

The eq.(15) implies that the square of the error norm may 

have any value., dependillg of the spectral measure ( E h h) 
1 ) 

distribution. 

A mathematical problem is correct provided the solution 

of this problem exist, is unique and is stable relative to va­

riations of the initial data. In this sense the problems of 

statistical dynamics in the form of eq. (1) are incorrect. , 
For the application of the .complexity principles the com-

plexity functional may be given,· for instance, in form 

G(x) = (Bx,Bx) 

where B is a positive and continuous operator. 

In special case, when B is the unity-operator we have 

G(x) : ca:,:r) : \\:r. \\ ,_ 
and the application of the minimal complexity principle leads 

in this case to the following proble~ of the calculus of va­

riations. 

To find the minimal value of the functional G(x) = (x,x), 

provided 
I(x) = (Ax,x) - 2(x,y) = q 
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An element represent ing the solution satisfies t o the 

equation of the second kind. 

X + .Ax n y ( 17) 
In this case the application of minimal complexity prineiple 

is equivalent to the weak regularization in Tichonov sense. 

If B is a differential operator then it is equivalent to a 

strong regularization. 

Using spectral expansion of the operator 

ty scale may be designen· ·as follews 
""<) 

Xt={:rj:L=Jt ~dEi\uJ 
where Jl U IJ < e>.o 

Then Xt
1 
c Xta. , provided t 1 > t 2• 

, the complexi-

As it may be shown, the solution of minimization problem 

for the functionBl: (7) in ~lass -~ is given b,- the formula · 

Rg[~] = i.:J -kd El\ "Y 
t. 

In the discrete spectre case the algorithm of regulariza-

tion is equivalent to the determination of the $olution in the 

form o~ a linear combination of eleJIBllts with eigenvalues 

exeedillg t. 

Let us now prove that the regularization in Tichonov sen­

se is equivalent to the application of complexi~ principles. 

The method of regularization for eq.(1) requires the so­

lution of the equation. 

lBx+ ,A%=1' 

where B is Euler-operator of a regularizati~n functional, 

A-parameter of regularization chosen depending of the error 

norm initial data. 

It· is evident that the equation (18) results from the mi-

ninlizatio.n of the f unctional 
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Th3 minimizati on of functional. ( '1 9) ma:y be considered 

as the minimization of function~~ G(x) for t he given va­

lue of functional J ( ~). 
Consider the set X t : (:X: I G ( l) ~ t J 
Minimization of the functional G(x) is equival ent t o the 

contraction of the set ~ in the sense that for t t 2 we have 

At <;;; At • 
l l. 

Hence, the regularization implies the minimi zati.on 

of complexity. 

4. Let us consider some examples application. 
. 

Cons ider a linear control system the input of which con-

sists of: deterministic signal g(t), r andom signal m(t) 

with zero mean-value and correl ation f unction.Bm ( t,T), and 

noise n(t) with zero mean-value and correlation f unction 

~(t,T). As an index of performance for a control system 

let us accept the functional 

J -~ 2. z.c z. 
- \._ ~ -t- f' c_.. 'LMS 

(~o) 

wheref~- dynamical error, E tms-'tms error a..'l.d ?1... weight­

ing multiplier. 

It is easy to show that 
i .. / . 

. J ~ t<t)-. Jl'1(t) R., (t ,t)- 2. j [~ \t) ~(er)+ J"' (t) R ..,( t,'L)] k (t,'L)dT + 
t i 0 

t J J fl~ (e)~ (er). 01.( t) [ RJt.8) + R,( t,B J Jk (t,e) k(t ,T)dL d Q 
0 0 \ 11) 

where k(t,T) is the impulse respons e of the system. 

The minimization of J giVAs the necessary and · suf­

f'icient condition for minim~ of j in the form of the in-
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. tegral equation for k (t,T): , 

rt.l ~ (t)~ ~ l· ~2_(tJ[R.,('r, s)+RJr,8)]k( t..e)de · ~(t)~ tc)+f~t) Rrn ( t :r) I 
~ . . -l ? !_ \ ~ 9.) 

This is paramet ric Fredholm integral equati~n of tije 

first kind. The s olution of it may include -functions and 

be connect ed therefore with essential difficulties for the 

pract ical realization. 

Let us suppose that · · · 

J = E ~ ~ +;u2E;rn5 = ~ (t) \i3~ 
where q(t) is the given admissible value of .J 

As the complexity functional we choose 

G . f k 2. (("I) dT \'14) 
(\ 

In this case the necessary and sufficient condition 

for the minimum of . J reduces to the parametric ·lrredholm 

integral equation of the second kind: 

Ak ( t ;r) • J [~ (0)~ tcJ t i\~(t ).[ R .. Ct. e)•Rn(r. ell}k\t,e)d 8 = ~(t1 M·J"2

(
1)RJ:r) 1 

o • t '7 L \i5) 
The right-hand side of this equa~ion is the' restricted 

f unction Hence its solution is contained in a class of 

restricted fmnctions as well, that is to s~, it does not 

contain · -functions, 

I f we choos e as the complexity functional the integral 

of the square ofta differential operator: 

G= J[~ a Lk(0(t..cr)J2.drc li~' 
o ~..~o 

. then the mini mum condition fof has the form of an integro-

differential ~quation, the solution of which. has at least 

k (t.;r) r e stricted derivatives. 

Hence, by choosing of the complexity functional the ·dif­

fer-'"'ntial properties of i mpulse._response may be con.trolled. 

Tflb. · s i s ver y important :for the determination of the 
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'system structure. To illustrate this, let us suppose that an 

impulse response k(t,T) may be ap~roximated with any accura­

cy required by the sums of the form 

p ( t ;l) = f [, t "j L \t) 'f L \'l) 
"' l.=l 

('27) 

In this case the dynamical system may be formed from the 

dynamical of the first order. 

The differential equation of each element may be repre-

sented as 

The differential operator Di(p,t) and Mi (p,t) are de­

fined by the equations d r (t.) _1_ . d ~f\ lt) ( ) } 
l ( p,t)r lt) = ctt- :f'tttJ dt r ,t \2.9) 

... \ 
_Cl tft. (L): M L ( p;-r) i 'L tl) 

where operator Mi (p,T) is adjoint to operator M1 (p,t). 

To get the simpliest structure it is naturally to choo­

se among the set of sums of degree m such sum which give the 

-_ best_ approximation: 

Em (k) = Lnfllk(t.,'L)- Pm (t;T) \I (30) 

It is known that the rapidity of decrease of Em(k) com­

pletely depends of differential properties of k(t,T). 

In the case of stationary signals the determination of 

linear optimal stationary system with complexity functionals 

which have the form of integrals from the square mf i mpulse 

- response and its derivatives leads to systems with minimum 

frequency band with. 

But the less is the band width the simpler is the phy­

sic~ realiz~tion of the system.5 

5. Let us consider another example of application of comple­

xity pri~ciples which is based on t he second method of com-
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~his is a synthesis problem of nonlinear discrete filters a 

finite memory, which transform the given stationary random si~ 

na1 in the desired stationary signal in the best possible ·~· 

A general solution ot this problem is unknown and probably 

can not be received. 

Consider the complexity scale 

where Pm is the class ot po~omials 

n-1 n-' n-'\ 

L h . .t. .+ ~ h .. J:, . . a: . + .. . +2.. h . . ~ . . a: . X . ' ~( 
• 1. t-1. .. l 1t'l. t-1.1 t·L2. . {. 1. 4 · ·· i.~n t·l1 t-t1 ' " t-L,., • ( .... ,' 
L:O O~L 1 4L~ 0~L1 ,..t..m 

It is eas.7 to see that this system m97 represent the complexi­

ty scale. This is evident trom the facts that every COlltinuo­

us function J1J1J.Y be approximated by the polin.Omial (31) ot aut~ 

ficiently high degree with ~ desired accuracy and the union 

VFm contains the class ot continuous functions. Filters (31) 

are called Kolmogorov-Gabor filters. 6 

According to . comple :1'.i ~ty principles a synthesis of a DOll­

linear filters requires the solution of a variation problem · 

in the class Fm• This problem is equivalent to the dete~ 

tion of a projection of a random quantity 7t on a subspace 

formed by all possible linear combinations of random qunti-

ties :r . x, . X-. . , ... 
t-\. , t-l. ..... 2. 

The solution of this problem reduces to the solution of 

the normal system equations tor 'the weigbti.Dg coefficients 

h . ~ h- ·~.. · , ... 
l I.. '1. 

by the method of the least squares. 
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However this me~d of a nonl~ar llfter synthesis still 

is c.o.nnected with some dif:ficul ties. 

The :first di.fficul ty is a very rapid increase of the nuilber 

of weighting coefficients to be calculated with the increase 
-

of the polinomial lifter degree M, · and memory n. 

It may be proved, that this number N is defined by 

N 
~- Y'\ (n+t) ... ( n -\k·l) 

-L I 
- K"i K . (32) 

A great number of weighting coefficients implies a se­

vere requirements to memory volume and speed of discrete 

filter. Besides, with an increase of a number o:f the weight­

ing coefficients very rapidly increases the volume of compu-

tations. 

The second difficulty consasts of t hat ·~ methods o:f 

the determination of the weighting coefficients are unstable 

relative to errors of appr?ximate computational procedures. 

For instance, the determination of the weighting coef­

ficients with the aid of the normal equations method leads 

to a poorly defined s,ystem of linear algebraic equations 

and this effect increases with an increase of the system 

order., So a limited accuracy of approximate computations 

leads to a practically incorrect problem. Hence the natu-

. ra1 measure of complexity for Kolmogorov-gabor filters is 

. the DUlllbe~ of weighting coefficients to be deterudned • 

.Ac.eordillg to complex!~ principles, it is necessacy iA 
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space formed by all possible linear combinations of random 

quantities 

to find the subspace of a minimal dimensionality for which 

thB admissible value of the error holds. Or for given the 

dimensionality to find the subspace for which the error_ is 

minimum. The determination of such subspaces may be effec­

ted by the trial-and-error process. But it is connected with 

a very great volume of a computations. 

To minimize the com.plexi ty of filters (31) the numeric-

theoretical procedures of approximate analysis may be used. 

Actaally, in ~ cases the discrete random signal Yt 

considered and discrete random signal Yt desired may be put 

in correspondence with some continuous signals x(t) and Y(t). 

This holds, for instance, in the case when ~ and Yt are times 

whicb we get from random continuous signals by a sampling process. 

If this is not so, then continuous signals x(t) and y(t) hav-

ing in discrete moments of time the same values us discrete 

signals considered :may always be formed. 

Without ~ restriction on generality it may be supposed 

that (n - 1 )6 = 1, where 6 is the sampling interval of a ran­

dom continuous signal forming a discrete signal. 
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Caasider one of the product of the sum (31) which has a 

degree a 1 

l:.t-i. l:t-i1 . . . Xt-l.$ 

~ atora.eDtioDed statement imples that this member may 

repreaeat a Yalue of a stochastic field determined on a 

-.ud:Q )Qpercube or a diJDensions in the point M (Al1 ,6La··· ~Ls 1 

'!be :Cield itse11' :la g1 ven ~ 

~t,cr;, ••• ,er-8 ) = x (t -cr-1> ••• x(t - ~>· (33) 

I:t a coa-tiJiuous sigDal x( t) has a continuous in the mean 

dari:wati~ or tbe order ' then it can be pro.ved that the 

llf;ocbast1c field (JJ) ~ be approximated by . 

J:{t -7_) ... .x.lf. -'Ls): I :q~-o1 "~1A0d.j) .. . :L!j_-as<(mod•)8 • ((,, .. ,'t").- R , .. 
__.._ 0 tcl r:-) tCi ba . . (34) 
-~ K \lp·-· L~ are some sis-functions, a 1, •••• las -

aptt.al coetrici.eats determined according to 7 , p mod n -

tbe ze-irwler which is get b7 division of p by n, and R is 

\35) 

BIB :Cie1cl Yalue 111q be represented in any point by the 
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' equation (34). Hence, it may be also determined~ tbepotats 

with coordinates: 
1 . - ~ 1 . ~- 1 . 

er~--\, \,2.=--1.,.1.., l.~--n-1 \..., . • n- 1 \ ') n-1 ~ 
Therefor e, any product of degree s may be ~te~ reP£e-

sented as a linear combination of n products ot degree s ba~ 

the form 

that is to sa:y 
n-1 

X. t - i. 1 · · · .l;t- ~s:. to 9 "'- l\., ~ .. . ' .l. ~ }t.t-a.,tc.lmtulnf · • .X~-Q~K(IMtln) -+R .. ~31) 
The equation (37) implies that the products DOt co:i.Dc~ 

i ng with (36), are not needed, for they it~ be approxblaiieq" 

determined from (3?). 

Hence the optimal subspace is the Sllbspace _f01"118d 'b7-a11 

possible linear combinations of the s,rstea of ~ ~~= 

That is to sa:y, the synthesis of nonlinear discrete :f'Utar 1a 

reduced to the solution of the variational prob1aa : -

· n-1 n-1 

L ' ~- 1 in t he class of filters given by h ~ - + L h ~ . ..,...._..1 . . :t 
I . K t- k .._ t-A.~ rt-az_C(IIIIIldll1 n- m . ~~.~o ar.-sD 

+ ·" +~ h._ Xt-a,K(mocln) ... :Xt-a,. K {modnj • [39) 
To illustrate the effectivness of tbe coapleXlt.7wdn1wd•=-

contai.Ds tbe DIIW'hers I mul 

fi l ter and for t he minimum complextity filter, wben -tbe .e110r7 
0 

n of t he f i lters equals t ' IO (n = 10) 
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m 1 2 3 4 • 5 6 

N- 10 65 285 1000 3oo2 8007 

10 20 30 40 60 

The results of computations show that the essent ial comp-

lexi~y minimization leads t o a l oss in a quality of a re~ro­

du.ction o:f a desired signal Vlh icil t;tquals only t o parts of 

percent. Moreover, the increase of the com_lexity of the fil-

ter given by (39) does not result i n the essenti al imprevement 

of a quality of reproduction. On the ccntrary in many cases 

it implies the loss in the qualit y which comes from t he poor-

er definiteness of the normal equations sys tem. 

Conclusion. 

The optimal control theory developed up to the present time 

did not take into account the difficulties cor~ected with a 

neces sity of realization, wi th a complexity of al ~o=ithms for 

optimal control systems determinat ion. 

But essentially these two sides of the synthesis procedure 

may not -be considered independently~ 

Rence, in the present time the investigations having in new 

to ·take into account in the formulation of optimal synthesis 

roblems the com.p le:xi.ty of -optimization algo.ri tbms as well 

as the eo p-exi ty Qf a physical realization of these algorithms 

have a xeat theoretical and ractical s i gnificance. 
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OB· ONE SYSTEM OF .A.lP.OO~lC COHJWL 
· - . -

OF MICR®IRCUITS • MA.NUl'AC~G ·PRoeJssBa 
,V.K~Gl~sh.kov, · V .P •. ~e~ka~, ·G-.t.JiakUoT 

For the last . 1~1'~ yes.rS · the ·number o:t ccmputera, wld.Gh 
are the ~ost powertul means . tor -~ im.p~ving the~ ·et:ncieaq 0~ 'the 

_man versatile ·act;vityt was -in~reased hUn~S ot Uaea. A1i 1ibe 
same time -they' as -$ rule~- are· aes~bled manuail;r•- which riaes 
their cost, -reduces reliabi.lity :and restr~_cta t;boir -a;pplJ.caUoa. 
The ~time required f~;r devel:o~en1; .~d co~atncti~: o:t capu.'tera 
is sometimes.· commensurable ~ th; ·.-or. 1n-. SOme - Ca&eB .8Y8ll 'exceecls, 

the - ~im~ of the~~ depr$ciatio~ •. tlii llltter -~about.~ e~4-
years n~adB.ys• '"cF . . . ' ' • _ 

In spite·_ of numerous · .8,ttdpt~ 'o~ --the _part_ o:t U.Y8at;ip*­
to automate · p~duet.lcni ot ~ir,cult$ -~plo~ ~di~te ~a, 
significant ~~sul t.a have . not ie.t been ' obtained ·41Je_ -- :rap;lcl --­

.;plication ot equlp,ili-ent·. aDd &Teat.···--ot utUJ, ... _--.; . 
. . . The search ·Of .. easentiaily- new pbYsi-Qfl].. ud tecliil~J.opcd ...... ',,' 

of consi;~ctlng: this -~quiPJii4mt · . ··~· .eea8d' tb&~ .· reaill~ ill ~ 
cement·. Of discret~ part$ ~Ji~ . CO~PolleDta used: U _ ~ti-c 
elem:ents- 'by --~-~~circuits,well' -'lm~ il~~ produ- ':la -· :fQJS 
of thin 'fiima or bUd .SelllicoAdU.ctor :aollOblocb~ . 

. ·.· · Tosether . .:1 th a : re.p1d . recmctt-on ln · si~ ~Dct . 1JacreUe ill 
serrl'ce :lit~ - .of the devices .~- ~oa1; ·. ilipor1;all.t ..... ..._ er 

·. ·auchcircuit·a ·is th.& _.dmpli:ticationQt a ·tau ·w .-.-a.__ 
ges ot ·.· their · p~duc:';i~. - - .-
. ·Aith~ugh J>hl'sieal phenomeiul which -&r~ aUf:tic1eaft17 ~eel, 

.· and .such )mown •ethoda as the 'YaQUUJI" deposi:tiils o:r .atter Oil a 
backingj. the diffusion. receystailizatioii, o:dcJati~.. ep:ltaial 
growth 6~ m.onocrystal films, etChing, photoli tbo~, hea~ kea~ 
men t, etc.,; _ ·ar~ 1.a1-d down to the micrOelectrcmi~s, 'the p~'li:lcal 

-use · ·of those -~ethods are . c!)mpl1-eate4 .due need or· &.Pace l.ocal1a­

tion of -processes · tB.k:ing place · on numerous ai~areaa -~ -ten­
. ·al. · . The'Nro~. tl>.e deve1.opment of· WQ'S .1;o· brills about: a atrtc'U7 

c,ontrol:.labi«: s:~ie~ti.:V.- occilring of ~hysical-'kclmolopcal. pro­

ces·ses 'is ·the ·most im:P!lrtant problem . _of this new ~--· _ 
· One of .such a method. which :is current}7 used iD practice 

more · often ~s ·the influence upo~ matter tbroup a -*• x-ta ... 
led. to s.j,_finificimt resul t .s which _JJtren.gthened -~ ~croeiecUo- · 

• 
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niea as a progressive science. 

However-, difficulties arose i the utilizing of this me­
thod. It is sometimes necessary to place the masks of .diffe­
rent configurations in the Chamber and mechanisms t or t heir 
movements, which shoul.d oft~times be h:eated to degas them and 
attain a deep vacuum. Noti.ceable errors appear in repeated ma­
tching of masks and, consequently, precision of geometric di­

mensions of components being made is reduced and r eproducibi­
lity of their characteristics becomes worse. In mauy eases 
t he mask-making of a required configuration is impossible 
altogether. 

Precision of dimensions is increased by employing preci­
sion contact masks made on baekings processed by photolitho­
graphy.. But appliea.tion of photoli thographie processes in 
handling semiconductor materials leads to increase in the varie­
ty of types of process operations used which causes additional 
errors. Because of random distribution of faulty components 
over the plate the wiring pattern in each copy of the micro­
circuit made in this way is individual. Consequently, a new 
mask is to ~.,.,.. fabricated for each plat~. To avoid sharp rise 
in production cost and great time loss they now restrict a num­
ber of elements made on one plate~ Still the release of sound 
produe·ts does not exceeds several dozens o~ percent, at best. 

A great variety of operations, the considerable portion 
of which are performed manually at tllat, materially hampers 
the solving o! problems of complete automation of manufacturing 
microcircuits. It should also be taken into account that new 
processing methods rapidly coming into being cause essential 
alterations of costly automatic lines. That is wby in many 

countries an intensive search is undertaken for such proces­
sing methods and tools, th~ .. parameters and characteristics ot 
which would more completely comply with the problems of ma­
king devices with elements of micron dimensions. 

Encouraging prospects for a successf'ul solving those pro­
blems are opened by results of studying interactions between 
electron and ion beams and a hard body. The electron and· ion 
(elion) processing of materials is justifiably said to be ·.the 
moat _advanced of all current methods of creating components 
of microcircuitsf P-n junctions, transistors, microwelding, 

. polymerization, decomposition of chemical ·compositions aimed 
at restoration of chemical elements on local area s of a ba-
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eking, recrystallization, exposition of. photoresistive layers, 
deposition of films, scribing, hcx~eti~ation, measurement and 

Check of parameters of processing operations and articles, deter-
·mination of Chemical composition of materials, ·as ell as a num­
ber of main operations necessary and performed in practice for 
fabricating microcircuits are made at present with the aid of 
electron and ion beams. 

The advantage of elion methods consists in the possibility 
of accomplishing all processing stages in a vacuum chamber with­
out its dehermetization, i.e. under conditions providing a high 
reproducibility of article parameters. A power density ot elect­
ron and ion beams is readily adjusted and uounts to millions of­
kilowatts per cm2 • They permit to localize pbysical and technolo­
gical processes in a very small space. A m.inimum diameter obtai­

ned in practice makes fractions of the micron. 
Since the processes are localized not by mechanical aovements 

of element$, say, masks, but by electric and magnetic fielda ac­
tuating charged particles, one can choose ~or processing arq 
point of a fabricated microcircuit almost in a moment and to a 
great accuracy , obtain any configurations of processed areas ha­

ving rejected aas~s or, make masks proper, if required, to a best 
accuracy now attained. · 

The elion technology is one of examples o~ such a field of 
industry , the rapid development of whieh is con~tioned by cyber­
netic means of control. Manually, through use ot optical deTiees, 
it is possible to make only single laboratory samples of elements. , 
No one can make in thia way·, during :reasonable time, large blocks-
multi-component circuits with an acceptable reproducibilit,. of 
their p~ameters. 

From the standpoint of variety of processing character and a . 

number of elements which are to be acted upon by the cop.trol cir­
cuit, the elion installations .are advantageous controlled plants . 
changing in time but little, t herefore the principles of automatic 
control and technical means utilized for_ their embodiment, pro­
vided they are selected on the base of the newest scientific and 

·engineering· achievements, should have sufficiently Vital capaci­
ty. 

Developed at the first stage at the Institute of Cybe~ 

tics of Academy of Sciences, Ukr. SSR,is an open aystem of auto­
matic control of processes manufacturing componentE of elion mic-
rocircuits ( "YI.MiB-6711 

) t which is now operated at one of works 
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and has al.re_aq shown high fidelity and efficiency. The digits.~. 

control aetbod is laid down to th~ system as l$ss tim~consumin't 

- aDd poaaessiDg better potentialities than the method -using a 

contimlous scann1 ng. 
ID tbe electron-beaa fabrication of microcircuit components . 

'for i.D.staDce, it becoaes advantageous more often to empioy a 

pulae aode fd iD:tluencing the material by the beam. It is re­
CJ11i.r*t to 8j)ecif'7 leagtbSof pulses and breaks, as well as a 

maber of proceaa pulses at each point. In the ease of a con­
UD.aoaa acennfag o'f the entire raater, as it is done, sa:y, in 

a.a1.J1s a photocow, tbe lengths of breaks· are always related to 

palM l.eDstlaa b7 the eqUa.tions 

t .!J!.J&L. ' 
n ~ q)dn ' _ where 

L aD4 H • wicl'lih aD4 height of raster; 

fu: pal.ae leDgtih o'f procesaing; . 
D = pe1'11iaaible-4istellce at which the beaa can move during the 
t1M o~ · acti• ot t1aa processing pulse, ob1iained from the con-
41Uoa ~ euariDg a sufficient resQlrlng power; 
drr= ... cU.ai.e't;er~ --
~ tcnwal.a abowa that the relation between /.,and - t:C~ 

ao~ be cha881l -at ra.Dd0.. Moreover, irradiated and shielded 
~are acftDDecl at tbe saae velocity. This necessitates to 
~- U.. 'fOr useleaa aotion of "blocked" beam, which is ac­
f"'aal•:tecl with -aD increase .·i.Jl a n'Wilber of-pulses and variety· of 

U.. -CODIU.tiOJUI _ of processing, and is determined by tQ.e equation: 
"" n . . . .. 

- _ _. l1.1. = > y a;,K l;,,., · . where: ·'· . . k fu . . 
a • relati:n Jlllllber o'f unprocessed points ·on the · backing; · 

m= mwber ot nr~ons 18Dgtha of processing pulses required for · 
waking :~- circui~; · . 

n = •n-.. ~ ot pulses of the same length, needed for 
· ~aad.laS at ·oae point of· the rast~f·· · · 

fte -COiltiDuDWl scanning method is· implied_ to be -applicable 

cmq "tben-wben a cbaDge in· time modes of. processing ·- ~thin 
the raa1;er is not __ needed. In ov:enhe~ng majority _of o~er 

case_& prcniaiOB -aho~d be-uQ.e for .the p6ssibility of quick 
au~:t:f.c directing _ot the. ~eam : toward any area of the backing~ · 
and 1rradia't1D;g of a chosen· point .by_ immovable beam with any · 
rati~ln /fu. _ - · ·_ · · · ._ . . . · · · 

~ pertora thts, . the aost' c~~venient is the contour scann-



ing obtained by con"Ve.rting digital eodes, corresponding to eo­
ordinates of poi nts, to deflecting currents or voltages. The 
use of the pi teh contour scannil).g leads to the necessi-ty of 
applying the digital system for controlLing the electron-beam 

installation. 
Existing Universal digital computers are n~t adapted to 

such a purpose since -they cannot ensure the minimal speed neces­
sary for - realization of advantages of the electron-be$m techno­
logy. , and require excessive co_mpli cation of programming pro­

cessing• 
Our system can b·e applied in laboratory investigations and 

job-lot production. It can also be employed_ for electron-be8.11l 
welding·, scribing and in · ma.ny other cases when 1 t is needed to 

act upon an object of control at _ the great speed through seve­
ral channels simul talleously • . 

· One of the most im:pcrtaut :teatures.of the .system is the 

simplicitY of programmi!lg production tasks. One _instruction Ca.D 
be used for processing any geometrical figure of five encounte-. 
red more often ·of arbitrary ' dimensions within the raster (lfig.1) •. 

In this _ case the power and time modes of' irradiation ue ~ 
. same for all points. Changing·- parameters a and 8 of ·"Point 

:raster"· used in manUfacturing circuits with regularly poSitioned 
· components (e.g. _diode ~trices) the distances between processed 
points are established. ,F·or a :1 or- 8 =1 a series of parallel 
lines is obtained necessary, for instance, to create the so cal~ 
led current-carrying snake. If a. =.1 and t=1, the "Point raater" 
is converted to a rectan~~lar area. 

To ~ake a large D:~...u:nber . of reg-.ilarly no si tioned circuits on 
one silicon plate by - a simpli·J;ied program, the possibility o'! 

. . . . 

processing a series o:f regUlar.!.y positioned areas by' one inirtruc-
ti-on is provided. For ~his purpose serves a frame "Series ot. rect- · 
angles".. If this frame is· specified within one ro~, -OD th8 ba~ 
ing · a broken line will be made· encountered in tapricating _re--. . 
sisters made in the form. . of a thin-.fi~ snake. · · 

. Lines and. areas of arbitrary shape _ ~equire<l , , for instance, 
·· in . welding bodies, :mask - me:¥..ing , gating photo.;..re.sistiveJ.ayeDs,etc., 
ue processed . by means of ~ f~ames "Inclined· line", . ".CireUlllf~rence-" . 

·( "Arc") and ~"Area". In . the ·latter, two edgeS; of ' the_ figure,-or . · 

one of the-m, can ~e -limited by -~ inclined liJ:le or a portion of -
the circttmfe:rence, formng a ;triangle ~- equilateral or rectan~ 
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lar trapezium, circle, segment, etc .. 
Combining these geometric f~gures and +inks among the~ 

on the backing, and specifying their processing in a re­
quisite time se~uence , it is possible -to make complex cir­
cuits, construct various f~etional devices~ 

Fof the general view of the ".K.v!iB -67 n see Fig.2, and 
the block-diagram and functions of units !5!:10 and 50-
Figs • .; and 4. 

Each instruction {frame code) is represented by ten 
twel•e-digit binary words stored in a 'magnetic memory in a 
permanent sequence. These words contain data on beam power 
modes, time parameters of processing, and direetions · on the 
law of moving the beam over the area surface, and all initial 
quantities necessary to obtain figures of required sizes. Re­
gisters f<t HX , ['4 kX , PHY and PKY serve for specifying the 
commencement and end of beam movements. With a 5-___.u pace and 
an additional reverse digit the maximUlll area of the surface 
being processed equals 10 X 10 mm. 

The memory capacity is 4096 twelve-digit words which 
makes more than 400 codes of frames. This numbe.r obviously is 
sufficient for many applications, however the possibility is 
provided of replacement or replanishment of programs contained 
in the memory in the course of accomplishing process operati­
ons by means of a punch card input device or other computer 
used,for instance, for the automatic compiling of programs to 
fabricate microcircuits or to correct them according to feed­
back signals. 

The nature and number of the principle geometrical figures 
had a decisive effect on constructing the computing unit (bYO) 
the base of which represents the two-integrator linearly-circu.­
lar interpolator reconstru9~ed for processing various frames 
(according to a code in the frame indication register). Each of 

. them in turn consists of a counter and a counter-type adder .. 
In processing the point raatert for instance, distance a 

expressed in a number of pitches, between points on axis X 
is given by a code in the Ll<tXo, and distance ~ on axis Y - by 
a code in the f!<t '::lo • These codes are stored in adders 2. X and 
lY during the calculation of all frame points. 

Upon irra~iation of the first point, the processing time 
o:f which is determined by time parameter shaping unit (!5CfJB!7) t 



the transfer to the next point is done for which purpose a 

code in devia t ion counter f!'!X (deflection unit 60) is changed 
by unit an4., unit is subtr acted f rom the cod in t he f'l Xo si­
multaneously, provided the TCI!X is at "0", i.e. the row pr o­
cessing is not completed. Calcula t i ng the unprocessed points 
is accomplished up to zero state of the e~xo, which is seen by 

changing over the coincidence flip-flop TCX o to "1". This is 
followed by res toration of the code , characterizing the dis­
tance between places of proces sing, by its transferring from 
the LX to t he I.JctXo and from t he l..Y to the f!<t!:lo and a signal 
to swi tch on th 5~Bn is delivered. On processing the line 
( Tt!f!X at "1") tha beam move s along axis Y as a result of ad­
dition (or subtraction) of units to (from) counter C<t lj and 
s imultaneous subtraction of units from 'the code in the l!tt Yo • 
.After reaching the speci fied distance between lines ( Tt!Yo is 
at "1") the beam is set to the initial point of the next line 
owing t c code transfer f r om the t'~HX t o the l!vX w1 th simul­
taneous .1. t ::;tor ation of codes in the Ot~Xo and C!tt Yo. Control 
is transier red t o unit 6tpBn agai n .. In such a sequence the cont­
rol operat i ons of processing and calculation of coordinates 
are altered until t h e code i n the C!<tX becomes equal the {!qKX 
code , and (!t.{ 'd code equals the code i n register PKY, where­
upon a signal "Frame endn i s produced serving as an indication 
for deliver.tng the next i nstruction :from the me~ory (card in­
put)e For algorithms of processing various frames refer to 
Fig.,5 • 

. The time parameter shaping un.i t adjusts the lengths of 
pulse s and br eaks in between with any ratios of them in the 
range f r om. 2 see to 10.2 sec. A number of puises_ "irradiating 
each point of material can be taken from 1 to 2oq.7. A continu-

ous mode of operation is also provided. 
To eonvert the codes to a deflecting current a principle 

i s utilized of s~~tion on a load of established, by the 
bina.I'Y l aw, curr ents generated by stabilizers {!r. i through {!r. 10 
(Fig.6) according to t he equation . 

. JH = Q 0 2°Jo +a:I2°Jo + . .. + an2nJo ~ Jom~O arn2"" 
where : a,., = 0 and 1 depending on sta t e of rn-th digit of the 

deflection counter. 
Aiming a t maintenallce o:f a cons t .ant dimension of pro-
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ceased region with variation of -4c'celerating voltage the­

output current ot the converter is corrected b;y ·a change in· 
. . 0 . . ,· . 

the reference voltage of the stabilizers. ~e deflecting 
coils are reversed by magnetically-controlled lug relays ha-

. · . ving a high speed and long ~ervice life. _ 
The magnitude of the beam current (a hundred o:r' possible 

ievela~ is given in percent" of a rated value) and of. the a~ 
. celerating voltage (16 stages, is given in KV ) is a·d.justed 
by means of the power paraDleter contJ:"o'l unit (6Y3/]). 

A progru is iJlserted in decimal .digits from the main or 
aounted control panel _which is a part of ·the · data conversion 
and diatributioll U1li. t (5flPJI) • 

. !}le debugSing of programs and · ch$Ck f~ir correctness o:t 
their :insertion are faci~itatecl owing to availability ·of 
nsuai . check unit (58/(> : ·titt~ with . a dark-trace- _t\l;be, and 
of the eleetrolWDiilescent display systemreflecting-pra,etical­
ly &ll aigni:t:i.c&nt points of controlling" the proce$sirig by -· 

, ~oris .and decimal d,igits. Aa ·an i·llu~ti-ation · ot the possibi­
lity of the p~g:ra.li debugging . control the skiat:ron ·_with the 

·. image 011 it perforMd by the " ·KHiB-6? "is ·shown in F.ig.7. 
. . 

· . Tb.e . experience showed tb&t the ·d.escribeA con~o! sys.tem 

is .capa~le ·or e;nsUriig- the reprQdu~l.bili:t;y ot . electri.cai 
. cllaradteriatics ot cc-.ponents ot elion , mlcrde1reu1 ts, which 
approximat,e~ 100 pe~~t • 

.•. 
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64.4 

HIGH-SPEED CONTROL SYSTEMS WITH FREQUENCY SENSORS 

Ye.K.Krug, Ye.A.LegoT1oh 
Institute of Automation and Telemechanics 
Moscow 
USSR 

Frequency sensors haT~ been widespread by now~l The 
specific feature of high-speed control systems with frequen­
cy sensors is that the frequencies of sensors is conme~s~rable 
with the natural frequencies of systems. Construction of ' such 
systems when due to reproduction ut signals proportional to the 
first and higher derivatives of the input signal encounters a 
number of di.fficulties. 

Let us assume that the signal jft) from the frequency 
sensor changes by the law 

.1ft)=..;' +./If ~in._ ..Jl. i 
where ..12.. is the modulation frequenc7 
./A, 1; are the modulation amplitude and capability respec­
tively. 

Various techniques are employed to transform the frequen­
cy signal and construct units that would ensure corrective ac­
tions proportional to frequency deviation from the desired va­
lue, the integral of .the deTiation, the first, second, etc. 
derivatives of the deviation. 

Those techniques are largely dependant on how the frequ­
ency signal is measured. There are two basic approaches: 

1. Continuous (analog) measurements whereby frequency i~ 
measured by direct detection of the frequency sigDal; 

2. Discrete (digital) measurements whereby frequency is 
measured ' 

a) by a count of pulses of the frequency to be measared 
for a given time inter•al ~ · (This approach will be 
termed integral), or 

b) by a count of the reference frequency pulses for the 
period Jt • /?;; of the frequency to be measu-
red. In this approach the input frequency · period is · 
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-measured. 
The systems constructed by t he latter approach use d1g1.-· 

tal instrumentation; high static a ccuracy can be ach1eved. 
Let us soe how cor r ective actions can be performed in each 

. a pproach. 
Continuous pro cessing of the input signal 

Among the exi sting ci rcuits employed to measure a freqaen­
cy signal at rel atively low modul.a t ion capability ~ f/: ~ q2) 
those wit h frequency demodu.lators ar e widely used. In these 
cir cuits f requency i s converted into current or voltage, au 
analog quantity. The cir cui t of a f requency demodulator co·n­
tains (Fi g• 1 a) two resonance loops ,0 and f1 . t w:l.ecl to · 
boundary frequencies of the desired f requency band , a r ecti­
fier with a smoothing fUter $;::' and d/c output ampl i­
fiers with gain 1( . 

The choppers are adjusted so that the output signal o~ 
the demodula tor is proportional to the deTia ti.on of the frequen-
cy jft) from its desired value .f«:' ft) pre-
sumably equals .1~ ft) = .f, (t). 

Such a circuit if carefully adjusted can be accurate to 
0.5 t o 1 per cent. 

A circuit with frequency demodulator has inertia det er-
mined chiefly by the time constant rs~ of t he smooth1Dg 
fUter elements. 

The second column of Table 1 presents frequenc7 respoa.ses 
of various correcting units where a frequency demodulator ~s 
used. To obtain a derivative signal a t the output of the fre­
quency demodulator a diffenntiating element is connected whim r 

consists of a loop RtC.= 71 and an amplifier with gain K# {T,.r, =- X7;) 

To obtain t he second derivative signal two such elements are 
connected in s eries (Fig. 1b). Frequency conversion with a 
frequency demodulator practicall~ cannot be used in systems 
where the frequency :f lt) is conmeasurable with the modulat:l.OD. 
frequency .1L (t) due to great phase errors introduced by the 
f iltering elemeDt. 

For instance if at the output the frequency ./ct.J var1a- · 
tion amplitud.e should not exceed 1 per cent ( .2~ rs~ =- .;oo) 

and relatio ?Jt e9ufJe.s 0.01, theD the phase erro~ will ~xceed 
40~ • Assuming that the phase error ~ tfJ•,. ..-ill haTe 

the relation :!.i.· ~ s:r-o . 
.Jl.. 
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Investigations have revealed£2)that if the frequencies j(t) 11!JII A {t) 

are coumeasurable and the modulation capability ~ ~ q f , 1 t 
1.& reasonable to use frequency mul t:i.pliers with overall mul t) ...... 
p.l1cat1on factor /Y ~ 100 (fig. 1 b) • In that case the inerti . .r. 
~:! :f1l.ters can be reduced N fold. If Nd. 100 the time con­
stant. of the transducer can be neg~ected; the dynamic propeX""" 
ties of the :smoothing fUter depend practically on delay 1n­
trod.uced by the mul t1plier equal to _ .;1~ • The frequenc3 
responses of corrective UDits whe:re a frequency multiplier i.s 
u:s.ed are presented in the thirs column of Table 1. 

Such a transducer can operate in the range o~ ~ :5 J!" .fo ..,., 

:l ts: phase error will not exoe ed . S ·- 6 • (e. g. at .Jo = 

50 .flhiAX -/ 0 ) c •. p .•. s. 21 ~ J qfi :S • 

Design of corrective units that yield the first and the 
seco:nd d.erivati ves as welJ. as' the integral of deviation en­
counte,rs the well-known difficulties inherent 1n analog con­
versi .om techniques. The accuracy of analog wtegrators is be­
low 0.5 to 1.0 per cent; this is also the case of analog am­
p1j.fiers • 

. In practice amplifiers and differentiating loops enable 
to obtaiD signals of a narrow range and proportional to the 
rirst and second derivatives. The max1mal values of d1fferen­
t1atiag constants.depend on permissible phase distortions and 

. 118X1.mal. gain K which can be obtained at ( ..il T) maxi0.2 or 
(A l;t:)_x £ q2/( • I:f 1<~20 / l;l.m.x £ ~ . 

~us we can say that the continuous (analog) conversion 
tedud.que can be employed provided . that the frequencies jft) anq 
Jl(tj are conmeasura~e only when a frequaac~ multiplier with 
the IIUl.tiplicatior:a factor N ~ 100 is used. · 

ft.e statio accura~y of the corrective ·units under consi­
derati.OD can be improved to 0.5 to 1 per cent. 

Phase error due te coumeasurability of frequencies depends 
oa the quantit~ :f. . The corrective units which peld sig­
nals proportioual to the first and seoond derivatives have ad• 
cU.ti.oDal phase errors inherent 1n analog dit:terentia.tion teoh­
Jrl.ques. 

!he integral processing of frequency signal 
B~ statio accuracy and noise-1mmuDit~ 1D frequency 

... aare .. nts c&Q be obtained if frequency pulses are counted 
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f or a certain time interval () at discrete time instances 11T. 

The expression for frequency in this technique is 
AT'<I5 .ir '"/.{ft;.xt" 

The corr ective unit which realizes the desired algorithm 
i ncorporates a puls e counter C a logical element LG and 
a pulsa generator P~ (Fig. 2a). The latter ensures that at 
time instances ~T the logical .element is fed a voltage for 
an interval B during which the counter receives pulses of 
frequency jft). 

Frequency responses of various corrective units acting 
by this technique are given in the second column of Table 1. 

We can see that all systems with integral conversion of 
a frequency signal have considerable phase distortions caused 
by the measurement interval & • Furthe~ore, the units which 
yield signal describing the deviations of frequency from ita 
desired .value and the units which compute the derivatives have 
phase errors dependent on quantization in timeiJl. 

The output signal amplitudes of separate corrective units 
are also dependent on the magnitude of T. Since phase errors 
are large, the integral conversion technique seems to be advi­
sable when frequen~iea ftt) ~!. -'l.(t) are ~~t _ conme.asurab~e. 

Indeed, to achieve high accuracy of measureaents, it is 

normally assumed that and 

should meet the condition ~ ~ 10000. . 
It the modulation capability is low (j;,~~ !tq') frequency 

multipliers Pm (fig. 2a)_ are advisable if the interval G 
to be reduced. In this case (see Table 2, third column) the 1n-

terYal can be made IV times shorter and reach B/ == er;,~~ . /'I J 

where cf' is the frequency measurements error. · 
In proportional units the cyole T can be reduced to B ' 

\ 

However, in systems where the corrective units ensure signals 
proportional to derivatives the time T cannot be changed 
arbitrarily. A salient feature of such units is that the time 
intervall have to be choaen according to possible range 
within which the modulation · frequency~ vary. Our anal7sis 
yielded specific relations between the input signal amplitude 
/Jp: f» ·6 , the ampl1 tude and phase errors and the quantity .AT. 
Fig. 3 shows the relati~ns to a log. seale. Solid lines denote 
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the .variations of the quantity ~T against the ampliutude ~ 
at the input of a corrective element which reproduces· a sig­
nal proporti onal to the first derivative. With this signal 
the amplitude at t~e output of that element equals ./Id, = 20 

units , fi~1 = 50 units · and .Ji~= 100 units. The dotted line 
denotes the relation of JlT against J9p at the same values 

of amplitudes at the output of the ' corrective element that 
represents a second derivative signal. 

Fig. 3 and Table 2 convince us that quantization in le­
vel which is inherent in all digital systems is the lower 
bound of the frequency range ~(..AT) while the permissible 
phase error due to quantization in time is the upper bound 
of this corrective element. Fufthermore, the higher the order 
of correction the narrower the frequency range and the higher 
the requirements to the accuracy of measurements and adjustment 
of the parameter ~ 

Thus when the deviation is measured .to the accuracy of 
0.1 per cent and ./HB = 1000 units, the first d,eriyative can 
be found te the accuracy of 5 per cent <4t • 20 units) at phase 
error 11° (.../l.T~ 0.2) in the range t.(-~J.Tj~ , (0..021'ftT~ 0.2) which 
le the derivative can be found with the accuracy of 5 per cent 
at phase error 18° (j,Ar • Q20) only at /H&~ 10000. within the 
range .1!.(.4T)2 (0.14~...a.T~ 0.2)., · 

Therefore we can say that in the digital measurements tech-
at 

nique the first - order derivative is obtained a limited accu~ 
racy, while derivatives of high (upwards of the second order 
are practically impossible to obtain. 

We have to note, however, that corrections proportional 
to the deviation of the frequency from its desired value and 
to the integral of deviation are obtained without difficulty. 
The integrated digital technique is very accurate in calculation 
of these corrections. 

Frequency signa1 processing when its period is measured 
When the period of the frequenc~ to be measured is f11led 

with reference freqQency ~e , the measurement can be Tery accu­
rate. A block-4iagram of device using ·this approach is 
shown in Fig. 2b. The device includes a pulse counter C , a 
logical _element ~c and a reference frequency generator ,LJ~. 
The logical elements control loilp feeds the frequenc7 }e. pulses 
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to the counter during an interval ~ = .../~t 1 • As a result the 
-r L) Jt '/ counter records the number IY = fje ju; . 

Frequency responses of separate corrective units recorded 
in this measurements technique are presented in Table 3. 

The left - side columns of the Table refer to the case 
when each period is measured successively and the differences 
between neighb~ring periods are measured (deviation a Xh-= 

::: ffe. .TJt] *- [je - ~~,J.• 
The right - side columns present data for units which 

operate discontinuously with constant cycle time ~ 
It should _be noted that systems based on measurements of 

period are non-linear. Therefore the data cited are true for 
low modulation eepth ( ~ f 0.1} or when the systems have been 
linearized. · 

.we can see that successive measurement of each period is 
the speediest~chnique which can be employed to obtain the de­
viation signal. However, derivatives cannot be thus measured. 
The accuracy of their measurements is very low, since the dif­
ference proper between neighboring frequency periods is very 
small, while the amplitudes of derivatives are proportionalw~~. 

If the measurement is taken with the accuracy 0.1 
· per cent which corresponds to f: = 1000., whUe the output 
signal modulation capability is ~~~ ~ 0.1 andr.A. 0.1 (e.g. 

. .fl. ~· f. • 50c.p.s., /11 = 5 c.p.s., 2H • 0.5 c.p.s.), the deviation 
amplitude corresponds to 100 units, while the amplitude of 
the first difference will not exceed one unit .Jf~Z,=A;> f! • 1 
units. This means that in such a system even the sign of the 
derivative cannot be accurately found. 

To calculate the derivatives it is practical to introduce 
discrete time. Then the cycle time T h~s to be chosen in accor­
dance to the input signal freque~cy range of the graphs in F1g.3 

In practice we can design digital corrective units cal­
culating the first derivative when the period is measured and 
the appropriate magnitude of T has been chosea. Both in this 
case and in the integrated technique ~he frequency band of the 
input ~ignal at which the required accUracy of the derivative 
is achieved has the quantizatiou in level (by the quantity 
J: ) as its lower bound and the phase error introduced b7 
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quantization in time as its upper ~ound. 
Linearization is not essential :tn design of such correc­

ting units since the measurement for signals proportional to 
.the derivatives is not great. 

It should be noted that if there is no 11nearization in 
systems with integrated action, static errors can -appear if 
~ is measured at discrete time instants hT rather than at 
each period at frequency /fi)Pt]. I:f each period is measured 
successively the integrated corrective unit can be regarded as 
a continuous integrator whOse equation can be written as 

~:: /ijttJ-/e.ft;]~t 
The block - diagram of such unit is shown in Fig. 2b. It 

contains a counter{ a logical el ement if (a misalignment element} 
and a set point generator -:J§I which sends a signal proportio­
nal to the desired value o:f the frequency 

Thus the above analysis leads to these recommendations 
as to the choice of design technique for units that would en­
sure various· corrective actions in systems with frequency as 
input signal. 

I To obtain a signal of · frequenc~ deviation from its 
desired value we can use any of the above techniques. 

1. The continuous technique whereby frequency multipliers 
and frequency demodulator have to be used yields a static accu­
racy for frequency obtained equal to 0.5 to 1 per cent at phase 
error of 10 .to 12° in the frequency band o~* ~ 0.1 while the 
modulation capability is f.;~ 0.2. 

2. A high static accuracy ( er~ 0.001) can be obtained 
both by the integrated technique of frequency ~~{t) measure-

. I 
ment and by measurement of pe_riod 71iJ • The latter technique 
is fast~r. If it is changed successively each period can be used 
within the frequencY band o~j; ~ 0.1 at relatively large magni­
tude of modulation. However, to achieve a high statio accuracy 
the appropriate linearization is required. 

3. The integrated technique can be used when the frequen­
cies}~ and ~t) are conmeasur able onl.Jr. with the provision that 
frequency multipliers with factor.Na:od low modulation depth 
(~(~t) are used. In practice the frequency band is o~ -);~q~A'd" 

II To obtain a signal that would be proportional to the 
f irst · derivatiYe with conmeasurable frequencies /f') and -fl-(tj 
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both continuous differentiators in combination with freque ncy 
multiplier and demodulator and fast d.igital differentiators. 
Both are approximately equal in terms of statical accuracy and 
dynamic error. 

1. When analog differentiation and frequency multiplier 
with demodulator are employed the frequency band is bounded by 

_fl. 
the quantities 0~ ~T.,60,2 or 0 ~ .;/o -6 0.2. The static accura-
cy of such diffarentia tor is of the order 1 to 2 per cent. The 
dynamic error does not exceed 10°. 

2. It is practical to design a fast digital differenti-
ator when o ~ $ ~ o, 1 as a unit that would calculate 
the difference between two periods of frequency ~a/ - measured 

at time instances !l-T • The cycle time T has to be adjustable 
to the measurements range for ..n.(t). A digital differentia tor 
can operate within the range 0.02!!' .JlT~ 0.2, where the lower 
bound is made up by quantization in level, and the upper bound 
by the permissible phase error. 

Ill. To obtain a signal proportional to the second deri­
vative is difficult no matter whether digital or analog tech­
niques are employed. The accuracy of such a signal is not h1gh 1 

phase errors considerable. Selection of a technique depends on 
the equipment employed to calculate the deviations and the 

· first derivative. 
No matter whether the frequencies jll) and .li.(i) are conmea­

surable or not there is no point in designing digital correc­
tive units that would calculate derivatives upwards of the 
second one. 

IV. To obtain a signal proportional to an integral of the 
error it is advisable to use digital integrated frequency mea­
surements techniques. This ensures a high accuracy of monitoring 
and control no matter whether the integrator employed is conti-

naous or digital. 
1. A digital integrator practically enables operation 

w1th1n the range 0 ~~6 i 0.2 at ~ 6 0~5. 
' ~e 

2. A digital integrator enables operation within the range 
0 ~ ..r..-/£ 0.2 at G ~T_ 

The integrated technique can also be recommended for design 
ot corrective units discussed above for the case where the 
trequenciesjlt) and .nf1 are not conmeasurable. 
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A GENERALIZED SYNTHESIS LINEAR MULTIVARIABLE 
SYSTE?i~ 

M.. v. Meerovt R.T. Yanushe~lsk.y 

Institute of Automation and Telemechanics 

Moscow 

U S S R 

Intr oduction 

The paper will describe synthesis of multivariable control 
systems \ri th minimal integrated squared performa~ce func t ional. 
The great number of papers is this field can be divided into 
two mainstreams. First, a class in its own right is made up 
by problems where H. Wiener's mathematical tools are used. 1-3 
(We do not distinguish deterministic and stochastic statements 
of optimal problems of this r~nd so close they are). Solutions 
to these problems have to yield the parameters of a transfer 
matrix function (they are the directly varied values of a 
control system that has not been excited initially and reacts 
in a certain way (by the optimality index to disturbances 
of a kno\vn kind). Second, the problem (the initial coordinates 
of the plant are assumed to be arbitrary) was stated in a 
more general way.4-7 Their solutions is not related to a so­
lution to the Wiener - Hopf equation which forms the basis 
of the papers of the first school; the dynamic equation are 
given in the phase (state) space; the directly varied values 
to solve the optimality problem are the plant coordinates and 
control signals! 

A description of the plant dynamics in transfer functions 
defines just the controlled observed part of the plant (of 
course, if there are also uncontrolled and unobserved 
parts). The input and output coordinates of the plant are 

· specific physica.l quanti ties. A description in terms of 
state space is more complete, however, the state vector coor­
dinates (phase coordinates) proper are abstract quantities 
related to the output coordinates of the plant (controlled 
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variables) through a certain transformation matrix. If it is 
remembered that for a large class of multivariable plants the· 
quality of the process is defined by a generalized index which 
il a functional of output coordinates rather than of the plant 
state vector constituents,then4-? the optimality problem in 
the form of has no physical sense •.. (True, if the vector of 
output coordinates is expressed in terms of state vector, the 
synthesis problem can be solved as in4-~ for the plant phase 
coordinates vector; however, a reverse transition to directly 

· controlled quantities often non-elementary and depends on the 
state space basis chosen). For synthesis of multivariable 
systems is important that equations of plants that . are suffi­
ciently complex are found experimentally as weight (transfer) 
matrix function. Therefore when the approach of 4-? is 
employed, one has also to find the dynamic syst~m which has, 
for the given transfer matrix, the lowest order differential 
equations. This seems to suggest that practical use of 
results obtained in 4-? for synthesis of complex multivari­
able systems is limited; in tbi~ respect the approach of1-3 
is preferable. The generalization of the approac~ in 8 for 
the case of non-zero initial conditions ot the system needs 
a stricter argumentation. 

The approach described in the paper is not a direct 
extension of .the above papers and differs that the problem 
is stated in more general terms: assuming that the plant 
dynamic equations are given in integrated form for controlled 
variables, a multivari~ble system is synthetized under arbit­
rary initial conditions, the disturbances and desired signals 
to be reproduced. The solution suggested ;yields expressions 
for transfer matrix functions of the optimal system that are . 
convenient for computers. We simplified the solution pro­
cedure fo~ certain types of multivariable plants • . 

Also, the integrated square form is, as a rule, an indirect 
performance index for a control system. An engineer is 
interested more directly in accuracy of control, control time, 
overshooting, etc. The latter is not normally incorporated 
in the performance criterion but should be monitored if the 
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requirements to performance expressed as the optimalitt index 
are not rigid; in other words the performance functional 
integrand factors have to be chosen so as to satisfy the above 
quality estimates.Therefore we will also study the effect of 

perform~nce functional factors on the properties of an opti­
mal system. 

2. Statement of the problem and basic relations 

Assume that we have a linear multivariable plant whose 

d,ynamic state is described by this set of equations 
i 

~dJ =-ld>~(O; + JW(t-t"J u(rcj drr -r /et; (2.1) 

where x(t) is plant output coordinates vector; u(t) is the 

control actions vector; f(t) is the disturbances vector; 
W< t) is the plant weight matrix function;ttf>

1
illlJ.are the funda­

ment~t~ix and the initial conditions vector respectivly; . 
"" . they determine the free constituent of the solution to (2.1). 

It is required to find a contro~ low to minimize the 
functional: 

I= f j{(lhp{~ti!-~tb];*(.Aip>[ ~tb-riJJ) + [c~QJlldi]"[c{oJlfriJ]} dt (2.2! 

where 
0 

f,tf> is the desi:i:-ed vector; Jl<f)- the diagonal constant 
operating matrix; 

C(Q)- a constant . factor; . 
(* )-the transposition symbol. .. . 

9 
The actions ~ t. { t), {t t J are assum.ed vanishing conti­

nuous time fti:nctions, the intergrand elements are taken non":" 
-negative. (The optimal problem is assumed to have a sense). 

As a synthesis problem the problem just stated is to design 
a closed-loop control system, that would reproduce the 
desired signals y.,_ cf; and counteracts the disturbances 

/(i) With efficiency that ~epends on the factors of 

the matrix Jl{f} and C rO; • . . 
The increment of functional (2.2) a I (its first variati­

on) due to ~ l tJ-=- ~~dJ -tb ~(i) , uCtJ=U 0 dJ +AUlf) (where 
U 0 (i ) , 1orfJ are the optimal control actions and 
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· ch8fges of output coordinates caused by t hem; 6 yd) =-
::: J WLf-r ) t1 U { f: ) d~ ) equals · . 

0 (X) t J. T. ~.* I I ) 17 9t t. t.l 1. '{LIIf2 3) 11I = l {cj 6 u ( 't} w rr-rJ dr:r:1 J!r-rJJt{f J(i( J-Vtt J)t Llucocu( !fi~ • . 
By changing the intergration order in the first item of 

integrand (2.3) 
01:1 

11 I {t. u'ir:! q Nc't-'i)i(-r!ihp! (y~t) -y._d))dt + c/u• [CJ) rk 
we will obtain since the first variation of the functional 

is zero this expression for optimal control•) 

U'l t; ~ J~ rw;<r:-f) JIC-p!Iip! ( ~,LO:J-fmJ dr (2.4) 

Let us use further on Lap lace transforms; the functions 

~ 0d) 
1 

uqr f) will be analyzed in the plane of comple::c variable 
.s .Then the expression for optimal control (2.4) is 

(2.5) 

where the symbol ( -S ) means a Laplace transform of the 

function which exist,s at t < i} ; the fraces with the positive 
sign denote the positive time terms the corres~.:r.~:"!..ding expres­
sion. w:.. t h t his notation eq. (2. 5) i ncorporatesr.ealizability 
of the control system. 

Having obtained a L~place transform for eq. (2.1) and 
introduced this into (2~5) we shall have 

{[ E + f, vv f-s ) J!r-s) fl csJ MsJ ] U9{s;}-1" = (2.6) 

= t2 [Wc~sJ flr-sJ J/-(sJ ( ~{5) -F{sJ ) }-r- tz {M-~J fh·s) JhsJ lts)t ltOJ · 
The matrix E + ~ Wc~s> fl {-~> itrs)W (S) is a Hermit matrix . 

c 10-12 . u• H 
and can be represented as a product of matrices J1 (-S) {S ) • 

*) . ~ • 
The minimization of the functional I= fJ {[Jf(fJ ( ~Lt) -~z.tfJ)] 

. [ Jt (p)( ~ d) ~~ td)) ] 1- [ cCf) ud) j~- [ Cff) U(f}]} df 
where C ( p) is the operator pol~omial is easily reducible 
to our problem analyzed by introduction of a dUIDJDY control 

v(i ) = C{f ) ucl: ) and its elimination from the 
r esult. 
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Therefore after replacing thus the left-hand side of (2.6 ) 
we will multiply both sides of the expression by Htf-\ s) 11 

and after elementary transformations we will finally obtain 
an expression for the optimal control law 

U(61: .!zH(!,{i.(c~sM<~sJc-s>.R-cs{'f.<s>- FisJ-lw :tCOJ ]} + (2. 7 ) 

By substituting (2.?) into (2.1) we shall have 

Ye~>~ ( Z <s,-WCS/H;:,{bm~:,Wc~s,ilc-Siilrs> le s1} ) ztOJ + c2.e) 
+ 

+Fe 5/ + MS) H (1) { ~. m::,w(~sdfc-sJ fits![¥., (SI - Fcs!] L . 
It follows :from (2.?) and -(2.8) that the stability of 

. . -1. 

the system depends on the stability of H l$) 1 which is 
feasible 10- 12• One can easily see that there is just one 
solution to (2~?), (2.8) although a Hermit matrix can be 
decomposed with the accuracy to a unitary matrix. This easily 
follows from replacement of /le~ in (2,?) (2.8) by the 
matrix H/S>=- QHcs; where Q is a unitary matrix and 

. from Q\~ =E · 
To -solve the synthesis problem the vector z(lh should 

be eliminated from expressions (2.?), (2.8). Elementary 
transformations will yield a solution to the synthesis problem 
as 

Uc~>= -l{csJ(Yc~;-Fcs,) + [E +]\(siWcs,] Hc:J {Mc-.s>[J:ts> -·F(SJJ}.. (2. 9) 

where 

~ ~1 * . 
l"l (-$>-::: f, H c.;.s) W c-.sJ Jl.c-.sJ.R csJ , (2.10~ 

(2~ 11) 
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If the number of control s i gnals equals that of controlled 
• variables, expression (2. 10) simplifies to t he f or m 

*-t M (-S ) ~ H (-S)- H (S) . (2~ 12 ) 

The free terms in the plant equations (2.1) contains an 
initial conditions vector whose dimension in solutions to 
the synthesis problem i s assumed t he same as f or t he vector 
of controlled variables; ..-. generally this needs an . 
explanation. If ~(t) is tpe plant state vector, then 

].( OJ ::: 'fl 0) and (2. 9), (2.12) present a solution to 
the analytic design problem other than the one in 5,G 
( Y-z ( tJ is assumed zero). In a general case_ the 
vector of controlle~ variables is related to t he state vec­
tor through a certain matrix, while the components of the 
vector zrOJ equal to certain linear combinations of . the 
state vector components (depending on the basis chosen) and 
with respect to the controlled variables vector are equal to 
linear combinations of their initial values y ( fJJ and 
their derivatives. In order not to deal with the generalized 
transfer matrix, when N1 (SJ is found, th~ initial values 
of just senior derivatives of controlled variables are 
assumed .non-zero. The problem stated is not narrowed, since 
the esistence of a solution to the synthesis problem at any 

initial condi·tions follows from the above case where ~(0J=:y(0J 
is the -plant state vector. This should be borne in mind when 

Jt(s)ZC0) are written in (2.11), though, as the 
discussion below will show, expression (2.11) may be not used 
in finding J./; ( S) • 

Expression (2.9) shows that the optimal controller should 
contain channels for disturbances and control signals. 
Let us note ~hat when .the control system is designed the 
disturbances cannot be always measured directly. Then to find 
the transfer matrix function of the optimal system that 
woild maximally counteract the disturbances we should represent 

F (S) ': {cs) e ·where I (S) is a diagonal matrix 
that consists of zeroes and poles of .disturbances, e is 
the column vector of their amplitude, e should be elimi­
nated from expressions (2.?), (2.8). Then with zero initial · 



313 

conditions we have 

(2.13} 

where 

(2.14) 

Synthesis of a linear control system was studied for 
systems with one controlled variable. The system had to 
reproduce ~ (S) (the initial conditions of the system 
coordinates are assumed zero) with the performance functional 
of the form of eq. (2.2). A similar result can be easily 
obtained for multivariable plants assuming that in (2.?), 
(2.8) YT. (S): ~.,(S} e (v.,(s} is a diagonal matrix that 
consists of zeroes and poles of adjustments) and eliminating 
the vector e from these expressions. Before that eq.(2.8) 
is written for the difference ~ ($)- Y(sJ. 

U(J N'2, [y vo ] ,..,l.lJ 
($): i (S) 't(S)-l (S) + 1V

1
(s)F(S)- (2.15) 

. - [E + Nt't~, Wcs1] H(!>{Mc-.sJFcsJ ]+ 
where 

N. c~~ J ~ H (~,{ M£-SJ y, t 51 t [ ~. (S J -MsJ H(~J {M£-S) ~p{ t_ (2.16 > 

These expressions simplif7 readily 1a case where the 
nuabers of control signals and controlled variables are equal. 
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3. Calculation procedure 

The above discussion has shown . that the calculating scheme 
of our problem reduces to a number of algebraic operations on 
operator matri ces in the plane of complex varia.ble S ~ 

The parameter.s of the optimal system are calculated by formulas 
(2.9) - (2.16). The most difficult. thing in calculation is 
to decompose the Hermit matrix f + b W/sJJI(-sJJr[s) WCsJ • 
The decomposition procedure has been described in 10- 12• 
We have to introduce still. another way of finding the matrix 

J{i(S) since, on the one hand, the synthesis at 
Y-cts)= f(s)::. 0 has a separate solution 5,6 , and on the other 
hand, the solution is a starting point for finding the ope­
rators of relations for adjustments and disturbances. The 
approach suggested is based on the similarity between expres­
sion (2.?) for optimal control and the corresponding expres­
sion for the diagram of Fig. .1. 

U(s> = - [E + .l{cs> Wcs>] -t~ (.sJ lcs> 1 eO> . (3.1) 

A comparison of (2.?) and (3.1) shows that there is a matrix 

H (s> = E + ~csJ W(sJ (3.2) 

for which the following expression is valid 

E + ~2 w(~S) flc-sJ:il(s)W(s; : £ + Wc~s;lv:c-sJ + 

' AT1 
i T.T. + ~csJWCs) + Vc-sJlr1 (-JJ!Y1 (SJrv(sJ .. 

Assuming a kind of matrix ~ (S) we can make a set of non­
linear equations to find its indefinite factors. Similarly 
the calculation procedure can be designed for the transfer 
matrix function of the open-loop system G(.s):: #;(.s} W(s}. 
The calcuiation procedure simplifie.s considerably when applied 
to s~parate classes of multivariable .plants where the sp~cific 
form of their transfer matri ces is of importance. For illus­
tration purposes we propose to discuss synthesis of multivari­
able plants with intra-group symmetry. 
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4 . Solution for a class of multivariable plants 

We will discuss only those plants where groups with ident~­
cal parameters and relations and which are known as plants 
with intra-group symmentry 13~ Those groups represent in 
their turn a subclass and are called unitype bounded plants14• 
We shall start with these plants. That the sol ution to the 
optimality problem i s simplified f or the performance functi~ 
nal (2. 2) (the dimensionality of vectors ~d)1 ~'ldJ1 {cfJ,UdJisn,i(pJ 
is the diagonal matri x with similar elements acpJ ) fo r 
t hese plant s follo~~ from the descr iption of the two t ypes 
of the system movement ~n 1~ 

a) overall natural .described as 
n. tl n. n. 

· ~% csJ = ~ ~' (s> I ur csJ= ~1 u, csJ I ~%~J='fu ~ti(sJ I fr(~,f ~{~.<4• 1 ) 

b) overall relative described as . . 
~ n. 

l.l . ts>=L(tJ..cs)-tl;csJ)
1 

u.~csJ=?(tt . csJ-UJ· (SJ), 
JL~ j:1. jl (4 t J:f ' 

. n ~ 

u . cs>.:. L ( t./ ,.,_, (S) -tJ.,1·LS)) 1 I (S) =L ( l{s;-/.{s)). 
J'-r,~: J=t d' d Lr ·:::., fi !j· 
It follows naturall,- that J · 

(4.2) 

~"/s)=~ (~-ziLsJ +y",1CSJ), /crs;= hJhcsJ+/l(sJ) . 
( ,·:: 1., . . . , n J . 

WhelLthe transform of eq•. (4.1)• (4•2) is used, the perfor­
mance functional decomposes into a number of functionals 

n 

I::: h IX+ *t 2. Ii,_ I 
L:'f -

Ir."' 1 j {fatp>(jzdJ-jrttbil+ [cUxlbl}eli, (4.4) 

(4. 5) 



• 

316 

Instead of eqs. (2.1), (2.5) we have 

~: ( S)= ~eh: (5) + \{cs) u; (S) + tz: (S) (4.6) 

(4.7) 

where w. (s) = W ( S) +(n-i.l(s} , Wiz: (S): W(S)- e£5), 

W(S) is the transfer matrix of the plant diagonal 
elements; ~SJ -the transfer matrix of cross relations; 

11 rs) U (S) - are the free components of the 
(Jtir.. ' ijdi~ 

transfer process for various types of motion. As has been 
shown in15, a solution to the initial optimality problem is 
equivalent to minimization of functionals in eqs. (4.4) (4.5) 
by eq. (4.6~he result thus obtained is extended to multi­
variable plants with intra-group symmetry15. 

Analysis of the two types of movement of . separate groups 
within a multivariable system with intra-group symmetry and 
of the appropriate control signals makes it possible to use, 
instead of the initial set of equations and a performance 
criterion, the equivalent equations of motion of the gene­
ralized coordinates introduced and the quality functional 
appropriately transformed. To find in the transformed functional 

those constituents that are related to the above types af 
~otion and to analyse the optimization problem for each type 
of motion means to solve the initial problem. The transfor­
mation suggested makes it possible to replace optimization 
of a multivariable system by equivalent optimizations of non­
related lower-order systems. This simplifies the calculation 
procedure .substantially and can be treated as decomposition 
for the given class of plants. 
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5. The structure and properties of the optimality 
·problem 

From the above expressions for soJ.ution of the synthesis 
problem follow_s that the optimal system can generally be a 
combined one with channels for disturbances and desired 
signals (Fig. 1). The var·ious structural versions for the 
case where direct measurement of disturbances is impossible 
as well for extension of the approach in 1 •3 (a narrower 
approach than in this paper) to multivariable plants are 
represented in Figs 2 and 3 respectively. ( 1-l;_ {S), ~(S) 
are the operators for disturbances and desired signals! 

If ' ti.1 
Unlike the scheme o.f Fig. 1, the operators N; 1CSJ , N1 

1
(S) 

depend substantially on the form of Fcs} ,Y~ cs ) • The 
stability of the optimal system as follows from the relations 
given in the paper is ensured by the stability of zeroes in 

H (SJ -~ Therefore 10- 12 a stable control system can be 
constructed for a broad class of linear multivariable plants 
with the exception of plants which contain ~liminable 
unstable zeroes and poles. One can easily see that the 
presence of the latter in the transfer matrix function of the 
plant (as distinct from the eliminable stabel zeroes and 

' poles which do not affect synthesis) lead to the existance 
of an unstable component in the solution to the optimality 
problem. 

With the given J1(f) , C the equation 

1 ~ W . I I E + c-2 Wc-sJfl(~.s)./1 {.s) (s.> J -= 0 

for the optimal system is similar to a characteristic 
equation 16•17. Because the zeroes and poles (5.1) are sym­
metrical in the plane of a complex variable wiGh respect to 
the origin of coordinates, assuming - S 2 : % one ean 
study it by techniques known in the control theory 16! 17. 
The analysis was to find the effect of factors ;(f) 1 C 
on the position of zeroes and poles of equation (5.1) 1~•·• 
in the final analysis, on the properties of an optimal system 
(The condition of reality of optimal system roots based 
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on 16, of oscillatory index based on 17 etc). This is the 
chief factor for selection of factors in the. integrand of 
performance functional when specific problems are solved. 

An important performance criterion is the accuracy of 
control related in the final analysis, to gains in separate 
channels of a multi variable system. ( {c fJ , fz. rt; are 
assumed to be disappearing time functions with the convergen­
ce condition of eq. (2.2) ; However, a replacement of a non­
disappeari ng function by a disappearing one with infinite 
decreasing time is quite · justifiable for pract ical purposes ). 
The above procedure of optimal system parameters calculation 
makes it possible to estimate the gains of a control system 
transfer matrix function while no solution to ~he optimality 
problem is required. It is just necessary to assume .S=. 0 
in eq. (3.3). Then . 

i wto,J10JWl0J = W/oJN(oJ + 11£0, WcO; + Wto;f/(0;1/iO; MO;. <5.2) et . 
If the gains of diagonal elements N(OJ Wc 0} are large 
(this is a property ·of high performance systems), the 
magnitude of .N cOJ WtO J b;y which it is ea~y to estimate 
the properties of the s;rstem in steady state, can be assumed 
close to ~cD~c !. The gains of channels in a multi-
variable system are easily~saen to increase infinitely with 

(01 (, 

the increase of the matri e ements magnitude. In this ease 
16 we come to linear systems with large gain • 

6. Conclusions 

\Ye have discussed syn.thesis of multi variable control systems 
with performance functional in integrated square form. It 
has be.en shown that the optimal s;rstem has to be a combined 

\ 

one with channels for disturbances~· Expressions for systems 
parameters are presented. An optimal .system synthesis ·proce­
dure has been presented that would maximally counteract the 
disturbances if these cannot be measured. The specific fea­
tures of solution for multivariable plants with intra-group 
symmetry have been found and the effect of the functSonal fac­
tor on the properties of the optimal system discussed. 
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I Fc-s> 

L NcsJ 
~ 

YcsJ ~CS) 
W(S) 

L>t._ 

3 '<~ 

' 

r ~(SJ N f(S) 

Fi g. 1. Block-diagram of a combined optimal sys t _em. 

~ F<sJ 
YcsJ Y.rtSJ - WtsJ --0 

lf) '" r K<SJ Nt{S) 

Fig-~ 2! Block-diagram of an optimal system for where 
disturbances are impossible to measure. 

(I) 

J\csJ ~--- _...,. W(sJ 

Fi g. 3. Block-diagram of an optimal system without a 
channel for control signals. 
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68.3 

A NEW SOLUTION TO THE PROBLEM OF A CONTROL SYSTEM 
ANALYTICAL DESIGN 

.A.A.Iraaovaq 
Instit~te of A~tomation and Telemechanica 

Jloacow 
u.s.s.R. 

In this paper I will try to develop and generalise 
. the analytical synthesis of control ayatems described in 
articleal-5 and booke 6• 7. 

The basic feature of the new problem statement of 
those papers is in new forms of constraints in~olved in 
synthesis of optiaal control. 

Unlike the well-known approaches 8-13 to analytical 
design of controllers constraints are imposed in this dis­
c~ssion bo~h on synthetised controls, aDd some phase co­
ordinates f.~ctions that act as control signals at the 
inputs of exec~tive units in an optimal systea. 

This narrower class of feasible controls ·drastically 
siaplifies the synthesis problems while tbe technological 
seu• aDd trsctical value of new techniques a:re preserved. 

This paper will also show.•tbat the synthesis problea 
can also be siaplified without a constraint by using a 
special fUDCtional as an estiaste ot control processes. 
!his fUDCtional includes the perforaance of transitory pro­

cesses and control actions (executive UDits output) aa well 
as the operation ot co~trol si&nals at the inputs of exe­
cutive units · in an optiaal system. 

1. Sntbesis of Jlullz Observable (x), non-Linear 
P1ant Optimal Controls 

. It there is a plant 

±~ +Fi.(xt.I2 , ... ,xft,t) -u~ (1.1) 

( L = i, 2, ... , n) 

{x) there all phase coord:illates can be measured and used. · 
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and there is a function, VCxi,Xz, ... ,Xn.,t) ,whose 

complete derivative, V by virtue of non-controlled plant 
equation (Ut a 0) equals the desire~ function Q.(xf,lz, ... ,In,i) 

. av ~ av . 
V =at - ~ a:r~ F;. = - Q < 1 .2) 

. Here K ~ , p , q, desired positive quantit.ies; K~ 

are gains of channels; p, q, · are related as in H<Slder in­
equality. At p·~·2 eq. (1.}) corresponds to weighed swaa 
of actions at inpu.ts and ou.tputs o~ executive u.nita for the 

period t 2 -t1 t 
. . n. tt . n z a V ' . 

. I ~Ju! dt + ~ K;. J (-. ) dt • C , 
. . t K\. i.•t . axL . ... -t, tt 

and optimal control actions pr.oportional to components C:£. 

functton V gradients . a V 
. . . . Uta-Ke-n~ 
The values \=t, p•~ correspond to the given weighed &Wil ot 
maximal -tsquared. controls and "flows" ot co.ntrols (the qu.an-

'J av titiea· [ n:J dt ). . 
Optimal ~ont~ols in tbia case are of rele,y t,TPe • 

· . av 
U· •- K· S._I)R --r--

L " ox~ 

At p•l·, ~·- the constraints is a desired weighed awa 
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t2 
of squared controls "flows" J I u~l d and squared maxim-

t 
al val ues of control actions. 1 Opt imal control actions have a 

threshold level ( U ~ = 0 . at j ~~t J < i ) • 
A sufficiently simple proof o~ the above the orem i s 

this. A deri vative func t ion , V by plant e qua tions 

( U i, ;/= 0) e quals · tt . 

· oV n av f a V ~ 0 V 
V = - - L -::~-. Fi + £.., -::l-. u ~ =- Q +-'.. ax:- u~. at ~=i uX~ ~·i u:t t. L=i &. 

I n t egrating over t he interval t 2-ti we will have 

V[:t1(t 2 ), . .. , Xn (t 2), t 2)- V [::x:1,{t1), ... ,:tn.(ti); t1] = 
*2 n. -e2 av 

=-JQdt -I:J(-.)(-u~)dt ·. 
t . B:t .. and 1 ~:t t1 · 

~ sit ( a v ) ( )dt cl , 5) I=V[It(t,t), ... ,:tl\(t1),tt1-~ h. -u~ . 
i.•i t1 .. . 

The minimal I corresponds to the maximum of 
n tz av "' i2 av fr I, ( ~ )(- u•) dt "~ [lax: II u,)dt 

BY Holder inequ.ality · 

J'l :~, liud db (f'l ::.1 ~ dt ){ d'1 u,(dt )t (l.Gl 
t.t t . t1 n. . it 

Therefore t. s' I av. \I ud,dt :$ L 2 i. ~ ~ ' . 
~... ~1 ax t. ~·f t . .l 

where ~ .' = (j' j.R.j ~ d.t)l ' ~ ~ = ( Jzludpdt) P. 
t. tr ax L tt p 

The equality sign is valid if and only if I Ui.} 

is proportional to I ~~. ~~ . Eq. (1.3) with these 

notations has the f~rm 
2 

~ 

~ _.h_ + Kt2~ = C (1.?) 
L: 1 . Ki. I. 11. 

T~e max~um of the ql.lantity !:~i~i. with constraint of 
.. . L:f 

eq. (1.7) is reached when ~i.=Ki.~~ • This- is easily seen 

when solving an elementary problem for a function extremum. 

Re l at ions I u d p = I ~ ~. 1 q. and ~ i. = Kt. 2 i. i. ~ • 
~ . 

tz f t~ a V .!. 
(J !ud~dt) 1 = Ki. (J \--ax--J~df)~ 

-t.1 't.t L 
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are simultaneously satisfied at 

Ut =- K d ~~' jt Sl~n :~, =-Kt I ~~' I ~-· SL~ r. :;, 
These controls make the r ight-hand side of relation 

(1.6) reach the maximal possible value and simultaneo usly 
equal to the left-hand side. 

Thus controls (1.4 ) minimize the functional at con­
straints (l .3). 
At p=q=2 the optimality of the above control action is 
easily proved by Bellman functional equation, i.e. by the 
normal procedure of optimal control synthesis. 

The above control actions are also optimal for the 
case of no constraint and where a special functional,that 
describes the ac-t;ion of control signals in an optimal sys­
tem, is used instead. We will show this by proving th&t 
control actions. for plant (l.l),optimal in the sense of 
the minimal fUnctional 

+.2 i t2 " av 2 tt "' u~ [ ] < ) I= S Q.dt + ~ S ~ KL ( a:x:·) d.t + J ~ !fdt+V :t1(t,), .. ,:t~(i2),t2 1
•
8 

+.t i.t l.•t ~ tt ut " . 

are of the form 

t av c1.9) 
U· =- -2 Ki. -0- , 

L :.t~ 

where V ·is still determined by linear partial derivative 

eq. (1.2) 
Functional (1.8) is the estimate of the transi­

t, 
tional processes ~rfonnance (term J Q.dt ), control 

" i -t, 2 dl. ~ 
actions (term~ K- S Ut v ) as well 13s of the cl.li'rent va-

t1 " 'tt • · "'( av zdt lues of deviations (term ~ K'- r ~) ). 
~ t, ~ 

Let us present u1 in the form 

u. =- ..L K · av + 8u.. 
I. 2 .. axi. .. 

lfu~ are arbitrary variations of control. where 
The compl~te derivative V by control plant equation 

will 
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"' av 4 "' • av 2 "' u~ "' 8u~ +! L- (ui. +8 u.~) =- Q-4 L Kc.(T":")- L ~+ ~ -.~ 
~=t ax~ . i.•t ul:c. '-•t Kc. i:: K" 

By integrating over the time interval t 2-tt and 

using eq.( 1 .8) for the functional I we have 
t 

~ rt 
I= V (x,(t,), ... ,x.,(tt),tt] + ~~ J ou.fdt 

i • G 
Hence follows directly that I is minimal at U.~ = 0 

end controls of eq.(l.9) are indeed optimal. There . is no 

other solution. 
If v end Q ~re positive definite functions, v­

function is a Lyepunov~ function for a non-controlled 
plant and optimal controls (1.4.), (1.9) e~ure stability 
at a non-disturbed system state ( X1 = . .. == :t~=O) no mat­

ter bow high gains of cb anne ls k t would be. This follows 
from the relet ion 

V = - Q. + i:. ~ u~ • - ll-t Ki. \ ~ l o, 
j,af ax~. i.at aXi. 

To obtein explicit optimal controls, function V has 
to be found such that would satisfy eq. (1.2), All advan­
tages over_ conventional approaches to analytical design 
follow from . the fact that eq.(l .2) is linear a.Di in the · 

known solution a similar equ.at-ion is non-lineer · (contains 
4 t ( av )' t be tera 4 t:.' ·Ki. ~zi. ) • 

It is required to find a solution to eq. (l .2) indep~ 

endent of boundary conditions and termed "a fol'Oed solu­
tion". That · this sot ution is recommended is d1.1e to the 
fact that, firstly, n.:>rmally there are no factors to set 

the boundary conditions for V; secondly, normsll1' tran­

sition processes bave to be made optimal no matter when 
tbeJ are excited; in other words, the sol1.1tion has to be 
independent ~ the initial time instm ts. Gene r!'l lly these 

requirea~nts are met only by s "forced sol1.1tio:n :.'" 

Jor a linear plant and a squared functional (Q is the 

desired qu.adretic form) the eolution •~st be in the fora 

of quadratic space coordinates. 
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Yor factors of this quadratic form there are f n.(rt+f) 

linear differential equations.4•7 
In case of a 12·ssive, linear or non-linear, plant, 

the rob of the function V can be played by the plant 

overall power which b1' the lRw of energy preservation 

satisfies eq.(l.2) (Q in this case is a diseipative func­

tion). 
With a view to finding optimal controls for- a .more 

general case, s non-linear plant of eq.(l.l) with analyt­

ical functions Y i' let as present these fu.Detions and 

desired function Q as power series 

Ft =-~a.~.~ xi +t 6~i"x.~x" +I: cij"t 1i ~":r.t+ . . . 
1 j,a j.,et,t. 

(1.10) 

Q. =-l:pLj lLJ:i +.L r~J" %i.:tJ l:" + l: 6~jtct Xi. XJ Xec Xt + ... 
i..i . ~J:i L~,w, C 

Be-re tbe plant coefficients, a.i.J, &tjl, ·.. and 

functional Ji.i, (i.Jte,... are generell.Y time functions. 
. Sua:mation with respect to all indices is made from 1 

to n. • The coetftcte are independent of the er der of 

indices. This is true for indices starting froa the 
second one. (for a.L~. &~~K, •.. ) • 

Function V will be also ieterained in tbe for. at a 
po'lier series 

v-rA .. x"J:i+I: si.1 1Cx~.xJ:t" +l: c~siCtx,:t;:t~e:tt+ .. . (l.tt> 
L_~ I.J L.J,K ~,11,t 

where the coefficients Ati , BLjK, Ci.j~et, ... (at required 
optiaal controls) are likewise generally tille functions. 

Substitating expressions for :I~. , l 1 ,Q ~to eqD,2) 

and equallinc the coefficients at siailar products of eo-

(1.12) 
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. . . . . . .. . ... . .. .. .. .. 
For a stationary non-linear plant and a stationary function­
al ( Fi.,Q. are not explicitly time-dependent), coefficients 
Atj I s~~" ' CtjKe,... are constant, while linear differen­
tial equations {1.12) turn into the algebraic linear equa-
tions 

Since coefficients Ai.J, Bi.~K,CLl-d· .. are inde.pende~t of the 
order in which indices are written, first group of (1.12) eqs 
and (1.13), contains n.(~+f) unknom ALJ. and equa-
tions, secoai group n.(l\+~pn•2 > unknown · B Lj. K ani 
equations, etc. 

The first group of eqs. (1.12) in a matrix form looks 
like 

A=Aa+o.*A-j 

where A=IIAL~I\,a=lo.L~t,=bLJ 11 are 

(1.14) 

transpose matrix 
Then, for a stationary ·case 

Aa.+a*A=~ 

• square matrices, a is a 

(1.15) 

Eqs.(l.l4), (1.15) coincide with· the k~riownl-7 equations -
for linear plant optimal control coeff icients 

~ . ' 

Assuming the .terms !: Ai.j :t~ linear in optimal con-
trol argUJRents J•t 

av " " · "' . 
1'i7 = 2 ~ Ai.i. x, +3l: s~il( Xtl.l( + Lf.E c i.iKt l:j, XI( Xe +. . . ( 1 .16) 

~ F'f • ,Q d11C&. Cl Cl d,ll,t• l Cl' Cl 
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the following ~esult is formulated. 
Linear terms of non-linear plant optimal control vari­

ables are equal to linear plant optimal control arguments 
which coincide ·. with the first approximation of the linear 
plant under consideration. 

Tha.nks to their structure algebraic equations can be 
solved successively by groups. The first group is solved 

to yield factors Aij of linear terms in optimal control ar­
guments, then the second group is solved to yield coeffi­

cients Bijk of second order terms then coefficients Cijkl 
of third order terms are found, etc. 

For a non-stationary .plant or for time-varying fac­

tors of the given functional .Pi.i ,YLjtc, ... a solution to linear 
differential equations (1.12) is sought. A specific (forced) 
solution to non-homogeneous linear equations has t o be 
fou.Di. This also follows from the fact that 'When coeffi-
cients of the · plant and the functional coefficients rate 
of change go to zero, the solution should tend to a sol~­

- tion to algebraic equations (1.13). 

Solutions to differen~ial equations (1.12) ani algebraic 
equations (1.13) have to be found successively by groups. 

· With factors et the plant and the functional changing slow­
ly enough · the iteration teehrdque, whereby solutions to ~s­
pective algebraic equations (1.13) are used as zero approxi­

mation, is convenient to find sol~tiom to each grCllp of 
equations. Though conceptually this procedure of optimal 

controls determi.D.ation is clear, to find the f a .... t.ors prac­
tically may for a high order plant prove somewhat hard due 

to cumbersome control systems (1.12), (1.13). Therefore 
optimal control factors are better expressed as integrated 
estimates of first approximation equations weights. In 

Ret'a1·7 expressions of the tind were obtained for station­

ary stable linear plant optimal control synthesis. The en­

tire procedure of finding the optimal coQ.trols was thus 

simplified substantially. 
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2. Optimal Control Factors Expressed Through Integrated 

Estimates of the Plant Linear Model Weights • 

.Assume that the non disturbed state of a .non-controlled 

plant ( u. 1 = u2 = ... = Un. =0 ) is asymptotically Lyapunov stable 

while the plant and the functional are stationery. 

If the non-distu.rbed state is· not stable, then a sub­

stitution of phase coordinetes,e.g. xr=e:tp(-lt):t~ where A. 
is the plant cheracterist ic number, can reduce the plant to 
a case cf a Lyapunov-stable plant. The constraints are, of 
coarse, also to be transformed. 

Weight functions which correspond to the first approxi­

mation equations, or weight functions cL the plant linear 

model, are described by these equations • 

. ~ r:" 'J. "'c ) I W: + a. · p W = 0 W. 0 = X to. \ 2 • 1) 
~ ~ p ' ~ • T' 

p:f 

( l.,q,= 1,2, . .. , n.) 
'J-

Hel.e W t is the w'· ight function which corresponds to 

the re&p·;)nse of the i-tb 01tpu.t of the linear model to 8 ,a 
pi.1lse fed to the q-th input, (or to the initial unitary de-

viation in the q-th output ) ; )(~CJ. is the I.ronecker 
symbol: 

antf eq. (2 .1) foll.ows that 
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Due t o the condition of s t ability all weights v anish at 

t c oo . By i nt egrat ing eq. (2.2) wi th in the r ange f rom 0 t ~ oo 

a rrl int rod ucing t his nota.tion for i n tegra ted ·3Stimates 

of weights 

cp. - s· If 't . J IJ u - s· , t ' dt . :J LJ - wt wi d t , Li I( - w t wj wK , 
3.~:~f: j w~" wil w: w/ dt ; " . . . . . . . . 

Lj 0 • 

Vle obtain 

Comparison of left-hand sides of eqs. (1.13), (2.3) 

reveals their identity but for the fact that eqs.(2.3) in­

cl \.de fee tors of a plant transpose linear model. 

The matrix of a transpose model weights is equal to the 

matrix of initial linear model weights. Therefore 

* ~t. i.J *cp:s i.JK • JUf ~J•C (2 .4) 
:Ji.j = :J,_t.; ~Ljk = J..,~s ; J Lj~tt = J,.,_sl; · · · · · · · · 

~here asterisks denote integrated estimates ~ a transposed 
linear model weights. 

By comparing eqs. (2.1) and (2.;) substituting eq.(2.4) 

into eq.(2.4) we obtain the follovdDg expressions for optim­

al control coetf icients. 
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-~ (cp••l A'"'+ c p~•f A r• + c P'Y•f A p• + cr~u A pf)] :J~~~ . 

~h~ ~i;st. o~ ~he.se. f~r~ul.as .wa.s ~bt~in~d· i~ ~e~ .ius-

ing these optimal controls coefficient very conveniently 

found successively on digital computers and analog comp~­
ters with manual or digital ccmputer operated calculations. 
To obtain linear terms coefficients of optimal control ar­
guments it is sufficient to find integrated second-order 
estimates of weights, whil·e to obtain coefficients of sec­
ond order terms third order integrated estimates have to 
be found, etc. 

Then by eq.(2.5) only multiplications and summat-ions 
are needed. 

In certain cases integrated estimates of weights can 
actually be found analytically (theoretically this is al­
wsys posnible) and optimal coefficients as a formula .• 

Integrated estimates of weights at a linear model 
with fixed co0fficients can be used with advantage in 

fi:W.ing opti11lal to controls for e non-stationary linear 
plant provided that . appropriate eqs .(1.1.2) am 
solved by the iteration technique {the plant ani function­
al coefficients are assumed to change slowly enough). 

Indeed,. zero approximations for the desired coeffi­
cient are fo~d in the iteration technique by a set of 

. linear controls (1.13) similar to the one used in the sta­
tionary case with the difference that coefficients 

a.Lh &~j.K,.:., ,PL~,(\Jtt,... are slowly changing time 
functions. Thus zero approximations of optimal controls 
coefficients can at any given time be found by eq.(2.5) 
where all the plant ani functional coefficients em taken 
for the given time while integrated estimates are taken 
for fixed · values of 0. ~~ which correspond to the given 
time. 

Corrections of first appJ:oxima ti.ons by eq.(l.9) will 

be found by e·quations similat' to eq.(l.lO) ~ith zeroap­

prosimation derivatives in the right-hand side; c•jrrections 

of the . second ·approxima't ion are similarly expressed by 
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derivatives of the first order approximation, etc. I! en 
upper index is introduced for the ~-th approximation 
( ~ ), then by eq.(2.5) these approximations ere ex-
pressed by the formulas 

(2.6) 

Here as before the integrated estimates are compu~ed for 
fixed ("frozen") values of the plant coefficients tha.t cor­
respond to the desired time instant. Time deriv·atives 
can be numerically found by values computed for sufficient­
ly close time instants. 

Thus, for a non.;.stationary non-linear plant, programs 
of optimal control coefficients variations in time can be 
found through integrated estimates at the first approxima­
tion linear model weights functions with "frozen" coeffi­
cients as well as by multiplications, summations and n~.er­
icsl differentiations. These operations can be perforue d 
on a dlgttal computer, ~ an analog computer coupled to a 
digital computer or manual calculations. 
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Introduction 

The present paper considers some approaches to Letov 
problem o"£" determining optimum feedback control laws for convex 
integral perf'ol"'D8nc:e idexes with bounded time interval, 
including time-optimal problem. The solution is brought to 
establish the nonlinear invariant structures with nonlinear 
r egulators detached from, as it is shown in Figure 1. It 
appears then that the. inverse optimal control problem, as given 
by Kalman2 , can be generalized to nonlinear control systems. 
However, in this subject only introduct~ steps are 
mentioned. 

First part. of the work is: devoted to time-optimal systems, 
for which, according to Boltianskii3, an algorithm of optimal 
non1inear control law synthesis using Letov scheme /Fig 1 I is 
given. In the second part, one. describes a nonlinear control 
law synthesis procedure for optiJ;al problem with convex integral 
per:formance index. With that, aeeoroing to V .M. Popov4 , some 
relations between the Riccati equation and the adjoint equations 
f or optimal system are generalized. 

1. Synthesis algorithm for time-optimal problem. 
Let us condsider a problem of optimum transition of a 
linear process 

i = A\t)x + b(t)u /1.1/ 

from an initial state x(t
0
) = x

0 
to the terl!linal one xct1> = x1 
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Here A<t)is a real, quadratic n x n matrix, and b(t)is a 
n vettor, both absolutely integrable in any f'inite time 
interval: utt)is a scalar, piece-~~se continuous f'unction 
taking its values in a closed control domain containing zero 
control. For simplicity, the , control domain will be 

\ U(t) I~ 1 /1.2/ 

It is known, that Pontryagin's maximum principle5 supplies 
necessary and su:f:ficient inf'ormation to solve completely 
thia problem. Indeed a :final solution to this., problem reduces 
to integrate a system: 

t = A(.t) x + b<.t)sign(ott)y<t>) 
I t = - .((.t)y 

vdth boundary conditions 

X(tQ) = XQ , X(tl~ = x1 

/1.')/ 

/1.4/ 

Number of methods :for solving such problem has been 
presented: these are· mainly approximate methods that enable 
to determine an initial vector y ( tr;) = y0 , guaranteeing that 
the op:timal trajectory attains ·the point x1= 0 · 

Here, ~ complete algori thum :for determining an optimal 
control law u = u(x) is proposed. It enables to obtain a 
:full information on a topology o:f state space X, on number 
o:f switchings, and on a nonlinear regulator optimising the 
transient process. 

The algorithm starts :from the :fact, that a 
controllability domain o:f the state spaa!is decomposed, 
ac~ording to number of swi tchings, into manifolds · that are 
necessa~ for optimal transition from any point Xo o:f a 
given mariirold to the terminal point x1 = 0. For all 
manifolds, one gives ~quations o:f the optimal control and 

optimal trajectory, in initial as well as in transient 
regime. 
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First we denote the terminal point -as a zero-dimensional 
manifold 

/1.6/ 

which is attained by ·all optima~ trajectories. 

In this problem, the manifold /1.6/ can be attained by two 
ways only, described by equations 

t = A( t) X ! b ( 't) 

with boundary conditions 

x(t1) = ~ 1 

/1.7./ 

Solving equations /1.7/ with /1.8/ yields: 
- .J 

ii-= ; f p-~'l', 'r~) b(-r-)dT /1.9/ 

~.t ' 
Where if? c-c, T ~) - transition matrix of the homegenous 
equation, with ini tial-eondi tion J!<'fi,"rii= E - unit matrix. 

On the other hand, solving equation /1.4/ 

/1.10/ 

one gets a linear fo~with respect. to vector y(~1 }components: 

b
1
(t\y(t\ = b~(tl Pet, t~l yet~> 11.111 

The points r~ c 'i~ {t-1) , ~ ~ t~ from 
which it is possible ~0 attain the manifold /1.6/ via the 
trajectory ·of equation /1.7/ without switching i.e. the 
points for which it is possible to find such initial vector 
y(t'1) • - 0o ~ 't"~ ~ tA. , than in a whole intert-al [ l".t, t1J 

. the linear form /1 • 11/ not vanishes and haa a sigh correspond­
ing to. that o~· equation /1.7/ according to equation /1.:3./, 
generate a one ~ dimensional ma.D.ifold_ V 1 = V1 +u Y1 - ·_ : 

+ ' ~ ' ' 

v1- = { ~~~~1et<.~ = •J ~fho~. > "'-t>ctr; b'c<~~u.~ 'to 

't"1 • . · • \1-t- & ['e,, t,]} 11.12.1 
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In this de~inition, upper signs cor respond to the branch 

v; t and lower - to V1 
- Since the mani~old v1 depends upon one parameter ~- , 

it represents geometrically one-dimensional set, i.e. a curve 
inn-dimensional space. It can be immediately seen that 
V 

0 
belongs to V 1 as a point for l"1. = t 1 • 

Let us suppose that xttJ = x0~ v1, i.e. that one can 
find such 1;= t0~ ~~= x

0 
, upper or lower sign in formal 

definition /1.12/ being preserved. Then the optimal 
trajector,y takes a form 

't' 

x*(t) = ~(t. 1 k,) [ ~ ~ J ~-~'t, t.4) b('r) dt"] 
. io /1 ~ 13/ 

Let ua also supposa to have found a vector y(t
0

) that 
satisfies appropiate conditions in /1.12/ and generates a 
solution to the adjoint system 

/1 .14/ 

From equations /1 .1)/ and /1 • 14/, taking into account the 
known relation between the transition matrices of the 
adjoint systems 

~:f'· .. , '! ( ~ , ~., ) = E /1.15/ 

one can find a rel~tion 

t~~ r*(a:•tt) ;t) /1.16/ 

'lbich leads to ord~ relq-type systems With additional 
annlinearitiea. As -~lt will be seen later such relations, 
aad ~rresponding optimal control structUEes, may be easily 
~oUDd ~or autonomous systems to _be optimized. 

To determine vector y(t0 ) , we ~ asaume that at !..= C'.t. 
a switching occurs, leading the system's state x to the 
manif'old V 1 • 

Tbe manif'old V 1 can be at~ained, with one swi tc:hing, 
only from the manifold v2• Denoting b~ v2+ and v2- two 
branches of' this manifold, that are continuouly extended-
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af'ter switchi ng to v1+ and v1- respectively, we may establish 
the follovn ng formal definition 

~ ·= V/IJ V~- ; ~! = { i.) ~2. = ! j_e-~-i (~ t
2

) b(tJ cU:- + 
! c.-z /1.17/ 

+ $-(~11 tJ~/· ; ~/E tJ/-; b(fJ,)!j(fJ,)~; tZ.f~ ~t.L; /i(t}!jlfJ~ 0 Y'E.['t41 ~,) J 
The definition shows that the manifold v2 represents a surface 
inn-dimensional state space, which is. generated by two 
parameters: 't' 2 ) &-1• Letting 'Z"2 = "; one obtains a curve V 1 
in the manifold v2. 

Hepe'ating the s ame procedure, all manifolds up to V01 
are obtained : ~1 
vtli: vr1: u v,; ,' Y.t! ·.fe; J E; = t(: o1 ~-~, ~ .. J b {'l:J d~ ~ ~ ·ts ... ,, tt> 'f .. !... 

1 

(. !' ' ~I ~ t 't" ~ ·' . /1 • 1 8/ . 
t.,., ,. .. ; b()-.. ,),!l~ ... t) -:0 

1 
t', ~ ~ .... ~3,.~: (--t) bhJJLtJ ~ 0 . yt ~ {r.,.,8 .. .,) 1 

the latter representing a n-<limensional set in the state space, 
determined by the parameters b-1 , D-2 , •. •1 3-.,., 

1 
't',.. • 

It is clear, that for i,.: :>,...., the manifolcf · V
0

_ 1 is set 

off in the manifold vn1, and for 8" n-1 = ~-2 _-.:the manifold, 
V

0
_ 2 is set off in V

0
_ 2 , and so forth. 

We '11 show now bow one. can make use of tpe above manifolds. 

Let. for instance x
0 

e V nl • Then "t n = t .
0 

and :qence E., = lLo • 

If ~.,. 1 , &.,.z. 1 • . . , 8-j are known, then th,_e __ P.~ints ~'of the optimum tra­
j \ectory transition _from each manifold ~ the next one, are 
~iquely datermined in· order of decreasin~ dfmensionality 

~" _, , ~ "·t, ~ . . ~ ;_ • On the last segment of the trajectory, 
. t 1 is determined from :x:.k(t~ = o. 

In order to determine switching time instants ft n-l , ~-2 , 
•••• 6-1 , the following n equations are set together 

" in a system 8-, ~ . &;"-2 

£}C'r ... ): !(-i)""J4>(t',t 0 )b('t)dt' t. (-1)~-'tJ>(&-, . .,,to>/fP-ft. ~,...c}· 
t 0 t1 1,.... (4.49} 

· bn·)otr!. <. + $>r,_tt_.,,to)4rr;,.1 ,tJ-, . .,) ... Pf{):,,9z)/P1r.fit)bttJdt,Jc.o 
~. 

which is obtained directly from the f'irs:t equations appearing 

in the fonnal definitions of Vnl, Vn-l ; . ~ •. • • . ;~ • • • • • • V 1' . 
after the v~ctors f n-1 •••• 11 , entering there linearly, have 
been eliminated from. 



A solution to the . equation"s system /1.19/ has to sati sf ., 
• the following conditions: 

a/ to~ fTn-1 ( &-n-2 (-·······~ & 1 ~ tl /1.20/ 

that result from a correct order of transitions of the optima1 
trajectory x*(t) ' t ' . (to, tl]' ~rom xo 6- vnl through . 
vn1 ' vn2 , ••••••• vl to xl = o. 

Now a vector y"(t
0
) orientation can be determined from 

switching conditions: 

b'(6~) Y(t>,;,t.0 ) ~4(io) :0 ~ ~·: -1,21 ... ,,·1. 
/1.21/ 

which represent a system of n - 1 homogeneous equations ~~th 
~ n unknown components of the vector y (t

0
). Next; we calculate: 

/1 .22/ 

and verify if: 
b/ there is no other solution to b 1(t) y*(t)= 0 

except the one of equation /1.21/. 
c/ a sign of the linear form b 1 ( t) y*(t) changes 

in a correct manner at the switching instants. 
If all above co~ditions are satisfied With a strict 

suitableness of the manifold branches sequence, then the 
optimum control is found, and the synthesis of the optimal 
feedback control law can be at once accomplished. Moreover, 
relations of type of /1.16/ can be established along with 
a nonlinear structure of the optimal controll~r. · 

Equations /1.21/ remain valid also in the case when 

x 0 e Vj •J ~ n-1: then, t 0 = ~ n-1 = frn_2 = ••• = ~ , i ~ j. ~ "-·1 

is a multiple root of the equation /1.19/, and the left-hand 
sides of the first n -j equations in /1.21/ reduce to the 
time-deri~atives at t = t

0 
of a corresponding linear form. 

If conditions a) b) e.) are satisfied in t.~e whole 
controllability domain X = { Xc I Vx.c-3_ u. (J (-:L,!J . -"o ~ -"i. 

in finite time} then the manifold is extended to the ·whole 
controllability domain: Vnl = ~ • In partJcular, for _ 
autonomous system (A and b -constant), such an assertion. 
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reduces to the t heorem of n intervals8 : t hen , if all ei genvalues 
of matrix A possess negative real parts, t he controllability domain 
is identi cal wi th t he whole space X. 

Nevertheless, i n m.unber of cases , t he domain V n 
1 

occupies 
some part only of the controllabili t y domain Xu. 
In remaini ng par t Xu\ Vnl, the above conditions are not satisfied. 
Indeed, the equati on: 

b1(t)y(t)= 0 /1.2'3/ 

i n the condition b/ possesses also the roots different from t hose 
obtained via equa tion /1.1~/. In this case , one continues to decompose 

the domain xu int o manifolds vn1' vn2' vnJ' vn4' ••••• · representin~ 
n di mensional sets of initial states x

0
€ X~ for which the optimum 

control contains n- 1, n, n + 1, n + 2, ••• switchings. Such mani­
folds are determined one after another by succesive integrations 
of equations /1.'3/ and i1.4/, taking into account the condition 
/1.5/ ana the number of switchings. 

All manifolds mentionned above are then utilized. 
For V 2 , as an example, we have: it. • 

n ,.o~ 1 -~ ~ t 

v~2 = v~; u v.-;. ; v.~ :: { f-z lt.<-c.,) = !. (-if:t sfcc-, -e-.,) l>l-e)d.-'1:" + 1: (0;,,' 7··> 1;, 1' 

+ 1' ~ - )/ 
~- ~1/.-. t!t& )u(~ )-O t; . <.(]: <~ .. ~ 1 )"''b'ctJu(tJ:> OJ Vte;t"t,.z.,o,,~ 
ff1-1 "" 1 ID\' 111 4- ft1 - 1 f'l2 - "1 - lt•i ~ oJ 

. . /1 .24/ 
From the relation = x

0
, a system of n equations is obtained, 

white from equation /1.21/ along with an equation for nl 
resulting from /1 .24/, after the vector y t

0 
has been elimir..ated 

from, we get: 

~ ['/I{O"f
1
t 0 )blfl1 ) "f' ~~L, to)b(8l) '" • 'f (~te-t 1 to)b(~"•il = 0 

/1.25/ 
So, a n + 1 - sth equation ~or determining of s·Hitching 

instants t 1 , 6"- 1, ~ 2 , ••• , ~ n-l , D;1, is obtained. 

If a solution to this system satisfies conditions a) b) c) 
extended t~ vn2 , then indeed x

0
€ Vn2, and the optimum synthesis 

problem is con:.pletely solved. Else, one sv;i tching more is 
introduced and the computations are repeated assuning that x0 E: Vn~ 

Th~s procedure continues until conditions a) b) c) are 
completely satis£ied. 
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Successive manifolds Vnl' Vn2, YnJ' ••• are separated 
by hypers.urf'aces o~ n - 1 - sth dimension, that are obtained. 

via a point-transformation of manifold V
0 

_ 1 during system 
equations integration. Such hypersurfaces are, except Vn _ 1, 

the cages of the second kind J. 

B.et.ween the positive and the negative subsets of the 
manifolds vnl' vn2, vnJ' ••• ,the hypersurfaces of the 
singular trajectories are. placed, that form with the S'Ni tching 
surt'ac:es the angles equal t.o zero. 

We'll establish a logic scheme of the described algoritrLm J 
assuming the matriees A and b are constant. 
It is known, that for every real constant quadratic matrix A 
there exista a quadratic nonsingular matrix T such, that 9 

K = [.. . cfi. w~ ] C::: 1.,2, ... ~ ""-
-wz, <f;.. 1 i = 21l1 + 1-, ... ,,., 

·I.· 
'J ••• 

where Oi,, w~ - real and imaginary part of the complex 
conjugate eigenvalues of the matrix A, dj• - real eigen­
values of A~ Since the matrix T represents a nonsingular 
af:f'ine transformation . of the state space X = { x J into some 
space Z = { T xJ having the same qualitative structure as 
X, but in altered form , we'll consider that such a 
transformation has_ been performed, and that A is in 
canonical form A = K. , 

In order t.o simplif',y the algorithm, Yie 11 distinguish 
two parts: 1) x0 ~ Vnl, considering that V01 contains all . 
manifo-lds vk , k = 0 ' 1 , ••• n- 1_. 2) xof. vnl· 
If .aU eigenval.ues of the matrix A are real, then, according 
to ~he theorem of' n-intervals, the part. 1 exhaust a all 
possibilities, since vn1 = x ... 

ComPutational procedure for the part consists of 
equations: 

·.r.-1(~1 2 -k&, 2 -"'"' , )"-~2 -"~.e-1 (.~J"E11(b:-X 
.. Le - ~ . • e - · · · -+ ~ 1 e _. · 1 J I 1 :2 7 I 

which result from equations /1.19/ for an autonomous system 



and describe completely the switching instants~ 1 , n-
~n ~ 2 , ••• ,fr,, t~, (t

0 
= o). The procedure consists also 

of a formula giving at once the vector y(o)for y
1
(0)= i: 

r: ' k:-. e-"~.~, _-,..L)'] -ti. ~) = L( fKv,."b e- Vlf-2 b ' . . a ,.. /1 .28/ 

where r1 - vector of zero elements except 1-th element equal 
to 1. If two or more numbers &-n _ 1, &

0 
_ 2 , frn _ J' • •• 

are equal one to another, then the corresponding columns of 
tlie transposed matrix in :formula /1.28/ are multiplied by 
K0 = E, K1, K2 etc. Taking into a~count /1.28/, one can 

immediately determine a vector . 

{ 

. . . (t & ) l(t JJ -1. 
~t"(t>•_ [eK<t-o •• f)b e~CH-·8 .. -~.>b , .. ek - 'h e Il] I, /1.29/ 

To verify the results, one examines if' the conditions: 

all real 

b) h'~Jl(t.) :/10 ) Vi:+ e-._ It~ [C, t.£) , k= 4, 2, ... ., 

c) {(-i)"-'b'y*li:)..>O, 'ffJ<oc. V~~ ,_i ~ (8tt,f>._,) }t"Lt /1.')0/ 
(:- f )k-f o'.'l.lt(t) ~0 "'Xc~ V.c- , tE ( 8~ I f}.L'-·.1 ~". ~0 ~ 0 

are satisfied. If' it is the case, then the switching "points 
fk of the optimal trajector,r ~~(t) are determined by the 

formula: 
! "r. ~ .t', · t-• -Kt, . ~ -K .. ~·. -~ f". :tffJ Le -2e- ·• .,ze ...~_ ... +(-·O 2~ ~ c-~f) ze. _ .•. · " 

. le.: -4, 2, 3,~ ... ,J n.. ·. . _( 1• Jl/ 
The optimal trajectory ·in each interval [11k, & k _:: .. 1 ] 

takes a form: . 
~(""'- ~ >[ ... , . 4.1 t-'f -4 

.l(•(-t) ~e.... ... "~ itc,+G--tJ K- bJ ;(-4) K b /1.)2/ 

and the adjoint vector is given by 
·I 

~(t>- - ;cl(t. ~) 17 
~ e tiC. /l.JJ/ 

when it is denoted 1tc = y ll9t). The equations /1 • J2/ can be 
solved with respect to n unknown elements of the matrix 
e K(t - \1~c) as functions of x*( i): the solution is unique 

due t~ the linear~ty ~f~~~t!ons /1 . • )2/. ~ext, from matrix 
eK(t S.ec.), a matr1.x e · K."{t 9.Jcan be obta1.ned. It :follows 
that the equation /1.JJ/ takes a form: 
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y' = /'{x) • /1.34/ 

which is unique. I•'or instance, in the case of real eigenvalues 
of the matrix A, i.e. for ~ = 0 in the canonical matrix /1.26/ 

• bJ 
.l 'f/ ~ (-1) le--t l:l· 

:J.'J = ,., - IJ1 . .X *E I{ ><, ... -! f-t)"-1 ~· '-KJ . .I 

<f;. . 
where it is denoted x = fxJJ, y = [y.J, 

' J 
Now, we can construct a linear form: 

. 11. 

k • .,, 2.1 ... ~..,. 

/1.J5/ 
b =[b~, j = 1 ,2, •• n. 

~ I '* ' 
b 'i' = LJ t>J 'I ·' (>CJJ') 

. 1 J 
/1.)6/ 

which closes the loop o~ theJtime-optimal control giving a system 
with two nonlinearit~es /fig. 2/. Such a strticture is distinct 
from other known schemas10 by the fact, that the digital device 
doesn't appear in the control loop. 

This is the end of the first part of algorithm. 
The second one is necessary only in a case when the matrix 
A possesses complex eigenvalues and the conditions /1.30/ in 
the first part of algorithm are not satisfied. 

For the second part, the equations /1.27/ are replaced by 
the equations: . 

r -. Kt - K()-1 · r~-tAI· ~ - "'"'""·N-1 !Le .t_ 2e + ... + (-~) 2e .. 
,,., ]K-' 

(-1) E. b •X0 

/1.J7/ 

involving n + ·N unknowns~+ N _ 1, 8-n + N _ 2., •••• , ~1' 
~0 = t 1• To determine completely these unknowns form n . 

equations /1.37/, N equations analogous to /1.25/ are taken: 

:: 0 · 

Formulas /1.28/ and /1.29/ remain valid for the second part. 
The verification o~ results is accomplished with the aid of 
conditions similar to /1.JO/, extended to all n + N roots of 
equations /1.J7/ and /1.38/. 
By repeated use of the algorithm for N = 1,2, ••• , we can fi~ 
such a number N, for which all above conditons are 



satisfied. 
In t his way, a nllr.!ber of switchings is found, and the 

pr ocedure is terminated by the formulas /l.Jl/- /1.34/ . 
The described algorithm is represented· by a flow-diagran: 

i n £igure ;. 
All above reasoning for the scalar control can be easily 

extended to the case of vector-valued control for linear plants , 
and to several classes of nonlinear plants. 

2. Nonlinear synthesis o£ the optimal system for integral 
convex performance indexes. 

We'll consider a problem of control u (X)optimizetion for 
a linear plant 

/2,1/ 

where A{t) and B(t) - are real, continuous n x n and 
n x m matrices respectively, defined in a known time interval 

[t
0 

, tJ, An initial state is given: 

/2,2/ 

A ~imensional control u steers the plant from x
0 

to a 
terminal state 

x( tl) =- :xt 

terminal time t 1 beir~ considered fixed. 

The performance index is 
tt 

/2,J/ 

!C&t.) = l[J()I.(t1))+j (li1 GCt).)(. 1-c.&.'UCtJw.)cit) 

( 
io /2,4/ 

where f x1 ( t 1>) - a given continuous function, G ( t)and 
H (t) continuous real quadratic symmetric matrices n X n 
and m x m respectively, in the ~nterval [t

0
, t 1] • 

Moreov~r it is assumed that G {t) - positive - semidefinite, 
H ( t) .. - positive~-definite matrix, 

We'll say the control u (t) is admissible, if it 
guarantees the plant's transition from the state x

0 
to the 



state x1 with bounded value of- I ( u): we '11 say the control 
- is optimal, when the :fun~onal I ( u) takes its minimal I or 
maximal/ value. . 

In the work11 some fundamental theorems on the existence 
and uniqueness of the optimal control are given. In particular, · 

it is shown that the unique solution: to the system of' equations: 

:1: = A (t) :x: - B (t) 111 (t)B(t.) y 

t = - G(t) X - A (t) y /2,5/ 

with boundary conditions /2~2/ and 

y (. t 1) = grad f ( :x: ( t 1>) /2;6/ 

determines the optimal trajectory :X: (t)and corresponding 
optimal contro~ 

u*<t> = - a-1 Ct> B
1
<t> y*<t> - /2,7/ 

For several particular forms of f(x) tha optimal control is 
given by 

u* = ,_ H-1 <t> B1
(t) R (t) x"' /2.81 : 

where R (t) - is a solution to the Riccati •trix e-quation: 

i.ct-) _,. ~ct>!(-u~(l•>B1(t-)'"R£-t) + ~C1.JA1CtJ -+AltJlt~J~6(tJ=0 
. /2.9/ 

with a boWldary condition -depending upon the function t ( x} 
For example, with f ( x) = :x: I Fx, where F - quadratic positive 
- seaidefini te matrix, the 'boumary condition takes a form 11 ' 12 

/2,10/ 

It the terminal state :x: Ct1) has to be placed in a given 
smooth convex set 

/2.11/ 

then the b'Oundary conditions are determined by the formula1J,l4 
. - 1' 

~CtfJ =-- '1 g"'-<1. foc.f)- _2 JJ.s aro..d.lJs(>c,) 
- s • ..,r· ' /2.12/ -

where l and _,A.t.s - nonnegative numbers with one of them equal 
to -1. E.g. for l = 1, e:quations /2.11/ and "/2.12/ 
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completely determine the vector y(t1) and the multipliers s. 
In particular, i~ we set ~ = 0, fU~d i~ the equations 

/2.1 1/ are linear 

x 8 
( tl) = 0: s = 1,2, ••• , p P ~n 

then we obtain 

/2.1:3/ 

where E1 - a diagonal matrix with p first elements equal to 
1, and the n-p remaining- to zero, E2 = E- E1• 

For E1 = 0 the terminal state /2,:3/ is free 
and the optimal control is obtained in a form 0~ /2.8/, the 
Riccati equation /2.9/ being integrated with the condition 
/2.10/, where F = 0. For Riccati equation integrating, a 
method o~ successive approximation 15 can be applied. We'll 
show that the matrix R (t) can be obtained by integrating 
the adjoint linear equations system. 

Let ~(t) and "[ (t} denote the transition matrices 
for equation /2.5/, i.e. 

• ·i I 
~ ,. A lt.J~ - A£tJ H Ct.) !tt.J~ 
• I ':t .... G (tJ ~ - A et, ~ /2.14/ 

,A general solution to such a system takes a form 

~(~J • ~.,ctJ C .1 .,. ~ <.tJ C.z. 

YCtl = '\f1 Ctl C.t + ~ (t.JC.z. /2.15/ 

where: ~i (t.) , . '£i { t) ' i = 1 ,2 - are. linearly independ-ent 
particular solutions to the equations /2.14/, and cl. c2 
are real quadratic matrices of integration constans. 

A solution to system /2,5/ can be represented now as: 

X : ~1 ( t;) ])1 + ~ ( t) ])2. 

y = y1 ( t) ])1 + "fi ('t) 1>2 

'/2.16/ 

where D1, D2 - vectors which can be uniquely determined 
from given boundar.y conditions, like e.g. /2.2/ and /2.13/ 

Let us consider a matrix 

' R { t \ = ~ ( tJ cj- 1
C U -/2.17/ 
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It can be · easily verified, that if .~(t) and :f(t) represent 
a solution· to system /2.14/, then R(t) is determined by the 
riccati equation /2.9/, the boundary conditions for R (t) 
being completely specified by those for ~(t) and Y(t) • An 

inverse transformation leads to the equation: 

~-·r<f ~ A~1-B~(l;':r]+ Y-Lf~G~-4-A'Y!] =O ;2.18/ 

which is equivalent to system /2.14/ i:f the matrices ~ (t) 
and Y (t) are nonsingular V t <=. [ t

0
, t J . Indeed, the matrix 

R (t) · remains unchanged i:f the matrices ~{t> and 'f(tl are 
KU!tiplied by an arbitrary, nonsingular constant matrix C. 
Equation /2.18/ remains valid in this case. It follows ·that 
the matrices ~t> and ~(t) represent a solution to the system 
of linear equations /2. 14/, both being determined precisely up 
to an arbitrary nonsingular, constant matrix C. In this way, 

we can replace the matrix c1 in formula /2.l5/ by, for example, 
the unit matrix E. Then the matrix . c2 is e.ompletel.y determi­
ned b,y the boundary condition for the matrix R (t) , in 
particular by /2.10/. · 

.Jtscription o:f the matrix R (t) With the aid o:f the ad joint 
linear equations system /2.14/ enables to determine R (t) 
as a function of x * , y • and time t in non-autonomous case • 
7e present here a method tor . establishing such a function in 
autonomous case 17, 18• 

Let Q be a quadratic nonsingular matrix, which relies 
the homogenous system's matrix /2.14/ to a quasi-diagonal 
matrix 

where K is in the form o:f /1.26/. 
a matrix is composed o:f eigenvectors 
matrix. Now, a particular solutions 
to the system have a form: 

~ .. £tJ - Q..,1 e Ket -t..) 

. ;cc•-toJ 
~£.t) = Ql.1 e 

It is known19 , that such 
of the system /2.14/ 

J~ (t) I l!, (~J 
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v,rhere Q - quadratic submatrices of the matrix Q. 

Q ~ [·'t... "a~]JJ.,. 12.201 
G.:.. ...~ .,. 

i _/l<:;l6-f:.o) 
Then the matrices e it<. ·eo) axld e are 

uniquely determined from /2.16/, as the functions of -x ,. y 
and initial conditions x

0
: 

K!t-t.<>) -1t 1(t·to) I -I e . -=L(xx,yl.,xo)/ e =L (XC,y~xo)/2.21/ 

Next, a relation 

LL-l = E 

enables to determine the vector y 1t as a function of x"* , x0 

and t,: 
/2.22/ 

Ihe above representation is unique if one requires that the 
terminal conditions are satisfied. The relation. /2.22/ along 
with the formula /2.7/ define a nonlinear invariant control 
law, for the problem considered, represented by a bloc 
diagram shown in Figure 4. 

It is elear that if the optimal synthesis result can be 
reduced to the linear control law /2,8/ then the matrix 
R(t) is represented as a function of x and x

0
• 

The above results can be easily extended to a more general 
case of the performance index, when a time derivative of the 
control appears under integration operator 18 • Then, a 
nonlinear controller with an integrating device is obtained, 
as shown in Fig. 5. 

In particular, for t 1 =<:lO , the nonlinear c.ontrollers 
become linear and are identical to those obtained by Letov 
and. Kalman method. 
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SELF-oRGANIZATION OF AN EX!£REMAL CONTROIJ SYSTEM 

Ivakhnenko A.G., Khrushcheva N.V., Neskhodovsky V.I. 

Institute qf Cybernetics 

Kiev, USSR 

"By the difficulties of solution &~d implications 
for science and practice the attack on the problem 
of self-organization is comparable to that on the 
mistery of - the atom nucleus. In the same way as 
the first half of the twentie~h century will go 
down into history as the era of fundamental 
discoveries in nuclear physics, the second half 
will -hopefully -see a solution to self organization, 
the central problem of cybernetics. 
(A.Ya.Ler.ner. Foreword to "Prin~iples of self­
organization", Moscow, 1966, in Russian) 

Definitions of "self-learning" and "self-organization" 

The term "self-organization" implies the process of spontaneous 
improvement of organization, i.e. decrease in the entropy of a 
s,ystem made by a number of interrelated elements under the action 
of the envirOnment or its own positive feedbacks. A narrower 
concept is "self-learnfng" or "adaptation" which usually implies just 
gradual change in adjust! ble parameters of the system (~actors of 
equations). Self-organization differs in the kind of actions and 
in that the structure can be changed. 

An. example of a self-learning algorithm of a pattern-recogni­
tion &y"Stem· can be self-division of the set of input images into 

. 1 2 -
compact groups ' • A human teacher has only to inform the system 
on the identification of the pattern of each group accept~d in 
the human society, otherwise, though it will recogni~e images, 
the s,ystem will ·have to identify the patterns by itsel f, and these 
identifications can coincide with those accepted by mere conjec­

ture. 



The first experiments on self-learning of recognition 

systems involved the action of positive feedbacks (the system 
inputs rather than outputs). The process of prototype s learn­
ing is then- akin to bwnping an unstable body. Wi thout hwnan 
interference the system selects the possible classifications 
of images into patterns with almost equal probability). Also , 
inputs and outputs of a system can be used in combination 
for self-learning2• 

Self-organization as well as self-learning are both af­
fected by external actions or feedbacks. However, whereas in 

self-learning one can always trace the lines of actions 
transm.ission (inputs and outputs) this ·is nearly impossible in 

self-organization since the actions affect a set of uniform, 
in a certain sense,_ ~lements of the system. A human designer 
is to select non-linear characteristics of these integral 
ac:.tions (e. q. ilon-lineari ty of income tax) and transmit certain 
"elementary algor! thms" of the action to particles of the 
system (e.g. companies)~ 

The well-known difficulties inherent in complex s,ystems 
are not encountered in self-organizing systems with their 

"integral actions" and "elementary algorithms". As example we 
can mention padking by vibration when all parts are acted 
upon simultaneously. 

Below we will describe self-organization of an extremal 
control s,ystemi an engineering problem. The process of self­
organization leads to an ordered positioning of a recognizing 
system prototype set ("pole gas") each of which has its own 
"elementary algorithm" and is controlled by "integral .actions". 

A combined System of Extremal Control with the Reeggnis­
ing System As Corrector. Constraints and Field of 

Application 

We have spoken above on self-learning of recognising s,ystems 
be cause the subject of· this paper is self~rganization of a 
combined extremal control system which. ~consists of an open-loop 
(OL) and its corrector (C); we propose to use the recognising 
s,ystem for ' the latter purpose (Fig. 1). 
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Let us find the constraints on the problem. We deal with 
both unimodal and multimodal extre~al characteri stics ( hill s) 
which satiety the following requirement: the optimal character i s­
tic of ~ the control plant ("a set of desired states") in the 
region of operating conditions is a sufficiently smooth line 
0~ o~I which can be approximated by a 1inear-piecewise . 
function (Fig.2). It is assumed that multidimensional problems 
are reducible, by a technique termed divergence, to one-di­
mensional problems solved in the space of three variables, and 
where, is a generalized di·sturbing action, is a generalized 
control action, is a generalized quality factor (that would 
incorporate both the extremum factor and the values of distur­
bances, i.e., for instance, in a simplest case we will have 
for a linear extremal characteristic 

'/ a -z • .,. 7., j'l + 'Zz A + 7.3 /' ~ + 'Z'f ). z + Zs /" . A 

and the optimal characteristic 0~ o~I is determined by the 
expression IJ = 0 'tt Zs or f' -l<o +I<,).. · 

where Ko-- -Z't K, ·- zz 
3 3 

Let us require that in all points of that charact.eristic '1':1. 
Excluding t' we will have {along the line 0~ o~I) 

'/ = G. + 6, ~ + (Jz :A z. , 

where 
p . 'l z. ~ z . 'l z 

use 

a-z--'- · G=z-...=!.....:.L . 
0 . 0 '1-z.J 1 I a z 't.3 

Evidently if this requirement 
the converter 

G =z -~. 
2 'f "-z, 

is to be valid we have to 

'f' = -;:-----.;---::.,;...__-::---~-- = I ( '/, A) 8. + 6, l + &2 A. z. 
With such conversion we will have in each point of the 

hill and at its summit 'f' = 1. To be more exact 

Practically such a converter contains tables (charts) 
which denote .changes in requirements to the magnitude of the 
extremum index. as a function of the range of the quantity. 
E.G. at one kind of one we can way "good enough"~ i.e. 'I'= 1 

if iron content ·in waste will be 10%. For another kind, 
the same eval~ation il w 1 be given if f = 8% etc. 
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Adaptation processes are caused by immeasurable additive 
disturbances which lead to drift a.'Yl.d tu....T>Il of the extremum 
hill. In our example 

'f = 1-{-[Ko+No(t))-[K,+N, (t)}·J. + fi }~ 

where N, ( t) - are slowly cbanging distur-
bances (shi ft and turn) . 

To eliminat e t he effect of transient processes the quality 
factor sensor should have a certain averaging or the inerti a 
of the plant shoul d be compensated by precompensamrs5 Yihi ch 
does not lead to much trouble i n measuring circuits. 

Consequen.tly we believe that the quant .l,ties, ~/',).. are 
measurable and it i s sufficient to evaluate in a t wo- point 
system, e.g. 

f ~r .• o, B- "good enough" 
y < o, B - "needs regulation" 

The experience, however li111i ted, accumulated in compari­
son of vari ous adaptive extremal control s.ys tems with the system 
suggested here shows that it is in this very frequent case 
that this system is competitive. If the extremum fac~or can be 

, measured precisely enough, then the advizabili ty of self-or .:. 
ganization and recognition systems is doubtful. In many complex 
situations we can only say that "everything is alright" or 

"there's something wrong". In other words we differ two qualit;y 
levels. The system described is recommended in such cases. 

The Open-Loop Part of the System and .. Tethers" 

The open-loop part of the system is a functional convert er 
with a characteristi~ which is easily shifted, turn and even 
change. At optimal adjustment the characteristic of the open­
l oop part should correspond· to optimal adjustment 
In the above example we require a linear relation . 

f' ""do +d, l ~ 
where J. • #(0 +N. (i} J d, a k, + /11, {t) • 

of the plant. 

In more complicated cases the characteristic of the plant i s 
expressed. by the polinomi&l 

('I·[!<.+ No (t )J +[ 1<1 + tJ, (t)}-A. + [1<4!+ Nz (t)}-Ac+ ··· + [~ + ftl, (t)] ·A", 
Then the characteristic of the open loop part wil l be 

j-~=clo+c/,l+ ~A2 + · · · +.dnA" . 

Sell-learning (adaptation) consists in making· the OL 
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part characteristic coefficients "follovt' changes in coeffici-
ents of the optimal response • 

i.e. so that 

Such an adaptation is possibl~ in the principle only when 
at least two points on the surface of the extremum hill which is 
an even function can be measured. Ref. 6 has shown that at even 
characteristic search is essential at the plant. The system des­
cribed here is nevertheless termed searchless because instead 
of periodic changes in control actions as a .function of time 
small "peaks" employed by way of search steps are super imposed 
on the OL response6 • The peaks amplitude and distribution is 
selected according to the shape of the hill and distribution of 
tethers so as to ensure maximal speed of the sy~tern. Peaks are 
unnecessary if there is no corrector. 

In practice the open-loop part is made by a key matrix 
where keys open as a function of the position of the "meaning­
ful bit" in the unitary code pf the generalized disturbance as 
well as on the number of the flip-flop which responds in ring 
pulse counters?. Another structure of a co~olled functional 
converter is a logic circuit with threshold elements ~ 

A Recognising Corrector (First Version) 

A recognising s,ystem is known to be a logic device which 
· in order to classify input signals (generally called "images") 
into classes (or patterns) compares certain measures of these 
signals proximity to prototype (or reference) signals which are 
formed in the s,ystem during learning. 

We will describe below the actions of two versions of 
recognising systems which are used to correct the OL characteris­
tic special attention is directed to the prototype set self­
organization processes. In the first version of the corrector 
input sign~ls (features) are made by· the coordinates of the 
representing point which corresponds to the "state" of 
the plant at a given instant of time. Fig.). shows that the 
plane can be dtvided' into three areas or "situations":x) 

I. Regulate, decrease~. 

x) The terms "state" and "situation" are analogous to .. image" 
and "pattern'" used in recognition of graphical images. 
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n. Good enough, steady. 
III. Regulate, increase fl · 

A recognising system is a very flexible and easy to adjust 
model of the plant. In case the optimal response is a direct 
line a recognising system with just three point prototypes is 
suf'ficient 

d.., (f''~ At), d.e (f'e., )e) 1 d.3 (f'!J, l3) . 

The system computers the measure of proximity between the 
input signal and the prototypes, e.g. in this way 

L., = (f-~·1 +I "A -"A ,L L:e .. lfl-/141+ lA-A~/, £3 = /r.-r3t+ /A -)31· 

Then the comparator selects the minimal of the three 
situations and thus indicates the situation. For instance the 
representing point of Fig.J will be associated with situati-
on 1. With the situation known it is eaq to indicate in what 
direction should be changed to reach situation II which is the 
control objective. 

A recognising s,ystem indicates a situation correctly only 
if the boundaries of the .. attraction area'' of the poles £, =L.z. 
and £

2 
- L.

3 
coincide wi~h the boundaries of the situation II 

(shown in Fig.J as dotted lines). When the boundaries are 
direct lines it. is sufficient to make the poles "normal"- as 
shown in Fig.Jb. The process of pole poritioning and maintaining 
the position when the "extremum hill" changes and shifts is 
precisely the process of the recognising system self-organization. 

Weighted shift ThNe~Pole Self-organization 

A possible. three pole self-organization is shown ·1n Fig.J. 
If the process is successful the pole ~ust be in the so-called 
"nor.mal position of Fig.Jb. 

First two extreme poles are positioned in the left-hand 
upper and right-hand lower angles of the plane and the system 
is left. to itself and extermal disturbances. A spontaneous 
random process of the poles self-positioning sets on. The feed­
back sensor gives only one of two commands "regulate" or 
"good enou~'; steady" • . The recognising system has three proto­
types and therefore three outputs: . "regulate, decrease t' "; 
"Good enough, steady" and "regulate, increase f' ". There must 
~e either an in consistency or a ~onsistency between the com-
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mands of the sensor and the recognising system. 
In the first case, one of he extreme poles which is the 

closest to the representi~g point (and this is the effect of 
the open-loop part characteristic peak on selection of pole turn) 
makes a step in its direction (Fig.}a and 3c), while the 
second extreme pele moves in parallel in the reverse direction. 
The step decrease s with the distance by the exponential smooth-
ing law and recommenaations of stochastic approximation. 
The middle pole is ~Ii~tSined by exponential smoothing in the 
"gravity center•• (or the middle point) of the good operation 
s't;ate set. 

In the second case the extreme poles do not move. The 
system is allow~d to control (i.e. to correct the position or 
open-loop characteristic shape) only after a long enough consis­
tency between the outputs of the sensor and the recognising 
system (Fig. 3b). 

The prototype learning method suggested by us was later 
termed "weighted shift technique"9. A salient feature of this 
technique is that two prototypes {poles) respond to the rep­
resenting point; the "correct·" {as indicated by the teacher or 
outputs of the system itself) moves toward the r~presenting 
point and the "incorrect one moves away :from it (Fig. 4). 

In such a technique a multidimensional stochastic approxi­
mation of all coordinates of the poles. 

K" =Kil-l + {/( ( ~ -K;_,)X I 

wheN l 
i ~ h TX ' K ~ [ t J ' )C • [ f ' 

is replaced by one-dimensional approximation 

f,., = con.st 

Z;. (IC•I) = 'liK +(I( ( .x,l( - 'l.iK) ' 

because the direction of motion has been found unambiguously. 

Theorem on ttPole Gas Self-or5anization" Processes 
Stability 

A set of prototypes can be conveniently regarded as a 
certain "pole gas" whose particles interact between themselves 
and with the ' environment. Elementary interaction algorithms -are 
selected by a h~an operator. They can be chosen so as to make 
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the process converge. Below we will formulate a theorem for 
pole gas self-organization process stahilit;y. 

For self-organization of the pole gas a number of algorith1~s 
can be suggested; the theorem formulation will change ac­
cordingly. As example we will recall one of the known formulation. 
This is valid for a pro-totype (pole gas) set from a system whose 
action is explained in Fig. 5. 

The poles of the recognising sys tem are either rigidly fixea 
(tho se that the region of possible operating conditions) or are 
rigidly conne cted to ve~ices of tethers or are free. Both in the 
"upper" and "lower" sets of poles separate poles interact with 
9ach other, with the rigidly fixed poles and with poles whose 
coordinates coincide with those of opper (for the "lower set of 
lower) tethers of the open-loop part characteristic. 

The interaction law for two adja·cent particles of the gas 
is their "elementary algorithm". The sign of interaction changes 
for the opposite with .respect to the . pole, whose coordinates 
coincide with the representing point when the two-point evaluation 
sensor indicates that regulation is required. In case whe~e the 
representing point lies in the region of the plant good operation 
the interaction force has the same sign as most of the particles. 

The position of each particle depends on a sum of effects 
of elementary algorithms for all its adjacent particles from the 
same set. If there is a change in just the sign of Sust one ele­
mentary algorithm causes a shift of the free particle and consequ­
ently of the open-loop part response .mlQ.di'S' ;~~ ll\he poles 
shift in carefUl steps and the characteristic at any speed. 

Theorem.. In order that under ~he action of the pole gas 
particles motion the 410pen-loop response be maintained within the 
system good operation zone it is su:fficient that: 

1) elementary algorithms correspond to mutual !."e:P"l ii~QP. of 
particles of the pole gas and attraction with respect to the 
pole in the representing point which has been outside the plant 
good operation zone; 

2) the distance between the representing point and the 
boundaries of that zone should not exceed the height of peaks; 

3) the probability of each disturbance should be non-zero.x ) 

x) 
The t~d:rd c~ncp. tion is met practically always because the teeth 
~re aaJustec _ ~n the opera~ing range of the characteristic, or 
~n other words, correspona to the values of actual disturbances. 
To facilitate the self-organization process the peaks should 
correspond to most frequent values of disturbances. 
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When the pole gas is programmed on computers the ~utual 
attraction of parti cles is conveniently replaced by the require­
ment that equal distances should be maintained between them and 
thus the position of each pole can be computed, The pr ocess of 
each particle positioning is V~7 much akin to that process of 
successive stochastic approximation which takes place in analog­
to-dig! tal convert~rs - , -in self-learning sensors 4 and other 
devices which use -s~ccessive information accumulation in time . 

Tgus in this ease we have realization of stochastic appro­
ximation algori~s10 • The. proof of the theorem does not differ 

f i . t ' 11 from that o stochast c appro~ma ~on process convergence • 

Rec6i9ising Corrector (Second Version) 

In the second version-of the corrector the features are 
made by several recent values of the qualiry criterion 

· • .Measured in different vertices of the open-loop 
response tethers. The minimal number of vertices to be con­
sidered is three; however when there is a dispersion in the 
sensor readings that number should be increased to ten to 

- fifteen. 
Then as distinct from the preceding discussion the ~state" 

is the mutual position of the plant optimal response and the 
OL part response~ Each "state,; of the system has a corre spending 
code of.the quality index values; some examples are shown -in , 
Table 1. A .set of feasible .states can be divided into, e.g. 
six basic_ "situations" shown in the same table. In the recognising 
corrector six codes of prototypes -(references) have been intro- .· 
duced by means of. learn.illg(shows). As a measure of proximity the 
system computers scalar products of input signals and eo<ias d! 
proto~es; the result is easily seen to be independent of what 
vertices were hit by the representing point recently. 

Table 1 shows examples of one-to-one correspondence between 
input states and the prototypes recorded in the recognising 
system. All other states of the plant will be associated with 
one or several of these prototr,ypes by the system. The operatio­
nal algorithm will be explained by the following example. 

Let, e.g~ the state of the system be described by the 
following code (three "current" vertices are ' involved): 

We find five scalar products of the input signal by five 
first prototypes 



361 

L, = 0 -I , 00 + I +I 000000 .- + I 

~z. = 0 +I 0 0 -I -I 000000=-f 

L:3 = 0 +I 00+1 -1 0 0 000 0 = + ( 

.L: =0-1 ., 00+1-1 oooooo-..:1 

L 5 =0 +f o 0 +I -I 000000=+1 

The system makes a decision according to the following rule: 
if this situation occurs comp~etely or 
with other situations 

if 
ent which correspo~ds to 
given situation. 

there is no constitu­
the 

In this example the following decisio.n will be made: the 
OL response is shifted upwards CL:,-~1) and turned counter 
clockwise (Z:., • +I ) but in : the operating condition region 
there are no large deviations ( £ 5 =+I ) • The appropriate 
command is sent to the unit which corrects the position of· the 
OL response. The correction process is accomplished slowly until 
there is a change in input sigz:;als of the recognising sys·tem. 
A code made exclusively of signals "-1" means that the OL 
response ha~ gone far from the region of good oper~tion. 
The aL~plitude of all peaks will increase until the position of 
the optimal response has been found. In case of contradictory 
recommendations (e.g •• turn the response clockwise and counter 
clockwise) the system .awaits additional data until the conflict 
settles. 

Self-organization Processes Simulation 

So far simulat;ion of self-organization processes such as 
self-settling of pOle gas particles in normal operation have 
been completed for simple cases. Self-settlement of three poles 
has also b~en simulated4 • 11 • 12• By simple graphical construction 
the position of poles was found after each "operating cycle". 
Disturbances were imitated by random numbers tables or by random 
numbers generator with a specified probabilitr,y distribu~ion 
(usually even). The plant characteristic was approximated 
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by a second or third order polino~ial. The qual i ty index was 
quantizod for two levels. At the start of the proces ~ t he ext reme 
poles are made as far apart from the open-loop part characteri'sti ;:-; 

as. possible. 
During the "operation" after each step of poles the middle 

line of the open-loop part was determined as the locus of points 
e.quidistant from two extreme poles . Simulation showed t hat the 
process converges: af'ter a certain number of steps theopen~loop 
part characteristic was fo'Wld inside the good operation zone. 

A similar simulation for nine poles (which made it possible 
to approximate non-linear boundaries of good operation by three 
stretches of a direct line) was accomplished by T.Gergei12 • 
Computations were performed at various initial positions of 
poles. 

Self-organization of pole gas was simulated physically. 
Floats with magnetized cores inside floated freely on the surface 
o£. water. As the "operation" proceeded some of them (which at 
this cycle :found themselves closer to the representing point 
than the others) were fixed rigidly. The line of :fixed floats 
described the open-loop characteristic with increasing precision 
as time passed. Due . ~o the mutual repulsion the relative position 
o·f other "poles" changed at each cycle. 

Despite the fact that (as follows :from the above discussion) 
simulation of self-organising processes was not made in suf­
ficient detail, the investigations completed is conclusive as fai' 

as applicability of the pole interaction algorithms for a divisi­
on of the state space into situations that would make possible 
control over the position of OL response middle line. 

Application 

A combined system of extremum control intended for control 
over iron· or dressing has been made in the Institute of Cybernetics 
Academy of Sciences of the Ukrainian Soviet Socialist Republic. 
T'he wet magnetic dressing unit is a multidimensional (three 
disturbances and three controls, one quali t;y index) plant with 
an extremal response. Control is made by the miniraum quality inde3• 
The first st~ge will be operation in the "advisory capacity"14• 

The system is digital, actions are quantized for three . four 
l evels. The ·quality index is quantized for two levels. In 
tbe open-loop p~t of the system convergence and divergence 



matrices are employed. 
The corrector consists of a feature selector and a recog­

nising system ("Alpha" type). The latter system classifies all 
possible plant states into five situations. A separate characte­
ristic ~aj()) in the open-loop part corresponds each situation, · 

The state is characterized by a set of values of in three 
tethers of the open-loop part characteristic. Information on the 
current coordinates of the plant (disturbances and the quality 
index) is coded by the feature selector. 

The system is made of semi-conducting modules of a "Ml!l" 
computer. Tests have shown that the system is operable. We ho;Pe 

. to make the system self-learning (at pres~t the recognising 
system is trained in prototypes of situations before the actual 
operation) and make the structure of the open-loop part more 
flexible. 
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70.2 

SIMPLEST SEARCH wmGRANISM FOR MUSCLE 
ACTIVITY CONTROL 

M. A. AISERMAN, E • .A w A.NDR.t~EVA 

Institute of Automatics and '.f•elemechanlcs 

Moscow, USSR 

During last ye~s authors together vdth a small group of 
collaborators were activ~ in the problem· of' control of musc le 
activity in living being. We studied single muscle's - and grou:;>'s 
of muscles behaviour in the process of search activity and step 

by step we conceived some general ideas and model representations 

describing the activity o:f muscles and neuronal organizations 
directly connected with these muscles., The aim o:f this report 

is to e~lain some o:f these general ideas and model represen­
tations .. 

In this article by muscular activity cont:r·ol we understa.n.d 

the law of forming command impulse volleys (i.e .. ·'Under what con-
. di tj.ons they are generated and where they are directed) and the 

t echniques of their processing ( i.e. t he nature and arrangement 
of muscular response to those pulses) with .a view to achieving 

a certain objective net~essary :for the organism. 
Even the limited r esearch conducted by the group are suffi­

cient to see tha:t the muscles that; solve the search and movement 
tasks a.:t:"e ' controlled by dif:t'erent mechanisms under different con­

ditions. In our work we :made an ~ttemptfto isolate one of these 
mec banislllS and t o investigat e it under condition when it works 

separately from other mechanisms. The mechanism . under study v:as 
named ·simplest search mechanism (SSM for short) .. This mechanism~ 
is used by the organism in c a ses wheJ;J. certain tensions or joint; 

angles are to be strictly maintained • 

. §1. A review of eJ..?erimental results upon which 
the concepts of the simplest search mechanism (SBM) are based$ 

Factp on ilihich our· ideas about SSM a1:e based came :from our 
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own experiments which yielded the
0
possibility to observe muscle 

activity both in artificial conditions organized by means of 
external feedback loop which helped us to observe in what way . 
the brain solves the search problem and in natural conditions. 
In all experiments we recorded 'both electromyogram (»~G) sig­
nals coming from surface electrod~s and the so-called envelo­
ping EMG which came as a result of EMG filtering in a detecto~, 

_K_ a lag with transfer function Tp+i and a catode repeater. 

1 °. Experiments on lilaintaiiliing minimum pain . 
stimulus depending on muscle 

tension 

In these experiments 1 the electric pain stimulus was ar­
tificially organized in the external feedback circuit in such 
a way that it depended only on the enveloping EMG of one or two 
muscles. 

There was only one value of the envel9ping ~AG when the 
pain stimulu;s was minimal (in some cases this value was equal 
to zero). Accordingly in the cases of one muscle there. exists 
on the plane "value. of enveloping-time" (fig. 1) ·a horizontal 
lin~orresponding to the minimal pain stimulus. 

Fig. 1 shows the experim~ntal enveloping curve progress. 
It decreases.till it reaches some horizontal line under the 
line corresponding to the minimum of the pain stimulus. After 
reaching tbis horizontal line it jumps up only to begin to fall 
down again.These jumps of enveloping EMG are called further 
splashes. The experiment shows that the amplitudes of splashes 
are random but there exists two typical amplitudes of splashes 
- a great one and a small one. If we delete the righthand si~e 
of a parabolic pain stimulus characteristic curve the process 
will be the same but in this case only small splashes remain. 
If the position of the line of minimal pain stimulus .were sud­
denly changed (points a and d of fig • . 2) the process would 
be the same but the position of the line of the splashes starts' 
varies remaining always under the line of the pain stimulus mi­
nimum and parallel to it. As a result the general electric 
activity of the muscles (and the muscle tension aswell) alw~s 
oscillates near the value corresponding to the minimum of pain 
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s t i mulus s earching and f ollowing t his val ue. 
Thi s search process r emains t he same both i n c ase when 

t he minimal pai n stimulus l ine is disp laced c ontinuously ri..."ld 

when a change of some other f act ors duri ng the process takes 
place . In case \rvhen the pain dep ends on two or more muscles 
the process is t he . same and t he sp lashes of these musc les be­
·~n simultaneously. 

In all cases it was obser ved t hat splashes start each 
t i me when the rising pain st i mul us reaches s ome l evel ~~d 
they don't start if thi s leYel were r eached during pain sti­
mulus decrease. 

It was sbovm t hat simuitaneousl y wi t b the splashes of t he 
musc~es under consideration from which t he pain stimulus de­
pends there appeared splashes of other "outside:' muscles but 
the moments of those splashes starts' are not regular. That 
means that they .do not follow the lines of corresponding pain­
stimulus values. 

2°. Experiments . on joint angle maintaining 
and on oscillating it with highest possible frequency 

.In .. this. experiments 3 we recor ded El.¥1Gs and their envelopes 
for a pair of antagonistic mu~cles of wrist or elbow joint and 
values . of' joint angle. The subject we experimented with saw the 
light spot of the osc i l losc ope scr een v1hich showed him his 
joint angle value and the gaili was chosen so large t hat a 
change of' joint ~"lgle of about 2 - 3 angle minutes t hr ew t he 
light spot .off the - screen. The aim of t he subject was to keep 
the point on the screen • . In cases when he c ould achieve t his 
goal expe~iments showed (fig. 3) that j oint angle oscillates 
at a frequency about . 7 - 10 cycles/s ec. On the enveloping 
EMGs of both antagonistic muscles typical splashes can be 
clearly distinguished and they are of t he same kind as tl:ibse 
observed in experiments w~ith t he pain stimulus ~see above) . 

In case of j oint angle experimen~s these splashes s tart 
each time when absolute .value of angu.l:ar veloci iiy of the in­

creasing j oint angle reaches some l evel . Ever y time splashes 
of' both antagonistic muscles start simult aneously but splashes 
of one of the muscl~s are always l arge and t hose of t he sec ond 

. .. 
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one are small. Large splashes oc~ur by turns that is if the 
splash of one muscle at some moment is large that means that 
the next splash of this muscle would be small and the 
large one would be at its antagonist. Each time that muscle 
of the .pair would have a large splash which stretches at that 
momen:t. As the :frequency of' the j~~·t; angl~ is 7-9 cycles/ 
sec and only one large splas~ of the muscle occurs in a peri­
od it is clear that the typical time interval between two 
large splashes is about 0,1 second. 

I:f now we would ask the subject not to maintain the joint 
angle during this experiment but to oscillate the angle · with 
highest possible frequency and with any convenient for him but 
visible amplitude the characte:{:' of curves recorded would be 
practically the same as on :fig. 3. But in this case the ampli­
tude o:f the splashes would con~iderable increas~ with the re­
sult that the :frequency will decrease a little and a change 
will be observed of the level of' angular velocity absolute 
value at which the splashes occur. The ' picture re~eates itself 
in experiment with different .joint angl~ values and with some 
other changJs in experiments' cond~tions .. 

Comparison of fig. 2 and 3 gives many reason to believe 
that muscles' activity control in these two differen·t cases is 
organized by means · of the same me.chanism, that ·the splashes of 
the muscles are the main thing in this mechanism and that the 
mechanism acts organizing and changing the moments of the spla­
shes1 starts. These moments occur in case some value which i s 
in some way a main value for , experiments' conditions when in­
creasing comes to some level. In the experiment with external 
loop this was pain stimulus,in the join experiment it was ab­
solute value of angular velocity. Further we'll describe the · 
model representation which shows in what way thi·s mechanism · 
can be realized. We are assured that the above described ~xpe­
rimen'b represent exa!llples o:f the work of such a mechanism. 

j 2. Simplest search mechanism (SSM) 

'.rhe central parts o:f the SSM. are a random interneuronal 
pool(RIP) and neuronal organization which we call function . 
discomfort (FD for short) • . The aim of FD is to find necessary 



moments when volleys of impulses must be sent to RIP. The 
aim of RI P is to realize a splash of muscl~ activity when 
the volley of impulses comes to t he muscle. 

1° . Random interneuronal pool (RIP) 

From our point of view the main parameter which may 
characterize the state of a muscle in every moment is the 
instant value NJ.. of the number of fired ci -motoneurons. 
In spite of that basi c role will be ascribed farther to ran­
dom in·;erneuronal ·network whereas cL -motoneurons v;ill be 
understood only as "output relays" of t hat interneuronal 
netwqrk (of RIP). We suppose that RIP has two inputs: the 
main input and the ·oackground input. The theory of RIP was 
developed by L.I. Rosonoer 4 who t heoretically studied in 
what .way number IV~ of excited interneurons varied in 
time. Since the number of cl -motoneurons is sufficiently 
high and the leads· .to them from i.nterneurons are random, 
the number N~ is approximately proportional to Nu.. 

The main question is in what wa:y RIP responds to . the 
volley of impulses when it comes to one of the inputs. 
L.I. Rosonoer has shown in his works that during period when . 
the volley of impulses excites the input t he numberN~ rises. 
After that ~u decreases not immediately but step by step 
(not necessarily monoto:p.ously) till it reaches the average 
value which corresponds to the autonomous behaviour of RIP 
and then it oscillates near that value (fig. 4). This reac­
t ion of RIP to a s hort volley of impulses i s called farther 
splash of RIP. It is easy to underst and that amplitude of 
splash and its duration are random. The splash of RIP causes 
a splash of muscle activity which we can see on enveloping 
EMG • 

. For SSM the splash is the simplest form of muscle acti­
v-ity, an '!atom" of it. The work of the SSIIJI depends on the mo­
ment, when the impulses volleys arouse the splashes and it is 
practically independent on the _number of impulses in a volley 
and the parameters of impulses. 

I:f we discuss the input impulses which are applied t o 
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the main input of RIP then the adttional impulses coming to 
the backgro~ input are equal in -t;hair action to decreasing 
of the average\ of the RIP !thresholds !JJ.nterneurons. As a re­
sult t he number Nu. increases a.Tl.d that means alJiplitude of 
splash increasing. In other words impulses which come t ·o the 
main input cause the splash .and inwuls~.s- Vlhich come to the 
background input f>oiitr.o--1 'the amplitUde of the splash. 

RI~ gan.--'6D:!y :arouse splashes when impulses come to main 
input. .~~.nts when the sp.lashes start depend fully on the mo­
ments when impulses are recieved while these moments depend on 
special neuronal organization which we call function-discomfort. 

2°. Function-discomfort and the splash ·law 

We were interested here only in the muscle.activity. This 
article deals only with such muscular activity duz·ing which 
the brain coordinates and changes muscle tension ; so as to 
achieve a certain objective specified in advance. If the de­
viation from tbe objective reaches a certain threshold we 
learn about it. It is natural to suggest that in ~ases of the 
kind there is "something", which depends on receptor signals 
and when this "something" achieves a certain threshold that 
sensation of deviating from the objective arises. That some~ 
thing we d~note as "function-discomfort", but we assume that 
along with the .threshold just mentioned tpere is ~other, mnch 
lower threshold, the achievement of which does not yet make 
the sensation of deviation from the objective, but makes it im­
perative to use SSM to determine the times when command ·volleys 
are generated (~ee below). 

:':'he. func·tion-discomfort determines the moments when im­
pulses are sent to the main input .of some muscle's RIP. The 
general lb-w by which these moments 'lZ'e determined and. changed 
will be termed the law of command volley generation or because 
it .causes a splash of Nd-1 the splash lavt: a volley of i mpul­
ses arises every time when FD increasing c omes to some level 
and it doesn't arise when the same leve l is reached when. FD 
decreases. 

A question naturally arises: where, i.e .• to the RIP of . 
what muscles the pulse volleys thus generated, are directed. 
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In a general case when there is no, ge~erally speaking, infor­
mation on what specific muscles cause the discomfort we assume 
- and the experiments confirm - that the v6~leys are directed 
to all skeletal musc les simultaneously and .cause simultaneous, 
but random and different in size, splashes. 

In those special cases when there is a definite informa­
tion which muscles determine FD the command on a splash recep­
tion can only be directed to RIPs of those muscles. 

3°. Simplest scheme of SSM 

Fig. 5 shows simplest scheme of SSM. The volley of impul­
ses coming to SSM causes a splash of SSM that is a splash of 
number N di of fired - d.,; -motoneurons and as a result an in­

creasing and subsequent fall -of the muscles•tension till a new 
volley of impul$es will reach SSM from FD and cause a new 
splash of· NJ., 

Because of. inertia of muscle a splash of its tension will 
be more smooth and prolonged as compared to a splash of S@l 

(fig. 6). That ~eans that the muscle in respect to a splash of 
SSM acts as an inertial smoothing filter. This simple scheme 
(fig. 5) is sufficieJJ.t_ enough to give full explanation of all 
results which were obtained in experiments on maintaining 
minimum pain stimulus in case the stimulus depends on muscle 
tension. (see f2 , 1 °). In these experiments the pain stimu­
lus plays the role of FD. Let ··s assume that in some moment 
t ~to . the enveloping EMG dete~:.f! a point Q (fig . 7). 

In this moment c.onditions for splas~xist so N~ (and the 
enveloping EMG aswell)falls down till it reaches . value 
at point (}- where conditions of splash arise • 

. At _ this IllOment the splash _goes from FD to . SSM and a splash 
of SSM starts. During this splash NJ. goes up and subsequent­
ly down as it was described before till _it reaches again the 
Y4 value when a new volley will a!:/.i.:Se. 

These conceptions fully explain the existence of small 
and large splashes,the trans-iton to the new level during one 
splash, the fact .that new sp lashes always start at~he line 
which always lies strictly parallel to the li.lle 1 := J""""' 
and under it, the disappearance of large splashes when there 
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is no right-hand side of FD characteri s tic and all ot her fa<:;ts 

which were observed during experiment s and described above., 

4 °. The role of spindles and some detalization 
of the SSM scheme . The wor k of t he scheme when it 

controls pair of an;tagonistic muscles 

The .Possibilities of SSM get wid.er when one takes in ac­
count the spindle reception of the mus<:;les which was till now 

ignored i n our~ous discu~sion of SSM. 
Let's remind the simplest things about spindle reception 

which will be used f urther. -The nuscle spindles are receptors 
whic h react on: 1) change ~f' the length o:f a muscle t ~d 
2) simultaneously on changing of both e and -~ 
In t his last case one can approximately ass~;lthat a spindle 
reacts on the l inear combination /, ~at +I '?."t . • The 

factor t is equal to zero when 1:!-~ 0, i.e. the spindle 

reacts on th~ velocity of e only when muscle is stretchedo . 
Further attention will be concentrated on the i_, signal -only .. 

External commands from the brain on the spindle recaptor 

are changing the factors 12 and ~ - by means of innervation 
of spec ial i nterfusal muscle fibres whi,ch are situated inside 

t he spindles and in general are similar to usual extrafusal 

muscle spindl·es. The tension depends mainly on the numper of 

fired special neurons which are called t -motoneurons. The 

sr· nal from the spindles which is proportional to the value _ of 
/. -

acts on rl-moton.e1,1.ron?"and on the above- mentioned bac.k-

ground input of the RIP. Signals which control the number of 

fired ¥ -motoneurons come from ''above" an.d we assume that 
they come_ also from neuronal organization which we called FD; 

Fig .. 8 shows -the . scheme of' SSM with p_eculiarities -brought in 1J' 
spindle reception. 

Let's assume now that the joint angle changes a~ a re:ftllt 
of tension of a pair of muscles-antagonists (fig. 9) . Suppose 
that each of these muscles is governed by an SSM mechanism of 
the same kind. There exists only one FD for both muscles whi ch 
depends on value and veloci ty of the join·t; angle and t he . vol­

leys which this FD organization are sending in the r.floment . of 
splash occurance ~ simultaneously to both mus c les ' RIP. 
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Let's assume now .that at some moment the FD organization 
aroused these volleys. The result will be that the splashes of 
the SSM will not be equal because the splash depends not only 
from corruiland volley but f rom the background signal. 'Fuis ba.c£:­
ground signal is depending on the value of £ :for each muscle 

of the pair of .ant agonists separ<;~.tely and that is why this 
signal i~qual for both muscles •. The value of A, depends on 
t~p. osition and velocity of the joint angle, i.e. on- ~ ana 

for each muscle. Let's assume, for exampl e, that at the 
moment of the volley occurance the factor A., for the J.e:f't 
muscle on the fig. 9 is much greater as compared to tfiat of t he 
rig ,t muscle. The result will be that splashes of both mu.scles 

will ."begin simultaneously but the splash of left I:IUSCle wi.ll 
be much higher that that of the right one. As a result the 
summary effort with vftrich both muscles act on the bane wi11 be 

directed to the left muscle. This inequ.ality of splashes 1s 
even greater because of the above-mentioned reciprocal inner­
vation which wasn't discussed (fig. 10). This full scheme af 

SSM for a pair of muscles antagonists fully explains all re­
sults of mentioned experiments (see f2, 2° ) on accurate 
maintaining and quick oscillation of joint angle. 

The FD in this case was the absolute value of velocity 
of joint angle, witb result that command volleys appeared 
every time when absolute value of joint angle velocity increa­
sing reaches a certain level,and the signals from muscles are 
lead to the background input of RIP of that :mu.scle which in 

this moment stretches. The mechanism fully explains the simul­
taneity of the splashes of antagonistic muscles and the reason 
why great and small splashes come in turn. Tremor of the joint 
angle is a . result . of these splashes. It$ main high :fre«pency 
(about 10 cycles/sec) is determined by these splashes'freqnen­
cy while the .tremor's slow irregular component is due to the 
fact that angle control depends on the ang_le velocity and that 

value of splashes is random and irregular. 
The -mechanism described accounts for many other .details 

which were observed during these experiments (see~). In par­
ticular it explains the coincidence of _observed facts in the 
two cases when subject carries out two directly ppposite tasks: 
he has to maintain strictly quiet the position of the joint ~d 
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contrarily he has t9 oscillate with the joint as quick as 
• possible. In both cases the joint is controlled by the same 

mechanism which works strictly in the same way+) with the 
same F.D - in both cases its role plays absolute value of joint 
angle velocity. From the point of view of this mec?anism to 
keep quiet is to oscillate with t~e greatest possible frequen­
cy but with small amplitude. The amplitude depends only on the 
threshold d of the FD which must be reached for arising of 
the command volley of impu_lses,W'hen the subject goes from 
maintaining quiet joint angle position to·· moving it with high 
frequency only a change of this threshold .1 of FD takes 
place. 

The possibility to explain in detail by means of one 
scheme three different situations such as sustaining of the 
minimal pain stimulus, accurate maintenan~e of joint angle and 
maintenance of quick oscillations of joint angle gives us many 
reason to believe that the same mechanism can be of use in 
many other cases when the aim is to maintain some posture .. 
which corresponds to a minimum of discomfort of some kind. 

In spite of the fact that it wasn't proved eXPerimental-
lY till now authors ·have reason to believe that the same SSM 
mechanism could in main features explain the simplest .processes 
going on when we keep the vertical posture of our body. 

+)In literature ·the mechanism of maintaining joint angle 
often is described as a usual control loop in which the _sig­
nal from spindles is used as a signal of deviation of angle real 
value from the value of angle which must be 'maintained. Our dis­
cussed above experiments fully contradict this assumption be­
cause it can't explain splashes of the muscle which is stretched, 
existaoce of simultaneous splashes of muscles antagonists and 
the ~act that this effect is enhanced

3
during the de:.:_"'-:·eren­

tation of the muscle ru~tagonists (see ). 
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