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28.3 
DECIDJ'.rB.ALIZATIOri FRINCI:PT_~_<; IN OPTI MI ZATI ON OF 

COlft.PI :EX SYSTE£,18 

PERVOZVANS1IT A •. f... 

Polytechni cal Institute·, I,eningrad, USSR. 

A paper consi sts of two parts.In t he first part there is 
considered the possi bility of reduction of optimal pl~g 

problem for systems of·reasonably general structure to the seri 

es of eY.tremum problems for separate elemen:ts.An influence of 
reciprocal supplies on the efficiency of the work of every ele­

ment is studied and the simple local approximation for these 
functions is proposed. On this basis in the S'econd part an in­
fluence of suppli.es irregularity during ·planning period on the 

average efficiency of the work of an· element is analyzed with 
prov·ision for the possibility of opt;Lmization of inventory po­
licy.It leads to certain conclusions on the necessity of cor­
rection of the sta~ent of a planning probl~ for a system as 

a whole. 
I. A problem of a planning of a work of a system com­

bined of interactive elements is considered • .! structure of in­
teraction may be defined. by the incidence matrix of connec­

tions graph,i . e. for every i it is possible to define a set 

of indices i of the inputs J
1 

(i) or a set of outpu.:t indices 
Jl.(i) ~ :.>efine also an element fL+ i (graph node),which . 

has no arcs coming out of it.A perfomance of every element L 

characterized by its output P distributed to cqnnected ele-
. t 

ments 

such that 

p" 
ij 

l tLi , P. ; p~ 1. e R. ' r#, " 

(I.I) 

(!.2) 

where IL. - a vector characterizing an intensity of the pro-

cesses in 'an elenent itself', P~ , Le J (L} - vectors charSJ 
. . I' ~ 1 ' ~ 

teri-zing a part of other element;s output consumeo. by the ele· 

ment R. - some closed· sets. 
L 
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Note that in ·some cases it is convenient to separate .the 
constraints i nto two groups: system constraints characterized 

. ·by the ou·tput consumption levels of system elements and own ( l o­
cal ) const raints characterizing the possibilities of a given 
element only. 

It is assumed that a perfomance of a system as ~ whole i s 
governed by an extremum principle expressed in additive form 

. H r = .L: r rp ) cr.3) 
ie {fl+1) i' \.. i, 11. +1 

and by the conditions bf balance 

' 11 p. = P. ' (I.4) 
L,} LJ 

~remum proolem just formulated will be called optimal 
deterministic plannjng for a system.It is a mathematical prog­
ramming problem and it represents a structural generalization 
of classical schemes given by L.V.Kantorovich and D.Gale which 
are used in econometrics.It may be interpretedd as a problem of 
a choice of. output and distribution lev~ls in the system com­
bined of series of partially connected productive units (shops, 
enterprises,firm.s ?n,d so on).Although a time factor does not 
occur explicit~y in a model,it is possible to suggest that gi­
ven constraints determine a behaviour of eacA element of a sys­
tem at a certain fini t .e interval of time (plaiming sub:period). 
This interval may not be identical for different elements.It 
makes possible to consider so called determined perspective 
planning models although in this case one productive unit must 
be represented by several elements in a scheme corresponding to 
its state at successive planning subperiods. 

After construction of a planning problem it may be solved 
a"ti least in :priD.ciple, by any known method of mathematical pro­
gramming.However,special features of a model as a complex sys­
tem impose essenti~l limitations on the choice of a method. 
These limitations are of two types: 

a) informational,connected with difficulties of collec­
t ion and keeping of the data in one place (center). 

b) computing,caused by practical inabil.ity of modern com­
puters to operate with problems of very big volume. 

For this reason, in this paper an atten·tion is paid exclu- . 
s ively t o t he methods which use a decentralizati on principle.It 
means that the main problem must be s eparated into n extr emal 
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subpr obl em..s, inderpenden.t in a s ens e t hat direct inf'om.ation 
about constraiD.t s on every element of a system is not required 
for their coordinat ion. 

In another ·treatment of t he principle an adcli tional 
requirement is put forward,namely,that ' a subprobl em coo;dinat i on 
may be done not i n a single. center but in several ones,each 
center possessing partial information only. 

Mathematical treatment of an idea of decentralizat ion 
has arised (although in a limited form) on a basis of works by 
Arrow, Burwiez, Uzava on gradient schemes of search o:f · extremum 
I' 2 , then got a new impulse when the deeomposi tion algori tbm 
was created by Dantzig and Wol:fe 3 ,and now· is widely discussed, 
mainly in connection with different schemes of so called block 
programming ( 4 ' 8 and others ) • . 

It is possible to mark out ( omit~ing some essential ma­
thematical detail s ) two different ~pproaches on subproblem 
forming. 

The first one has a . general charact·er and is based on 
utilization of a main theorem by Kuhn and TUcker on equivalence 
{with certain limitati ons) of a given problem and a problem of 
a search of a sad<lle point of L,agrange function 

F( " ) . ( , . , lf> = Z. . P. 
1 

+ L.L..l .. P.-P.). cr.5) 
iE J (IL+I) c. .. ,IL+ . . . L . i . 't l.j iJ 

at the eonaitions ( I .I-I.2hThen the problem is separated into 
f n subproblems H:for the element;· I ./1 

J' == ~[F'.(P )+L: l .. P.-Z il .. P .. /P.=L.f{; 
"ti L ,,n.+1, jeJfi) 'I 'I jEJ(i) I' I" I I. (.Y-6) 

l z . , 1 (ui;Eic;~}e~,:J 
where "prices" ""il;. are considered as . parametE!rs , and one pro-
blem fo r a "center ,which is a problem of optimal coordination 
of "prices" 

If = rniJl {If i. -1. [.il .. ·,.e J (i); l .. ,j eJ
1
(i) ]} cr. 7 ) 

o t=t rt ,1 ' z . 'I 
This scheme may be called a scheme_o:f "buy- sell" of inter 

mediate products, t he subproblems are treated as those o:f a pro­
fi t maximization for every element,the prices on intermediate 
products are coordinated by the "center"• 

In the second approach it is assumed that every element 
of a system partic ipat es in fo rming of final pr oducts (or,fi-
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nal e.xpens es),i.e. a set ~(n+/.) -includes al l i-f,2~ . .. ,1l.Then:­
considering the leve~s o~ distributed products as parameters, 9ne 
comes to IL subproblems o:f the type . 

f=IIUIZ[f(P." )/~P~==P. · {u P P1 JeR] cr. o) 
l L ,,4+1 . Lj · l. ' i 1 i. ' ii · i . 

and one problem for a '~ center" which is a problem o~ optimal 
balance of intermediate products: 

. { [ ' 1/ 1 F' = _11UIX r :a L F'_ P_ ~ 1 jE J ( i) j f ·. j e J ( i)] 
i. L i' ~. 'I ' 2 

(I.9 ) 

T~s scheme may be called a scheme o:f resources distri­
. bution, or a scheme of "optimal balance" .:In this case an opti­
mization o~ final products value is made ~ inside of every ele­
ment, the levels 0~ reciprocal supplies are given by the "c-en-
ter". 

The partitions described .are purely -formal.In -fact,there 
is no way to specify the "prices" (objectively conditioned es-

-timates in L.V.Kantorovich's terminology) or the levels .of in­
termediate production,which give _an optimal coordination of 

subproblems,exept the construction of a solution of a problem a: 
a whole.However,a possibility of utilization of iterative pro­
cedures, i.e. the procedures of gradv.al coordination,makes this 
approach efficient enou~. 

Almost all of the known procedures are the versions of 
generalized gradient descent method or the method of feasible 
directiops applied to the problem of a "center".In application 
to . (I.7) the main idea is reducedto the following: an arbitrary 
set of "prices" is chosen by a "center" (in practical problems, 
the choice,naturally,is _dictated by 'some practical considera­
tions),and each element is informed about the choice.Then a pro 
blem of a type (!.6) is solved

1
for every element,and this solu­

tion provides at -given .il .. = 1.. optimal values of activities 
H . Lf 'f . 

. ui ·. ,supplies ~~ , . j e J,_(i) . ,and external (for the element 
in question) consumption. I n addition to it,a tendency of change 
ot purpose ~unction ft. dje to sma~l deviations of the 
"prices" from the level ~ A.. . is revealed,i.

0
e. a local appro-

xl.. mat1.· on I ( l ) · 'f 11 · · · r-.r l is construc-T/ . . 1.n some sma v~c~nl. ... ., Jt •• (, "r ·tJ 1ied. 
J ust the local approximation· is sent to a "center" , wher e 

on tbe basis of this i nformation a tendency of a change of . 
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function as a whole i s revealed,that makes it possible 
to find necessary direction of a change of "price" system .. So 
f ar as the step in the chosen direc~ion is accom:plished,anci a s 
set is got of new values o:f ilC-:-- .ili. ,a procedure,naturally,caa 
be repeated.A choice of the wf& of· focal approximation and size 
of a step in the direction of decrease is a speciality 
particular method. 

of a y 

Note only some general features arisj~ in a case when 
-original problem, and hence - subproblems,are formalized as li­
near programming problems.Rere a local approximation of the be-
haviour of functions ..1. ,which coincides exactly with a 1L 
real behaviour in certain :finite vicinity,is as follow 

A . 0 . { ~ p -~ p' ] I == I (1 . ) + milL .tC- l1A ..... 2 n (I .. I (;) 

i Ti iJ · .s es .0 t' eJ (l) ij tj,s ir=Jli.) ji ji~s 
0 L ~ • 2 

where 0 Si -,a set, of optimal ba.sises of a problem (I., 7) at 
A .. ar .4. . , and P.. , P.. -optimal values o:f the variabl~s P.~ • 

Ll, 1 1-j I..J,$ jt,S 'I 
I B. correspbndirlg to these bB:sises.Hence,in particular,it 

is ~~V that the functions {c (lr) ~generally speakfng,are not 

diff;cTB.bl/.e. If )the solution (I. 7) :/is unique at lij = .ilij, then a 
gradient .(l.. exists at the point and may be readil~ found as 

' '1. . -soon as an optimal solution is known.If all the problems of a 
type (I.7) have a unique solution then a calculation of a gra-
dient of a function ~ as a whole is reduced to calcula-
tion of debalances on connections: 

!J!_I =P" - p' al B (I.II; 
i" 1 c .. J.i" ij, opt ij, opt 

Note! fea{ure~essentially fac~litates an organi~ation of 
a gradient descent. Moreover,it then f'ol lows a principally im­

portant result: a determination of the direction of a change o:f 
"prices" may be done without participation of a unitad center, 
but by coordination of the results of planning of directly con­
nected elernents.At the same time,it is obvious that a condition 
of uniqueness is not always fulfilled,it is certainly violated 
at the extremum. ·point of a f'unction tp , a consequence of 
this,being an absence of strict convergence of gradient descen-t 
at constant coefficients of proportionality I . Eowever,there 
are some ways,a decrease of coefficients with a grow of its 
iteration numbs:., f or example, that :permit to avoid the troubles 
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not;ed .. Mureover ,. when solving practJ.cal problems a requirE;J-nent of 
s trict conv·ergence is not very essential,it would be mor.e impor 
tant to increase a spead of motion, that ·can .be done; fo r example , 
by utilization of finite-step schemes with a use of simplified 
ways of loQal approximation IO .Note also,that all that was s 
said before may be completely applied to the second version of 
decentralization principle .Here the schemes of generalized gra­
dient descent .may also be u.Sed for the solution of the problem 

PI p 11 
of a "cent er", but in a space of . variables i. . , j.i . _ _ , 

.The fupctions · F;,· are al~ piecewise l inear 
if original problem is a problem of linear progr amming.Their 
l ocal approximation may be constructed -through the use of opti­
mal basis solutions of the problems dual to (I.B).If these so­
lutions are uniqu~,i~e. the problems (I.8) at given values of 
parame·ters are not degenerated,. then: it is possible to find the 
gradients of functions ~. with the help of optimal ' . dual variables (objectively conditioned estimates).-Ln the vici-

~ ___ ~ t~-· q.I~ ~--'-q:Qtbn.ti:m - ·b'nry-piecewise linear locally~-exact a-ppro­
ximation of -the· following type is permitted 

f = f [P.~ : P.' ]+milL {4- /. t.P.~ -L. /~ t.f."]r .I2) 
l t I '/,opt' ,,,opt let' I ;t,l I' I LJ)l 'If: 

whwre l. 
1 

denote a set +of · optimal basises of a dual pro-
' l ~/1 . blem and ii,l, , "''/ /, - corresponding values of dual 

variables.Iterative procedures can be done in a manner des­
cribed earlier for the first version of separation of a problem, 
this time,however,the conditions ,of a balance on COimections ar 
are fulfilled· exactly in every iteration,that makes its reaii­
zatioD: more complicated but increases a -validity of constructed 
approximation,every ·of which represents ·a suboptimal plan of a 
problem as whole •. 

Note t:P,at a plan (program) is usually treated as _a ·speci­
fication of final production and reciprocal .supplies level"' f or 
every el_ement of a system, these levels specified integrally at 
the planning period.However,due to inevitable fluctuations of 
conditions an exact realization of the plan ·tu.rris ou.t ·to be i m­
pos sible,therefore in carrying out a control,i.e. in realiza­
tion of a ·plan,a question of compe~sation of deviations from 
the program naturally arises. Since there are many plan indices , 
it; i s important to estimate the influence of· their individual 



11 

deviations on the ·efficiertcy o.f a syste1ll.In practice,this esti­
mates is done subjectively.At the srur:.e time,decentralization 
:principle permits not only to f ind optimal · levels during con­
struction of a plan, but also to esteem. an efti.f!iency of' small 
deviations from these levels , because in the cou.rse ot· construc­
tion of' a plan a local approximation of dependency of local pur­
pose functions f'rom external parameters is also constructed. It 
is essential that even in a smal:l.. vicinity of optimal pl~ this 
approY.irn.ation is nonlinear. This ·point predetermines impossibi:li 
ty of use of such "linear" criteria as· summed value of devia­
tions calculated iu pric~s that . clo not depend on the level or 
direction of the deviations. 

2. I1e t us now proceed to the analysis of influence of 
some-fluctuativ.e factors on the efficiency of realization of 
the program in.the course of its accomp1ish.ment and of a back 
influence o:f these factors on a scheme o-f' construction of a 
plan itself. 

It is obvi ous that designation of a reciprocal supplies 
program integrally at the plannfng period ·does not speci;fy a 
distribution of these supplies during this period.This uncer-. 
tainty,peculi~r. t o the .method of planning,may lead (and prac­
tically leads) to a rise of irregularity in the level o:f sup­
plies. 

Consider certain element from a system and study a change 
of its final. productions due to deviations in the level of sup­
pli_es to this element from other elements. Divide a . planning 
period in subperiods and enumerate them with the indices k 
( . k = 1., l, ., : . ~ , X ) .Assu.m~hat the res~ources of this 
element are !lot changed during a whole period and tl:tat its per­
fomance is governed by local extremal principle,formulated 
earlier,coordinated integrally with ·extremal principle for a sy­
stem as a whole.Then at every subperiod a change of efficiency 
with respect to final production output is given by formula 
analogous to (I.I2),assuming that the requirements orr supplies 
from a given element are fulfilled arid the supplies to the ele­
ment have smal.l deviations from prescribed'- level. This peacewise 
linear C.ependence may be efficiently approximated by means o:f a 
system of coefficients (marginal values of a prob:Lem,following 

· · -, . " TT ) b t . . h f f' t. a ·cerm.uJ.o..~..ogy or -~ c arac erlZlng a c _ange o unc lOn 
at i .ucrease or decrease of every of the components of supplied 
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production from optimal program • 
• Omitting indices,characterizing a number of an element an 

its suppiiers,a local ·app;oximation may be given· as follows 10 

P ==F(!f )+L mill(l+ A~;il-~f..,)8rF;_(ti t. )+.&Jllc<2 • 1 ) 
- k /r /c,opt "' V t I 'Z: 't ore 11: ~Of'':/ -r; l; . 

where Jl + . ll- . - accordingly right and left partial deri va-
't' 'I: . 

t~ves of purpo~e :runction with ~spect to ~-th resource.It 
i s possible to show that r ~ F' • An advantage o:f an 
approximation (2.I) consists in a possibility to consider an in­

f l uence of changes of every component separately.A difference 
among the components demonstrates itself in a difference of mar­
ginal val ues only. In what follows,tlie indices of resource com-

ponent~ PT. k . . and these of' corresponding changes A~ k 
of purpose fubction will be omitted and !ollowing notatio~s 

introduced: _ . = . =- { il "k , ~ ~ 01 

~f. ' = v; > Af;,.lc- f(u.Jc) - a (2.2) 
't,IC 1C ~ l U: tJ'. :!if · 

Not e also that always;,- :;p A.+ ifS- 0 le ' .t .The values 
life, t=f,2,.~., JC, characterize a deviation of a quantity of a resou.­
rce component by given element of a system from planned level, 
'.vhich is the t/1C -th part of planned supplies for a period as a 
whole. We may also introduce the values 1k ,characte­
rizing the deviations of real sup:plies · during subperiod /r 
f rom a given planned level.If an accumulation of resource sur-
.::- luses is possible, then a choice of the value 7/k is 
restricted by the quantity stored at a warehouse at the begin­
ning of a sub~eriod and 

(2.3) 

(2.4) 

In this way a general problem o:f supplies irregularity 
is reduced .to a classical onedimensional invento~J problem (a 
particular case - water resource control was considered by Kar­
l in and Gessford in 12 ).Both an analysis of a system as a whole 
and utilization of simplified local approximation (2.I) give a 
general character to this problem. 

::Je shall now describe the concrete results of analysis 
witn a 1se of optimal ·many-stage po licy at the whole p ~riod and 
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the simplest :policy "i+f -= l1c · - • Under these conditions, as ­
sume that f le. deviates :from zero (planned level) 
with equal :pi.•obability on the value :1:. a ,an average 
being equal to zero~ 

Then if ~i (;e) is a value of av~rage loss due to irre­
gularity a.t t s:u.bperiods to go to the end of a period, 
a11 the initial stock level j and op~l _policy , then 

~fyJ == mill[- tj(vJ+ f~-t (y.+ p-u) ur(~)rtf], r> , 

u~! S' (v} = l'llill [- tblv) 1 . ( c::. 5; 
t a· v~IJ ,,. 

It is possible to -shoWO that an optimal policy is as :fol-
lows : 

f 0 ' 
y~o. 

t ==2,.3 ., ... V= . ) , v;=y. t ~~0' > ·~ lj ' 
Then 

{ 
.! s 'u.~'-al+ .f. S. /v-a' · · u ~ 0 . . s. _ 2 t-t l~ 1 2 t-f tr '1 , , · -

f {1)- -Tf+: ~-/a.)+~,_fa); -~~ 0 

s (f)= { -J~y ; ~~0 ' -
1 -ll§ i ~~0 

A use o' the simplest policy leads to 
. - + 

~ fy) ... - ftyJ+(t-1) l ;4 a -

D:i1Jrams of the :function J 'Sf {j) 
given at fig.!. 

(2.6) 

(2.7) 

(2.8) 

It is now possible to make the following conclusions: 
I. Supplies fluctuations with an average equal to zero 

lead to an increase of an average loss which generally speaking 
is not -equal to zero. 

2. In absence of initial stock the losse.s at the simplest 
. policy are equal to 1. :..1+ 

(n.-f} 2. lL 
i~e. they grow proportionally to the number of subperiods. 

3~ At the presence of initial stock and under optimal use 
of accumulations it is possible to reduce av~rage losses.Even ~ 
at the absence of initial s tock,average losses at n-G are 
reduced approximately twice compared with the results of the si 
mplest po licy. 

It i s possible to show also that the probability of an ab 
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sence of losses essentially deper;ds on the q~tity o:f i .DJ;j;ial 
stock level LL1 and is ,equal to (1/2) N ,if JY:::.l..11~]f. 

' ~ • I a. 
The described effect of . cm influence of suppli,es_, irregu-

larity on the efficiency of a system is important itseif,but it 
reflects one side of a problem onlyein fact,in the course of ana­
lysis it was i mplicitly assumed that o:ptimizatio.n problem for 
given element of a system may be solved not only at the planned 
level of supplies but also at the fluctuations near the level. 
In other words,it was assumed,that . at the presence of fluc~u­
ations it is :possible to satisfy the restriction on planned 
level of supplies from given element.Generally speaking,it is ~ 
not always true: at the deviations of supplies it is often im­

possible to :fulfil the requirements on orders and hence in, the 
case of decentralized current planning a necessity arises to 
commensurate o:ptimally the deviations frolrt t he l evel~equired. 
· A use of the local functionals in a form (I. I2) does not 
give a solution of this :problem, because the functions F; (f) 
are defined only on the region of existence of the solutions. 
T.fil.is. probleiQ. becomes especially critical for a structure of a 
tecbnological chain type 7,I3 where the elemer1ts are sequen­
tal1y coruiected and the last element alone gives a final produc-
tion with defiiiite estimates of its components. At the same time 
a scheme of decentralization constructed on .the basis of dynami­
cal programming may be used · for the analysis of such a structure. 
Here,generally speaking,it is necessary only to construct the 
dependence of the efficiencieB of each element on given resour­
ces at small deviations of those from the o:ptimally :planned le_. 

··Vel. In a .:pape~ I3 there was shovm that locally-exact approxima­
tion of a purpose function for the p -th element of technologi 
cal chain may /\be represented as a piecewise linear fu..'lction 

./ ('11'). I + mirz lp v (2 • 9 ) . r, . r,, opt let/ 
where 1/' -a·oolumn-matrfx of the deviations from t he .le-

ve optimal level of resources supplied to the .p -th element 
from its -predecessor in technological chain.'.rhe dependence of 
each type of products on tl' has a similar character. With t he 
aid of si::-nplified approximation of a type (2.I) it may be s hovm 
that the dependence of deviations from optimal plan for any pro­

duct of the f - th element on small deviations of any com­
ponent of a re source consumed f rom the~-1}-th element may be re-
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presented by the ±'unction of a Joype p(v) (look at 2. 2 
It leads to t he eff ect of accumulation of an influence of f luc ­
tuations caused by the irregularity of reci:procal supplies· along 
~echnolqgical chain if a necessary level of iLitial reserv& f or 
each element is not :provide~ in a chain.In fac ,the fluctuations 
of su1;:plies to the first element of a chain,lead to impossibil i­
t y to maintain an average level of sup:plies f~om - the first ele­
nent to the second one,and so ono Due to this factor a real ave ­
rage levels of supplies to · the following elements may considera­
b l y differ from the planned ones,_ and the estimates of the effi­
ciency of deviations justified. only in the vici nity of a plan 
will become incorrect .• Therefore an optimal planning itself may 
be effective only if i t takes into account necessity of expen­
di tures on _ fo~ing of the re:Serves that give o~ . OJ?portunity to 
localize an influence of irregularities. 

It is 5latura*hat creation and· maintenance- of reserves 
seems to be not economical · from the :point of view of a :purpose 
of a system. However,it is necessary and it nas the same meaning 

as an· int roduction o"t redundancy into technical s_ystems compos eeL · 
from eleme~ts that -are not completely reliable..It is worthwhile 
1iO s t res:::; that i t is not an effect of fluctuations of external 
condit i ons which is 'discusse·d (a necessity of reservation with 
respect to external condition~ is generally accepted) but it ~s 
an effect of internal fluctuations stimulated by the fact that 
the s-ystem 's _p lanning is incompletely deterministic 
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1 .28. ·5 
ON A OOMPIBX SYSTEMS CONTBOL mEOBI 

A~I. ltukb.tenko 

Institute of Qiber.netics of tbe Acad~ of Sciences 

of the · Uk:raiDian Soviet Socialist Republic 

Kiev 

USS1l 

It was alrea~ indicated. in a number . O'l publicatione 

~~that the s~ of complex &)"stems must be ~de, as to ne .... 

cessi t7 by using di:tterent levels of an abstract descrip1i101'1. 

Depending on a f37Stem designation, either a theoretical in­

formational, or logical. mathematical~ or cQnamical, or at last9 

a heuristical treatment o:t the problem JJUq be used~ But in 

reali t7 one must use 1n mQS~ cases a fe~ different levels of 

abstact description simD!taneousl7~ 

Without dwelling ~sre repeatedly upon a Characteristic 

of the term "a complex control qstem.", given in the paper 

[ 3] , w~ shall ·mark the fact. that the :iiecessi t7· of a descrip.. 

tion of a complex ~stems control at a few abstract levels 

simul ~aneousl.7 compels us to search for those mathematical 

means ·that enabling us to make it~ However, attempts of ap­

plying for this purpose the well-known methods ot the automa­

tic control theor.r or, in general; the cQnamic systeu theor.r, 

the finite automatic theor.r, Shannon's information tb.eQrT, 

etc. demonstrate an evident groundlessness of eB:,ch of the1a 

for this aim~ It may be affirmed at least, with respect to a 
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I 
state o~ things existing at •present. Each branch o"! the whole 

sc1entitic trend, connected with the control problem has been 

developing 'independently, and only recently 'the contacts bet­

ween them are outlined~ This report that is a SUlDIDS.rY statement 

of a part o"! a lllOre complete work, prepared on this topic b;y the 

alJ.thor "!or prih.t is just . dedi.eated to a description o"! the 

known things in this field and to a discussion on some possible 

wqs of an investigation of the complex systeu eontroli · 

§ 1.. On an unique conception · in the finite automata· 

theor.r aDO: the <Q'naJiic control theor.r 

It is quite natural that, before " .A General Control 

fteor;y" is created whic.b. will enable us to stucQ- in detail be­

haviour of a complex control s.rstem, dif"!erent investigators 

't:17 to solve a si111pler problem, and tr.Y to creat a method co­

nrillg si:raultaneousl;y, at least, onl;y two of a number of pos­

sible abstract treatments of problems~ The authors ot papers 

[5, 6] , tor example, make efforts of uniting the ~c 
theory 11ethods and those of the information theory. !Prom this 

· point of view, the opinions stated in work (7 J are quite inte­

resting, the author has shown that it one uses scme ideas of 

the abstract algebra, pro~~un.d analogies existing between the 

finite automata theor.r and the ~c control the~r;y can be 

revealed. If one represents the W.lley' s finite automaton, as 

one makes it usually [a] t in terms of ' five quanti ties 

M= {X ,Z, S", ft 'fs}, 
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are input and ut1.tput alphabets ot -ehe 
. ~ 

automaton, respecti wJ:y, 

is a quanti ties set determ::i..!'ing the 

automaton state, 

is a characteristic function, b7 virtue 

of which.- the automaton output quantities 

'are determined, U ·the input quanti ties . 

and its state are known, 

is a characteristic function~ b;y v:Lrtue 

of which the automa:ton state iD. the 

'1+1 th tact is determined, if' the inpUt 

quantities and t'k<· ~· ·auto~~aton stat$ in · 
. I 

tlle y tb. tact are kaOWD.1 

then, as it is shown 111 [ 7] , for a discrete tim.e scale b7 set­

ting thatX, Z, S are representable through the .Abelian 

(commutative) groups, the qstea ( i.e., the automaton ) is 

quite additive, if and o~ if such hollOaorphisms [9 J a:ist 
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SubstJ.tutill8, at .. laet the con'Ginuous time ~or the discrete 

~ and paasiDg troll a groups homomorphi&a to a. vectorial 

space hollo.orphisa, the last expression m;q ·be g1 ven a ~ora, 

wll-knowD in a linear theGr7 o~ the ~c systems control 
- t 

[
1
oJ Z (t)= cp(t-to)X (-t?)+ jh(t- ~) U(t.)df. 

. . . i 
aee Z { i) is a P -c1111enaional. -8ector characterizing 

tbe qat• output, 

X (t ~) is h -dilleDSioDal vector characterizing 

the qat• state at the moaent to to , 
Q::J(-t)- (Pxh)is a e _,,•ensioDaJ. vector ~acterizins 

'the qstea output, .. 

·is a matrix,_ -the L th col'WID- o~ - W!Uch re­

·Pr-selita a qstea reaction at the . moment 

t t 

l9 ( i) is a pulse transient fUDctJ.on of the sys-t. 
!he poss:J.bil1't1' r4 this type o~ transitions ~rom. the ti­

ni te automata theor.y correlations to the linear ~c theor;r 

correlations reveals ~0 us a close connection, which enables 

. us to speak ot au unique conception "for these two branches ot 

sCientUic knowle.s earlier independ~tl.y' developed. However, 

it seeas to be necessa17 to make one aore step forward along 

the path o"! UDi t1ng .logical and d;ynamical treatments ot com.­

pl.ex qsteu control theory- problem&~ The section below is de-

. dicated to a discussion of this possibilit,r~ 
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§ 2~ On logical ~cal qsteras 

It is not difiicult to realize that, besides demonstrat­

ing c4 the tact i tselt of existence of a cl~ se connection, re~ 

veeled between the finite autoaata theo~ and the linear dJ'Da~ 

meal SJ"&tems theo~, tor a :tactual s~ ot coa~plex control 

qstems, which consist simul taneousq· ~ loglcal and ~eal 

links UDi. ted iliiiDa.lientq as a whole 1 the construction o'f an ab­

solutel.Jr new theoey- is required, conSequently matheu.tical means 

are also required tor its completion. !he principal difficuJ. ty, 

arising in s~ logical ~cal qsteas ·(we shall naae 

them so, for the sake o-r brevi't7) consi~ts in the · fact that it 

iS neceSSar.Y to find Such a supple .. language 1 which should en­

able us to operate in an eq~ convenient WtJ:3 both w1 th. ma­

thematical 8Jlal.7sis ord:1D.a17 variables and logical on&s. While 

creating this type of _language one mq apparentl.Jr go along dU­

'ferent paths~ l'rom this point o'f view, these tb1ngs are wo:.b~ 

o'l attention: an -functions ~ [11} , a calculus of ope­

rators tor Boolean functionS [12] . , a continuous logics 18Ilgl1-

age [13] and others. In partic~ar, ~or the same purposes 1n 

the work [14] , the concept ~ an ~brid functio:o. G(Xooc_") Xo) 

is introduced that repr.~sents a prodnct of the ordillar,1 'func­

tion ot real variable F ( Xi• _ ••• , X n ) and the function of lo­

gical variablesj<Xj, ••• ,_X.m ), i.e. 

' G (X 1, • " ~ ' X e) = :Tr Xi ' • ., " ' ~ n) f (Xi !I • • J ) X m). 
The logical function j ( ~· , ... , _X m ) may be a predicate, a for- · 

mul.a or a quantifier, but it 'fiUS3 assume only two values: 

1 (verity) and o (falsehood), however, the moments, at which 

this takes place, depend in a complicated way, on a variables 

v~ue o-t different nature. 
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Th.~ ca:a. be:. 

1).predicates depending on a real variable f~ction, 

2) · part~ real variables 8nd partl.7 lo.gical variables, 

;) onl1' logt.eal variables not depend1 ng on real Tariables~ 

A.ll this creates various possibilities for describing logical 

dinamieal s;rstems. U'n:rortunateQ', the fact 1 tsel:r of bybrid :func­

tion introduction does not aean yet that we have desirable lan­

guage alrea~~ 

We need :further inTestigations due to a rules development, b7 

means ot which necess&r7 operations w1 th ~brid functions should 
' 

e mad& ( to dit~erentiate thea, to integrate thea and so on), 

therefore the problea of creation of a mathematical tool, fitting 

tor the s~ ot logical~cal s,-stems, amains still un­

solved. ~ere are alrea<Q' works, in . which a tool based on the 

h;rbrid timctio~ conce~t [15] is deveioped, but there are also cri­

tical works [16] , in which the . p_ossibili t,. o:t such a type are 

denied. Bow it Jllq' be noted onl,- that G. von Neimann's predic­

tion about a necessity' ot a continuous and finite mathematics 

methods Jl8rgf.ng ( i.e. of merging the mathematical ana.lysis me-
? . 

thods basing on the tact ot variables continui t,. and the mathe­

matical logics methods operating w1 th discrete logical variabld 

comes true, and the · needs of a logical dynazDical sistems theo~ 

construction will f:ipparentl,- impel ~ investigators to go at 

this aia more hurriedl7~ 

It m47 be also noted that no less difficulties arise in 

s~ng s,-stems, which · require a simultaneous use of aiJ3 two 

other abstract levels of complex systems description, for exam­

ple, of the logical and the heuristic ones. Still sr.eater di:f­

ficulties arise, if- one uses simultaneously not two, but three 
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levels .of the systems abstract description, for exam.pl~, · the in'­

formational , tb.e logical and t he heuri stic ones. A creation· of 

· matheaatical means permitting to realize investigations in such 

cases and in .some more cor&pl_.icated ones is exactl7 the principal 

scope of the eo~lex systeas general control tbeor.r. 

§ ;. 9n .. a . mul tidimensi onalit:r problem in the 
eompl~x §YStems theory 

The above-mentioned difficulti-es are not the unique ones, 

which one meets while stu~ng syste:as· of similar type. 

Essential difficulties arise while using one definite le­

vel of an · abstract description too 1 if the syste11. ·consists of 

ma.ny elements or subsysteu, intercoDDect~ With each other. 

By the wq, " the aultidim.ensionality- curse" ( by Richard 

Bellman • s fitgurati ve . ex.p~~sion . [17 J ) is overcoae equall,- ~ th 

difficulty in using a:tq of the levels of abstract description. 

Thus, !or exaaple, the' probl~ms are . solved easily and elegantl7 

in the fiiiite aut.outa theor.r with. a low diiaensionality of S7S­

tems, and the difficulties increase essentia117 t as soon as a . 

dimensionali~ of the systea studied grows. Therefore a wiSh 

appears, quite naturalr,., · to find paths to overcoae ·difficulties 

conditioned by a system aul tidiaensionali t;y, which should be , 

fo;r example, suitable· sim.lil~an~ously for the stu~yf multidi­

mensional dynamical and logical 8,1stems of a _great dimension­

ality. In our opinion, one .can struggle against a multidiaensi!. 

onality and a ·multire,lationship of complex systems not only by 

a new mathemabical methods research(to what many authors limited 

them.sel:ves on the whole) but b;y using physical and engineering 

informations concerning the systeu studied. Thus, the fact may 
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~be used that the- SJ"St811l ( it -woUid be of t .echnical' economical, 

biologic~ or social character) consists of big groups of ele­

ments of the same tJ'pee If this is the case,- we may use a ma­

thematical tool eJ.eborated for the m.ultiphas.e liquids descrip­

tion, as I .ll. Gelfand and ll.L. 'fsetlin [ 18] proposed to make/ 

it for s~ systems of this type. The second possible viq 

of overcoming the difiicul.ties, connected with the problem mul­

tidiaensionaliv and considered~ [3] , _is based on physical 

representations too~~q: when the system is symmetrical in 

that or other sense, we ~ essentially simplify the investiga­

tion ot a complex system of great dimensionali cy having both 

the ~val 8D4 the logical treatment of problems. In these 

cases 'the groups theo17 methods [19] and, more exactly, groups 

representati~ns theory methods [ 20] may be used, applied so. 

widely in the quantum ~ics, the quantum chemistry and in the 

. a<?dern theory of elementary" particles [ 21 - 2~] . 
By the wrq, one should not think that the question . is in­

dispensably of a symmetry of purely geometrical character. By 

no means. The symmetry. properties, hidden more deeply, are the 

most important ones tor the investigation problem of great di-

. . mensionalicy aystems. Thus, the symmetry property manifests, 

for ~ and quite diverse dynamical systems, that the Lagran­

gian ( or the Hamiltonian ) remains tor them invariant with res-
. ' 

pect to linear transformations of coordinates. If the presence 

of symmetry is stated in that or other way (v.g. it may be. re­

vealed directly b~ applying a matricial form of equations), a 

formal apparatus of the groups representations theor,t enables 

us to replaee an initial problem of great dimension~lity by 

some problems of the same type, but of a considerab~ smaller 
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dimensionality ( for example, by 10 ~r 100 times smaller ). As 

a matter of fact the corresponding initial matri~ of a greater 

dimensionali ty can be reduced, b7 recipes quite determined and 

·conditioned by the type of an existing S1JIIIlet171 to a blocld.Dg 

diagonal form UJ 
~ 0 0 0 rLj (p) 

(2} 
0 · · .. fLj (p) 0 .(3) 

.... . . 0 
0 0 . ri.j tp)· 0 

...... "" " ..... "' ' . .. 9 :. rnt 
0 0 0 .. .. ,. " . _-ILJ (p> 

where each of the subma~ces sta.nding on the main diagonal is 

already irreducible, i.e. it can be represented,once •re through 

matrice~ of a smaller dimensionali ty., The groups representation 
- . 

theory enables us to answer, what a di•ensionlilit,- ot the -s~ 

matrices rtj (p) may be, what their nulib~~ is:, in how~ dif­

ferent ways such a type of representation of a matrix of a grea~ 

er dimensionality by mean8. of matrices of a low diaensionali~ 

may be realized and, in particular it gives criteria to judge, 

whether a further decomposition ot the ~~rices rLj.(p) into~­
trl.ces of some a smaller dimansionalit;Y ·and so on is or is not 

possible. In a concise. summary it is impossible to describe all 

those procedures, which one must by the . WSJ, to fullil practi-

-cally, viz to divide groups elements into classes, to find 'the 

character for each class, i.e. a trace of the submatrix 

Sp iiiLj (p)Jj, to determine a canonical basis for an initial lUll­

tidimensional vectorial space of the given problem and so fcdb. 

We can get familiar with all necessal:7 concepts and theorellS 

(equivalence, and homomorphi sm of groups, Shoor' s le1Dl18.S, lB.­

grange • s theorems and so on) and wi th.fl t _echniques of their · ap-
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plice:ti-on. 1;4rough the aforementi oned books dedicated to an ex­

positio~. of t he groups theory and the groups representation 

theory 18 - 23 • So -rar as an investigator himself has often 

at his disposal a possibili ty t o for;m a structure of the stu­

died com.plex qstea ( for exaap.le, while co:p.trolling economi­

c~ iJ7SteiiS and industrial objec·ts ) , one has, in choosing the 

s tructure as a syametrical one, a possibility to app~ groups r e­

presentation ·theor,r ideas due to whiCh the latter theory ac­

quires a higb.Q" great practical iaportance. 

tJ!o explain the essence of the 11atter we shall consider 

eleaentaril.J' a simple exaaple, v.g. vibrations of some mechani­

cal ~stea ( see aore detailed 4 ). 

Suppose that the equations written · in a mat:ri.cial f ora 

have the shape: 

I1X +~X= o, 
whereJ1 is a diagonal aa.trix of 118Sses, 

k is a ri~es ~trix, 
·)( is a varia-les column-vector. 

I j~2 
o · 0 - '{5 J<2 v'3ki X 

2~ 2. 2. 

o · .f~2 -J-<2 . ~e. y _e. 
2. 2 

0 - ~2 V3 ~,+ t<2. 0 0 y i 
l J = ~{3 ~ ~P.. X= lj~ 2 2 2 . 0 vs~,+ K!2. 0 

13 · ~t 0 0 v'3 ~ .+ ~2. ~3 2 r<.2 2 ' 
m. 0 0 0 0 
0 m, 0 0 0 

.t1 = 0 0· m 0 0 

0 0 0 il1 0 

0 0 0 0 m 
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Thus, ~-it is necessary to investigate vibrations of a s;rstem, 

having matrices of dimensionalit,y 5. Th~_ problem consists in 

the fact that, using symmetry property, one ;:!J\ould be abl e 

to solve, instead of an initial problem, a problem ~f smaller 
- . 

. dim.ensionali ty. Applying the known m.ethodics of the groups r _e-

presentations theory [18 - _23] ~d the fact tllat- the 'Vibrati­

onal s:rstem U:Sed is symmetrical ( -as 1 t manifests in the matri­

ces symmetry), the new variables. h 11 ,h12,h 21 ,h 22,h 2~, 
whi eh are related to the~; old variables :>c, y ·' y 1 , y 2 , y 3 through 

such correlations, so t~at the proble~ of dimensional! ty 5 x 5 

splits into two identical problems of dimensionali ty 2 x 2 _and 

one proble:m. of dimensionali ty 1 x 1. Without expounding here 

ail details of the tz·an.S'ormations based on the groups represen­

tation theory ideas , we write out. final correlations comt.ecting . 

the old and the new variables 
J o(a3 

Yf =(3 I_ he~.,, 
. t:J.• ~ • . 
~ ~=~ ~ . 

y ::--l.. e 3 · h~~ · 
2. (!j cj..::" . ' i (h . h. J 

I I:: ..... ·.m I~- 2 2 ~ . QYi.d. . ':::J r2.. 
· i a~- ... 3 - --g-- . 

Y3 ~ V3 I. e _ hd_., 
O.•l 

The same correlations may be written ill a utrieial fora as 

:tollows: 

X=RH 
. ' 

where the matrix R and the column-vector H haTe the shape 

0 
0 

_,_. 

f3 . 
. Q1ri.. 

.J_ e 3 . 
(3 Jlij;'L 

...L -e -:r 
{3 0 

0 

0 
i 
(3 I 

J_ /) l?.1rl 
V3 (_ 3 

Q(jti 
_L n-
3 (_ 3 

J.. 
([ 

. ..L 
~ 

0 

0 

0 

/ 

0 

0 
J.. 
fS ~· 

~ e ~~L 
if!, . 
. . Qt]iL 

...!.. e -
{3 • • 

h, 
h,2. 

h2.1 

h2.2. 

ho_3 
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The feedback of t1Je new variables with the old ones in Ptri­

cial. shape is wri"tten in. the fora of: equation 

. H= R- 4X . 
r)-t ' n 

where K is a utri%, iDVerse to the aatrix r\. • Substituting 

'the linear traDIJloraationX:RJ-t tor the iDitial equation and 
. j 

~t1p111Dg the lef:t side b7 the utrix R- , we reduce the 

iJlitial qstea of . di:tteren.tial equation,s to· a blocld.Dg diagonal 

R-1 t1RH + R-4 ~RH= 0 · 
~, ' 

1lhere R :M R is a u.sses diagonal matrix of the shape 

rn . o o o o 
o mt . o o o 

R-~M R::: 0 , 0 m o o 
o o o mi o 
o o o o m 

ri . . 
aDd R 't!lds a blocld.ng diagonal rig:ldi ties matrix of the 

chape . vs ~~+~1 .v=E W, L o o 0 
" ' ~ . {5· ~"'& L . . .a I J 

- n Kt 
v'2. ' 
0 0 0 

0 0 0 

0 0 
0 0 

. . 
!hus, on the basis of a quite determined procedure, we have 

: . 
come to a blosking diagonal Shape of matrices. One makes this 

not on . the basis of a method of attempts, but according to quite 

defill1te algori~ in the method given, if the initial syste 

is QIIIR8trlcal. The differential equations system in terms 

d the new variabl~s has the form: 
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m ~·}I+ ( f3 ~ .... k2) h~~ + i. {:f ?-;12 h,:i" 0} 
' 3 11 ' • • ./3 I j . 

mihi2.+ 2 K~h,2.-LV2 K2.hu=-D 

m fi~J ~ (V3 ~,-+ ~~) h Ll,- i. Vf ~,_ h2.2. = 0 } 

m, h .2t .. ; W2. h22-+ L If ~2 he.,= 0 

. m f;JJ -+ ( {3 ~ • .,. ~1) h 111 = 0 
'fhus, ~ne can see clear~ that the matter comes, in-

stead of solving · the problem. ~ of diuDSionali t;r 5 % 5, to a 

twofoid solution of the same probl.- of diaensionalit;r 2 z 2 

and to a separate solution of an equation of cliaensionali t;r 

1 X 1e 

'le take an interest in the coapl~ qsteu control~:··pme­

blem., and the aethod just exposed gins a possibili't7 to .in- · 

vestigate a co~trolled member taku separate~, having ·a STA­

metrical structure, if the control Q"Stea is aa,waetrical. 

Therefore, in these c~es, the stabili"t7, tnvariance, opti-

. aali ty problems and others ~e independent ones, . each of 

which is solved on the basis of using the controlled MJiber 

symmetry properties. ThU8, .the stability problem. may b~ sol­

ved by means of an application of a decomposition method,ac­

cording to which all the system is disintegrated into subsys­

tems. ·The ·controlled member described by a syaetrical 11atr:Lx 

enters the first of these subsystems, and the co~trol system. 

enters the second subsystem. .A.t first one investigates a 

stability of e!ch of the subsystems.· Jloreover, it is known 

that one uses, while studying the statili ty of a controlled 

member taken separately, their · ~try properties. Then; 

determinillg the subsystem sta:bill ty and on the basis, for ex-

. ample, of the known Baley's theorem, the as,.mptotic stability 
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conditions can- be determined f or, the system. as a whole. The 

optimal eontrol problems are par~ulary i nteresting-for con-
' 
trolled members of this type t when a common use of the decom-

position method and of the groups representation theory ideas 

enables us to solve highly dif ficult multidimensional problems 

of optimal control . The factual dem~stration of a similar type 

of possibilities r equtres a separate report~ 

§4. op uni versalit;r of electronic died tal 

computers and on a complex szst ems 

control processes simulation 

The principal particularit,. of the complex systems the­

or,r, as of the Cybernetics in general, becomes apparent in the 
.. 

fact that it must give possibilities to study objects of any 

nature ( technical., economical, biological, social. etc. ) at 

a corresponding abstract leTel. Therefore it is necessar.r to · 

take care not so much of ·a creation of " · A general systems · 

theory-", from which particular theories as special cases should 

result ( the linear ~c systems theory, the information 

theocy, the ~kovian processes theory and so on ) , which [24] 

call. for at times, as of ·a creation of~ branches of a the­

or,r for differe~t levels of a systems abstract description~ 

A consideration of ~e problem at a singular abstraction le­

vel enables us to receive answers only for a certain group of 
• questions, and in order to ·receive answers for other questions 

it is necessary to make an investigation at an abstract des­

cription level of other systems. To reach ·a :.m.ax:lmally possib­

le completeness of an iniormation it is necessary to study the 

s ame. system at all abstraction levels suitable for the case 
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gi '\ .. en. A path o:t mathematical simulation is the most expedient 

for t his purpose, and it is practically acce~.ssible. Although 

one usually looks at an electronic digital computer as a higlj.­

speed computer, but · it is in reality a universal device, which , 

besides a rapid computation, can make the processing of alpha­

betical or other symbols, transform en information into a form 

that we need, draw "conclusions", "deductions" and so on. All 

this enables us t o study by means of an electronic digi. tal com­

puter not only~intormational processes in a complex systems 
. 

control, but logical, d;ynam:ical and heuristic treatment. Now-

adays special abstract languages are created (SIMSCBIP.r,SIMPAC. 

and others, [ 25] ) permitting to economi-ze the time and efforts 

due to a programm.i.Iig and a process i tsel:t of simulation. There­

fore j ust this path of using the !!leetronic di.gi tal computer 

f or a simulation is.now principal .nile developing really com­

plex control s.rstems. One often undertakes even the creation o4 

special scie.ntUic centers intende~ exceptionally for' the si­

mulation purposes of a complex control sy-stem developed.. As an 

example, one may mention a scientific center, created especi­

ally for developing en autoll8.tie system, co~trolling air traf;,. 

fie over ·the Western Europe. territor.r [26] · . Tp characterize a 

real complexity of control sy.stems ~f this type one may give 

data about programs needed for ·a control by means of electronic 

digital computer and other teChnical means .< radars, communi­

cation equip~ent etc. ) of aircraft flows ( with total number 

300 - 600 ) over a territory of about 2000 km [27] • One needs 

ef~orts of 250 programmists during two years only for a. develop­

ment of suCh p~ograms, and the total quantit.y of commands rea­

ches 2.5 millions. In spite of the fact that ~he cost o~ scien­

tific simulation centers of this type is. sufficiently high, the 
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economical expedieney of the1r creation is doubtless while 

developing reallT complex control s,ystems, and one follows 

this path in ~ eases both while solving technical, eco­

nomical or defensive problems and ~ulfil+ing of great soci-

al investigations. Therefore the problea of developing a ge­

neral theor7 ,of algorithms transf.ormation ( aead. V .11. Glush­

kov [ 28 J ) ~ of a _complex s,ystems. the or,- in general be-

comes ( some · aspects of whieh were considered above) 110st sig­

nificlt, because so powerful means of mathematical modelling 

can be used eoaplete.Q' onJ.7 in a ease ·of i ~s presence. Of 

course, onlJ some coiaplex· systems theory general questions are 

mal-ked in this brief surve,-, and 1 ts numerous important aspects, 

whiCh are ·~La complex systems reliability problematics [29-
30] and their etf'icianey [3~, 32] etc. 
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CONSTRUCTION OF _CHECKING AND DI.h2: 10STIC PROCEDURES FOR 
GENERAL-PURPOSE UN IF OR¥ .ARRA.iS 

I.V.Pranghishvily 
V .V ~Ignatushchenko 

Institute of Automat i ce and Telemechenica 

• oscow, U.s.s.R. 

Int!-oduction 

Uniform e.r.reys represent a new class · of networks con­
s i sting of regular ly interconnected identical cells capable 

t o be preprogrammed t o perform the · desireQ functions. In­

vestigations carried out in the Inetitute of Automatics a:nd 
Telemechenics, and also in some other organizations in the 
u .s.s.R. and abroad showed that uniform programmable gener­
al-purpose arrays ere among the most e:ff'.eetive md promis­

ing vehicles :for implementation Of di-gital computers and 
I . . 

control systems based on integrated ci.t"cuits, . &speci;ally 

LSI-based. Both uniform programmable microelectronic ar­
rays .and functions realized by them are advantageous in 

that they give ge neral-purpose, flexible, econom.ie, reli­

able a:o,d "hardy", easy-and-cheap-to-fabricate_, bigh-cape­

city devi~es of a high standardization level. 

We are goi~ to show in this paper that :t"E:gu.lsrity of 

uniform arrays leads to considerabl.e simplification in the 
construction of checking and diagnostic proceduxes, aDd to 

drastic reduction in the time necesss"l':7 .for checking a!Xi 

diagnosis: of arrays·, irrespective of the function specified. 

· It is assumed here that any sequential function re­

alized by a uniform array: is in order if all functional 
el.ements (cells) of the ·array used to perform it _are in 

order. Then · for any function realised by a uniform array, 

checking and failure diagnosis are reduced to testing of 

the array cells. Since ell cells of a uniform array are 

identical and· have identical interco~ections, the tests 

that make the checkirig and diagnostic · :procedure for a uni­

form array as a whoLe, are sets of tests forming the 
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procedure f o_r one array cell .. 
Here we discuss those arrays described in Re£.1 ) 

whose functional element is a finite automaton with ~ 
inputs, q output a, and memory that serves only to set 

ilp the cell. p of i: inputs correspond to the inter­
connections, i.e. they are identified with the outputs of 

otQer elements ~- the array. We shall call them f'-lrther 
"p-inputs" • Tbe remaining k-p inputs are used for con­
trol, and settiDS up signals are fed along them from out­

--aide into the element. 
Given a (k, q)~terminal network (func.tional element of 

the array), one can construct for each of its outputs a 

minillal (elementary) Checking procedure n mill by the use 
of t he technique of Refs. ~3i • Let the minimal procedure 

flmin for oa output inclu.de Jl tests: 

fl m i11 = t t •. t 2 •• • t i •.• t n · ( 1 ) 

In general, a ~orm array has external connections 

thrGqgh peripheral cells, and through control inputs. For 
iD.stance, J'ig.l show~ that a unitorm array mt x m1 whose 
cells have· four inputs and four outputs . (i.e. a signal may 

be transmitted tbro ugh a· ce 11 in four dir ec ~ions), has 
2m1 +2a2 external P:-inputs and the same number of extern­
al outputs. 

Since each p-input and . output of an array functional 
element is identified with a certain direction of s ignal 

t ransmission,· it is convenient to regard an unifoi':n. array 
functional element as a set· of .p•q identical eleme ntary 

transmitting channels that interact inside it . Consequent­
ly the functional element of the array sho~n in Fig.l i s 

\ . 
regarded as a set of four elementary channels. 

:From this poi.J;lt of view, elementary procedure fl min · 

serves to test one of all ch.annels with due regard t o oth­

er channels. It is e.ssumed here that the output of a 

cell elementary channel Hl is the input of a similar 

channe 1 Ff- of a neighbouring ce 11. 
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Let us give definitions for tests that ere fed into 

adjacent cells a and b connected by tbe 1-th cb~el. 
Let cells a have at its ~puts eigDala 

( 6~ · ,., fti ,, 61' J 6/'"+f ... G; )a that ~orrespond to the 
test 'ti from n ain. where assuae• the vel uea 0 or . 

1 ~: , bi is the signal at the i-th p-input (i.e. the s~..., 
. N G 

nal et tq.e input of i .... tb elementary channel). 6 p.+i is 
the signal at the {p+i)-th co.n:trol (set-up) input. If 

cell a is in o1'der, the signals (6o"-t'f ... brxt.ti •••bout p)• 
will appear at its outputs •. If' the 1-th c~annel at cell 
a is ?ut o-r order, ~r tbe cell a as a wbole is out of 
order, the signal 6otdi will appear at · :the i-th out­
put. 

We shall call the test ( ,~ ... ~l··· ~;+., ... ~:· )b fad 
into the cell b. compatible in the 1-th direction (chan-

) ( ~ ~ .,., N ~" ·)a · .__ nel with the test er t:~.,u. ",'., fo/'H ••• OK . . f~ into cell 
a, if value._of 60~t i · at the i-tb output of a good eel~. : 

a coincides with signal value at the i.Dput of the • i-th 

channel cell b in the test ( 6., •.• ~l ••• b/'~f .•• G: )b 

i.e. 6~i = bf . It is obvious that if ~%t l ~ ~1 ,the 
test ( b., .•. bi .... ~~~ ... 6; )b may not: be fed into 
the cell b at all., 

L•t for instsnce the test ( ,., ·-~~ ~ )a • 001 be fed 
into the cell · a of the bidirectiollel UDifors array shom 

in Fig.2, and let .the signal 6!.t • 0 appear at the hori­
zontal output of :the good cell a. Then the cell b ' may 

be fed only with such test which ~s eanpatible with 

( b 1 6~ 63 ) a, i.e • has at t he horizontal iDput the sig:­

nal value ~ f •O.If tests ti and t are compatible wi~h 
each other, we shall call these two tests intercompatible. 

Fig.2 shows a special case where compatible testa 

for cells · .a and c · that are neighbours along vertical 
line coincide ( ( 61 6'< 6 3 ) 0 

•. ( ~.., ~~ ~3 )c ~ 001). 
we shall call such tests 'self-compatible. .~ - ~ 

We shall call the compatible test (~.,,., ~t· ••• 6':.;..; ···· 8 . , r·· 
... 6% ) , fed into the cell b, conjugate in the 1-th 

direction (channel) with the test ( 6.,., 6l··· 6j/:.1~ •• 61(11 
)a.. 

• 
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fed i.D.to the cel l a, if change of s i snal value from 
6::.ti to ?:Uti at the i.-th output of the faul'tJ "·: · cell 
a makes ' the cell b t o change i t s i-th output from 

i t• . ;;-8 
6r;td l o botdt:. 

It each cell, f ollowi ng the cell a in the i-tb 
direc~ion i s fed wit h a tes t t hat is con j ugat e with .the 
te s t f ed into t he preceding cell i t becomes possi ble to 

"- -Q.. 

o'Qtain at array external out p ut signals b cu.t j,. oe bottf i 
corresponding t o t he good and faulty states of the ce ll 

a • l 
The sets of t ests [ (6., ... 6:.} Q,J { 6., ... 6'!)J ... 

• . • ( ,., ... ~!) t.] where .each t est is conjugate in 

. i-th direction with t he preceding one, and t h e 1 est · with 

the first, will be c~lled t he ' test period ( r ). 
I n a special case conjugate t e s ts may coinc ide. 

Such tests will be called self-conjugat e , _their pe r i od con ... 

tains one test, (r::l ).- · 
It a period contains two ·tests (r:2) , these test s 

will be called inter-conjugate. 
The functional element of a uniform structure may be 

set up so ·that the same s ignal 6 et(£(, appears at sever­
al outputs corresponding to diff erent channels (ra ther 
than at one output), i.e. the output signal c£ the cell 

is reproduced, and 6_ 0 ,.t t = fto~ti j ·. · 
Let a cell a, which ·is set up so that 6:';..-t i = 6!t,/ 

be fed· with test ti from flmin. If its ne igbbour in the 
j-th direction (a cell c) isf'ed with such test i, tha t 
change ar the cell c : j..:.th input signal from 

6~i - ·6:Cti =6J to ~~l =~:cti"=?fr ,results 
in ctange of the cell c output signal ~elue from 

6~/ to ?:Uti • we shall call the test t conju­
gate with the test. ti in intersecting directions (i · 
and j). 

The problem of .checking .uniform array ce(lf (detec­
tion of the fact of existence of faulty cells x) may 

(x) It is implied here and henceforth that there is one 
/ or more non-compensating faults. 
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be formulated t hen in terms of checking array channe ls with 

testa f r om 17 min . In s o doing one should f eed con jugate 

test s into the cells sit uat ed in between checke d ones and 

external output s. The mos t convenient tests are tbos~ that 
malre cel l s to perform connecting fu.nct i ona. 

The problem of diagnos i s cons i s t s in f inding two co-
ordinat es of a faulty cell and is reduced t hen t ~ the check­
ing of the cell in t wo int ersecting directions ( channels ). 

The l es s is the number .of tes ts in a period, the less 
is the t~me (number of · cl:>ck cyc l es) ne cessary to check ar­
ray cells aloDg the given direc t ion. Indeed , if a test i s 
self-conjugate , i t can sim.u.ltaneoualy (duri.Ilg one clock 

cycle ) check all cells along an i~th direction (from first 
to t he _ last that has external i-output). Yor instance, 1-

ehannel ·s of al l first r ow cells in the arra7 shown in 

Fig.l, may be checked during one ClQCk cyc le. lf, in ad­
dition, ~he - given test is self-compatible 1a otber channels 

al l i-th charmels of all array cells may _be checked simul-
tane ous l y during one clock cycle. . 

If tpe given .test ti froa n miD is intercon:jugate 
(in an 1-th channel) with a tes~ -i: from n ain, - tben the 
test t i c an during one cycle check balf of the Cells (to 

- t h e accuracy of the greate r int eger? ~d tbe test t checks 
t he res~ of t hem. At the neXt cycle the tests . mw t be in­

t er changed. In the case of e test _t (interconj-ugate with 

t he given one ) not being included in the minimal proc~ure 
flmin , t he given test ti ·needs two clo~ cycles to 

check the i - th channels. 

Thus the time for checking. array cells with the mini­
ma l procedure n min 'depends on the number of tests in 

periods const r ucted for e a.ch t est in .fl min. 

For each test . t i f rom · fl min the conjugat ed in 

an i-th channe l test s are found as follows: 
a ) The val ues of ( ,;., .,. 6 ,· ... 6' f_ )•ii are subst 1-

tuted i nto the ,ruth table or algebraic express ion of the 

· function Fi (~ .. e. output function of the i-th channel of 

the c e ll ), and Gou.t i • Pi is found •. If ~o~i • 6,· ' 
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the given test is selfcompatibl e; 
· b) if the test ti is selfcompatible, it is e.xem i ned · 

for beinf; selfconj ugate, to this end the values of 
- N . . 

c'-~ .. . ' " ... b,:. ) are sabstit~d into the truth table or 
al gebraic ·expression of Ji . If 6 Cl4.t i , is the res u'l t, t he 
given text i s sel f-conjugate ; 

c) U t he give n test is not sel:f.c onj ugat e (in an i-th 
channel), one should pick out from t he truth t able those 
combinations at input signals ( ~1 ... ~l u . ~:_ )

1= t' , 
which hav~- 6!· = 6ot.d i ; t hese combinations correspond to 
tests that are compatible with the gi ven ·t est ti. 

d) from the testa . of i' type those tests t"' are chos-

en~ mich have 6~i = ';, • Then the given test t i will 
have intercompatible . tests of !" type. 

e) the tests interconjugate with the given one (!i), 

ere picked out from . testa of ~" type. !'or this purpose the 
. - t - k 

values of ( 6.,,., ~i ... bK ) .. , and ( f5t.,• bi ,., ~t:. ) 
are substituted {si.lllilar to the point b) J into the truth 
table or algebraic expression o.f Pi. This c o rresponis 

-" - . '7 -u to ~i =6 (}Ut (;. 8Ild 'Ot.' = 6 tJ~ttt l • If in doing so _the vs-
·. . -u 

lue of Vi c.hangea to the inverse one · (i.e. there are Gcut l 
and 6~u.i l , respectively), the correspon:iing test is inter­

conjugate with ti. 
f) if no one test is found that is interconj ugate 

. . . t . 
with the given one, then from the tests of t , type com-

patible with ii, the tests of t"' type having 6::!ti # ff; are 
chosen. Now the tests of t"" type are. looked for, which 

are conjugate with the test of t'" ty~ end have 

~ !:'~t i ·=~ i If they are not found, search goes on am­
ong tests of ~"" type until a test is found that is con­

jugate with the previous one and ha3 6'~t,· =~(, ,i.e. 
until a period of 7onjugated tests is fowxi. · !'or uniform 
array cells known to authors, the test period does not 

exce~d three tests. 
In order the given checking test ti . to be also diag­

nostic one, it is necessary to. find out a test ~,which 

is conjugate with the given one in a direction intersect-
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ing the i-th direction. s 'imul taneously with feedi.Dg the 

gi ven test ti into cells connected by the i-th chennel,tbe 
neighbouring cells are fed with the conjugate test t • If 

it is necessary to diagnose e .g .cells sit\18.ted in. the 1st 
row of the array shown in l'ig.l, the checking testa froa 
n min ~refed into the cells 0~ the 1 row prov.i_dmg tor 
transmission of "in order/out of · oroer" signal · t~ the ex­

ternal output of the channell • . At the same tiile the cella 
of all other rows ~e fed with test.s that are conjugate with 
the given one in the 2nd channel. This provides for tbe 
transmission of "out of order" signals from faulty cells 

of the 1 row to vertic·at outputs of the lo•r rOw cells. 
It is clear nove that those checking and d i8gnostic 

tests are most effective that are selfconjugate in two in­

tersecting channels (directions). One such tes~ enables 
all appropriate channels of srrq cells ·to be ex•ined si­
multaneously (during one clock cycle)• It serves not only 
to detect the presence of a f~ilure in tbe array, but to 

find out coordinates of faW. ty cells too. .· 
The above discussion leads to the fo~lowing algorytba 

for construction of uniform array checking and diagnostc 

procedures (Method 1): 
1. By the use of t ·be ·technique of Refs.2,~, a ae_t ~ 

JP.inimal che·cking procedures for the channels of an array 

functional element is fow:d. :Por each test froa the mini­
mal procedure, the minimal conjugate test. period (including 

the given test) is:- found. 
2. Of all minimal· checking procedures for the array 

c~ll that one is chosen which contains aore selfconjugate 
(in two intersecting directions, or channels) tests. All 
array cells are checked and dia~osed simultaneously {dur­
ing one clock cycle) with each of such testa. 

3. For each test ~i w~ich bel~ngs to the elementar.r 
procedure (found iri accordance with the point 2.) and is 

selfconjugate only in the i-th channel, a test t is 

found which is conjugate with the given one in a direction 

which intersects the direction i. A group of cells whose 
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:r-tn eh~nne1-s are set u.p so tb.at Gout,· =~ cut j is isola-· 

ted • . For example, the array shown in Fig.l has cells of 
one row (coD.D.ected with chaDD.els l) isolated and set up 

to perform 6oUt 1 =6~fz. • The isolated group of cells 

is fed with the test t1 (se lfconj ugate in the i th channe 1), 

and the rest af the array is fed with the tests t . If 
the isolated group has some faulty ~ells 1 the "out of ord­

er" signals will appear at the exter .nal output of the i-th 

chaJlilel and at the corresponding external outputs of the 

j-tb chaD.D.els. 
4. Checking and diagnosing of the isolated group of 

the i-th channels with the rest of tests (included in the 

procedure found in accordance with point 2) is performed " 

simil.ar tO"' point 3 • 
Points 3 and 4 are perfo~med separately for each 

grou.p of cells having connected i-channels. In Fig.l,for 

instance, ~.ach row of cells is examined. 

The rest of channels is examined .-in a similar manner. 

The total number of uniform array checking and d iag­

nostic procedures (Mc.d. by Method 1) and the tinie necessary 

for them (number of clock cycles (N)) is related to the num­

ber of array functional elemats (elementary channels) as 
follows: 

(11c.t~. =N )~ e· ft J +(e'+e''+e"! t:){rll,+lt/z -~- ~~~ ~m; J c~) 
where: ( is the numb.er of tests in the minimal procedure 

mi.ri that are selfconjugate in two crossing 

directions.; 

[l} is the number 9f p~irs of intersecting channels 
(directions) rounded off to the greater integ­

er (e.g. for the Fig.l array, wherep=4;{-f=.z}); 
t1 is the nUlllbar of tests from n min th at are 

selfconjugate (r=l) only in i-th channel (direc­
tion); 

£U is the number of tests from n min t~at are 
interconjugate (rm2) in. i-th channel; 
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£14 ' is the . number of tests f-rom n min that are . 

conjugate in i-th channel and have period 

r'2; 
mf, mz. .. ,!r/i ••• /flp is the number of groups of conne~+:ed ele­

mentary channels of lst, 2nd, i-th, ••• p-th dir­

ections ( .e .g the array of Fig.l has H/f .· groups 
(rows) of connected channels of direction 1, mz 
groups (columns) of connected channels of direc­
tion 2). 

Unit'ox·m array testing time may be made independent of 

the number of array elements. For this purpose , it is 
necessary to check all groups (rows, col~) of cells or 

a certain part of them with conjugate (in i-th channel) 

tests rather than one group. If some of the i-th ·. channels 
have at their external outputs "out of order" signals, the 
cells are diagnosed by Method I to find second coord inates 

of faulty cells. In accordance with this, the following 

method for checking and diagnosis of uniform array (fleth-

· od II) is proposed• 
1. The point 1 of ' llethod 1 is to be perfonaed. 

2. An elementary procedure is . chosen which ·belongs - to 

the set of array cell minimal procedures and has the great­
est number of pairs of intercompatible (in j-th channel) 

tests selfconjugate in i-th channel. If there are several 

such procedures, that one is chosen which h~s the greatest 

number of selfconjug_ate (in two intersecting directions) 

tests. 
3· The i-th channels of all unifqrm .array cells. are 

checlred with each pair of the above mentioned (point 2) 

tests during t-wo cycles. A.'l.l other channels of array cells 

in this ~ase, a.re fed with set-up signals proyiding for 

compatibility of their inputs end outputs. All chennels 

are checked in a similar manner. 

4. During ff J cycles all channels of all cells 

are checked with selfconjUgate (in two intersecting dil:'­

ections) tests. 
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5. ;All i-th channels of ell array cells are checked 

then with the rest of tests during r cycles .Thereupon 

the rest of channels is checked. 
'!he number of checking procedures · ()(~- ) end checking 

tJ..e (nuaber of cycles (NJ ) for uni.form array ( irrespec­

tive at nuaber of cells) ere defined ·in JlethOd II as fol-

lowa: 

(H~=N')~ t{-f-}+ ( ('#-(u+tm· t + t')·l' 
wbere .r' is the total number _of auxiliary tests t

8
ux 

that are fed into tbe elements situated in between m-

(3) 

-and (a+r)-tb groups of the i-th channels checked with the 

gi~ test - ~i. If, at the same time, ~l is selfcompat­
ible .in any other (j-th)chaimel, b ·ut the i-th one, or is 

intercompatible in the sence of point 2, tests ~aux are 
looked for that are not included in n min, but are com­
patible with 61 in j-tb channel. Thus, tests taux serve 
to• separate cells, if ti may not be fed into neighbouring 

groaps of elements whose i-th channels are not connected 

together. Only· one coordinate of e(tch faulty cell is 

:found during ·H' clock cycles. In order to find out the 

second coordinates of m-th group faulty cells, a ; .. · check­
ing &:nd diagnostic l>rocedure is used that corresponds to 
checking. (with the s ·ame test ti) i-th channels of m-th 

group by Jlethod I. Thus the total ·. number of uniform ar­

r&7 checking and diagnostic procedures (M'c.cf.) by Method II 

is as follows: 

(4) 

Only Jith:+S procedures are needed to diagnoseS faults, 

si.Dce each fault n~eds only one procedure from M.e·o.d: .One 
additional . clock cycle is needed to find out. the second . 
coordinate of each faulty cell. Thus S faults are diag­
nosed in B'+S cycles. 
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Examples of Proceduree for Uniform Arrays .Majority Arry. 

The majority array of Ref4 capable of performing an 

arbitrary switching function con,sist s of three-input cells. 

(Fig .3). Only cell.s aloJJg edges have their horizontal aid 

vertical inputs and outputs led outside. The central (con­

trol) inputs to all array cells are external. Each ce 11 

has one bif'urcati.Dg output, i.e. 6o•t' =~out/· 
By the use of the tech:idque of Refs~' · a set of mini­

mal procedures is found for checking the cell perforaing 

the function -·AB"'AC+BC (:Fig.4): 

n min ( ~t=ll) 'J.=8)~3=C )• .. (010,101,011,001) V 

(010,001,011,110) V 
V (101,001,100,110) V (010,100,011,110) V 

V (010,101,100,110) V .(OOl,Oll,lOl,lql) (5) 

According to the points 1 aDi 2 of Method I, the min­

imal proced~e 

f1 min (ABC) • 010,101, 011, 001 (6) 

is pi-cked out, because it haa two tests ·Selfconjugate in 

two channels (010,101)• Iuleed, for A.•O,B•l and C•O we 

get ~o«f •f 1110,i.e. 6~=63=~qttf , and t .he test 010 

is selfcompatible in the channels A and C. Since altera­
tion of signal value at the input of J, or 0 results in 

f=1.= 6ou.f , the test 010 is also selfconjugate in tbe se 

channels. 

The 4x4 majority array (:Fig.5.a) is checked and diag­

nosed with the test 010 in one cycle T1 • To do this the 

external inputs of extreme array cells J -~d c are fed 

with zero signals, and tbe central inputs of all cells are 

fed with l signal£ . If a:n.y cell is out of onter (e.g. in 

the 3rd row and 2nd column), itwill generate 1 instead of 
O, and all cells to the right and lower the faulty oDe 

will change their outputs from 0 to 1. Thus both eo­

ordinates of the fault"y element will be determined. In .a 

similar manner all cells will be diagnosed with the test 

101 during cycle T2 (Fig.5,Zi ). · 
The test 011, belonging to procedure (6) ., is self-
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conjuga1te in the horizontal cb.annel (C), becausef'=6oui= 

= 1=C at A•O, B-c•l, and f=gout=O) i! C changes .to o. 
According to point 3 of Method I, the test 011 is fed in­

to all elements of the first row (Fig.5, 6). All other 

cells are fed with the selfconjugate test 101 which is 

conjugate with 011 in the vertical channel. Thus, the 

t ·est 011 checks and diagnoses all cells of t he 1-st row 

during one cycle (T 3), all cells of the 2nd row during 
T

4
, 3rd T5 and 4th T6 . (Fig .5,z ) • If, for instance, cell 

(2,2) is faulty, it will generate 0 instead cl l at the 

output. This will result in generation of· 0 (instead o:f 1) 

at outputs of all cells to the right and below the faulty . 

one, snd both coordinates of the faulty .cell will be de­

tennined. 
The last test from (6) (001) is selfconjugate in the 

vertical channel (A). According to the · point 3 of Method 

I, it checks and diagnoses all cells of the 1-st column 

during one cycle (T7) (Fig.5,f)• All other cells are fed 

with selfconjugate test OlO ·which is conjugate with 001 in 

the har izon tal che nne l • The ce 11 s of 2nd, 3rd and 4th 

columns are checked end diagnosed during cycles T8, T9, 

and T-10, respectively. _Thus, all cells of the 4x4 major­

ity array are checked and diagnosed with . the tests cf pro­

cedure (6) during 10 cycles. 

Now let us construct a checking procedures Mt · for 

the same array by the use of Method II. According to 

point. 2 of Kethadii, the procedure 

fl min (,.ABC )•{010,001 ,011,110) 

from the set (5) of majori:.ty cell minimal procedures is 

chosen, since it contains two intercompatible (in the hor­

izontal channel) tests (001 and 110). Each of them is 

self conjUgate in the vertical channel. 

During the cycle T1 the test 001 checks all cells 

of odd columns (see hatched cells in Fig;6,a), anq t he 

test· 110 checks cells of even columns. In the cycle -T2 
the tests are interchanged , fFig.6,o ). 
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During cycl e T
3 

ell cells ar e checked with t est 010 
(Fig.5, a). Du.ring cycle T4 ce ~ l s of odd rows ere checked 
with s elfconjugate (in horizontal channel) t est 011 (F ig. 
6,6 ) . All cells of even rows are fed at the same time wit h 
the auxi l i ary test lOO which is intercompat i bl e wi t h 011, 

but is not included in (7). The cell s of even r ows are 
checked during cycle . T

5 
with Oll ' (Fig.6, z ) . If the cel l 

(2,2), for instance, is out ·of order, t he corresponding 
·signal {shown in brackets i n Fig.6,2) will appear at the 
output of the 2nd row w~en it is checked with the test Dll. 
In order to find out the second coordinate ef a faulty cell 
it is necessary to diagnose the array with a test , corres­
ponding tD checkibg cells ofthe 2-nd row . with the same 

tes t 011 by Method I (Pig .5 .. ~). Thus, the majority array 
is diagnos ed during 5 clock cycles, and the time'for diag­
nose by Method II is independent of array size. 

The Uniform Array Capable of Performing an .Arbitrary 

Sequential Yunct ion 

· Let us construct a checking procedure vt .. (Method II) 

for a four-directional array of arQitrary size (Fig.l). 
F i g .7 sho ws the functional diagram ·of one of four channels 
of the array cell, where A.B~C,D are external inputs 
s erving to control (set up) the memory cells (the flip­
fl ops TPS and TP1 ), X is working input (or p-input), F is 
t he channel output. TlE channel performs the logical func­
t ion 

F =%0 !:JTP5 + YTP1 (8) 

where ® is the "sum by moduls two" function. 
It is · ass umed in the procedure construction for (8), 

t~B t during all cycles 'T of ,channel F testing A( t)•O,i.e. 

the f lip-flop reset signals are absent. It is also assum­
ed tha t the · input s C and D get pul se. signals i.e .-,their 
duration is le ss t han T. · Th~signal at a flip- flep output 

shoul d be constant (eit ber -YTP=O > 0~ YrP=1. ) . Under these 
restrictions , and with signal durat ion at tbe _B,C, and D 

input s disregarded, one can determine YrPS" and YrP-t 
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as followa: . 

. 9m=BC) 9rP1=BD • (9) 

S~bstit ·~ting (9) into (8), one gets: 

F=[%~(8C)}+B1J <to> 
lfhe procedure 

fl ain (XBCD )•(1110, 0110, 1100, 0011, 0101) ( 11) 

is oDe of the eleaentar.7 procedures for circ~its imple­

aenting the function (10). To see this, look thro ugb. the 
Table 1, where the tests 1 and 2 are interconjugate, and 

the tests ~ ao:l 4 are conjugate. 

Table t 

No.ilo. X B c D ' 1 '1 1 1 0 0 

2 0 1 1 0 1 

3 1 l 0 0 1 

~ 0 0 1 1 0 

5 ' J 
0 1 0 1 1 

As lig.S shows, the arra3 f~ctional element is an 

aggr~gate of fwr similar channels (:Fl,r2 ,P~ , and 1'4 ). 
Thus, it is described by the system of fo~ equations. 

f., (iJJ')=[ Fi{t;j-f/ ~(l-f)j)·h {t;j+f}-F4{t't-t,J)}@ !JTPr~YrM 
X 

FZ(i,j)=A'@!/rPs + !frpz 
h (r-;J) =l~ !:Jrp' + !:ITP 3 

f-t (c;;) = ,t@ !ITP!i" + YrP4. 

(12J 

Test ~ is self-eonjugate in any pair of intersecting 

channels. The array testi~g consists in testing all ele­

mentary channels l' of all cells with the teats of Table 1, 

hand in. hand with testing conj~ction in X of (12). 

According t 'o points 3 and 6 of Method II, the FJ 

channels ·of all odd cella in e~ch row are fed with the 

first test - (1110), and even cells get the test 0110 

which is interconjugate with the first one (See Fig.9s,). 
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All other channels (F 2 ,F3,F4 ) of each cell ~et test 0111 · 

(compatible with 1110), or 111 (compatible with 0110) 

which correspond to channel blocking. If any of :r1 
channels is faulty, the "out of order" signal will emerge 

a t the horizontal output of corresponding row. 
It should be noted t hat during the cycle T1 . in tbe 

even cells of each row conjunction in X is t ested with 
t.he test (F1 F 2 F 3 F4 f • (O;.ll)x,i.e .. -with one of five 

tests serving to check the four-input "AND" gate: 

{0111, 1011, 1110, llll, llOl)x. ~t the expiration of 

eycle 'l\ (and e ach successive cycle') all cells are fed . 

with the signal A•l (at B•C•D•O) that r e sults in reset­
ting the . cell. flip-flops into initial state, i.e. YrP •o.· 

During cycle ·T2 the test 1 checks 'channels :r1 _ of 

even cells in each row and test 2 -- of odd o~es. Chan­

nels F2 , F
3

, and "1 4 are tested with tre same tests 1n a 

similar manner during cycles T 3 through T 8 • During the 

cycle T
9 

the channels F1 , and P2 a: all cells are checked 
with the selfconjugate (in a pair of intersecting chan­

nels) test 1100 (Fig.9;o ); the rest of the channels 

(lr
3

,F 4 ) is fed with the auxiliary ~est 1101. During . 

cycles T10, and T11 the channels :r1 and P 2 sre checked 

with the selfconjugate (in 'One channel) test 4 from Table 

1 (Fig.9.8). During cycles T12, T13 , T14 the other PEtir 

at channels or3 and J' 4 ) is c~ecked with same . tests 3 aui_· 

4. 
There is no one pe;riod of conj}lSated tests for the 

last test (0101) in Table 1, since input signals B•D•l 

block the channel, i.e. tbe outpu.·t of the cell becomes 

independent Q~ its input. Such being the case • a test is 

used which is conjugate (withou~ a period) and int~rcom­

patible with the given one in the i-th channel, and has 

conjugation period in the j-tb channe).. T,hus, the "out 

of order" s-ignal from the i-th cban,nel will ,appear at 

the external output of the j-th channel. When, during 
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the cycl~ !
15

, t est 0101 is fed •into chan.ne ls F 1 , of odd 

cells in odd rows (F ig.9,z. ) , the channe ls F 2 of even cells 

.:.n all rows are fed wit h tests 1110 and 0110 (1 - s t and 

2-nd in Table 1) which are i nterconjugate (in any channel, 

includ ing :r2 ) . Test 1110 is conjugate and intercompatible 

in t he · channel :B1 with the give n t es t 0101. The odd cel l s 

iil even r ows are fed with my tes t which is intercompat:..._ 

able with the test 011 0 in the channel. The "out of order " 

signal tor the c hannel ~l ( 0 instead at 1) will appeer at 

the external output of the _channel Y2 • · channels 1 1 ~Fit 

of all otp.er cells are checked in a simil ar ma:cne r with 

tes t 0101 du:ring cycles T16 through T30 • . 

The checking time may be reduced if the array chan­

nels are t e sted with tests l, 2, and 5, as shown in Fig .9
1
Z. 

During a single cycle the test 0101 is fed into the chan­

nels :r1 , of odd cells in odd roWJ , and the channels :r2 of 

e ven cel ls in aid and even rows are fed with interconju­

gate tests 1110 and 0110. Then the whole o:t the array, 

irrespective of its sise, may be tested duriilg 22 clock 

cycles. It is clear that at the same time all X-generat­

ing cell netwo.rkFI are tested. 
I t stands tu reason that the checking time N' does 

not chaDge :if inputs B,C , snd D1 through D4 of each cell 

are not external (as" it was supposed be:f ore)~ but a re . con­
nected 1D coordinate CGntrol buses as shown in Fig. lO for · 

one row. 

Summary 

The uniform array checking and fault diagnosis (and · 

consequently checking and d iagnosis of any f ini te automa­

· ton(sequentiel f~ction) realised by the array ) are dras ­

tical ly simplif ied as compared with checking of n on-uni­

form ·circuits, since they are reduced to checking and diag­

noaisat identical cells having regular interconnec tions. 

The number~ checking and diagnostic procedure s by the 

methods discussed above and time of array testing (number 
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of working cycles) are near4y· or c ompletely independent 

of the number of cells (array size), l :,e. of complexity 

of the function realised by the array. 
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INTRODUCTION 

A direct application o~ the conventional technique o~ 
tests construction1 by tables of faults ~unction leads to 
labor consuming cumbersome methods2 • However, when the .num­

ber and nature of faults that exist simultaneously and the 
action of contactl~s~lements is known to be unidirectional. 
more e.f'~ective modular :techniques e~ be used to synthetize 
unitary tests. 

We intend to discuss development ~d modification o~ 
te.sts ~or sequential units without memory elements suc,b as 
.flip-flops and :feedbaeks. These were chosen for analysis be­

. cause: 
a) a major portion of a control ~it circuits satisfy 

the requirements of such a model; 
b) the transitional n~ture o~ the model analysed · (from 

combinational units to units with memory elements) makes it' 
possible to resort to tests construction techniques used 
for combinational elements 3, 4 and alldw for specific fea­
tures o~ sequenti al units;, 

c.) if memory elements are included, the algorithm will 
have to be altered rather than invalidated. 

~he functioning of an element without fixation of the 
internal state can be described by the equation 

) (1) 
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where · W is a variable at th~ output of the el em.ent; 
tt..L, ... J U h1 ar·e the corresponding variables at the in­

puts o~ the . element; 

t' a delay between changes in u~,··'j u.,.. and W" • 
Any possible taul t will change the logic or time :r-es­

ponse o~ the element and can oniy be detected it . there ia 
D ~ 

such a set ot variables Ut, 
1 

••• , lt,., and such a time in-
stant t: 0 

for which the test function turns to unity 

where 0 ·is- a symbol of addition for DrGdulO ~2, 
\~.~ . 
~ ~s an element operation equation for a given 

fault. The tests of. separate elements are best deveioped 
experimentally by introducing faults into the elements and 
obtaining test tables. 

The element checked is assumed to be coma.ected to an 
output terminal cf the UJlit tbrough a group of elements 
whose operation is des~ribed as 

Then the fUnction of the test for detection of faults in 
this element for output ~ ean be represented as an inter­
~ection of two functions; 

(4) 

The function of-the test ·~ -~- '(;'"" from (2 ) defines the 
condi ti.ons f 'or detection of the fault when t he output of 
the faulty element is being checked. 

The function 'f ,.,./1 i _ 'C P.,etermines t he conditions 
' 0 . 

for transfer of the control point from the ou_....tput 'IV" of 
the element to the output :J which is linked to the 
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output ~ directl.r or through a .numbe-r o:f intermediate ele­
ments that are connected arbitrarily. This i s the function 
of the output )f s ensitivit y t o changes in the va.riableW 4 ~ 
Formally the sensitivity. function is detemined as 

1.0 ~ = r(r-.~ ...L-t' )'")~:- )'")1!-t) -c-za,.)J. - ~ ~w,-t-T<> . '"',,;;; ~ "t: t. ' ,;-(..o 

----- (5 ) 

@ F (r.J,f~ ~4., ... J w;~?:- ,..., ~",t -'l",.J-6-<.) 
where 

'w ;_*r = W ( UJ.o, ... J u: )io-£:' • 
B;y equation (5) one can find the · sensitivity functions. 

for elements of any .. type. E.g . for elements. OR (NOR), AND 

(NAND), the sensitivity function for the c.. input will be 
(tfor n input elements) 

o« NoR. -.. - . - -- -lf. ...:. tf'. ·-= '%.4 '~.2. .... 'l:L-L . ~~-t-1. • ••• ~, ' 
l I L . 

ANl> AlltN.b . 
CA _ ln · ,..,. . ~"···'X. •. -x • .._ .. ... x,. 
T. - T. -.:: Ai K t-4 '- ~ 

l .l . 

For a follower, . i:r1verter, the delay line lf' =: 1. 

(6) 

As follows from the formula a solution to the equation 
eaables to find such values of variables at other inputs of 
the element (circuit) at which the values of ~ depend 

unambiguously on the values of VV ; 

jj t 11:: . wt. -?:-~0 ---or tJ t; --=- W -6 ~"r _ r-- . 
1!1 

~e will say that there is a sensitive path between the 
terminals W and ~ if .. changes in the value of W 
leads necessarily to chan?es in the ~alue of ~ • Eq. (5) 

determines the .conditions for the existance of a sensitive 
path between W and jf • A solution to. Eq. ( 5) would yield 
these conditions, but this may appear too cumbersome when the 
size o~ the circuit increases. 

Therefore we undertook to analyze the relation between 
the structure of the device which implements equation (3) 
and properties of the sensitivity function. That analysis .has 
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shown that the sensitivity function of a sequence of ele -
ments connected in series i s the product of the sensitivity 
functions of all the elements in the sequence. Therefore, 
the conditions for existance of a Sensitive path through a 
sequence of elements c~nnected in series can be achieved by 
a consistent .imi:f'ication of conditions for exist~ce of se­
parat:e parts of the path whleh are associated with each el e­
ment of the ~.lccession .. 

If there are several paths for .a signal from the termi­
nal W to propagate t .o the terminal :f along, _the s·en- . 
sitivity -path chosen ma:Y prove impO:ssible .tp realize. There­
fore an essential part of construction of .a unitary test 
suggested here is an analysis of conditions for realizabi­
lity of the sensitive path chosen. 

11. A modular technique for d-evelopment of 
a unitary test in .case of sequential 
device with dela.y elements 

The algorithm suggested employs local .cbaracteris­
tics of separate elements making up a sequential unit: 
tests tables, o~erational equations, magnitudes of del~ , 
sensitivity functions , tables of linkfi toneighbouring ele~ _.., 

ments through .inputs ·and outputs. Its steps_are: 
. 1. Ranking cf the. eircu±t . 
2. Ma}{ingup a . primary ·tests table . 
3. :Finding the s~n:sitive · p;,_th. 
4 ~ Finding and analysis of parallel paths. 
5. "Widening" of the sen:si ti ve· path. 
6. Making input variable.s . consistent. 
7. Making the times when values of variables change 

consistent. 
8. i~inimization of t he test total duration. 
"Rach step will be discussed for the case of a unit whose 

block diagramme is shown in the Figure. The unit is made of 
conjuncti~:m ( 1\ i ) disjunction ( Vj ) , inverters 
( Jn ~ ) and delay, whose magnitude ( · 'L ) is taken 

arbitrarily and shown in relative units. 

1. The first part of the algorithm is to ·denote the 
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output component? by numbers in the increasing order of -­
the elements respop.se when input variables are fed s·i 
multaneously to terminals 1 , 2, ••• , n 

The next numbers h..,. .L , • • ., ; h + W\ , where W\ 

is the numbe·r of elements in the unit, will be assigned 
to the output of that element whose all inputs h.~ve already 
been numbered and for which the maximal delay of response 
is the lowest (e.g. tor terminal 9 ~?:i = 6 , for· termi­
nal · 10 Z' <i'- :: 9 )' C • ) • 

2. The second part of the algorithm is t o ~emorize 
the initial information on the device analysed in a form 
convenient for construction of a test by a digital computer. 
This information makes the primary tests table which con -
tains test tables of.all elements placed in accordance with 
their position in the circuit. The last column contains da­
ta on the type of the logival element and the magnitude of 
delay in the relative units ( l 0 ). The table is filled 
out .in the ,iricreasing ord.er · of numbers of the el ement ou:t­
:p_ut terminals. A portion of the table for the unit shown in 
Figure is represented in Table 1. The tests reveal all kinds 
of logical faults, i.e. physical faults due to which the 
outputs of the element look as though . one or several its 
input channels are constantly receiving either 0 or 1. 

TABLE 1 

~ 
.. : : . ·¥ . 

i . : : . . . ' 1: :4 :5:6~7 

. : . . . 
: : : 

. : . 
; ; 

: . . 
. : ! 

Type of J 
element 1 

2;3 :a~: 9:10;11: 

: . . .. : : : : : : : . . 
12:13:14: 15 

(r,) l : : 

1 0 - ' 1 
2 I 0 

3 0 0 0 
4 0 1 - 1 

5 1 0 1 lt 

6 ' 0 0 0 

7 0 1 1 

I 8 1 0 1 _, 

------------------------------------------------------~------~~~; 
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~or -: : : : : : : : : . . . . :Type :r- . . . . . 
1.2 3: 4:5 6 7: 8 9 10:11:12:13:14:15 I!l1i 

row '~ 
: : : : : :o:r ele-

' :ment : : : : : : : : : : . : : : Ct'i ) 

9 1 1 ' 1 
10 1 0 0 ~1(1) 
11 0 l . 0 , 

12 1 1 1 1 

13 1 1 0 0 .. 
14 1 0 1 0 ~11>2( 2) 

15 0 - 1 '1 0 
t 

'·' 

An .analysis o:f test tables for ele11ents AND (NAND), 

OR (NOR) o~ Table 1 sh~ws that -each test set can be writ-
ten as 

T. -::. .Q • · • cp, J 
J .y I. ' l ' 

where 1; is the value of the inpu:t Yi necessary to :rind 
. logical faults . of that input; ~- ~ - is ·the sensitivit7 

·' function of :the outpu;t: o:f th~ J elem~nt ·to ch~ges of 
the variable at the t. . input .• 

3. The third part of the algorithm enables contructi­
on of a possible sensitive paths- :for the_- .n~xt row of a 
primary table. This construction as well as results of aJ.i 
the . following steps will be shown in the secondaey· test 
table, whica apart from the ( n-+ m) columns denoted by the 
numbe~s o:f the circuit components include a eolumn .ot time 
units numbers which acts as a time scale of the test as 
well as a column of notes containing the numbers of rows 
from the primary table • 

. Let us. take :fran the primacy- -table the next row of 
the ~ element and rewrite it in the free row numbered Q; 
in the secondary table; the .value of the output f'romco­
liunn 'J' will be written 'T · rows below. To construct 

J ' ' 

a part of the sensitive path through an element whose in -
put is connected to the terminal !f ~ . ' -.: we will find in the 
primary table, a row which in the colum:n

0 
~; contains a 

-rzalue of ~ equal to the value of Y, ~ · in the row cho­
sen while the content of other columns coincides with the 

sensitivity function for the input ~ (._ • The content of 

i 

I 
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row chosen iE1 rewritten in the row numbered . (a~ -f 't' l. ) 

the secondar~- table while shifting the value of t he out­
put ~ j by ~ j rows downwards.. If J j i s not an out­
put terminal of the unit, then we proaed to construct 
the sensitive path by find:lng in the primary _table the 
sensitivity function of the element which follows ~j 

Table 2lshows how a version of the sensitive path is 

aonstruct~d for ~he second row of Table 1. 
TABLE 2 

-------------------··0----------,.---~ 

~ 
; ; ; ; ; ; ; ; ; ; ; 

Note 
; ; ; ; i;; ; ; ; ; ; ; ; 

~~--~--------------------------------------~--------
1 
2 

3 
4 

5 
6 · 

7 
8 

9 
10 
11 

12 

1 

2 

3 
4 

5 
6 

7 
8 

1

Io
9 

11 

t12 

1 

0. 0 

1 0 1 

·lx . 

.Q 
ox lx 

0 lx 
()x 1 -lx 

.Q 

Q 

2 

(a) 

6 

14 

2 
· (b) 

6 3 

10 

14 

I 
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' 4 .. Let us say t hat between terminals L and J of 

the c ircuit there are loo'Ps· (grcups of elements connected 
in parallel ) if one can construct two or ~ore paths along ' 
which the signal propagates f'rom ~ to j .md diffe­

ring by at l east one el ements .. Such terminals in tl7.~ cir -
cuit of Figure are 8 and 13 , 9 and 15. A linking e lement 

will be the one whose -output t erminal coincides with the 

final po int of' the1oop. For each branch of a loop one can 
determine: 

a) r;vllther t he numbe r o:f signal ~ l. inversions is even 
(the phase of signal propagation); 

b) total del~y time ·of' signal T'. , t;h~ index 1 r e l at-
- L 

ing to that brc.nch f'or which a sensitive p ath was construc-
ted during the third s t ep of the algorithm ~ 

If' _ C-r =- g.!- , the two branches of the loop will be 
termed sy:nphase, in t he opposite case, c·ounterph,ase. After 

a l .oop has .been f ound with a sensitive path passing through 

a branch, the difference err;-· '"G) o:f the summed signzil 
delays has to be c c1mputed for ·the branches,. If' the di.ff'eren...;. 

ce is zero, the phase relations of' the signals transmitted 

( ' 1 - t J. ) has to be fo.und. I:f the branches of the loop are 
in phas~ we h~ve to find the :function Cf1,~ of' the link 

element sensitiv·i-ty to a simultaneous synphase change o:f its 
t wo input variables . If 'f 1,2- -::f=-0 the sensitive path construc­
ted has to be adjusted. For linking elements of the t ypes 

A~~ (N"~~), OR (NOR) this reduces to the value the variab-
le ob.rained at the ou~put of the first branch being rewrit­
ten to the colUFurl which corresponds to the variable at the 
output of the second branch. -

If the branches are counterphase, or lf
1 

.1:: 0 , it 

is necessary to prevent the signal from tranJmission through 

the second branch. 'For this purpose each branch shouJ·d cob­

tain fi.i' a tion el er1ents or elements that make it possible to 

fix a t the output of the giuen branch those values which 
are determi ned by the sensitivity function of the linkint 

element. 
At {1"',1 - 'Tl.. { -:.::.:- J). T..,. 0 the branches can be assumed 

non-sbuntin~ and the third s tep of the algorithm hasto be 
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repeated for the sensitivity path, crossing the second 
branch o:f the loop. 

Table 2b- differes :from Table 2a in that. records have 
been added that describe the sensitivity path through ter­
minals a, 9, 11, 13 with time Tl ~ 9 _<. 'T1. = !1 . The re -
cords which describe the first and .the s~cond - sensitive 

path are ~derlinded once or twice, respectively. Besides, 
1 in the cell o:f the 11th column and lOth row is replaced 
lry 0 taken from the 8th row to simplify ' the stage of con­
sistency • (The numbers with asterisks will be explained 
below). 

5. Changes in the quanti ties '7: ;_ of delay elements 
caused 8y faults will make the correct value of the output 
variable appear _at the terminal checked at time "t which 
does not coincide with the desired time To . Wben the out­
put variable f (i:) values at time (tq-1 ) are fixed and 
that value is compared with the quantity f ( io) , we may 
check whether the m~i tudes·. <t' &,. are correct for the 
delay elements on the given sensitive . path. 

A test· which characterises the sensitive _path construc­
ted can be modified so that not only a qualitative reply 
(yes or no) to the question, whether the dela:;y elements are 
in order or not, can be obtained, but also we will be able 
to quantitatively estimate the total change of delays . To do 
this we will "expand" the sensitive path. 

Assume that the ~umber of time units d. is the maximal 
permissible deviation of the total delay. Then starting with 
th-e - row numbe;.d ( 0 · + Ti ) we will repeat the :Cecords 

' ( 

which correspond to sensitivity functions of separate el e-
menta d. times upwards and cL times downwards; in the 
lower rows the columns will ,have the values of :f;, 0 

and in 
~ 

the upper lines the values of Yi . The columns of input 
variables whiell · are' related to cL rows above the ot.' -th row 
will be left blank, while in the s ame columns of the l over 
rows we will write the values of variables f r om the 0; -th 
row. 

In Table 2b this construction was comp£ted for a sensi-
tivity path with a shorter delay time at o{ == .1. • (The 
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values added at t h is r£age are marked-with asterisks (*-) 

The values Gf vat-iables which expand. the · sensitive 
path .fi:x the time -to when the v8.lues of variables at ' the 
output o.f each · d.el.§,y . elements . change- (the boundaries bet-o - I () . . - . ·· ' ·.· ·. . . · 

ween !/;, and ~;, _ ) and maintain -- the constant 'values 
_of variables that describe the sensitive path during the. 
in·c~rval ( t 0 -d 1 -i 0 +d) . • As -a result _- ~hen _ t"i of one 

of delay elements on the sensitive path. changes by the 
magni ~de / '±. 8 'I:;, l -< cl . . the time · -t -_ -of the output 

value change .will be shifted with resn~ct · to- time t 0 to 
by the satne value ± 81:';., • A compa.rie;on' of the value 

' ) . 

t ( .£ 0 +d) With the value Whfch eorresp_onds to the ope­
rative unit gives aD. answer to the _ qu_estion: ''Do -the changes 
in the delay magnitude ex<eed the_ pexmissible limits ?" If 

the values. ·e6ineide, the· answer is no: otller wise, .yes, 
they do. 

- 6. · The -sensitfve· path ·which results from the previous 

parts of the algotithm depends on tlie .values of input vari­
able element-s which form ·th~ path·. Some ·of, these variables 

are ~outputs of . other elements. ~d thus cannot -be fed from 
outside. The sixth pa~ of- the algorithm is to make consi­
stent the values of input var1able unit whicb "are essential 
to feed the app~~riate values of variables to the input of 
elements .which forni the · sensi·ti ve path. Since :£or most lo­
gical elements there are -no unambigUous relations oetwe~n · 
input and output variables . the process .o:f speeificati~n 

can 1 ead to inconsistent result and· a tr~al of a cert'ain 
_nUmber of versions will b e . required ~til a satisfactory 

result is obrained. 
The values of all variabl·es that ar,:~ required :for a 

sensitive path are made consistent ; starting from the ele­
ment which corresponds to a filled colimn with the greatest 
number in the row with the greatest number of time units. 
After input variable s have .been made consistent for remai­
ning elements of the same row, in the decreasing order of 
their numbers, one can proc eed to the elements of the ne­
arest rO\\'" which describes the value of at least one variable 
with the number ( Yt ~ 1 ) , .. J h-+ .,., ) • Thus at the stage of 
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making vari.a.bles consistent t he secondary t abl e is looked' 
thro_ugh from the right to the left a,nd upwards until there 
are no values of variables with the n~nbers. n-+ L , • • • ·,n+WI, 
which are not determined by ·the values of variables wi th t he 
numbers 1, 2, • •• , n • 

To choose one possible version of maki ng the variables · 
consi stent one can resort to a rel atively simple technique 
a:t which the chosen ~nput variables coincide with the values 
of the same variables in the .near~st upper or lower rows o.f 
the secondary t able .. Table 3 represents the results pf making 
the variables consistent fo r the data of Table 2b whose 
numbers of r ows are given in t he first column in parenthe­
sis. 

'l'ABLE 3 

1~1 
~~------~----------------------------------------·-----------------

; ; 
2 3~ 4 6 5 

1 

l 1 0 

0 

0 

1 

1 

1 

' 2 

3 
4(1) 

5(2) 
6(3) 1 

7(4) 1 
8(5) 1 
9(6) 1 . 

.10{7) 
11(8) 

12(9) 
13(10~ 

14(l1 'I 

15(12' 

0 

0 

0 

0 

0 

l 

1 

1 

1 

1 

1 

0 

0 

0 

1 
0 

0 

0 

1 

1 

1 

0 

1 

0 

o , 
0 

1 

0 

0 

0 

7. Among the columns of the secondary table let us find 
those that contain 0 and 1 with a group of blanks between 
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them x/ ~d fill out the half of cells clos er to 0 with 
zeroes and the half closer to 1 with ones. To avoid contre.­
dietiol1:S s the blanks wi ll be :filled i n this order: 

a) t'ill out one of the interval s by the above rule; the 
next interval will be t he one which is. in the column with 
the greatest number; 

b) make the i nput VJiriables consistent.: 
8. The secondary table resulting from the making the 

values of input va1.•iables consistent and times when these 
are :fed contains a great number of blank cells • . Their cont­
en.t is of no importance for correct realization of the part · 
of the test whic!! i s related to the sensi ti~e IB th chosen • 
Therefore blank cells of a secondar;,y table can :fe :filled for 
various purposes in particular to minimize the total length 
of the test- whe.n separate parts of the test are linked. 
"Efficiency of various minimization techniques de.Pends on the 
s tructure of a unit whieh -:feeds the sets of a test. There­
fore we will not deal with ~inimization in this paper. 

T~e above algorithm for construction of unitary tests 
:for sequential digital devices yields tests which guarantee 
detection of :faults th~t cause changes in logical or tempo­
ral characteristics o:f one element of . the device at a time. 
An advantage of the algorithm is· that construction of the 
test does not require a faults :f'1mction table :for the entire 
device. This results i n -a comparative simplicity and ease 
with which the algorithm is .realized on computers. 
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x/ This may be the case for a sensitive pat h containing 
a loop with counterphase branches. 
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29.3 

~ :THEORY OF QUESTIONAlRES AND PROBLEMS OF 
TECHNOLOGICAL DIAGNOSTICS 

P.P.Parkhomenko 
I nstitute of Automat~on and Telemechan~cs 
(Engineering Cybernetics) 
Moscow 
USSR 

In science amd techDology there are problems whose so-
lution represents a complicated experiment in finite seta 

elements (events) recognition by dJ.viding the sets into 
classes. Examples o-f such pro~lems are: the construction of 
programs of eheok1Dg the plant in teChnological diagnostics, 
fnformation &DoodiDg in communication, relay devices struc­
ture synthesis, gu~ss~g a number, etc. It i.s characteris- · 
t~c _that iD such prOblems a complete experiment ensuring 
the d~"aired a'ccuracy of event recognition does not necessaz:i:. 
ly eXist and has to be arranged as ~regates and sequences 
of realization of given particular experiments. Besides, 
these problems, as a rule, have many solutions, among which 
one should choose a decision, _ optimal in some prescribed 
sense. 

~s paper considers the constructioD of optimal expe­
riments for a fiDite set of events in terms of the theory of 
questionnaires and the relations of this theory with dynamic 
prograDDDing and the branches and boundary method. The paper 
is based on Picard's 1 and Dubail's 2 studies of a particular 
kind of questionnaires (wi~h equal values of questions). 

1. Statement of the Problem 

There exists a finite set £ consisting of elements 
!f~ , i. • 1 ,2, .... , N;; l.et us call elements jj€ E events. A 

positive number w(y} called the absolute weight of the 
event y and characterizing the latter, is assigned to each 
event J E E • Dtrc \omposi tion ot the set E into /1. classes \ of 
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.E I', I~ I E;u/ < N, JU = ~,2., ... , }l :1.$ r ecorded. If the number 
of classes is equal to the number of events, '~ = N, and 
f E fA/ = 1 for all JU , then it is a problem of complete 

identification that we deal with, when a compl~te experiment 
must ensure the recognition of each single event ailJ:.:"\Ug all 
the others. When Jl. < N and J £ ;u I > 1 at least fo1• one 
jU , wa have a problem of incomplete indentification, which 
requires only to ·reoognize any pair of events, belonging to 
different classes £1~ • 

The set T; of decompositions tJ, j = 1, 2, ... J / T, / 
· of tha set E into· classes is also given. Let us call t 6 T1 

questions. The number a,( t}, 2 ~ aft) :::;; f! o:f the clas-
ses E J{t..J , I {i) = 1.1 I!, ... , lk(-t) in ~e decomposition t E T1 

is cal;Led the base of the que~tion .. Features by which 
classes of.events are distingu~ahed i n the decomposition 
t 6 T1 are called answers (or outcomes) to the_q~estion t. 

· The positive number c(t), called the value of the ques­
tion and characteriz~ng the cost of the realization of the 
corresponding decomposition, is assigned to each question 
t E T1 • ..,.. . 

Expand the given set I 1 ot th6 questions :t.n the fol-
lowing natural way. Form a system of sets, the elements e 
of which are the set E , the classes E J'(t) · as well .as 
non-empty. classes of all the possibl:e intersections of the 
decomposi tiobs t t Ti • An aggregate of decomposition 9:i 

of the sets c into the classes Cy(<t-;) = Errt.;J nE !(?:j)= 
1 ; 2, ••• , a. ('t.; ) , where a(fii) is the number of classes in 
the decomposition ~ corresponds to a question tt:i E T 
Apparently, a.(~j) !£; a.,(-t:.i) • As~ntme c (~;) =- c (ti) • 

The .decomposition ~~ we shall also call a question ~n the 
base a.. ( 1:j) and. w1 th the value C('l:;) • Form an expanded 
set T of questions of al.l 't" l:or which Q,('l:)? 1 • Since 
with c = E we have 1:1 = . t 1 , then 7; ~ T • 

The complex experiment in · identification of e~ents of 
the set £ by decomposing the latter into classes can be 
represented 1 by an oriented graph G ::::: (Q u£, r) of the type 
of a tree with the root Xo ;z). The inner vertices and the 

~) The finite graph (X, r) is called a tree with the 
root Xo E X , if 1) only one arc goes into each vertex 
F Xo ; 2) not a single arc goes into the vertex Xo ; 3) the 
graph (X, r) does not contain any loops. 
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root of the _graph form a set . Q ot questions; the arcs out­
go·iDg from the vertex .x E Q are called the outcomes of the 
question' ~ , w!Ule their number a..(x.) , 1 ~a.,( .X)~ N is 
called the base of the question .r ; the value c(x.) > 0 

is assigned to each question X • In the problems of the 
co~lete identification the events y€£ are compared with 
and the weights W{fl) are assigned to the finite vertices 
ot the graph C. · . ID cases of 1ncomplete:1dentification of 

the events of the set E the finite vertices of the graph 
C, are oompared nth v, 1 ~ v < N , of the subsets 

. E ~ ~ EJI4 , k • 1 ,2, ••• , v, when ._tZ Ex. = E , and the 
we:1ghts w ( f k) = 2... w (JI) are assigned. The graph G is 

!I ~E... ) 
called a questionnaire for £ ~ . 

Concerni.Dg the vertex ~ E Z = Q v E of the graph · G 
we shall d1st1Dgu1ah the set rz of its followers, the set 
f~\Z = TK u r (r~ ) u ... of its descendants the set r -~ 
of its forerunners and the set o.f its ancestors. 
Iustead of the absolute weights w {'I) of the events it is 
mr~ conven:l.ent to ·consider their relative weights P(V) = ~(Y} 
where w = .. z:. . w (!f) , further termed weights. The quantity 

aEE · 
p(x} = Y __ p (}I) is called the weight of the . 
$~ ~ 

question .x €- Q. The sum c(~1 :Z) = ~L--- C(X-) is 
JC £:- i£-t .E \3! 

call.ed ·the value of the path from x. to 3. E Z • The va-
1ue of the path from .x. to yE E characterizes the costs of 
:identification of the event y 

All the practically interesting characteristics of the 
expe~ments, described by questionnaires, can be tackled by 
these questionnaires. One of the general enough and at the 
same time practically useful features of a questionnaire is 3 

t he value of scanning determined by the expressions 

C(xo E) = ~- C.(x. ,yd :- P{!/iJ == L c{X;) ·p(x;) (1) , .,, z.,.. E-a 
corresponding to the mean weighed cos t s of identification 
of events i n the entire questionnaire. For the que·stionnaires 
with equal values of questions one may obtain 1 from (1) the 
l.ength of the scanning, corresponding, for examplet to the mea.:. 
lenght of a coding combination in Shannon-Fano codes or to 

~) Further, if the reverse is not specified, the ques­
t ionnaires for complete identification problem will be con­
s idered. 
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the average number of operations 1n sorting problems. It the 
'V·a.lue of a quest:1on i.s the cost (time) of real1r.at1on of a 
separate checking, and the weight of an event is the proba­
bility of the operable or inoperable ~tate ot tb.e_ plant then 
eq .. (1) gives l!B the mean cost (mea!l time) o:f determining 
the s tates in the conventional sequential checking program. 

With the same sets E and T , one can, ge~erally spe­
aking, construct various que.stionna1res for E , _ d~fering in 
agg:r~gate an.d in succession of question real1zat1:on and 

having different values of scanning. -The questio!!na:lre -for 
E with the minimum value o:f scanning Will be ·called opti­

mal. We shall discuss the features and the _ ~ethoda of . conat­
ruct1ng optimal questionnaires in this repo~. 

· 2. :O_pt!mal Questionnaires 

By transforming the given queation~a1re C for E. , inva­
riantly relative to the number qM ef ita -questions with 
the base a,, m € /'1 and the number CJe of its questions with 
the value et, t e L ( 11 1 L being some _ n1111erieal seta), .it 
has been revealed~that . an optimal quest1oDDa1re, allowing to 
identify N events . by means of ,~ 9-, . = ft~. fJ ~ . · questions, 
hartng. bases a,. and ·costs Ce 1& a tree with a root Xo , 

where N == L. o"' (a .. -I.) +1 and such that ita vertices, ar-
~~N 7 . . 

ranged in anon-decre~sing order relative to their ranks, 
have weights assigned to them in non-inoreasiilg order and the 
values of paths leading to them in a non-decreasing order, the 
questions being arranged in8 non-1ncreasing order relative to 
their costs; among all the vertices haviDg the same Tal.ue of 
the paths leading to them as the value of. the followers of 
the question on the base a... , there is not a single vertex, 
whose weight exceeds the sum of the weights of all the other 

a vertices with the same value of the paths . leading to 
them • 

.A.ssume that to oo~struct a questionnaire G for E 
there must be and there are C/,m questions with the base a.,.,, 

111 f: f1 , among which Cf e questions are of the val~e Ce , lE: 1.. • 

:I.'hen the following algorithm (let us' call it A1) of construc­
ting an optimal quest ionnaire results from the above defin~ 
t ion. 
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Make l:i~t 1 of weights p{lJc. ) , L = 1,2 , • •• ,N , ar­
ranged :Ln a non-daoreaaj.ng order, and list 2· of pairs ( a'i ,­

"J ) of 'questiou bases a.J , i . ·= 1 ,2, •• •; ""~ 9-m =/&.I, 
arranged in a non-deoreasiq order _ and of question values 

c 1 , j m 1 , 2,. • '• , e'{·r tte = I a I _arranged in a non-increa­
sillg order .. Elim1Date the first pair ( a.ci ,: Cj ) with the 
sllallest base from list 2 and refer 1t t o the question xi • 
El;l.llizaate a..j :ti:rst ( s-.llest) weights from list 1 and 
ass1gn them t e a,1 follnera of the question xi • Dete:r-
111De the weight p(x;) of the questt.on .:r.i and include it 
into list 1 , and p:reserTe the non-decre~ing order of weights 
there. Return te list 2 and take its first not-elimnated 
pair ( a.; , c1 ) , etc. llepaat the described operations u:otU 
the last -pair ( al«f , C. t4u ) with the largest base and le­
ast Talue of a · queatioa i.s elili:LD&ted; the last et- 1a. 1 weights 
wi.ll be elllliaa ted out of list 1. 

!he 4eacr1be4 procedure is simpla , ~st does not ra­
tu.ire arq aearch throt.JC)l all. Tersions," ensu~es that the va­
l ue of acauning of the quest~onnaire obtained will not exce­
ed the Talue ot aca:Qlli.ng of ail~ questionnaire fo r E. , con­
taird.Dg ~~tt queatioaa with the base a,'" and 'it questions 
of the T&lae c, 

J. questiouaire, 1B which each question from Q is a 
question troaa the. giTen set T o~ questions, · i.e. for each 
question X € Q a quastj.on t E r can be found, such that 

a..(%) =a,(f.} 1 C{X) = C (-f:) and f~ I)£ =. C /"{-1:] for each 
z E- rx ' or briet~, a questio:amaire in which ~ £ i 

·-will be called a realj.sable questj.onnaire. It is clear that 
the alg_orithll A1 does not al.W&7S lead to an optimal realiza;ble 
questioBDaire. ft.e coadition a £ r is always met for the 
probleaa, in which ~lie set T ~ntains all the possible de­
coaposi tions of the set E · ·· into a..(t) =a.. = const classes, the 
Talues of all deco•;positions being the same, c(t) = c = const. 
~he proble•s of encoding and sorting m·entioned above are 
exa.ples of such problems. It is not difficult to show that 
the algorithm of constructing optimal questionnaires with · 
equal values of questions 1 , representing a generalization 
of the well-known 4 algorithm of constructing redundants co­
des, follows from the algorithm of constructing optimal ques-
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tionna1.res with unequa.l bases and values of questions~ 
The .construction of optimal :realizable questionnaires · 

:with restictions exist1Dg for the given set T of questions 
is discussed be.low. We shall note her e :r that if from the 
given set of questions we choose · ~ 'f. m questions 

. 1ft E-rt 

with as large bases as possible and ~ ~e questions e. &L 
with as low values ~e as possible, then the v~lue of 
s canning of the optimal (not necessariJ-7 realizable.) 
quast:ionnairej constructed according to the algorithm 
described, · represents the lower boundary of the value of 
scanning the questionnaires for E • This lower bcu.ndaey 
is comparatively easy to calculate in the p~oc,ss of imple­
menting the algorithm A1 operation ·and is achieTable, when 
the condition Q ~ r is met for the constructed optimal 

· questionnaitre .. When the low~r bound.ar.Y is knon 1.t i s pos­
sible to estimate the quality of questionnaires ,obtained by 

"approximated" methods and to construct eptj.mal realisable 
quest~onnaires by the branches and boundaries method. 

3 .. Recurrent Calculation of the Value of Soatming 

Let us denote questionnaire vertices by the two indi­
ces - [ t, s 1 where i is the rank of a vertex and s 

·determines its location amoq other Tertices of the raDlt 2. 

Let <:! :- ( Z, r) be a questionnaire . fer E aDd i! ~. s - its 
vertex. The subquestionnaire with the root Zt, 1 of the 
questionna~re C 1s a graph, G. t,s = (Z-z,~ , G.,s) where 
Z 't, $ : f?. 't,S s;· z and the reflection r"l.,S iS determined 

in the following way: r'f,$~ . = r~ I) z t,s . • The subquest-
1onnaire Cr t,s is a questionnaire for - E.,,s = f ~ 't, s 1'1 E • 

If the vertex z w,t E lt,u then its weight 1n the ques­
tionnaire G is p (w,-t) while it·s re~tive 'weight in the 

G (i ..L) - p(w, t:J questionnaire 't, s is equal to ft.,s w, {; - "ji7ii;iT • Assume 
that besides the subquestionnaire G~ s , there is a ques-

, I 

tionnaire G 21 s for E t-,s. The operation of substituting 
subquestionnaires in the questionnaire G for E deter- · 
mines a new questionnaire , G u , for E , obtained from 
by replacing the subquestionnaire G t, s by the questionnai-

' . re C t,s with further re-calculation of the vertices weights 
of the l atter by multiplying them by p ('l., s) 
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By eq. (1) for the value o~ the scanning G z ,~ we 

have: 

Instead of ( 2) we mq wr1 te the following: 

c't,S = L_ [qzl,$ 1vJ-C(~r,s>1Pt} $ (K) + L- C{Z'I.,s)•Pt,s (~) (3) 
y, E E-.s 'I• E- et)s 

. 4.(:1t,s) . 

Bot1Dg that E ~t,s = U ~t .~ ; · 
tt= { ~-"6.~ 11 

Pt..s (V)== Pr,.1, 11 ry.) · P'l.,s ('l.fl, n} ; 

Y p{t+i, n) = P('l, s), 
~ 2t4n e ra Z,:S 

and taking into aocouut (2), we obtain the following from 
eq. (3): 

(4) 

·Therefore, the value of sc&nDing C t,s of the subques­
tionU411re G ~,s of the rank ~ is equal to the sum of its 
root• s 2 't,s value C(~ ~,s) and the sum of the values of the 
scanning c 'tlf," of the subquestionnaires a 't.-1-/,, of the 
rank t + 1, whose roots Zt+f,~ are the followers of the 

root z.. ~~ s • 

If i! t; s :::: y €- E then r~ 'l,S:::: ~and it follOWS from 
eq. (4) that 

c t, s. :::: c ( 2 t, $ ) = c. ( !/) = 0 (5) 

Formulae (5) and ( 4) allow to calculate recurrently the 
value of scanning every subquestionnaire G r.,J 'o:t the ques­
tionnaire G , including the value of the scanning C. it-

. self: 

C =- C(x., £} ~ C(Xo) + >C . p(i,n) ·Ct,n (6) 
z,,,. E-rx. 

Let us prove, following Ref. 2, the following statement: 
an optimal questionDaire consists of optimal subquestionnair.$. 

Let G be an optimal questiGnnaire. Suppose that in C 
there is a non-optimal subquestionnaire C t,s with the value 
of scanning (\, s • Then there e:x:l.st's an optimal questionnrl-
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re C t,.s tor ft,s with the T&l.ue /ot acannillg C '.s and 

c~s < c,,s (7) 

Let be the min~mum rank ot non•optimal aubquest1oDDa1-
res in G • If ~ • 0 then :it is the ·--questionuire t; that 1s 
non-optimal, which is impossible accordillg to our condition. 
Assume that tor all w < t , 0 < t ~ ~, ( t, being the 

lllaXimum rank ot • quest:l.onneJ.re) all aubqueatiollila:l.rea C. s 
in G are opt:l.~. ~ake a sabqueatioDDa:l.re, Ct-l, t , ' 

----- ~ - I . 
w1 th the root 'Et- -i,-L E- r-_ -~ t, s • ~h:l.a aubqueat:l.oDD&:I.re 
is opt:lmal and-, acoordillg to eq. ( -'), ita value ot soaDJling 
18 

Ct-l,i == c_ (~t-t,~) +P'I.-t,~ ('l,--s) · C'~ s -t L Pt-~t{},J7)·4..n(8) 
, •,,-,. E r~t~~'\.-z,,s 

In the queat:l.oDD&:I.re G 't-1, t substi.tute the subqaea-
tioDDaire c:,s tor G 2,s • !'Or the new quea~ionna:l.re , 

C t-t t obtained we have: 
I 

c:.u = C(Zt-1 t> ~"Pt-1 tJ'l,S)·c~, .,. ~ Pt-1.-t {~n)· et,,( 9) 
' ,_ ' . ~t,,. E~r. a.-t,t: \Zt,s 

Comparing eq. (8) aDd eq. (9) we obtain b7 Tirtue ot 
eq. (7): 

(10) 
--

wh:l.ch is 1Dco:rrect since C 2-1, t ~s optimal -b7 det1D1-
t1on. The statement has been thus proved and ~t is also true 
tor optimal real:l.zable quest1oDDa1res. 

4. Opt:l.mal Realizable Quest:l.onnaires 

Let e be a set of , all possible cUtterent non-empt7 
subsets ci ot the set E , cont&iuiDg ""(; ~ N ,events. 
When ~- ~ 2 we shall call the given decomposition ot the 
SUbSet Ci into Q, ( t) t 2 ~ 6L{ t) ~ *1117'1,i classes , C J~, 1 

n = .1 ,2, ••• , a.. ( t:) a question t € I feas-ible tor c,· • 
Denote the set o! quest~ons !eas~ble !or f.~. :., by r_.; • 
I! - fh j • 1 , we assume 7;· = ~ • Then i == l/ _ 7j ~s a set 

q . ~·. EE 
o! feasible questions, which is called a compatible set ~ 
for it there is at least one realizable quest!.ermaire for E . 
Let US call the pair ( Cd , ri ) a situation and ~· elemeDfa 
in ej- the order of -a situation. 
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It lu.\s ba=:u mentioned aYtr\Vfi.l tha·~ if there are ~..o~Jnstra:int:s 

fCJX' the set r of the gi V.lD quest ions the . algo:r1 t hm A 1 ma.r 
iive an o'p;1me.l rea.li-zabl.a que st.ionnai±>e only by chance , when 
all the ' questions of at least one of all -versions poas~-ble ·_ 
according to the ::algor1tL.m ·;;urn out to bo :feasible. L"!t us 
s~ate the gener al algcrithln A2 for consrruction of optimal 
realizable ques·i...i'?nnaire:•" 1 basAd on ~~e procodu~e oi recur­
rent oalcul.at1on of the v2.lt1e uf scal'i1"1Dg a questionn<:~.ire . 

. Let ~oz be e set of all ~ealizable questionnaires fo~: f 
and for the compet.ti~le set -r of fuasible qll,estions and S$'~­
a ae·t of all (realizabl,e) subqutts t1onna1res of the above 
questionna1J:as from ~t. 

Let us call the s :!_'tuation, . to whic.h the realizable sub­
quest1onna:4.r e from S cy,i co:t.:responds, a possible situation·. 
Let us cal1 · the '!uestions of the realizable questionnaires 
from ~~ possible feasiblA ~uestions. Deno te the set of 
:feasiblP c;.uest:ionlt .l)y. 'f' • 

Laaume ( cJ, i/ ) ta be a possible s ituation of t he o:r.­
dar 111; • If ( ei , 7'/ ) ~Js a possible situation of t he firs t 
order, then the raa11Y.a.ble ·subque8tionna1re corresponding 
t o it·ia a degenerate~~) one and therefore optimal with the 
valre of scanniag , 

CD ( C; I i/ j = c, (f; I , ) = 0 J ; = ~ 2, ... I N ( 11) 

.low asttwue that f o:..· eYa:ry poss1b1 e situation ( 8 *, ~,) 
of the orde.!' mk, I~ InK < mi ~ N there is a corresponding 
opi;imal realizable subqPest:.tonnaire alrea.dy constructed. 
Take a poss:'.ble situation, ( cj , r.; ). The question t 
feasible for ci - with . the base a. {·t) . is a decomposition , 
ti , into a,{t) non-intersecting and non-empty subsets 
E 11n, each of which has · the number of a elements md~" c:::- m1 • 

By our condition , an optimal reali~able subquestionnai:re 
· . has already been const:a.-uoted for each of the possible situa­

tions ( E,~n , ~i~ • ) • Then the ~ubqueationnai:re l'li th the 
minimum value of scanning will be an optimal realizable sub­
questionnaire. This value is given by 

~) We call questionnaires for one event degenerated 1 
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4-{-t. : 

c. (e . r. ') = IJ'Jin [ c ( t ) + L p , L'., ( c"~ h , r;;, )] 
D ~I t/ f.€'j'.' h=i (12) 

.t 

. T 
- 9:~c· P{yi) p, - _<----:-:::(/~!---" ---

!l~r P{;JA) 

It is ec:~.sy to o~ee:rve t hat recurrent relation (12) is 
a :functiona~ ~ ·-~.aation of dyna,nic programm:1ng wit h t he opera­
toz· of the minimlttn 5• :.t:hu.>;l, t he p.rocen.u.~t~ -of co~structing 

op·timal l:ealiza~le que~tionnaires by _the algox~.thm A2 con­
sists i n ex:aminatioil of all possible situation of t he order 
· m; '# from mJ = 1 · to mri = N , and 1n t'"lDstructing the cor-

. responding C'ptimal realizable subquesti or.ma:2.roae The question­
naire corresponds to t he possiill.e sit ua t ion ( E , 7' ') . 

The algorithm A2 allow& to constrnot realiZBbl e ques­
t:. :3air es; optimal not only i n terms o! the minimum value 
o! optimizati on; the algorithm makes it pons;ble to obt ai n 
either one or all t~s deci sions, it can be easi~ modified 
tor for the soluti.on of incomplete 1Dd:li:nt1:fic3t:lon problems. 
The drawba ck is the gr eat number of calculating opqrat1ons 9 

det~milled :1n the worst case by 2 tv • I T/ I * referenlles to 
eq. (12) . Let us t urn to t he algorithm A3, r Apreaanting a 
pr ocedure of t he br~ohes and boundaries method 6 and using 
the algorithm A1 for calculating t he -l ower boundar, of the 
yalue of scanni ng a questionnaire. Iu the version described 
the al gorithm !.2 constructs the de_sired quest ionnair e· from 
its finite vertices towar4s the root x. • We shall describe 
algorithm A) in a version, where .a questionnair e is being 
consi;ruo_ted, on the contrary, from its root X 0 towards its 

finite vertices~ 
As~"mA that there is a tree with .the root x. , . r ealiz­

ing tho questionnai:t'e C for E • ·In . G let us :s.ingle out · a 
subtree G t 5; . G. w.1.tll. tha root .Xtl , belonging. to the sat 

Q 'l of the inner vertices . .x 1 · , and w1 th a set E 1 , of fi~ 
nite vertices, !/'l E- E 'l • Apart from th$ subtree G~ the 

~) In a number of oases •t. is possible to reduce the nu.­
ber of operations by detexmiriation of all pos.sible situations 

.. , in · advanca. · 
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tree C con.ta1ns sub tree G Vt w1 th the roots Vt E E-t - , 
rea.U.si.Dg subquestionnai.res G !it for E Yt ," corresponding · 
to them (and including, perhaps, degenera.ted ones), wh:Ue . 
~~£,_ E :~, =:E. The va1ue of sc&Dni.ng the questionnai.re C 
caD be represented i.D the following way: 

C(x.,£)=-L- p[xt.)·C(X,_) + 2::._ Pf~t) CYt (13) 
~tE-a.. Yt € e-t 

11h11re p(y.,) == > · P O;J and C :lt is the value of scanning 
V~~ .. - G 

the subquestionnaire Vt 
Let· us determine the initial possible situation ( f;=E, 

T;;' = ·T/ ·) of the order N .• A.D7 question t E 7'; may turn ou 
out to be the firQt question r• of the optimal realizable 

_ qaest:1onna1re sought for, i.e • . there are I r /I versions 
• (branches of the tree of soluti.ons). Let us determine pos-

. ~, 

s:ib~e s:ituations ( E1 ·,n , I i,n ) for each .version, by the al-
- gor:ithm A.1 construct optimal. (non-reali·zable iD the general 

case) subquestionnaires, corresponding to each of these situ­
aUons ~d find the value of scanning the latter c. {c,~,, ~~', ) 
!heD. b7 eq. 13, determine the value of scanning the entire 
questionnaire for each version and for the continuation of 
the solution ·choose the version that gives: 

4.{-(;) r.-1 , 

C(.r. E) =- min [c(-t} + E p,-C., (E.."~"' 1i,"}] (14) 
1 tE1'~ n=i 

.At the next steps the operations described above are 
repeated conformably to the possible situations, chosen at 
the RreTious steps. If · the versions of the given step give 
a higher valu~ than any of the versions of the preceding 
steps, then it is -- ~ chosen · for the continuation of the solu­
tion. The firs.t realizable questionnaire for E obtained 
1D the course of solu~ion will be the _ optimal one. 

In the majority of cases the branches and boundaries 
method allows to reduce the volume of calculating opera­
t:ions as compared w1th the dynamic programming procedure 
and is as general as the latter~ 
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5.0n "Approximated• Method of Constructing 
Questionnaires 

The set £ of events can practically always be repre­
sented as a complete system of events, whose probabilities 
are equal to their weights. Hance, the conventional entropy 
of the rank ~ is rather often used 1D the questionnaire con­
struction procedures as a function of preference in choosing 
the solution at every step. This corresponds to maximization 
at every step of the function 

H = [€ rzz,s P,,$ ( 'G + 1' n) -to!Ja.,S F{, ('l-~1.,) ( 15) 

i. e~ to the choice of such a decomposition ·of the subset 
E 'Z:,S , which makes it possible to obtain the closest to each 
other weights of the questions [r,o~ J..~ n] , which are the 
followers . of the qu$st1on [ ~, s J • . 

Another- "approximated" procedure of ·questil)li:Dai.res . con~ . .- · . 
st~ction, also often used in practice, is a procedure, "kno1m 
as Shannon-Fano method ro~ codes With variable length of en­
cod!D.g combinations. By this procedure the best decomposition 
at every step is such . that allows to obtain the weights of 
the questions [e"'f,n], closest to each other, provided that 
the weights of the events ue arranged 1n a non-decreasing 
(o~ non-increastng) order. · 

"The ·~investigation of the :features or -cne· ques1;1onna;~;:r•o7J ·: 
optimal in terms of the minimum value of their scanning~ as 
well as of the questionnaires, optimal from the point of view 

o.f information reveals that neither of the preference func­
tions mentioned guarantees that optimal questionnaires will 
be obtained even in case 112 of qu~stionnaires withequal va­
lues of questi9ns. In the general _case the principle of the 
conventional entropy maximization gives decisions, which are 
farther from being optimal, than Shannon-Fano method. This 
is _explained by the fact that in the first case there is a 
more pronounced violation of the property, characteristic of 
optimal questionnaires, which is that among all the vertices 
with the val ue of paths leading to them equal to that of the 
followers with the base a must be none whose weight exceeds 
the sum of weights ·of other a vertices with the same value 
of .the paths leading to their forerunners. 
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In concl~sion let us point out that the theory of que a~ 
tionnaires enables us to study the characteristics of .ques­
tionnaires optimal in terms of the minimum or maximum of 
ot her objective functions Gf optimizat:ion diff~ring f1·om' 

those •entioned in the paper . 
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29~4 
J:Z:CU EJJICITY 

~area-vi A.~. ,'logo+ev~ky V. B., 
Grabovezk-,y "'/,~PG . r• 

. Reliabi~ity Probl .errr Scientific· 
Cou-nc i l of the "A.cad e.rns of · 
-$cienc .es of- the USSR. 
Moscow, USSR 

Con~:ddered in ~his -:report ~l' El . so~e methods of determining 

r eliabili ty. cha!'acteristics of restDrable d_evices tmder ch eck . 

~Phe pxoposed: met lubds are !J_s.ed t_o solve ~wo groups of p roblems • 

. I 

The :first gJ:~oup o:i~ problems _-i s related to th~ reliability 
cl1a:rm:d;erir>tice of devices, o:pe ratin~ episodically (by specia} 

COl1i.i:1C::U1d), thOU.f:i)·.~_ they -ar-e 1JJ:1d6.!' current f or . a long period 'of 

time, To be. determined in this case is ·an effect of the perio-

dici·ty -ar.:.d the __ charact er of ·the moni tari ng test s on t h e device 

e f'fic i ency ., To be fouh~ ·f-urth er, is t h e probability o:f t h e eve? t 

· when the de-r.rice will be · s-oimd at a random moment t and will 

sh ow t r oL1bl e .:..f;ree ope.rntion du.t'ing -time period ·'t:' - f/.J (t,,?::} 
It is supp~Ysed , that - the effic iency testing of these devices 

is .o:f ir1termi tt_ent i1ype , - since· a c·ontL'1uous monitoring is either 

impos sible or_ ·u.nsD.it EJb l e. · 

'l'he fo l1ow:Lng assumptions ar c taken: t h e t i me intervals be­

tx7ee:n t l1e failures of t:he 6evi ce mi d the t ime re qui r ed for re­

storat ion are distl~ibuteO. by the exponential law with parameters 

)\. and ;v corresponding to t!ie abov e . v alues resp ectively .. The 

devi ce i:s moni tored instmitly; t h e monitorir..g e quipment is ful­

ly reli e~ble . 

Tvw cases ar ·e considered for s olving t he pr obl em. 
a) The monitoxin~ is aceompli'-"h ed Dt random time interval s 

t)l(c: 1 distributed by -~:w ex noneEtial law with parameter tl( (Fig.1a ). 

The devic e un.der checkJ switched on at tirr.e instant t::: o, is i n 
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the :railure-:rree state during a random time inte.rvalltill the 
. ':/ 

f ailure appears. The failure is de ected ·only in a random time 
intel'val · t~ at the inst~nt, when the device is moni to:red • .After 
detection of t:Q.e :t'ailu.re t he latter is eliminated for a .r-andom 
time t& ; the device is switched on, and the process is repeated 
all over again. 

Thus the device under check can be·in three states: 
State 1 the device is sound; 
State 2 the device is !aulty and !ails to be restored; 
State 3 the device is faulty and .restorable. 

The .random ope.ration .process of the device under check and the 
monitoring device, shown in the :t'ig.1a, can be described by a fol~ 

lowing system of equati_ons: 

where 

P, '(t)::. -.A P, (t)., /"' 1 (t) 

P.z '(.t) = -« '1 (t) t .A IJ (t) 
I --- . 

1 (t): ~l]ft) -1- « ~ ft) 
. . I 
« =-- - is monitoring intensi~y; 

7,;. 

( 1) 

'k - is mean time between the monitoring testi-
ngs. 

P(ttl P./'t 1 I? (tlare nrobabili ties of the fact that the de-
~ '/ ~ J. /I J / -

vice under check will be in state 1,2 or 3 at time instant t 
The -equation system ( 1) is solved under conditions t hat: 

i.e. it is accepted t ha t i n t he switching-on instant t he device 
is always sound. 

As r es ult of t he sol ution of t he equation system (1) t he ex­

pr ession f or t he probability ll {t} , t hat is ·cor t he pr.bbabi-. 
lity t o f ind t he devi ce i n the working order at any random t i me 

i ns tant t will be re present ed as: 

P, (t) = 
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J.[J. -tl(-r-1~~-.AJ.Z-9c:A '] _ 
+ .z . ~ . _ ·e et 

fti(-_,#-.A} -.f~.A- (J('f_IVfA}Yfof~-A)~ -f;v.A' -~"-

+ A[). -«-.;vr Vf«~-A)-t -/'_,¥~....., 1 

(« yv -.A ).l-~ J 1- ((}( 1-~-fA.) 1/(« -:JV. -~')-'-~ .il 
. e -.Dt (2) 

.1 

where 
c = ,x~+~-ltDf-:JV-;tJ1 -f..v..i .. 

2 . 

J:J ::- o{ "ft".A 1- {(ot-_,v-~ ).z -f;v.Jt' 

2 
:J:he probability to be found wilJ be determined by the expres -

si on: 

1'he limiting cases for ,t h e probabili·t-y 

1a. ~he ~'ermanent value ( t ,. Oo} 

P/f)-- X' =-.,t' /0~ ,..,.t11!!+tr-
where ..t ~ 

z=;;-" o=;x 
2a. No monitoring( tA- = 0c , oc a o) 

P{t} = e -~~ , 
3a. Continuous moni toril'..g( tk :: o ~ ()I{ = o- , r ~ 0o } , 

(3) 

are: 

Krk =- -1 +~ 
b ) The device i~ monitored periodically in equal time inter-

vals " with duration h . 
The ra~dom oper~on process of the device under check ana 

the monitoring device for t his case iE shown in :E'ig.1b and can 

be described by t h e fol l o'.ving syste·m of the recurrent algebraic 

eqLlations, based on the complete probability formula: 

Prt)= ~ e-~l -1- ~ ~(l/ 
-;(h - /) 

~ = ~-, e. + ~-,.. l t A 

P, = ~-,..f~-e-:.J + ~-f E(A! (4) 
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The f ollowing symbols are used in t hese equations: 
))~t)- the probability of the fact that. the d~vice is ' in. t he 

working 'order at ~andom time instant ~ ; it is accepted ~ that 
before the time instant t n monitoring tests have taken pla-

cea 
l" - the time interval . elapced from the ·instant of the last 

(n-th) monitoring test up to the present time instant ~ ; · 
. P. - the probability of the sound state of the device under 

~ 

check at the time instant of the t.·-th monitoring test; 
~ ={-~ ·- the probabil;i. ty of t he faulty state of the ·device under 
check at the time inst·ant ill ; 

t (/)- the probability of the faat that the faulty device under _ 
check will be restored and will not failagain during the time . 

interval { OJ f} 
i{f )=1-t(/}- the probability of the fa<?t that the faulty equipment 
will not be restored, or, when restored, will fail again durirlg 

the time interval { 0, f} • 
The ~quation system is solved as follows: 

I; (t)~ ft(e-~~-e7"1)-eY'!f,_e -Aitjj :! 

The aign "+" is used at even 11 , the sign "-" is 11sed at odd/l ,. 
The probability to be found will be expressed -by the formula: 

t. .: 0 

/.: -)fh < -.;v/t)' 
/'?'( e - e 

The limiting case. At n~ oo and 

(6) 
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The ini"luence of the morli to1·i ng natllre on the failure-fr ee 
operation probability of the devicee for the cases considerated 
above, is illustrated by the dependence~ 
shown in Fig.2. 

II 

, .~ ~) and . /j {t-) 

In the following gr oup of problems are _considerated t he relia­
bility characteriatic.s ot the devices, for ·which, under certain 

conditions, the operat ion with intervals is allowed. :l.:he inter­
vals can be caused by necessity o~ per~orming monitoring testa 
and the restoration repairs. i'he principal requirement for such 
devi c es is the reqllirement of the necessity. to process the pre­
set volume o! information for the preset time. The preset vol 1xne 
of information is 'di vided into separate groups, which are proces­
sed in several stages. At the end of ea ch s tage the results of 
work at the gi ven.o·stage are checked by·. appl ying ,one of t he known 

methods. 
Then to be fo Und. are the . following reliabil i ty . charac.teristic ~t­

of the device under ·.checka 
1. Probabili t ·y yt {v, t} of the processing information vo­

lume V' for the t ime t~ V (the time exces s) at ~ stages; 
2. The expectation IV fr.J of time spent for processing in­

formation volume V at ~ s·tages; . 
3. The optimal number t. of ~tages, into which information 

processing cycle P' is to b·e divided to get the minimum _ value 

of · N[rJ. · 
.. . 

The determinatioh of these char~cteristics makes it pos s ibl e 
.-' 

to connect the device reliability with t heir e.fficiency. 
1'he problems are splved if we assume t hat: 

J.S 
.:.. t he failure flo~f Pois~on's f orm with parameter J. 
- the checking tim~ 2-h and the checking and restoration re­

pair time t:"r is taken constant and equal to d and q correspon-

dingly, with the exception of t he cases specially mentioned, whc-~ 
t hese values are taken as· random ones with ' expectations ·q anf 

h 
Further on are c6nsider~d t hree cases 'of t he soluti6n of 

. ' 



t ·ne problem • 
a) The monitoring is accomplished at the end o1' each stage by 

using spec.ial . fully reliable monitoring devices.·. In case of fail u 

re the results of all stages, preceding to the fai.lure, get lost , 

because t h e intermed:iate storages are not present ( .ii'ig. 3a ). 
'rhus, t i-.e preset volume of information ';"~' ill be processed, pro­

vided the device operates su.ccessfu.lly during ·t' stages continu­

ously !'or the time interval r 
Let u_s take ~ = 7 = et' • 'J.'h e stage nurn.ber possible for 

time interval t is determined through the expression: 

h= ft ~t! a J , 

where {X} is a whole pert of X • 
When ..,.1e consider t he particular stage us a test, and t :1e trouc 

le-free oneration of t he device durin R t h e sta~·e as a event /I - . _Arr - o . . . 
with probability P=- e T ,a following problem arises: to find 

. -

probability ·~ {n) of t .!:e event, t l.:,at a:::o~1g /1 t e s~ s '.-:i l l ·be c:i; 
1 p·:;c:.+ o·,;, e c::n>1 .; - o o f' • "' ' ''"'CE """' ;~,.e +e c: + c:: ':;: e·,..e e"-"' "' .... .A \~· ·-lll ·o·c ----v-\,1 J.J. · .._....,..,.J..t::..-. ...... .-,. ._.i.A,.\,; .._ .... ..~...., .., -v~t , .;. .. .., 9-J..-tJ- .,/Y \ ..L. 

cure. Let us consider t h e series of t of successive successful 

tests as series ~ -~ 
Series ~ is among , J1 tests only in t1iv' O incompatible cases: 

1) series ~is among t ile first ( h-f) tests; 

2) series ~ apr;eared for t he f irst t i m.e at; t i:e n- -~ 'i:t test. 

~hus, 

yt(n)-=Yl(n-t)-~'. n~{A) ~ (?) 

~ (-"~) = 0 t"~ t.} J 
/7,_ (A) : p 1: - . l( A= l j . 
/7~ (~J = {l-:Y{ (A-t-1}7-P j- =1-A ( 8 ) 

·iaki ng i J.1to account (8), with recurrent formula (7) su.cce 2sive-
l y g et t he followihg: 

ft(~t):::Y{ (l~x)= Pf.'-1-xf), {K:~~ ... / t) 

!f(~t) =Y! (Jt ~&)=fJ(t~,;;~t-&/ 1- ~~~I'Y/(9 ) 
etc. 
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'.i:~1 €:, , ci.Cllendence of t ~1e inf c r·~·c.& ·ti on processine ) rob atj_li t y 
f/l (p; t}op tue t at various val ues t is Ehmvn i n :(:Lg . 4 1 

l''or ,deternination o-f mathematical expe<.;ta t ion of i nforn;a ti­

on processing time ( z:-, and ~are . t_-sl-:en ::1ere aE rand om v nJ.t2-

es) the ·followi:ng random vel ne is introd.uced.: 

where Xr ·is t he instant o:t' t!1e GOm9letion o::. 't i le ci. ~·~:;. ce ::.· s­
storating after L1e k-t11 fail -ure, or t 1Te instant of t he comp-

letion of L"'lformation :processing (in the latter case 

is: 

X..ofX.te~~· : ·- -~- :. ·· o 
Then the random time ·of t }1e .task execution is: 

-~ 

I= _ ~X L_ . k 

and the _ mat i·~emGt-ical expectation of t _lle ta~k execution time -N{Tj = z._: N{Xx] 
.C•f . 

Using the known .methodsof finding t he mathematical expec-
tation, we easily g~t: 

l"flr7= /~"~~:;~~") -~,.fe_ -!:,,.fl·e-~)J,[l 
' J 1 ( -e e . e ! .,; y c 1 o) 

. ' 

· The nature ot mathematical ex;;>ectation /"1 L'} c i.lange 

depending on stage nu.1ioer 't: is s hov;n in fig . 5. Optimal stage 

nurnber l"C' is derived from condi t;ion of finding a mathematical 

·expectation minimum, v(ilich is determined through tr.e formula a..., 

( 1 0): 

. Should )cl be :::'mall, 

that 

(11) 

~good .· . 
t h en f.' i~;;h a~1rac~1 cnn be accepted, 

(12) 
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b) The results of the ibformation processing at each stage a re • 
checked ~y means of repetition o~ processitig at the ~tage iill 
two coincident results ap pear (not necessarily in succession). 

The coincident results a re considered as correct ones . Spech~ -­

monitoring devices are not used . In case of a failure at the stn­
ge the information processing results of only this at~ge deprec i ­
ate (availab ility of information storages is supposed). The orga"';l 
n±zation of each test - data output, comparison and restoi·ation, · 
if necessary - takes time, equal to af (Fig.3b). 

As shown in fig.3b, the whole information processing cycle con­
sd.sts of t' intervals • .At each interval t he ci:Jlculation·s at one 
stage are mad~ a random numb.er of times (up to the appearance of 
two coincident results). 

Successful processing of information volume ~for time inter¥~ 
val t ·with the volume of infor~ation divided into ~ stages and 
vdth the results to be checked~everal times, is equivalent to. the 
event that among /t checks not more than //- ~ ~ checks will be 

unsuccessful, beca-use . at e~ch ' of t intervals it is necessary to ha-­
ve t\vo _successful checks, i.e. only J.1: (or more) successf'ul ui«:i 

checks. Using the binomial law, we will get a probability 
(/? (P'. t) of the following form: 
~ .~ . 

. 11 KAY ~ ,.., 

fi?fv;t) = z c;e-~ ft-e -¥-) n-K 

.K=l~ ( 13) 

'l'he information processing time expectation can be foub.ll with 
due regard to.the t'act that the mathematical expectation of test 
number before the appearance of a successful test with probabili ... 
ty p is equal to ;, • 'l'he mathe~ati·cal expectation to be found 
will be as follov1s: 

(14) 

J.'he oTJtimal number of stages is: 

( 15) 
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b) .After each stage a. fully . r eliable . test with _tha aid ot: a s:pe 
cial monitorirv_:; device i s performed (Fig.3b) .. The correct results 

.of inf ormation p1·ocessing at each .. stage f~re . stored in storage de­

v-i c_es. For processing information ·successflllly for time i nterval 

t it is necessary that not more than h..:~ stages from a possi'ble 

number of the stages l'l are unsucce•stul. Thus the probaoili ty _to 
b.e f ot:md i s determined in the .t'ollowing way: . 

· /1 KA ~ · •· ·All" ~--

.!Jf~t)= L chKe~ -r-r;-e --,flA-K 
..K=t. ·. . . ' / '_ . (16) 

-' · The information processing time expectation-in this case is 
equal to: 

. ( 17) 

The opti;nal stages number i ·s: · 

(18) 

CONCLUSIOl'iS 

1~ · rn tbe •present report is pr~posed _ a system which makes :t.t 

possible to accomplish a well-founded ·~valua_tion· _of certain re~ 

liabil,i ty parameters of restor~ble devi.ces accordingly to the 

given conditi~ns of use ·and ·.maintenance o:f tbe devices • . 

. 2. 'l'he proposed system makes it possibl~ - to rationally organi­

ze a ti>11e .diagram of device operation, which leads to a conside-
. .. 

rable rise o·f reliability. This advantage is obtained as a re-

sult of a time redundancy , and, secondly, ·as result . of 9-ivision 

of' t h e whole iliformation processing vol,ume lnto stages; which 

permits rational use of the available time reserve (especially 

due to the fact that t he successful stage~ results do not get 

lost a.'>'ld are used again \"/hen .t he device starts operating. 
3.'~,fhe a pproach described above and .the results thus obtained 

mc:k e it possible to select some characteristics of the monitoring 
system-\ type _ of~ monitoring and its' .:l;'egularity which ensure pre­

set re·liabili ty standards. 

/ 
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• 4. l'he re$ults thl4s obtained make i t possible to assoc i at e the 
devices reliability characteris~ics with such an i niportant'char ac ­
·teristic' as efficiency (speed or throughput). 

Indeed, it ie ql4ite possible to introduce such devi ce characte­
ristic as t he real efficiency coefficient determi ned 'by a ratio 
of net time, required tor processing information volume ~ \an 
absolute reliability of device is supposed)_ to t he mathematical 
expectation of information processing tirne with due regard t o d·e­
vice I.UU'eliability, stage-by-eta8e operation and time required for 
monitoring restoration. ~he real efficiency coefficient must be 
determined for a preser- ~o.rmation processing probability value. 
Kncwrledge o! these two characteristics permits, f or example, sett , 
ling t he question of required operation speed choice when desig­
ning digital computers. 
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32.1 

DIGITAL SlAB TRACKING AND PRODUCTION LOGGING SYSTEM 
FOR CONTINUOUS HOT-STRIP MILL 

M.D.Klimovitsky, O.S.Kozhinsky, R.V.Lyambakh, 
V.V.Naumchenko, A.B.Chelustkin 

.14oscow, USSR 

Increasing requirements to hot-rolled sheet quality and 
a marked increase in mill productivity have led to the neces­
s1.t7 of computer control of the entire hot-strip mill 1 ' 2 ,3. 

Control systems for continuous hot-strip mill should 
possess information about the slab positions along the mill. 
1'h.is problem can be solved by means of an automatic slab 
tra.cking system. The tracking system which locates the posi­
ti.on of each slab provides for the necessary data for the 
systems of the mill set-up, gauge control, furnace control, 
production logging, etc. The normal functioning of these 
systems ~equires data of the slab position with space and 
time• 

1. Slab Tracking System 

The slab tracking and production logging system under 
c-onsideration is intended for the "1700" continuous hot-strip 
mill of the iron· and steel works in ·Karaganda4 . 

The functional diagram of the system is shown in Fig.1. 
Upto . 400 slabs of approximately 70 items may be pro-
cessed simultaneously. The item is a group of slabs of the same 
cast with equal slab and final strip dimensions. To start the 
rolling of the slab of a new item the mi!l set-up is required. 
The production department of the mill plans the schedule for 
the processing of dif!erent items, according to the r~quire­
ments of the user'a orders. 

This schedule is usualy prepared for a definite time 
interval (not less than 3 or 4 hours) depending on the avail­
able infortnation and includ~ the following data for each item: 
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1) n~~bers of the order s and oast; 2) steel grade ; 3 ) t he 
dimensions and weight of the slab; 4) the required final 
strip dimensions; 5) the number of slabs within the i t em; 
6) the slab distinctive features (long'~ short, hot or cold). 
The s chedule is pr epared in the form of punched card and then 
fed to t he computer. This can be made only after the la~t 

' ' 

slab of the previous ·schedule .has been charged i~to the fur-

nace. If a · new schedule 1 E :-:ot · prepared in proper time., and 
·thus not fed to the computer, the furnace ·operator receives a 
s ignal and, aft er the la1:5t item _of the previous schedule had 

been fully charged, th~ signal! prohibiting the _further charg- . 
i ng is fed to the pusher operator pulpits •. 

The production schedule can be altered ·· i:n . case . of a change 
in the slabbin~ mill operation, etc~ Then the charge operator 
changes the schedule of the ·slab delivery to the fUrnace entry 
table . · Since the t otal information ·about the new cast i~~t 
avai l able by this time, the . . ' arge operator may insert in the 
computer only the cast number and the number of slabs in it • 
Accordi ng to t his information, the computer assigns this cast 
an int rasystem item number. The rest ·of the cast data will 
be fed l~ter by the computer operator. 

For metal tracking, the mill is divided _into a number of 
zones : f '!-lrnace entry table, reheating fUrnaces, furnace de­
liver y table, sections of the table .between the roughing stands, 
int e r mediate table,' finishing stands~ run-out table, coilers, 
section from the coilers to the coil's turn table (Fig.2). 

The tracking of each slab begins at its de live~ to the . · the lll'nace, 
furnace entry table. After the slab is charged into e trae.~t-

ing is performed as the slab advances through the .furnace, the 
furnace delivery table, the ro~hing and finishing stands up 
to the coil's turn table. ' 

To reduce the mill s·et-up time, the signal is -fed to the 
mill set-up system as soon as the last slab of t he i~em being 
rolled l eaves the mill unit requiring set-p:p: Thus,the slab of 

· ~last 
a new iteru lliay _enter the first stand before slab of the pre-
vious i tem leaves the mill. 

The slab tracking algorithms are developed for various 
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process areas. Fig. 3 sho'!s the al-gorithm floV(-chart of the 
slab tracking for the rurnace entry table. 

. . 
In developing the above algorithm, the fo.llowing condi -

tions were adopted: 

1 . The slab ,b-eing on a furnace en·try table is charged eithe-r 
.into a furnace ~ or into a furnace row Rq depending on 1 ts 
length ( long or sho.rt) • . 

2. Only one long slab · or two short slabs may be on: the 
_ent ry table of each ~mace at a g1Ten time .moment. 

) . A slab can move . forward and backward depending on the 
rotation ctirection of the· table rollers. 

4. A slab delivered t o the tu.rnac~ loading table can 
be charged into this t'urnace. only. 

· rhe tollowin« designat ions are accepted fo r the flow­
-chart ot Fi&.~: 

fA411·(1Ail)i') - ' .. tal detector -signal ; 

1 TRS - sipal of t:M roll-table reverse 
sensor; 

n"iH~(n..,.J-IR,)- . the sla-/Jo:r t he item Vi is O:r;l t he 
' entrr table of the furnace ~ (or 

ln front of the :tu.rnace row 7?9.) ~ 
n,;Oij,(ny,OR,)- the slabGo:t the D item V£ is on 

t ' · the loadi~ table of ··t}+e furnace 'Pj 
Cor of the row R9 >. 

· To lo-cate the slabs .aoving from one mill zone to the other 
) 

and w1 thin a zone, various detectors_ and sensors ·are provided , 
such as hot metal detectors, mill-motor l oad-currecnt r elays, . 
etc. For increaeing the reliability of the whole system, three 
sensors of one and the same or different types are installed at each 
ot the appropriate points along the mill. 

A slab remove4 from the process for any reason is deleted 
from the rolling schedule by the operator of the respective 
.mill area. 

:rhe system operation is checked by manual feeding a sigp.al 
that the last slab of the given item is supplied to the furnace 
entry table (or discharged t o the furnace delivery table) . In · 



95 

case·the signals of' the operator and computer ·do not coincide , 
a corresponding sj.gnal to cheek the system operation. is pro­
duced. 

2 . Production Logging System 

Production logging is performed by quantitative and quali­
tative _characteristics . All initial information is recelved 
f rom the tracking system and vari ous process sensors and 
gauges such as thickness and width gauges, sensors of finish­
ing and coiling temperature~, strip length gauge and coil 
weighbridge. 

Some ·info~tion (date, team number, nilmbers of the order 
and cast, steel .chenLtcal analysis, etc.) is printed without 
previous processing. The rest of information is printed after 
appropriate processing of the initial d~ta. In part.i cular, the 
coil theoretical weight -~ is determined as the p roduct of 
steel specific gravity ,. ' required strip width st .and . 
thickness ht ' and actual strip length l. : . 

. IZ 

e is determined as the ratio of tlie actual·eoi~· weight ~a 
and t heoretical weight: 

(;« £- . . - et .(2.2) 

I n addition, t he total length and the location of the strip 
sections where the parameter U Cthickness, width , finishing 
or coiling temperature) is outside the preset tolerances are 
determined. Readings of the parameters U are carr ied out at 
each half-~er length of the strip by the signals from the 
strip length gauge. For each reading the validi~y of the 

. inequality 

(2.3) 
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. is checked ;(llmax and U min are the preset limits of the 
parameter _U, ; L is the reading •ord1nal number). 

The' strip length gauge is located at some distan~e 
from the process sensor or gauge, therefore the actual loca­
tion· of the strip section where the parameter U is outside 
the lim.i ts is determined by subtracting the number A L con­
stant for ~he given sensor from the number of the length 
gauget signals: l . ~ 

A C.= '0:'5"" • 
Checking. of the validity of the inequality (2.3) at 

arbitrary i and i -1 allows to distinguish the reading nu.m­

ber!vwhere this inequality is violated and to indicate the 
viola~ sign. For example, if the parameter exceeds the 
upper limit at the point lL (Fig.4), it is necessary to 
print "O(L+". For Fig.4 we obtain: · 

ott+ + ft+1 o ot,+2...;- -ll.+3o. 
The flow-chart of the strip classification algorithm is shown 
in Fig.5. 

0~ the basis of this information, the system prints the 
coil r~port for each rolled slab. 

3. Functional Part of the Trackipg and Production 
Logging System 

The slab tracking and production logging system uses the 
M2000 computers to cope both with the slab tracking and pro­
ducti-on logging problems ·and w1 th the furnace and mill units 
control problems. 

The tracking system discrete signals are fed by t~e dis­
crete information input unit and delivered to the main frame 
of the computer through the communication unit. The process 
information from the gauges and sensors of ~he logging system 
is transmitted to the input by individual norming converters. 
To increase reliability, the information . flows in parallel 
through two input units. The computer part of the system uses 
two processors. One, working in conjunction with the tracking 
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system with fixed logic, has tracking and logging functions, 
the other, in addition to these functions, is used to solve 
the 'control problems. 

The back-up of the i.nput and functional units of the 
tracking S3fstem is dictated by the increased requirements to 
the system faultless operation. Indeed, the tracking system 
failure results in loss of information about the .rolling 
sched·u.le apd the operators do not know the _ final dimensions 
of the next slab. But :fa.ilure of ·the processor or any other 
device perfo~ng the control functions requires only the 
manual input of control-po.int setting for local control 
systems, while the tracld.ng and logg~ system prov!.des for 
normal functioning of the mill. 

Since the amount of data which must accompany each pro­
ce~sed slab is very large (overall information for each slab 
is about 80 decimal digits), the direct ·transm.iasion of all 
information through the tracking system (by file shift) is 
inexpedient because it involves ia;rge equipment expenditures. 
Uue to this reason only the slab ident ity data are transmitted 
through the tracking system with fixed logic. The rest of in­
formation easential for. the ~11 operation is stored in t~e 

computer memory. Slab tracking, input · of information and its 
output (on digital display panels) ·are carried out according 
to condi~ional (intrasystem) item numbers. 

The system block-diagram is shown in Fig.6. The tracking 
system operates as follows. 

When a new slab item arrives to the furnace entry table, 
all necessary primary slab data are fed into the system by 
the automatic data input unitBf or by the furnace operator 
from its pulpit Pf (~hen manual input). Simultaneously, this 

. ' ,, 
i tem is given automatically its own sequential intrasystem 
number. All this information together with this number {which 
plays the part of the address) enters· the logging system com­
puter and is stored in its memory. Th.is item number is as­
signed to each slab of this item. When th~ slab comes to the . 
furnace entry table this nu.mb~r i -s sent to the entry table 
t racking unit B 2. The slab having come to the furnace loading 
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table, this :unit transmit£) t}le appr~ pria.te signal to the r e­
cet~'rin.g· register~ of t he furnace t racking uni·~l ~ogethe·r with . 
the item number, the tracking system transmits t he slab indi­
cation comprising three binary digits and containing infor­
mation about the slab proper (hot, cold, long, short, et9.). 

The slab charged lnto the furnace, its item number and 
related information are fed into the furnace tracking unit. A 
new item appearing· at the furnace exit, the enquire t o the _ 
l ogging system memory is ~ade according to the item number, 
and necessary information is sent to the digital display panels 
of the pusher operators (P2, P3), furnace ope:rator (P4), rough­
ing mill operator (P5), shears operator (P6) , and finishing 
mill operator (P7),. The number of the slab discharged from t~e 

t\tTnaee is sent ·to t he display panels of the pusher operators 
and the furnace operator, and is transmitted to the tracking 
unit of the furnace delivery table (B4) together With the slab 
indication. T".ne :f'irst slab of anew item discharged, the in­
formation on the quantity of the slabs of this item being in 
the furnaces (or on the quantity of the discharged slabs) is 
sent to the tracking unit of the furnace delivery table as 
well. 

~his unit tracks slabs on the ;urnace delivery table and 
counts up the slabs removed from the proc~ss and the number of 
slabs on the delivery tabl&; the latter is sent to the furnace 
operator display panel. When the first slab of the new itein 
reaches the edger entry table , the tracking unit enquires the 
logging syst em memory, and necessary information is t ransmit-
ted to display panels of the roughing mill -operator, shears 
operator, and f~nishing mill operator. Number of each slab 
reached the edger e~try table i s sent to the rou~hing mill 
tracking unit B5. 

This unit B5 ensures slab tracking through the roughing . 
mill and output of information about each slab position to 
the roughing mill operator display panel ; moreover, after the 
last slab of the given item left a roughing stand 1 the unit 

sends signal for the set-up of this stand. The t racking ~mit 
the 

enqui~es the logging system memory (according to numbers of 
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the items being rolled in the ro~ghing mill) and sends neces­
sary data to the display panels of the TOl~hing mill .operator , 
shears operator, fi.nishing mill operator, b.!<!.d coil er operat o1·· ps ... 

The number of each slab having left the roughinb mill · is trau~­
ferred to the intermediate table tracki~ unit B6. 

This unit tracks the slab through the shears and inter­
mediate table and deletes .f'rom the tracking system the slabs 
removed from the :l ntermediate table. When the first slab of a 

new item reaches the r ·oll table · in front of the finishing scale­
brea:k:e:.r 1 th:ts unit enquires the logging system memory for out­
put of necessary informa·tion ·to the display panels of · the fi­

nishing mill operator and eoiler operator • . 
The finishing mill tracking unit B7 tracks the slab through 

the finishing mill and. enquires the rnem.ory for output of in­
.formation to t he display panels of the :finishing mill and coi~· 

ler operators, delet.es from the tracki.ng system -the slabs re­
moved from tae finishing mill in oase there were such ones, 
and assigns the ordinal numbers to th~ strips rolled during 
the day. When a strip leaves the finlshing mill, the tracking 
unit B7 sends the item number, the sleb number ~t~~n the .item 
and the strip ordinal number to t ,he coil-er . tracking unit B8. 

These numbers are assigned to the data of ' the given slab as 
addresses. 

The unit B8 tracks the strips according to the item 
numbers and slab numbers within the item up to the ~rker. 
When the- first strip of a new item enters the coiler area, the 
memory is enquired according to the item number, and the. data 
are delivered to the coiler operator display panel. The . fir"st 
coil having come to the turn table; the memory is enquir ed ac­
cording to the item number and coil number, and the data are 
delivered to the marker display panel. The number of the item, 
of the slab within the item and of the coil are delivered by 
the coiler tracking unit BS to · the marker tracking unit B9. 

The tracking unit B9 enqUires the computer memory according 
to the numbers received and· sends the necessary data to the 
display panel P9 and to the .printer. At the same time all 
information about this coil is deleted from the computer me­
mory. After . information of the last coil of the given item is 
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printed, all data concerning the gi·ven 1 tem are deleted :from 
• 

the memo;rY• 
There are four printers in the system. Two of them (with 

printing speed of 10 characters per se,cond) are located near 
the furnaces and print data about slabs being charged and 
discharged. The other two (printing speed of 400 lines per 
minute) are installed in the computer room and print coil re ­
ports containing the quantitative and qualitative data of the 
coil. 

The table below shows the in,formation about slabs being 
charged and discharged, the data which are brought out to the 
operator display panels, and the coil report data. 

Pusher operator 
display panel •••• 34 

Gharge operator display panel ••• 53 
Furnace operator display pane1 ••• 95 
Roughing mill operator 

display panel ••••••••••••••••• 85 
Shears operator display panel ••• 34 

l'inishing mill operator 
display panel ••••••••••• • ••••• 63 

Coiler operator display panel ••• 63 
Marker display panel ••••••••• •• 8 

decimal 
decimal 

" 

" 

" 

" 
" 
" 

Table 

8 binary 
7 binary 

10 " 

33 n 

4 " 

5 " 
5 n 

3 " 
Coil report •••••••••••••••••••• From 168 to 600 decimal cha-

racters depending on the coil 
quality 

Two printers at the furnace operator 
pulpit ••••••••••••••••••••••• About 180 decimal characters 

per slab 

The informatipn required for process control purpose s is 
sent to the operators display panels instal led in various 
areas of the mill. 

The numbers of the next three items to be charged and the 
number of the slabs of the item being charged which are no~ 
yet delivered to the furnace entry table are displayed on the 
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charge ope:r.·ator display panel. When t he last slab of the 
given item reaches the f u._rnace entry table, the "oheck-u~" 
signal appears on the d.isplay panel. If this signal coincides 
actually with the arrival o! the last slab of the item, the· 
charge operator confirms this coincidence by pressing the 
push-button. 

To ensure that all slabs of the given item $re discharged 
from the furnaces and to prevent the slabs of another item to 
be discharged not ~ time , the number of slabs of the given 
item being in each furnace at the present moment is shown on 
the display panels of the pusher -operator and fUrnace ·operator. 
Besides, the "check-up" signal is displayed. on the furnace 
operator panel after the last slab of the given item is dis­
charged. 

The data relevant to the item being rolled (required final 
stri p "dimensions, the number of slabs no·t rolled to the present 
moment, the steel grade, etc.) as well as the data reqUired for 
the mill set-up before .the next item, are displayed on the panels 
of the roughing and. ·:finishing mill operators, shears operator, 
and coiler operator. Besides, the slab positions on the tables 
between the roughing stands are displayed on the roughing mill 
operator panel. 

The numbers of the coil and cast, the date, etc., are dis­
played on the marker panel. 

The numbers being transmitted within the tracking system 
are , checked. for parity. When the item number is introduced 
into the tracking system, a check digit is assigned to it. 

All data are stored in input/output devices together with 
the address (item number) and transmitted with it upon request. 
Comparison of the request addr~ss with the output data allows 
to check the operation of the input and output .devioes. In case 
an error in the information being transmitted between any track­
ing units is detected, the checking unit B10 sends an alarm 
sign~l to the display panels of each control pulpit (or to the 
control pulpits connected with this checking unit). 
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Fmf.DAJh"EliTAU3 OF NO!~LINEAR CONIJ.'ROL SYSTEMS 

WI 'l'lfl THE PULSE ... :FREQUENCY lliD PULSE-WIDTH MODULAT IO!'l 

V ;1JM. Kunt sevich, Yu.N. Che~ovoi 

I netitute of Cybe rne t i cs 
Ukrainian Academy of Sciences 
KieY 
USSR 

During the las t years t he interest in investigating the 
p,.ilse-f'requency and pulse-width modulati on . ( PFM and NM) sys­
tems has grown · considerably 1- 16• F;rom the pract i cal point of 
view this interest i s justified by the simplicity of such s:ys­
tems techD:ical real:lzation in comparison with the pulse relay 
system~ and by their much hiSher o.yruUncal properties 1 ' 2 •6 ,9. 
From the standpoint of.' theory the systems in question are in­

teresting by their rather original nonlinear effects due to 
changing the pulse _r.gpeti tion rat~ and having no anal()gies in 

the theory of continuous and amplitude pulse systems. This 
fact ~ermits to ~ generalize some classical problems of- the auto­
mat ic control t heory ( f'~:r instance, the absolute stability 
problems) and enri ches them with new content. 

1. The Motion Eauations 
·Let us consider t he nonlinear sampled data control system 

(Fig .. ·J) con s isting ~f the continuou s linear pa r t ( CLP), sequen­
tial correcting fi l ter {CF) and nonlinear pulse mod.ulatol:' {PM) 
of the first-type~ 

CPL consists of the linear stationa_~ units with lumped pa­
rameters and has the f'ractiona.l rational r e sponse :function 

W(s). = D; ($)~ = ;{: cf. s/ 
1/ (s) In 117-/ - ' (t < 177) ( 1.1) 
' m . s + 2 a. s ' ' 

i::::lt? ~ 

CF - is the linear correcting filter def ined by the 

e quation ,~- __ {_..,:r(· 1 ... X} 
. 0 - !./ --· ( 1. 2) 

v:.he~e X=/z x " z:tm-:)J~ is the :l.s; stem. phase coordinates eo-\ ( ""' ' ~ 'IUI.,,.. 
lumn-vecto.r ; r r = /t.t n ·/ , /?I-rJ) - the in:out si£Dal; C:: ;(:: c c )-v [ J £..( ., • ••J L( - ._.. ( "-..r 7 ~ ~ . ,._, 1'>1 
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the numerical col'Willl-vector; C;. -0 .when i >K (/~I(".; m-() ; 
, r·- is the operation of ·transformation. 

Structural schemes o:f PM possible versions for different 

types of the pulse modulations are given on Fig .2. PE is the 

ideal sampler (pulse-amplitude modul.ator); the asterisk denotes 
the time quantizing operation made by PE: · 0.-= Z On d'''(t- tn); 
' ~ ~ ~ 

o'[t)- is a unit delta function; t, = ,~ 7i - time of n-pulse 

appearance ( to = 6); 7;, = t11~1 - t 11 - an interval between n-
and (n+1 )-pulses; ~- = fz·nt (t, - s); tp- a ·zero-order hold circuit 

o~e-o 

(with constant or variable hold time); RE - relay element; J 
and F - elements for setting a pulse ~uration, which control 

the hold circuit and pulse elements PE. The ideal pulse-fre-

quency modulator (Fig.2, a) modulates the frequency rate and 

sign of the ~·(t) sequence o:f unit d- pulses. Real pulse-fre­

quency modulator (Fig. 2, b) acts on the £requency rate and 

sign of the y{t) seque.nce of rectangular pulses having the 

constant duration z- and unit amplitude. The p~lse-width modu­

lator (Fig.2, c) acts on the sign and duration of the jt(t) 
rectanooular pulse sequence coming with constant frequency '/r. 
Finally, the pulse-width-frequency modulator (Fig. 2, d) acts 

on the sign, frequency and duration o:f y. (tj. sequence. 

For all m types the modulation by sign is determined by 

relay function (RE-characteristic) 

the frequency .modulation is determined by the FPli law 

~ = F (fi:t) 
and the pulse-width modulation - by the ~VM law 

{ 

.c: ?;, jor 
0 ~ 1:.-n = f (~) = Tn = const jor 

/6;, J < Llo _,· 

/6"n I ~~D . 

(1. 3) 

(1•4) 

(1. 5) 

H.ere.. F[o) and j (oj-are the even simple functions defined 

for all o; P{o) >0 , f (~) ~ 0 . , ffo) being zero only i ·or 
jo/~ .d; .1Q >.6 - PM saturation thr eshold. 

Difference equations of 1:;he considered sys·C;ems motion are 
reduced to t he f orm 10 : 11' 17 , 18 · : 

( 1.6) 
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X ( I · (177-~~ (i) ~ (i) rf. · 
w~ere n = x,., .Xn, .. . , X-n ) ; .l'n =0~~~D.r {t,-c.); H,=H,F(d;j}~expAF/6..} 
_ is a transient matrix for the CLP; A - accompaeying matrix -
for ~ CLP characteristic polynomial; Kn = K /JfO,)) ~(6,) 

· is the state changing vector of the CLP. Function K(J) depends 
on the pulse modulation type. For the ideal P.FM (Fig.2, a) 

K {f)= G = (fj, 9', · · ·, p. {m-~ j 9 (i)= ~ fi) { o} i 9 (t} =L -~{W(.s)} ; (
1

.'}) 

For the real P.FM (Fig.2, b) 

K {jJ = H(-1:)R re); R ('tj=( z(t)~ z'(-r), ... ,'lt~~f?ryj z(tJ-Lt/Wt.flJ1.B) 

and, finally, for the FWM (Fig.2, c) and double ~requency and 

width modulation (PFM and FWM, Fig.2, d) . 
. -

K (j) =H (-rn)Rtr,) = H{ -jf5n)j R{ J(O,J]. (1.9) 

The matrix equation ('I ~6) describes the system motion 
(l!'ig .1) in natura~ phase space E '!' ={X,J • Let us show that it 
is always possible to pass from (1.6) to an equation 

. V V v V 
(1."10) xn•t = H, (X, + K,) V 

in dif1'erence phase space D"'={X,J, Xn = (xn,x,., ... ,.:r,"""_,~ 
Leli us compose the following equation system[10• 11]: 

-Hit I o o o · x" H, K, 
o - H, .. f I · · · 0 o X;,., H,#o, K,.1 

. ~. D - Hn .. z::: .~. 0 · X,.& H,.~ k, .. , 

0 0 ·o H 1- X~.,.-~ H K. 
· · •·• - n•nr-t X,,.,. n•m-J /INII-1 

(1.11) 

where J - is a unit matrix. The system (1.11) has the rectan-
gular matrix ~1ith trt2Km(m+t)dimensions and of m 2 

rank. There­
fore (1.11) can be solved relatively to .Xn•nr assuming the va­
riables X 11 .c, ( i ==.0, J, .;., m-J) to be kno\vn. This result repre­
sented in matrix form provides the equation (1.10). 

In future we shall use the motion equations in the form of 

(1.6) only, because its relation with system parameters is more 
simple and it is more convenient for investigations. 

2. The Stability of the Equilibrium Points 

Let us use discrete analogies of theorems of the Liapunov• s 
' 1 19 20' . direct; method . 1 ' ' • Consider the main case when CLP of 

the system is stable and the simplest critical case .wnen CLP i s 
neutral. I n order the system (Fig •. 1) might have an equilibrium. 

, 
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point assume u -const. • 
The main case. According to (1.6) Xoo 'colUID.It-vector of 

the equili brium point coordinat es must satisfy the e·quality 

X_ ::w { H:01 
- j) -f K-, (2.1) 

where H_ and Kt/10- matrix Hn and vector kn, respectively, 

forXn=X-. 
For Juf~ ~ ( c,>O - the vector C element) equation 

(2.1) has zero solution x_ =0 t i .e. the system has the equili­

brium point in the origin. This fact is easily checked by the 

simple substitution. For fuj > ~ the .. s~lution X..,fO; in general 

case there may be several solutiorui1 1· 
D . 

By substitution X,= En+ X. we. shall display th~ phase 

origin £"'in the system equilibrium point. In new coordinates 

instead cf (1.6) we obtain £: .. ~ - = H, ( E; + K;), (2.2) 

where 

The Liapunov• s function we shall choose a .s a positively 

determined quadratic form 

( 
o I r o ifn = E,J P£" ; P > o. (2.4) 

The first ·dii"ference of the function (2.4) owing to (2.2) 
is equal to: ! 

( ")"r J 0 r "'JT • I "lT • M H"PH A~=- £/t P-M" £" + 2 £" . MilK,. _+( Knj /1,K., n = n n.(2.5) 

The system (2.2) is asymptotically stable on the whole if 

for any £;=/:0 function (2.5) . is negative, i.e. if the inequa-
lities are satisfied(11 ' 19, 20], · 

P-M~- >O; 

( D) T( ) 0 ( ")r o ") T o £,. P- fv!n £n - 2 En M,. K" > (kn M, K". 

(2~6) 

(2.?) 

It is shown that ...ez·m. M[F(5;J]-o, thus there is a class 
F'-oo 

of sufficiently large functions (1.4), for which the condition 

(2.6) is satisfied[22 J~ Assume that the function (1.4) belongs 

to this· still unknown cl~ss and consider t he CQndition (2.7). 

Let us examine the equation of a surface on which the 
function (2.5) becomes zero: 

1 o ) r f ) £ o r o) K o _ { o) r o 
l £1t l P-MIZ lt -2 L £, M" ,. - K, M, K, 
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Condition (2.7) will be satisfied if :tor all ~~7 ~0 this 

surface does uot exist. We substitute in (2.8) ~ defined 

from (2 . 3), by expression ft- owhere 6;.=c!"£00 and. 6'- is the 
. . • 0 

arbitrary real parameter not depending on En : 

(E:)T{P-M)E; -2(£,) rMK 0

==(K)rMI\ 11
; M=M,./ ; X-...k;f .C~· 9 ) 

. . . /6;,-.o--o 6;,•6GO-o 
Equation (2.9) describes a family of_m-dimensional ellip-

soids depending on o parameters, the surface (2.8) not exis­

ting for £;:; 0 , if for all 6" ::FO the .ellipsoid (2.9) is no·t 

contiguous· to C "£; -o pl·ane (Fig.), a) 11 ' 20 • Let us conEtruct 

the plane 

(2.10) 

tangent to ellipsoid (2.9). Condition (~.?) is transformed in­

to an inequality 

(2.11) 

To deter.mine~(o} function we. write down t~e· general, equ~ion 
of a plane tangent to ellipsoid (2.9) in some point r 21 

< 
2~ 

'v (£;)T{P-M)Eo{A) ~:[£,0 +E.(A)]TMK"=(K•)TMK~ . <2 •12) 
where £o{A)- radius-yector of the point of tangency (Fig.3,a). 

Planes (2.10) and. (2.12) coincide if ·for -some ol. >0 

(P-M)£ 0 (A)-MKD=Ot.C; (2.13) . 

(Ko)TMK 0 +{Eo(A)]TMK"-otyo(o). (2 •14) ~ 
The combined solution of (6.9), (2.13) and (2.14) give~1 ' 2~ 

_?(6) = { ( K ") r {M+ M (P-M}_, M)K··c ~( P-Mf'c)~'Jil 0 +C .,.(Nt}HK~ 2 •15) --

Note that when /U/~ ~ functi.on (2.15) becomes zero for 

I~J~ A and it is quite sufficiently to check the unequality 

(2~ 11) :for /6"/ ,;) A • 

Condition (2.11) and equation (2.15) are obtained on the 

base of assumption that there exists (2.6) for all O=f 0, but 

. it is unnecessary to check the satisfaction of this condition 

along all 0 axis ~ Really let us assume that inequality (2.6) 

is sati sfied for 6" =~ and violated for o= 62 :f-0:, ; then there 

is suchD; e {o1 ,0z) f or which matrix{P-M) is degenerated and 

f unction (2.15) has the gap of the continuity. It means that 

it ,is sufficiently to check (2.6) only in one arbitrary point 

of every int erval of the f unction continuity. Now the final re-
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sult f!lSY be .formulated as follows: in the main case the .. 
equi l i brium poin-c X 00 of . system (1e6) is a'symptotically 

stable on the whole if condition (2.11) is satisfied and in­
side any continuity interval of function (2.15) it is possibl e 

t o point out at least one value of o for which the inequa­

lity (2.6) is satisfied. 

The simplest critical case. In this case one root of the 

ca:racteristie equationA,{sj=O is zero (a0 =0) , matrix A 
is degenerated and has · m-J rank. Transform (1.6) multiply­
ing it by the matrix [22] 

R 
1 * 0 1 

0 

0 
0 

0 

a.,.._, 
o::,-

0 

1 
0 

af·t er simple transforma~ions we obtain: 

_1_ 
a., 
0 

0 
1 

(2.16) 

"'o 'V """ - -r ~) -r ""o ( ) Eh., == H, { E,o + K,.), o, == C {V- X, -;::= -C £, 2.17 

- 0 - - - - -f ,._ 1 
where £" =X11 -U; X,=RX,; K11 =RK11 ·, C -(Rr} C; H,=RH,R-= 

=di~{f,{Hn)~.1 }; {Hn.)~.1 - the m~trix of rn-1. order, obtained 
f rom ..H 11 by crossing out the first row and first column. To 

equation (2.17) a set ~ of equilibrium points corresponds 
over which 

rx ) =(x) =-0 · 
l ll I 12 I J 

fu- xtn 1=/u-x,.,f:s;, ~ = ~ . (2.1 8 ) 
• f f 

Here ( x)~ is a column-vector obtained from X by cross­

in.g t he ~rst · element out; ~~~ and ~ are the elements of 
vect ors XII anci a . 

We choose the Liapun9v•s function in a form 

(2.19) 

in addition demand~ from matrix P that P=diaj{f, {P)u}; 
/P) 

1
,
1 
> 0 . ~rhen 

{
"" ) r "" ) ~ o ·/""' r"' "'r""' "" -r -4~ =- £; 

1 
{P-Mn ,,,(E,,.){+2(£;)t1,K,+K,f1nKnjM,=HnPHJ2.20) 

In accordance with discrete analog of La-Sall theorem 

t h ... set ft of e quilibrium po~nts of system (2.17) i s asymp-
totically stable on the who1Jr1 • 20]if . 

(2 . 21) 
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:From (2.20), (2 . 17) and definition of ~ it follows 

that the first of two conditions (2.21) is .always satisfied. 

The check of' the second condit.ion (c.~1) is .analog to the 

previous one an~ leads us to the geoi!letrical problem of i' ind- . 

ing CC?nditions under which ._;.dimensional paraboloid 

tfn•J; (P·-MJ,/(f:), -2(E:f_FiR~ KrM_ Rj M=Rnl =- ,_'K .. K,J ·.c~· 22) 
- .- ..., - }6;, G 6;,--6' 

is not tangent to the plane Cr.£; -=o (Fig.3,b). As before, 

the _ problem solution lea<is_. to inequality (2.11). Omitting ·the 

intermediate calculations {analog ·to those · realized in the 

main ease) . iet us write _the expression fbr function .f'(5") 22 : 

J>C 6J = ~lt, { ~ 2 

+ t Kf[rti J~., + (RA; t P ~Mf ti1J,, 1 ti;. C2. 2}) 

· .. _+ ~~rctrP·~h~ tCJ,j+(CJ,~tP-M1.~' ri1J..,lkh, 
where k, _- ~lement -of.' k - ve~tor. 

Function (2•23} becomes zero when /of:s A , so in the sim­
plest critieal _case (irre_~pectiy~ of (). val.ue) it is su:ffi- . 

cient to cheek _the -inequality -(2:.11) onl! -.for /tJ/ >A • 

. __ pi the simplest ·critical case the additional condition 
· (2.6) . talie,s . on the .form: _ 

__ (P~M)· ->o. (2_.24) 
. . ,, -

·Taking into account .. the last observations the .final re-
- - -

sult is .formUlat-ed as follows: in the s:linplest critical case 

the, set .~ 0~ ~stem (1 ~6) equi~ibrium points is asymptoti­

cally stabl.e ' on the whole,' p~ovided that ·.for /of >.A condition 
(2.11) is~··satisf'ied and that it is possible vto indicate at 

least one. 0. · value . in every int~rval o:f function (2.23) con­

tinuity f'o:r- which inequality (2.24) is satisfied. 

CLP Critieal: Transfer .coefficient. Let us represent (1.1) 

as W (.s) = k W
0

: (if, where· constant k (we call it CLP trans­

fer coefficient) is -lim W{s) mainly, and lim .s W{s) in -the 
- s-o · .s-o 

sim:plest critical cases. Then inequality (2.11) can be re-

·. duced to the form 

(2.26) 

where j>o (o) is determined by (2.15) or (2.23 ) if ·instead o£ 

(-:1.1) we use Yio(s). From (2.26) it follows that the critical 

transfer coefficient ( or the smallest 'k for which the sta­

bility condition is not satisfied)corresponds to the largest 

k for which the function ..fo{o) is in sector [o_,f] (J3' ig.4) . 
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The Absolute Stability of ·t he Equilibrium Points . The 
system consisting of a nonlinear e lement (ltE) and a linear ·. 
part (LP) is called as absolute s t able if' i t is asymptotical­

.l y stable on the whole for all NE characterist i ys of some 
class 24 , 25· • In the system under investigation (Fig. 1) 

the nonlinear el ement is the PM whose properties are . complete-
ly defined by (1 •. 3), (1.4) and (1.5). Thus the absolute sta­

~ility problem can be considered h~re in three dii'ferent state­
ments : 1) ( } .4) and (1.5 ) are known, a class of f easable 
f unctions (1.3) i s searched for; 2) (1.3) and (1.5) . are known, 
a class of suitable PFM laws (1.4) is searched for; 3) (1~3) 
and (1.4) are known, a suitable class of FWM laws (1.5) is 
s earched f or 26 • 

To simplify the problem let us assume U=O in the main 
case. Then the ·stability condition on the whole will be 

/of> l_tfo)/, (2 . 27) 

The f irst st·atement of the abs9lute stability problem is 
trivial and is solved completely by condition (2.27). Really if 
for some .l1 = .d_.. condition (2.27) is satisfied i t will be satis­
f ied for any A~ .d* . ~he last inequality solves ·the problem 
completely as it defines the class of functions (1.3) searched 
f or. 

For solving the problem i n its 2nd and Jrd. statements let 
us r epresent the function _f(tr) for 6'>0 in the followingo form: 

_/) (()) =f4 { F'(tr), jfff} } =fA ( P~f), 0.>0 (2~28) 

For F--oo and j --0 the system under investigation will 
be broken out. In accordance with t he condition t he CLP is 
stable (or limiting stable24) so the feasable class of func­
t ions F(6) is bounded below and j(o)- is bounded above . 
Let us consider t he equation 

o>O, ( 2 .29) 

corresponding t o t he boundary of t he st ability domain given 
by (2 . 27). I f f unction (1.5) is set the equation (2 . 29) gives 
ib.eXpl i cit l y the f unct ion 

0>0. (2. 30) 

Funct;ion (2 . 30) is def i ned and p osit i ve over the i nterval 
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FE { Fo J oo), where F;~ 0- is the highest value of F" · for which 

conditions (2.6} or (2.24) are violat e-d. Therefore there is 

the positive inverse function f:; {<5"j=._;O~:f(o-j . which use make s i t 

posssible to reduce (~.27) conditi6n to the f'v~~= ., 
o e {A,AoJ. (2 .31) 

_The obtain~d inequality defines the class of :functions 

(1.4) searched i'or. Similarly the class of ~easable :functions 

( 1. 5) is defined by -che inequality 

. j ( {)) < j * ( 0) = .}J~~: ( 5), 0 E ( ~, A o) . ( 2. 32) 

. r_r; general 'Case o.ne .fails to -find _ inverse · functions ..l'~:,ro) 
and . .f~) .F [o) i~ analytic form but . it is ·simple to find 
them graphically 6 • 

The Asymptotic Stability Region I:f -condition (2.27) is 

violated for o= 41 e (4J~.J ' the syste~ ~der investigation 
does not possess ·t;he asymptotic stability on the whole but it 

m . . 
hasthe region (in_£ space) · of tfe asymptotic stability. The 

largest of·the open regions i's the estimation -of this region, 

bounded b~ the surfaces 11;,=-_jJ = const and sat.isfying inequali­

ty ./trf < I:J 1 • It is easy to show that in the main . and the sim-

plest critical cases, ·respectively' - .<3_ ~' vaiue is equal to26: 
~2 . : ~J-

. A - . 1 
• · ~ · ~ (2 33) ,;- - c.,. p-1c 1 ./-=c.,. P~c' · • 

Remark about Choosing the Liapunov Jrunction -· From the 

stated above it follows that inequal·ities (2~31) and (2.32) 

ensure the stability region :for any 'P>O and { P}f,; >0 , res­

pectively. Satisfactory results and material.simplifications 

of calculations can be obtained when choosing 

P= s*s, P=S*DS, (P}~.,=·s~sJ (P}~.,=S*.JJ~ (2.34) 

where S - matrix transform.±.ng the. matrix A or { A)f,, res-

pectively into the normal Jordan's form; S* .:... matrix, Her-

mitianly conjugate to S ; D - the positive elem.eL.ts diago­
nal matrix 11, 17, 18, 20-22, 26. 

3~ The Forced Statio~r Regime Stability 

Let us consider the (1.6) system~ the .simplest criti­

cal case for u(t) = wt (the regime of following the linearly 

increasing input signal). Using t ·he substitution X,= U, -£12 

we reduce (1.6) to the following form: 
• 
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£,,., . := H, ( £, + L,), L, = H,-~ U,~, -:-.//, - Kn . < J •1 ) , 

It may be shown that for u(t} - w t this equat.ion does 

not depend explicitly on tn and t here exists for i t a li­

miting equality limE, -E- , where £ 00 -iS a numerical vec-
27 n-oo 

tor • According to (3.1) vector E_ must satisfy the equa-

li~y 

(H _, - Ir I . £ = l 
- J - - J 

L .. = ltm L, . (3.2) , __ 
It may be shown that there is always interval we ( wf, W.z) 

( wt>wt;} o) for which equation (3.2) has at least one solution2
't 

By substituting £,=£ .. -£: we replace the origin. of phase . 

space coordinates to the point corresponding to the investi­

gated stationary regime. In new coordinates instead of (3.1) 

we obtain 

£:+( = H, (£; +L:), L"n =- ( 1- H,-')E_ -L,, 6';, = Cr(E .. -E;)c3.3) 
Similarly to the previous let us transform equation 

(3.3) by multiplying it by. the matrix (2.16) 
"'V. - {- -.) .... .,. - -,-0 
E,~=-H. £,.+[,, 6;,=C (Et:Jo-£;J=ooo-C £,) (j.4) 
-. 0 -

where L,. = RL, 1 £.• R£.(the rest of indeces corresp ond to 
these taken above). Equation (3.4) is similar to (2.17) but 

inste~d of ~ set of ~quilibrium. points the syst em (3.4) 

has one equilibrium point £; =0 • When Liapunov funct;ion is 

chosen as (2.19) the stability condition (similarly- to the 

previous one) will be obtained in the form of (2.11), where 

.t. ( 6") ==-ft1· .{ ( ~ •J z_ ( l J1T [ ( N)~f + {11),, ( P-f4;'rH), l (lj, f- ( 
3.5) 

·. · + rf!:_{c(rP-Mh,; rCJ,J :r~.? (P-MJt~ Ch)t,rlit 
Here [

0 

= L·J~ ; H=M ~ ; l 1- is vector 
. " v,.: 5'00 -6" n 6.,- ~-(J · 

·element. 

4. Limited Boundedness (Dissipativeness) 

In those cases when the condition of asymptotical s tabi­

lity is not satisfied on the whole in (2.2) syst em existence 

of periodical regimes is possible. The exact and approx imat e 

methods f or analysis of such r egi mes have sma l l practica l e i.'f i­

ci.ency being cumbersome and r equiring t h e apr iori knO\ 'l cdge 

about the fo : :11 of the periodical process (number of pul ses on 
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on a half -period , orQer of t heir alternation, et c.) or sear­
ching all possible variants10 ' 11 , 28 • The method of in~es­
tigating a limited boundedness (dissipativeness) of automatic 
systems gives the best r esults. 

System (2.2) is called a limited bounded (dissipative) 
on the whole if t here is such a compact set(;' (asymptotical­
ly stable set) that f or any initial conditions xn- 6' whenn-- oo: 
On t he ground of discrete analog of the T. Yoshisava theorem 
system (2.2) is limited bounded, if the set ~ 9ver .which 
function (2~5) is p_osi.tive is limited. The estimation of the 
asymptotically stable set G is closed domain limited by the 
surface v;,=_r (O~.Jf= const)whi

1

Ch describes~ 11.' 29, 30. Let us 
express matrix P of -the quadratic .form (2.4·) as P= (j}_,.Q and 
transform equation (2.2) by multiplying it by Q from the 
left: 

't,+
1

=QHnQ-t(Yn+QK;), ~,=Q£:.. (4.1) 

In the space Er;'"= { Y,} the surface ~. ~ is a sphere 
and, consequently, the sphere circumscribed the set G is 
a boundary of asymptotically stable set~ 11 , 29,3°. For 
the second order systems this conclusion leads to the simple 
graphical procedure (Fig.5) that sufficiently simplifies t he 

investigation. The examples of inv~stigating the stability 
and limited boundedness o:f the concrete systems can be found 
in the works~l1,1?,18,20-22,26-30. , 
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:Fig.1. Block diagram of nonlinear pulse 
system of -~utomatic __ control. 

Fig.2. Block diagrams of nonlinear pulse modulators: 
a - ideal frequency-pulse modulator; b - real frequen­
cy-pulse modulator; · e - width-pulse ·modulator; d - :fre­
quency-widt~ pulse -modulator. 
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a.) 

Fig.). Graphical interpretation of_ stability condition (2.11) 

in ~he main (a) and simplest critical (b) cases. 

/ 



Hig.4.. Det ermination of CLF critical. tranz.U:er eoeff'ici-ent • 

..tig.5, Determination o:t· asymptot~cally stable set of limited 
bounded system of the 2nd order. 
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' 35.1 
ON OPTIMAL RESOURCES AI~LOCATION 

A.Ya.Ler.ner, A.I~Teiman 
Institute of Automation and Tele~echanics 

Moscow 
USSR 

A solution to any technological or economic-problem 
r equires 9erta in activ·ity displayed as utilization of the 
app.r opx-iate resources •• human, :mate~ial 11 temporal or finan­

cial - to achieve the desired ob~ective. Because an effec­
t ive solution to any problem as well as t he expenditure 
of time and f'unds are substantially depandent on :the way 

the resources are di stributed and redistributed, it is 

quite natural that we have to develop s~ch princip.les for 
r esources allocat i on that would ensure t he -most beneficial 
value of the possi ble values of ·the criterion that des­
cribes th~ result and the t echnique used to achieve it~ 

In its essence this problem of optimal resources 
allocation is t . .be same for most various specific problems 
.whatever their variables or scale. No m tter _nether we 
deal with ~scheduling the ope~ation of ~~pair team or 
a major project,· the mathematical statement of ·the prob-
lem is actually the same. . 

Thought by now a number of interesting researches . 
have been reported1 ' 2 '} etc we believe that bo.th the sta­
t~ments of · problems and the sol·utions suggested are far 
from being :t'irial and there is still much to be done both 
in theoretical research and new applicatio:o.s,. 

This paper is an attempt to give stri ct definitlon.s. 
to basic concepts and suggest possible solutions to -cer­
tain theoretical p:robl ems. The research wa...~ undertaken in 

the Large-scale Systems Division of the Institute of Auto­
mation and Telemechanicsxf . 

x/ Among the -collaborators of the Division who took 
part in the research we would note V..N.Burkov, A.A.Voronov, 
S.Ye.Lovetsky ana others. 
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'A number of ~etinitions as well as classification of prob­
lems and techniques are not conventional. The writ.ers hope · 
that a discussion wUl result in a uniform point of view on 
these matters which is now very much desirable~ 

Basic Concepts and Definitions 
1.1. An activ1tz is a process described by equation 

of the fom · 
- J:r,·t~J - [ . a 

·W.:l-t)- J-t -<f.: U~,{tJ, .. • ·~ U,·mtt}_J (l) 

where :x, (-t-J 1s the status of t he i -th activit," at time ~ , 
U,i(iJis the amount of resources of the j. -th form 

in the i .. th act1.v11;.r at time -1: 
W,:{i) iS the rate at w.bi.ch the i- th activ1.ty' is 

being accompli~hed at time --t • Since resources are invol­
ved ill an activ~v in certain ratios the concept of resour-
ces set wil.l be useful. 

A resources set 1D the i.- th ~ctivit.Y is a set of 
resources allocations f U. ~i (-£~such that U. ii ( t) : oL •i ~·(f) 
where r al iiJ are the parameters of the set and. l',· (1) is the 
capaci't;Y of the set at time "1: • Diff'erent sets are general­
ly feasible in an aetiv1t.Y, but for simplicity we will <11.s­
cuss only the case of one feasible set per activity. With the 
given parameters of a set the rate of each activity <1epends 
onl7 on the capacity · of the set and time e.Lapsed (the rate 
wlll be assumed not depending on time explicitely). Thus 

w,r~:J = ft [zJ-,.to~:ij . <2) 

w.nere f,_· 1s a non-decreasing continuous :t1mction of ~· and 

t, {oJ:: o. Coiapletion of an activity l.mplies t.tle chal:lge of 
i t{S state i'rom. the ~ tJ.al. one Xi f ~:~) -= o to the final one 
X,· (i):: W'; where W:· is the volume oi' the activity and T 

is the time when all activi.ties have been completed. 
1.2. A final set of activities makes ~ complex of activities. 
This is normally shown as a network. The state of the comp-
J. '?.K i s t he vector X (i.) : ( .x., ( i), · · • J :X n {i)) whose components 

' r~ t he states of activitie~ in the complex. The volume o:f 
the complex is the vector 'W = ( ~, • · •) W,). However, t he con­
cept of an equivalent volume , is sometimes more con-
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venient as a sca.J.ar quantity deperui1ng on the Tolumes of 
actiivities (e.g_~ W'e = {f ~·.t) 7~ 

1 
~, 1 ). 

1.;! Let us introduce two types o~ constraints on resour­
ces, constraints on capaci'fi7 (instantaneous constraillts) 

I ol, · lJ'. {--l:) ~ ~· {-t) i.:: 1 2. J ••• ~ m ( ~) 
t J ' - / ~ 

and constraints on a:peradl.ture (integral collStraints) 

.? -<.. ~ _; .S . ~ 5 1' J i .'it ~ 2. J • • • J m · l4) 
' fl '-r • 

where .S,· & ! l.',.{i)cl~ are expenditures of capaciv. 
2~ Description of the aodel 

2.1~- The statement of aDd solution to the pro~eas of op­
timal resources allocation ma7 be based on a model of a 
complex of activities including the following constituents 
a) A network or a matrix which represcts the composition, 
volumes and feasible sequences of activities 1a the comp­
lex. 
b) A graph or a matrix representiDg t he feasible distri­
butions of resoUrces among the activities of the coaplex, 
permissible expenditures of resources to coaplete these 
activities, and expenditures of ttae and funds for re­
distribution of resources. 
c) A set of equations representing the activities of the 

. complex: w~· C~J ~ 1,: [,,·l-tJ] 
d) A functional j which represents the total effi­
ciency in completion of the activi't7 complex. 
2.2. The problem of optimal resources allocation consists 

. ~ k 
in · selecting programs ~d· £-t) (the amount of 
resources of the k -th form tha-t! are reallocated ~ 
the i. -th activity to the i- th activit:r at tiDle 1: ) 
such. that with the constraints on :feasible sequences of 
operations (2.la) and on feasible values of resources 
nuxes (2.lb) would ensure completion of the complex 
described by eqs of (2.lb) so as the functional J 
takes the minimal value. 

' --2.;. Depending on specific conditions the functional may 
depend on different arguments or their combi:D.ations~ In 
practice the most important are eases where the objecti­

ves of optimization include the following factorsJ 
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the time _of colp.Pl-eiii:Dg the . complex; 
resources allocated for completio~ of a 
complex; 
the probabilit;r that the complex will be · 
comp~eted within the time intervaJ. 
the quality of the result. 

Generally opt:iJD1zatiom of the schedule for comple­
~on of a complex should include minimization of a cer­
~aiD functional of the above factors 

:J ( ~ R_, P.) K) . 
In apectiie cases some arguments of the functional :J 
can be neglected. Depending on the parameters that are 
included either in -'the Iunctional ) or in the con-
straints we can distinguish the classes of problems 
represented in Fig. '1 (the time parameter is assumed to 
be alwqs incorporated m the problem) ~ The problems 
of the class !r (time) are not optimization pro-blems. 
Su~ are those of the complex analysis (:finding the 

tiJie when the complex has been . completed, fina.ing the 
till.e slack, etc.). The class TP (time-probability) is 
matte chiefly by the problems of allocationg the depen­
dent time slacks between operations qith the view to 
•aximizing the probability o:f mee'ting 'the schedule. The 

classes which incorporate the quality are relatively 
li~e .known. The remaining discussion will cover t he 
probl.ems of the classes time-resources and time-proba­
bili_t7.(TR and lP). 

3. Btatement of the problems 

3.1. :I'Wo basic classes o:r problems can be distino"'Uisb.ed. 
In the problems of the :ri:rs"t type the 'time I I"O~ comple­

tion of the comple~ is given, in -che proolema o:f t he 
second type it is not. 
Problem l. ~·ind. VJ.: {-tj, L. : 1, 2. J • • • ~ rL t;hat satis-

fy eqs (3), (4) so that the complex be completea within 
1ihe time T and -che optimality crJ:cerion tia.ke the mini-

. mal value. 

Problem 2. .J!'ind ?.Y-,· t-t) ~ ~.· = i; 2. / • • • n. so that 
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the complex be completed and th~ optimality criterion take _ 
the minimal value (time is not givell). 
;.2. ~ne f ollowing optimality criteria · ~e most widely usel 
a) J 1 = T (minimization of the ~omplex time) 
b) :l.a. -= f CA· mo.x f ol~; 1.9,: C-t) (minimiz~tion ~-t the re-
sources leve1s4t 
c ) :J.J = z; c,j J'( X .L ,:. 19 .. tt.J)<.c:/1: (steady of resol.u.""Ces) 

J 0 l d ' 

d) . -\ :. z c ~ 2: .s . -t. . . 
(minimization o:f costs) 

..1'1 ' J 4 ( 'd 
e) :J. = o..T ..,.).t. 

f ) :J f. .a 9.. T + :J V 

In these criteria c,. ~-o represents the costs of resour-
ces of the i -th form, 

Q . is the losses when the complex completion is delayed 

by a time unit. If there ar$ interm.idiate objectives, e.g. 
the earliest possible occurence of certain. events, the cri-
t eri on 

-t. ~6· 
is used where 6j(t,.-A,) ::0 a~~ is a non-
decreasing function -f.,· at t,. ;1*CJ; , being the time Y:; 
when the i.- th activity is completed. 

4. Complex aggregation 

4.1. Complex aggregation is replacement of a complex or 
its part by one activity4 • . Aggregation is used when a comp­
lex consists of' a large number of operations! Direct solu­
tion to the optimization problem iS difficult due to its 
.hig.l:l dimensionality. Aggregation is made in tbree stages• 
1. Ordering the states of the complex. 
2. Finding the parameters. __ of the set of the aggregated 
operation. 
:3. Jtinding the relation between the rate of the aggregated 
operation and the capacity of the set. 

4.2. Let us consider an example of aggregating a comp­
lex of p sequential activities completed by resources 
of the same kind. The first and the second stages are Ull.Be­

~eesary since the states of the complex have already been 
ordered and the single parameter of the set ot the aggrega- . 
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t ed activ~ty can be assumed to be equal. 1io one. Let 'T:i.· { ~) 
denote the t ime for completion o:f the i- th activity at 
capacity 1Y' of its set, i.e. \ · 

W'.: 
"'t:c: ( ~) = i,; ( i!J) 

T.ne.n by defi.nJ.tion the rate of the aggregated activity 

\N' 
j{l!J) =: 

..:." _. '"t: .. ( L9J (5) 

Assume the volume oi the aggregated activity 

w ::. f Jl; W'~ . 
Estimate the aggregation · ·error. Let the capacity of 
t he set of the i · 'th activity be t9,· • Then the time 
comp~etion of ·an aggregated activity 

~ '- · W. · I ~ "="" .n • ' 
't l t.S>.,., ... •• ~p) ::. '[" AA) :: w I f ..,a;·~· ~ ,· { "d:.t . 

The actual time of the complex 

1:' I ( IQ 1l'l ) ._ ~ r.- (, n ) -~ ~ % t1 • LV, · '1:"' • { ~ • \ 
v'f.., ••• ~ "'p - ~ (...: vc· - w i ,· ..rd J ' ''J . 

The aggregation error 

ror 

I ' ., · (; ~ ~ I '· jJ 
E. ~"'t (t9-r.,•••,~p)-7:(LP.,J ••• , l»p)=\J ft~· ~·L"t;, ~d- t;c.'l~(6) 
In thl.s case t.t::Le problem of optimal aggregation is 1n find­

ing .P1 ~ • • ·., .Pp so as to make the ag­
gregation error minimal. 
Theorem 1. Let 't'4 {t9,-) • a.,. +l~"t(lS>j J i. = 7, • • · ~ P then the aggre-
gation error is zero at ~.' : ~:i ( C 7 o . 1s an 
arbitrary constant). The proof' is xoun.a. by direct verii~ca­
tion. ThiS theorem ~es it possibie to solve tne problem of 
optimal aggregation by representing the reJ.a,;ions 'C",· { l.9) ill 

the approD.mate foxm a.,·+ C,(<: (9) and assumJ.Og 

P/' = c.~.: I We.· . . 
4.3. The prob;iem of optimal aggregat~on in which tne maxi­
mal r elative now.nt~e of various vypes of resources was 

.minimized in Ref.5 for the case of l inear relations oe~een 
the rates of activities ana the capaci~ of resources set. 
Tnat ~aeal aggregation is possible (where the aggr egation 
error is zero) in a network of an arbitrary f orm was s hown 
in Ref.6 for the case of exponential r elation between the 
rates of activities, on the one hand and the set capacity' 
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VV~ and the resources of the same type, on the other. 
Let us proceed to the precise methods of solution de­

veloped ~or various specific statements of tbe problem, such 
as the' case o:t: independent activities, the case of ordered 
events, the problem of expenditure allocation and a number 
of problems of the combinatorial type. 

5. Independent activities 
5.1. Let f',· (~) be convex upwards functions of lP,· . 

Then it can be shown 7 that - in an optimal sol ut ion all ope­
rations are performed at constant intensity and complete 

simultaneously_. Hence W· 
1,·{ 'Cc:) = W~ IT j lP,: :: ~· ( "/ T j 

where '-f,· is a ,functiont reverse to 7,· . 
The minimal time of completing a complex is defined as a 
mjnjmal T for which following set of .inequalities is true 

fJ~i If, (w,:{T) £ ~· ' i = 7, z.J ••• ./m. 

Example l t,· ('1),-) : ZY/ , tD,· ~Jl,·, t.' = 7, 2;, • • •· ... 1'2 ·. 

We have 
~J. ... i 'W.:fT ~ ~· / i = 7, 2, •• ·~m. 

c. 

'W,·/T ~Pi i ~.: • 1, z./ ••. / .n 

(?) 

T . = m Q.x LrnQ.X ~·I~· ; rn~ .~. ~ .l .:~· w,_.] 
m..,., 1 "'i c • (8) 

5.2. If 1-,· ( £1,.) are non-convex functions then 
the optimal sol ut ion generally consists of intervals of n.. 
constants~ For -what :rollows -of importance is 

Theorem 11. The minima] time for completion of a complex 
'Tm,·, (w.,) •• • 1 w-;.) is a convex (downwards) function of' 
activity volumes (even if 1-,.· (r.P,:)) are non.;.convex fun­
ctions). 

6. Ordered events 
6.1. The events of a complex are ordered if the time when 
the i - th_ activity occurs is no lo~er than the time of 

the j~ th event, provided. tha:~ i 'd 
Denote by t; s the auration of the interval between 
-( s -7) and S- th event .S : 1,. 2.., , •• ~ ~ 1 R. J 1$ a set 

of activities that can be completed within the S-th inter-
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val f!1 is ·t;;he set of intervalfl where the i~th activity . 
can be completed., ..::.t:, • ., is the vol ~e of the i - th acti­
vity complet ed. in the -5- th interval. Let ~~ ~ f ::t--,.".1: ,; ~ RJJ 

be given. Then for each activity we have a case of 
independent activities and can rind the minimal duration 
of the .S - th interval of Ll.s ( -e.s) • The time f'or 
completing a complex 

T :: ~ A .s ( ~.s) 
. .s (9) 

is by Theorem ll a convex (below) function of ..:z--,.J Thus 
we have the problem of minimizing a convex function at 

.l. inear constraints 

~ X. :: ~· i • 7, ~J ••• , 11 . 
..S&q,· u "" (10) 

solvable by aQ1 techniques of convex programming. 
6•' • Let us take now the problem of steady use of resources. 
Assume that each activity requires resources of just one kind. 
Deno:te as K.Ji C R~ set of activities which require re­
sources of the J- th kind. We .have to minimize 

- . 1 2 
.J3=~Ci2_40.s{ ~-..:Cc:s) 

tJ" .s '~~; (ll) 

at constraints (10) and 

(12) 2 Ll.s :. T. 
.l 

Since conditions (10) and (12) are independent we can im-

prove successively a certain feasible solution by varying 

:rir~~i; I:ixe~ A.s and then ll..s at :t'i.xed .:x, . .s • 

1st stage. ASsume that feasible values o:r c1s ~ 0 

are given such that ! Z:. ~.s ~ 7 • Then the problem 
. ..s 

of minimization decomposes into n? inuepend.ent problems 
(by the number of resourceskinds). Each of these is in mini-

(13) 
at constraints (10). This is a problem of quadratic prog­
ramming. 



127 

D c 2nd stage~ enote by ..:C ,·..l the optimal values ob-
. ts.ined at -the lst stage ~ 

Bit = ~ c . ( ~ .x~~; )" 
S ' J d L -~ ~.ltJ· - (14) 

We have tb.e minim; zation pr.oblem 
- .2 
Bs 

.:J .3 ·-= ~ ..d..s (15) 
at constraint (12). By using the technique of Lagrangie.n 
multipliers we ob~aiD. a.irec~y 

B .. -r . LJO ~ 

~ 2:8 
s s (16) 

Then the ~st and the 2nd stage are .made 1n the reverse 
oru.er. 
6.3. ~he most dif~ieult is ~he ~s~ stage. _To pe~form this a 
successive improvement technique is sugges~ed which is ba­
sed on hydrodynamic analo~S,9 which is a mod±f~cat~on of 
t.ne quaCirali-i C programming teclm1que10 • 

An effective algorithm for the lst stage can be obtai­
ned f rom -the following rule for resources allocation: the 
activities with the miziimal num.bf!r of a f:iJi.al event are per­
f ormed in the first turn. Its applj.cation is illustrated 
by this exa_m.ple. 
E:xample 33 Let us consider a ne.twork of 12 activities sht.:~ 
in Fig~2 { lti (~·) denotes the t- th _activity of the volum~). 
Let A 7 = A~ =· ·~ -:::Lj"::1• We f:mdx/ that .Ao:i f~·: lZ. · 
Allocate the resources and denote the- events with signs~ The 
sign (-) marks o.nl;,y event :;. The ev:ent c~osest to it on the 
left-hand side, eveDtl, is denot!d as (+)• Since ill inter­
vals 2 and 3 ~ activity with a final event above 3 is ~OmP­
leted, we make a subnetwork of events (1,2, :;) and in the 
remaining part of the network these events are tmi ted into 
one. The remainder of the netw1ork i s a serial connection of 
two networks, one of which :includes event and the united 
eve~t (1, 2,~), and the other the united event (1, 2,}) and 

X/ The algorithm was suggested by V.N.Burkov. 
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.... and events 4,51 6. Therefore the problem can be solved se- . • 
parately' for each network. We obtain three subnetworks shown 
in Fig.3. 

For the network,., J .4,:: 8 and the feasibie solution is 

X,.,: 3"' ~l..,: s-
J!or the network '-z. ~.A z. = /1- and the feasible 

sqlution X 3 z = l'f~ ::C.yz..: 3., Xv3 =Z,~ ~,3 =IS: 
For the network G-

3 1 
.A3 :: Jo and the feasible 

solutions XJ'f=s; :· ·' ::C8 'f=2.,~ X 9 .,.=Z., .Xr.., =1~ Xry= _-,.., 

. Xro,s : 1 J Xn~s-: 2.,~ .:JC71 .. 4 : Z. ., x,~,.,::: 8. 
The values of £ X is } obtained make the optimal so­

l ut ion to the 1st stage·.-
. ·' ~ .l ~ 
' The value of the criterion ] = 1·)1 + 2 ).l -+3 .A 3 = 9~l. . 

?. Problems of the class T P 
?.1. Among the probJ:ems of the TP class one can distin­
guish the problems of maximal complex reliability, i.e. of . 
scheduling the reuization of the complex so as to ensure 
a minimal possibility of not meeting the schedule. Two types 
of problems can be distinguished. 

A. The probability distribution P(t) of completing 
th~ activity is known! In this case there are tw~ problem$. 

Problem 1. For the given time T at which the complex . 
is to be realized find a distribution of times for completion 
of activities zt,j ,such that P£-tn ~IJ ---P> max. 

Problem 2. For the desired level of reliability in 

complex ~ ~ind a distribution of f-t,. J ~ such ~;hat 
P i "tn £. T J ~ ~ 

B. Probability dis tributi on P { t) is unknown • 
. In this case a certain criterion ]{tJJJf)is :tormed that depena.s 
on ·~;he time .t of completing the activit i es and on ~he 
amount of reserveei. . t ime slack. The value o.f the criteri on J 
is an es timate of the compl ex· reliability; problems s imilar 
t o Problems 1 and 2 can be formulated t'or i t . A -number of 
statement s f or problems of the A and B type as well as the al: 
gorit.bms .!"or t heir solut ion were dis cussed in11 ,1 2 .. 
7.2. It is a specific :reature of the TPI\time probability 
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and time resources classes, types A and B probl ems that the 
complex is assumed given.. In practice this is preced.ed by 

the process of making the complex;, the problem of s chedu­
ling this process optimally arises. Below we will present 
t he results obtained by one of the writers13. 
7. 3. A model of eompl ex formation 

Let the complex .50 consist of one activity at the ini­

tial time. Then in the process of sehedulillg it decompo­
ses into parts, detailed and :in the long run the complex 5 

0 

conta:ills n activities. The activities of the complex are 
decomposed, specified and aggregated. 

Let us define these basic concepts. It is assumed that 
~ is a random duration of an ac~ivi't7 and o ~ ot. ~ 11$ ~ g ~ 0\i_,. 

c ; t-a. 70 F' {:;c) .: P { .S £ .:.rJ, m::: M~ ., t:F
2 

:: "1>~ . 

Assuming that -':: o /fl-~ ;.,p::. fm - ...;/r~ ... Q..) it easily fol-
lows that o:-<.. ~ 7/z. , o ~ _, ~ 7 .-

Specification of activities 
The activi1;.T li-2 is specification of ~7 1f 

'~-a.~ ~ e7- Q.7 and -t2. ~..£7 • 

Activities decomposition , 
1. Let ~ decompose into k successive activities 

~..,, ~a~ ••• ~ ~ K • This decompo~i tion is regular if 
a. rana.om values lS .. are independent 

K. K' 
b. ~ Q.. ,· ~ 0. ;, !i:: t.: : ~ . . 

7 ) . 

e. -L, £.L 
I( 

d. :?: ~, c, I c ~; . 
11. Lett decomposes intolcparallel activities ~ 7 .. ~ ~ J ••• ., 1; K . 

This decomposition is regular ~ 
a. random val·ues of ~,· are independent 
b. nJa..;:t a:.,. : a. : rn~~ ~,. :- C ; Cl £ C 

c. c-~ , £..{. . 

d. ~~ [ .P,· c '~ -f a.,· ] .: .P c + GL. 
111. Let the networks S' have the correspona.J.Dg decom-
posit ion 52,. while the networks S,+7' the decomposition SZ;.,.

7
• 

The decomnosition 52 ·+ ? 52 . and regular, 1:f" obtained by 
~ ' 7 ( 

regular breakdovm. of activities in the network S~,.· • 
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Activ~ties aggregation • 
Ac~ivities aggregation is uni fication of several acvi­

v~ties into one. Like decomposi~ion it can be made in series 
or .lll paral.l.e.i... Aggregat~on w:i.l.l be cie.r:meo. as operation 
reverse to decomposition. 
?.4. Analysis of complex formation scheduling ... Basic theorems. 

Theorem 1. Let -1: 4s be the time :for occourence of the i.s 
even-;"(is a fixed scheduled deadline. Then f'or each event ~ 
there is a number 4:"(3 such that whatever probability Po 
is given, there always is a sequence of regular complex net­

work network decompo~i tion 52..4o..-2t ~ for which , starting :from ~' 

p [ t '~? -t/• J. ?. I; . s a.--~ 

P~t.L..t· ,_e r -!(' -] 
L " '.s .... . 

If separate classes of decompositions are discussed then 
stricter statements can be proved. E.g. there is 

Theorem 11. Let f .J2.', l, ia1,~·~ be re~ar successive decomposi­
tions. Theorem. 1 is true then fer J2<~ and. any J?..,; :; ..... 1'2.o . 
To pr~ve these Theorems13 those networks are t aken that con­
sist only of serial or parallel activities abd a network of 
a general :form. 

The results obtained show that there are certain criti­
·tical deadlines · :for a complex and i f deadlines are chosen below 
below critical values the probability of failures will be 
very high. 

A number of scheduling procedures, e.g. those that use 
averagt.:d indices can be shown to be incorrect in this sense. 

Therefore two classes of problems appear, formulation of 
upper-bounds :for~ z£::'" and optimal choice of -t; .. 

8-!. Conclusion 

1 • .P.boblems of optimal resources allocation found in 

practice of recent years are of great economic importance. ­
However, neither basic concepts nor strict and su:Eficiently 
general statements o:f pr oblems have not been defined so rar. 
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2. The paper is an a:tt empt t o satisfy the urgent need in 

fornrula+: ing t he p :t>oblems o:f optimal resources all ocatiort. by · 

~sing models tha.t · represent suffic i ently the act ual conditions 
~or implementing a complex of activities. 

I t has been f ound t hat no solution t o this ciass of pro~ 
lems can oe oased on a single mathematical vool; t his r a­
quires the entire rar~e of various tools such as ·mathemati­
csl. programming ,. t heory of graphs s optima-l control theory, 
et c. 

3~ The effor ts of scientist s have undo~btedly be direc­
t ed at development of t echniques ~or solution to a number 
o£ urgent r esources allocation problems such as finuing 
paths for transportation of resources _ optimal in t erms of ma­

ximal reliability o:f aclU.eving the ob;jective, development 
of t echniques :ror solution to a general _problem. of optimal 
r esources allocation1 both a.etermi.nistically and stocha.stical­
l y. 

4. Some problems r aised in the paper are reported in more 

aatajl _in Rererences ~ 
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35.2 
/ 

0 N S T 0 C K C 0 N T R 0 L T H E 0 R Y 

V.Avdiysky, A.Voronov, S.Lovetsky 

The problem considered is to define the optimum 

level of row materials to be maintained by a large 

plant when the dem&nd is stochastic and an outside 

sourse of the row materials is available. 
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§1. Statement of · Deterministic Stock 
Control Probl em 

We snall assume that the warehouse of a large plant ( say 
in t he steel industry) holds stocks of different items of 
r ow i:laterials Pi (i = 1 ~ 2, • • • , m) (e. g. metal bars of 
different sizes); from which n types of product 7.f ~ ( j = 

J 
1 , 2 1 •• • , n) (e.g. different types of rolled metal) must 
be producsd. General l y speaking each type of product can 
b e manufactured from one row item not necessarily always 
the same one. However we shall r estri ct ourselves to the 
case when having ehose.n the row material P.; for the 
production Ji..i. we shall now onl y use ·this ~ow item for 

c) 

manu~acturing this product. 
Furthermore we shall assume that the demand b j for 

product l.T; is known and not affected by t~pe of row materi-
4> 

al. ,1sed. 

~ et s denote the cost of manufacturing the product ij 
Jr. from row materi al P .• If for s ome reason it i s 

u ~ 
impossible to produce J/. from t he row material Pi (e.g. 

J . 
the l ength of the requested rolled bar i s greater than the 
l eng-;h of the row bar ) then we shall give s . the value CQ .. OJ 

Apart from the manufac turing costs we have to t~e i nt o 
account the cost of holding stock i n the warehouse. Thi s 
type of expence i s usually difficult to estimate.a However, 
t~~s i s usually small in comparison with produc tion co s ts, 
.so e -<:('an arrive at an approximate figure if we t ake t he 
total cost of maintaini ng the warehouse during the period 
of production and divide it by the quantity of r ow materials 
held during this period~ T~en total cost of a unit J7 , 
o:f P j_ will be 

t.l 

C!·i; = l ) ~- -;- CT' 

h ere - is t he es t imated cost of holding a uni t of row 
-a t erial in the warehouse. 

In case s where it i s necessary one can take i n o acco~~t 
the expence £1£ of ordering a fresh supply of row ma terial 
?i 'cost of clerical work etc.). 
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Under some cercumstancies i -c may be more profit able t o pur­

chase row materials from an outside ~ourc e by pC:I.SSi ng ware­
house . Let h) denot~ uni t cost of row solirce, which 
includs cos t of row item cost of delivecy anll another poss.t'b ._e 
articl es and tz; quantity bued. Then t he fo llo";i ng proble.~:.. 

can be formulated ~ 
I 

Find ~y· and 1< minimizing total expencies expressed 
in func t ional : '/ 

(1) 

subject to 

(2) 

(3 ) 

i . e. demand must be satisfied and all variables are nonnega­
t ive. 

For convenienc e let 's make the f oll owing t r ansformation 
of the variabl es: 

= ~,j 
/ 

let xi;) and 'Zj -.JL. 
- '6; 

~ 

and include a new variable 

r o lJ E z . . ::o · 
"'r 7 ). i.J .) 

:::: syn. ~ xtj= ... l. i ·' ~ . . 
) VI. -~ x .. . > 0 

I J (I ) 

Then _the problem (1 ) - (3) will be 

subject to 

r.z .. +n. =i . 1. :i. ,,. :/2. • l ~., .,, ; If J ; . . : ;; 

f/i = {oJ lj} i. =I;"'> m;. _ . 
/.. '::.' ' ''.1,.,) 

0 ~ x . . si. 0 !E- /7. ~ i ; .. - _/ ...., . 
'/ .; (j . ) - .. .I • • ,.) ,~ / 

min (4) 

( 5 ) 

(6 ) 

(?) 
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where • 

c:'l = e"; ~ ) '1,;: = ?/ ~ 
Problem (4) _ .. (7) is a programing problem with mixed 

variables. It may be effectively solved by the algorithms 
based on branch and bound techniques. 

We shall consider in the next secti on a method for 
so lving (4) - (7) which in fact is a generalisation of 
t he algorithm given in (2) for the plant location problem. 

§2. The .algorithm for solving deterministic 
stock control problem. 

The branch and bound algorithm with modifications for 
t he problem (4) - (7) which will be described later, · is an 
effective and finite method for solving combinatori~l optimi­
sation problems arising in the integer programing (3), she~ul­
ing theory (4) 1 etc. which might considerably decrease the 
number of trials. During the last few years many papers 
concerned with this method and its applications were 
issued (1). 

The branching prosses will be done as usual by integer 

variable ~' putting it in turn equal 0 and 1. 
Let's assume that it is possible to find the lower bound 
(es timate) of the functional (4) (way of calculating this 
es timate will- be described later) in each vertex of the 
obtained decision tree, i.e. for each subset of the feasible 
s olutions set, neglecting the integer nature of the vari­
ab les ~~ • Then starting from the initial vertex of the 
decision tree V: one can calculate the value of the 
lo.wer bound l- 0 -~ l. in this vertex. If all ~i. are 
found to be i nteger then the problem is solved •. In the case 

when some f1 K is fractional putting fj JC =o then V<" = ·1 

one gener ates two new branches ( ·ifo t.J:i ) and ( !/; u: ) 
~ j ~ 

from the ~ertex ~ whi ch terminates correspondingly in 
the new vertices lli ~~d ~ (If there are several 
fr::ctional then an interesting problem conc ern~ 



137 

with the optimal strategy of choosing the next variable 
for branching arises). For each vertex obtained one calcu­
l ates the lower boundS, which we denote % t and ztl 
correspondingly. In the set of verteees Q = { "t > ~ j 
one can find the vertex with the mintmal lower bo~d. Let 
it be Gfs for example, i.e. 

z t = m.i.lt {% I. ) z,); . 
1!hen branching goes on f~ vertex, 1/"; ~ -a - when 

the aext fractional variable, e.g. ~" ( ~ ~ k ) is 
set to 0 and to 1. As a result two new verteees "i 
and ~ are generated tor which the lo•er bounda -~ 3 
·and l

4 
are calculated . as earlier• Again in the -verteces 

set Q = { t:r, vj J :/; j the vertex with the mip_:fi.al 
lower bound is found, - aq - -v; , i.e. 

~! = m.Uz. -( ~J,I XJ ~ ~.] ' ~" ~ ~.t 
From this vertex ~ branching procedure goes on. ­

Prosses . d-escribed contiilues until coming· • to the 
"terminal" vertex of the decision tree, or alternativel.7 
speaking until working ~ut a solution w1 th ~i -integer {li • 

lf valu-e ~ - obtained by functional (4) on this 
solution satisfies inequaliq 

~ ~ ~, ror all t:t;; £ 0 
then this solution is optimal. 

Before describing the procedure for calculating the 
estimates :! i notice that the optimal solution of the 
problem (4) - (7) will contain exactly n. variables .Zl.J 
which will be equal to 1, and all the rest will be o. It 

- -

becomes obvious i: f one take into account that under the 
conditions of the problem (4) - (?) there are ~o restrictions 
on t he quantity of products shipped. This means that the 
optimal solution for (4) - (?) must be found among ~,~· 

equal to 0 or. 1 ( £ : i.) oH~ m ; i :1: '-.1 ••• ~ /l ) e 

Jq-ow let's consider t he procedure -'for calculatj.D.g lower 
bounds ~4 in each vertex of the decision tr~e v; 
One should realise that t his procedure will be repeated 

• 



• 

138 

many ' times during the p.rosses of ... o1ving t heproblem. 

·~hat means , .that i ~ is desira ble: t o· hav~ t hi s .pro c ed11re 

a s s imple as possib_le_. 

Le t ;V: deno-te t he s ·et of different types of row 

mat er i als from wbich the pro_duct. ~- may b .e manuf actures. 

Let Mi. denote t h e set of p r oducts which may be manu­

f~ctured from the i-th t!'f"l of row material P~· .. i n 
s tock and IZ.i, nll!llber of entries M i • 

Now, for some vertex of the decisio.n tree , let ~.1. · 

.and $ c · denote the sets o .~ f i. which, during the 
pr ocess -of s9lution, were given -the values 1 and 0 

corr_,espondingly and let . S denote the ·set consi sting 

o f the remainder of fl'-. • · Then .. tpe value of t "he lower 
-b ound can be calculated if one substitute in ( 4) the 

v::tlues of .Z ';/ 

Xij ~i 

?i =0) 

XL : = 0 
(I 

IJ . ~ i 
LJ > 

if min 

i.f S1 US 

in all other cases ;c. : 
{· 'd 

Ll 1 - ~ ---n . ([ (.. : n. L- ..{.. i.J 
. ' J €Mi. 

where 

c .= J t. 

and following: 

and are equal o .• 

(8 ) 

(9) 

It is ob vious that expressi ons (8 ) - · (9) define the 

op tima l s olution for the probl em (4) - (7 ) without int eger 
r estr ic tion on i .e. 

.L,~ . .. ; m ( 10 ) 
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and therefore the "'lalue of the functional (4) which obtained 

from it is the lower bound for the problem (4) - (7). 
To prove this notice that for 

.Z- 7C. i. j ~ 12 i. t./ ~ 
d ,1'4;;. ~ d' 

and for the optimal solution of problem (4) .... (7), (10) 
we shall have e '-:!. o1ali ty, i. e~ 

= fi. r, z. ~~tj ' :. or E. ~,, , 

J€"'' 
;}i j E-M(: n.· _L. 

~i 

By substituting this value of ~i for i6 s 
in (4) we shall have 

providing that 

§3. Formulation of Stock Cont rol pr oblem 
under probabil istic ·demand. · 

In the majority of practical a pplicati ons t he vector 
of demand ti is not known in a dvance. We reay know 

the probabili ty distri bution F ( g" . . . ~ il. ) 
-) } 0 -

for the ve(;tor 6 or s ome t imes only limits in which 

demand m<;,y c ha nge . In tbis case the problem (1 ) - (3) 

become s meaningless and on e mus t defi n e wh.at the solution 

of the problem is. 
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!here are a nuaber of possible approaches to the state-. 
ment of the atochastie programing problems given in (;} •. 

One of the poasibili ties consists ~ finding the · % i.j 
which gives ainimua to the functional · (1) subject to •) :. 

for all tj ( 0 (2) 

.z 'i =10 I 'li ~ {) (~) 
where fj, is a ran~om variable or set of random 
parameters the sample of which specifies implementation of 
randoa entries. 1.n ~e problem, and " is set of' ,. 
values .q,., appeared with non-zero probability. 

~s type ot probl•s usually called "rigid" or one-stage 
stochastic progr8111D1Jig problems becouse this problems; 

assumed to be solved once and any amendm~nts of the ac­
cepted solution not allowed even if one iiave got. some 
additional 'data: about the enviroDment., 

It seems more reasonable to take ~stag.e stochas.tie 
programming problem. In. this kind of th.e- problems one 
illight i!llagine t:he process of decision makiJJg in t\vo. stages. 

Firstl y one can choose so•e solut1on X., not ne.eessary 
satisf:i,ng all constraint-s for all poss·ibl~ samples of tj, • 
_Then some sample of tj, and therefore implementa~ion of' 

the vector I ( ~ ) are fixed up ud the vector 'Z 
which should ame.nd the acc:epted de.eision X is included • 

. Assuming tha~ we undergo. by add:itional expense for 
amending -the dec:ision ma:de 0.11 the first stage it is ap­
propriate to st:ate the fb-llowing problem: minimize the 
expected va_lue of the total expense, i.e. cost of t he so­
lution taken on the first s _tage plus additional cost of .. 
amendments on the second stage. Let's consi~er the process 
of decision making·in the problem (1) - (3) as t wo-stages . 
The plan X is defined during the first stage. Then \vhen 

.. the vector ~ becomes known and there is not enough row 
:materials t he penalty proportional to outstanding quantity 

'li = ~ · - f Z i.J: is paid (one might 
consider this penalty as a cost of urgent purchase of r ow 
*) . From now we shall consider Z.~J and 1.i as actual (not 

relative) values which in §1 was denoted as X· · and· n'· • 
"J 'LJ · 
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mater ials from the mor-e expehSive outside source) •. Then one· 
can fottulate the: problem_ of. minimizing the expeC't.ed values; 

of the to tal e~ene·e 

subject· to 

$_, %~i 
(112) 

(13): 

where "lj is unsatisfied demand. 
1

ft Pfl!&).~ !or unU. , 
Notic'e:,: that if k.; grows to inf ' . tude the two-stSfe: 
problem. (1.1) - (13) becomes one-stage, probl~ (1), (2 )tJ (;;)~. 

In. order to find the deterministic equivalent (i.e. the 
problem of mathematical programming: ~hich solution is al.sol 
solution of the corresponding stochastic prograamizag proh:lem)) 

for the problem (11) - (13) let's~ fix up some feasible sc­
lution X and consider (11) - (13) as ~he ainilliziDg 

problem with variable . 'l ·• This one m~Q" be written as 
follows: 

llin 

subject to 

~ :e~,i ·+ 'l~ ~ ~J· or 'li ~ ~· - f :rtj' 
' · 1· - ~o -

becouse the rest entries of ~1) not affected by 'l ., 
One can easily find that the dual problem of maximizing is 

follows 

max 
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I t is obvious that the sol~tion of the last prob l em i s 
given by the equalities . · 

1i ~ ~i . 
Th~refore by wellknown duality· theorem 

--
Substituting the right p~_rt 
functional (11) one get the following deterministic 
~qui valent for the problem (11) - (13): 
minimize functional (14) 

[~ A • X· · + ~ d ·u · +-~· h., i M [81-4 x, L.]Zmin {14) 
i.j ':'LJ ·'d i. "<r" J d q (, (1 'J' 

subject to · 

z'J· -::,o (15) 

fl ,- . ~ { <0; i l (1.6) 

As some of the variables in the problem (14) - (16) are 
integer this problem is the mixed progr~ing problem again 
which might be solved by the algorithm based on branch and 
bound techniques d~scribed in the next section~ 

§4.· Algorithm for solving problem (14)-(16). 

Method for solving probl~m (14) - (16) is bas ed o~ the 
branch and bound techniques. The branchi ng pr~c edure done 
by t he int eger var:l.able '/ i. putting it i n t urn' equal t o 
and 1 as describ ed earl~er. · 

Let's now consider t he problems of estimating t he lower · 
bounds in t his problem. 

First of all let's pay attention to some features of the 
" trancated" mathematical expectation M [ 6i - ~ ..z: ti ] 
:for r <. /). ' which will be useft.ll for 

X· · - C I ;, '-d d 

0 
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calculating -the estimates. 

Consider the l:ehavior o f' the function I= (z} = M;:~· .z J 
where t is a random variable with. k.t:.l')wn probability 
density 'f ( & ) for X -~ £ . 
One ea~ easilv see that 

(IC 

F (x)-=- j r£ -zJ ·'f (/)et~ 
~ 

Using t hi s expressiol:l it is easy to calculate the f irst · 
de:-i vati ve· ,.C 1 

( ~ ) 

~ 

~ '(::<!) ~ J ~(t)dt- i 
() 

Similary, calculating the second deriYa.tive 

,_ 11 

r (x): 
one can easily see that the function ~ ( ~) is convex. 
Hence the functio~ 

is a convex function of all variables. 
Now consider the problem of minimizing the functional 

(/) (X ) -= ~ 1:. i. Z ,· t- != ( f ~i ) ~ min 

subject to Z t.' ~ () , and assuming that I= ( ~ %,· ) 
~ 

is convex and all K ,. -:> 0 • Also we assume the existence of 
the continious derivative of · != ( ~ Z,· ). The as-

' ' sumptions of a positive · Kt:. and convex · ;: ( ~ Zt.· ) 
provides that the minimum exists and a~tained insfde the 
cone z ,· ~ o or on the bound. 

Let's assume that minimum attained inside the cone. 
Then becouse the derivative is continious the coordinates 

·of the minimum point must satisfy the system of the equalities 

C7 cp -o 
• oX£ -

or :write it in more details 

K. + F I ( ~ .J:.. } = 0 
' l i l/ .) 



},• • K ' .I~ .is obvious that 1! ~, .,. J for t, _ '# .J 

• 

this 

s~ is 1ncons1atent, ·moreover, there B.!:'e no twc equations · 

:f::om ·this ayst·ea which are compatibl.e except ease /(,: = (j' 
:£er i ~J~ • 

:mbis eontradi.etion pro-ves that the minimum can be attained 
~'Y 'Oil the -bo·und {e-t the _eo.ne ~ .i. -~ .() • Then one can 
::e'B.'S.il7 find -out that the :minimum is attained oa a ·vee tor all 
.C:DQ'DeDU o.f which u. ;zero, •xe ept one.. '!.rhe index of this 
<.CllY-O.r.ti.Date aqo b·e rdefi.ned by choosing minimal t '1'1 i ,. e. '..,;) 

.( 4 ~ ~= s~n k ,; 

' :ana J:ts -value is a root :ot the ~quation 

·m 1tbe case wb.en there :are several minimal k,· (which are 
:ai.l. ~ of course) if makes no difference wb.at quantity 
:a£ each is taken, provided their sum is equal to the qua.nti­

tjr :D!efiDect 1),- equation ( • ) • 

~'ther point is that, obviously if one allowes ~ ,: to 
DJ! a ·:e·nntinious variflble betWeen 0 and 1, then the problem 
:D~ ·m mwizing (14) might be split up on the /1... . subproblems 

:for :each index J , and each such subproblem is a problem 
:of 'miai•iz1ng the functional similar- to (j (;-e ) 

All. poi.nts mentioned above allows us to construct an 
BJ.gorl~ for calculating the lower bounds of fu~tional ( 14-) 

;ln ·-:smae vertex Vi of ~he decision tree. 

'Le't So and $ ~ denote the sets of !/i · to which 
d~~ the process of solution were att ached values 0 and 
·1 ~s-~nd.ingl.y, ;and let $ b e the set of the. remaining 

:1£ • Let 'Li denote number kinds of products ~· which 
ru;y be produced from i-th kind of row material Oi • 

mhe ~ue o~ the lower bound may be found if one subst i-

t ut e :in (14) followi ng val ues of Z;,j and ~ 1.: Let 

~") = 0 

Xi;j· = o 
"' (C ~ x ,; :: ;1!. <,;j" 

Id 

, t h ere. 

if 

if i 

if 

i.~ S ~ 
( '1 7 ) 

:i [. c 

(., -=t.. e1 
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t o'; 
where · Z i.. ·; _, is a root of the e quati on 

d 

If one remember t he expression for t he derivative of t!1e 

"trancated" mathematical expec t a tion, it is obvious that 
(0 ) 

:;e. i.. i is a root of the equation 
(f "" ' . .4.-I.J c .: 

\ 'f r ~ ,· ;') d. t 1. -: A - -..--!:.L-
__, ~(/' (i J- ..... 

0 '~J· 
Now 

~i = 0 if {., e S !:> 

(18) 

'i : -::: 1. it i e .S t 

- 2:.j ,,n, :x!z.j 
1J. ~ - n '- it 

The values (17) .;, (18) of Q! i..j and f1 i gi ves the 
solution for the minimizing problem (14) - (15) if 

0 ~ ';} i. ~ 1. and therefore the value of t he 
functional attained by it is a lower bound for the problem 
(14) - (16) in some vertex 1)'. of the decision tree. 

(.. 
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35 :3 
RESOURCE ALLOCATION IN MULTI-PROJECT 

.BASED ON AGGREGATION OF THE PROJECT NETWORKS 

Oleg G. Tchebotarev 
Central Economic Mathematical Institute 

(Moskow, USSR) 

The problem of PERT/CPM system design and the problem of 
- . ~ 

limited resource ~llocation among sevTal projects activities 
is very complicated but it is of the great practical import­
ance at the same time. 

The paper is concerned with a technique for the solu­
tion of resource allocation problem in multi-project when the 
functions of the activity rate is a linear one. 

I. Basic Definitions and Concepts 

The activity is a process described by the following 
equation: 

1.. [~· .( t) t] 
T" 'u ' 

' 
( 1) 

where x,(t) is the ,state of the i-th activity at the moment t ; 
.'Xi {t.,.,)=O, X.:(t.p)= W&. (tin and t1'"'· is t he initial and the 
final moment of &l activity correspondingly, ~ i s the volume 
of the i-th activity); T.(t) i s the rate of the i-th activi­
'Y. at t he moment t ; ~ .('t) ar e the resource g:rou_p parame t ers 

• 'tJ • . . ' 
of the £ -th activity, 1 =1 ,2, •• , m- (If the _ ~-th type o~ 
r esources doesn't take part in the ~ -th activity the para­
me ter "'t .. et)= D) . 

'J 
Realization of t he 

from some initial yalue 
~ ( t) '=! { 't,i ( t)) 

activity is the variation of its state 

x,ct._J=o up to the final one x.;Ct-li .. ~=Wi. 
is the ~-vector of the ~-th 

activity resource group . 
Let the modulus of the vector 't. ( t) depends on the 

{. 
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va l ue of t only. So vector ~-t) ~an be repr esented a s 

;(t) = p,ct) £:, where ~.: <t ) i s t he p~w~ the i - th acti ":! 
ty resource group at t he mome:nt t , ;;ic. -= ( oli.J ) · is the 
m- ve c tor of r esource group paramete r s f or i.be i, -th acti .. 

vity and r esource grouu paramete r ~~ i s t he value of the 

j -th r e source when .fi <t)= i ~ · 
Pr oj ect i s a partiall y or dered set which consists of 

the final number of the activities v We. can represent t he pro­
ject as a ne t work .. Realization of the proj ec ·t i s the varia­
tion of its state ·x.<1>=[X:1(t), ... ,..r,.ct>] f r<>m some i n i t ial value 

x(o) = o up ~o the final one x cTJ= W , W =: (W1., Wz., .•• ., Wn ), 
where W is the volume of the pro j ect and T i s the final 
moment of t he proj ect . The project t s finished i f all its 
a ctivities are finished. 

Multi-proj ect ' is a _set independent pr ojects, which must 
be realized by common r esources • 

. Resources cons·trainta .. There are two types of resources 

constraints 

.t n. . 
" " p a, . . o. et; 
'--p=i L-;.:1 'cl J' . (2) 

or 5 s. 
d ' 

J ~ i, 2., ••• > r.~·-.. J> ( 3 ) 

.T 

where cri '= ! J1 et Jolt is the power consumption of the i..-th 
ac t ivity ( i, =1, 2, ••• , n,P ) , S. is the permissible consumption 

' J • ( 
of the J -th resource in. the multi-::project, fVJ is the given 
value of the j - th resource in the multi-pro ject at the mo­
ment t , ~ is the number of the project activity (~=1 , 2, .. .. , 

~f ) , p is t.he number of the project ( p =1 , 2 , •• • , t ) . 
I l t here are constraints of the typ~ (2) only, a r e ­

sources are considered, as a power tzpe resources. 
If t here a r e constraints of the type ( 3) only, a re­

sources a r e considered as a cost tYpe resources. 
The proj ect aggregation is the representation of a pro-_., 

ject netwqrk by one activity~ The values VV' , c( and function 
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/ [ yct )
1 
tJ a_;e defined for tjlis activity. using t he given · 

val u es of W., ot, and functio:n.a V[Ct) = fi. [~~.<t), t] . for each 
p:roj ec·t activity_. 

The definitions and concepts introduced are basically 
analogous to those ones used by V.Burkov and A.Lerner1• 

2. ResolU"ce Allocation Problem '.in Multi-Project 

Let the multi-project consisting of [, projects each 
having the volume ~, W&, ... , We must be realized under de­

fini te constraints in resources. The problem is to allocate 
resources to projects activiti~s so that to minimize a cri­
terion under constraints {2) and/or (3 ). 

Several functions may be used as the criterion, f -or 
t 

example w:x Tp and E, .. ~. 'f, (Tp) , where T p is the final moment 

of the p-th project and ~,.<Tr) is a non-decreasing func­
t ion of the T, • f,CTp) is a penalty function for the delay 
of the p •th project (for example, fp <Tr)= 0 , if T,. ~ T; 
and 'f,.cT,> =a..; eT, - T;) , if T,. > T ~ , where T; is the 
given f.."i. al moment the p -th project and a,, is a constant). 

~;iJ~ aggregation of the project networks permits to obtain 
the soi{-·::. ion of the problem as a sequence of the following 
a-ctions. 

1. Aggregate the project networks that is given the values 
of \<4(,ci; and functions V[<t)= ~[~(tJ, t] for each acti.vity de­
fine the values of W,, Z, and functions v; £t) = f,.[~,(t), t] 

2. When aggregation is completed solves the resource 
allocation problem with l independent activities. The result 
ot this step is the values of N,j ( t) and srj for each pro­
ject. 

3. Using the values found at the previouse step solves 
the allocation pro~lem for each separate project. e 

Thus the problem of resource allocation with ft,= Ep-~ n.,,. 

activities is transforme1d to t resource allcocation problems 
with n., activities. As an example of such the appoa ch c-onsider 
the solution of the resource allocation problem in the multi­
-project with resources of cost type and wi th the criterion 



~x T~ __,_ min . It :i.s ae;.: 1..0:Jea t 'Jat ea.cn a c t .... vity in. the networ:L 

is subject to a con t i nuous upward ... C{~ ncave time .. cost rela­

tionship. 

In this case the function s 5f (TFJ may be found by means 

of Berman • s algori tr...m2 • Be ca"1 Se each 5~ ( Tr 1 is the n on-de­

creasing function of T, 1 a ll projects hav e the s ame final 

moment . that is T~. = T1 = · · · = Te = T , if the final moment of tne 

multi-project is ~nindzed 3 • Thus the value of T may be found 
f rom the e quation 

t separate the resource alloca tion problems may be solved 
by means of Berman's algorithm too~ 

3. ~greQation of the nroject network 

The project aggregation process consist of the following 
'steps& 

1. Ordering of the project states. 

2. Determination of_ the permissible vector of resource 
group paramete.rs for the project. 

_ 3. Determination of the function fr [~r(f), t J, (p"" -1~2.~---, e). 

I step. Each activity is the ordered sequence of its 
states that is X.

1 
< x'~ or x .j :> ~.2 is valide for any two 

i " l ... .&, & 

states: Xi and x, . The same condition must be valide for 
the project s tates if t he p_ oj ect is truns formed to single 

activity. One rr..ay ea si .... y sho•.v t hat ·to make ordering of the 

project states it is nesessory and sufficient: 

1) to order the events of the project network 

2) to find the value s of "J•s corr Espo!..-ding t o those parts 
of the a~ti ·i tics volumes, which mu~t take place within the 

5 - th int. .... rval ( ~ .-:. t hir.. t.h - ..:..n terval. from t he (g -1) -th to 

5 - th evert, s =- 1 , 2,. ~ .. ~- ) • :th~ values of -0.-s mus t satisfy 
to condj. tion L -tt,& """ \ · ~ " where ~- is the se t of the inter-

sEq/ • • 

vals, within ~hich the ~ ·- ~h activi ty ·:-.ake s place. 
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3) to define the policy of the activity realizat ion ithin 
each interval. This may be done by means of parametric equa ... 

t i ons .x,
5 

= 'fC9 ( f>~) , :.vhere ~eR~ ( R·~ is the set of activities, 
which may t ake place~he B ~ .. th interval), ]35 is a parameter, 
which has the same value for each a c tivi ty of t he set .R -s ~ 
( o ~ J3 3 ~ ;{) , 't1 are continuous non~decreasing functions of 

t}+e P-s; 'Yis(o)= 0 and 't5 ( i) = ~~-s· 
-11" 

II step.. Suppose that the values of 1J,~, ti._ and func-

tions 'lli <t) = fi[~(t >, t] are given and the valu.es of d..,; 
should be f ound. 

~· We shall suppose hereafter that the functions 
are 

(4) 

Consider the . caee of t he simultaneous reali zation of 
t he activity parts ~a wit hin each i nt e rval 5 e Gii • The 

condition of s i mul t aneity may be written as 

where fi~ is t he power of the ~ -th activi t y resource group 

in the ~ -th interval. From ( 4) and ( 5 ) one has: SJi'3 = f>~ "j~ s . 

Let L. fi., l'~ ~ f if the power f of the project i s g i ven. Then 
,ER~ · · · 

the miniDnmr va lue of t he ~~ (where ~~ is t he value of t h e 

B -th interval ) is equal to 1/p~ that is 

. 8 (0) = ::~ . '\' ~;,-s. 
~ } y -· L. i. 6 R. 

-s 
The valu e o f the .J -th resources r equired in t he 5 - t h 

i nterva: is 

If the project power of the r esource g r oup has the given 
value p ·, the value of the J -th res our ces r equired f or r eali­

zation o·f the p r o ject is e qual to the maximum value of N
5 
(9) , 

q , 
that is 



· tl = I"Y10.X 0 
J $ ) 

Because it 

o(. -
d 

t 51 

L. ~,~ 
'ER~ 

defined that ~ (~)=oLd f one has 

!:,.~!" 
III step. 

project is 
If .&,(f) and ('l.i are known, the rate of the 

w 

4. The a~(iregation of the project network with linear 
functions o! the activity rates 

Let each activ:,J.ty has a linear power-rate relationship, 
that is f (~- )=- f.: and let the network events are ordered. 

We shall consider the case of serial activities reali­
zation within each interval. In that case the 5 -th inter­
val is splitted into several subintervals (the number of 
the subinte:rval is eq.ual to 
i. s R ~ ) under the condition 

the number of the activities 
E AL5 = !!:.5 • One has A;.f Y•;/p 

C:61l5 J 

and A = ~ J: ~'! 
S 'l i~A~ 

• The project time is 

T = r.:.f'~ = : r:.~. f..!::= r ~)=.~· - ~ 2:,:~ 
The maximum value of the j -th resource t aking part in 

tbe project is 

/if. = max ~ax c( . f = 9 Jn?.X c'i u. 
J 5 tO<.!J '/ ( V 

Tak:i.ng into account that N(fl=ciJ p , one has cX;==m~axo(,;. 
As each component of the vector it is the maximum of 

the corre sponding components of vectors ;:;.. , t he use of ..... 
resources is irreg~ar (if corresponding components of ~~ 

is not equal). If the J -th resource take s part in the i - th 
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ac t i vity the value of the resource use-d within each subinter­

val Aa G G.. is c<v p . However the value of the res.ource used 
may be ot:J p if «,;. and f are given. Thus we can define the 
val es of the j - th resource · standing idle during the time 
~/f of the i -th activity realization. This value is equal to 

(cf.;- dLJ )P • The value (aJ- o£•6 ) Wt: will be called by the loss 
of the J- -·th resource for the i.-th activity. The relative 

loss of the j -th r esource for the pro ject is 

= 1. {8) 

Because the parameter s cJ.,J defines ,the correlation of 

different resources onl y one may take~~- ~v~' as para· 
meters . (In this case the function of an activity rate is 

f~ (fc:) = ~l fli • After substitution the equation (8) takes 
the form! 

<5. = 1 
d 

The the problem arises t o define fWi so that 

ma.x 6. .... min. (9) 
J I 

The optimal solution of this problem is obviously the 
same as the optimal solution of the problem 

min 
(10) 

j 

It is evident that the multiplying ~~ by ~ constant doesn't 
change the ( 10). So one may' suppose that k Wc·~. =1. 

' 4 ~ PL ~~ . 

Denote 'fl.- ki / ,u,· , and Oi.; - ~/, ~ c'. .. W.· 
I f ' V.~J t'YC: ~<'--1 f 4 • 

Thus we have the problem: 

m in 
i 

under constrain 

mz.n ~ ~,· -+ max . 

l:_" ~- = 1. ,,.t ' 
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Having changed the order of minimizing we come to the 
problem mitn Jl. , _ ....,.. max under constrain L~ ~- = i where 

(, c:=J. • 

,1~ =m~n 6v • 
J • 

The value of J , ~..: rema.ins constant for each activity at the 

optimal solution. 

Denote 1,- Jli '/,~ • We have '1,.& == Z &. ~i , L."' tz~ = . ~ c: L ."" ~- = 
.. c j_ .. •;t ' 

=d. , z - ( r.:./-A r ,i. ~t. = (J.., L2. ,! I _,t, t: 
and """" =' wV'f. = w). . ~~ i. /-:~ . that is 

• -· "~ " '" L-;,:ri. 1~ .. 

(Ac. = ~ (m;·n E,:«v !Ai)·I:~ . max G(, £.41 • 
~ o(,.i . ~ ,..:L j. ~ "'o(,. K:. 

" ~._ .. 1. I c.,. 

The relative loss of a resource doesn't exceed the value 

(11) 

The parameters of the project resource group are 

, 

Consider the case of. simultaneous realization of acti-
vities i. e R.~ w1 thin each interval -:S • 

The condition of simultaneity and values of As and o!6 
are defined by relationships (5),(6) and (7). In this case 
the relative loss of the J -th resource of the project is 

"'" " 0( .. llil 6. = J. _ ~a-1 ~i E ll• 'I (/' 

~ {_Ax. [.,6:-~)fi$)1}'1 l:. ?fd 
\r' E_ ~.:~ ~1 ''"R~ 

,E.(!> 

{ 12) 

Like in the previous case~ we takes as a parameter of 
I . I -

the resource group o( ii ==- oc'y (" ;_ substi tu~ing f~ ~y f.: z:~;pi 
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a t t he equation {4) e After that equations (4) ,( 6) ,(7) and (.12) 

are replaced by • 

{z (pc:) == f' ('-' '- , ( 4a) 

(6a) 

· (7a) 

' 
(12a) 

where 

M\. so that max d.,. min or 
I . J- 4 

~ max , (13) 

Because the value of (13) doesn't change when each ~~ 

is multiplied by the same constant one may assume that 

E.::_,,= :t, where ~ = w~, . 
The problem (13) is equival ent to the problem 

wun (mf-n :~ .)£. ¥~• --. n?O.X under 
!> \ t/ I '3 ' ~R, ' 

"' I: ~- = 1. (1 4) 
{:d. t. 

Denote 8 =min. tL. , b: .. = ~ 
~ J- ZJi '~ w~ 

an~ write (14) in the form 

m.in, 8 5 E. Oi'ln --. m~ 
:3 LER, "c. 

,_ 
un der L ;z. = i . 

i.=f f. 

Let c,.J = B~ 6is • So the problem is 

( 15) 
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·Constrains ( 15 ) are equi vala.nt to 

{ 

\1 ~ Lwa!=" '1.. 50, 

~ t = i. L,..,:t. ... 

Transfer the problem to a dual one. Let t-L~ t2.., : .. , t.3 and ~ . are 

new variables ( ~ correspond to the second constrain )~ We 
have the next problem: to minimize ~ under constrains 

-L c,! -e-s + ~ ~ o 
.seq, 

and L: 3 l~ ~ i . 
.J•i 

The cons.train ( 17) may be replaced by equation 

~ = m~x L Ca t 5 ~ " !E~,: 
and constrain (18) may be replaced by equation 

~. ' · f . · = i 
L..~.~.. I . . 

So the dual problem is 

( 17) 

( 18} 

( 18a } 

m~ [ Cc.~!~~ I?"Un under l: 3 
ts= i . 

' -56(i, ~~1 

Take 'YJ ~.: as basic variables of .the activities that may 
realized within a single interval only. Denote the set of 

·those activities by H (remark thatiHI= 9- ). 
The basic solution is the one of the next problem: 

m,in ci~ yt . ____.... ~ under " tt, = i. 
j, EH ' L.&iEH 

The all values ~5 ~~ is rea~ly seen tc be the same 
in the optimal solution of the problem. So the basic solution 
is _ {0~.E,.H t .. y1 

1. )-:! 
In this ca~e V= ( L:i.~HCi-s ·. 

for it= H, 
i, f H. 

(19) 

for 

Prove that the solution (19) is optimal. 

For this purpose define the solution of the dual probleffi. 
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I t foll~ws from the relation o$ duality that the strict equa­
l i ty in equation (17) is true for the activities "!lelonged to 
set H . Taking ~nto account that each activity from set H 
may be realized within a single interval only, one has 

After 

for ~ E H . So 
~ 

l~= -c . 
H 

substituting (20) in ( 18a) we have 

~ = (" 3 ~. )- :t.= (L. ~Ls )-:.. )). 
. ~~-1. '' "e-H 

~20) 

( 21) 

Since the ,sol~tions of the direct and dual problems are the 
same, the solution (19) is- optimal~ 

Let tz~ _is the Y[~ of the activity which realizing within 
t he ~ -th interval. Correspondingly c-5 is the C;.s of the 
same activity. We have 

Suppose that W=i for the project. So we have t (~)=? 
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~or the proj e cte The relative l oss fo r a resour ce doesn' t 

The results to be f ound here permit us to state the next 
problem ofthe optimal aggregation: define 'd• -s s o tha t 
~,. rn~x ~- £ . d...'itli$ ---.mo.x under constrain 2: JJ.,-W" 
~~--i. 1 ~ . < ~R, tf' . seQ. ' 
where D- = / ~"" " •~ ~- . ~ J L- ex • . vv,;. 

: 1,...-;t. J 

In conclusion let's compare the value of the relative 
losses under the serial and sinr..1ltaneous realization wi t hin 
each i nter val. For this purpose consider permissible s olution 
in ca se of the s i multaneous realization of the activiti es: 
}•~:.- J-0 , i f the activity is :realized within the 5 ~th inter­

val and -y.c.s- 0 othe.r wise. In sucb a case the equation of 

relative losse(s i; [ ()( .. W· )- :t 

' £ == i- L. m~x. '~~j 'il ' ' 
05in7. 5•1 · I ~ (X . . ~­

~i•i "I . c. 

The equation of relative losses in the case of series :reali-
zation of activitias may be represented in the next form 

(L ~ " d. .. Wc: )- i _ 

Os~" - 1- !=1LieR; ~ ""' ~;: W.~ • 
L-~=1 ~ " 

So fo:r as the maximum of the sum is larger than the sum of 
maxima., 85,m.'S Oan.~ Consequently, the case of simultaneous 
realization is not worse than the case of serial realization 
in ~he sens~ of the value of the relative resources loss. 
( I:f the values o:f 'fc.s are optimal ) .. 
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1. Stateaent of the problea. 
The problems of Resource allocation in the project were set 
ana. classilied Co!iparativel7 not long ago l.. At the moment 

resources allocatioD problea is one or the !lain pa~ of the 
network P1anniug and Control Theor.r {NPC-Theor.y). 

A aiaiaua-tiae resource al~ocation problea is conside­
rea. in the paper. Denote 

·1Ji (-t) the speed, of the 
V: (t:) the vel ue of the 

i -th activity at the ao~ent t 
-th aetivi t'7 resources at the 

.aaent, t, · 
w i. the vol~ of the i -th activity, 

N(i:J the general level of the resources at the aoaentt 
(givea functioa), 

s, (t) tihe t -tn actiTit," cost at the 110.11ent t 
.S l+) the project cost at the 110m.ent 1: (given t ·uncti-­

on)J 
The following relatioDStake place: 

-w. {t)-=--'· [V:(i:J] 
~ ~C. I 

W· ~ JT .P. ['lJ'i.Ct-)] olt 1 
' 0 1J ~ 
2_.("- 't!i (t:) ~ N (t) -

(1) 

(2) 

(3) 

si (t) : I;, e v; r-r:J "''t"', (4) 

(5) 
v:(t) ~ o ) wi. "Jt. o, N(t) ~ o) S (i)>,.o , · t: =~. ---~n, -e e(01T),(G) 

where ( / - nondecreasing :function of V: (~ >..o), ~{o) : 0 , 
T - the project time. .. 

The Problem 1. FinCl 'Vi (-t) satisfying ( 3) so iihat the 
project time is minimal. 

\~he Pr'?b.!.em 2 . l!'ind 

projaet time is minimal ~ 

V: ( -t) satisfying \. 5 ) so tha.t the. 

S ,JT) una ... ~~ ·t ne ondition 
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• - ' "' s. f T) ~ 4~ ' r)' ~.4 .. ~ - \ , so that the project time is mir.r.i•l. 
2. Solution of problea 1. 

Let AI (t J = AI = const. Suppose the evets of the network are 
ordered; that is the aoaent of the s -tn event ts is less 
than the moment" of the K -th event t..~t if s< K • Denote . 

R.s - the set of activities which can be done at the ~ -th 
inte"al that is .at the interval (is-•, ts) , S: i,2,; ;., m.., 
where (m -1- -1) is~ the nuaber of the eYeats. 

Q, - the set of the intervals where t.lle i -th activit;r. can 
be CLone · i = 1 , 2, ••• , ~ · , 

X, 5 - · the volume of the i. -th aetivit;r done at the s -tli 
interval, i.E: R.s. , s = 1,2, ••• , _l"tt. • 

l1 s ( ~s) - the minimal duration of . the 5 -th interval 
{ ~ .. { X,.s : L E R.. s ) , ~ i s ~ 0 , S :1, 2, • • • i m.. ) • 

llote tut 
L X. = w.. , i.:. -1, %.., • • • .I n. . 

S€Q. (.$ c.. (7) 

Given {'Xi$ i th; minimal · time problea for each interval 
can be stated 3. It -can be·. ·shown ,,that .~ s ( 2: s ) is a 

convex :function :of X is • 

Then the pro~ect tille 

T ( ~ .1 , r: .z , • ·. • } .e,.. ) = L.~ ~ ,.C ~ s) 

is the convex runction of JCis as ·well • 
(8) 

So we have the problem of convex fUnction minimization 
under the linear constrains {7). This problem can be solved 
by a:tJJ method of the convex programming. If some «1s(e5)= 0 
the sol uti on- can be improved by changing the order of the . 
events _{s--i) and S and Solving the problem ·u ncier new 
oraering 4• However the solution -otitained by this procedu­
re is not necesserill7 optimal. 

~ i'hen 3 

(9) 

App~ying the Lagrange Multipliers MetnoCL one has 

() L\s ( 2s) : N -Y.{ ( 'X~· ~ )ei-~ jf._ . 
'(} ':X: t S 4 S L (10) 

Denote 1Yi~ - the L -th activity resource value at the 

S -th interval. 
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-= (~ AI 1.~ ) 'l~-~ From (10) it r ollows that V~~ ~ 
Consequent17 idoesn•tlt(sldepend on 5 • So tne impor.tant 
property of the ?Ptimal ~ol uti on can be formil lated: ~ 
activity has a constant level of resoures. (property 1). 

Buppose that Ll5 ( 2.5 ) > o ~ S • -f , ~~ · · · , nt under 'the op­
timal solution. Then taking into account propert,r l pro­
pe~ty 2 can be stateu as follows~ the resource values {~5 
are the !"low N in tJ:le m-:~ ork (propertY 2). 

·. It can be proved that prOl_l.Gr~ 2 tues place wwwwititwwa when 

some Lls = o. 
~perties l and 2 are valid ror any ordering of the 

events. Consequently they are valid without rmy as_sumption 
of ordering. !nerefore tne _ o~ering o~ the events isn't sup­

' posed 11ere after. 
!o get otller properties consl.der 'f, -dimentional region 

Y corresponding to t.ne project newor.it 2 • Det·ine the di-
stance f between any two p0,ints 'J 1 and ~ z. of the region 

as ( 'tt ,. ~~ e1. ) -t!.J. 
f( 14' ~'-) = L;.i 11J - 'IJ· . 

(11) 

Comparing (11) and (9) · one can notice that some trajectory 
corresponds to arq set { X c:s} • From this fact it follows 
that: 

the shortest trajectorz connecting initial and final 
points corresponds to the opt:ililal sol ut ion Cpropertz ;;) • 

Denote We - the lemgth of the shortest trajectory 
s.uci call it ·the equivalent project volume. 

Then .. w' N - 1J. 
Tttti" ~ Cl2) 

As it follows from (1_2) the _phase point velocity is equal to 
1f. . ' . 

IV ~ • As the shortest traector.y is the only one under any 

velocity it followsj that values {rc5/don't deuend on t he 
resources level N(t) under the optimal solution (proper t:v 4 ) 

The minimal project time is defined by the equation 

JT N '/tJ. (t)dt "'We. (13) 
D 

Describe an algorithm G:f t'oundation We a First of al l . 
represent the network in the new coordinat system where axi s 
are parallel. The number of a xis is equal to the pro ject 
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c.imention CV • 
Each point of t he ordinary (Decart) system is represen-:­

t ed by s curve (rront) in t he parallel coordinat system. 
Such representation is ill termed) ate one between network and 

phase-space representation. Fig: l shows· all three types of 
the proj ect representation. Here Fo = (O,O,O) - the ini­

tial state o:f the proj ect, F" = (tj.; ,~;, t;j:. )- the :rinal 
state or the project. The main idea of the algorithm. is ba­
sed on shortest route :roundation. 

ln order to find tne shortest route between poinlis 
0 and A define the line OA in the ordinary coord.inat sys-

tem., This line will be representea. by'tSrtuiiDca& t ·he set of 
fronts in the parallel coordinat System 

~J (t): t ~/' ' 0 ~ t ~- 1. 1 J::. ..,, ~) ·-·.I 'tr . (14) 

If this line is comple~y insiei.e Y "orrespond.ing solutio~ 
will be optimal. In the o:bher case the shortest traj ecto17 
will consist qf two segments OD ana DA. The following rela-
tion t akes place 

(15) 

P·oint D defines the front ,C:, = ft~~ f!/, '13
1
) where '/-t 1= ~. 

lf~i: wl- • . J.. J. "IJ.. 
~ - w ( w:, + w.t J 

~~ - s- rw.•+ w~.~.yyo~+(W.,~+ W./')-t/o( (16) 

'" qtice that (16 J is equi1ralent to (15). Si..llilar.r one can C1e­

fine a number of basic fronts such ~hat • The trajector,r 
between thee ,is a 1 ine. The sol ut ion obtained can be ill­
prpved by correcting the position 'of the eacnf5ie!c with 
respecitto the position of two neighboring :cmes: 

4. 'l'he relation between problea 1 and 3. 
Derine the activit,r time-cost runctioa 

ol. 
_p-t W·) W· 

5 . Ct'i) ~ ~ crJ·'Li = 't'c: 'U ( ~~ : ~t 
(. &. i 

ll7) 

taking into consi<i.eration property lJ : . 

~he .activity time-cost function is the power convex func­
tion of tt: '-

Consider mjnimal cost problem un<ier the given project 
time T • !L'he optima.J.i ty cond.i tiol;lS can be written .as ro.L­
low5 .. ' 
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' cl S, ('Li.) ~ ds., (Tc:) o=- ~ •. , m-i . 
L- _rr;- L_ cl T · ) ' ' ·/ 1 (18) ;,r:v; "1 "i i.f-u; (. · · 

where u- · is .the set of the activities for which the p 

p -th event is the final one, V/" is the set of t he acti-
vi~ies for which the ? -th event is the initial one e 

Froa (1?) and (18) we obtaint, 

L: tr. = L 11'. , f"" ~J • • • " rn-1.. ,'ftJ; l ('£-v; '" (19) 

In. other words (19) is the property 2 for the problem 1. 
Let $

0 
be the· minimal project ·cost under t he proj ec t 

time T 0 q;t and Sio - .'the · time and cost o:r t he 
i -th activit,r corre~ondingly • Then the equivalent vo­

lUJie · Wt.. ; miD.iJaal project time T , under the given r e­
s~urce level N the val u~s CC:;. and S'- ww" Wt~,-c;~ can 

be :found . · frc)a the follo'\'l.·_ixlg formulas 

W ( s 0 ) tfJ. . ( s. ) 'V d._ 
e.== T;, To T=To \N~ 

'1/. : S;.
0 

N.To If:' = 7:~ (h-) 'Yd.. 
<. -r:, o S t1 ,· ' N T., 

(20) 

So knowing th~ solution of problem 3 it is possible to 
find the optimal solution of pro~lem 1. The relation bet­
ween the miaimal cost problem and minimal resources l evel 
problem can be ex_pen ded , to the case0 ihe arbi tr~y :functi­

ons trv,.) if ~he sol ut ion. satisfying properties 1 and 2 
is obtained • In this case the optimal activity times 1::'{.. 

in problem l are the same as in problem 3 under the s ame 
project time T if ~_ 

s, et",> =- r; {'- r *·1 dtt: (21) 

The proof follows ~ediately from the fact that property 
2 is equivalent to (18) if_ (21) t~es place. 

Example • Let s, (tt'i) = a'- - €'- <t .._ , 
(.
' - · ~ Clt • • • 11, . 

, - ..... ""--J 1 

:JJ ttr. <: &. , (. " 
;.f -tr. ~ €. 1J (.. \.. 

From (21) we have 

z-,<1T,) = { 

and. 'r,; ( "'£) has 8J1J value from cl'- to ':V c: if V: =- ~.. • 

ConsequentlJthe minimal :flow problem under the given pro­
ject tille T is obt>ained. 

5. Solution of problem 2. 
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Consi ~ er prob.Lem 2 for the case of the power functions ~tvJ 
Let W c be H the equivalent project volume. Then J(~) .:: 

/ ,(/.;. 
:;. N (t:} is the project speed and the ~onstrain (5) tak~s 

form 

(22 ; 
The pr o bl €m is to find N(7:) s~tisfying (22) so that t he 
project time is minimal . 

The niain · point .of the algpri thm. is to build the con-
v ex Sr (t), t € [oJ r], so that Jtr·rT J = SeT) 
(Fig.4) .. 

otep 1. Find T0 - using the equation 

To [ S(T.,) To-t J ifrJ. · :::: W~ . 
I.f S ( Tt>) T

0 
- l t Si :5 { -t J ,. t e- L 0 J ~ ] then 

T
0 

is the minimal time • If there are intervals e t- £o, 7;] 
such that S{~} ~-' t. > ,5'(~) :!Ol.' t € tE- - ::riDd mjnjma l A 

such t ha t s (To) ~-t (t- ~) ~ ·s {-c) :ror t e= t:o, r,] • 
To provl.de t his f1nd t (~) minimazi.ng Sft)- $l7",) To-'(t:- d) 
The value A . is .. de term.in.ed by the equation -{;(d) ·= 0 .. 

. When t.ne value A is ealeulated , 

:t ind T 
1 

= To + 4 .-\ 
Step 2. Construct ST~(t-) , . t E [o,T.1 
Calculate " · . 1, 

W ( ~~) = J T1 [ J ST. {t) 1 d. olt 
. 0 Jt 

If W (T1): We then T!. is the mjn;jmal tiJae. 
If W ( T .. ) >Wt. thenfinci. . . -

. T t - = ! ( T 0 T T-( ) 

an~ go to the 3-rd..step. 
Step l- .• Construct S f t--) 

Tt-~ 
t r- r o, r.: _.. J 

Calculate 

' If . . W(T\.-( )'-= we 
If W (T.:_ .. ) > We 

If W ( Tl'- 1. ) L. vV e 

_then . T t-~ is .the minimS.J. time 
t.nen ct.etermine Ti. ~ T i.-i - i_l T.:- Tc:_ .. J , 

then determine T i. =- Tt:_ .. + i_l Ti - Tl -1 \ 

au.d go to the next stiep. 
I~ ~{t)is the convex iunc~ion the problem can be sol-

ved .m0re simply .. 
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lr ;.)~1 ( t) · is convex (u-pwards ) -t·nen T .... · is determ.i - . ·-·· ,., 
nea. oy 'the equation Yc 

[ srr ...... ,)] c1.. T . = W'~ 
T-,·.. .'"en 

H S ( t) is convex (d.ownwa.ra.s) ·then T W\trt is determineci 

6. Analysis o~ t~e property -!. 
'rhe question of' interest is what types of ~unctions c/c.· (Vi ) 
give the op~iaal solution of problem ~, sat~s~ing propertys. 
The optimaJ.uty conditiou :Cor the arbitra:Dy convex tunct:i:-

ons ~ ( 11';, ) ar~ rolJ.owing ./ t;;'; (-tAl': ) 
· .L d ~ (Wls ) ::. L t1AT,

5 
i Is 

j{. (1-w-_ , 'f-~ d dW:;·s 
. -4. c.. l s d s 

w.nere: y; = {; · and. 4s :: ·xtP/A.s • 
:u· -W,·s ~ 1:ATi ~.e. ~·s a.oe.sn~.t depend oft S then;. 

~ ~ J 'ri c£J,) = L cl 'fir u&.J ·,u- oh;,. •q;t- · c/'t.(/'. (23) 
' $ le- s ' cl/ (tJ:.) -.1 

- Denote ~· ( ~) ::: -w; &/ (;'[y;n -= cj: r t~;·) E ;P~ ' J . As 
it follows from (23) ( F,·fdfl} form the now in the network. 

Theorem. To provide that { ,c;· rcr;.)} is a now for ~ 
:t.low { 1fj} , the .following necessary and sufficient Con-
ditions must be satisfied 

F_. ( /)":) :: n. + t:J( V. e . :=. -f, ~, •.• " n . , 
( & ' (. I . 

where { a,-j is a now (It is supposed the network stayes 
COJUlected after ~put and output are reboved). 

Proof. Making variations of 1.( along any path in the 
network we obtain 

o/,::; rv;. J c/,::; rv; J or tr..· -: _./ -zr; a 
• ~ tl 

for any 

. . .. d.!JF..rv;J_ 0 for any ', tf and <>"Vi .t. · -

i • It follows from the written 
~: 

above t.ba 't 
t' =- .f, 2, ... ~ n J 

where { ti; J is a flow because F;· = a,. when Vi :0. "fil. 
If' follows from the theorem that {c· ( fTc) ,.. C:· ( ai + ol V:: ) , 

where c/ > 1 because -t ( 1Ji) must be a convex +unction 
when a., +- J. Vi ~ 0 • Let W ._-the equivalent project 
volume ana xis- optillal values 0~ 'Xc:~ • Then.if 

-.,. ( L .- ..( ) --:t . ( ~~./ ) -~ 
X\.~ \E ~s -x,~ ' ~ Q\. oL IV + Jl 

where A is the value of the fiow { ac: J then the minimal 
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I m i
11 

= w t- (_cl. N + J1 ) - ~cl 
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35.5 ' 
SOME QUESTIONS OF THE TESTING AND CONSTRUCTION PRINCIPLES . 

OF AN OPTIMUM MULTILEVEL CONTROL STRUCTUP~ IN SYSTEBS WITH 

A SPECIFIC OBJECTIVE FutlCTION 

M.K.Badunachvili, D.l.Golenko, 
s.s.Jaumov 

Electronic Control Coaputers Institute, .Moscow U S S R 

Let us consider a class of controlling subsystems with so­
ae objective function_aad let us assume that there exists an 

integral measure of the target vicinity in such subsystems and 
this integral measure is. soae nondecreasing time function V (t). 

It is e~iden_t that for each of ~he subsystems Jmd·er discussion 
there exists sdme value of the integral measure corresponding to 
the target attainaent V soh. Depending on a variety of factors 
this •easure can be obtained at different time instants. For the 

- gi veil subsystea u earlieEJt early target attainDlent time t is - . e 
ass'WI&d to exists,objectivel;r,alao (there exists the maximum mo-
veaent speed to the target )which corresponds to the 11aximum ati­
li&.atioa ot the su.b&Jatea internal ra·sources and the minimum ex­
ternal obstacles; generall:r speaking, this time tp differs from 
the optillistic .> tille t 0 · used ill PERT Systems. At the same time th­
ere exists a deadline for the target attainment t cr .x• Of the 
target is reached later than tkp' the subsystem pays a fine. Hen: 
ce, with the above constraints the subsystem must reach the target 
within the time interval ( te , t

0
r). 

It is necessary ~o note that during the movement to the gi­
ven target the subsystem tries to minimize the eff'or.ts directed 
to the attainment of this t 'arget because repeated and lengthy ope­
ration in critical,conditions (corresponding to the-maximum spe­
ed of the movement to the target) can an early wear the subsys­
tem too early, · Therefore in this subsystem the scheduled time of 
the target atta inment tp ~ tJclv < tkp is chosen such that it is 

x) Systems for which tcr __ ~ ._.._ obviously d.o not bebap to the 
class of systems discussed. 



167 

t:.h€-~.d c.•f · t er by s o'!"" ... t~ tin e i.nterval and prcv.ides . cerfain oonfi - -

cl e:!loe bou.ri.d. · rie~ ain~u.l t aneously both for t he r-eliability o.f t he 

t a.rget a.tt <t~t'!1.Itrer;rt not later- than t er and f or t he minimization 
of t he. effort s s pent ill this movement . 

Let us as_suJne the curve Vs::h ( t) /fig. I/ i s t he scheduled 
ci.u--ve of the movement . to t he . t arget and t he integral mE~asure 

correspondi ng to t he t a:rget atta inment is 

· ·~ck == )_r:tch/ \0dt, (t} dt j . . . • I I I 
_Y,:lw:re t t' - the initial~ i11s t ant of the ;l!lOYement to the aim. Then 

i n the process of' the syst em movement , f or the testing purposes 

it i s necessary to compa re the t rue measure 
. V(t · )= -1~/ V1t).'dt ' ·. . I 2 / . "I t. . I . I . 

· which. is a r andom va l ue" with t he valu e of t he target Ticinity 

Vsch (ti) at c er tain time . instants t i , wh.ich mus t be befined by 

t he choice of the qua.?ltizat ion imit V (t.) is the true curve of 
the moTement t ·o t he tar get i n · the above · f ormula. 

The control f unc t ion of this system is eliminat ion of the 

di ver gence between the a ct ual and the scheduled measures of 
t he target vi cinity appearing due t o the effect disturbances 

with t he .. lriew to ensuring the target ·at t ainment by the subsys­

tem by the time t sch· 
Before we discus s t he algorit~ let us shift the clirve 

V (t ) j corr eEipondtng t o t he · movement to the t arget at the time p . .· . . 
t , i n t hs direct ion of t he X axi s s o tha t the ·end of the cur- · e . 
ve VP(t ) vc,uld coinci.."lde wi th t he point (Vech' t .sc~v > /fig,I). 
I n this ~ '9. se we s hall reee i ve ·the point t I a s the intersectioa 

of the :! ax i s rd .th V. ( t ). I t is ea.sy to see t hat i f the sub-e . 
syst em does not ~ ove ·to the target . V(t I) = 0 bef ore the time 
t 1 , obviousl y there is a non zero probability t hat we shall re­
ach the ·t arget by the t ime mcm.ent t sch star ting f rom the time 
in tent tT , S t..d using t he poss i bil it ies of the subsystem to the 
utnost . V!; c a,z:! con sider t -r as the crit i cal permi ssi bl e time of 

..L 

t he fir st i.nterrogatiml... If the interrogat i on will be carried 

cut afte .... i:he tim6 i:.:r· ":e.n"'= .... I then t he deadl i ne tsch cannot be 
met 11-eca.ur.re t .e highest velocity to t he t a r get j_ s defined by 

the cu:rve Ve(t) . 
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Thus, to meet the deadline tsch' the f i rst interrogation 
of the subsystem must be performed•within t he period _pecifi­
ed by the int erv_al ti' t-$ t 1 • Assuming the critical· value 
t = t i and performing the interrogation, the subsystem recei­
Tes the information on the target vicinity by comparing 1 (t1 ) 

and Vsch (t1 ) . With the is information etfective controlling 
a~tions aimed et suppression of the divergence muat be worked 
out~ Drawing now through the point {t 1 , V (t 1 )] a ·straight 
lille, parallel to the x- axis, to t he intersection with the sh­
ift ed curve V

8
(t), we shall receive a point with the abscissa 

(t 2 ) which, as indicated above, deferiaines the crit ical value 
of the second interrogatory period. 

The nerl times of the interrogation are found in a similar 
way. 

We have noted above that t he actual curve the movement to 
the target V {t) is a random curve. Thus, depending on the na­
ture of its change, the aa.e vol~e of Vsch can be reached at 
a certain actual time tad• Here we have three cases : 

I. The c~se t sch t a.J. can occur a) when the sub-
system is uncontroll able1 it is evident th~t for this subsys­
tem the iaterrogation is generally useless; b) when, in spite 
of the fact that the subsystem is controlled, the condition 
t t sch is obtained. ~ this case, at some interr'ogation 
step we sh&ll be on the shifted curve Ve(t), As the possibili­
ty of the movement strictly along t~e curve V

8
(t) is low, ~he 

~t controll~d in this case is to obtain the least delay as far 
as the time tech is concerned, 

2. In the ease where t t < t a4 < t sch ·a finite number 
of the interrogatory stepe for the control .of the movement to 
the target aire evidently r.equired. 

J. ID the case t '"'t • tsch the sequence of . all points of 
t he interrogation has the limit of convergenc - t

80
h and the 

pr .ocess of approximation occurs in an number of steps. But sin­
ce in practice the volume Vsch is to be reached by the time tsch 
l;'ith some specified accuracy tsch ± A tseh 

1 
i.n this case what 

i s needed is to -g~t into the region [ t sch - ~ t sc:;h t sch+ £1t se~ 
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. that, in contrast to the conve1.•gence to t sch can be done in 

a finite nliunber .of steps~ 1the condition tt. t < 1: must evid­
ently be met .. 

.An analit i cal re cord of the geometrical interpre·tation 
of the above algorithm leads us t o the following relation 
hich describes the critical value . of the ( i-r f ) - t h 

interrogat ion depending on the .Wormation on the measure ot 
the target .vicinity at t he i- th control step of the subsys-

t t . V{t) ( I ;j f 1 = . 1 -t- - V .k'f t Jet., - t 1) tem. 

I 3 I 
here t 1 is the time of t he first interrogation Vsch and V(t i ) 
are respectively of the target vicinity expressed by formulas 
(I) and {2) the planned and the act ual i ntegral measure~. 

Let us suppose now that Vsch (t) and V
6
(t) are given in 

the form of straight lines and the actual curve of the move­
ment to the target ~oincides with Vsch(t). In this case t~ • 
t h and the interrogation of the subsystem is needed only to 

se , . 
prevent possible troubles 

By using the evident relation 

formula ./ 3 I can be written as 

and as 

Here 

· is a remanence term for which the following const-
raint· will be reasonable 

fln. ~ A tw.. . 
Now since the terms under ·the sums sign in the right -

hand part of ed I 4 I are the sums of the dec.reasing geoaet-
rical progression, we can write that 
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t 0 t = r- + t [r t -0 --1. J - t 1 
-;JC/v v1 Jch. t;JCh • 

After simple transformations we can obtain an expl"essi -
on f or number. of- the preventive interrogat i ons required to test 

the subsystem with the p~ameters t sch' t e tech 
en j!l_h I 5 .tr.·· n. =en. ::k ~ 

Let us consider now ~ 1~omplex system consisting of sub-
syate~s of the above form. Thus, we consider two fixed level s 
of some multilevel st:ructure. With this w~ ca:ror y out the num­
bering of tbe ranks ,d.n the f ollowing way -= ·the nu.-:nber K i s_ gi­

ven t .o the rank of the subaystems and the number K-I to t h e 

:rank o~ the system • 
. As the functioning of every subsystem is directed to of 

a definite target, this system ,evidently will generally possess 

with some ne.:twork ·of t he targets which are part s o! the ov-e •· 
rall target ~ The system has the integral curves of the aim ne-

le) r. ) /. , 
a....~ess V seh {t) , V~ (t) and v tC./ {t) 

showing t_~e d.ifferent conditi-ons of the system moverue;:1t to the 
overall target as well as the appropriat e parameters .. 

The existence of the target network also means that there 
is some critical path with a certain number of targets on i t 
and this means the existence of a certain number th of the 
critical subsystems M • Let u a choose t he L subsyst em from 
.al.l these subsystems for which t he n'cim'ber of the prsven·ti ve 
'inte r rogatiOnS given by formUla ( 5 , ) Ylill be JniDiJ1!8.1 I j_, , e , 

• • • 0 en jj t :Jc:v-
~ ;V .. = 11u11., t~1 

1~1::. "'- t 1 ~~m e4 ~ej... 
Here we have the obvious .inequality ~ >Jeltj, 

.A tjthj < tej < t:~eh.j /6 I 
If every subeystam the- critical path is interrogated a 

specified number of t i mes, the appropri at e mininal number of 
the interr ogation required for the j,nterrogati.Ol"l of t-r.J.. l cri~ 

tical path will be equal t o 

~ NI( = In ° ~ N: I ' 

1~/~11t 1~j-...'~ I I 1 ·; 
where NK is the number of the in:toerrogationes needed :for th-e 

eritical path with the gi vert detailing ll t h 0 

se -J "' 
Let us consider now the syste with the par sters Jck. le 

andATs~h o! its · movement to the overal l ta.r "'!'et 
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{ 

~eh = d1 . t Jch 1 

~e = (z · t ej 1 

t:d -Jch = i'J · Cl t ;ch .. j ; 
where J'1 (2 ) <f3 are arbitrary nonnegati"'i~ number abo·:re 
I and let us assume that 

I 9 I 
Let us quite naturally require that in the discussed 

muJ.t ilevel atruc·ture of the number of interrogations needed 
!or control decrease with the increase of the rank (with the 
decrease of t he rank number) of t he hierarchy. With this we 
shall give more rigid form t'o our demand 

. . . I ··. / 

NK.-1 ~ cyf'm, ~le . I IO I 
Where 1\/K.~.t is the number of .. interrogations needed tor th.e 
system interrogations in tex-ms of detailing · the · ( If- 1 · ) th 

rank, i.e. b;y parameters ( 8 ). Iri fa~t. taking i.rlto conside­

ration expreed. ons(6), {7), f8) and (9) we can write the .fo1-
lowing inequalities 

f!tv (, A t JcJvj 
N, ~ C-Pj 

K-1::::; .en .il .. tf!i. 
at t.lt!Af 

Hence it is easy to see that for the realization of the condi­
tion 

.. J ·~ nUn.. /\/· 
IVJr-1 "" • 'J 

1?$hf. (/ 

automatically meeting condition (IO) it is necessary that 
en lJ . . 
---3-(=-:~. + (m - 1 J Jn/,lt N; ~ 0 en ...u. 1~,~ht (/ 

f1 
(II) 

_Now, taking into consideration the evident inequality 

r1 t Jth J 71 d"z te f l ' : .~ ( !2) 

condition (II) may be written as 

o3 q { 6 tJchj );n- 1 (!3) 

02 tej , 
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Le:t us prove that condition (IJ) is e.lso a suffi cient condi.tion.-­

In :fact J assuming that r 3 <. ·r .P tJc~.;:) m -1 
¥t t-e; 

then et m___. ~ - · :~ < ~ ( ~t~~hl J""- 1 = 0 
CIZ. "}"P~ e; . 

~his means that either r3 or i"t is negative that contradicts 
th!l statement of the p:roblem. This contradiction proves the as­
sumption. However, as in fact there exists onJi a certain finite 
value of the number of subsyst ~s along the cri t i ca l path In= tnd,_ 

evidentl7 there exists an in~erval for the posi·tive values f 
o<f~l~J t 

within which it is not ~lear w~ther the sufficiency for condi-

tion (I3) • t--L· 
. ~~-1 
The rate of convergence for the v~lue fJ = ( t.,'i } 

t .o the zero when incre~· es may be characterized by the bangth 
of the interval :J = ( IJ fd~ )m-~~, 1 :1Ji 

1 e;- tn il tlch.. . 
Hence follows that the value J chaDIJes in proportioh to the de-
tailing index A lJdy_·.T'he higher the number of secondar1 targets, 
i.e. the· D iover the values of ~ t1~· the higher the rate 
conYeregence for to the zero the indicated func t ion and thus the 
smallea 'the zone where the property of the sufficiency is houb-

ted. Obvious,~y, by e-lecting the parameters Ll t4CAj , tej and m 
tr i s zon~may be done smaller than any number given in advance. 

Now let us aolYe inequality (ri) for f, and with ana-
logous reasonings; it is easy to see the* v t -L. ; 

.....ll. ' ( ~ )m:-1 01 -..;;: tej 
with relation (12) as well as inequalities (II) and Yz tej "7tllticA ' 

y _ 
the ' entire system of the constrains ;that are put in this case on 

tt _a .· . ' 
tbe re~ation -~ and ~t. will have' th;is form _ _ 

( f AtJ~Ir.j)tn-~ _b ~ ~ J - ~- ~ _1& ~ ( ~)-;k-_1 J . 
t~ ~ a2 '\ f1. t:Jt~t · ticA · a1 t~ · · · 

. Taking into consideration ~elation (8), ~he nece-ssary condi-
tion for the optimal~ty of the given multilevel struc·ture may be 

finally~iven ··by. [ 4 t1e~r,. rn . L\?;cJ, . 
( t'i 'J) ~ ~ ~ 1 

( ~ )~ ~ ~ :< (~;~':': 
t !r:.hj ~ 'T.t"~r, " -t~ 
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!~LEC•£HvO.HEfdiCAL ~:PJ~lSDUGERS, COM.PARA!riVE 

FIELDS OF APPLICATION 

A.P.Shor.rgin. 

In.stituiie of .Automation and Telemechanics 
Moscow 
USSR 

The grm~lng information flows t o be controlled and com­
plexity of the problems ·that automatic control has to ~ackle 
call fo.r siJuple and compact information ·acquisition,proces­
sing and storage components t;o be used in lengthy continuous 
o:z: d.iscontlnucus processes with low energy stimuli and/or 
low frequencies. 

~t:hese al"'-<i o·t her requirements to compon.ents, devices_ and 

in.st.r:1..1ments made by new problem.s of aut omatic moni ~oring and 
control have aroused a certain interest in electrochemical 
p $non:1cna that might be u sed in transducers and this despite 

·~fh e unprecedented progress of vacuum and semiconductor .· 
,d{;; "'tronics. 

Electrochemical devices use different reactions in li­
qr :td · r soJ._:d electrolytes and/ or polar· liquids ( ?lectroly.­
t.ic a..-.., electrold.netic cells). Electrochemical systems may be 
p2.rt ially r ev·e:r:slble or practical ly- irreversible. There might 

·r e variation..s in concentra·tio·ns of dissolved mat erials 11 plat­
jns u:nd deplating, metals deposition, oxide films formation 
br.d dc'Ce:riorati on.,liquid t ransfer etc. At present various 
elcctrochemical elements are being developed and used for 
<'Jignals de·tection, ampl i fication imd conversio.n , for data 
prccess·ing: 1s:toraget f'or use in adaptation, remote control, 
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aut·omata etc. Investigations are underway on elect rochemi-:o 
cal matrices; attempts are made to use electrochemical de­
vices for simulation of biological processes; electrochemi~ 
cal systems aDd processes that could be used in transducers 
are investigated. 

The existin"s electrochem.ical devices can be di vided into 
~o major groups. The first includes those tha·t already are 
or can be used in i.Ddustry due to their clear-cut advantag~s 
or specific features. 

These units are: 
I) integrating u.uits with visual, electric or photoelec­

tric read-out; 
·2) electric rectifYing diodes f~ very low currents and 

low frequency; 
3) sensors of variable or pulsed pr.es~ures and acoustic 

pressure gradients of low and infralow fr~~uency; 
4) conductive concentration (sal.inati8H~Mg~~s~r~il~ 

nic gas analfsers, composition sensors, etc. 
Of substantial interest for a number of fiel~are first 

of all the electrolytic integrati ng devices. 
't' 

Poutput = 'f [J iinp (t)dt] (I) 
• D 

where v inp is the input current, '&' - · the duration of its 
flow. Electrochemical integrating devices vacy widely in 
their characteristics and practical possibilities due to the 
type of redox·system, electrochemical effects 1,1sed and the 
read-put procedure (Fig. 2). 

The output of "gas phase" integrating diodes is t~e 
displacement ~.x of electro~e in the capillacy which 
connects the ~drogen-filled electrode · chambers 

1: 

A,e""' : rs j iu.p (t) dt 
tJP IC D 

where p is the ~drogen pressure' s~ the crosssection 

(2) 

area of the capill&r,J~ K~ ~the instrument co~ant. 
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· The r edox reaction in li~uid phase cells (solion) follows 
the equation 

11, + ne - 11 ~ · ( }) 
llz,..... ne -- /1~1 

where /11 is the oxided and llz the reduced form of the so­
lut ion components. For typical conditions where the rate of 
the proces s practicallY depends only on diffusion towards 
a cathode of the form /If 1 the output e.m.f. of an integra­
ting diode is foulld by the equation 

c 
t.1 "- FS.e · t~r. 2- ~~ i,:.,. (t-}dt <4

) 

where ~ = R T ;{, F /. F the Faraday mmber, 5 and ~. the CJPoss­
section area and the lensth of inte~al chamber s~ted 
from 'the remainder of the cell by a semi-pemeable membrane, 

C01 -t}le initial concentration C?f the tom 11, (no~baaic 

carrier)~ With ~ << Er the relation becomes linear and the 
sens-itivity of the integrator diOde rill be 

. c == Ec. == · ZR,T (5) 
"-'E !fU,. . Cnt (nF} :~,Se 

The maxima 1 value of :the iDPut charge will depend on 'the ca-
pacity of integral chamber and the iD:itial concentration of 

form 1/f: 
{6) .. 

To ensure the required ~tegration accuracy the upper 
bound of the ~ut signal f~quency spectrwa should meet 
the condition 

f <:< _t) 
72. . ~7/-(,L 

where 1J is the dithsion factor. 

(7) 

The shorage time for ·the integral value depeDds OD the 

self-discharge time co~t 

z: = ve~e <a> 
·S.d .:DS" 

Here S~ is the · to~~ equivalent cross-section area o:t the 
capillaries in the se:ini-pemeable m.eabra.ne,; 
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~~ is t he equivalent thickness .. of the membrane .. 
1'b:=- v~-c~~ut o:: liquid s tate triodes and. tetrodes is 

t he diffusion current bet-ween the anode of the integra-
~>-:.; ns 'device. and the read- out electrode inserted in the anode 

chamber which receives the negati ve bias. It is described 

as /I ) - 2-tjinp :D e /)~I Er- e tin I Er 
( (} - . (9) 

tJutp -e:ll . e l{ /Er + e U,; I Er 

where U., and (4 are the electrode-electrolyte potential 
for the read-out electrode and the anode , while -t'b/i is the 
distance between these electrodes. Since the current in the 
output circuit is limited by the load resistance A3H if the 

/ 

input charge reaches the value 
1. 

a - ::::.. E ~R 
-1' i.np - R.H • .2:/J 

(IO) 

saturation occurs and the saturation diffusion current wi-ll 

be 

I 
nF:D Cn1 S 'Z-/1 

sd= -t~fl 
(II) 

UDder these conditions which are used in pract ical integra-
tors r 

Io~t = s.r / i'-np (t) de (I2) 
0 ' 

S k'rnV 
{ x= -~-- and k 7 is the solion constant). The 

G-!.IJ 
typical triodes and tetrodes characteristics are shovm in 

Table i . Solid phase plate-deplate integrating devices, 
(Faraday coul~mbmeters)are now represented by a great variety 
of types (Table I) ~ The redox reacti on £ollows the 
scheme 

(I3) 

The mass of the substance plated and/or depla ted during 
the interval 1: (e.g. during one cycle of action of i n-'ce:_:;ra. 
-i:--:; diode with digital read-out) 

m He.=- /17 1~~ F · / ~,("P ( c) dt 
(I4) 

0 
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where !/ is the atomic weight~ '! the input :factor 
( ? ~I ) • In the case of a capillru:~r cel ·l the output ·is the 
displacement of the electrode-solution. b\..'nndary 

'!:' 

L\xou~ = S..e.. ri. ( t:l __/t 
<.. / I l.JirfO ' :/ Q ' 

where S..e= 11? /n. FrsK the s:nsitivity ( r- is the deM it,.y <)f 

the material of the electrode column, SK- its cross-section 
area), When such a device is employed as the ~lapsed time 
i ndicator 

"f- L1~ut-"- s _!!._ 1 
'.e £;; . f+ ,e 1£ () 

where t1 - is the voltage, k,;; is the 
£~-the cell resistance. 

(16,) 

li:adting resistoJ.~ , 

Of s~eeial interest are solid phase channel triodes 
(inemistors)wi th monotonous changes of linear output resis­
tance . Ro/.ft against an electric charge that has flown in the 
input circuit [2_,s] • A.t ·sufficiently low R,,ut and unifo:t~ 
plating:·; of the metal sheet on the s·torage elect rode 

6: = ,.eouf (t} _ ·1 r:·---- (!7) 
out R.ourfo) - !+ !Cout (o)/lf/j iu,.P ft}dt' 

where ~out (o}= ( !Couc}m~ . is the initial value, £our (t:-} 
the same at the i.t;lstant t: and ¥!= "';fn~r-4 2.- ( q is the 

mean density of the deposited metal J ;:> its specific re­
sistance, ~ the length of storage electrode. ) • A:t suffici ­

ently large a· value the resistance variation velocity [ 3
] 

. rlltf' 
is 

db, ut: 
dt 

and the shortest time of complete resistance change is 

(!8) 

t . = 1j/ {Rout (o}/(R.ovt}hr/11 -/ J (19) 
mu1 £.ut: ( o) . ( L;,p) htD-;1{ 

( fi£n,o} nra..,( is the largest permissible input current·~. 
Under typical conditions the resistance of the reading 

current for a/c will be [If] : 
~ "'"'""' ? VR.s1 f}Ft . +t (~ J Rst ·Jo,.zs-; (20) 
..(...., ._ ...& 0 2S '- 11- :L fl " f I F f ~ 

where ~ is the length of the storage electrode (resistive s . 
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el ectrode), · £,f the resistance per uni:t length, /IFI is the 
:fact or which describes the electrode-electrolyte . Faraday 

impedance per unit length .of the same electrode. 
By their integration time range, magnitude& of current~ l 

accuracy and dimensions in a DUmber of cases the electrolYt~' 

integrating devices are advantageous (see Fig. I). They have 
l~near characteristics, ver3 low consumption (tens or hund­
rends of m.icrowatts), thq can integrate fractions of micro­
cou~~bs, operate with gating photocalls, thermocouples) 

- ~~1 sensors etc. Their dimensions do not exceed those of 
minLature electronic tubes, while their weight is 2 to 20g•· • 
The highest accuracy is achieved in solid phase electroehe­
mical integrating devices with digital read-out-. 

The processe.s in electrochemical elements develop in 
very thin layers measured in fractions of a micron; more 
mituature ("planar") elements are expected. 

The' near future will see a wide application of elapsed 
time_ indicators used on the above principles (since it is 
necessar.r to monitor the operability and longevity of instru­
ments, devices and machinery c1.s stipulated by state standards) 
(Fig. 2)["], as well as integrating units especially with large 
integration tiae, the adjusting units of adaptive systems and 
optimisers etc~ Of substantial interest are also electroche­
mical devices that process automatically the measurements 
data and realize an algorithm. of the form 

t:l,.f 

. K,·i . {:x(t}-.xfto}}dt 

'/i = £. ;i {i" [xlt)-.x (t.})dt 
-f (/ '/;. 

In liquid pha§e electr_oche.mical rectifying diodes a 

(2!) 

redox reaction repre~ented by eq.(2). If the .rate of the re-
action depends practically on diffusion alone, the integral 
equation for current through a diode will be [ S] : 

-c 

[I- ~ · ft j;:Jt-r) i(r}.dr}e.xpnFllu..P j flr= (22) . 

o r 

=[t- ·_!_ · _LJL !-t-r1-i(r) d-c) 3 
!{ dt J :l, t J ) 

0 
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where U" , = n FS C ,,~ (,2. .I 

r a~ ~~ t2Jf..z. · 1 ft2j:-: j 
T1,z= -2>~:. 1-e.xp a..; . erfc v7 

(23) 

while a, - is the radius of a spherical micro elec-trode; indi­

ces I and 2 denote the quantities tbat relate to forms AI and 
A2 respectively. 

At t -~ ~ ~ i(c}=-ioo 
. t' . 

. ~'"}. · /t J £. (t-- r}.i!r:)dr = :C"tJ()2 (24) 
1,2- c ''"' h ~.z. f,.Z, 

so that the static current-voltage characteristics of a diode 
will be 

E =.£ p&, (1- tLt·a, · ) - ~ !,_ . a."~ f7 (25) 
00 T 11F SCoLZJ~ { 1 

IIFSC01 j., /J 
Electrolytic rectifying diodes handle very low currents, 
from hundretlths or tenths of a lllicroamper to hUDdreds micro­
ampers which gives an advantage (at low frequencies) over 
diodes using other teehniques. Electrolytic diodes of this 
type ·underlie elements which realize operations ~ ~ and Vj.x-
[S] in a wide range of in.fralow frequencies as well as nega­

tive resistors. 
Electrolytic and electrokineti~ non-resonance · sensors 

of low variable and disco~tinuous pressures, sensors of pres­
sure gradients (in particula~ electroacoustic transducers of 
infralow and acoustic frequency bands that can operate at 
very high static pressures) and acceleration ~ensors have, 
as follows from Fig. 3, 4, 5, advantages in terms of possible 
frequency bands and coverage of low. frequencies, al. though 
they are not as sensitive as piezoresistive ·t~cers. The 
input/output characteristics of electrokinetic transducers 
are linear in a ·wide range of amplitudes. For free ran 

E = !g f E ll.pL·h,P 
out J.j ./1 ~.) 0 

(26) 

where S is electrokinetic potential, E._, _;U 1 ~6 • •. are 
the dielect ric f actor, dynamic viscosity and the result~ng 
electroconductivity o:f the polar liquid, K 9 • • • is the 
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fac i;or which incorporates the lJ7d+"odY.na.mic· properties of th.e 
s emi-permeable membrane . The amplitude-and-frequency. response 
of that transducers is 

E: = f c. 4) .~&, (27) 

"" .lf~u.;\5' Vi-1-(w Z:.,J:& 
where 'Z:n - is the mechanical time constant o:f the transducer .. 

The i nput/output character i stic of liquid phase s oli on 
electrolytic transducers (which operate by mode (2)) for one 
o:f ~he . configurations of ·the t;i.ey cathode or:i.fice 

I 2F~ t 3 -c [ f t2_nl-2g/J.; .z. I . Jj . (28) 
t = ·L1A· 1-e.xn - - ·-) 

ou 3/" ·a....r3 L11p . I . [If · i1 Pu.._,.o 
where t; is the concentra~ion of non-basic carriers in free ' 
volume, ~-is the diffusion factor, tf; ~ .. .C are geometric 
dimensions of the slot orifice.~ ;U- is the dynamic viscosity 
of the solution. ~ changing the shape or the cath ode orifice 
one can obtain various amplitude r es-ponces (linear, logari th­
mic, . etc. ). 

Versions of these elements are employed as seismic sen­
sors , sensors of biological parameters, aeoustic receivers 

· of infralow frequency, etc. The electrokinetic devices have 
highly linear amplitude responses and the wi:dest dynami c· range, 

while electrolytic ones have very low frequency band. However, 
at present both are interior to new piezoelectric and piezo­
resistive sensors in t erms of t he operational temperature 
range. 

Various types of electrochemicaJ (a/c , contact and 

contactless , .galvanic) concentrat ion meters for solutions 
and gases are now manufactured o.n a · large eoale and used in 

laboratories and industry. , 
Another group is made by electrochemical devices tha't 

need further study ·and improvement. We can expect t h2t scien­
t i f i c research will reveal new fields of application Nhere 
such transducers · will be aadvantlageous. This group may 

incorporate , e.g.: 
I) electrozytic sensors of vi brations; 
2) electrokinetic sensors of vibrati ons ; 
3) l ow voltages i ndicators; 
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1t) i11fra.iow i:re,c;,uencjl l iquid phase electronic amplifiers; 

5 ) electrolyti·O un:d elec:trokinetic data processi g t rans­
ducers; 

6) solid phase l3lectrol,ytic static switch and :power amp­

l ifiers etc. 
In the writers opinion this field of control needs re­

search along th~se main lines : 
a) new basic pri nciples that would. eA~a_~d technological 

prospects of electrochemieal devices; 
b) characteristics of sensors, transducers and other 

units and most practical field of their applicatio~ 
c) theoi.-y and calculation procedures .for electrochem~cal 

devices of various types; 
d) circuits with electrochemica.l elements to be incor­

porated :Ln automatic control and monitoring; 
e) most advanced technology -of electrochemical elements 

manufacturing with -a view to securing their high reliability. 



Table I 

Types of • I 
integrating ! Etfe.ct used : OUtput p~sical quantity 

· elements . 1 ~---·-~- ___ _ __ L 
1 

Read-out 
I 

I.Gas phase 

2.Liqu1' 
phase 
{so lion) 

Redox @ystems with inert electro4ea 

a)- Q1drogen evolution absorption a) change ot volume (or pressure) Visual 
~in electrochemical reactions 1 difference over passive elec-

. trodea of opposite polarities; 
b) an electrolYtic contact swit- Electric 

ching; 
b) chanse of properties ot an 

electrode due to absorption 
ot Qtdrogen formed in elec­
troch~cal reactions; 

a) change in electrode electric Blectric 
conductivity 1 · 

b) qnge in conc-entration e.m...f'. 

Obange of' the components concen9 a) change in concentration e.m~t. 
tration distribution in the elec- b) change in electrolYte optical 
trolYte .cell. density · · 

c) change of diffusion saturation 
current 

Electric 
Visual or 
electric 
Electric 

• 

CO 
~ 



I i 2 I :; , . - -~- ---- --:~-~~4 

:;.Solid 
phase 

Redox systems with electrochemical1Y soluble electr9des 
a) change . of electrode mass due a) change in electrode electric 

to electrolYtic plating or. conductivity; 
deplating; b) change in optical demi ty of 

a thin film electrode ; 
~) ~~~ \:'ta. ~"J.1rt;~~"' ~~~-r 

dimensions 1 

d) change in electrode weightc 
e) change in electric conducti­

vity of a cell (due to change 
in e+ectrode geometric dimen­

., sions) . 

b) change in ·equilibriWil poten• Change in voltag~ drop on elec­
tial when the anodeactive me- trochemical cell 
tal dissolves over an inert 
support 

Electric 

Photoelectr i c 

Elect ric 
.Electric 

Elect ric 

..... 
CD 
0'1 
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Conclus.!2P. • 

Comparison of characteris~ics leads one to believe that 
e1ectrochemical devices based on dif ferent redox re~ctions 
can be used in sensices and data processing, in c ontrol of 
processes"' characteriz,ed with vers low frequencies below 
tenths or hundredths of a cycle/sec, very low currents (to 
.f ractions of /\A), ve:cy lon€; time inter.rals (up .. eo tens or 
huudreds of days and more) . Very small sizes and low power 
consuption ean be · secured. 

Such principles can underlie adaptive el ements where 
microsecond pulses are used for non-destructi ve read-out. 
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RA~IOl~AL ~~LG...,RITHM F C NTROLL.I3'iG THE THERMAL COSDI T.1 ~" 

BLAST Fl.r?JT ACE USI Hu COMPUTERS 

z.L.5uchano·..r , V . S . Sh-..rj.dki , B.I .Kitaev , Ju * r:..Y aro ech..enr~o, 

J·u. I\ •. Ovchinn.ikov, V .G.L.i s i-2·nko 

( mhc Urals Polytec lLTJi c al Insti tut e, Sver.dl~vsk ,, USSB. ) 

Tu~ blest f~~r~ce i s a complicated multidimeilliional 

t~ont r~lle ~"" pl~ rrt having dist ributed paramet ers the estim­

ati c22 r ,f' whicr i s a very diff i cult pr oble m. The most 

d.i f f].cu l t thing here is to find out the cri t eria anC. ways 

of estinatio.u. of t he b l a.st furnace he a t regime which is the 

mai n contr olli.ng factoJ:~ :for reduction processes of the blas-:; 
furnace o;er ation . ~he very notion of heat r egime or 

~herrual condition of the blast ~urnace he~ no unifor~ 

ir:. · e rpretation er;.d needs more a e: ura-te definition. 
The m.oiiern conception o:f the f.'unda1nenta l laws goverLi.ng 

the heat excb...a .. ge in ti'.e blast furnace run at combined blas t 

is :resent ed. in .recently published works 11 2 • These two and 

aarlie.r s trudie s3 have brought to light S- shaped nature 

of changing temperatures over the height of the blast 

furnace (fig.I),. the tempera-ture of gas and burden at its 

rrJ.C.dle l evels va.cying only slightly and approximating to 

each other. Such an experimentally deterJT.dned dependence 

laads t o conclusion that heat exchange processes are 

c oncentrated i n the upper and lower steps of intensive 

heat exchange. There is an intermediate region between 
these steps with mean t emperature being practically 
constant under particular conditions of melting. 

un~er a ce r tain stability of this temperature with 
respect t o time and in a certain height range the inter­

mediate r egion is a ¥~nd of a damper that removes the 

direct influence of heat exchange steps on each other. 

This accoun1is f or revealed by us property of non-inter­

a.ction of the "Ghe r mal operation in the upper and lower 

sections of the blast furnace. 
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The property of non-in.terar .. rtion become s apparent in 
different and sometimes oppos i t e re sponse to the same 
controlling fact~rs displayed-by the upper and lower secti·ons 
of the furnace (we mean here both static s and dynamics of 
t ransient hea .. processes). 

Relative independence and great difference in the 
n~ture and character of heat exchange in various furnace 
zones is reflected in the mathematical description of these 

I phenomena • 
I 

As a result of the aboyementioned the authors came to a 
conclusion that because of the pro·perty of non-interaction 
it would be wrong in the main to evaluate the thermal' 
condition of the furnace as a whole. Also it would be wrong 
to judge of the temperature regime of ~he furnace according 
t o the thermal condition of t he hearth without taking into 
account the temperature profile of the furnace shaft, as 
sometimes t he case may be. It goes w.ithout saying, one can't 
do vice · versa, too. 

Therefore, when dealing with a blast furnace there must 
be only differentiated approach t o the estimation of t~e 
t hermal condition in the upper and lower sections of t he 
·furnace. In carrying out such independent inspection over 
t he thermal regime of the furnace it would be helpful to 
dev~de the entire operating vol ume of the furnace into t wo 
independent zones - the upper and the lower, the relative 
boundary betw~en them lying on quite definite isothermic 
su:rface corresponding to the mean temperature or ·to some 
other most stable with respect to time temperature of th~ 

intermediate region. 
I t was assumed that the . relative bpundar.y between the 

upper and lower furnace zones is temperature to (fig.I) 
which characterizes the beginning of the intensi ve 
evolution of the endothermie reaction of carbon dioY~de 
reduct ion in the ore ridge area. This temperature usuall y 

o · o . 
ra~s from 850 C to 920 C depending upon the type of iron 
produced, the blast composition and some other quite 



d.efin.i te ope r•e.ti.ng condi. tl.on.s of t he furnace. 
The mean temJ,Ie r at'u.!'e over the oass tUJ of the burden 

vol um.e cont ained between the charging leve l and t he assu.me d 

division line ma.,Y serve as s general quantity e stimation of 

the thermal condition of the upper zone of the furnace (in 
fig. I, a the -,;ro lume in question is shaded). Tbe relative 
value of the tempera.t ure .i~,:::: ttiJ /t'~ was termed by the 
authors the index of the temperature profi l e of the upper 
section of the furnace. The revealed laws of heat exchange 
i n the upper zone of t he furna ce! make i t possible to 
determine index ~ 6 from . the current informatio~ about the 
temperature t~ a.nd consumption of top gafi G~t. and a-lso 
the consumption· of burden materials charged . G"' • Besides, 
it · is necessary to have the information about- the heat 
exchange coefficient c::>C , specific heat of the burden and 

t op gases, the average shaft cross-sectional area S and 
the average height of the furnace upper zone as·sumed for the 
calculation H • The calculation are made according to the 

' 4 
£ollowing formula : 

{ =f-[r t~ -t"''( . f-exp(-Al _ m·L1to 
1
], ( i) 

8 • tl(.-m{tiJII(+IJt0) A tK-m{tb/K+!Jt,; . 

where t~- and twK = temperature of gas and burden on the 
top of the furnace, 0 0; 

m = 0 s(WIIIJC + f \ = average burden-gas thermal 
' wl( J capacity flow ratio for the 

upper zone; 

11 t = f- t = lJ 0 0 . ·UJD 

= gas and burden flow thermal capacities 
on the top level, w/~; 
temperature difference between gas and 
burden on the divisi on line between 
the zones, °C; A Ol·H·S ( ~ = --,;--, 1-m) __ 

n- auxiliary coefficient .. 
• Ill 

Index ~& is a ~eneralized parameter of the thermal 
condition of the upper blast furnace zone. Recently this 
paramet€n:: has become more essential for the heat regime 



inspection and control of the blast · f~rnace due to the wide 
use of o~gen f or the intensific~tion of the blast :fu.rnac.e 

production. With the oxygen. enrichment of the blast ·the 
volume of hearth gases is de.creased, whi c h reduces warming up 
the burden, thereby slowing down the course of :the .mai.n 
re ducine reacti ons. La t er on you will see that it is 
impossible to solve the problem of· optimization of the 'blast 

furnace without using index La • 
As a generalized parameter of the thermal condition of tha 

_lo~er blast f urnace zone the authors suggest index i.H equa_l 

. to the ratio of actual quanti t;y of heat Q 4?CUGT in the 
tapped products to the heat consumption Q0 theoretically 
requirea for physical and chemical heating of the smelting 

· products of the predetermined composition: 
" 

where Qlf!Jr = 
QUIJ\ -· 
Q~7 ... IJ = .J!I&o',,.,tl , ••• 

Index J 
"H 

= Q..,~r + QwA + Q.S.:.flin.,Q> .. . 
Qo. - ) 

/ 2 \ \ ) . 

iron enthalpy allowing for the melting heat; 
slag enthalpy without the slag formation heat; 
the heat consumed for reduction of silicon 
manganese, phosphorus and other elements. 

which is d~termined according to the amount, 
~emperatrure and chemical analysis of the tapped products is 
quite a reliable criterion of the heat condition of the lower 
part of the furnace and may be taken as a reference input for 
the automatic _control system. The effi ciency of the automatic 
control system greatly increases if we consider not only the 
past but also the current and even predicted thermal condi­
tion of the lower part of the furnace. Thus to determine 
index {H during the inte : 'lal between the tappings of iron 
we may ·use the balance ins9ection method applying the 
following equation1 : 



For the calculation according to the ~bove equation it is 
nece'ssary to have some· current information abput tb.e blast 
ana top gas parameters (altogether 14 variables) and besides 
some recurrent data about the changes iri the burden composi­
tion and some r efere.nce data. The main coefficient Lr.l 
char~cterizing the degree of direct reduction ~an be 

periodically defined more pr~cisely by comparing the results 
of the calculation according to the' formulae (2) and (3). 
Index i 11 obtained from equation (3) may be considered a 
predicted value since the changes in the top gas composition 
to a ccrtai.n degree .leav·e ber.dnd the evolution of transient 
process 5 in the thermal condition of the lower part of the 
furnace. 

The works of ,C.Staib and J .Michard (IRCID) repea'ted 
c. 

recently by P.Jourde and C.Remont:.,... have shown tl:lB practical 
fitness of the parameter Wu. similar to index i 11 for the 
inspecPion .and control of the thermal cond~tion in the lower 
part of the furnace. 

The peculiarities ot the blast furnace operation, ~amely 
the discrete and cyclic charging of raw materi als into 
fur.nace impose certain conditions on the methods of calcula­
tion o:f indexes i 8 and l 11 from equations (2 ) and (3). The 

analysis of all the input imormat ion led to conclusion that 
ch?rging, cycle time, namely the period covering 5 - 7 · 
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chargings (depending upon the agreed ctiarging program) sho~ld 

be considered an optimal interval between the successive 
calculations of ~ndexes i..8 and i.J.I • It requires aYeraging 
the information during the charging cycle. The generalized 
parameters i 8 and i.,, determined under such condi t-lons 
characterize tbe thermal cond.i tion of the upper and low ex 

· pa_rts of t~ furnace during the previous charging cycle, 
that is, during the last half an hour of the furnace 

t 

operation. 
The revealed non-interaction in thermal operatiop of the 

upper and lower zones, of the furnace as well ~s the ,above 
shown possibility of indep~lld.ent estimation o·f t he thermal 
condition of tbe two zones enable us to consider the blast 

furnace ·to conaist of two interconnected but self-contained " 
controlled plants -with their own static . and dynamic proper­
ties. Such quite new treat~ent of the blast furnace as a 
controlled 1plant reflects the nature of the blast furnace I . . 
-m.elt moxe accurately thereby increasing the ways of 

~ontrolling this process. 
Differentiated approach to the upper and lower thermal ­

zones of tbe furnace as independent controlled plants has 
enable~ us to make an analysis of their static and dynamic 
properties when using different controlling factors. Fig. 2 

and 3 sh~~ the static and dynamic characteristics determined 
by calculation, the static characteristics being calculated 
according to known dependence s for the settled thermal 

conoition of the fUrnace while the dynamic characteristics 
are determined by/ the method of approximate calculation of 
transient processes. 

A slight initial cooling:. of the uppe r and part of the 

. furnace after a stopped rise of specific coke consumption 
is a'ccounted for by gradual increase (fig • .;) of the thermal 

capacity of -burden materials with changing the relative 
proportion of coke. ·Warming up the shaft of the furnace 
begins only after the burden of a new composition reaches 

the tuyers and as a result. of combustion of additional coke 
the yield of hearth gas increas~s. 

The initial drop of index [~ during the natural gas 



193 

supply (fi~.3) is due to the heat consumed for converting the 
injected fuel. Later on due to increasing hydrogen content in _ 

reduction gases the amount of coke,_ carbon consumed for direct 
reduction decreases and a slight increase of -the proportion 
of coke burning out at the tuyers results (the predetermined 
fuel consumption and other controlling factors except _the one; 
under review are assumed to be unchanged). Similar result s 
were obtained experim~ntally?, the injected fuel being masont .. 

The revealed difference in static and dy.nami.~ prope_rties 
of the controlled plant~ we have examined . enables us to 
combine the controlling factors into the complex actions 
which have nevessar.y selective (local) effects on the heat 
regime of only one zone of tbe blast fqrnace~ Such quick­
response complex actions which ~ to correct tbe detected 
deviations - in the _ heat r~gime of individual blast 
furnace zones are called correQti ve. 

A.s an example of such' simplest corrective action which is 
e!ficient.for the upper zone of the furnace and practically 
neutral for its lower zone -we may give ghanging the oxygen 
content in the blast (in case t 8 .> 1000°0). Quite opposite is 
the response observed when applying another si~plest 
corrective action, nalllely the eh~ in the bl~st temperature 
(Fig.3). 

The corrective actions are composed in such a way _tbat 
while applying them the thermal condition of the main 

(limiting) zone of the furnace should return within the limits 
of the zone of permissib~e deviations from the optimum 
during one or two charging cycles, and afterwards s~ould .not 
come beyond the above limits. It should be born in _mind .that 
each <?are fully selected-- ·corrective action represents not only 
a set of necessary disc-rete ch~ges of different controlling 
factors but also a de:f'ini te programme of ac-ti·on (sequence and 
speed of change in blast parameters must' be indicated). It 
makes pes si ble *to take into account the- cynamics of transient 
pr9cesses and the imposed !irri tations when applying actions 
"from below''. 

There may be several corrective actiqns exerting similar 



influence upon the the r mal condi tion of the furnace. The 
selection of t he optimum variant is due to the avai lable 
possibilities of using vari ous controlli ng fact or s and 
depends also on such l~mi ting .conditions as t he necessity to 
retain gas dynamics of charge column and reduction 
potential of gases. For particular ~ondi ti-o.ns of .mel ting. i n 
the 91ast furnace i t is h~~pful to calcul~te in advance all 
the possible variants of solvine; pro.blem., and to present the 
obtained results as read;r...;.made tables with logi cal schema 
of selecting necessary corrective action. 

Thus t~e application of generalized parameters <8 and 
i~ and the possibility of using quick-response corrective 
actions proved above makes it possible to raise the problem 
of stabilization and opttmization of the heat regime of the 
blast fur~ace. 

As it follows from the very notion of the index 
( {H)onT = I, the value of the index <H corresponds to 

,the optimum tbermal cqndi tion of the lower section of the 
'furnace· .• 

· To.. find th~ optimUm value of index ( <6)011 r special 
inves~~gatioris6 were m-ade·. These investigations have 
revealed the extreme character of the dependence between the 
thermal condition of the upper section of the furnace and 
its output ·(Fig.4), the confi~ation of the curves being 
de~ermiried by the particular conditions of furnace operation. 
For experimental data shown in Fig.4 the optimum values of 
index (i.a)onr corresponding to maximum output ~f the 
furnace range from 0.65 to O.??. For other furnaces and 
conditions of operation t~ extreme character of the 
dependence ' under investigation is retained but the ·values of 
index { <&)011 r may be' different. 6 

The ~esults obtained affirm convincingly- enough consider­
able· influence of the thermal condition of the shafts of 
modern furnaces using oxygen injected fuel on the main 
indexes of the blast furnace process. It proves that the 
optimum variant of melting technique in the blast f urnace 
(forced smooth operatiOn of the furnace when melting iron 
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of pre-determined composition with least amount of coke 
consumed) is possible only if the heat regime is stabilized 
at the optimum level not . only in the_ lower section of the 
furnace out a t the same time in the -upper one as well. 

The suggested algorithm of controlling thermal condition 
of, the blast furnace is as follows: The optimum value of 
index (is)o 11 r l-s determined statistically or by some . 
other method and the value · Q0 is specified in t he same . . 
way. The current values of, indexes. ~& and <H are 
recurrently calculated once during the charging cycle. Then 
the deviations L1.(., ~ ( l8)ont - ./, 4 and t.1.iH : ( .(_HJonr - -t'H 

are defined, and according to the sign and the value of the 
latter the necessary corrective actions are caiculated (or 
selected from ready solutions) by a computer allowing .for 
add.i tional cond,i tions. · 

The agreed decisi-on about the value and sequence of 
·changing various controlling_ factors holds true until the 
steady deviations. from the heat regime rates of the upper or 
lower sections · of the furnace are £ixed again. In this case 
the pre-selected controlling action is :repeated or replaced 
by the· new one according to t~ ·pa·rticular conditions of 
furnace operation. 

In order to increase reliability of the -- taken decisions 
about the selection of controlling actions it was deciaed: 

1. Definite zones of insensitiveness whose range somewhat 
exceeds permissible miscalculations in measuring input 
values must be established just the same as in the case of 
the disc~ete control systems. If the o permissible deviations 
of measurements from the bange of controlled values of these 
indexes are ! 2, 5 % for index { 1. and :t 6 % for index . <. H 

(for the index -i. 6 in the range of o. 6,5-0.85 and for 
index -<.. 11 in the range of 0.75-1.25), .the zones of 
insensitiveness may be assumed tp be equal ! 0,005-i8 + . 
and - 0,03·-<-,.{ • 

2 • To eliminate the influence of ~ occasional variations 
in the heat regime of the furnace and to secure the 

necessary holding for the estimation of the results of 

, I 



-steps taken, the ~uthors suggest to take into account only . 
A ' + A ' 

those d.evi.ations ! ·L.L-'& > .· 0~005 and- i..J~H > 0.03 , 
which are retained at two successive calculations ·Of these 
values 4 Only such stea~ deviations may be co.llSidered 
discrete ~ontrolliDg signals on the basis of. which one may 

estimate the changes in the thermal condition of the 
:ftu'nace and re-consider the· decisions taken· before. 

Therefore, the rate of the work of a computer can't be 

pre-deterai:Lned but is defined by technologi-cal process 
itselt. ~or example., _for the blast furnace of 1513 m3 the 
chargi.ag cycle whi~h was assumed to:-be basic period for all 
mrin calculating operations is 15-30 minutes if the output 
of the furnace is high and 40-50 m:i..ml.tes if it is low. The 
possibl~ replacement of controlling commands by others in 
15-.50 minutes is q~ te aecepta ble in c·ontroll.iing blast 
furnace process and re.quire s no quick-acting computers. 

It is known tbat the main controlling factor which 
dete rmines j the beat regime of the melting in the : blast·. 
fUrnace is the specific consumption of coke or the amount 
of ere loads. Considerable persistence and some other 
properties of this action, however, make 1 t difficult to 
us~ it for stabilization of_ thermal condition in different 
zones of the furnace. In _connectio.ri. with this the authors 
suggest that the actial influence of the fixed coke 
consumption (or ore loads) on the heat regime of different 
zones of the ~urnace be ~orrected through small changes 
of the blast temperature L1 t6 , .its humidity LlCfa 
the content of oxygen in the blast L1 02 and the 
consumption of natural gas. ~ r . -It is not the suggestion 
of advisability of applying these ·controlling factors, which 
has long been proved in pr~c+~ ~e, that is new but the 
possibility to arrange them into purposeful controlling 
actions exerting necessary influence on the thermal 
condition of different zones of the furnace determined by 
.us. 

Below we give the example explaining tbe selection of 
~orrective actions: 
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Assume that under particular operating conditions of the 
blast furnace of 1242 · m3 ( K = 550 kJ /toll. .i 'ton. 

+ 0 / 3 -..a= 1000 c, 'f'b= 15 9 m , 02 = 22%, 
r: 30 WL 3/tcm .it.e!L t (<.~) O'lr = 0.78) the COntrol 

system detected in succession deviations + Ll.t, > 0.005 and 
- L1..i H > o.O?;, which shows steady indications of warming-
-up upper section and cooling lower section of the furnace. 
For co~recting the revealed deviation of heat regime from 
optimum one can apply the corrective action providing for 
increase ·in oxygen content of the blast and at the same . 
time decrease in blast humidity : L1 02. = t · ~ 9 _% , L1 <f1 = -4 3 /m 3 

' 

of the blast. The rate of changing these 
controlling factors is assumed to be the same, since their 

· dynamic properties coincide. Such corrective action, in 
fact, will not affeet the aero~c and reducing 
processes of mel~ng but under the influence of this action 
the thermal condi-tion of upper and lower sectionS of the 
furnace will return to its optimum values. 

The block diagram of the UPI (the Urals Po!ytechnical 
Institute) system (:Fig.5) is suggested as oDe of the 
variants of carrying out the conceptian .of independent 
inspection and local control of the . thermal condition of the ' 
upper and lower sections : of the furnace. Besides conven­
tional systems of control and stabilization of different 
input parameters we suggest that a simple computer be used 
which calculates values of iD:dexes .f.i and i...., , determines 
the deviations of these indexes from their opt~mum values 
! .1 i.. & and ! l1.i H once during the charging cycle, 
and according to tbe .sign arid value of the latter selects 
the necessary corrective action allowing for imposed 
limitations. T.be determined decision is carried out b,y 

means of changes according to a definite programme of 
. targets for controllers and stabilizers of natural gas 
consumption and blast parameters or b,y means of delivery 
of recommendations for changing specific coke consumption. 



'198 

REFERENCES 

·-
1. B.Iti.IurraeB, IO.r.n:pomeHKo, B.n.naaape:a. Tennoc6MeH :a 

;n; oMeHHo~ neG:l'!. . Ttia;o;. "MeTannyprw:~" , · 1966 . -

2. B.I.Kitaev, Yu.Yaroschenko, V.D.Suchkov. Heat 
Exchange in Shaft Furnaces. Pergamon Press, Oxford, 1967. 

,;. B.I.Ki.taev, Y.C.Yarochenko _, B.L.Lasarev. Etat actual 
de la . theorie des echanges thermiques dans le haut fourneau. 
Troisiemes Journees Internationales de Siderurgie, 
I.uxemburg, 1962. 

4. IO.r • .HpomeaKo, B.Itl.K14Tae:a, B.C.illBliU4Kmiii, B.JI.liaaape:s,, 

E.JI.Cyxa.Ho:s. KoHTpO.Jlb Tenno:soro COCTO.RH:w:l 1118XTS ~OIIeHHOH ne-­

tll4. C6. "A:sTouaTH3B.UH.H .noueaaoro npoH3:so.ncT:sa", .Za;n. ''Meoran­

nYJ?rHR", 1966. 

5. P.J.ourde, C.Remont, C.Staib, N.Jusseau, .A.Schaller. 
Control et reglage automatique d'un fourneau par un calcula­
teur industrial. Journees Internationales de Side~rgie, 
Amsterdam, 1965. 

6. ID .r.RPomeaKo, B.H.KaTae:s, B.JI.Jla3apeB, B.C.ill:s~Kl4H, 

M.A.T~HeaKo, E.M.repuaa·. Tenno:soe cocTo.HHme 30HLI aenp.auoro 

BOCCTaHOBJieHHR ~OMeHHhlX neqeiii B ero KOHTpOJih. qeplleTHH~oplla­

gHR, CepH.a 4, KHW• 15, 1966. 

7. P.Guillemain, N.Jusseau, P·.Bece. Conduite automatique 
et etude des regimes transitoires de deux bauts four~aux 
alimentes et ag,rgl tnl'C>~e. ReV\J,e de Meta.ilurgie, 1967, Nr 11. 



oa 
.1.1 

VID-.TI C.AL AXLE Ol!' RAJ.!RO.Il BOLE 

500 - -.......... 1'7'/,.PV" 

100 

800 

900 

mo 
flOO 
i200 

a 

Fig.I 

'r.Q.e nature of tem~erature 'llrofile of the blast 
furnace o'£' 1242 m when melting pig-iron and under 
normal operating conditions z a - the working space 
of the furnace is divided into upper (shaded) and 
lower heat zones; b - the curves of changing 
temperatures of countercurrents of c~arge and gas 
along the axle of ramrod hole. 
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Calculated st~tistical characteristics of indiVidual 
(different) controlling actions for particular 
operating conditions of the furnace of 1242 m3 when 
changing specific coke consumption K from 550 to 
590 kg/t of iron, blast temperature from 1000 to 
1100°0, blast humidity ~o from. 7 to 22 8 ~4J 
oxygen content in the blast c~ from 21 to 23 % 

• 

and natura,l gas COnS,liilption (' from 10 to 60 ;n 3/ton.,. 
iron. 
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!BE DUMBER Oi CHARGlliiG CYCLES 

The relationship between index ~;-- and the output ot ! App-..toX:lm.a~e . time characteristics for upper and lower 
the blast furnace of 1242 m' deti~ed, accorti~g to · heat zones _ of the blast furnace as independent · 
average data, for 24 hours for 6 inon1;bs' operation~ . controlled plant s with stepped increase ' in the 
I- .. 2- and 3· ·;.. October, November 8Ild Decembe .196c:. . specific coke consumption LiK = + 10 kg/ t on .. iron, r, ~~ . ., ~ 
4-, .5-, 6- Januar,y, Februaq alid llarcP., 1966• natural gas consumption t11 = + 10 m . /t~ iron, 

blast temperature Ll ta= + 40°0, blast humidity 
L1 ~~ ::1 + 4 /m3 and oxygen content in the blast 
~~ ·= + ·0.6 ~(in case the index value is optimum 

( -t't /otrr = 0.?8, the initial blast temperature 
t,= 1000°0 end other particular conditions) . 
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Rational algorithm of controlling the thermal condition oL 
blast furnace sing ~omputers 

E.L.Suchanov, V.S.Shvidki, B.I.Kitaev, Ju ~ G.Yaroschenko , 

Ju. N .. Ovcbinnikov, V .G.Li.sien!~o 
( . The Urals Pol ytechpical Institute, Sverdlovsk, USSR). 

The autonomY' in heat operation of upper and lower stages 
in a ~ blast fu.rriace called for the necessity of different 
evaluation of their hea-t condi tj_ons. uThe index i B" is 
of ferred as a general variable of the heat condit ion in the 
uppe r par t of the blast furnace and uthe index i H " is 
proposed for controlling fteat conditions in the lower part 
of ·the furnace. These variables are calculat ed only once per 
cycle of the furnace charge according to usual information 
about the.technological process. 

The blast furnace should be considered as two connected 
but independent .objects of controlli~ wi th their own static 
and dynamic characteristics$ When analysing those characte­
ristics the conclusion about roal combination of such 
controlling factors is obtained. The general influence of 
these factors on the furnace heat conditions has its 
nec~ssary local act~on. 

Both statics and dynamics of t~ansient processes in 
objects of controlling are considered. Each controlling 
effect is a certain programme of the necessar,y digital 
changes in the temperature and humidity of the blast, in the 
higher oxygen concentration and in the expense of the 
injected fuel. The lower specific expense of the coke can 
be assumed because of economic cons idera·!;ion. All t he cal cu­
lati~~ operations are performed by the information contro~­
ling machines. In the article the possibil ity of s t abili za­
tion and optimum heat conditions in the modern blast furnace 
which is worlr,ed at a combined blast is proved. The bloc­
diagram of_ the automation system which is resulted -from the 
idea about the optimum in the blast furnace process under 
t he independent control and the local stabilization of t he 
heat conditions i n the upper and' lower stages in the furnace 
is given. 
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39.6 
·:m.~ SUB-QP.rn!TJ!.~ CONTROL OF THE VIORK OF CF...~NES 

• WIT:t-f SPECIAL REGARD TO ITS REALIZATION .. D i PR.\ CTICE 

~~ . Se. Roman Gorecki 
Aeademy of t~ining and ~~~etallurgy 
Department of Automation and Industrial 
Electronics 
Krak6w, Poland 

~ • Introduction 

There is already ample literature available in the field 

o:T optimum control and new items are constantly being published. 

As a rule these are theoretical research works and seldom concer­

ned with a practical solution. Themethods suggested in litera­

ture _usually lead to very complex solutions requiring the use 

of computers or necessitating carrying out of numerous measure-

menta. 

The present work is an attempt to solve time sub-optimum -

control by means of a specific process with a special regard to 

practical realization. 

2. Description of the process 

We shall concern ourselves vdth the design of a system for 

an optimum, meaning "m~imum time", controi of th~ work of a cra­

ne. 7le shall limit ourselves to the investigation on the optimum 

control of cranes of the travelling bridge type, i.e.those in 

vrhich we have at our disposal three independent drives for tra..""ls­

porting the load. Each of them shifts the load along a different 
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axis of t he Cartesian system. A sit uation of this type i s pre­

sented in Fig .. 1. 'rhe l oad may be shi fted L"'l the vertic~l plane 

/movement C/ &1d transferred to an optional position in a hori­

zontal pl ane by means of dri ves A and B. The load may be shif­

t ed simultaneously in t hree directions. This is often used by 

the operator. In order not t o set the load in excessive swin-

ging motion the oper ators apply low travelling rates. I n spite 

of this a- fter arriving above the destination . . the load wil l 

as a, rule oscillate enough to make it impossible for the opera­

tor to lower it to the foreseen place required without damping 

of the o.scillations. 

When the crane is in constant use, e.g. in the case of har­

bours concerned with reloading of goods, it is worthwhile cons~­

derJJig the possibility of modernizing the control, i.e . chan­

ging the control in order to · reduce the time required for trans­

porting loads as well as making greater use of the installed 

power. 

To begin with a somewhat simpler case than the one de scri­

bed above will be considered. It is assumed that the load hangs 

below the trolley on a weightless rope of a constant length and 

has the whole mass concentrated in 'one point at a distance "1" 
• • r 

from the point of suspension, o.therwise it constitute a a mathe-

matical pendulum. Controlling of the · trolley moti on is limited 

to the direction "Z" Qnl.y, /Fig.2/. The trolley drive is loca­

ted beyond the . trolley. The drive consists ~fa motor with rota­

tions c~ntrolled within . cert~in limits, transmission and coup­

l i ng through with the rope hauling the trolley is coupled with 

the operating drive or brake . In addition, it is assumed that 
. . . 

the t rol ley mass is so small in relation to the inertia of mas-
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ses in motion as to be negligibl~ -· The shifting of the point 
• of the engagement from a certain initial position is marked by 

the letter "y" and the shifting of the load along the axis "x" 

by the symbol "x" /Fig.J./. 

Several forces will be acting on the load being in. motion, 

i.e . the force of gravity "G", force of inertia "B"~ resistance 

of dynamic fric tion "T", and the force of the rope reaction "R. 

The equilibrium conditions will be written by projecting the for­

ces in the direction normal to the track of motion , i.e. along. 

the line 

2.1 
where Gn is t he projection of the force of gravity in a direc­

tion perpendicular to ' the trac~ of mot;on 

R - reaction in the I~pe. 

The next condition of the equilibrium of the forces projection 

in the "x" direction will be given: 

-~ - T + G . COS · O<. - Gn sin ex+ R si n O( = 0 2.2 
X . S 

Bx is the component of the force of inertia in the· direction 

of the "x·" axis. It is proportional to the load mass "m" and 

its acceleration in the direction of this axis. 

Tx i s the component of resistances to motion proportional to 

the rate of travel o:f the l-oad in the direction of' t he "x" 

axis. 

where "r" is the coefficient of t he r esistances to motion .. 

is the component of th.e forces of gravity tan-

gent to the track of motion. 

G
8 

= Gsin ex:.. 
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Taki P~ int o ac count the rel a t i onship 2.1 t o 2 .5 i n the fo~ula 

2.2. one may wr.i te : 

- mx" - , 
r:x: + G sin ex .. cos oc = 0 

FOr smal l angle s lt 9C' ff one may assume 
cos 0<' -· 1 

and since from Fig.} one sees that: 
. =~ . s~n t. 

therefore for small deviation the relation 2.6 wi.l l assume 

the fo:rm: - mx" - rx ' + G 

After or dering one obtains: 
x• 1· x' G 

+-m.m.t /X- y/ = 0 . 

and since 
G =m 

therefore~ 

By desi gnating: 

-!:....:a 
m 

-f- = 1? 
one obtains: 

g 

x' + + x 

x• + ax' + bx = by 

=.Ji 
1 y 

2.11 

2.1; . 

Since i n fac t t he rate of the trolley travel is controlled 

therefore its shifting equals: 

y = J V • dt 

The rate ot t he tl·olley t1.·avel can assume values contained 

wi t hin t he interval from ·o to vmax = u ·> 0, taking into ac-

count .2 . 15 in 2. 14: t 

x• , ax • + bX = j 
0 

bv dt 2.16 
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Di.:fferentiaiing both sides of 2.16 one otrtains: 

x''' + ax'' + bx' = bv 

2.17 

The plant described by the aboYe equation should be transported 

from the initial state: 

r' /0/: X# /0/ =X/0/ = 0 

at the _ instant t
0 

= Q to the tenninal state: 

x" itk!' _=·x• /tk" . = 0 ; x /tk I = ~ · 
at the instant "tk" in the possibly shortest time. 

3. Application of the "maximum principle" 

2.19 

Sinee equa-tion 2. 17 is a linear one the control function 

"v" for obtaining the time optimum course should according to 

the "ma-ximum principle" be constant in the intervals and assu­

me extreme values alternately. The maximum principle gives us 

in this case the necessary C()ndition of optimality in the sense 

of minimum time. 

The third order equation 2.17 is converted into a first 

order system of equation which one obtains by substituting: 

x1 = x . ; ~. = x:' ; x) = _ x" 

a-nd now we obtain: . 

x' 1 

x' 3 

mh U •1t· · f' t• • .J. e _.ann on~a'"l __ unc 1,on. 
3 \.V axk 

~ = L I k dt 
k=1 

taking • into accou.'""lt 3. 2 we have : 

It = 
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Thi s function will att ,a in a maXimum by a control iD which 

v = ~ign /b r ,1 

which in t he case d i scussed is reduced to assuming t he value : 

V={:::: ;::: ).6 

For detennining 't 'J as a function of t ime we make use of the 

dependence: 

. d 'fi - oH 
err- =:: - - 0 Xi I i=· 1, 2, J I · 

The following system of equations ·is to be sol ved: 
·'f,'·= 0 

'f~ ~ ~~ + .b ·'f, 

t; .= -~+a t, 
where from 

r~ · = cl 
. )} V/ V/ ) r, ·=-,2+a,, 
~;J = f 1 -:- .b·Y-', + a~; 

Finally the following equation is-to be solved: 
JJ • . I . . . 

'f, - a "'r,. + b 'r'J = e1 

.,.8 

) . 10 

After solving equation 'J.lO the function ~~ is expressed by 
"' 

the formula: · 

where: 

·I f we assume a= c , which in t he case unde r discussion we may 
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aa'fely c1o, since the daapiDg of'•. the motion by the air resistan• 

ce is .:blm:. · then· th~ · ~ti~n \f,. . ~~ea a simpler :tom: c . J 

4 f~ ltl • ~~ -CoB V1i' il +c'coa tb' t +C2 ~g e1D ~ t 
. 3.13 

deaigoating: . 
--{ba(;.) 

. ~ 
'f, -lt/ a ~. 11 -cos (o\,) t/ +c3coe w t . 

3.14 

+c ..Leinwt · 2 w . : ._ w . . _. . . . . - ·3.15 

On the basis o:t equation 3.8 8Dd '3.15 - ~ compute the remai-
• 1 • • •• • 

D1ng awd.liar.y :twictiona: 

'f, = c1 

f2 = lc3w- ci.; I a1Dcvt + c2 cos wt .. 

~ + I · · . CJ... . t e 1 - a.a- t = - -,r- . . c,.: '-' fe -~. . cos w . 2 - . .Yio(A) 
GJ 4' J ~.:: - . (:..> . 

, •. 16 

"f ifbe eyatea of equations 3.16 may be preaeDted as: 
t• 

Y 1 -. = 0 1 

'f 2 = B aiD I c.u t + ~ I 

'f -= ~ . + R-cos . I cv t + oc I · 
' ···w . .. 

11bere: . 
1 ,/ . . cl 2 2 ' 

R = w V lc3 CV - W I : c 2 

c 
oc = arc tg --L 

c cl ,(J..)_._ 
- . GV 

').t7 

In the Cartesian system of ac~s t, ,, f..//2~ Cf/3' the parame-, 

trlc equation ').17 presents an ellipSe laying in a plane perpen.., 

dicu1a;-.. to axis r 1 which interseet.s 'this axi~ at point 

'f, ~ c~. 
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In the system of axes- 'f2· ·. f''J .we will have a ·circle with: 
.-- ~· -··._-

a radius · "R" and centlj laying on • ax~s )'-'3 at' point · 'f; = ~:~ 1-

Fig.4. ~rom the computations carr.ied . ~ut .the . ~ouree _ >V, - as 

the ~ction of time is ~wn f-rom wh1ch··it ·follows, that the 
. .. . .... , " . . . . . . --: ·.' . -

· -character ·of the switching • func,tion ;~v" ·is_ imov.'Ii~t Untortunately, 

the Pontryagin ··: , ~ .method _· doe _s.'~:~ot · fum.i-sh ~s With ·_ ~ormation 
:about' ~he· __ val~e of initial c~~~ition~·, c,; c2_' c,; . therefore on 
the basis of ·this tunct1.9n -~- ~ow olll.y that ·funCti~il "v" will 

. .. -be reproducil)le. :tog~-t~~-: ~th _ ~ert~d )~T", bu~· the iensth .o:f the 
~ . . . • . . ·- . :. ~ -. . . -· . . . . . . -~:- . ': ·. . -. ' .. - .. . ·. . 

svrltehings is >:not lalo~ neither is--~ the time '&:rter Which the f~t 
. .. . ' . . - -- . . . . ' 

end last :switching -lrUt' :: occur. -From :the - c~acter of the control · 

fUnct.iC)il _ it_ results _that· it · mat-be. considered ·as a 8uJn· of shif-

. ted ill .. time'c constant . inputs ~ of· :•u• :_values• 

- w~ ~!1' ~~ .· ~fJslllllption,- ~f . ~ero -~~i tial .-c~ndi tions · th~ ·output . 

stin~ -~ /V· Ydll ~ be :equal to . 'the' :sUm of _respon~e-s'_ to e~h m:.. 
. . . . . . . . . :-· _,- .. -.: ... - , ·' 

· j,ut signal,- :,~ :tormt4a :·2.:t7 OJle~ · cari .- cQnipu.te · t~e- :re _~ponse o:f 

the . 8ys~etJ1- to. the -~~~P ·. inp~t ~ 81_~~1 :· · ~.:: . - - . . .. 

:0 for _'.;t <·o ·- .' · 
. . ·• ·.'- y -:: ··· .. ' ._. ' .'-, • __ •' -.:' 

·.: _ ~ u for·,: t '-~,o .. >_. -. 

h' /t/ . - u /1 -~ cosc;.,t/ 

h" /t/ ·= . u . ~CJ ·sin c.-j t -· 

_-..• ,.18 

. : ,.1_9 

The .p th t t -the control ·_so( _..,;...,_al compo-sed of . · re_sp,anse- ().a. . e .sys em . o _ ~· 

. constant -functions . iU ternately equallillg "u" end "0": will be: 
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To determine t he optimum eontrol adaitional in~formation is 

"'lecessary. In the case of' a second-order equation of state i t 

is very convenient to draw the .-phase trajectories in "the :x:, x' 

system of' coordinates. In the considered case of a t hird-order 

equation the trajectories should be per analogiam cons idered in 

a special system :x, x~ x" which we are unable to illustrate cle­

al!:·ly on a plane. 

The equation of the system considered is d-egenerated. This 

=:'his is due to the fact that the value of the coefficient at "x" 

is · equal to · zero hence when observing the performance 

of the system in the coordinates x: x" we shall have full in-

.fo.r:.na-tion about all the derivates and the function itself' . 
x" In the x~ tv system the trajectories of the system con-

sidered will be circles---with centres located on the axis "x"" 

at poi..."lt :x:'= v. 

Only the trajectories of the system arouu~d the extreme 

positions v = 0 and v = u constitute the optimum control. From 

the initial and terminal conditions it results that the pro~ess 

must begin and end with a trajectory crossing through the ori-

gin of the system x" w- , x' shifting _simultaneously x from 

Xc . . to xk , but this is not to be seen in Fig.4. 

I :f the input sigi'lal v ·=· u acts on the system one vlill see 

that the leading po~nt after time t = T vdll return to the 

origin. The load will rest as at the moment of starting perpen­

a:.cularly below the trolley, hence the shiftin; . ~ "': the trolley 

~~d load vdll t ~ the same and equal to: 

= Y..,.,., 
.L 

= u • T 
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Therefor E we see that · for shifti ng the l oa'"' over a dist a ... rtc 6: 

x = n.Xtr n = 1, 2, 3, 4.2 

the nec essary control will be limited to one switching period , 

This i s in agreement with the result obtained by Pontryagin's 

method. This i s a particular· case in which the switching periods 

are equal to the period of function and the t ime s of t he trol l ey 

standstills are reduced to zero. 

The number of' sw1. tchi.."lgs in an optimum control time are 

equal to: 

i=2[E.,. /~ /+21 

In Fig.- 5 an example of' a phase trajectory _for ~ ~ xk ~ 0 

is sho\vn. Ow.L~g to the relation 

<::>C = w t 

and the observation that, according to the initial and tenninal 

conditions, the track of shifting the load is equal to the track 

of the trolley travel and the time o~ travel corresponds to the 

time of moving along the ·circular trajectory with a centre at 

x' = . u one may write: 

and (V 

oc = 11 - t-

and after taking 

m T1 J.2 

T 
T2 = 2 

Re asoning thus: 

m 
J.k 

m 
~1 

into account the relation 4.4: 

= 

= 

T 
2 

T 
2 

E~/z/ designates a complete 
part from number z 

4-5 



·. F.inally :we obtain: · 

T1 = -~ . 

T2 =+ 
l'k = ~ . .. i 

• 
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• 

Determination of the optimum . process for ~- '> ~ . > x.r 
can be e.arried o~t - ~n the basis of the -P~ charaeteristics 

f'~ the informa~io~ . already · ~cPired wbich is pre~nted 1n . 

- . Fig.6. ·: 

The maiJl indication when detemini.Dg . optimum trajec~17 ·t.a 

-the tact that except the first -and last intervals of tille -the . 

sum of tllio consecuti.fe nitc_s .mst be equ8J. to . the perioct . T, . 
. - . . . _. . . " . 

according -to · Pont17ag1n 's . •tbod· _ 
. .·Fz.om ri.g.6 . one . ~· derive the ftlationship · betweil aniles 

. . . ~ ~..; ~ ' . . . . ' 

<X and .'t- : 

. oc = l .arc c'• 2 . - cos & . 
~ · · v , · alii"' 4· to · 

. . 
. - . .·· .. 

and tor x fi'ODl ari ·arbitr&r7 interval .in - 1/: ~· ti x ti 11 • ~ a 

oc__ =. - ~ arc o+• • -- 008 IS"- · 
~ - wo aln f · 

Knowing the magnitude of aogle_.pc corresponding tO ·: the in;.. . 
' . . 

te~als of· the . strilstand ti. . arid. ~ . corresponding · to the . '; 

:r~t 8nd last time · inte~ais .of travel, : the t~s _of c'Onsecu­

tive switehiJlgs ~q easUy ~ complete~; The operation total 

tiDie will be : 

Tkn ~ ~ [ 2 g- + oc +(n ~ 1).360o] (;t2 

The load will be shifted to the point of' destination: 

xk = ~ [ 2 'S" + (n _ 1)(36oo -0'~ 4.,1:3 

/ 
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Wlth the increment of the ·assumed travel distance, i.e. with 

increment of "n", oe aims at •o• and the operation time will 

tend towards a sum ttme ~f travel Tj which will be: 

!L 
u 4~14 

Since this is the -shortest time during which the trolley is 

able to conr the assumed distance of· 'shifting regardless o:f 

the oscUlatipn _of the load, . the ·possible symmetric limita­

tions of the control :f\mction· -u ~ v ~ u ~t a greater dis-· 

tance xk would not shorten the time -· of duration of _- the _pro ... 

ceas. · 
. . ' 

The increasingly shorter standstill periods w1 th incre-

ment of xk .th8 accuracy of '· the1r.real1za1d.o~ - ~ondit1onin& 

_the ·achievement · of the __ -:f'inal _ s~ate ·_ is the ·reason -that for grea-
-' . 

ter xk _- the_ process of: tiDie..Optimulil cantrol beccmres un:-reali-

zable . _ Moreover, _.consider&ble -dif'ficul ties woUld . be encountered 

-it _1 t ·proved necess~!'y - to: - in~duce .- c~~ctiems · taki.n8 into ac- . 
I • , J •• • 

CO~~ the non-~fill.Jllent of the assuiDptj.ona -made • 

5. Time -sub-optimum . contrOl 
. .. . . . . . . . , . 

On practical grounds ·1t m~ be profi~ble not to aim at 

obta~ optimum co~tr61; but. to be satisfied with a:_ control 
. . .. 

somewhat worse than optimum as regards the operation speed, · 

but easier forcreal.ization.· 

·MoreoYer, it is alao worthWhile-to consider the possibility 

of reaiizing a ·control Which would limit the ~winging o~ _the lo­

ad during travel~ in. particular when covering greater distanees. 
. . . . . . . . -

A· control which would ensure non-oscillating travel aver 

l~nger - di.st~ce 8 may easily be read :from the phas~ plane. 

' 
x' 

' 
Fig.7. 
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To this purpose the load rate should be ·made e qual with .. 

the t rolley rate equalling "u". The point on the phase trajec­

tory should be carried from the origin of the system to the 

point "u" on the axis "x". This is carried out most quickly 

ma-king use of a circular trajectory crossing through :the 

system origin with a centre at point "u", and then from. the 

trajectory ei~umscribed around the origin of the system shown 

in the figure and going through the po·int "u". 
. . . 

From the relationships seen in the figUre, i.e. from the 

equUaterality of the triangle it results that angle: 

1 r.-,. = r; 2 11 
• 

which eorresp?nds to: 

r, = ~2 - ' 1'1 = t T 

5.1 

Therefore the control equivalizing the rate of' the load 
.. 

shifting with the trolley travel rate will consist in swit-
. ' 1 ' . . . 

ching the drive for a period ~1 = ~ T , then stopping the 

trolley fo~ the p~riod T2. ~ T 1 = T 1 = + T a:fte_r which 

travel will be_ smooth during any desired ler~th of a time in-
. . ... . ' 

terval TJ - T2 • In order to stop the load an analogous ope-

ration mtlst be carried out, i.e. the stopping ·of the trolley 
' . 1 

~for the period T4 - T5 = ~ T , then again shifting it 

with a maximum trav~l rate "u" during the time Tk - T 4 = i-T • 

T~e load will remain motionless and the track .covered 

will be: 

xk = [CTk - T4) + (T3 - T2) + T~u 5.J 

or 1 
Xg:= ( rr. :;. T) u 5.4 .:,L , 
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This control may be used only ~or: 

. 1 
xk = ; T • u 

Moreover, it may be estimated that the duration of the pro­

cess in the most disadvantageous .. ease differs f'rom the opti:num 

T 
0 

by the standstill time. 

~k -

and in the case a.r travel over long distances and small period 

of oscillations the time l~ss will constitute· a ~glig~ble per­

cent.~ In Fig.s· the .time of' the duration of' the process is illus-
. . 

trated in proportional m~tudes at a time sub-optimum control 

and an optimum control with symmetric and asymmetric limitation 

of the control function for small ~· 

It is o.bvious that where :tour of the :five time intervals 

a-re equal -~and are functions o:f only one magnitude T, and the 

fifth tiine interval is also presented by a rather uncomplicated 

formula 
X 

TJ - T2 = _k + 1 T u . ; 

the reali~ation of a control is comparatively easy. 

In the Laboratory of the Department of Automation and 

Industrial Electronics of the Academy of Min.ing and r.;etallurgy 
' . . 

in Cracow a system/shown in Fig.2/ controlled by the above des-
. . 

cribed programme has been ~alized. A load of 4 kg weight suspen- . 
. ' . 

ded on a 1. 75 m coupling bar is shif'ted for a distance of up 

to J.5 m vlith a maximum trolley travel ~at~ 0.25 m/sec. After 

ha~ing rea~hed the destination point the oscillation amplitude 

does not exceed 0.5 cm. When controlling the travel by hand it 

is very diffic~it to attain the . damping of oscillations simulta­

neously 'v\'ith the determination of t he process at a determined 
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point. The l os s of time as compared with the control according 

to an optimum time control depends on the operator's skill, but 

on the average it considerably exceeds the double time of the 

programmed control. 

It should be stressed that this programme may remain un­

cha-nged in spite of the necessity of omitting the vertical 

obstacle if only the vertical .motions are located in the pe­

riod of the ~ooth travel, i.e. during the time interval ·:rrom 

T2 to T3 · and one returns to the previous level. 

If the point aimed at is on another level it is enough to 

compute the two terminal time intervals as being equai to one 

third of the new period of proper oscillation. 

If for the transporting of the load two drives, A and B, 

Fig.1, have to be us~d - then the programme will continue t~ re­

tain its simple fo:rnt as opposed to the time optimum programme 

where the control with for example drive A must depend on the 

character of motions B and C ~ 

) 
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AM EXTENSION OF THE HARMONIC LINEARIZATIOH 

Ye.P.Popov, Ye.I.Khlypalo 

Mo.scow 
USSR 

TECHNIQUE 

Harmonic linearization or harmonic balance has become a 
technique used widely in study Jand design of a wide spec­
trum et non-linear ~ontrol systems. On the one hand it covers 
the basic specific non-linear properties which are outside 
the scope of the linear theory and, on the other hand, the · 
well-known computation tools of the linear theory require 
quite slight modifications to be incorporated into this tech­
nique. Aside from self-oscillations, including high harmo-

. I 

nics, this technique helps to find the oscillatory stability 
boundaries of a non-linear system both by parameters and ini­
tial conditions; study the performance of oscillatory transi­
tional processes where the frequency varies with the amplitude 
while the kind of the process depends on the initial conditions; 
study complex processes comprised of a number of components 
with various orders of frequencies (oscillations against the 
background of slowly changing components, etc.) related non­
linearly when . the principle of solutions superposition is in-
valideJ,rJ. 

Though it is approximate and sometimes non-rigorous, the 
technique yields results, correct for practical purposes, 
and applica'ble - to many clas·ses of systems; prC?blems invul-· 
nerable to other methods are solved in a convenient and com- ·­
prehensible form. Hence its wide application especially be­
~ause new , control problems and increasing requirement ·to 
the performance and accuracy of system . have attracted engi­
neers to non-f inear problems, to practical utilization of 
specially introduced non-linearities and non-linear contro~ 
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The advances and expanding application of computers 
increase rather than decrease the practical significance 
of such approximation. technique s . 

Harmonic linearization (harmonic balance) yields readi­
ly the relations between basic characteristics Of -processes 
such as amplitudes, frequencies, .decay indices and para!Jle­
ters of the system (gains, time constants, _etc.). , No ·aocu­
rate solution to the initial .non-l.inear differential and 
other equations in time domain can g1ve, t~e same results • 

. Furthermore, in most cases an approp.mate· ·solution by the · 
harmonic linearization t~chnique, cannot ~ be r~plaoed by more 
accurat·e - and more 'involved ~ computation procedures. 

With this basic fact · in ~i~d we can. ~tate that develop­
ment of :this technique . h&s been ·· stimulated by· the advent and 
advances of col!lputing t•chnol.ogt Just ·because •manwu• or 
graphical treatment of these problems :appears cumbersome 
.when there are se~eral non.:_lineari t _iea .:_ iD the ·system or 
several components of ·d1ffe::rent ··frequen:cies 1n the process • . 
Here computing teChDologycQnies to ourre~ctte. , J18ny very 

·· complicated problems have bee~ . sQ:lTed : ·so ~ar· 1n ··indttstrial 
R & D bodies that used harmonic)..line'ar.l.zation· programs on· 

· digital computers, e.g. M-2(); · the · eolutions obtained mere 
embedded into ac:tuaJ. · non;.;;i_i~e~. g~~X'Gl a;:Steu.s·~ 

Experience of ·. many._.years is ·ampie · ev1den.c~ · that much m:n 

engineeri~ problems can be solved practically than cove­
red · theoretically~ 

Harmonic linearization far from being exhau~ted can . 
yieldnew benefits when -computing procedures for complex 
cases have been developed; theoret;1cal studies will opeD 
up now fields for its appl:i.catiCD. 

Hence, the applied aspect of the technique -is also of 
importance. 

~his paper will describe a new representation of the 
harmonically linearized equivalent for non-univalent non­
linearities with hysteresis loops which practi caly workers 
have often to deal with. This new fQrm corrects the existing 
non-rigorous notations in certain problems stated when for­
mally this approach is utilized •. 
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A harmo.nical.J.i 11Dearized expression tor · non-un1 valen-t; 
non-linearitiea 

- ,:::!=~) (1) 

with hysteresis loops is normally given by 

(2) 

where A ,Cc) are the osc1ll.at1eDs amplitude and frequenc7, a {11) 
and .,f (A) are coefficients 

Z:n 2w 

o:. =;/;;fFtJ. ~f)~'fd'f , ~-= J jF(A-....rJ (Mv.ty. 
~-~ 

As a result the transfer function of an open-loop sys­
tem has a pole in the right-haDd helli-plane (which changes 
its position when the amplitude of the oscillations changes). 
In terms ot the linear control theor.r an equivalent lineari­
zed non-minimal phase ·element appears here. 

_ Sometimes when the loop is closed no drastic changes 
occu and all operations proceed normaJ..l1'. Hewever, there 
is a class of systems where this makes certain ooetticients 
of the characterist10, equation negative which would seem to 
prove that the oscillations in question are unstable, but 
actually these remain stable and the solution for the oscU­
lations amplitude and frequency is valid. 

An example of such a system is shown in Fig. 1. The 
dynamics of the system is described by 

E "'ft-P.z. , Us =1~ (" .. -'$ar) , 2 =k114 , 

"-1:: k1 ~' /,(,,_,~Sl. ' ' ~2.:: ~, Sl. , 
-~ ~/. ) - /.A) f(A} U ~- t-r-r;p , G!y • rtl.it - O.,liT {,('! -1- ---z;:;--pw~ ~ 

k: J,< 1 ktfo 'J k ,)._, :~ k, = k1)clf Is, · 
The transfer function of that port of the system which 

has a feedback loo~ is 

r .) £&] W{)) _ _.:& _ k 1 k.q La(A + (;&.) I' . 
i '/' - U.z - {+Tzp+ ~[a(A)+ "'f:~]f 
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The transfer function of an open-loop system is 

k. ~(A)+ "'!!) ~ 
Wt!J= )'f~+r,J{1+~f+~;lQ.fAJ+ ~f) 

The characteristic equation of the system under considera­
tion is 

or 

!he factors of the character1stio · equat1on will be 
, _ T. 1.. .((A) , 
ff0 - "'~' w 
st/..,::: 7;Tc.. +T.,k, a.fA) +k, ~), 

. A = T,+T& -tk,a.fA)~ . . . 

A 
1 

= 1 + k .I(A) , · ~ = k.a /!r) . 
i'') w . 

By eq. (2) the coefficient )4 0 is negative. The coef­
ficient sd 1 · can also proTe negative whereas oll other ·coef­
ficients are ne .cessarily positive. 

This is the result of erroneous form for equivalent. 
harmonically l1Dear1zed expression (2) which is normaJ.l¥ 
employed in harmonic ... balance. We can preserTe the same 
validity the solution for the amplitude and frequency and 
avoid the above non-rigorous intermediate expression (cha­
racteristic equation) if non-linear component (1) with an 
ambiguous loop; non-linearity of a hysteresis type is ass~ 
med to be in the form of an inerti~ component equivalent to 
harmonically linearized transfer function giTen by 

'i-s 1+'1!~)' X . .(4) 
New hariDonic linearization coefficients k.~ ~) · . 

and T* (4) . ,- that ,is the gain and the time constant of 
· an inertial component equivalent to a non~linear ~omponen~ 
with hysteresis loGps can be expressed identically through 
the former harmonic linearization coeff+cients ""(A) 
and .$'(A) ~ 
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,!n_t].;e_C,!S.! ,!!f_IJ,!r,!ogi_g _S.£J41_£!t_!O,!!S_:..when r = jw 
from t .b.e desired identi t~ 

_ k'l£ "' a+ Ljw ~<O) 
1-+ T * jw c.<:> 

follows 

~2. ~ = a.(A) 
t1-+ ~~CV 

hence 

T - .:...~(;;) k - a.2.(A)+ _.6'2(,4)" (5) 
~ - w a lfH , ~ ~ - a~) 

where i'(A).::.Q ; ~eA) and _tJ(If) are found by eq.(3). 

,!n_t_!!e_C,!S.!, .2,f_d,!C.!.Y1:Jl& ,!D,!! ~.!e~g_!n~ ,2S£11l .£!t!o,ns_ 
the equivalent harmonic linearized expression for non-uni­
valent loop non-linearity is given, instead of by eq. (2), 
by l1

] 

(6) 

where~< 0 for decaying oscillations and ~ t> 0 for 
diverging oscillations. 

tity 
In this case when f> = F+jw from the desired iden­

where _g (!+) ..::::: 0 
eq. (3). 

' 
cq (A) 

k - a2ft4) +-ti1J *- o_(A)r- !./!A)) (7) 

and _ll (A) are also found 

l,n_t,ae_c,!S_! .£f_o.2_m~l~x_p~o_£e~s!s when the oscillations 
are superimposed on a slowly changing component, an approxi­
mate solution instead of x. = A~ c.v+ is .found in 



227 

-If t~:.A ..,_ the form x:z. 0-t-X; .x. = x#lt.,.it.-,; and the usual form of harmo-
nic linearization instead of (2) is given byf2j 

J :: rrA) x o} + [a(A, x") + $(::{~~ ):x~ (8) 

where 

Then the 

z., 

F 0

= 2~ jF(x 0 +AJM;.fl)dp, 
() 

27: 

a=fA{F(xo,s.A~tf)~'fd~, 
() 

1:'1'1 

£l = ~ [Ff;c-0 +A~~?)~ f' elf". 
non-li neu system equation will be. 

} (9) 

(10) 

where >f (t) , a external ·action changing slower than the c.c.; 

oscillations frequency decomposes, after harmonic l 1neariza­
tion, into two non-li nearly related equations 

Q(j;) x 0 + /<(f)F 0 (A,xoJ-= ;((?J/ft); 

C{,)x* + R(;J[a.{A,:x.o) + ,67 0,"~}--c*=O. 

(11) 

( 12) 

. In this case the · new form of an equivalent transfer 
function can be applied 1D eq. (12), that is the expression 
in brackets can be replaced by 

k~ (A-~ ;)Cc) 
~ 

1+T*{AJX0 )p 
where · ' 

T - -P (,4-,xV k - a.'fq,x.V+,t~,~J' 
*-: W a.c1J,.. ;>C.~ ' ¥- a_ {4,.. ;x:_O) 

while a and _.t are found .by eq. ( 9) > Y< 0. 
We can treat similarly !h~J.£.r__Qe_g~c_!~~t!o.!l!J_ where 

in the right-hand part of the non-linear system of eq.(10) 
we have 

or 

\ . 
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we will describe the computations With the new form ot 
ha:rllonic · realization for the above .!Xl!Dl.El.! ~f_;,a_.n,.2n=l.!n.!a.l 
.!7.!t,!ID ( fig. 1 ) ~ 

For the kind of non-uni val·en t non-linearity under con­
sideration with hysteresis loops the expressions for coef­

ficients of harmonic linarization are given b7 

- ~:- M1-1K) nA 2 ,,. at · A -?:- C ~ 

where -A is the osc1llat1on ampli.tude of ·the voltage u.3 • 

E.g. for numerical values of a non-linear components 
par&Mters 

h • 110 Tt 0 = 24 v, m • 0.2, 

the graphs of harmonic linear1zation coefficients are given 
ill ___ -_ rig• 2. 

!hese graphs with eq. (5) can easily give relations of 
eqaiTal.ent parameters k,_. · and ~7; against · oscillations 
..plitudes represented in Fig. 3. 

It whould be remembered that th"e formulae of harmonic 
11Dear1zation and therefore the graphs of Fig. 3 are meani~ 
:tal. onlJ" at A> c • Therefore the magnitude of ?;. 
ia bounded. Fig. 3 shows that with increase of the amplitude 
A the time . constant 7; decreases; with the given non-

11Dear1ty this is equivalent to a decreased effect of the 
J~¥steres1s loops at large oscillation amplitudes. 

With eq. (4) for ·the equivalent -transfer function the 
cQ'Dallics of the system (Fig ... 1) is give11 by the equations 

E "''}1--e-1. • t-t,- 1:~,cu.a-~), Ul'"'~f>Sl-, 
'- _. k* k:rSL 

U~=~<.,c J ~- 1+ T))i-f t.t3 ' Cf2.;: .. f' ' 
1.<.2 ,_ 

u = u1 S'L = i"uU.tl • 
~ 1+"f1f=> ' .., .., 
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The t ransfer ~unction of the part of the circuit with a 
oeedback is given by 

The transfer function of an open-lo~p system- will be 
k.k ' 

W= f(f+ 71J>J[aA!;J8+T~f!>)t-kr.kJI;J , 
The characteristic equation of a non-linear ~onically 
linearized system . will _ .~e &iT~n by 

A of',.+ s41/' ~ ~ ~f :t +54J f + s4"= o·:. 
where 

Ao:t;J;,T}' 7 - . 

54~= i:,T2. +T,T~ +'12.711-+T1 )<61<.~ , 

)4,_ = ~~T2.+T~+k&kil- ~ 
/ 

s41 ~ 1 , (" '. · . .94"( =Jci<"' • 
Vie can see that all coefficients of a characteristic equa­
tion are, as dintict from the pre~ous one, positiTe. 

Assume that the obj~ctiTe of further co.putat1on of the 
system is to obtain a non-linear transition processes perfor­
mance diagrameJin order to obtab the transition- process 
decay index F and the oscillation frequenc;r GA:J for 
each value of the selected parameter of the system and the 
amplitude. 

The gain of the system linear part \ Jc=ltt~kLI<J.k.,ks 
will be taken as the parameter selected. - · -· 

To solve our problem -w~ ~il intr~d~ce into the charac­
teristi c equation of a harmonically linearized system the 
value ? : '! + jw instead of f' . • As a resul.t •e will 
obtain an equation of the form 

Because the sel ected parameter ~ in included only 
i nto the coefficient A4 , the parameter k wil l be orily 
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in the real ·part of X after the real and imaginary 
• parts have been separated. Therefore, from the equation 

Y(A,w, ~) =0 
we can find the relations f tA) for different values of 
c..;= const. and by substituting these into the expression. 

X cfl, w., F, le J = 0, 
find the relations k (t4) for different C<.J = const •. ·This 
wil~ i!mediately yield the lines of ~ = const. on the 
desired performance diagram of non-linear transi tion pro­
cesses with the system of coordi.Dates (k,A) and the re­
lations f {A) at different CA.J = const. found before will 
make it possible to · trace the major part of the diag~aarps 
li.Des of F = const. in the same system of coordinates. 

Similarly to this case we can easily handle other prob-
lems solved in practice by harmonic linearizntion at va-
rious non-ttnivalent non-linearities with hysteresis loops 
by using 'the ·new, more rigorous notation sugge,sted here 
for equivalent transfer function. To facilitate practical 
calculations for all specific ~inds of non-linearities, 
formulae and graphs can be prepared in advance for new 
harmonic linearization coefficient .3 k* ci'U an·i C<.;I~CAJ 
similar to those that exist now for the coeff i cients a.(A) 
and /{A) • This can also he done in more complex cases 
which include an additional relation with the ratio ~ 
or the constant. constituent X 0 

2 

Fig. 1 System block-diagram 
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CONTROL SYSTEMS AND JLGCB,ITEKS Fat A . "STEEL-

ROLLED PRODUCTS" MANUF Ac.ID"R ING C<JIPLEX OF l 

S1'DL WeEKS 

A.P.Kopelovieh" A.A.Belostots.JQr, B.A.nasjuk, 
V.Jl.Kbru:pkin, G. I.NikitiD 

(C.R.I.c • .A..) 

I: os cow u.s.s.R. 

· Frogress in computing technique allowed to proceed to 

automatic production control of complex manufa~~ing units 

such as large shops and works. 
Large modern iron and steel works have a large scale of 

production a wide r-ange of steel grades and dimensions, .clo­

se interaction of operation of various shops (caused in par­
ticular by the flow of hot metal), and a high level of dis­

turbances. 
These and other factors cause great requirements to con­

trol and planning systems for an iron and steel works: com­
_plex probl•s and /large size probl•s IIUst be solved in short 
periods of time, errors in control result in gr;eat production 

losses. 
It is possible to improve the prodUction control of an 

iron and steel works by the use of modern data processing 
means, i.e. computers. 

One of the most ~economieally proaising trends is automa­
tion of production schedUling and control of the manufactur­

ing com_plex "steel-rolled products" ( steel-making-rolling)1 • 
Fig.l contains a block' diagram of a manufacturing complex 

with one open hearth furna~e shop, one primary mUl and two 
jobbing mills (a raU-and-structural steel mUl and a heavy 
section mill). 

- All the main facilities o~ the manufacturing complex 
"steel-rolled products,. are characterized by the cyclic mode 
of production process. :B:very cycle of a facility operation . 
corresponds to the processing of a certain production unit 
a discrete portion of metal (a cast, an ingot, a bloom). 

Lack of space prevents the author.s from describing a de-
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tailed mathematical model of the works 1 operation. It will 
be only pointed out that the model consists of three main in­

terrelated parts: the totality of the models of the process­
es occurring at each cycle ~~ each facility operation; the 
conditions determining the metallurgical routing a nd the con­
straints on the sequence of product units processing on· the 
works facilities; .the conditions ensuring the fulfillmeot of 
the predetermined volume of production and the var.iety of 
steel products. 

The general objective of production control is to choose 
control actions in each process, to schedule the operation of 

each processing plant (to determine the properties ·. f the 

products being processed, the startin~ and termination point s 
for each cycle of the processing units operation) . and to de­

termine the volume of discrete pOrtions for each cycle of 
each processing plant. 

The whole · number of .. the machines" ~a.lting part in the ae­
tal. processing- in the area considered · is about 200; the DUil­

ber of product units (the casts pr~cessed in the area d.Dri.Dg 

a month.) . reaches 2000. The plant operates aecording ·to the 

orders received from the central planning office; "the number 
. ' 

of orders per a quarter of the year ~ounts several thousands. 

The Statement of ·the Control Problem and the 
Method .of its Solution · 

The profit obtained by the plant as a result of the ful­

fillment of its monthly orders is assumed as a criterion of 

the control optimalitys 

!. c, (t;)J'; ... fr -Kr-· z~.%1 _.,m11.x Cl> 
where Ci(f;)! the cost function o/ the i-th order· as a tuoc­

tion of its ·f~fillment time ti; 
J{r - the cost of unfinished production; 
J1 - the volume of the i-tb order; 
T - the moment of the completion of the total oua-

ber of orders; .. 
K - the cost of the time unit of the plant opera­

tion; 7 - the amount of tbe i -resource used; 
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· ~ - the j-re:aourceo cos-c. 

•r t.e first t erm of the crit erion (1) is the cost of the 

whole set of orders taking into account its decraas,e when 

t~e o%ders are not fulfilled by the proper time. The second 

crit erion term contributes to the production process in t he 

preceding areas of the metallurgical routing with t he prede­

termined volume of the finished product units for the plao.te 

~he thir d and the fourth terms require minimization of the 

idle time of the production facilities and of the resource 

uaed.. 
Tbe a nalysis of the control problem for the plant shows 

'tibat i t does not belong to any known class of the extr emum 
~oblems; i t involves the theory of cQmbinations, elements 

o:f variational problems and the problems of mathematical pro­

gramming. To solve accurately a problem of such complexity 

and of such an enormous size and to correct it according t o 

i ts disturbances would require nonexisting computing devices. 

The main ways of overcoming t he 11 damnation of size" are; 

~~ing t he most use of the specific nature of the particular 

problem, · i.e. the simplifying features f ollowing from t he 

controlled plant structure and the optimality criterion; and 

t he employment of approximate solutions assuming as a basis 
~ne previous management experience (ranking of priorities, 
r easona·ble restriction of a grea t number of variants etc.) 

'l'he simplifying features of t he problem arise due to t he 

:f'aet that the . ties between d.i,:ff erent areas o:f great manufac­

t'ur.ing complexes give certain freedom of choice in perform­

ing separate operations. Besides there is some freedom of 

control within a shift , twenty four hours and so on , i.e • 

. i t hin separate time in t ervals of the total period of schedul­
ing. 

The specific featur es of t he production control system 

·e .... epresented mathematically by a specific s t ructure of the 

s7s~em of equati ons and inequalities descr i bin g the control­

l~d 9lant, e.ge in a block charact er of this system. This al ­

lows t o' apply special computational algorithms whic h are more 

efiicient than gene::r~l me·t hods of solution: decomposition me­
-:; ...... ods of solutions et' 1:he 1 in ear pr ogramm ing block probl ems2 , ~ 
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local algorithms of integer prob 2.f?.ms solutions4 , d,ynamic. pro­

gramming of M areov ian processes5, se~~1ent ial analysis ac he-· 
6 me of variants , etc. 

To make use of su ch ·computati on.al algorithl.4s it is o.e. ces~­

sary ;to represent the controlled plant model struct~"t'e- a nd 

to select an efficient .structure of the problem ~;olution f or 

t he given model. 

It is reasonable to define t he structures of the model 

and of tb.e soluti.on in several steps? • . The first step · is to 

deccw:pose the control led plant into comparatively few parts 

or blocks. The totality of the blocks and tb~ir interdepen­
dences (the conditions combining the variables. of separate 
blocks) represents the controlled plant structure at the 

first step. 
Analysis of this structure allows to ·obta in the effici­

ent structure of the problem solution, i.e. a set of the con­

trol subproblems and their interdependence in the process of' 

solution. 
At the second and subsequent stages, the control sub pro­

blems obtained at the preceding s tages are examined; the 
s tructure of the controlled plant of each subproblem is de­

tail ed and the solution structure selected. 
The works operation during a month is represen·ted a.s a 

complex multistep process. The general model of the works 

operation is decomposed into blocks in accor~nce with the se­
parate manufact.;uring areas and the time subintervals of the 

total planning period. A separate block of overall _structure 

describes the work of one manufacturing area within one time 
su bio. terval. 

It is reasonable to sel·ect the s ize of one manufaeturin.g 

area covered by one blvck and the duration of the planning 
subintervals :tio that, firstly, the total number of the blocks 

wer e not too great allowing to derive the most efficient sue­

cess ion of the subproblems solution, and, secondly, the num­
ber of the parameters connecting the separate blocks were as 

few as possible. 

The general structure of the controll~d plant analysed 
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at the f irst decomposition step is given in Fig.2, where a . 
• block is designated with two indices: K - the number of the 

time subinterval, and P - the number of the manUfactur iog · 

area. Here P • 1 - the open-hearth furnaces area; P = 2 -
the blooming mill area; P = 3 - the first N 2 jobbing mill 

area; P • 4 - tbe second jobbing mill area. 
_ Each block has ties ·of two t.Y,pesa the ttstatic" ties with 

the other block (area) within one planning time subinterval, 

and the "dynamic'' ties - with· the blocks describiJlg the same 

zaJlufacturing area but' in other subintervals. 
Decomposition of the coatrol problem comprises the for­

aul.a;tion of the local control subproblems of t be sep9.rate 

blocks and determination of the method of coordination of 
the separate subproblems solutions with the aim to optimize 

solution of the general control pr oblan. 

The local control subproblems of the blocks can be de­

rived usi~g the optimality principle of dynamic programming: 
"any· process occurring between two fixed finite points must 

be controlled optimally", i.e., at the fixed input and out­

put coordinates of the given block, only those control va­
riants might be optimal which provide the maximum block ef­
ficiency. 

The local control subproblems are the problems of the 

prOduction control; they . involve the determination of the 

mode and succession of operations on the plants of the given 
area for the present ·initial states of all the plants, pre­
determined delivery schedules of the product units in the 
area, and at the predetermined time of processing completion 
of the plants. 

The coordinating control subproblems are the problems of 
production schedulipg; they involve determination of the 

above variables of the local control subproblems. A great 
size of the general coordination pr oblem requires its decom­

position into separate subproblems in each of which only a 

par+ of the ties among the blocks is sol ved. 

3ach succession of' the block ~ ties resolution may be de­

fined by respective expenditures for the problem solut ion us-
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in.g the computer (r equired memory capacity, duration of so­
lution etc. ) . For the problems in questio n, tbe solution ex­
penditures depend on ·the number of pirameters. It is reason­

able to select such succession of the blocks ties resolution 

that the total number of parameters in all parametric coor­
diria ting subproblems would be minimal. 

The structure. of the solution of the steel works control 
pr.'Clblem based upon the ~bo"Ve methods is given in fig.,;. Here 
blocks 1-9 are the production scheduling system; blocks lo-
13 - the open-hearth furnace shop control system; blocks 14-
16 - the control system of con"Veying metal t9 the soakiog 
pits; -blocks 1?-20 - the primary mlll control s~stem; and 
21-24 are the jobbing mUle . eont1!'0l systan. 

The main subsystems of the "steel-rolled prOducts" manu­
facturing complex for different -nierarchial le"Vels being de­
signed at The Central Research Institute of Complex Automa­

tion are given below. 

The Production Planning 

BY, at• 
One of the most promising (so far as economy is concer4-

ed) trends of the modern high speed computers use is automa­

tion of the production Pl:anning . of an iron and steel works 
operations. 

The general iron and steel production planning problem 
is the followinga to ~e optimal schedules of the maiD pro­
cessing units operations based on the totality of orders fr.om 
consumers, the current state of the processing units and un-
finished processing8• , 

The optimal schedule of processing units operati~n is 

such a schedule which is firstly made in accordanct with the 
Oferation schedules of other processing units and areas and 
secondly it minimizes the plant losses through processing 
units idle time, undue delivery dates, hot metal cooling, etc. 

Various disturbances require rather frequent corrections 

of t he s che!iules formed earlier. That is why the plann1og 
au t omat io n was considered as developing the planning system, 
including a system of production data collection and trans-
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mission, the systems of algorithm~ with which the opt imal 

schedules calculations and corrections are made and f inally 

the systems of schedul _es transmission t0 the personnel at 

the production areas. 
The plant operates according to ~onthly orders, which 

the central planning d.epartment sends to the plant once a 
quart er& the number · of orders pe:r a quarter totals several 
thousands. The order s are mainly f or structural shape but 

the plant can also deliver uDfinished products - steel in­

gots, blooms. 
The qual.ity of a l l the schedule'S was estimated according 

to the optimal ity criterion for the whole plant. The profit 

obtained by the plant as a rew l t of fulfUlment of the mon~h­
l.y book of orders was a ssumed as an optimality critc:tion .. 

Tbe general problem of finding optimal schedules of all 
the production units ope,ration on the basis of the monthly 
book of orders ba.s a great number of variables which are con­
nected by complex and num~ous relations. That is why the 
centralized solution of such a problem· is imposs ible even us­
iog modern computers and decomposition of the general probl~ 

into a set of interrelated subproblems of smaller size is ne­
cessary. 

In performing this decomposition the choice of planning 

algorithms system is made on the basis of the f ollowing prin­

ciples: the algorithms structure should be hierarchical; the 
optimal algorithms structure should minimize the total expen­
ditures on the problem soluti on; the input data which a high­
er level of planning works out for a l0\1er level sbould be 
either certain production un i ts schedules oor the prices of 

unfinished products ~ 

. The structure optained envisages the use of the foll ow­
ing, basic algorithms: 

l) MaKing up a set of lots, 1. e. the totality of orders 

rolled on j obbillg mills having one set of r oll s . The problem 

is formulated as a combina t orial one solved b y means of a 
heuri s tic algor ithm based on the prior i ty r ule. 

2 ) The determi nat ion of lots s eq uence r olled on j obbin g 
mi l ls. A algorithm combinin g dYnami~ programming and direct-



·ed selection is developed to s olv ~ it. 

3) Schedulio.g of the .manufacturing complex "steel-rolled 

products'* operations8 Daily orders of open- hea..rth fuxnace 

steel p':roduction of rolling on the blooming mill and jobbing 

mills, of m.eta..l dispatching. are determined. A block method 

of linear prog.-rammiog is used for solv iJ:lg ·this problem. 

4) Daily scheduling of ao open-hearth furnace shop: the 

distribution of steel grades ar.:cording to f u.."t'naces and cast 

numbers on each furnace within a day (tr'fe.nty f our hours ) .The 

fE oblsn is solved as an integer linear programming problan. 
5) Daily scheduling of cast pror.Pssing on a bloom i ng mill. 

The algorithm is for.med as a result of formalization of the 

rules employed by the plant personnel. 

6) Daily scheduliv.g for jobbing mills. The algorithm is 

based · oo heuristi.c rules. 
The efficiency estimation of the f oregoing algorit hms of 

schedul iog showed that the system allowed to increase the pro­
ductivity of jobbing mills, of the open-hearth furnace shop 

and the blooming mill by 2. 5-~ 

To solve the problems the planning system uses computers 
of the iron and steel plant computing center. The production 

progress data are fed by means of te~eprinters, placed in the 

open- hearth :furn~ce shop, on the blooming mill and j obbing 

mD.ls . The data are pr l .nted on the printers in the computing 

centier and also directly for the controllers of the plant. 

The Open-Uearth Furnace Shop 
Control SYstem 

The automatic control system is ·designed for the shop 
having a stockyard, a mixer, several open-hearth furnaces, a 

furnace bay and a teeming bay1 • The shop control problem is 

stated as a prob~em of the shop relative profit maximization: 

n- 'c.~.- LK:T; -aL. a. __.,_. inax -) ilfJ i. " L i jL. (2) 

- the production volume of t he j -th steel grade; where 

- the 't ime spent by the i -th furnace for produc-

tion; 

the c ·nsumption of the technological oxigen by 

the i. -tb furnace; 
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C. - the relative cost of the ; j -th steel grade; 

~ - the time unit relativ e cost of the i -th fur­
. oace operation; 

« - the relative cost of technological oxigen. 

The adopted open-hearth furnace shop criterion form is 

flexible enough and a proper choice of factors may reduce it 

to ya~ious particular forms. 
The linear nature of the criterion is very convenient to 

solve certain optimization ~-oblems. 
The control system uses the f .ollowing algorithms: 

1) Current scheduling of open-hearth furnaces: for each 
cast od the scheduling interval a certain oxigen consumption 
is calculated; the totality of the scheduled ·casts in all t~ 
furnaces fo:ms .~ sequence of demands for the maintenance of 

the furnaces with auxiliary equipment. The schedule of meet­
ing these demaiJds is made for each kind of equipment; in the / 
equipment assignment . checking up the fulfillment of the sche­

dule for the furnaces maintenance with the earlier assigned 
equipnent is performed through a designated for each cast nu­
merical parameter - -activity slack" (the difference between 

the moment of service demand arrival and the moment of re­
leasing the equipment designated for servicing this demand). 

After the assignment of all kinds of equipment reassign­

ment of o:xigen is made in such a way that the total oxigen 
consumption per shop at any moment would not exceed the pre­
determined value. The oxigen consumption of the cast period 

with negative activity slack increases and it decreases for 
periods with positive activity slack. After the oxigen reas­
signment ~he auxiliary equipment assignment i~ made again.In 

. , . the t'het/.!!f~ 1 
) accordance with the furnaces operation -s-crrecrurevtf charge con-

veying to furnaces .and trains arriving for teeming is calcul­

at~d, the schedule of other technological operations in fur­
naces is calculated as vJ.ell. 

2) The optimal strategy determination .for lack of coinciden­

ce of steel teeming while chargings in adjacent furnaces coin­
cide; the strategy consists in determining the sequence of 
chargings and east weights for every possible internal between 
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the chaxgings starting po iD.t s on adjacent furnaces. The pro­

blem is formula te.d as a problem of optica l control search 
for the controlled Marcov ian chain and ·it is solved through 
the modification of Horward' s method. 

3) The auxiliary equipment control: the problem is in as­
signment of the available equipment Ca charger, eqipment of 
the teeming bay, etc.) to fulfil certain operations; the pro­
blem is also ·in determining the next charging of cast iron 

to furnaces. The equipnent distribution is accomplished ac­
cording to priorit ies of furnaces ,.JS.sed on· ''activity slack". 

4) The production progress control: it i s .performed by 
means of comparing the .schedules of operations based on the 

algorithms with their actual fulfillment and the production 

recording~ 

The automatic system is developed for· the centralized 
control shop •. All the production progress information is con­
centrated at the shop control ·point •. The production progress 
information is fed automatically and manually. ~h• traffic 
con~rol (trains and locomotives) is performed by means of re­
lay centr~izatioo of the route and tr~in information devi­
ces providing information about the progress and N of the 
trains and locomotives. 

The heart of the system is a computer. Th&"'- concpute~ is to 

operate in real time providing multiprogram operation with 

int er·ruptions for information input - output • . The computer 

speed is about 30 000 short operations/ sec; the memory capa­

city is about 20 000 of 24-bit words. 
The benefit obtained from · the ~plementation of the sys­

tem is achieved as a res.tlt of increasing the fbop producti­

vity. Besides, the gain is expected from reduced fuel consump­
tion and reduced ingots heat losses thanks to more- uniform 
cast yield from the shop. 

The Control System of Conveying Metal to 
the .Soaking Pits 

\ 

The control system of -conveying metal to the soaking pits 

is intended for that area of the works which covers tbe teem­
ing bay, stripper bay, moula preparation shop and cold ingpts 
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stock. The peculiar ity of t his area is the closest interac- . 

tion of technological and transport operations9. · 

The f unctions of the control system under consideration 

i.Dcludea 
1) The organization of conveying the trains with casts t<i 

s oaking pits according to the requirements at the central 

plann ing system. 
The basic criterion . in organizing the traffic is t he .mi­

nimizat i on of deviations from· the or~er of casts arrival; · 
·. the oecessi~y of making up trains · of moulds in the mould 

preparation shop in due time must be taken into account. A 

real traffic situation is proceeded from: the availability 

of eapty transit raUs, the 1JOssibility of the locomotive ap­

proach to the train or the necessity of shunting, the avail­

ability of VBcaot locomotives, etc. 
The criteria of each particular control problem ~olution 

( t he Cboice of locomotives, optimal routing, etc.) are de­

t ermined b3' the specific features of raUs in the controlled 
area; however, the system always tries to ensure the train 
a ov•ent for the shortest time. 

2) .Jol'lling a sequence of t rains directed to the mould pre­

paration shop for makillg up~ The criterion for this problem 

solution 1s the minimization of the deviation of t be train 

arrival time for teeming from the scheduled starting point 

of t eeDing in the open-hearth furnace shop. 

3) The optiMal distribution of the locomotives' work which 

JDa7 b e considered as a transport linear programming problem. 

The criterion for solving this problem 1s the minimization 

of the time when tbe trains .. wait for locomotives and, idle 

running of· locomotives. 

The solution of' these problems results in making up a 

s chedule for the area for a certain .period -of time. Partia l 

or :full corrections of the schedule are made for every chao­
~ of a plant state. 

A.:cording to the - schedule the traffic automatic devices 

at t he eotrtrolled area receive at certain moments instruc­

t ions about the automatic choice of tb.e route (switching on 



proper railway points and lights, switching off the route 
which was completed}; these traffic instructions are trans­
~itted to locomotives. 

The instructions about the order of maki~g up and strip­
piog are transnitted to locomotive drivers and o~rators in 
the stripper bay and mould preparation shop. The inst.ruc­
tions about making up trains with .cold ingots of certain 
Jd!!d are transmitted to the cold ingot stock. 

The automatic traffic devices are the eouroe of informa­
tion a·bout the traffic situation in the controlled area. 

1'o get information about the change of situation at an 
area sensing devices are installed in certa~ points of the 
rails. Tbey automatically tranSILit a passing train or loco­
motive number aDd also their direction into automatic traff­
ic devices. It is possible to follow the -t rains and locomo­
tive mova:nent through the area with the aid of such deviceiJ. 
The numbers· of the trains and locomoti~e~ are transmitted 
frcm one sensing device to the next one following the move­
ment of the locomotiv ea. 

The data about the progress of certain technological ope­
rations (the starting and finishing points of making up 
trains, stripping, etc.) are fed by ~peratora tbrougb ker­
boards. 

The whole system is expected to increase the temperature 
of the metal arriving at the soaking pits and to reduce tbe 
blooming mUl idle time. 
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FIGURES 

Fig.l. The works structure: 
1) Area 1; 2) Area 2; :;) .Area 4; 4) .uea 3; 5) Opeo.­

~ea.rth furnace· shop; 6) Dispatch; ? ) Purchased ingots; 

8) Purchased blooms; 9) Dispatch; 10)-Stockyard; 11) rur­
nace ba~; 12) Teeming bay; . 1}) Stripper bay; 14) Soald.ng 

pits; 15) Blooming mill ; 16) Blooming yard; 17) Reheating 

furnaces; 18) M. ill N 2; 19) MUl N 1; 20) Finishing; 
21) Cold ingots stock • 

.Fig. 2. The works m~del structure~ 

Fig.3. ~he steel works control structure: 
1) Scheduling of lots sequence at the ~obbing mUls; 
2) Making up lots at the jobbing mllls;_ .}) Monthly pro­
du-ction scheduling; 4) Scheduling. ·for the open -hearth 
furnace shop; 5) Scheduling of casts processing; 6) Sc~e­

duling of ordered lots processing sequence;. ?) ·Scheduling 
of lots processing sequence; 8) SchedUling · of ingots pro­
cessing sequence; 9) Scheduling for Nl jobbi~g mill; . 

. 10) Scheduling of open-hearth furnace operating time; 

11) Control of the stockyard equilJilent operation; 
12) Control of the fur~ace bay equipaent operation; 

13) Control of the teeming bay equi-'Dent operation; 

14) Traffic control; 15) Cold ingots stock control; 
15) cold ingots stock control; 16) Stripper bay control; 

1?) Soaking pits cOntrol; 18) Ingot cranes control; 
19) Roughing mill control; 20) Sh~ars control; 21-) Blooms 
stock control of N 1 mill; 22) Reheat furnaces control; · 

23) Compartment furnaces control; 24) Jobbing mill control. 
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CONSIDERI NG SYl'lrr': E I S CF Lli '1l'DW :-_El:.:N~·RY VEHICL~ 

CONTROL sysr.rm.s: STHUCTURES IN ATMOSPHERIC IWlE1JVE" 

PETROV B. Iii . KOLPAKOVA H.P. VASILVEV V.A. PAVLEUKO 'A..I .' 

(MOSCOW) 

Consideration of the interaction of longitudinal and la­
teral motions of lifting reentry vehicle (U~V) is necessary 

. . : o.nJ!etJ ( 
for hypersonic fli&ht even at comparatively smallVo attack 
and sideslip. In this case control _system will cons is~ o~ many 
cont::c·ol loops interconnected through the controlled ~ember L...'iV 

that leads to deterioration of contf·ol system dynamics and 
sometimes to its instability. As aresuit of such an interac-

. tion of control loops at one control variable changing the others 
wouid change too. Therefore 1 t i .s of' interest to investigate 
the set G of mul tivari~ble LRV eontrol systems pr.oviding inde­
pendence or in.signif'icant dependence of' control loops or gr~ups 
of' them. . . v In this paper the linear multival.ab.ie .control system where 
the control _loops interact through LRV have been considered 
and the . problem of obtaining the set G {M, S,t.}of' structures pro­
viding selective invariance has been considered to select the 
best structure in ·the sense of control quality and simplicity 
of' implementation. 

. 
I. EQUATIONS OF THREE-DIMENSIONAL LRV MOTION 

LRV is a vehicle with comparatively high hypersonic L/D. 
·rhere LRV can fulfil an effective aerodynamic ma.."leuver [0 

owing to lift force arising in its .atmospheric flight. Such 
0 

flight re.gimes at great bank angle (as high as 90) are t ypical 
for LRV mane_1.4-ver; then new· problem ·for control system have 
arised. 

In the )1f LRV atmospheric flight with almost circular ve-
· locity it is ,.. ~mpossible to neglect of Coriolis and centrifugal 
forrce as in the case of aircraft. Therefore to compute LRV 

t rajectory we can use a set of LRV centre of mass motion. 

e9:u.a'tions gi ven in veloc i.ty semi-state coordinates considering 
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cu::. ·: atu..:re a rid rota tion of t he Earth ( 2j. 
Adding the equat i ons describing LRV r otating motion, 

c inematic equations of LRV cetre of mass motion conver ted at 
geographic coordinates, cinematic equat i ons describing LRV 
rotating motion about .Earth axes and a nu..rnber of geometric 
correlations connecting angle :3 a_t velocity s emi-state coord i ­
nates with angles at vQhicle state coordinates we get a. set of 
I5 nonl inear equations. 

Owing to the nonlineari~y of t hese equal ions exact para­
meters of LRV motion can be calculated only with me t hods of 
nwnerica l integrating or digital computers. At . t he same time 
at, the first stages of the control system synt hesis we are 
mainly interested in analytical estimations which allow to 
investigate LRV dynamics. 

For that purpose · let's simplify the received set of 
equations by linearizing them about some nominal regime. But 
it should be noted that it is impossible to use the kno~~ 
tech?iques of separating of LRV longitudinal and lateral 
motions to investigate its dynamics as ru_qy fulfils aerodynamic 
maneuver with large angles of attack and usually large bank 
angles, .which leads la~ge angles of sideslip . 

After linear~ziting the set of equations is resolved a s 
to the most important controlled variables. 

The set of linearized equations of LRV t hree-d i mensional 
motion is as follows: 

( . V =Cl""- .,. 4z} +a,' 1 +a,. 1J' +C?r 'I' +aa H +a,, d.ffl' ray 4 ro,, o cf,., ~ 

lf== fluel, tazzj +- a~J 6.1- Ciu-7.f + a2( V + flu. HT tl21 Jjf t a2J ~ f o<to JH) 
. • I 

i 

t 

\ 
\ 
i 
I· 
i 
I 
I 

l_ 

a __ S.l 
~ If ~; .. . { 
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:.-.'here: a ~J- operator fac t ors; V- velocity deviation; 

'1.7 - angle of p itch deviation ; 'l.f.r ~ .. yaw deviation; '( - bau ~c 

c.ngle deviation ; t3 - angle of sides1 i p -l eviation; cJ... - ang l e 
J ~ 

.:; f attac.-;: d eviation; H - a ltitude deviation; 01p- chang ing 

-:; f thrust contro l l er p osition; Oe- deflection o~ an alt i t· d~ 
Gontrol ; 6k- de f lection of an yaw rudder; ~- defl ection o:: 

a ilerons. 

'.-le c ar.1 see the interaction bet vreen the variables V V\.) 
J J . ~ 

··r; ~ 1 c(. 1 H from the equations (I). The control s ystem wit h fo :1:::· 

l oops 'r:·nich v:ould be connected with others trough t h e cont::-olled 

::1emoe:r· is co::nposed a t fo ·~u-- controllet:s and four controi leci 
var iab l es . Obv~ously it would be difficult to d evelop t .e c on­

trol sys t e~ ·uith n o add itional. connect ions providine; 

independ ence o!' insignificant dependence of control loops. 
I'h e r efore a se t of structures in t h e form of connec ted syste::r:s 

':':il{_b e con s i d ered using the algorithnls for composing .a se t; of 

selectively invariant systems. ·rhe set of combined syst e:ns 

a re not considered h ere. 

2. Gli.ll.:PH- A ;;IATHKfL:\TICAL hlODEL OF MOTION EQUATIONS. 

?YN.r!-IESIS OF LHV CONTHOL SYSTEIE . 

The graphs with n o ~oops are chosen as the basis of struc­
tural · re presentation of LRV control systems are chosen to 
make easy the investigation of interconnections of LRV control­
led variables and to allow choosing the controllers under the 

c onditions of their most efficiency i n control and also de ter ­

mi ning the set G{M
1
$

1
i,) of selective_1y invariant syst ems . 

Then using equations (I) compose a graph-a mathe matical 

model of LRV three-dimensional mot ion i n earth atmosphere as 

of a contro lled membe r (Fi g . I). 

Take 'V~5,d... as LRV cont r olled v ariables. So far as angle 

of s ideslip y c an be large at some LHV fligh t regimes and 

vtou l d gl·eatly i nfluece LRV tr.:..r ee-dimensional trajectories it 
- 0_,; ' . 
is ne cesse..ry to c~sider r as a cont r olled variable too. 

Then s eparate t he i raph G ~Jr) (Fi g .2) of cont r ol led 

variables fr om the c raph of LilV three.-diu.ensiona l mot ion 

( P i g . 1; ~ - - d cons ide~ c s~t ~~ pos s i b l e selectivs l y i ~v eria~t 
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systems struc t ur es. 
All t he kinds of connections pr oviding se l ec t ive invari ance 

of mul tivariable systems have been considel,ed in detail c 4]. 

It has been shown that autonom~ in the sens e of Voznesensky l .N. 
or invariency as to no own control commands or disturbances 

and both of t hem at the same time are possible depending 
upop: t he t ypes of connection. 

Let us begin consideration of the s et of LRV control 
syst em structur es with the set M in the f orm of great- trees. 
A number of the great-tree variances for a graph whose root 
has been chosen as bank angle i( can be determined with the 
t he orem III (Appendix). 

- 1. 
3 

-1 

- 1 I 

- .1 .: 12. 

3 

All the structures of the set M with ban~ angle( 

as a root are shovv.n im Fig.). In a similar way we can dete~mine 

a ~umber of the great-trees for V ( ~ v = 12.) and ol. (AJ.. = 16),' ( Ll' =g). 
Thus all the set M of control system structures in the form 

of great- t rees would be 48 .~S er£ tJ..e struct"!r"c.1f 'Jraphs. ~ w«.R a1 tefurc 
Then let us begin consideration ofVset S with root ( 

v;ill be ll"K = 3 • 
The ~tructural graphs . for "( hav:e been presented in 

Fig. 4. A number of connections necessary for constructing the 
control system in the form of the ·structural graph is equal 

to. K=S • 
The investigation of the set S of structures gives .large 

pos sibilities for choosing .. LRV control system s a tisfy ing to 
t he r equirements pr esented. 

And at last let us consider t he set L of autonomous 

group s of l oops. Four versions of construction of autonomous 
groups are pos sible. iB-*tkex:fa:uL~.a:f.tt tJui:-:2£B3f:mM.etPiin£. I n · this 

case a number of connections K will be; 
a) f or groups in the form of the symmetric 

sub graphs K=6, 

for gr oup s in the f orm of the ~reat - tre e s K=9, 
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c ) a t triangular (or quasi-triang-alar) system matrix 
and in the presence of groups K=3. 

Some st~uctures in form of the autonomous groups or 
the symmetric subgraphs are presented in Fig. 5. 

It should be noted that in more complex cases when a 
number of .. controlled variables > 4 it is possible to -construct 
~n algorithm of looking all the set G{M,S,L} of structures 
over and _ to obtain with dig~tal computer all structures 
satisfying . the requirement of implementation and given quality 
of control. 

As an example of the above suggested method of synthe 
sis of LRV control system structures the synthesis of control 
system of hypothetical LRV has been·maae. 

For the purpose. of .illustration the .particular regime 
of LRV fli~t (name1:9 tbruste·d .-fliight at constant altitude 
in th.e plane of minor_ circle) has .. been considered (Fig. 6. ) 

Analysis of values of operator-factors aushows that 
for this r~gime of flight some ot them can be neglected 
because of their insignificance and then the controlled member 
is simplified to the graph presented in Fig.?. The reason 
for such a simplificati-on have been proved with the transients 
presented 1n Fig.8~ and computed b~ digital computer as a 
result of solving LRV .linearised. equations (I) at impulse 

changing of controll.ers 8sr~ _ 8wJ · ~a~ · O~ • 
. Comparison of obtained control system structures allows 

to conclude that the structure (Fig.9.) in which addi~ional 
connection (dotted line) is required seems to .be preferable. 

Peculiarity of the given . struc.ture is that the angle § 
is autonomous and invarient as to angles r,oe. and flight 
velocityV. In this ·case the influence of the angle of sideslip 

- ~on the angles rand~ is simply a disturbance, whose 
calculation is very easy. The knovvn disturbances influencing 

. t;he velocity control loop Will be those with the changing 

of the angles cl,, '1 a· 
For examp_le Laplace transformation . of ·changing angle' 

~vi th disturbance of j loop will be as follows: 
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• 

where:. f (s) -disturbance in A control loop; 
~ 'fl . .r 

a.i-';:(sf-transfer function of j control lo.op at disturbance J;{s). 

~ In such a way Laplace transformations of controlled 
't. 

v·ariables can be written corresponding to the graph prese~d. 
L"l Fig. 9. 

Let us take the following sequence of controllers 
synthesis assuming that d...; Q' and flight velocity controllers 
ce.n be chosen without taking into considez-ation the connections 
through the controlled membet;Obtain the transfer !unctions 

of the controllers \v'd.(S)i w,(c;)J W"(s)for V, d.. ~ 0 control and } 
stabilizati.on on the basis of desired dynamics as follows: 

(3) 

~· 
wheri cD~tsrtransfer function of 

clos ed loop, corresponding the desired dynamics; 
qi~~-transfer function of synthesised control loop. 

L From the equation (3) we can obtain formula of the 
col1troller transfer function for control regime: 

A A~,· (s;' VJ.(s)= 1 • 

l I \iv' . . (s) l-B.(s)- A.(s)l 
i.,.t_ l ' I { .-J 

(4) 

r.·'1ere: C!>~t: A.:(s) ; W .. (s) - t ransfer function of 
· :,: s-r-t) ~~-

control loop for.cdiit-rol command Y;. 
Synt hes is of transfer funcion Vv;/~) vrill be made taking 

int o 2.ccount interconnec t ions determined wi~h the transfer 
f unc t i ons of controlled variables cL ·v 

) i) connect ions . 
: .'

1:c·or<' ·the gra.p.h p.r e s ented in Pig . 9 ;; i::e controller 
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..,ransfer func tion ,'\t ~lS} according t)./will be : 

vvhere: ·\
11

! Wu·~($1 W'tr,.. (S) 
•v_..,..(S);. ·--~ -

t. ·1 --t 'W~ (S) W,c: ( s) 
·:rhe coor dinate transients can be computed f rom the 

g:r·aph pre s ent ed i n Fig. 9 at con~rol loops interaction . 

For example '+!~""' st 
· ~ ( cp r ;· a e d~ C J (·f) ::-. ~1r'. J. ~j lS J tls) ·. ' 

·,yh ere: k - dDt. --

<$(.S):. ~(.S)+ C'L..irf.S) Qpi( S) . Q. - (S)=- \VK~(S) . 

~ r 1 - a.~ ( s,) a.«x(s) 1 rJ i.,. wk!(s) wk (.s) 

a~co( (s)=- - ,. ""r:s> -: C\:( v(s)=- \v'..:tcs) . 
l- -t 'W.\'t'-s) WS( S) o l + \v' . {S) ~CS) J 

·t - disturbance; ~ 
j ) { -+!eo:= ' s-t 

V (~ ) ~ -. S <f:>Cs) J fls} e d.S 1 - J ' .bi~ - jo.. yt 
wh ere:. ~ (s ·= Wv2(s) __ 

vt ) ·1-t Ww(S) Wvd») 
In a similar \vay other coorr,linate transients at 

c ontrol com."!lands and disturbances d.
1

(t:), o(~(:t)1 d'd (t) 
can be computed. 

For example the coordinate transients have been 

compu t ed with digital computer at control command Y . As can 
V 

be seen from Fig.IO .the flight velocity transient satisfies 

to control quality requirements pre-sented. 

C 0 N C L. U S I 0 N S 
In this paper it has been sho\vn that: 

:;-:. I..,EV i n aer~dj-na....1'lic ma..~euver is a complex con t rolled member 

v7i th connec t i ons of all coordinates. ·:rherefor e i t is r easona le 

t o consider a s et of control sys tem structures as rnul t ivariable 

s yste:r:.s pr ovid i ng independence or insignificant -. dependen ce 

of c on trol . 

2 . Us i ng the algmr ithms fo r composing t he s et of s elect i vely 
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invariant system structures and dec•omposing a c~ntrol sy:::; t~m 
with the ··graph theort allows to choose the best structure in 
the sense of the quality of 6ontrol and simplicity of 
implementation. 

APP END IX. 
Some theorems U'sed in this paper and proved in [ 5] are 

presented: 

Theorem I. If a graph .contains arcs of a loop the determinant 
t 5~· 1 of the incidence matrix ror the arcs would be 
equal to .zero. 

Au~onomous sYstems. 

Let us con~ider the autonomous systems. in sense of 
Voznesensky I.N.; first we shall transform the linear composition 
matrix of graph arcs and apexs .as follows: 

I j 

1 

{- i _ at 
S. = o a..t-

~ 

. 1 a.t· 

(x,J· x1) £ u . 

(Xi) I.J) rt U . 

Theorem II. A graph is autonomous when the square matrix 

(I) 

- determinant \5," f is equal to I at · fr-<P(directly ) . 
A num:ber of connections necessary for the formation of this 
graph is 

K=n(n-I) 

Structural graph. 

Define the structural graph with a root ~[4] : 
I) The structural graph is one G (:c., r) with a root .X(. 

2·1 The graph G(x, r) . has no loops • 
3) No apex( root xi.). is included in t he arc. 

Let's begin with the consideration ot the structural 
graphs which often appear to be the great- t rees. Define a 
great- t ree: 
I) a great -t r·ee . is a graph with a root ::(e. U, 

2) the graph ( x, u) does not includ~ loops, 
3) each graph . apex includes only one arc,. 
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4 ) no g::!:'aph r oot :t i i nclud es an arc, 

5 ) the graph ( X 1 1..'-J inc l ude s ( n...- i ) arcs. If n. is a nuraber of 

a-Dex m i s a number of loops , then m: n.-1. 
~ ) 

Using the ~1o•vn Tr ent 's theorem~ about t h e number of 

t ree s and remembering that the great-tree is a tree wi th 

or i ented arC$ l e t us present the matrix as fo!1ows: 

11 V r ( r :c:i. l o.t. '" =j 
UQ.ij U =- ) - i a.t :(#j ( Z i, XJ)E U 

I D a.:t ~ -:; j (.X&,) Xj J 1- u. 
Theorem III. The number of. great-tr ees in a graph is equal to 

an element minor /1~ of .main d:i,agonal in the square 

matrix with order~. 

F'or symmetric graph a minor with a root .l:~ would . be: 

1 ( n.- 1.) :..i . . ·• -! 

b_:: -t (n -1} '- .! 
1 

(2) 

-i -i (A.•i) 
(n-2) 

As follows from ( 2) for symmetric . graph 6;
1
.= · n. • T~en: 

I ) the number of the c-onnections K providing· composition of 
a great- t ree is equal t9 1(:.. n..(n.:.i) :. (ri-1)= {.n,..i)z; 

2 ) all t h e set ~li of the · great-trees· in . symmetric graph is 
e qual to 5 = rt (n.-1.) 

J ) i u general the number B of pos.sible versions of the g-reat­

trees is equal to $= 6~ n.. • 
Theorem I Y. The graph G is a structural one with .a root Xi_ 

when · and only when a~ I ; in other cases A= 0 • 

Theore m V . The number of t he structural graphs is equal to a 

minor ~ · of an · element in the main diagonal of t he " . 

s quare incid ence matrix 1{ a.,j I~ In s ymmetric graph 

G(x 1 ~ the number of struc t ural graph s with a root 

X(. i s (n - !.) ! . 

•) Trent H . ~ . A note of t he enumer ation and lis ting of al l 
possible t re es in a con .. nected linea r graph . Proc. :Nat . 

Ac. Sciences, 40, I954t 1004. 
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From t his theor em t he formu~a f or de termin~~umber of 
connections .providing composition of t he structural _graph has 
been obt ained 

I<=-

All the set of gTaph-structures in sy1nmetric graph is 5:n ! 
I~ general case b:. ~: 12.. 

~ 

Autonomous Groups , decomposi tJon of...:!!L~-

'.'{ e can define the autonomous . system as s ome. con trol loops 
·in the system having actual interconnections through the 
c ontr0lled member. 

· Let's present ·the matrix Ifs: llin t he form of: 

I( ·'l. lj· Jl si(K o ~ ~ 
I s . -= l I Il-K. I .I n. I . !/ 0 s . 

. n~K 

· or ,s :.~ 'I 
• n -IC J 
5 r. ·IC:. 

then as before: 

Four versions of the system are possible: 

t hen 

) ls' ( i /·sll-1<1--o . 2 if i:. j=I, n-K , t hen 

3) · ir _J . s~l=o, . { 5 ;~-: l ~r, then 

js; I ~o 
js: l=o 
\S: I =0 

. 'l I( I' 1 j')·~ l -· . I " ) 4) J.f sk. =I, s 11""\=I, t hen Is n . =I. 

(3) 

(4) 

The first version -of mul tivariable system.s corresponds 
to the case when all the .autonomous groups are constructed f n 
the .form of the symmetric ·subgraphs. Some part of the groups , 

I .<. I l 11•1( I . defined by . 1 S K ! or . 
1 
S ll"'K is const r uct ed in form of str uc tural 

graphs in t he . second and third versions; t he forth version is 
a graph composed of the autonomous groups in the form of 
structural graphs. 

· I n these cases the number of neces sary ·connections ( K) 
~e,A 

depends on t he number of gr oups (V ) and contror?variabl e-s 
i n group m~ 
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I ) fo:r groups i11 -r.;he f or.:m f the syrr.metri{.) sub graph s: 
~ y ) (5') K: n.(n - 1..) - *~ Y\) 1_( m"'- -! , 
- ., = I 

2) f or groups in the .for m of the structural gr aphs: 
y . 

k:. n. ( n- i) - 1 ~ ( m~- i) ·( 6) 
z =1 

3) for groups in the :form of the great-trees: 
y 

K ~ , ( n ~ i) \ - ~1. ( m~- i) ( 
7

) 

4) at the triangular ( or quasi-trianguler) syst em matrix a.'1d. 

the presens~ of groups: 

v 
. K-:.. i [ n. { h - 1) - . 6 m~ ( tnz - i)] · 

Z..:d 

(8) 

~ 
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43.3 

OP'fDIAL PAB.ADTRIC CONTROL FOR 
. . 

M RE-ENTRY SPACE VEHICLE 

PoDOmarev V .K. , Go rode zky V. I. 
Len1Dgrad State University, Len1Dgrad, USSR. 

Stoehastic disturbances, acting on a space ve.llicle 
(SV) on the atmospheric part , of the descent and the ini­
tial eondi tions sea tteri;ng of the SV re-entry cause the· 
great laDdiDg coordiD&te scatter, especially when the re­
entry velocity is higher the first cosmic· one. In this 
case the use of sta:adard linear control equation of SV 
mass centre stabilization with isochronous parameter va­
riations of the program motion may not give high accura­
cy. This tends to use more eftective . control methods ·. 

So far as with the board space vel\icle D&vigation 
un1 t and the computer: one may . continuously define motion 
parameters and form control signals by enough complex al­
goritbmes it makes possible to use parametric control 
programs when the program trajectory is given against 
some kinematic or. dyD8Jllic trajectory parameter. 

I. ~ problem formnlation. 
Motion equations. 

Let the ~ss center motion of ' the s.v. descenting 
in the atmosphere, is described by the following differen­
tial equations: 

dlf. =-KC • .P lllfx -HC j lflf.- 9i(x--r-) - · 911) lJ + 
d t f. . 1.Po r# l . ~ (Jl J)C 

+ ll14.( X-Xc) + au (!J-~c)+U,J(Z-Zc) +6,21fi +- 8,3 ~ , 

dlh .P .! Sz Jw . { J) 
d t:J . -H Cx fo tru; +I< c, fo lflfx- F (~-JC')- WJ w3j +- ' 



dx =lfx 
dt 
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du _,r . dt-us· J 

These equations are given in the start coordinate 
system, related to the rotating Barth. The origin of the 
system is taken from the vertical cross-point passing 
through the SV ass centre at the time reference with the 
Earth surface.- Y- axis -coincides the ver:tical, X- axis is 

directed to the termination point of landing aDd z- axis 

/ form the right coordinate SJStem. 
In equations (1) the followiag 110tation .ia given: 

vx, Vy, Vz, x,y,z - vector velocitl' components aDd· the 
SV JDill88 centre coordiJJa tea in the 
given coordiDBte ~stem, 

C. J( - C C} &eroQnamiC fact_ors, , J J I 

/ /}. the re la ti Ve air 4eDSi tl' 1 

{f=~/C+tr;+-U:' - the velocitJ Tector modulus, 

-~ 
I<= 2m 

- coordina tea of the Barth centre, 

- position vector of SV •ss centre 
With the origin iD the Barth centre, 

- ballistic coe:tficient depending on 
the cross section .area of the space 
vehicle S, its mass 11 and atmospheric 
dens.i t7 cPc, on Barth surface, 

9z, 9w ,- components of gravitational accelera-
tion, . 
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,1 · 
1
J - vehicle ~lea of attack and side­

slip accordiDglY , 

,_, ,_, '' ·tJ· - angular velocity of .the Earth and 1411 1 WJX,UIJ!J, :J~ 

components of angular velocity in 
the start coordinate system related 
to the rotating Earth, 

aq., 6Kl - . constants' which depend on w, 'WJx, 
wJ, , '-'!3z entrance latitude t initial 

asimUth trajectory of re-entry 1 , 

As it was shown above programmer trajectory should be 
given depending on any parameter with following stabiliza­
t ion o~ the SV mass cent_re in programmer trajectory accord­
iDg w.ith a some control equation. Prom physical point of 
rlew -such a control is . ~qual feedback vrogrammer control' 
~bat indirectly permit to take into account the stochastic · 
disturbances, . inf'lue~ced over SV. In such case "t'he tube" 
-of disturbaneed- trajectories will be more narrow and there~ 
fore tbe linear control quite sufficient. 

!be choice of the programmer argument is sufficiently 
complicated and now is not solved. In the case under con­
sider programmer argument is the down range L, distance to 
destination along great circle rout. 

Suppose that contro~ in ~nk motion is performed with 
tbe angle of attack, and in side motion - with the angle 
of sideslip. cl and } programmes are give~ in such a man­
uer. that the accelerations along the nominal trajectory 
were less, than 3 g. 

!hose programmes are choosed in result of preliminary 
calcul.ations 

D.2 · if L, ~- 2730km 
0.1 , iJ 2'130 km< .L.' 3350 km 

0.05, LJ 335D ~m< L ~ 3lt28 km 
(2) 

0 , if L >3~28km 
. _}nom d; 0 
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stability control equation of SY on the programmer tra­
jectory should be search in such form; 

where y;.ftri,(L), IJinan(L), l&mJm (.L), hnem ·( L) 1 · ZnMJ (L}­
are the nomi~l values of velocity components. 

altitude and side -deflection. accordingly, 

(4) 

K.,, ...... ,, J( s -. the unknown (searched)· coefficients 
of linear control equation, 

. Ill , A} - controlling v:ariations of angles .of 
attack and. sideslip. 

J, =J.nom+ flJ.. (5) 

.P = IJjl (6) . 
There are control ·boundaries of values J., and } 

in this p~blem which are firstly because of limited 'cont­
rol effectiveness, and. secondly for limiting of . maximum 
acceleration& acting · on SV: 

I at I . ~ J.. . <7> 

' '"' ~j The basic aim of the re-entry SV con~rol is to redl.lc.e 
the terminal scattering. Therefore as minimization func­
tional was taken the such one. · 

I= fl[L]+D[z] +( M[Ll-Lnomt + (Mfz]-Z"cmt, (e) 

where D[LJ, D[?] , M [b] , M [ :2-] -, dispersions $Dd 

means L and ·z in point ·of the SV .landing (h= 0), 

LP arul zP - nominal values of the corresponding pa­

rameters in point of· the landing. 
Minimization of the functional permits to solute the 

problem of SV leading to given point with the minimum 
scatter. 

. -
Disturbances, acting on the re-entry sv ·are stochast:ic. 
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~be basic scattering of the SV ground-point& arise because . 
o~ the atmospheric de·nci t;y, c;y /ex variations, and def­
·l.exion ot coordinates and re-entry angle initial condi ti­
oDS. SUppose that initial conditions are given .in form 

;£0 =0 · ~ ~.=( 100 000 +W.)[m] , ~tl = W3 [m] 

£r. =780Q[o/s~], Bo=(D.055 + W.z) [c:ad], lho=O (9 ) 

Here w1, w2 , w3 are uncorrelated and normal distri­
bated stochastic coefficient~. T~ei~ mean are zero and 
root-mean-square variations are known 

6(w,)=2DDO m 
. 6 (w,) = 0.0005 zod 
G' (WJ) = 3300 m 

!be disturbances of atmospheric density as -altitude 
f'lmction are given by with such canonic decomposition 

m 

.P=.Pn,m ( 1 + 2: wi+3 f, {h)) <io> 
i :::./ 

SUppose~the dispersions of the stochastic coefficients - . . 

to be equal 1. Coordinate functionst · can be get by cal-
CDlation. etochastic data about atmosphere density. 

Suppose, that variations of :Parameter r, I Cr may 
be run up to 15%, , and its distribution is normal. 
l.et us set the following problem of terminal control. 

It is necessary to find such a control in form ( 3), 
wh~ch · minimizes the functional .(8) with given initial con­
d:ltioDS' ( 9) a~ boundaries ( 7). 

2.: Algorithm of problem solution. 

WheL solving this problem we shall use the Conaecuti ve 
3 . 

Optimization M~thod. This Method is founded on replace-
ment of initial problem by consequences of convex qua~ra­
~ic programming pr6blem with linear boundaries. 

, There are stochastic functional in our problem, there­
fore additional difficulties arise here. 

Algorithm of one step problem solving in such case con­
sist of two independent stages: the achivement of quadra­
'tie approximation of functit>nal and linearisation of 
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boundadies. 2. The so~ving of quardratic programming 
problem. 

Let us consider the peculiarities of each stages. 
The general diff~culty in getting of quadratic approxima­
t ion of minimized functional is connected with its sto­
chastic character. It means, t~t functional's value may 
be calculated only approximately (by Monte-Carlo J.lethod, 
Thernetsky•s Interpolating Method4 , Dostupov•s Method5. 
Moreover, it is not to state that the functional (8) is 
convex as for as differential equation (1) are nonlinear. 
But even it is convex it may be turn out af~er quadratic 
interpolation unconvex, that prevent using such well known 
methods of convexive programming6 • 

Therefore when solving t~s problem one ought to car­
ry out the quadrat1.c interpolation of given initial func­
tional with additional boundaries~· 

A, ~ 0, l ==I, •• ·• , tn . (11) 

where Ai eigen~alues of quadratic matrix form got in 
result of interpolat~on the initial functional. It is evi­
dently, that condition (12) is equal to requirement of 
convexity of the initial functional (8) quadratic appro­
ximation. Then interpola:tion problem is solved as some 
smoothing problem. 

Let us give the short description of the best :ln root­
mean-square sense conve~ approximation, which was used for 
solving synthesis parametric control equation to re-entr7 
SV problem. 

Let I m - is the value of functional (8) in point 
~(m= 1, ••• ,, 1) of control parameters space from per­
mitting region. Let be some initial convex quadratic ap­
proximation of functional (8). It may be rather far from 

. given functional, therefore its getting is not difficult. 
Suppose, that its -form is following 
- on • no 
I( I<)= c + E 6iK, + 2] ai · Hi 1<- . (12) 

• -4 • • I J J. 
L =1 t,p:: 
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Al l values x<m) . are gi·ven, and t he val ues of funct i onal 
I in points K , where are given t he accurate values of 
functi onal I are gi ven may be written in form. 

f= C0 + to: 1</m) + 1:, a:. J</m}J((m) (13) 
. 1 .. I ;} J 
t ~ D . ~J~ 

Matrix _ Cl&J ) is symmetrical and positive . Let us 
set the followi ng problem of quadratic programming. The 
problem is to find such values c, bi, ai , which realize 
the minimum of the auxiliary ·functional 

cp = t {I rn_Jm/ (14) 
m= I 

and satisfate to boundaries 
J, ~ 0 (15) 

/ fm -]m I ~ 0 , m= 1, , •. , f ( 16) 

Boundaries {16) are made for axluding of the great 
difference between the functional (B) I and its convex 
approximation I. However, it is not essential in the most 
number of problems. 

Let us introduce the vector 

y'" { m m = No , y .. , • • · , ~;) 

by formulas 

9om =1_ r 
m · l(m m "' m m 

!J 1 = 1 ' ;J2 = I(~ , • • • , _ )J n =: K 11 , 

m -J<m/(.111 m _ m m rn m m 
JJM, - t 1 , Jfl-t-2- K, Kz , • • •, Jhn = k', t< n 1 

m m m m . . . m m "' m m 
~ <n•t =I<< ~ 1 jju''*~:::: K2 -~, ••• 1 j}Jn-1 ~ l<2 K, , 

m m m 
JJ p = 1(, 1(, ' 

11 (n-+3) 
p~ --, 

. 2. 

(17) 

( 18) 
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It is evidently, that the components of vector )'m 
are th(~ ordered coefficients at c, bi and a,j i n the 
equality (1J). 

Let us introduce als o the vector to make a short note 

.Q = ( l.J o, w., , ... 1 Wp) ( 19) 

and it's components WJ are coefficients c , Bi and 
a ij in the equality (13) at yi 1in according to desig­

nations ( 18). Then the minimized functional (18) is the 
quadratic function of components of vector 1? 

l m P 2 
cp( Q) = L ( I -2 !:J,~wi) (2o> 

m=1 ,~ o 

It is obviously, that the funct ional qb may be 
m made convex by choice of the magnitude Jh . 

Boundaries (16) are linear. Bou~darie s (15) may be 
made linear: 

;use)"' Ad 52")+ t g~·w·J H-w/) ;;. o (21 l 
J=IH·I J 

that may be written in such a way 

-±. a~d2')w "'~;(sz')-f: aM.2' w/ (22l 
j:::n .. l dWj ~ · j ::n+l 0 Wj 

Thus, the problem of the best in the root-mean-square 
convex approximatiop of the initial functional is reduced 
to the problem of minimization quadratic functional by the 
linear boundaries {16 ) , (22). 

The convex programming problem was solved by Hildreth 
and D'Esopo•s Method6 • 

Let us consider some peculiarities of the second solv­
ing s t age. 

I t is known that the several· variables convex functio­
nal minimizing is quite difficult problem and for its solv­
ing it is required many of iteratio~. Below it i s offered 
some methods for decreasing the number of the iterations . 
and value of calculations. 
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.In our practice it was us1 d the quadratic :functional . 
opt:Lmization method .widely in which on every step it was 
executed the optimization on the sub~et U, which ·dimension 
less than dimension of vector K. In that case every itera­
t ion consist of the solving the such probl em: 

minI ( 1<1, 1(2t ••• 'Km) (23) 
ffclf 

where U is the region of the permitted ~ontrol. In such 
me thod the general difficulty is in selection of subset V 

sequence which determines the number simultaneously opti--~zed coefficients and the subset V structure. 
Sometimes the essential simplification may ·be get it 

as the quadratic functional matrix has the quasidiagonal 
fo~ and in the such case it is possible the independent 
optimization o.n the coefficients of every block. · 

While practic calculating_ the quadratic form matrix 
elements are seldom equal zero. It is connected with the 
appro~tive character derivatives calculus as well as 
with correlation which take place. 
However it values of some second mixed partial derivatives 
are far smaller as other it may consider that they are 
equal zero. That permit to reduce number of . iterations and 
calcula·tion volume as initial task is divided on several 
simpler problems. · 
However .it may not be used always. 

Another ~ay may be indicated which may improve process 
of task solution both in regard 'to reduce volume of cal­
cul.ations and in regard to increase improving of tht, pro­
cess convergence. 

While numerical solution of optimization problem s~lv­
ing it may introduce some scale coefficients on different 
parameters of control in such .a way that in the . presence 
of 'limitations on parameter 

Hi ~ K, ~ Ki , i === 1, . ., • , m (24) 

differences ( ~- Ki.) would be quantities of identical 
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order. It was pointed out in the book8 about it, and this 
tact was confirmed by the -numerical optimization experien-
ce. 

For convex functional it may be shown, then absolute 
value of a partial derivatives of functional on parameters 
of control alhK are decreased while approaching to op­

timum. Therefore it may be stated, that on every - optiDli­
zati on step value of gradient 

a I_ = ( El_ , oi , . , . , a I ) (25) 
al< a1<1 i11<2 · iJKm 

permits to estimat e crudely possibility of functional dec-
rea sing 

j ai . 
/ ll I I max ~ / 0 K· f / k'i maxi 

J 

(26) 

where A Kj trtQX' - as much as possible change of para-
meter Kj to the side, which corresponds to functional 
decrease with accordance to the normalized limitations. 

Of~en the some parameter derivative are smaller than 
others , therefore it is carried out: 

I :UI~,Kj...,xl ><> 1 g~jjAK,mQJ:I (27) 

so in that case 

· ar j j ai·J I ilKi ~> . OKi 

(28) 

and values .dl<~rnax: -and .1Kj m4l" · have identical order 
in accordance with the normalization. It gives some grounds 
on r-th optimization step to carry out minimum search in 
the permissible subset of those parameters 
which have comparable derivative value and all they are 
more than others parameter. derivatives. 

It is required to repeat from step to step this me­
thod. 

This a lgorithm simplification .method leads to good 
r esults. 

For the Ia~~ dimension controlling vector K problem 
I 

it may be given the good results with the combination of 
this t wo methods. 
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J & Results of calculations 

The problem of optimal parametric control for ·the re­
entry SV synthesis was solved on the compute r M-20 in ac~ 
cordance with the described in sec tion 2 algorithm ~ 

There was obtained the nominal t ,rajectory with the 
cl - and ft - program ( 2) and with zero disturbances 

( w, = Wz = · · · = W 7 = 0 ) : 
While solving this problem it was identified that the 

1<., + k'~t and J< s , K5 optimization may be done 

independently because of quasidi agonal form of quadratic 
·functional. Then the sensitive analysis showedt that the 
sensitive of the functional (8) coefficients K~ and ~5 

. variatio~ in environment of initial approximation 

1<., ::=:K<:::; • • ·::::; I< 6 ::::: 0 
are enough little and the essential decrease of functional 
may be arise by means of coefficients K,.~ K3 and Ks 
optimization at first. 

While sol ving it was us ed the consecutuve Optimization 
3 . 

Method • . 
The stochastic characteristics L and Z \lfere calculated 

by Dostupov•s Method5. The initi,al functional value 
{ /(,= ~;; • • • = l(fl =D) was a·s follows 

12 
I= 0.162 · J 0 [ m2

] 

and the maximum variation of SV landing point was 

.d R m4Ji = 1298 [km] 
Such solution was got after the first optimization step. 

-3 . -3 -it 
1(,= -0.3· tO I Kl =-- 0.35·10, 1(3=: -0.1·10 , 

l<~t == 0 , Ks = 0 , I< s = 0. ~ · 10- ~ 
(1) - a 

I = 0.552 • 10 [rn 2
], 

' t1 RmGr = 1~. 02 [km] 

Sensitive analysis on second a~d third optimization 
steps was permitted on every step correctly the subset of 
opt1m1zat1ng coefficients. 

The final. solution of this ~roblem is as follows 
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-! -3 -s 
K, = - 0.~9·10 I K., .-=- 0.26·10 ' k'3== -0.8·/0 , 

-s ., _ ~ -~t 
1<~= -0.3· 10 , 1<5 ==0.6· 10 , 1-<G == 0.~6·10, 

1 (3
) = D . 'I 0 7 • I 0 8 

[ mz] 

JJ R~or: = 1. 2 [ km] 

How the analys is of disturbanced SV centre of mass 
t rajectory showes the transient responces on velocity 
vactor component s and coordinates are good, and maximal 
value of manipulated variables 11J.. and 4} should 
take place it initial variations x,z and 8 are great 
enough. 

This solution was got to SV re-entry asimuth A= o, 
but as the checking showed, this solution gave the good 
results when SV re-entry asimu,th had values from the -90° 

90° range. 
Small sensitivity of the criterion {8) to variations 

of coefficients K-1 +I( 8 was made clear in result of 
the solution .character in the neighbourh6od of the opti­
mal control analysis. It have been permitted to reduce 
the requirements of their tasking accurac1. · 
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43.4. 

STOCHASTIC OPriMlZATIOtl OF SPACESHIP REE1 TRY COl~TROl. 

IN ATMOSPHERE 

A.G.Vlasov, E.I.Mitroshin, I.S.Ukolov 
Moscow, USSR 

:.Abstract 

The paper considers the s~aceship atmos~eric reentry control 

problem which is reduced to a prob1em of optimal control of 

the terminal state o! a certain stochastic system. The control 

algo•ithm is produced by using the nominal trajectory, the 

accele~ation measurements being considered as the information 

source. The pro'Dlems of programming the nominal trajectory of 

motion and providing the -conditions of its actual realization 

are investigated simUltaneously. 

-X-

Among the problems connected with the manned spaceship 

flight a prominent p1ace belongs to the problem of safe reentry 

into the Earth atmosphere. In solving this problem there arise 

great difficulties, particalarly in case of reentry into the 

atmosphere with superorbital velocities. A Deentry cont rol 

system must secure the spaceship landing into the given region 

with due regard of limit~~ions of accelerations, aerodynamic 

heating etc. 

Since disturbing factors in the reentry process (initial 

scatter of reentry parameters, fluctuations of atmospheric 

density eta.) are stochastic with i7iven ··; probability charac-
• 0 

ter Jt ics the reentry control problem should be considered as 
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a stoohastic one. Without l.oss of general.ity one may assume 

the latter to be reduced to the optimal control problem of 

the terminal state of a stochastic dynamic system desc r ibed 

by the set of nonlinea~ differential. aquations: 

x = X(x, · u, h, t) {I') 

where X.... is a state vector of dimension ( n 1(. I) of the 

system; U is a control. vector of dimension ( Z x I}, usual.l.y 

belonging to a cl.osed region ?f ; h- is a · stochastic die-

turbance vector; X is . a known vector function; f, is an 

independent variabl.e (time or one of state coordinates; f or 

simpl-icity l.ater on f denotes time; tt,[O, T]); • is a 

symbol of d-ifferentiating with respect to l. · 
Information about the current state of the system as a 

· nomous 
result o:t observations usually made by using auto.,.._ devices 

on boar4 the spaceship are represented in the form 

Y = Y(x, ~· -t) · {2 ) 

where y-. is an observed vector of dimensions (ex!; e~ n) 
(e.g. acceleration vector); e-is a stochastic error vector; 

~ is a known vector function. 

-It is necessar,r to obtain the extremum of a terminal. state 

function (e.g. the minimum of down rang~ scatter or the m1n1mnm 

of heat supplied to the spaceship during the reentry etc.). 

:f= M (J [X (T)] {3) 

whe.re M - j.s a sym'Qol of mathematical. expectation; W ... is a 

scalar nonneg~tive function;with due r~gard of the following 
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boundary conditions : X (O)is a vector of stochastic quant ities-·­

w:ltb definite probability cha; acte r i s t i csj tli t he .moment T 

Tc[T: J![x {T), T) = o) 
' where ~ is a nonlinear function/the relation 

(4 ) 

(5) 

(where 9x is· a nonlinear vect or function) must be satisfied 

with a -definit e degree of probability. 

Spaceship -reentry problems are characterized by a particular 

requirement of meeting the current phase restriction of 

inequality type (e.g. maximum acceleration limit); in other 

words, with a definite degree of probability there must be 

satisfied the following condition: 

(6) 

where · 9 is a nonlinear vector function of dimension (m 'X 1). 
Stochastic disturbance vector~d the meas~ed erro~n 

a general case include the stochastic parameters Z (e.g. 

scatter in spaceship parameters and initial conditions of 

reentry) and the stochastic processes ~ (e.g. atmospheric 

density fluctuations) as well. 

By using the shaping filters the stochastic processes ~ . 

can be approximateg in the form of solutions of differential 

equations of the form 

(7 ) 

·here j- is a known matrix; [- is a vector of stochastic 
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d -correl.ated processes ("white noise" ). 

If for stochas·tic parameters we write formally t he 

equat ion of the sha ping filt er in the forr.A 

~ ·= 0 ( 8 ) 

and 1.X·_r we assume .now X to be the expanded state vector(t~ --
and to be the expanded vector function , respectivel.y, 

then without los s of general.ity equations ( I) and (2) ca..'l'l b~ 

written as fol.lows : 
. =X (x, ul t 1 -6) X 

('9} 

Y-= Y(x,j, -6) 
(IO} 

where [ 
1 
J - denote "white noise". 

In such a general fo_rmulation the problem investigat i on i ·s 

greatly complicated due to nonlinearity of the set of equations 

( 9 )-( IO). 

However assuming the _disturbing factors are negligible and, 

consequently, the disturbed trajectory is close to .the theore­

tical (nominal) one it is possible to use a linearization 

method for describing the disturbed motion thus significantly 

simplifying the investigation of th~ problem. 

Supposing that disturbances acting on the. nominal. trajectory · 

are equal to zero one· may assume the investigated dynamic 

system be described by the fol.lowing set of differential. 

· equations: 

x = X (x, u, i) 
(II) 

X. = n (x u t).., .,.. E (x -u t) lJ + E('i., u, t.) 
I /1 J , . "J. ' I ( !2) 
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( I 3 ) 

where X- is a system state vector in case of motion along the 

n.ominal. trajectory; X r·iS a general.ized system state vector 

fo r t he case of disturbed motion; ~-is an observed vector; 

f , y - denote "white noise 11
; U- is a control vect or for the 

case of motion al.ong the nominal. ' trajectoey; {/ is a control 

vector .for the case of motion along the disturbed t rajectory; 

X - is a known -vector function corresponding to the motion 

al.ong the nominal trajectory; .A 8 H are matrices of corres-
' ' 

ponding dimensions. 

The boundary conditions at the ends are written in the :form: 

...... X1 (D) is a vector of stochastic quantitis with definite 

probability characteristics. 

For the problems of s paceship descent in the atmosphere it 

~s t ypical the following relat ion imposed on the cotntrol 

vector _in case of motion along the nominal and disturbed 

trajectories:. 

( 15) 

In accordance with the above mentioned assumptions, the 

current restriction of the inequality type (6) and optimized 

functional {3) (for simplicity later on it will be assumed as 

manimi zed ) may be written as follows: 

g{t, X)+9_x(6,x)x1 ~0 ( I6 ) 

wher e 9x i s a matrix of part i al ierivatives of ~ with 
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respect to X ,. 

( 17) 

If GJ is considered to be the function 

1 
where [ ] -is a symbo~ of transposition; A is a weight 

mat rix, then the expression for 'J can be written in the 

following- full form: · 

where .~ ~ GJ~ are scalar functions, the first -two of which 

being non~negative. 

The problems of programming the nomina1 motion and securing 

its actual realization are usually investigated separately. 

The former is considered as a dereminate optimal guidance 

problem from the minimization eondi~ions 

Jo : -- : w_-[X . tr?J (20) 

The latter problem being stocbastic reduces to the optimal 

regulator synthesis from the mini~zation conditions 

(2I) 

It is natiu"al. to solve both problems simultaneously. The 

importance of _such an approach to solving the optimitation 
1 ·-problem was pointed out in Referen~e '-~ • 

Consider at first the disturbed -motion, since the optimal 

regulator , as it will be shown later on, is s.tructural.ly 
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invariant re~ative to the nominal. ihotion parameters. It ·will­

be supposed that the nominal motion is prescribed and· matri_cea 

and "white noise" in equations (I2)-(I3) are only 

time functions. 

Por the opti~l regulator synthesis we shall use the dynamic . ·. a 
pr-ogramming method and the concept of sufficient cco.rdinatas:;. .-
' ' 

The sufficient coordinates are tne coordinates of a s pace in 

which Bellman functional equation is being considered. Their 

introduction permits to formally separate the problems of 

: information processing and optimal. synthesis. In sol.ving the 

first problem sufficient coordinates are defined by using 

linear and nonlinear optimum filtration techniques. ·The defineQ 

sufficient coordinates are used in the second problem for 

optimum synthesis by solving Bellman equation. 

It is assumed that X,. ( 0 ), C ( t ), . J ( t) are independent 

and normally distributed: 

M[..:,(o)] =0 M[Ut)] =M[J(t)]:O 
M [xl (O)X1T(D)] = K0 ; M[E(t) C7{t}] == ~(t)cf (t-1:); <22

) 

M[J(t) rr(<LJJ = &(t)d(t- r:;; 
where K D is _an a priori covariance matrix of the vector x,rvJ; 

() intensity 
and ~ (t), (j (t) - are known'ma.trices of g~ussian "white noise" 

t(tJ, f(tJ. 
Then for the investigated dynamic system (I2)-(I3) the 

vector of sufficient coordL~ates coincides with the vector of 

a posteriori mathematical expectation ~ of the generalized 

state vector X1 that can also be defined as the vector of 

the optimal estimation according to ~he method of the a poste­

riori probability density maximum by solving the foll owing set 
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of d:'i.f f erexxt i a l equations_ (X:a+man filter): 

where p- is a covariance matru of the estimation errors 

and is det ermined from the differential equations ( 24) and 

[ j-f is a• matrix 1nvers1o~ ; symbol. 

( 23) 

(24) 

Ec.1uations (23)-{24) are solved under the in:itial conditions 

(25) 

Accordingly Bellman equation is written as follows: 

- -~..P!z,~ )~ /nth/'~(./l~ +B2J'-)4'£Jp/~~J?)] ~~ _: :-~ . 
C>z ZJ-!z.Je-v/zL~· f(l.,t)= ml /:· H[w;f:x_:(T)}/r(t:)j/_· (26) 

lllrt:J,· 7: ~ Lt,!) 
where Y" is a loss function; ~ is a vector of gradient~ 
with respect to ~ · ; -l'~z is a matrix of the second partial 

derivatives 'I' with r.espect to~ ,. -/ ~ 
matrix".#= P# (J HP 

j 

is a spur of 

is a symbol of condi-

tional. mathematical expectation. This equation must be solved 

with the boundary condition 

(27) 

The synthesis of an optimal. regulator on the basis of the 

solut ion of Bellman equation is extremely difficult in a generaJ 

case . Consider a simplified problem formulation assuming that 

P' is a scalar quantity and the function ut4r f/7")] is 

wJ¥, f'711 /far tr/]} .t (28) 
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where ;L is a linear form. • 

Then, adding an additional. component /4 /?"')]to the vectol 

~~~~ multidimensiona1 synthesis of an optimal regulator can be 

reduced to a one dimensional. form by transition to a new 
, .!J 

variable according to the formu1a . 

where !/J /~z) · is a ~damental. matrix of a homogeneous 

equationccorrespondin8 to equation ( I2) 8.nd 9$ /?;'~) 
satisfies the fol.l.owing rel.ations: 

r,b (7;f}= - 1/7/?;z)./1/' LP (~7).= E 

where E is a un1 ty matrix, 

(29) 

(30) 

.}:81/+?,' , }';,=#)a-// //~_}:.¥r-('/')r ' 
B ={;b/?;:r)8/ ;;- ~H!/h-"l~z~· § ':P f~r)~· (3I) 

Equations for the a posteriori mathemat .ic~ expectation of 

f and the a posteriori covariance -matriX of estimate errors 

p are written respectively 

; :8~+P;;6:-f!j;.-#j%· P=-tR-PH~-~;o-,, 

wh~re : ~ is a vector of the optimal. estir.nate / and/) 

is a covariance matrix of the estimate errors/ ; 

Q:: ~(!])lf'tP~/~r/' ifo/-=~' P/P/=~//7;u//{,Q7?/~t:J/ 

AssWllipg that 7/X.,.{r/] is a first coordinate of the 
· state 

expande"d"'"Vector y~ /~) and denoting by the symbol: n , n, 

here and later on, the first coordinates and the first lines 
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of vectors and aat·rices respectively, we may write Bel.lman 

( 32 ) 

!his equation must be ~o~ved under the boundary condit i ons 

However, for the optimal synthesis, in this case, it is not 

necessary to so~ve Be~ equation. 

Consider the case ot discrete information input that is 

typica~ for atmospheric reeentry problems, provided the 1nfor­

mation is p~ocessed by the digita:L computer on board the space­

ship. Assume the j.nformation- enters at the discrete time 

P-'i -' z1 ""··· ~ z!,.. "'~ /z!, ~ ~ w1 th ·the discrete interval dr- 1n 
'#' :V-T' 

which lf is supposed to be . constant; 'lh~n the dif~erential. -

equation for f'#J an~ Bel.lman eqU.ation are substituted by 
2. 

recurrent equations: 

~lt'-~ 1!.. . 
- o_ 1 -:P '+ZJ':. /a~ +_

1
• / ...-~~ - . · . 

J K-T' -JK K_/ J Grt. :;?-- ·. 
. 'i!K %Ai' 4-: . 

~(f;)=m,;, 1'1£~-f(;-; ~~ft~ +V:Jh~J 
~clht ~K- . 

1
)1 . ~-L - ;;:-, . ('-/ -, I 

ll',K =_t_ /~-: J';/ ~0;<-¥ ,' dA( =~ilr -cl!, 
~~ . 

where index •I( " corresponds to the moment z(~ • Supposing 

( 34) ' 

(35) 

that the region of permissib~e va1ues of ~ · is asymmetrical., 

0 
what is natural to expect taking into account that the contrl.s 
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are :interconnected in nominal. and disturbed motions following-· 
• 

(37) 

Hence it appears t hat on every segment ~~ ·the optimal 

regUl.a~or with maximum speed tends to combine the optimal 
_, . 

e stimate ~ · with a nonzero quantity in 

. El ~ .. , .. lh--.:../~~:&>1-.7 
. .:l 
~:-~_, ~~· 

conditioned by the asymmet·ey of the region of permissibl.e 

values of the control. except a certain region of non-unique 

val.u es of t h e optj.mal control · ~~tf' 

~-" ;;;.--,~P-n-: +.f ~--,~~-·Vo-41-J. 
~N ~.:-~-, ~~· ( 38) 

4-, '!!At'-., 

• f~" fit& > ~~4, // aVr/; 
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which depends on the discrete i.."'l terval. ~ r 
sable values o-f the contro·l. 

and · the pe rmis=-

7/:. _(I/:: 
'"' 

-?' 

ll;.. .. .tz). y .f~),.:f"e'/dL/ .v-..... ~ .. r-.:../z-~;&. (
39

) 

7!' • .1'~~ e'(r/ 
Thus, the algorithm of the optimal. control during the 

continuous information input is completely determined without 

direct solving, Bel1man equation. ln case of conttnuous in.for­

mat~on input, in contrast to the d~terminate case~/rJ~~~~~ 

where the optimal. control has not unique vaJ.ues in the so ~ 

called "complete controllability zone", in the stochastic 

problem the optinial control is defined uniqul.y on the basis 

of (39); at every time ~he opt1mal eontrol with maximum speed 

tends to combine the optimal est:i.mate ~, /~) with the quantlty 
'l"P 

-/ p-~H~rx(~/-1 ?/;.~A, /z-.) 8 {z-J~ 
~ ' 

~ . 

conditioned by the asymmetry of pe~ssible value -region of 

the control.. 

Substituting the expression for the optimal control ~7 

(39) in Bellman equation (32), from the solution of the latter 

· we can define that part of the minimized functional J whic.t 

is conditioned by the disturbed motion -.:?. 
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Since it is very difficul.t • t o obtain the exact solution·· of·· 
\ 

Bellman equation we use an approximate me~hod of· solution, 

t hat is 1 parametric method. 

The parametric method consists in approximating the function 

'-f {i' ~) as a funct i on of a -finite number of parameters 
# 

where ~ is a vector function of the known expansion 

:functions; a. is a (J'X ~) -dimensional vector of unknown 

parameters. 

(41) 

Imposihg on the parameters A certain natural conditions 

:tor the exactness of approximating function.P5:tJ and using 

Be1lman equation, we can ·get a set of ordinary differential 
. ·n-r 

· equations with boundary condition at the moment 7 which 

describes the evolution of the parameters in reverse time. 

~hese equations, respectively, for different parametric 
. 3~. 

· methods described in Refs. -' · • ·.· are written as follows: 
--~~- -. ;1~ . ~~ 

r/ 7' -~/ ~ .,. ~ 
T)O.-=.-(b*" ~~i/.i"'.l ~~ (8'~,.; ~, 4f {f;r, 4')tY;Pt/#"' 

:T,., . . ;?,., ' 

(42) 

. 7f.-, - · ·· · rl- r. · -" · 7' .L'~ ? z-J§'-i/ H), 
2){'/';r; : ~: IQ.f'/;i':;;tij}li =~ (P-.J 8 ~, .,. ~ ~F?' ?;zr-( !3) 

_, .,. . 7" I~ 

-(V.UB ~, ~~.L Yj'.f,.#'~ff':;i: (r/_.14 .,' K.::{-1 .. /.h~.) 

~be .... .., #~ ~*J denott:s the· -:region "or permissible valuesF1
• 

I 

~-~ /_ ~J are certain prescribed functionsi '· '*;;' is a vector of 
,e • I i/C 

gr~ient _'f" with respect to ~, ; ~'#' is a matrix of the 

second partial derivative~ ~ with respect to * 1 
, 

The equations are solved under the boundary conditions 

(44) 
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where .t,. f'ol.l ows from the conditions of securing (33). 

The quantit y ,~., 4 is Ylrit ten as follows: 

(45) 

As mentioned above, because of the stochastic nature of the 

component of the vector ~., we may speak about solving the 

inequality (I6) only with some a priori level of probability ; 

the!efore it is necessary to know the a priori probability 

density of vector x~ . or its substitute parameters at every 

time t . In this case the estimation of the exactness of the 

stochastic vector means obtaining the vector of an a priori 

mathematical. exp·ectation and an a priori covar:i.ance matrix. 

As we are interested in the estimation of the exactness of 

the stochastic vector ~ X~ (of dimension .-¥I ) then by · 

introducing the expanded vector of statex3 {"Jjwe can state 

that for the ·system of the type . 3 

{46) . 

. where the matrix ~ /~), • nonl.inear vector-functionFk~)and 

"white noise;· 6/~.J correspond to the e~panded· state vector 

X~ • It is necessary to define the first ~ 

of the vector 

components 

{47) 

and the matrix consisting of the first ~ lines and columns · 

of the matrix 
/}' 

t (z)=Hb.~ld -~ trJJfi.~lrJ-~ lzJJ (48) 
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Supposing that- .x.e.lo) and 6-(Z.) are independent and :· 

normally distributed 

""i;/4)=~ 0 /, ~(oj::-/<; 0 ;' HV/0=~,· (49 ) 

#ft;I~J,:; ,/z-JJ=-/<'fz./J""f~ -?.1 . 
and u.si.ng the method of the statistic ~inearization . ,. we can 

show that ~~~) and ~/~/ approximate1y satisfy the 

following set of differential equations : 

(50) 

;.t =fJ/7)+ ~ #~_,~, )'~JJ¥;+~£J'tr)~~,&,., i,;,~J)~R (51·) 

K;/11)=~" 
where ~, ~ are functional relations whose definition ulti-

mately reduces to the solution of the fo~owing relation 

'A(t Hli" ~~)=f £,-~)+V&)J+£17~/-IY-~Jj.,p/_;'~ M~ 
, ;r ) ~ . ~~ ( 52) 

where ifi is a probability integral. 

_Neglecting, for simplicity, the coiirelation between compo­

nents of the vector {X,t _,.. i;) it is possible to assume, in 

accorda.'Tlce with the ruie "3~ ", that the requirement for 

s olving the stochastic inequality (16) reduces · to the necessity 

of solvi ng the following determinate inequality 
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(54 ) 

vrhe;re X n, is a vector including the first in component s 

of the vector X~ and D~ is a vector including t he 

square roots of the f'i.rst 1n diagonal elements of the 

. matrix J'~ • 

Now, having determined the structure of the optimal regu­

lator, e stimated that part of the functional which is con­

ditioned by the disturbed motion and estimated the exactness 

of the generalized state vector 1n ~ase of disturbed motion 

we may come to the conclusion that the joint consideration of 

t he determinate problem of programming the nominal motion and 

stochastic problem of securing its actual realization reduces 

to the following determinate extremal problem. 

Given a set of ordinary differential equations {notations 

are given above) prescribed on the segment f ~ 'r'.J 
x =-X (Y, ,u,t); ~ (7; x,t, ~)=--~ /7;z'.,:r, v)-4/J; ~r~' 
p (y, ~ 7):::: ~ ()', v,t}-P(J; ~Z//i--~.v,(_)~-~ t{ijh'4~J,i3P;~t/ 

~jf- . :L' /" jl '77 ·. 

dttr, u,zJ:::-dfr;?:J Jb 7ff'JP/#'.}~* · ~.Lu;~~, l,r, ~f.iJ.BP,~~Jii)~ 
....,, ;?, 

,. . 

-#--tt' 'ilf' &-;11-V, ~-d}·«-17, '-! -/) ~(;fJ;/f~· 

~ fr, ~#=-,f/.r,C/,r/~ tr, '1zfl.+ ~ ff,~z/_: 

~ (¥,'1-/PUt, ~//+Yf ft;'{Z/1~ f;;~(}-f~ b;Q,Z/Patrz'/+ 
~ 

+~(r,~Q] -~-~(J;~ij/ · 

(55 ) 

r 
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with boundary conditions 
0 

?' 
':Jr(':rl=E; P(o)=~/T,p)..f'o«:r (~P)/ ~(7/:::-a7> t 

X21o)::--X.t 0 ; - ~ (oJ= AL ~ .. .' 
It is necessary to select -the program ~;.t~/4'~~and the 

initial. conditions .X /IJ) according · to the conditions 

(56) 

,...-...Y:-.;.jvfr/7/]+~J#'!'t?/J ... I'b/.,.'4fr~~f?>/]} . 
(57) 

in meeting the current re.strictions of the type of inequal.ity 

(58) 

( 
This is a determinate problem and it pertains to thepr.~hlel'lf 

d ' optimal cont~l 
· · ~aving the limits for control and phase coordinates 

and can be solved by using well known approximate cal.culG.t i Qn 

methods~ Thus the al.gorithm for defining the optimal. nom~nal 

motion is complete}7 determined. 

The realization of the optimal algorithms of controlling 

. the disturbed motion in reentry problems obtained as stated 

above requires having a high speed digital. computer on board 

the spaceship. 

,The specific condit iQ03 of the -spaceship motion in the 

atmosphere with superorbital vel.ocity compl.etely define t he 

self-sufficiencY' of the· spacecraft control. system. Accordingly 

· as the source of' informat ion it is possible to use time· and . 
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ac.~ce~erations measured :ln i.Ii..ertial or fixed axes of the space-­

craft. 

A high· speed digital. computer on board .the spacecragt by 

statistical processing acceleration measurement results permits 

to obtain comp~ete in~ormation about the spacecraft motion 
. . ' 

parameters. !he necessary infarmation about t~e nominal motion 

that is selected beforeh$.nd b.;y the "ab.ove : described .optimal. 
' . 

method is . stored on board the spacecraf't. The deviations of 

the a~ val.ues of :motion .parameters from the nominal ones 

are used for obtaining .the necessar,y input control signal. 
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43.5 
ATMOSPH.ERE RE-ENTRY CONTRO- PROBLEM 

Ok:hotsiuki D.E. , Bukharkina A.P., Golubiev Yu. .. F ~ 

Institute of Appl i ed Mathematics 

Moscow 

USSR 

This _paper deals with t he problem of re-entry cont-
. rol at parabolic ·-re l oeity. The m.ultistep a l gorit hm o:f the 
do\dlrange control is .d.escribed . Some l"esults of the digi­
tal coaputer siaulatioo. are give.n. It is show.n that the 
algoritba provides a suffici ent ly· smooth and accurate re­
gulation process despit e l arge ... scale variations in t he 

ataospheric den s ity distribution. This paper develops 
further the r esult s o! previous work. I-.14-

I .. State:aent ~ ~he probl em.. ~s p ap er d eaJ.s with t he 
problea of re-ent ry control algor i thm at pa.:cabol ic veloci ty. 
It ia su:pposed that t be spaee vehicle ha~ t hree accelerome­
ters installed on t he stabilised platfoZ'm. By changing the 
roll angle the vehicl.e total lift direct i on · changes. This 
ukes it possible t o control the 110ti on of t he vehicle . The 
onboard digital co~aputer ealcu.lates the needed r oll angle 
ve.lues taking into account the measuring data processing · 
results. 
'<- - ~he papers I' 2 contain an exaaple of t he downrange ·co;n­

twl;_. algo,ritha. '!he algoritba. built in ~he papez-3 provides 
lateral-range control as well. The paper4 contains the algo­
ii.tbm .of the re-entry initial conditions calculation and can-

t/. 

siders the effect of the s,ystematic, inst~ental and execu-
tive ~errors. 

:n , :: ~he abov&naentioned c~!ltrol algorithm of the first-dip 
portion of the re-entry motion (I) provi ded a rather narrow 

range -'1 k~nematic .parameters at the end of the skip-out por­
tion (!~) and thus gave the possibility to compensate the 
deviati~hs using. the restricted control potentialities of the 

' ,second-dip portion (I·I I ) (fig .. I). The algoritba displayed 
fortitude ,.to the errors and density distribution uncertain­
ties, and provid'ed a su:ff'icient accuracy in the re-entry 
corridor of ~out ± I5 km. 
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•rn.ese :resw. t s cleared the way to ·the more perfect algo­

rithms. In particularj it was desirable that the I.-oll angle 
should be a. morA usable continuous function of time instead 
of a s·t;ep-function employed in. I-4 It was also dasi~·able to 

take into consideration the actual constraints on the ~oll 
control torques aud also the caJ.culation ta for decision 
t~king$ This pa:pe.t~ presents a step in this direction. 

2,, Dccision. log;i<;§.e Let us at first neglect the time :for 
the calculation and divide the first-dip portion into tXIUal 

· time intervals.. Let us supp se that the control decisions are 
taken when passing from one time interval to another, and 
that the instan~· roll angle jumps are il'lpos.sible, and that 
the roll rate r :l .s constant during eacb. time interval.;.. 
The fn.netion f(t) ill be a piecew:lse lillear function the 
a:o.gu.lal:' points of which coincide with the interval ends. 

Let us assume that the roll rate jump is cOnstrained 
by· the condition 

- I j;,.f - ii I~ r . (2.r) 

where r is the increment of the .roll angle caused by the 
control torque du..r.-ing a one time inte.rva~o The · :CUJ..filment of 
the condition_ (2.I) provides obtaining such a piecewise li­
neal.' function f' («f) wbich may ~e 8Pl):C0Ximately realized. 

~ing eavh decision-making the values of the roll rate 
and, gonsequently, th~ roll an~le :for the nearest time inter-r 
val are chosen in such a wa:y that, with the x·ollmgles 
of' the rest of the first-dip portion, the desired. downrange 
is provided. Like ini-I+ two integratipns of the motion equa­
tions forward up to the end of t he -f~rst-dip portion ax.•e car­

ried out. The datathus obtained give the groUnds for deci­

sion_taking. 
It appeared reasonable to ! use different dec:i.sion logics 

d.uxing the initial part of the motion up to the velocity head 

maximum. ab.d during the rest of the portion. Let u~ desc,ribe 
some o:f the variants that have bee!J. invest;i.gat.ed an.Q. give a 
number of arguments :fol.' sele.ction. · .: 

;Ln one of si&pliest VCl..l:'iant~ we .choose r for '' the ne-
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• arest time interval (ti, ti.,.~) to provide the prescr.i -
bed down-range. Discontinuity at t,.,, is admissible, but at 

t~, the roll angle lllUst be continuous. The repeating of tm 
process gives the roll angle as a piecewise linear function of 

time. But the permission of a j'Wip at the end of the time in­
terval may result .in a -saw-tooth function. 

It is possible to avoid this unpleasant event by appro­
pnate choice of r not tor one, but for- two nearest :time 
intervals (fig. 3). Let the value of r at tt join con.;_ 
tinuously the previo~ values and at tl<~-~ · the beforehand 
nominated f'imction rtt) . Let us choose the value r at 
ti;-l or the value ~ f' for the interval ( ti, t l~f) 

(which is actually the saae) to provide the required down­
range. !he repeating of the process gives a continuous piece­
wise linear function without saw-teeth. 

:fig. 3 &bows that it all the cOnditions for decision -ma­
king at point t;, . would also be true for point ti.i>l and it 
the two-liDks. construction · built at tj· would satisfy con-
dition (2.I) ·, in this case the first li.Dk of the new two­
linlts construction during the next step of decision -mak1 ng at 

6 j t f would coincide w1 th tbe second link of the previous 
step and tbe new second liDk would coincide with the portion 
of tbe function f ( t} . ~, there would be a tw~li.Dks . 
passage to the function r (t) by aeans of the ' construe­
. tio.n obtained at t, . As a consequence, it we deviated 
from. the function f (!} we would return to it ~ter two time · 
intervals • .Uso, 'it rtt) were 8D7,., admissible polygon the 
roll angle 1 would arrive ~ at · rr-cJ . and then coincide 
with it. 

Actually, the at110spheric density distribution is partl;y 
unknown and coD.ditions :tor· decision-aaking vary . from one 
point to another, ~t is reasonable to modify the function 

f(t) iD accomance with the density variations which are 
revealed during the flight. But, nevertheless, the algorithm 
with two-links logics appeared to be effective enough and 
was used at first on the secODd part of the first-dip porti-
on. 

Within the bounds of the first part of the portion the 
effectivenes-s of the ro~l angle change is small at first and 
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increases with time. This causes large-scale variations of 
the roll angle and insufficient smo~thness of tbe regulation 
process. In view of this it appears to be more reason~ble on 
the initial part of the first-dip portion to varr a constant 
value of the roll angle within a more lengtey pet·iod of time 
which includes several standard time intervals, and t c, add two 
links (at its begtnnjng .and at its end) for smooth . connectio.\: · 
with the previous and consequent course of the function f'(t) 
(fig. 4). The varied position of the function rttJ is 
shown by a dashed line. The closer to the .t"egion of the maxi­
mum velocity head the shorter is the interval of the constant r value variation, and the described logics turns smoothly 
enough into two-links logics. 

To successfull~ overcome the atmospheric density 
uncertainties it appears reasonable to take the standard tiJae · 
intervals shorter, and to take decisions more often. But the 
decrease of the time interv~ leDgth causes the d-ecrease of 

the regulation smoothness. It was suitable to modify two-links 
logics in such a fl8'3 so that each liDk would include two stan­
dard ·time intervals. One time interval later, at t;,~>l we 
have to build a new two-links construction with the saae 
length of each link, but biased by one standard interval fur­
ther (fig. 5). 

It appears also reasonable to modify a little the logics 
for the initial part of the portion and to chaDge from one to 
two standard intervals the length of the li.nk connecting the 
previous roll angle course with · the interval of the constant 
roll angle value, but to take deci~ions after each . standard ti­
ae interval. 

When choosin:g { for the .nearest time interval it 11q 

occur that the r . jUDip will be greater than the permissible 
one, according to (2. I). In this case the maximua possible va­

lue must be chosen. 
For the downrange control it is sufficient to Va:J!T r 

within the range of 0 to .:r • l!·he whole lift force is di­

rected upwards, if r =0 and dov.nwa.ids, if r=f . Itf' 
has an intermediate value, the v ertical component of the tc­
tal lift :force is also intermediate. In_ particular, if r• f 
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the ·vi1rt.ical lift force compo~ent equals zero and _the longi­
tudinal motlon of the space vehicle is like the m9tion 
t~Jithout a lift force. 

During the regulation the roll 8llgl e can reach the upper 
or the lower stop and remain there for some ·time. To avoid 
violation of (2.!) when -reaching the stop it was assemed ~ 
l~tation for ~ to provide the stop reaching smooth enough. 

The algorithm is able to carry out an analysis of the 

real densi~y distribution. Knowing the vehicle position and 
velocity and using the measuring data given by the accel€ro­
_meters we can calculate · for each time . the real density .,P-
and the quantity 

where fst is the density value at the same point according 
to the standa.t'd densi·ty distributi~n. ·Along the mo·tion, 5 
appear to be a function of time tlle previous course C'f which 

. is well-known. Let us assume, as in I-4 » that 5 is a rather 
smooth function of coordinates. In this case ~ (t} along the 
motion is a rather smooth function of time, and it is possible 
to extrapolate this. function forward for a short period of 
time. Such aa. extrapolation appeared to be useful during the 
integrating of the motion equatioDSforwa.rd for de"c.is:t.Dn ta­
king. 

The information abo-ut the possible s (i:) course ·?-n the 
nearest future was also used for the · appropriate choice of 
the function jft) outside the interval of time where th~­
choice was carried out to provide the desired down-range• . 
The choice of . f(t) ensured adaptation and created the con­
trollab~.lity reserve to compensate the ~redicted den.si ty va-
riations• 

The original :functio~ , j (t) is shown in fige 6. 

The -portion · of the ·constant value r= t at t; turns into 
an inclined line and then at ~ into a second . portion <>,$ 
the constant r value which 7 :_s originally taken equal t. 
T~e values tf and f2 are chosen bet'·orehand and remain 
fixed . When Tarying . ( to provide do·.m-range · the inclined 
:portion o! j '(t) Taries too. It is showa by a dashed line 
(fig. 6). In the course o! time the length of' the Taried pol.'-
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t l on becomes shorter, and near i t · the logics t urns into a 
two-links one or into its m0dified v~iant. 

The adaptation i s carried ont by ~hanging the positi on 
of t he f unct i on j (t} after t e t ime t-.z .. The quant i ty 

m (fig. 6) may be calculated according to the foi.~a 
.:T' ,.., 

m= 2 + ilj ( 2 . 2 ) 

where A f , as ini - 4 , s 

' Aj= /ttJ[AtrB~J (2 . 3) 

The co~ficient~ fi and 8 al.'e constant s :found em­
p.iri ·ally ; 5 and 5 are the f i rst and the s econd deriva­
t i ves of the f unct ion $ ( t}calculated :for the decision t ime 
according to t he polynomial which approximately descr i bes t he 
pr evious course of t he f unct ion ~ {t) ; / {t) i s the f un;_ 
tion of time which equals zero before t he regi on of t he maxi­
mum vel ocity head , then it incr eases linearly and , after x,ea­
ching the prescr ibed vilue, it remains cons·t ant., The para - -
meters of the function f (t) were def inted empirically. A n.tm­
ber ,of reasons ~sociated with t he interoducti on of· such an, 
adaptation type was discussed in papers!, 2~ . 

:; . Taking account of the calculation t im.!!.t. In t h e pre­
vious section of this p1,1per we neglected t he calculation t ime .. 
Let us take it into acco:unt. Let us ·assume ~hat _ during one 
standard time interval all the calculat i ons connected with 
the decision-ma.k:ing were completed. Let u s also assume when 
calculating that only that antor mation may be · used which was 
obtained prior to the beginning of the time intervaL, In t he 
course of this calculation we obt ain information a bout the cu.z­

rent position and velocity and about t he course of the func­
t i on 5 (t) , but these data may b e employed onlfY during the 
next decision,-making in the next time int erval. ~ we have 
a lag between the end of the last information i n:f'low and t he 

_ beginning of the decision execution . The lag i s one standard 
time interval long. 

Let us change a littl-e the previous decision logics. Let 

us assume that everything reinaJl~e but when choosing f f or 
the nearest time interval t he information _ of ,.the previous ti­
me interval cannot be used. To enter the previous algorithm 
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~ogica we have to calculate all the quantities forward for -the 
am time interval~ We obtain th@ values of the function f { t) 
1>,- ·extrapolation. Let us calculate coordiDates and velocity 

- com:ponents by integrating the motion equations for a one time 
interval using extrapolated values of the function f.{ t/ • Let 
us obtain the quantities in the :formula for the function 
.r (t) by extrapolation. After all this additional calcula­

tions we can enter the previouS algorithm. 
~s approach appears to be vel!J' suitable for it gave 

a simple method to -investigate the effect of the time lag 

uaiDg the algorithm without the time lag. 
In fact,the measurement information obtained in the 

course of the calcul.ation JU:3 be partly used to deminish ·the 
tiae 1ag etfect. This would be useful for the fortitude of the 
algoritha. 

1'he algorithm performance . test 
computer. !be components of the 

ae~c acceleration wen calculated by integration of 
the motion equations which illitated the _,ving space vehicle. 
!'.be variations of the atandard density distribution and the 
mll angle produced by the control algorithm were inserted 
into this equation s1st•· !he control algorithm itself was 
realized as a prograa block , for the computer. It received 
the imitated ll8$8Urement information, integrated the naviga­
tional equations, predicted the ~ (i} course and carried out 
the adaptatioll 81ld other calculations which were necessary 
to take decisiane for the roll angle for the nearest time 
interval. 

The density variations were taken as 1n2• 3. These varia­
tions imitated the density. deviations depending both on the al­
t~tude : and on tlie longitudinal range. Their magnitude is ap­
parently larger tb&n really existing. Therefore the algorithm 
which . is able to struggle successfully with them will have a 
certain reliability reserve. 

Some silllulation results are presented in fig. ? and in 

others. The thick polygon represents the roll angle versus 
~ime during .the first-dip portion. The initial point of the 
time is located at the altitude of !50 km. The algorithm 
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function begins when the integral of the acceleration 
reachesthe prescribed value. At f~rs-t .7 when the efficiency 
is small, the flight is uncontrol~ed and ~he roll angle is 
maintained as a constant which depends on the ~erigeej alti~ade. 

When t = 45 sec the algorithm begins to; act. i'!1e thin li­
ne represents the function ~ ( t) built up during thr:: 

flight. The dashed line represents the quantity m (:f ig. ~) 
which depends on the 'f{t) course accoroing to the (2.2) and 

(2.:;). 

It is seen that for the ~ariant in fig_. - 7 the {lt) 
course is at first rather quiet. The tendency towards the . . 
density increase is compensated by the decrease of the roll 

angle and causes an increase of the vertical _lift force com­
ponent which controls the -longitudinal movement. _ The iD.crease ­

of the ·'$ (t} changes to ~ decrease. Performing the ~(t) 
forecast the algor~tbm · increases the roll . angle in adva.nce so · 

as to avert the space vehicle from ~ipping out ~ of tlie atmos­
phere earlier than its velocity would be sufficiently braked. 

_The fast change of the situation regarding the S ( t) 
function eourse requires a fast response. The control torques 
restrictions and the calculation time lag diminish the 
response of the system. Therefore the fast change in the 
~ ( t) course leads the. roll -angle. ·to the _upper stop and 

leaves it there up to the end of the first-dip portion. Des­

pite th~ measures taken the time lag of the system causes 
the skip-out with an excessive velocity and the initi81 point 
of the second dip appears to be biased 2IO km:forwards. Such 
a deviation may be easily compensat_ed by the second-dip con­
trol, for it is deeply within the permissible deviation 
range. 

It should be noted that the variant in fig. 7 was the 
most difficult of all the atmospheric density variations in~ 

. vestigated. This variant v1as very bard : on the system, for 
the ~(c) function began a .fast de~rease. Therefore the control­
lability reserve appears -to be in~Ufficient. The investiga­
tion shows that a similar fast change from decrease to 
increase of the atmospheric density appears fto be much easier 
for the control algorithm. 
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All other ·variants investigated have considerably less 
second- dip initial point deviations than the variant shown in 

f'ig. 7. In the cases where the regulation process ended within 

the stops the deviations were usually no more than some scores 
of kilometres. 

fig. 8 shows a smoother .course of the ~(t} function when 
increase changes to decrease. The ro 11 angle reaches the upper 
stop but leaves it after some time. · The accuracy of the se­
cond-dip initial point is rather high. 

Fig. 9 illustrates a longer stay on the uppe~ stop. 
Pig. IO demonstrates the density variation which causes 

the increase of the density mainly. The rather fast change 
of the S ( t) course from decrease tQ increase leads tm roll 
angle to the lower stop in order to leave the atmosphere as 
fast as possible. The deviation is _negligible. 

fig. II shows the r~gulation process which takes place 
within the stops. The deviation is small. It is possible 
'to observe the influence of the · ~ (tJcourse on the adaptati­
on paramet.er m and on the roll angle. 

Fig. I2., presents the variant in which the fast decrease 
of t he density causes the upper stop of the roll angle for 
some time. The downrange deviation is very small • . 

i 
The simulation results demonstrate that a ·reasonable 

choice af the parameters of the algorithm makes it sufficient ­
~ resistant to the density distribution variations. The al­
gorithm provides for the second-dip initial point parameters 
to be within the domain where the second-dip control enm1res 
precise space vehicle landing in the prescribed region. 

References 

I. . E.OxOii,VIMCKk'lk , r.itl. BeJi:&qaHCKHii,, A.II .• ByxapKHHa , lO.fP. ro­
n.y6eB, H. n. 30JIO.Tyx:i.ma' iO .H. Itl:saHOB. 0UTJI1M8Jil>HOe yrrpaBJie­
HW~e np~ :sxo;Ae B aTMOc~epy. Koc:MHqecKHe 11CCJietLo:saH¥m, T. YI , 
Biiln . I, I968 r. 

2. ~ . E. Oxo~JI1MCKJ11~ , A.IT. EyxapKHHa, D.~. roJiy6e:s, ID .H. MBaHOB. 
J paBJieHHe UpoA0.1IbH~M ABHEeH~eu npH BXOAe KOCMJiiqecKoro arr­
uapa Ta :s aTMoc Q1epy. 0TqeT LIDM AH CCCP, I967 r. 



299 

3. A.ll • .byxapKM1Ha, i) . ~. roJiy6e:a,_ ll.E . 0xOIJ,W4CKHi1. YnpaBJieHne 
rrpocTpaHcT:seHHhllri .ZUH1llteHMew rrp~ :sxc1re KOCIUit:~ec:wro annapara 
B aTYOc@epy. 0TqeT illlM AH CCCP, !968 .c .. 

4. D.~. roJiy6e:s. Onpe,u.eJieHM:te· yc.n:o:s-'111 mco~a B () T.uocwepy 11 aBa-­
JI143 BJIHHHHfi rrorpelliHOcTe~i. OTt:~eT vrru~ AH CCCP, I S08 r . 

. ~-, .\ 
' I I 

I J 

\ I 
Atmosphere·, . ,/ 
b~----"' 

! 

Fig.I Re-entry motion scheme llig.2 

-
't(t) 

~--L-~~--~-------t ~--L-~--~----~------- t 
t, t,.,.f 

fig.·3 

f 

Fig.5 Fig.G 



>-

~ 
() 
tf) 
(\1 
I 

-.1 
<I 

I. 

")' 
~ 

.a 
~ 
C\1 

• 
-J 
<I 

"' . ,.,. 

- E 
I 
I 
I 

I 

I 
I 
I 
I 
I . 
I 

C\1 '*" 

t\1·~ 

~ 

~ 

I 

~ .... -

• 
. 300 

.._ r-, 
~ (.) 

Q) 

. ~ 

.p 

.C::. 

~ 

en . 
~ 
~ 
ex. 

~ 

I 
~~ 

~ 
~ ..... 

('. . 
tO 

•.-f 
~ 

<::) "' - ~ , ... <::) .. ~- f:$ 



2,11 t IT 

1,/J AL•taltm -
""tl.31 r 

1 •• '/'t 2 

f 
f,Z 

(lt ~ 

_1_ 
~[se-' ""J 

'.11 

ql 
I,R 

' t,O~ 'ID 

Fig.-9 

~egulation process. ~erigee 

4L·-~~ km 

' 

P'lg.IO 

4? km 

' ' ' 

/
; ·-\ ' 

. . ,\ 

, ' , ,'m 
' / ' / "' ..... _ ... "'* 

220 
t [1!Jeo1 

~ 
~ 



~ ·r I ~ I I 

- lr I 
1,8 4L•-8 km '·' 
1,6 .3 1\ 

(lt J 

! 

~·t ;U ________ f!l_ 
1\ // .'\,J ?5 

t,Jtt zt I ":<:../ ~, 
/ '· ~T . 

f\ ) 

',A "I 1,2t It I 
...... _ ..... 

vi ' . \ . 

. . \ 

I 0 1 v 11 I ---+- .t•n J 
' ~n\ r , • ., t[sec ~0 1 0 

6o I 

0 

fJJO '=::;/ t [ B.eC] 

Pig.II J'ig.I2 

• 
Regulation process. Perigee 4? kll 



303 
43 . 6 

STOCH.ASTIC PROBLEMS OF M.I .SSI LE DYNAivTICS 

Plo tn i.kov Y . P . 

Mos cow, USSR 

! .Statement s of problems of motion contr ol 
to be met in practice 

Mathematical model of many applied motion control 
problems j.s preset by a · system of equation 

~. = f{t 1j 1J ~{t)) 
(.;{...{.. · I , {f I I 

here r is an i1 -dimensional state coordinate vector; 

a- 111 -d:i mensional control vector; 

~ - /v -di m@nsional influence vector , 

the value of whi.ch is un~;1o\V•1 ? with reliability , i.e. in 

other words influence ha$:> .c r andom character. Statement 

about randomness of ~ and bonda~y condi ~id.:ns 1jl o) 
1 
~( T) 

formaly reduce to dependence f J.fc) and r~ tT)kom -"chance a Lt) : 

? (I) = ~ (~ U)} I J(~"')::: {!/~-; t~) I ~ (T) -= Cl ( T;u.) 
W ca rJ either have some physical interpretation here or · no t . 

· As Yl e preset 'probability characterietic5 of dependence of 1-~ ft) . ,,, w . 
j ( o) an d ·1:/(rJ""v--;-i. e. _consider t hem as random functions 

i..J V l' ; 

or vari~ble s , we arrive at a stocha st i c mode l of real 
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control process, • 

(I) 

Vector function 1 is supposed to have the properties, 
ensuring the existence of a solution of t he system (~) for 
the class of controls V Lt,w) and perturbations ~{~tt)unde:r­
discussion·-. .. ?· 

Not all trajectories t; {t,w) and controls iJlt,w) 
possible for (I) are considered on practice, but only those 
which with a given probability 

I. belong to the region 

gtt1 ~. v) ~· o 
where ~ is a given vector funct·ion of 

2. begin unde~ ~ondition 

J. and e~d, when 

and 

(2) 

7f 

(J) 

(J') 

Pe:rformance characteristic of motion to be minimized by 
_admiss~ble ?J(t,<.D) choice usuallyrepresents the expectation 
of some functional~ including integral and terminal parts • 

. By now the optimization theory of stochastic control 
systems has not yet reached such a co~pletness, which , 
optimal deterministic system theory already has. This is 
the paxticular reason for ·t-he fact t hat the routine 
practice has worked out its own way of the solution of t he 
above raised problem. This way assumes stage by stage 
solution of the problem, with its be ing divided into two 
basic ones. 

The first of them i s t he problem of opt imai motions 
prog amming; t o •be more exact, the problem of i ndividual 
dy amics .of a controlled object, whe re forces and mot ion 



are partially given and missing 1'~-r e; e s and motion ar e to 
be f ound so that i .t would offer stipu.i.cted optimal proper­
t ies2. In that instance, physical model is ~escribed here 
by a deterministic system of differential equa~ !ons 

where :X. meansc.state vector, · lA.- control vector sought 
for, being function of time .and initial condi·tions. 

At' any instant function~ ::C and 0L are · such 
that 9 {ttx, u.) ~ e> 

when i -: 0, :tCo) 6.1 'X; ~(~)~DJ 
and when i, ~ TJ · j: (T) t i :1: ~ (:! )== D ·~, 
one of .coordinates of vector X(T-) being optimized. 

Mathematical model of program motion (determinis~ic 
as a rule) is obtaine! from (1)

1 
repla~ing ~.lt,w),~IC?)and.· d l11w) 

by average values of ~lt) I 'X{o) and :::( (T). . . 
The consideration of the first problem belonga to the 

sphere of intere-st of scientist' and engin~ers engaged . in 
a particular field of dynamics? which is concerned with 
the given object. 

By its construction the process, treated in the first 
probl~m, differs from original one~ The reason for this 
is other initial conditions, as well as difference in 
values of the right parts of motion· equations in any in­

stant of t .ime. The idea .of . considering the first problem 
is that, knowing its solution :;t'(fX Ult), .we can represent 
the real solution in the fo~lowing form: 

· The perturbed motion z:, vJ is defined as 

~:;,. ~"" ~ (1,;1d 1 V1fl~wf)-.f(f, :x:(f-l, UJt), ~{tJ) -
==-A- (f} ~ -t 8Lt) \rV +f. (+) ~o(~v.) + K(( '2iJlJ; ~j (5) 
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Also 

. ~ (t ,.xLt) ~ l) ULi) +W) == 

;;!(o1 w)~i ·t; ~ (x{o)-+-.t,f.)-=0~~1~: ~{z, ~v}=D~ 
(6) 

~i~ . . 
and at the end of the motion~some probability 

2 (t,tA-) c ~(Z!: 'f~ {J.{TI1r) +Z,1r)=O) :{ l; ~(~,?/) ::: Q ~ 
· The right part .of (5) is an · expansio:n in Teylor serie,s

1 

so matrices A B · and C: have th~ next form 
I 

~ ii 11 vr ~-1_ A. Lt) ::: P i o, : t ~ .1.4 --:'X L t) I i5 = U (t-} r ~ ::: { 
' Dj v1 · 

B1:t) -e+Ui!J ·15jA / ·~ ~ J:l-t) V:: 13 Lt) -~=">-'))V d ' I (A_ I \. '-( 

~Lit'ltJ 1);- ~ \ ') ,.+J - {! J \, 1
\ I i 'f } ! ) <~ · l L - j - ,-., ' ' '11 :: 'X lt) ·15::: U (t-; J -::'F. 
V~ "-~ J l 

'-f 
A usual linear model of perturbed motion is obtained,- if 
it is possible to neglect the remainder -R. in (5). 

The second basic problem is formulated for system (5). 
It consists in' determinat1on of law W for transformation 

. of information about perturbed motion so that the chosen 
control ·w(t,'l) . should:F.put out this motion to the best _ 
advantage, with W ( t 1 "'l:) being . able to depend evidently 
:Jnly upon coordinates · ofrprocess to be measured. 

2.· Shortcomings of generally used statements 
· of the problems 

A Specialist on control who has to point out the method 
and means for actual realization of program motion, 
regards it ~ the prescribed one, wnich in particular ~5 

l •. . 
reflected in the way of presentation of the perturbed 
motion in the form of . (5), where matrices 1+, 8 and C 
are functions of time 1• They obtain this form o.nly after 
the program moti.on construction as X --::. :X(i:..) , -u.. =- LLlt) i 
with the system of equation (4), which determines· these 

:r l_t~ and . U-l-t) ' containing no information about future 
pe"!'tubed motion. 
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Thi~ approach ·to Original pr oblem solution that has 
already become canonical in -literature' is · ~onnected with 
the nesseci~y to ~:i.mplity e -q~ation of motic~~ (I) in order 
to obtain all -- answer -with olp' rest:r:i-cted computJ.~g and 
algorithmical me-ans. Al.ong wit~ that the separate ct.~~sider­

ation of:_-,thefirst -and .the s~-cond proble--ms and origi nal 
system (I) c_oar~ning _- int~oduced with it- )la;ve as a _conse qu­
ance t ,he ~adequcy' of~ its ,p _ _roperties to those o:f our 
different1ate:ctJ - ~od.e1(4_)-(!>) :. T~:e r eason for unadequacy 
is in_ partiQular our ri~glect1.ng the relation between the 
problem. of program ". ·x(t) ' l{-L't} --choice and the one perturbed 

_- __ -_- __ -_ - .-- - _,- _ ·--_1 _, __ -_ . -

motion ri ·W _ cont':I'ol. c;.But: .the relation ~ !ihic,h is a 
blla.ter~l one -' ~ 'takes : plac~ -t;rrespe~tive of whether .Xlt) , 

- U.L+) 1s -~- ·solution -of 'some -variat~on~a.I problem or .·they 
have been chosen .tiut of $ome -other consideration. 

On th~ ·o.ne· hand, -the i-nterrelation ·pro·ves in the fact 
that s-yst·em .(5). t~~s: ~t:;J specific shape o-nly -upon ·the 
solutions of ·syst-em -(4):, .;,h~n -matric~s -~+h~ (-f/?JV - and 

~1h~ be~~me the known ~nctio~~ of time, c~rresponding 
- to spe_cif:lc,. · ~- -:.:x{t:) · , - V = LL:lt) <- ,- ~ ~ .~ lt) • Therefore 
all perturbed motion propenies, _such as ~ont~ollability, 
stabilizabilityand :their · quantative equivalents depend 
evidently .on t -he · choice ~! :r · and Ll J. . 

The program motion acceptabilit-y :is -determined to a 
great ext~nt by the accuracy,_ with which a prescind motion 
can be re_alized for -given perturbed motion control structure? 
To select at once the program motion ext:remal in some sence 
and satisfying the accuracy requirements, the joint 
consideration_ o:f (4) and (5) system· is needed. The same 
thing is · necessitated by the we l l founde d sep.:ar.&)l:tLCI1 .:: 

of su~inns of coordinate changing of perturbed and program 
motion from region defined by inequality ( 2). In the first 
place this refers to the region V of L,L and w control 

- vectors- changesi. It is necessery to choose the vector 
so that the set\} -Qlt) might be substantial enoJn if we \vant 
the problem of control of perturbed motion and its 
potimization in particul ar to be h"\\' E' se nee. 
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J ~ Some new statements of motion control 
problems • 

The · above mentioned permits to consider it advisable 
not to fix the program motion control while describing the 
perturbed motion springing up in its neihbourhood. For 
these purposes it is necessary to consider the program 
ml tion equation system together with perturbed motion 
e~uations, thus reformulating the problems, stated for 
original system (I) to the following one 

and 

et~ rl·t ·- ) 
c(.t ::.1 ,::t:) u., ~ 

(7') 

(7") 

and 
and ~{b t have been calculated for ~ -=.:X

1 

~.::. rlt) ) with 

g Lt, .X 4- ~I u +-W) ~0 (8) 

XtDJc:{x .: ~(:x.)~o j) xt;;.r) 61:x : ~C:.X)=DJ (9) 

(IO) 

(II) 
lf-~t is a difference -of time intervals which perturbed 

and program motion is exist on, caused by nonsimultaneous­
nes·s fo end conditions ful·tilment. 

Let us first of all pay attention to those problems, 
· - 'ee~ · 

where perturbed motion control ·w (t\?) havevcalculated 
and such program control U...lt) is required to be found 
which would give to system (I) minimal (or maximal) value 
of one coordinate of vector .Xb"e) under conditions that 
(8), Q9) and (lr) is kept with the presscribed probability. 

A relative problem to that is the following one: to 
choose the control in the program movement (7') so that 
m~~imaize the probebility of the event (II) with the 
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CODdi tions (8) - (IO) kept . 
In this wordi ng the problem ~f program motion control 

defining is a new one which is not b.e met either when 
c onstril_cting the -program motion or stabilizing the perturbed · 
one. At the first turn an practical prototype of this prob­
lem occurs where perturbep. motion control vJ (t 1?) ·owing to 
the restricted composition of magnitudes measure~ during 
the motion, admits the existence side by syde !W~th pe-rtu:r­
bations, compensated by this control, noncomp,ens~~ed ones 
also. The practical value of such statement"':CQi; -:.the problem 
consists in the reduction of influence of thEtlatter. 

' ., 

Purposes point out _above are achieved pot ., only by the 
choice-- of program control U.lt) _. It is permi ttable to consider 
that w lt,~) is not give completely, but as s structure 
only~ for example) 

wLt,r) ~ k!lf)i 

where 2 is part of r , that can be. measured. To 
define the control W it is necessary to set a matrix 
Kt-t) , choice of it a:nd contro:t . li.Lt) permitting to achieve 
the purposes in this statement of original problem. 

If we don't confine ·to .'give ·structure of perturbed 
motion control · thes-olution of raised problem (to maximize 
the probability of event (II) With the rest o~ restrictions 
on system (7) being :ful~iled). mean~ joint choic of ult)­

control on program trajectory, -as well as control syntesis 
w lt,~) in perturbed motion. that is :finding it in terms· 

of time and coordinates measur~d. 
In missile dynamics problems those of them, where 

necessity of - joint program and pert11rbed systems investiga­
tion is obvious (the · latter being stochastic one), constitute 
the balk of problem which may be called stochastic missile 
dynamics problems. 

The way on which we look for the solution of such 
~toohastic problems is rested on the basic lemma s tated in4• 

4. Sufficient conditions of absolute minimum 
for stochastic systems 

The starting-point of the given direction can be 
· fo~n~ !n~._R~s~li8_o£t~i~e~ !n_t~i~ ~aperx)are true for a 

x) These results constitute a par't of inve~tigation, 
carried out by the auther and V.F.Krotov 
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vast class of stochastic processe; '¥ tt,-»-) . Limits to that 
class are giveri below. 

Let -the right parts of (I) or (7) are 

c~·tt,wl -::: f ( t u(+ w) 15tt,w) ,-~ tt,w)) t E [o~J 
d.t- J I ('j '1 I . "f } 

where random vector function ~(~w\ given on probability _ 
space ( Q _ ~ , \::> ) 

1
with the prescribed control ·J Lt,U)) 

satisfie$ the conditions,· which define ~tt,w)a..s. n -dimentional. 
random process5 ' 6 • m a ·moment T we know the va.lue of 
functional, ca.J.clilatad on solutions of system 

J r M[ ~~·(t,~lt,w), lXt,..>) ~lt,w))dt + f:('JIO.w),alr.wW := 
- i) 

~ (Mfl q lt,w)
1 
lllt,w), ~lt,UJ)) DU+ M F( ~/a,w), ~ (ljw)) . 

6 
(I2) 

IPunctions 'F (~ to,w), -~ll;w)) and f"(t, ~(t.w),nl~w),·~ h,u)~ - dre P-
~integrable here on ·Sl aad on ~[o,~J respectively for 

functions ~ . u aad l to be 1118t below. 
In a.nr IDOIHDt ot tille cOntrol ·1J (-t,w) and vector 

fUDctioo ~lt,w) beloa.g , to sets QLt,~) and _ Bl-t} of spaces R-n~ 
and K,~ [see (2), (J) or (8)-(IIO]. Let D be a set of 
"pairs" ~ lt1w) and 'lf ,( satisfyine; to differential 
equations and restrictions pointed outxl 

Let's state the problem: •from a set aof pairs 11 · 'f {t, w ), 1r 
we have to fitld such one for wtich the functi-onal :J v10uld 
have the least value (ij such a pair is absent in th& class 
l>, it is necessary to ·look for a minimizing- sequence ( y,,{t,t.-; ) 

(/ 

\J ,,)t]) upon which :1, ~ l iniJ >C ) • 
. , .J) 

Lemma mentioned given the opportun-ity ·~.o replace the 

~r2.b!e!!! 2,f_f'!;!D£t~o!!a! Il!i~1!!!i!&£i2.n on set b by the same 

x)I don't indicate here functions of what "uarameters" the 
control v - is because in each cade this~defines its 
own class :::D • At this general case it is important only 
to pint out that 'tf belong to given set fort E[O,T} 



problem on more vast set E of independent pair of vector 

functions [ ~lt,~), tf) , satisfying to ail conditions raise d 
above, besides equation (I). 

Let•s put to consideration a functional 

f[ t, ~Lw)] ; ~(l.C>) e R~ ) i 6 [o
1
T] , 

differentiated with respect to 't .and also having rest­
ricted continious· Gcdeal.(. - derivalive ']),.1f fo.r arbitrary 
randow variable ~ (w') .from . R.~ • 8 

Let R[t U{u.) Vj~ = o~[t,~lv~] +J) fft ·wu))ixf'(t ttiw) V: '$~(~u)) -
. I 0 · 1 · l)t _ '} f(l. -U '<J · I 1 'f 

(IJ) 

and.,.. 

<fr.to.ttl .~ lT,u>il ~ M~t~o4,~tr,..s~+f[T,ytr.w» -f[o, 1fO,uVJ 
(14) 

Theorem A. Let us have the "Pair" of functions _ yh,w), i5 
1 

then in order that this "pair" would minimize the functional 

J on ]) the existence _ ·of such fun-ctional ~[t,~twlJ is 
sufficient with properties mentioned that 

1. RCt ~lt~ v]~ s~'J- _ Rtt1 ~iU>),v.J ~Mtt> (15) 
'<t 1 I !}lw)6 B\.t) · - f 

..+... - . ·vtQH,~ ~ . . 
2

• ~(~{o,w)t'~(T,v)B =. : ~~ t_ ';t' [~:(f>rwi,~(7;~il i (!
6

) 
_ , _ _ j(o.~¥,'jiT,w) x) 

- 't{D(~) _and ~U,~)be!onging to the sets (J) • When absolute 
minimal does not exist on :D theorem terms I an_d _2 

defining a minimizing sequence ~{t,w),1JnJ coincide _ 
with cited ones, if the sign of equality is replaced by the 
symbol: ··~ as n ~ ~ ~ 

To prove the theorem let us defin~ on set ~ functional 

l ::._M F(~ to(~),~ (~ui>) ~~r r; ,~L~~n ~-.g [~ ~(t}tv)] -

- (i-o'llt,~i_::J] .,]) 'fh ,;~,j-\ x~(~t~fwl 1; -~ltw))--Mf(t ~ti).JJ v ·~Jtd~17) 
J \ --;-.·r ') ' :1 - 1 (! , 1 ' .- 1\j 1 • _, 0 , _.._ . \j . 

x) The theorem is also true in that case, when and 

c:.re elements of .same B,a.nach spaces. 
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,_ 
This f unctional is a continuation on set C of f unc -

tional J , de :fined on .:D • Ind ed, on ~ · owing to (I ) ·· 

and that ·for (I)~ 

eN [ ti~Lt,wJ] -=[ d'f~t·'!J ~~'f[~~ tt,u;)} !JlWt.~·i ,7J, $lt,W!l]J.-t, 
l 

; =- cp [u'o w) u(Tu::Sjl -- rr-d~·-f"'H't t L1(t,u;)i 1.5 •. ~ct,u~ D d:t; J 
......_ - A\! { ; I (} I . 'f: l <f 

If func~ional 'f[~~h:>)\ ~nd "pair'' of -~L"tl.u) and Lr
1 

satistying to theorem terms I and ·2, exists then from (I5)­

(I7) it results that this-{!-~Inimizes L on E and by lemma 
the functional ] on ]) • 4 

Let us pay attention to a case, when Y(t1 v~) and 
·if E} (Q ·~ P) that is Y¥-hen admissible control and correspond-u ..... 1.. I I 

ing ~o 1 ~ (i~ J) ) vector ~ [-t ,u..) a:re random vectors (for 
any t E LO,ri'j t.he '"'Oordinate se quar~s of which are P -
-integrable ·11iti:t • : i _ : : L -to . I un• tP.!PO: ) ~ Let ·~ltrw) El2 (Q£. p) . ~ r ·- . ) , / 

for tELoiTJ also. Then under the same conditions for 
the right parts o:f system (I), which prov2ded the existence 

of ~olu!ion ;j(t,uJ) of (I), -fCi
1 
~ (t,w) ,15Ctrui),~{i~))E.lz.(i?,~/) 

fortE LO,T] 6 ' 7• But for a linear functional in d. (.Q \) r' is 
an integral of measure P<.) 1 Se l ! ' ) 

J)i~[i.1 ~(w)] )( {ltJ ~(w)1 '?) ;~tt,~-t)) =-

= r <!)'1(-t ulw) U) f(t, \t(L()) 1J:.'~(iiw)) p(c~.u;:) 
)) t(j I (J / ; ! , 

Here row ~ctor '-S"~(t,wiw) v)leL-.(Q ~? , . 
(J I / "- I I / . 

Theorem A terms, putting )he constraints . on ~ and 

-+ at minimal (~lt/w)l v) give a_n __ arb~t~~riness broad 
enottgh in setting of functional ~l t, ~{u,;U out of it. This 
allows to choose the most fitted algoryihrn for solution of 
problem. 

Let us dwell on two of them. We arrive at the first 

aJgorythrn it we demand from RI t
1 
~(~), Jj(w'i] to 

satisfy ide.ntically to some conditions in the region [o,T]x~ 

this is an analog of Harnilton-Iacobi-Bellman formalism for 
deterministic case 4 • 

If we confine ourselves by carrying out the theorem 
+e rms on the mininal sought for only, vle shall arrive at 

/ 
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a.n analog of kgrange fo:rmalisw • .S j_mila.:!' t o t hat case we 

reduc e .the problem ~o a boundary _:problJrr1 for ordinary 

diffe rential ( but stochastic abready) equa tions. 

5 • .An analog of Hamilton-Iac obi- 3ellma.n for~ti.?lism . 
Systems, linear in s t ate coordinate 

~t her; and below the region of cpange for ~ (t 1w) 
when L. E (.o;T J be .an open cne and 

(' Lr-~ . i '\i c . l() l-·t. ' .i. .\ ;! - . .L- "[) f[ t )t [ v:i] J l \1 \-.( _., 1 --=: .... lAP I'\ 
1
';ftu:>1.?.J J :.:. · s~..t. p ._-__ .. J_"!..~--·-·..:. ~ 

. • I t1 - ~ I --, .,... I 

·!\ t.i)(t" t, ; . ··j,-:. ;•) () ~ 
,. "' ~ ·- V'' \,., , .. ......-:. . 

+ \ r \Q ~Jlft lA !u.:) L..: ~ -{ ftvlu.~-~ 1J:'t(tu))) ·- ·4v(i tA(t-0),LJ .. _ .~{t w''lJp(oL.c)l ::. 
-' - " I ;if "i ·· J \. • .{ · I ' ' · ' J I <J · 1 , 'f I '){ ~ .n " -4. . • . 

- oi[t.\l (~) \ ( i.J. ;) cL,.... \J) .. 'If . f. vl p(- .; , \ (IS) 
--~~_:;:' + ~~- \ ) •' - ) , t .\J...,uj 

cLi 156Q n_ · - · 

V'ie shall take ~[ t, ~ (l..c)J so that (? doe~ -not depend on ~ llr .. ~1 
t ·hat is . 

J i 1.1\.-- ' . ..... ' ..> _, • 
o-l.t· ~ -'~)~~-;l .~ ~f + ~~- . r- •- ( I~"-1 -~~'>~ Ff.,:~..,_,:. I .= C (-t) 

' (! ..- 1> L 1) & ( . ';) · . 

c(t)is a f~n~tion ·of time. ' i:h~n 9[t,~i~)] =- }'-ttt) for 

any ·} ( v.,;) • 
If for 'J-=. U [i: 1 ~{L.,),\j R(t 1~(vJ) 55J has a supremum 

in point l i ·~(v.:· .1 l that is 
,. . _, . __ ., c• ,._, ,., : ~'1 

R [ t U { v~ \ 'l}J = ) l [ , '·it' < 1 ( 

' - I ~~ . ' I ,. -~ , . (I 9) 

then solution of system (I), ~ ttr~) together with 1) 
belong to ':D , satisfy ing te.rm I of theorem A. For 

fulfilment of ·the second term it is sufficient to demand, 
that for t ~ T aoes not depend on - ,~ C!;v_;; , tnat is 

1 c .. 1 ~ (T,\.f)u -= cov~~t (20) 

As an example for application of above mentioned we can 

take the s ystems, linear in state coordina.ts. 

Let right parts of (I) have t he fe r n: 

r - A ·l·-L ,\v. 1- h_ ( t, It_. t.u1
1 J- \. i ~ ' d- f . ' . 

and 

(21) 

(22.) 
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A is a.·n ma t rix here, G.." and h are vectors, h tl is a 
• 

scalar function. 
We shall find the minimum of functional, put"ting the 

--boundaries of. control change, depending on 't only. 

For our !unctional J R have the form _ R [ t,~·w),U]-: 
~ "b~ht * ! {l 'f'~A -acJy +'f~ h(i,U,W) - h0 (t,u'jw)'J p(oJ.w) 

and 9Ct;~{u:.~J :~i + ~ ['f'~A- a~./}tl..lj) P(~) ·-t~(-t) / 
where .et · 

Ult) ·= J~ ~[~"h(t,t>;w)-h»(t,t51 w)] P(ciw) 
To satisfy the system (I) it is necessary to choose 

functional '-f [ t 'U(w)] so that functional 
not; 1~ 

would..-depend on ~ [(.;.~: 

d.R.t lS$ [i .:H·~: ~l -= _\ 'V(t,w) tt [w> P(dw) 
' . !j • . If 

Q . 

Then 0"' [ t, ~ l w) J .::: H d ~¥\- 't' A -ec;Jtlu:.) Pt:ctu.J'+ df U: 
S'L ., . c ' . .., ' 

..... ot .. ) c · ' j) t L-·u't · ;)htt ; ), j,t) J ·-h U1 :fL-,_~)_l Pt.;l_c) 
dC.. t -::: ...:>L~ \ T\. 1~ ~. "' ~ i · . : . 

75 ! ' p 

Given row vector function . f{t
1
w) . by the system 

clf.(t,w) . w,4. -==- a. 
dt -r ' 0 a.e. 

(24) 

(25) 

If (T,w) -= {) a.e •; (26) 

\•(B shall see, that 9[t1 ~ iu..::il= ~L±) does not depend 

on ~tL:.~). , and f[!~ ~lL~YJ = 0 ( ~
1

[01 ~{o,u.:-U = con·st here, for if{t1u~. ) 
has been taken as fixed one). Thus the two terms, put upon 

the functiona~ in Hamilton algorythm are fui:filed. In this 

case the choice of functional 1 was Teduced to Cauchy 

problem for syst~m of linear differential equations. 

6. An analog of ~~.range f ormalism 

Let us suppose that functional S [ t /'t lLi.;i] has the 
second ·: Gateau-derivative and the s econd mi xe d de r iva tive 

])_1'f.,lL1 
~ f..0l] is continuous. We shall l ook f or this funct ionb 

... ...,J -~ ~ - ~ 

together with the minimal dlt,u.:.) 
1
'15 from c ond.ttion of maxi_$um 

of R. over ~ a nd V on this minimal. The .... R... and P 
over ~- tu:) stationari ty condition in L ~ l-t, w)

1 
li ) point 

can be wri.tten ~ e qua lity to zero of linear part of R..• s 

i ncrement f or some ~\:t1w) :=- -~(:t,v.:_~ +hi.t>-1) 1 
wi t h h lt1u} <-:::- .l :l... and suffi ciently s mall. 



?=15 
:Namely, 

J)<,~t[t ~ (t ~,j >-Ht w l ·t- \. ~ . fit ~(t,vJ) w) hitt. JJ!, yitf<!11n)F' ,_' .h 
':J I <J I · ' 

1
"t. '-J Id t ' · '· l.j : i ; 

,., -:- _ (0 
1 

,.-. _ - r~ , • _ 

+ \ L'- vi_ !...(t w) +~9lt,4 Ltl-4;) w '\:I.J t(t Lilt {/j' v,. ~{t u l)J h b:,. Lr:r)] P(d~.I.) =-C 
) , "V!}, J I I \1 I >_) " (] tc.1 I ' I ( . ' 

, ...,_ \.1 "' ) ~- " . . 

If we designate '-j' .. L tl 4 a(~.-:>)] ..:::: lf{ t: <-t.'> ) t he first two 

terms of above equalitydwill be J' c..l_'fl(~--) h f-f.. ', ~\ HI·'~A-t...- l l2.. C~.t ._, .._, ....... ,. 1 -·' 

because, due to the second mixed d~rivative continuoune ss , 

"D:·L?. =- d ·"'t-.. . 'f; . Thus this equality can be rewritten as 
1 , "t ·c .,.. .lJ :1 . · - ~J [ d'fl'(t,w) +- Hv (:L ~(t v.J) t r ·~. Ll

1
L-'.; ll h (~L·.J Mot..:.J ::::{ _\ 

12. et 1 ''-' 1 .. , 1 · t --' 

where H(t,~w) ,1Ji ~) = \f(t,w) Jlt;~{w~ ;Yr~J ·-i ~ 
Owing to arbitrariness of h( t,u..; ) the condition 

of R over '<(tL· .... j stationarity is equivalent to 

ol tt \ --_- ~\l.V) J.. w l+ ~i-t " ' ) If ~{t ( . .tJ ") =0 ,,;+ , lt \l u ... t d l -, "' ~- 1 / ce ·t::<::" c~..e (27, 

with such end -~ ·ondi tion (condition of £t\ over t t i;W) 

stationari ty for now ~-lo(w) is fixed) 

'f' (T;~) = ~ ~ ~(u(;.G)) I 
"if cJ / tt"= T o .. e. (2a) 

For ..._~tl t,~;Lt, ; .. ::>D is a number, whent E[011] I"Z over 
~s supremum, the condition defining optimal '\) , takes 

t hjf [~~S ~~~..,),if] ~ ~J f 1lt, ~L t,w),w) + ( -r, ~ , ~ ~) - t ( t, ~~ \Ji '&) ]ru.,!: 
.::::: f't.-L'f>(t~~~(t ~- ~t)- 1°JR~-t~}:::.. J I " . \, , • I \.. -

St. (29) 

= S~ ~ ['t'Ct,w) -1-(t,~ lt,.>),li~)- -\"(t,j, !5, 'ce2 Ff-Q,)-=St'f.J{[t ~-:. v] 
'l) e Q JL · !_.j'(-::-Q 1 

-J · 

In such a case when fqr !J ( l1w ) end conditions are 

given, sa~ 

J G{~ (T,w))Pfc&J ·~ r:_ _ · 
SL M Fl' " \ " ., 

the condition of stationaxi ty of ~ jt't;v-·~) -t-lf[ T,'~("TF.l)j 
(JO) 

takes the form of' 

\f-) (T w) ::: - [ ~· ~(lfi d) +\f.; 6{~(Lu.)){ 1-' _, (r · , ~i , .. u · . .__. t = T c 2 s' ) 
)\ is an isoperimetric consta!Jt to be defined by equality 

( Jo ) . 
If the functional ~Lt,Ad(r...=.::2] can be preset in ~neigh-
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bou.rhood of ex~~:mal (~ (t,w) •, V} so that _t he_ sufficient 
condition of k.Lt, t.J(v_)j 0] ' !::. maximum fo.r 1: ~~ [ 01 7./ occurs · 

• (/ 1 

on extrema1 itself, the given extremal owing to theorem A 
is the absolute minimal. Now theorem A may be reformulated 
so : 

Theorem B. Let the aggregate of vector functions . j(t,v-~ / 
iJ ·t[t,(.:::) be the result of systems (I), (27) and (29) solu-
' - -t ion. In order that extremal ~ lt,w); ·u would be the 

absolute minimal the _ existence of such functional 'f Ct1 aiv.:.l] 
is sufficient with mentioned properties that ~ 

I. ~'-J~t 1 ~"-t,w.\w~ ::= 'P \ t-,u.>) __ . , ,.'""' . . __. 
2. R L t \.1 lt w) v]. :::. .SL_t .. t'\ R L t, '-1- C .. { J 7.) _( .= t'4{t ) -t e Lo?] 

1<1 , - ! • . 6 ·· Cl , 1 

J. 2£. [~C~w)' -= .l ~:t ]!'[ ~ (t;w'>J 
(i\.1 1\J) 

7. An linear problem 

As an example let us consider ·for system (I) with the 
right parts ( 2I) the problem of functional (22) minimiza­
t ion with the initial tlo

1
u.;) and end vector LJCTiU.: l fixed. 

Let us use the theorem B. 
Solving with given. end conditions the system (27) 

together with (I) and equ~tion 

CL-f( t w·J-h lt i5 .cc)-h 0(t ·u wl]R o{w) ~ ~u.~ ~ ['Ph (t 11);w) ·-he c~q uuJ l1du..) 
Jn. ' . I I . j I . u &Q rr. - . ( J Z) 

we shall obtain the erlremal 4lt,v.~) 1I f(t,uJ) , 
(] I J • 

Let us see that this extremal is the absolute minimal of 
functional J • 

Let ~[t~'{t(w!l=-(Qtf(t,w)~lu.;) P(ot.~) then texm I of 

theorem B is fulfiled. In this case owing to (25) and (JI) 

R [ t i~(t,..: ,V] = ~~~ C-Pt ~lf A-o_ a )~tt,u.) -f h tt, ~ui) -h ·c t,15, wflf'(J.4 = 

= ~ [ t h lt,U "') -h•( tl ihc-il ft~t"l)::: <;u__p R[t, ~iwi, IJ J 
Sl. J , !Lt1 . 

i.e. the second term of theorem B is also fulfiled. 

s. About possibility to solve of first and second 
statements of original problem 

We shall use the results of section 7 for solution 
of problem which can be considered as equivalent of - the 
f irst or second statement of original p~oblem (se e section J: 
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Jht us pre set the proce ss over [o,T] by the system 

X ·::: f( t, X) u_) 

-i ~ q (t
1
X,.LS. Z +R.Lt ):,uJ ~{tiw) 

(J2) 

Let X {o) ·-::: :x~) 

fixed. 
and some coordinates of vector ·:t:.. ( r) ·be 

The random influence ?lOrw) and '!f; {t1r..t) is given by 
its probability distributions . The performance characteristic 
of the process .. i s 

(JJ) 

We shall maximize this probability by th~ choice of 0Ltt) • 
Let us notice' that P~[ Ct 1tr,u)) \< cj;:::- ~sf(tt?-0;~.,;~) P(olw), 
where - F(p) is the characteristic functions of L:-c;*"c] 
int erval. In usual sence this function fs not differentiabl e, 
so we s~all consider its derivative as a limit of approximate. 
functions derivatives ~(p) , as K ....::>;-""-' • Therefore it . 

is necessary to consider a~l re l ations includinf the deriva­
tive of this function as limitary as K~OO 

Theorem B allow to look for ·optimal among those 
which minimize the integral 

( ~ f(t t») f + t.A(t,~)L Ql(tw) +Kf(11tu)J1 P(dv~ jrL.. ( 7. 

with condition that row-vector functions 'f an.d r 
satisfy the . quations 

0 · = -L~ t-f . -+ Jvt ( Qx · ;z +R)(. ·- s-: )l : _, V\ CJ4) 
TJ )(J { J"- .>~0 J-J '' ) 

\b. /-... - w (·ua.. ~- ,'1' . ~-
T) lt,w - - ;x-f · ·o ~"t~ Z:..ll1w)); ij coordinate :l.j(f) is 

fixed, 

not 

t; -= ~ 1-4 Q[t, J.·, u.J 1-1 (T
1
w) :::: - d F- Q_ 

f . . / I - d~ 
I 

(J5) 

It follows from (J5) that u ( i ~):: ..j.f M ft)_.whe-re 
l ' I '-"f I . J 

~ 

IM =- .-F Q[t,:rl ~ (J5') 

Therefore the last integral is transformed into 
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=0kJ!'f2l ~~- -:- Y(-c)Mzl, _, _ : -~~(tJ~({c)M,~( ~ - y(-{lH l/. , 
lin1jw)-C. 70.tCI,w)--c1 . / b.2{,i i.!..')::= c 'C:./!lf~').::-<_ 

·.vhere ;({c.) and ({-f..' ) is the values of probability density 
of random variable 1-={) ]:(T;v:-) , when 'j.. -:::fl':;t(4uJ) -.::( and f. = --C. 
It follows from (J2) that 

\t -L. -+· -(- ·- . n -· ·l r · -=-- \JI . + ~ Q,.. , ·2 -t- K:<·· )~ L, + i ) 1 
J I -~ j ! ") '-- _) { C . ·- (J7) 

J = I, 2 •• ·'*-
f·-. (·-\ __ o(L -- r.~ , 

j I ) - '~::x~.) 2" L, J 
1 

if ·x j (T) is not fixed, and from 
equations of . the process 

-~ . .:::- ., ·..; · .. , 
~'-'-=- Q !:c + K yclt ; (J8) 

Thus we have had the possibility to calculate the 
c omponents of Hamiltionian by integrating of deterministic -
system of equations (J5•), (J7) and (J8) (boundary conditions · 

.for ·them are n9t stochastical also). The difficulty of its 
integration is that we don't know the conditional eA~ectation 
·zc (o) and ~ . .(t) f~om right parts ·of (J7) and (J8) due to 

thei:~ values depend on the choice of control LLl:tJ over all 
interval of motion~ 

Now we shall consider one of those cases when this 
difficulty can be ~vercome. 'Let .. ~lt,w) ·::: ~(w) and Z!(o..w) 
ar - centred random vectors (this case included such a class 
of pe rturbations met on practice, when it is possible to 
cons ider the m depe nding on some finite set of parameters, 

ie .. r andom variab les) with the . controur lines of joint 
distribution o'f ~(o) and '$ _ bei~g hyperspheres. 
1hen ... 1e to linearity of system fo:r 2 2 and tl..-{ we 

- I -<... I 
!lave 'iA i+ \ ~ -I"' A L+ 2 HJ ·=- 1\ i .t· :::;- I .\ + ( rt ) -~ 

I \.. ~ , ... - - '- ' _, \... Lit ...__, ~ / '(C.. 
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He-re A (t) and Btt) a re . matrices of f undamental systems of 

solutions fox (J5 •) and. (J6) respectively, wit h ACr}= Bt o):.::E 
(identity matrix). S( t) is a matrix of :partical solut ions 
for (J8) when initial conditions are zero ones, :) ~<~ i~- th 
column of $ , is the solution that correspond the influence 
of K -th component of vector ~ • Now owing to distribution 
Properties mentioned 
- - . . . . M .7 l } ' _ 2 "({c.)a.8(T) · 

Z.tlo) -=-2 a(C) 1- ()_ /;t::: (.- ~;)"-~f(T)QI +0.;-:(T)~~(;jQ'' 
~ _ .2 t{c)Q.$(1) 

i..r",'-- - ~ltL&TJ B'(T)a 1 +-a ~{T)S.'lrJa~' 
Due to it the Hamil~onian (J5) is equal · 
f t -:2 . 4 A(t~ Q B.1t) 2olc) ~j s~{T~ -- -1!:1.0. AH) _Q<;-=(t)2taS(r)+~~~a.slv = 

' "' fa' BlT'l-B'(T )a '+a $(T)} ( .:le,• ;:;, .;''Zf&r)i3 'lr'Ja' 1-a {Jr)S trJa '<' 

=if'.}- t;:~~).~.f~~ a.A(i)QB;(t ) -.[~(~.:)~ ~"'?LR <;"(t)f- R~] 
If we set · rh- r)Q H,x,~) 15 zl) ~")., . - . -2rlc-) B~(T)O._ 

. f'-'} (T)-= . - . . . 
. . . · Jo f,(r)B'Lrl1'~u~rJ~lrXt~ 
IS}'"' Qtt:,l,u.)B) ;"'IJ')'' P.,j{e)~E_; (Jf!) 

~;:. QLt,x,u)sK+ R"{t,-x,v) , s~{o)o:=D (4
o) 

• . l'-:..t,2J, .,l1') (4I) 

(K .-:_ - a~Q{t,1. l t-(~ '(i'(r) =. . - 2d'{c)a<;K:fr)CL 

, ~ = IJ ... ) M { fl J3(r) t!/(r)e/ -td !XrJslr>&' \ C 42) 
- - ...!! . . -
\LI . -- L.- "-' { +2 M)Q D :) . ~Yi(Lrf.) cK- Of: J 
I .) - l )~ · 1 · ~ · o -t L o \X i{'· ..> -+ ~x · -; 

J c..=• .J ~=• ' J :> J-) ··:l' 
\f' (,)::--2?r(c)~[&T) .~iCT>_9:';;s_t; _ _)~'fr!.a-J ..1 ~\ (4J) 

;) V a. Bf..T) R,!(T)D. f T- Ct ~(.T)~I(y_Y]{ i ' I i' 7 X,.)(T_.; 

is not fixed,it follows the fi~al expression for (J5) 

-\ n. _ w i +:; t\.\·~. c0~ :} + ._:; 'YK L~ ne-"" +f2r..l 
cK- 1 \ .;;_... 1 '-"'""' <- 0 '-\J ·'-- .J (J5•) 

.I i: ::j . ~==-i 

vdth optimal control being maximized this Hamilt onian for 
each fixed t . \O , 

Now we restxict ourselves ·to the solution of such 
applied problems mathematical model of which ·correspond the 
two first formulations of original one. 

We reduce them to the solution of some boundary problem 

for the systems (J9) - (4J), (J5'~· 
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STATISTICAL SYNTHESIS OF OPriMAL PULSE 

CO!\ITROL SYSTEMS WITH RECARD TO SYSTEM' S 
STRUCTJRE CONSTRAIN~S 

A. Ya. Andrienko 
Institute of Automation and Telemechanics 

(Engineer~ng Cybernetics) 

Mos cow 

U S S R 

Introduction 

In development of automatic closed-loop ·systems with a 
digital control computer the designers t ry sometimes to 
reproduce control laws chosen ear.lier for cont inuous syst.ems. 
These laws usually foresee the formation of signals action 
over instantaneous derivative of the .controlledvariable. 
As a result the requirements to the speed of a digital computer 
become more strict and the efficiency cf use of computing 
technique is less, especially in eases when the controlled 
variables are measured with random errors. At .the same time 
digital computers enable one to realize specifically discr ete 
algorithms of control formation on the basis- of analysis of 
case history of the control process., Apart ·from this it 
becomes possible to additionally improve quality of control 
at the expense of aptimization of time sequence of quantizati­
on intervals of a pu!se system;· 

The requirements to the characteristics of a digital cont­
rol ~omputer as well as reliability of the whole control 
system are specified, to a considerable extent, by the system's 
structure complexity realized with the aid of the digital 
computer. Therefore, 1 t is expedient u -· synthesize optimal 
systems with taking into account the constraints imposed on-
to the structure., 

The paper d~scusses, in connection with the terminal control 
systems, the statistical methods of synthesis of pulse systems 
with t aking into account the constraints of some basic kinds. 
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1 . S:ynt hesis of a Pulse Control Svstem with 
Memory Capacity Constraint of Control Device 

A controlled plant is considered whose output variable is 
measured at discrete time intervals L '!' The equations 
describing the plant are eonsidered~o be known'!' 

::tvcL~ i> = F ~(L·d) (~~>V, U.t,) 

( v = 1 ~ 2, ... ) N ·-, ~ = 0 , 1 , ... , I ) , 
( 1 ) 

where 
at the 

l:. t ::. ( 3:.1 L 1 J: 2L ) ... l :X: N i.) - vector of plant variables 
L -th time moment; 

V - I V v2. v ·R) - random vector of dis--\. 1l } .. . , 
turbances af:,fecti.ng the pl,ant; 

U.i.,- value of controlled variable-,: 

The value of ~ i.. , of th~ plant output variable ~ L = l:tL> 
measured, with random error ft, , is fed to the input of the 
control device. In this case 

~ L = ~L -t- f L ( L ==- i, 2 , ... , I) . (2) 

The control should satisfy the inequality 

l u ~ \ ~ U L ( L = 0;! ) ... , I), (3 ) 

where lit. -limit permissible value of the control u~ ·­
There are assumed to be set up the a priori densities P(V) 

P(fo) ~ P(j L) of random vectors V , ~0 and of errors 
value~he measurement j i., t · 

The following risk function is a~sumed to be a criterion of 
optimality 

(4) 

The problem consists in defining the oper ation algorithm 
of the system's control device when a minimal value of r i sk 
is achieved; here the formation of the mext control should be 
carried out with the use of limited volume of information on 
the state of control process so that control is the function 
of the form 
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~rt,= (~j > ~JT1 ,, .. ) ~L), 

t!jL: ( U..J 1 U.j-t\ .,". l UL) . 

The memory capacity limi tation is realized by sett,ing up 
number ~ which characterizes the value of observation time 
. nter val. 

The solution of the given problem is made on the basis of 
t~e theory of stochastic solutions and dynamic programmin~. 

tn· formation o£ control at the ~-th time moments there 
ara regarded to be known, firstly, the cont rol functions 

u. ~ -= U. s ( ~ t s , U.t t~- t) ) ( s = L ·~d 1 L -t 2 , . '" , I ·, t = s-n.) 
at all subsequent time moments; secondly, control values Ll~ 

( ~ :: j ,J -+1 l , .. , ~ - ~) and measured variables ~$ 
( ~ , j l ~ i 1 ) ' .. l \.. ) at pree..:.edill_! time moments ; and~ 
thirdly, control functions Us.=- U~ ( ~t~, U.t(~-~)) ( S-: 1,2 , 
...... , j ·, j ~ L -, t\. ; t = S- h.) at _time moments preceeding to the 

observation time interval •. The latter permits to determine 1 

from the a. priori dens;ities P('i),P(f0),P(js) (s:1,2, ... ,j ) 
the distribution density of the so-called vector of the reduced 

. disturbances V~: ('1, ~s; U~:: 0) • . 
The set of equations (1) solved with respect to the output 

variable J:, 'L-ti , the vector VS being fixed, has the f'ora 

~t-ti -= '\'t-t1 ( \f 5. , Use..) 
( \, : 01 i , ... ) I ·, , ~ = o , 1,. '" ·, j ·, j = L ":" rt) . 

(6) 

The totality ( I - n ~ 1 ) of the auxiliary functio-ns is 
introduced _ I 

f !.I(~ !.T , ll.$I) ~ J '1.0( '-1'1 ~~ (iJ s, llsr )] P(Vs) fl P(~r./\'s, 
Q(V~) _ t~s 

Ll~tt·t)) d.Q(Vs) (5~0.i, .... ll-n,). 



The optimal contr ol Ut.::-:. U. ~ . i s computed at sequential 
minimizat ion wi. th respect · to U.t , U..J .. i ) ... , U.. i, of 

the functions OJI., b(J-1)(!-i) , .. . ) fJ~ ( d :- I - Y\.. ) , so that 

tAL,. mln fdd~JL, Uj(i.-t) ~ ui,) (i.· O,I, ... ,I), 
. U.l € w(~") 

where 

lji. " j 'fJI Cfji., lljt; ut.t , ut .. t , ... , u.]: )d.Q (~cL .. t1r) 
Q(~{~•t>I) . . . ·· . 

tAl ( ltt )- region of permissible controls with respect to 
(3). 

For ~=I the totality of alJ?dliary functions degenera­
tes into one :function and the discussed methods coincide with 

. 2 
the procedure of definih.g dual control.· 

Similar methods. can be presented fo~ the case3 when the 
optimal increment AU.t: lli_- Llt-1 . of control is 
determined in the class of functions , 

All~: AU.~(~jt,' t\U.j(t-1)) (L~O,i, .. . )I;j:tL-rt)J (7) 

where 

illjL = (Allj) AUJ+t ) "' ~ AUt) 
!he above given relations do~ not permit, in a ·general case, 

to obtain in the explicit form the algorithm of operation of 
the system's control device. Therefore we shall discuss the 
method of construction of a suboptimal control system, t he 
syst em with independent identification of a plant. 

Let us devide the coordinates of t he vector \ij into 
two groups ~ 

Vj "' (V )•>, V J2>) 
The rando~ vector '/)1) consists of such vari ables of 

the vector Vj , whose ac"'tion on the ·plant leads t o 
that the plant looses the property of neutrality 2• 
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Gen.era.llyi the vector V)1 ) • i nvol ves ran~o~ deviati ons 
of controll ed ple.nt ps.rameters. The vector V)2) consi sts 
·of the res t variabl es of the vector of r educed disturbances. 

Replace the controlled plant, described by (6), by its mode l 
variable in discrete time 

- * - (~) - ) 
3:L,.s ='\ittts(VJ'-,V~ ,U.J(L~ s-1) _-

( i., ~ 0, t , ... , I ·, ~ = i , 2 .. "'. , I - L ot 1 ·) J -= L -n.) . . 
(8) 

Here, vector '~t, the estimate of the vector V~1 ) , 
is assumed to be known but successively corrected at each 
interval i, in the result of minimization of a certain adopted 
risk function. 

w tt) "M { -w-(t) [V)'l 'Vjt (~Ji. I i1 j(i.-1))1} 
(\,:0,1, ••• ,!). 

Correspondingly,_ t he. optimal! t:r criterion ( 4) is -replaced 
by the sequence of risk functions , 

Wlr•M[v(~i, .. g)] (L•0,1, ... ,I; S=-I-L-.1), 
The control plant model (8) refers to neutral plants. 

Determination of optimal, with respect to risk W ~ , control 
of this model is made sufficiently simply according to. the 
discussed relationships. Here the obtained control function 
does not depend. on th~ fUnction of studying the vector ")1) 
at intervals \.. ... 1, l,-+2, "'"', I . -

2. Approximate synthesis of Systems Limited in 
Number of Devices Reproducing Coefficients of 

Control Algorithm 

The system's accuracy estimated by the risk function ( 4 ) 
in optimal control can be improved either at the expense of 
incr easing the number quantization intervals I of a pulse 

. sys t em or at the expense of optimi.zation of program of variati­
on in time of quantization intervals. In certain cases the ef­
f iciency of intervals optimization turns out to be the same as 
that achieved at increase of the number I equal intervals 
by· several orders. Therefore a problem may be · formulated of 
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program optimiz~ion of 'quuntization intervals variation, which 
is formulated as the problem of determining t he ~ptimal "control" 
coordinates (1,~e •. intervals)~ independent of current values of 
coordinates of the pulse sys tem• This problem has alr eady been · 
solved on the basis of a specific me thod of statistical 
optimization. 4 

While synthesizing a system with l i mited number of coeffici­
ents of the cont rol algorithm it is necessary, in addition to 

the original data (1-5) , to set the number L of permissible 
variations of algori thm's coefficients and numbers of inter-

vals Lk (L,=O ; K=i·;2 ,h . 1 L) ,atwhichthese 
vari ations are permitted~ 

Introduce into consideration L cont rol l ed plants with 
smaller numbers of quantization intervals which afe described 

by eJuations ) 

:X.t~, slV\,-.t (Yjt< \u.J:L) (L=j~<ljK~1, ... ~I; j'<::L\{-n) ,_(9) 
obtained from (6)~ The plants .are affected by the vectors "J~ 
which coincide with the vectors of reduc~d dis~urbances in the 
desired system. Define for each plant (9) the optimal functi-

u.(f') u.l") (- U<> -U.uo ) -on l :: (, ~j~ , j (~-1) · without taking into 
account limitations with r espect to the number L of per­
missible variations of coefficients. Ill a cas.e, whe_n .quanti­
zation in~ervals of the original system vary according to 
optimal program the desired control function at intervals 
( L tc-~ + , Ltc) approximately coincides with optimal 

function o~ control of the K -th plant (9) at the 
in te~val \, lC . : 
. U. (-. . - . . ) = (1() (- (k~ - C,K> • ) 

t,\< \ ~Jttl.tc l·UJI((t.~e·f> - U.Lte ~jkl.K 1 U.Jtc (L~e-0 · 
This control can be practically calculated by iterative 

methods with the use of t~~ previously given relationships. 
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,3.- Con trol System Synthesis with Taking 

i nto Account the Constraints wi t h Resnec t 
to Operations Which Can be Real ized in a 

Control Device 

A contr ol· plant is considered which cons i sts of seri~lly 

connected nonlinear inerti a-free part . descr ibed by the 
function 

tt,•O,t, ... ,I), (10 ) 

and t hat under the i nfluence of random disturbances of tbe 
linear part described by the equations 

. M ~ 

Xit\•t). • t. Q.ii.~it"' Le,~""' • C-tt(i .. ~t)'lf~ (~'"t,2 , ... , N), (11 ) 
\ ••• . \Wt 

whe~e "\t'" - value of the output variable of the nonlinear 
part o:f the system , 

&e - random deviation of the coefficient CiL ·• _ 
Assume that the a priori den~i ties of the vectors V 1 ~ 0 , 

errors of measurement s j \, and the value of ~C are 
described by the normal distribut ion laws. 

As a criterion of optimality the risk function is adopted 

W ~M{~~ •• ). 
Regarding the peculiarities of digital computers it is 

reasonable to adopt algebraic operations as operations which 
can be r ealized in the control device. Coasidering at first 
the case when dispersion "De of the value 3C is equal 
to zero we shall define optimal control in the class of linear 
func~ions of tee type 

u.~, =t~·AJt ~e ·~ Bjt '\fe. ( i..= 1,2 , ... ,I·, j • i,- rt ):_ (13l 
Fo~ the line~r part of the plant (11) the equation (6) 

has the form Q ~ _ 

~t·d: ~ Ci$Lq_ V~flv '*' [ ~Lt 1fe 
(

• J I') '·r· 2. t-=~ . . . ) L-c:1,c..,q.~ ; S•\1 p•·,J·) J::t,-l'\. · _ 

_ The con~tional :::nathematical expectation M (~I .. \/ ~Ji,, 
1{J(l-O ; 1fLI :t 0 ) · ~s the known linear f unction of 
the measured variables of the syst~m _ 5 . f 

M(~I-ti ftiJ~,~d·(t-h ·, :u-~I :0) ~~A~~ ue +r.E· B~t '\l'e · 
. d -~ d d ~ 4 
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It can be shown. that the desire.d coefficients 
of the control algorithm (12) mus~ satisfy~ollowing conditi-

ons . . J 
" . ~-1 

2A~, M(u~) -t r. . .aJ!K M(ue,u~) + L..e•J.~< M(ue 1(~<') : 
o~ d K~ d d . k, a 

l(-~ (14) 

=- 2 ~Ll M (1fi.(LL~) ~e 1 (t~ j ,j -t i) ... , L) 
~ ~-i 

2.B~t M ('lfi) ~ L .A j"' M (1ft~~) -t E. r; j\( M (1fe 'l{K) = 
d ~ ~t 

=-2.fo tr M(1fl(u.~)'Vt1 . (t~j,j~t , ... } ~-t). 
The correlation moments of these rel-ations should be calcu­

lated with t he use of specific methods. 6 The values 
satisfYing the conditions (14) can be determined by iterat~ve 
methods. 

In case of 1J c. -:1- 0 there can be set the problem of ap­
proximate determination of optimal control in the class of 
rational functions. This control can be calculated ·from the 
relation 

u.~: K ~M (l.r+t I ~jL ~iiJu ... o ·, 1{LI: 0 .I Se? oc.t) ) 
where the coefficients K~ are determined from the conditi­
on 

-~~I M(M(~I"t /~jL, Yj(L-i) ·, '\(Li =0 ·, ~c-8c*) \li{U.t)}:: 

·=M tlM (:x.r.l /. gj L , 'lfj (L-t> i '\f~1 =0; ~t" Oc" )] ~ \ , 
and the value 0 C is calculated from the condition of 
minimization of the risk function 
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4• Statistical Sy~thesis of Invariant Pulse 
Systems with Taking int~ Account Structure 

_Constraint& 

In a number of cases the accuracy of a system obtained in 
s ·tatistical ·synthesis with taking into account struc'\;-:.:tre 
constraints turns out to be insufficiently high comparing 
with ultimate accuracy possibilities of the system designed 
without taking into account the constraints. 

Improvement of control accuracy can be achieved ei the~ at 
· the expense of weakening of requirements with respect to 
structure constraint or at the expe~e of use of the principle 
of invariancy in synthesis of the system. · 

Let us assume that a control plant is aescribed by the 
equations (10), (11)~. Set the problem of finding the control 
function minimizi ng the risk function (~2) under the conditi­
on of minimal influence on the risk 9f v·aM.ation of parameters 
of the d.is tribution law of separate d..i..stu:rbances V t , V 2. , ••• 

1 
'V, 

The control should be found in the class of :functions linear 
with respect to variables of the vectors ~Ai,., '\(JC~-t) . 

Such a control at the first ~ intervals can be found 
from the condition 

. Mi, " mi-n. [M i.(I·H) ( ~ 1~ dq1l, '~~'ttL-1) ·, '~~'i.t= 0)-+ 
1 l.l\, -€.W(li~)· . . . · ( 5) 

I 
_ ""'\f~(U~)~~C 1 K1 (L=1,2, ... ,tt..), 

where in calculation of the value M i1, (~t / Y1l,1it(L-•) ; 'U'L(t-t)=O) 
it is assumed that the measurement .errors at these intervals 
are equal to zero. 

Introduce at the control interval ('t~1) ~ (I-+i) 
a new controlled variable 

~~ wlJ· -~~ . "' ~ \,. \.. \ • where the values Xi, are calculated from the rele.~ion 
• ( - - ¥1.;..' 

;I,\, = M '1.\, \1\, I u i'L \'\{V 't-1) ·, '\{ 't.l, ~ 0 ) ~ \f 'L l..: t.,K 
• d l • ~~ 

and t-he value v, i,s ·determined so tha~ :Ll+1 = 0 • 
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The desired control at the-i ntervals ~ ~ "l~i , 't-+2l .. . ~I 
can be defined from the condi 'tion 

Mt ~ hti.n {M (:x.r .. t I gj,L, A'ii'J,(L-1); AVLr ~ 0)-+ 
u.L E: w(u.L) I · 

+ [\f~(U.i,)-11'~) [CH< 
J(:' . 

(16) 

wher,e 

~I~~ (A 'If 'Lj, ) A 'I( '1.(jt•1) _, •.• ) A 1f'LL L o.1f'I.K ~ 'lfK- t('l.· 
The conditions (15) and (16) lead to the realtionships 

of the type (14),which can be solved by iterative methods. 
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43.8 

OPTIMAL CONTROL SYSTE!vi. :!"OB. STATIONARY 

ARTIFICIAL CIRC~ITEP~ESTR1~2· SATELLITE 
ORBIT 

A.A.Leb,ede:v·, M~N.~asilshchicov, V. V . Malishev 
Mosc~w, USSR . 

- Solution of t echni cal :problem of opti mi zation the 
s t at r onari artificial cirCimlte.rres trial sat ellite (SACS) 
process o:f · tr~:Sfer to. a giveri position with ne cessary 
acctll'acy at minimum. energetical loss is be i ng considered 
in this report4! 

By SACS w~ me·~n 24-hr equatorial satel-lite. For an 
observer on Eart~ such satellite will seem motionless. 
Thanks to this particularity the. satellite can be used at 
global communications• system creation. A number of techni­
cal reaso~s do not pe.rrnit to transfer · the satellite directly 
to the longitude required. "To transfer SACS to a required io 
longitude method ,of transfe; ellip~e · is used 1 (Figure I); 
the essence of .this me.thod is in . the fact that satelli.te 
moves at ·elli~tical orbit with apogee (perigee) at altitude 
corresponding to the radius of stationarJ orbit, the period. 
of revolution. being .less ( more) than 24-hr: Because of it 
satellite will drift to East (West). Very high final 
accuracy required is particular for this system, which 
leads to the necessity to create control algorithm on feed­
back prin~iple. This feedback is realized by definition 
o.f SACS's angle (azimuth) ·<k'\L .and SACS's distance c'-t- in 
coordinates of .ground trac.king station situated at. any 
point on Earth. Since final accuracy and t otal energy loss 
dep end not only on control algorit:hm but on satellite 
initial insertion veloci ty as we ll, it is interesting to 
solve also the problem of optimal calculate d velocity of 
transfer the satellite to the alt i tude of stationary orbit. 
The given problem is t he one of control based on incomplete 
data and its exact s ol ution on this dat a is difficult~ Then 

2 the approximate method is used , the sinthesis problem 
being divided into t wo i nde pendent y roblems. The first one 
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consi sts of .transfer process potimization in assumpt ion 
that all the ne cessary for control data are avai lable. The · 
second one is to det t his inf ormat ion by potimal processi ng 
the data of measurement. Principal assumpti-ons at solution 
of formulated problems are given below: I) flat problem is 
being considered, that is sate l lite deviations at latitude 
are being neglected ; 2) initial transfer errors at realiza­
ti~n of corrective impulses is supposed further on that 
control is realized by velocity impulses) and errors of 

. ~ 

phase coordinates determination are int_rOduced into discuss­
ion as irritations. 

I. Let us take into account vector· of SACS's phase 
coordinates ~ , the components of which being ~1 -

satellite deviation from given position at longitude at the 
moment of passing through apogee (perigee); ~a- satellite's 
drift velocity per one revolution at transfer ell ipse 
(Figure I). Equ~tions of satellite motions in terms of above 
given coo~dinates are the following: 

::r. · ~ (\) .... . + v{t+u. · )'-l -+ \' ~ '\· \:~!. ..... '\. . \ J . '\. \. ,. 
(I) 

\\.=O.i , . .. N ) 

where :x:'- is state vector -x.. at the moment of apogee \. 

1 

{) 

t I 
t I . 

V= 
i 

i 
(2) 

Here U. ;, is calculated value of corrective velocity impulse 
'\. , Jl- '- , 1L;., , ~\. are multiplex and additive components 

·of control influence error, N - number of revolutions at 
. t .ransfe:r ellipse orbit. It is supposed that .f'- and 0 \ are 
accidental cent~red independent Gaussian numbers and 

(J) 



[ - denote mathematical expectatj.on . 

So j\·t\. and to\. may be considered as d1scret white -noise. 
Mathematical formula of problem to search the optimal 

correction algorithm comes to the following. I t i s necessary 
to find such a sequence {\L'-}C \.. = I, ••• , li), which assures 
the final precision r equired, characterized by given :risk. 

(4) 

at minimum energy f oss measured by risk 

(5) 

. J solution of problem given has been received in and comes 
to the foll owing. Algorithm of optimal correction loo:rks 
like 

u.. =-l · :'t · '- '\. '- , 

where 

Mat:ri~ A~ is determined according to the _recurrent 
:relation 

(6) 

(7) 

(8) 



with an init.ial condition lf'(+t -=- .i\., • 

Multiplier d.. should be determined by method of successive 
approximations or b,y graphic ·techniques on condmtion 

(9) 

where ~o is mathematical expectation of vec,tor ~·u , 1\.~0 = 

=El:I.a::r.~1being its . covariance matrix, R: , being the required 
value of risk R

1 

Matrix J\_ t() and. coefficient . Cto are found by recurrent 
correlations 

(I~) 

(II) 

where f't\. =-'IT 1. s:t.-1. 'V \ i. ~6~) 
with initial conditions .R.tx·d = 1.. . C !X+ I.== Cl. 

Satellite drift optimal calculated velocity at its 
transfer· to the altitude of stationary orbit. according to3 

is equal 

(I2) 

where (.i\.~2. )
11

, ( .Jt
21 

) are corresponging elements of matrL"'Cl0• 

As follows from the mentioned above, for optimal control 

one should know state vector ':l:- and time C(o... of SACS's 
passing through apogee. Sin·ce these components can't be 
measured, pr?blem of their optimal estimation arises. System 
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(I) is not cornrenient f or determination of opt imal est imations 
of vect or on base of ground measurements, because vector 

of measurements itself is not included in this system. That 

is why equations of satellite motion in rotatin.g geocentric 
coordinate system, linearized relatively to ::re·fe rence 
c~cular orbit are used. On condition that measurement are 

discret, these equations is: 

(IJ) 

where 't~ - ·.state vector a~ the time \.)\. , it:3 components 

being 1.
1
= ~~ - deviations of SACS altitude from the one 

corresponding to designed circular orbit, 1-2.: ~.'l - SACS 
deviations a t longtude from the position a~ calculated 

circular orbit, ~~ =~Vc - radial component of satellite 

velocity deviation, l~=-~Vs -deviation of S.!CS's tangential . 
velocity component, A\:l"--t~_1) _ - state transition matrix for 
discrete equation of movement, corresponjing to the reference 

circular orbit 

'I ':1\nc.Jc't 2. ( ) 

I 
it -t ~ca~Wol.. Q ~ We 1-cosc..ua't 

6 ( .,. i 2. ( • \ _: -~ + 4 s\n c...1o't 

1

1

1 

. .. -;-
0 
\Wo'\:,-~\1\Wa"t 1 --· ·-. -\1-CO~\.J~i 

.._ WoCo . a C.~ C.. oc.0n A.\'t)= ~ ~ 

I ;)wa~·q\C.0 0"t G CQ\;W 0't 2.~nw()'t 

jj -6w0\\.-co~C.V(lc) 0 -2.~\nW0't -~+ltcosc...J 0't 

(I4) 
~.. . . 

I 
• 

(I5) 
0 ! 

0 

D= 
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Measured coordi nates clu.:~ and 'C. \.llt are re l ated with components 
of state vector 1.y_ by equation.s: 

Here R~ , .il"\L , ~.,., - are respectively ragius of Earth , 
longitude and latitude of ground tracking site. To receive 
a more simple .estimatic algorit hm equations (I6) and (I7) 
are linearized~ To. provide a better conver-gence of estimations 
at it, one linesrization about previos optimal predicted 
estimation at a preyious step of ~easurement is being used4• 
In this case it corresponds to linearization of equations 
(I6), II7) in victnity of transfer ellipse predicted on the 
base of optim~l estimations after the next correction. Then 
(I6) and (I7) may be rewritten: can. be expressed by 

(I8) 

where 1l'i. ·is vector of measurements; R.x is 2x4 matrix of 
partial derivatives, elements of which depend on time ,and 
on previous estimations; tr"K is vector of measurement errors , 



which are Gauss ian independe nt random numbers wi th zero 
mean an.d 't: Lt\ v:. 1 = Q\" • 

Taki ng into account t he above said, optimal est imat i o-ns 
of state vector ~~ , ar e optimal estimations ac o~r.ding t o 
Bayess r ule 1~ , 'l"' and are dete r mined by the f ol..!.owing 

t:: 

e quat i ons"" 

( 19) 

. (22) 

If after cycle of measurements completed the estimation · 
error of components 'lx. not exceed the additive error o:f 
corrective impulse realization than the determination of 
moment of satellite passing .throuh apogee takes place from 
t he condition t-."""l c.~ G • In that case optimal estimation 
of ~~ 1s equal accuracy of linear approx~mation 

(23) 

Estimation of components of veot-or :x_ ·is being determined 
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'it 

f or t he time Z <X-. 

2. I n t he numerical t.re tment 24-h.:r satellite has been 
c onsidered I' 6 for which :t. 1x1 = -J5°. Parameters · of stationary 

orbit were: 

c0 = 42I65 km, 1 0 = 86I64 sec. 
The transfer process is considered completed if the 

following conditions are fulfilled: I) satellite is within 
the region of admissible longitudinal deviations \ -;x.,~. \ ~ ~llm 
2) residual drift velocity ~ is such that staing of 
sateliite within the region \ :r. ~. \ ~ ~ l.m during the time t~ i s 

q~ranteed a. ~Jlm = 2, 5°; -tb ~ 60 revolutions 60 days were 
assumed. Region of admissible fiial errors on phase plane 

is shown at figure 2. 
Let us approximize the boundar y of region 1:' by ellipse r ' 

(24) 

To p rovide the final admissible accuracy with probability 

0 7 997 as the :z.·equired value of risk R1 , the value ? .... ~1 should 
- e taken 

( 25) 

As f ollows from (24), matrix 1l in risk R1 (4) i s equal 

i_ i 
11 - -\:..% 2.-t~ Q 

11 Jl= 
i ll 

'~ 1\ 
2.-tt H (26) 



Taking into consideration {25), (2b} and using e~uat1~ns (7) • (10) k 

calculations wer e carried out2f'or dif'f'erb~ t Talues of :l and .}'[ and 
~ -4 2. grad 1 2 ,:;f-. 25.1 0 ; 'S t. • o.oo3 rev results a~s given in figures 3 :-

4•5• 
The definition of the necessary interval of measuremante and. of 

their number per each revolution is given, considering the ~stimateG 

error of' the satellite veloc ity components should not exceed the 
additive error resulting fron the a ppl ication of the corrective 
velocity impulses. 

on the grounds of the covariance matrix numerical cal culations tn 

acc-ordance with equations (20),(21) for G'J-1-• o, the interval be t .lfe:Ern 

measurements was taken equal to 1 hrt their .number beings. Cur«ea 
characterizing the convergence of state vector Z coordinate ar e g 1Ten 

in fig.6. It was assumed f.tJ.-1- G'cJ..u., •0.003-0 
; ~ ~\L·25km. • the initial 

launching errors being C5r.-e • 50kms; a'b..i\.. 1°; Gn.._;s • G rNc. .. 1.7 m/ae.c /1J'l! 
/6/. 
3.In order to examine the actual possibilities or S.Acs•s satiara~to~y 
transfer to a .given position using the sugges~ed control algorithm. 

the simulation of the closed-loop control s ystem by Monte Carlo 
method was applied. When simulat i:ag,attitude and s tabil1zation err·ora 
during the SACS correction were taken into account , assuming that they . 
do· not exceed the measurement error and the corrective impulse applic;a.­
t ion error by more than ~~ ~ 2o The satellite dynamics was de:f'iaetl 
btJ the equations ot the elleptical the-ory /7/. Furthermore it was ~/. 
assumed that ~and ~'A: relations to vector Z components were liftear. 

When simulat~ng the closed-loop system the follow·ing pr i ncipal 
versions were e~amined: 

1) supposing that the exact values ot ::-\.,~~and '\:, .!. were known , it was 
possible to check the correction algorithm. The dispersion pattern ~ 
for this c~se is given in fig.~ As may be seen ·from fig.i, the 
dispersion:near to normal and is i n good agreement with t he calculated 
dispersion; 

2) if measurement errors are prese* t, taking into cons iderat1o-n 

all the above mentionrd factors.. The disper*ion pattern for th is •;~ 
case is given in fig ••• As it may be seen from fig.Q the dispers ion 
pattern is rather differ~nt -from the previous one,_ but even in this 
case it is within the admissible limits. 
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Ali ADAPriVE MAN-COMPUTER CONTROL SYSTEM 
FOR A CHEMICAL PLANT 

R.Tavast L.Mytus 

Institute of Cybe~etics 
Academ,- of Sciences of the Estonian ·ssR 

Tallinn, Estonian SSR 

1. Introduction 

Supervisory optimization systems with 
loop are frequently considered as a step 

a man in a control 
toward completely 

automatic control systems only. Nevertheless, in cases of high 
responsibility of control decisions, for example in cases of 
high costs of mat-erials, or a danger of explosions, or · when 
a plant performance depends to a considerable extent on non­
formal factors , a human decision-maker (D-M) must stay in the 
supervisory controlloop as a final decision element. 

T~e paper deals with computerized information system (IS) 
algorithms investigation. These algorithms must be in accord-

ance_ with D-M practice and requirements.It i s assumed that the 
D-M needs several kinds of informa~ion which are as follows: 

state of the plant, based- on indirect measurements; 
- limit technological ~~d economical possibilities of the 

plant of estimated state; 
optimal, in some sense-, decisions; 

- behavioUr of the plant of estimated state, corresponding 
to various inputs selected by the D-M to test. 

Consequently, IS has to identify the plant in the presence 
of noises, to solve several optimization problems with various 
perfomance indexes ~d constraints and to imitate plant oper~ 
ing. 'Due to hnman.factor in control loop it is necessary to 
solve the overall stochastic optimization probl~m in separate 
steps, plant parameter . estimation (model adaptation) and 
optimization using adapted model, in order to give the D-M the 
results of each step. At the same time, in cases of pract i cal 
importance . such a separating procedure seems to be the only 
possible approach in ~olving adaptive optimization problems . 
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In this r eport t he problem formulation and i t s solut i.on 
f or a typical chemical plant is given. As an example t he f orm­
aldebyd product ion plant is considered . 

2. The control problem. 

The plant .operates continously on a time interval [O,T]. 
I t has controlled and uncontrolled input vectors U = (u1 , •. • , 
ur) ' and V= (v1 , •• • , v

8
)' .respectively, which are assumed t o 

be known exactly at every tiine moment f' rom i nt erval considered. 
The prime denotes the transpose of the matrix. The physical 
state of the plant is the distribution of some physical pro­
perties Q = (q1 , .. ~ , qt)' (temperatures, ·pressures, concen­
trations, etc .) along t he space · coordinate T). At discret e time 
moments n = 1 , •.• , N1 ~ _N1~t = T, the stochastic 
process of the form 

zn = Tn + wn 

m-vector 

(1) 

is available, where Y i s the plant output vector and Wn is the 
measurement noise vector sequence with bounded variances. The 
time varying of the plant characteristics is caused for er­
ample by catalyst decaying or poisoning. 

At every moment n the control system knows: 

1. Un' Vn ' Z0 ; 

2. Hypothetical model of the plant Y = F(U, V, e, n); 

3 • . Finite s et of perfomance indexes w1 , iEA = { 1, .•• , e}; 

4. Restrict ions on the decision space that determines 
partially the admissible set of decisions ru· 

5· The plant environment situation . Sn characte~ized by 
economical and technological time-varying, partially ill-defi­
ned conditions (plans, arrangements t technol ogical conditions, 
etc.). 

The purpose of the man-computer control system is to make 
and adjust control decis ions Un at moment n to satisfy 
conditions in Sn in the best manner, in some sense. In most 
cases economical optimization criteria (perfomance indexes ) 
·are predetermined by Sn ' but there is always some f _6edom in 
choosing admissible set of decisions ru. Sometimes Sn may 
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·change in a · manner that demands the optimization criterion to 
be altered . ,The optimization problem formulation is .the f:i:rst 
task of the D-M. (It must be emphasized that t he ~roblem of 
mapping Sn into ru and wi, iEA is the psychological one and i t 
is not discussed here). The task of IS algorithms i s t o solve ­
several optimization problems f ormulated by the D-M . f or the · 
time-varying plant . The final decision Un at 8

0 
must be made 

. by. the D-M again on the bs.Ses of the solutions, given by IS .. 
For getting additional information he can access to t he 

computer. 

Optimization problem. Find point Ui_ from -- admissible set 
rtf=Er to minimize perfomanca index expectation . 

(2) 

where wi are known functions(profit, production yield, product 
quality, etc.). Admissible set ru is of the form of joint pro­
babilistic conditions 

(3) 

where P[A] denotes probability of A, 1 - yG is the subject!~ 
ly allowable probability of violating condition G(•) ~ 0, 
the latter being an inequality system 

l 

Se S gc(Un' Tn) S gc· (4) 

Some of the elements of real ~ositive vectors Q = (g1 , •• , Be) 
G = (g1 , ••. , gc) are fixed by Sn, some can be chosen by the 
D-ll. 

Optimization problem solving is the task of computer alg~ 
rithms, which will -be considered in the following section. 

Final decision-making. The D-M can accept one of the U*, 
ieA and make decision Un = Ui.n ~ or interpolate between several 
solutions, or ~ormulate a new problem. Before adjusting on the 
plant the final decision candidate will be tested on the model. 
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2· The plant model. 

The stationary behaviour of a distri buted ?lant is de­
scribed by lumped parameter model of the following structure. 
The model has input vectors U, V that coincide with those of 
the plante Output vector Y = (y1 , ..• , Ym)' elements are known 
functions of t he physical state Qat points ~1 , ••. , nv 

Yj = hj[QCn1 ) ~ .... , Q(nv)], j = 1, ••• , m. (5) 

Differentia~ equation which has ·been const ructed on the hypo­
theses concerning the plant 

D (Q(T)), U, V., 6] = O, (6) 

involves space derivatives oQ/oT) and unknown parameter vector 
A, but does not involve tiille derivatives (heat and mass trans­
fer equations in stationary conditions together with equations 
of chemical kinetics). Equation {6) subject to boundary 
conditions 

B(Q(~) , U, V] = 0, (7) 

where ~ are coordinates of plant boundary, determines the 
solution 

qk = 'k(T), U, V, 6), k = 1, ••• , t, (8) 

with U, V, 6 fixed. Subs~ituting (8). into known functions hj , 
j = 1, ••• , m we have static operator as t~e plant model 

Y = F(U, V, A), F = (f1 , ••• , fm'1· (9) 

In all cases of practical importance we can obtain numerical 
solutions of (6),(7) only .. The elements of parameter p6-vector 
A are [from equation (6)] heat and }!lass•.~ transfer coefficients, 
chemical reaction rate coefficients, etc. Several elements of 
6 may slowly vary in time. There is extensive literature con­
cerning chemical plant modelling in the form (6), (7) (as, for 
instance tn3) but theoretical models with time dependent para-

.· meters are seldom available. Hence we shall take some formal 
model approach 

~ = C(n, a) , (10) 

where e \is an p-vector of !unknown real parameters and · n is a 
time index as before. Some simple examples of (10) are 
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An .= e, p~ = p, • (11) 

'An = H(!]' p = 2p~, (12) 

here H. is an p6x2 mat rix of unknown f)arameters , e is known to 

lie in a domain re: 

r 6 = { e: ~ s e s e}. < 13) 

Taking (10) into consideration we have t ime dependent memory­
less plant model 

Y = F(U, V, e, n). (14) 

4. Multidimensional parameter estimation. 

Consider the m-vectors residuals 

en = Zn ~ F(Un, V n, 8, ri), n = 1, ••• , N, (15 ) 

which are random independent vectors with unknown multi­

dimensional distributions. It -is . assumed that at the · beginning 

of the interval (0, T] ~ sets .of vectors Un' Vn' Zn' n = 1, 
••• , N as the basis of initial estimation , are available. 'l'hus 
we are led to the problem of nonlinear simultaneous estimation 
of unknown parameters1 • We introduce following notations 

X0 = (Un, V0 , n)' 

zjN = (zjl' ••• I zjN) f 

ejN = (e:jl' ••• , ejN)' 

F jN = ( f j (X1 , 6) , ••• , f j (XN , 8)] ' 

ZN! = 

eN = 

. FN = 

<ziw• 
(eiN, 

(F{N' 

... ' Zd)' 

... ' ~)' 

... ' F' ) ' mN (16) 

So the problem is to find estimate e that minimizes quadrat­
ic form 

~(e, t) = eNg-l~, £w = Zw - FN' (1?) 
with Q = te~xN' where t is an unknown residual covariance 
matrix, • is . the symbol of direct product, IN><N is the , unit 
JD.atrix. 
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The estimate of E can be c~tnputed in s everal ways. Fo.r 
exampl e, the following iteration proce~s can be us ed. Denote 

by eN(Ei) the parameter est imate correspon~jng t o minimizat ion 
of ~(e, Zi}: 

1. Take as the initial estimat e '0
0 

= !:
0 

e i base~ on known 
me$Surement properties. 

2. Minimize ~K(e, with ~-1 & l.­= LJ i t o determine 
aN(Ei ) . 

3· Evaluate estima t es of a jk' j, k = 1, • •• t m e l ement s of · . .... 
€·€k 

= :p , ej = <ej, ••• , e jN)' 

Ejn ... = z jn - f j JXn, ~ (t i)] • 

4. Compute fdetEi+l- dettil S ~~ if yes - go t o 5., 

else take Ei = Ei+l go to· 2. 

5· Take~= eN(ii+l). 

( 18) 

or 

The convergence properties of this procedure are not known. 
Another method1 uses each !Of the res idual Ej' j = 1, ••• , m 

least-square estimate e(j) approach: 

1. Minimize ~(j)(e) = Ejej to det ermine ij(j~ j = 1, ••• , •· 

2. Compute elements ~jk of the matru _t as - in point 3· of 
previous method, where 

• ( •(j)) 
€ jn = z jn - t j xn ' e t j = 1 ' ••• ' m. (19) 

3. Minimize ~(e, f) to determine initial estimate Sw. 
If we assume, due to complex interlacing of independent randoa 

effects, the normality of Ej' the ... least-square ~stimate will 
be consistent and the estimate E converges in probability 

to z1 • 
It is necessary - to apply here minimizat ion procedures with 

global minima seeking property. In 7 such an algorithm has 

been developed. Its brief des-cription will be given in section 

5. After the initial estimation of ~ the corresponding 

. recursive estimate correction SN+l, SN+2 should be done since 
~, Zn, n = N+l, N+2, • • • arrive successively. Consider a 
slight modification of - stochastic a~proximation scheme4 ' 5, 6 

for the case of vector output· which is closely related to the 
"batch processing" scheme of reference5. . 
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Us ing the found matrix• estimate t · the unit step loss 
function equals to 

.,. = e•f-1e 
'2 n n--

I ts gradient is the p-vector 

where aF is an mxp matrix. Introduce an p:r:m matrix ae 

K, = ~ 11~]: 112(~~Jeni-1 . 
k-1 _ ek 

(20) 

(21) 

(22) 

where ·IIBII2 = Ama:x: with A.ma:x: equals - to ma:x: eigenvalue of B'B. 
Then the truncated recursive scheme of the form 

with 
en+l = (en + Knen]r ' e 

(23) 

~ 
1te~e 

[e] r = . : it !! < e < 9 
. e • if e ~ !! (24) 

satisfies the conditions of theorem 6 ~4 ref5, and hence 
(en - e) ~ O, in a.sq. and •·P· one while n ~ ~. 

I 

s. The approximate solution of the optimization problem. 

In this sect_iori, instead ·of plant out put vector Yn, in the 
inequalities (3) and perfomance indexes wi the model output 
fUnction F(Un' Vn' en' n) at stage n would be used. So the 
original opt±mization problem is substitut ed by its determin­
istic approximation: find Ui.n to minimize 

(25) 

subject 
(2&) 

Here is assumed that the D-M is able to choose vectors ~' ~d 

t o guarantee satisfaction of (3) with probability at least yG. 

There are numerous possible (25), (26) solution methods. 
We shall reduce this to the seeking of unconstrained minima of 
t he function 

(27) 
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n ;:: t s. ·a - gJ.d + lg. - ~. ~ l + jgJ. - -gJ.d l j:l J - J . ~J~ (28) 

and x is a positive ~onstant. Here again al ~oritbm Ru-237 is 
use.ful. It turns to account .. the values -of J onl~ and does no 
use the derivatives, sc anning on _some successively ,~qcreasing 

domain in ru with successively decreasing steps. 

The IS computer algorithm is schematically on fig. 3. 1.'.he 
init i al .estim.aticm of ~, ~ along the · second method is perfor­
med usin:g Ru:_2~~ ~ · Further · f . is, used in the recurs i.ve model 
parameter _correct.ion. Paramete-r estimates end the smoot hed 

values vii o'f ~Jn are used ·:m the model for f inding the optime.l 
decision : U'! with · wi!/- _r 11d pred_et ermined by the D-M, and for 
c·omputing Yk ·= _F(Uk , · Vn' ·en' n) w.ith -Uk ·set by the D-M. 

-6. -Formaldehyd plant control s :·stem . 

T.he ·plant - (fig~_ 2-) •· Methanol (CH30H) . end water are mixed 
i.r. the boiler (position 1) -- an.a· are conver ted- ir.ito steam ( 2). 

The steam mixed with air is preheated (3) and fl'lws into the 

react~r _ C:n .. _Reactor output gas, after cooling, goes into 
~bsorbing :-_ system where formaldehyd (CH20) and methanol are 

absorbed, gas consisting of co2 ~ eo~ H2 , o2 , N2 is thrown off~ 

. The plant' is C?.iltrolled by air flow rate . (u1), met hanol-water 
·_ correlation (u2), contact. zone temperature (u

3
), and inlet air 

temperature ' (u4) • . The controller outputs (t'i' i = 1, 2 , 3, 4) 
are filtrated. Filtration error is as sumed to be negligible • 

.. 
At discrete time moments, measured values of reaction gas and 
the product analysis, methanol and product flow rates are 

available·. 

Decision-maker. The D-M is the piant _t echnologist who 

chooses U = (u1 , ••• ; u4 )' in complex vs.rying situations. This 

decision depends on catalys t pre _:J arin g mode: on nominal 
(planned) values of product yield and quality , on season, 

conditions of absorbtion, in a word it depends on sn. rrhe main 
reasons for making a new decision are catalyst decaying and 

nominal values changing. An experienced technologist ' can 

choose for e-ach Sn decisions that. are admissible but may be 
far from ·optimality. D-.M does not make a new decision if -S~ 
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changes although decision stated pre7iously appeared to be 
• admiss ible. IS improves the D-M's decisions by complementing 

his conceptual model. 

The control goals. The admissible decisions are such as 
prevent explosion and guarantee accomplishing of nominal 
values of product cost , quality and yield. In e"".ch state of 
the plant (catalyst activity , absorbtion coefficients) the D-M 
can choose several control goals as situation Sn changes: 

1 . Maximum average product yield; 
2. Minimum average production cost ; 
3. Maximum average profit ; 
4. Minimum average methanol concetration in the product. 

The plant model. Conversion of methanol into formaldehyd 
is a heterogeneous catalytic process in a fixed isothermal bed 
of silver catalyst. The main r eact·ions are methanol o:xydation 
and dehydrogenation. together with side and consecut ive 
reactions. Reaction rates are dif~usion controlled, hence rate 
coefficients depend on gas flow rate. Model equations arose 
from heat and mass balance and chemical kinetics. The con­
version process is an autothermal one: reaction zone tempera­
ture depends on the concentration of reagents, steam t empera­
ture and ra~e coefficients which in turn depend on zone 
t ·emperatur e ~ Therefore the model ou,tput can be computed 
iteratively. The behavior of model and plant is similar 
(existence of stationary points, direct~ons of gradients of Y) . 
By identification procedure the minimum weighed mean-square 
model error can be obtained. 

Identificatipn. Parameters t o be identif i ed 
rate coefficients, · heat · ·:tosses, formaldehyd 
absortion coefficients. 

are reaction 
and methanol 

Optimization problems. The admissi:ble set ru is construct­
ed on bases of following set of inequalities: 

1 • ~r ~ ~n ~ gu ' Eu' gu 
restrict ions; 

4-vectors of technological 

A A 

2. g2 ~ g'2 (un' F(Un' Vn' en' n)) safety condi~ions; 
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3· g, [un' F(Un, vn~ Gn, n)] s S; normal absorbtion con-
11 < [r. F(U *" • - )] - : diti ons 
-" ~ - g4 u n' n, V n • en, n ~ g4 - CH20 } . -

• - concentrat-
5· ~ ~ g5 (un, F(Un, Vn, ~n' n)] ~ -g5 - cH3oH _ 

ions in the product:quality conditions; 

[ 
f • ... 

6. ~ :S g6 Un F,Un, Vn, en, n)] - nominal yleld requ ire-
ment; 

?·- g? [Un, F(Un , fn' Sn, n)] S g? nominal pr oduction 
cost requirement, where g2 . is t he CH3on -concentration before 
the reactor, g3 is gas volume flow rate, g

4 
and g

5 
are CH

2
o 

and CH30H concentrations in the product , g6 is yield, g? ~s 
production cost .. 

The goal 
number 

1 

2 

3 

4 

Perfomance iindex 

min = ~ . 
... Ud 
m in 

= 
r1Jd 

g?(un' F(Un ' 
... ... 

n)] vn, -en, 

-ga = -g6(g7 - l) 
m in 

= rud ~ 

g5(Un, F(Un, 
A en, n)] vn' 

m in 
= rud 

where g8 is profit , ~.. is product price. 

conditions 
l.-5., 7. 
conditions l.-6. 

conditions 1.-?. 

conditions _ 
1.-4., 6.-7. 

Fontrol system realization. Data accumulation rate is 
low- 16 aweraged quantities per shift (8 hours),therefore the 
IS computation may be performed in an off-line mode. 

The present IS algorit~ enables to control several 
indepedent formaldehyd plants. 'Plants are connected with the 
computing center by .telegraph lines. In a plant data are 
booked into special forms, punched and transmitted to the 
computer. They contain three different dalia sets (Bl, B2, B3) ' 

and plant number label together with colJlputation code. The 
latter shows what kind of informat2on the D-M want s to acquire 
from. computer. Bl consists of Xn, Zn for the identification 
purposes, B2 presents constraint vectors and constructive para­
meters, B3 consi st of "'T~ctor Uk to be tested , on the model. In­
formation from B2 is s tored 'and used until a new arrives . The 
.results are punched by computer in the ~ following forms 
(Fig. 4-6): 
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1. The means of the plant variables, Fig. 4a; 
• 2. Est~ated parameters, Fig. 4b; 

3· Model outputs Yk at the state en and Vn for ·decision 

uk' Fig. 5 ; 
4. Optimal decisions corresponding to goals 1.-4. end the 

plant output for those decisions, Fig. 6. 
The algorithm. is realized on a Minsk-22 computer. The 

pr.ogram consists of 6700(lO) words in core memory and magnetic 
tape of 8192 +<number of plantS>. 1024 words. 
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Fig.3. 
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