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A PARAMETER.-ADAPTIVE CONTROL TECHNIQUE 

G. Stein 
Purdue Universit 

Lafayette, Indiana, USA 

G. Saridis 
Purdue University 

Lafayette, Indiana, USA 

I. Introduction 

For some years nm~ the dual control formulation 5' 6 and the dynamic 

programming fonnulation
2
' 3 for the so called "optimal adaptive control 

problem" have been available to solve control problems involving certain 

unknown quantities such as parameters of the sy~~ 3m's mathematical model, 

parameters of the statistical descriptions for various disturbances 

affecting the system, or entire functional relationships involved in the 

mathematical representation of the control problem. Various efforts have 

been made to utilize these formulations and to modify them for numerous 
. 1 . t 1, 11, 13 spec1a c1rcums ances . Only limited success, howev~r, has been 

achieved in dealing with the significant analytical complexities and 

computational burdens associated with both formulations. 

This paper considers a special case of the optimal adaptive control 

problem for which it is possible to exploit a simple approximation tech­

nique to obtain an analytic solution of the functional equations associated 

with the dynamic programming formulation. The adaptive control problefu 

itself is formulated in Section II of the paper, followed by a discussion 

of the approximation techni que in Section III and the resulting adaptive 

control system in Section rv. The solution is then illustrated with a 

simple example in Section v. 

II. A Formulation of the Adaptive Control Problem 

Let the system be described by the following linear, discrete-time, 

stochastic model, 

x(k+l) = A(a,k) x(k) + B(a:,k) u(k) + r(a,k) ~(k) (l) 
k = O, 1, .•• , N-1 

a E rh = { a1, a 2, .•• , as} 

with the measurement equation 

y(k) = c(a,k) x(k) + D(CX;k) 'Tl(k), k = 1,2, .•• ,N (2) 

The vector x(k ) is an n-vector of state variables defined at time instant 

. tk, u(k) is an unconstrained m-vector of .control inputs, and y(k) is an 

r-vector of measured outputs. The rl-vectors s(k) and the r2-vectors 

~(k) form two independent sequences of independent identically distributed 



Gaussian random vectors: 

· ~(k) ,.., N(O, I ) 
rl 

11(k) ,.., N(O, I ) 
.r2 

(3) 

k = o, 1, •• • , N-1 

k=l,2, ••• ,N 

Similarly, the system's initial state x(O) is assumed to be a Gaussian 

distributed random vector: 

x(O),.., N ~(O),P(O)) P(O) = E {(x(O)~(O)][x(O)~(O)]T} (4) 

The quantities A(CX,k), B(CX,k), r . :), C(CX,k) and D(CX,k) are matrices with 

appropriate dimensions whose elements are arbitrary but known functions of 

the time index k and of the t-vector a. The vector a consists of unknown 

system parameters. It is assumed to belong to the finite set rtz and to 

be constant on the control interval k = 0, 1, ••• , N. . 

The adaptive control problem for this system consists of finding a 

seque~ce of co~trol inputs {u(k), k = 0,1,2, ••• ,N-1} as functions of the 

available measurements, 

such that the following average cost function is minimized: 
N 

J = E { L [llx(i)ll~(a, i) + !lu(i-l)lli(cx, i)J } (6) 
i=l 

The symmetric matrices Q(CX, k) and R(a, k) are again known functions · of the 

parameters a and of the time index k . 

The following additional assumpt ~ are made: 

(i) 

(ii ) 

(iii) 

(iv) 

D(a,k) DT(a,k) > 0 } (7) 

Q(a, k) = QT(cx, k) ~ 0 for all a E 'ti and k=l, 2, •• • , N 

R(a,k) = RT(a,k) > 6 • 

an a-priori discrete probability distribution function q(O) 

for the vector a is available, where q(O) is an s-vector 

with components 

o ~ ~(o) = Prob [a= ai] ~ 1, i=l,2, •. .. .­

s 

satisfying . L ~ (o) = 1 • 

i=l 
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Since a feedback control of the form (5) is desire~ the method of 

dynamic programming will be used to minimize criterion (6). 

Define the "optimal return :f'unction": 

k 
V(y ,N-k) ~ cost of an N-k stage adaptive control process using 

- { * * the optimal control sequence u (k), u (kf-1), ••• , 

u*(N-1)} b&sed upon a-priori information (4) and 

( 7 i v) and upon the measurement sequence 

yk = {y(l),y{2), ••• ,y(k) }· 

A~ying the "Principle of Optimal."}ty"
2
, the optimal return function obeys 

the following recursive fUnctional equation: 

V(yk,N-k) =minE {l!x(kt-1)1!~ + !lu(k)lli + V(ykf-1,N-k-l)Jyk} (8) 
u(k) 

with V(yN, 0) :;; 0 (with probability one). 

In this equation, E {· • ·Jyk} denotes the mathematical expe~tation condi­

tioned on the sequence ykand on the a-prioti data (4) and (7 iv). The 

dependence of Q and R upon parameters a and time index k ~s been 

suppressed. As a matter of convenience, this practice is continued in 

all subsequent derivations. 

Equation (8) may be solved backwards, starting with a one.:.stage process. 

V(yN-l,1) =minE {!lx(N)IJ~ + . l!u{N-1)1Ji ,;N-1} 
u(N-1) 

The conditional expectation of equation (9) · can be express.ed as 

s 

(9) 

E {ca.••)JyN-1} = I Prob [a= aiJyN-1] E { c···Hcx ~ cxi,yN-1} (10) 

i=1 
s 

= L ~(N-1) E {<···)Jcx = cxi,y
5

-
1

} 

i=1 

where ~(N-1), i=l,2, ••• ,s, i s the a-posteriori probability distribution 
N-1 ( ) of pa~eter vector ex based upon measurements y • So 9 beccmes 

s 

V(yN-1, 1) = min I ~ (N-1) E {llx(N) 11~ + !lu(N-1) n~ I Cl = cxi, y
5

-
1
} (11) 

u(N-1)i=1 
s 

·= min I ~(N-1) E{ E [IJx(N)II~ lex= cxi,yN]+ 
u(N- l )i=l 
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12 ( N-1 ) Then it is readily verified that V y , 1 is quadratic in the vector 

X(N-1), 

N-1 A 2 
v(y , 1) = 11 x(N-1) lls(q(N-l), l) + 'I(q4'r-1), 1) (13) . 

and the optimal control u*(N-1) is linear in X(N-1), 

* A u (N-1) = -G(q(N-1),1) X(N-1) (14) 

where matrices S and G and scalar T are nonlinear functions of the 

a-posteriori distribution ~(N-1), i=l,2, ••• ,s, which are defined in the 

Appendix, equations (Al), (A2), and (A3). 

It is now evident that the vectors X(k) and q(k) constitute a set of 

"sufficient coordinates1115 for the adaptive control problem fonnulated in 

equations (1) - (7). The optimal return function can be expressed as 
k A 

V(y ,N-k) = V(X(k), q(k), N-k) 

and the . functional equation ( r:. . becom~s 

V(X(k), q(k), N-k) = min L ~ (k) E {llx(k+l) ~~~ + l!u(k) l ~ + , (15) 
u(k) i=l . 

V(X(k+l), q(k+l), N-k-1) la = ai3X ll{)} 

with V(X(N), q(N), o) = 0 (,dth probability one). 

The existtnce of sufficient coordinates reduces the dependence of V(•••) 

upon a growing ~umber of variables (yk) to the dependence upon a constant 

and finite number of variables (X(k),q(k)). 

Equation (15) can now be used to continue the dynam!c programming 

solution, starting with the quadratic return function V(X(N-l),q(N-1),1) 

of (13). As .defined by equation . (A2), h~Never, the matrix S(q(N-1),1) 

is a nonlinear function of the a-poster~ori distribution ~(N-1), 

i=l,2, ••• ,s. This fact prevents the successful completion of the solution 

in closed form. The function V(:X(N-2), q(N-2), 2) and all subsequent optimal 

return functions are no longer expressible in terms of quadratics or in 

terms of other similarly convenient functional forms. 

The solut ion of (L5) must ther efore be obtai ned by numerical tech-
. 10 

n~ques or by approximation methods. Because the computing time and 
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memory requirements of numerical solutions are prohibitive for all but the 

simplest problems, the following discussion will deal with an approximation 

method which is based upon a very intuitive and appealing linearization 

technique. 

III. Linearization of the Weighting Matrix of the 

Qptimal Return Function 

It has been pointed out that the optimal return function for a single 

stage of the adaptive control problem formulated above is quadratic in 

X(N-1) with a weighting matrix S(q(N-1),1) which is a nonl j near function 

of the a-posteriori distribution q(N-1). That is, 

S(q(N-1), 1) = r1 (q1 (N-1), q2(N-l), •• • , qs-l (N-1) ), (16) 

where r1(•••) is the matrix-valued function of (s-1) independent variables 

defined by equations (~and (A2). The fact that r1(···) ~nly has (s-1) 

arguments is a consequence of the relation 

s 

I ~ (k) = 1 k=O, 1, ••• ,N-1 • .(17) 

i=1 

Let the matrix ]'(q, 1 ) be the matrix-valued "tangent plane" to the matrix 

S(q, 1) at the point q(O). This new matrix S can be canputed by considering 

s itself to be a matrix "surface" on ap (s-1) dimensional Euclidean space. 

fl(ql,~, ••• ,~-1)- s = 0 

Then the "tangent plane" at the point q(O) is defined by 

s-1 af I L ~ [~-~ (O)] -· ls- S(q(O),l)] = 0 I 

1=1 q(O) 

Using (17), this expression can be rewritten as 

]'(q, 1) = q1 u1 (1) + ~ u2 (1) +•• •+ q
8 

U
8

(1) 

where u
1
(i), i=l, ••• ,s, are (ns x ns) matrices defined by 

s-1 

U
8

(1) = S(q(O),l) - L 
i=l 

u. (1) 
l. 

af1 I --- + U
8
(1) 

0~ 
q(O) 

~(0) 

q(O) 

i=l, 2, ••• , s-1 • 

(18) 

(19) 

(20) 

(21) 
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Tbe optimal return function of the one-stage adaptive control process 

(13 ) will now be approximated by replacir..g the weighting matrix S(q(N-i), 1) 

by .the linearized matrix ]'(q(N-1),1) defined in equations (20) and (21). 

Using this appraximatio~ the return function of a two-stage adaptive 

control process can be obtained anal.ytical.ly f'ran the equation 

• s 

'V(X(N-2), q(N-2), 2) c mi( n J. q1 (N-2) E {!lx(N-1)!1~- + .!lu(N-2112 + 
u N-21 .. 1 · R 

l!i(N-l) l~(q(N-1), l) + T(q(N-1), 1) ~~i,X(N-2)} (22) 

The resulting return function is again quadratic 

A A 2 ' 
'V(X(N-2),q(~-2),2) = ltx(N-2) 1! 5 (q(N-2 ), 2 ) + ·T(q(N-2-),2) .. (23) 

and the corresponding control is linear12 

-* • u (N-2) = -G(q(N-2),2) X(N-2). (24) 

The matrices S(q(N-2), 2) and G(q(N-2),2) are nonlinear f'ttn~tions of' the 

a-posteriori distribution q(N-2) which have exactly the same functional 

forms as the corresponding matrices of' the one-stage return function. 

The symbols V and ii* in equations (22) - .. (24 ) are used to emphasize 

the fact that these quantities are no longer the optimal return function 

and the optimal cemtrol respecti vel.y but rather that they depend upon the 

approximation of S(q(N-1),1) by the linearized matrixS(q(N-1),1). Since 

this approximation is directly involved in the minimization indicated· by 

equati on (22), the return function V ~~ (23) and the control~ of (24) 

have a meaningf"ul. interpretation only if' an inequality of the type 

. ,2 • 2 
llx l. s(q, 1 ) ~ Hxl~(q, 1) a 

for &1.1 X and &11 q E {q!O ~ ~ !S 1, . i=l, • •• , s; I ~ = 1} 

i=l 

(25) 

can be established. V(X(N-2),q(N-2),2) is then the minimum cost of' a two­

stage adaptive control process for which the "cost of' the final stage is . ~ . 
somewhat higher than the optimal cost." u (N-2) is, of' course, the 

corresponding minimizing control. The inequality (25.) is indeed satisfied 

as a consequence of the following ~roperty. 

Upper Bound Property of the S Anproxima.tion: For any fixed but 
A A 2 

~rbitrary vector X, the fUnction l~ l ~(q,l)' considered as a fUnction of' the 

s - vector q, defines a supporting hyperplane7 of the closed convex set 0 
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n = { ( z, q) 1 o ~ z ~ !!XII~ ( q, l) ; q E nJ 

at the point (l!XII~(q(o), l)' q(o)] 

where nq = { qjo ~ ~ ~ l, i=l,2, ••• ,s; 
i=l 

!2:22!: The proof of this property consists of two parts: 

( i) A proof of convexity for the set c-. which reduces to a proof' 

of convexity for the function ~~~~~(q, l) on the d<JII8.1n Oq· 

The details can be found in reference 12. 

(26) 

.. 2 
( ii) A proof of .. t~e fact that ltx fc q, 1 ) ~~ f'tnes a supporting· b;JperplJme 

of 0 at [11XIls( (o), l)' q(O) J This follow~ directly f'nD the 

definition of ~ as the matriX-valued "tangent plane" to S at 

q=q(O), and from the convexity of 0. 

Inequality (25) is ·now a direct consequence of the fact that the set a 
. "112 

and particularly its boundary l\X S( 1~ lies in one closed. hal:f-spu:e 
q, "2 7 

produced by the supporting byperplane !XI~( q, l) • 

The inequality (25) is a property of the~ approximation wbi.eh 1entls 

a meaningful interpretation to the two-stage return function "f(X(I-2)_,q(ll-2)_,2) . 

Equally important, however, i ·s the fact that this function itsel:f is again 

quadratic, with a· nonlinear weighting matrix S ( q, 2) which has ~ the 

samE7 functional form as the matrix S(q, 1). It is therefore possib1e to 

approximate the new weighting matrix b1 the same linearized :fOl'll 

s 

~(q,2)= L ~Ui(2), (21) 

i=l 

where the matrices U. (2 ), i=l, ••• , s, are defined by analogy to equation (21). 
l. 

This approximation again satisfies an upper bound property 
A 2 A 2 A .~-

IIX11s(q, 2 ) ~ !IXI~(q, 2) for all X and all q E oq 

and further, it permits the computation of an approximate tbree-stage 

return function 

(28) 

vcx<N-3), q(N-3), 3) = nx<N-3) ll~(q(N-3 ), 3>+ T{q(N-3) .. 3) (29) 

with the minimizing control 

..v* .. 
u (N-3) = -G(q(N-3),3) X(N-3) • 

Since this three-stage return fUnction is again quadratic with the ssme 

nonlinear weighting matrix, it is evident that the ~ approximation mJi7 

(JO) 
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be applied once more to yield an approximate four-stage return functior.. 

and tbat repeated applications of the same procedure can be used to obtain 

a solution for the entire N-stage adaptive control process. The computa­

tions: required for such a solution are summarized by the following 

!'eC'tJr'Sive equations: 

SOlve baCkwards for k=N,N-1, ••• ,1 

~(k) = [r-ic1 (k)J_1T[w1 (k) + ui(N-k)J [r-Kc
1

(k)J-1 (31) 

s 

R(q,k) = L ~ R(a1, k) 

i=l 

s 

Q(q,k) = L: ~ ~ (k) 

i=l 

i=l, 2, ••• , s 

G(q,N-kf-1) =[EX Q(q,k)B+ R(q,k)J1 ~ Q(q,~) A 

S{q,N-kl-1) = i! Q(q, k) [i - BG(q,N-k+-1) J 
~1 I = "f! [ ~ (k) - Qs(k) J A-
. q(O) 

- t:r [ ~ (k) - Q
8 
(k) J BG (q{O), N-kl-1) -

- GT(q(O),N-kt-1) tr [ Q
1 

(k) - Q
8

(k) J A+ 

+ GT(q(O),N-kf-1) {~ [ ~ (k) - Q
8

{k) J B + 

+ R(a1,k) - R(as,k)} G(q(O),N-kt-1) 

1=1, 2, •• :., s-1 
· s-1 ~f 

us(N-kt-1) = s(q(o),N-kt-1) - L ~ (o) ~-kt-l I 
' i=l ~ q(O) 

ui(N-kt-1) = U
8

(N-kf-l) + ~f~-kt- 1 1 , 
~ q(O) 

i=1, 2, ••• , s-1 

wi~h initial conditions Ui(o) = o, i=1,2, ••• ,s. 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

Aga.in, detailed derivations of these recursion equations are available 

in reference 12. The needed definitions of known matrices A = A(k-1), 

R; B{k-1), K = K(k), and c1 (k), w
1 

(k) are found in the Appendix, equations 

{A4}, {A5), (A6), and (AlO), (All), respectively. 
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Repeated applications of the S aP,praximation thus yields a closed 

form approximate so~ution . of the adaptive control problem for.mulated b.y 

equations (1) - (7). This solution can be readily interpreted in the 

for.m of a closed-loop adaptive control system. 

IV. The Resulting Adaptive Control System 

As shown in the derivations above, the adaptive controller must 

generate control signals ~(k) defined by 

""'* .... u (k) = -G(q(k),N-k) X(k) k=O, 1, •• • , N-1 • 

The controls are thus function of the "sufficient coordinates" X(k),q(k) 

and of the matrices G( q, k). Expressions for the feedback matrices can, 

of course, be obtained entirely off-line by solving equations (31) - (37) 

recursively. The sufficient coordinates, on ~he other hand, must be 

computed on-line by the adaptive controller itself. The computation of 

X(k) ma.y 'be interpreted as "state estimation", which can be performed 

by the simultaneous operation of s Kalman-Bucy filters9 (equations (A13) -

(A16) ), and the computation of q(k) may be interpreted as "parameter 

identification", which can be. performed by the application of Ba.yes 

theo~em8 

p(y(kt-1) ja::o:., x(k) >~ (k) 
~(kt-1) = s . ~ 

L. p(y(k+ 1) ja::o:j, i(k) )qj (k) 

j=l 

i=l, 2, ••• , s 

where p(y(k+l)ja=o:.,X(k)) i s the probability density function of. the 
~ .... 

(k+l)-th measurement conditioned on a=o:i and X(k). With these inter-

(39) 

pretations, the resulting closed-loop adaptive control system will have 

the form shmm in Figure 1. It is important to observe that the apparent 

separation of the state estimation and pa.ra;rr;.zter identification functions 

f . . t• 4,14 b t of this controller is not a. consequence o an a.-pr~or~ a.ssump ~on , u 

rather, that it is a. consequence of the approximation method used to solve 

the recursive dynamic programming equations. A further consequence o£ 

this method is the fact that· the feedback matrices G(q,k) are intimately 

related to both the state estimation and parameter identification schemes. 

V.. An Example 

The parameter adaptive control technique presented above is n~N 

illustrated with the following simple example: 
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Let tbe S,JStem be described by the discretized version o~ a continuous­

tble stoc:hastic second order system with a known natural ~quency con = 1 

radiaD/seeoiJil and with an unknown damping ratio 5, which may assume one 

of two poss'ibl.e values 51 and 52 with probability q1 (0) and ~(0) 

respec:ti~. The system equations will have the following form 

x{kt-1) -= [ i 
6 J x(k) + [ 

0

] u{k) + [ 

0 

1 ] ~(k) (40) 

-!l 1-2 51 !l !l a1 b2 

(41) 

1=~2 k=O, 1, • • • , 49 

1lbere A ia the 88111p].ing period of the discretization and where a 
1 

and v 1, 

1.:=1, 2, a:re the staDdard deviations of the disturbance · input and the 

~noise respectively'. Choosing the cost f'unction 

50 

J = E f L [ ~(1) + ~(1) + u
2

(1-l) J } , 
1=1 

A= 0.1 , a1 = 1, a2 
2 2, v1 = v2 • .316 , 

tbe c:aatro1. gaiDs G(q,k), k=l, ••• , 50, defined by recursive equations 

{31) - (38) were computed for several sets of values of 51 and 52• 

Usi.Dg these ga.1ns and a "true" system corresponding to the index 1=1, 

(42) 

the 50-~ adlqJtive control process was simulated on a CDC 6500 digital 

c:allplter. ~ average cost of 100 simulation runs was then used to can­

pare the performance of the adaptive control technique presented here 

vitb. t he pert'armance of two other controllers, ( 1) the optimal stochastic 

eontrol.l.er caaputed for a plant with known pa~eter values corresponding 

to i=I. 8Dd (2) the optimal stochastic controller canputed for a plant 

vi:tb kn.olrn parameter Values corresponding to 1=2. Note that neither of 

tbeae c:cutrol:lers is optimal for the adaptive control problem formulated 

Jlll Seeti.Clll n . The true optim&l. solution for this probl.em is, of course, 

ll10t ~le. The two controllers do, however, provide a meaningfUl 
,-

stamJard of eCIIIp&rl.son.· They are the controllers which will be obtained 

it an a-priori decision is made about the value of the parameter vector 
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a = (8 
1 

y). Controller (1) for i=l corresponds to the correct decision 

and controller (2 for i=2 corresponds to the incorrect decision. 

A typical cauparison between the adaptive control system and the two 

controllers above is given in Table I. Additional cauparisons can be 

found in Figures 2 and 3· Figure 2 cazrpares the per•stage costs of the 

three processes represented in the first row of Table I, w~ile Fi8ure 3 

canpares their phase plane trajectories. Again, both figures were obtained 

by averaging 100 separate simulation runs. To conserve space, the behavior 

of the a-posteriori probabilities q(k), k=0,1, ••• ,50, associated with the 

adaptive control process is not shown. It is sufficient to~tate that 

these prObabilities exhibit well-behaved convergence properties from the 

a-priori values qT(o) = (. 5 
1 

• 5) toward qT( ex>) = (1 ~ o). 

81, 82 
Cost using optimal Cost of adaptive Cost using optimal 
controller for i=l control process · controller for i=2 

~.1' 0.9 571 587 958 

0.25, ·o. 75 447 455 536 

o.4o, o.6o 357 358 367 

Table I. · Comparison of Controllers 

The canparisons of Table I and Figures 2 and 3 all indicate that the 

proposed parameter-adaptive c.ootrol sc~eme represents a premising approach 

to the solution of appropriately formulated control prOblems. 

VI. Ccmclusicms 

This paper has presented an apprcmimation technique for the closed 

form solution of the tunctional equation of dynamic programming associated 

with a particular class of linear, parameter-adaptive control problems. 

The method leads to a silnple and intuitively appealing adaptive controller 

whose performance, at least in the example presented, appears quite 

pranising. Macy questions, however, remain unresolved. For example, the 

control processes considered here are limited to finite duration. This 

restriction eliminates the need to consider the convergence question of 

the appraxilnate solution of the dynamic programming equation3• It is 

clear, however, that if convergence is indeed obtained, then the storage 

requirement associated with the gains G(q, k), k=l, 2, ••• , N, can be signifi­

cantly reduced by storing only G(q, ex>) for an infinite time adaptive con­

trol process. Another interesting question concerns the fact that the 

.linearization procedure makes g(q,k) an implicit function of the a-priori 
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distribution q(O). It would, therefore, seem appropriate to ·recanpute the 

f'eedbaclt gains occasional.ly as the control process evolves and as a­

posteriori prObabilities became available about which to re-linearize. 

These and related questions are sUbjects of' further research. 
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AP?ErmD: 

Matrices for the one-stage adaptive control process are 

G(q,l) = ~B'l' Q(q.N ) B + R(q, N_~:-l BT Q(~N) J. 

( ) 
..JTI -, ~- - - , 

S q,l =A-· Q.~q,:N) ~A-B G(q,l) J 

T(q,l ) 

i=l 

A= A(N-1) = diag { ~I-K(a1,N) c(a1,N)J A(a:i,N-1)} 

B = B(N-1) = column { [ I-K(a1, N) c(ai' N)-i B(a
1
, N-1) } 

- - ' r ·, 
E = K(N.r = colun:n "' K (a:~, N) ~ 

\,. ~ .; 

s 

R(q,N; = L ~ R(a1,N) 

i=l 

- r" 
Q(q,N) = ) , ~ "-i(N) 

. i=l 

Q'i(N/\ = rl_T-K- c1 (N'; j~_1T v __ ,(N'1 rr v C (N)j--1 1 1 
- - w... - -L. 1 ' = ' ••• ' s 

c1 (N) = (0 • •• C(a:
1
,N) • •• C) , 1=1, ••• , s 

2 ith partition 

w1 (N) = [> · ~(:1: ll) -fhth ~agonal 
0 • . • • • ~ partl. tion, i=l, ••• , s 

'!'1 (N) = Trace ( Q( ai, N) P( a1, N)) + 

Trace r w. (N) K(CMCT+ DDT)f.'I'l , i=l, ••• , s 
- l. ~ 

and where the matrices f, P, and M are obtained :t'ran the solution of s 
c 

Kalman-Bucy filter equations~: 

Jl(a.,k+-1) =(I-KC) r/l. u.(o:~,k) + B u(k)l+ I.y(l-:) 
l . ~ ... ~ 

(Al) 

(A c) 

(A3) 

(A4) 

(A5) 

(A6 ) 

(A7) 

(A[;) 

(llO 

(!.1.1) 

(A12) 

~(ai, o) = u.(o) (A13) 
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K = P(a.,k+-1) C(DDT)-1 
:l 

.p(ai,k+-1) = M - MC~ [ CMct+ DDT] CM 

T T M= AP(a.,k) -A + IT, 
:l 

1:=1, 2' ••• ' s , 

P(a1, 0) = P(O) 

k=O, 1, ••• , N-1 

(.!\14) 

(A15) 

(A16) 

In equations (A12) - (A16) the suppressed a and time dependence is given 

by 

K = K(a
1
,k+-1), c = c(a1,kl-1), D = n(ai,k+-1), 

M = M(a
1
, k+l) , A = A(a1, k), B = B(a

1
, k) , r = r(a

1
, k) • 
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DESIGNING MODEL-ADAPTIVE CONTROL _ SYSTEMS 
USING THE ME_THOD OF LLAPUNOV ·AND THE 

INVERSE DESCRIBING FUNCTION . METHOD 
H. Feikema and H.B. Verbruggen 

Technological University, Department of Electrical Engineering, 
Control Engin~ering Laboratory, Delft, The Netherlands. 

i . Introduction. 
In t he l ast few years attention has been paid to nonlinear adaptive 
control systems. This development is caused by the fact that nonlinear 
elements can be applied in a relatively simple way for adaptation. Besides, 
t he application of the theories for nonlinear· :systems has been conside­
r ably facilitated. In this paper we re~trict ourselves to model-adaptive 
cont rol systems. 
In designing these systems the following points have to be considered: 
·- the choise of the model 
- the convergence of the adaptive operation an,d the stability of the 

cumplete adaptive syst em 
- the structure of the designed system and the implementation of the adap­

t i ve controller with respect to possible variations in the parameters of · 
the adaptive controller, undesirable effects of noise, disturbance inputs, 
saturation of the control signals, etc. . 

C'oncerning the structure of the adaptive contr,ol system the following is 
mentioned: 
1. The~e are two possible configurations for including the model in the 
adapti ve structure: 
- serial-model adaptive systems, sometimes called input-adaptive; the model 

and the system to be controlled are in serie:s. 
- parallel-model adaptive systems; the model ~nd the system to be controlled 

are· subjected to the same input signal. 
2 ~ There are two possibilities to impl~ment the adaptive control in the 
overall adaptive systems: 
- the adaptive controller as a part of the original (conventional) control 

l oo-p. 
- the adaptive controller as part of an adaptive control loop. 
3. Depending on the way the effect of adaptati,on is inserted two possible 
confi~ations are distinguished: 
- signal-adaptiv~ systems. Adaptive control is supplied to the original 

syst .em as an extra input or disturbance sign:al. 
- parameter-adaptive systems. Parameters of the system are adjusted by 

adap~ive control. 
In t his, paper we assume the model to be known ,and we consider the configu­
rations summed up in table I, with the main ac,cent on configuration A. 
Parameter-adaptive systems desigried by the sec,ond method of Liapunov, as 
t r eated i n 1 and 2 are not considered here. The design of the adaptive 
controll er is based on. the second method of Li,apunov and on a new inverse 
describing function method (IDF) 3 and 4. 
Firs t we consider the design of the adaptive controller based cri the second 
method of Liapunov. Next the adaptive controll1er is designed using the IDF 
met hod . Finally the results of the two design Jnethods are compared. 
Modificatinns in the implementation of the adaptive controller designed by 
either of the methods are possible, considering aspects and results in the 
design by the other method. We found much correspond~nce between the solu­
t i ons generated by both methods. 

2 . Design of the adaptive system via t he second method of Li apunov. 
A mod!el-adaptive c;:ontrol system can be describ1~d by a state vector :x: being 
a measure of t he di f ference between the "model ·-response" arid the "system-
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response", see table I. Herein i s assumed that both the model and the sys~e~ 
. th . . . . 

are descr~bed by an n order d~fferent~al equat~on. 
The case that the order of the differential equation of the model is l ower 
than that of the system is treated in the "second case" of this section. In 
spite of variations in the parameters of the system S the requirement x = 0 
for all t has to be satisfied. - -
Moreover it is necessary to have a fast convergence to the equilibrium point 
x = 0 when x ¥ O. A necessary condition is the requirement that x = 0 is 
asymptotically stable in the large. This can be investigated by-rhe second 
method of Liapunov by selecting a positive definite Liapunov function V(x); 
and requiring that some well-known properties are fulfilled for V(x) and­
~(x,t), the first derivative of V(x) with respect to time.V(x) can-also be 
interpreted as a measure of the performance of the adaptive system' while 
the quotient of t(x, t) and V(x) is a measure of +.he convergence time of the 
adaptive operation-5. -
It will be shown that the· conditions required for the stability and adaptive 
operations of the complete adaptive system, yield at .the same time ·a control 
algorithm for the adaptive controller AC. 
In designing the adaptive system two cases have to be distinguished. 
1-. The orders of the differential equations describing the model M and t he 
original systems are the same (mtR). 
2. The fgdel is described by an m order differential equation and the system 
by an n order differential equation, with n>m. 

First case (m=n). Consider the configurations A to Din table I . 
Assume that the st~te e~uation~ 1 in Zm and :ls are in the standard form and that 
the transfer funct~on cT(si-A) b has no zeros. 
The time varying matrices A(t) and A'{t) and the time varying vector b (t) can 
be split up into a constant matrix and vector respectivel y , and a time varying 
matrix and vector respectively. 
Some knowledge, however, is needed about the limits of the time varying para­
meters. 
This is necessary to obtain a state description consisting of a constant and a 
time varying linear part. 
The most reasonable separations are the following: 
a} A(t) =A +6A (t) and A'(t)=A +6A'(t), where the constant matrix is chosen 

to be eqgal €o the model mat~ix ~. 
b) A(t)=A1+6A1(t) and A'(t)=A;+6A;(t), where A1 and AA' are constan~ matrices 

whose elements are the average values of A(t) and '(t) respect~vely. 
c)~(!) = ~+6b(t) where the constant vector~ is chosen to be equal to the 

model vector b • . 
The following sta€e equations can be derived for configuration A: 
_!=A~-{M~(t ):ls+~{t)r+~(t)u} = Ao!-.f.11 (:ls,r,u) (1 ) 

x=A x-{6A (t)v +b(t )( u+e)-b r} =A x-f
12

(v ,e,u,r) (2 ) - er- 0 "'-S - -o er-- "'-S 

_!=A;~- {6A1(t)~+(A1-A0 )lm+6~(t ) r+~(t)u}=A;~-!13 (~,lm;r,u ) (3) 

!=A 1~- {~A 1~+(A 1 -A0 )Zm+~(t)(u+e)-~r }=A 1~-!1 4 (~,lm,r,u,e ) (4) 
The vector f . includes all time varying terms and all terms not directly 
rela~ed to tJ~ state vector~· Eliminating ~.from .f.i· yields t~e state 
equations (5) to (8) where !lj now includes ~ ~me varying terms ln ~· 

_!=Ao!-!
15 

(_!,lm,r,u ) ( 5) 

_!=A~-!16 (_!,Zm,e,u,r ) (6) 

_!=A;~-!n (_!,.lm,r,u ) ( 7 ) 
(8 ~ _!=A 1~-f 1 8 (_!,lm,e,u,r ) 

Analogously it is possible to yield a number of state ~ations fo~ con~i~~a­
tions B to D. 
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Second case (n>m). In order to get a description of the adaptive system .with 

an nth order state vector x, the differential equation describing the model 
has to be differentiated (n-m) times. The model is now described by the follo­
wing equatioq.: 
~=A~+~ rln-m) 

where A' is a (nxm) matrix and b' a (nx1) vector of' the form 
0 

[
0 1 

· 
0 

••• 

0 

oj} 
A' 0 0 0 ••• 0 (n-m) rows 

0 ------

b' 
-o 

0 I A 

---------------· 0 

0 

0 

0 

b 

(n-m) columns 

I (n-1) rows 

With the same assumptions as in the first case (m=n.) the adaptive control system 
can be described now by the vector ~~~-~. 
Ther~ are still more degrees of freedom in this case for the elements in the 
last row of A~ · can be substituted by other elements as the following equations 
are also known 
y(m+k)+a y(m- 1+k)+ ••• +a y (k) - b r(k)·o<k<n-m-1 (9) 

m n-1 o m o ' -

Thus it is not only possible to get another confi~~ation of matrix A', but 
also vector b' is altered to a mat~~ which(has)to be multiplied by a0 

vector consi~ing of elements r, r -1 · , ••• r n-m • 
It is possible to get a simplific~tion if r is chos:en to be a. stepfunction. 
Then b=O can be chosen. In 5 and 6 this simplification has been used. In 
view of-the foregoing there are a large number of possibilities to describe 
the adaptive control system, depending on the struc:ture (A to D) , the 
splitting up of .the time v~ing matrices A'(t) andl A(t), the elimination of 
Zs and the difference in order of· the differential equations describing the 
model and the system. This enables us, in the final design stage, to choose 
the solution best- suited for the given condition. 

2.1. The ad,ptive controller. T 
Choose the quadrat1c L1apunov fupction V=x Px where P is a positive, definite · 
and symmetric (nxn) matrix. Dependent on the-splitting up of the matrices 
A(t) and A'(t) into ·a constant one and a time varying one, the time derivative 
of V is: 

V(x,t}=xT(ATP+PA)x-2xTP f.. (10) 
- - - -1J 

where A_is.the matrix A0 ,_A~, A1 ~r A1, ~~ !i· depends on the configuration, 
the spl1tt1ngTup of tne t1me vary1ng matr1x, etc. 
Define -Q =A P+PA (11) 
r r by assumption A is stable then it is possible to choose a positive 
definite symmetric matrix Q. Since ~(~,t) has to be negative definite, it is 
re~uired that 
2x P f .. > 0 (12) 
- -1J-

or with the give~ matri~ representation 
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2(p 1 x1+p2nx2+ ••• + p x )f .. ~0 n nn n 1J ( 12a) 

where p1 , p2n, ••• , p are elements of matrix P. Requirement (12) can be 
fUlfilleR by an adequ~e choice of f .. , for the free parameter u (the 
control signal) .is included in f ..• -AJpossible solution is to choose u to 
be a function of g .. 'which inclua~s the sum of all .terms in f .. except u, 
multiplied by the r~ctor. - 1 J 
sign (p1nx1+p2nx2+. • .+pnnxn) 
Let the magnitude of each term in g. . be greater than., or eg_ual to, the 
magnitude of the corresponding term1 Jin f ..• 
Therefore the control law is ~J 

n· 
u=g .. sign c r -p. x.) (13) 

1J i=1 1n 1 

The control law (13) is not the only one fUlfilling requirement (12). It 
is assumed that the transfer function of the system (including conven­
tional controller) has at least one pure integration; so that in the steady 
state u=o when r is chosen to be a stepfunction. · 
The method of Liapunov can be used (the stability of motion in the neigh­
bourhood of the equilibrium point x=o is investigated) by the same input 
function to the system and the model-and the same d-e gain for both. The 
effect of ~equal d-e gain is investigated in 5. 
For the third order time varying linear system and a second order constant 
linear model is found in 5. 
fij=c 1 (t)x 1 +c2 (t)x~+c3 (t)~+c4 (t)ys2+c5 (t)e+u 
Let gij=c 1 lx 1 l+c2 lx2 l+c 3 1x3 l+c41Y~2 I+c 5 lel 

where c 1,c2 , ••• are the maximUm values of c1(t), _c
2

(t), ••• 

In this case the control law can -be written as 
u~{c 1 lx 1 l+c2 lx2 l+c3 1x~l+c4 1Ys2 l+c 5 lel} . sign (p 13x1 +p23x2+p33~) (14) 

In this text the term g .. will be called the modulus fUnction, and the term 
n 1J 

sign (I p. x.) the phase function, the reason for this will become clear in 
i=1 1n 1 

next section. 
It can be seen from (14) that the-phase function does not depend on the way the 
system is described, but is merely dependent on the choice of P and the 
order of the system. Furthermore, th~ modulus fUnction depends on f .. , i.e. 
on the way the system is described. 1 J 
The speed of convergence of the adaptive operation .can be estimated by the 
parameter n which is defined as 

~n { V~t~lJ tor allY.£ 
therefore 
V(~) ~ V(!o)e-n(t-to) 

where V(.!o) .is the value of' V (~) for the initial state .!o and t=t
0

• 

It is, however, quite difficult to cal·culate n and tl].us to get a measure of 
speed of convergence of the adaptive operation, for V(~,t) consists of a 
linear and a nonlinear term 5. 
As appears from the forego:.ng the control algorithm for the adaptive con­
troller is by no means simple. As opposed to this much freedom is possible 
in the structure of the modulus function. The p. -coefficients can be chosen 
within ample limits imposed by condition (12). 1 n 



The choice of p 1n is, however, restrict~d by the matrix A. By a number o! 
examples the control algorithms which arise from different f .. 'sand confi-
gurations A to D are examined. -~J 
In section 4 one example is extensively examined. The conclusi0P can be drawn 
that all algorithms give excellent results and a difference in speed of 
convergence or response to a stepfunction of any other deterministic function 
car hardly be noticed. 
The controller has generally the form as given in fig. 1 for the case where 

~ is eliminated. In 5 the results of linearising the adaptive controller are 
mc ~tioned. In some aspects the nonlinear controller has however advantages 

er t he line~ one (less effects of noise, saturation of the control signal 
a ready involved). In this paper a simplification of the adaptive controller 
is examined using the results of a similar investigation via the inverse 
describing function method. · 
The second method of Liapunov yields sufficient conditions for stability, so 
a certain simplification of the adaptive controller can be predicted intuitively. 
Possible simplifications of the modulus and phase function are . examined and 
the following conclusions can be drawn. 

1. Simplification of the modulus function. This function consists of the 
sum of terms in x and w. Experiments on a variety of examples have shown for 
all configurations that the modulus function is not sensitive to the orciss':lon 
of terms other than those dependent on x. Moreover the coefficients of the 
terms in X Can be varied over a wide range or even be partially omitted. 

2. Simplification of the phase function. Experiments have shown that the 
pin-coefficients yielded by any given Liapvnov function can be chosen rather 
freely. Variations in pin-coeffi cients influence the adaptive operations 

slightly. Results are already shown in 5• The influence of the p. -coeffi­
cients is, however, quite significant when the adaptive control t~ not 
started with the same initial conditions of the system and the model (see 
fig. 7). 
Though the pin-coefficients can be chosen rather freely, none can be chosen 
as zero without worsening the adaptive operation. 

3. Designing by using the I.D.F. method• 
As in the foregoing a mod~adaptive control system has to be designed in 
such a way that the output ys of the system in which the parameters v~ry 
always equals the output y of the model, so y =y Vt. Although there ~s more 
th . m sm 

an one solution to this problem, we choose, as an example, the block 
diagram of fig. 2, which is analogous to configuration A in table I. 
The output u :of t~e adaptive controller (A.C.) must allow ys to be equal to 
Ym · That means that the transfer function from ym to ys: 

Hs ( 1+HcHm) 
H = H (1+H +H H ) 

m s c s 

equals 1. This is the ease for H >>~and H >> 2_ +1. However, these conditions 
c H c H 

m s 
me an that the model-adaptive system will probably be unstable (characteristic 
equation: 1+Hs+HcHs=O ) . The controlled system can be stabilised if the · phase 

shift of A.C. allows arg HcHs/(1+Hs) to be more than -180°. 
If A.C. is a linear filter, then it can be difficult to fulfil these require­
ments, because the interdependence f the phase and gain of linear filters 
generally is in conflict with the requirements. Therefore it would be preferable 
to design a ·filter of which the gain and phase shift can be adjusted 
in- ependently of each other. The following explains hoT·: such a filter can be 
"l _sj ned . 
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If u 1=u 10+u11• and u2=u20+u21., then: u=u1u2=u10u20+u10u21 .+u20u 11.+u1;.u21 •• 

If it is assumed that u 10 and u20 are de-components, u11 .=U 1 sin(wt+~ 1 ) and 

u21 .=U2sin(wt+~2 ), then u consists of a de-component, a fundamental harmonic 

and a second harmonic. 
For u 11.=o and u20=0: 

u=u10u21.:u10u2 sin(wt+~2 )=U sin(wt+~) where U=u10u2 and ~-~2 • 

If x=X sin wt, then the transfer function from x to u is 
. u -~ ·~ u 
He= X eJ = jHjeJ in which jHcl =X and arg He=~~ 
Now it is assumed that · He can be split into two linear transfer functions arid 

two describing fUnctions in accordance with fig. 3. This block diagram is only 
related to the fundamental harmonics. 
N

1 
can be only a describing function of a nonlinearity with an even characte­

r1stic (u11.=o). N2 can be only a describing function of a nonlinear element 

with a1odd characteristic {u21 .~o). 
Fig. 4a shows an even characteristic and fig. 4b shows an odd characteristic. 
In accordance with the foregoing 

IHcl =X • -x- = u101N211H21 (a) u u10°2 I 
and (15) 

arg He•+- arg H2+arg N2 (b) 
2cz1 2cjH11x 

If z1=Z 1sin(wt+; 1) and N1 is related to fig. 4a, then u10 = --~--- = ----n~--

or in accordance with (15a) 
2c IH11XIN2 IIH2 1 

IHCI = 1f 

If it is required that IHcl 

or 
I N

2
1 • __ n ___ 

2cZ2 
(16) 

From this expression a nonlinear characteristic that belongs to N2 can be 
determined by using the inverse describing function method 3 

Fig. 4b shows such a char.acteristic in which b=n2 !Be. This result is equivalent 
to the span filter in 7 
Other elements that can be used are shown in fig. 5. 
By choosing these nonlinearities in this way we have obtained a transfer 
function He of which IHcl = jH 1 1 and arg Hc=arg H2+arg N2• 

That means the magnitude and the phase of H can be chosen independently of 
each other. 

The path containing H1 and N1 in the block diagram of fig. 3 is called the 
modulus-path. 
The path containing H2 and N2 is caJJed the phase-path. The modulus-path and 

the modulus-function g .. are eauivalent ·, just as the phase-function 
1J -

sign <I Pinxi). 
In spite of the fact that this blockdi agram contains nonlinea~ elements, the 
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transfer function He does not depend on the amplitude X and ·is only a function 
of w. The~efore He can be seen as a linear transfer fUnction. 
If this block diagram is of the adaptive controller, then it is possible that 
ys can be made equal to ym and that the model-adaptive system will remain 
stable. 
The following explains · what the influ~nce on He of the higher harmonics will be . 

In accordance with fig. 3 in which the nonlinearities are defined by fig. 4: 

2cZ [ ] u ( ~ 1+ 1 sin ·2(wt+ljl 1 )- ~5 sin 4(wt+ljl1 )+ ~ 5 sin 6,(wt+ip 1) ••• 

and 

u2= :b [sin(wt+1j12)+ J sin 3(wt+1j12 )+ ~sin 5 (wt+ljl2 )+ •• ~ 
if x=X sin wt, z=Z 1 sin (wt+ljl1) and z2=z2 sin (wt+1j12 ). 

These equations can also be written as: u 1=u10+u12.,tu,4•+ • • • and 
u2=u21~+u23~+u25•+ ··~ 

. . . th . . ( . 1 d . 2 ' where u ...• ~s the J harmon~c ~n u. ~= an ~= J. 
~J ~ 

The output u equals: 
u1u2=u10u21•+u10u23•+u10u25~+ ••• +u21• ·u12•+u12•u23•+u12• u25•+ ••• + 

( 17) 

( 18) 

The:"terms that ~ave been ' .. ~..::·.:::-: .:.:-. ,_·: ~:_:_: _ ~· ~ the fundamental harmonic uf in 
u. For this fundament al ... .:.!·::-,;;.:: _ . , :' :~ ~:· ,_:. ·~ = , _ a r cximations are 
possible: 
1) u=u10u21 • . and 

2 ) u=u10u21•+u21•u12•+u 1 2~u23* • 

First case: u=u10u21 • · 

In accordance with (1 7 ) and (18): 
8bcz 1 • 

tif '!! - 2- s~n (wt+ljl2 ). 

The transfer function from x to u is 1T 

8b jljl2 
Hc=T IH1Ie 

1T 

or 

This expression is the same as that which was derived in the foregoing. 

Second case: u=u10u21 ~+u21 .u 1 ;.+u12.u21 •• 

In accordance with (17) and (18): 
8bcZ1 [ · 1 · 1 J 

uf '!! ~ sin (wt+ljl2 )+ 3 ~os(wt+21j1 1 -1j12 )+ 9 cos(wt+31j12-21jl 11 
or 
uf ~IH 1 1x A sin (wt+o) 

The transfer fUnction from x to u 

where A = ~ , tg o = ~ , g=cos cos u g 

- ~ sin{31j12-21j1 1) and 

1 1 
d=sin 1jl2+ 3 cos(2w 1- 1j1 2)+ 9 cos(3w2-2w1). 

( 19) 

(20) 
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In the tables I! and III for some values of ljl2 some values of A and 6 
have been given. 

Table I I. Table III 

'41 =0 1f , =90 
0 

tJ-•2 A 6 1jl2 A 6 

00 1,05 18°26' 00 1,05 18€>26' 

h50 1,33 45° 45° 1,04 63°26' 

90° 1,04 71°34' 90° 1,04 108°26 1 

• 135° 0,67 135° 135° 1,04 153°26' 

180° 1,05 198°26' 180° 1,05 198°26' 

In accordance with these tables and (20), jHc j is now not defined by H1 
only and arg He is not defined by H2 and N2 only. However, the influence 
of the higher harmonics in u1 ar.d u2 on jHc j is relatively small. The 
phase shift of H is greater. c . 
For these two cases we can conclude that theiiRgilitude of H i s mainly 
defined by H1• The phase shift of He is defined by H2 and ~2 and (to 
a lesser extent) by H1• 
It is possible to reduce the influence of the higher harmonics by using 
other nonlinearities. The extra phase. shift of the modulus-path can be 
~umpensated for by taking double-valued non-linearities. This extra phase 
shift is favourable for the model-adaptive system in view of the stability . 
By application of this nonlinear filter as an adaptive controller it is 
necessary that the system will attenuate the higher harmonics as much as 
possible. Further the de-component in x has to be zero. In the other case, 
there can be de-components in z1 and z2• The latter means that the inputs 
of the nonlinearities are asymmetric instead of symmetric as has been · 
assumed. The de-components in z 1 and z2 can be made zero by using diffe­
rentiation circuits before the nonlinearities or by ~roviding that x 
equals zero. The latter can occur by choosing jH1(0) I as large as po~s ible. 
As has been mentioned before, the adaptive action has to be fast. That can 
be attained by adjusting the parameters in the phase path in the right way. 
Remark. The above-mentioned nonlinear filter has been designed for configu­
ratlon A in table I. From measurements it follows that similar filters can 
also be used in configurations B, C and D in table I . 

4. Measurements. 
The adaptive controllersthat have been designed by using the second method 
of Liapunov and the inverse describing function method have been tested i 
several model-adaptive systems. The responses to a stepfunction at the 
input of the model (second order ) and of the cont rolled system were compared 
with each other. The parameters of the systems varied in a wide range. T'ne 
syste~S that have been examined were of the first anq third order. From 
these measurements it follows that these controllers have a good adaptive 
action. 
As an example 
configuration 

y+b,y +b y m m o m 

we shall give the measurement of a system in accordance wit· 
A in table 1. This system is defined by 

K'r and ·y +a2(t )•• +a (t )y = K' ( (e+ ) 
m s s s s 

where 0 .2<K~ ( t ) <0 . 9, 0. 8<a ( t ) <~ , 1. 2<a2 (t ) <2. , 0=K~= . 25 , 1=0 . 

and r=3U ( t ) . 
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The values of these parameters have been chosen experimentally. 
From these equations it follows tor the block diagram in fig; 2 that 

' K' K' 
Hm(s) • 2 m and Hs(s) = -""!2~s __ _ 

s +b1s+b
0 

s(s +a2s+a1) 

where the coefficients have the above-mentioned values. 
Three cases~ have been . considered: 

1. u={ I o 1 1x+c2 1il.+c3 1t.I+~41Y s l+c5 ie I }sign (p13x+p23i+p33!) 

2; u•lc 1x+c2i+c3t+c4ys+c
5
el sign (p13x+p23i+p33t) 

3. u•c 11xl sign (p13x+p23i+p33t) 

where c1•0.75, c2•1.2, c
3
•3, c4=7.15 c

5
•1.5, p13•0.3, . p23•1.3, p33•1. 

The first two cases are related to the controller in accordance with 
the method of Liapunov. The third case is related to the controller in 
accordance with the inverse describing function method, by which IH l•c 1 2 c 
and arg Hc•arg (p13+p23s+p33s }. 1e 

1 
First case. Fig. 6 shows the step responses: 

1. Ym 

2. y s of the unstable uncontrolled system 

3. ys of-the controlaed system 

It follows that the steady-state error ·is very small. This error is greater 
it c4 Y.s and c5 lel are omitted. 
Fig. 7 shoWS the step responses: 

1. Ym 

2. y s of the stable uncontrolled system 

3. y s of the system of which the controller has been inserted at the arrow 

and pb•30 p13 
4. as 3, but P23•4p23 
5. as 3, but p23•2p23 
The latter adjustment gives the best result. It can be explained by looking 
at the positions of the poles of H in the s-plane. Af'ter some calculations 
it seems that there are two dominating poles. The. damping tactor z that 
belongs to response 3 is less than the ,damping factors ~elonging to 
responses 4 and 5. 

Second case. The same results 'were obtained as in the tirst case. 
However, th1s controller is not good with reference to the higher harmonics 
in u as the first controller. 

Third case. Fig. 8 shows the step respon~es: 

1. Ym 

2. y
9 

of the controlled system and c1•200 

3. as 2, but c 1•5 

4. as 2, but c1=100. 

By choosing c1 as large as possible, the steady-state error can be made 
equal to zero. 
Fig. 9 shows the step respon~es: 
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1. Ym 

2. y s of the controlled system and p 13 •0 

3. y s of the controlled system and p23=o 
4. 1 s of the controlled system and ~3-o 
The controlled system will oscillate it p33=o. It p

13
=o, then there is a 

stead7-state error that can be attenuated-oy choosing a larger c1• 
From these measurements it follows that these controllers can have a good 
adaptive action. The rate of convergence and the stability ~e determined 
by the parameters p 1 ~! p23 and p~~. The steady-state error can be made 
equal to zero by a s1li taoie choie! of the gain in the mdulus-path. 

5. Concluding Remarks. 
The controllers that have been designed by using the second method of 
Liaplinov and the inverse describing :f'unction method, can be used very well 
in mdel-adaptive systems. They have been tested in several systems in 
which the mdel is of the second order and the system with time varying 
parameters is of the first ~ third order. These parameters may change 
simultaneously and with an unknown speed. It the signals in the system are 
bounded a stable and quickly converging adaptive system can be obtained 
also. The configuration of the controller in accordance with the inverse 
describing method is simpler than the .other controllers. By using this 
method it is found that double-valued nonlinearities also may be used which 

· will help the stability; By applying the method of Liapunov only single.:.. 
valued nonlinearities are found. The controllers can be considered as 
elements of which the gain and phase shift can be adjusted independently 
ot each other. The gain can. be a function of the frequency. Because of 
this feature these controllers are suitable for use as compensation networks 
to obtain some ends that·cannot be realized by linear networks. This 
research has been . done for continuous linear time dependent systems. 
With reference to nonlinear system measurements, these controllers can be 
used &lso, to reduce nonlinear ·ettects. 
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Table I: 

M is the model 
S is the time varying system 
AC is the adaptive controller 
r is the reference input 

29 . 

e is the error signal between reference input and system output 
u is the adaptive control signal 
lm is the (nxl) state vector of the model 
le is the (nxl) state vector of the system 

y is a vector containing all signals not directly related to ~ 

A is a constant (nmt) matrix 
0 

b is a constant (nxl) vector 
-() 

A(t) and A' (t) are time varying (nxn) matrices 

~(t} is a time varying (nx1) vector 

.£ is a constant (nxl) vector • 
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fig. 1 
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N NLlNEAR ' FILTERING AND LEAST SQUARES~ 
EXTENSIONS AND APPLICATIONS OF THE 

.QUASILINEA~IZATION THEORY . 

V. S. Levadi* 

Information Research Associates, Inc. 
Waltham, Massachusetts, U.S.A. 

I • INTRODUCTION 

This paper presents extensions of the quasilinearizatio~ approach to the 

problem of nonlinear filtering and demonstrates the application of the theory 

to a problem of adaptive control. The quasilinearization procedure of · Bell­

man et al
1

'
2 

is useful because it provides a.sequential estimate without 

storage of past trajectory values. 

The extensions include disturbances entering the system and . performance 

index nonlinearly· and nonquadratically respectively, integral constraints Qn 

the disturbance and state, and · an estimate of the disturbance. This formula­

tion includes the least squares co~terpart of . the statistical filtering and 

estimation problem for "colored" noise, and the system with "randomly'' vary­

ing parameter . 

The adaptive control problem is reduced to two opt~ization problems 

that are solved simultaneously using the sequential estimation procedure ob­

tained by the quasilinearization theory. The two significant features of the 

method are its generality and the tight coupling without adverse interaction 

of the estimation and adjustment processes. The model is sufficiently gener­

al to include a priori knowledge about the nature of the parameter variations 

and disturbances acting on the system. The effect of transients due to con­

troller parameter adjustment is included in the formulation. Results are 

presented for a simple example. 

II • EXTENSIONS OF THE QUAStLINUR.IZATION THEORY 

We seek an estimate of the trajectory endpoints x(T) and w(T) which 

minimize J 2 
J(x(t), w(T)) .. J I y(t) - h(x,w, t)l Q(t) dt (1) 

0 

where x and w satisfie"s the constraint 

dx • ( ) dt gx,w,t. (2) 

The estimates are designated ~(T) and ;(T), respectively. 

Here y is • known observation or data vector; h and . g are known funcbWos 

and Q is a known symmetric nonsingular weighting matrix. The variable w 

* . Formerly with Honeywell, Inc., Minneapolis, Minnesota, U.S.A. 
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represents an un~own disturbance entering the system, in the manner speci­

fied by the system dynamic model (2); however, there is no dynamic model for 

w. For example, w might be an unknown torque acting on a gyro or space vehi­

cle, or the unpredictable variations or cause of variations in a system 

·parameter. 

The probLem, as presented, is an extension of that treated by Bellman 

et a1
1 

wbo took the case w • o. This was later extended by Detchme.ndy and 

Sridhar2 to the case where w entered g linearly, and h(x,w,t) was of the 

form h' (x, v, t) • [hi (x, t), w•]. 

Formulation and Solution 

Esttmate of Disturbance, w 

The Hamiltonian for the system (1) and (2) can be written 3 

2 
B(x,w,t,t) • -IY- hiQ + t'g (3) 

3 
A necessary condition for opttmality is* 

Bw(x,w,t,t) • 0 (4) 

4 
Prom the Lmplicit Function Theorem , (4) implicitly defines the opti-

mum w • O(x,t,t) as a function of x and t' providing that the matrix 

Bww(x,w,t,t) is nonsingular • . Having stated the conditions under which w 

exists, we proceed formally to develop the esti~tion equations for w, 

assuming the existence of w(x,t,t). 

Solution of the Two Point Boundary Value Problem - The Hamiltonian 
3 

system for the optimization problem is 

t • -Bx(x,w,t,t) (5) 

i ~ Bt(x,w,t,t) . (6) 

t(O) • t(T) • 0 (7) 

where (7) follows from transversalit_y conditions at the free endpoints 

x(O) and x(T). 

Furthermore, having assumed the existence of w(x,t,t), we define 

B*(x,t,t) a B(x,w(x,t,t)t,t) (8) 

Now, following Reference 2, we write 

r(c,T) A P(T)c + x(T) (9) 

and solve ;T:e.inv(~cian)1 t inbedding equation (lO) 

a a B:(r,c,T) + B~(r,c,T) 
at c • 0. 

*The notation convention for differentiation with respect to vectors is 

described in the Appendix. 
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Substi~ting (9) into (10) gives 

~c+dx. ~ dT P H~(r,c,T) + H~(r,c,T) 

Differentiating (11) with respect to c gives 

dP 

(11) 

~ • P B* (r,c,T) P +PH* (r,c,T) +· H* (r,c,T) P + H* (r,c,T) 
,u. rr er re cc _(l2) 

'Evalua·tiag (11) and (12) at c • 0 gives the estimation equations 

dX(T) • P(T) H*(x,O,T) + H*(~,O,T) 
·cl!' X . ~ 

~- P(T) H* (~,O,T) P(T) +PH* (~,O,T) 
dT XX ~X 

+ H* (x,O,T) P + H* (x,O,T) 
XVI 7/lifl . 

(13) 

(14) 

The ~tion for the disturbance w can be written in terms of the impli­

cU .fiunct.loo ~;(x,t, T), evaluated at ~(T) • 0. 

A A d~(T) A A 
• wx(x,O,T) d + wT(x,O,T) 

(15) 

dv('r) A A dx(T) A A ~ A A 
dT • wx(x,O,T) dT + w~(x,O,T) ·dr · + wT(x,O,T) 

Where the last of (15) follows from the fact that ~(T) • 0. 

Eq~ioas (13)-(15) are the basic estimation equations. When (4) can 

be solved ·explicitly for ~(x,~, T), H*(x,1f!, T) is an explicit function, and 

(13) aod '(14) are sufficient for the estimation. In the case where (4) can­

no~ be so~ved explicitly for ~(x,1f!,T), (15) must be adjoined to the system. 

Yu~hermore, in the latter case, H*(x,1f!,T) is not known explicitly, and it is 

necessary ~o express (13)-(15) in terms of H(x,w,1f!,T). 

Est!.ator Results - It follows from (8) that 

B*(x,~,t) • H (x,.,,,~(x,~,t),t) + ~H 
.a "' a "' "' aw 

a:b - Hab + HwbCa + l)bHww ~a+ ob Hab + ~ab Hw 

~re (a,b) represent any combination of x and 1/1· 

(16) 

(17) 

The partial derivatives of w are obtained from the Implicit Function 

Thoorea
4 

A 
V a 

#I 
.A w .. 

X 

- H H-l 
WiJWW 

. -1 . 
- H . H wx ww 

-i 
- H· H ww wr 

Using (3), (4) and (16)-(20) in (13)-(15) and evaluating at 1/1 • 0 

gives ~e following ~stimator equations: 

dX 
dT • g(x,w,T) + P Rx • g + 2PhxQ(y-h) 

(18) 

(19) 

(20) 

(21) 
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d~ - R -1 (R d~ + R ) dT • ww xw dT wT 

:; • (g~ - S:.,(}.,Rn)P + P(gx - RwxR~ y 
+ P(R - R R- 1 R 'lP - 2' R-l 2 

XX WX WW xw' '"'W WW '"'W 

R(x,w,T) ~ H(x,w,O,T) •- jy- h(x,w,T)j~Oo) -. 

Ra(x,w,T) • 2haQ(y-h) 

Rab(x,w,T) • Hab(x,w,O,T) • 2habQ(y-h) - 2ha Qhb 

and a or b represent x,w, or T. 

(23) 

(24) 

(25) 

(26) 

Equations (21)-(23} are the required esttmator ·equations, although they 

are not necessarily expressed in the most convenient · form. They form the 

basis for the remainder of the discussion. They are equivalent to the re~ 

sults .of References 1 and 2 except w is included, and there is a factor of 2 

which can be el~inated by substitution of Q/2 for Q. 

Corollaries and Special Cases 

Elimination of Matrix Inversion - Th~ estimator equations involve com­
-1 putation of the matrix inverse Rww· The computation of this inverse can be 

replaced by a differential equation. Using the matrix identity 
dA-l • A-ldAA-l (27) 

gives 
dB.~ -1 dRWW -1 
-dT • - Rww -dT Rww R-l[R ~ + R ~ + R )R-1. ww wwx dT www dT W1' ww 

Time Derivatives of Obaervation -·Equation (22) for the estimata ~ ­
contains the term 

(28) 

RwT • 2 a; [hwQ(y-h)] • 2[hwQ * + a;(hwQ)y - afchwQh)] (29) 

which requires the time derivative, dy/dt of the observation, y. A suf­

ficient condition for this derivative to be unnecessary is ~hat 

hw(x,w,T) Q *be identically zero. This is satisfied if h is independent 

of w. 

Then 

Furthermore, if the performance index is of the form 

J • ][ly-hl(x,t}l~l(t) + lh2(w,t)1~2(t)] dt 

2 2 
R(x, w, T) • I y-h1 (x, t)l Q + I h2 (w, t)l Q 

1 2 

and ( 29) becomes independent of * . 
(30) 

(31) 
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Performance Index Quadratic in w - _ConsideT a performance index of 

~efu~ · IT 2 
J. [ly(t)-h1 (x,t~ Q (t) + 

. 0 1 
(32) 

wbere A(x, t) i8 nonsingular. Writing 
. 2 2 

B(x,w~~,t) ·.- I y-h1 1Q
1 

- I Awlq
2 

+ g'~, (33) 

equation (4) gives , 
Bw • - 2A Q2A~ + Q • 0 (34) 

Since ~(T) • o,• it follows that . 

C(T) - o. (35) 

The problem of Detchmendy and Sridhar falls into this class. It 'should 

be remembered that (35) indicates that the eodpoint of the disturbance tra~ 

jectory is zero, but not that the entire disturbance is zero. 

Disturbance Satis£ying Integral Constraints ~ Although the unknown dis­

turbance w is not constrained by a differential equation, it may be that the 

average power of w· is known; ~.g., t f I wl
2 

dt • a. To treat this and 

similar cases we adjoin to the system (1) and (2), a constraint 
T • 

~ f(z,w)dt • k(T), (36) 
0 ~' 

and define -·the new state variable 

x (t) • J T f(x,w)dT 
0 . 0 

Then the Hamiltonian for the system (1),(2) and (37) becomes 
2 

B(x,x0,~,t0,w,t) •- ly-h(x,w,t>lq + ~g + t~f 
and the necessary conditions for optimality become (5),(6),(7) and 

x • B 
o 'ljlo 

.,po • -BX 
0 

x
0

(0) • 0 

x
0

(T) • · k(T) 
By making the substitution of variables 

xl ~ [ ~0] 

V1 ! r:-kl 
and defining 

4 
B1 (x1 ,tj~,w) • H(x,x

0
,tjJ,tj1

0
,w,t) 

(37) 

(38) 

(39) 

. (40) 

(41) 

(42) 

(43) 

(44) 

(45) 

the necessary conditions for optimality (5)-(7) and (39)-(42) reduce to 
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(45) 

~1 • -Hl (47) ,xl 

~1 (0) • ~1 (T) • 0 (48) 

This is the same form as (5)-(7), so that the solution (21)-(23) carries 

over with an appropriate change of variables. 

In addition to energy constraints on the unknown disturbance, w, it may 

be physically consistent to model the disturbance as having certain frequency 

spectral properties or correlation properties, as is assumed in the statisti­

cal estimation problem. This can be done, approximately, by treating w as if 

it were a "white" noise, since it is unconstrained by any dynamic relation­

ship. Then, use w to drive a "filter" with the desired spectral or time 

properties. The output of the filter then is used as the disturbance acting 

on the system. 

For example, suppose the observation of the state of the system 

xl- gl(xl) is corrupted by noise, x2' which is assumed to be derived from 

white noise, w, passing through a filter, x2 - ~x2,w), where the average 

power of w is 1. Figure 1 illustrates the situation. If the observation y 

is the noise-corrupted measurement of x
1

, the criterion function becomes 

J- ~ IY-X}I~ "dt and it is constrained by xl- gl(xl), i2 · ·g2(x2,w), . 

and / I w 1
2 

dt • T. 

Choice of Q(t) - For some applications it may be desirable to weight the 

most recent data more heavily than past data. In such a case, the weighting 

matrix should be of the form Q(T,t) which tends to decrease as T-t increases. 

One such form is the exponential 

Q(T,t) • Qa e-a(T-t) 
(49) 

where a is a positive scalar and Qa is a constant matrix. 

Then, minimization of 

JT 2 Tj"'T 2 t 
J • I y-hiQ(T t)dt • e-a - I y-hl Q ea dt 

a o ' · o a · 
(50) 

provides the heavier weighting of the more recent data. 
-aT 

However, since e 

is a constant, minimization of Ja is equivalent to minimizing 

aT JT 2 at 
J • e J

8 
• IY-hlg e dt 

o a 
Thus, choosing 

Q(t) • Qa 
at 

e 

gives the desired heavier weighting of the most recent data. 

(51) 

(52) 
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Ill. APPLICATION TO ADAPTIVE CONTROL 

The adaptive control problem is defined herein as the on-line adjustment 

of controller parameters to compensate for parameter changes in the controlled 

system. Specifically, let the combination of controlled plant and controller 

be define by 

x • g(x,w,u,a,b,t) (53) 

where x is the state of the combined controller and plant; u is the known 

system input; a is the unknown fixed system parameter; b is the known and 

adjustable parameter (usually belonging to the controller), and w is an un­

known variation or disturbance acting on the system. Since u and t are known, 

they will not be explicitly expressed as independent variables for the re­

mainder of the discussion. 

The unknown parameter a represents all fixed but unknown parameters in 

the controlled plant. The variable w represents the unknown "white noise­

like" variations driving the system. Disturbance w may be constrained by ' 

power or similar integral constraint, as discussed in Section II. Unknown 

variations which have known spectral properties can be derived from w by 

using a spectral filter, as described in Section . II. These "filtered" vari­

ations are part of the state vector, x. 

The variable w and resulting filtered variations are more than measure­

ment noise; they represent all the unknown variations in the system. For 

example, a plant parameter, p, might be known to have a quadratic variation 

with time plus an additive unknown component, x2, derived from w by a spec-
2 . 

tral filter. Then p • a
1 

+ a2t + a3t + xa would represent the parameter 

with a
1

, a
2

, and a
3 

fixed unknown parameters. 

Since parameter a is constant one may adjoin to (53) the equation 

a "" o (54) 

Formulation of the Adaptive Control Problem 

The general procedure, illustrated in Figure 2, is a two stage process 

consisting of plant parameter estimation and control parameter design. The 

controller design procedure computes the "best" value, ~' for the adjustable 

system parameter b. T~us, 

b - b (55) 

for the controlled system. The controller 1rameter b is chosen to make the 

observed system response ·x behave like a model response, Ym· The controller 

design procedure is based upon the "best" current estimate ~' ~ and C of the 

controlled system state, unknown parameter, and disturbance, respectively. 
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Parameter, State, and Disturbance Estimation - The input to the estimation 

procedure for i, Q and a is the observed system response ys, the~ value 

of the adjustable controller parameter b, and the command input u. The esti­

mates ~a' 4, ~' of the system variables x, a, w, are chosen to minimize 

Ja(xa,a,w) • ~ jy~-ha(xa,w)l~ (t) dt (56) 
a 

where ys is a specified function of the observed system responses; ha is a 

corresponding function of the hypothesized system state; and Qa is a weight­

ing matrix. 

Using the model (53), the minimization is constrained by 

i • g(x ,w,a,b) 
a a (57) 

and (54) (and integral constraints if appropriate). 

To simplify the notation now define an augmented state and system 

• ~ [xaJ [g(xa, w, a, t>] A A 

xA a • · 0 • . gA(xA'~'w) (58) 

wh A I • [~I :: J:lo 1 ] 
1 

i b defl d 1 wh • h • J:lo ere XS 
0 

o sa vector, to e~ ne ater, ~c conta~ns o as 

one component, just as xA contains parameter a as a component. Thus, the 

estimation consists of minimizing 

JT 2 !rr 2 
JA(xA,w) • jys-hA(xA,w)IQ dt J IYs-ha(xa,wiQ 

a a 
(59) 

subj ect to constraint (58). 

Control Parameter Design - The controller parameter, b, will be chosen 

so that the controlled system response·behaves like a model response, ym. 

The f~llowing controller design criterion will be used: The optimum value 

of the control parameter at time T is that f ixed value that would have mini-

I T 2 
mized the performan.ce index Jb(x,b) • I ym-hb(x)jQb(t) dt assuming t hat 

the actual system state, parameters and disturbance are the same as the 

estimates. By proper choice of the weighting matrix Qb' the most recent 

performance can be most heavily weighted in the performance index as de­

scribed in Section II. 
11. 

According to this criterion, we choose b • b to minimize 

Jb(~,b) • ~ jym-hb(xb)l~ dt 
b 

where xb and bare constrained . by 
. -" A ) 

ib • g1(xb,w,u,a,b,t 

b - 0 

(60) 

(61) 

(62) 



1\ A ' • Since a is a component of xA' we can define the augmented state and syst.em 

*B e [:b] (st (xb'~':'~'b,u,tj ~ ~("B,~A'O) (63) 
and minimize t T 

. JB(~) • . lym-~(~)~~bdt a { lym-hb(~)~~bdt (64) 

subjec~ to the differential constraint (63). 

Combined Estimation and Control - The preceding results can be combined 

to give an on-line procedure for control design illustrated in Figure 2. The 

contro ler design procedure gives the parameter t; for given estimates of the 

plant parameter ~ and disturbance 0. Similarly, the estimation procedure 

provides the plant parameter estimate ~ and disturbance estimat~ Q given any 

history of the controller parameter b. The proposed method has the obvious 

advantage of its generality. 

A more i mportant advantage is that any adverse interaction between the 

estimation process and control design process is, at worst, a second order 

effect. The value t used in the estimation is always the current and true 

value of the controller parameter in the ·actual system. Thus, transients on 

the observed system output, y , due to adjustment of ~ effects are accounted 
s 

for in the estimation procedure. Adjustment of ~ has no adverse effects on 

the estimation process. So, even though errors in the estimation process may 

result in a non-optimum value of ~' this non-optimum value does not introdu.ce 

new errors into the estimation. 

The proposed scheme requires no limitation on rate of adjustment of the 
A 

parameter b. Actually, transients induced due to changes in b may improve 

the accuracy of the estimator, particularly during periods when the system 

output is small ·for a long interval. 

Sequential Solution 

The quasilinear ·:ation procedure of Section II can be used to provide a 

sequential solution of these optimization problems that is well-suited to 

real time implementation. Applying the results -of Section II to the opti­

mization problems of (63), (67) and (74),(75), gives 
J\ 

dxA ---dT (76) 

R __A+R 
[ 

d~ ] 
A;xAw dT A;wT 

(77) 



where 

Example 

:A • [ 8 l; zA- sl;wR~!-RA;x A v] p A + p A f8A; zA- RA;wz A a~;wJ!A; w] 

+ p r.a • R. a.•1 R. p • I a.·l 
Al A;xAxA A;wxA A;ww A;xAw A gA;w A;wwgA;w (78) 

d~ . . 
dT • is(~'~A,C) + PB~;~ 

dPB· 
-I p +P -PL p 

dT SS.;~ B B~; ~ B-,lS;~~ B 

~--

IYA- hA(xA,w)j~ 
A 

IYB - ~(~)I~ 
B 

(79) 

(80) . 

(81) 

(82) 

Illustrated in Figure 3, is a very simple adaptive control problem. A 

The second order plant with unknown gain, a,~onnected in a·servo system. 

plant output x
1 

but not the derivative i
1 

• x
2 

is measurable. The input, u, 
is known, The controller consists of an adjustable gain, b, which is to be 

set so that the closed loop system behaves like the ·model of Figure 4. The 

optimum fixed gain controller is to be found to satisfy the criterion 

Jb • t jym-zbj~b dt (83) 

where 

[

:lt 0 l 
Qb(t) • e

2
t 

0 e 

(84) 

and ym is the observed output of the model. The plant parameter is fixed, 110d 

the optimal estimate, using only the . observable state x1, is that which miniUdzes 
T 2 

J - r ( ) eat dt (85) A ~ Ys - xa,l 

and ys is the actual observed output of the plant, x1 • The exponential form 

for matrices Qa and Qb .is used to provide heavier weighting of the most 

recent data, as described earlier. The terms, accord-ing to previous defi-

nitions are: [ ] 
gA • ::,2 + .ab(u-xa,l) 

a,2 

(86) 

(87) 



·~ [~'2 
+ ab(u-'1,, 1 )] (88) 

xb,2 

~ [:::~J (89) 

Correct ~djustment of the controlled system occurs when at • 4~ Since · 

a • 2, the desired value for b is 2 and the correct value of a is 2. In 

Figure 5, the initial values of g and b were both 1, and a step input was 

applied to the system. Both ~ and' b converge to the optimal values of 2. 

The transient in the adjustment process is due in part to the non-optimal 

choice of initial conditions for PA and PB. ·The accelerated convergence of 

~occurring at t • 6 is due to the step change of the input at that instant. 

IV • C<:ltCLUSION 

The quasilinearization procedure for nonlinear least squares filtering 

and estimation has been generalized to include unknown disturbances entering 

the system and the cost . functional nonlinearly and nonquadratically, respec­

tively. A sequential estimation scheme is obtained for the disturbance. 

In the case where the performance index is quadratic in the disturbance, the 

estimate of the end point of the disturbance is zero. This is true, also, 

for the linear quadratic case, also. 

In its most general form the procedure requires the computation of 

derivatives of the observation; however a large number of practical cases 

satisfies the sufficient conditions for the derivative not to be required. 

In the application to on-line adaptive control,' the formulation is 

sufficiently general that it permits inclusion of practically all a priori 

knowledge about ·the unknown variations such as noise characteristic's . or ran­

dom variations of parameters. 

The method avoids a serious pitfall of s adaptive schemes requiring 

parameter identification, in which the adjustment of the controller parameter 

must be conducted independently of the plant parameter estimation. The 

method discussed in this memo provides simultaneous adjustment and estimation 

of parameters. There is no adverse interaction, because alf adjustments of 

controller parameters are accounted for in the parameter estimation. 

The "retrospective" definition of the optimal controller is one illus-. 
trative example of a design criterion. Predictive sche es might be used as 

well. 
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APPENDIX 

The following notation is used for differentiation with respect to 

vectors: 

Let a be a scalar. 
a a 

Then ax is a vector if x is a vector, having 
th 

:l component 

a a 
~ •a • 
<'x x 

. [a a] 
.ax 

i i 

The derivative of a vector b • [b
1

, .•. bn]
1 

with respect to . a vector x 

is a matrix. 

ab 
X 

~-

Thus, the second derivative of a scalar is a matrix. 

"xb·ib ["x] ~x:::i L 
The second derivative of a vector b is a tensor of rank 3. For x, y, 

:::Y . bxy . a: .ab~. . 
b, vectors, [ 2 ] 

J l. ijk 



Multt"plication of this tensor by_ a vector, a, gives a ·matrix 
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1. Introduction 

Processes which are described by linear differential equations 

show the same behaviour un d e r all operation conditions. They 

can be controlled optimally with respect to a chosen criterium 

by con"t ro l lers with constant parameters. But in praxi most of 

the processes are .n onlinear. Processes, in which some of t 1e 

coefficients of t he different i a l equation depend strongly on 

certain state- or input variables,...- form a class of these non­

linear processes. For instance in course control of vessels 

and aircrafts the parameters depend very much on the speed v, 

or in many c ontrol loops of chemical industry (like the control 

of t emperature, of pH-v alue, of analysis ) on the flow of some 

product. These plants cannot be controlled sufficiently by 

controllers with constant param e r s , if the operation con­

ditions change very mu ch. Contro can be improved by adaptive 

feedfor,~ard control o f the controller parameters. By measuring 

a ppropriate state- or input variables the parameters are fitt­

ed at once optimally to the altered process . Fig. 1 shows the 

simplified scheme of adaptive feedf orward control in a single­

variable l oop. It is a basic assumpt ion for feedforward control 

rthat there is a functi ona l connection bet1~een the variable 

parameters of t he process and the meas urable s t a t e - or input 

variables. This function often isn't known analy tically . Partl 

rules of thumb are used instead of this f unct ion, pa~ l y one 

tries to ge t the function and hence the c on trol law of the 

cont roller b y lengthy experiments. During thes experiments it 

is necessa r y to disturb normal operation permanently which is 

very undesirable in most cases. The fo llo\Y"ing method reduces 

the i nterferenc e into normal operation to a mi nimum. 



2. Formulation of the problem 

Given a plant whose parameters depend on the measurable state­

or input variables z 1 ••• zm. The control of this plant shall 

be improved by adaptive feedforward control of controller para­

meters. The control law between the measurable variables z 1 ••. 

zm and the controller parameter~ x1 ••• ~' which are optimal 

with respect to a chosen criterium shall be learnt by means 
2 - . 

of _a digital computer • After a certain "starting phase" the 

plant shall run as a control loop with conventional adaptive 

feedforward control of controller parameters, the digital com­

puter shall not be necessary any longer. Especially it is 

taken into consideration that permanent interference into the 

plant has to be reduced to a Mipimum. To achieve this the opti­

mization of controller parameters for the different operating 

points is carried out in a model system which ia simulated on _ 

a computer. Essentially there are the following problems to 

be solved. 

1. Identification 

By m~asuring the input- and ou~put variables of the closed 

control loop a model of the plant (without coutroller) has 

to be determined for any operation point. 

2. Optimization 

The optimization o~ the controller parameters ia carried out 

in the model system. The resulting values can be adjusted at 

the controller of the plant for checking. 

Identification and optimization have to be repeated for aa 

many states aa necessary in the normal operation conditione. 

The resulting values have to be stored. 

J. Adapt6tion 

In the ena the stored values have to be converted into an 

analog function of the measured input v~riables and the con­

troller parameters. Then the control loop can work aa a usual 

adaptive feedforward control of controller parameters later on. 

The realization of this analog function is usually achieved 

b~ Simple function generators, as they are well known from 

analog computer techniques. The ad j ustment of controller 

parameters can be done by servo-multipliers. 

In principle, the method is applicable for stochastic as well 
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as £or deterministic input signals. ID this paper determini- · 

stic input signals are used which seems · to be admissible during 

the starting phase o£ a plant, particu~arly bee ~s e the inter­

£erences are . very seldom. By this method the control law can 

be learnt £or continuous as well as £or discrete systems with 

or without time delay. There will be calculated a model which 

is linearized about the given operation state, n9nlinearities 

are taken into consideration by the value o£ controller para­

meters. I£ necessary and i£ the approximate £orm o£ the non­

linearity is known one can calculate even nonlinear models. In 

the £olloving chapter the·method is explain~d £or continuous 

systems vi th variable paramet.ers, in chapter 4 systems with 

time delay are treated. The application to discrete systems 

is completely analog, a thoroughly discussion there£ore isn't 

necessary in this paper2 • 

It is assumed in the £olloving deriv~tions that.the response 

o£ the system to a change in the~ommand variable is essential 

and there£ore has to be optimized. It can be shov.n2 , that the 

response to a change in disturbande variables can be optimized 

with practical the same methods. 

The controller show P, I, PI, PD or PID-behaviour. In the 

equations £or the PD- and PID-controllers the always existing 

small time constants are taken into .consideration. I£ there 

are used explicit controller equations in the £ollowing deri­

vations, the equation o£ the PI-controller is taken (the com­

puter programs in ALGOL. o£ course can use all apeci£ied con­

trollers). 

The integral o£ time multiplied squared error ITE2 was taken 

as optimization criterium. This criterium on one hand results 

in relative small overshoots and relative small settling times, 

on the other hand it can be calcu~ated analytically £or linear 

(continuous and dis·crete)systemsJ. I£ u{t) is the error, it is 

ITE2 = ]t . . u 2 ( t ) d t - ( 1 ) 
0 

Two methods £or identi£ication are explained in principle b oth 

o£ which do not assume any knowledge o£ the structure o£ the 

plant, since both don't lay stress on adjusting the structure 

o£ the p~ant and the model - which is impossible in general. 
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J. Continuous systems with variable systems. 

The control loop shown in fig. 2 is given. The parameters of. 

the plant 'depend much on z. It can be seen that the following 

e xplanations are valid also for more than one variable z 1 ••• zm; 

only for the adaption the circuits for realization of the control 

law become expensive since in this case functions of several 

variables have to be realized. Even in praxi the parameter of 
~ 

a p~ocess depend e s · ~ ntially only on one variable in most cases. 

).1 Methods of identification 

After a change of command variable the command variable w(t) 

and the output variable x(t) is recorded. The operational state 

of the system is known by the value of z. The transfer function 

of the controller GR(s) is given, but the transfer function of 

the plant G
5

(s) is not known. A model shall be found so that its 

output variable xm fits as well as possible with the output x(t) 

(Fig.J). The controller of model and system have the same equation. 

1st method 

Renner
4 

derived in his thesis, that the measured step response 

of an open system can be approximated by a model whose poles 

s i( i = 1 ••• n) of the transfer function are fixed. The appro­

priate factors Ri (i = 0 ••• n) are determined by making x(tk) 

a nd xm(tk ) equal at n+1 points tk. The step response of a 

s ystem with only single poles (complex conjugate poles are also 

admi tted, but they are omitted for ·sake of brevity since 

don't show any important new feature) at time tk is 

they 

X 
m 

R - s1tk + •••••••• + R e-sntk 
0 + a,e n (2) 

At n+l points this is a system of n+l linear equations in the 

unknown factors Ri, which can be solved by one of the usual 

me thods. 

This me ~hod gives amazingly good results in the open loop, 

but isn't applicable for closed loop systems. Reinsch5 and 

Unbehauen
6 

have shown that even good accordance of the step 

f unctions of the open loop does not garanty good accordance . of 

t he closed loop since by closing the ' loop the position of the 

dominant poles can be very different (root locus). Moreover 

you can estimate only the dominant time constant of the closed 
lo op step response but no t that of the open loop. Therefore 



53 

it is difficult to chose the correct time scale. On the 

other hand it is absolutely necessary to determine the trans­

fer function of the open loop model, since otherwise the 

optimization cannot be carried out. 

Therefore the fo ~ owing method was developped. The model 

consists of n terms of the first order in parallel (Fig. 4). 
(Complex conjugate poles are admitted , but they are for 

reasons of simplitity not drawn). 

All poles with the exception of that with the greatest time 

constant, e.g. s 1 , and with the exceptio~ of the common 

factor k are assumed fixed. The multiplication of the poles 

by the factor k 

Then the control 

equations 

means a change in the 

s . = k . si I with s . I 
~ ~ 

loop of Fig. 4 can be 

u(t) = w(t) - xm(t) 

r{t) f(u(t)) 

g(t) = ! S + ~ r(t) 

xm( t )= ST • !i 
in ~hich the matrix ! 

A 

time scale, it is 

fiaed 

described by the 

contains only the poles of the model. In the vectors s re­

spectivelygthe values qi resepctively Ri are summarized. 

(J) 

(4) 

(5) 

T 
s means the row vector of the column vector s • ~ consists 

only of ones. The following method for identification is used. 

w{t), x(t) and by these also u{t) and r(t) of the original 

system are given. If we take these variables as approximate 

input to the model system (thus instead of w- xm w- x), 

we can calculate s(t) by eq. (~), if the time factor k and 

s 1 are known. If we require at least at n points xm = x 1 , 

so we can get from 

(6) 

the approximate values of the wanted Ri. The ~i can only 

be calculated approximately, because the input of the model 

wasn't w - xm but w - x, in principle there was the structure 

shown in Fig. 5. The model has to be investigated with the 



cal.cula ted ·a-i, wether x &nd x• don' t di.ff'er too auch. If' they 

dif'f'er too •uoh and this happens always when the dominant 

po l es differ aarkedly - the do•inant poles are approached by 

ch&nsiDg the factor k or the pole 81 in a very fast seeking 

proceee eo that both output f'unc·tione x and xm agree sufficient­

ly. By requiring x.(tk) to be equal x(tk) at .n times random 

iDacouracies in the values. x{tk) (measuring ~rrore) will ef'f'ec~ 

the values of' Ri very much. Therefore •ore than n values ;were 

taken f'or determiniDg the Ri. If' one orders these m values 

(m n) according to eq.(6) in a ve~tor! one can write 

The m x n matrix~ consists of' the values qi(i • 1 ••• n) 

at the times tk(k • 1 ••• •). This eyete• of' equations is 

overdetermined, since there are m equations for D unkDOWDS 

(7) 

Ri. Therefore the factors Ri are determined by the calculus of' 

observations eo th&t the quadratic distance between the 

measured and the calculated values becomes a minimum. This 

means th~ miri!.ization of' the Euclidean norm of' 

(8) 

2nd method 

This method starts from the tranef'er function of' the closed 
7 8 . 

model ~ · • It is according to Fig. ) 

~ GR • GSM 
w-T8J • G (a) • 1 + GRGSM (9) 

If' the model plant is described by a rational fraction in a, 

of' which the degree n can be chosen as one likes, it is 

The controller shows for instance PI-behaviour 

1 x1 a + x2 GR (a) • vp (1 + ~). 
Tn• a 

( 10) 

( 11 ) 

If' you put eq. (10) and (11) into (9) and if' you transform it 

into time domain' · you ·get f'or the most general· case m • n the 

following dif'f'erent~al equation of' (n+1)th order 
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(a 
D 

+ X 
1 
bn ) . . • ... ( n + 1 ) ( . X b X b ) ( D ) . 

.... + an : 1 + · 1 n-1 + 2 n •· x + • • • 

I~ w(t) and x(t) is given and i~ they 

n+1 t~es equation (12) at time tk is 

n + m + 1 unknowns a i ( i . • 1 • • • n , a 
0 

and bk (k • 0 ••.• m). By the use o~ n 

(12) 

are di~~erentiable 

an equation ~or the 

can be chosen, a • 1) 
. 0 

+ • + 1 t~es you get 

a system o~ equations ~or the n + • + 1. unknowns. 

Since the di~~erentiability, particularly o~ the input variable 

cannot be assumed (step ~unction) and since dif~erentiation, 

as ' it is well known, ampli~iee possible err~rs, it is im­

possible to apply this method in this ~orm. Similar as in 

switching diagraae ~or the analog computer the di1"~iculty is 

avoided by integrating eq. (12) n + 1-times. Then there are 

no longer any derivatives in eq. (12). Moreover .errore are 

averaged by integration. 

Uter integrating eq. ( 1.2) n+1-tuiee and after puttiq the 
new equation in an order according to the unkDown.e ai and bi 

you get the following equation at time tk 

(13) 

In eq. (13) the integration constants c
0 

••• cn are assa.ed 

to be zero. I£. the initial conditione aren't zero the inte­

gration cons tants ~i can be eaa~ly co~uted ~or t • 0 from 

eq.(13)• 
Since a oo~ater per1"orae the integrations very fast you 

easily .. t 1"roa eq.(13) a ayatea o1" equations for determining 

the UDknowna ai and ~ which ia analog with tba t o1", eq. ( 7) • 



g, • ~ = X 

In eq;(14) ~ is the vector 

B ,. 
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( 14) 

an 
(15) 

a.1 

bn 

g1 is a 1 x n+m+1 matrix which consists according to eq.(1J) 

of the coefficients of the unknowns at times tk. ! is a 

!-dimensional vector, in which the right sides of eq.(1J) 

at times tk are put together. 

If 1 = n+m+1 oq.(14) is a system of equations for the 

n+m+1 unknowns. Its solution gives the coefficients ai and 

bk under the con dition that at n+m+l t imes x(tk) equals 

xm (tk). In this case the resulting coefficients are quite 

good since in this method you use at least twice the number 

of measured values as in the first method. If you take 

1 ~ n+m+1 you get the unknown coefficients by t he calculus of 

observations in the same manner as with the first method. 

In this method it is easy to change t he structure of the 

model automat i cally so tha~ plant and model coincide as well 

as possible. Both methods wer programmed in ALGOL and give 

good accordance between x (t ) and xm(t). As an example a 

system of the 4th order with a PI-con troller was identified 

by a model of the 6th order. With the 1st respectively the 

2nd method I got a numerator polynomial of degr ee 4 respec t ive­

ly J, and a maximum error between t he step response of the 

ori inal and the mode l system of 2 ,5 % respectively 1,o5 % 

rela t ed to the stationary value o f x{t); In the following 

optimization o f the. controller parameters of the original 

and the model syst em, I got an error in the parameter x1 
of less t han 2 %o Fespectively 4 %o related to x1 of the 

original system . For x2 the error was less than 2,5 %o re­

spe ctively 4 %o ~ven t h e last erro r - which is t he most 

unfavorable valu~ wh~ ch I got with different system·s - is 
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by far within the range in which there is an essential 

variation of the optimum. 

J.2 Optimization 

For the reasons stated in the introduction the inte~al of 

time aultiplied squared error ITE2 is used as optimization 

criterium. This criterium shall be minimized as a function 

of the controller parameters Xi, which means for a Pin-con­

troller that 

0; 0; 
(16) 

have to be fulfilled. If ITE2 is given analytically as a 

function of x1 , x2 and x
3

, eq. (16) represents in general 

three nonlinear equations in x1 , x
2

/ and x
3

• The 'analytical 

representation of ITE2 is possibre in the s-domainJ, if the 

error u(t) can be stated as rational fraction in the s-domain. 

U (s) dn-t s"-1
.,. . . ..• ... .. + do 6 

cnsh + ... . . ... · . . 1- a.o 

By means of Parseval's theorem ~t can be proved that 

~ . ~~ 

ITE2"' Jt u2dt 2 -t-;rj ·Lim aa5"' .J U(ots)·U(O""-s) cts= 
0 <t'~O -Jao 

__ 1_ Det G 
4an Det M 

{17) 

( 18) 

The matrices ~. ~. ~i and ~i consist of the coefficients 

of U(s) 3 • Therefore they depend in general on the controller 

parameters x1 , x2 , x
3

• This form isn't suit~d for calculating 

explicitly the derivatives {16) on a computer because · of its 

complexity. This is achieved by the following metho~, which is 

explained for the integral of squared error IE.2 for simplicity 

reasons. The extension to ITE2 is very easy but requires more 

calculations. According to 3 it is 

eo tic 
I E2 • f u 2 dt • ..1.. J ~(s)·UC-s)ds 

2Tj 
0 -j~ 

Det G 
2an Det H 

(19) 
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where Det H is the n-th Hurvitz-determinant o£ the denomi­

nator polY"nomia~ o£ U(s) 

[::~~ ::.:· .. : 
~ . 

0 . . . ... · 0 ··ao 
By replacing the £~rst co~umn o£ ! by the vector ~ 

2 
dn-1 

-(d~.2 - 2dn 1 dn-3) 

you get the . matrix 2• This means you can write IE2 also as 

the matrix equation 

(20} 

(21) 

(22) 

of which only the root w1 • IE2 is o£ interest. Since the 

coefficients ai of the denominator polynomial o£ U(s) depend 

on the controller parameters the matrix ! does a~so and can 

be separated in 

(23) 

N 

where !• ~' £ and ~ are matrices with .constant coe£ficients. 

Neglecting in eq.(22) the factor 2an .and considering changes 

in parameters about the operating point Xio' one gets £rom 

eq.(22) with xi= xio +xi -

with 

(! + ~-x 1 + £·x2 + ~-x3 ) ~ • ~ 

! • ! + ~·X10 + £·X20 + ~·X)O 

(24) 

(25) 

Solving the matrix equation (24) by expanding it in a series 

i t is 

[ 
-1 

! - ! • ~·x1 
-1 -1 

! '£· x 2 - A • D • x) + 

- 1 )2 + ! . ~· x1 ·+ ••• }• A- 1
-d 

(26) 
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Now w1 depends very clearly on x 1 , x 2 and x
3 

and the derivatives 

(16) can easily be calculated. Since these according to eq. 

(26) lead to three nonlinear equations in x 1 , x 2 , x
3 

you have 

to use a multidimensional Newton procedure to improve the 

approximations x 10 , x20 , x
30

• This means in eq.(16) you take 

into consideration only linear terms. 

dw1 
dx

1 
= 0 = b 1 + 2a11 x 1 + (a12 + a 21 ).x 2 + (a

13 
+ a

31
)x

3 

dw1 
dx

2 
= 0 = b 2 + (a12 + a 21 )x1 + 2a22x 2 + (a~J + a 32 )xJ (27) 

where the bi's respectively the a1~~ -~re the co~responding 

derivatives of w1 in the parameters xi and ~ about the point 

Xio• It is for example 

b1 
dwl I 1 • Komponente {- -1 

!! 
-1 

~J (28) = dx, xi = xio 
:1 ! ! 

2 
d wl I 1 • Komponente {A-1 !! !-1 £. !-1 ~J a12 dx,dx2 xi xio 

= 

3y means of x 1 , x 2 , x
3 

you get new approximate values Xio 

by the relation X ~ .= Xio - xi. The procedure is repeated 

as many times as Le changes in parameters xi lie above 

some specified bounds. For each calculation only one matrix 

has to be inverted and some multi ications of matrices have 

to be performed. All these operations can be done very fast 

on a computer so that the optimum is found within very little 

time (even for ITE2, which takes more calculations). 

J.J Adaptation 

Finally if there are determined and stored· a sufficient number 

of combinations of the variable z and the controller parameters 

x
1 

within the operating range, of course you could approximate 

these relations at once by a function generator of analog 

computing techniques by replacing the continuous function 

X. = f(z) by straight lines between the calculated values. 
~ 
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Such a procedure wouldn't average any error. Therefore you . 

better fit the measured values by a continuous function and 

appr oximate this by function generators. The determination 

of the continuous function can be don£ by inspection i£ the 

relation is simple. If you need an analytic solution or if 

the controller parameters depend on more than one variable 

zi, you can get an explicit £unction - piecewise or for the 

whole range - by linear curve fitting. 

When the functions Xi = f(z) are implemented at the control­

ler of the plant by means of £unction generators and serve­

multipliers the process can work as a control loop with con­

ventional adaptive feedforward control of controller para­

meters, which means the controller setting is nearly optimal 

for all operational states. The computer isn't any longer 

necessary. As an example the course control of a vessel des­

cribed by Oppelt 1 was taken. In this the parameter of the 

pla nt depend very much on the speed. This plant was controlled 

b y a proportional controller with the gain Vp. With assumed 

values for the parameters of the plant and for the related 

speed v I got the step response to a change in course f 1 
sho'~ in Fig. 6. Both curves were calculated for a speed of 

v 0.2. In one case the controller parameter was optimal for 

v 0.2, in the other case - as example for a fixed setting -

i t had the optimal value for v = 1. Fig. 7 shows the function 

V = f(v) calculated by computer. p 

4 . Systems with time delay. 

In the preceding considerations it was assumed that the time 

d elay of the system is negligible compared with the dominant 

time constant s . Thi s assumption isn't valid in many systems, 

particularly if mass transport is included. B~t processes with 

time delay are dif~icult to control, therefore it is very 

desirable to have adaption of controller parameters if the 

time delay of the process is variable. Subsequently the 

changes of the above methods for th~ s case are outlined in 

s h ort; they are discussed thouroughly in2 . 

The time delay of the model loop is assumed to be in series 

with the plant (Fig.8). First the time de l ay is determined 

whi ch is relatively simple since it is not important that 
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the time delay of the system and th~ model are exactly the 

same. For determining the time delay the following procedure 

was used. By the value of t, at which the output variable 

of the system x{t) is greater than a specified constant k 

{to avoid random errors), and by taking into consideration 

the ascent.of the output variable you get the approximate 

time delay (Fig. 9). Having determined the time delay one 

can identify the linear part of the plantby the methods of 

J.l, modified _for systems with time delay. The optimization 

cannot be performed with the very fast multidimensional 

Newton procedure, described in 3.2, since U(s) isn't any 

longer arational fraction in s which was a necessary con­

dition for the analytic representation of ITE2. Therefore 

a numerical optimization procedure had to be used. A pro­

cedure of a "direct search" was taken for which an ALGOL­

program exists at the institute w~i~h is described in 9 • For 
/ 

each combination of parameters Xi the system of equations 

of the model has to be solved and the error has to be inte­

grated according to eq.(l). Even though the seeking process 

is very fast, the optimization is much slower than in the 

linear case with the multidimensional Newton procedure, 

since the solution of differential equations is relatively 

small on a digital computer. There was a factor about 5 in 

the computing time. To avoid this one can replace for 

optimization the continuous system by a fictitious discrete 

system. For discrete systems you can calculate ITE2 analytical­

lyJ even if there is time delay, since a time delay causes 

only a rise in the degree of the denominator and numerator 

polynomial of U(z). Then the Newton procedure of J.2 -

modified for discrete systems -is applicable agai~. 

The adaptation for systems with time delay is exactly the 

same as for linear systems. 

5. Conclusion 

It was shown in this paper how to get the control law of· 

adaptive feedforward , control of controller parameters by 

means of a digital compnter. It is an advantage of this 

method that the compute r - on-or off-l~ne - is only neces­

sary during a starting phase. By simulating a model of the 

plant on the computer the interferences into normal operation 

can be reduced to a mini mum.· 
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In this method the model is determined by means of ·one of two 

described· identification procedures for each operation state. 

The i dentification procedures don't need any information about 

the structure of the plant. The controller parameters are op­

timized by a multidimensional Newton procedure, respectively 

by a direct search £or systems with time delay. A possibility 

was pointed out how to apply the Newton procedure for systems 

with time delay. 

The extension of these methods to discrete systems is discussed 

i n 2 , so that it is possible by these procedures to determine 

the control for adaptive feed£orward control of controller pa­

rameters for continuous and discrete systems with or without 

time delay. 
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EXTREMUM-SEEKING CONTROLLER WITH 
EXTRAPOLATION 

H.G. Jacob c. Uira 

LABORATOIRE D'AUTOMATIQUE 

et de ses Applications Spatiales du crzy~ 

TOULUSE - FRANCE 

1. INTRODUC·:riON 

Extremum-seeking controller affects input variables of 

a system or a process ( S) in such a way as to seek for an 

extremal value of a performance cfi~erion which is a function 

of certain system variables independently on the disturbances 

ond changes of process characteristics which are a priori 

~ unknown [1]. The disturbances cause, in particular,a shifting 

of the curve representing the performance criterion. In 

general, contr ollers of this type are applied in cases 

when initial information content in small [1] which results 

in the necessity for enlarging the amount of information 

by a seeking process. The presence of the seeking process 

lowers the quality of the system as far as speed of peration 

is concerned. and to achieve a given accuracy the assumption 

is requir ed that the changes of the performance criterion 

are sufficiently slow. 

The extremum-seeking controller described in t he paper 

necessitates a larger amount of initial int'ormation than 

a clasical extremum controller does, if a high qualit~ is 

required . Owing to t his f actor such a cont~oller can not be 
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so wi dely applied as clas sical one, but on the other hand 

it has much better properties as far as operating speed 

is concerned whi ch is t he feature of all systems with 

l arge initial information. 

·,~; e are considering the case when t he performance criterion 

ot the process ( S) depends on a single variable onl y. 

The block diagram for the extremum-seeking control system 

(controller + (s)] is shovm in Fig.1, where w1 and w2 are 

the · parts of t he process- assumed linear, situated before 

and behind extremal cnaracteristic( ~) • .1 and X are the 

disturoances, unknown a priori, which shift('e )horizontally -

and vertically. To design the controller we assume that 

the following initial data are at our disposal: 

- the form of( 'e' is known; it b.as single extremum 

/ maximum or minimum/, moreover, disturbances do not affect 

( '-e )too much; 

- the step responses of w1(p) and W2 (p) are knovm. 

The extrapolation is of parabol ic ~ype and indirectly 

ut ili ~es t he knowledge of t wo points on a parabola P 

whic are c o~on to (P) and(~), and its parameter which 

i s averaged ~or both slopes of t he curve - divided oy 

:;he ext remum point of ('e) - in such a way t hat (P) and ('f!) 

be as c los e to each ot he r as pos sible. ~n operation ~ 

c m? ris i ng I our i ntervals - which permits t o obtain t he 

ext r emum of ( P) will oe called an optimization sequence. 

T: e extremum of( ~)is achieved in course of a number of 

optimization sequenc es. 

'rhe steps of an optimization s equence are: 
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- drift detection step. It has a fixed time ~terval over 

which drift of the operating point{output variable~ caused 

by the disturbances A , X , searching and input qont rol 

signals - is detected. 

- searching step of variable duration. Over th~s interval 

two points of (~)are determined. 

- control step of variable duration resulting from calcula~ions 

of the position of the extremum poi:r1t of ( P), and takL"'lg 

into account the displacement of ( '€} during the optimizat ion 

sequence, by extrapolation of drift measured in t ·1e first 

interval. 

- rest step of fixed duration. 

The possibility of taking into account drift of ('e) d.uring 

a sequence allows the controller to remain stable even in 

the case of rapid shift of(~). The modulation o= the searching 

and control steps duration allows to increase the speed of 

operation ·if the operating points is far from t he extremum 

of ('e) and to increase accuracy if the point is clos e to 

the extremum. 

After describing the main pri nciples on which the idea of 

the controll er is based we describe an optimization sequence. 

Later on, we mention about a possibilit y of "tachometric 

correction" and we carry out s t abi lity analysis for t he process 

- controller set . The f i nal part deal s ·.-;ith experimental 

investigations. 

2 . PRi l'TCI?LES OF ·rHE EXTRAPOLATI 011 

Let us cons ider t he extreme. l char~ ·.;t eristic { '£} descri bed 

oy equation y = F(x) , s hovm in F·.:..g . 2 . Its deformation caused 
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by disturbances is not significant. For two arcs forming 

the slopes of the curve on both sides of the extremum point 

·.7e determine a parabola P having its axis :parallel to Oy. 

The parabola is, on average, as close as possible to tr1e arc 

of the characteristic ('e) • 
The equation of such a parabola is 

x?- + ax + b = 2py 

where p - parameter of ( P). For the left part of the character­

i stic ('e) we determi ne p1 and for the right part - p2 • 

mhe sign of tne change of the output value 

pei~its to find out which of these two parameters should be 

ayplied. 

The purpose of the searc hing step is t o find tvJo points 

and B of t he cha;acteristic ( ~) . These two points and one 

the pararn.et ers p., p2' uniquely determine a parabola (P} • 

Let us denote: Ax - increase of x after a searcaing step, 

~ y - co r responding increase of y, XA - abscis s a of point 

xp - abscissa of the extremal point of the parabola ( P), 

~ - increase w1ich s hould be added to X in order to reach 

the extremum of (P } - Fig.2 . For t he introduced symbols 

we .ave 

·A X 

-~ 

i = 1,2 

/1/ 

I n most cases of e~~remum-seeking systems the variables 

x , Y are not accessible, the refore y is measured after 

A 

of 

A, 



69 

the dynamic unit W 2 and x is affected through W 1 • For the 

furthe r calculations we assume that gains of \1 and w2 are 

equal to unity. /If they differ from unity the form of(~} 

is modified accordingly/. 

- __ 'J.ng the searching step /" is increased by an increment 

A )A of constant value, the ~uration time 4 tr of the step 

being variable. Let x {A tr} be the value of the intermediate 

variable x at t he instant ~r /Fig. 3a/. It is the response 

f or a unit step of ;M. . Let Y'(4 tr) be the value of 'f at 

the instant A tr obtained as the response for unit gains of 

,, 1 and w2 and for the same step change of. f /Fig. 3b/. 

i e get 

A y 

ax 
Increment of a,; corresponds to an increment of /r which 

is given by 

1 
=- ----

2 /2/ 

For the controller described here l\ 'f is a constant value, 

equal to a ~ , determining the variable· searching interval 

A tr. 

3. PRINCIPLE OF THE CONTROL 

In order to increase the rate of operat i on at the begining 

of the control step r receives . a step increase /called the 

fo rcin control C~/. The magnitude of CE is constan and as 

large as it is admitted by technological constraints, its sign 
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be.i ng dependent on the change of V' after applying the step 

s earching signal . The duration ~ tc of the control CE is 

variable in such a way , that at the end of this interval 

the value of x corresponds to xp• Immediately after the time 

A tc the sig~al is foroed to assume the form ·of CD 

/c.alled definitive control/ such t ' at x pres erves the value xp. 

The response x(t) for different searching and control signals 

/ Fi g. 4/ permits to determine A tc frem the formula 

= /3/ 

and the control CD from 

· Therefore 

1 A 'fs · p AJ"i i (~ tr} 
CD = f (A tr) 

+ • - CE /4/ 4f' 2 

In practice, t he te~ Aft i (A tr) is small in comparison 

wi t h the other terms of equations (2), (3) and{4). 

The suggested controller makes use of the simplified relations 

oased on the follo wing approximation: 

1 Ll \f, p c ~ -

c 
/ 6/ 

E 
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In case of a process ( S ) for ·hich the characteristic 

is not follo wed by dynamical unit w2 , the control step of 

duration A tc is not applied and definitive contr ol step CD = 
= C is applied at the begining of the rest interval. 

The rest step of a constant durat ion is chosen acco~ding 

to the. response. time of the dynamical unit w2 which follows 

the characteristic(~]. This step is necessary in order that 

the system could reach the riew stable operating point by 

the time the. next optimization sequence starts. However, if 

the duration of the rest step is short·er than the response 

time of w2 , i.e., if the variable ~ still changes at the end 

of the optimization sequence then, he step of detection of 
, 

the operating point drift permits to take this displacement 

into account. 

4. PRINCIPLE OP DETECTION OF THE OPERATING POINT DRIFr AND 

THE EXTRAPOLATION OF IT 

There are two main sources o:f drift of the output vari-able 

VJ of the process ( S). They are: 

' a/ the action of external disturbances A , A which 

move the characteristic(~)horizontally and vertically. 

b/ the fact that at the end of rest step duration of 

which is shorter than the response time o:f the dynamical 

unit v2 , the variable ~ s~ill changes. 

The displacement fl 'fp is detected duriilg the first 

interval of an optimization sequence through memorizing values 

. of Y' at the begining (t = t
0

) and at t he end (t = t 1 ) of 

this interval . fl lf P is integrated over the search:L'"lg inte ... al. 
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t1 + t 

'f P = l((t1) +J 'fpo<.1 dt, o(1 ( t 1 - t 0 } = 1 . 17/ 

t1 

The value dt ' 

is the predicted, extrapolated change of ~ in the 
A~ 

interval, determined without taking into consideration the 

influence of the searching signal. In this interval this 

quantity is continuously subtracted from the resultant change 

A lf d ( t) • The change f1 'f d (t) results from the change of '{' 

caused by the searching step as well as from the drift of 

the opera~ing point. If the obtained difference exceeds 

a t hreshold value Ill(' s, -c he searching step terminates. 

Thus, ~ e get a modul ation of t he duration of this step as 

a function of t he slope of t he extremal characteristic ('e} at 

the operat ing point e 

The detection s t ep can possibly be cancelled if the changes 

( ) "\ "'\ \ 
of 'e caused by the disturbances 1\. , A are sufficiently slow 

and if t he duration of the rest interval is 1._ :.'='er than 

the res~ onse time of the unit w2 • 

5. DESCRIPI'ION OF Al"'i OPJ:I :IZATION SEQUENCE ( 2] 

The different steps of each optimization sequence can be gene: 

ted by means of a ·ing counter controlled by pulses from mono­

sta' le multi vibrat ors ( rviS1 , VJS2 ) giving pulses of a f _ixed 
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duration, or by comparators ( c1' c2, c3) giving the steps 

of a variable duration /Fig.5 and 6/. The diagram in Fig.6 

shows the principle of operation of a controller for a case 

of equal parameters p1 = p2 chosen for each side of the 

extremum of ( 'e} . 
- At the instant t = t

0 
the step of detection of the operating 

point drift starts. The 0 stage of the ring counter /Fig.5/ 

is in the "binary one position" all othe~· stages in the 

"zero position". The transient state of the monostable 

multi vibrator ( MS1 ) determines the constant duration of 

the first step. The unit M
0 

/Fig.6/ memorizes the value 

lf' (to) = 'fo • 

-At the instant t = t 1 , the multivibrator: (MS1J switches 

to its stable state and the stage 1 of the ring counter sets 

to "binary one position", all other stages are at "zero 

position". The searching step starts. The M1 unit /Fig.6/ 

holds in memory 'f (t1) = lf1 • ~he difference lf 1 - 'f 
0 

=A VJ p 

is integrated by the integrator r 1 over the duration of this 

step. • 
The searching signal flJA is imposed on the variable ~ 

through the control block BC , the output unit of which may 

be for example a motor. The main time constant of the motor 

is small in comparizon with the time constant of W 1 and \', 2 
and '.vith the average duration of the searching step. 

The initial condition -u is set on the integrator I 2 with 

input signal + V. Its output voltage s2 linearly decreases 

t., + t,.. j o< 2 V dt = u - o< 2 

t 1 
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The voltages + V, -u and gain 2 are s~ chosen that they 

dete rmine a maximum value of the time tr max which follows 

f rom the properties of the process /Fig.7/ to be optimized. 

- The searching step ends at the instant t = t
0 

when 

t ne difference 

t1 + t 

A V'd(t) - fA~ dt 

·t1 

assum~s t he value ±. A 'fs ; ( t 2 - t 1 = 4 tJ. The comparator 

c1 or c2;it depends on the sign. of A 'fs; makes state transition 

in the 2nd stage of the ring counter from "zero" to "one". 

The ·other stages remain at "zero". The control step starts. 

Forcing control of a constant magnitude CE' the sign of 

which corresponds to ~he sign of A lf s if the eXtremum is 

a maximum point, i imposed on the variable f through the unit 

(BC) simultaneously with the step change - ~ , which 

compensates t he step ·change of the searching signal,+ 

/the switch r.1 in Fig.6, controlled by c1 , c2;. The voltage 

s2(t) is held at the value s2 (t2 ). The longer the time interval 

A tr, the smaller this value /Fig.7/. 

In Fi g .6 the element ( GF1} is a function generator. Its output 

voltage is equal t.o 

c :: -

Afs·P 
The pot entiometer P 1 sett ing determines t he constant term .....:..;;;;..._._ 

A~ 
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An initial condition z for the integrator 1
3 

is 

proportional to t he time interval ~ tc. Over this interval 

the control CE is to be applied. The time interval A tc 

is determined from the relation (6). The voltage z is 

supplied by the fu.nct ion generator ( Gr 2 ) ; the potentiometer 

P2 makes possible to set up the constant term 1/CE • 
I 

The voltage -V is integrated by 13• The gain of r
3 

is 

equal to that of the integrator I2 until the exact compensation 

of the · output voltage s2 takes place: 

s3 = - z - (- v')O( 3 dt 

For s
3 

= o, t = t 3 where t 3 - t 2 = A tc /Fig.B/ ( v' and o< 3 
are so chosen that the time sca~e for s3 is as sho?m in Fig.?). 

At the instant t = t 3 , .the comparator c3 sets t he stage 3 

of the ring counter to "the positic: .. "Jne". A rest step starts. 

The definitive control CD = C - CE is applied to (BC). 
The monostable multivibrator switches on. Its transient 

state determines the constant duration of the rest step. 

·when ( BS2 ) switches off, the next optimization sequence 

begins. 

REMARKS 

The characteristic of t he generator ( GF 1 ) is shown in 
1 . 

Fig . 9 . I t ·renresents t he function f. efined on 
.. ~(L\t) 

t he base of Fig . 3b. For s2 = u - the value co:t r espondin£ 

to t = 0 in Fig . 3b - C is set to CE. 
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I t results in a small modification of the curve c'orresponding 
1 

to ~ ( ~ t ) in t he vicinity of s2 = u. If the · process ls) 
consists rof a pure time delay~ , the char acteristic of LGF1 ) 

is such as shown in Fig. 10. 

The searching step duration is limited by the quantity 

Ll tr max. Large value of 6 tr indicates that the operating 

point is close to the extremum. I~ fl tr is greater than lltr max 

the optimization sequence is discontinued, the controls CD 

and CE are not used, only the step signal- A~ is applied 

to compensate the step change .6- }'- of the searchmg signal. 

- The characteristic of the. generator ( GF 2 ) is· shown in Fig .11. 

- In some cases _JP · small, fl ~.~,. :J~ge/ the relation ( 4) 

i nstead of the approximate relation (5) has to be u~ed to 

det ermine c~. In such cases, to determine ~ tc one has to make 

use of the relation l6) instead of the relation (3). 

5 . "TACHOMErRIC" COMPENSATION [ 2] 

Let us assume that the process ( S) consists of a dynamical 

unit w1 followed by unit with an extremal characteristic ( ~). 

In other wo~, time constantsand delays of the unit w2 are 

supposed to be negligible with regard to those of the unit w1 • 

Horeover, we assume that the extremal characteristic ('e) has 

a maximum. In the case whe~ xu is practically the same as 

t he abscissa , of the extre~ point o.f the characteristic l 'e) 
and no displacements of it occur, the motion of the output 

var iable y ~ ~ ends at t = t 3• It means that at this instant 

dy/ dt = 0 /the controller is supposed to be ideal: tc and CD 

are precisely det ermined/. 
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If at t = t 3 - E I £ - sm~ll positive constant/ xA and 

xp are to the left of XF• then dy/dt is positive. It. means 

that in the course of the optimiz~tion sequence the operating 

point does not overrun the maximum of ('f) • If xA is all 

the .:time to the left of X]> and at t = t 3 -£ :xp-is to 

the right of this point, dy/dt is negative what indicates 
~t]!§. 

thatTOperating point has overrun the maximum of ( ~) in 

the course of the optimization sequence. In such a manner, 

the value of dy/dt measured at the time when the definitive 

control is to be applied, gives information about the position 

of the operating point with regard to the maximum of ('f) • 

The amplitude of the definitive conjrrol can be varied as 

a function of the value of dy/dt which is measured at that 

time when the control is to be applied 

coo =CD+ si 
. dtf 

~or xA.:. Xp i 1,2 = 
dt 

Coo = CD - bi 
d'f 

· for :xA ~ xp 
dt 

where c00 is the corrected definitive control 

b i is a coefficient which depends upon the parameter p 

/see paragrapb 2/. 

If dynamical properties of w2 can not be neglected, the 

fact that d'f /dt is negative allows to make conclusion that 

the maximum point of {'e) has beet! overrun. But under the same 

conditions, the fact that d~ /dt is positive does not allow 

to draw a conclusion that the maximum point of t '€) has not 
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been overrun. The correction of the definitive control can· 

be performed but with some complications. 

Vihen drift of ('€) occurs, the tachometric compensation 

may be used but it has to be taken into account that for 

the block of d'f /dt the variable 'V is an output variable 

from which the extrapolated value of shift occu~ during 

the first step of the optimization sequence is subtracted. 

~~en the operating point moves in the disadvantageous 

direction, it is vdse to decrease the rest step duration. 

It can be done by making use of information about d ~ /dt 

at t = t 3 - E • Then, the rest step duration is no more 

constant and varies with the motion of the operating point. 

7. CONSIDERATIONS ON CONTROLLER STABILITY 

The controller is said to be stable if in steady~state 

under the application of an optimization sequence the operating 

:9oint is not moved out of the extremum of the characteristic. ('€). 

7. 1 . Stability Versus Changes of the Parameter p of 

the Parabola ( P) 

Let the extremal characteristic l~)be a parabola. In 

the case when disvurbances have no effect on this 

cher·ecteristic, the parameter p corresponding to the 

:9araoola t P) can not be the best approximation of 

the che.ract eristic.( ~) for all positions of the operating 

yoint, because this parameter has been chosen as an average 

value • .As a result of it, the cont r .,ller stability under 

chaLges of t he :parameter p of the pare · ola (P) has to be 

ons idered • 
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In order to carr,y out the stability analysis it is ~ss~ed 

'that the characteristic ( '€) is a parabola with a parameter p 
V 

and that only an estimate of this parameter, equal to p, is 

known. The error of the variable x which arises as a resu1 ' 

of this fact is as follows 

• 
E = 

tt 
where ~ is a control corresponding to th~ estimate p, 

tf 
~-an ideal control which brings .the operating point 

to an extremum of the parabola ('t). To generate this control 

one has to know the exact value of p, namely Pv• For 

-operating points which are distant enough from the extremum 

p 
- 1 

• P'v :Figure 12 shows e against -p-· The stab~lity limit is 
• * determined by t = ± 1. In fact, for £ = + 1, th6 control 

* • <ix: is two times the control <Ixv ; new and previous operating 

points .are symmetric about the extremum. For£*= - 1, 

* ~ = C and the operating point does not change its position. 

A condition for stability has the form 

/9/ 

where IPv mini is the smallenpossible value of the parameter p. 

It should be noted that too small values of f p f ought not 

to be chosen, because the optimization rate decreases ~ith fP( • 



80 

I 

7 .2. Stability Versus Settings of Dynamical Charac.teristics . 

of t he w1 an4 w2 Units 

In practice, only approximations of responses i ( 6 t r). 

and ~ (6 tr) are kp.ovm. Moreover, the units w1 and iJ2 are 

nonlinear what implies that the form of the response is 

a f unction of the amplitudes of the signals )1 and y. 

Control C, defined by ( 5), is determined with an error, 

which is 

r,., 

€ = = 

where 

-1 

~ v (A tr) is an exact response of w1 , ·v2 set 

1-v 

£ = 1 

It can be f ound t hat in t his c ~s e t he stability limit 

i s given by e' = ± 1 or \fv(6t r )~2 ~(Atr).The dotted 

nr ea i n Fig .13 represents a region for v;hich every 

J;J.rve 'f (6 tr) is s t able p r oviding t he exact value of 

·.lle parameter p is lr..novm. If we accept a curve ~ v;hich 

corr esponds t o a re syonse more rap id t han that of ~ v' 

the ampl itude of t he definit ive control C~ is gr eat er t han 

that v1hi.ch ought t o be a~}l ied . I t is due t o t he f act that 

t ~:e cont _ :.. C is sm.nlle r . iLnce , t' _e value of -che s econd 
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terre of t he ~elation (3) is smal ler than t he i deal one and 

the t i me interval 6 t c is smaller t hen tile ideal time 

i nterval ll tcv providing that the generat or ( GF2 ) exa~"tly 

reproduces the response xl~tc)• In such a manr-er, e rrors 

of C and ~ tc tend t o compensat e each other. 

The generator ( GF 2 ) det ermines the time int erval 11 t c 

and has effect upon a system transient stat e. 

Ovdng to t he fact that changes in settings o; ~he dynami cal 

characterist ics of \lJ 1 and TT12 affects stabi lity i n little, 

-che curve generated by ( GF1) can be replaced v.ri t h the 

straight line (-d. ) /Fig. 9/ _and the curve gener ated by ( GF 2 ) 

- with .the straight line ( d1
) /Fig.11/. 

7.3. Stability in the Presence of Noise 

The value of the threshol~ ~ \f> s is chosen to be large 

enough with regard to t he amplitude of noise disturbing 

the variable lf>. However, t he in?rease in 11 \fl s results in 

decreasing t he opt i mizat ion rate and accuracy. The latter 

·is due to t he increase i n t he amplit ude of oscillat ions 

about the extremum of the characterist ic l ~). 

7.4. Stability Versus Drift of an Optimal Charact eri stic 

Th~ existence of t he step of detection of an operating 

point dri f t makes possible to prese rve stabi lity of t he 

contr oller under r apid changes of he ext r emal char ac-t er is+-ic 'e). 
Experiments which are described in paragr aph 8 , cor r espondin 

t o Fig . 17 and 18 , i l_ustrate stabilit of the cont rol _er 

under· t ' e influence or s ·nusoi ' al and triang lar dist urban es . 



82 

8. EXPERD.1ENTAL INV.ESTIGA·riONS 

The process{s) has been simulated on. an analog computer. 

I~vestigations which are illustrated in Fig.1~and b have 

been carried out in order to point out the fact that the 

controller is stable under large changes of the parameter p 

of the parabola (P). With this in mind the extremal 

characteristic (~)has been chosen to be str~gly dissymmetrical 

/the dotted curve in Fig.14/. 

The transmittances of w1 and w2 units have been chosen as 

f ollows 

1 1 

. T1 = 10s, 

The average value of the parameter p is p1 = p2 = -1. 

It can be found that the tachometric compensation 

results in better response speed. 

In order to investigate the controller stability as 

related to errors in settings of the dyncmical characteristics 

of W 1 and tl2 , the response \P l t} was recorded for various 

value ~· .)f T1 and T2 ; whereas settings for ( GF1 ) and ( GF2) 

were always T1 = 10s, T2 = 5s /Fig.15/; The characteristic {~) 
is shown in Fig.14~ 

Fig.16 illustrates the operation of the extremum - seeking · 

controller in t he presence of a sinusoidal distuTbance 

v.it h the amplitude equal to 3V and the J_)eriod Tp = 80s. 

This disturbance results in a horizontal displacement of 

A. { t) 
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the parabola [curve l ~) J with the parameter p = -2. 

For f ~ 4> s J = 0,1 V and without the step of detection of 

an operating point drift, the system is unstable, but if 

the drift detection step exists, the system xs stable 

/Fig.16a~ 16b/. For the treshold j Ll \{> s f greater. than that 

previously mentioned, namely for ~~ \fsl = 0,3 V, the 

sy~tem is stable even without the step of ·detection of 

an operating point drift, but when this s~ep exists the 

system·perfor.mance is better /Fig.16c/. 

Fig.1? presents the response "P(t) obtained for the case 

of disturbances of the triangular waveform. The disturbances 

cause a vertical displacement of the characteristic t~)from 

Fig.18. It should be readily apparent that the existence 

of the ~ift detection step has stabilizing effect on 

the system performance. -

For investigation purposes, the generators ( GF 1 ) and 

lGF2 ) have been replaced with linear elements [straight 

lines (d) and (d
1

)in Fig.9 and 11]. It has given conclusive 

evidence of the fact that the controller stabil~ty is 

preserved despite errors in settings of the dynamical 

characteristics of w1 and w2 • 

·'9. CONCLUSIONS 

The perfor.L., :...nce of the described cxtremum - seeking 

controller can be improved by eliminating the searching 

step. If it is the case, the control signal with the 

amplitude CE following t he first step of an optimization 

sequence is also used as a searching signal. If under 



t he action of control t he o~erating point moves in the wrong 

direction, the control CE is terminated after 6 tr. But 

if as a result of control the operating point approaches 

the extremum, the control CE lasts ~ tc. Exact relations 

(2), (3), (4), for which j.l = CE' are used. The structure 

of such a controller is a bit more complicated despite 

decreasing the number of steps of the optimization sequence 

by one. 

Principles on which the controller construction is 

based can be also used when the extremal characteristics 

is a function of two variables, y = F ( x1 , ~). If it is 

the case, revolutionary or elliptic paraboloids are used 

for extrapolation instead of the parabola ~P). As t he base 

for this choice, the initial information about l~)is used. 

To conclude these considerations it should be noted 

that the described controll er belongs to the class of 

model - reference adaptive systems. As a consequence of it, 

the generators (GF1 ) and (GF2 ) as well as their input and 

ou~put elements can be replaced with models of TJ1 and 2 • 
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J: = 10sec ; ~ =5sec 
t rest =5sec j fjlf.s=threshold 
~ =SV ; /C)= tO V 

cJA '= (028 %ec)- t 
(wdh prediction) 

d) l= (0,42 %ec)-t 
(with prediction) · 

Fi_qu.re 1'1 
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Vertical triangular 
disturbances 

a) A~ (0,.14 %ec) · t 
(without prediction and 
compensation of drift) 

b) A'= (at4 %ec) · t 

(with prediction) 

f division = 2 V (vertically) 
= 5sec(horizontally) 
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AN OPTIMAL EXTREMU~i CONTROL SYSTEM 

1. Introduction 

.L.R. Jacobs and S.M. Langdon 

Department of Engineering Science 

University of Oxford 

U.K. 

Extremum ~ontrol or 'hill climbing' problems are a well defined1 ' 2 

class of control problems in which the output of a controlled process 

is minimised (or maximised) by automatic adjustment of the input, based 

on observations of the output. There are many potential applications 

including automatic maximisation of combustion efficiency in engines 

and boilers, automatic maximisation of efficiency in chemical plant, 

automatic minimisation of wear in drilling machinery, automatic 

minimisation of errors in control systems, automatic focussing of 

optical systems. Two obstacles in the way of widespread practical use 

of extremum control are:-

(l) The practical difficulty of measuring many of the output variables 

that it might be desirable to minimise or maximise. 

(ii) The lack of theoretical information a~out what is the best 

performance that can be expected of an extremum control system and about 

what control law will yield that performance, assuming that the output 

can be measured or estimated. 

This paper is a contribution to the removal of the second of the above 

obstacles. 

1-11 
A variety of extremum control laws have been proposed , but these 

have mostly been derived by empirical arguments and little is known 

either about their relative merits or about optimal extremum control laws 

although the question of what would be an optimal law has been raised 

by several authors2 ' 7 ' 12- 16 . 

An optimal extremum control law is derived here for a simplified, 

discrete-time, extremum er· trol problem. This is thought to be the first 

such explicit statement ot an optimal extremum control law. The 

problem solved has been discussed elsewhere14' 15 and i~ has been shown 

that the optimal control can be expressed as the solution of a o:~amic 



94 

. . 17,18 t • 
programm~ng equa ~on. 

15 Mozgovaya showed how the problem 

could be simpl ified by separating the steady state and transient terms, 

but solved an i ncorrect equation for the steady state term; Jacobs
14 

fo rmul a t ed a correct but impracticable equation for the transient term. 

The two approaches are combined here to yield the correct solution. 

The resulting control law gives an indication of the structure 

of . optimal extremwn control laws and it gives a measure of the best 

performance that can be achieved for the particular problem investigated. 

This performance had previously been achieved using a simpler suboptimal 

pol icy14 and it i s concluded that the suboptimal policy should in this 

cas e be prefered for practical purposes. 

2. The Simplified Extremwn Control Problem 

Figure 1 shows the simplified extremwn control problem in which 

effects of measurement noi se and dynamic lags are neglected. The 

observable output vari abl e c i s assumed to be a quadratic function of 

a variable x 

(1) 

where x is t he unobservabl e sum of a control variable u and a disturbance 

variable z 

X u + z (2) 

It is assumed that all variables are dis crete-time variables , as is the 

ca s e when a digi tal computer i s used as a controller , and the integer 

variabl e i i s used to represent time. 

stochastic variable with transformation 

z ( i + 1 ) 

The disturbance z is a 

z (i ) + r(i) 

where r i s an independent random variable with zero-mean, stationary 

Gaus s ian probabil i ty d~nsity 

. p(r) 
1 

tr/21f 

2 2 
exp (-r /2~ ) 

The problem is to make the series of control decisions u(1), u(2) ...• 

(3) 

(4) 

so as to min imi se t h e expected value of the time average c of the output 

c defined by N 
c = Lt 1 ~ c(i) 

N-oo N i = 1 ( 5) 

=A? 



vbere the expectation is taken OYer the known probability densities 

(equation (4)) for the rand0111 variables t-(1), r(2) 

.A first step tovarda foraulating the equations of optimal control is 

the choioe of state ~riables. Por this purpose it is convenient to • 

consider incra.ents v in the control variable • 

v(i) = u(i ·+ 1) - u(i) 

so that the system difference equation can be written (combining 

equations (2), (3) and (6)) 

x(i + 1) = x(i) + v(i) + r(i) 

(6) 

(7) 

Equation (7) shows that the variable x is the state variable of the system 

&Dd that its dynamics are linear. It the variable x were observable the 

quadratic performance criterion c ot equation (5) would be minimised by a 

linear control law 

v(i) . = -x(i) 

However x is not directly observable; what is observable is the output c 

and so each observation gives two possible values for x, 

x(i) = ± / c(i)/.A = .± w{i) 

where w is an observable variable defined by 

W' = = htl 

it being assumed that the constant .A is known. 

3. Sufficient Statistics 

(8) 

(9) 

In the absence of direct observations of the state x it · becomes 

necessary to describe the state of the system by a probability distribution 

tor x. Por each observation c the state x has two possible values .± w 

and so the probability distribution for x can be represented by the Value 

ot w. and by a number q such th& t 

q(i) 

1 - q(i) 

probability that x(i) has the positive value w 

probability that x{_i) has the negative value - w 

This probability distribUtion has expected value 

B(x( -t )] q(i)w(i - (1 - q{i)) w(i) 

(2q(i) - 1) w{i) (10) 
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After each stage of the process an updated probability . distributio~ 

[w(i +1), ·q(i + 1)] can be derived from knowledge of the probability 

distribution [ w( i), 41( i) J at the previous stage, of the control incranent 

v(i) , and of the res~l ting output c ( i + 1 ) • The new value w ( i + 1 ) 

is given by equation (9) and the new value q( i+ 1 ), derived14 by 

application of Bayes' rule to the system of equations (1) - (6), is 

where 

q(i + 1) 

P = exp(-(w(i +1) - w(i) - v(i)f /2cr 2
) 

1 

P
2 

= exp(-(w(i +1) + w(i) - v(i))~/2G' 2 ) 

P
3 

= exp(-(w(i +1) ·+ w(i) + v(i)) 2/2~ 

P = exp(-(w(i +1)- w(i) + v(i))
2
/2-0'

2
) 

4 

(lla) 

(Ub) 

The variables w and q completely specify the probability 

distribution for the state of the system at each stage; .they are 

sufficient statistics17' 18 • They play the role of state variables in 

f ormulating the optimal control equations, and the resulting optimal 

optimal control law is specified by a function v~ [ w, q] giving the 

optimal control v( i) as a function of the current values w(i) and q( i ). 

(4) Optimal Control Equations 

The optimal control is derived by considering the possible up­

dated values . w ( · i+ 1) and q ( i + 1) that may result from a control v( i). 

The updated value w( i+ 1) L S given by equations (1), (7) and (9) 

w(i + 1) lx(i + 1)1 = l.x(i) + v(i) + r(i)l 

I ± w( i) + v( i) + r( i) I 

s o that there are two possible values depending on whether x( i) is positive 

or negative. These are 

w(i +1) 

w(i +1) 

lw(i) + v(i) + r(i)l with probability q(i) 

(12) 
1-w( i ) + v(i) + r(i)' with probability 1 - q(i) 
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It is convenient to write 

lw(i) + v(i) + r(i)l + 
=W 

and 1-w(i) + v(i) + r(i)\ = w 

+ ·-and to use the notation q , q for the two corresponding possible 

values of q{i + 1) given by combining equations (11) and(l2). 

18 
The dynamic programming approach is to define an optimal 

expe~ted return function 
N 

The expected value of the smn I: c ~i )- when the 
1 = 1 

optimal control v* is used for N stages starting 

fram w(1) = w, q(1) = q. 

The principle of optimality states that when the optimal policy is 

used and the first decision i~ v(1) = v and the random variable r(1) 

takes the value r the return to be expected from the remaining N - 1 

stages is 

But the contribution from the first stage is Aw2 and so, taking into 

account the known probability distribution for r(l), the. expression 

for total expected Peturn can be written - . 
Aw2 + j(qPN _ 

1
L w+, q+] + (1- q) PN _ 

1
[w-,q-])p(r)dr 

. -00 

When the optimal control law is used .this expected return is minimised 

with respect to all decisions vLl) ••• , v(N), including the first 

decision v(l), so that 

ao 

q1 = Aw
2 

+ min{ J (q FN 
V -o. 

+ + 
1 [w,q l + 

+ (1 - q) PN _ 1
[w-, q-]) p(r)dr} 

(13) 

Equation (13) is the dynamic programming functional recurrence 

equation for the total return from a finite-time process. For a single­

stage process , N = 1, the decision v cannot affect the return and the 

definitions give 

(14) 
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Put ting N = 2 in equa tion (13), using equation (14), perfo~ing the 

integration f or the probability density p(r) of equation (4) and 

then mi nimising gives t he optimal control for a process with only 

tvo stages 

* v
2
· [ v, q] (1 - 2q) V 

and the optimal expected ret urn is 

2 2 2 
= A( V + 4v q ( 1 -: q) + ($ ) 

The optimal policy for a process with an infinite number of 

stages, as specified by the performance criterion of equation (5), 

could, in principle, be determined by repeated iteration of equation 

(13). In practice i t i s more convenient to regard the total return 

(15) 

Pl!f [v, q l as the sum of a transient term fM that depends on the 

i nitial conditions [v, ql and a steady state term that depends only on 

t he number of stages N 

(16) 

fN [ o, o] 0 

Substituting equations (16) into equation (13) and iterating19 from the 

i nitial solution of en ation (15) it vas found that for large N (N) 7) 

the transient term, the average steady state term and the optimal 

control all become independent of N 

fN [ v, q) - f [v, q] 

c* N 
__. ' C* 

vN* [v; q] ~ v*[v, q1 

Combining equations (16) and (17) gives 

Lt 1 PN ( v, q] c* 
N- 01 N 

and the definition of the . total return function PN shovs that c* is 

t he minimum value of the performance criterion c of equation (5). 

(17) 
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Thus the limiting control la.w v* [w, q] is the optimal control for 

the extremum control problem specified in Section 2. 

5. Optimal Control Law 

The optimal control la.w v* r w' q 1 was found by writing a. digital 

computer program to iterate a. discretised fo~ of the functional 

recurrence equation. Details of the computation which gives results 

to a.n accuracy of approximately± 1~ will be described elsewhere19 • 

Figure 2 shows the numerical results (normalised with respect to the 

standard deviation ~ of the random variable r) which a.re subject to a. 

symmetry condition 

v* [w, ql -v* [ w, ( 1 - q) ] 

a.nd to a.n asymptotic approximation for large w 

v* [w, q] ~ - (2q - 1) w 

where (2q - l)w is the expected value of the state x, ,g iven by 

equation (10). 

(18) 

(19) 

The computation a.lso gave the value of the steady state performance 

criterion 

c* min { c} (20) 

Another digi tal computer program was written19 to simulate the perfor­

a.nce of the system in Section 2 using the optimal control la.w of Figure 2. 

The a.vera.ge value of ~A~ was found to be 2.2 (to a.ccura.cy approximately 

t~) a.nd this agreement with the value predicted by equation (20) is regarded 

as confirmation that the optimal control la.w ha.s been correctly derived. 

(A corresponding simulation using the 'optimal' control la.w proposed by 
15 2 Mozgova.ya for the same system ga.ve c/Aar the value 7, which indicates 

performance fa.r from optimal). 

For purpos es of comparison with suboptimal policies the control v 

is regarded a.s the sum of two terms, a. correction term equal in magnitude 

and opposite in sign to the expe cted value of the state x and an information­

sensing term , the 'intentional error ' 7 . 
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v(i) E [x(i)] + intentional error (21) 

Equations UO) and (21) and Figure 2 were combined to give Figure 3, which 

shows the normalised intentional error as a function of[w, q] . The 

intentional error is subject to a symmetry condition similar to 

equation (18) , 

Intentional error[w, q] - Intentional error[w, (1 - q)] (22) 

An interesting feature of the optimal control law is the discontinuity 

that is evident in some of the lines in Figures 2 and ·3. This is due 

to the 'dual •20 nature of the contr.ol which must provide both correction 

and information-sensing functions, as indicated by equation (21). The 

di scontinuity arises as one of these functions becomes more important 

than the other. 

6. Comparison with a Sub-optimal Control Law 

A suboptimal control law has been described elsewhere
14 

which gives 

performance as good as that of the optimal control law derived here. 

The suboptimal law uses an intentional error of constant magnitude a 

and with sign that can be chosen according to either of the rules 

intenti onal error 

or 

i ntentional error a sign [ 1 - 2q ] 

It was found that when the system of Section 2 was controlled by a law 

based on equations (10), (21) and either of equations (23) the average 
2 . 

value of c/A" could be reduced to the optimal value 2.2 by using an 

i ntentional error of magnitude 

a = 0.8 rr 

This magnitude of intentional error is indicated in Figure 3 and can be 

seen to be typical of the magnitude of the optimal intentional errors. 

7 . Conclusions 

(23a) 

(23b) 

(24) 

It is a characteristic feature21 of extremum control problems that 

t he t r ue state of the controlled process, for example the variable x in 

equa~i on (1), is never directly observable. ' Even when measurement noise 
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is negligible, as in the system discussed here, the non-linear extremal 

function introduces ambiguity between the observable variable c and the 

true state x. Por problems like this, where there is uncertainty about 

the true value of the state, it is known
14

' 17 that the equations of 

optimal control must be formulated by using as effective state variable 

an updated probability distribution for the true state. Such a 

formulation is only feasible if the updated probability distribution can 

be represented by sufficient statistics, and numerical solution of the 

resulting dynamic programming equation is not usually feasible if its 

dimensionality exceeds two. 

The extremum control problem that has been solved here was specially 

simplified so that the updated probability distribution could be 

represented by two sufficient statistics. When additional features of 

practical problems are introduced, such as dynamic lags and measurement 

noise,· the dimensionality of the problem increases and the .probability 

distributions can no longer be represented by sufficient statistics. The 

optimal control equations can then be neither formulated nor solved and 

so optimal control theory cannot be regarded as a ·general procedure for the 

design of practical extremum controllers. 

The control law derived here is therefore of particular interest as 

the only known example of an optimal extremum control law. 

conclusions can be drawns-

The following 

(i) The optimal control is a 'dual control' that is the sum of a 

correction term and of an information-sensing term which depends on the 

current state. 'Dual control' (or 'adaptive') strategies have been 
22 proposed by many authors but there ·has hitherto been some doubt about 

I t " 123 the circumstances under which such 'dual control would be op 1ma • It 

seems that it is the non-lineari t :y of the extremum problem that forces the 

optimal control to be 'dual'. 

(ii) The suboptimal control law described in Section· 6 has the 'dual' 

structure of the optimal law, but is simpler to realise because its 

intentional error is constant in magnitude. The performance of the 

suboptimal law is indistinguishable from that of the optimal law and so 

the suboptimal law is to be prefered, on the grounds of its simplicity, 

for practical control of the problem specified in Section 2. 
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The question of how the optimal and suboptimal laws compare, and 

of how they might be modified, for extremum control problems where 

dynamic lags and measurement noise are not negligible is a matter for 

further research. 
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САМООРГАНИЗАЦИЯ СИСТЕ~ ЭКСТРЕМАЛЬНОГО УПРАВЛЕНИЯ 
ИваХненка A.r., Хрущева н.в., Несходовский В.И. 

/К и е в/ · 
"По трудности разрешения и послед­
спияк для науки и практики атаку 
на проблемы самоорганизации можно 
сравнить с настуnлением на тайну · 
атомного ядра. И если первая поло­
вина двадцатого века войдет в исто­
рию на~и как эпоха фундаментальных 
открытИй в области ядерной физики, 
то ~торая половина нашего века, мы 
надеекся, будет ознаменована разре­
шением центральной проблемы кибер­
нетшtи - проблемьt саu:оорганизации 11 • 

д . Я . Jlepнep ~ Пpeuuc.1ot!ue 1( книгt> 
"Принчи~»t саNоqР.гонизац11ц; 1/Ji.,AII.I,P: l~i6. 

Определение понятия "самообучение" и~амоорганизация" 

Под терминок "самоорганизация" понимается процесс само­

произвольного /или спонтанного/ увеличения организации, т.е. 

уменьшения энтропии системы, состоящей из многих взаимосвязан­

ных элементов, происходящий под действием внешвей среды или 

собственных положительных обратных связей. Более узким nонятиеu 

Я13ляется "самообучение" или ''адаптация", под которой понимается 

обычно только постепенное изменение настраиваемых параметров 

системы /коэффициентов уравнений/. Самоорганизация отличается 

родом воздействий и включает также видоизменение структуры. 

Примерами алгоритма самообучения распознающей системы по 

входным сигналам могут быть. uетоды саморазбиения множества 

входных изо&-раж.еиий .на к_омпактные груш~ [I и 2] . Человеку -
учителю остается только сообщить системе название образа каждой 

груnпы, припятые в человеческом обществе. Без этого система 

также будет различать изображения, однако ей придется дать об­

разам свои собственные названия, которые только случайно могут 

совпасть с nринят.ыми. 
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Первые эксперименты по самообучению распознающих систем 

были связаны с использованием воздействий положительных обратных 

связ~й /то-есть не входов, а выходов системы/. При этом процесс 

самообучения прототипов подобен опрокидыванию неустойчивого те­

ла. В случае отсутствия вмешательства человека система почти с 

равной вероятностью выбирает ту или иную классификацию изображе­

ний на образы /3/. Известны и комбинированное использование как 
входов, так и выходов системы для самообучения распознающих сие­

тек /2/. 
Самоорганизация, также хак и самообучение, происходит под 

действием внешних воздействий или обратных связей. Однако, если 

при самообучении всегда моzво проследить nинии передачи воздей­

ствий /входы и выходы/, то при _ самоорrавизации это почти невоз­

можно, так как воздействия действую интегрально на множество 

однотипных, с векоторой !очки зрения, злементов системы. Роль 

человека-конструктора состоит в том~ что он выбирает веливейвые 

характеристики этих ив.тегральвых воздействий /например, нелиней-

ность подоходного налога/ и снабжает частицы системы /например, 

фирмы/ определенныии "элементарными алгоритмами" взаикодейс~ия. 

Известные затруднения, связаввые с многокерностью сложных 

систем, не относятся к самоорг·авизующимся системам, где дейспу- · 
ют "интегральные · воздействия" и "элементарные алгоритмы". Прикв­

ром может быть задача укладки деталей в ящик при помощи !ряски -
одновременного действия на все детали. 

Ниже рассматривается инженерная задача - самоорганизация 

системы экстремального управления. Процесс самоорганизации при­

водит к упорядочению расположения мвожес~а прототипов распо­

знающей системы /"полюсного газа"/, каждый из которых имеет свой 

"элементарный алгоритм" и находится под контролем "интегральных . 
воздействий". 
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Кокбивироваяиая система экстремального управления 

с корректором - распозварщей системой. ОграБичения 

задачи и определение области прикеневия 

Выше мы говорили о самообучении распознаЮЩИХ систем по­

тому, что предметок даввой рабо!Ы являетсв самоорганизация ком­

. бйDироваввой системы экстремального управления, состоящей из 

разоuквутой части /РЧ/ и ее корректора /К/, где в качестве по­

следнего предлагается использовать распознающую систему /рис.I/. 

Выясник ограничении задачи. Рассматриваются как одвоко­

дальвые, так и мвогоuодаnьиые экстремальные характеристики /хол­

мы/, удовлетворюящие такому требованию: оnтиuа~ъиая характеристи­

ка объекта управления /"множест:во желаемых состояний"/ в облас­

ти рабочих режимов представляет собой достаточно плавную линию 

о~ oll, которую можно ап~оксиuироватъ кусочио-линейной функци­
ей /рис.2/. При этом предnолагается, что многомерные задачи при 

помощи приема, получившего название дивергенции, сводятся к 

о~окерной задаче, решаемой в прос!равс~е _трех nеременных 1\J 

)!_и~' где .Л - обобщен~ое возмущающее воздействие и j!!_- обоб_. 

щенное регулирующее ]Jоздействие, ~-- - обобщенвьtй показателъ ка­

чесва /учитЩJающий ~ак показателъ экстреuуuа f 1 так и значе­
ния возмущений _'( = /(~ !:)/. Наприкер, в простейшек случае, при 

. линейной экстремальвой характеристике будет · 
- - г. ' 9!_ = 7о. + "!.; t>~./!:! 1- ~~- ~ .,. ii-3 ./!!~ +: ii, Л ·· '+ ~ ,r .1( ~ 

оптикаnная харахтеристика ~k oiJ. _ определяется выражением 
а~ - . ~ ~ = ~ . 
ад -о или ~=i-o-t-,f ,)t. t гдеf-о, =--;:г! · и~---~ 

_ - , ' - , с::;;. ZJ d 'ZJ 

По!ребуек, чтобы во всех точках этой х~рактеристики было 

}V = I. ИсключаяД, получИJI /на линии О~ O~J.;/: 
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где 

iл-~. - = ~/ 
2~'1 J ~- 'f.!iГ~~I 73 . . 1 

Очевидно, ддя выпопвения такоrо !Ребовавия следует при-

кввить преобразовате~: 

Ч' = 
:f ~ :Q + t:--;_ + & А~ = 1 { 'f, А) . 

(.! ~ - 7iJ ··-
При таком преобразовавии _ в любой точке холма будет: ~~i 

а на ero гребне (fJ = I. Более точно . 

У-'= ~ +-~м+ :;;л_" ~ Wл~ WE&~ :t-{-$;гf;t-~l} 
~ + ~d. + C;iJ А - . -

Практически такой nреобразователь содержит в себе таблицы 

/карты/, указывающие изменение наших rребовавий · к величине пока­

зателя экстремла !:1! в заввеикости от диапазона. в котором нахо­

дится величина Л • НапрИilер, при одном сорте руды~ 11Ы можем 
сказать "достаточно хорошо", т.е.~ = I, если содержание железа 
в отхода~ дбудет '1' = 10%. При ;цруrом сорте ~ w ту же оценку 

~ = I дадим, если <1= ·8~ и !. п •. - - . 

Процессы адап!ации вызываю!ся дейсfВием веизкеряемых ад­

дитивных покех, вызывающих дрейф и поворот зКСfРема~ноrо xoJIJia. 

В данвак примере буде!: 

Y--'=:t- (-r~+ &tJJ~ с k;;r-tfr(tJJ :л +J!.} !V 
rде Nfi!( l)J N!i!( l) - медленно изкевиющиеся помехи 

=4~ =9·1 /смещение и поворо!/ 

Чтобы устрави!ь влияние первходных процессов, ~атчик пока­

зателя качества давжен иметь векоторое усреднение или иверцион­

ность объекта должна быть кокпевсировава при помощи упредителей 

/5/ 1 что в измерительных цепях не вызывает больших затрудвеsий. 

Следовательно, JIЬ1 полаrаек, что :величины _t:в ~ поддаются 
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измерению, причем~ достаточно оценить только по двухбальной 

системе , · например: 

1 ~ ~ ~ Q,8 - "достаточно хорошо" 

yv ~ Q,8 - "регулировать" 

Опыт, хоть и небольшой, по сравнению различных систем адап­

тивного экстремального управления с предлагаемой здесь системой 

nоказывает, что dна оказывается ковкурентво-способной именно в 

этом, весьма распространенном в жизни, случае. Если показатель 

экстрекума можно измерять достаточно точно, то целесообразность 

nрикевения самоорганизации и распознающих· · систем может вызывать 

сомнения. В то же вреuя во многих сложных задачах мы можем ска­

зать только ''хорошо" или "что-то не нравится" т.е. различать 

два уровня качества. Именно в таких . случаях ·rекоиендуется опи­

сываемая эдесь система. 

Разомкнутая часть системы и "эу~цы" 

Разомкнутая часть систеыы представляет собой функциональ­

ный преобразователь с характеристикой, которую легко смещать, по­

ворачивать или даже видоизменять. При оптимальной настройке ха­

рактеристика разомкнутой части должна соответствовать оnтималь­

ной характеристике обьекта управления. В примере, рассмотренпои 

~ыше, требуется линейная зависимость: 

Д== ~+~;А г~е - ~={ifXбJ(i)J ~=-~+t:/ij(Ё) 
В более сложнЫх случаях характеристика объекта выражается 

nолиномом: /!!_= [4+ м-.r lJ] + [ ~rflrfl)})t. +&.[ff~(lJ]A.'(.+[Ic~т~dд)Д; 
' f :!:. f -t ~l 1'1 - ; 1 - • ; l -/'1 - ; h i -/ij - · J 

тогда характеристика разомкнутой части будет: 

~= d_o +-~~л+ ~Лw+ ... ~ d.;l )L V, 
- , / /- - ~~ - ,ry -
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Эадача самообучения /адаптация/ состоит в том, чтобы коэф­

·фициенты характеристики РЧ ••следили" за измененияки коэффициен­

тов оптикальной характеристики объекта, то-есть чтобы 

~ ~~~-~~tftJ1 1.7 ~rf,;+t~;{tJJ, ... , t:t;r; ... ГfAr~~(lJJ 
Осуществление такой адаптации принципиальн~ возможно толь- . 

ко при измерении не менее двух точек поверхности экстремального 

холма, так как последний представляет собой четную функцию. Еще 

в работе /6/ было показано, что nри четвой характеристике поиск 
на объекте привципиальво необходим. Описьmа.екая здесь система 

все же называется беспоисковой, та~ как вместо периодических из­

менений регулирующих воздейс~ий в функциИ времени в вей приые­

вево сnециальное наложение небольтих "зубцов" на характеристику 

РЧ, заменяющие собой nробвые marи /6/. Указаиное выше выражение 

~(~~ · при этом от~осится лишь к средвей линии характеристики. 

Амплитуда и распределение зубцов выбираются по форме холка и 

распределению возмущений так, чтобы обесnечить максимальвое бы­

стродействие системы. При отсутс~ии корректора "зубцы0 не нужны. 

Практически разомкнутая часть выполняется в виде матрицы 

ключей, открытие которых эа~исит от положения "звачущеrо раз-

. ряда" в унитарном коде о.бобщенноrо возмущения, . а также от номе­

ра сработавшего триrrера в кольцевых счетчиках импульсов(~. 

Другая конструкция управляемого функционального преобразователя 

представляет собой логическую схему с пороговыuи элементами /8/. 

Распознающая система-корректор /первый вариант/ 

Как известно, распознающая система представляет собой 

логическое устройство, которое с целью классификации входных 

сигналов /обычно назьшаеliьtх 0изображениями"/ на классы /или 
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n обра8Ъ1" 1 сопос!авJiяю! кеадУ собой некоторые меры· . бпзости 
этих сигвалов к сигвалам прототипов /или эталонов/, обраэующих­

ся в системе в процессе ее обучения. 

Ниже описываются аnrори!КЫ действия двух вариантов распо­

знающих систем, испоnьз.уекых для коррекции характеристики РЧ, 

nричек обращается внимание на процессы самоорганизации множест­

ва прототиnов. В корректоре по первому варианту в качес!Ве вхо~~ 

вых сигналов /призваков/ испоJIЬзуются координа!Ы предс!авлВJ)Щей 

точки x .. r), отвечащей 0СОС!ОЯВИЮ" объекта в даН "" ЫЙ момент. Как 
1 . 

· показано на рис.Э плоскость~-~ моzво раэде.пить на три области 
иnи "ситуацииnХ/ 

I. Регулирова!ь, уменьшить~ 
n. Достаточно хорошо, !8К держать 

Ш. Регулировать, уве.пичить /!!_ . 

Распознающая система явлветсь весьма гибкой и удобно на­

страиваемой коделью объекта управления. Наприuер, в случае пря­

молинейвой формы оптикальвой характеристики объекта достаточно 

примевить распознающую систему всего с тремя точечныки прото­

типами: 

cX(i) ( }{lfj.J л,~) ) r!(z) ( 11~1 ~) ~ сХ~ ( ./!rз7, &з;) 
Система· подсчитывает меру близости входиого сигвала и 

nрототиnов ·, напрШlер, ~ак: 

~ :& / .Jll-l!fi;l + 1 ~-~~ , Z(;:;- IJ!-I!tiJI + 1 Jt-дiJ I , 
г(J) ... 1 д!-#а; l + /.().- ~(3)1. 

Далее комnаратор ИМН выбирает наименьшее иэ трех расстоя-

ний и тем саМШI укаэывае! ситуаци~: • Например, представляющав 
точка Х?7 , покаэанная на рис.Э, а бу~ет отнесена к ситуации I. 
х/термины ••состояние" и ••ситуация" . являются аналогами 'tерминов 

"изображение" и '1 обраэ", применяемыми в распознавании rрафи­
ческих изображений 
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Звав СИ!уацию, леrко указать, в какую сторону следУет изменять 

~~ чтобы попасть в ситуацию n, что является целью регулиро­

вания. 

Распознающая система правильно указывает ситуацию только 

тоrда, коrда границы •области притяжения" поJIЮсов Z;tt ~и 
~ = ~совпадают с rраницаiiИ ситуации , П /показаны на рис.Э 

пувктирок/. При пряuопивейиых границах ддс!аточио nоставить 

три nолюса в "перnендикухsрное положение", указанное _на рис.Э,б. 

Процесс установАения полюсов в нужное полокенив и постоянное 

поддержание такоrо положения при изменениях и первмещениях 

"экс!ремахьвоrо хохма" и есть процессом самоорганизации расnо­

знающей систе.кы. 

Саuоорrанизация трех полюсов по мето.цу взвешенного 

смещения 

Один из »озможиых алгоритмов самоорганизации трех полю­

сов показав на рис.з. В случае успеmвоrо окончания процесса са­

uоорrавизации полюса дапzвы придти в так называемое "перпевдику­

хярвое положение" /рис.З,б/. 

СНачала два крайних полюса разводятся в верхний левый и 

нижний правый углы плоскости, · И система представляется самой 

себе и действию внешних возмущений. Начинается самопроизвольный 

случайвый nроцесс самоустановления nолюсов. Датчик обра!Ной свя­

зи, уставовлеввой на объекте, дает только два указания: · "регу­

лировать" или "достаточно хорошо, так держать". Распо.знающая 

система имеет три прототипа и, следовательно, три выхода! "регу­

лировать, уменьшить~", '•достаточно хорошо, та~ держать" и "ре­

гулировать, увеличить~••. Ясно, что между указаниями датчика 

и распоз~ающей системы может быть либо несоо тве тствие, либо 

соответспие. 



В первом случае, т.е. nри несоответствии, один из крайних 

полюсов, . который оказался ближайшим к представляющей точке /имев­

но в этом появляется влияние зубцов характеристики разомкнутой 

части на выбор направления поворота полюсов/ делает шаг в направ­

лении к вей /рис.Э,а и Э,в/, а второй крайний полюс движется па­

ра~лельно · ему в обратном направлении. Шаг уменьшается с уменьше­

нием расстояния по закону экстремального сглаживания · и рекоuен­

дацияк стохастической аnпроксимации. Средний полюс с помощью 

экспоненциального сглажиВания все время удерживается в "центре 

тяжести" /т. е.· в средвей точке/ uиожества состояний хорошей ра­

боты объекта. 

Во втором случае, r.e. в случает соответствия выходов дат­

чика и распознающей системы, крайние полюса не перемещаЮтся. 

Система допускается к управлению /т.е. к коррекции положения 

или формы характеристики разомкнутой части/ только после доста­

точно длительного существования соответствия между выходами 

датчика и распознающей системы /рис.Э,б/. 

Предложенный вами метод самообучения прототипов был впосле~ 

ст:вии назван заграницей "методом взвешенного смещения" /9/. Ха­
рактерной чертой этого метода является то, что на приход пред­

ставляющей тоЧки реагируют ближайшие два прототипа /цолюса/, 

причем "nравильный" /по указанию учителя или выходов самой сис­

те1ш/ про.тотип движется по направлению к представляющей точке, 

а "неnравильный" - от нее /рис.4/. 

При таком методе многомерная стохастическая аппроксимация 

в сех координат полюсов 

!f;, = .~~-~: + _!;/ j-5// ) х ' 
' i .:. 
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где 

J- [~] J (iJ=- c.otLsi ,. 
x,QI - 1=1 
1/'L 

закеняе~ся однокерной 

i~ = ~fl)~ g;(~ - jt'l))) 
так как направление движения определено однозначно. 

Теорема об устойчивос!и процессов самоорганизации 

"полюсного газа" 

UвоиесТ»о прото!ипов удобно рассматривать, как . некоторый 

"полюсный газ 11 , частицы которого взаимодействую! одна с другой 

и с внешней средой. Элементарные алrори~ взаимодействия полю­

сов выбираются человеком. Их можно выбрать так, чтобы процесс 

самоорганизации бЫJI с.ходящимся. Ниже формулируется теорема об 

устойчивос~и процесса самоорганизации полюсного газа. 

Для самоорганизации частиц полюсного газа можно предло-
. . . 

жить ряд алгоритыов, в связи с чек будет изменяться и формули-

ровка теоремы, В качестве примера приведем одну из извествsх 

формулировок. Эта формулировка действитеJIЬна для множества про­

тотипов /полюсного газа/ такой системы, принцип действия которой 

поясняется рис.S. 

Полюса распознающей системы или жес!Ко закреплевы /те, 

которЫе ограничивают область возкожных режимов рабо~ системы/ 

или жестко связаны с вершинами зубцов или являются с~бодными. 

Как в "верхнем", так и в "нижнем" множестве поJIЮсов отдельные 

полюса взаимодействуют друг с другом, с закрепленЮ:Ши неподвиж­

но полюсами и с nолюсами, координаты которых совмещены с коор­

динатами верхних /для "нижнего" множества - нижних/ зубцов ха-
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рактеристики разомкнутой части. 

Закон взаимодействия двух соседних частиц газа является 

их "элементарным алгоритмом". Знак силы взаимодействия соседних 

частиц изменяется на противоположный по отношению к полюсу, коор­

динаты которого совпадают с представляющей точкой, если датч~ 

двух6а~ной оценки показателя качества указывает "регулировать". 

Если же представляющая точка лежит в области хорошей работы об.йек­

та, то действует сила взаимодействия с тем же знаком, что и у 

большинства частиц. 

Местоположение каждой свободной частицы определяется суu­

мой влияний элементарных алгоритмов всех ее соседних частиц ~з 

того же ыножества. Изменение знака хотя бы одного элементарного 

алгоритма вызывает nервмещение свободной частицы и, следователь­

но, средней линии характеристики разомкнутой части. Полюса пе­

ремещаются шагами, осторожно, а характеристика - как угодно 

бы стро. 

Теорема. Для того чтобы под действием первмещения частиц 

полюсного газа характеристика разомкнутой части всегда удержива­

лась посреди зоны хорошей работы системы, достаточно, чтобы: 

I/ элементарные алгоритмы отвечали отталкиванию частиц 
полюсного газа между собой и притяжению ~о отношению к полюсу 

к представляющей точке, которая вышла за границы зоны хорошей 

работы объекта; 

2/ выход представляющей точки за границы указанной зоны 
не должен правосходить высоту зубцов; 

3/ вероятность каждого возмущения должна отличаться от ну~ 

х/Третье условие nрактически всегда выnолняется, nоскольку зубцы 
устанавливаются в рабочем диапазоне характеристики, т.е. отвечают 
значениям тех возмущений, которые де йствительно имеют место. Для 
ускорения процесса самоо2ганизации зубцы должны отвечать тем зна­
чениям возмущающих воздеиствий, которые наблюдаются чаще. 
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В случае проrраккирования полюсного газа на выичспитель­

нsх машинах взаимное от.талкивание частиц удобно закевить требо­

ванием сохраневин равных расс!ояиий меsду вики, и такик образок, 

вычислять положение каждого из полюсов. При Э!ОМ процесс уста­

новления всех Э!ИХ частиц в определенвое положение очень похож 

на тот процесс последовательвой С!охастической аппроксимации, 

который имеет место в авалого-цифровых преобразователях, в само­

обучающзхся датчиках /4/ и ~угих устройствах, которые исполь­
зуют последовательвое во времени накопление ивфоркации. 

Таким образом, в данном случае 11Ы имеем пример реализации 

алгоритмов стохастической аппроксимации /10/. до,азательство 

теоремы не отлича~тся от доказательс!Ва сходикос!и процесса 

стохастическойаnпроксикации./11/. 

Распознающая система-корректор /второй вариав!/ 

В корректоре по второку вариав!fУ в качес!Ве признаков ис­

пользуются несколько последних по времени значений показа!еля 

качества J:f,, Ji., ... ,!fj , измереннsе в О!JIИЧВНХ друг от друга 
вершинах зубцов характерис!ики разомкнутой части. Миникальное 

число учитываемых вершин равно трем, однако при наличии р~зброса 

показаний датчика, число учитываемых вершив следуе! увеличить 

до десяти-пятнадцати. 

При Э!OII в отличие О! предыдущего "сосtояниек" называется 

взаимное расположение оптикальвой характеристики объекта и ха­

рактеристики РЧ. Каждому "состоянию" системы отвечав~ определен­

ный код значений показателя качества, примеры которого указаны 

в таблице I. Множество различных состояний могут быть разделены, 
например, на шесть ос--овных "ситуаций" указанных там же. В распо­

знающей системе-корректоре заложено nри nомощи обучения /nоказа/ 
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шесть кодов nрототипов /эталонов/. В качестве меры близости сис-

тема вычисляет скалярные произведения входных сигвалов и кодов 

nрототиnов, причем, как легко убедиться, результат не зависит о' 

того, в каких именно вершивах nобывала в последнее врекя nред­

ставляющая точка системы. 

В таблице I приведевы примеры точного соответс~ия вход­

ных состояний nрототипам, записанным в распознающей системе. 

Все остальвые состояния объекта система отнесет к одному или не~ 

сколькик из этих прототипов. Алгоритм работы системы в этом слу­

чае nоясняется следующим примерок. 

Пусть, например, состонвне системы определяется таким ко­

дом /учитываются трИ "текущие" вершины/: 

~ = О +I О О +I -1 О О О О О О - - - -- -
НаходиМ пять скалярных произведений входного сигвала пятью 

nервыми nрототипами: 

~ = Q -1 Q Q +1 +1 Q Q Q Q ~· Q = +1 
~ = Q +I Q Q -1 -I Q Q Q Q. Q Q = -1 

~~ = Q +1 Q Q +1 -1 Q Q Q Q Q Q = +I 

2:"' = Q - I Q Q + I - I Q_ Q Q Q. Q Q = - I 

:E{il = Q +I Q Q +I -1 .Q Q Q Q Q Q. = +1 

Система принимает решение по такому правилу: 

Если Z ;;; > D то данная ситуация имеет место полностью 
-rц - .? И.11И вместе с другими ситуациями 

Если Z A '- 0 составляющей, соответствующей давной 
--~ L / ~ _ J ситуации нет. 

В данном примере будет принято решение: характеристика РЧ 

смещена вверх /~= +1/ и повернута против часовой стрелки /~;r +I/, 
~7 -~) 

но в области рабочих режимов больших отклонений нет /~= +1/. 
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Сооrветс!Вуащее указание .передается на устройсtво, коррек!ирую­

щее похоzение характерис!ики РЧ. Процесс корректировки выпопвв­

ется кеддевво до кокев!а вакевевив вхо~ сигиахов распознающей 
. . . 

системы. Код, состоящий иа о~их сиrнахов n-I", означав!, чtо 

характерис!ика РЧ вообщ~ далеко ушла от обхас!и достаточно хо­

Р<?Шей работы. При этом на некоtорое время репчивае!ся аКIШИту­

д~ всех зубцов, пока не будет вновь найдено распохоzение оптикахь­

· Ной характеристики~ В случае противоречивых рекомендаций /напри-

мер, одновременно повернуть харак~ристику по и против часовой 

Qтрелки/ система окидает допохвитехьвнх данных, пока конфликт не 

разрешится. В спучае противоречивых рекомендаций /например, · одво­

врекенно повернуть характеристики по и против часовой стрелки 1 
система ожидает дополнительных данных пока конфликт не разрешится. 

· Модеnир~вание пропессов сакоорrавизаuии 

Моделирование процессов самоорганизации - процаесов сако­

установления частиц полюсного газа в .проц9ссе . нормальной раб_оты 

объекта управления - . проведено пока для простых случаев. Модели­
ровался процесс самоустановления трех полюсов /4, II, 12/. Пу­

тем простого графического построения оnределялись положения по­

люсов после к~ждого 11 такта работы". Имитация изменения возмущаю­

щего воздействия производилась с помощью таблицы случайных чисел 

или _генератора · случайных чисел с заданным распределением вероят­

ности /обычно - раввокернык/. Характер~стика объекта аппроксими-· 

ровалась поливоком второй или третьей степени. Показатель качест-. . 

~а квантовалея на 2 уровня. В начале процесса крайние полюса раз-
водятся возможно дальше от характеристики разомкнутой части. 

В процессе "работы" после каждого шага полюсов средняя ли­

ния характеристики разомкнутой части определялась как геокетри-
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ческое смесrо то~ек, равноудаленных от двух крайних повюсов. Мо­

делирование показало, что процесс сходящийся: после векоторого 

числа шагов характеристика разомкнутой части оказывалась распо­

хоженвой внутри зоив хорошей рабо!Ы. 

Авалогичное моделирование, во для девяти полюсов /что по­

зволило аппроксиuировать rрекя отрезками прямой нелииейвые гра­

ницы зоны хорошей рабо!Ы/ быnо проведеио Т.Гергеам /12/. Просче­

ты были выполнены при разных начальных положениях полюсов. 

Быnо проведеио физическое моделарование процессов самоор­

ганизации полюсного газа. Поплавки с иамагнкчеиныuи стержнями в 

них плавали свободно иа поверхности воды. По мере " работы" неко­
торые из иих /окаэавшиеся блике остальных на данном такте к пред­

ставляющей точке/ эакреплялись жестко. !ииия закрепленных поплав­

ков с течением времени все точнее вырисовывала характеристику 

разомкнутой части. Вследствие сил взаимного отталкивания иа каж­

дом т~те изкеиипосъ взаимное расположение всех остальных "полю-

• 
Несмотря на ro, что /как видно из излоаеииого/ моделирова­

ние процессов самоорганизации не было проведеио в исчерпывающек 

о6.ьеме, проведеиных исследований все же достаточно, чтоб сделать 

вывод о пригодности используемых алгоритмов взаиuодейсr.вия полю­

сов для такого разделени~ простраисr.ва состояний на ситуации, 

которое делает возкожным управление расположением средвей линии 

характеристики РЧ. 

Рабо!Ы по внедрению системы 

В инсти~уте кибернетики АН УССР изготовлен макет комбиниро­

вавной системы экстремального управления, предназначенной для 

управления процессоы обогащения железной руды. Секция мокрого 
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магнитного обогащения руды представляет собой многомерный /три 

возмущающих и три регулирующих воздействия, один показатель ка-. 
чэства/ объект с экстремальной характеристикой. Регулирование 

nроизводится на минимум показателя качества. На nервом этапе ра­

боты предусматривается использование системы в режиме "Советчи­

ка" /I4/. 
Система дискретна, квантование воздействий производится 

на 3-4 уровня. Показатель качества . 9'квантуется на 2 уровня. 

Разомкнутая часть системы выполнена с применением матриц конвер­

генции и дивергенции. 

Корректор состоит из селектора признаков и распознающей 

системы /типа "Альфа11 1. Распознающая система классифицирует все 
возможные в ходе работы состояния объекта на 5 ситуаций. Каждой 

из ситуаций соответствует отдельная характеристика ~с;l!.Л)в 

разомкнутой части. 

Состояние характеризуется набором значений ~ в трех зуб­

цах характеристики разомкнутой части. Преобразование информации 

о текущих координатах объекта /возмущающих воздействиях и пока­

зателе качества/ в код состояния выnолняет селектор nризнаков. 

Система построена на полупроводниковых модулях электрон­

ной вычислительной машины "Мир". ИсiiЫтания системы показали ее 

работоспособность. В nерспективе намечается сделать систему са­

мообучающейся /сейчас обуч~ние распознающей системы прототипам 

ситуаций производится nеред·· началом работы/ и придать большую 

гибкость структуре .разомкнутой части. 
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Рис.2. Пример двухмодальной задачи при nиав­
ной оптимальной характеристике о~ О~ 
объекта экстреuапьноrо управлении Х -
предстамяющая точка, CJ{• J "'.t 1 ot.,- про­
тотипы /полюса/ 
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Рио.3. Алrоритм самообучения полюсов 

а/ - nервый nолюс движется к представяющеl точке Х , 
б/ - полюса неподвиsены - дается разрешение на цправпеиие, 
в/ - третий полюс движется к предотавпяющей точке. 

Заштрихована ситуация "достатоrно хорошо" работы объекта. 
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Рис.4. Метод вэвешенноrо смещения /сведение 
uноrоuерной аппроксимации к однаuер­
ной/. 
- первонаrапьное прлоsение rраницы 

раздела ситуаций; 
2- положение rраницы поспе переuеще­

нив попюсов в попоаенив, указан -
ные пуиктироu 
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