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SENSITIVITY SYNTHESIS OF OPTIMAL CONTROL 
UNDER CHANGES OF SY.STEM ORDER 

1. Introduction 

Y. Sawaragi, K. Inoue and T. Ohki 

Faculty of Engineering, Kyoto University 

Kyoto, .Japan 

An ·ideal but unrealistic assumption that a real physical system ~oin­

cides perfectly with its aathematical model has usually been made in the 

analysis and the synthesis of control systems. In practice, however, 

there often arises the discrepancy between the dynamical characteristics 

of the real physical system and its mathematical model, partly because of 

the unskilled identification or parameter estimation technique , or partly 

because of the inherent fluctuation effect cont·ained in the physical system. 

It is·, thus, necessary to analyse quantitative aspects of the dis­

·crepancy itself or its effect OD the control performance, and .further it is 

desirable to develop a new synthesis method to reduce such discrepancies. 

The concept of -tlte dynamic system sensitivity1 plays an important role 

in the aspect mentioned above. Chang2 classified the problems associated 

with the sensitivity analysis into the following three major categories, 

from the viewpoint of parameter variations: 

(1) a-variations --- parameter variations which do not alter the 

order of the system or its initial conditions. 

(2) a-variations --- variations of the initial conditions or vari­

ations of sy.stea characteristic due to external disturbances. 

(3) ~-variations --- pa~ameter variations which lead to changes in 

the system order. 

The a-variation problem has been discussed by a number of researchers. 

The ~-variation problem was, however, rarely studied ·from the control en­

gineer's viewpoint~' 3 The ~-variation problem should attract more inter­

est, partly because the problem is closely connected with the reduction, 

or simplification, of the system model, or partly .because there often exist 

such parameter variations in actual practice. 

In this paper, we extend the ·concept of sensitivity in the synthesis 

of optimal control to the minimum energy problem subjected to changes of 

system order. For the foundation of the present study, we ·firstly intro-

duce "the A-combined system" , which consists of both the model of a given 



physical system and its sensitivity model with respect to "the A-pararne~er'', 

and then we examine the controllability of the ).-combined system. 

Secondly, for the ·controllable ).-combined system, a new synthesis method 

of minimum energy control with zero sensitive terminal constraints against 

changes of the system order is developed and its simple examples are given 

to demonstrate the advantage of the present method over the conventional 

one. 

2. Basic concept of A-sensitivity analysis 

Let a physical system to be con t rolled be given by the following (n+l)­

th order differential equations 

j ~i - fi c x1. · · ·. x~. i" ... ' . u.. -c > • 

l i\ ln.-1 - ~ C i" .. ·, x"", i._~,, u, t > , 

U•t,·· · ,'tll, 

with the initial condition 

Xi(O)- it (t=f,· · · ,'YH·f), (2. 2) 

for 0 ~ t! T, where xi is a state variable of the physical system, and 

. T is a finite positive constant. The parameter A is assumed to be a 

sufficiently small positive constant. For the security of the following 

discussion, we assume that the ·functions fi (i=l, ••• ,n) and g are con­

tinuously differentiable up to the second order with respect to their argu­

ments. The symbol u represents a control function. 

Letting A=O in Eq. (2. 1)2 , we have the degenerate system 

J ·b ~ f.: ( 'X1 , ' .. , ):, • :X:" ... ' , l..( , t) , 

l Xn ... t ~ ~ ( Xt, 'X~, • · · ," U, t) , 

C.:•f, .. · ,l'l), 

where fo~ simplicity it is assumed that g(x1 ,.~~ ,xn+l'u,t)=O can be 

solved with respect to xn+l as in Eq. (2. 3)"2 • 

Let us suppose here that we regard, consciously or unconsciously, Eq. 

( 2. 3) as a simplified model system for Eq. ( 2. 1) , because of the assump­

tion that the parameter A is sufficiently small if it exists. Then, 

how is the discrepancy between the solution of Eq. (2. 1) and that of Eq. 

(2. 3) ? The difference between the two state Xi(t,A) and ~t) may 

formally be expressed by 

Ll Xi ( t , t\) = Xl (t. A.) - Xt" Ct ) = w,: (t- J • 1\ -t- o (),~) , ( c' w t, · · ·, fl·t-t ) , ( 2. 4) 
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whet'~! 

( 2. 5) 

is the A-sensitivity function of the sta~e x1 with respect to the A-para­

meter. Under sui table conditions 4 ,S on the form of the physical system 

described by Eq. (2. 1), wi(t) becomes the solution of the differential 

equations 

l 
-w, 

"""'E.i. . ?:~:x: · w1· - :t,....1 so: o 
,., V ' 

with the initial condition 

ft(x,· •. ... i~, IJ(o) . o) 

5 f (-. ~. f c~· ~. ,. 'Wi(o)-i x:, ••.•• ;,;.:x-,,uro,,o) -. ,:x,, .. . . 7,,,.., uCoJ. o) dx~·· 
Q (!lr. .... 0 ) ( 2. 7) 
q ~, • · · · • :r.., • x .. ~, , u ( o' . o 

~. (' l-1. .. · ,X.). 

where it should be noted that-in Eq. (2. 6), both 3fi/3x. and 3g/3x. 
) ) 

must be evaluated· along with the solution xi (i=l,.~.,n+l) of Eq. (2. 3). 

In ord8r to make clear the meaning o~ Eq. ( 2. 6) , we shall proceed 

to ma1_lipulate Eq. ( 2. 6) in the follow~ng manner. From Eq. ( 2. 6) 2 , the 

fun_~tion wn+l(t) can be solved to be 

1 J • wt 
1V,T, C' "ll 7 X"~'- ?. 1! W;} • (2. 8) 

( ) , .. , 1 
'OXttt• 

where we can assume 3g/3xn+l=O without .any loss of generality. Substi­

tution of Eq. (2. 8) into Eq. · (2. 6)
1 

gives 

" f . ~~'f. - \."' {~ - r: .-:il: l 'W · + F.· ..;, 
w, ~ ~x· r,~ ...... J 1 " """~' 

)•I U ' C/AJ 

(2. 9) 

where, for simplicity, we denote 

F,· rx. I· · · I r,.~,. u It)-= COfi fcx.,+, J!to 'J fox,.+,), Cc'- f. · · · ~ n J. < 2 .1o > 

By using Eq. (2. 3), Eq. (2. 9) becomes 

wl- t i.{f. -Fi{f) w;"'" Fi [ t~ f; ~ u +~ J . 
. ,D, ' . 7 r' -., . 

( ,:_ = f, • • • • 1 n ) 
0 

I (2.11)1 
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By solving Eq. (2.11) .with the initial condition (2. 7), which we call the 

A-sensitiyity equation, · we can obtain the A~sen~itivity function vi(t). 

The A-sensitivity- equation given by Eq. (2.11) clearly shows the 

linearity with respect to the A-sensitivity function wi (i=l, ••• ,n), which . 

is similar to the so-c~led a-sensitivity equation. The initial value of 

the A-sensitivity function is given by Eq. (2. 7), wh_ich is, in general, 

not zero, whereas that of the a-sensitivity function is zero. Moreover, 

the fact that. the A-sensitivity equation (2.11) contains u, ~e derivative 

of the control u(t) with respect to time t, should be emphasized as a 

distinctive feature of the A-sensitivity analysis. If the order of the 

highest derivative multiplied by A in Eq. (2. 1) is higher than n by r, 

u(r)(t) · comes out in the A-sensitivity equation. 

3. A-sensitivity synthesis of optimal control 

We shall introduce the fundamental concept o.f the A-sensitivity 

synthesis of optimal control into the miniiiiUID energy · problem with terminal 

constraints, as a typical example. 

The minimum energy problem is to find out the control that achieves 

the following two aims : 

[1] to transfer the initial state of the system to the desired state 

at a preassigned time, and in so doing, 

[2] to minimize the consumption of the control energy. 

Such an optimal control problem is usually solved for a model system 

of the real physical system by applying the calculus of variations, Dynamic 

Programming or Maximum Principle etc. However, the discrepancy often 

arises between the real physical system and its model system, because _the 

complete mathematical descriptio~ of the real physical system is almost 

impossible, or because the model system cannot always represent the real 

physical system whose Qynamical characteristics vary with time. 

In such a case, even if the optimal control G(t) which performs [l] 

and.:.[2] on the model system co_uld be obtained, the control Q( t) cannot 

.achieve the aim [1] on the real physical system. Our most important re­

quirement in this minimum -energy problem is the aim ( 1]. Therefore, it is 

not reasonable to call t he 'ontrol u(t) the optimal control for the real 

physical system. 
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In order to make up tor the defect involved in the conventional 

synthesis of optimal control, it has been already proposed in the case of 

the a-variation problem that we should introduce the sensitivity aspect 

in h . . . d 6 to t e opt1m1zat1on proce ure. 

Consider the model equation (2. 3) and its A-sensitivity equation 

(2.11) simultaneously 

{
X\.-fc:(Xc,···.Xtt,lt(rf,···~X",u,t),U,t}, (3. 1)1 

. I (t•f,•• ;,k), 

-k7c.-tr~f:_F.:il\w·+F.·li].!f..iliu~"-J (3. 1>~ ,.., ~x; "ox; J l ;-•~x; 1 ()U ~ • ~ 

with the initial ~ditions 

{ 

x i c o > - xt . < 3. 2 > 1 

"0 
ut· (o)-= J f,· ex.· .... I x:, x .... ,. U(o}, 0 J- f,· (I,~ .. . I; .. • I,., u(o} I o)d~ 

t ( A. 0 A.. .. .. , ' · ~. 'J Xc , • • ·,X., , x .. ..,, U(o), o) · 

:r-~· 
( t

1 
~ f, .•. ' ?'\. J (3. 2)2 

which .we simply call the A-eomined system, then it uy be recognized that 

there is a possibility to control at our disposal not only the model state 

x1 but also its _ sensitiv~ty function w1 by choosing a proper control 

function u( t). That is, we can take· the . A-variation effect into consid­

eration at the initial stage of the synthesis. This is the basis of the 

A-sensitivity synthesis of optimal control. 

Since the variation of the terminal constraints due to the existence 

of the small parameter A is approximated to be txi(A,T)=wi(T)•A, it is, 

then, desirable to choose the control in, such a way that it should satisfy 

_ wi(T)=O (i=l, ••• ,n). From this point of ·view, the minimum energy problem 

with terminal constraints is, then, restated as follows: 

For the A-comined system described by Eq. ( 3. l), choose the optimal 

control u*(t) that 

(l] satisfies the new terminal constraint . 

we: (T),. o , c ,·- t, ···I x. J • 

together with 

T 
Xi (T) - :X\ ' ( c.' = (I • • . I )1. ) • 

where x '! is the desired final state, and 
l. 



8 

(2] minimizes 'the energy consumtrt ion 

T 
J (1.<) = J Ua(t-)J't . 

0 

( 3. 16) 

Here, a question arises whether this rewritten optimization problem 

may have a solution or not. It depends upon the controllability of the 

.>.-combined system. Therefore, before trying to solve this problem, we 

must examine . "le controllability of the A.-combined system. Since 'the A.­

combined system contains u(t) besides u(t), it is, however, rather 

difficult to apply the conventional con'trollabili'ty 'theory and the con­

ventional optimization theory to 'this problem. 

Now, when the coefficient of u does not depend on xn+l and u, or 

more precisely, when Fi•(3h/au) is independent of xn+l and u., we can 

develop our discussion .by introducing a new function y i ( t) defined by 

( 3. 5) 

Rewriting Eq. (3. 1)2 in terms of y1, we have 

( , · & 1 • . 
( 3. 6) 

with the initial condition 

( 3. 7) 

.Both the simultaneous differential equations ( 3. l) 1 and ( 3. 6) with 

the initial conditions (3. 2) 1 and (3. 7) and the relation (3 . 5) may be 

called the modified A.-combined system. We call the function yi (t) de-

fined by Eq. (3. 5) the modified A.-sensitivity function. It should be 

noted, here, that u is eliminated from the modified A.-combined system. 

By regarding xi anc.i y i as the state variables and· x1 and w i 

as the output variables, we can examine the controllability of the A.­

colT'bined system, and moreover we can . obtain the new optimal control by use 

of the conventional controllability and optimization theory. 
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4. Example: Linear time-invariant systems 

As a physi21 system, consider the system described by (n+l)-th order 

linear time-invariant diffenmtial equations 

\ Xc: - Xc:~, • ( i - f •. . . I K ) • 

( A~""'"' - 't, a.; i; + bu - i;~, (btt-o), 

with the initial condition 

""' -· Xi(o)-X&:. (c.'•f,···,?l+tJ, (4. 2) 

where a1 , ••• ,an and b are constant paraaters. Let ). be a suffi­

ciently small pos~tive constant parameter. 

By letting A=O 1 as a 110del of Eq. (4. 1), we have 

with the initial condition 

Xi ( 0) - x,.· ' ( ,·- , I ••• " )'l) . (4. 4) 

The >.-sensitivity equation of Eq. (4. 1) tums out to be 

llc).: C' M) c: ..... , • ( ,· - f I • • • I " -: I J ! 

" ~ 
!J.,. ._ L a; JJJ- Z (a.;_,.,. a.: Q,..)Xj - a" h u - b c.( 

1~ j~ -7 . 

with the initial condition 

{ 

M$' ( 0 ) = 0 • ( ~:: (I •••• "- I ) • 

1.J, ( b > ~ t,~, - 2: · a . x.:o - 1:, u ( o , 
'wf J 7 

' In order to eliminate u · in Eq. ( 4. 5) , we inti'Oduce the modified ). -

sensitivity function defined by 

J 'ji ~w-L .. (c.' ·-•.· ... n-i>, 

l ~, -= w-~ -1- b L<. 

Eq. · ( 4. 5) hence becomes 

( t' = f. . . . J ')'t- 2. ) 
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and the initial conditions are 

{ 
d ~ ( o) - 0 . ~ ( ,· :: 1, · · · , >1 - I ) , 

"-• .::::; """• 
~,. ( o > = x,. .... , - L ct1· x:,. 
Q ;-1 I 

The 2n-dimensional modified A-combined-system is, thus, written in the 

vector-matrix form as 

where ., y, w, b1 , b 2 and cJ denote n-dimensional vectors described by 
T . T 

x(t) = (xl,x2, ••• ,xn), y(t) = (yl,y2, ••• ,yn), 

T T 
w(t) = (w1 ,w2 , ••• ,wn), b1 = (O,O, ••• ,O,b), 

T T b2 = (O, ••• ,O,-b,-2anb), d = (0,0, ••• ,0,-bJ, 

A and C denote nxn constant matrices represented by 

A = 0 1. 0 

0 0 l 

0 

0 

c = 0 • • 0 

l 0 • • 0 

a 
n 

and En denotes an nxn unit matrix. 

( ) • • -(a +a2) -alan .- al+a2an • n-1 n 

At first, let us examine the controllability of the A-combined system 

(4.10), that is, the controllability of the (output) vectors ~ and w 

by a scalar control u. For this purpose, we can apply. the output con­

trollabill ty theorem introduced by l<reindler and Sarachik? The theorem 

·says that if and only if the rank of the 2nx(2n+l) matrix G defined by 
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4-- [I''] [A OJI~']i···~IA 0]
2

"-'!a,'] 0]. 
b~ C A ~, : : C A ,, dl 

(4 .11) 

is 2n, then the A-combined system ( ... 10) is completely con~rollable for 

the outputs ., and w. 

A somewhat tedious calculation of the determinant of G', an 2nx2n 

submatrix of G, which is derived by taking away the ( 2n+l):th column 

[O,d]T from G, leads to 

(4.12) 

We can say, thus , as a sufficient condition that t~'! A -combined sys tern, 

that is:, both the state ., and the A-sensitivity ., · are controllable by 

u if a1fl o. 

To demonstrate the advantage of the A-sensitivity synthesis method 

over the conventional one, let us consider a simple illustrative example. 

Suppose that the model system is given by 

A.o 
z,(oJ- x, . ( ... 13) 

which is the degenerate system of 

x,.(o)- Xa_o • 

then we have the A-sensitivity equation 
• :l I • 

lU ~ - 4 \J, - a w-, - ~ ~ u - b u ( ... 15) 

with the initial condition 

( ... 16) 

The conventional optimal " control u(t) which transfers the model 

system from the initial state 

minimum energy is given by 

...0 x1 to the origin in time T and in the 

"" U(-t)--
a.(T- t-) 

Q·e 
( ... 17) 

and the corresponding (nominal) optimal trajectory xl (t) is given by 

x.(-e-)== si~e../a(T-"t)l ·x/' < ... la> 
SiM~(a.TJ 
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which is shown in Fig. l by the broken line. 

On the other hand, the A-sensitivity optimal control u*(t) which 

t r ansfers the A-combined system from its . initial state (~,w1(o)) to the 

origin ( 0 ,0) in time . T and in the minimum energy is expressed by 

u*(t) - - b (1ft - .ltt 7r.J '1" Q
1 7TJ t-). eA.T" • (4.19) 

and the corresponding (sensitivity) optimal trajectory is given by 

~ [ 1\. o ~( l I d" x, Ct-J- :r, ~ b .,.. ~ -.2A ?fi)]e 

(4.20) 

which is illustrated in Fig. 2 by the broken line. 

(4.20) • w1 and w2 are 

In Eqs. (4.19) and 

( "-o "'• .laT J ~"'" o ~., ""' · ""o 1T1 = ll.I, +Pax, Je -la T:X, ~ra.T:c. -I:J.X,•-t-,24AXt 

h~( e2o.T_ 3 e- 2•T- I' aT- ~a'Tz"" .l) 

The two A-sensitivity functions w1(t) and wt<t) are shown in Fig. 3. 

In both Figs. l and 2, non-broken lines show the perturbed trajec­

tories by the A-variations. It can .be clearly be seen that the A-sensi­

tivity optimal control u*(t) more successfully achieves the task against 

the change of system order than the conventional optimal control u(t). 

The detailed variations of x1 at T=l.O from its desired value x1=o 

are listed in Tab ~ l for a few values of A. 

5. Conclusions 

We have been concerned with the control system containing a small 

parameter A which leads to changes of the system order. After the pre­

liminary notion of the A-sensitivity analysis, the A-combined system which 

consists of both the model of a physical system and its sensitivity 

equation with respect to the A-parameter is introduced for the purpose of 

t he A-sensitivity synthesis of optimal control. Here, it is pointed out 

t hat the controllability of the A-combined system plays an important role 



13 

in realizing the A-sensitivity QPti.Jnal control. We have found out a suf­

ficient condition for the controllability in the case of a linear time­

invariant system. 

By giving a simple illustrative example of the minimum energy problem 

with terminal constraints, the advantage of the present method of synthesis 

over the conventional one is shown. 

The authors believe that the in~roduction of the sensitivity concept 

into the theory of control system synthesis, especial:y, optimal control 

system synthesis fills the so-called gap between the theory and its 

practice. 

The authors J~~ish to express their thanks to Prof. H. Fukawa, Mr. T. 

Katayama and Mr. 1<. Asai for their valuable discussions. 
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parameter synthesis ). 

value method 0 0.01 0.05 0.10 

a = -5.0 c.syn. 0 -0.0012 -0.0055 -0.0099 

b = 1.0 s.syn. 0 -0.0001 -0.0008 -0.0024 

a = -1.0 c.syn. 0 0.0024 0.0126 0.0275 

b = 1.0 s.syn. 0 0.0000 0.001'+ 0.0066 

a = l.O c.syn. 0 0.0256 0.1145 0.2037 

b = l.O s.syn. .0 -0.0001 0.0008 0.0076 

a = 5.0 c.syn. 0 2.636 5.046 4.750 

b = 1.0 s.syn. 0 0.0642 0.4990 0.7834 

Tab. 1 Comparison of the variations of 'the terminal 

constraint x1=o and the ene~ consumption. 

energy 

consump. 

0.0002 

0.0015 

0.1565 

0.1653 

1.1565 

5.1800 

5.000 

10.046 
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UNIFIED -APPRO.ACH TO THE SENSITIVITY 
ANALYSIS OF OPTIMAL CONTROL SYSTEMS 

by 

Andrzej 1fiERZBICKI /Poland/x 

Introduction 

Many papers concerning the sensitivity analysis o~ 

optimal control do not present an uni~orm approach to the 
' 6 12 problem. Papers o~ Dorato and Pagurek , ~requent~y quoted 

in literature, are based on an approach, which makes i. pos­

sible to determine the sensitivity 0~ an ideal optimal control 

problem, but not to distinguish ·between sensitivities o~ 

optimal control systems o~ di~~erent structures. Other 

contributions o~ten overlook the ~act that the solution o~ 

an optimal problem is not determined, unless the end-point 

conditions o~ the problem are strictly satis~iect 14 • These 

shortcomints• bring about a certain l:'.mi tation in the number 

o~ papers which would present a comparison o~ sensitivity · o~ 
· r · 2 

optimal control systems o~ various structures ' • 

The present paper tries to uni~y the approaches to the 

sensitivity analysis o~ optimal control systems. The analysis 

is confined to the QG -parametric sensi ti vi ty3 of optimal 

deterministic control. It was necessary to distinguish precise-

ly between the sensitivity o~ an ideal optimal control problem 

a~d t h e sensitivity o~ an optimal control system. It was use­

ful to introduce new notions o~ sensitivity measure and 

local insensitivity, as well as new definitions o~ local 

sansit~vi~y coe~ficients and global sensitivity indexes. 

These notions enable us to compare effectively the sensitivity 

of optimal control s y stems of various structures; the paper 

i s il l ustrate d by results ob tained i n sens i t i vi t _,. analyses 

of seve ral examples. 

x/~e ~artment o f Automatic and ~eoote Control, 
'I'ec1m.i c al -n i versi t : o i~ ': ars m-: , :Jar s a .,. , -m.-ro1·ri e j s -::a · 15/1 9 . 
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~ let ;,. ('lds of' numeri c al cal c ulations , >·r i c h are: ne c e ~s a::- ~ - ::..r t 

a general cas e , are c i scusse C: . -a:.·:. a ti onal me t ::o . s ar~ 

presented, w~ ch h e l p ~o determ~ne the l o cal s ensit ivi~ 

coefficients; these meth ods are based on the! second variat­

i on of' the performance f unctional. 

1. Sensitivitv measure 

Let us consider t he equation of a real proc e ss t o b e 

optimally controlled in t h e form 

/1/ 
w·here "(t) 6 R"' is the state, ~ (t) E Q ' R;- · - the control, 

$' .g c-Rp - the parameters of' the process .• The per:formar-.c c 

:functional, which should be minimal, can be expresse d a s 

~-
Q = £k (~Ctk),~) + S£.c~.!&.~.t)d.t 121 

The initial · conditions t. ~(t.}=:o are g:iven, and some 

additional conditions of' various forms related to the :final 

value ~(t~) can be taken into consideration. The funct-

ions i > £k., £. :fulfil the usual conditions o :f continui t~ " 

as well as differentiability in respect to and in 

cases, when it is desirable - in respect to ,!!, ~, t. 

Wit~out any loss of gene~ality it is possible to 

assume that the parameters !!£ are C'lnstant /if' they are not, 

one can alter the form of the functions f) ·*• as they depend 

on time t / . The exac t value of the vect •or 5 , however, 

· is not kno'\in e x ac t l y . The opt:i,mal control i :s, therefore, 

determined by means of' any kno~ method using the models of 

the process and performance 

1ihere 

It is, 

~ =! (!, ~,~,t) 
t. 

Q = £kcgctk),g.) ... S£.C~,i,g.,t)a.t-
t. 

~ 6 A C RP are t h e parameters of' the model. 

t h e r e f ore, assumed that the functions ; > fk,£0 

/ 3/ 

/ 4/ 

are 

k nown e x ac t l y ; this assumption does n o t cause any loss o f 

generality because the admissible class of' these functions 

is broad. 

The· optimal control determined - by tlu:~ rpodel and appliec 
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t o the real process depends on t~e chosen structure of con~rol 

s ys t em. It can be expressed by the functions 

U,oal'•(a. t} • - - _, , /5/ 

>vhere the upper index "o" refers to the open-loop. structure, 

t:he index "1" - to . the closed-loop structure, the index "k" 

- to another possible structure of the control system. 

"'• .... The application of the control !! or ~ to the real 

"• ~· process results i n the process trajectory ! or ! . If 

t he trajectory i a _defined and fulfils the assumed final 

c onditions, and if the integral /2/ exists, then the perform­

ance functional Q0(~,&) or Qk(~,~) is defined as a function 

of the process parameters !! and the model parameters 9: . As 

i t is known, the performance functional depends on the initial 

values !o and the final conditions as well, but this depend~ 

ence will no~ be considered in this paper. 

Even if the integral /2/ exists. the performance 

functional cannot be defined unless the assumed f~nal conditions 

are not strictly fulfiled, because an optimal problem· becomes 

a different one after changes in any of its conditions. 

If the model parameters are exactly the same as the 

process parameters, ~ •!i , then the control is strictly 

optimal and independent of the control system structure. The 

i deal performance . functional is a function of the parameter~ 

~ and can be expressed by 

4 c ~) = Q"c~,g.> L~= ~ /6/ - -
The dependence . ~(~) is a characteristic feature of the , 
ideal control problem, and not of any control sys tem s 

structure. There are many cases, when the function G(s i s 

defined although t h e function Q0{!ft£~) or Q11 (~ 1 g.) i s not 

defined for any 9&'t!i . However, if the fup.ction Q"(!i,9r} 
is defined, then - according to the definition of tne optimal 

control - the follow·ing inequality holds 

/7/ 

The sensitivity measure of an optimal cont rol svstem 
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o£ a given structure is in~roduced here as the £ollowing 

non-negative £unction 

/8/ 
or 

/9/ 

The last function can be called the relative sensitivity 

measure. Sometimes it is desirable to consider the relative 

sensitivity measure in the f'orm ,sk(J,g.) wh~re i=t:~]' 
is the vector of' relative values of' the process parameters. 

The sensitivity measure is minin;~ l and equal to zero 

if' and only if' the control j&k is strictly optimal. It usual­

ly happens only f'or 9-•5; ther.e are special cases, hmveyer, 

when it happens f'or other values of' Q, • If' the sensi ti vi tv 

measure is 'differentiable and g.•~) ~ and Jt being open s~ ts 
then its gradients in respect to ~ and $ are zero-vectors 

Sk(-. "')I = 0. ~Sk(~,!&}' = 0. ~s"(CJo,g.)l aO /10/ 
_,_ !•~ ' · 'afi !-•5 -) ~~· ~c~ -

~he sensitivity measure makes it possible to distinguish 

between control systems structures of' dif'f'erent sensitivities, 

what cannot be obtained by means of' the sensitivity coefficient, 
6 12 . 

introduced in and considered i~ , defined by 

w"(oc;) = ')Q"(•,Q>j 
- - ~«· Q,:ll oc - - -

/11/ 

· which can be determined by differentiating in respect to 5 
the Bellman's equation and then solving the obtained equat­

iont/which express the dependence of' the coefficient on 

initial conditions !o /. It is easy to prove - using the 

noti~n and properties of' the sensitivity measure - that 

this coef'f'icient is independent of' t h e structure of' the 

control system: as~uming that the set ~ i s open and the · 
" -

functions Qk~)S.)) Q (~)are differentiable, the follmiing 

. equation holds 

!kc~l = ~;. { Qc~){i + s~<c!S,~n}l~-~ = 

= ?'il~~l[ i + s"'=,~)]\ ~: ,.+ Q(~) ~~~·"'l,~ !.\ :o ~ ~~!¥) ; 1 z/ 
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cc ording to the equations /10/. Thus, the i d eal. 'sensi ti vi ~y 

c oeffi cient 

!! (~) = !'k{!!S) = ;~!F) /1 J/ 

provides only an estimate of the ideal control problem 

sensitivity, and cannot be used in order to compare the sen­, 
sLtivity o:f d~ff'e:ent control system s structures. It can be 

u se :for designers of industrial plants /providing, they are 

optimally controlled/ and not :for designers of' optimal 

contro.l systemsx/. 

The properties of' the :functions Q"(~,9:), Q(C!), 1f (s) 
are illustrated on Fig.1, "tvhich ·is based on a concrete 

16 
example - cf'. • 

2, Local insensitivity and its conditions 

An optimal control system of a given structure can 

be c·alled locally insensitive. if' the :function QIE(e,g.) or 

the sensitivity measure sk~.~> is defined and a con-

tinuous :function for all i in environment of Q. ~•oc 
= -

An optimal control problem can be called locally insensitive, 

if the appropriate open-loop optima1 .. contro1 system is local­

ly insensitive., Many of' known optimal control prob~ems are 

not locally insensitive, because the final conditions are not 

fulfilled :for ~ p!!: , and. the function Q0(~) &) is 'not 

defined - as it was stressed above. Such optimal control 

~roblems can be called :fully sensitive. 

Under the assumption, that the parameters ~ ~an 

influence the functions i arbitrarily /and in particular -

addi.tive1y/, it is. easy to 'prove 16 the "following necessary 

condition of' the lpca1 insensitivity of an optimal control 

problem: 

An optimal control problem is locally insensitiye 

only if' the :final oonditions of the process to be controlled 

x/ There i s a n exception, ho"t.,ever: the ideal sensi ti vi ty 
coefficient can be used in some considerations of' op timal 
mul tilevel control- o~.11 
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f'orm a "' - dJ..mensional. hvnersur1·ac e in In+ 1/ - dimensiona_ 

space of vectors [&'at]' • In other worde, the func1:ion 

Q0(~,~) can be defined if only one coordinate or only 

one-dimensional condi~ion of' the final state ~(t~ and time 

tk is given. The condition of' local insensitivity is also 

sufficient under additional assumptions. 

Therefore, all optimal control problems of' order 

greater then one and with given final values !(t")=~k- and 

among them al most all time-optimal problems - are fully 

sensitive and must be considered as incorrectly set for t i1e 

sensitivity analysis. It does not mean, how~ver, that closed-

- loop or more complicated control system's structures f'or 

these problems are also fully sensitive 10
• 1 5. An elementary 

example is given by the optimal control 'problem of the 

process i, • oc u. with the performance Q •l u."c:t:t. and with 

the conditions •(O)•O, "'(!)• L. The probiem does not :fulfil 

the condition o~ local insensitivity and is fully sensitive; 

·~ Q0(ec,~) :t -h f'or a.• OC and is not de~ined f'or Q..C. 

The closed-loop system is locally insensitive, because 

Q'( ) - .• • K,Gt . - ;(!ec·ca.) and is de~ined f'or a. < ~GC • The 

application of a special structure, called optimizing 

feedback 15 ' 16 results in Qi(oc,_ ea.) = ~ f'or all Cl. 

there exists, there~ore, a structure in this simple example, 

which makes the control system fully insensitive. The 

sensitivity characteristics sk(·,~> f'or this example are 

shown on Fig.2. 

3. The local insensi_tivi ty degree and · local 

sensitivity coe~~icients 

or 

'for 

. The greatest order ~ 
7" S"Wh&) by ,.,hich the 

~ .. Sk(~,g.) 
of' the derivative - -

'clci' 
derivative is equal to zero 

'3 ctt' I 
!- •!! , ean be called the local insensi ti vi ty de.gree 

of' the optimal control system in re~pect to the parameter 
'a•+t Sk(CJ, g.) or ·~ or ~t· The value of the derivative ---

k( > ~~rK I)M+'S C!!ai- for a.=« can be called in such cases _the 
"j}ca,~l . - -

local sensitivity coefficient of the system in respect to 

the chosen parameter, 

k(••£)_ 1,. .. , sk(tio,9:> I· . v"~"'•£)= ~-.. J sk(4lft§) I . 
V .ci. - . ~ "'"' , Go&. ~a.~ .. , . oc I 14/ 

~. • ~~~ &. g.a_ 

• 
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'i.'he loc~l i nsensitivity degree and the local 

sensitivity coe~ficients depe?d on the structure of the 

optimal control system. 

Optimal control systems l~cally insensitive ~sually 

have the fi rst degree of local insensitivity. The sensitivity 

• coefficie~ts are, t 4erefore, usually the second derivatives 

o:f the sensitivity measure. Howe.ver, if a parameter OCt or 

o., belongs to the boundary of the set .g. or A of its 

a dmissible values, a control system can have ths zero degree 

of local insensitivity. 

Let us consider for example the w~ll known problem 

of the time-optimal co!ltrol of the pr.ocess ~1 :1 ".a, X..z. a OC u. 1 ,. 
/u.l ~ ~, ".s(o)=X.,JCs('r)•O,x.a(o)aXl,x...tOO~w·i th the performance 'T'• f i~. 

. fl 

The condition of local insensitivity is not fulfiled in this 

problem, and _the open-loop control system is fully sensitive. 

The closed-loop control system is locally insensitive, if 

the model par~e~er · ~ is not greater, than th~ proces~ 

parameter, a.~ oc. If o. > oc, then the closed-loop control 

system is fully sensitive in t4a samew·ay as the open-loop 

sys tern. The· set A of admissible parameters ~ is, there­

f ore, oonstrained and Q.•OC is the boundary of this set. 

After some computation one can ge't the sensitivlity measure 

/15/ 

The insensi ti vi ty degree of the system by Q. ~GC is 
zero, because S(oc a.'f = 0 b t '4)Si(oc.,~)~ :PO '4)S~(~,"') I =/=0. 

1 ') Q,.a~ U 'cSoc. Q.&IC ) ~9; , ... 

A sensitivity characteristics of the system is sho1~ in 

Fig.l. 

4 . Variational apnroach to the local sensitivity 

Let us .... ~. ume that the functions!, £.>£k h ave 

c ontinuous second order partial and mixed derivatives in 

e s pe c t t o ~ , ~ > !: or- g. 
,. 

and that the optimal c ontrol ~ as. 
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well as the pararne fe rs ~ ,~ belong t o the i nteriors . of' 

the sets !!, ~~A . Furthermore, t hat there exi sts a solu t ­

ion o~ the optimal control problem and that the · problem is 

locally insensitive /~r example, the ~inal time tk on l y 

given, which under the above assumptions is sufficient t o 

cause the local insensiti~ty/. Introducing a hamiltonian 

/16/ 

where f ~ R" is the costate, we can write the necessary 

conditions o~ optimality o~ the process and the model in 

the ~orm 

~ = ~; (!.!,!,!S,~); ! =-;~(r,~,!!:,!=,t); Q =~:(~,~~~~.~) /17a/ 

. ~H( t' .- ~He--- :t)· 0 ~H(q;--at) !: -ar· !,i,i,g., 1; r=-'cl.!' !,!,~,g, ' - = i'W. _,!,~,-~ /17b/ 

· Let us assume that a.="' + £ 44 where f. is a su~­

~iciently small numb:r. ~ie hav: then !a! +£0!+Q('},f•!~£8rtQ(f.}, 
i• !!+£&JtQ(tlThe variations l']f) f~ f'ul:fil a linear ·system 

o~ differential equations which a:fter some transformations 

can be written in the :form 

f! = d4l8! + ~41&'! + ~i ~~; S'! (t.) = Q & 

J.j. = AuS'f + 6ul! + ~~ 69:; &'r(t")= -.;!.~ &!(ik) /18/ - - - -

/19/ 

The matrix is not singular, i:f t he solution of' 
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the optimal problem exists and is unique. The vari..atiol. 

/20/ 

"" The optimal control for the model ~ can be ap- -

plied to the real process as the optimal control in the 

open-loop system. Hence ~·-; =- ; .. ~=f. I!!+ QC') Q.I\C£ i•-! .. 
:: f,l~+ Q<') where 6!· differes from s! and is the solution 

of the equation 

r'• • 'C)aH ~ • ~ t'" • 
o! s 'Cl!'a! o! + -a;ta~ er~ ) ~(t.)= Q /21/ 

The sensiti~ty measure of the open-loop system 

can be expressed as 

SOCC!,~) = Qo( C!-,~)- Q(~): ~ l 

=f'{&t'(t~~:~~5~-(~-J~!3~~St.-2'J;..~"~+1~:~ r~+ 0(~)= 
~ va - ~. - - ~ - /22/ 

= :!~! K ~~ i- 0(£&) . 
The last equality holds because of the linear dependence 

between S!·,r~ and 6~ . .. The matrix K can be, there­

fore, interpreted as the matrix of local sensit~vity 

'a" s•(.,,~o) f 
coefficients 'CtG.' ~!- ~· ~ • The equation /22/ proves, 

that the open-loop system has at least the first degree .of 

local insensitivity under the assumptions made above. 

The application of variational methods to the sensitivity 

analysis qf closed-loop systems needs more complicated consider­

ations, becaus~ ;"-~ :/=; -~. For further details see 17 • 

5. Global sensitivity indexes 

In order to formulate a global sensitivity index of an 

optical control system.it is desirable to use probabilistic 

opproach to the problem. It is assumed further, that the 

arameter ~·is a random variable, although the process and its 

: ontrol are deterministic. 

If the probability distribution p(!i-) is knmm, a global 

s ens itivit _· index can be defined by 

R.~ = ~"" EQ"(~,~)- EQ(~) = E[Qk(~,;)- Q(C!)] 
... ~~A oc: oc « /23/ -- .- - . -
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/-:> / 

where 

/25/ 

The de~inition o~ the global sensitivity index is con­

nected with the determi~ation o~ the best model~-s paramter Q· 
The global sensitivity index is · the di~~erence bet'"een the 

minimum o~ expected value o~ per~ormance ~unctional, i~ 

a measurement o~ the realisation of the random variable !E is 

impossible, and the expected value o~ the minimum o~ per~ormance 

~unctional, if t h e measurement is possible and the control s y s tem 

is s-trictly optimal ~or each realisation o~ !: . The i ndex Q! 
expresses, t h erefore, expected losses, caused by impossibility 

o~ measuring the process parameters; it is a non-negative 

quantity. 

• .4 
The optimal parameter !!: of the model can be determi ne a 

as the solution o~ t he equation 

Ji('!'il d.p(~)= Q 0,. J,~~,s.) dp(~ - ·Q 
.& - . ~ 

/26/ 

Fig.4 illustrates an example of global sensitivity analysis and 
A 

the choice o~ the opt~mal parameter ~ under an assumed ~orm o~ 

the d~nsity ~(~) 

I~ the probability di5:ribution p(~) is not known, but the 

set R is given and bounded, another global sensitivity index 

can be de~ined as 

Ilk= ......... ~ Q.(!!,!l-)- m.. ... """"" Qk(~,g.) 
2. 94~ 5~& •&~ C!eB /27/ 

In most cases an equivalent notation o f the index is 

... ... ) ""'("') /"''"" R: = R& =::.if Q(C!')- .=a Q(~ = Q !f - Q !f) - - ....... 
/28/ 

The index R1 does not .depend, there~ore, on· the structure o~ 
• t 

the optimal eontrol sys.tem and is .of no use to carry out its , ~ 

synthesis. The value of the best model s parameter ~ is here , 
identical with the value of the worst real process .es para-., 
meter !!" 

6. Numerical meth od s of the sensi tiv i ty analys i s 

A nume ric a l compu~ation o:f t h e sens·:J- tiv i +y measure is 

in i ts e ssenc e e ui v a en t o -t } ~ 
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op t i mal contro~ system -
16 

cf'. • The computational· . effort 

necessary to determine one value only of' the sensitivity 

measure of' an open-loop system, is comparable with the com­

u tational effort necessary to determine the open-loop optimal -· c ontrol ~ . • In case of' the analysis of closed-loop systems 

~he computational effort grows up considerably, if the £unction 

~'•!'(~,~1t) is not known explicitly. A thorough sensitivity 

analysis needs, therefore, a very considerable effort. Never­

t1eless sensitivity computations are of. much help if we want to 
16 design thoroggly an optimal control system for a real process • 

The computational effort can besppressed in case of 

a local sensitivity analysis when var~ational'equations are used 

-as /18, /20/, /21/, /22/- ~lth~ugh the programming effort gr.ows 

up in this case. The dete~ination of gloaal sensitivity indexes 

needs a still greater computational effort. Because in most 

cases the function . Qk(~,•) ·is ·not known explicitly, ~e 
solution of the e .quation /26/ must be sought by means of the 

stQchaetic approximation. 

7. Structures of optimal control ;ystems and their 

sensitivity. 

• The sensitivity of optimal control systems of' different 

structures has not been thoroughly analysed as yet. The author 
. ' . 15 16 . . 

of' this paper has analysed many examples ' • It follows from 

those examples, that we .should be careful with heuristic opinio~ 

about superiority of some structures /e.g. the closed-loop/ 

above others /e.g. the open-loop/. Some general conclusions on 

this matter can be formulated in the following '\i'ay: if' the cost 

of' control dominat.es in the performance functional, then the 

open-loop system is of' lo~er sensitivity than the closed-loop; 

i f' the cost of the deviations from the desirable state-trajector. 

d ominates in the performance functional, then lo'" sensitivity c 

b e ac hieved by means of' a closed-loop system or a special structu 

c a lled ' optimizing feedback, introduced by the author in 15 • The 

e st i mation of' the dominating component of the performance 

fUnctional must be carri ed out with great care. For example, 

1 performance funct i onal in t he elementary problem given at 

t 1e end of' section 2 depends on the control u. only. Hm'iever, 

i1c c os e d-loop sys tem . /and e s pecial ly the opt i wi z' ng fe edback / 
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is less sensitive than the open-loop system. This is due to t he 

strong conditions which must be ful~illed at t he end-point o f the 

state trajectory. It can be interpreted by means o~ introducing 

a very large costs - ~ines . for the deviations of the state 

trajectory ~rom the given end-point. 

The sensitivity analysis of adaptive ~ystems or cultilevel 

systems is a more co~plicated problem. The sensitivity analy s i s 

of the two-level system given in Fig.5 makes an int eresting 

example. 

It is useful to decompose two controlled processes ' d th 

common .perfo~ance functional into two proc~sses with in­

dependent performance functionals, introducing coordination 

variables 11",,.-.. /cf.F1g.5/. The decomposition makes it poss i bl e 

to supress tbecomputational effort, necessary because of the 

determination o:f the optimal control in real time. Each partial 

process is controlled by means of optimizing feedback which. i 's, 

essentially, a special extremal controller /cf. Fig.S/. The 

processes are many times repeated. The second level controller 

determines new. coordination variables ~&,~A for each re­

petition on the basis of the last run of the processes, using 
• . 16 

a coordination algorithm of multilevel control • The relative 

sensitivity measure o:f the whole system in the i-th run has 

the form 
o.'(!-rf) .. [ ) 4-8'&)] 

s'''Ct,ca.) • (t•a.a>*•i' ! .. (!+t!'rf t- rza ; 'l - .!£. -a. /28/ 
~(') where only the parameter v depends on the number o:f runs 

and is determined by 

e",• t +V 4 + aeu·j>' 
''I ' 

Because the transformation /29/ .is a contraction, 

to 1 and the sensitivity measure converges to 

~ ~ ( ) 4 
1

( i- 'f)' .s- -z,ca. = {t+o!-)2.'ll. 

/29/ 

converges 

/30/ 
The last expression is the same as the sensitivity measure of . . 

.the system with only one control level. The sensitivity character-

is'tics in successive runs are shown in Fig.6. The sensitivity 

of' the system in the first run.is large; · in next runs the 

sensitivity decreases rapidly . The essential c·onclusion fron 
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t hi s example is, that t:he multLLevel struct:ure of' · .an optimal 

c ontrol system can have a quite comparable sensitivity ''~'ith 

o ther structures. 
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' Q • J{ (Xo -X,)2 +(X0- X 2)2+}jf~futJ2+2(u,J'+(u,+u1 J2 ]dt] 
0 / x,= au, x2-=aua . ~ 

' XdO)=O· x1 (1J=X,-free; Jl.a(O)cO;~a(I)•Xrfree ' 

1{ I. 1 1 . Q,=2 (X0-X,) +2j[(u,l+u,!ff,]dt) 
• . 0 
x,=au1 

Global process 
and performance 

model 

1 

Q2=J{rxo -X,)2+Jj [(u,J1+ufj]df] 

x2 • au, 

x. 7(0J=O x,f1J=X1 -free ~2_(0) =0 x1 (1) :~~X~,-fre~ 

I 

Partial 
~rocess and 
performance 

model 

Program 

t _ a 1Xo 
f., - - 4 (7 • a 2 ) 

Ji('i+1J =( u + JfiJ s~cond le'lel 
7 1 L« control/ er 

,-1i+1) =( u,+u~,;ftJ 

1 
g;, 

~~flmizingl T u-1IProcess 
(eedbackJ-4-l 7 

f t ~J.ot I 
. t:T 

- oC't u., + C..<f 

N ,- r u, J 2 + u., ,-, 
"' ( .. U1 :max N1 (u 1)=N1 ur) 

fft =o(, u,; (01 = ( u1 J2+ u.,'fft) 

n Partial 
l f proc~sa~ 
I 1 erformanc1 
11 model 

I~,; ~Process 
f-=-1 2 Program 

Fig. 5 

N. _ cC a u4 + t,£ 
l- (uaJ' + ua 1iz 

u, ·:maxNz (u,) = N, ( u) 
( ft =Q(Jl U1 j ( 02= ( Uz)2+ U.z11i} 

,. a•x 
l~·-~,) 

I· 

w 
~ 





ВОВСЕ FЕШЕНИН: ЗАДАЧИ АНАЛИТИЧЕСКОГО IЮ~П'УИРОРАШШ 
СИС'JЕЫ . тРАВЛЕ ШШ 

A.AJtpacoвcкill 1 Москва 1 

Дааав pado!'a содерки 188ВН!'И8 11 оеsоdщевие анаиwrиче­
скнх wеодов CIIВ'l'eвa сие~ .. ISI'f.IBpoвaiDUI, иваоuнНШt в c~a­
!'ЬSXI-5 и wоноrрафвих6• 7• 

·~ ~НОВВU ОСО 6еИВОСТJ. DOC'I&НOBD 88Д8Ч11 СИН'l'еаа, рiС­
СU8ТрИВ88WОЙ В 8'fiiX ~do-faX, СВSВ&Н& С форюй ОI'J81П1Чевай, 

учи!'Н:ваеwых прк свеrеае ом~D~&Иьвнх 1ПJВВJiевИй. 

В о!'.uичве . О!' хорошо иввествнх пос!'авовок вадач &Н8J1В­
!'ичесиоrо ковстw81Ю~НИИ реrуnиоровВ-IЭ, sдесъ оrр1ничении 
вааадываuся ве 'fOJiь:кo 111 сИВ'rеsируеs·· ,аiЗвпения, во в ва 
BeJIO!'Opbl8 функции 4авоВЫХ :КООрдИва~, ИW81ЩИ8 CWCJI СИГНWIОВ 

управпевки на входах испоаИИ!елъвнх устройств в ОП'!иwаnьной 

cвc-rewe. 

Такое c,-De аасса дoiJYC!'IDIНX УIIJ8впеиий резво упро­
ЩВМ' рtшение вадач скнrеаа, ве ywelfЬD18S инженерное содержа­

ние и ПJ8R'l'ИЧесиое авачение wетодов. 

В д11аtой Jабо!'е . поивзава !'а:ае, .ч-rо аНВJ10rичюе pesxoe 
упрощение · ISmeииs задачи синrеаа ПОJIУЧВ&'l'ся и без применевив 

огравиче ния, но пyreu вспоnьsованнв · спеЦИ8J1ьвого фующиона­
J'l& в вачес'fве оценки ПJ;Юцессов управпения. В этоu фушщиона­

nе учИ!'н:вее!'сs хак :качество . переходвwс пр:>цессов и работа, 

соверпаеwа.и УDiВВПеви.вwи /ра6о!'а ва выходах исполнШ'ельных 
ycTIIOйeTal, '1'ВК • piбora сигналов управnения 1 работа на вхо­
дах испоnниrеnЬиых устройств! в опт~ьной систеwе . 

§ I. C~es 9П!'ИЧ8ЧЬНВХ mmвлений нелинейmго об"еК'l'а ПD 
~ nеШной степени наблхщаеwос!'ИХI 

ECJiи дан об "е к!' 

_х,. + F;. ( ~~J .х~_, ... ' .х,.' ·( = и.: 
( i :: 1., l., .. . , n} 

/-I. I/ 

nrv+ъ-о-д_П_ОЛ_Н_ОЙ-С-!'еПеИ:&J) ва6пюдаеWС!'И ПОНИМ86'1'СЯ Э О ОСТ Ja 
ив е_rения и исnо.nьsова.вия ддя управnения всех ({е.sовых 
ко рдинат . 
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1 с~~~~ фуmщии • V { .х ' 1 .х.,.~ ... , .x"J -t) , псшвав 
проиевод~ :во-rо'{Х)й V в сипу павненай веуправп.яе1.1>го 
об"еиа /U.c· • Ql раввв. ваданвой фующии - q ( ~~. :х-., ... , х,.1 i ) , 
'1'.8. 

/1.?/ 

lfO ва WII08C'l'вe упр.ваениа, подчиве~ оrрsничеав 

i :. (f/ u,((ii i +t к. ( /i ;;, j'"«-f} ~ = 
( а/ "' l-J. -t 1 

/I.a/. 

=С[ ~~(~,)1 ... , .Хи(-1:,}, t,] ~ 1 L 
- +- =i p>,i.. 
р ,.. J 

ОПИW&аЬВЬJUИ В CWCJ[8 WИВIDфl& фув:Jщиовааа 

't.t 

I . =·f Q. ( х,, ... , j."J -t) «-~: + V [ х, (t:J~ ... J :;."(t~J~ t:J 
't-1 

ПIUII1!CS Jllp888ВU BIIД& 

tJV fJ-1 'dV ~V) ~ 
Ui =- -Кс· ~~ 1 Ji3n 'd Xi = =t: К,· ( "'~i Р /1.4/ 

Здесь Кс·, р, ~ - вадаВВI:i8 по.uОКИНJ1ьвые веавчввн. Вепичивs 

Ki. IDI811! CWSCJl JtОэ(фИЦ118Н!ОВ JCИJI8НU Jt&В8110B. 

Веnичивн Р~ ~ СВff&авы соо'l'вошевнеu, xapaиepНii)l дпs вера-

веис'!':ва ГSJiьдера. При р = CJ- • 2 coo'l'll>meвиe /I.at coOf~-
C'l'вye'l' вsвешеНIП:Di с~ pacSO!, соверпаеwнх 1В иходах и ив­
ходах ИСПОJIИИ'!'еJIЬВНХ yclfpoйCifB 8& B}8US f:~- f, : 

а оптишшьнне JПJ8ваениs пропорциоваnъвнх вoWio~eиlfaw rра­

диеиа фующии V : 
эv 

U.i =- Ki i:Jc.' 

Значения q, • I, р = 00 соотвеtrс'!вуе'l' вадавию вsвешеimой 

cyuua макс .аnышх sначени кве.дJ:ВТОВ уnрав.пений и ·~схо-
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. цd 

дов• cвriiUloв 1ПP&:Ue.IUI8 1 вeaiiЧJIB f / э ~~ / с1 i: 1. · 
' <tt ar.r .. aaь&e 1Jipu1118IWI в моu СJ11Ч88 аваяюrсs penellliWII 

J,.- • ()V 
U.(· ·=- 1\.i 3'J" U; 

Прв р • I, fJ, • оо orpaiiiiЧIIaвq~e yciJDue uJ8дC!'aauae" codoa 
амавrе :веJ181118вв01 CJ18111 К118.Ц18ов •расходов• yпpвselllll · 

u. f / U.; / rJ~ В D&Д18!'0В IIUCIIМUЪВНX 8&аЧ8НВЙ CID'ВUOB управ-..,, 
481Dd. Оrf181UЪВН8 ~plВI8BJUI DpB 8!'0U IIU81Jf DOJX)r Срвба!'НВа-

ВU 1 tl.c' • 0 Dpll /н/< J. / • · 
,l~Qc!'uoчвo прое!tое дoa&8f8JIЬC'IВO DJ8&деввой lf&Ope~&~ 

&UI1PI88!'C8 в cae.Q~J~q~u. ПIХ)118В0двu сtrввцlв V в CIUQ' 

Jpi.ВВ&BIII_ JПр8вuи&~Юrо 1 Ui ~О / осs•еиа равва 

• ЭV " ЭУ " ;JV . i- 'dV V = n - r. Э";"; Fc· + ~ Э7, иi =- Q + ~ aa~i и; 
t =J с., с#./ 

Ииеrрируа DO BIINpВUJ t .. -i, 1 DOQЧ88U 

• 

Соmасио веравевс!'ву ГeJIЬ(t:epa 

t.L ~~ V tJ. ' -t.t. ' 1 I бJ J f :;:/fu;f df ~ (f f ;1-J di)~ . ({ fu;(,lf )Р • 
't, . . 
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Поиоq 

" ~(. ;;у . ", ,{.! /т;.//ut/di ~ {; }Н, J 

Звав pas88Cif1В ВДВСJ. IU88 М8С!'О !'Оrда 8 !'OJIЪJIO !'Оrда, ~rда 
· Р dV! i и; 1 upooolЦJI)IIUlЬBO f i ~ .. / . Orpun~чe•e /1.&' при дав-

IВZ odosiВЧ8ВIDJX JIU88I! ВИД .. • . 

" l. L. ;,~ +к, г,.~ =с /1.7/ . 
i•l ' . 

" Waкci~Qu ВUIIЧВIIi Z, 2,· !l 'UpB OrpliПIЧ8BD /1.7/ ... 8!' 
.~, 

мес!'о upa ~,; = IQ Z;. • в е-~см· моuо Jdедиьсs, рев ueueв­
Rp&yl) аадаЧJ ва &ВC'IpeiQV VIIIЩJiв. 

Coo'lвoileвa /«i/p=IE~ .. I "'• !,· : ~"?i , ~-•· 

( 
~~ р 1 i.a. v "' i ! {Цi/ tit) р =к,: (f 1 ::~.J di )i 

J'ДOВI18!8>pDJI'C8 ОДВОврt .. ВВО Dp8 

'dV/ t. dV ·~v t--'. ?JV 
tLl =-к, /~ Р Jilп ~ =-к,/~,; / Jt1" hi 

8!'в JDJ8Вileивв првдаи uвксиwваьвое ВО811)&11)8 ввачеВ118 прuюа 

Ч8С~8 C~IDJI8IDUI /I.QI В ОД\!0Вр8U81ВО odeCП8ЧJ1В81Jr 8118К ра-
В8ВС!'JВ 8 Вlf«* COOifiiCX118888e . 

ТUиw ocSpesow JD~Sвneвu /1.4/ WИНIOOIBВWI:I! Ф1щиоВ8:4/ 
При ОГ18ВВЧ8ВИ11 /1.2/. . 
При f = "' • 2 - ОП!'иwваьвос..rь уиававвнх JПре.ваевиа 

nei'1to дохаsнвае!'сs '1'8.JШ8 с поwацьJ) фувlщиоваnьвоrо паввеВJUI 
БеJШнива, !'.е. на основе осSнчвой процеду~& сиН'fеаа оптиwаnь­

внх 1ПJВВ118ВИЙ. 

У хаза шше уар1влевии а:ВЛJWl'ся оптиwапьвmш и ДJIЯ !'oro 

CJiyчas, хогда огр1вичиващее }'СПовие аrсутствуе'l, во исаоnь-



за 

8)'9~СЯ СП8ЦИ8ЛЫWI фуlощИОНШl, учn'НваiЩИЙ p3.6olf)' CИI'BSJIOB . 

упра11118НИS В OtrrНW8JIЬВOЙ СИС!'еwе • llOR8ЖeW Э'l'О, а иыенно, дo­

xueu, Ч'l'О дпя оd"епа /I]/ cxrrиwaaьRI:DOI в сwыс.ае wивиыуыа 
фуВ1ЩИОВ8.11& . . 

fПр8В48виmlК Я~IJ!CS )'Dp:LВJleНJШ ВИД& 

" 'dV 
U..c·=-FK'Э)(~ /1.9/ 

где V попрежввwу oпpeдeJUiмcs .аивейВШi урlВНениеw в час!'­
внх проивводвых /1.2/. Фувкционаа (}•8/ CJiyzи оценкой иаче­
с!'ва аерtходвнх Професов /чаев f · Q.d.-1: 1, pв.dor JПравпений 

" 
~ -t, 

t f .t, . /чиев Е.;;:: и,· iti 1 в сиrВ!Шов 1ПI&JШ8BIUI в оптиwаиьвой 
. c=t ~ "t, 11 ~ ()V ol 

скс~еwе /чпев . ~ к, [ \т;;.}"~ (, а !'aD8 !'вв:ущей sе.tlичи-
вах q-rJШовевий /чаев V { :1., (-ь.)J ... ~ х. (tA.)J i:.~ 1. 

Предс!'авиw ц, в ви.-

Ц. . - - .!.. К, · d v + J и. . ( - <. с. ~ )/i, ( ~ 

rде s Цi - Про118ВОJIЫ118 J!В-РИВЦИИ управnевиt. 
По.аваs ПJХ>ВЭВОдЕВS V в сипу ~ввений :управпsеwого 

оd"еиа будет равна · 
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/1.8/ дu фуввциовuа l , находим 

f = V [ X,(i;,)~··· 1 Хн(i.), t.J + f :, /1 и.:""" 
,.:, "tt 

Otc..- •аоередс~веиво ВВДII), qro wиmщyw 1 псшучае~са пра 
3ец • О, 'lU . чrо ,ПIВВJI&вии /1.9/ деас~виеаьво. явuиса 

OD!'IWUЬIIIiWII• Д&Еое р8В18ВИ8 едивс~ве IВО. 

м;сu V • Q аоаОD'1'8J1Ьво опреде.аевнке фуВJЩии, в етса.t 
~ V - с11fв1Ща Jlапувова веуправп.ие~Юrо об•еиа, ~о ~и­
М811ЪВНВ ,праваеив /1.4/, /1.9/ ОСSеспечивааr yc'fOIЧИDOC'flt вa-
JJO&WJЩeввoro COC!IOSBD .. CИ~8WВ·/ Х, = · · · ~ )l., :=О / При 
с~• )'I'Одво ЕСОКИХ DC»>oaa'NJIЪВfiX кОЭФЬициеиах уевпения ка­

вuов Ki • 81'0 Jllf8D.81f D COO'.rВO'JI88U 

Дu IIOQЧ8 Вllfl OIJ'rJDeaЫISX JDp&ВJ18 11111 В DBOI ctoiМ 
вeodxoдJDIO oupeдull!ъ фуввцИ» V , удоваивориJЩУJ) JPUII88JQ) 

II.?/. Все пре.IЩУЩ8Сifва переА odнчJunl решеннем 88А&ЧВ aвuи­
tnecкoro кошtруировавии odyCJloueвв lfeм, по урав•вие /1.2/ 
аввеаво, а в •вес!'В18 реа~евии подебвое ураввв1188 вuи~~tйво 

/содеiВВ' чиев f!. kc: ( ;:;) .t_ 1. 
t:"f 

Необходимо 118Й!'8 р8111В ние /1.2/, ве вависsщее О'! ГIВВИЧ­
вкх ус.аовиа. Э!'о решен~е wы будем IВ&tma~ь вывуждеВВШI. to, 
ео pJCOwes.QИCS кска!'• ID8RВO внвужде ввое peme вие, oCSyCJtoв­

neвo с.uедуЩИU. Во-первых, oiilчнo O'tCY'fC'!DYJ1f <IаиоiJi,повво­
uщив оdосво:ватъ rравичвые ycJioвиs ДJLS V • Во-вrор~Х, 
оdвчно 'l'JSdy&'l'cs ОСSеспечи• оптиwааьность пер~ходвых процес­
сов ввв вавнсШI)с~• C/l woweВ'l'& их вовбуадении, ~.е. Pf)llleвиe 

V • доп&НО аависиь о! вача.uыюго ввачеНIИ врэuев~. &!ому 
в odlq:)u с.uучае удавпиворви ~опь:ко "В't~ВУZде иное • J8ШВВВ8 • · 

Два CJI1Ч8S .11ИВ8ЙНОГО оd•еиа И КВВДр8'f'ИЧЮГО фувlщИОВ&­

аа 1 .q - вадавнаs квадратичвав форыа/ ~Sшение ацися в ви­
АI оадiВ 'f'ИЧНоА фор.~~ (fsзовшс :коордива'!. 

д1ш кОЭФЬициеН'f<...d Э'fОЙ nадрi'rИЧВОЙ форwьt ПQJIYЧ88'rCJI 

f" (""*t} nинвйвых дифtерещlВЛЬвых УР1ВИе~4' 7• 
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Дав Qа1Ч88 аассвJВОrо оd•еиа иак llll&tйвoro, · . ~ • ве~ 
&lllltiROrO 8 DЧICDI фуввцви V WO&IIO IICПOJlЫOJВ'fr. DOJliQ» 
в•рrи• оd•еиа 5 , JДOВП&'fВOIJIIЩfl) в CИJI1 вакона сохре.не­

В88 в•~А• J18888ВD /I.zt 1 G в &'fOU с4,чае диссипа'fо­
наs ФJIIIЩD/ • 

С цеn» оаредеаеввв OlllfJD8JiЪIIIX JПравпевий в doaee 
оdJЦем e&J'IU провавовьвоrо ЕJ~аввйвоrо ocS•eJL'l'a вида /I.J/ с 
aRuii!'J118CStoal фуввцВОJi Fc· .предС'fавим 8'1'8 фуввцви · • аадав-
1111» VВIЦD (f • uде смпевннх рrдов 

ft: = t Q.cj Xj + ~ &i/~Y.J х .. + ~ c,~·~ct xi ~ .. Xt ~ • · • 
J J1, J,'St . . .· /I. I()' 

q =-L J3•i Jl, х; + z_ '(;i,. У. с Jlj Jl,. -f> I. ~J•l х,х; '1.,. Jr .;., .: 
l,J iJ, 11: . ~~lf,t 

Здесr. &Оа(ф1Щ8.-а· od•ena a..,J, /,ii ~е~··· •· фуввцвоiВаа 
· fl;J 1 d'c"J ,..~ •• • aJIISI'!CS в ocfщeu СQЧВ8 фувкцивiАI ареuеви • 

. ~ВВВ8 uo всем авдеасам ведМС8 О!' I до n . • 
Ко&фUицнепв ве еависе ott аор~ДКВ if1CПoaouВIIК вццексов /111U1 
коафlвциеиов a.c·iJ h,·i .. J .... · ио а.саисs ващексов, вачв-
вu со ВL'Op)ro/. . . 

Фувкцв V будем вси.иr. ttaaa а аиде смпеввоrо рrда: 

V =? А tj х, Yi +.Z. Bc'J~~: Xi Х;У.~е +.~ ta'ii:t ~;,Jli х с~~-+.·. 
c.,J . ~.4,~с t,J,~r, . /I.II/ 

где коэфtвцеВ'!В А 'i J B(i" ~ Cc'j~~:t ~ • · ~ /:коэсtФ.щиев­
~ исиоuнх СII'!иwааьна ,арэ.Вilевиt/ :в odщew с.uучае 'faae 
ЯВШJIJIIC~ iflYJПЩиsuи вреuевв.- ЭV . 

Подс'fаВПJDI в~вии дu ~· .~ F,; ~ q в /!.2/ в npи-
l=8i11ИВU иоэФЬицеин uри одиfiШОвнх проивведевияi иоордина'!, 
находиw 



• 1'1 

в,1Jt. - ~ (а.,., в"1" + а.,..~ вl' .. " .,.. af'W вl"j J = 

. " 
с., ~:t ~? ( «pi (]Piкt +er.pj cp .... t _+а,,. C,.v· t + ~ с f'<i");:: 1 I. Т2/ 

=- д.:Jкl + i ( !,pij Bpet +ВР,·" Bpjl + f.,.,-e Bpi~< + . • • .. 
p=:l 

+ /,Pi" Bpit + [,!Yl Врiк + ~t Bpij} + 

+ i (с Nкz Ар< + с ...... t А >"i + c ... ;;t А~"" н:,.,i" А ,.е) 
p:::t 

. (i,j! ') .l ::: ~ -~~ ···~ "/ . . . . . . . . . .. . .. . . . . . . . .. . . . . 
дu .. ~iцiюiвpmro вi.пи EIJI)I'O осS•еиа • ClfaцiloвapJIOro фувк-
ц-иовва 1 F,· , q • вависn пво ar вре .. вв/ кoэфtlщвelfllll 
A,·i, 8,'11(

1 
Сч·-.t, . . . аосlfоаввв • u•йвке дll{фepeiЩJIUr-

внe УIВвневм 1 I. I2l ocS~cs в ure<Sp~.necae .uввl .. 
Jравве IIUI: 

n 
2. («-"·А Pi + &t.('l Api ) = J.Jli 
р:, 

" I (а,,,· 81/с +aPi 81,к +«.,~ Bpi;)=~;,l! .f(~1~A,-+I"~A,i~~·{~·~ р::~, . F' - ~ -
' • • • .. • • • • • • .. • • • • • • • ... & • 

С учиоw lforo, 'll!o иоэ(фщиеВ'J.'В А ,·i) В ilic 1 C'J·kt, . • . ве 
аависе f1f порждка расставовкв II&Д&JtCoв, первав rрупва )'рав­

нений /I.IV и /I.I&" содера!' л{;+L) неиввес'!ВЫХ Ас/' в 
• • - • n(n+.L} ("+.z.) В 

ЛВВЕIНIИй, sroiВS группа З/ . вввввест~~НХ iiк. 

• ураввевий • ~.д. 
Первая группа уравнеНий /1.12/ в WВ!'ричноl (х:>рwв иwee.r 

вид 
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. 
А- А а. +а.•А -JЗ J 

r~e А =11 А 'i/1) а =lttvii;.J ~r;;/1 -· uaдpuJ&e walfpiЩii, 
'1'р8ИСПО811р0В8ВВ8В МВ!рИЦ&е 

Др С!'&ЦIЮIВрВОrО CJQ'Ч8J1 СОО'!'В8'lС!'В8ВВО 

/1.!4/ 
....... . 

а"-

А а_·+ at~ А = .}J . /I.I&/ 
YpuiВНIIS /1.14/, /I.~:V: COJ1Jaдal2! Q J8 aвe~IIIШII!-7 

7PtBН8fiiJDOI ДU· ВОафiвц181ffОВ ОD'fВW&аЬВНХ JПPIUUI8 ВИ1 авiВIВО-
rо ocs·e~a. ~ 

Наанваs чпевн ~ А(/ Xi в apryueиax o~JD8ПЪJ&X 
JDравпеНВI: J 

"'V " " " в;. =~Z: Ae·J· ~ i +Зj:_ в,i~ ·х; Х~~: +~Е. c,.;~Xi~c-Xt-+··· /I.Iб/ 
,., J-=' v itlt'l J,lr,l•f •: .. .. • ~ 

.1 иtiейВЫW~~, ФОрq.аиwем СJiедуацИй peeyJIИalf. 

ЛИВВЙ&е 111181111 &pl'J1811!'08 ОП'!IМШЬВВХ JПP1U8118& II8JIB­

B8IВOro осs•еиа рuвв apryuelffaU ОD'l'JОеПЬВНХ ,u~виl u­
вейвоrо осs•еиа, совоадuщеrо с DepaDI . приdаuевием plCCwatt­
pивaeuoro ввавнвйвоrо об"еХ!а. 

is С'!РJИПВ CВCif8WК·~aareCSpe.вчecax 1PQRВВIIЙ /I.J31 
ВIIДВО, · Ч!О 0118 WОВИ p&lll&lf'Кtl DOCJ18ДOS81f8ПЫI) ПО ГWJШ&f·.Сва­

ЧU& peшae'fcs перваs группа 1JВВВ8ВIIЙ в oпpeдfWJI)'fcs :коэФЬи­

циеив А ~i аввейви чпевов apryweвlfoa Oll'fiDI8.11ЬНWt 1ПР'11Ш&­
иий, еа!'ем решав!' cs: ио~ rруппа )1Ввве аий в опреде.п.иmся 
коэ(фlциеиs 8 t/IC :квадре.'1'ичвнх чnевов, дааее IВXOдяlfc.s 
:коЗФtмциеlf!li . CiiiCt. :кусSичесsих чпевов и lf.,ц. 

ДU CJiyчas нзс!'ациоварmrо осS"еиа ипв ивwеВИJЩИХС.s во 

времени :коафl>ициеИ!'еа еаданноrе фующио!ВJlа j3t'j ,~"./~< > ••• 
88ОdходИWО ИСD'!Ь p81D88118 CHC'l'QWff JIИH9ЙIIiX дЩi(ереНЦIВJIЫI:IХ 

ypiввeнJII /I.I2/. При э'!оw -cneдye'l oapeдen~t. частвое .решение 
веодпородввх JIИIEйRНX УISвнеНИй 1 •вы.вуадевное• решение/ .Kpo­
we приве.-нных JliiiEt сообрlЖевий Э'l'О спедуе'l, в частнос'l'и, . ив 
того, чrо при ссr~wtении к IIYJIJ) сиорос'lей изыеtе НШI !DЗФЬи­
циеН'l'ов об•еиа u.~i~ !Ji;jiC. J. •• в коэфtмциеН'l'ов .ft,'i) qiJit: J ••• 

фушщиоВSJiа решение дОШitВО с-rреwшься :к решениJ) мrебраиче-

... ких уравmвий /I.Щ/. 
~шение ди(tферэ · m~ьных ур1вн~ша JI.Ш, -rax же хах а 

алгебраических ~внений /I. I2/, wожет ол.редеJ~Пься послед о-
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ва'l'еnьно: свачапа реШ8.11fсв лавиеввя первой rрушш, aa!'ew мо­
рой гpynmi и т.д. Ilpи дос-rаточно weдneaвow uwеиении :коэфtи­

циеn~ов ocS"eRfa и ~вхционапа удосsныw споообоw определения 

выцут-.А,ЦеШiого решеНШI ~ой группы уравне виА ивusетса wе~од 

итераций, в xotopow в :качес'!ве &yJleвoro uркбаижеввв ВСПШlr 
ВУJ11'СЯ рuеннs соотвв'rствущих апrвбраических паввенd 

II.W. Вecuo-rpr ва ПОПВJЮ принциnиаnь&уl) sсвос~Ь даввой про­
цедУJS ОП~Д8J18НИЯ ОПТИШU!ЬИНХ ,ОI&ВП8Иd, Пput'l'IIЧ8C:К08 0Пp8-

Д8JI8HIS иоэ<tФициеtffов wожи вызвuъ вектораt ~wдmc~• при 

внеоком порцца осs•еиа в свsви с rроыоедвостью сиС!'еw nsв­

невий /I. 1.21, /I.IЗI. Поэ'l'оыу Ц8J18COOCS1!LSdO_ pwcuO'l'pe'f• иарв.­
:евия коэфtициеВ'rов· oaтиwrш~tlliX JПравиекd череа ииеrршыsе 

оценки ввсовнх tUУВlЩИй лавввиий первоrо прибпаевии. Дпя ав­

дачи СИН!'888 ОПТИW8ЛЬННХ ytlplВl18Bd JIИВВЙВОI'О JС!'ОЙЧИВGГО С'1'8-

ЦИОВЗ.р80I'О оd"еиа ~доСSвне вsрlZ&ВВИ поiiучевв в ~SCSorax1' 7• 
Оп существевво yupo•ur ВС» процедn>7 опредеnевия otrrиw&nъ­
внx уn)Ввп~ний. 

§ 2. ~раженшt ВDэфilиШ!ВВ!'ОВ OП'l'IN8JIЬВED: :ШJ:8Вд8ВИЙ Ч8J!8 
ИШ'9ГЩЫШ8 ОП8НRИ В8СО1НХ фУЩЩИЙ l1ИIЕЙВОЙ WOд8jB 

оСS"епа 

ДОпус-rиы, Ч'fО вввоswущевное сос'!Оакие веуп~еwого 

осS"еиа / ц, = IL~ = : .. = lL~t =О / 8СIDШ'l'О!'ИЧ8СХИ ,С'l'ОЙЧИВО ПО Jls­
пунову, об"еи и фувкциоваа с~оiВрвн. 

:l!;CJIИ Иbl68'l ЫеС\'0 В8JС!'ОЙЧИВОС!'Ь llеШВIQЩВВНОГО СQС!IОВВИЯ, 

то заыевой <tasomn коордива'l', ваприwер "'иой )1.; = e.xp(-J.i-) )l; , 

где ..l - xapi]t'l'8pиclf'ичнoe число об"еиа, всегда моsво приве­

сти задачу :к сп.учаю усТОЙЧИВОГО по Ляпушву осs•еита. При 8'1'(1.1, 

p:iS еется, п~о6~~св огрiничиващие усаовия. 

Весовне фуmщии, соо-rветс~вущие уравне нияu первого 

при ижения , !'.е . весовне фующии Jiивейвой wQtteли oes•eиat 

подчивеньt л;авне вшш 

д ееЪ 

вых .а 

' ,., n \ . / ~ 
\AJ;, + 2_ CXip Wp =0 

1 
/2.11 

p=l 
( t~ 'J, =-4<.J н• .J 11} 

\Vr.· ~- со ~· ия , соответствущая ISШЩИИ l. -ro 
иЕэ н t ' ' дели на J - и улье, nодан на ~ -



.. , . . , ....... , .. . . .. . . . . . . . 

- . . . . . . .. . .. . . . . . . . . . .. . . . . . . 

В сипу усаовин ус!rоiЧИвос-rв все весовне (WНlЩИи о бi8Щamcs в 

вуnь прн i • оо • ИRrегрируs 12.21· в предеnах olf О до оо 11 

зводя сnедуDЦи8 обозначении див инrегршьвых оценов: вecoiii'S 
фуниций 

.......... 

ЛоJIУЧВ&W 
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/2.&' 

. .. . ,.. .. . ... . . . . . . . . . . . . . . . . . . . . . . . . . . 

CoDoc-faвaD C'fiJYrqpf А8ВНХ чacttel J.PU1118RIIЙ /I.Iaf,/2.&', 
ст.18ЧВ8U IIX 1Д8 В!'ИЧJI)Cif~ С '1'811, ОДIВКО, OfJ1ИЧИ8Wj ... ЧJIO В~ nвв­

В8НИSХ /2.&' фиrурируе иоэфtвциеВ'fН 'fJВВСповированвой аивеl­
вОI модеаи.оd•е~а. 

Ьlа!'рица sесова ф;уща1 !рt.нспоннровавной wоде&и );8Вва 

'!р81ЮПОН14р0ваввОй wа!'рице В8СО:ВНХ сWвицd ИСХОДВОI Allleй&OI 

woдeJiи. Помоwу 

• • • •,& ;; ·s.r.s iJ'" J ,_asf '1~·~t 
J lj == l"t j 1.'j~e = ~~s j ijd. == J'J..,.s( j ...... · · • · /2.4/ 

rде ввеедочиаuв оdоввачевы в11!8гршьвые оценки весо:внх Р­
цВй !'JВВсповироsаввой аJПейвой ~.одеав. 

Сопо~авп.а YI8ВН8ВIUI /2.I/ • /2.&' и пр11ниuu во ввиuа­
вие /2.4/, псшучаем СJ!едущие SJUSИИИ· даа КО9(фнц118i!1'ов 

ОП'riШSПЬнiХ JПрвJШ8ВВй: 

l t"i 
А,;- = L. JЗ"t ~1 

t./~ . 

B.J~~. = L {(1_.5 -L (~, .. А,,_ +/,".111'. +tP~.A~'sj ~'!." 
s.,z,s р 

С<.rк е = 2 [ s ... f -z ( -6",~ Bpsf +iп.• Bp•f + 
J,liS,( 1' р 

+ tt>t/Bpи +t,,j, в,11 +ьpef81'1s +-ь~J/ 81'?--2)-

- f ( c".sf An +CJ' t•f А;>+ Сп•! А;. +С~·· A!iff ~~~it 
. . .. . .. . . . . . . . . . . . . . . . . . .. .... . 
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Первая • I!'П форuуа бнаа поиучена • Jaб01fe1 • &.rи фopuymi. 
очень удосsвв · 111ISJ посаедова~еаьвоrо опредеJlеНЙЯ иоэ([фlциеВ!t'ов 
ОИ108ЛЬ11iХ JПрава8виl С DOМQЦitJ) циlJрова ВВЧИСJIИ!'е.ПЬВНХ wa-
888 /ЦВI/, а !8D8 . &IIШOГ.OaiX ВВЧИС4И'f8J1ЬНЫХ WВШИН /АВJ/ В 
сочиаво с · wчиuм счиом впв внчис.аевияwи ва Цt!j. - .. 

Деlс~внrе.11Ьв0, IIИ8rpL&Вbl8 оценки вecolliX -фуввцвй 

ус'!ОЙЧИВОI ааJВIВой woяeu осS•еиа аrко wo~ ODIJ'дeJJR!ItC.& 
ва . ЦВЫ ак АВi. JJ/UI IJCШYЧ8ВIIS воа<tФщиеВ!'ов Jtинейнsх чПевав 
&~Н!'ОВ OIJ'J!BIIUIЬВВX JI118Da8ВIIЙ ДОС!'В~ЧВО ~И Иll!'&rpanъ­

lli& падрв'1'11ЧВ1i8 оценки весова фуввций_. 

Д:аи DOJIY18ВКS коефtициеJrrов аадрв'1'ич6вх чпевов арrуwеВ!'ов 
управаеВd - иуб~ескве ВВ!'еrрuп.вне оцеип ивеона фупциl . '·~· 

· ПOCJte М!оrо соrасво фoplфlau /2.f:/ дааъвеЙIПИ& вычисае-
вии СJЮдпсs • операцвиu уwнОDвмs в _ аоавия. 

д1ui ВВИО!'О~ CJJYЧ88B Dpalt!'ИЧeCJQI BO&IIOZВO &ВВJ11е'ИЧ8-
СКО8 опредеаеае иifrerpшьlli% оцевоz весовнх функций /арив­
ципИааьiiUI возwО&НОС!'Ь !'axoro опред8J19 НШI иueercs всегда/ а 
oп')S•e8Jrf8 ОП!'ИI&UЬВНХ :коs(фициеВ!'ов в ocStqew СSухвеавоu виде. 
Od Э'fOW свиде!'UЬСТвуеlf ПрИШДИIIНЙ RU8 Пplblep. 

И ere r~&nвые оцев:ки весовых функций а инейвой 1l> деJIИ с 

фи:ксировв.В~Ю~и хоафtициеНi'аwи WOI1'f с успехоu испо.nьsо:ва~ьсs · 
И ПрИ 0Dр8Д8J18ВИИ ОП!'IМUIЬННХ УП}:6ВJ18ВИЙ ДПJI BeCifSЦИOвapf:IOГO 

не.uинейноrо оd•еиа, ес.аи при решении соо!'ве!'с!'вущих лавне­

ВИй /I. !2/ пр~ниь we'l'oд wrеiВЦИА /предпоааrае.rся, что 
хоэqфицанm• осS•еиа и <UvвxциofiUI8 ивмевиiО1'с.и дос'!'.аточво 
медпе ви о/. 

Дейс!витеJiьио, нухеше при6.пижеюш ддя искоwых RОЩфи­

циеwrов . при wетоде ИТSI>ВЦИЙ oпpeдeJVIIOl'CЯ !Ой ze сис~мой 
8JIГ86~ИЧ8СI:СИХ JIИitаЙВНХ уравнеНИЙ /I. 13', Ч'rО В В С'l'SЦИО:нар­
НОW случае, с '!'Ой ~вницей, Ч'fо в:оЩфхщиеiШi fLiJ) l>,i~:.J •• • 
fl ii) ft",fк) н. здесь wедnенно wеия!ЩИ9ся фушщии времени.Та­

КШl o6~ow н:уnе:вае приб.липения ио эф.9~щиеВ'l'ов опт .ималъных 

уnравлений в любо sадашiНй мо' пr врэмени могу!' бн'l'ь оо}!9-

делены по формутш /2.5/', где все коэq_фициентн о6" Ъ"Та к 
фуНRц 10 ;m а и егралышэ 
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оцевки lliЧисжевв дu (>ИКСаро!IВввнх аJВчеввй а,/ , соо~ве-r­
С!'ВJJЩИХ А&ВВОiJ UOUВiffY вр818В8. 

Попр1ва первах ври~ааиий coi'JJ&cвo /1.9/ aupeдeU'lcs 
naвнeВIUDOI !'llla /I.IQI, rде В ар.ва ЧВСifП б1111'f фиrуркро­
В8'1Ъ пр:>ивводвне февнх приdпвuВВI,_ попр.ВD вroporo прн­

бnижевиs ааЕUlоrвчвsм oCSIВ&ow IНJВ3ВИСS черв проиввод111i8 

поправок вервоrо пркdааевв • !'.д. Есжв 1J1U! пооiавок v -ro 
DpиcSJ1ИЖ8ВIUI UIC'!B В8pDd 8&Д8ВС 1 .V 1, !'О СОГJ18СВО /2. &f 
8'!11 ПО~ВD ODp8Д8UifCS ~DМJI· · 

А. (~+tJ- ~А. (-IJ _ ry'i 12.6/ 
iJ - "- ,.~ J,.~ 

~o,z 

8 l'i+~) [ • { ~J ('i""} . {Wt} (~tl} ' 
ijк = 2. в,,s -2 (/,pJsA n +tf1.JAp2 +t,PJ,_Aps 'J/.1t 

. J,l,S Р 
. . . . . . . . .. .. . . . . . . ' . .. . . . . . . . . . . . . . . . . 

Здесь, ак в 'J8ВЬШ8, вii'J!erpu~Ъse оцева ВliЧIJCJI,SIJ1'CS дав фик­

сироваивнх /•aauopouiiiDiX•/ &IВЧ81111Й ~вфtвциеиоа осS•еиа, 
COO'!Вel'C'IBYIЩU аеданвоuу мо•иу вре .. а. ПроаводiВе по 
BP'WВJI ~ ODp8,tt8&1ffЪCS ~81111НМ Q'1'811 DO 81ВЧ8JIJUIW1 IВ­

ЧИCJ18RIISW ДU дос'f&'IОЧВО dаИUИ WOUВB'IOB ВptU818e 

И'fа, A1IS! вес'!ацВОIВрll)rо JВаИtейвеi'О оd•еиа вроri4М* 
ивwененив во вреwенв иоэфtвциееов 011'1'ИWВ11ЬВКХ JП~впенвй 
WOI')'!' МЬ CIIp8Д8a811i П1f8W ВВХОЖД8ВIII llll!'erptJIЬВНX ОЦ8ВОК 

весовых фуВJщий .uивейной WOД8J1B uepвoro ПрИСШDВНIIИ С 8 88WO­
)OЖSВНIDOI8 КОэфf:ицИВИ&МII 8 ОDВрlЦИВ YIIIID381DИ, С&ОЕВU, 

ЧИСJ18 ВIЮГО Д8фfв~НЦИ1Х)J8ВIIИ • . 

НеобходiШН& опе~ии worytt пpoВSJI)ДИ!IICJI иu а I.1JJl; lfU в 
ва АВЫ в сочв~авп с ЦВi ав IJ1ЧВ1iW с:.~ом. 

Пркuер • . 

Paccwarpиw задачу cкeresa СП'!'аwваьвых JПIЗU8RIIЙ дда c.QЧU, 
когда ypaввeiiiS оd"еиа ... вид 

j,. -J..;Xi -!-[i>,j·кJ./X~t.~LCiJ~:tXJ I.~tX.e+ ... =Ul /2.7/ 
J, k J/IC ,t. . 

( ,. '='~, -t.J ... lf J 
Здесь li. .пис:Sо о-rрица~&Jiьвые действиrельнне чиспа, .uибо 
жомnлехсвне чиспа с отрицатеnьвыwи действИ!еnьныwи час~яwи. 

Дns JIИ~йной wоде.nи этого od"eRТa весовые фув!Щии ~вша 
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ii J. i.J'K . .J. i/J:f i 
J,j =-.k +lj , JV." =-J..·.,. J.j .. J.,. ' J.'ld ==- J.; •1.1·•). о:+:н' • ~ • • • · 

все друr~~е ••еrрu~ьвне ацева с •одива:вовнuв вa~op8WJI •PE­
RJIX И BИЖIIIX BJW)KCOB J8ВВЫ IQD• 
Фopuym~ /2~f;{ коэсtФщвеиов CJm81UЬEЩX 1JI18ВИ8НИй в дави<* 
щчае CJЩ&CD&IIIo JUpoЩUifCs: 

,!i . 

А tJ' ::- ~·~· ) 
8.. = _ 4'iil(. - t (~&ei• А ее •&"·" APJ.,. 6,iJ А,. 

/2.8/ 

Ц/1:. . >.с + }J ~ ~'( . 
Сц.е. =- ).;+).:•)..c•).t [SФ,t-J. (l.f'IJ· B,J ·~"'" B,1r ... f.flt 13ti" ... 

+- f.,;." 8 р;е .,.. b,jtBpiк + l.p..t B,q)-i- (c~rКL А,. +c,.d А,; +СмtА,.. +-cfij~<A,.tj 
. . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Ес.пв п0ДН111'8rреаьвое lllpU81D8 Ф3вкциоаша sадаво в виде :ка­

ионической nадр.!'ачвой фор.а~: 
И L 

/:J = ~ flt'i )l.i 
~ ,~, "' 

't .е • .fl,'i • .О пра j ~ о, ~к • о, S-г;·~~:t. • о, ... · · · · 
~о DJОНсходи· даиыrейiiве 1DIOЩ81111) ~вd /2.е/ аrтнwаиъ-
юа :вОВФРнцие~ов: ·: - · 

А ~" А . . 
c'i = - ~ J..i 

1 
i;j =О hf'V j *'( J 

l3 . . _ t . . At'i -+ AiJ + А к" · 
tJIC - tJK Ai + ~J + ).k 

1 . " 

С t,/к: l :::: ;.,· .,. ~i .,.,~., + )..~ [ fr ( t ",.J 13p<:t .,. h,.. ·к В".;е .,. t".-e Вf'!к ... 

"' t l'i" 13"'' + h I'J' В р<'< + Ь ~"'t 13",,} +-е -:,;"е ( Aii "4jj +А,..,_ + /ltt Д 



-49 

lca оад18!'ИЧ11118 чnевн в X&p8lt'1'8pt1CifD&X об"еиа об"епа o'1'­
CJ!'C'l'В1111' 1 Bij~t • Qf, !'О apryweиrн OП'l'ИШW.I:IIiX уп~ваевий со­
.церагr xpoue J[ИВ8ЙВНХ тоаько :кубичесиие к сSо.пее Есокие чnевв. 
lle ФОР'У-11 /2 .. &" видво, чrо Э'f& ваков01ернос!'ъ явnя8'1'сs об~Й: 
при :Квад181fИЧВ011 еадаввоu фувкциоввае uиниwааьНШ! пор~док не­

&ИЕйишс чпенов в apryweнrax ОD'rИWЕШЬВНХ ,п~виений совпадает 

С МИНИWВDЫНU DOp:IДliOW Н8J1ИВейННХ: ЧП8 ВОВ В Уiавневиях 06"elt'1'a. 
0сSщиw CIIOЙCtfВCII SВU8'1'CS ttaa& CDp8Д8Jl8811Ut CIOU!'l'pИS ОП!'И­
WIUIЬВВХ.JПр&в18ВИй: i -88 JЦ)()IЩИВ:UВ В .UИШЙВОЙ Ч8Сt!И аргу­
М8И& t -ro упрuuевив входи с -rew • коэФЬициентоw, Ч'l'О и 

i -u коордиiВ!'& в j -м 1ПISваении 1 А,~· = Ар. 1; произве-
девве КООрДИIВ!' Y.j Y.~t В i -м YDIJiiШ8HRИ ВХОдИ!' с 'feW ае 
коэсiФщиеиоu, vo •IЮиеведев~~е .ко~ ива!' У.; .Jl i< в j -w 
1ПР8ВП8ВВИ / Bc·j~c =В;t.'к / 8 !' • .Ц. 

Прiиическое првwеЕнне данвнх wе'l'Одов аввitиrичесиоrо 

ков:-rруврованви похаанвае!' д,ОС'J!&IfОчво внеокую их Щфепив­

восlf~t. Веиспора.s поrери "оП!'ВWВJlьвос!'и", свввавивs с оrрави­

чевиsuв /1.8", аи спец118J1Ьной {ср.~ой /I.at фуввциоВВJtа ort­
пae!'cs :как ПJЮС'l'о!'ой решевии, !'ак и проС!'~ОI саwих оu'l'в­

маnьвых УПр11Ш8 виr 1 OбycJJa:ВПBвallqEtЙ О'!НОСИ!'ежьвуl> DpQCifor)' 

реапизации. K~we !'oro, ОГi8ВИЧ8 вив 'l'ИПа /I.Э/ в фующвоiiUIН 
вида /~.8/ Е яваяеся иcкycclfвelDIIiWII, а •eu, иаи упоwивв­
жось В!Шl&, впоаие ОПJSдtШеНВЬIЙ !'ехничвсквй сwыса. 

данные wе!'одв wory'f СВ!'• обо<SQ:tвы 1В саучай, коrда ве все 4ft­
вовне хоордива5 досi'упнн даs вепос~дс!'веввоr~ иs~~нив 

1 ~ах вааываеuаs вепоаваа степеи• ва cSlщtaewoc'l'и 1. 
Wo~i мь ос)'Q3с~впево о~вие в ва с.u.учаа дейс!fвки riГJ­
w в • 
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ЛИНЕИНЫЕ И НЕЛИНЕИНЫЕ ОПТИМ А.J!ЬНЫЕ РЕlЬ Е; 1 И11 

И СТРУК'fУРЫ В ЗАДАЧ Е ЛI!.~ОВА И KA~IIМ!HA 

ПО ОПТИМАЛЬНОМУ СИНТЕЗУ ЛИНЕИНЫХ ОБЬЕКТОВ 

К. Б Е JI .d 

Эиергетичесхий Институт !Кадgмии наух 
Социалис-тической РеспубJIИки Руиынии 

D• Бухарест 
Университет г. Кр~овы 

Руинвин 

В вастояще.0 работе рассматриваются некоторые nодходы ~-: 

решению эадачи Летова I опредеJiевия. обраткои свяэи· для оптш~оадь­
иых по. инегральиыы· выnукJIНN оцев~ам на ограниченном отреэ~ е 

времени, в том числе и эадачу об оптимахьном быстродействии.Ре­

шевие эадаяи доведено до составлен~JL вехивейных инвариантtшх 

стру:ктур, с~ выделением вехинейных регузшторов по схеме, пред -
с~:авJiенвой иа рис. I. При ЭТОJ[ ОТ!tрывается возможность обобщенип 
обратвой on'l'ЮlaJiьнo~ задачи Ка.лмава~ :на. велинейныв с·истеr..rы авто­
ыатичесхого уnравления. ~ этом наnравлении·, однако, намечаются. 

JIИШЬ nepвse шаги. 

Первая . часть работы посвящен& оnтимальным системам по 

быстродейс.твию, дJIЯ хоторнх, следу& Болтяяскому3 составлен аJI­
гори!]Ш оnтимального ие.ливе 'Й:него сивтеэа по схеме Л'-') това '{ .рис. 1 .) 

во второй части приводит~я иелинейныИ синтеэ дхя оптш1альной эа­

дачи с интегральным внпуF..mш I\ритериеы качества .. При этом, сле­

дуя:.. в.м.попову4 обобщаются ве .n оторне соотношения между уравнение~ 
Рикхати и системам сопряженных уравнений длл оптmJальных систем . 

1. !Jtгоритм оптимаJiьпого е.интеэа. по быстроде ( ствию 

Рассмотрим:. прmtладную задачу оnтимизации п ерехода линеi1 но­

го о бъ:е:.·та. 

З: = A{t)x + b{t)u (f.l) 

из На../Ч ального rюложен rя .x(tDJ = Х0 в : онечнс . . х (t,) = х, . 
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· есь AftJ - жвадрат:яа.я n х n де 't.i ствит.ель~ая , ~lатрица , 

а.бсоmотло интегрируемая иа JП)боы хонечном интервалв времени; · 
. ' b(t) п-мерннй вехтор , абсолютно интегрируемы ~ на любом ~ о-

нечном интервале времени; u{t) - сха..лярная. фунхция времени, 

~ усоч.·о не прерывная · и привиыаюЩВJil зиачения в зам~и;утой oб.nacD 

управл ния, содержащей иу~ь-у~ав.пение. ДAff упрощения, об.пасть 

управления. буде'П' 

(1.2) 

известно, что· nринциn ма.хсимуиа.:. Л. с. поитряrина. ~ да.ёт ие<Х5-
ходи:мую и достаточную информацию д.ля поJШого решения даино:l зада­

чи. ЮА енно, охо:ячате~ьное р ешение задачи сводитет х интегрирова -
ию <:.истемl:l ~авнений' 

х = A(t}x + b(tl~'9n b(t)y{t) 

9 =-A'(t)!l 

(I. 3) 

(I. 4) 

П И J'ОН8ЧНЫХ уСЛОВИЯХ 

.х(/11) = .Х0 ~ Х (t,) = х, (I. 5) 

длm решенит ~хоИ задачи пред.пожена ивогочисженные мето-

д •, в основнам приб.ли:женнне, ::r:оторые позволяюТ' опре,пе л.ят~;, начажь-

- 1 .• ве : тор !l(t
0
)= У11 , обе спеч:ивающиИ попадание оnтима.пьно ~: трае:к-

тории ·в точ~у ~ • о б ' 7 • 

Здесь предлагается замF.нутнй алгоритм построе!iИЯ оптииал~ 

= ого синтеза l!=ii(X). Пр и этом получаются.. полные информации о то­

.1О ЛО гии прос.транства. состояни-сr .. ..Х , о числе пере ж .люч ениСif, а та::с е 

о н лине т н ом ре гуляторе, ::: .оторы1к оптимизирует п ереходны ·. режт1 
ос>ъета • 

.П~ едлагаемю~ алгоритм исходит иэ . того., что область управ­

ляе ~юсти пространства. состояни :А: разбивается н а мнооообраз и.я. no 
! р перию ч исла. пере}: JIЮч ений, необходимых для оптимального пере -
;г о а из любо й точ и .х0 да-: ного \fRoгoo6pasи.ffi в лозечную точ:!"у 

х, =О • Для ... в с ех :.шогооа.;ази и аются уравн ·ия. оптимадьяогQ управ 

;rен v..я:. и оптимаJIБНОУ 1·ра е ~.тории :ка~ вJ нач а.ль.ном, таl\ и в переход -
ном· режю ах. 

Прежде вс его от .f e,." ю.r :-: oPieЧ FrJ!O точ ~\У ~a;r нуль-верное ... :ю го-
обраэие 

. ~={о} 
(r. J 
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в :rtoтopa:e nоnадают все оnтиАа.льные траеJt тории. 

Поnада.ние на. мЕогооС5раэи е (1. 6) возможно в дан о · . задач е 
' 

лишь no двуи nутям, опредеJIЯемым уравнениями 

:.С = А (t)X :t Ь(t) 
.(1. 7) 

nри ковечинх условиях 

где 

ща.я 

.х ('r,J = 5, , .x.(t,) =О (I. 8) 

РешевШh уравнений (I. 7) при (1. eJ дают 

~ 

. (1. 9) 
s, = + j Ф _,(~ "GJ Ьст:Jdт, 

~ 
ф(т,, -r,J - nереходвая: матрица однородного уравнения, приню аю-
Rа.Уа.Jiъвое вначевие ф("t,, t ,} = Е - адипична.я. матрица. 

С другой стороны . ив решения.. уравнения (I. 4) , т. е . 

!J(t}= 1j'(t, -r,Jg(т:,J. 1 7/r(r,, "t1)= Е 
(I. I О) 

nолучаетск. линейная форма относительно :rомпоиеБтов ве : тора. Y(~,J 

J/(t).Y{t)= JJrtJfft~ r:,)Ytr,J 
(I. I I) 

мнове ство точе к ~~ = f./~,J, ~, '~, ив IСiторнх :можно попасть 
на многообразие (I. 6) по траежториям уравнею (I. 7) С5 е э пере :· лю- · 
ЧеБИМ , Т~. ТОЧ!И, ДЛЯ ROTOpblX МОЖНО . На~ТИ Та!ОЙ начальны . Ве~тор 
!J(Т:,J, - ао < 1:1 ~ t, , чтооы во всем интервале [r,, t1 ] Jiинейна.я.. фо: .... 
ма (I. I I) не ое5ратилась в ноJIЪ и отвечала знаr.у из уравнения- (I. 7) 
в соответствии с. ураввением (Г. З) , образуют одно-разм ерно · мн ого-

образие v, = v,+ uv,- : 
t v,t= { ~ 1 J,Cт:,J = + j Ф-'(т:J т:,Jb(rJdт:; IJ'(t)y(tJ ~о, Vtl:[т,· ; t,J} (r. I2J 

~ + 
В этом· определении в:а.рхние эна:ки отвечают ветви V, , а 

нижние - v,-. 
Таж Ita :к многое .' ;аэие V, зависит от одного парrоlетра -r, , 

геонетрич е с~и: оно предста/.Вл.~ ет сооо о дно~.fер~о мно е ст во , т . е . 

FpL5B В n -м е НО i прост .. а:ютве . Срсiэ ~ ВИ,....НО, ЧТО ~ В ro Т В V, 
-; а:· точ_·а пр. т:,= t,. 



Пусть_. задано иача·Jiьное состояние обЪеl\Т x{to)=-Xo € V, 
т. в. на ·· дется та~ое t;• t11 , чтобы~~nри соб.УIЮденi.4м верхних 
иJш: нижних знахов в форма.11ьноы опрsделении · {I. 12) • Тогда оnти­

~альная траеХтор~ имеет вид 

t 
.х *(tJ- ф(t, t.Jl х,!: f Ф-'r-r, fJ/JfrJdr] (r. I"З) 

t. 
Пуст~ найдев та3же вехтор y(~h хоторый удовлетворяет со-

отвстствующды: ус~овияы .12) и образуем решение сопряженвой 

С }. СТе ,fbl 

из уравнений (I. IЗ) и (1. r4) , учитывая иэвеотное соотношение 
Jежду матрицами сопряженных систеи 

ф (t, t
11

} у '(t, t,) = Е (I. t5} 

мо~ет аыть составлено соотношение 

(I. Iб) 

. оторое nривощrn: • ооы:кно ьэнныы систеv.ам релеиного типа с допо.lDI!­

телы-rыми н елинейност.я.ии . Та~\ие соотношеюiя, а ТаЮ!е соответствую­

щие ст )УАТуры оnтимального уnравления. лerno cocтaвJIЯIOTC.ffi дм ав'Ш- · 
но .!НЫХ оптимизируемых объеtt тов, 1tax видно будет юте. 

длл .. оnределения вехтора y(t.J можно считать, что при t,•4 
происходит пере~яючение, : оторое выводит · состояние обЪе1tта ~ 

на многообразие V, 

Попадание изображающей точхи, движущейс$ no оптиыахьно А 

трае;{ тории, на . V, возможно толы<о иэ .многообразия ~ nри· од­

ном nере:к лючении. отмечаЯ две ветви ~· и \'z- этого многооОразюt, 
-~ оторые продолжаются неnрерывно, nocJie nере :{JIЮЧения , на v,+ и со­
ответственно v,- , :.ю.ж:но соетавить следующее формальное оnреде­

ление :: 

/
4 _, 

v2. = v,:u\.Г ; V/={ ~1 / ~z(~J =! Ф-'(-r:,1iJbl-cJJт: + ф(е,, ~) ~,!., .s,t EV,t; 
-r~ 

hY8,JY{6J =-0, r.z '4 ~ ~; b'(t)Y(t) ~о, VtE.[т:~.,e,J} 
(I. I7) 

:10 по :· аэ ЬВаА Т, ЧТО МНОГ ОО браэ ; '1 V1. 1.}') ДС ТаВ J!'ЯеТ C0 6 0 '·f ::IO Bepx-

Z-i OCTЬ в n:-.Ас р нои 11ро т· а:-tств с ос то. ни:i , oпp eдe.J'Uiю.fo e двуня. 

1r~pa .. п_ аrв 1;11 81 • Прi : т2= В, пo ;i:.Ji. " ся: I . . вая V, на м~юго о бр~эии ~. 
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:rоторая rrредста.в.ю1ет сабо й n. -мерное м н оп ll!l'BO в простран е т · IЭ 

состопни · , опреде мемое параметрами 8, , 8~ , ! • .• , 8,.., , т~ . ' с 10 , 

ЧТО П :И t:,.. = 8,._1 На МНОГООбразие V,tt ВНД:еJ!ЯеТСЯ МR ОГООбра.sие V',._, 
при 8,..,•4t-~ на многообразие v'~_, вндемется V,..~ и ·т . _ц . · 

По:· авем т еперь r. а::к мо~ем пользовг.ться этими м .. огообра. з J~ :-" ­

м:и . Пусть, например,Х 0 Е.~,. тогда т~ .. t;,, а следовательь о ~=~. 

Если В,._, , ~-.t , ••• , 8, J! зв естно, то однозначно определяются точr: I~ 
• перехода оптимально . тра.е~:тории .х. с одного многаобразия на с ле -

дующе е в по ряд::- е убывания размерности : ~-,, .5,._
2 

, ••• , f, , а на 

последнем участхе определяется и t, иэ условия х•(~)= О. 

для определения моментов пер r. лючевия. 8,._, , 8
11

_
1 

, ••• , е, , . 
~ составлti ется система n уравнепи . 

.,. .. ,, .. , -1. ,._, 1 r4.-a 
:J.- (-с J= t(-t) 1 Ф rr, fJ Ьfc)dr I(-1) ф(В,._" t.J1 q,-1("t1 e"_,Jh<r:Jdт: 1: ••• ,.. ,.. ~ ,_ 

+ ф(l,._,, t.J ф(е,..., s,..,J ..• ф(В,, 6J j 1
' Ф _,(т, 8,) b('tJd-r = х, 

" 
(I. 19) 

~ - от орая получается н ~nосредстве нно иэ первых рав енств : орма.льннх 
оnределениr~ всех многоо бразиИ V,., , \fп_, , ••• , V, , после ис'!: J!Ючею1 

ве ::торов §. ••• , J , входящих туда. линей ·о • 
11-1 , 

Реше ние системы уравнени ~ (I. 19) дол~но удовл творять ус-

ЛОВИЯМ 

а) t ~ е , о , . . . ' е, " t, () ,._, ft-~ 
(I. 20) 

вытежающем иэ правильного порядF. а прохождения оптимальной трас~­

тор:ии :x*(t), t ~ {t,, t,] о т Х0Е. Vn, через многообразия. ~, , Vл., , 
•• • , V, ДО :Х1 = 0 • 

Теп рь моzно опред е ."l:ИТЬ направле ние в сн:- тора у~.Jиз уравr.з-:. 
нr: 1е р е ~:люч енп:r 

ь '(8i) lj/(~i 1 t,) !f .. (t.) = о; i = 1, 2, ... 1 n.-f (I. 2 r) 

:: ото ые п_ едста.вля т со6о ~ cJ т е х.у n-1- ro однородного . пр .r.:• p ;·:· 

но с· : , льн а е г n =:'"' ~по а .. ав . ,., :·:· 1 
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ве т ора у•~Jстро~~~ соответствующеu решени~ 

!l"(t) = f(t, t,) ytt(t,J 

и про веряются sс .1и : 

(1. 2G; 

6) нет других корне и уравнения b'(t) y•(t) = О ~роме т·ех , 
;:оторые входили в уравнения U. 2 fJ ; 

в) эна:к линейно~ ·11!1pмljl btl)!l'tt) мемется в правильном 
нап_ а вле пии в мо fе нты :шрехзmч е ния:. 

Вс~и вс е эти ус~овиff выполнены при строгом соответствии 

посл9до вате льносте В 9ТВе . многообразий , . то оптимальное управле ­

ние А а~д.но и можно сразу составить оптимальны~ с тнте э. Бо~ее то­

го, ,r{ о.,. н о составить соотношения вида (I. I6) , а та:!же соотв ")тст вJi: 

щую не дине иrную стр. ·~ турную схему оптимального рогу.n:ятора. 

Уравнения (I. 31) остаются в силе и в том с лучаG , :<: о г да 

.x:D Е. ~· , j Ь n-f • При этом t1 =~.,=4t-~ = · · · =~" f,j,n-t бу .ет :срат-
ным ::·орнем уравнения (I.I 9) , а пе рвые n-J уравн .... ния из (I. 2 I) 

с-водя тся. :1 про·:из:Водвюi соо'rВетствующе r1 JIИне t1ной ф)рмн по t в 

точз:у t = ~ приравняемым нулю. 

Если вс q условия aJ , 6) и в) выnолнены во все чr оt:5 ласти 

управля,емост~ л" = { х, 1 V.x" з UE.[ -f, f) x(J _. .x.f sa J: онеч ное вре-
м~} , то многообразие распро.страняе тс.я ва всю облttс ть управляемое> 
·rr : ~, = Х" • В частности , для автономных объектов (А Ь - пос-
' ОНЕ: е) TaJ(oe по.ло:& , ;.ш е сводится ~ те ореме об n инт<:) ва.лах8, при­
ем область управляемости Х" со впадает со всем прос _ а· . ством Х 

в том с.лучае, . с:ли вс е собствен : ч ис ла матр цы А ~ f еют отри-

цательFяе деиствит~.льнне части. 

одна1t о,. во многих случаях область V,., занимает то.льао час'П: 
ОбЛаСТИ упраВЛЯеМОСТИ Х" • В другой ЧаСТИХи\~У:!t&ЗаННЫе В me ус ло­
ВИШ н е выполняJо'Dся. Именно, , уравнение 

J/ftJy •r t; ~о (r. ~зJ 

в условии б) и <еет r другие хо рю , ~.роме тех, ~:отар ~ получены Ji э 
уравненш1 (!'. I 9) • Тогда .. продолжа тся.. разdм е· IИе о бласти х" на 
многообраз ш. ~, , ~2. , VIU , VA+'"'' представмющие собо й n.- мер-
ны 4 юж с т ва начальных положений .х,Е. Х", для :g оторых оптm.rаль ·:rае 

управление содер ит n.-t , n , n•t ·, n+.2., • . • пе 1е "":люч ·:ия . Т лие 

м:н огооо - аз ия. опр деляютс.я одно за другим попятннr.А ин те грнрован и ... м 
ура внениИ (r . 3) !: (!. ) П}-;.1 ус ;т в шх (I. 5) задаваясь ч ю . ы п е-
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ре ::сл:ючэ :lи ,~:,. . li_, . эт м исn льз rютсЕ все с ста.в. е r.:зь. ~ выше 1з о г~­

:-aюrn: . 

j 
иэ равенсхва..S..:=~ no~a.e om:s: си.с:т е.ма п уравнениИ, а из уравБе. v.r 

r_. 21 , Х :tOTOp iOl прибаВJ!Яе'!'ЮЯ еЩе ОДНО уравневив ДJIЯ 9111 !liЗ 

оnр.еде .1ения:. r. 24 пос:зrе исжmчения Ве:lтора .сд'~), похуq~ется 

иrаж, по.ауч.ево n+t уравиввив дJIЯ опреде.1ения моментов пе­

режmчевu t, , 8
1

, ~, ••• , е,._, , 8,., • Ес:п решеиие этой системы удоо 
жетваряет расширенные и&. V,.a yc.JIФBJUL вида а), б) 11 в) , то действ• 

те.жьво .Х,Е. ~~ 11 sада...ча о~аJiыоге C11HWBa поuостЬJ> решена. В 

nроТJСВво:м: с:QЧАе вводпся.. ещ;: одн& IIepexJIЮiieНИ& 11 nовторяются вн­

чисJiения в предпа.mжеиии .х.€~,. Э"r"от процесс продоJIDется до тех 

пор, пожа ус.1о:вu &) , б} и· в) ие выnо.теиы це:о!<ок. 

Пос.жедоват_е.иыmе кногообраэия: ~, ·, V,.., , \~1 , • • • ра.эдеJiеНН 

:ыежду собой г:аnерnоверх:ностяии n.- f -ой раэыернос.ти, ~оторне по~ 

чаются точечиым переобраэоваииеы ыиогообравия ~-, в процессе nо­

nятного •:в:тегрирован:rя уравнений движения. тажие ГJШ ерповерхвос'!ll, 

за ис:·П!Чсви:ем V,..., , яв.J~Яют.ся J.:Jieтz.aыи второго ро~ 8 • 

Между поАажительзымн и отрицатеJiьным• подwвохеств~и vн~ 

гообраэий У", , V11~ , V,.J , • • • имеются гиnерповерхносп особы:r трае• 

т:ории, хаторыв поnадают .на nов~рх:я сти nsреж.tDЧения nод иухевШI 

уг.пом . 

Логичесхую c~gvy аsJiохевЁого алгор ~тма . сDс:тавиы в nредnсао­

жеаии, что матрицы ! и Ь - ПОС/ТОЯ~в ые . Изве стно , что ддЕ ~Оо ~ 

ДiИСТ ВИТеJIЪRОЙ ПОСТОЯН30 [1 J:BaдDaTF'J~ матрИЦЫ .! С. е СТВуеТ Ta:!I'"M 

хва.драт5ая неособая матрица ~, что 9 

А =Т_, К Т , К - J. , 
[ 

•• ~ e.Ji ]·i·f,2., ... ,m 

- - t.>i < •• • ~ • • • j• 211!.,.,,. ··/1 (I:. 2 6)· 

где J, , G.J,- л " ст вит . JIЬRЬI и мню.rn е частi~ -омn ._е:~ свых со .:т .. ~ЕЕ.r .&ЫУ 
со6стве. Зl::!Х чисе л мат 1. · ь: А , ~ - де т ствv.т~ .л ь::-:ые со с :- в е~ :~"~-· f 

и сла .мат_ r-Ц'n: А • та~ ::а "" ~.~г. т ша ос щ . ств -и·ит а .::.:.: .. лое неос 
бо е преобраs :) Ва -I!e n _ остр :н т~~ с ос т .1.1~ ·: .1 Х = {х} :r: · :· ,." ро е 
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~ростраиствоZ2(.rхj, ~оторое имеет ту же ~ачествеиную струхтуру , 

что • Х , во · onaJUa&o в ис.suеином виде, будем считать, что та-:­

хое Пliеобр.азовани& прои~едево и матрица А имеет ~~а.ноничес :Itую фор­
му А= К. 

для уnрщнени~ ажгори~а будем различать две части : 
I) .Х041: ~' , счи1IМ., что V,., вxJimaeт в себя все многообразия ~ , k= 
() 

1 
f , ••• , n-f и 2) .х., ,t~ EcJIИ все собственные числа матрицы А . 

действительны , то в cиJiy теоремы об n интерваJiах первая часть ис­
черnыва &'D все возможности, 11бо V,., ~ Хи • 

вычисжитеJIЬННй аппарат дJIЯ первой части состоит из урави~ 

ни · 

Б ::оторым сводятся уравнения. (I. I9) дм автонш!вого об~хта и 
хоторн& nолностью опредеяяют моменты n~рехлючен~ е,._,, 6~~, ••. , 
81 , t, ,('-~IJ), а таххе иэ фор:муJIЫ, жот-орая. дает сразу значение 

нача.льяого вехтора !/(#) при J,l(J)=f: 

!/(OJ=[( е -К6,._, D е-И6,..;,.1J 
(I. 28) 

где ~ - вежтор с · нуJiевыми эзrементаии, за ис:!лючf!нием l-го. эзrе­

мент·а , равного единице. Если два или больше чисеJI 6., , ~-.а, c9,._J, •• • 
авны между собо й , то соответствующие им столбцы транспонированнаt 

, • % 
матрицы в ~ ормуле (I. 28} tf.,.fHOЖAIOTCЯ наКwЕ, J< , К и т.д.Учитнвая 

фо р1 улу (I. 28) , ве1\.торУ'!>fiределяется сразу в виде 

!/ "(t) = {[е к(t-IIНJh ек(t-~ . . . е кft-I,Jb е кti,]'}-~ (I. 2 9) 

Проверха ре эульта-rов проиэводитс~ в следующем поряд::е : 

а) () ~ 8"_, ~ 811-l ~ • • • ' (}, " t, ' ВСе де~СТБ!tТ8 .1Ь8Н 

б} ь' !l"ltJ=F о, V't r1= е. J t Е/01 t,J , k = '~ 2, . .. , n. 

{ 

'- t 1 "·'ь' и•rt 1 >0 tJy Е.~~ t с 1А 1. )} (l • ЗО) 
~ ,- . " J о/ , ,. ..." • , '"", -.., . е .,. ~ 1 в. = ~ .,., 
в (-f)~"'b' y*(t) < (}1 УХ.~~-} tE.(8,.,8,..,) (1 " 

Если все эти услав~ выполнены, то одноэнач~о оп е л, ллют­

ся точ:хи пережлючения ..Sk на оптимально 1 трае .. тории x!tt)пo фо рмузrе 

jt = :!(-t/'[ Е -2 е -JU"_, +2 e-кl,._z._ .. . +f-tJic-t 2 е-11.4 +(-t)•2e-kt'}x.'Ь 
" . (I. 3 t) 

k = f, 2., 3, . . . 1 n. 
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На :lUДОМ уча.СТЖ е [ 8.,~..,] ОПТИМа.Jf.ЬНМ Трае :!ТОрИЯ И~.нн: т ВИД 
x•(tJ =е к(t-4J {flt !:(-t/,_, JC'b} +(-1)•-•к-'ь 

а оопряженнвй вехтор оnределяе~~ форыу~ой 
-K'(t-1,) 

(I. 32} 

Y•fJ') = е ~ "~с {j (I о r 3) 

где обозвачеио 'i: -, .УЪ,J • Уравнения (I. 32) ы.ожио решать относи~ 
теJiьно п иенуJiеВН:х эJiеыеитов ка-rрJЩЫ eк(t-I.J жаz фунхции .Х 11(t), 

причем в си.жу .IJIJieйиoc.п решеиJrе едпствеиио. ДaJiьme, от· матри-цы· 

eк(t-4J . мопо перехадJrПЪ, х • трице e-к'lt-I"J. В реэуJI:ьтате эт•го, 
уравиеиrе (I. 33) пpп:IDl&&T вид 

.У~ y*{z_*) (1. 34) 

пр•~~ ед.ис~~еина. Например, в ~&е действитеАьннх собсТВ6 НН~ 

ЧJICQJI ыатрицн А ' т. е. при т z о в. ханоничесжо~ матрице (х-. 2 6) ' . 11 
.§. ' ! f-f)lt-1 .,., 

!l.. lf = ~ .. , .. '11 
' tt J х* Е\{ · ' :r·· !(-t/"' }!_ l:j с 
~ (I. 35) 

j-= f, 2, •. '}"' J k = f, 2., ••. .1 n.-f 

i . 
где npii1ШTO х.[:х. 1, !1-={Yi l , JJ=[ь'J, j = 11 2, ••• , n • Теперь, 

моzем образавата живейкую форму 

ь 'у* = t ь '".!. *(:х/•) 
j-t 1 (1. 36) 

хо"nора.я зшша:е~ цеnъ опт:ииаJ(ьиого по быстродействию управJiе:иm 

в виде системы о- двуУН; вепие.йвостяки (рис. 2) • тахая струхт3rра.. 

опичается. от- дрrгп известных схек1U тек, что вычисзnrте Jiьное 
устро ~ство ие вжод~ в цепь управJiевия. 

На эт:ом: первая часть uгори'Шlа эа~:оичеиа. Вторая. часть 

вступает в действие пmь . в ток случае, eon матрица А имеет со б­

отве вине хоvпжвхсные чисжа к при прахоzдеии• первой части програы­

w УС20ВИЯ: (1. 30) ие ВНПО.IИЯЮТст. 

ди второй часхи u:гориwа. уравиеиJIЯ. (П. 27} эах ·вюi.sтся. 

уравн еиияых 

+{ _кt -"4 "*''-' -1'6.. -1t1..1 -'ь "V (I 371 
- t! '-2.е +···+(-1) 2е ,.."_,+(-t} IIJK =.A.D • ' 

в хотор е входят n+N н виэве стных е. , 8. , ••• , е , 6..,= t . 
lt#/11-1 11#-N·l t f 

дм· по.иного оnредеJiенкя этих неизве'О.тных :r n уравнениям (I. 37) 
прибавJIЯются N уравнения вида.. (1. 25) , т .. е . 
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det 

i•f,Z., .. ·J т; j= 2m~ t, ... , 1L; lt= fl, 1, 2, . . . , n.-1; f= f,.Z, . .. , N . 

Формулh (I. 28) и (I , ~9) остаются. в сюrе и дм втоrо час ­

ти г..zrropи-rJ.ra. Про-в ер_ а. . результатов производится при nомощи ус.1овiй 

ви,rtа.. (I. ЗО) , ра.сшире:ньъrх на зсо n.#-N R орне и ура.внени.л {f, 37) а 

(1. ЗЕJ_ ilО В?ОряЯ. nримененив алгорv.тыа при N а f, 2., ••• , на.:•l де ТСЛ.. . 

та · ое Ц"'Лое ЧИС'JiО N , 11-:: и J отором· все эти ус~'tови.я выnо.JtНены . Тем 

cauШf ГlВ.Ji!дено чисхо пере хточ.ений "_.,.N-1 и решение заверmа.етсл. nри m-
1i!Dщ1>асm~енных орму.л вида (I. э I) - (r. 34) • 

Оп.санный ажгориты. даете~ в виде жогИчесхо схемы на рис. 3 

Вс е приведенные выше построениш дm одноыер!юго упра.в.~~:е ю. .Я1 

оdсСSщв.ются: без трУдносте r. на СJIУЧай ~ногомерного уnрав.Jiения .mне~i­

на:га оСSЪе:rта., а 'I!ax:tQ на не~оторне 1.11ассы неJIИне~ных оооье1\ тов. 

2. НеJШиеИИЪiй· синт~э оптииальноИ системы по и:яте гра. .11ъным 

Б ЬIП"'ftJIЬThl ;: ритериml 

Рассмотрим задачу оптимизации уnрав.11е:нил u(x) дине ' нны 

оСS..Ьехтом 

.i = A(t).x +.IJ(t)U (2. rJ 
't 

где A/.tJ и B(t) - непрерывные действиw:еJiъные иатрицьz раэмер :~юсте ,_ 
rt х n и 11 х т. , onpeдeJieн:IЫe на из вестном интерва.де времели 

[ttJ, t,]. Задано нача.- ль· ое состоя.ние 

(2. 2) 

из • ооrорго т- м ерное управJiение и. псрево .rпrr объе?-:Т · в :. он чнов 

сшстоание 

.x(t,J =3., (.:.. . 3) 

pr~ это:н :: о ~ч :~ !/' .иом~нт времени t, будеlА считать фссиров а.ю I:..ТN. 

f\p rrrepиeм :~rаЧ ства управ. е_ ;rя:. О у дет 
t, 

!(U}= i[ f(x(~J) + j (х' (,{t)X+U'H(t)tJ)dt j 
t 
а 

г,...,е j(:x.lt,J) - эа.данная: непрор в;;а.я: оун~~л , G(t} _ H(t) -

( :... . 4) 

r" . .:~ ·~ е . · ст ите .. ь:;' ~ а. ~ратиы ~ PfX' .:.'~'J !IЧ i-!1:'e ttaтp ~ r • ~ш::ерносте' 

11: х n г. m х m на шт р вr. [t0 , t,} . Кро~в т го, п. ":д!О J а -
гает-ся, '-iTO G(t} по .1оJ · ·т - ль . о - по уа пред~ - .. :-г: ая:, · H(t)- _ о .1о-~ит ль­

:Н<D -о пред .1е. ьая: r триЧЬI. 
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' np~E.:c ..:L.I v<tJ будем 1IRJI'I'aть JЕDnустиыыы , e cЛJI оно oбe cne-

:: it вазт п • емещ зи-е объt:х::а.. из no Jio ..,ншt :х.0 в ПОJIО~ .. и!!е :х., , пр:и 

о г_ а:ы~енном: в :iачении IluJ ~ оnтиме.льныи, е сп : ую:uиона.л I<иJ при-

l'iШ-iает ..Lип ::r. .n:Ыio.e (~;,rи м а.:r.с ималь.ное) э:на.ч е нив. 

р~бо теii даны асновны9 теор . ы о существовании х едиn­
ст.вепности оптmrа.Jiьпо го управ.лг п.я. В частномти до~аз&.но, 11'1'0 
едивс~енвое реmевие си~еыы ур&.вненхй 

х - A!t).x -]J{t) н-'ftJB'(t) !1 

у •- G(t)x._-A'(t)!/ 
(2. 5) 

при гранЕЯЫХ УСJIОБИЯХ (2. 2) И 

!l(l,J := ~,..,J f{:z.lt,J) (2. 6) 

но е уnрав.иение 

(2. 7} 

Прс нехт.орнх частных видах фупции f(;JLJ , оп•rима.11.ьное . 
управление (2.7) определя ется форму~ой 

и • =- н-'ltJBYtJ'R(tJ:x.* (2.8) 

'"'де R(tJ - реш ениэ матрично·го уnрв.в.иеншr Р11хха.ти 

(2. 9) 

rrpи г;анИt> ном условии, :tот:орое зави-си от· фунхции. j(x). Н&.приы:ер, 

при j(x) -x'F.x , где F - хвадратнu noJtonтeJiьнo по.луопредеJiеи­

ная: .!атрица , гранич.иое yCJio вие имеет вид 1 r' 12 

(2 . t~ 

ECJIИ Же :FО НGЧИОе СОСТОЯJПiе .х., ДОАПО JIII.XOДИTЪCЯi. на З8.Д&НН<1! 

вып. _. J о ·- г .ладхом множес.тве 

то 

J.{X,J -о; s- 1, 2, . . . 1 р ; р ~ n. 

аюrчные ус:.11ови.я опреде.л.яися cfx>pr.ty.лoй [ Э 'I 4 , 
Ylt,J - - А gr•d f(:z.,J - Z. J4-s1"~ 9,(:x.,J 

S•t 
(2. 12} 

где .Л и .1"-s - неотрицате льны ч ис .'!а , одно :иэ ~оторых рав11о ед:ини­
'J. (:I . т щ:. :r::ар, пр:r.: l·f, уравнениЕ (2. II) и(t.I2) nо.лностью оnре­

де ляют во тор Y(t,J и . ROF. ~ JШ 14-s • 

част ости,. n. едn0J18гая. f • d ели уравн ник (2.11) 

JП. е " ·ы : 

.Х. s(t,) • О ; 5 = 1, 2, . .. 1 р j р ' n 



то· пажучается 

Е,%,- IJ 

Es !lt = IJ (2. t3) 

где Е, - диагоаа.жаая. матрица, у :ro'l!O.po.й первне р ЭJiеыенты равны 

единице, & . ПDC:JI8Д]IJI8 п-р ;.; ИУJП>, Еа = Е -Е, • 

Пр к Е, :О хоиечное сосrrоЯиие (2. 3) сi!ободио к оп'NМа.иьное 
уnравяени:в пожучаео.r:сm в виде (2. 8) , прк....-чем уравнение Ри~хати(2. Q) 

ипегрJIРует.сm пр11 yc:m~виll" (2. IO) , где ~'=о • д:х..сr кнтегрировавп. 

уравненаш PII:E:raти моzио приые~ мета~ nосJiед~ватехьннх прибжи­

жвнхиi5. похu:а, что матрицу ~ltJ ыопо по.жучать, 'l'8:Пе путем tmте­
грированzш живе йвой системы сопряхеиинr уравиени~. 

Пуотli> фСt) и 1jft) обозиачаают матрицы перехода д.m. уравиевшt 

(2.5) ' т... . . • 
ф ,. AltJф- ВUJH-'fJJB'tt) r 

f . ::а - C,(t) ф - А 'lt)'f 

Общее решено твой системы oee•r вид 

фltJ= Ф,(tJC1 + ФitJCz 

f"ltJ= 'f,lt)C,+.J/;lt)C1 

(2.I4) 

(2. I5) 

где ~(t), Y;ftJ , .' i = I ,2 - JIИ'Иейио. - :в:еэа·ВИСJIМЫt частвне pemeнJIИ 
уравнеR1lй' 2.. t4 , а с,,~ - хвадратнне wатрицн · де~ствитеJtБНЫх· постОЯ8 

ных инт:е грираваная. 

вище 

Решение сис'Пе:ын ура:ввеииЯ (2. 5) 

х. = Ф,ltJJJ, + Ф..ttJ4. 

у = 1/;ltJJJ, +- 'Ji . i J_Dz 

, :в:п о теперь предс'rВ&ИТЪ • 

(2. 1"6} -

где JJ, и ..q - вехторы, хотuрые однозначно опреде.IЯ8ТС.Я: из за.даиныz 

· 1tОН8ЧНЫХ JСJIОБИЙ, Иапр11Мер (2. 2) И (2. fЗ} • 

Введем в рассмотрение матрицу 

RftJ- 1/t( t)ф -•(t} (2. I7) 

Ле г:r. о праверить., что ес.ли ф(t) и f{t) представмют собо ~r ре Ш9Н , е сх,у с­
темы уравненИЙ· (2. I 4) , то матрицаl(t)оnредешн~тся ;Уравяе И'""Н 

Ри:жхати (~. 9) , nри.,.,чеи граничные уелозил дм R(t} по .лЕостью опрсде­

л .... ны граничными условиями для ф(t) и ytt). Об -r:атьъri пер 9ход при во­
дит ~ ураВН · RИЮ 

Ф-frФ-AФ+Bн-'В''I"J+1fr-Tifr+GФ+A'vJ=o (2. Is) 

:к оторо1 равносильно систем е (.г: I :4:) , ес :п~ ~~ т _ т;щы ф(tJ и tf(t) не особые 
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up~ вс-еr t€-[f., t,l. ДействитеJIЬRо, матрица 1l(tJ ие меняется. , есJ[И 
матрицы фа) и..Ylt) ум:н олитъ на произвоJiьиую nостояиную яеособую ма­

трицу С, nрИ/ч ем уравн енк-е (2. Ie} остаетсJL в cиJie. CJieдoвaтe Jiь:no, 

матрИ'ЦЫ ф(t) и 1/"fl) представJШют- с.обо!i penт e.НJIB системы JIJine ивыx урав­
венJIИ (2. I 4) , прz.-чем OBJl. О.ПреДеJ[еНЫ С' ТОЧ!IОСТЫ> ДО ЩJОИЭВОJIЬНОГО 

постоянного не особого миожпе.m с. тuп образок, . в решених (Z. 1"5) 

матрицу_ cl", :вапр&ер, мопСil заыеи•тъ едивичваи матридей Е . Тогда 

мa'D.p:llцa С2 пa..JIRac'!ЪII· апредев·ва гpaвEJWJt yQ;]Inвиe:ic д;m матрицы ТltJ , 
в частнос.:.т. (2. IO). · 

аписавиа ма~JIЦН· Tllt) п!J.- поыо.- e2~w· юmейныr со_прuе•~ 

иыr уравнеuй (2. 1·4) · пФ.эв.а:.mет опреде.жяn ее xu фув:жцо вежторов 
:х!, g• и времевr t (в иеавто:ноУНОJI а:жуча•J • ПривоД]IЫ способ: сос -
оrавжония TUGЙ фуижцп джя.. авm:н0Jl11ого с.иучаВJ7 ' IB 

Q 
Пу~ь., представжяе'!" собой хвадратиую веособую матрицу, ItOT~ 

рая С"'IВ.БП' в соответствие матр]IЦ1 однорадной сис.темы (2 . I 4) с хва~ 

эидиагона~ьиой матрицей 

[: : J = а t~ -в:~·~ 4_, 

гдs J<. име ет вид · (I. 26).. Извес--rно, 19 что 
ct181111WX вехторов :ма-rрИЦЬI системы (2. Г4) 

та:Jtая.. :матрJЩа сосоrавхеяа из aJd .. 
• ПpJr. эоrок частиые pemeнzr: 

систе .ш Ф,.(t~ ~(t} !!UеЮТ' ВJIД 
. Ф.ltJ= Q" е K(t-t.J 

lt(t-t.J 
1jг,(t} - (6" t! 

где Q'l - ХВ4ДратВЪiе подыатрJIЦН иатрiцы 
" ,. 

Q = [s;; Q;; ]}: 
Q" Q"" } 

(2. 1'9} 

(2. 2 СУ) 

ка-~} Те~~~ из уравнеяий ( 2.16) одвозначпо опр~дежнютса матрицы 
е , е t,J .. а.:К фуЮЩIП~ Ве~ТОрОВ .х.• , !/* И R&ЯaJIЬНHr усАОВИЙ 
Хо: 

К(t # 1 • • ) -K'ft-t.J L'-'r. • у" YJ е -...,- L l х. , У , .х. , е . - х J , ..,.. (2. 2 I) 

ДaJiee, СООТНОШеИJ48 

LC'aE 

да.:ёт· ВОЭUО%НОСТЬ· ОПредеJIИТЬ· B&J:TOp !J' !:a.J: фуНJ:ЦИЮ ~.!, .", И t, : 

(2. 22) 
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при/ЧеЫ т.uое опредеJiеиwа единственно· аслп тре.о&;>аа':'ь выnо.JIБ:е ика 

!:Оиечных ус;!О.ВИil . Соопошен• (2. г2) вме С!Х е с '"" орму.:rо ~ (2. 7) опр~­
демет иоJПЩейmй иивариаит.ый си:нт:ез д;ш~ paccыaтpna.euo ri задачи а. 

~иде с~ружтур1ш.й · cxew:, пр-едс..-павлен!IОЙJ :ra рис. 1t 

():{евидна, есв оптJш:а.IЬliНЙ с.и:н'1:.ез м:опо щ:пес.тх :t тmеИиQ­

м.у, зuоху (2. 8} , то катр.ца1/{t) продстав:ииа... в виде F.f!IJ:Щ111 от .х. • 
и~ Х. • 

Па.жучениы• pesyж.ьn'n:L .ISГXO .. распра-страия:ются 111!1 бoJiee ocr• 
с;ХуЧ Мl жри~ри:я: хач•с:nа, ха,гд~. пад- пnграж вхоДИ' про из водная: 

no времени: З'D.' упра.в.ж·ениm. rв Пр•· з~ по:;rуча•т.сл. ие.пи•йвю\ регу.IК'­
т~ с ИJ.Пегрирующиы: звеи~, paбo"'lai>IЦJDI : по. ежем• piiC.'. 5. 

В чадт_нам с:иучае, npJC t,:.oo, ие.nпейиli• ре гуJIЯторы с..та..чо·в.аr­

СЯi .s'IШI.ейвьши· и· савпад/!lЮТ' с~· 11звес~ИЫКI реэухъ-nтwи· л,това.~КаJIUа.иа. 
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SINGULAR PERTURBATION METHOD FOR NEAR 
OPTIMUM DESiGN OF HIGH-ORDER NONLINEAR 

SYSTEMS 

P. Sannuti and P. Kokotovi~* 
Department of Electrical Engineering 
and Coordinated Science Laboratory 

University · of Illinois, Urbana, Illinois, USA 

INTRODUCTION 

Realistic descriptions of physical plants to be controlled usually 

result in high-order mathematical models which make the application of 

existing synthesis procedures impractical. This is especially true in 

synthesis of optimal controls wh~re computational difficulties in solving 

the two-point boundary value problems become enormous if the order of the 

model is high. Therefore it is a practical necessity to find a method 

for reducing the model order. In practi~e a common approach is to neglect 

some small time-constants, masses, inductances, capacitances and similar 

"parasitic" parameters, and to design the control for a low-order model. 

This control is then checked on a more realistic high-order model. 

Unfortunately, .. more frequently than not the result of such a low-order 

design is unsatisfactory, and, in order to avoid redesigning the system 

on a high-order model, some practical techniques are needed for improving . 

the low-order design. In [1] an optimal control oriented method for 

reducing the order of mathematical models has been developed by which 

the desired improvement of a low-order design is achieved by using low­

order models only. 

The singular . perturbation method proposed in [1] assumes that a 

control optimal for a high-order model is a continuous and differentiable 

function of a small parameter wh9se presence increases the order of the 

model. In this paper the required continuity and differentiability 

properties of high-oraer optimal control are proved for a class of 

nonlinear systems and further extensions and applications of the method 

are given. A second order design of a nonlinear fifth-order system 

illustrates the practical applicability and the computational s1~1icity 

of the method. 

*p. Kokotovi~ is on leave from Pupin Research Institute , Belgrade, 
Yu !es lavia, 
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HIGH-ORDER AND LOW-ORDER MODELS 

In this section appropriate high-order and low-order descriptions 

of a plant are defined. Let 

y • F(y,,u,a,t) (1) 

be the (n+m)- th order ("high-order") mode 1 of a plant, where y is the 

(n+m)-dimensional state, u is the r-dimensional control and a is an 

m-dimensional parameter. The problem consists in finding a control 

u* ("high-order optimal control") which minimizes the performance 

index 
T 

J • J W{y,u,t)dt, 
to 

(2) 

where the initial state y(t
0

) y
0 

is fixed and the final state y(T) is 

free. It is assumed that the order n+m of (1) is too high _for the 

optimization problem to be practically solvable by existing numerical 

methods. Th_erefore, a low-order model is sought which will provide a 

means for approximating the high-order optimal control u*. To derive 

such a model let a represe~t small parameters whose presence increases 

the order of the model. Then neglecting the small parameter, that is 

letting a • a
0 

· 0 results in an n-th order ("low order") model 

~ • f(~,~,a0 ,t), 

where ~ is the n-dimensional ("low-order") state and !!. is the 

r-dimensional control. 

(3) 

In view of the specific role of a the equation (1) can be rewritten 

in a form convenient for the application of the singular perturbation 

theory [1,2]. Consider the i-th component of (1), yi • Fi(y,u,a,t), 

and assu~ that for a1 a 0 this differential equation reduces to an 

algebraic or transcendental equation. This happens when a1 • 0 is a 

Pole of some 1111ltiplicity k of the function Fi, F hi (y,u,a, t) For i= at? • 
1 

s .implicity express all sma ~ l parame t ers._oti, i ~ 1, •• ~ ,m , as some 

analytic funciion.s of ~~nn;8;tiv~ seal~~~~-:~ arid'.· let the~e ... f~nc~'i ons . ~~ve 
' z'er o at A= 0. Then ( 1) c~n be ' put · fnto the form· · · 

g (X ' z 'u ' A • t) ., (4 ') 

r- z G(x,z ,u,A , t) , (4") 

where x and z are resne.ct' ively the n-dimensional and the m-dimensional 
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parts of t he high-orde r s ta~e y , and (2) can be rewritten as follows 

T 
J • J V(x,z,u,t)dt. 

to 
(5) 

Finally, the low-order model (3) is obtained from (4) by letting A • 0, 

! • g~,~,y_,0, t), (6') 

0 ,. G~,~,y_,0, t). (6") 

and substituting into (6') the _solution ~ • cp~,y_,t) of (6"), 

! . g~,cp~,i!,t) ,y_,O,t) • f~,y_,a0 ,t). <n 
It can be noted that the initial condition for the low-order model (7) 

must be n-dimensional and that ~at t• t
0 

may not coincide with z
0

• In 

the sequel a design based on the high-order model (4) will be called the 

high-order design and a design based on the low-order model (7) will be 

called the low-order design. 

STATEMENT OF THE PROBLEM 

A direct application of a low-order design to a high-order plant 

may result in a performance far from optimum [I] or may even make the 

system unstable [ 3]. In [I] an approximation method has been proposed 

which represents a compromise between a s imple, but unsatisfactory low­

order design, and an optimal but computationally involved high-order 

'design. The method proposed in [1] consists of approximating the high-

order-optimal control u*(t , A) by its truncated Ma~Laurin serie s in A, 

u • u*(t,O) + ~t (t,A) I A. 
A•O 

(8) 

The method in [ 1]_ is based on the assumption that the optimal control 

u*(t,A) is continuous and differentia ble with respect t o A a t A • 0. 

The problem in this paper is to r eexamine the assumption made in 

[ 1] and to prove , for a class of nonlinear systems , the continuity and 

di ffere nt iabilit y properties of u*(t,A) at A= 0. - An algorithm for 
. 0 * 

ca l culat i ng 0~ (t,A) at_ A. = 0 is also to be developed. All calcula-

t i ons are to be performed on a low-order (n-th order) mode 1 only, 

while approximation must be valid for a high-order ( (n+m}-th order) 

model. In this sense the control u is "opt i mally sensitive" with 

respect t o the change i n order. 

In th i s paper systems nonlinear in x, but linear in z and u are 

cons i de red , t ha t i s · 
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x • g(x,z,u,A.,t) • g1 + B1z + c1u, 

A.z • G(x,z,u,A.,t) • G1 + B2z + c2u, 

(9') 

(9") 

where g1 • g
1

(x,A.,t) and G
1 

• G
1

(x,A.,t) are nand m dimensional vectors, 

and B1 • B1 (x,A., t) , B
2 

• B
2 

(x,A., ~) , c
1 

• c
1 

(x,A., t) and c
2 

• c
2 

(x,A, t) 

are nxm, mxm, nxr, and mxr dimensional matrices, respectively. It is 

assumed that g1, B1, and c1 have continuous second partial derivatives 

and G1 , B2 , and c2 have continuous third partial derivatives in a region 

r of the space of variables x, t, and with respect to A for AE[O,Amax]. 

It is also assumed that the performance index (5) is quadratic in u, 

T I T I . 

J • J V(x,u,t)dt • 2 J [Q(x,t) + u'R(x,t)u]dt, {10) 
to to 

where rxr dimensional matrix R(x,t) is positive definite in the region 

r and R- 1(x,t) and Q(x,t) are assumed to have continuous second partial 

derivatives in the region r. 

CONnNUITY AND DIFFERENTIABILITY OF u*(t,A) at A • 0 

Let~p and q be the adjoint variables corresponding to x and z, and 

let q - r· Then a necessary condition for the optimal control problem 

(9) and (10) is 

x • g1 + B1z + c1u, (11 ') 

Az • Gl + B2z + c2u, (11") 

p • VxV- ~p - G~q, (12') 

Aq • -g~p - G~q, (12") 

u - R-l(Cip + Ciq) ,- (13) 

with the boundary values 

x(t ) • x ; z(t
0

). • z
0

; p(T) • 0; q(T) • 0. 
0 .o 

(14) 

Equations (11), (12), and (13) represent the high-order canonic 

equations. The low-order canonic equations are obtained by letting 

A. ... O, 

.! - jl + J!l!. + £1 ! -l <£i.e + £i.i> , 
. -1 

0 • Ql + J!a!. + £2 ! <£i.E + £is.> • 
£_ • 'il ~V - g~ - G~, 

0 = -B'p - B'a -1- -2~' 
·-1 

!!. = ~ . <£iE + .£2s) 

(15') 

(15") 

(16 ') 

(1~") 

(1 7) 
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with the bound~ry values · ·. · 

(18) 

The continuity and differentiability properties of the solution of 

(11), (12), (13), and (14) are established by the following: 

Theorem: If the solution ~*(t) of the low-order equations (15) and (16) 

alpng with the condition (18) lies in the region r, and if the matrix 

B2(x,O,t) has all eigenvalues with negative real parts in the region r 
then as A tends to zero the high-order optimal functions x*(t,A), 

z*(t,A), p*(t,A), q*(t,A), and u*(t,A) tend to the low-order op~imal 

functions ~*(t), ~*(t), R*(t), s_*(t), and !!*(t) for all t, t
0 

< t<T. 

Furthermore, they are differentiable wi~h respect to A at A •0. 

This theorem is pro~ed by applying a more general theorem due to 

Tupciev [ 2]. 

Let 

Equations (11) and (12) · can be given the form, 

X= 'i'(X,Z,A,t), 

.A~ - ~ ~(X,Z,A,~). 

The partial der·ivative·· of. ·t with respect to Z evaluated at A•O is 

-1 J c2 (x,_Q,t)R (x,O,t)C~(x,O,t) • 

-B2 (x,O, t) 

To show that Tup~iev's hypothesis is satisfied, a matrix S ~ [~ E(xit~ 
where E(x,t) is a mxm matrix and I is an mxm identity matrix is sought 

such that the following condition is satisfied: 

(19) 
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This condition (19) is satisfied if and only if E(x,t) satisfies the 

linear matrix equat ion, 

B2 (x,O,t) E(x,t) + E(x,t) B2(x,O,t) 

-1 • -c
2
_!x,O,t? R (x,O,t) C2_(x,O,t). (20) 

Since the matrix B
2 

(x·,O, t) has all eigenvalues with negative real 

parts in the region f, the matrices B
2

(x,O,t) and -B2(x,O,t) have no 

eigenvalues in common and hence equation (20) has a unique solution for 

E(x,t) [4]. 

Now in view of Tupciev's theorem [2], the solution x*(t,A), z*(t,A), 

p* (t ,A), and q* (t ,A) of (11), (12), and (14) tend as .A tends to zero to 

the solution ~(t)' !.*(t)' ,E*(t)' and s*(t) of (15)' (16)' and (18), 

and further x*(t,A), z*(t,A), p*(t,A), and q*(t,A) are differentiable 

with respect to A at A•O for all t, t
0

< t<T. This fact proves the 

above theorem. 

An important extension of the above theorem is possible when 

functions g and G (9) are analytic in all of their arguments. It can 

be shown that in . this case the functions x*(t,A), z*(t,A.), p*(t,A), 

q*(t,).), and u*(t,A) are analytic in A at A.O, that is that they can be 

expanded in an infinite MacLaurin series in A. 

OBTAINING ou* (t ,A) AT. A.O 
QA 

In this section it is shown that .the a~cond term of the truncated 

series (8) can be obtained by solving a low-order matrix Riccati 

equation along with two low-order vector linear equations. 

ox* oz* 
Introducing at A.-o the sensitivity functions w = OA , ~ • OA , 

2£* oq* ou* . 
'IT • OA , 1l .. OA , \1 • OA , differentiating (11), (12), and (13) with 

respect to A and letting A•O, the low-order sensitivity equations 

are obtained, 

w = ~w + !1~ + f.l\1 + g~, 

0 - G~w + !z~ + f.z\1 +~ - •* !. , 

,;. = -H w - H ~ - ~x'IT - H T\ - H \1 - "Ax• XX zx 9! ux 

0 -H w - .H TT - Hg~ ·Tl - 1\z - .* 
xz l?~ s. ' 

0 - H w + ~~'IT + H~~-Tl + H~~ \1 + 1\u• xu 

(21 ') 

(21") 

(22') 

(22") 

(23) 
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1 . . 
where His the Hamiltonian, H•- 2(Q+u'Ru) + -p'(g1 +B1z+C1u) 

+ q ' (G1 + B2z + c2u) • 

The determination of boundary conditions for w and n deserves a 

separate discussion [1]. If the sensitivities wand n are calculated 

for some X> 0, that is ·if no change in equation order occurs, the 

boundary conditions for the c.orresponding sensitivity equa~ions are 

zero. This is evident since the initial conditions x
0 

and z
0 

and final 

conditions p(t) • 0 and q(t) • 0 do not depend on X. The situation is 

different when X changes from X> 0 to x.o. Then the model order reduces 

to n and the initial condition z
0 

and the final condition q(t) are 

ignored in the low-order equations (15) and (16). This. change indicates 

that in the low-order model w and n may have non-zero boundary values. 

It can be shown [1] that the final value n(t) is zero since the perfor­

mance index (10) does not explicitly .contain the variable z, while the 

initial value w(t
0

) is given by 
01:1 

w(t) • J B1 (x ,O,t) (z(T) - cp(x
0

,y_*(t
0

) ,tJ)dT, 
0 t 0 0 

(24) 

0 

* -1 - - * where cp(x
0

,y_ (t
0
), t

0
) • -B

2 
(x

0
,0, t

0
) (G1 (x0

,0, t
0

) + c
2 

(x
0
,0, t

0
)y_ (t

0
)), 

and the variable z(T) is the solution of the equation~ • c1(x ,O,t) 
. dT · 0 o. 

+ s
2
· (x ,O,'t )z(T) with the initial ·condition 

0 0 

Since the matrices Hqz • B2 and Huu • -R are nonsingular, the 

equations (21"), (22"), and (23) can ' be-solved for a,"'' and v, so that 

(21') and (22') can be rewritten in the form 

w • A1w + ~ n + 61 , 

n • ~w - Ain + 62 , 

(25') 

(25") 

where the expressions for the matrices ~' ~' ~ and the vectors 61 
and 52 can be obtained from (21), (22), and (23). Linear equation (25) 

with .the . initial condition w(t
0

) and with the final condition n(t) • 0 

represf nts a well known two-point boundary value problem [5]. With 

n • -MW+ Y (26) 

this problem is reducible to a final value problem for the nxn dimen­

sional symmetric matrix Riccati equation 

M= -MA - A'M + MA M - A • M("" - 0, 1 1 2 1.· ' ... , (27) 
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and an n-dimensional linear vector equation 

(28) 

Once the matrix M and the vector Y are found, the substitution of 

(26) into (25') allows the vector w to be obtained as the solution of 

.the equation 

(29) 

for the initial condition given by (24). 

Then in view of (23), the control sensitivity v can be evaluated 

from 

(30) 

where the expressions for the matrices D1 and n2 can be easily obtained 

from (21) , (22) , and (23). 

ou* Hence, the obtaining of a;r-<t,X) at X-o consists of the following 

steps:-

1. Evaluation of··the integrai (24). 

2. Solving of nxn dimensional symmetric Riccati equation (2n. 

3. Solving ·'Jf n dimensional linear equations (28) and (29). 

Since the evaluation of the integral (24) is straightforward, it 

can be seen from (2n, (28), and (29) that the above singular pertur­

bation method requires for an (~th order plant essentially the same 

amount of computation as the neighboring optimum [6,7,8] design for an 

n-th order plant. 

A Design Example: 

A speed-tracking system is shown in Fig. 1. Usually the time 

con .. t ants of the amplidyne excitation winding T1, amplidyne transverse 

winding T
4

, and the generator excitation winding T
2 

are small compared - . 
to the time constant of motor excitation winding T3 and the mechanical 

time constant. Thus T1, T2, and T4 are considered as small parameters 

and expressed as functions of X, T1 • X, T2 • X, T4 • O.SX. The high­

order (n+m • 5) equation (4) is 

il • (b2x2z 1 - bl xl)· , 

x2 - (-clx2 + b3z3), . 
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u
1

,. (-i+A.b14e:1)b7x1x2 - (b2x~z 1 +b3x1z3)t.b7 - 2z.1 +2b6z2 , 

A.z
2 

~ -z2 + b5u1, 

A.z
3 

= -z
3 

+ b4u
2

, (31) 

where x
1

, x
2

, z 1 are respectively angular velocity, excitation current 

and armature current of the ~otor, z2 , z
3 

are excitation currents of the 

amPlidyne and generator respectively. u1 and u2 are control voltages. 
1 

b
1

, t•l to 7 are gain ~oefficients of various components and c1 • T
3

• 

The values of various const~nts are b1• b2• b3• 1, b4• b5• .05, 

b
6
= 20, b

7
= .1, c 1= 0.5, x1(o) • -100, x2 (o) • 5, z1(o) • -20, 

z 2 ( o) = - 2 • 5 , z 
3 

( o) • 2 • 5 , and A • -• 1. 

It is desired that the speed x1 follows a given trajectory xd, 

. . {-1~0 + 
4~0 t 

X • ' - . 
. d . 

. . 100 

for 0 ~ t ~ 1.5, 

for 1.5 ~ .t · ~ s. 

It is furtlu!r de~ir~a_ that the excitation current x2 and the control u2 
remain close t ·o their nominal values 5 and 50 respectively. 

The method developed in this paper is applied to obtain the 

approximation (8) of the optimal controls ut • u!(t,A) and u; • u;(t,A) 

which minimize the chosen performance index 

For A=O . the high-order equation (31) reduces to the low-order 

(n•2) equation, 

2 
i1 • bz<bsb6~1~2 - b1~1~2' - bl~l' 

!2 = (-cl~2 + b3b4~2) • 

The variables ~l' ~2 , and ~3 are given by 

~l = (b5b6~i - b7~1~2)' ~2 - b5~1' ~3 - b4~2. 

The high-order optimal design based on the system equation (31) 

requires the solution of a tenth order two point boundary value 

problem, whereas the singular perturbation method requires the solution 

of only a fourth order boundary value problem as in low-order design. 

The additional amount of computation ~eeded for steps 1, 2, and 3 for 
. ' . . . . . . oul ou~ 
· the evaluation of. th·e . second terms -;;x- and~ of the optimally sensi..: 

.. ; . 
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tive control (8) is negligible compared to the s olution of boundary 

value problem. Such small .additional computation resulted in a 

considerable improvement of the performance, as it can be seen in 

Fig. 2. For as large values of ). as 0.4 (in the problem only A • 0.1 

is required), the performance of the system with the optimally sensi-
ou~(t,A) ou~(t,A) 

tive control u~ (t ,0) + OA • ·)., u~ (t ,0) + (;). __ • A is close to 

the performance achieved with· -the high-order optimal control u~ (t ,X), 

u~(t,A) and for the order of magnitude better than the performance 

achieved with low-order optimal control u~(t,O), u~(t,O). 

CONCLUSION 

For a class of nonlinear systems it is proved that the optimal 

control u*(t,A) is continuous and differentiable· wi~h respect to a · 

small parameter A which cahnges the order of the plant controlled • . 

This result made it possible to find a near optimum control for a 

high-order plant by using a low-order model. This means that a 

2(n+m}-dimensional boundary value problem is approximately solved by 

. a 2n-dimensional boundary value problem and a final value problem for 

an nxn dimensional matrix Riccati equation. Thus computation required 

for a high-order plant is equivalent to that needed for a neighboring 

optimum design for a low-order plant. 

A second-order near optimum design of a fifth-order nonlinear 

system illustrates applicability and computational simplicity of the 

method developed. 

It is expected that in future research a result similar to the 

theorem proved here can be obtained for a broader class of nonlinear 

systems. 
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Fig. 1. Schematic diagram of a speed-tracking servo. 
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TIME-OPTIMAL CONTROL LAWS FOR NONLlNEAR 
SECOND ORDER PROCESS 

O·. Scbaidt &D4 F. Fiacher-Uhria 

Techaiache Bochachule Darastadt 

Fe4era~ Republic of Gera&D7 

It is a well-kDOYn aechaaic~ tact that the pitch aotion of a 

satellite iD eircular orbit aa4 the vibratioD of a aatheaatical 

pendulua caa be described approziaatel7 b7 the differentia~ 

equation, 

~ + t ( r ) + aiD 'f • u. ( 1 ) 

In this Doraalised ·equation 'f and C, represent ancle &Dd ancular 

velocit7, re8pec~iYel7. u is the control aoaent, limited b7 

I u I 6 ~, where IC presents the constant aaziaua control aoaent. 

In this paper, the control law u (y, ~) is 4eriv•d to transfer 

an7 known iDitial state (~0 , f
0

) ot t~e s7stea in accordance 

vith equation (1), into the stable equilibriua point (~T) • 

~ 2 wn, si(T) • 0), vith n • 0, 1, _ 2 ••• , in ainiaua time 'l. 

Tiae-optiaal control laws tor 4itterential equations ot the ty­

pe coDaidered .above (1) vere deriYed in a previous paper 1 on 

the small anal• caae Y'• i.e. ditterential equation ("1) vith a 

linearised reat.orinc torce. The tirat detailed analyse a ot the 

above nonlinear process vith the actual periodic reatorinc tor-, . 

ce vere aade b7 Alausara and Flagge-Loti in the case t(~} • 0, 

K >1. Experimental .inYeatigations of this special case are re­

ported in the aaae paper2 , vhile alight generalisations vere 

further described b7 Lee and Marcua 3 • 

It ia intended through this paper to present a complete aurve7 

on tiae-optiaal control lava tor plants ·according to equation 

(1). Earlier inYeatigations ot thia subject vere only partial. 

In the scope ot this paper, however investicationa haYe been 
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extended to include \h. Yarioua damping lava t ( r> and arbi tra-· 

r7 liaits on the control aoaent. u. in the interYal 0 < r<oo. 

For obYious reasons a technicall7 interestins question concerns 

the existence and nature ot a tiae-optiaal control law. parti~ 

cularl7 tor small control aapli tudes 11 i.e. 
11 

JC < 1. · 

II. Theoretical Considerations 

1. General Probleas 

For further inY.eatisations equation ( 1) ahould be tr&Dstormed 

into the atate tora: 

( 2 ) 
- ain x 1 

vith I u I • IC and 0 < JC < oo. The problea is to tind the control 

lav u (xp x 2 ) vhich transfers an arbitrar7 i~itial state 

(x 10 , x20 ) in the shortest possible tiae T, into the tinal sta­

te. (x 1 (T) • ~ 211"n. x 2 (T) • o). vith n • 0.1.1. ••• In this 

torau~ation ot the problea all eleaents ot the set ot points 

x 1 ( T) • ~ 2 1f D are eq~i Yalent as terainal states. It is note­

vorth7 that tor many practical problems. resardleaa ot the pe­

riodicity of x 1 (t), only the relatiYe attitude to the tinal .. 
coordinate x 1 (T) · ia of interest. 

The ambiiuity ot the terminal point in state plane R2 as de­

tined by equation (2), may be eliminated b7 toraulatins the 

equations of ~otion on a "state cylinder". This type ot formu­

lation is ot little use, however. tor the optiai&ation method 

applied to ita best advantage. 

Instead, the optimal control lava for the prescribed periodical 

terminal set are si~ply derived through investigation ot the r~ 

aults tor optimal control of the saae s7stem, in vhich, howe­

ver, a non-periodical terminal state (xf(T) • O, x 2 (T) • 0) 

in R2 is u s ed. The main step in this type ot derivation is the 

con struct i on of s o-calle d indifference curves on the basis of 

the f i eld of isochr ones . These i nd if fe~en ce curves l im i t in R2 



'periodically distributed equivalent aubregiona, aa · ~ill becoae • 

clearer l ,ater. 

II.2. Conditions a~ven by the Maxiaua Principle 

• . .•• p· "1 1 d. t V1th Pontr~ag1n a Kax1aua r1nc1p e one er1ves roa: 

tor the case ot non-sinsular control the tollovins "aaxiaal con-

trol" u (t) • ~ sisn p 2 (t) 

where p
1 

and p2 satisfy the eo-state equations: 

• 

3f'(x
2

) 

P2 - • -p, + P2 

( ~ ) 

( 5 ) 

Further investication shows an analytical solution, to the 

two-point boundary ' value problea as given in equation (2),(~). 

and (5), caDBot be coapletely achieved. Theretore . the wen~knovn 

method or backwar~ tiae intesration ia utilized on an analog 

computer. Application ot this procedure requires an essential 

assumption. For non-zero boundary values ot the eo-state systea, 

equation (5), the zeros ot the solution coaponent p 2 (t) aust be 

i solated and or finite number (non-ainsular control). This as­

sumption is .validated by the application ot a comparison theo­

rem4 tor second order differential equations. Thus, !roa the 

condition p2 (t) • 0 the switching curves tor the control u 

(x 1 , x 2 ) in R2 can be constructed. However these aust be consi­

dered only as possible switching curves, since the Maximum Prin­

ciple defines the necessary ~onditions tor optiaalit7. 

II .). Determination ot true switching curve s • 

1 hese d e finitions are included to clarit7 further investigations: 

Isochronea: The locus in the state apace R2 or all initial 

points (x 10 , x20 ) that can be brough~ to the terminal atate(x 1 (T), 

x2(T)), in the same time T, provided that all possible switchins 
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curve• toUD4 throuah application ot the Naziaua Priaaiple are 
takea iato account. 

Iaditterence curvea: The locua ia the atate apace B2 ot all iai­

tial point• (x10 , x20 ) that can ~e brouaht to the teraiaal atate 

(x 1(T), x2 (T)) on two different patha in tha aaae ainiaua tiae. 

Proa the latter definition deriTe· -·the correlation, indittereace 

curve• ·~parate reaiona in the atate plane vheBe the control va­
ria~le u(x 1 , x2 ) haa different aiana. 

~he ~aaic aethod applied in thia vork tor the coaatruction ot 

indifference curvea and true avitchin& curves ia explained in 

detail tor the apecial caae t(z2 ) • O, E > 1. x 1(T) • x
2

(T) • 0, 

tor~erlT i. -reate4 ~T Alauaara aad P1Ucae-Lota2 • The reaults are 
illuatrated ia tia. 1. 

Backward• tiae intearatioa produce a theae poaaibilitiea tor 
avitchina the trajectorT s•, s - aad the coaaected curvea: aero 

i i aad the cur~e . ot S Ba' S Bb curve ot i 8 La' 
i 

S Lb each approachin& 
intinit7. 

As a reault ot the STaaetrT ot equation(2)ia z 1 aad z 2 oalT a 

halt-plaae ia coaaidered ia tia. 1 aad t ·he tolloviaa diacua­

aioaa. 

• 
Tbe field ot iaochroeea tor the svitchiaa curve• ahova ia tia.1 

provea that tor certaia iaiti&l etatea (z10 , x20 ) aa aabiauitT 

eziste vith reap•ct to tiae T ia reachiaa the teraiaal poiat. 
It in theae etatea onlT the trajectoriea reachiaa the terain~ 

i i + -point ia ainiaal tiae are adaitted, then S Ba' S La aad S , -8 

prove to be the onlT true avitchin& curvea. 

Purtheraore, the eelt-interaectioa ot the iaochronea eet tor a 

certain tiae ~ reeulta in further aabiauitiea. ~hat ia, the ter­

aiaal poiat caa be reached in the aaae aiaiaal tiae, hovever 

vith different avitchiag sequence• ot the control input. 

The locue ot auch eel :; intersection• result• in the indifference 

c~rves GiR' GiL vhich connect the true avitchin1 c~rves siB~' 
s1 La· Theae tindinga coincide vith analTt~cal investi1ationa • 
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So tar on.l7 \he \eraina.l point case ( x 1 ( T) • 0, x2 (!) • 0) b._aa 

been con~idered. HoveYer, as exp.lained ear.lier in tb.ia diacua­

ai~n, the aore specific point set (x1fT) • t 2 1f. n, x2(T) • 0) 

is adai\ted as the terainal state. A1ons the aaae linea a field 

ot iaochronea caa be constructed tor this case. It can beahoVD 

that, generall7, further parts ot orisinall7 deriYed true avit­

chins cur••• disappear and another, nev indifference curYe I 

appears. 

• 
For exaaple, in the · case (t(x2 ) • 0, X >1) on.l7 the sero traJec-

tory reaaina a avitchins curYe. Tb.ia switching curYe and ita cor­

respondins inditterence curYe are illustrated in the representa­

tion or the unrolled "state c7linder" section in tic. 2. 

III. Genera.l Beau.lta 

The methods as discussed in Section II, vitb respect to a spe­

cial. case or equation (2), are nov app.lied to the solution ot 

the tiae-optiaal control problea tor other caaea ot equation (2). 
The to.l.lovins three different caaea vill be considered. 

1. undaaped a7atea: f (x
2

) • 0 

2. linear daapins lav: r (x2) • 11%2 

3. quadratic daapins lav: f (x2 ) • 8x2 lx2 1 

The magnitude liait K or the control variable u is ~uppoaed to 

be arbi trar7, .i.e. 0 < lC < oo. The follovina inYeatisation vill 

show that qualitativel7 different switching lava result accor­

ding _to the aag·ni tude of K. HoveYer, certain parallels can be 

drawn to the tiae-optimal avitchins lava tor a7atems qith linea­

rized restoring force, i.e. 

( 6 ) 

The essential resul ts or the investigations are plbtted in tigL 

3 - 7. A detailed discus s ion tor case 1, t{x 2 ) • 0, is g ive n . 

Cases 2 and 3 produce qualitatively simi l ar results . 
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1.1 High contro~ · aap~itadea, I ~ .1 

Under this condition, the avitchina curves are va~id as sketched 

in figures 2 &Ad ~a reapectiTely. These avitchina curves are 

pieced toaether ezcluaive~y troa parte ot zero trajectories which 

satiety the equation: 

7 ) 

Only one analytica~ly iadeterain~ble indifference curve exists, 

which lies between the avitchina curves. Thus, the nuaber ot 

svitchina• ot the contro~ variable tor this case is at aost one. 

1.2 Lov control ~plitudea,O<K<1 

For the aaziaum contra~ aap~itude X <1 there are qualitative~y 

different switching curves. These curves are . greatl7 determined 

b7 the absolute value or K, while tor the aap~itude K ~ 1 no 

qualitative chanaes in the behavior of· the switching curve take 

place. 

Most important tor I <1 is that the switching carves consist ot 

awitchin& area toraing a series connection. As I decreases the 

number or area increases inversel~. See figures ~b to 44. ~ere 
the"points or converseace" ot the arcs lie on the z 1 -azis~ 

The evolation ot true switching curves influenced by K will nov 

be discussed in greater detail. It K is reduced troa I • 1, in 

addition to the zero. trajectorie• s•, S- the curves ! 0 Ra' T0 Rb ' 

T0 La' T0 Lb arise as possible switching curves. The tie~d ot 

isochrones shows tina~ly that only parts of 1°R , T0 La and a 
+ - • a 

restpiece ot the zero trajectoriia S , S do 1ndeed fora true 

switching curves, figure -b. Bevertheleaa, the coaponents S 
0 + 0 and T Ra or S and T La respective~y are not connected. ~be uni-

queness ot the switching law is accomplished by the occurrence 
0 ot new, additional components or the indifference curve, H R , 

H0

1
• A typical situation is sketched in rigure 3, an enlarged 

section or rigure 4b. 
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Further reduction ot E to E1 ltada to 'he case in which the aero 

traJecto~ 8 iateraecta the aecatiYe z1-azia at the point z 11 
aad braacbea ott ia a sort ot aeparatriz. (All considerations are 

restricted to the left halt-plaae due to ezirtinc •T .. etrT). 

Furtberaore, the possible avitcbing curYe T0 Ba\/T0 Bb terainatea 

at the • aae point z ·11 • !'he true a vi tchinc curYes, hoveYer, are 

· atill separated as illustrated in tic. 3. 

It E is diainiahed •'ill turtber, i.e. K< Kt• true svitchiac cur­

yea conYerge ia a point x 1 >x11 thus toraiac a connected switching 

curYe, as in ticure ~ c. 

lov the tundaaental eYolutionarT tendeDCT ot switching curTes is 

described, as it continues aiailarlT vith turther dlainuation 

ot E. For ezaaple, in tic. ~d, T
1
Ba\JT 1Bb arise aa turther pos­

sible svitchinc curYea, aa in tic. ~b, T01&~
0Rb" Besides, troa 

the aaae ezaaple and the tora T0 B , a nev svitchin& arc appears. 
a 1 

FinallT, torE • E2 , this nev arc T0 Ba intersects T Ra at the 

point x 12 on the x 1-azia. The construction ot ~rue avitching cur­

ve• and inditterence curYea, as described before, tollovs troa 

the tield ot iaochronea. 

From the dittere~tial equation ot the trajec~oriea in R2 as it 

tollova from equation (2), 

dx2 u - ain x 1 --. dx 1 x 2 
( 8 ) 

a ceneral contingencT can be deriYed between Ei and x 1i. Since 

the aeparatriz branches ott at the point (x 1 • x 1i• x 2 • 0) in­

to tvo parts vith finite gra.~ient ~z2 I dz 1 , the tolloving cor­

ralarT aai be obtained troa equation (8): 

( 9 ) 

Thus , i~teraectioa point• x 1i ot the separatrix lie in the inter­

Y&l ( -. , - f ) tor 0 c Ki c 1. 

Froa this tact tollovs, on the other band, that in the limiting 

case ( K ~ 0) there lies an unliaited nuaber ot seamless connec­

ted switching arcB.along the x
1
-axis. Consequently, the maximal 

numb~r of svitchings of the control of variable is (i + 1) . . 
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!he firat _ diff~rentlatioa of caaea (a • 2) ia obtained froa 

conai4eration of. the differential equation tor tbe coatate ya­
riable p2 , aa it tollova froa equation (5), 

( 10 

Throuch Yariable traaatoraation, i.e. p2 • Y • ezp (e/2)t, the 
last equation can be coaYerted into: 

2 .. . 
i + Y ( -~r +cos z 1 (t)) • 0 ( 11 ) 

Proia a coilpariaoa t .heoreall tor eatiaatina the solutions or diffe­

rential equatioaa. it ia touacl :.that tor Cl ~ 2 the iateraediate 

_Tariable Y (t) and p2 (t) 1 each has at aoat one aero. Thua, iade­

peade·at of ~ there .eziata at aoat one aYi tchiac ia the case or 

a ~ 2, aa ia the optiaal avitchiaa lav. Purtber &Dal7tic results 

are difficult to fiad, since a closed aaal7tic solution ot the 

differential equation (2) wit.. f (z2 ) ~ az2 has not · to date been 

obtained. 

2.1. 0Yerdaape4 ar~tea:a ~ 2; ~ arbitrarr 

Svitchiac aacl indifference curYea reaeable qualitatiYel7 those 

curYee . ot tipre J.a. !bat ia,onl7 tH aero trajectories are pos­

sible and true avit.chiB& curYea at the aaae tiae, tiaure 5a. Ac­

cordiac to •quatioa (11) .at aoat one avitchiac o~ the opt.iaal 

control fQActioa ia possible. 

2.2 Underdaaped •1•tea: a < 2• E arbitrar7 

ID aaaloe7 to the aboYe ua4aaped •1•t.ea, different Yaluea ot K 

result in a qualitatiYel7 ai•ilar sequence of cases, aa illustra­

ted in tisurea 5b - 54. Correapoadins cases tor the Yarioua •7-

ateaa are noted in table 1: 
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switchinc cur?ea: 

t(x2 )• s- s• 0 - + 0 <UTP >vs- s• d)'l'P xJ V f Ba\,)3 V S U T La Ra u u 
p ~ i p ~ i 
i•1,2,) •• ;p•0,1~2 •• 

0 X ~ 1 1 > X ~ K1 xi ,. _. It ~ Iti+1 

rJ.J%.2."'< 2 1: ~ ~ 
0 

(a) IC
0

(a)>K ~ lt1 (a) JC 1 (a) > 1: ~ lti+1(a) 

~· x2 1~1 lC ~ KO (8) X
0

(8)>1C ~ K1 (8) JC.(8) > lt ~ ·1Ci+1 ( 8) ., 
1 

Table: 1 

The interpretation ot the results aa7 proceed as in III.1., . the 

undaaped a7stea t(x2 ) • o. Equation (9) .holds especiall7 ?&lid . 

The functional dependence otIC (a) and X.(a) vas experiaent&ll7 
0 . 1 

touncl; see ti«ure 6. Accordina to t.he' ·D.U.ber ot svitchinc arcs 1 

there is a aaxiaua ot ( i + 1) swi t~bins• ot the optiaal CC?ntro.l 

· function. 

In contrast to the lin·ear dampinr lav • III. 2 •• no fundamental 

differentiation ot cases exists vitb respect to the damping eo- · 

etticient 8. As tor the undaapecl and linearl7 daaped s7atems vi~ 

0 < a < 2, qualit.ati?el7 siailar results are round. See table 1 

tor comparison. The fundamental functional dependence ot ·K
0

(8-. ) 

and Ki(8), 8 > 0 and arbitrar7, is illustrated in tiaure T. 
A det,iled plot ot svit~hina and indifference cur?es is not ne­

cessar7 here. Inatead, an equation tor the trajectories can be 
formulated. It tollovs troa: 

dx2 u- sin ' x
1 --. 

dx 1 z 2 
12 ) 

tor. the svitchina cur?e s•~ S-, the resultant ot the sero tra-
jector7 coaponents: 

+ -S VS : ( 13 ) 
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Furtheraore, r r oa equation (9), ( 1,), and (13), the dependence· 

Ki(S} can be eoaputed. As in preTiousl7 described eaaea, the aa­

xiaal nuaber ot optiaal control !unction svitehinss ia (i + 1). 

IV. Conclusions 

Froa the inYeatigation ot the tiae-optiaal control ot a 878 tea 

according to equation (2), vbereaa the aasnitude ot the control 

Tariable u ia liaited to l, the following conclusions ean be 

dravn: 

{1} For an7 initial state (x 10 , x 20 ), except tor initial points 

on indifference curYea, there exists a u~ique tiae-optiaal 

teedbac·k control lav u(x 1 ,x2 ) tor the periodicall7 4iatribu­

ted terminal state (x 1 (T) •!: 2 nl, x 2 (T) • o). 

(2} Optiaal control !unction u(t) is a piecevise constant !unc­

tion ot .aaanitude ~.The number or avitehinga . ia finite. 

The awitchinc law (control law) is uniquel7 deterained b7 the 

switching carYea in the state plane. 

(3) It is correlatiTe to coapare the results or this inTeat~ga­

tion vith the vell-knovn results tor tiae-optiaal control 

s7ateas with linearised restoring force as described b7 equa­

tion ( 6): 

a) The shapes ot switching and indifference curYea are baai­

eall7 different in linear and non-linear eaaea. Thus, the 

nuaber ot avitehings ot the optiaal control function, nee­

ded to transfer the aaae initial state to a final state 

(e.g. origin), is eo .. onl7 reduced to a tev avitehincs in 

the noniinear case. 

b) For aoat initial states, the optiaal tiae needed to reach 

the origin ot the state plane ia aaaller tor s7steaa in 

aceord&nee with a nonlinear periodical restoring torce. 

c) The switching lava tor the proceaae~ with linear and non­

linear restoring force coincide approxiaatel7 at the ter­

ainal state, i.e. near the origin ot the state plane.Thia 

i s especially applicable to small values ot the control 

a a gni tude K. 
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·p.) Finall7, · tbeae inveat isatioaa ot the ezact aoaliaear ~ro:­

ceaa ·:realllt ia aaa7 eaaea ia avitchias lava u (z 1 , z 2 ) aiap­

l er vitb reapect to practical realisabilit7. Oa the other 

hand, the reaalta prove that aa inveaticatioa ot a liaeari­

sed aodel ot the actuall7 aonliaear proceaa caa be ot coadi­

tioncl valae ou17. Beaidea, the ai.-.r avitchinc curvea, ia 

the nonlinear •7•tea ~aae, ia4icate that the pertoraaace ot 

the control a7atea will not be aiaaiticaatl7 altered vhea 

the tiae-optiaal coDtrol lav ia replaced b7 a aiaple aubop­

tiaal realisation ot the avitchinc aad iadittereace car•••· 

Anal7tical aad ezperiaental atudiea verit7 thia aaauaptioa. 

(5) Siailar reaa~ta aa reported .here, can be aivea tor other 

terainal atatea, e.c. the tiae-optiaal control lav f•r a 

tranater ot an7 iaitial point to the aaatable equilibriaa · 

point (z 1 ('l) • •!: 2 • n, z 2 ('1') • d. 
rurtheraore, the aaae tTPe ot aethoda aad arc .. eata vere 

uaed to obtaia optiaal coatrol lava tor the aoaliaear pro­

ce~a, vhea the criterion tor evaluatias aratea pertoraaace 

is 11iniaal fuel consuap.tion (tiae iatesr~l over abaolate 

value of control aoaent u) or aiaiaal tael coaauaptioa-plaa 

tiae. These result• are sisaiticaat it cold cas arateaa are. 

•ssuaed to senerate the control aoaeat a. 
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AN APPROXIMATION TECHNIQUE FOR SINGULAR 
CONTROL PROBLEMS 
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I. Introduction 

Singular contt·ols often arise in the solutions of optimal control 

problems when the Hamiltonian is linear in the control variable. The 

singular condition occurs when the coefficient of the control in the 

Hamiltonian is zero. Clearly the maximum princip~e gives no information 

about the optimal control for this case and additional effort is required 
1 2 to determine the optimal control. Athans and Canon , Johnson and others 

have done work in this area utilizing the maximum principle and deriving 

additional necessary conditions fo~ . an optimal solution. Specific prob-- . 4 
lems have been solved. Miele3 and later Bermes and Haynes have used 

Green's Theorem to solve singular probtl!ms.-·-·-However, for systems of order 

higher than two, Green's Theorem may be difficult to use. 

The method to be presented here utilizes a different approach. The 

original system is approximated by a normal system, i.e. one for which 

s ingular controls cannot arise. The optimal control for the approximate 

system can now be determined using the maximum principle. This control 

function is then applied to the actual system. Bounds are obtained on the 

errors in boundary conditions and the degree of sub-optimality brought 

about by the technique. The method is valid for minimum time and minimum 

f uel problems with linear constant plants. 

The structure of the paper is as follows: Section II contains a 

s tatement of the problems to be considered and t~e sufficient conditions 

for the systems to be normal. The main results of the paper are contained 

in Section Ill. It gives a constructive proof that the normal approximate 

system can be made arbitrarily close to the actual system and also estab­

l ishes the bounds on the errors in boundary conditions and on the degree 

f sub-optimality. Section IV presents examples of both minimum t_tme and 

ninimum fuel problems. Section V points out related areas for possible 

fu t ur e r esearch. 
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II. Problem Statement and Conditions for Normality 

Two problems will be considered. 

2 .1 Problem I: 

Given a linear time-invariant system 

! =~ + ~!!; lujl_:sl j = l, ••• ,r (1) 

where .! is nxl, ! is nxn, ! is nxr and .!!, i:s rxl; find the ·control func·tion 

!!c,(t), (assuming i ·t exists) which drives the state of the system from some 

specified initial condition, ~, to some specified terminal condition, 2• 

in minimum time. 

i.e.~ J = JT dt; T is free. 
0 

2.2 Problem II: 

Again given a linear time-invariant system 

. ! = ~ + ~~; I u J I .51 J = 1, ••• , r 

(2) 

(3) 

where.! is nxl, ! is nxn, ! is nxr, and.!!, is rxl; fiud the- control function 

U ( t) , · (assuming it exists) which drives the state of the system from some 
-o . 
specified initial condition, ~, to some specified terminal condition, ~, in 

fixed time and at the same time minimizes the amount of fuel · used. 
r 

i.e., J =IT E luijdt; T is prespec.ified. (4) 
oi=i 

In each case it is assumed that the system is not normal and that 

singular ~ontrols may arise. As stated earlier our approach will be to 

approximate the original system with a normal system, find the optimal 

control for the approximate system and apply this control to the original 

system. At this point a statement of the sufficiency conditions for nor­

mality is in order. 

2.3 Time Normality 

The concept of time normality was first introduced by Lasalle5• The 

necessary and sufficient conditions for Problem I to be normal are given in 

Athans and Falb6• These conditions are that the matrices 

[b "Ab • 2b • "An-lb ] · 
~j = -j =--j :! -j:--:- -j ; J = l, ••• ,r 

are all non-singular where b. is the jth colunn of B. This is readily 
. -J . -

(5) 

seen to imply: that . the system must be controllable .with respect to each of 

the components of the control vector. Clearly every controllable system 

is not time normal. 

2. 4 Fuel Normality 
. 7 

The conditions for fuel normality were established by Athans • The 
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su f ficient conditions for Problem II to be normal are that 

i) 

ii) 

the matrices G. defined by (5) · must all be non-singular &d 
-J 

the matrix A must have no zero eigenvalues. 

These conditions imply not only that the system must be controllable 

with respect to each component of the control vector, but also that the 

system must not have an integrating capability. 

III. Generating the Approximate System and Bounding Its Accuracy 

3.1 The Approx~te- System 

3. 11 Theorem 'I • 

. Any system of the form (1) can be approximated arbitrarily 

closely by a time-normal or fuel-normal system. 

Proof: The time-normal apprOximation will be shown first. The 

proof is constructive. Part of the development will be similar to that of 
8 Gilbert • We first approximate the matrix A by one which has distinct 

eigenvalues. From Bellman9 we have that fo~ any square matrix ! there is 

another matrix A which has distinct eigenvalues and which also has the 

property 

~~- f ll ~ € 

where 
N . 

11£ 11 ~ i~j lciJ I 
and E is arbitrarily small. 

Let us denote 

E=A-A. 

The first approximation of (1) is then 

! = <! + !) E + ~!! • 
We now diagonalize the matrix ! + !' 

!-1! = !-1(! + !) ~~-1 X + p-1 BU. 

Defining -1 -1 A ! (! + !) p = ~; ! ! = :f, 

and 

we have :f =J:.! + D U • 

Partitioning D into · columns, 

D [ d • d • 
= -1 : - 2 

we obtain ! = ~! + ~lul + ~2u2 + • • • + ~ur. 

I t is easy to show that normality is independent of coordinates. 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) (12) 

(13) 

(14) 

(15) 

(16 ) 

Therefore 
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we can ces t for normality in t he norma l coordinates, 

Forming the G. ' s of (5) for the system of - J . 

( 16) . 

( 16) yields 

G [ • d • 2 d • . d .• A . 11. . j 
- J -J • - - J - -

n-1 d. J 
-J 

(17) 

and thus 
n-1 n 1 ~1 ~1 det ( G. ] = iJJj dij ] -J 
~n-1 1 A.n n 

(18) 

The Vandermonde determinant is non-zero for distinct A.
1
's which 

we have insured. Thus the condition for cont~-~,!}.~~-Pity with respect to 

u . is that the di.'s be -non-zero for all i. For time n_ormality which is J J . . -
controllability with respect to each component of the control vector, we 

then have the following requirement: 

dij I= 0; i 1, ... ' n (19) 

j 1, ... , r 

Let us add to the matrix D a matrix F such that the matrix-

H = D + F (20) 

has no zero elements. Note that the elements of F can be arbitrarily small. 

The approximate system is now 
0 

i = ~ i. + (~ + !) .!!· 
This system is time normal. In the original coordinates (21) reads 

0 
~ A 
! = (! + !) X + (! + ! !) ,!! 

where the elements of ! and ! can be made arbitrarily small. 

Recalling the conditions for fuel normality, we see that the 

system of (21) is fuel normal if all of the diagonal elements of .1:: are 

non-zero . These elements are distinct; therefore, at most one of them 

could be zero. A matrix L, can be added to .1:: such that 

A= L + A - - -

(21) 

( 22 ) 

(23 ) 

has no zero diagonal elements. Only one element of ~ need be non-zero and 

this element can be arbitrarily small. It must be such that the diagonal 

elements of A are distinct. In the original coordinates, the fuel normal 

system is 

(24) 

where the e lements of ~' ~ and ! can be made arbitrarily small. 

This completes the constructive proof that any linear, ttme­

i nvariant system can be approximated arbitrarily closely by a time-normal 

or a f ue l - normal sy stem. In practice, for specific problems, one may find 

s~pler ways of achieving the normal system. The e~amples in Section IV 

will demons trate this. 

L--------------------------------------------- --- --
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3.2 Errors in Boundary Conditions 

. An obvious question whi~h now arises is the following. Given 

~hat one has approximated the original system with one which is no-rmal and 

determined the optimal control, U (t)-, for this system; what errors in 
~ 

boundary conditions will result if U (t) is applied to the original sys­
~ 

tem? The answer is given in the following theorem. 

3. 21 Theorem II. 

I~ ~(~l ~r!':e~ - ~h~- - ~-y~~-~ ~~ _524) -~:om ~- ~o -~- ~~time _T~ _.th~~-- _ 
same control function will drive the system of 

time· T where 8(T) has the. following property: 
(3) from ~ tG ~ +-~(T) in 

. -. I8(T; I < [f T (E + P~..:l.) X( t) + PFU(t) ldt] eKl T 
- - 0 - --- - . ---

(25) 

where 1!1 ~max lzil; :i. = 1, · ••• n 
n 

K1 ~ MAX .E"Iaij I • 
i=l, ••• , n j = 1 

and 

Proof: Subtracting equation (3) from (24) yields - the following 

equation: 
0 

...., 0 ...., 1 ...., 
! - ! = ! (! - !) + (! + ~~- ) ! + ~ ( t). (26) 

Defining .§(t) = !Ct) - !(t) . 

B(t) =A 8(t) + (E + PLP-1)x + PFU(t). - - - - --- - 10 __ _ 
Making use of a lemma from Hartman yields 

we have (27) 

l.§(t) I :5 [J!IC! + !~-l) !Ct) + ~(t) ldt}eKlT. (28) 

K1 must have the property 

K1 lz I ~ 1! z I 11- z . (29 > 

n 
K1 = MAX ~J aij I is easily shown to be the least value satisfying(29). 

i=l, ••• ,n j = l Q.E.D. 

3. 22 Definitions 

Since the elements of !' ~ and ! can be made arbitrarily small it is 

convenient to make the following definitions: 

* E! = !' 
* ~ = ~' 

and * EF = F. 

3. 23 Comment 

Equation (28) now reads 

T * * 1 * KT I~(T) j <E [. 0 1 (§. + ~~ ~- !(t ) + !~ . ~(t)ldt]e _l. (30) 



103 

Note that ! ~T) I is of order E w i ch may be made arbitrarily small. 

Theref ore the error in boundary conditions can be made arbitrarily small 

also. ·The expression for l "( t ) I can be eva l uated since _!( t ) and !!_ ( t ) will 

be known from the solution of the approximate system. Also ~ote t hat by 

* taking~ = 0 in (30 ) one obtains the desired bound for the time-normal 

approximation. 

3 . 24 Definition 

Denote by ~0 (~, T) the set of states Which can be reached oy the 

original system in time T starting at~ and utilizing admissible controls. 

Denote by ~A (~, T) the analogous set for the approximate system. L~ t 

0~0 (~, T) and ~A (~, T) represent the respective boundaries of the sets . 

3 • 25 Corollary 

The boundaries, 0~0 (~, T) and ~A (~, T), of the reachable sets al-

most coincide, 

and 

Proof: 

i.e. 

'Sj. XE~A' J X€~0 71!- ~ ~ = O(E) 

v- X€~0 , '3- XE~A ::r lx - x 1 = o( €) • 

Two cases can occur. Either 

(i} one set contains the other c~ee figure l.a) or 

(ii) neither set contains the other {see figure l.b). 

(31) 

(32 ) 

For case (i), (31) follows from {30) (e.g., apply to the original 

system the same control which drove the approximate system to o~A). To 

prove (32) , for an arbitrary point X E o~ , construct the support hyper-
-oll 0 

plane and its normal. {From Neustadt , ~0 and· ~A are convex and compact). 

Call~ the point where the normal intersects o~A. By .convexity the clos­

est member of o~ to XA is X • Again from {30) we know that this distance 
. 0 -n -o 

is of order E. Since !o was arbitrary (32) follows. If ~0 ? EA' the argu-

ment is identical and requires only one additional inequality, 

I!(T)- !CT) I ~ E [J! (- !*- ~~*~) !(t) - ~!*~(t) jdt]eK2T (33) 

where 
n 1 

K2 ~ ~ . E
1 
I a i. + e i. + ( :~:- ) i. I· 

l.=l, ••• , n J = J J J 

( The proof of (33) is analogous to the proof of (25) . ) 

Case ( ii ) is proven by us·ing the arguments for case ( i ) piecewise. 

Q.E.D • 
• 

3 . 3 Subop timality 

Another impor tant criterion by which any app~oximation technique must 

be j udged is the additional cost above the true optimum incurred when the 
~ - .. . . 

technique is used . A bound in this additional cost will be obtained b~ 
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f irst bound:t,ng · the true _optimum cost of the original system • . 

3 . 3 1 Definitions 

Let U (t) represent the optimal control which drives the original 
-o 

sys tem from e to ~ and minimizes the cost, 

J
0 
~ the minimum cost for the original system, 

lo (T, U (t)) I 6 the solution . of equation (33) where U(t)=U (t), 
- -o = - -o 

-- d: ~ the b·ouad.ary of ~ h~per~~b-~ ce;tered ~bo~-t- ~ · with dimen:-

s ion 2i~ (T, !!c, (t)) l;. 

~ J ~ the minimum cost required to drive the approximate system 

f rom a point on d: to ~. 

U (t) 6 the optimal control which drives the approximate sys-
-o = 

tem from a to ~ and minimizes the cost, 

j 6 the minimum cost for the approximate system, 
o= -

lo (T, U (t)) I 6 the solution of equation (30) when U(t)=U (t), 
;:::;, 0 = - -o 

de ~ the boundary of a hypercube centered about ~ with dimen-

s ion 21~ (T, U (t)) I, and -o 
6 J ~ the minimum cost ·required to drive the original system 

from a point on £ to ~· 

3.32 Theorem III 

The optimum cost of the original system is bounded by the 

following in~quality: 

j + 6 JM > J > j - 6 JM (34) 
0 - 0- 0 

where 

and 

6 J =MAX 6 J. 
M XEdc 

Proof: Consider the trajectories in figure 2•!• From (33) 
! CT) lies within or on d:. Call ~d the ttme at which !(t) intersects (JC. 

Clear ly T(J ~ T and 

1 (u (t), r~) < j '(u (t), r) = J (u (t), T). 
-o · o- -o o-o (35) 

( The right hand equality would not necessarily hold if the cost functional 

depended on the state). Denote by jd the minimum cost to drive the ap-
o 

proximate system from ~ to Oc. Call X the point of intersection. By 
-c 

definition (36) 
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Jo + 
0 
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J (!,. ) > J 
- - 0 

Combining (35), (36) and (37) and utilizing the definition of 1 yields 
m ..... 

J > J 
0 - 0 

J , 
m 

the right hand side of (34). 
Consider now the trajectories ia fi~e 2.b. From (30) !(T) 

lies within or on ci:. Call T~ the time at- which !( t) intersects ?Ji. 
Clearly Tc, ~ T-and 

37) 

J(u (t), T~> < J err (t), T) = 1 err (t), T). (38} 
0 0 - 0 0 0 

De~ote by J 0 the minimum cost to drive the original _system from 1Z to ?/!. 
0 

Call !c the point of intersection. By definition 

J d ~ j (!!a ( t), To) • (3 9) 
0 

Also by definition 

J ~ + 6 J (X ) > J • ( 4o) 
0 ~ - 0 

0 

Combining (38}, (39) and (4o) and utilizing the definition of 6Jm yields 

jo+6J >J ~ m- o 

the left hand side of (34). Q.E.D. 

3-.33 Coaaents 

6 Jm can be evaluated s_ince from !!:,(t} and !Ct}, ~can be deter­

mined. We still have the problem that we are working with the original 

(non-normal}. system; however, for the bound we can use any control (not 

necessarily optimal). Of course the closer the control to optimal the 

tighter will be the bound. 

For 6 . j , we are working with the approximate system, however, the 
m 

de is a function of u (t} ·which is not .known. The most that we can say . -o 
here is that the dimension of de is of order €, and for particular sys.tems 

one may be able to show that 6 j is proportional to a power or root ~f €• 
m . 

In most cases, 6 J and 6 j will approach zero as· a € approaches m m · 
zero and as stated earlier one can make € arbitrarily small and still main-

tain normality. 

IV. Examples 

4.1. Example I 

The attitude control of a spinning spacecraft is the first problem 

to be presented. Assume that the spacecraft _is symmetric about one ·of its -
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axes · and is spinning a t a constant velocity about this axis . Assume that 

four non-spinning thrusters are mounted at ninety degree intervals on a 

bearing s upported platfonn at one end OF the spacecraft. These thrusters 

act in the plane normal to the axis of symmetry. Let x
1 

represent the 

normalized angular velocity about an axis through two of the thrusters, x
3 

the normalized angular -momentum about the same axis and u
1 

the thrust · 

along this axi,s. Li kewise let x
2 

and x
4 

represent the nor_malized velocity 

and momentum respectively about an axis through the other two thrusters 

and u2 the thrust along this axis. For small angular exursion about these 

axes, the following differential equations hold. 

x1 0 -1 0 0 xl 1 0 

x2 1 0 0 0 xz 0 1 

[::J + 
x3 0 0 0 x3 1 0 

x4 0 0 0 x4 0 1 

Also assume that the thrusters are bounded in magnitude such that 

lui I ~ I ; i = 1, 2 • 

(41) 

Let the objective be to transfer the system from some initial state to some 

final s tate in minimum time. Applying the test for time normality as given 

in paragraph 2 . 3 one readily sees that the problem is not normal and that 

singular controls may arise. This is apparent from the fact that u1 does 

not influence x
4 

nor does u
2 

influence x
3

• However, if we modify the A 

matrix so that 

A [~ -~ ~ -~] (42 ) 

we now have a time-normal problem for arbitrarily small but non-zero E • 

Here we see that the constructive procedure outlined in Section III which 

assured us that the system could be made normal is by no means the only way 

to do so. 

4. 2 Example I! 

The differential equations of the second example are given below. 

[: u 

l 
+ lu I .$ I • 

0 
(43) 

Th is set of equations can be sed o e resent ar ·ety of hysical situ-

a tibns ·. · e . g. a centri fuge n ideal bearings being orq ed bout its xis 
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of $ymmetry. Here x1 would represent normalized ·angular position, · x
2 

nor- . 

malized angular velocity and u the normalized torque. Another example is 

a satellite being perturbed slight about its orbit. Here x1 would repre­

sent the normalized position of the satellite along the direction of 

thrust measured from the position where the satellite would be if no per­

turbing thrust had occurred. Likewise ~ .would represent a normalized 

relative velocity measured along the same axis and u the normalized thrust • 

• . Equa-tion . (43} would hold: o~rer ._a ~11_ arc_ • . Single-axis control of a non­

spinning . gpacecraft could also·~~ - d~~ri~eB - PY .equation (43). 
Let ~s s~~pose it is desired t~ tra~sfet .a system described by equa­

tion (43) from some initial state to . some final state in a specified time 

while minimizing the amount of fuel consumed. Applying the test for fuel 

normality as given in paragraph 2.4, we see that the problem is nQt normal 

and that singular controls may arise. All states are controlled by u, but 

the system has integrating capabilities. 

By modifying the ! matrix to 

A = [e 1] 
- 0 E 

' 
(44) 

we now have a fuel-normal problem for arbitrarily small but non-zero E • 

For numerical results take as initial conditions, x1(o) = -3 and x2 (o) = 2. 

Let the desired terminal ·state be the origin and the specified final time 

be 5 seconds. 'lbe solution for the approximate problem is 

u = 0 O~t~ . 5 + 3E ' 
u =-1 . 5 + 3E~ t <2.5 + 6e , 

and u = 0 2.5 + 6e ~ t < 5 • 
When this control sequence is applied to the actual system, the final 

state is not the origin but x
1 

= -9e and x
2 

= -6e. The amount of fuel used 

is 2 + 3E. One can readily see that the minimum amount of fuel required 

for. the actual system is equal to or greater than the transfer specified 

along the x
2 

axis which is 2 for this problem. Thus the degree of sub­

optimality is at most 3E and the error in· boundary conditions is seen to 

be small also. 

4. 3 Example Ill 

This example is similar to the second one~ however, here we consider 

control along two coordinates. This could describe two coordinates of a 

docking maneuver by two satellites again -over a small arc such as during 

final s~ages . ' The equations of motion are 
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x1 0 1 0 
l 

xl 0 ol 

0 0 0 0 1 x2 x2 
+ 

:J 
[::J (45) 

~ 0 0 0 1 x3 0 

x4 0 0 0 0 x4 0 

Normalfzed pos~tion. and velocity along one coordinate are represent-

ed by x1 and x
2 

respectively. The normalized thrust along this axis is u1 • 

Along the other axis x
3

, x
4 

and u
2 

represent position, velocity and thrust 

respectively. These equations also could describe attitude control of a 

non-spinning symmetrical spacecraft. Let the objective be to transfer 

the system from some initial state to some final state in minimum time. 

The problem is not norma l as is revealed . by the test in paragraph .2.3. The 

! matrix may be approximated by 

A 

and the resulting problem is normal. To obtain some numerical results, 

take as initial conditions 

x1 (o) =-lOO, 

x
2

(o) 0, 

x
3

(o) 4o, 

and · x4 (o) o. 

(46) 

Let the desired terminal state be the origin. The solution for the approx­

imate problem is 

+ 1; 
4 2 

ul 0 < t < 10 + 1~05 X 10 € , 

1· 10 + 1.05 X 1o4 2 4 2 
u1 , c < t < 20 - 1. 82 X 10 

€ ' 

+'1; 0 .:5 t < 7 1.93 X lo4 2 
u2 E ' 

1; 7 -
4 2 < 17 + 1. 56 X 103 2 

u2 1. 93 X 10 € ~ t 
€ ' 

and + 1; 17 + 1. 56 X 10..J E- < 20 1. 82 lo
4 2 

u2 ~ t X 

When this control sequence is applied to the origina l system, che final 

tate is not the ig in , but 
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[-~ :: : ~ 4 c"c:::] 
2 .1 X 105 

'= 

- 5. 1 X 105 l 
(57 ) 

This says that the final state of the actual system lies within a hyper-

cube of dimension 

2 ~~ ~ = 1. 02 X 10
6 

€
2 

centered about the desired terminal state. 

( . 

Using the bound given by equation (3 ; ~ we know t hat the fina l s t a t e 

is within a hypcrcuoe of dimension 

2 I..Q I = 1. 94 ~ 1 o l e E ( 4 ) 

centered about the desired terminal state. This seems to say that the 

bound of equation (30) is a loose one. However, since € can be made arbi­

trarily small, even the loose bound can be made small. For computer calcu­

lations one might take € to be lo- 16 or lo-32 depending on. the word size of 

the computer and the powers to which € is· to be carried in the solution. 

To examine the degree of sub-optimality, the minimum cost of the 

original system can be determined by realizing that the first two compo­

nents of the state are uncoupled from the last two components. The minimum 

ttme for the composite system is equal to or greater than the minimum time 

of ~ach sub-system. For the boundary conditions specified here, the mini­

mum times for the two sub-systems are 20 seconds for x
1 

and x
2 

and 12 . 64 

seconds for x
3 

and x4• Comparing the largest of these, 20 seconds, with 

the time required by the approximating technique, we see that the approxi­

mation technique actually yielded a lower cost. This is explainable by the 

fact t hat the system has not met the boundary conditions precisely although 

it is very close. 

V. Conclusions 

A technique has been presented which allows one to find in a straight 

f orward manner approximate solutions for certain control problems wh~ are 

no t normal. The bounds on errors in boundary conditions are very usefu l . 

The bounds on degree of sub-optimality are not as easy to eva l uate, but may 

be es t imated in certain ins tances. Since the approximation can be made 

arb i trarily accurate (by taking E ar bi trarily small ) the errors can be made 

arbi trar "1; small. The only l imitation is computer accuracy . 

TI1e roost obvious ar€ f or exten~ion of t his technique is to make t he 

contro l closed loop i . e . determine the switching surfaces fo r t he approxi­

mate system an d eva luate the errors i ncurred who~ this control l aw is ap-
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pl i ed to the original system. Also, if· tighter bounds can be obtained, .one 

might approximate time varying linear systems or slightly non-linear sys­

tems by constant linear systems and apply the optimal control of the con­

stant l inear systems to .the original system. In this case one could not 

make € arbitrarily small, thus the need for tight bounds. These areas are 

presently being investigated. 
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Figures l.a and l.b 

Reachable Sets for the Original and . Approximate Systems 

Figure 2 .a 

~ · ~ 
J 

0 

Optimal ~ajectory for Original System and Associated Trajectory 

for Approximate System 

e x (u· ( t )) 
- -o 

Figure 2 . b 

"' J 
0 

Optima l Traj ectory for Approximate System and Associated 

Trajector fo: Jriginal System 
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