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SENSITIVITY-» SYNTHESIS OF OPTIMAL CONTROL
UNDER CHANGES OF SYSTEM ORDER

Y. Sawarigi, K. Inoue and T. Ohki

Faculty of Engineering, Kyoto University
Kyoto, Japan

1. Introduction -

An ideal but unrealistxc assumption that a real physical _system coin-
cides perfectly with its mathematical model has usually been made in the
analysis and the synthesis of control systems. In practlce, however,
there often arises the discrepancy between the dynamical characteristics
of the real physicﬁl system and its mathematical model, partly because of
the unskilled identification or parameter estimation technique, or partly
because of the inherent fluctuation effect contained in th; physical system.

It is, thus, necessary to analyse quantitative aspects of the dis-
-crepancy itself or its effeci on the control performance, and further it is
desirable to develop a new synthesis method to reduce such discrepancies.

The concept of the dynamic system sensitivity1 plays an important role
in the aspect mentioned above. Chang2 classified the problems associated
with the sensitivity analysis into the following three major categories,
from the viewpoint of parameter variations:

(1) a-variations --- parameter variations which do not alter the

order of the system or its initial conditioms.

(2) B-variations --- variations of the initial conditions or vari-

ations of system characteristic due to external disturbances.

(3) A-variations --- parameter variations which lead to changes in

the system order.

The a-variation problem has been discussed by a number of researchers.
The A-variation problem was, however, rarely studied from the control en-

2,3
gineer's viewpoint:’

The A-variation problem should attract more inter-
est, partly because the problem is closely connected with the redhction,
or simplification, of the system model, or partly because there often exist
such parameter variations in actual practice.
In this paper, we extend the concept of sensitivity in the synthesis
- of optimal control to the minimum energy problem subjected to changes of
system order. For the foundation of the present study, we firstly intro-

duce "the A-combined system", which consists of both the model of a given



physical system and its sensitivity model with respect to "the A-parameter”,
and then we examine the controllability of the A-combined system. -
Secondly, for the controllable A-combined system, a new synthesis method

of minimum energy control with zero sensitive terminal constraints against
changes of the system order is developed and its simple examples are given
to demonstrate the advantage of the present method over the conventional

one.

2. Basic concept of A-sensitivity analysis

Let a physical system to be controlled be given by the following (n+l)-

th order differential equations

i Ri=Fi (K, K, Bty wat), (=1, m), Bkl

ATner = § (X, - T, Koo s w, 1), (2. 1),

with the initial condition
L@ =% , (i=t,- -, me1), (2. 2)

for 0 <t < T, where i(i is a state variable of the physical system, and
T is a finite positive constant. The parameter A is assumed to be a
sufficiently small positive constant. For the security of the following
discussion, we assume that the functions fi (i=1,...,n) and g are con-
tinuously differentiable up to the second order with respect to their argu-
ments. The symbol u represents a control function.

Letting A=0 in Eq. (2. 1)2, we have the degenerate system

{i;é'ﬂ('h,“'.xn.xun.L(,f). Ci=A s aciinantidy (2. 3_)1
I’H'lgﬁ(x"x’a' s t) ’ (2- 3)2

where for simplicity it is assumed that g(xl,..,.,xml ,u,t)=0 can be

solved with respect to X4l

Let us suppose here that we regard, consciously or unconsciously, Eq.

as in Eq. (2. 3)2.

(2. 3) as a simplified model system for Eq. (2. 1), because of the assump-
tion that the parameter A is sufficiently small if it exists. Then,
how is the discrepancy between the solution of Eq. (2. 1) and that of Eq.
(2. 3) ? The difference between the two state X(t,\) and x(t) may
formally be expressed by

AI{H‘A)=%\‘(Y.A.)—X((H= W) A+0(), ((=1,---,m+1), (2. 4)




where
: QX (t,A) e 2
uf((f)= A IA-)Q»Q’ (l PR N ‘.7’?1) " (2. 5)
is the A-sensitivity function of the state X3 with respect to the A-para-
meter. Under suitable conditions”’5 on the form of the physical system
described by Eq. {2. 1), w,(t) Dbecomes the solution of the differential

equations

N+l
= ﬁ. ' = i b)
-|}I’ w ? (o=t Bl A (2. 6)1
n+l
2% o
%71’ Wj = Xpey =0 3 (2. 6),
with the initial condition
XCARRIE MTTOND)
w(o)-J 'f\(!-.“-.z...xm.u(o’.ﬂ-fc(i.',--~.?...ﬁ ue), 0) gy . -
3(2;'""f:.xuﬂ,u(o’.o) (2.7
x"‘ ((mt,r i, m).

where it should be noted that in Eq. (2. 6), both afilaxj and 293g/dx.
must be evaluated along with the solution X (i=1,...,n+l) of Eq. (2. 3).
In order to make clear the meaning of Eq. (2. 6), we shall proceed
to manipulate Eq. (2. 6) in the following manner. From Eq. (2. 6),, the
function 'n+l(t) can be solved to be
"
Wt ‘(—2_;_-—) { i&\ﬂ- z‘, %—%—IJ,} H

A (2. 8)
O Xmat :

where we can assume 3g/3xn+1=0 without any loss of generality. Substi-

tution of Eq. (2. 8) into Eq. (2. 6)l gives
n .
=3 2R R w « Rt (im0 (2. 9

’

0%
where, for simplicity, we denote

Fl'(Ih"';rnﬂ. u;t)‘ (}ft'/bxhﬂ)/ngfbx‘wl)r (("" = -I)‘l)’ (2.10)

By using Eq. (2. 3), Eq. (2. 9) becomes

ini= 3 (2L - Fidd o+ i [ 23 f%—ﬂu

= 71, ‘?x
P (2.11),

>



s TRy *aﬁ u,&ﬁ B_i w} (2.11),
(“az..,, . z, %4
By solving Eq. (2.11) with the initial condition (2. 7), which we call the
A-sensitiyity equation, we can obtain the A-sensitivity function 'i(t)'
The A-sensitivity. equation given by Eq. (2.11) clearly shows the
linearity with respect to the A-sensitivity function W (i=1,...,n), which’
is similar to the so-called a-sensitivity equation. The initial value of
the A-sensitivity function is given by Eq. (2. 7), which is, in general,
not zero, whereas that of the a-sensitivity function is zero. Moreover,
the fact that the A-sensitivity equation (2.11) contains 1, the derivative
of the control wu(t) with respect to time t, should be emphasized as a
distinctive feature of the A-sensitivity analysis. If the order of the
highest derivative multiplied by A in Eq. (2. 1) is higher tham n by r,
u(r)(t) comes out in the A-sensitivity equation.

3. A-sensitivity synthesis of optimal control

We shall introduce the fundamental concept of the A-sensitivity
synthesis of optimal control into the minimum energy problem with terminal
constraints, as a typical example.

The minimum energy problem is to find out the control that achieves
the following two aims: i

[1] to transfer the initial state of the system to the desired state

at a preassigned time, and in so doing,

[2] to minimize the consumption of the control energy.

Such an optimal control problem is usually solved for a model system
of the real physical system by applying the calculus of variations, Dynamic
Programming or Maximum Principle etc. However, the discrepancy often
arises between thé real physical system and its model system, because the
complete mathematical description of the real physical system is almost
impossible, or because the model system cannot aiways represent the real
physical system whose dynamical characteristics vary.with time.

In such a case, even if the optimal control &i(t) which performs [1]
and, [2] on the model system could be obtained, the control {i(t) cannot
.achieve the aim [1] on the real physical system. Our most important re-
quirement in this minimum energy problem is the aim [1]. Therefore, it is
not reasonable to call the control {(t) the optimal control for the real

physical system.



In order to make up for the defect involved in the conventional
synthesis of optimal control, it has been already proposed in the case cof
the a-variation problem that we should introduce the sensitivity aspect
into the optimization procedure?

Consider the model equation (2. 3) and its A-sensitivity equation
(2.11) simultaneously

Xo= o (X X, R(X0 - Xn, 0,8, U2, ' (3. 1),
(i=1,--: m),

"-2-‘{-3{ ‘31‘7“’ +F; 12}17 )*b“u%&} (3. 1),

with the initial conditions

(=% , (3. 2);

w(o)xjiL(i:,-- XS Xuwy, UCe). 0) = Fo (- - AL, B° ulo), ) f e

](ff." -,I.. , Iner 5 U(0),0)
1-11

it ) (3. 2),

which .we simply call the A-combined system, then it may be recognized that
there is a possibility to control at our disposal not only the model state
x; but also its sensitivity function v by choosing a proper control
function u(t). That is, we can take the A-variation effect into consid-
eration at the initial stage of the synthesis. This is the basis of the
A-sensitivity synthesis of optimal control.

Since the variation of the terminal constraints due to the existence
of the small parameter A s approximated to be Axi(X,T)=vi(‘l‘)-A, it is,
then, desirable to choose the control in. such a way that it should satisfy

: wi('l')=0 (£=l,...,n). From this point of view, the minimum energy problem
with terminal constraints is, then, restated as follows:

For the A-combined system described by Eq. (3. 1), choose the optimal
control u®(t) that

[1] satisfies the new terminal constraint

We(T)=0 . (¢=t,--, 1), (3. 3),
together with

x;(T)-x:-r, (i=t,---,n) , (3. 3),

where xz is the desired final state, and



(2] minimizes the energy consumption
| i s : ;
Tw= [ uterdt (3. w)
-]

Here, a question arises whether this rewritten optimization problem
may have a solution or not. It depends upon the controllability of the
A-combined system. Therefore, before trying to solve this problem, we
must examine :he controllability of the A-combined system. Since the A-
combined system contains u(t) besides u(t), it is, however, r;ther
difficult to apply the conventional controllability theory and the con-
ventional optimization theory to this problem.

Now, when the coefficient of U does not depend on %41

and u, we can

and u, or

more precisely, when Fi'(ah/au) is independent of x i

develop our discussion by introducing a new function yi(t) defined by
ljgaw;-F‘-%—%u, (C=q,---, ) _ (3. 5)

Rewriting Eq. (3. l)2 in terms of Vys we have

1a=;i§§ «azia; { wc, f; 2k}

2 )] t 71
SR £ 2k TR S n )
s [f",.“m X; fjtaat}’:‘ ] y : A S ¢
with the initial condition
7.‘(0)= w(e) - F, af l,._ cu(e), (=t ) (3. 7

=1’
Both the simultaneous differential equations (3. 1.)l and (3. 6) with
the initial conditions (3. 2)1 and (3. 7) and the relation (3. 5) may be
called the modified A-combined system. We call the function yi(t) de-
fined by Eq. (3. S) the modified A-sensitivity function. It should be
noted, here, that U is eliminated from the modified A-combined system.
: By regarding X and y; as the _state variables and- x:.L and wo
as the output variables, we can examine the controllability of the A-
combined system, and moreover we can obtain the new optimal control by use

of the conventional controllability and optimization theory.



4. Example: Linear time-invariant systems

As a physizal system, consider the system described by (n+l)-th order

linear time-invariant differential equations

L T TR s N
A?”,,=Zaji}+bu—f‘,, . (bto)
1=t

with the initial condition

X (e)=X , (=t met),

(4. 1)1

(4. 1)2

(4. 2)

where 8)5eeesdy and b are constant parameters. Let A be a suffi-

ciently small positive constant parameter.
By letting A=0, as a model of Eq. (4. 1), we have

%= Xier , ot oo met) ,
. n
r,‘-=Za’-zi+bu >
=
with the initial condition

2 LEmY v T

Ao
X (o) = X¢
The A-sensitivity equation of Eq. (4. 1) turns out to be

w = Wegry , (=t -, m=1),

= = ,
Wn= X, 4155 - 2, (8 +aan)x; - Anbu - b ,
with the initial condition

Welb)= 0., Ci=(,--+,m=1),

Wn (2) = Zngs - 72;' 07' ff— buc(o)

(4. 3)i
(u. 3)2
(u; 4)

(4. s)1

(4. 5)2

(u. 6)l

(4. 6)2

In order to eliminate U in Eq. (4. 5), we introduce the modified A-

sensitivity function defined by
S AT R KR
Eq. (4. 5) hence becomes

(%i = Foar o (e=to- o m-2)

(4. 7)l

(4. 7)2

(4. 8)1
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{ \qu‘ ‘3“- bu,
Za,'g, 2, (aj- g An) X = 28nb U ,

=
and the initial conditions are
7;(0)30.‘ (.,‘= ‘...’n-,),

yn(e) = - devars 2_,4 x-

(4.

(4.

(4.

. 9)

8)

8)

9)

The 2n-dimensional modified A-combined system is, thus, written in the

vector-matrix form as
A O] x]+[bu. xr(o)=x°J
gyl [c ally] Lb, yel Lyl |

(%]=[B. O J[x]+[0]u ,

LW O Ev\ 7 d

(4.10)

(u.10)2

where x, y, w, bl’ b2 and d denote n-dimensional vectors described by

T T

x(t) = (xl,xz,...,xn), y(t) = (yl.yQ,...,yn),
T T

w(t) = (wl,wz,...,wn), bl = (0,0,...,0,b),
b, = (0,...30,-b,-2aB); @ = (0,0,...50,-b)}

A and C denote nXn constant matrices represented by

A=]0 0 . . e« 0 3 Cs 0 » . . . .
0 A Y .
. . . . . . 1 Q o . . . .
al a2 « e e e an < -alan .-(al*azan) e o o ~(a

and En denotes an nXn unit matrix.

n-1

2
+an)

At first, let us examine the controllability of the A-combined system

(4.10), that is, the controllability of the (output) vectors x» and w

by a scalar control u. For this purpose, we can apply the output con-

trollability theorem introduced by Kreindler and Sarachik?

The theorem

'says that if and only if the rank of the 2n%(2n+l) matrix G defined by



1

S (3 N o I R

is 2n, then the A-combined system (4.10) is completely controllable for
the outputs ¥ and w.

A somewhat tedious calculation of the determinant of G', an 2nXx2n
submatrix of G, which is derived by taking away the (2n+l)-th columm
l:O,cl].r from G, leads to

1§l =-ai" b*™ . (.12)

We can say, thus, as a sufficient condition that rhe A-combined system,
that is, both the state ¥ and the A-sensitivity w- are controllable by
u if a# 0. :

To demonstrate the advantage of the A-sensitivity synthesis method
over the conventional one, let us consider a simple illustrative example.
Suppose that the model system is given by g

Xy = QX +bu . (o) =%° (4.13)
which is the degenerate system of :
= A/ ~ a~
l L=, z)=-% , (4.14),
AL=aX +bu-7, , Zle)-%"° (v.18),

then we have the A-sensitivity equatiox;
W= aw, - aw, -abu-bu , (4.15)
with the initial condition
w(o)= T.°- aX°- bace) . (4.16)
The conventional optimal control @i(t) which transfers the model

~0
X

system from the initial state 1

to the origin in time T and in the
minimum energy is given by

a(T-1t)

A Q- A~ ‘ ; v
U)= — - X (4.17)
b-sink (aT) | S

and the corresponding (nominal) optimal trajectory ﬁl(t) is given by

sinRla(r-0)}  zo (4.18)
simh (aT)

X, (t) =
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which is shown in Fig. 1 by the broken line. ;
On the other hand, the A-sensitivity optimal control u®*(t) which

transfers the A-combined system from its initial state (ﬂi,wl(o)) to the

origin (0,0) in time T and in the minimum energy is expressed by

u(e) = - b (T - 24T, + a*m, £)- €< (4.19)

»

and the corresponding (sensitivity) optimal trajectory is given by

X6 = [£°+ b (L m - m)] e

—at
""”JII!:'"?'%?E*%I?GJC & X (4.20)

which is illustrated in Fig. 2 by the broken line. In Egqs. (4.19) and

(4.20), m and m

A T ~o ~ : A~
m =25+ 20 £°)e™ - 2T + paT R - 1257 + 244 %°
b (e*T- 30-28T_ paT- 44a'T*+2)

(u.zl)l

N A T a“~ -~ A
7, - (220X + A TE - F 2 + 120 %° (4.21)
b*(e*T-3e~8T- paT-4a’T>2) ~°

2

The two A-sensitivity functions Gl(t) and w{(t) are shown in Fig. 3.
In both Figs. 1 and 2, non-broken lines show the perturbed trajec-
tories by the A-variations. It can be clearly be seen that the A-sensi-
tivity optimal control u*(t) more successfully achieves the task against
the change of system order than the conventional optimal control {i(t).
The detailed variations of x, at T=1.0 from its desired value xl=0

1
are listed in Tab. 1 for a few values of A.

5. Conclusions

We have been concerned with the control system containing a small
parameter A which leads to changes of the system order. After the pre-
liminary notion of the A-sensitivity analysis, the A-combined system which
consists of both the model of a physical system and its sensitivity
equation with respect to the A-parameter is introduced for the purpose of
the A-sensitivity synthesis of optimal control. Here, it is pointed out
that the controllability of the A-combined system plays an important role
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in realizing the A-sensitivity qptimal control. We have found out a suf-
ficient condition for the controllability in the case of a linear time-
invariant system.

By giving a simple illustrative example of the minimum energy problem
with terminal constraints, the advantage of the present method of synthesis
over the conventional one is shown.

The authors believe that the introduction of the sensitivity concept
into the theory of control system synthesis, especially, optimal control
system synthesis fills the so-called gap between the theory and its
practice.

The authors wish to express their thanks to Prof. H. Fukawa, Mr. T.
Katayama and Mr. K. Asai for their valuable discussions.
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Fig. 1:

Nominal optimal and perturbed
trajectories by the conventional
synthesis.

rig."2:
Nominal optimal and perturbed
trajectories by the sensitivity

synthesis.

Fig. 3;

Comparison of the A-sensitivity
functions by the conventional and
sensitivity syntheses.
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-

parameter synthesis A energy ;

value method 0 0.01 0.05 0.10 consump. |

H

a=-5.0 c.syn. 0 | -0.0012 | -0.0055 | -0.0099 0.0002 |
b= 1.0 s.syn. 0 | -0.0001 | -0.0008 | -0.0024 0.0015
a = -1.0 c.syn. 0.0024 0.0126 0.0275 0.1565
b= 1.0 s.syn. 0.0000 0.0014 0.0066 0.1653
a= 1.0 c.syn. 0.0256 0.1145 0.2037 1.1565
b= 1.0 s.syn. -0.0001 0.0008 0.0076 5.1800
a= 5.0 c.syn. 2.636 5.0u6 4.750 5.000
b= 1.0 s.syn. 0.0642 0.4990 0.7834 | 10.046

Tab. 1

constraint Xy

Comparison of the variations of the terminal

=0 and the energy consumption.
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UNIFIED APPROACH TO THE SENSITIVITY
ANALYSIS OF OPTIMAL CONTROL SYSTEMS

by
Andrzej WIERZBICKI /Poland/™

Introduction

Many papers concerning the sensitivity analysis of
optimal control do not present an uniform approach to the
problem. Papers of Dorato and Pagurek12, frequently quoted
in literature, are based on an approach, which makes i$ pos-
sible to determine the sensitivity of an ideal optimal control
problem, but not to distinguish between.sensitivities of
optimal control systems of different structures. Other
contributions often overlook the fact that the solution of
an optimal problem is not determined, unless the end=-point
conditions of the problem are strictly satisfied1u. These
shortcomints’bring about a certain l mitation in the number
of papers which would present a comparison of sensitivity of
optimal control systems of various structures1;2.
The present paper tries to unify the approaches to the
sensitivity analysis of optimal control systems. The analysis
is confined to the & -parametric sensitivity3 of optimal
deterministic control. It was necessary to distinguish precise-
ly between the sensitivity of an ideal optimal control problem
and the sensitivity of an optimal control system. It was use-
ful to introduce new notions of sensitivity measure and

local insensitivity, as well as new definitions of local
sensitivi;y coefficients and global semsitivity indexes.

These notions enable us to compare effectively the sensitivity
of optimal controi systems of various structures; the paper

is illustrated by results obtained in sensitivity analyses

of several examples.,

x/ . A . 3
/Jepartment of Automatic and Remote Control,
Technical University of Warsaw, Warsaw, Nowowiejska- 15/19.
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YMethods of numerical calculations, wvhich are necessar: in
a general case, are discussed., Variational metiiods are
presented, which help to determine the local sensitivity
coefficients; these methods are based on the second variat-

ion of the performance functional.

1. Sensitivitv measure

Let us consider the equation of a real process to bhe

optimally controlled in the form
=£(x,u,%1) /1/

S
where x({)&R™ is the state, g.(t)ég ¢cR - _ tne control,

(1.3

P
o_ceﬁ cR - the parameters of the process. The performance

functional, which should be minimal, can be expressed as

tx
Q:fk(é(tk))!.)+Sf°()_§,k_l,§,t)dt ; /2/

e
The initial conditions x (‘E.) =X are given, and some

additional conditiomns of various forms related to the fimnal
value 5(*:) can be taken into consideration. The funct-
ions é,fhf, fulfil the usual conditions of continuity

as well as differentiability in respect to x and - in

cases, when it is desirable - in respect to &, %, . 2

Without any loss of gemnerality it is possible to
assume that the parameters e are constant /if they are not,
one can alter the form of the functions £)£. as they depend
on time t /. The exact value of the vector «© , however,
‘is not known exactly. The optimal control is, therefore,
determined by means of any known method using the models of

the process and performance

g=£(2)§)g)f) /3/
t
Q = fk(g(tk),g.) + J£°(&,E,Q,t)dt /l{./
te :
where a e ﬁ < RP are the parameters of the model.

It is, therefore, assumed that the functions i)fk)fo are
known exactly; this assumption does mot cause any loss of

generality because the admissible class of these functions

is broad.

The optimal control determined-by the model and applied
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to the real process depends on the chosen structure of control

system., It can be expressed by the functions

§°'I'(Q,t); g‘=i"(§)9;t); &h”!.(&)g;!)*) /5/

" refers to the open-loop structure,

where the upper index "o
the index "1" - to the closed=loop structure, the index "k"
- to another possible structure of the control system.

The application of the control g‘ or &. to the 'real
process results in the process trajectory é‘ or &h, If
the trajectory is defined and fulfils the assumed final
conditions, and if the integral /2/ exists, then the perform-
ance functional Q (‘."7&) or Q (“ “) is defined as a function
of the process parameters & and the model parameters Q& . As
it is known, the performance functional depends on the initial
values Xg and the final conditions as well, but this depend-

ence will not be considered in this paper,

Even if the inte 1 /2/ exists, th ormanc

functional cannot be defined unless the assumed fin COon ion

are mnot strictly fulfiled, because an optimal problem becomes
a different one after changes in any of its conditions.

If the model parameters are exactly the same as the
process parameters, Q =& , then the control is strictly
optimal and independent of the control system structure. The
ideal performance functional is a function of the para.meters

&€ and can be expressed by
Q(‘.‘)’Q (5)9’) %

A .
The dependence Q(Q) is a characteristic feature of the

/6/

ideal control problem, and not of any control system's

structure. There are many cases, when the function (S) 18
defined although the function Q°(s,a) or Q" (%,0) is not
defined for any @& . However, if the function Q“(g,g)

is defined, then - according to the definition of the optimal

control - the following inequality holds
Q(xe) > Q) /7/
The sensitivity measure of an optimdl control svstem
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of a given structure is introduced here as the following
non-negative function

s*(e,2) = Q(x,2) - Q) /8/
K
s*(xe) = %%fl -1 /9/

The last function can be called the relative sensitivity

or

measure, Sometimes it is desirable to comsider the relative
sensitivity measure in the form § (!z,a.) where 2 [ ]

is the vector of relative values of the process parameters.

The sensitivity measure is minincl and egual to zero
if and only if the control g"‘ is strictly optimal. It usual-
ly happens only for @=%3j there are special cases, however,

when it happens for other values of & . If the sensitivity

measure is ‘differentiable and &=%, A and -ﬁ-_ being open sets.

then its gradients in respect to @ and & are zero-vectors

259, 25%x,
SK(SIE')‘ e o) »ao(_l S) ‘“'5 ...; 'aég: =

The sensitivity measure makes it possible to distinguish

L2071/

between control systems structures of different sensitivities,
what cannot be obtained by means of the sensitivity coefficient,

introduced in6 and considered in 12, d.efined by
k Q (s,o)
W) = i /11/

"which can be determ1ned by differentiating in respect to &
the Bellman’s eguation and then solving the obtained equat-
ion.l‘/which express the dependénce of the coefficient on
‘initial conditions X /. It is easy to prove - using the
notign and properties of the sensitivity measure - that
this coefficient is independent of the structure of the
control system: assumlng that the set ‘R is open and the
functions Q(_,Q) Q(“) are differentiable, the following

. equation holds

Whe) = %{‘5@)-[4*5"(‘-"4)]} l

= ?.aélf?) [1"' 3“(5 )Q’)]
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according to the equations /10/. Thus, the ideal semsitivity

coefficient

W) =W

ﬂrovides only an estimate of the ideal control problem

k( )_ 9&(5) /13/

sensitivity, and cannot be used in order to compare the sen-
sitivity of different control system's structures. It can be
use for designers Bf industrial plants /providing, they are
optimally controlled/ and not for designers of optimal
control systemsx . =
The properties of the functions Q.(S)Q:), Q(!')) E(s')
are illustrated on Fig.1, which is based on a concrete

example - cf.16.

2. Local insensitivity and its conditions
An optimal control system of a given structure can

be called locally insensitive, if the function Qk or
the semnsitivity measure S Qﬁ;.), is defined and a con-
tinuous function for all & in environment of & =& .

An optihal control problem can be called locally insensitive,

if the appropriate open-loop optimal control system is local=-
ly insensitive, Many of known optima)l control prob;ems are
net locally insensitive, because the final conditions are not
fulfilled for a$& , and the function Q°(%,8) is not
defined - as it was stressed above. Such optimal control

problems can be called fully sensitive.

Under the assumption, that the parameters @& can
influence the functions £ arbitrarily /and in particular -
additively/, it is'easy to’prove16 the following necessary
condition of the local insensitivity of an optimal control

problem:

An _optimal control problem is locally insensitive
only if the final oonditions of the process to be controlled

X/There is an exception, however: the ideal sensitivity
coefficient can be used in some’ considerations of optimal
multilevel control - of.11
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form a A ~-dimensional pvpersurface in Zn-r]z =~ dimensional
l

space of vectors [{; In other words, the function

Q’(c_f.,g_.) can be defined if only one coordinate or only

one-dimensional condition of the final state g(tk) and time

t'k is given. The condition of local insensitivity is alsc

sufficient under additional assumptions.

Therefore, all optimal control problems of order
greater then one and with given final values §(€3)=¢,‘-and
among them al most all time=-optimal problems - are fully
sensitive and must be considered as incorrectly set for tane
sensitivity anaiysis. It does not mean, however, that closed-
~loop or more complicated control system's structures for
these problems are also fully sensitive,o’15. An elementary
example is given by the optimal control '.problem of the
process x=o6Ww with the performance Q= Juldt. and with
the conditions x(0)=0, x(8)=4. The prob]?em does mot fulfil
the condition of local insemsitivity and is fully sensitive;

Q(«,)a) = -g-, for a=e and is not defined for a#«,
The closed=loop system is locally insensitive, because

Q*(xya) = a;‘as and is defined for a < 2& ., The
application of a special structure, called optimizing
feedback'>? 10 resuits in @(%,2)= 4 for 211 a ;
there exists, therefore, a structure in this simple example,
which makes the control system i‘ull‘y insensitive., The
sensitivity characteristics S (“;Ov) for this example are
shown on Fig.2.

3. The local insensitivity degree and local
sensitivity coefficients

n k
S (“‘»&)
The greatest order m of the derivative

TS (es0) e
or _Ti"_—' by which the derivative is equal to zero
'for a=e , tan be called the local insensitivity degee
of the optimal control system in respect to the para.meter

ram’ls
«€; or @;. The value of the derivative

P LY o ‘ D+t
—’aéf_l;L for a=% can be called in such cases the
ap =

local semsitivity coefficient of the system in respect to
the chosen parameter,

or

med ok k(uu»t) A" 5% (o0
V:flu*‘) '3 ’az-‘(:z&) ag“ _7‘7121. Al /111/
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The local insensitivity degree and the local
sensitivity coefficients depend on the structure of the

optimal control system.

Optimal control systems locally insensitive usually
have the first degree of local insensitivity. The sensitivity
coefficients are, i:herefore, usually the second derivatives
of the sensitivity measure. However, if a parameter ":; or
a; belongs to the boundary of the set -g or A of its
admissible values, a control system can have the zero degree

of local insensitivity.
.

Let us consider for example the wegll known problem

of the time-optimal control of the process fcis "'z ’ i’z’“;")
l“" ‘i, ”4(°)=x$ ;xt('r)’olxx(o)'xz)"zm'o,wi th the performance T= fidﬁ.
o

The condition of local insensitivity i§ not fulfiled in this
problem, and the open~loop control system is fully sensitive.
The closed-loop control system is locally insensitive, if
the model parameter ‘@ is not greater, than the process

parameter, @ $&. If a2, then the closed-loop control

)
system is fully sensitive in ths sameway as the open-loop
system. The set A of admissible parameters a is, there-
fore, constrained and a=o¢ is the boundary of this set.

After some computation one can get the sensitivity measure

e-aV X2+ 2 Xy sgn(X[Xi] + 2aX,)
xya (Yc+a + VZa

§'ea)=" /15/

00, a>«

) Ao

The insensitivity degree of ‘the system by ‘aS"‘ is

- 95 xya)
zero, beécause 5‘(‘!,“)'4”‘=0 but 2‘%&‘1’2—)["‘*0) 3‘:“ IQ-G¢O'
A sensitivity chardcteristics of the system is shown in

Fig.3.

4L, Variational approach to the local sensitivit

Let us .°sume that the functions f,f.,fk have
continuous second order partial and mixed derivatives in

respect to X,4,Xor& and that the optimal control @ as,
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well as the parameters o,a
the sets !_f, g-,A that there

ion of the optimal control problem and that

belong to the

. Furthermore,

locally insensitive /£or example, the final
given, which under the above assumptions is

cause the local insensitivity/. Introducing

interiors.of

exists a solut-
the problem is
ti

sufficient

time only

to

a hamiltonian

H(Y,x, u,%,t) = - £,(x,u,5,t) + ¥'£(x,u x t) /16/

where Y€ Rn is the costate, we can write the necessary
conditions of optimality of the process and the model in
the form

%= %:.—(!.z,g,ﬁ,*) s ¥=-galtxumt); O=5u(rxumt) /170
~ ~ ~ o~ o~ < _’3 ~ oo~
%= %(f»-ai:‘-'nt) ) ¥ ='%(!’5'9’g’{)’ 0=z (FLE%Y) o)

a=x + €Aa where € is a suf-
ficiently small number. We have then X=X +£3x+ Q(t)"f:'!ftsfo@)
G=u+edus0@)The variations Ix, 3w

of differential equations which after some transformations

Let us assume that

fulfil a linear system

can be written‘in the form
Sk=A,u0x +A,Sy + B, A2 % (t.)= 0 =
. k!
5% = Aud + Audt + By0a; S¥(t)=-535 0x(t) /18/

where -4 A2
oH _ 9 [2H] 9H
Ay = dydx  ow [39'551 du'9x Jo?
2'H [3H ]" IH
Au= " 3y [3¢0a] 0%
-4.2
*H 224 [2*H | "9'H
A= " 4o t 350a [‘an_c'acj WK
2, -4 T
P PH [ ] o
A=~ 'a:_cgg * o ['35'3! LT 4
*H NH ['a=u ]" FH
By = gy3a ~ yoe Pude) 3u2a
?H P [ TH ]" 3H

~5%da T Ax0u [puoe) duwda

3
The matrix ’3%%{: is not singular, if the solution of
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the optimal probleni exists and is unique. The variatioun
S& has ,the form

3 g’-
Su=- [,};%-! ["‘" ba+ot S 5 +.a!.';! 3!] /20/

The optimal control for the model E can be ap-

plied to the real process as the optimal control in the

~ A
open-loop system. Hence IZ.-I}’ ®w-u= G&u_l- *Q(‘) and g‘-x.e

-‘-6:."_'."'9(‘) where Jg' differes from :& and is the solution

of the equation

e L e 00 gy

The sensitivity measure of the open-loop system

can be expressed as

$Ta,0) = QUx,2)- Q)=
&‘{s e) T80 - ﬁ}‘s S 54250 250 :uwxu]@* O(e’)—

= IAQ KAQ + 0(6")

The last equality holds because of the linear dependence
between &b ¢ anda Aa. The matrix K can be, there-

fore, lnterpreted as the matrix of local sensitivity

. Qﬁs.
coefficients ﬁ—g%'gz av The equation /22/ proves,
that the open-loop system has at least the first degree of

local insensitivity under the assumptions made above.

The application of variational methods to the sensitivity
analysis qf closed-loop systems needs more complicated consider-

s A A ~ ~
ations, because g‘-g’* w4, For further details see1 5

5. Global sensitivity indexes

In order to formulate a global sensitivity index of an
optimal control sysfem it is desirable to use probabilistic
approach to the prdblem. It is assumed further, that the
carameter ¢ is a random va:riable, although the process and its

control are deterministic.

If the probability distribution P(’.s) is known, a global

sensitivity index can be defined by

Ry = vy 3 Q(x,2) - gé(a.f) * E[Qh(ﬁ‘»@)‘ Q@] /23/
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or 'Rf
7: = —— /’ 2!
EQl)
oc
where -~

g Qk(g,g,) = ka(o_t.,g._) dp(e) ; g Qe = f Q) dp(®) /25/

The deflmt:.on o:t‘ the global sens:.tiv:.ty index is cov-
nected with the determ:.natn.on of the best model -S paramgter g
The global sensltlvn.ty index is the difference between the
minimum of expected value of performance functional, if
a measurement of the realisation of the random variable € is
impossible, and the expected value of the minimum of performance
functional, if the measurement is possible and the control system
is strictly optimal for each realisation of & . The index Q4
expresses, therefore, expected losses, caused by impossibility
of measuring the process parameters; it is a non-negative
quantity.

The optimal parameter é of the model can be determinea

as the solution of the equation
: 2 a) y Eu O -~
J 28 yp()=0 or é—.—a?-’—)df(!-) 0 .

Fig.4 illustrates an example of global sensitivity analysis and
the choice of the optimal parameter a under an assumed form of
the density P(a:)

If the probability dlstrlbuti on P(“) is not known, but the
set R- is given and bounded, another global sensitivity index

can be defined as

3 k e o
eh= min mag Q'(s,0) - min iy, Alest) 27/

In most cases an equivalent notation of the index is
A 1 A Asv A

R“: R, = m.a.x Q(g_c)- min Q("—é)= Q("—‘)‘ Q(“-‘) /28/
The index Rz does not depend, therefore, on the structure of
the optimal control system and is of no use to carry out :Lts
synthesis. The value of the best model’s parameter Q is here
identical with the value of the worst real process'.es para-

v

meter O .

€. Numerical methods of the semnsitivity analvsis

A numerical computation of the sensitivity measure is

£ an

in its essence eguivalent to the mumerical analvsis -0f
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optimal control system = cf.16. The computational .effort
necessary to determine one value only of the sensitivity
measure of an open-loop system, is comparable with the coﬁ-
putational effort necessary to determine the open-loop optimal
control gf . In case of the analysis of closed=-loop systems
the computational effort grows up considerably, if the function
"Q‘-r‘(&,g’.)t) is not known explicitly. A thorough sensitivity
analysis needs, therefore, a very considerable effort. Never-
theless sensitivity computations are of much help if we want to
design thoroggly an optimal control system for a real process .

The computational effort can Begqppressed in case of
a local sensitivity analysis when variational equations are used
as /18, /20/, /21/, /22/ - although the programming effort grows
up in this case. The determination of global sensitivity indexes
needs a still greater computational effort. Because in most
cases the function Qhé!,ﬁ) is not known explicitly, the
solution of the equation /26/ must be sought by means of the

stochaetig approximation.

7. Structures of optimal contro stems an dxe

sensitivity.

The sensitivity of optimal contfoi systems of different
structures has not been thoroughly analysed as yet. The author
of this paper has analyéed many examﬁlea 53 « It follows from
those exémples, that we .should be careful with heuristic opinion
about superigérity of some structures /e.g. the closed-loop/
above others./e.g. the open—loop/. Some general conclusions on
this matter can be formulated in the following way: if the cost
of control dominates in the performance functional, then the
open~-loop system is of lower sensitivity than the closed-loop;
if the cost of the deviations from thg desirable state=-trajector
dominates in the performance functional, then low sensitivity ca

be achieved by means of a closed=-loop system or a special structu
called optimizing feedback, introduced by the author in 15. The
estimation of the dominating component of the performance
functicnal must be carried out with great care. For example,
the performance functional in the elementary problem given at
the end of section 2 depends on the control w only. However,

he closed=loop system /and especially the optimizing feedback/
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is less senéitive than the open-loop system. This is due to the
strong conditions which must be fulfilled at the end=point of the
state trajectory. It can be interpreted by means of introducing
a very large costs - fines. for the deviations of the state
trajectory from the given end-point.

The sensitivity analysis of adaptive systems or multilevel
systems is a more complicated problem. The sensitivity analysis
of the two-level system given in Fig.5 makes an interesting
example.

It is useful to decompose two controlled processes with
common performance functional into two processes with in-
dependent performance functionals, introducing coordination
variables MW,,T, /cf.Fig.5/. The decomposition makes it possible
to supress the computational effort, necessary because of the
determination of the optimal control in real time. Each partial
process is controlled by means of optimizing feedback which is,
essentially, a special extremal controller /cf. Fig.5/. The
processes are many times repeated. The second level controller
determines new coordination variables 4T, M, for each re-

‘petition on the basis of the last run of the processes, using
a coordination algorithm of ﬁultilevel control16. The relative
sensitivity measure of the whole system in the i-th run has
the form 3

O~ ot [1- e ) £F =% ey
where only the parameter e“’ depends on the number of runs
and is determined by ;

eu)s _l.lvl" 89“")‘ . &)z 4+v20 82
7

)

/29/

Because the trdnsformation /29/ is a contraction, 9(‘) converges

to 1 and the sensitivity measure converges to :
2(41-2) *
(“) a)= -‘—_ﬂ- 0
S (2; ) ‘44,43)171 /3 /
The last expression is the same as the sensitivity measure of
the system with only one control level. The sensitivity character-
istics in successive runs are shown in Fig.6. The semnsitivity

of the system in the first run.is large; in next runs the

ﬁensitivity decreases rapidlyv. The essential conclusion from
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this example is, that the multilevel structure of an optimal
control system can have a quite comparable sensitivity with

other structures.
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HOB(E FEIEHVE 3AJAYY AHAJMTWYECKO'O0 KOHCTPYVPOPAHUA
' CUCIEM YIPARIE HAA

A.A.Epacoscuit / Mocksa /

JaHHes padoTe COEOPKMT DPEsBHTHO M OGOOMEHUe &HANWTHIO-
CEMX MOTONOB CHHTES88 CHCTEM peI'yEIMpDOBAHMS, HSIOZOHHHX B CT&=
rrax 1™ ¥ MoHOrpaguax™? ‘o

" OcHOBH8S 0COGEHHOCTH HOCTAHOBEM S6J|aUH CHHTEs&, pAC=
CMATDHBAGMOR B 2THX padoraX, CBSs&HA ¢ fopMoft OrpaEMYeHNi,
YYMTHBAOMEX ODH CHHTOS€ ONTUMANBHHX YUDAEBIGHUf.

B oTauume OT XOpOWO USBECTHHX n&&gﬂom 847iAY AHANH=-
THYOCEOI'0 KOHCTYHpPOBAHWT DerynsTopoB y 8/l6Ch OI'DRHMUOHUA
BAEIA/HBALTCE HO TOALKO HA CHHTeSHpyeMue YUIDARNEHUS, HO X HE
HOEOTOpH® (YHENEM $RSOBHX EQODAUEAT, HMOKNME CMHCI CHIHANOB
JUpRRIGHWS HA BXOAAX HCNOJHHTEOIBHHX YCTDORCTB B ONTHMANLHOR
cHCTEMO. -

Tagoe cyseHnue Exacca JONYCTHMHEX YUPARIOHUA DESEO YOpO=-
meeT [emeEHMe saJaY CUHTesa, HE YMOHHIAS WEEOHODHO® COojepra-
HUE ¥ DPAETHUOCKOS BHAYOHUE METOHOB.

B namEO#f padoTe DOEES8HO TAKES, YTO AHAJOIMYHOE DESKOe
yOpomeHde pemeHHs S8JiaUM CUHTes& DOAYJYaAeTCHs W Oes IpMMEeHeHHS
OI'pEHHYG HHA, HO OyTeM KCOONLSOBAHMS:W CHOELHANBHOIO QYHEQUOHA=
78 B KA9eCTBe OLOHEH NpoNeCCOB ynpamnomud. B sToM {yHELUMOHA=-
6 YJUTHBEETCH ESE EKAUeCTBO. NepPeXOfHHX NpouecCoB M padora,
cOBepmAeMAs YUDARTe HusMK /padoTa BA BHXOREX HCUOMEUTEISHHX
yerpoficTs/, TAE # padoTe CUI'HAIOB yOpamIeHus /pacoTa Ea BXO=-
A8X MCHORHWTeNBHHX YCTDPOUCTE/ B ONTHMSILHOU CHCTEME.

§ I. Cusres onor HHX eHuft HenuHeHOro oG"eKTa TpH
- DOjJHOW CTeneHH aadngaeuocr?

Bcau naE oS"erT
.X." +F£ (.X:) JQ,...,.X., t/) =a¢' /I.I/
(i:l,l,---,”)

*/Tlox, moxHOA CTENSHSD BaGIKNEeMOCTY DOHMMASTCS BOSMONHOCTS
NBMODeHUS W MCUOABSOBSENA [Anf YUDARISHHS BCOX (ASOBHX
KCODIMHAT.
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¥ cymeceryer ¢ymERuuS | (Xi, X4, ..., Xa, *) , Donmes

OpOHSBOAHAS EOTODCE V B CWIY YDPABHEHMf HYUDAENTEMOTO
od"erre /U = O/ pasme sajaEHOfl GymRuMM - § (X., Xa.., %n,t)

ZM Fo=-Q /1.2

TO HS MHOZSCTB YUDRBASHKE, DOAYHESHHHX Or'DRHMYSHUD

é 'é‘(;'f/u‘-/"o[f); "".Z;”‘ (Jt7%/§+)%=

I

=Clxt) .., (8], t], E+5=t, prt

ONTUMANBHHMK B CMHCH® MUEMMYMa (YHEI[MOHAnA&

‘e
I =[ Q2,3 t)ott +V [4(4),..., 3% (k) 2]

ABNAPTCA YOPEBAGHHA BHHA

oV 'i-' 2V =
U ==t [5z: [ signyz, =Tk 'a ) K
Smecs ki, p,9 = SAJAHHEe DONOXUTONbEHHE BelMIMHH. BemuuHEH
K: uMepT® cMuCH E0s((UuHeHTOB YCHNOHKS EKQHANOB.

BeawuuHE p,q CEfig@HH COOTHOWOHWEM, XSDEETEDHHM Ju8 Hepa-
sercTsa lexpzepa. Ipp o= ¢ = 2 coorsomerwe /1.3/ coorser-
CTEYyoT BSBECHECHHHM CYMMaM pacoT, CORSPHASMHX HA BXOXEX K Ei-
XOJ8X HCUOZHMTeILHEX yCTDOACTB 88 Bpena ta-t ¢

mfa ot +Zm/( o) =C

¢=/

8 OUTMMANBHHE YUPARIOHUS DpONOPUMOBSIBEHX KOMIOHSHTEM Ipa-
auesTa Gymxgmi V ¢

2V

U, =- Ki 57 T,

SmaueEus 9 = I, P = COOTBETCTEyeT B&JAHMD BSBOWEHHOR
CYMME MBKCIMVAZBENX SHRUSENE EBSIPETOB yUDSBNEHEE M "pacxo-
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ROB" CHIERNOB YUPARIGHM /BONHIHH f / / &t Lo
OnriMen bHHO JUDAKIOHHS B 2TOM cxy-mo ammcs peneEuMM

L{‘. =- K% SC'Jn -g—v—-

Opr p = I, § =% OrpaERUMBAKNSe YCIOBKO Ipejcramiser codol
aa.xama BSBOWGHHOR CyMiH EBaJpaToB "pacxofoB” yDparRmeHHR
f Ju:/dt u KBappATOB MAECHMANBHHX SHAYGHUN CUI'BANOB yDpaB-

nem. OorudessEHE ygpamenu OpH 9TOM HMEDT DOpOr' CpacdaTHBa=-
s /& =Oopu /2L (<1 /.

JocTaTouHO DpOCTOe AOKASaTeNhCTEO NpUBENOHHOR TeOpeMH
samirqgeeTcs B czeAyomeM. lpoussozmas {ymxqme V B cuny
ypeeEcHUfA yupamnsemro / ¢ ¥ 0 / oé"eEra paBHa

"9
ZQWF v 0 ZT”‘

HHrerpupys 00 HHTEDBARY t.. -¢, , DonydseM

V[ x(t),. L Hn () 2] - V'[ (k). Yo (), 4] =
“f@"“ —Zf( 3 E a.}df

I =V[x(t)..., w(t),4]- Zf(am)( ()
Mummaymy J  coorBeTCTEyeT mcmu Beq WIHEH /:.[.5

> f( )( a¢)d£<Zf 2V [ i ot

‘=

Cornaceo HepapPeHCTRY l"e.nb@epa

[ 12t at < (SR %)% (ffata)? T
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Hosrouy

Zn f/ //“t/d“ gz& ;

rie

; S 2
P 14
&% (f/ax./ /“ .=(*f/u;/d+/P
SEax paseacm SJSCH MBET MeCTO TOTZIA H TOIHKO TOrNS, EOTAA
/a, / uponopymomasEO b aV * . orpesuuenne /1.8/ npu nes-
HHX OGOSHRUCHHSIX HMOET BHN i

Z—I_‘Hr?‘ /1%

MaECHMYM BONMUMEH Z? 3¢ mpm orpasuueHEM /I 7 uueer

MecTO OpE  3; =At/; . B 9TOM MOEEO YOOEHTLCS, DOWAS SMEMOB-
TapHyo sajavy Ba ancrpeuyn HEHA.
CooTEOmeHRs /cl;/ ——/-b—/”l Si=kQ: » Tee.

(f/a‘/df)»=k,(f/ d,g z

JAOBIETBODENTCE OXHOBPEMOHHO OPR

-t
U =- /P.!c;n—=- / /gs‘,"?\'
STH yupeRIeHHS NDUIAD? MAECHMANLHO® BOSMOEHO® SHAUCHH® UpaBOf
9ac?H cooTsomesus /l.6/ M ONHOBpEMEHHO OCeCIeuHBAYT SHAE pa-
BEHCTB2 B STOM COOTNMOWEHHH.

Tagms odpesou ynpaenenus / 1.4/ unammsnwm cbymuonen]

ope orpammuesun /1.%/. ;

Ipu p= 9 =2 OUTHMENBHOCTH YESSEHHMX yIpaBRICHHA
IerK0 [OKASHBAOTCS TAEZe C MOMOmBP yHKIMOBANHEOT'O ypoBHEHHES
Benanums, T.e. HA OCHOB® OCHWHOR OpOLSAY[H CHHTEs& ONTHMALL-
HHX yUpaBIeHAfl.

YrasanHHe JOpABAICHUS ABNAKTCA OUTUMAIBHEMUA H a8 TOrO
Ciyuasd, EOr'f8 Or'pDAHMYKBAKNESe YCnOBHe OTCYTCTBYeT, HO HCOQIb-
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g8yerca cuneuqanbHEfl QyHRGMOHAN, YJIHTHBANNUN pACOTy CUI'EANOCSB
JUpaEI6HHS B OUTHMANBHOYM CUCTEMO . [IoERaEeM 3TO, & MMOHHO, 40—
EazeM, 9ro Aus o6"erra / II/ OUTUMEILHEMU B CMHCI® MUHIMYMA

¢y R MO BATA

e f Qatt + % fZ i (2 )t fz oy VLt ol

/1.8
YODaBIO HUSMH SBIADTCE YOpARISHHT BHKA -

p, VvV
a',=._z_K‘. —a—-x-‘; /Iog/

-

rae \/ DODpeZESMy ODDefeNseTcH NMEOMEHM ypABROHHeM B WACT-

HHX DpousBogEEx /I1.2/. OyHKyHOHAR 4‘1.8/ CLYZMT OLPHEOH EaY0=-

crea uepaxomx nponecces /neH f Q-elt /, pador ynpamnemup

/wien Z f @t g A CHTHAIOB YOpABIOHES B ONTUMATHHOH

cucrene /anen Z & f (:X)df /, & TAEES TOKYMe# BemHIH-

HEX OTKIOHS HUf} /tmea VI ()., ¥n(ts), 'é-zJ /e
NpepcraBumd ¢¢ B Bum

s
u(:— K ax +J‘a¢

2

rue g U; - npousBonbREe BAPUANUM YNDABROHMA.
lonsas mpousBogEas |/ B CAIy YpaBHOHAJl YIDARIAGMOTO
od"exra CyneT paBHA

. 2V 4
V=a—f*§%("‘ 2a3 +8u)=- Q-1 Fr ()t
" = —..9 |
+ 3 (b ) =-g-% F o (3)°

=t

L (wodu)eg- iS5 EPELS

VHTerpMpys DO MHTEpBANY BpeMem t:-?%, W yUMTHRAA BHIRIOHUO
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/1.8/ mna gymmugmomana J , Eaxomms

; n ‘e
I=V[x),.., xute) ] +3 % [ Suit s

Orcma BBOOCDOACTBOHHO BUHO, YXO MUEMMyM J DOIYdYRe?CH OpH
J. & = 0, Targ wro ynpamiemus / 1.9/ pelicTBATenHHO SRISDTCS
onTHMAILHEMA « JAHHO® DOMOHHO ©MECTBOHHO. :
kEcas V = G nomomuresnEo ompeieneHHNe YYHEIME, B STOM
caywse V - {yEEnus JamyHOB& HOYDpARIAEMOTO O06"eET8, TO OUTH-
uanpEHe ynpasaenws /1.4/, /1.9/ oGecnewusapr yCToAuMBOCTE Ho-
BOSMYIEHHOI'O COCTORHME CHCTOMH / X, = ... = Xu =0 / qgpa
CKOZb YTOXHO BHCOEHX DONOEHTOAbRAX ROos(IUIKMOHTAX yCUNOHHT Ka-
HAIOB A: o« OTO BHTOXAOT B COOTHOUGHHA
4 2 oV 4 2V, 1
V=-8 +3 5 w=-§-3nl3t]

Jns vonyveHMs ODTHMEILHHX YUDARIOHAR B ABHOR dopue
HOOOXORHMO ompenenwrs QYHEUMD |/ , YAOBIETBODENIYY YDABHOHMD
/1.2/. Bce npeuMymecTsa HEpeA OCHUHHM DEmeHUeM BANAYH ABANH-
THYOCEOrO KOHCTLYUDOBAHMT OCyCIOBASHH TeM, 4To ypasmemme /I1.2/
AKHSHO, & B MBBECTHOM DOWGHWH DONOCHOO YDABHSHK® HEXHHOAHO
/cogepxur weH ;’Z’ ke (B2)* /.

[£24

HeodxonimMo Baifre pemenme /I1.2/, He saBucAmee oF IpaHEY-
HHX ycaoBufi. 90 pemesve MH OyZeM BAgHBATDH BHHYZSHHHM. 10,
9T0 DOKOMBHAYeTCH MUCEATH MMOHHO BHHYAJOHHO® pemeHde, OCyCIOB-
ZOHO CeAYYIMM. Bo-NepBHX, OGHYHO OTCYTCTEYRT (AKTOTH,OSBO-
asumue OGOCHOBATH I'paHMUEHe ycnosud sas V .« Bo-Propux,
OCHYHO TpedyeTcs OCeCHeYHTh ONTHMAALHOCTD NOPSXONHHX NpOHeC=—
COB BHS BABUCUMOCTH OT MOMOHTS UX BOBCYENOHHA, T.6. DSWOHMe
V He HonZHO S8BHCETH OT HAUANBHOTO SHAUOHHS BPOMOHWK. BTOMY
B OCIPM CIYyuYa® YIORIETBOPHeT TONHKO "BHHYENOHEOS" DOmESHES .

Jns cayuas nMHESNHOTO OG"eKTa M KBANPATHIRONO QYHRIHOHA-
aa/ G - sanamEwas EpanpaTHuERS (opus/ DOmEHUe MIETCS B Bi-
Ae EpappaTHuHOR dopy PASOBHX KOODIHMERT .

Ins RosddmiueRT(s 5Toff KBanpaTHdEOR QopME momyuseTcs
+n (n-u} nuEefiEHX nuddepeHuenbHEEX YpaBHOHMZ ! .
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Aas caywas DaccuBHOr'O OC“eETa EAE ZMHSAHOTO, TAEK M He-
Z¥BSAHOTO B XAYSCTRO (YHRMM |V MOXKHO HCUOABSOBATH NOXHYD
SHODrHD 06"eETa 5 , YROBIETBOPHEUY® B CULY SAKOHA COXpaHS=
Hd 9HODIUM YPABHS HUD /1.2/ / G B 9TOM CAyURe NUCCHIATUB-
mag QyaEmee/ .

C peasd oOpesenoBRs ONTHMAALHHX yIpaBioHMR B dozee
odmeN Caywae DpOoMSBOXBHOTO HemuHelHOro o6"exra suma /I.I/ ¢
QHAZHTHUSCEIM JYHRMAME /¢ UpejcTaBuM 5TH QYHE(EM M SOAH-
HyD {ymxqup G B BUJe CTONOHHHX puon

Fe = Z“¢ + 3 B jeXj Yt *ch ‘e X xk"e"’
: I /’ it JJ K€ < /I.IW

= TRy e XXy Xy + S:-k x‘-Jl-!gv)le.-J:....
q 5/3‘4""‘4 "'57:2( e Xa Xy Xe ‘%e e Xedy

Snecs mosdhmmenru o6"eExra & ;, 5(,'&,--- x {yERusoBAna
- i rdiirs ot SEISPrCE B O0meM cayua® QyHEuMIMI BpOMOHH.
- CymuupoBaHM® DO BCOM HEHEEKCaM penercs or I ao 7 .
Kos@ibunuenTs He SABUCAT OT DOpHAKA DACHONOZOHWS KHISKCOB /Ans
xosdluumerron X/, bije,..» 97O EACAETCA HHNOECOB, BaUE-
mas co Broporo/. ' |
Oymxqmpw V  OymeM HCEATH TAKXe B BHIe CTONOHHOr'O DANA:

V Z AZJ X, ){/ +Z Bc e Xi XIXK +Z 09,‘(‘\’4.1{/ X Xet...
f}; Skt /1. II/
rae xosgbmymmrs Aoy, Beye , Coyxe, ot /mooibmpen-

TH HCEOMHX ONTHMAIBHHX yupasneHul/ B OGIPM CIyduse TARES
SBIAKPCE {YHROUIMA BPOMOHM . oV .
TloncranLas BHpEXOHNT A 5. , A, Q »/1.2/ unpa-

neEA UBas ms@mmm OpA ONHHREOBHX UPOUSBOJOHUAX EOODAMHET,
HAXONHM '

Y ",Z, (2p: Api + @p; Api ) = - pyj
(o =42.7)




¢/l< Z (a' ‘ ,PJK f,/' 8/.'“'1( * & pu B/,-“J') =

”n
=“J’l~/x +g (ng'KAFi P"KAPJ F‘J 4;"}

($ix =48.5,0)

cgze Z (

Crjee *a 5 Cpice +tpn Coije * @pe Coje)= 11,12/

=- g;,ne "'Z ( 8/»! *6pie Boje * boie Bpje +

P %)

» gpja: sze *‘g 3 Bpue *&e ch‘/) +

n
" (Cﬂ/' ’4 ; ¥ Cpene Aﬂ' +Cf¢"!'4f< Coiju AP"/

f:l
(c,,xé —12 /

Haa’ c'rsquompmro HOM BOREOTO od"ena ¥ CTAmiOHADHOTO GyEK-
guosana / ~; , ( D sapucmT #BHO OF BpeMeHW/ Eos(pIUIHeETH
Adj, Bijx, Cijre, - DOCTOSHEH M NABOHEHe AmibepeHmMans-

HHe ypapremma /1. 12/ o0pamApTCH B ANreSpARUOCKHe naanme
JpaBHS Hdd: 1

3 (auAr B )=
Z ( Byre *“PJ pis "“ff P¢/)’<Y e Z( Lk

C yueToM TOro, TPO EOOIMIHOHTH Aq , Bije ,Cijut, ... me
8ABHCST OT HOPEAES DACCTAHOBKH HHJIOECOB, HODBAS rpynna ypas-

wesuft /1.12/ ® /1.18/ comepzur ’-1%"—”- meusBocTEX A

yraBESHAf, Bropad rpymma m‘%—,{"—“}— meuspecTEEX Bk
H YPABHOHUZ H TeXA.

Oepeas rpynne ypasuesufi /1.12/ B MarpauHOR Gopwe mioer
BEZ .-
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A=Aa +é'A R /1.14/

vae A= Aull, @<y, p/sl - xeamparme warpmm, a*-
TPAHCOOHUPOBAHHAS MaTDHIA.
Jus CTan@MOEAPHOTO CAYYAS COOTBETCTBOHHO
Aa*-o—a"A =8 /I°I§,

Ypasnemss /1.14/, /1.15/ cosnapapr ¢ yze L
ypeBHOHEAMM ARS EO3(duUIMOHTOB ONTHMANbLHHX YUDARIOHMR AMHORHO-
ro od"exra. w

Hagusas wiems - Ay Xj B aprywemrax omrmazsmix
yupamneuuf: :

oV 2 : z ‘v, 4 e i
ax‘_ =2,.Z, A‘l/ XJ +3Jé,5"/"x°, Kee +J;4~§'0vﬁf 7) &‘X( /I.Iy

RUsoRHEME, fopuMyRMpyeM CHOAYImUl DesSyALTAT.

JlurellHHe WIOHH APIyMeHTOB ONTHMAL bHHEX YUDABIOHU! HOZH-
HOfHOrO OoG™eKTA DABHH APIyMOETAM OOTHMAIBHHX YUDOBISHUE AU~
HofiEoro odé"exTa, COBUAZANNEro ¢ DEpEHM DDUGIUESHHOM pACCMAT-
PUBAEMOrQ BEeIHHOHHOI'O O6"exTa.

Hs crpyxryps cucreMH amredpandeckux ypaswemust /I1.13/
BUIHO, YFO OHA MOEOT DOWATHCH HDOCAGNOBATENLHO HO I'pynnaM.CHa=
qana pemeeTcs Nepsas Ipyuna YpaBHOHMR M onpejenspTcs Koaddu-
uuen?s A/; auHelHNX UNeHOB &PTYMEHTOB OUTHMAILHHX yUpABIS-
HHfl, 8aTOM pemaeTCs BTOpAS rpYyNNa YpRBHOHMA H ODpeAeAfITCH
Eoadtunuenrs 8./« KBAfpaTAYHHX WIGHOB, [ANEe HAXONATCS
Kosfpunue ety ('/x& KyOUUOCEMX WIGHOB H T.7.

Lns caysas HOCTALMOHADHOTO OG"eXKTa WIHN HSMOEAINUXCE BO
BpeMoEH KoadpuuHeHTOB sajaHHoro QyHEUuOBAZA B¢/, Fiix , ..o
HOOOXON MO UCEATH DOWOHHMO CHCTOMH AHHOREHX AublepeHuaasHX
ypaseeunst /1,12/, pr sTOoM CAGAYeT ONpOMeNSTS UACTHOS DETOHUS
HOONHO DOIHEX NHWHBARHX ypaBHoumft / "BHHYZZSHHOR" pemsmue/.Kpo-
M@ NDUBOJPHHHX BHIG COOCDAZEHMA 2TO CIOAYeT, B TECTHOCTH, . A3
TOTO, 9T0 DDH CTPSMIOHHMM E HyID CEOpDOCTOR uUsMOERHUA B addu-
guesToB od"exra &, bijx ... B Eoshiumpenton B, o
dyHKHOHANS pemeEue HAOLZHO CTPOMMTHCA K DOUSHHD anredpaius-
cEux ypasmmun /1.13/.

Femenue pudbeperusisHuX ypasasHufl / 1.1/, Tax e =xax u
anreépandeckux ypassews /1.13/, womer onpemeasTsca mOCISHO-

-~
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BATANLHO! CESYANS DemapTCs YPaBHOHHS DeDBOR IpyNiH, B8aTeM BTO-
PO PpyUmE ¥ T.4. Up¥ JOCTATOYHO MO/ICHHOM MSMOHOHKM EOadhH-
IKeHTOoB OC"eKTa ® (YHEOMOHANA YAOCHMM CHOCOGOM OIpejeneHHs
BHHYZIOHHOI'O pemeHus KBKof IpynnHd YpaBHe HK SBAEeTCE MOTON
Wrepauufl, B XOTOPOM B EAUeCTBe HYASBOrO DPHOAMESHER HCUOLb=
8YDTCA POWeHMS COOTBETCTBYKIMX &IIeCpaWvusCKKX YpaBHEHUfl
/1.1 . HocuoTps HA DONEYP NDHHIMIKATHEYD SCHOCTH ASBHHOR NpO-
OeAYFH ONpejeneHUs ONTUMARBEHX YODABJOHUfi, NpAETHISBCKOe OUpo-
JeneH® EKos(InNNUeHTOB MOZET BHSBATH HOKOTODHe TDYIHOCTH TDE
BHCOKOM HDOpEZKe OC™eKTa B CBASM C I'DOMOSJEOCTHD CHCTEM ypaB-
memut /1.12/, /1,1&/, HosroMy menecooSpasHo PACCMOTDOTH BHpE-
EoHRA EO>(QI¥MOHTOB ONTHMANLEHX YUDABIOHHA 4Yepes HHTe FpalbHHe
OLUSHEX POCOBHX (YHRIHM#A YpaBHOHMH DepBOr0 DpudnmzeEMs. Lid sa-
JI8UM CHHTES8 OUTMMEAbHHX YUPARIOHHR ZMHBAHOrO YCTOAUMBOI'O CTa-
QUOEADHOr'0 OG"eKTa HNOJOCHHe BHpPAZSHHA HNOAY4YSHH B padorax™? ',
OHM CymeCTBOHHO YUPOWAKT BCD UDOHEAYPY ONpefeNeHHs OUTHMANb-
HHX YU pamRIeHUR.

§ 2. Duparenud EosdiunveHTOB ONTHMBABEHX YIDABJEHHA GODes
HHTeITANBAHE OUSHEHM BOCOHHX (VHEKNUA aAuHSHHOR MOMERH
og"exTa
JonycTuM, YTO HOBOSMYNPHHO® COCTOSHHO HOYNDABIAOMOI'O

06"eETa / & = U, =...=Ux =0 / aCUNDTOTHIECEKH yCTo#uuBo mo Ja-

DyHOBY, OC"eKT ¥ QYHKIUOHAI CTAMOHADHH . -
KCau meeT MeCTO HOYCTORUMBOCTE HOBOSMYNPHHOIO COCTOSHHT,

70 ssueHol (@SOBHX KOODIHHAT, BANDEMED YAKOR X, = exp(-A) X ,

rre A - X2p3RTODHCTEYHOS WACIO OC"eETa, BCErJA MORHO UDUBO-
CTE sajauy K Cayuwsp ycTofiuMBoro mo JsmysoBy od“erra. lIpz aray
pasyuseTcH, NpeodpesyorTCHE OPPAHHIKBAKIHUE YCHOBHS.

Becoeue ¢yHENUK, COOTBETCTBYKNW® YDPABHS HUSIM NEPBOro
DDUCINASHIA, T.8. BOCOBHO (QYHRIUHM nHHEZHON MOReAH od"en'ra,
DOLuUMESHH YpaBHS HUIM

W + Z. al/’ P "'0 wcq'(oj :-X"; ? /Z.I/
2 (42 — '

3necs W, - BeCoBag f‘"hr:qm, COOTBETCTBYNNAS POAKIME ¢ -ro
BHXOne pun2finc? Mozenw Ea ¥ VMIYIBC, DOZSHHHR R G -fi
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Bxoj /MuM HA BAUAZBHO® OMHMYHOO OTRIOHSHW® 0O ¢ -My mxony/,
)C‘?«" cuuBon Kpouekeps:

Iopm ¢4
e {Onpu ¥y

s romnecrs :
d 9 T ° 9 2 2 -
=y <\V¢ W/) = W V(/ +~ W W,

d . » g 2 53
m— (W ,WJ‘W:} = w*W'W, W:H(/'LW: + W W Wg
( L
# (whviwiwl) =, wewl WA W we w-’ug-‘w.,‘wf +
+ w‘*w W‘M'/f

4 ypaBHOHuR /2-1/ cnenyer
%( !) +’§ (Q‘PW . +aJ'PW'q’Wz)=O

% (w WJ Wx) +Z (Q‘PWP Wk: +a:/,,W W¢W +a,<,W,W M) =0
Pt

%
7 (W W‘Wf} +Z (d.pW W, ‘W, % +a:J,WW u/%+ /2 .?/

; .
+ a, WinSWjWE + agwiwtniw’ ) =0

-

B CHIY yCIOBHS JCTOAUMBOCTH BCO BECOBHE GYHEWMH 0CDEZADTCE B
aynp opu ¢ = , Hererpupys /2.2/ B npesensx o* O o © ®
3BOAS CHOLYrmEe OGOSEAUSHWS NN RETETDAIBEHX ONOHOK BECOEHX
byrEmaR

9 5 > % ¢ g2s L s
J‘J -ofwi M// ae ‘Z/x = fW:’W;Wc at
2s, g
Ihe = Swrwiwiv at ;

Noxyuaeu
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Z(“«f P/ "'“JP] } =Xig X

n ges sg2
PZ, (@5 T3 anJ,L *“va e e

-, 2gs 3 s
Z(“‘P]” : JP]’f ks i

o Pl xe piul +zkp ‘}{ +a lf pijk | = x}'z}(k:xlf

/2.

CoDocTemnas CTIYRTYPY MOBEX uacreft ypasse mist /1.1%/,/2.9/,
OTMEUAEM HX WIGETHYHOCTS C TEM, ONHREO, OTIHIEEM;-YrO B- ypaB-

BOHUAX /2.3 Qurypupyrr KosGiumueHTH !pancnoauposaanon avEeR-
HOfl MOzenH- oG eETa.

MaTpuna BecoBEX (yHENM! TpPRHCOOHKPOBAHHON MORERH DEBHA

T DAHCDOHMPOBAHHOR Marpue BeCOBHX (YHEOWE ECXOZHOA JZHHeZHOM
Monenu. Hosromy

o TR A 2 *;z.f/ {,d
‘7 ~Zp. ) ‘Z/z -3 zS ) J 2;3{) ---------- /2.4

I'Zl® 8BESOUKAME 0GOSBEAUEHH MHTOIDAILHHS ONEHEM BeCOBHX {yHE-
. Q#fA TPAHCDOHKPOBAHHOf NUHBHRHOR MO AenH.
ComocTarnaf ypasHerus /2.1/ u /2.3/ & DpUHWMES BO BHMME~
Hze /2.4/, monyueeM caepynmke BEpPAXSHW nxd E0sdbUIMe HTOB
OUTHMAIBHHX YDDARNE HHf:

/4 Z-ﬁ;!]z

q& —Z [3/2"‘ -Z(‘,zsA’;+ 4/” *gf;zﬂ,os) ]l/k
/2.5
C‘Jxe -Z [é;zsf —Z(ﬁnt o5y * p;sgp?/ 5 ;

- ‘gm‘ 8,,, *bous Bpgp by Bpge < oyt Brp2 )~
el

a2 Z (C,RJ/A/?; “C:p;S(A/‘Jz +C/’}Zf Aﬁs +Cpgzs /4/7!}7 .7225_,{
P i
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HOepsas us o7rEx QopMyn OHza DOIYYSHE B padorel. oru dopMymH.
OuYeHb YAOOHH AuS NOCHEHOBATENbEOrO ONpOAexNe His Eosdimiue HTOB
OOTHMAJIBHHX YUDABHOHHE C DOMONBD NUIPOEHX BHUMCIUTONbLHHX M8=
zus /IBY/, & TEEXS 8HANOrOBHX BHUNCAWTONLHEX MamuH /ABY B
COYOTAHMM C [YUHHM CUOTOM WIH EHUMCHeHWAMM B LBM.

JeficTBMreAbHO, KHTOIPANbHHE® OLEHEM BECOEHX -QyHKyuf
YCTOUURBOR XMHOAHOA MOfeAM OG™eETE JOTKO MOIYT ONDeZeasThCH
e IBM mpu ABM. [(ng poayuemus Eos@duiMeHTOB aMHEMHHX WIOHOB
APryMeHTOB ONTHMANLEHX YODRBIOHHff ZOCTATOYHO HAUTH HHTEI'pDANb=
Hi6 EBAXDATHYHHO OLOHKM BOCOBHX QYHRIUNA.

HOns nonywesust Kosdluu#eHTOB KBAADATHIHEX WIGHOB APIYMOHTOB
YUpABHOEHR - KyCHYOCKH® HETOI'DANLHHO OHeHEH BeCOBHX (yHEIMEA
K TeRo

" Tlocme sToro cormacHo gopuymam /2.5/ pansmEefie BHUMCIO-
HWI CBOILATCH E oNEpaisiM YMHOESHUS M CIOZOHHA .

Jus HOEOTO[HX CAYUAEB DPAETHIECEN BOSMORHO &BANMTHYO-
CEO® ODpejieleHMeé METerpANbHEX OLOHOK BOCOBHX (YHENuft /mpuH-
[HEIMAALFRS BOSMOEHOCTB TAKOT'O ONpeNierduus mseerca pcerns/ B
oUpe jPIeEKe ONTHMANBEHX EOS(DMLMEHTOB B OOCmEM GYKBEEHHOM BUIE.
06 aTOM CBUETENLCTEyET DDUEOAMMHI HHUZS OpinMeD,

HwrerpanbHue OLEGHEH BECOBHX (yHE[UA AMHERHOH MOJSHNH C
¢urcHpoBa HEEMK Eoaf{uue HTAMH MOTYT C YCHOXOM KCHONBSOBATECS
¥ Opd OUpe[eNeHMH ONTHMANBLHHX YUDABNGHUN A4S HOCTAMOHRDHOIO
HeIUHeRHOIro 0G"eKTa, €CIH NpU DemeHHH COOTBSTCTEYNNMX YPAEHS=
mapt /1,12/ npmseHurs MeTon Wrepanufl /mpeHONAraeTcs, WTO
Eoo{rume ETH OG"OKTE W (YHEQUOHANA MSMOHADTCH JOCTATOUHO
MeznesHo/ .

HefICTBUTONbEO, HYNOEHe DDUGIUESHUS IIA HMCEOMHX E05Ihu=
[[MeHTOB OpM METONe WTepanud ompejendyrcs TO# &8 CucTeMOon
anreCpauueCKHX AUHSUHNX YpABHS Hult /1.1¥/, uro u B craguomap-
HOM CIyvuae, C TOfl pasHMIeN, Wro EosdimiumeHTH @, 6,;,-,9...

B, J’z;,'zl... 8/leCh MOINCHHO MOBHANMISCH QYHRIUM BpeMeHU.la~
HuM O0pesOM HYNe=BHe DpHUCnvmeHus EosdluIUeETOB OUTUMANBEST
yupeBneHHl B ApCol SaNAHHHA MOMSE? BL2MOEM MOI'YT CHThH CODS=-
nensw: no dopuymyu /2.5, rme nce rosdhumuenTH 06"exTa W
PYHEINOEQIA BSSATH Iaf AHHOT'O MOMSHTS BDEMERM, & HHTErpUIbLHHS
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ONOHRH BHUMCIGHH JAS QUKCUDOERHHHX SHAUOHMRA a; » coorser=-
CTEyNIUX JAHHOMY MOMOHTY BDeMOHM.

lonpasm DepeEEX EpHCImEeEMA cormaceo /I1.9/ oupemeasrcs
yresnesusvy Tuna /1.10/, rpe B npemEx wacrsx Oymyr Qurypupo-
BaTH DPOMSBOAHEe HYNOEBHX DDHCIKESHWR, DOUPABEM BFODOrO ODK-
CnMEeHUS 8S8NOrMYHEM OCPESOM BHDAZBITCS WODes [POMBBOJAHLS
DODpEBOK DepEOr0 UDMCHMESEWS B T.A. Ecak zas monpasok Y -ro
DpHGIKEOHKS BBOCTH BepXkmd mumerc / V /, To corzacmo /2.5
9TH DONPERBEM ompependrcs dopuymamu

Ve (V} /2.5/
Ay =z Ay H -
(V)

= W) (' J ml (w,/ G
qlt Z [Bgcs /4 J;

,ﬂS

3necs, KeE H DeHLUe, HETOIDANBEHE ONOHEM BHUMCRSDrCS nns QuUE-
cupoBaHENX / "saMopozeHHEX"/ sHaueHMi Eos(bunMeHTOB OG"eETa,
COOTBETCTBYIMEX S&JAHHOMY MOMSHTY BpeMoEH. [IpomsBOnEEe O
BPOMOHHM MOI'yT ONDOHOAATECK UHCIOHHHM DYTOM NO SHAYOHHAM, Hi-
YHCIOHHEM I8 NOCTETOYHO CHHMBKKX MOMSHTOB BDEMEHH.

Hrax, zae EecTeguoHADROrO BenKERfiHOro 0G“exTa HpOrpaMME
MBMOHOHMA BO BDEMOHH E05(DHIMOHTOB ONTHMAXbEHX YIDABIEHHR
MOryT CuTh ONpefieNeHd NyTeM HAXOENCHEY WHTOIDANBLHHX OLEHOK
BOCOBHX (yHEmMZA auHefiHOZ MOKeAH NepPBOrO DDUGIHESHEA ¢ “saMo-
pozeHREMU" RosdduimeETeMd M omepapul yMHOROHHH, CIOESHUA,
YHCHeHHOrO AK{de peHIXpOBe EHE ,

HeoGxonmaie omepenur MOryT UpOMsBOZWTHCS EBE Ba LBM, TaE m
Ba ABM B coueremuu ¢ LBM miu pyumEM CueTOM.

[ pumep.
Paccwrpm 84a7avy CHETSS8 OUTHUMANLEHX YUDSBINOHM] nud cCayqas,
Eorma ypasaems 0G"eETa HMOXT BHJ

X; l )Q +Z AcdxXJ Xe +Z ngeXJXgXei' 'ul /2.7/
( =L ... u }
3neck )i auGO OTpPHIATENBEHS neac'rnm-ensme wicaa, ZHGO
KOVTIIORCHHS YUCHA ¢ OTDUIATEenbEHMH NelCTBUTENbHHME UACTAMA.
Jns awseiHOfl Mopegu sTOro OC"eXT8 EeCOoBNe (YEEOUM DEBHH
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Wg, (2] wpu (‘#i
T exp(Let) npe £59

Hosromy
90 o s i e B
¢ ;.fx, s ETC Seakinliy BCHNE Tt A dr &’

BCe Apyrde MEFErpAIBHHO OLOHEM C HOOXWHSEOBHMY BAGOpAME BOpX=-

HUX ¥ HUEHMX MEZSKCOB DOBEH HyIDe
Topuymi /2.5 Eos(iMuMeHTOB ONTMMANbHHX YU[RBIGHH} B JAHHOM

caywae CYmeCTBOHHO YUPOWAKTCS:

5 6&/‘
A=~ ek /2.8/
8. = &y -;(sﬂxApc"’gﬂzApJ*éfq’Aﬂ‘) il
8T Aot hj 4«

que =5 hithj .)‘.)c [A"J""i (AFJ BP"( "Ap« B,Ay( *5;"(

+ g, je Bpie *Apje Bpox + bput Bﬂi)’g (‘:ﬁu'qfi *Cpict Ay +CP¢'¢'4P“ Cf"j’/’ﬂ]
Ecnu nozsETerpenbHoe HHpazeHue (yHRUMOHAZA SARAHO B BHIE E&-
BOHUYECROPR EBAApATHYHOR @opm.

G =2 pixl

=1

7.0, B = 0 npu oj #0, Jyx=0, g‘q’ee =0, .

TO DpOMCXONAT JanbHoimee yupomeHue EBHPEEeHUR /2.8/ coTiManb-
HHX Eoa{duijueHToB: AL

A
Au=-igr | Ay =0 mev j#i

5 1P Ao k ,4 ;% AJJ + Aklt
e = bije “LTTr 7 dx
C‘;j’:e e f’\/ +,lg +Le [Z ( P‘J P<£ +£P‘L’8 ocC nyk +
gp;c 8 A}y( BP(K “"Apx( Bpg'} +Cqje€ (141':' */4# *Aicwe *436/]
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Ecau xBajpeTHYHE® WIeHH B X&PARKTODUCTHEAX 06"eKTa O6"eKTe OT-
cyrcreyxr / b = O/, TO ApryMOHTE ONTYMAZBHHX yODREIGHEE CO-
RODEST KpOMe IHHEMHHX TOULKO KYOCHUSCEWe M O0nee BHCOKHe WI6HH.
Hs dopuyx /2.5 BugEO, WTO 5TA BAEOEQMEPHOCTH SEITETCH OCIBI:
OpH EBAJPATHYHOM safaHHOM QYHEMOBEN® MUHMMENILHH{I NODRJOK BEE=-
IMBESHHEX WIGHOB B SPIyMOETAX ONTHMENbRHX YOpDaBICHEEZ COBIELRET
¢ MUHIMEZBREM DODHIEOM HeNuHeHHHX WIOHOB B YPRBHOHMRX 0G"exTa.
OdmuM CBOACTBOM SRISETCS TAKES OIDOJENOHHBS CHMMETDHA ONTH-
MAIBHEX JUDARNOHWA: / -85 EOODAMHATE B JHEDHHOM UACTH apry-
uewTa ( -ro YUDSEIOHKS BXOJMT C TeM Ze EOo{uuHesToM, TTO
{ -a% EoopIMHATA B J -« yopeenenun / Ay = Aji /; npousse-~

ReEue EoopxumeT XY« B { =M yO[EBIGHHE BXOIMT C TeM XZe
xosdbunuesTON, WTO mpousBeneHUe EoopnMERT Mi X« B </ -
yopesnenns / Biyc =8jic / B 2.5,

MIpaETHYECEOe DpHEMEHSHH® JRHHHX MOTOHNOB &HENWTHUYECEOTO
KOHCTDYHDOBS&HHE NOKBS8HBAGT NOCTATOYHO BHCOEYD HX S{feETUB-
HocThs. HokoTopes moreps "ONTEMANBLEOCTH", CRABAHHAS C OIDAHE-
wenuwimu /1.3/, mnu coeguennko#t dopuoft /1.8/ GyERnuoBRma OKy-
086eTCE K&K NpOCTOTOH peme HusI, TAK H DPOCTOTOR CAMHX ONTH-
MAIBHHX YUpRBAeHAE®, OCyCISBIMBAXWEfl OTHOCHTEALEYD BDOCTOTY
peanusayui. Kpome Toro, orpemiuemus Tuma /1.3/ ® QyEEjmOBANH
puna /1.8/ ve SERAKICS MCKYCCTHOHHEMY, 8 MMOXP, EBE YIOMUES~
IOCh BEme, ENOZHE ODpefeNeHENM TEXHMUOCEHH CMHCI. .
JaHHHE METONH MOTI'YT (HTh OCOCmEHM HB cayuall, Korza He Bce da-
SOEHE KOODAMHATH AOCTYNHH NS BeNOCPSACTBOHHOI'Q KSMeDe HKE
/Tak HaSHBSEMAs HONONRAS CTONeHs BAGAmKaeMocTE' /.

MWEZ GHTH OCYNPCTHICHO OCOCIEHME ¥ HE Cayvuafll JelCTBMS my=-
HCB .
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x/

570 OTHOCHTCH E NMESHHHM WISHAM YUDPSRIS HEfl.
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JUREVHHE U HEJMVHEVHBE ONTWMAJILENE PELL!UA
W CTPYKTYPH B 3ALAYE JIETOBA U KAJMAHA
[10 ONTUMAJILHOMY CUHTE3Y JMHEVHNX OBBEKTOB

K. BEJN 4

OHEepreTHUYEeCEN? UHCTUTYT AXaleMUM HaYX
ColyamicTyueckodl PecnyOXmky PYMEHUMR
n. ByxapecT
YrMBepcuTeT I'. Kpa”oBH
PyMHERA

Bpegenue

B HacTofAme# paGoTe PACCMATPMBADTCA HEKOTOPHe MOIAXONH
pemeHUD sajaum JleToBa' ompeleNeHNA OGDATNOY CBASK NJA ONTEMANb-
HHX [0 WHErpaJbHHM BHIYKJHM OLleHXaM Ha OT'DaEMUYEHHOM OTpes:ze
BpeMeHM, B TOM uUlcje ¥ 8ajauy 06 ONTUMAJNBHOM OHCTpoIelcTBUM.Pe-
meHNe SajauM IOBeleHO JO COCTABIEHEA HeJMHEXHHX WHBADVAHTHEX
CTPYRTYP, C BHJejJeHHeNM HeANHeWHHX DeryJIATOpoB IO cxeMe, Opel -
cTaBIeHHOZ Ha puc.[. [Ipm 2ToM OTXpPHBaeTCA BOSMOXHOCTH OCOGMERVA
00paTHOY ONTUMAJBHOVW 3ajJaun KamvaEa® Ha HelUHe’HHe CHCTeMH aBTO-
MaTHIEeCKOI'0 ympaBjeHHMA. B STOM HanpaBNeHUE, OJIHAXKO, HaMeuawTC
Inmk NepBHe mard.

[lepBad 4acTh pPaGOTH NOCBANleHA ONTVMAIBHEM CHCTEeMaM IO
CHCTPONEe#ACTBUD, IJNA KOTOPHX, CIAeNyd BonTﬁchouyB COCTaBJIeH &k~
FOPUTM ONTHMMANBHOI'O EeJVHeHAOI'O CUHTeSa II0 CXeMe Howona'(pnc.l)
Bo BTOpOV UaCTH NPUBOJNTCA HeJVHeAHHF CUHTEeS IJAA ONTUMaJbHO/ sa-
Jauy C MHTerpalbHHM BHIOYEJHM KPpUTepHUeM kauvecTBa. [Ipy 8ToM, cCle-
oys B.M.nonoay4 00600ManTCA HEeXOTOpPHE COOTHOMEHNA MeRly YpaBHeHNS!
PHEXaT; ¥ CHCTEMOY CONpAXeHHHY ypaBREHM? NN ONTHUMAJBHHX CUCTEM.

[. AJAropVTM ONTMME&JBHOT'O CHUHTE3a. II0 OHCTpPOOe"CTEHRD

PaccMOTpEM NPEEJLANYD 3ajadyy ONTUMISAllVM Oepexofia JMHe!Ho-
I'o 00%BBITa

x = Alt)x + blt)u : (1)

W3 HaalBHOTO modomexys Xx(f)=23, B xoreusce  X()=3,.
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anscs A(t) - xBagpaTHad A XM OelCTBHTeNIkHAi MATpULA,
A0COANTHO WHTErpUpyeMad Ha JOOOM XOHEUHOM UHTSDBAJB SDeMeRIH:
b(t) - nN-MepHH# BeXTOp, a0COJOTHO UHTElPUPYeMH” Ha JOGOM 0=
HeunOM MHTepBale EpeMenu; «(f{) - cralApHAd QYHXUUA BDeMeHY,
¥yCOYHO HeNpepHBHAA ¥ NPURNMANNAL 3HAUGHNA B B3aMiHYTON OCIACTH
yupaslenuA, cONepEaled HyAb-yTpaBieHMe., [[1A ynpomleRmd, oGJaCThb
yOpaBleHMA OymeT

lu)| <1 (1.2)

13BeCTHO, UTO NPUHIUN MaxcmMyMa. JL. C.[JORTPATHHA IaeT Heoo-
YONOUMY® ¥ JOCTATOYHY® MHOOpMAIN® IJAA IIOJNHOI'O peMeHHd NaHHOI sama-
uiy, Mueﬁno,'oxonqarexhyoe pemeHMe 3ajauy¥ CBOAUTCHE X MHTerpupoBa -
HUD CUCTeMH zpanneﬂna

S

% = A®)x + blt)sn bE)Y@) a.2)

Op¥ XZOHSUHHX YCJIOBHAX

x(t,)=x, , x(t,)=X, (t.s)

[ peleHET TAakOX 3ajauy NPeNIOXEHW ~ MHOTOUNCAeHHNHE MeTO—
IH, B OCHOBHOM MPUGIMAEHEHS, XOTOPHe MO3BOJIANT ONpPeleJATH HaUaXb-
HEY BeXTOD Y()=Y, , _00ecreunsapuud Nonafianie ONTMMATBHOY Tpaeok -
TOPHM B TOURY X, =07,

50eCh [pefJaraeTCA BaMEHYTH! aiTlOPUTM [OOCTPOAHAA ONTIMATE=-
i0ro cuaTesa U=U(X), [lpy STOM MOIYYADTCA [NOJNHHE MHOODMAIWH O TO-
70JOTHM NPOCTPaHCTBa COCTOAHMY X , O UMCAe Hepex/WUeHHY, a Taxre
0 HeJUHeHOM peTryJIATOpe, IZOTODPH! ONTUMUSHPYCT ISPEXOIHHEY DeXUMM
o0beTa.

IpeniaraeME? aJropuTM UCXOIUT MS.TOre, UTO 00JNacCTh ympabB-
JA8lMOCTY IPOCTPAHCTBA COCTOAHUX pasduBaeTCA Ha MHOPOOOpDasud IO
rf HTCDUD YUCIa [eDsekmyueryd, HeO6XOMMHX NJd ONTMMAJBLHOTO TNepe -

x¥0Ja U3 NG04 TOYXU X, NAHHOTO MHOIOOCDPABHSI B AOHRUHYD TOUXRY
0 . QA BCex MHOr000rasu# N&aBTCA ypaBHeHXS ONTUMAIBHOTC yIpeB
AGHM- /A ONTIm{aABHO™ TpASITODHYU XKaX B HAUYAJRHOM, TaX ¥ B Hepexol -

HOM' pexHMax,

lpexfe BCero OTMGTUM TOHEUHYD TOUXY Xax HYJIb-MepHoe MIOoTOo-
o6 pajne

y={0} (1. 6)
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B X0T0DOe IONanalT BCe ONTUMAJNBEEE TPaeXTODUM.

Honajakue Ha MEOrooGpasue (I.6) BOSMOEHO B NamHod sajaue
A¥Db DO OBYM OVTAM, ONpeIeNfieMEM ypaBHeRHAMH

x = Alt)x £ bt)

1.7)
Op¥ XOHEUHEHX YCJOBEAX
=k x(t,)=0 it
Pemerns ypaBreru#t (I.7) mpu (1.8 naior
: 4
o -
= +1;/¢ (z, 7)) b(odt D

rae $(z,T) - mepexonmas MaTpula OLHOPOIKOTO YDaBHeHNA, NMPUHIAan-
mas HaualbHOe SHaueHEe @(T,,T)= £ - eIUEFUHAd MaTDMIA.

C IpYro# CTODOHH W8 pemeHMa ypaBhenua (I.4) , T.e.

)=y, )Yy, Vi, t)=E
9it)=ytt, 7)Y , ¥z, el
monydaerca arse?Had QopMa OTHOCHTEeNBHO KOMIOHEHTOB Bexropa Y(T)) :

Y = b T, )ye,)
(a1

MHOEEeCTBO TOUEXR §,=§,(‘¢,), T, ét;, 73 XO@TOPHX MOXHO IOINacTh
Ha MHOroo6pasme (I.6) mo TpaekTopkaM ypaBuern# (1.7) Ges mepexim-
Uennd, Te. TOURM, INA XOTODHX MOEHO HA#THM TaXof HauaXbER! BEXTOP
Y(@), -0 < T, &I, , uroom Bo Bcem uETepBaNe [T,, t,] mumefmas Qor-
Ma (I. II) He oOpaTuiach B HOXH K OTBevuana SHary Ms ypaBaenuZ (1.7)
B COOTBeTCTBUM C ypaBmenueM (I.3) , 06pasyBwT OIHO-DA3MEPHOS MHOTO-
ocpasue V, = A A :

{SIS(t)-z/ $5 5y berdt ; BOYD 20, VIl J} (t. 12
B aToM OUDGHGHQHHV BERPXHHe 3HaAXM OTBeualT BeTBH V
HumEne - V7.

Tax Fax MHOI'OC ‘Jasue V' SaBMCHUT OT OJIHOT'O TapamMeTpa T, ,
reoMeTPHUeCXH OHO NPeNCTa~BILIeT COO0CX OIHOMEePHOEe MHOERCTEO, T.€.
¥DIBYP B n-MepHOM IPOCTpPAaECTBe. (pasy BUIHO, 4TO \é exornt B V}
%ax Touxa mpn T,=§.
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IycTh SaljaHO HauaipHOe COCTOAHRNE OCBexT x(t)=x,€V, s
T.8. Ha#geTcA Taxoe L=1,, UTOOHS =X, Upi COCTOAEHWA BEPXHAX
Ui HHMEXHAX 3HaX0B B QopManbHoM ompefeiaeruu (I.[2) . Torna onTH-
MaibHaf TPaeXTOpHA HMeeT BHI

z
%%(8) = P, L)X, 4 T berds] g g

0
IycTh HalleH Tax®e BeXTOp ¥(4), XOTOpH?# yNOBAeTBOPAET CO=
OTBETCTBYMIUM. yCJIOBMIAM 1.[2) u o6pasyen peleH!e CONPAXEHHOU
crCTeMH

vy =) Y*(1,) (1.14)

i3 ypaBHeHu?* (1.13) m(l.I4) , yuuTHBaf WSBECTHOe COOTHOMEHNE
MeRNy MATPULAMM CONPAZREHHHX CUCTEM

$t,) VL) =E (1.15)

M0OZeT OHTH COCTaBIEHO COOTHOUWEeHUe
I} =1 x L/

XO0TOpOe IPUBOLUT XK OOCHXHOLSHHHM CHCTeMaM DeJIe/iHOI'0 Tuma C [JOHOJXHI-
TeJIbHEMMA HeJMUHeUHOCTAMN., Taiue COOTHOWEHHA, a TaEZe COOTBESTCTBYW-
Iple CTDYETYpPH ONTHMAJIBHOTO YIPaBIeHMA JeIkO COCTaBJANTCA IIA 8B -
HOMEHX ONTIR{SUPYeMHX 00beXTOB, XaX BUOHO OylZeT HHZe.

I17 ompefeicHus BexTopa Y(f,) MOEHO cuuTaTh, UTO UpH L=
IPOUCXO AT [ePeXADYeHHe, XOTOPOe BHBOAWT COCTOARME OCBeXTa X
Ha MHOTOOGpasme V, .

llonajaHre usofpamapille? TOUXU, NBUXyLe#CA mO ONTHMAXBHOY
TPaeXTOPMH, Ha. ¥, BOSMOZHO TOJNbX0 M3 MHOrooGpasua ¥, mpm on-
HOM NepeXMOdeHNH. OTMeuad OBe BeTBU V uV, aToro unorooopaana,
Z0TOPEEe MNpOJOJXanTCA HENpPEepHBHO, IMOCAe IepexjnueHnNd, an % co=-
OTBeTCTBEHHO V,” , MORHO COGTABMTH Clelybilee YOpMalbHOe ONpelne-
JigHHe &

4
=G UY =] & 5@ = 2 [ S nbeds + 56,55, Etey?

bl6)I6) =0, T, s8¢ ; bWIW $0,Vtelr,,6)}
(1.17)

CHO I0¥a3HBasT, UTO MHOroolpasu2 VZ npencTaBrieT colo# 10BePX -
ZZ, onperejfieMoe TMBVIf

10/iy9aeTCia IpuBadA V Ha _-/(?:'OPOOup&BIH(Vr

HOCTLH B N-MCDHOM ONOCTPAHECTEBE COCTOAH

T ATTANM T TTmy poe
MeTpaM? t,,6, . Tlpu tz-a'

=]

.
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NOBTOPAR TOT Xe CaMHL OpKEM, UTO ¥ BHIe, mOAyuawTed BCe
uHOroo6pasus 10 Vs :

V= YUV 5 4= {5} /§'(r)—*(-')/ U5 bedz + 8706, T)

ny'

5 eV ;06.0%6,,)=0, 1,6 58, 0" st $0, Ytelz,,6,,)}

(1.18)
¥oTOopad NIPeNCTABAAET COG60Y n -MepHOe MHOXGETEO B MPOCTDAHCTES
COCTOSRK#, ompeleldemMoe mapaMeTpaM¥ 6,, €, , «.., G, To . [ACHO,

u4TO NpE T,=6,,Ha MEOrOOOpasne V,, BHIRMeTCA M'=or906pasne Ve,
npuf, ,=§, , Ha uHOroospasue V,., BHJIeJ!ﬁ‘MCH N o

3

lloxaxeM Temephb Tak MOXeM MOJb3OBaThCA OTHMY MHOroobpazii-
un. [ycTh, HANPEMED,X, € V,, . Torma T,={,, & CHASNOBATENBHEO E=X,.
Ecxvt 6,, 56y 5, ..., 6 NBBOCTHO, TO ONHOSKAUEO ONpeleNAWTCA TOUNK
nepexoja ONTUM&JIbHO! TpaeXTOpPKK x* ¢ ommoro MHOroo6pasud Ha Cle-
Iyemee B HOpAIXe yOWBAHEMA pasMBpHoCcTV : § _, 5 ., ..., £
nocireiHeM yyacTxe ompelensdeTcd ¥ ¢ s ycJoBud x'(t,):ﬂ.

5 Gy s o+ 3 6

(R

a Ha

[na onpeleleHEA MOMEHTOB NepPekINYeHKA 6,
L, cocraBaiieTcH cuCTeMa n  ypaBHeHM

nfer e b
ES (r)=1C) / &z 4) brodz +c1) " HE,,, t.)é &7(x,6,,)br)dT t ...

7 ¢00,.., .)qs(a,,,,e.,)---qs(a,.&)/ $7(%.6) baodr =X, (1.19)

x0Topad DoIyuaeTcd Henocpenc'rae}mo ¥3 MepBHX PaBeHCTB {OpPMANBHEX
onpeneXeEN? BCeX MHOTooOpasmi V,, , V., s -+, V¥ , IOCTe MCTIDUEHI
BeXTOPOB §  , «.s, §' , BYomAmux TyHa IMHedHO,

Pewende cHcTeMH ypaBrehu# (I.19) INOAEHO YAOBACTBOPATEH yC-
JOBHAM ¢

a) t, 66, ¢6,, ¢--- €6 €1, (1.20)

n-2 ~

BETexableN ¥3 NPaBKABHOTO NOPAZE& IPOXORNEHEA ONTMMANBHOY Tpack-
ropun XXt), telt,, t,] orxeV,, uepes uroroodpasrd V,, , Vo,
ceey Y, IO X=0,
Teneps MOZHO ONDeIEAVTH HANpaBIeHEe BexTopa Y jis ypasze=
Hi [epelodeHNA
b6 U, 1)) =0; i=12,... 01 (I.zr)

ZOTOpHe IPENICTEBBAANT COGOT CHCTEMYy n- {-ro0 ONHOPONHEOTO VYIP&E

-~ - T - I ,‘1-'-—:-,.,.._
OTHOCKTEXBHO €PC M XOMIOHEHTOB, [locje omnreleleHUA HaNDaB
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serropa ¢™JCTpPOXTCA CCOTBETCTBYDUes pelleHHs

‘f: (t y’(t
y= ¥4 (1.22;

¥ [OPOBEDAKTCA eC.TIH:

5) Her Zpyrmx xopEe# ypapuesma BWY™Y) =0  zpoue Tex,

¥oTOpHe Bxomuau 8 ypaBmemma (/. 21)

- ,
3) sHax auHednot dapuB OE)YNt) menserca B mpaBmaBHOM
HADABICHAUW B MOMEHTH IeDeRNIUHUA.

Benu BCe 9TH yCNAOBMA BHIIOJNHSHH [P CTPOI'OM COOTBeTCTBHU
mocxenoBaTeAbHOCTE ™ BeTBe! MHOrooGpasui, TO ONTKMAaJIbHOe VIpaBie-
HH@ HAYI8HO U MOEHO Cpasy COCTaBUTH ONTUMAIBHH” CUHTes., BolXse TO-
ro, MOXHO COCTaBHTh CoOTHOmeHmsa Buma (I.[6) , a Tax®e COOTBETCTBW
Iy»n HeJ¥He "HYD CTPYXTYPHYD CXeMy ONTVMAIbHOI'O DeryJaATODa.

JpaBHennA (I.21) ocrapTed B cuie X B TOM Ciyuyac, Xorja
X, €V, , jén-1, Tpu aroM 2,=6,,=b,=---=6 , 14j$n-1 Gyner xpaT-
#EM xopHeM ypaBHemua (I.19) , a mepBHe n-j ypaBHoema us (1.21)

CBOIATCA R IPOM3BONHHM COOTBEeTCTByDme? imHe”HOX dopMH mo ! B
TOURY tat, NIpUpaBHAGMHM HYJIO.

Ecau Bea ycAoBmA a) , 0) m B) BHINONHEHH BO BCe’ 06JACTH
JOPaBJAGMOCTH A, ={.‘x,/Vx,3ae[-i, 1] x, — X, 3a KOHEUHOe Bpe-
M8} , TO MHOrooGpasue PacHpOCTDAHAETCA Ha BCH 061aCTh YIDABIASHOC
r#: V,, =Xy . B YaCTHOCTM, 1/ ABTOHOMHHX 00bexToB (A » b - moc-
T0:iHG) TaKOe IONOXeHNMe CBOANTCA X TeopeMe 00 A mzr?psa:raxa, npu-
ueM 001aCTh ympaBAdeMOCTM X, COBIaJaeT Co BeeM mpocrpascTBoM X
B TOM CIyuae, CGCIM BCe COOCTBeHHEe uwcia MATpruH A  KMeNT OTpH-
laTelbEHe NEUCTBHTEeNbHHe UaCTHe

OnHaxo, BO MHOTMX cIyuyadx o6JaacTh Y,, SAaHIMAST TONbLRO Uach
odnacTu yupaBideMocTH X, . B Ipyro# qacTuX \VyYXasaHKEHe BHmMe yCIo-
Bl He BFIOJHANTCA. /MeHHO, ypaBHeHHe

Yy 1) =0 (1.23)

B yCHOBMHM §) MMeeT 1 ApyrHe XODH!, XPOMe TeX, XOTOPNA HOIyYeHH N8
ypaBuenus (I.19) . Torga mpomoxzaeTeA pas@me nme 06IaCTH X, =Ha

MHOTOOGPASHA V,, 5 Vay 5 Vas 5 Vi IPCACTABIADIMG COGOH A=~ MED-
HHC MlO®eCTBa HaUaJbHHX IONOXeHUW X € X,, NJMA XOTODHY ONTHMAIbHOS
JUpaBJISHUE CONSDPEUT N-f , N , nef'yne2, .. 08 @XIMUcHHA. Taxue

MHOT000pasid ONpel2JANTCA ONHO 8a APYTMM MOMATHHM METeIPIDOBaHNSM
ypapHeww! (1.3) u (I.4) mpz yemosuax (I.5) , sanaBafch UKCIoM Oo-
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.
pexXIpucHAL. [P OTOM ECIHOZBIYDTCH BCe COCTaBleEHHe BHNE MHOT'CC -
pasud.

HanpmMep, 0ua V,, MMeeM

net s L = : 4
V= Vo UV 5 Var = { Ba | Bua(T)= 260 {, DG 9b Cuee e,

5-!‘\{:; b1 ue) W) =0, Tpz € 6,, € A i(")n"b,(t}“v £0, veelz,, ’ﬂ)}
: (1.24)

*
] paaeacu:sa..{,%“, NOoXyGasECA CHCTeMa M ypaBEeHW®, a K8 ypaBheuy’
[.21 , ® ROTOpHM NpHGaBAAeTCs elle ONHO ypaBHeEMe IiA 6, 3
onpercaexus [.24 , TocNe HCEIANUEHMA BeFTOopa ), MOXYUYAeTCH

det [ﬁ@/ ta)b@y) W"(ﬂ;, to)bba) 3 l"@m to)b(am)]= 0 (1.25)

Urax, moaydeHo n+! ypaBHeEMe IAA ONpeNeNeHAS MOMEETOB Ile-
pexmouerus 4 ,6,,6,, vov, @,, 6, .- ECAN DelleHNe 2TO4 CECTEMH yIOB
XeTBODAT DPACHEDeRHEHe E& V,, YCIOBRA BEja a), ) ¥ B), TO NelCTEBE
TOABHO X,€V, ¥ sajlaua ONTEMANEHOT® CHHTESa NOAROCTHED peleHa. B
OPOTWBHOM CIydae BBOIMTCA eNie OJNHO DePekJPIeHMe W NOBTODADTCA BH-
UHCNeHEA B NPSJNOXOEeHMN X,E,. OTOT OpollecC NPOJOAXAETCA 1O TeX
mop, HoXa yCIOBMA &), 6) X B) He BHINONHeHH NeXEXOM.

focaenosaTeAEAHe MHOTO0GDASHT V,, , Vy; sV,; 5 -.. PaslIelNerH
MeRIy CcOo00¥ I'HIepIOBeDpXHCCTAME n—/-07 DasMepHOCTE, XOTOpHEe NOXy~
YapTCA TOUEUHHEM NepeoGpascBaHMEM MHOroo6paszd V,., B IpoliecCe mO-
NATHOrO XHTeIDEDOHAENE ypaBHeHE! IBMXeHMd. TAXNe I'HISpIOBEDXHOCTN,
3a MCRINUCHESM V,, , ABIIDTCH XJSTIaM} BTOPOIC pona®.

| MeEIy NOZORWTEXBHZMF ¥ OTPMLATENLEEMN NOIMEOEECTBAMM MHO-

. TOOGD&SEY Vi, ,Vp; ,Vay s +-+ FMEDTCH THIEPNOBEPIEOCTE OCOGHX Tpaew
TODEM , XOTODHe IONAZADT & NCBePXEOCTY NSPEXXNUEHEA NON HyXeBEM
yraou.

; JormuiecXyD CYeMy WSAOEeHHCIO ailODNTMA COCTABEM B IpelncEo-
ZeHUZ, UTO MaTDEUH A % b - moc-roimEme. HSBEeCTHO, UTO LIT XRGOH
NeHCTBUTENBEOY NOCTOAHAOH XBaipaTHO? MATDEIH A CYHeCTEYeT Taral
xBajpaTHaf HeocoGas MaTpmua T, WTO®

X "4 w; (=12,...,m
T'KT K= ; .
et : e ".J 1‘2’1"’,'-~:"(1'-36)-
PEY
YaCTH XOMIIax

I&MCTEHTE]

OCYmeCTEAAST adg

 HCTBa COCTOAERA X={1] E HEXOTOPCE
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IPOCTPaHCTBO Z=[r.z}, XOTOpOe uMeeT Ty e KaueCTBeHHYD CTPYRTYPY,
yro ¥ X , HO TOJXBRO B MCXaXeHHOM BHUle, OyleM CUXTaTh, UTO Ta-
X0e IOpeolpasoBaHMe npon&zenono u Matpuna A IDMeeT :aHOHINECKYD (GOp-
uy A=K.
1A yuplHeHHsA aAropuTMa GyldeM DasiuuaTh IBe YacTH :
1) x,€Y,, , cuutad, uToV,, BRIMNAGT B celd BCe MHOroo6pasud V, ,k=
0,1 5 «eoyn-! B 2)x Y. ECIM BCe COGCTBOHFH® UMCJIa MATDULH A
e dCTBUTeIbEH, TO B CHJIy TeOpeMH 00 n MHTepBajax mepBad YacTh HC-
U@pNHBAST BCO BOSMOXHOCTH, MO0 Vu, = X, .
BHUKCAUTe IBHHA anmapaT A1 OePBO#A UacTy COCTONT M3 ypaBHe-
HUL
- 4 <! n-1. -Ki n -1, b
#[e X 26 p2 Kb o e 2 M uen E[KD=%, (1.27)

& XOTOpHM cBojaTcA ypaBHenua (I.[9) IOad aBTOHOMHOTO O00PeXTa M
XOTOpHe MOJHOCTHD ONDPEASAANT MOMEHTH MNePeXMNUCHNT G, , Gpzyes-
6,, t, ,(£=0), a Taxme us GopMyMH, XOTOpaf IaeT Cpasy 3HAUSHUE
HauajibHOT'O BeXTOopa (@) mpm 5{,(0)=I: :
y(o}:[(e'“""b e"”""‘b G e""’b Il)’] ]l (1.28)
rme I, - BEXTOp C HyZeBHMN SNOMEHTaMN, 3a WCEmDUeHMeM £-ro drMe-
MeHTa, PaBHOTO eIuHMLe. Ecau aBa W Goxsme uuceX 6, ,8,,, Guy)--
paBHH M@XIY co00%, TO COOTBeTCTBYMIMEe MM CTOJOIH TpPAHCHOHHPOBaHHG
MaTpuIH B dopuyae (I.28) yMHORADTCA H&K'zf,K' ,Kz ¥ T.I. YuuTHBaA
dopuyny (I.28) , Bemop’"{)ﬁpcnemercﬁ cpasy B BUIS

| > - 0yt
9= {[eK(tﬂ..,)ﬁ ex(t4..)b YN ek(t d,)b e'“[,]]I,(x.:.g)

[I[poBepXa pesylIbTaTOB MPOUBBONUTCA B ClelyDMeM IOPANES:

a) 04£6,,$¢6,,4--.¢ 4 < t’ £ BCe Je4CTBITCXBNH

6) bYNUFO0,Vt+6, , telo,t,] , k=12..n

) {(—.r)""b’y*(u >0, Vx,e V", th,!;-,)} e oy
oMyt <0, vxey, te@,.8,,)] ° " °

Ecay BCe BTM YCJIOBUA BHIOMHeHH, TO ONHOBHAUHO ONpSNeJADT=-
CA TOUXM NePeXINUeHNA § Ha ONTHMATBHO“ TpacxTopun xT¢)mo dopuyre

k -K6, ~ K4, & 4
Bty [E-2€ 428700 pegtiag Kb 9*2e ) %)

(1.31)

(1.20)

k=1,2,3, 3 ATy ,n-
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Ha xamJoM ydacTre [0,,,5,4 ]on'rnuaxbua.a TpPaeXTOPra ¥MaeT BEX
» T S b
)= e C W[5 ten* k0] st KB ;
(1.32)
a CONpAXeHHH! BeXTOD onpelexdeTcd (opMyIO#

-K'(t-6,)
y')=e & (1.33)

rje O0OSHaUeHO 7 = .yh) . YpaBmerma (I.32) MOEHO pemaTh OTHOCH=
TeJIBHO N HeHyJNeBHX 3JXeMeHTOB MaTDHIE e"("’*’ xak QYHXUMM x'(t),
OpuieM B CHIy AWHeWHOCTF DelleHWe eJWHCTBEKHO, [aipme, OT MATPELH
eX®4% yoxzno NepeXoINTHh ¥ ! aTDUIle P raia B pesyiabTaTe 3TOTC,
ypaBHeHWe (I.33) OPHEMME&ST BEL

¥ ¢z \ (1.34)

NPE-TOM eINHCTBERHO. HampmMep, B CAyuase NeACTBETEXBLEHEX COGCTESHHEX
uncex MaTpwie A , T.e. mpE m=0 B raHoEwdecxot marprue (1.26),
E et 7
® k
. = * »
y/ xjiz(_vl.:_b_ 7&/ ;) X 6%
9 (.29

j= I,Z,...,n, k= ',2,-.., n-7

roe OPHEEATO z-[xll, .9=[.'/,-] ) b=[b’], /’: 7,2y «+.y, n . Temepsh
MOZeM 00pas0BaTh XEHeAHYD (opMy

byee by ") (1.36)

X0TOpad 3aMHXaeT llellhb ONTUMANBHOrO IO OHCTPOJGNCTBKD yIpaBIeHER
B BMIle CMCTeMH C IByMA HexmmedwocrAMu (pwc.2) . Taxas CTDPYETYpa
OTAMYAETCA OT IPYIWX HSBECTHHX cxent? TeM, UTO BHUMCINTSIbHOE
yCTPQACTBO He BYOAWT B llenh YIpaBIeHEH.

Ha oTOM mepBag YacTh AXTOPHTNA SAKOHUeHA. BTOpasd UacTh
BCTymaeT B OeficTBMe JIumb B TOM CIydae, ecxE MmaTpmua A mMeeT coG-
CTBeHHHe EONIASECHHe QHCJAA ¥ IDE IPOXOXJCHNE HepPBOf YACTY HpOTpaM-
MH ycaoBEg (I.30) He BHIOXHADTCH.

A7 BTOPOY UaCTH aXxroprTMa. ypaBHeHmd ([.27) BsaMeHAeTCA
YPaBHeHUAME

'_':[e"‘t’-Ze"4+~ ; .+(.,)"'”"2e"‘"~*'+(.r)“"t]tc"b S (1.37)

B XOTOpPHE BYOJAAT n+N HGMSBeCTHHX qw_, ,am'_z y 203 8,5 4=t .

I8 DOXHOrO ompclleJeHUMA STUX HeMSBECTHHX X n ypaBHermaM (I.37)
OpHGaBIANTCA N ypabHoHus Brma (1.25) , T.e.



det : . i : : ' =0
- e "’wﬂ"..,,, e"q""’uhu.l.«, Br, Rl T e'f’p-ug' e (1.38)
=12,...,m; j=2m"'l e, R k=0,1,2, --., ”";'7"' 12,.., N

Qo pMyJIH 1.28) (1,39) oCcTapTCA B CHMJIe M OJA BTOPO4 Uac-
TH aITOpUTMa. [IpoBepra pPeSyIBTATOB IPOVSBOINTCA IPH IOMOWX YC.JIOBM
Buge (1.30) , DACWUPeHHHX Ha BCe n+N XopHe: ypabBHemu: ([.37) n
(F.39. [loBTOpAd NpPEMEHeEXe aJroprT™Ma DpuN=1 2, ..., HalIeTCAL
Takoe ieioe UUCAO N , I ¥ KOTOPON BCe OTY YCJAOBMA BHINOAHEHH, TeM
CaMEM HA/OHO UMCAO MepeXJNUeHUA n+N-{ ¥ DelleHue 3aBeplaeTCA OPH ID—
mnmi)acmnpenaux Gopuyn mmma (1.30) - (1.34) .

ONWCAEEHY &ATODHTM 1aeTCH B BHIe XOINUeCXOli CXeMH Ha PHC.3

Bce HpHBeIeHHHe BHIE [IOCTDOSHHA INA OJHOMEDHOTO YIPaBASHUA
o6o0manTcA Ge3 TPYNHOCTR! Ha CAydald MHOI'OMEDHOIO YUpABIeHUA NMEeli-
HOTO O0beXTa, a TaXXe HA HEeXOTODPHe XJACCH HeIMHe#HHX 0CBeXTOB. ‘

2. HeXuHeURHN CUHTS3 ONTHMAABHOY CHCTeMH [0 ¥ITeIDa JABHEM
BHIIYXJEM XPUTSPUAM

PaccMoTPIM 3ajauyy ONTUMUSAUMM yUpaBIeHKHd W(X) JInHeHHM
00BeETOM

x = A)x + BV 2.1

L'}
rie A#) u B(t) - xenpepHBHHe He#CTBUESXBHHE MATDHLH DasMepHocTe’
nitn % AXm , onpelsleHHHe HA H3BSCTHOM MHTeDPBAIe EDOMSHM
{t,,t,]- Salaio Haua:.1bHO® COCTOAHUS

x(t)=x, (2.2)
"u3 FOTOPrO M- MepHOe ynpasAcHme & [ODeBOONT OCBERT B XOHAUHOS
.COCTORHHG

_x(t,) =X, ; (2.3
[Ipls 3TOM XOHOUHHY MOMAHT BpeMeHM I, OVIeM CUMTATH (MICHDOBaHHENM.

rd
KpaTepueM XaUecTBa YIpaBieHMd OYIeT
- 4
- 1wy= §[ 5(x) + [ (% cloxsuHRY)dt | (2. 4)

/ 2e

(1 o
rme f(x()) - samamzas mempepussan oynxigna, GU) v H() - Hempepus-
HHe e/ CTBUTSTBHHS $BAMDATHMS CHMMATDHUHES MAPENIHN DASMBDHOCTS
RxXna 1 mxm Ha uarepsaxe (&, t,] . Kpome TOro, mpanmoia -
raeTcd, %To G() moxonuTeapHO-MOXyompeNcicHsaf, a M()- mororuTenb-
HO~OTIPeAc XcHuad MATPWUH.
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yopeedeuue v(l) OyneM SUETATH EOOYCTHMMEM, €CJIM OEO ofecme-
“HBeeT I pPeMelieH¥e OCHEXTA U3 TOJCHKCHMA X, B NOXCTeHIe X, , IpK
OrpaHITi8HHOM SHaueHW¥ I U ONTEMEIBHEM, eCEN OYErUKORaX I(V) npu-
HmgaeT MEimMaXbHee (LI MAXCUMAJBHOS) SHAUeHNE.

B ;aﬁore” JaHH OCHOBEHC TeODeVH O CYMeCTBOEAHNE M eIVI-

CTBEHHOCTY ONTIMAXLHOTC yUPABISHNMA. B UaCTHOMTE HOEasasc, WTO
SIUECTBEHHOE DelNeENs CUCTeMH YPABEGHME

X =A)x - BO)H'WB(V)Y

(2.5)

Op¥ IPaHWYHHX YCIOBMAX (2.2) ¥
ylt,) = gred f(x(t)) : .6)

ompefelisT ONTHMaIRHYD TpaekTopup X'() W cooTseTcTByDmee ONTHMALE-
HOe ympaBAeHHe

uit) =-H"W)B@) Y*(t) . (2.7)

[Ip¥ HeXTODHEX UaCTHHX BrJax yHEROMK f(x) , OonTHMalbBHOe.
ynpaBiaeEne (2.7) ompelsadeTcs DopMydo#

v* =-H'BRRMX" 2.8)

rge R() - pewenEe MATPYUEOTC yOpaBReHHA PUKEATH

R(t) + ROBOHWBLIRG + RAW)+ AR + G &)= 0 s

OpK CPaHEEuicM YCJOBKM, XO0TOpOe SAaBHCHT OT OyHZUME f(x). Hampmuep,
Opu f(x)=X'Fx , rije F - xBajJpaTHad MOOJOXKTeNBHO IOXyOIpejleXeH-
Had MaTpHla, PPAaHNUEOe YCIOBHME XMEeT BHI 11,12

R(t) =F (2.1T0)

Ecay Ze FOHEUHOE COCTOAHME X, NOAXNO HAXOINNTHCA Ha sgIanEck
BHOYxJOY DPJIaX0OM MHOEEeCTBe

96,) =0; s=1,2,...,p; psn (2.11)
TO I'paENYHHe YCAOBHA OOpeleXAlTCS cf:o}:»uy.ucmm’’I‘l
£
Yt,) = - Agrad fix,) - 5 asgrod g (x,) (2.12)

roe A ¥ mg - HeOTPHIATEIbHHe UMCTA, ONHG ¥S FOTOPHX DaBHO €IKHE-
Ge. H ampmicp, npr A=/, ypasreHuf (2.1I) m(2.12) nommocTHD ompe-
NeNRDT BEXTOD YE) ;‘.an."’.‘IT’Z'CJﬂ!fL, :

B uvacTHocTE, mpenmommras fwm¢ |, ecay ypaBEeH¥E (2.11)

x‘([’)-o, s=4L2,...,P; psn



TO NoXydaeTcs
E'x' =0
E,4,="0 (2.13)
rne £, - OMATOHAJXEHSS MATDHIA, Y XOTOPO# NepBHe p OSJIeMEHTH DaBHE
@IMHNL@, & NOCNeJHHe A-p - HYID, £,=E-E, . _

IIpu £,=0 XOHeUHOe COCTOSHH® (2.3) CBOGOJHO ¥ ONTUMAIEHOE
yupaBieHWs OOXy4YaeTCA B Bule (2.8) , mpu-uem ypaBHenme PuxxaTu(2.9)
UHTeI'pUpyeTcE npw ycaoBuw (2.10) , roe F=0 . A9 UHTeIPHPOBAHEA
YPaBHGHWE PUXXAaTH MOXHC IPUMEHATEH MeTON OOCXeN0BATE ABHHX ITPUC IR~
ROHlﬂIS. lloxaxmM, UTO MATDHULUY R(f) MOZHO HOXyJATh Taxxe OyTeM NHTe-
IPHPOBAHEA JMHe{HOA cUCTeMH CONPAXSHHHX YPaBHOHHY,

ycTs @(t) u ¥(t) 060sHAUaADT MATDHIH Nepexofa IAA ypaBEeEu#

(2.5) , 2.0, ¢ = A - BOH W) B ¥

¥ =-6t)P-AWF (2.149
O0mee pelleHWS Taxo# CUCTeMH HMeeT BHI

$t)=@)C, +BH)C,
Y= FWC,+HWC, (2.15)

roe @), 'J{(t) s . &= 1,2 - INHEeAHO - HeB3aBUCUME® UACTHHO DeNeHEH
ypaBHeRu# 2.74 , a C,G - xBagpaTHHe MATDHIUH J8ACTBUTSXBHHY [OCTOAM
HHX WHTeI'DUPABAaHHA.

PelleHN® CHCTeMH ypaBHeHW! (2.5) *'nXHO Teleph NPEICTBAUTH B
ERze x = $M)D, + HW)2,
Y = ?"(t)D, Lk D,

(2.16)

rge D, u D, - BeXTOpH, XOTOPHe OJHOSHAUHO ONDeNeiARTCA X3 3aJaRHHEX
<XOHEUHHX yYCXOBW#, HampmMep (2.2) u(2.13) .

BBeJleM B pacCCMOTDeHMEe MATPHLY
Re)= Y)@7't) . 17)

Jerzo mpoBepuTh, uTo eciu XY n ¥(f) mpemcTaBAIDT co6oi psmsHTE CHC=
TeMH ypaBHeHmA (2.14) , To maTpuuaR(t)ompemerdeTcs ypaRzEsHEEIM
PurxaTu (2.9) , OpH/ueM rpaEWUHHGE yCXO3uA A1 R() mOTHOCTHE ompele-
ISHH TPaHMUHEMH YCIOBMAMM 11s ¢(t) uYt). OCpaTHEA mepaxon IpHEO-
IUT % YpaBHGHAD

: 95'[gi-AqS+BII”.B’!P]+¢'7¢*6¢*AW/=0 C. 18)

XOTOpPO® PaBHOCHILIO cucTeMe (2. 14) , ecan maTouus G wyn?)Heocobue
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rpr Bcex ltell,t]. LeticrerTensro, marpmna R(f) me wemserca, ecam
uaTpuiy GFf) uY(t) yMEORHTH Ha MPOKBBOJBEYD [OCTOAHHYD HeocoOyD Ma-
Tpuly C, OpirdeM ypaBuenus (2.18 ocTaeTcs: B cmie, CIelloBaTeXbHO,
uaTpuuH @) wY(l) TpelCTABIADT cOC0H DENAHES CUCTSMH NUHQUREX ypab-
Hexm? (2.14) , OpE-YeM OHE OUpefeXeHH C TOYHOCTED JO NPOK3BONLHOTO
DOCTOAEHOIO HEOCOOOTa NHOZMTeIR C. TaxuM o6pasoM, B pemesxr (2. I5)
MaTDRILY le, HanpmMep, MOZHG 3aMeHHTh eJMHNUHOY Marpmief B, Torma

MaTPHla Cop o mgersn onpefleNeHa IPaHNUNHM YCIOBNeM [ MAaTpWiH R¥),
. B uacTEocT® (2.10).

Onumcanrue MaTPEUH R(f) NpPX DOMDEM CHCTeMH IWHEUHHY CONDAXCHNs:
HHX ypaBHeEmi (2.14) nosBoXdeT onpefeXATh ee ¥ak (YHXUMD BeXTODOB
x", y* u Bpemenw ! (B HeaBTOHOMHOM cXyda®m) . [IpEEOmMM CIOCOG coc -
TABIOHUA TaXxa#! GYHXIWM OAH aBTOHOMHOTQ cxyuasl” >

(/]
[IycTh npelcTaBXdeT co60Z XBaIpaTHYD HeocoOy® MATDMIY, LOTO-
pas CTaBHT B COOTBeTCTBHe MaTpMily OJfHOpafHo#t cmcTemH (2.14) ¢ xEa-
SMIKAT'OHAIEHON MaTpENe#

K 0 A -BH'B
=@ = e
gakl ke o8
roe K meer Bug (1.26). HsBecTHO ,19 uTO Taxad MATDWIA COCTaBICHR WS 0d-

CTBHHEX BeXTOPOB MATDHIH cucTeMH (2.14) . [Ipw 2TOM UACTHHE DONEENT
cucTery Gth Y®) mievT BN

-xft-z,)
d0=ae " gy-a,e”
K(t-t,) sl
V=€ g >y —Qu (2.19)
rae Q,/ - XBajpaTHHe nonuarpm uarpnm qQ
e, Gu R
Q= 2.20
[a., 2} sl
x(t-t,,) Tene KPB 3 ypaBHeEm#d (2.16) o,uxosna.qno ONpE Ne IAVTCA MATPHIH
€ xar QyHEOMY BeXTOPOB X" , ¥* ¥ RauATEHHX yCAOBHH
o -
oL (xt Y x,), Caihia x%9%%)  (2.21)
Janee, cooTHOmeHNe
LL'=E

Aa8T BOBUDEHOCTH OMpSJeINTH BeXTOp ¥* xax gymzmm X%, X n 7, :

yr=y(x", 2, 1) (2.22)
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NpH/4eM TAX0e ONpPeleleHMe 3IMHCTBEHHO ®CJINM TPedosaTh SVICIHEHHS
XOHGUHHEY YCAOBM#Z, CooTHOmeHm® (2.22) BMecTe ¢ Dopuyiod (2.7) ompe-
NeddieT HeIMHOAHHA MNBADWAHTHHYA CUHTeS [IJIA DaccCMATpWBaeMOd 3anauyy 3B
BULe CTPYXTYDPHOA CXeMH, NpeACTABIeHHOW a pucC. 4.

OueBUIHQ, €CIH OI!T!M&IB_HHI’. CUHTES MOXHO ICWBOCTX X IUHeUHO~

My B8aX0Hy (2.8 , TO MaTpuna R(f) NpcACTRBEMA. B BEIP TYHEUNM OT x*
n x’ . -

[oZyyeHHHe De3yALRTATH XSI'KO. DACIPOCTDAHADNTCA Ha Goxse oCmmt

CLyual KDUTSDHE FAUeCTBAa, XOIAA. NON WNTSIpaX BYOINT IDOXN3BOIHAT
00 BpEMeHN OT yIpaBAeHNT, 1B [Ip®R STOM NOIYyY2eTCA HeIWHEIHE! DeryXi-
TOD C METerDHDYDNEM 3BeHOW, DAGOTADINM: [0 CXeM® DHC. 3.

B UaCTHOM ciydae, OpR [,=co, HeXWHe#HHe DeryIATODH CTAHOBAT-

cs JHHe dHHMHU ¥ COBNaJalT C: USBeCTHHMHE De3yAbTaTamu JleToBa-KamMama.
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SINGULAR PERTURBATION METHOD FO-R NEAR
OPTIMUM DESIGN OF HIGH-ORDER NONLINEAR
SYSTEMS

P. Sannuti and P. Kokotovic®
Department of Electrical Engineering
and Coordinated Science Laboratory
University of Illinois, Urbana, Illinois, USA

INTRODUCTION

Realistic descriptions of physical plants to be controlled usually
result in high-order mathematical models which make the application of
existing synthesis procedures impractical. This is especially true in
synthesis of optimal controls where computational difficulties in solving
the two-point boundary value problems become enormous if the order of the
model is high. Therefore it is a practical necessity to find a method
for reducing the model order. In practige a common approach is to neglect
some small time-constants, masses, inductances, capacitances and similar
"parasitic" parameters, and to design the control for a low-order model.
This control is then checked on a more realistic high-order model.
Unfortunately, .more frequently than not the result of such a low-order
design is unsatisfactory, and, in order to avoid redesigning the system
on a high-order model, some practical techniques are needed for improving
the low-order design. In [1] an optimal control oriented method for
reducing the order of mathematical models has been developed by which
the desired improvement of a low-order design is achieved by using low-

order models only.

The singular perturbation method proposed in [1] assumes that a
control optimal for a high-order model is a continuous and differentiable
function of a small parameter whose presence increases the order of the
model. In this paper the required continuity aﬁd differentiability
properties of high-order optimal control are proved for a class of
nonlinear systems and further extensions and applications of the method
are given. A second order design of a nonlinear fifth-order system
illustrates the practical applicability and the computationai simplicity
of the method.

*
P. Kokotovic is on leave from Pupin Research Institute, Belgrade,
Yugeslavia,
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HIGH-ORDER AND LOW-ORDER MODELS

In this section appropriate high-order and low-order descriptions
of a plant are defined. Let

}.' = F(y,u,a,t) ¢V}

be the (n+m)-th order ("high-order") model of a plant, where y is the
(n+m) -dimensional state, u is the r-dimensional control and @ is an
m-dimensional parameter. The problem comsists in finding a control

& ("high-order optimal control") which minimizes the performance
index

J= ITW(y,u,t) dt, )
to

where the initial state y(ty) =y, is fixed and the final state y(T) is
free. It is assumed that the order n+m of (1) is too high for the
optimization problem to be practically solvable by existing numerical
methods. Therefore, a low-order model is sought which will provide a
means for approximating the high-order optimal control u*. To derive
such a model let & represent small parameters whose presence increases
the order of the model. Then neglecting the small parameter, that is

letting @ = ao = 0 results in an n-th order ("low order") model

x-f(x Xy At (3)

where x is the n-dimensional ("low-order') state and u is the

r-dimensional control.

In view of the specific role of @ the equation (1) can be rewritten
in a form convenient for the application of the singular perturbation
theory [1,2]. Consider the i-th component of (1), }1 = Fi(y,u,a,t),
and assume that for a, = 0 this differential equation reduces to an
algebraic or transcendental equation. This happens when @ = 0 is a
pole of some multiplicity k of the function Fi’ Ey = Elﬁ!é;lglfl. For
simplicity express all small parameters d . 505D Wi - 7Y a; some
analytlc functions of nonnegative scalar l, and let these functions have

zero at A=0. Then (1) can be put into the form
X s 3(x,z,u,A,t), . G
= G(x,z,u,A,t), "

where x and z are resnectively the n-dimensional and the m-dimensional
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parts of the high-order state y, and (2) can be rewritfen as follows
T E 5
I = [ v(x,z,u,t)dt. - (5)
to
Finally, the low-order model (3) is obtained from (4) by letting A=0,

- 8(&:5:&:0;:) s (6")

"0 = G(x,2z,u,0,t). (6™
and substituting into (6') the solution z = ®(x,u,t) of (6"),
X = g(x,0(x,u,t),4,0,t) ¥ £(x,u,,t). (€)
It can be noted that the initial condition for the low-order model (7)
must be n-dimensional and that z at t= t, may not coincide with z . 1In
the sequel a design based on the high-order model (4) will be called the
high-order design and a design based on the low-order model (7) will be

called the low-order design.

STATEMENT OF THE PROBLEM

A direct application of a low-order design to a high-order plant
may result in a performance far from optimum [1] or may even make the
system unstable [3]. 1In [1] an approximation method has been proposed
which represents a compromise between a simple, but unsatisfactory low-
order design, and an optimal but computationally involved high-order
‘design. The method proposed in (1] consists of approximating the high-
order-optimal control u*(t,\) by its truncated MacLaurin series in A,

" % du*
4= u*(t,0) + 3 (t,1) A. (8)
A=0

The method in [1] is based on the assumption that the optimal control
u*(t,\) is continuous and differentiable with respect to A at A=0.

The problem in this paper is to reexamine the assumption made in
[l] and to prove, for a class of nonlinear systems, the continuity and
different?abil}ty properties of u*(t,A) at A=0.- An algorithm for
calculating 5% (t,A) at'X= 0 is also to be developed. All calcula-
tions are to be performed on a low-order (n-th order) model only,
while approximation must be valid for a high-order ((n+m)-th order)
model. In this sense the control 4 is "optimally sensitive" with

respect to the change in order.

In this paper systems nonlinear in x, but linear in z and u are

considered, that is
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X = g(x,z,u,A,t) & 8, + Bz + Clu. ] (€D

Az = G(x,z,u,A,t) = G, + Bz + Cyu, 9"

where g = gl(x,h,t) and G1 = Gl(x,l,t) are n and m dimensional vectors,
and B, = Bl(x,l,t), Bz = Bz(x,k,q), C1 = Cl(x,l,t) and C2 = C2(x,l,t)
are nxm, mxm, nxr, and mxr dimensional matrices, respectively. It is
assumed that 81> Bl’ and C1 have continuous second partial derivatives
and Gl’ Bz, and C2 have continuous third partial derivatives in a region
I' of the space of variables x, t, and with respect to A for kE[O,Kmax].

It is also assumed that the performance index (5) is quadratic in u,

T y i :
o IV(x,u,t)dt = -Z-I [Q(x,t) + u'R(x,t)uldt, (10)
. 5

where rxr dimensional matrix R(x,t) is positive definite in the region
I and R-I(X,t) and Q(x,t) are assumed to have continuous second partial

derivatives in the region T,

CONTINUITY AND DIFFERENTIABILITY OF u*(t,\) at A=0

Let _p and q be the adjoint variables corresponding to x and z, and
let q = %. Then a necessary condition for the optimal control problem
(9) and (10) is

X = g, + Bz + Cyu, (1"

. "

Az = G, + B,z + Cyu, (11")

D = g ] e T v

p=VV - gp-Ga, (12')

Aq = -g}p - G,q, 12"

u=R1cp +Cla), (13)

1 2
with the boundary values

x(t) = x; z(t) = z; p(b =0; q(T) =0. (14)

Equations (11), (12), and (13) represent the high-order canonic

equations. The low-order canonic equations are obtained by letting
A=0,

k=g +Bz+C R (Cp+C), (15"
0=G, +Bz+C, 5’1(912 +Cla)» (15"
- - Pk 7 E (16"
0= -gi - éés’ N (1'6")

-l ' (17
RO + 9 (in

[~
"
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with the boundary values

x(t) = x; g(T) = 0. (18)

The continuity and differentiability properties of the solution of
(11), (12), (13), and (14) are established by the following:

Theorem: If the solution 5?(:) of the low-order equations (15) and (16)
along with the condition (18) lies in the region I', and if the matrix
Bz(x,O,t) has all eigenvalues with negative real parts in the region I
then as A tends to zero the high-order optimal functions x*(t,A),
z¥(t,\), p*(t,A), q¥(t,\), and u*(t,\) tend to the low-order optimal
functions x*(t), z*(t), p*(t), g*(t), and u*(t) for all t, £, <t<T.

Furthermore, they are differentiable with respect to A at A =0.

This theorem is proved by applying a more general theorem due to

Tupéiev [2].
x z
P q

g, + Bz + CR™L(cip + Cjq)
Y - y(x’z’k’t) = ;
ey -
V.V - 8P - Ga

Let

'1 L] 1
G, + B,z + C,R"*(C!p + Clq)
e BT, = [, R R S

- Bip - Byq
Equations (11) and (12) can be given the form,
X = ¥Y(X,Z,\,t),
A\Z = $(X,Z,),1).
The pa?fial-derivative of & with respect to Z evaluated at A=0 is

o L [P X000 (0,08 (x0,00(x,0,0)
; 0 -Bé(x,O,t)

To show that Tup€iev's hypothesis is satisfied, a matrix S = g E(xit)

where E(x,t) is a mxm matrix and I is an mxm identity matrix is sought
such that the following condition is satisfied:

Bz(x,O,t) 0

-1
s, s = (19)

0 -Bé(x,O,t)
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This condition (19) is satisfied if and only if E(x,t) satisfies the

linear matrix equation,
Bz(x,O,t) E(x,t) + E(x,t) Bi(x,O,t)
= -C,(x,0,1) R 1(x,0,0) Cy(x,0,0) . (20)

Since the matrix 32(130,t) has all eigenvalues with negative real
parts in the region I', the matrices Bz(x,O,t) and -Bé(x,o,t) have no
eigenvalues in common and hence equation (20) has a unique solution for

E(x,t) [4].

Now in view of Tupéiev's theorem [2], the solution x*(t,k), z*(t,k),
p*(t,\), and q*(t,A) of (11), (12), and (14) tend as.\ tends to zero to
the solution x*(t), z*(t), p*(t), and g*(t) of (15), (16), and (18),
and further x*(t,\), z*¥(t,\), p*(t,\), and q¢*(t,\) are differentiable
with respect to A at A=0 for all t, t < t<T. This fact proves the

above theorem.

An important extension of the above theorem is possible when
functions g and G (9) are analytic in all of their arguments. It can
be shown that in this case the functioms ®*(t,\), z*(t,\), p*(t,\),
q*(t,)), and u*(t,\) are analytic in A at A=0, that is that they can be
expanded in an infinite MacLaurin series in A.

%
OBTAINING %%D- AT A=0

In this section it is shown that the second term of the truncated
series (8) can be obtained by solving a low-order matrix Riccati

equation along with two low-order vector linear equationms.

3x* dz*
Introducing at A=0 the sensitivity functions ® = » c= ™

% * *
m= %f sy N = %% , V = g% , differentiating (11), (12), and (13) with

respect to A and letting A=0, the low-order sensitivity equations

are obtained,

®=gw+BO+CV+ag, (21")
= <k 1"
0=Gw+Bo+0V+6 -k, (21
P 3 % = - - 22"
Al M Sl Bl Rug ot Tiae Ll
p e & e o et 22
Gnfig® At Rl N s

0=H ®+H."+ H'_lgﬂ + HEEV .+ n,:g, § (23)
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where H is the Halililtonian, H= - zl(Q+u"Ru) + p'(31+Blz+Clu')

+ q' (G1+Bzz+C2u) .

The detern;ination of boundary conditions for ® and T deserves a
separate discussion [1]. 1If the sensitivities ® and T are calculated
for some A>0, that is-if no change in equation order occurs, the
boundary conditions for the corresponding sensitivity equations are
o and final
conditions p(T) = 0 and q(T) = 0 do not depend on A. The situation is
different when A changes from A >0 to A=0. Then the model order reduces

zero. This is evident since the initial conditions X, and z

to n and the initial condition z, and the final condition q(T) are
ignored in the low-order equations (15) and (16). This change indicates
that in the low-order model W and T may have non-zero boundary values.
It can be shown [1] that the final value T(T) is zero since the perfor-
mance index (10) does not explicitly.contain the variable z, while the
initial value w(to) is given by

@
o(t) = [ By (x,,0,t) (2(T) - @(x ,u*(t),t))ar, (24)
t
o
* a*upnd . *
where @(x ,u™(t),t ) B, (x,,0,t ) (G (x ,0,t ) + Cy(x ,0,t u*(t)),
and the variable z(T) is the solution of the equation g% = Gl(xO,O,to)

+ Cz(xo,O,to)g*(to) + B‘z(xo,o,:o)z(w') with the initial condf.tion

T .
e )I'fato- 20
Since the matrices qu = Bé and Huu = -R are nonsingular, the

equations (21"), (22"), and (23) can be solved for o, T, and V, so that
(21') and (22') can be rewritten in the form

e

2 )
=AW+ AT+ 61, (25'")

.

= A - AT+ 8, (25"

where the expressions for the matrices Al’ Az, A3 and the vectors 61
and 62 can be obtained from (21), (22), and (23). Linear equation (25)
with the initial condifion w(to) and with the final condition ™(T) = 0

repres: nts a well known two-point boundary value problem (5]. with
T= -MO+ Y : (26)

this problem is reducible to a final value problem for the nxn dimen-

sional symmetric matrix Riccati equation

M= -MAI- AiM-i- MAZM - A,‘. sy M(D) =0, 27
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and an n-dimensional linear vector equation
v = - ' 2 =
Y (m\2 AI)Y + M 61 + 62, v(T) = 0. (28)

Once the matrix M and the vector Y are found, the substitution of
(26) into (25') allows the vector W to be obtained as the solution of
the equation
w = (A-AM0 + AY + 61 (29)
for the initial condition given by (24).

Then in view of (23), the control semsitivity V can be evaluated
from

V= g‘l((pz-nlmw +D)Y+H - nqu(gi)'l(nh+§*)) s (30)

where the expressions for the matrices D1 and D2 can be easily obtained
from (21), (22), and (23).

%
Hence, the obtaining of %f—(t,l) at A=0 consists of the following
steps: ;

1. Evaluation of the integral (24).
2. Solving of nxn dimensional symmetric Riccati equation (27).
3. Solving a?‘n dimensional linear equations (28) and (29).

Since the evaluation of the integral (24) is straightforward, it
can be seen from (27), (28), and (29) that the above singular pertur-
bation method requires for an (n+m)th order plant essentially-the same
amount of computation as the neighboring optimum [6,7,8] design for an
n-th order plant.

A Design Example:

A speed-tracking system is shown in Fig. 1. Usually the time
constants of the amplidyne excitation winding Tl’ amplidyne transverse
winding TA’ and the generator excitation winding T2 are small compared
to the time constant of motor excitation winding T3 and the mechanical
time constant. Thus Tl’ Ty, and T4 are considered as small parameters
and expressed as functions of A, T, = A, T, = e T, = 0.5\. The high-

order (n+m = 5) equation (4) is
) = (byxyzy - Byxy),

x, = (-clx2 + b3z3)’
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le = (-24-Kb1+kc1)b7x1x2 - (bzxzzli-b3xlz3)lb7 - 2z1‘+2b622,

)\zz = -22 + bSUI,

iy = -z, + bu,, . (31)

where X;, X,, z, are respectively angular velocity, excitation current
and armature current of the motor, z,, z5 are excitation currents of the
amplidyne and generator respectively. Uy and u, are control voltagles.
bi’ i=1l to 7 are gain ‘coefficients of various components and €y = E;'
The values of various constants are bl- b2- b3- 15 bh- b5- .05,

b6= 20, b7= B c= 0.5, xl(o) = -100, xz(o) =5 zl(o) = -20,

22(0) = -2.5, 23(0) =2,5, and A =.,1,

It is desired that the speed Xy follows a given trajectory Xy

(100 + 28 ¢ for 0< < 1.5,
xds{ b =

100 for 1.5 < t'< 5.

It is further desired that the excitation current x, and the control u,y
remain close to their nominal values 5 and 50 respectively.

The method developed in this paper is applied to obtain the
approximation (8) of the optimal controls u1 = u (t A) and u2 = u;(t,l)

which minimize the chosen performance index

5
3= 3] (xpox)? + 0.25(x,-5)7 + 0.025(u + (u,-50))ae.
o

For A=0 the high-order equation (31) reduces to the low-order

(n=2) equation,

= b, (bgb

> 2
x sDei Xy - byx X)) - bix,,

1
&) = (oyx)+ bybuy).

The variables z and z are.given by

81 So0 3

=b

= (bsbeu; - b,x, %)), 2, = by, 25 = byy,.

The high-order optimal design based on the system equation (31)
requires the solution of a tenth order two point boundary value
problem, whereas the singular perturbation method requires the solution
of only a fourth order boundary value problem as in low-order design.
The additional amount of computation geeded for steps 1, 2, and 3 for

du 3
‘the evaluation of the second terms Sfl and ng of the optimally sensi-
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tive control (8) is negligible compared to the solution of boundary
value problem. Such small additional computation resulted in a
considerable improvement of the performance, as it can be seen in
Fig. 2. For as large values of A as 0.4 (in the problem only A =0.1

is required), the performance of the system with the optimally sensi-
i dul(t,A) duj(t,1)
e * .
tive control ul(t,O) + ™ A, uz(t,O) L A A is close to

the performance achieved with the high-order optimal control u{(t,k),
u;(t,l) and for the order of magnitude better than the performance

achieved with low-order optimal control uﬁ(t,O), u;(t,o).

CONCLUSION

For a class of nonlinear systems it is proved that the optimal
control u*(t,\) is continuous and differentiable with respect to a
small parameter A which cahnges the order of the plant controlled. .
This result made it possible to find a near optimum control for a
high-order plant by using a low-order model. This means that a
2(n+m) ~-dimensional boundary value problem is approximately solved by

.a 2n-dimensional boundary value problem and a final value problem for
an nxn dimensional matrix Riccati equation. Thus computation required
for a high-order plant is equivalent to that needed for a neighboring

optimum design for a low-order plant.

A second-order near optimum design of a fifth-order nonlinear

system illustrates applicability and computational simplicity of the
method developed.

It is expected that in future research a result similar to the
theorem proved here can be obtained for a broader class of nonlinear

systems. -
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TIME-OPTIMAL CONTROL LAWS FOR NONLINEAR
SECOND ORDER PROCESS

G. Schmidt and P. Pischer-Uhrig
Technische Hochschule Darmstadt
Federal Republic of Germany

I. Introduetion

It is a vell-known mechanical fact that the pitch motion of a
satellite in eircular orbit and the vibration of a mathematical
pendulum can be described approximately by the differential
equation,

ﬁ#f(?)*ciny- u. (1)

In this normalised equation ¥ and é represent angle and angular
velocity, respectively. u is the control moment, limited by
|u| & K, vhere K presents the constant maximum control moment.

In this paper, the control lav u (¢, é) is derived to transfer
any knovn initial state (ys, ;5) of the system in accordance
wvith equation (1), into the stable equilibrium point (¢(T) =

2 2w%n, 9(T) = 0), with o = 0, 1, 2 ..., in minimum time T.

Time-optimal control lavs for differential equations of the ty-
pe considered above (1) vere derived in a previous paper ! on
the small angle case ¥, i.e. differential equation (1) with a
linearized restoring force. The first detailed analyses of the
above nonlinear process with the actual periodic restoring for-
ce vere made by Almuzara ané Fliigge-Lotz in the case f(?) = 0,
K >1. Experimental .investigations of this special case are re-
ported in the same papcra, wvhile slight generalisationQ vere

further described by Lee and Hsrcus3.

It is intended through this paper to present a complete survey
on time-optimal control laws for plants according to equation
(1). Earlier investigations of this subject were only partial.
In the scope of this paper, hovever investigations have been
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extended to include the various demping lavs ¢ (é) and arbitra-
ry limits on the control moment, u, in the interval O < K<oo,
For obvious reascons a technically interesting question concerns
the existence and nature of a time-optimal control lav, parti-
cularly for small control amplitudes, i.e., K< 1.

I1. Theoretical Considerations

1. General Problems

———

For further investigations equation (1) should be transformed
into the state form:

x, = %
1 2 (2)

i2 = gy -2 ( xa') - sin il
vith [u| € K and 0 ¢ K < co. The problem is to find the control
lav u (xt, x2) vhich transfers an arbitrary initial state

(110, x20) in the shortest possible time T, into the final sta-
te, (x, (7) = * 27n, x, (T) = 0), vith o = 0,1,4... In this
formulation of the problem all elements of the set of points

x, (T) = * 210 are equivalent as terminal states. It is note-
worthy that for many practical problems, regardless of the pe-
riodicity of x,(t), only the relative attitude to the final
coordinate x, (T) is of interest. :

2 as de-

The ambiguity of the terminal point in state plane R
fined by equation (2), may be eliminated by formulating the

equations of motion on a "state cylinder". This type of formu-
lation is of little use, hovever, for the optimization method

applied to its best advantage.

Instead, the optimal control laws for the prescribed periodical
terminal set are sihply derived through investigation of the re-
sults for optimal control of the same system, in which, howve-
ver, & non-periodical terminal state (x,(T) = O, xz(T) = Q)

in Rz is used. The main step in this type of derivation is the
construction of so-called indifference curves on the basis of

Lo ]
the field of isochrones. These indifference curves limit in R
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‘periodically distributed equivalent subregions, as will become * ‘

clearer later.

I1.2. Conditions given by the Maximum Principle

With Pontrjagin's Maximunm Principlc‘ one derives from:

Max H = Max [1 +p, x, - p, f(x,) - p, sin x, + p,u ] ( 3)
for the case of non-singular control the folloving "maximal con-

trol” 4 (¢) = K sign p, (t) ( %)

vhere P, and ) P satisfy the co-state equations:

é, = p, cos x,
By TPy Memy R

3:2

Further investigation shovs an analytical solution, to the
tvo-point boundary value problem as givem in egquation (2),(k),
and (5), cannot be completely achieved. Therefore the well-known
method of backward time integration is utilized on an analog
computer. Application of this procedure requires an essential
assumption. For non-zero boundary values of the co-state system,
equation (5), the zeros of the solution component pa(t) must be
isolated and of finite number (non-singular control). This as-
sumption is .validated by the application of a comparison theo-
renh for second order differential equations. Thus, from the
condition pa(t) = 0 the swvitching curves for the control u

(x‘, xz) in R2 ¢an be constructed. However these must be consi-
dered only as possible svitching curves, since the Maximum Prin-
ciple defines the necessary conditions for optimality.

II .3. Determination of true svitching curves

These definitions are included to clarify further investigations:
Isochrones: The locus in the state space R2 of all initial

points (x ) that can be brought to the terminal atste(x1(T),

Biot . he
x2(TD, in the same time T, provided that all possible switching
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curves found through application of the Maximum Principle are
taken into account.

Indifference curves: The locus in the state space 32 of all ini-
tial points (x‘o, xao) that can be brought to the terminal state
(x,(T), xz(r)) on tvo different paths in the same minimum time.

From the latter dctinition derives the correlation, indifference
curves separate regions 1n the state plane vhere the control va-
riable u(x‘. 12) has different signs.

The basic method applied in this work for the comstruection of
indifference curves and true svitching curves is explained in
detail for the special case f(xz) I e R x,(T) = xz(T) =0,
forgcrly «treated by Almuzara and rlﬁgcc-botsz. The results are
illustrated in fig. 1.

Backwards time integration produces these possibilities for
switching curves: the zero trajectory 8’. 8~ and the conmected

i e i i 2
curve of S > B Rb and the curve of S La’ leh each approaching

Ra
infinity.
As a result of the symmetry of equation(2)in x, and x, only a

half-plane is considered in fig. 1 and the folloving discus-

sions.

°
The field of isochromes for the switching curves shown in fig.1

proves that for certain initial states (310, 120) an ambiguity
exists vith respuct to time T in reaching the terminal point.

If in these states only the trajectories reschxn; the terminal
point in minimal time are admitted, then st Ra’ le and B > 8~

prove to be the only true svitching curves.

Furthermore, the self-intersection of the isochrones set for a
certain time T results in further ambiguities. That is, the ter-
minal point can be reached in the same minimal time, hovever

with different svitching sequences of the control imput.

The locus of such sel: intersections results in the indifference

curves GIB, CiL vhich connect the true svitching curves SlB &
SIL.. These findings coincide vith analytical investigations
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éo far only the terminal point case (x,(r) = 0, xz(r) = Q) ytl

been considered. Hovever, as explained earlier in this discus-

sion, the more specific point set (x,(T) =22, n, xz(T) = 0)
is admitted as the terminal state. Along the same lines a field
of isochrones can be constructed for this case. It can beshown

that, generally, further parts of originally derived true swit-
ching curves disappear and another, nev indifference curve H

appears.
[ ]
For example, in the case (f(xz) = 0, K>1) only the zerc trajec-

tory remains a switching curve. This swvitching curve and its cor-
responding indifference curve are illustrated in the representa-
tion of the unrolled "state cylinder" section in fig. 2.

III. General Results

The methods as discussed in Section II, with respect to a spe-
cial case of equation (2), are nov applied to the solution of
the time-optimal control problem for other e:igl of equation (2).
The following three different cases will be considered.

1. undamped system: 4 (xz) = 0
2. linear damping lawv: 4 (x2) = ax,
3. quadratic damping law: f (x,) = Bx, [x,]|

The magnitude limit K of the control variable u is supposed to
be arbitrary, .i.e. 0 <K <co, The folloving investigation will
show that qualitatively different switching laws result accor-
ding to the magnitude of K. Hovever, certain parallels can be
drawvn to the time-optimal switching lavs for systems vith linea-

rized restoring force, i.e.’

( 6 )
iz =y - f(xz) - x,

The essential resul%s of the investigations are plotted in figs.
3 - 7. A detailed discussion for case 1, t(xe) = 0, is given.

Cases 2 and 3 produce qualitatively similar results.
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'III.1 Undamped system: f (x,) = 0

1.1 High control amplitudes, K 2 .1

Under this condition, the swvitching curves are valid as sketched
in figures 2 and bka respectively. These switching curves are
pieced together exclusively from parts of zero trajectories which
satisfy the equation:

8*\1 8 : x, = -sign x, YVa(x |x1]+ cos x, - 1 (7)
Only one analytically indeterminable indifference curve exists,

which lies between the switching curves. Thus, the number of
svitchings of the control variable for this case is at most one.

1.2 Lov control amplitudes,0 <K <1

For the maximum control amplitude K <1 there are qualitatively
. different switching curves. These curves are greatly determined
by the absolute value of K, vhile for the tlplitude K ® 1 no
qualitative changes in the behavior of the switching curve take
place.

Most important for K <1 is that the switching curves consist of
svitching arcs forming a series connection. As K decreases the
number of arcs increases inversely. See figures L4b to kd. Here

the"points of convergence" of the arcs lie on the xy -axis.

The evolution of true switching curves influenced dby K will now
be discussed in grester detail. If K is reduced from K = 1, in

addition to the zero. trajectories 8’, 8~ the curves T°R‘, ToRb'
ToLa' ToLb arise as possible switching curves. The field of
isochrones shovs finelly that only parts of !°R‘, T°L‘ and a
restpiece of the zero trajectories s’. 8§ do indeed form true
switching curves, figure 4b. Nevertheless, the components -

mOe

+ > s
and T or S sand 7° respectively are not connected. The uni-

Ra La
queness of the switching lav is accomplished by the occurrence
of new, additional components of the indifference curve, BOR >
L
section of figure Lb.

A typical situation is sketched in figure 3, an enlarged
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Further reduction of K to K‘ leads to the case in which the zero
trajectory 8 intersects the negative x‘-txil at the point X4,
and branches off in a sort of separatrix. (All considerations are
restricted to the left half-plane due to exiesting symmetry).
Furthermore, the possible switching curve Ton;\/TOab terminates
at the same point Xyqe The true switching curves, hovever, are

still separated as illustrated in fig. 3.

If K is diminished still further, i.e. K< x‘. true svitching cur-
ves converge in a point x, >x,, thus forming a connected switching

curve, as in figure 4 c.

Nov the fundamental evolutionary tendency of swvitching curves is
described, as it continues similarly with further diminuation
of K. For example, in fig. bLa, T‘R.\/Tinb arise as further pos-
sible svitching curves, as in fig. &b, T°34J?°nb. Besides, from
the same example and the form T°R‘, a nev svitching arc appears.
Finally, for K = xa, this nev arec T°R‘ intersects T‘Rs at the
point x,, on the x‘-cxi.. The construction of true switching cur-
ves and indifference curves, as described before, follovs fronm

the field of isochrones.

From the differential equation of the trajectories in Rz as it

follovs from equation (2),

dxz u - sin x,
—

dx' z, (8)

a general contingency can be derived betwveen Ki and X5 Since
the separatrix branches off at the point (x1 =X, X, 0) in-
to tvo parts wvith finite grcgient dx, / dx,, the folloving cor-
relary may be obtained from equation (8):

"Ki L < ‘in x‘i = o' i = "2'3--- ( 9 )

Thus, intersection points X4 of the separatrix lie in the inter-
val ( -w , = % ) for 0 < K, < 1.

From this fact follows, on the other hand, that in the limiting
case ( K — 0) there lies an unlimited number of seamless connec-

ted svitching arcs.along the x, -axis. Consequently, the maximal

1
number of switchings of the control of variable is (i + 1).
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T11.2. Linear damping lav: ¢ (xz) "a° X,8>0

The first differentfation of cases (a ® 2) is obtained from
consideration of the differential equation for the costate wa-
riable P,» a8 it follovs from equation (5),

P, - @b, + p, cos x, = 0 (10)

Through variable transformation, i.e. Pp = Vv - exp (a/2)t, the
last equation can be converted into:

. .2

v#v(-TOeo.x'(t))-o (1)
From s comparison theorc-k for estimating the solutions of diffe-
rential equations, it is found.that for @ ® 2 the intermediate
variable v (t) and pz(t),cseh has at most one zero. Thus, inde-
pendent of K there exists at most one svitching in the case of
@ ® 2, as in the optimal switching lav. Further dnalytic results
are difficult to find, since a closed analytic solution of the
differential equation (2) with f (x,) = ax, has not to date been
- obtained.

2.1. Overdamped system:a 2 2; K arbitrary

Switching and indifference curves resemble qualitatively those
curves of figure ta. That is,only the zero trajectories are pos-
sible and true switching curves at the same time, figure S5a. Ac-
cording to équation (11) at most one svitching of the optimal
control functiom is possible.

2.2 Underdamped system: a < 2; K arbitrary

In analogy to the above undamped system, different values of K
result in a qualitatively similar sequence of cases, as illustra-
ted in figures 5b - 5d. Corresponding cases for the various sy-

stems are noted in table 1:
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switching curves: :
e e 1 - s* oP
TR PSS UT L, (Ur n.)ususu(UT 1
p€i pei
i=1,2,3..;p=0,1,2..
1> K 2K, K; > K2 K, .,
X (a)>KE 2 K, (a)  [K(a) > x5k, (a)
Kk (8) >k * k, (8) k,(8) > k 2 x;,,(p)

Table: 1

The interpretation of the results may proceed as in III.1., the
undamped system r(xz) = 0. Equation (9) holds especially valid.
The functional dependence of Ko(c) and Ki(u) vas experimentally
found; see figure 6. According to the number of switching arcs,
there is a maximum of (i + 1) switchings of the optimal control

function.

III.3. Quadratiec @amping lav: f(xz) = 8 x, lleﬂs >0.

In contrast to the linear damping law, III.2., no fundamental
differentiation of cases exists with respect to the damping co-
efficient 8. As for the undamped and linearly damped systems with
0 < a < 2, qualitatively similar results are found. See table 1
for comparison. The fundamental functional dependence of Ko(&)
and K.(8), 8 > O and arbitrary, is illustrated in figure 7.
A detailed plot of switching and indifference curves is not pe-
cessary here. Instead, an equation for the trajectories can bde
formulated. It follows from:
5:3 : u - sin'x

' 1 -
- 28|x, | ( 12 )
2
dx‘ . 12

for the switching curve S’\J 8", the resultant of the zero tra-
jectory components:

+ =
: (

8 uUSs 13 )

S K 2Blx.’ i)
X, = -sign x;“g (e | 1"1) + Tera (cos x‘+2B-linlx‘|—e23'x1‘).
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Furthermore, from equation (9), (12), and (13), the dependence ’
Ki(B) can be computed. As in previously described cases, the ma-

ximal number of optimal control function svitchings is (i + 1).

IV. Conclusions

From the investigation of the time-optimal control of s system
according to eqnctioq (2), vhereas the magnitude of the control
variable u is limited to K, the folloving conclusions can be
drawn:

(1) For any initial state (x‘o. 120). except for initial points
on indifference curves, there exists a unique time-optimal
feedback control law u(x‘,xz) for the periodically distribu-
ted terminal state (x,(T) =22 T, xz(T) = 0).

(2) Optimal control function u(t) is a piecevise constant func-
tion of magnitude K. The number of switchings is finite.
The switching lav (control law) is uniquely determined by the

svitching curves in the state plane.

(3) It is correlative to compare the results of this investiga-
tion with the wvell-known results for time-optimal control
systems wvith linearized restoring force as described by equa-
tion (6):

a) The shapes of switching and indifference curves are basi-
cally different in linear and non-linear cases. Thus, the
number of switchings of the optimal control function, nee-
ded to transfer the same initial state to a final state
(e.g. origin), is commonly reduced to a fewv svitchings in

the nonlinear case.

b) For most initial states, the optimal time needed to reach
the origin of the state plane is smaller for systems in
accordance with a nonlinear periodical restoring force.

¢) The svitching lavs for the processes with linear and non-
linear restoring force coincide approximately at the ter-
minal state, i.e. near the origin of the state plane.This
is especially applicable to small values of the control

magnitude K.
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(k) Finally, these investigations of the exact nonlinear pro-
cess result in many cases in swvitching lavs u (x‘. x2) simp-
ler wvith respect to practical realizability. On the other
hand, the results prove that an investigation of a lineari-
zed model of the actually nonlinear process can be of condi-
tionesl value only. Besides, the simpler swvitching curves, in
the nonlinear system case, indicate that the performance of
the control system will not be significantly altered vhen
the ti-e—dptinal control lav is replaced by s simple subop-
timal realiszation of the swvitching and indifference curves.
Analytical and experimental studies verify this assumption.

(5) Similar results as reported here, ean be given for other
terminal states, e.g. the time-optimal control lav fpr a
transfer of any initial point to the unstable equilibrium
point (x,(7) = = 220, xa('r) = Q. +
Purthermore, the same type of methods and arguments vere
used to obtain optimal control laws for the nonlinear pro-
cess, vhen the criterion for evaluating system performance
is minimal fuel consumption (time integral over absolute
value of control moment u) or minimal fuel consumption-plus
time. These results are tigiifiennt if cold gas systems are

assumed to generate the coantrol moment u.
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Fig. 4: Switching and indifference curves for.the undamped system,
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AN APPROXIMATION TECHNICUE FOR SINGULAR
CONTROL PROBLEMS
Gerald Cook
Frank J. Seiler Research Laboratory
U.S. Air Force Academy

Colorado
USA

I. Introduction

Singular controls often arise in the solutions of optimal control
problems when the Hamiltonian is linear in the control variable. The
singular condition occurs when the coefficient of the control in the
Hamiltonian is zero. Clearly the maximum principle gives no information
about the optimal control for this case and additional effort is required
to determine the optimal control. Athans and Canonl, Johnson2 and others
have done work in this area utilizing the maximum principle and deriving
additional necessary conﬂiti&ns for an optimal solution. Specific prob-
lems have been solved. Miele3 and later Hetfmes and Haynes have used
Green's Theorem to solve singular problems.  However, for systems of order
higher than two, Green's Theorem may be difficult to use.

The method to be presented here utilizes a different approach. The
original system is approximated by a normal system, i.e. one for which
singular controls cannot arise. The optimal control for the approximate
system can now be determined using the maximum principle. This control
function is then applied to the actual system. Bounds are obtained on the
errors in boundary conditions and the degree of sub-optimality brought
about by the technique. The method is valid for minimum time and minimum
fuel problems with linear constant plants.

The structure of the paper is as follows: Section II contains a
statement of the problems to be considered and the sufficient conditions
for the systems to be normal. The main results of the paper are contained
in Section III. It gives a constructive proof that the normal approximate
system can be made arbitrarily close to the actual system and also estab-
lishes the bounds on the errors in boundary conditions and on the degree
of sub-optimality. Section IV presents examples of both minimum time and
minimum fuel problems. Section V points out related areas for possible

future research.
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II. Problem Statement and Conditions for Normality

Two problems will be considered.
2.1 Problem I:
Given a linear time-invariant system

i{_=él_[+l_il_! : I“jlslj T AR (1)

where x is nxl, A is mxn, B is nxr and U is rxl; find the control function
go(t), (assuming it exists) which drives the state of the system from some
specified initial condition, O, to some specified terminal condition, B
in minimum time. '

f.e., J = [1 dt; Tis free. (2)

2.2 Problem II:
_Aga:l.n given a linear time-invariant system
Z=aX 480 fug | <1d=1r (3)

where x is nxl, A is nxn, B is nxr, and U is rxl; find the-control function
go(t), ‘(assuming it exists) which drives the state of the system from some
specified initial condition, @, to some specified terminal condition, ¢, in
fixed time and at the same time minimizes the amount of fuel used.
T 2
i.60, I = f: p lui |dt; T is prespecified. (&)

In each case it is assumed that the system is not normal and that
singular controls may arise. As stated earlier our approach will be to
approximate the original system with a normal system, find the optimal
control for the approximate system and apply this control to the original
system. At this point a statement of the suffi.cien.cy conditions for nor-

mality is in order.

2.3 Time Normality
The concept of time normality was first introduced by Lasalles. The

necessary and sufficient conditions for Problem I to be normal are given in

Athans and Fa1b6. These conditions are that the matrices

G, = [by ihby 1A% 1--1A" b5 5 = Leunr 5)
are all non-singfxlar where Ej is the jth column of B. This is readily
seen to imply that the system must be controllable with respect to each of
.the components of the control vector. Clearly every controllable system

is not time normal.

2.4 Fuel Normality
The conditions for fuel normality were established by AthansT. The
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sufficient conditions for Problem II to be normal are that :
i) the matrices gj defined by (5)‘'must all be non-singular and
ii) the matrix A must have no zero eigenvalues.
These conditions imply not only that the system must be controllable
with respect to each component of the control vector, but also that the

system must not have an integrating capability.

III. Generating the Approximate System and Bounding Its Accuracy

3.1 The Approximate- System

3.11 Theorem 1.
. Any system of the form (1) can be approximated arbitrarily
closely by a time-normal or fuel-normél system.

Proof: The time-normal approximation will be shown first. The
proof is constructive., Part of the development will be similar to that of
Gilberts. We first approximate the matrix A by one which has distinct
eigenvalues. From Bellman9 we have that for any square matrix A there is

another matrix g which has distinct eigenvalues and which also has the

property

la - &l < e (6)
where e

lel & (2, log,| (1)

and € is arbitrarily small.

Let us denote

E=A-4. (8)
The first approximation of (1) is then

2=(@a+p)R2+m0. (9)
We now diagonalize the matrix A + E,

Flrx-riasp et £+ 27 B (10)
Defining 3-1 (A+E) P = p; 2‘1 £-=1y, (11) (12)
and 2-1 B =D, (13)
we have i =AY +D U . (1k4)
Partitioning D into‘columms,

D=1[d tdy: .o idl, (15)
we obtain Y=AY+ Elul + 22“2 + eee + E'rur' (16)

It is easy to show that normality is independent of coordinates. Therefore
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we can test for normality in the normal coordinates, (16).

Forming the Ej's of (5) for the system of (16) yields

S - =t

Gealdslad @5 5 AT Sinanty oaid 1
o R I B B : 4yl (7)

and thus 1

n 1 eee ),'1"'
det [G:] = ok d: ] {5 = : 18
[__J] (4T, iJ] = i (18)

: )‘n g >‘n »

The Vandermonde detemingnt is non-zero for distinct xl's which
we have insured. Thus the condition for contrqz}h’lgb;_].ity with respect to
uj is that the dij's be non-zero for all i. For.time normality wh:l.ch‘is
controllability with respect to each component of the control vector, we
then have the following requirement: .

4 5 £05 4 =1, i, 0 (19)

RO e B
Let us add to the matrix D a matrix F such that the matrix.
B=D+F (20)
has no zero elements. Note that the elements of F can be arbitrarily small.

The approximate system is now

°
=43+ @+E) L (21)
This system is time normal. In the original coordinates (21) reads

°
T-@a+pf+@+2DU (22)
where the elements of E and F can be made arbitrarily small.

Recalling the conditions for fuel normality, we see that the
system of (21) 1s' fuel normal if all of the diagonal elements of A are
non-zero. These elements are distinct; therefore, at most one of them
could be zero. A matrix L can be added to A such that
R=1+2 (23)
has no zero diagonal elements. Only one element of L need be non-zero and
this element can be arbitrarily small. It must be such that the diagomal
elements of Z& are distinct. In the original coordinates, the fuel normal
system is g

¥=(@A+E+PLP )X+ (B+PF)U (2k)
where the elements of E, L and F can be made arbitrarily small,

This completes the constructive proof that any linear, time-
invariant system can be approximated arbitrarily closely by a time-normal
or a fuel-normal system. In practice, for specific problems, one may find
simpler ways of achieving the normal system. The examples in Section IV

will demonstrate this.



3.2 Errors in Boundary Conditions

An obvious question which now arises is the following. Given
that one has approximated the original system with one which is normal and
determined the optimal control, Ho(t), for this system; what errors in
boundary conditions will result if go(t) is applied to the original sys-
tem? The answer is given in the following theorem.

3.21 Theorem II,

If U(t) drives the system of (21;) fram gtod in time T, t:his
same control function will drive the system of (3) from _Q to ¢ + §(T) in
time T where §{T) has the following property:

S
om | < 17,1 (@ + el &(e) + ru(e) fae) KT (25)
where (2] A max Izil; i &1, %.0n i
n
and Kl A MAX Ll s
i=1, .¢e, n ,
j=1 :
Proof: Subtracting equation (3) from (2L4) yields the following
equation: o :
X-X=4(X-X + (E+2Lh) X + pFU(E). (26)
Defining 8(t) = X(t) - x(t)
we have §(t) =A 5(t) + (E + g}_.g‘l)g_ + PFU(t). (27)
Making use of a lemma from Hartman & yields
l8(e) | < [fTI(E + pLe”l) X(e) + PRU(e) [ael ST . (28)
K1 must have the property
K1|X| > Iéy_l’&z 3 (29)
n
K, = MAX Z|a | is easily shown to be the least value satisfying(29).
1 123454
1=l ce., 00 1wl Q.E.D.

3.22 Definitions
Since the elements of E, L and F can be made arbitrarily small it is

convenient to make the following definitions:

*

& =E,

*

€L =l,.,

<
and & =F,

3.23 Comment

Equation (28) now reads

BT <e 151 (&7 + 227 x(e) + BE () [ael 17 (30)
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Note that [g_{r); is of order = which may be made arbitrarily small.
Therefore the error in boundary conditions can be made arbitrarily small
also. -The expression for |5(t)| can be evaluated since Z(t) and U(t) will
be known from the solution of the approximate system. Also note that by
taking l..* = 0 in (30) one obtains the desired bound for the time-normal
approximation.

3.2k Definition

Denote byr Zo (g, T) the set of states which can be reached py the
original system in time T starting at g and utilizing admissible controls.
Denote by Z'.A (Q, T) the analogous set for the approximate system. Let
320 (6, T) and SZA (8, T) represent the respective boundaries of the sets.

3.25 Corollary

The boundaries, BZO (6, T) and BZA (6, T), of the reachable sets al-

most coincide, i.e.
~

% XedZ,, F X35, D X - X| = 0(e) : © (e
and ¥ X2, FXedr, DX - x| = 0(e) . (32)

Proof: Two cases can occur. Either
(1) ome set contains the other (see figure 1l.a) or
(i1) neither set contains the other (see figure 1l.b).

For case (i), (31) follows from (30) (e.g., apply to the original
system the same control which drove the approximate system to BZA). To
prove (32), for anm arbitrary point }_Ko 3 5)30, construct the support hyper-
plane and its normal. (From Neustadtl » L, and I, are convex and compact).
Call ZK_A the point where the normal intersects BZA. By convexity the clos-
est member of BZO to )_{A is 5-0' Again from (30) we know that this distance
is of order <. Since !_(o was arbitrary (32) follows. If Zo 2%, the argu-

ment is identical and requires only one additional inequality,

X(T) - X(D) | < € [[] (- E™- BL'B) X(¢) - BEU(e) fat] 2" (33)
n
where K, 4 MAX Shla g e, + (I"LP'I):L Ie
00 AR i B B ZTH 3

(The proof of (33) is amnalogous to the proof of (25).)
Case (ii) is proven by using the arguments for case (i) piecewise.
Q.E.D.
»
3.3 Suboptimality

Another important criterion by which any approximation technique must

be judged is the additional cost above the true optimum incurred when the

technique is used. A bound in this additional cost will be obtained by.
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first bounding the true optimum cost of the original system.

2.31 Definitions
Let Ho(t) represent the optimal control which drives the original

system from 5 to ¢ and minimizes the cost,
J 4 the minimum cost for the original system,

| &l v, ()} A the solution of equation (33) where U(t):U (e),
o 7N the boundary of a hypercube centered about % wich dimen-
sion 2(8 (T, U, (£)[,
A?é the minimum cost required to drive the approximate system

from a point omn C to 9,

go(t) A the optimal control which drives the approximate sys-
tem from & to ¢ and minimizes the cost,

J 4 the minimum cost for the approximate system,

i5 (T, 7 ’t))l A the solution of equation (30) when U(t.)=U (t),

3: A the boundary of a hypercube centered about ¢ with dimen-
sion 2|8 (T, go(t))l, and

A J A the minimum cost required to drive the original system
from a point on X to 9.

3+32 Theorem III
The optimum cost of the original system is bounded by the

following inequality:

J,+a3,23, >3 -2, (34)
where
AJM=MA.X ad
Xe&
and

A% =mx a¥.
XedC
Proof: Consider the trajectories in figure 2.a. From (33)

g(T) lies within or on oC. Call Ty the time at which X(t) intersects XC.
Clearly Ta < T and ;

T (U, (e)s Ty) < T (U, (e), 1) =3 (U (t), 7). (35)
(The right hand equality would not necessarily hold if the cost functiomal
depended on the state)., Denote by :Iva the minimum cost to drive the ap-

the point of intersection. By

Axao

proximate system from § to dC. Call

definition 3'3 <¥ (U (), Ty). (36)




Also by definition

':4 m 7 \ ~ -
J:o +od (X)) 23 . 1)

Combining {35), (36) and (37) and utilizing the definition of gj'm yields
s e R el o )
g < m

the right hand side of (3L).
Consider now the trajectories in figure Z.b. From (30) X(T)
lies within or on . Call Ty the time at which X(t) intersects .
Clearly ‘1‘5 < T and
3@ (e), 1) <3 (@ (e), T) = T (@ (v), ). (38)
Denote by .Ja the minimum cost to drive the original system from £ to X£.
~ :

Call gc the point of int:ersection. By definition

i35 ¥ @ (e), . (39)
Also by definition
J%+AJ@93J°. _ ! (ko)

Combining (38), (39) and (40) and utilizing the definition of AJ yields
Jo + A Jm > Jo s
the left hand side of (34). Q.E.D.

3.33 Comments

AJ can be evaluated since from go(t) and f(t), X can be deter-
mined. We still have the problem that we are working with the original
(non-normal) system; however, for the bound we can use any control (mot
necessarily optimal). Of course the closer the control to optimal the :
tighter will be the bound.

For A 3m’ we are working with the approximate system, however, the
X is a function of Eo(t) which is not known. The most that we can say
here is that the dimension of C is of order ¢, and for particular systems
one may be able to show that A ”i‘m is proportilonal to a power or root of €

In most cases, A J1Il and A fm will approach zero as a ¢ approaches
zero and as stated earlier one can make ¢ arbitrarily small and still main-

tain normality.

IV, Examples

4.1 Example I
The attitude control of a spinming spacecraft is the first problem

to be presented. Assume that the spacecraft is symmetric about one of its
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axes” and is spinning at a constant velocity about this axis. Assume that
four non-spinning thrusters are mounted at ninety degree intervals on a
bearing supported platform at one end of the spacecraft, These thrusters
act in the plane normal to the axis of symmetry. Let X, represent the
normalized angular velocity about an axis through two of the thrusters, X,
the normalized angular momentum about the same axis and uy the thrust °
along this axis. Likewise let x5 and X, represent the normalized velocity
and momentum respectively about an axis through the cther two thrusters
and u, the thrust along this axis. For small angular exursion about these

axes, the following differential equations hold.

o ] ~
[ [o -1 0o o]fx 1 0
, 1
x 1 20 0x 0lsks 0o 1] fu
o] died i : )
x3' 0 0 0" 8 x3 ¥ 10 u2
xhj O -0 Lxh o1

Also assume that the thrusters are bounded in magnitude such that
|uil_<_1;i=1,2.

Let the objective be to transfer the system from some initial state to some
final state in minimum time. Applying the test for time normality as given
in paragraph 2.3 one readily sees that the problem is not normal and that
singular controls may arise. This is apparent from the fact that uy does

not influence X) mnor does u, influence x,. However, if we modify the A

2 3
matrix so that .
¢ Rt SR o il
e 1. o' 0 (b2
a2 0 0 =g {23
Q 0 € 0 >

we now have a time-normal problem for arbitrarily small but non-zero ¢ .
Here we see that the constructive procedure outlined in Section III which
assured us that the system could be made normal is by no means the only way

to do so.

L.2 Example II

The differential equations of the second example are given below.

~ x B Gl | -~
xJ [-o 1) [, !9] /
e f + ] | facil= (43)
| %5 | LO OJ Lx1 LIJ u
2] 2
This set of equations can be used to represent a variety of physical situ-

ations, e.g. a centrifuge on ideal bearings being torqued about its axis




107

of symmetry. Here % would represent normalized angular position,‘x2 nor-
malized angular velocity and u the normalized torque. Another example is

a satellite being perturbed slight about its orbit. Here Xy would repre-
sent the normalized position of the satellite along the direction of
thrust measured from the position where the satellite would be if no per-
turbing thrust had occurred. Likewise x2iwou1d represent a normalized
relative velocity measured along the same axis and u the normalized thrust.
 .Equation.(43) would hold over.a small arc. Single-axis control of a non-
spinning. spacecraft could also-he(dégqribéd.ﬁy_equation (43).

Let us sﬁpposé it is desired to transfer a system described by equa-
tion (43) from some initial state to.some final state in a specified time
while minimizing the amount of fuel consumed. Applying the test for fuel
normality as given in paragraph 2.4, we see that the problem is not normal
and that singular controls may arise. All states are controlled by u, but
the system has integrating capabilities.

By modifying the A matrix to

= e 1
A= [o G:I (k)

we now have a fuel-normal problem for arbitrarily small but non-zero ¢ .

For numerical results take as initial conditionms, Xl(O) = =3 and XZ(O) = 2y

Let the desired terminal state be the origin and the specified final time

be 5 seconds. The solution for the approximate problem is
u=0;0<t<.5+3¢,
u=1;.5+3e<t<2.5+6¢,

and u=03 2.5+6e<t<5.

When this control sequence is applied to the actual system, the final
state is not the origin but Xl = =Q¢ and X2 = ~6¢c. The amount of fuel used
is 2 + 3e. One can readily see that the minimum amount of fuel required
for the actual system is equal to or greater than the transfer specified

along the X_ axis which is 2 for this problem. Thus the degree of sub-

2
optimality is at most 3¢ and the error in boundary conditions is seen to

be small also.

4.3 Example III

This example is similar to the second onej however, here we consider
control along two coordinates. This could describe two coordinates of a
docking maneuver by two satellites again over a small arc such as during

final stages. The equations of motion are



3 .
.
%, 0 1 0 offx| fo ol

X, 0 0 0 oflx, ’1 0 u

i + o (b5)
%, 0 0 0 1ffx 0 0 uy

X, [0 00 ofx 01

Normal}zed position and velocity along one coordinate are represent-
ed-by X, and X, respectively. The normalized thrust along this axis is u,.
Along the other axis X5 X) and ug represent position, velocity and thrust
respectively. These equations also could describe attitude control of a
non-spinning symmetrical spacecraft. Let the objective be to tramsfer
the system from some initial state to some final state in minimum time.
The problem is not normal as is revealed. by the test in paragraph 2.3. The

A matrix may be approximated by

(u6)

1>
1
m, O O O

OO O O =
O O 'm O
L B o TERE < T )

and the resulting problem is normal. To obtain some numerical results,
take as initial conditions
xl(O) = -100,

x2(0) & 0,
x3(0) = - Lo,
and - xh(o) & 0.

Let the desired terminal state be the origin. The solution for the approx-

imate problem is ;
u, =+1;0<t <10+ 1.05x 10" &,
u =-1; 10 + 1.05 x 10h e2_5 £t <20 - 1.8 x 10" €i

+13 0 <t <T= L93x 101‘L 62,

[~
]

2 2

u'==1; 7 -.1.93 % 10h € LKECITH 1.56 x 103 c ,

n

G- L 2
and Uy =+ 15 17+1.56x10° € <t <20 - L& x10° &
When this control sequence is applied to the original system, the final

state is not the origin, but
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L ~
3.92 x 10" e‘}
.09 % 16" &
3y -
BEhw S s io & (57)

=-5.1 x 105 €
This says that the final state of the actual system lies within a hyper=~
cube of dimension .
2lal = 1.02 x 1o6 - (48)
centered about the desired terminal state.

Using the bound given by equation (30), we know that the final state
is within a hypercupe of dimension

: 2|8l = 1.9 x 10°%¢ (49)
centered about the desired terminal state. This seems to say that the
bound of equation (30) is a loose one. However, since ¢ can be made arbi-
trarily small, even the loose bound can be made small., For computer calcu-
lations one might take ¢ to be 10-16 or 10-32 depending on. the word size of
the computer and the powers to which e is to be carried in the solution.

To examine the degree of sub-optimality, the minimum cost of the
original system can be determined by realizing that the first two compo-
nents of the state are uncoupled from the last two components. The minimum
time for the composite system is equal to or greater than the minimum time
of each sub-system. For the boundary conditions specified here, the mini-
mum times for the two sub-systems are 20 seconds for %, and X, and 12.64
seconds for x3 and X). Comparing the largest of these, 20 seconds, with
the time required by the approximating technique, we see that the approxi-
mation technique actually yielded a lower cost. This is explainable by the
fact that the system has not met the boundary conditions precisely although

it is very close.

V. Conclusions

A technique has been presented which allows one to find in a straight
forward manner approximate solutions for certain control problems which are
not normal., The bounds on errors in boundary conditions are very useful.
The bounds on degree of sub-optimality are not as easy to evaluate, but may
be estimated in certain instances. Since the approximation can be made
arbitrarily accurate (by taking e arbitrarily small) the errors can be made
arbitrarily small. The only limitation is computer accuracy.

The most obvious are - for exten:zion of this technique is to make the
control closed loop, i.e. determine the switching surfaces for the approxi-

mate system and evaluate the errors incurred when this control law is ap-
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plied to the original system. Also, if tighter bounds can be obtained, 'one.
might approximate time varying linear systems or slightly non-linear sys-
tems by constant linear systems and apply the optimal control of the comn-
stant linear systems to .the original system. In this case ome could not
make ¢ arbitrarily small, thus the need for tight bounds. These areas are

presently being investigated.
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Figures l.a and 1l.b

Reachable Sets for the Original and Approximate Systems

Figure 2.a ;
Optimal Trajectory for Original System and Associated Trajectory

for Approximate System

&

Figure 2.b
Optimal Trajectory for Approximate System and Associated

Trajectory fo: Jriginal System




