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CUHTE3 JVHE/HHX MHOT'OCBA3HHX CHUCTEM YHPABJIEHMH

M.B. Meepox sP.T.fAnymesckuit ( CCCP )

NHCTHTYyT aBTOMATHEM M TeaeMexanmku/T.K/ r.Mocksa
L. Beezenue

B zoxneze paccMAaTpUBAETCH 337448 CHETE38 MHOIOCBABHHX
CHCTEM aBTOMATMUYECKOTO YNPABIGHUA M8 YCHOBMA MUHAMYMA HHTET-
PaIBHOT'O KBaZPaTHYHOIO QyHKIMOHANA KauecTBa.boaxbmoe wicio pa-
00T, NOCBANEHHENX ZaHHO TemMaTyke,00pasyeT ZABa pa3BUBADMUXCH
Hes3aBucnuo HanpasieHud.Orzensem#t Kmacc cocraBispT 3a7auH,
HICTIONB3yRINE MaTeMaTHUEeCKUit anmapar TeopuH Bnnepa1‘3 (oco -
00 He BHZENANTCH AESTESDMUHNDOBAHHAA HIM CTOXACTHUYECKas IOCTa-
HOBKN ONTHMANBHHX 38784 Z&HHOTO HANpaBAEHUA B BUAY MX Onn-
soctn), [as YyNOMAHYTHX 3aZayu XapaKTepHo T0, UTO OHH CTa-
BT CBOEll HENBD ONpeZeleHNe NapaMeTpOB NepeZaTouHof MaTpuu-
Hoft Qyukmuu (KOTODHE M ABIAANTCH HENOCPEZCTBEHHO BapBHEDYEMu-
M) IPEZBAPUTENHHO BEBO3GYEAEHHON! CHCTEMH yIpaBIeHHT,ONpe-
ZeJeHHNM 06pa3oM ( B COOTBETCTBME C KDMTEDHEM ONTHMAND -
HOCTH) pearmpybmelt Ha Bo3ZeficTBHA H3BECTHOTO BHAH. bozee
o0maf NOCTAHOBKA 33Zaull XapaKTepHa ZAAA pado:“’7.ﬂpnsozuuoe
B HUX DemeEue He CBA3aHO C pemeHueM ypaBHeHus Buzepa-Xomda,
COCTaBIANMEr0 OCHOBY pal0oT NEpBOrO HaNpaBISHWMS ; ypaBHEHUH
IUHAMMKK CHCTEMH 3aZanTCf B (as@BOM IpoCTpaHCTBE(NmpoCcTpaH-
CTBE COCTOfHUI),a HENOCPEZCTBEHHO BAPBAPYEMHME BEeAHUMHA-
MY NpM DElEEHXM ONTHMMAINbHO# 387auM B ZAHHOM CIydYae ABAADT-
¢ KOOpAMHATH OOBEKTA M YHpaBIAnmMAE BO3ZeHCTBHA.

l3BECTHO,UTO ONKWCaHHE ZMHAMMKM OOBEKTa B NIEpezaTou-
X QYHEOUAX ONpeZeNseT Julb COOTBETCTBEHHO yUPaBAAEMYD
¥ HaGIpZacMynh 4YacTh OOBeKTa (ECiIM HMEenTCH,eCTEeCTBEHHO,
HeynpaBifeMas WIM HeHaGInZaeMas YacTH),- MPHYEM BXOZHHE H
BHXOZHHE KOODZKHATH O0BEKTa-KOHKPETHHE (M3MUECKHE BEIUYUH-
#H.Onucanye B NMPOCTPaHCTBE COCTOAHHYE Goiee NONHOE,GAHAKO
HENOCPEACTEEHHO KOOPAKHATH BEKTOpa cocTosHMA ((pasoBHe
KOODZVHATH )~ a6CTPaKTHHE BEIHUNHH,CBASAHHHE C BHXOZHHMH
KOODZEEaTaMN 00BeKTa (pETyAMPYSMHMM BeAMUNHAME) HEEOTOPOH
nocronEHOf MaTpune# mpeoGpasoBaEuf.Ecam yuecTs,uTo ANAA
GONBLOT0 KJIacca MHOTOCBA3HHX OOGBEKTOB KaUSCTBO nporecca
onpezenseTcA OGOOCMEHHHM NOKasaTeleM ABAADMUMCA QyHKIMOHA-
JIOM BHXOZHHX KOODZUHAT,a HE COCTaBIAANEUX BEKTOPa COCTOAHMA
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00B€KTa,T0 OYSBHUAHO,YTO B 3TOM CIyYae DaCCMOTDEHHE ONTHMAIB-
HO#t 38ZauM HENOCDEACTBEHHO B BHAE = ' JAMNEHO (U3MYECKOIO CMHC-
na.(llpaBza,BHpaxafd BEKTOP BHXOZHHX KOODAMHAT 4Yepe3 BEKTOD
COCTOSHNA,MOXHO pematsh 337jauy CHHTE3a COINACHO' ' OTHOCHTEIB-
HO Bek?opa (a30BHX KOODZHMHAT OGHEKTA30ZHAKO OCPATHHI NEpEXox
K HEeNOCpeZCTBEHHO PEeryiMpyeMHM BeINuYMHAM 3a4aCTyD HEdJIeMEHTa-
PeE H 3aBMCuT OT BHCOpa (asmca MPOCTPAHCTBA COCTORHUE).Cy -
meCTBEHHHM A7 338734 CHHTe3a MHOI'OCBA3SHHX CUCTEM fBIAETCH H
TO,4YT0 yPaBHGHMS ZOCTATOYHO CIOXHHX OOBEKTOB ONPEZENsNT U3
3KCIepUMEeHTa B BUAE BECOBOM (nepenaroqnon%uarpnqaoﬁ QyHKUAA.
[oaToMy NpE MCHOAB30BAHHM CXEMH pemenna4' ZOLOJAHATENBHO BO3~-
HMKXAeT 38Zava HAXOXZEHHMA AMHAMMUYECKOR CUCTEMH,MMepmeil npu sa-
ZaHHOft mepegaTouHo#f MaTpHUe HaMMEHBWMI NODPAZOK ZuGdepeHIManb-
HOr0 ypaBHeHMA .CKa3aHHOE NO3BOAAET NPEANONOEATH,YTO NpAKTH-
YeCKOe HCIOJH30BaHUE peaynsramon“'7nna CHHTe3a_ CIOXHHX MHOI'O-
CBASHHX CHCTEM OT'DaHMYEHO M B STOM IUIaHE METOZ =3 IpeznoyYTu-
reabHee.lpuBeeEHOE B padore8 ero odofmenue Ha caydall Hexyme-
BHX HAQYAJBHHX YCIOBH# KOODZMHAT CUCTEMH HyRZaeTCA B 0ojee
CTporoit apryMeHTanyu.

U3xoxeHHH# B ZOKIaZEe MOZXO0Z HEINOCPEACTBEHHO HE CBA3AH C
JEa3aHHHME BHIE paCOoTaMH M OTAMYaeTCA Goxee ofmeil mOCTaHOBKO
npeznonaras ypaBHEHHWs AMHAMUKE OOBERTa 33ZAHHHMA B HHTEIpalb=-
HOlt fopMe OTHOCHTEABHO PEryANDyEeMHX BEJUUNH,CHHTE3 MHOI'OCBA3=
HO#t CHCTOMH NPOM3BOAUTCA NPH NPOM3BOJBEHX YCJIOBHMAX C YyUETOM
AeficTBynmux Ha OOBEKT BO3MYNADINX ¥ MOZIEEAMUX BOCHPOU3BEZS—
HUO 3azapmux Boazelicrsuii.llpemaraeMas cxema pemeHnA MO3BONAET
NOAYYMTE BHPARCHHA ANA NEPEAATOUHHX MATPUUHHX (QYHELUA ONTUMAIE-
Ho#f cucTeMH yZOOHHE AJNA DENEHHS HA BHUMCAMTEIBHHX MawuHax,Jmpo-
MeHNe BHUMCANTEABHOR MpoueZypH pacCMATPUBAETCHA ZAJIA OTAEIEHHX
THUNOB MHOT'OCBH3HHX OGBEKTOB,

B 3aKInueEHEe yMECTHO OTMETHTH,YTO MHTETpalbHAfd KBaZpa =
THYHAA QopMa ABIAETCH,KAK NPABUIO,KOCBEHHHM NOKA3aTeleM KadecT-
Ba CHCTEMH yIpaBieEMf.HenocpezcTBeHHO MHTEDPECYDUMMY HHEEHEpa
OIEeHKaMM DPAaCOTOCHOCOGHOCTH CHCTEMH ABJIANTCHA TOYHOCTH PEryaId -
POBAHUA ,BpEMs PEryIMDPOBAKMA,IEPEPEryAUPOBAKNE A T.7, LOCIEA-
Hpe HeNOCpPeZCTBEHHO HE BNUCHBANTCH B KpUTEpuit KauecTsa,HO
RONEHH OHTH YYTEHH,eCId TPECOBAHMA KAUECTBA,BHDAKAEMHE NOKa=
3aTelleM ONTUMANBHOCTH,HE 33ZaHH EECTKO ,T.E. KOIGPUIMEHTH mO-
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ZHHTEIPANBHOTO BHPARCHUA QYHENUOHAJNE KAaYeCTBA JOIXHH BHOA-
PaThCA U3 JCIOBHA yZOBASTBODPEHUA BHUCYKA33HHHM OLEHKAM Ka=-
YeCcTBa.B CBH3W C 3TUM B DAOOTE NDOM3BOZUTCH TAKEE UCCAELO-
BaHUE BANAHUA KOSQDUIMEHTOB (QYHKUXOHAJE KaueCTBa Ha CBOH-
CTBa ONTUMANBHO! CHCTEMH.

2. [0CTaHOBKA 337aU# X OCHOBHHE COOTHOUEHAA.

Uycry sanmal nuHeiiHHAl MHODOCBASHHA 0OBEKT ,AMHAMMYECKOS
COCTOAHME KOTCDOIO ONMCHB3ETCA claexybmeidl cucreMofl ypasHeHuft:

b= Z(f) Z(0) + f‘W(t-?)U(T) dT ¥ [(t) ’ - (R.1)

rze Yo )= f# v'“ffm) -BEXTOD BHXOZHHX KOODAXHAT OCBEKTA}

utt)=(u‘,,,_, U,) —BEKTOD yUPaBJIfNMEX BO3AeicTBuil;

dct)= ({,,.., {m) -BexTOP BosMymanWKX BO3AEHCTBHH;

(V) -Becosaf MaTpu4Had QYHRIUA O00BEKTA;
Zt), 2(0)  -COOTBETCTBEHHO (YHAaMEHTANBHAA

MAaTDUIA ¥ BEKTOD HAUANBHHX YCIOBH,cNpeZelswmue CBOCOZHYD
cocraBnsnmyo pemeHME (2.1).

TpeGyerca B kaacce QyHxImit C , ONIpeZelIuTh 3aXOH yNpas-
neﬂuﬂ;oodecnemammm MUHMMYM QYyHKIMOHAIA :

I=4 [{plyc-g, O Thpydry o] + ' ucts} dt.  (2.2)

rne . {/,rlf“ 5 A -BEHTOD 327anmuX BO3ZeiicTsnit,

Ji(p) -Iu.TOHANbHAA NOCTOAHHAA MATDHULA-ONEPaTOP;

c -I0OCTOAHEuE Ko2hQHIMEHT ;

(*) = cumBOX TpaHECNOHUDOBAHWS.

,  Boazeiicrsis g,,(l‘), f(f) nozaracM MCue3aphu-
MI~ HENpPEepHBHHMY QYHKIMAMHM BDEMEHM,3AeMeHTH NOANHTEeIDalIBHOro
BHDAXCHNA-HEOTDRIATENBHEMY (IpERNONaraercs,YTc ONTUMANPHAA 3a-
Zada EMEeeT CMHCI).

Hax sazaua cuHTE32 CHOPMyIMPORAHHAS 38Zaya COCTOMT B
NOCTPOSHNN 3aMKEYTOH CHCTEMH yTIDaBIEHUd,BOCIPOM3BOAAHEH 3a =
Zapme CHUIHANH g"(f) ¥ npoTuBoZeficTBypLel BO3MYMEHHMAM

(f) c a;ijemimﬁocmm,3a3mcmeﬁ 0T ROSQ{WIMEHTOB MaTPUIH

gpyr C.

[pupaueHne @yﬁxuuonaxa(zl.z) AL (ero mepsas Bapmamas),
06yCAOBASHHOE g(f/:f/?f/*dé/(f/, ut)=urh+ Au) (U7b,ﬂz‘/-
ONTUMANBHHE YNPaBAAK. 1€ BO3ZEHCTBUA ! BHIBAHHHE MMM H3MEHE -

HUS BHXOZHHX KOODZMHAT; Ay(f): [Wd-nauwdr ),
DaBHO o
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2.4 o ¥ 'o 3
sI:[{(] 2" wWit-r)de ) Aeprhep) lyd)-g, ) couthudli 3
H3MeHUB NODAZOK METErDEDOBAHEA B NEDBOM CIATAEMOM NOHHTET-

PaxBHOTO nEpaxenna 2.3)

sl =J Au’m[iW'(t-t)lc-p;ﬂ(p)(y?b -g,,d)) dt +etwecr)]de,

B3 ycmoBuA® paBeHCTBA HyAD nmepsoft Bapuammm %ynxnnonana noxy-
uM BHDAXOHWe ZIA ONTUMANBEODO yUpaBIeRmAL’

wi)= & [Wet)depHpi yutt)-y°c1) A2, (2.4)
Bocnonnayenca*n ZanbHelimeM mpeoGpasoBaHueM Jannaca,paccmar-
puBaf QyHRIHMEA y"( Z‘), uv) B IIOCKOCTH KOMILIEKCHOT'O
nepeMesHoro § .Torza BHpaxeHME ZIA ONTUMAJNBHOTO ympaBle -
HEng (2.4) npuser BRZ

Uts) = Z{Wesifes s ( Y- Yes) )}{ :

IZe CHMBOX (-$) O3HavuaeT npeodpasosamue Jlaminaca OT
QyHRUEA, cymEecTByOMER NpU t<0 sOUTYDEHMA CKOOKaMM CO 3HaA-
KOM IINC 0003HAYaeTCcd COCTABAANNASA NOJOXUTEABHOTO BPEMEHH
COOTBETCTBYDNEI'0 BHpaxeHus.llpm raxoit samucu (2.5) yuurH -
BAeTCA yCHOBUE DEAAU3YEMOCTH CUCLIeMH YIpaBACHHA.

Sanucas npeodpasopaEre Jamnaca zns ypasHeHus (2.I) m
NOZCTABHB moclezHee B (2.5),monyunM

{(E+&Wis Feo dsWesilUis)}, = & {Weardcode)-
(Y, (5)-F¢s) }+ =5 {W(:S)ﬂ(-S)ﬂ(SJZ(8)£Z(0) : ' (2.6)

Mazpuna [+ £, Wl des) Ao Wes)
siBafercs apMuTobolt M mpejcTaBEMA COTIACHO 10-12 BUAe
NPOU3BEREHUA MaTDHI }f@s)f{(S) .ll03TOMy 3aMEeHUB yKa3aH-
HHM 0GpasoM IEBYyD qacggh(z.Giiyuxd&nu ZeBYD ¥ NPaByD YaCTH
3TOr0 BHPaXeHHA Ha H's) ¥ BHIOJHAA NpocTeiimue mpeospa-
30BaHHA,0KOHYATENBHO NOJAYUMM BHDaXeHUE ZNA ONTUMAILHOT'O 3aK0-

Ha aBJICHUSA ¢

I7 ﬁq_ﬂuumsaUMH §YEKIIHOHaJIa

I 4 [l gty DT ThipYutrsnl+Lepuct Lepuc]fdt

rze ° ¢(p)  -OmepaTOpEN? MHOIOWIEH,JHeTKO CBOAMTCH K paccmMaT-

pUBaEMOit MyTeM BBEZEGHHMA JUKTUBHOIO YIpABICHUSA UYf)=Cmp)u(f)
! TOCAEZYNMErO UCRINUEHMS er0 U3 MCKOMOT'O Pe3yiAbTaTa.

(2.5)
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Utsy-4Hor{Heo Weadeafts[Y,0-For-Zes ‘HO)L (2.7)

Nozcrasus (2.7) B (2.I),nMeen

Yeor=(Zes1-WeoHis) {£ HEoWeo feshir Lo}, 20+ Fos) +
Wl { 4o Weades de) ( Yoto-F)}, . (2.8)

s (2.7),(2.8) BuZEO,uYTO yCTOHUMBOCTEH CHCTEMH ONpEAelseT—
cA yCTOHUMBOCTED H}’s) $3T0 OCYMECTBHMO -1 .HerpyzHO
ycMOTDPeTH,uT0 pemenEe (2.7),(2.8) eZMECTBEHHO HECMOTDH H& TO,
9TO Da3nOECHUE 3PMUTOBO#l MATDHIH BOSMOXHO C TOYHOCTED A0 YHA-
TapHO# MATpUIH.B STOM ZETKO yOeZETHCH,HOACTEBEB B (2.7),(R.8)
swecro H(s) warpuny H,(s)= QH(s) ,rze ® -ysurapras
MaTpuna,x ucmoxsays Q*Q=E

Jlns pemeHms 3afauMl CHHTEsa CreAyeT HCKADYATH Bekrop Z(0)
u3 supazennit (2.7),(2.8).locze anemeErapuEx npeoGpasocBammit
pemeHuUe 3a7aul CHHETE3a IOAYUAM B BHZE

Ué)a-lf ©)(Yeor-Fis) +[ E+M(S)W(S)]-HZ;){M(-S)[Y,gsi-f' ] }+ i (29

Tze
Mes)= 2. Hes Wadeads), ¢ @.10)
-1 . -1 -4
Nw=HoiMesZo} (Zeo-Wolo MenZel). | e

Ecay wuczo ympasasomux Bo3zeiicTBHit paRHouMCIy peryIEpyeMuX
Beanuns,BHpaxesue (2.I0) yuopomaercs E BEAY

Mesr=HEo-Hes. ¢ (BeI2)
Ipu sammcy cBoGozHO# cocraRispmelt B ypaBHEHEAX o0Bexra (2.I)
¢urypupyer sexrop mavampEmx ycaosmi 2(U)  ,pasmepHocTs ko-
TOPOI'0 NpE DemeHuM 33ZaYd CUETE38 Npexnoizaraercs Tamolt xe, Kak
# BeXTOP2 DeryINpyeMuX BENMuRH,4TO,B000mEe IOBODPHA,HEyXZaeTcd B
fnoAcHeRuu. Eean t) ~BEXTOP COCTOSHHA O0BEKTA,TO 2(0)7(0}
¥ (2.9)-(2.12) npezcrazisnT UEYD CXeMy DEmEeHHs SHAIMTHUYECKOI'0

KOHCTDYMDOBAHHS N0 cpasyempe 5 (NPH DTOM CIEZyeT CUMTaTh
y,(1)=0) .B 00lleM Ciyuae BEKTOD DETyEKPYEMHX BEAMUHE
E g
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CBA3aE ¢ BEKTCPOM COCTOSHHE HeKoTopo# marpume#f,m cocras- .
Ispmue Bexropa 2(0) pPABEH HEKOTODHM IMEEHHNM KOMORMEA -
IMAM COCTABIADIHEX BEKTOPA COCTOAHMA (3aBHCmUM OT BHOODA
Gaanca),a 0O OTHONGHHD K BEKTODY PeryIEPyeMHX BeIMuyE-Id-
HellHHM ROMOMHAIMAM HX HaYaIbHHX SHaUYeHHHE g(D} B DPOM3BOZHKHX.
YTOOH He OmepHpoBaTH C oGodmgnnon nepezaTounoft MaTpuuHOR
dysrmEeit,npE onpeAeleEME M(S) CUMTANTCHA OTIMYHHME OT HYy-
Is BAYANBHNE 3HAYCHHS XMNS CTAPHEX nponanonigx OT peryis -
pyeMux Bexmuus (7r0,0ZHAKO,HSCKONBE0 He CyXae? NOCTAHOBKY
pemaexoit 3azaus,Tax xax CymecTBOBaHHe peném 33898 CHE-
Te3a NPE OPON3BOAHHX HAUANBHHX JCHOBHAX CIeXyeT M3 pasofpan-—
HOT'O CIyuas Zo)=40)  -3eKTOP COCTOREES oquxzaj.a:o
E€06XOZEMO YUHTHBATH NPH SaNECH Z Z0) 3 (Z.II),xo-
*7,KaK BHZHO H3 ZalbHeimero,BHpaxeHHS (2.II$= Ans oﬁpenene-
ms N,(s) MOXHO K He HCIONB3OBATB.

3 BupazeBuS (2.9$ BUAHO,YTO ONTYMANBHHI peryusarop .
JZOIEEE COZepEaTh CBA3H MO noamanm E 387apmEM Bo3zeficr-
BAAM.3aMETHM,YTO IPE NOCTPOSHMM CHCTOMH YUDABIGHHA BO3MY -
mapmee BO3ZeHCTBEA He BCerZa MOTYT GHTH H3MepeHN Eemocpex-
CTBEHHO.B 3TOM cIyuae ZNA HAXOXZSHHA NEPEZATOUEHX MaTpHy-
HEHX QyEEDME ONTEMAIBHO# CHCTEMH,MAKCHMANBHO HM NDOTHBOZEH-
cTB omell,cAeAyeT NpEACTABETE  [(s)= {cs)e e f(s)-
AMaroHaTBHAA MATPHIA,COCTOANMAA M3 HyJe# M NOIMCOB BO3MY -
mapmEX BO3ZeiicTBEit, -BEeKTOpP-CTOXNCEN MX AMIMTYAY,H HCEID-
wTh € ®3 BHpaxeHmH (2.7),(2.8).Tom NpE HyIeBHX Ha -
YaIBHHX JCIOBHAX HMEEM Bt

N " -t :
Ues# 'f{,f.‘:)Y(s) +[E *N.((;’W("}H ) {ML'S’Y*LS)L , (2.13)

rae
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No=Hio{Mesfiol [ Wit {Meadeoy, 17 (2.14)

Ina cuereM ¢ OZHO# perymupyemoll Bemmumuofi B 3 pac-
cMarpuBaiach 3azava CHETE3a IKHEHHOH# CHCTSMH yNpDarIeHHA,
iononponanonﬁmeﬁ SQ,(S) (HavanpHENE YJCIOBHS ,KOODAM-
HaT CHCTEMH CUMTADTCH DABHHMM HYMO0)NDPZ QYHKUMOH&TE Ea -
YecTBa BUZA (2.2).“onodﬁuﬁ Pe3yABTAT ZIA MHOTOCBABHHX
00BEXTOB JErx0 noxyunrs,nozaras B (2.7),(2.8)
Y,,(5)= %,(5) e ( g"(s)- IMArOHANRHAR MATDUIA,COCTaB-
Ifigmad ¥3 Hyael ¥ NOXPCOB 3aZawmuX BO3xeiicTsuil) ¥ MCRIM-
9afd BEETOD € U3 YKAa3aHHHX BHpaxeHu#l (npezBapurersHo(2.8)
3amMCHBaeTCH OTHOCATENBHO DA3HOCTH Y;iﬂ—Y?s))
U=Ns[Y, 0ol + N s Fes) -
i [E«N“sWsTH) (Moo}, | St

(@ gyt -1 -1
N &=H (s){M(—ﬂy,,LSI};[g,gs)-Wcs)H (s) {M(—s; y, (5)}+] (2.16)
B cxyyae paBeHCTBA YMCHA yIPABIADMEX BO3ZEHCHBHE E peryan-—
DPYEMHEX BEIMUMH NDHBEZEHHHE BHPAXEHMA MOXHO yNPOCTUTE.
3. liponezypa BHUUCAESHHUIL.

Kar BUZHO U3 BHUEW3NORSHHOTO BHUNCAHMTENBHAA CXeMa
paccMOTpPeHOll 3aZaUM CBOZUTCH E DAZY AITeGDaMueCKEX Omepa-
mt Hax MaTpULAME-ONEPaTOPaMy B IJIOCKOCTH KOMIUIEKCHOTO Ile=—
DPEMEHHOIO § LlapavsTpH ONTHMANBHOH CHCTEMH BHUMCHHWTCH
no dopuyznax (2.9) - (2.16). OceoBHAs BHUMCIMTENHHEAf TDYZA-
HOCTH COCTOMT B DASNOXSHME 3DMATOBOX MaTDHIH
E+ gi.'zW'L-S)ff(-S) FWes) lpouezypa pasmoxeHus

H3J0XEeHa B padoTax IO-IZ.PaCCMOTpnl eme OZME CNnocol ompe-
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ZeACHEA MATPUIN ﬁ[(s) TaK, KK ¢ OZEO# CTOPOEH,3azava -
CHHTE38 OPH Y;J”’Ffs )=[) EMeeT caMOCTOATENHHO® 3HAaYE-
Eue 5'6.a_c Zpyroi crdponn,ee PeNeHEe COCTABIAET OCHOBY
A7 HAXORZAGHMS ONEPATOPOB CBASH IO 3AZAMOMM H BO3SMyNADIUAM
Bosge#crenaM. lpegnaraemuit cnoco6 0CHOBAE HA AHANOI'ME BHpa-
ECHUA (2.7) ZAS ONTHMATBEOTO JNPABNEHHS B COOTBETCTBYRME-
"0 BHPOBOHHA ZXA CTPYRTYpHOX cxeMu Ha put.l.

Uss=-[E *rj\(;csﬂl\hs)]."1 N9 Z5200). 8

Wz cpaBmesma (2.7) ® (3.I) caezyer,ur0 cymecTByeT MaTpu-

A :
Hesy=E+N (9Wesy | i (3.2)
YACBIETBOPADIAN ' 3
E+&W eodeo fitsiWe = E+Wea N + N W + .
+Wes Neo N oW ¢s) . , (3.3)

3azasmMch BUZOM MaTpHIH A{(s) MOXHO COCTaBMTH CHCTEMy HeIu-
HellHHX ypaBHeHui#l ZAA HAXOXZAGHHSA ce HEONpeZeAeHHWX Koaddu-—
mMeHTO0B.J0ZOGEHM 06pasoM NpOouHeAYPY BHUMCHERMil MORHO
IOCTPOUTH OTHOCHTENABHO NMEPERATOUHO! MATPUUHON! yHKIME pa-
soMxEyrTolt cucreMn G(s) =M(3)W(s).
BuvygcauTerbEAs CXeMa 3HEUMTENBHO YNpomaeTcsa NPH PaccMoTpe-
HAY OTAEASHHX KISCCOB MHOT'OCBSI3HHX OGBEKTOB,MCXOAA M3 CHe~-
rudMYeCKOr0 BHZA KX NEepeaTOYHNX MaTPUHHEX ¢yHkmmit,dampctpa-
uMeil cxazaHHOMY CHYEMT paccMaTpUBaeMas HMXe 3afZaya CHHTE3a
Ang MHOTOCBASHHX OCBEKTOE C BHYTPUIDYNNOBO# cuMmerpumeil.
: 4. PaccMoTpeHMe OZHOIC KIACCA MHOIOCBA3HEX
00BEKTOB

OPpaHUUMMCHE HIACCOM MHOTOCBR3HHX OOBEKTOB,B KOTOPHX
MOIYT OHTD BHZENCHH PPYINH C HIZEETHYHHME NAPaMeTPAMB ¥ CBR3A-
M/ U3BECTHHX XX OGBEKTH C BHYTDPAIrpyNNOBOH cnunempneﬁ‘I3 .
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B cBop ouepezs OTAeNbHHE I'PYNNH NPEACTABISKT COGOK mozknace
MHOT'OCBSISHHX OCBEKTOB C BEYTP TDyHNnoBof#f cumuerpmel ¥ HasH-
BApTCH OZHOTHNHEHMM CBASAHHEMM OCBEKTaMy zl*.ﬂepsoxaqam,ao
OTPAaHEMYEMCH DaCCMOTDEHMEM ITOI'0 Kjiacca OGBEKTOB.JYIpomeHue
pemeHns ONTHMANBHOE 327a4M IpH (QyHEKIMOHAne KauecTsa (2.2)
(pasMepHOCTH BEKTODOB glt), g"(f), /(l‘),u(f)
paBHa n,ﬂ{y}nnaronamnaa MATPHIA C OZWHAKOBHMH 3JIEMEHTa-
ME Q(F) A7NA JAaHHEHX OOBSETOB OCHOBAHO Ha& PACCMOTDPEHNH
IBYX BUZOB ZBUXCHASA CHCTEMH 15,

a)cyuuapnoro codcuexnoro,xapamepusyenoro

y(s) Zg (8), UyS)= Zu (8) y (9)= Z%(S) {(s -Z{(s —(e"r-'ij

=1
6) cyuuapnoro OTHOCHTEIBHOTO ,XaPaKTE€PUIYEMOTO

s:Z {6-U.[8) U m—Zluzs) us)),
f/.() . (Ya0)-y09) P
[ (s) Ztg L-4,65)), fu(sv:Z{/‘.(.s)-éls) o makted)
i

pr 3TOM oqennno

4t9= £ (4(94Y2(9) | Ui(9)= & (Upls)+ U (9)

gm' (‘”: '% (slorz (‘S) i gm,{‘” ) ) % ('S) = % { ?Ii [S)+ 41 (S))
([:!)"'J /Z) (#.3)
Ipy ECIOAB30BAHMH NMpeospa3oBaEua (4.I1),(4.2) GyEKmMOHRX

kauecTsa (2.2) pacna,z:aewcﬁ Ha PAZ (YHKIWOHAJIOB

'rl g7 n_zzILz,

ﬁl { : ’ Z,* [
I if{lap g4, &1 + cCuph]et,

b

Ip,_ fi [Q{f’) dczd) garuz(L) ] e 4, ({)jd.é (4.5)
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a BMEecT0 ypaBHeHuik (2.I)"(2.5) AMEEM

Y2 05)= Yogy (5) + Wy (5)UCS) + L) *h6)
%‘“h %;;._.(5)4'%!(5)”;(3') +4£.:08), (4.7)
e

'Wz (8)= w(s)+ (n-1) [(s) % W‘.! (8)=w(s)- /(s)}, (4.8)
w(s) -nepezaTouHas MATDHIA ZHATOHAJNBHHX 3IEMEHTOB
00BeKTa, f?s) ~nepefaToyHas MaTpHOA NePEeKPecTHHX CBH -
seit; Yeg (9, y‘,‘.x (8) =-CBOGOZHEE COCTABIANMUE NEPEXOZHO-

ro Ipougcca BBeAGHHHX OTZENBHHX BUZOB ABHXeHMA.Hax moxasa-
I5

’

H0 B padoTe”” pemeHMe HCXOZHOK OnTMMAALHO# 3aZaul SKBABA-
TeHTEO MMHEMMU3AIME OyHKOMOBANOB (4.4)(4.5) COOTBETCTBEHEO
Ha ypapHeHuWAX (4.6),(4.7).dcxozHOoe pemeHue moxyuaercs Ha
ocuoBe coorHomeHmit (4.3).lonyuennnit pesyasrar pacmpocrpa -
HAETCA HA MHOI'OCBA3HHE OOBEKTH ¢ BHyTDPATQEyunosoi cuumerpueﬁ?
PaccuMoTpeHue ZBYX BUIOB ABMREHAA KOOPAMHAT OTASNBHHX TIpyNn
MHOI'OCBA3HO!l CHCTEMH C BHYTPAUT'DYONOBOX cumMerpue# u cooT -
BETCTBYOIMX BUZAM IBHECHN# yNPaBIADIUX BO3ZeiicTBHil MO3BO-
aAeT nepefTH OT MCXOZHON cucTeMH ypaBHeHUM# B QyHKOHMOHAJA
KAueCTBA K JHBUBAJCHTHHM YDABHEHMAM ABUXSHNA BBENEHHHX
00O0CMEeHHHX KOODZMHAT ¥ COOTBETCTBEHHO NPEOCDPa30BAHHOMY
dyErRmMOHaNy zauecTBa.BHZelerne B mpeoGpa30BaEHOM QYHKIMO-
Hale COCTaBIAWNMUX,CBA3aHHHX C YKA3aHHHMA BUZAMA XBUXEHUA,H
PacCMOTPEHNE 337a4 ONTHMI3ANKA OTZEIXBHO XAAA KAXZOTO BUAA
ZIBUREHUA TORZECTBEHHO PemeHMD UCXOZHON sazaud.llpezmoxes-
HOE Npeo6pa30BaHKE NO3BOAAET 3aMEHUTH 3aZAYy ONTUMA3ANHA
MHOT'OCBA3HOM CHCTEMH OSKBUBANCHTHHMA 33ZaYaMA ONTUMU3A LAY

HE CBABQHHHX MEXAy COCO{ cucTeM MEHhUEer0 MOPAZKA,dYTO Cy -
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NEeCTBEHHO YNDPOMAST BHUMCAUTCABHYD HPONEAYPY M MOXET TPaKTO~
BaThCH KAK ZSKOMNOSUIMA AJNA ZAHHOTO KiIacca OGBHEKTOB.
5. Crpyxrypa u cBOlicEBa OnTMMAnBHON cHCTEMH

[z npuBeZeHHHX BHPAaXeHM# AuA pemEeHHA 33ZauM CHHTE38
CIEAyeT,4YTO ONTHMANBHASA CUCTEMA B OOmEeM CIyuae ZONEHa OHTH
KOMOMEMDOB8HHOH CO CBASAME N0 BOSMYNMADIUM ¥ 33ZaDMEM
so3zeiicTsnau (Puc.I).Fasnmusme cTpyRTypHHE BapHaHTH ANA CAY-
4asi HEBO3MOEHOCTM HENOCDELCTBEHHOT'0 M3MEePEeHMs BO3MYHNADMUX
BO3ZeiicTBHil,a TaKxe NpM DACIpPOCTPAHEHHH nozxxoztaI'S (Gozee
y3HOTO,YEM paccMaTpHBacMuii B paGoTe ) Ha MHOTOCBA3HHE OGHEKTH
NDEZCTABNEHH COOTBETCTBEHNO Ha puC.2 ¥ puc.3. ( M(s), NS(S)-
ONEeDaTOPH CBA3EH IO yUIPEBAADMUM M BO3MymMADLIUM BO3ZeiCTBHAM)
B orauuue oT Cpr'KTypHOﬁ cxeMH Ha puc.l 3 3TOM ciyyae omeparTo-
PH (2’5), .N (5) 33BUCAT COOTBETCTBEHHO OT BHUAA
F(s) ; Y"(S) .JCTOWUMBOCTE ONTUMANBHOR CHCTEMH,KAE 3TO Che-
ZyeT W3 JaHHHX B padoTe CoOTHOomeHufi,o0ecneuywBaerTcs ycTohum -
BOCTBI HyIeidl onpezenuresns H(s) - nomonym"lz HocTpoeHue
yoroiiuyBOf cUCTEMH YIPaBICHWA BOSMOXHO JAf MHPOKOT'0O EI8CCA
IVES{HNX MHOTIOCBA3HHX OOBEKTOB.JCKIDUGHHE COCTABAADT OCHEKTH,
cozepzanye COKpamanmuecs HeycToduMBHE HyAM M moxnca.Jlerxo
yCMOTDETH,YTO NDHACYTCTEME NOCTERHMX B mepezaTouHoft MaTpuu-
H0f OyHRmuZ o0bexTa ( B OTHMUME OF COKpamanIHXCH YCTOHYMBHX
Hy7eil # TOZIDCOB,KOTOPHE HE BIMANT HA DemeHUe 3afad¥ CHETEsa)
00yCIOBNMEAET HEYCTOMUMBYD COCTABAADOYD B PENEHWH ONTHMAIb-
HOU 337auM.

ﬂpn 3aZaHHENX oq(p) C ypaBHeHHe

W( s) Hes) aq(s) WCS}’ 0 » (5.1)

n
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ANA ONTHMANHHO# CHCTEMH ABXHETCH AHANOTOM xapaxrépncmn;ec—
KOI'0 ypanaenﬁnxa‘l7. B cuay TOro,uTo KOPHM ¥ HOINCA C5;I5
PACIONOXEHN B IUIOCKOCTE EOMIIGRCEOTO NEPEMEHHOTO CHMMET-
DHYHO OTHOCHTEJIHHO Havazla noopnnnam,noxaraﬁéﬁgino HCCHEZ O~
BaTh €ro M3BECTHHMH B TEODHH ABTOMATHUYECKOI'0 DEryIUDPOBAHUA
ueronaun15'17.ﬂpn 3TOM HEABD HCCIEeZOBAHUA ABJAETCy BHABIE—
HAe BIMAHEMA KOSQPHIHEHTOB c/"(/0), C Ha pacnoioxesue Hyxei
¥ NOINCOoB ypaBHeHUS (5.I),T.6. B KOHEYHOM cueTe Ha CBOlicTBa
onTHMAIBHOf cHCTeMH (JIErK0 NOAYYMTH YCIOBNWE BemeCTBEHHOCTH

16

KOpHe#f ypaBHGHHA ONTMMANEHOK CHCTEMH HA OCHOBE ,3aZaHHO#

17 g ToZe),4YTO ¥ COCTABAAET OCHO-

KOZe0aTeNBHOCTH HA OCHOSE
BY BHOOpa KO3G@UHIMEHTOB NOAZHHTEIPANBHOT0 BHPAXeHUA QYHKIMO-
HHJIA KAYeCTBa NpPE peNeHNH KOHEPETHHX 337ad.

CymecTBeHHHM NOKa3aTeéleM KaueCTBa CHCTEMH CIYXEHT
TOYHOCTH YNPABIEHAS,B KOHEUHOM ;UETE& CBA3aHHAA C BEIUUHHA~
M KO3QQHUMEHTOB yCHMASHUA OTZACIBHHX KAHANOB MHOI'OCBA3HOM
cucTeMn (IpezfnuEeHne %Qf),#&lf)ncqeaanmnun GyHKIMAMU
BpEMEHH CBA3aHO C YCIOBMEM CXozuMocTH (2.2); OZHAKO 3aMeHa
Heucuyesanmed GyHKUME Hcue3awmell ¢ GeCKOHEUHO GOABNUM Bpe-—
MeHSM 3aTyXaHWA ZNA OPAKTUYECKHX lLeldeil BICiHE ONpaBZaHA).
[pezanoxeHREad BHmE METOZMKA pacueTa NApaMETPOB ONTUMAXBHOM
CHUCTEMH IIO3BOJACT oneaﬁms BEINUAHH KOBQUUMEHTOB yCUIECHUA
nepezaTovHo# MaTpMYHOft QYHKLUM CHCTEMH -yIPABICHUA,HE Tpe-
0yA pemeHWs ONTUMANBHOK 3azaum., Ansg 3TOr0 ZOCTATOUHO MONO-

®Th $=0 B BHpaxeHue: (3.3).Torza

LWl A (0)W(0)= “WorN o)+ NeoWeor + W N w)Nto)W(

Ecnn KO3QOUIMEHTH YCUIEHHS ZMATOHANHHHX 3JEMEHTOB Jﬁo;Vf(o)
Bequku (@ 3TO CBOHCTBEHHO BHCOKOKAUECTBEHEHM CUCTEMaM),To

BENUUMHY A&O).M]ﬂ» ,H0 KOTODPOil JEeTKO OUEHUTH CBOlicTBa
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EHCTEMH B YCTAHPBHBHNEMCSH pelnhels,npndnn:enno MOXHO HoJa-
rars Onasxolt x %g?’f.nerpyzno YOSZARTHCH,4T® KOSPIMIMEHTH
JCUIEHUS KAaHANOB MHOTOCBA3HO! cuCTeMH HEOI'DAHHUEHHO BOS~
pacTapT ¢ pPOCTOM BEAMUMHH 3JEMEHTOB MATDHIH.B arToM caguae
NpUXOZMM K JAHE{HHM cHCTEeMaM C CoxbumM KOSQ@MIMEHTOM yCm-
nermst®,

6. BuBozm 4

PaccuoTpeBa 3azavda CHHTE38 MHOTOCBS3HHX CHCTEM ynpaBie-
HMA NpM QYyHEUMOHAZNE KAUSCTBA B BHZAE MHTErpalbHON KBagpaTunu-
Hoit GopmH.IloKa33HO,UTO ONTHMANHHAS CHCTEMa JOAEHA GHTH
KOMOMEMPOBAHHEO# CO CBA3AMM N0 BO3MymManmMUM Bo3zefcTBUAM,NpH~
BEJICHH BHPaEeHVS AJAA ONpeZeneHHR NapaMeTpOB CHCTEMH. Hamo-
#eHa CXeMa CHHTe3a ONTHMANBHOR CHCTEeMH,MAKCHMANBHO NPOTH-
BozelicTBypme#t Bo3MymanmAM BO3ZeHCTBUAM,EeCIH BO3MYNCHHA He
MOT'YyT OHTH M3MEPEHH.YCTaHOBIEHH OCOOCHHOCTH pEeNeRns 3afayvl
ZAA MHOTOCBASHNX OGBEKTOB C BEYTPErpyimoBo#t cmmmerpueit,Pac-
CMOTpes0 BIEAHMe KO3(@dunmeHToB QyHXUMOHAZNa HA CcBOfcTEa ONTH-

ManpHO!l CHCTEMH.
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THE REDUCTION OF COMPLEXITY OF LINEAR,
TIME INVARIANT DYNAMICAL SYSTEMS
D, Mitre

Control Systems Centre, U.M.I.S.T.,
Manchester, U.K.

l. Introduction. The systems now being considered e,g. chemical plants,
national economies etc. frequently give rise to mathematical models whose
dimensionality is such as to defeat the resources of current techniques
in numerical methods and existing types of computer, The analyst is then
compelled to seek a reduction in the complexity of the model even at the
cost of lower accuracy.

The class of dynamicel systems considered in this peper is
assumed to be governed by a set of first order, linear, time~invariant
differential equations. For this class of systems it is easy to agree on
the dimension of the state space as a measure of its complexity. This
paper investigates analytic methods of model simplification which seek to
synthesize those simplified models of a specified degree of complexity
which minimize a defined functional.

The choice of the error functional is of course crucial., Apart
from being amenable to mathematical analysis, it should reflect essentially
the ideal requirements of the reduced model in the context of the parti-
cular application of the model in mind. However, the problems associated
with the choice of the functional is not considered here and it will suf-
fice to state that the particular functional chosen satisfies certain
basic requirements, and furthermore, experience appears to indicate its
adequacy in a number of applications., A detailed investigation on the
choice of the functional is contained in reference 1.

The problems associated with reduction of complexity are two-
fold: the first problem involves the search for a sub-system which is
relatively insensitive to input perturbations and the second concerns the
degree of interaction between the sub-system and the rest of tpe system.
In the latter case weak interaction suggests that the essential features
of the rest of the system awrg not unduly altered in the elimination of the
sub-system.

It turns out that the former problem involves a study of com=-
parative controllability. The problem is veriational and involves a
defined matrix W. The latter consideretion is viewed as & comstraint in
the reduction procedure and it is shown that this leads to projections

along subspaces invariant under the system's dynamical matrix. ' The

—
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solution to the problem of optimum projection along invariant subspaces is
obtained for both the deterministic and stochastic formulations. ]
The reduction of complexity of linear, time-invariant dynamical
systems has been investigated by Davison * who has given an intuitive
method for eliminating a specified number of the fastest-decaying poles.
However, Davison did not consider questions of optimality, nor, in fact,

did he define a functional.

2, Mathematical Description of the System
It ia assumed that the given linear, time-invariant dynamical

system X is governed by the differential equations

Xs: 4

S K Bu(t)

(1)

o= Cx
where, x(t) = n dimensional state vector,

u(t) = p dimensional input vector,

m(t) = q dimensional output vector
and A, B, C are constant matrices of appropriate dimension.

The system X is assumed to be controllable and observable 3.

In loose terms the problem is the synthesis of Ar’ Br’ Cr which
describe a similar system X, with (n-m) state variables whose q outputs are
a good approximation, in a defined sense, of those of X, m(m>o) is the
order of reduction and the subscript r is used throughout to specify terms'
corresponding to the system Xr.

The response at time t of the state variables of X to an unit
impulse applied at time t = 0 to the ith input with all other inputs
unexcited is given by

r;(¢) = e“gi (2)
th h

where b, is the i column of B, (The convention of dencting the i

1

column of any matrix G by & is followed consistently.) Then from the
assumption of linearity and for zero initial conditions (z.i.c.),
x(t) = jR(t-t) u(t)adr (3)

2,1 The W matrix, The matrix W occurs frequently in the analysis and to
avoid the need for frequent cross-references certain results on the matrix
W are now given,

The matrix W(D,T) is the Gramian matrix of the set of n vector-

: L4
valued state variable impulse response functions of the system X ,
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Consider the case when the inputs are applied one at & time and in each

case
w(t) = D 6(t) if k=1
(%)
= 0 if k#1i
for 1<i<p; 6(t) denotes the unit impulse and the elements D, are essumed

k
to be positive. Let g,(t) be a p-dimensional vector the elements of which
~,

correspond to the Jth state variable response to the p different weighted-
impulse inputs applied in the manner indicated in equation (4)., The jth
element of the :I.f'h row of the Gramian matrix W is

T
Wy, (0.1 = !ﬁt(t) g (8) at (5)

Here the superscript t denctes the transpose. It is easy to see that
2 t [ t
womn = T D0z ®) gt o - [R(t)mz ()t (6)
£ 1

where D is a diagonal matrix with Di as its ith diagonal element. The
form of input weighting discussed above may be generalized by considering
D in equation (6) to be symmetric and positive-definite.

Another result involving the matrix W which is required in the
following analysis is the expression for the covariance matrix

Mlx(t) x°(¢)]
for the system X subject to Gaussian distdirbances with practically white
spectra, Here M denotes mathematical expectationm.

The correlation matrix of the input is

Mla(t) wb(tec)] = Do(x) (1)
where D is a positive definite, symmetric matrix. Weang and Uhlenbeck 3
have shown that the state probability density function p(x,t) is Gaussian
with the mean value

x(t) = o x(o) (8)
and the covariance matrix at time t is
Ml (x-E) (x-%)%] = W(D,¢) (9)

2.2 Evaluation of W It may be shown N that W(D,t) satisfies the matrix
Riccati equation

d t
dtw = AW + WA™ + BDB

t , Wo)=0 (10)

When the system is asymptotically stable % W(D.T)/T__. S and thererdre

AW(D,®) + W(D,=)a* = -BDB' (11)

A set of n(n+l)/2 linear algebraic eguations have to be solved to obtain the
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matrix W(D,=),

The form of input weighting discussed abcve has involved the
matrix D. There is no loss of generality and some gain in terms of nct-
ational simplicity in assuming that D = I, the identity matrix, since each
of the above relations remain unchanged when D is replaced by I, and 3B by
BDl/e. Hence only unit impulses and noise of unit variance will be con=-
sidered. Furthermore, this transformation complete, the matrix W(I,t)
will be denoted by W(t).

2. Formulation of the Problem

In this section the functionals for the deterministic and
stochastic cases are first defined, It is next shown that the reduction
rrocess mey be considered to be a two-stage process; the second stage may
ve implemented by the use of well-known results., Finally, the error vector
is decomposed into tracking and projection components and the condition for .
the former to be identically zero is obtained,
3.1 The functionals, In the deterministic case the functional used is

D

s T
E1) = Z / flezs ) - ez (r.)" . (12)
i=l &
where Q' is a positive definite matrix, and the nctation ||5" i , where Q

is any symmetric matrix, is used for the quadratic form xth.

t) ' (t) is the difference of the outputs of the systems X and
Ar for an unxt 1moulse applied at the i input and for z.i.c.
_D @
AOEDE / £(8) [[ezy(0) - cpxy (W] & @ (13)
i=l o
The following functionals are used for the stochastic case
o i % 2
5 () = o [jex(m) - cx (T ) (14)
and, - i -
E(t)at = M /“Cx(t) - cx (0] 2, at] (15)
s g AT Q'

3.2 Decomposition of the reduction process The reduction process may be

represented in general as a two stage process =

Controllable Approximate Uncontrcllaeble Strict Reduced
e i,
System, X Reduction System, Reduction System, xr

A
The uncontrollable system X is givep thus
A A AN A a a B
C 4 x=Ax+ bu(t), m=cCx (16)
dt
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where %anr; é are respectively n and q dimensional vesctors, The controle
lable subspace 4 of IAI is of dimension (n-m).

The strict reduction process is so called because the output
vectors of the systems )A( and xr are identicelly equal for z.i.c. The
vectors m(t) and ﬁ(t). on the other hand, are generally not equal.

The striet reduction process follows in an almost obvious manner
from well known results on the decomposition of state spaces 6,7 and hence
will not be considered in here. Two aedditiornal advantages of this de-
composition ase that (i) it allows the analysis to be carried out in the
state space of the system X and (ii) since the first stage is common to =z
set of second stages and as the reduction problem is rarely completely
formulated at the outset, there is an obvious econamy of effort.

The functional E(T) defined in (12) may now be rewritten,

P T
- A 2
am - ¥ [“cﬁ(t) - cb () % oo
il e

where the superscript A is used to specify terms corresponding to the
system )?.

' P T .
v BTy e Z [l:i(t) ¥ gi(t)“ 2q at (17)
i=1

where Q = CtQ'C; Q is generally positive semi-definite. The expressions
defining the functionals Ef("), E_(T), Es(t)d‘c ir (13), (14) and (15)
respectively may similarly be transformed,

3.3 Decompcsition of the error vector. The decomposition of the error
vector [x(t) - £(t)] into two components - a 'tracking' and a 'piujection’
conponent is considered. Let f‘, dim f‘ = nem, denote the controllable
subspace of the system )? and let i, dim ft = m, be such that the direct
sum of f' and f’. is P‘n’ the state space, i.e. f' ® fz = Rn‘ New con=
sider a projection on f‘ and along fz . An unigue decompesition 8 exists

in waich
[x00- 2] = & (b) + Blt) wheve x(®) €Sy amd peye fy 0

a(t) and g(t) are respectively defined as the projection and tracking
errors.

It is now asserted that if and gnly ir fz is a subspace in-
variant under the linear transformation A ° then the tracking error is
identically null for arbitrary inputs and z.i.c.
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A coordinate basis EZ is set up in Hn such that the first
(n-m) coordinate basis vectors span f, and the last m coordinate basis
vectors span f + Since A is invariant under the linear transformation
A, the matrix A' of the linear transformation in Eia has the following form

' ]
-1 A I 0
Ar' = T AP = g (19)
A' L
Y R

where the matrix T represents the operation of coordinate transformation
and, therefore, the columns of T dencte the new basis vectors, The
operations involved in projecting along an invariaut subspace

are set out below. A
A

X
E. (!5“:3) (i ,Q‘

g"%
12=Tx' x.T¢
£'=0x'
} = ' '
© (ere) 48
B'.TB = [8) ' (o LY S L
y 0 | An 0

2
It is easy to see that for the form of A' gi\'ren in (19) the

tracking error

n-m
P L =
8(t) Z (x' = x ):1 0 (20)
i=1
where xi' is used to denote the ith component of the vector _15’ + Also as

A' has this particular form only if fz is invariant under A, the vroof is
complete,

It follows that when @ is a projection matrix the identity
g(t) =@ x(t) for arbitrary but identical inputs to the systems X and 3
implies that f’_ s the subspace along which the ﬁrojection takes place is

invariant under A,

4, Optimal Projection Along an Invariant Subspace

We shall make it an a priori requirement of the reduction method
that the tracking error be identically null, From the results of the
preceeding section it follows that an equivalent condition is the exist-

ence of an identity
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~ .
x(t) = @ x(¢) (21)
where 4 is a projection operator.
This section considers the synthesis of the optimel prcjection

matrix @ . Since projection matrices are uniguely determined by the sub-

5

=

spaces on and along whichk the projection takes place, the probviem is one of
finding the optimum invariant subspace, from the finite set of invarisnt
subspaces of dimension m, along which to project and the optimum subspace
en which to project.

In this section it is initielly assumecd that in the functional
defined in (17), Q = Iy and only in the following section is the general
case of a positive semi-definite Q considered. Since the generalization
is streightforward there is a gain in that geometrical interpretations of
the enalysis, otherwise obscure, are easily forthcoming.

4,1 Solution f; is of dimension (n-m) and it is assumed to be spanned
by the set of independent vectors p., lii<n-m, which are not necessarily
orthogonal . £ is unspecified. 2 is an m-dimensicnel invariant subspace
and it is initielly assumed to be specified and that it is spanned by & set

of m orthonormal vectors Ei' l<i<m, These vectors mey be obtalned from a
set of vectors spenning 4 by the Gram-Schmidt orthonormalizetion process ?
Also f,eft = R,, » 80 that the vectors t~i' l<i<m, and 25. l<j<n-m, together
span R, .

Let ii' 1<i<n, be a reciprocal vector set o for the combined set

of vectors Ei' l<i<m, and pd' l<j<n-m., The matrices Tl' R, Sl and 52
are defined thus
' 1 ' Ay .
R e M R T Bl | (88}
51‘[§.§‘2=‘“§£] s, = [s .1 - !5 1]

]
m' * "2 7 Zpe) Zme2r T 2
The conditions of reciprocality thus implies the following
relations involving S

1
t ;
2
G (23)
y A \
X 2k
and 2, e e SR (24)

The subscripts on the identity matrix I and the null matrix O refer to
their order. Also, it follows from the discussion in the preceeding
section that the coordinate basis i; is determined by the matrix T where
x = 1 = [R|T)]x (25)

In general the error, whichmis vholly projection error, is

x(t) - X(t) = F s, x8) 2, (26)
~ j=l -~ -~ J
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m m
2 2 % B
ama ||x(6) =20 % = P Koy 0> % = 7 s Slxeixi(0)s, (2D
J-l J=1
In particular,
m
20 - 50l 25 = 2 8, lxy o Ml (28)
=1
Hence, from (17),
: m ;- PN -
E(1) = Z gdt [Z / £i(t)£it(t)dt]:‘1 (29)
=1 i=l o
m
= Z s.® W(T)s (30)
~J ~J
=
In the final step the expression for W(T) given in (6) is used.
Define E,(T) = s,° W(T)s, (31)-

Consider the minimization of E(T), by varying Sy l<j<m., This may be done
by separately minimizing EJ(T). l<j<m, since the variation of 5, affects
only EJ‘ For the minimization of E, the m-dimensional column vector of
Lagrange multipliers Zéiis introduced to handle the constraints on 5y
given by (23) and (24k). But of course (2h) does not imply a constraint
on s, since f. is spanned by the columns of R, which are as yet unspeci-

~J
fied, Thus it is only necessary to consider

min t t,, t \
5 ¢J where OJ =g, w('li')g_‘1 - Z!J (Tl o SJ) (32)
E’J is the Jth column of the identity matrix Im‘ The solution obtained in
the conventional manner is
- t - -1
& % 1'1:[1'1 W l'rl] 2 .(33)
trmt =1 -1
and, EJ(T) i ['rl W 'rl] g (3k)

By definition the columns of the matrix T, are independent and since the

1
system is controllable W is positive-definite ; it follows that
Tlt " T, is non-singular. From (33) and (34)
L) t .~1 -1
§ = W omlr,W T, ] (35)
and E(T) = Trace [T W T Tll-l (36)

f is that subspace from the set of m-dimensional invariant
subspaces which minimizes E(T). f. is full determined since




27

t \
xef, & 5,'%x = ¢ (37)
and thus S, given in (35) is the solution of the problem.
L,2 The Optimal Projection Matrix The expression for ® is obteined thus

m
x(t) - Xe) = ) Lalt), 5y 5
i=1
m
or, Be) =x(t) - 7 La(tdys)y = [1-15 k) (38)
i=1

t PP L
= 1-15% = (1-1(n wl'rl) . W)

4,3 The reduced system Reversing the sequence of operations
i e 2 ‘X.' el il P e 3 ‘X:

followed in %2¢.33, the expressions for % ana i are obtained -

A=t = TYAYT o TgTATYT™ . OAP (39)
A
and B= @B (40)
It is well known 9 that for.P projecting along an invariant
subspace, PP = Oa (41)
iience, R = f4, B = @B (42)

Now consider the roots of the characteristic equation for A
and ﬁ. In the former case
0 = detfa- AL ] = det[T" (A - AL )T]

= detla' - un] = det[All' - AIn_m]det[Aaz' - um] (43)

The last relation follows from the form of A'given in (19). The character-
istic equation for i (assuming 322 =0) is
0 = aetfh-Ar] = aetld -a1]

= det [An' - AIn_m]det[ - um] (k)

Comparison of (43) and (4l4) shows that the roots of the equation
det[An' - )‘In-m] = 0 are common for both equations; corresponding to these
roots are the modes not spanning 4 ;

The eigenvectors of the matrix ﬁ may be obtained thus:
let u be an eigenvector of the matrix A, Then by definition

0 = (A-au = fa-aDy
(Pa-a1)@u = (AP -DPy (45)
% f = 2 9
Since AP = €A end €%, . So,
A A
(A = al)u

Rl

®u . (4e)

0

-~

A
where u
-
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In terms of poles and zeros the above results imply that the
n X p transfer functions of each of the systems X and 2 have a common set
of m=wm poles; in each transfer function the zeros have been manipulated

to compensate for the cancellation of m poles.

5 Some Generalizationgof Solution

In the preceeding section the reduction problem was solved for
Q‘= In. But since Q is in general positive semi-definite certain modi-
fications are necessary and these are dealt with in this section. The
sclution for the problem with a timé-weighted norm in the functional is
obtained in Section 5.2. This generalization has obvious practical
significance. Process control engineers have frequently expressed the
need for reduced models which are accurate in ‘the steady state. The
problem of optimal projection with zero steady state error as a comnstraint
is considered in Section 5.3. ‘
S.1 Positive semi-definite norms Consider Q to be positive semi-
definite., In order to distinguish between vectors and matrices already
defined in Sec. 4,1 and their counterparts in this section, the superscript
“ is used to denote the latter., The independent columns of the matrix
Tl which span f; are here required to satisfy

i e
o Tt Wil [ Im—ml ¢ ] (47)

oD

where (m—ml) is the gggk of the matrix Tlt Q Tl' In analogy with (30),
g4
2D o= 27 3tum g (48)
J=1
The variational problem of minimizing E(T) does not involve EJ.

(m—m1 + 1)gjsm, and consequently they may be chosen arbitrarily as long as
the reciprocality relations are satisfied, It is easily verified that a

non-unique solution for the set of vectors Ei' 1gigm, is given by

= I T (Tt 7=
31 = vIiT (T, "w'iT) (49)
Also, m-ml =
K - POE R, (50)
i=1

In correlating the solution contained in Sec. 4.1 and that just
obtained, it is assumed that the projections in both cases take place
along the same invariant subspace Jf « The latter assumption implies the
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existence of a m by m non-singular matrix G where

T, = 1,6 (51)
Then, from (49) and (35)
5, = §¢° (52)

(52) implies that the subspaces respectively spanned by the columns of
Sl and 51 are identical. Hince, F

@= [1,-78"] = (1, -T5") (53)
5.2 Time weighted norms Consider the functional Ef(-) defined in (15)

In analogy with (30) the corresponding variational problem is

8 % B Tk
:in oE ﬂf( )3J ; comstraimt : T, s, g (54)
-J
P @
vhere  W.( ) = Z [f(t){_z:i(t) _x_'it(t)} at (55)
i=1 o

The evaluation of W f(~=°) may be expected to lead to a complicated procedure.
But for a class of problems it is possible to retain its essentiel simpli-
city by the use of the Functional Matrix method developed by Macfarlene -

The assumptions are that (a) the system is asymptotically stable
and (b) f(t) is a Laplace transformesble function of time. Initially
consider f(t) = 1, Then from (13),

P
AW+ wA® = -BB® = o Z b, 3° (56)
i=1
The above equation may also be written as a set of a(n+l)/2 linear
algebraic eguations
Mot - ) 0
i=1
where M, g and ‘22'2) are respectively constituted from the elements of A, W
and vb~i' The elements of the matrix g are obtained from the elements of the
upper triangle of the matrix W by moving, in any one row, from left to
right and, row-wise, from top to bottom.
Now, Macfarlane has shown that if f(t) # 1, w! s replaced by

F(M) in (57) where

F(M) = [ £(t) exp ( - Mt) at (58)

F(M) has simple forms for some common velues of f(t)., Exeamples are -
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£(t) =1, F(M) =M £(¢) =5, F(M) = M'(rﬂ‘); f(t) = exp (= dt)

(a0], F(M) = (MeaD)”'

Thus for the forms of time weighting that are of greatest
interest the computation of Wf(-) still involves only one major operation -
the inversion of a n(a+l)/2-dimensional matrix. Finally, the optimal
projection for the functional Ef(-) is obtained by replacing W by Wf(-') in
(35) ana (38).

5.3 Zero steady state error For some input let the steady state value
of x(t) be denoted by ¢. The condition for zero steady state error may be
stated thus

Lin x(t) = Lim %(t) ie.c= Pg (59)
T Tt

The latter relation implies that ¢ ef. or,
Slt c = 9 (60)

The constraints on the vectors s,, lsim, given in (23) have to be
supplemented by (60); in its complete form the constraints on s, may be
written thus
rts = B vhere T_ = [T, | ¢l (61)
2
The respective functionals are then minimized subject to the

constraint (59) if in the analysis of Sec. 4.1 Tl is replaced by T‘.

6. The Reduction Problem in its Stochastic Formule:ion

The functionals E_(T) and f* E_(t) dt defined in (14) and (15)
respectively, are considered in this section, In asnalogy with (12) and
(17) the expressions defining the above two functionals are transformed and,
again following the pattern established, it is assumed that Q is the
identity matrix; the generalization to a positive semi-definite § follows

from thé results of Sec. 5.1.

It is assumed that x(0) = o and that the input disturbances are
practically white i.e. uncorrelated, and Gaussian.
6.1 = The functional E (T) The problem is to synthesize the system ?(, the
dimension of the controllable subspace of i being n-m, such that

B (1) = M{|lx(1) - XD 2]

is minimized for some given values of m and T. From (27),

o
50 = ) 5" Mxm Ml (62)
=1l

[ 9
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Bow from (11),  Mlx(T) x*(D)] = w(T)
m
i Ziat W) s, (63)
J=1

- The problem of minimizing the above sum of guasdratic forms for the con-

straints on Ed' 14J¢m, has already been considered; the solutions are
given in (35) and (38).
6.2 The functional }Es(t)dt It follows from (62) that

T m T m
. = % f % t
!ns(t) a JZ'l 3,1 { W(e) atls P sfvms, (6w
= J:l

where V(T) = lr W(t) dt., The solution to the variational problem implied
by (64) is obtained by replacing W by V(T) in (35) and (38).

A special case of some importance arises when the cobservation
period {0, T] is long compared to the time constants of the system, i.e.
when for all >

T > [exp (A; + AJ)T -1/ + A) (65)

where {ki} are the'eigenvalues of the matrix A, It may then be shown‘thax
v(T) £ W(T) (66)
If (65) is valid then a particularly simple solution is obtained.
Replacing W in (35) by V(T) given in (66) yields
s e RSl S R N RS U (14
Thus for T suf:icieptly large, the optimel projections for the functionals
i by Es('r) and ! Es(t) dt are identical.

T. Conclusions In this paper the development of a fairly general
method for reducing the complexity of linear, time~invariant dynamical
system hes been reported. In the deterministic formulation of the problem
only weighted impulse inputs have been considered. One of the reasons for
this is the relatively simple manner in which W may be evaluated., But it
is obvious that for another class of inputs the method remains.essentially
unchanged; it only remsins to obtain the matrix analogous to W, Also,
the assumption of zerc initial ccnditions is not essential and at the cost
of a slightly more involved andlysis the necessary modifications may be
made.

The method reporied in this paper has been applied to a ninth

order linearized model of a boiler. Althcugh of modest dimension this
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medel was chosen since it includes a nuaber of features which make its
reduction difficult, Details of the reduction and the results of

fairly extensive tests on the reduced model are contained in reference 11,
and the results are encouraging.

In our view reduced mcdels have an important role to play in
the application of optimal control theory in process control., The use
of reduced models leads to a three-fold gain: the state estimator is
reduced to a modest dimension, the ccmputational problem of controller
iesign is simplified and, finally, the design of the controlle- is
simplified in the engineering sense,

A reduction problem which reguires further effort is one in
which certain system parameters are required to be recognizable in the
reduced system so that their alteration does not necessitate the synthesis
of a completely new reduced model. The extension of the method to more
general classes of systems such as time varying linear system and dis-

tributed parameter systems is also of great interest,
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THE APPLICATION OF NON-INTERACTING
CONTROL THEORY TO A CONTINUOUS
MULTIVARIATE SYSTEM

By J. A. Planchard, Jr. and V. J. Law
Louisiana State University Tulane University
Baton Rouge, Louisiana New Orleans, Louisiana
United States of America United States of America

_ The application of modern process control has considerably enhanced the
ability of engineers to design and build more sophisticated and complex pro-
cesses which can be operated more economically. The wide spread utilization
of on-line process computers in'the near future will accelerate the progress
which is being made today.

However, even with this progress, the development of new theory seems to
be out-racing application. For example, most control installatioms that are
made today, even with control computers available, are single loop systems,
i.e., one output variable is fed back and controlled by a single manipulative
input variable. Yet theory has been available in the literature since 1956
which presents methods for multivariable control systems design.

Introduction

This body of theory has been mostly concerned with one particular aspect
of multivariable control; namely, continuous non-interacting control. The
basic concept in the design of almost all non-interacting control systems in-
volves the formulation of a diagonal matrix describing the overall relatiomship
between input and output variables. For this reason most of the theoretical
development has been limited to linear systems with time invariant parameters.
In addition, none of the theory is presently capable of handling systems with
appreciable time delays.

The literature now covering multivariable control is quite voluminous and
continues to grow rapidly indicating the currf&t general interest in the sub-
ject. A recent literature survey by Kavanagh lists an extensive biblio%raphy
of the subject and contains over 100 references. More recently Planchard'® has
reviewed the more promising design methods for implementing non-interacting
control in a process control enviromment. Practically all of these methods re-
quire a linear, time invariant mathematical model of the plant. These methods
may be broadly classified into two groups: those employing transfer function
techniques and those employ}ng 8tate variable methods. Of the tramsfer methods
reviewed, those of Kavanagh % Freeman?> pt Mesarovicl3,l 5 Chenl, and
Mathias 2 seemed to offer the most promise for the particular system under
study in this investigation. The state variable method has been used by
Morgan 5,16 and he has extended this technique to certain types of non-linear
plants.

The purpose of this work was to experimentally apply and compare those
methods presently available to an actual physical system exhibiting non-line-
arities and pure time delay. In this way a judgement could be made concerning
the possible need for additional design methods which directly consider these
complications.

The system chosen for study consisted of three stirred tanks in series to
which are fed two streams of water at different, fixed temperatures. The out-
put variables of interest are the flow rate and the temperature of the stream
exiting the third tank. A schematic diagram of the system is shown in Figure
1. The system under consideration is therefore a 2 x 2 system.
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The equations which describe the dynamics of the sysﬁem under the assump-
tion of perfect mixing are as follows:

- dhy 1 > :
_&'E',,? Lop + Q¢ - @ (hy)] i

dh 1 133 3

- = a7 [am) -am) ] @

P - (M) -] ®

Ao £ROD . L [opT, + QT - @ (b)T] i
(4 thm | ﬁ}- [Q (hy)T, [t-td] - Q (hg)Ta] )

o £h)h . & [q0)%le-] - g 0y)%) (6

where Ti(t-td) represents the temperatures of the ith tank delayed t, seconds
and Qi(hi) represents the exit flow rate from the ith tank which is a function
of the height, hj,over the bottom of the exit pipe.

It is seen from this mathematical description that the physical plant con-
tained product non-linearities with time delay. Thus it was felt that the sys-
tem chosen for study would exercise those aspects of the current thoery which
were suspect. At the same time, it would provide a simplicity which allowed
adequate mathematical description and physical implementation.

In order to cast the above equations into the proper matrix form for uti-
lization of the transfer function techniques, it was first necessary to lin-
earize the equations and, after transforming to the Laplace domain, to eliminate
intermediate variables by substitution. The additional assumption was made that
the exit flow rate was the instantaneous sum of the input flow rates. The plant
model thus becomes (neglecting the time delay)

Q(s) = Qup(s) + Q.(s) (€))

ay a;
B = oy L Y ThaE &@® (8)
where T = V% /Qo . (¢))
a = (T - Bo)/Qo (10)
4 = (Th - Bo)/Go (11)

This set of equations describing the flow rate and temperature from the
third tank in terms of the input flow rates may now be expressed in matrix form
as follows:




@ (2 1 1 Qe (s)
: ' (12)
a, a,
T (s) (Ts+1)? (ts+1)¥ Qu(s)
or
' ¥(s) = PB(s) X(s) (13)

where Y(s) represents the vector of output variables
X(s) represents the vector of input variables
P(s) represents the transfer matrix of the plantA

Almost all of the non-interacting design methods comsider basically two
types of control systems: those which place the non-interacting controller in
the feed forward loop and those which place the controller in the feedback
loop. These are shown in Figure 2.

The objective in the design of a non-interacting control system is to-re-
move the cross coupling between elements of the input variables, R, and the
output variables, C. Therefore the basic premise in almost all design criteria
is the requirement of a diagonal matrix relating the input to output variables.

The control configuration shown in Figure 2a, with the controller located
in the feedback loop, has been advocated by Kavanagh8 and Mesarovicl3, However,
their methods differ in that Kavanagh's allows almost complete freedom in the
specification of the overall plant dynamics while Mesarovic specifies what this
overall response must be in order to obtain a controller matrix with the least
number of non-zero elements. Thus Mesarovic's method can be thought of as a
particular case of Kavanagh's. The design equation for the controller matrix
of Figure 2a is given by

K = g-‘ = ﬂ" (1)

where the H transmission matrix is the overall response, diagonal matrix that
is specified in the design.

The majority of workers form a control configuration as shown in Figure 2b,
with the controller in the feedforward loop. Freeman3 was the first to recog-
nize that with the controller in this position overall dynamics could be se-
lected such that the controller does not contain elements corresponding to high
order differentiation of incoming signgls. The design equation for the com-
troller of Figure 2b is R

=1

¢ =2 [1-H"H (15)

Chenl, Mathiaslz, and Morgan16 have proposed alternate methods of deter-

mining the C controller matrix that avoids much of the tedious algebraic manip-
ulation associated with Equation (15). However, these methods naturally lead
to the same controller if the overall dynamics, H, are the same in all cases.

In order to avoid tedious algebraic maftipulation that most of the pre-
viously mentioned methods involve for large systems, Morgan employed the
state variable approach to the design of non-interacting control systems.

Once again only linear, time invariant parameter systems without time delay are
considered. This technique utilizes a controller configuration as shown in
Figure 3. (Note: The basic approach may easily be applied to other con-
flgurations.)
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The plant under consideration may be represented by the matrix differ-
ential eguation \

y=Ly+Jx (16)
il 1Y an

The class of multivariable systems considered is one with r inputs, n outputs
and q state variables, where q > n. Therefore y and y are q dimensional state
vectors; x is an n dimensional state vector; b &) is an n dimensional state vec-
tor whose components are the first n components of Y; L is a constant coeffi-
cient q x q matrix; J is a constant q row, n column matrix.

The relationship between y and r is described by

I=4Ay+Br (18)
where

A=L+JEK 19)
and

B JC (20)

If A and B are partitioned the sufficient conditions for complete output-
input non-interaction for the output vector of interest, y, are

A, be identically zero (21)

A,, be diagonal (22)

B,, be diagonal ‘ (23)

The specification of the A,, and B, diagonal matrixes is equivalent to
specifying the overall dynamics of the system. The elements of the controller
matrixes, C and K may be determined from the following equations:

Kig = =) " Lyg (24)
K, = Qu)-l (éu - L) (25)
Byi = Qn)-l By, (26)

Computer Simulation

In order to obtain a preliminary evaluation of the various controllers
that were designed by the techniques presented in the previous-two sectiocuns,
and in order to investigate certain parameters that were not readily varied
experimentall, a program of digital simulation was undertaken. The first de-
gsign method investigated was that of Kavanagh. If the overall dynamics are
selected as

; :

L (re+1)’

(27)

-]
L]
<
of
[
X
| SRS,
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then substitution into Equation 14 /results in the conttroller matrix:

a, = 1:’
3-8y, i it
kK = (28)
&)
T ay-a, »

Note that the k,, elements contains a cubic term in the Laplace domain
variable s. Physicaily this requires that up to the third derivative of the
output temperature, T,, must be measured as produced in order to implement the
proper control action. Since this is not physically practical, this controller
is described as physically unrealizable. While the controller cannot be synthe-
sized in the physical sense, it can be simulated mathematically. The time do-
main differential equations describing the control loop of Figure 2a (using the
linearized model) were programmed using the Mimicl7 digital simulation language.
The tabulated numerical results of the following simulations may be found in
the original work.

Since no valve dynamics were taken into account (i.e., the controller is
capable of instantaneously changing flow rates in the model), the Kavanagh
controller immediately implemented the final input flow rates. Because the
controller design was based upon linearized plant equations, and since these
equations were used in the simulation, perfect non-interaction resulted.

However, it should be recalled that the Kavanagh controller contained a
physically unrealizable element. The suggested practice to eliminate this
is to place arbitrary poles, far removed from the zeroes, in the element in
order to make it physically realizabl:,

For the conditions used in these simulations, that is, a tank volume of
4,58 gallons and an initial flow rate of 14.0 gpm, the time constant of the
system, 1, was .326 minutes. This corresponds to having a third order pole at
s = -3.07. Therefore, the three arbitrary poles were set at s = -36, more than
a factor of 10 removed from the zeroes in the k,_, element of Equation (28).

For a step change in the r, element of the command vector, r, the output
temperature should have changed 3°F while the output flow rate should have re-
mained constant. However, the effect of adding three arbitrary poles to the
controller was to introduce a dynamic interaction between ry and Q,. After
five minutes, the exit flow rate returned to the proper value. Therefore, the
observed effect of making the controller physically realizable was the loss of
absolute non-interaction.

Next the physically realizable -controller of Equation (29) was used in
conjunction with no time delay. Comparison of this simulation wiht that for
the linearized system indicated that the synamic interaction was only slightly
higher for the non-linear system.  Thus the technique of linearizing the pro-
duct type non-linearities in order to design the controller had an almost
negligible effect over that observed with the linear plant for the step sizes
considered. The effect of time delay on the system performance will be dis-
cussed later,

The next control system studied was that which may be design either by
the methods of Freeman or Mathias. The control configuration is given by
Figure 2b, and the final controller design by Equation (15).
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1f the overall transfer function matrix, H, is selected as:

E = hl. g (29)
0 R
(7s+1)
where h, and Z represent constant coefficients, then the solution of Equation
(15) results in
=t -z (rstD® ] 45
(I"al) (1-‘11) (a;"l) T(Tﬁl)s-z’ |
Cc= 8
= iy, Z X “Lrs+1\J ]
(ﬂa“t)(l'hg) (."a],) [(1’3"'1) J-Z]

This controller was tested with both the linear and non-linear plant

models again neglecting the time delay.

resulted.

stants of

In both cases perfect non-interaction

This was achieved despite the fact that the input flow rates, as
set by the controller, differed significantly in the two cases at given in-

time,

Thus perfect non-interaction was achieved with this controller

for the non-linear plant without time delay when incorporated with the con-
troller designed from the linear plant model.

The final non-interacting control system that was considered for simula-

tion purposes was that designed by Morgan's method.

The linearized set of

equations describing the plant must be cast into the form of Equation (31)

in order that J,, be non-singular.

0

Tyl
Is
T

Now the controllers may be designed
agonal matrices has been made.

¥ 1
=11

&

S 1
e
0 0

0 1/~

1
0

°1
-1/

0 0 i 1 Q
Y 0 ii. 3 & (31)
D T
-1/s 1/ 0 01
0 -1/r LO OJ

once selecti&n of the A, and B,, di-
The A,, and B,; matrices were selected as
-

0

~ Substitution into Equations (24), (25) and (26) results in

K,=0

10 0
Kz =

Lo 0

(32)
-ay/ |
( ay 3
148 . B (33)
oy *| -a a,
[y 3 -ay

It is interesting to note that ano feedback control is required to decouple

the system.
the system contains no feedback interaction.

coupling is achieved and no regulaticn is provided in this case.

That is,

the

This result is logical in that
It is important that only de-

K matrix is null,

Regulaticn

would have to be provided by feedback control on each of the outputs by the
An excellent discussion of this topic has recently been

correspond

presented by Greenfield and Ward“,J.

ing input.

Since these controllers are constant co-
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efficient matrices, they represent a particularly simple mode of conirol.

Because of the excellent results which had been previously obtained with
the non-linear system, no simulation of the Morgan controller was made with
the linear plant. As in the case of the Freemen control system, perfect non-
_ interaction was obtained when this control system was incorporated with the

non-linear plant.

Thus far none of the simulations have included time delay in the mathe-
matical model. It will be recalled that this time delay occurs because of
transportation lags between the first and second tanks and between the second
and ‘third tanks. For the experimental system under consideration,with a total
flow rate of 14 gpm, the time delay was approximately 0.0l minutes.

Possibly the most unexpected result of this study occurred when time de-
lay was considered for the Freeman-Mathias controller and the Morgan control-
ler. It was found that pure time delay of up to one minute had no effect at
all on the non-interaction. Thus perfect non-interaction was retained although
some effect was noted in the response of the d{namic output variable. This
occurance is discussed in detail by Planchard. 8

Time delay did have a significant effect in the case of the Kavanagh-
Mesarovic controller.where it caused a lag in the return of the exit flow
rate to its initial value. In addition, in the case of a time lag of one
minute, it appeared that the system might become unstable although the pro-
gram was terminated before this could definitely be established.

Thus these results indicate that because of the way in which the time
delay appears in the plant model, it causes no loss of non-interaction in
either the Freeman-Mathias or Morgan coatrollers. However, in the case of the
Kavanagh-Mesarovic controller, time delay causes a more sluggish response and
may lead to instability for large time delays. For the time delay of the ex-
perimental system (approximately 0.0l minutes) no significant lossi. in system
performance was observed.

Finally, a simulation of a double loop feedback control system in which
proportional and integral mode controllers were utilized was conducfsd. The
controller parameters were determined by the Ziegler-Nichols method™” utiliz-
ing open loop response data obtained from the plant model as given by Equations
(1) through (6), neglecting time delay. The control system is shown in Figure
4., The system was found to be unstable for the Ziegler-Nichols settings.

Much more conservative controller settings resulted in stable operation but
the controlled response was poor.

These results demonstrated the consequences that may result when empirical
design methods, based upon single loop systems, are used in the design of highly
coupled multivariable systems, Even if much more conservative controller set-
tings are used to provide system stability, the control action will probably
be of poor quality. It should also be recalled that no time delay was con-
sidered in the plant model in the above simulation. A time delay would almost
certainly have caused additional stability problems.

Experimental Results

A schematic flow diagram of the physical system is shown in Figure 1.
Two Electronics Associates TR-48 10 volt, analog computers were used in this
study to implement the non-interacting controller and other electronic opera-
tions. The two input flow rates were measured by turbine flow meters; the
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associated measuring instrument converted this signal to a 0 to 10 volt output.,
This signal could then be directly incorporated into the analog circuitry. The
output voltage of the analog computer was converted into a 3-15 psig pneumatic
signal by appropriate external tranducers.

Experimental results with the Freeman-Mathias controller are presented in
Figures 5 and 6. In the first figure, the exit temperature was the invariant
variable while the exit flow rate changed by a negative 1.0 gpm. A maximum de-
viation in the exit temperature of 0.43°F occurred after approximately one min-
ute of operation and thereafter the exit temperature returned to its initial
valve.

Similar results were observed for runs in which the exit temperature was
changed from one level to another. In the data presented in Figure 6, while
the system underwent a negative change in exit temperature of 3.8°F, the exit
flow rate had a maximum deviation of 0.17 gpm from its initial value. Con-
siderable cycling about the initial flow rate occurred thereafter. This was
principally due to random disturbances in the cold water flow rate caused by
line pressure fluxuations.

The Kavanagh control system was investigated in a similar manner. 1In
each case the three arbitrary poles in the Kavanagh controller were set eggal
to each other. Results obtained with each pole having values of 1/15 sec * are
presented in Figure 6 and 7. These values correspond to transfer functions of

- 3 < 3

(s+3.03 min %) (s+3.03 min})
T and ]

(s+4.0 min"t) (s+6.0 min™ )

respectively. Therefore in each case the arbitrary poles were less than an
order of magnitude removed from the zeroes.

The results presented in Figures 7 and 8 are for step changes in the r
element of the command vector. Therefore the flow rate ‘should remain 1nvari-
ant while the exit temperature undergoes a change in level. 1In both cases re-
sults similar to the analytical study were obtained. A rather large dynamic
interaction was found which reached a maximum in less than one minute and then
returned to its initial value.

Direct comparison of the amount of non-interaction between individual con-
trollers could not be made simply by comparing the deviations from the initial
value of the variable since in each case the total change in the system was
slightly different. Therefore it is desirable to define a non-interacting ra-
tio which takes this variance into account. This non-interacting ratio (NIR)
may be defined as:

maximum deviation from initial value (%4)

e absolute sum of the changes in input flow rates

Results for the three cases presented thus far for step changes in r; indicated

that much better non-interaction was obtained with the Freeman-Mathias controller.

In addition, moving the arbitrary poles out to 6.0 minute 1 gignificantly im-

proved the response of the Kavanagh-Mesarovic control system.

An attempt was made to move the arbitrary poles in the Kavanagh-Mesarovic
controller out to 12.0 minute ', however the circuit was too noisy and could
not be used.
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Runs were also made with this controller in which step changes in the r,
element were introduced. Results essentially identical to those with the.
Freeman-mathias controller, given in Figure 6, were obtained.

Conclusions

A large volume of literature has resulted from the considerable attention
that multivariable control has received in the past few years. Much of this
work has been directed toward the development of newer methods for designing
non~interacting control systems, while little attention has been directed to-.
ward physical implementation or comparison of these systems.

This study has compared those design methods which seemed most applicable
to the particular plant under consideration. Herein, of course, lies the
greatest danger in a study of this nature. Conclusions drawn from one particu-
lar plant will not always be valid when another plant, with completely differ-
ent characteristics, is under consideration. However, taking this into account,
it is felt that the following broad conclusions are still valid:

1, This study clearly demonstrated that reasonably good non-interacting
control may be physically implemented with a minimum of difficulty
resulting from inexact mathematical description of the plant.

2. Since all the conclusions which results from the digital simulation
study were born out by the experimental implementation of the vari-
ous control systems, future simulation studies in this area may be
undertaken with a great deal more confidence of subsequent success-
ful application in the laboratory or plant.

3. Control systems in which the primary control is place in the forward
loop (shown in Figure 2b) are superior in a number of ways to those
design methods in which the controller is placed in the feedback
loop (shown in Figure 2a). In addition to better performance these
advantages include the possibility of cancellation of the effect
of time delay and, in the case of transfer function design techniques,
the assurance that the controller may be made physically realizable
without resorting to arbitrary poles.

4, Product type non-linearities can easily be accommodated by the
non-interacti g control systems considered in this study.

5. Based upon the simulation studies and the results with constant
gain controllers in the experimental work, it is felt that state
variable techniques such as Morgan's design method offer two dis-
tinct advantages over transfer function techniques. These are
simpler controllers and less tedious design effort. However, all
state variables must in general be measurable and occasionally
incomplete non-interaction may be the only form attainable.

6. Controllers designed for non-interaction will generally provide
much better control than conventional feedback control. However,
The non-interacting control system is much more complex, and
therefore more expensive, than conventional control systems.

This study treated one type of linearization--that by Taylor's Series
expansion. Another widely used linearization technique is that of devel-

6
ing approximate transfer functions based upon such techniques as pulse testing
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or other types of transient tests. The quality of non-interacting control
obtained under this type of linearization would form a logical extension of
this study.

Nomenclature

matrixz of constant coefficients

Submatrix of A

Parameter of linearized plant model = Tc'Tso/Qa
Parameter of linearized plant model = T, -T, /an
Matrix of constant coefficients

Controller Matrix

The i,j element of the C matrix

Vector of uncontrolled disturbances

A diagonal matrix of transfer functions specifying overall response
The i,i element of the diagonal matrix H

The identity matrix

Matrix of constant coefficients

Controller matrix

Integral mode constant of exit flow rate loop
Integral mode constant of exit temperature loop
Proportional mode constant of exit flow rate loop
Proportional mode constant of exit temperature loop
Matrix of constant coefficients

The number of output variables of a system

The number of input variables to a system

A matrix of transfer functions representing plant dynamics
Cold water flow rate

Initial cold water flow rate

Hot water flow rate

Initial hot water flow rate

Exit flow rate of the ith tank

Final exit flow rate of the ith tank

Initial exit flow rate of the ith tank

The number of state variables in a system

-
.

e
L

[

7g?_plxlulu =gl = PN R T T [ O N L
N -

[

]

E ﬁ?upgpachckolw - slrkﬁ%

Radius of tanks

Vector of forcing functions

The Laplace transform variable

Cold water temperature

Hot water temperature

Temperature of ith tank

Final temperature of the ith tank
Initial temperature of the ith tank
Time

Initial volume of each tank

Vector of input variables to a plant
Vector of output variables
Arbitrary gain constant

5.06 CRL] .n#p

e N e )
o e e e
O Hh

NK % <

Greek Letters

” 3.14149 ...
z Summation operator
T Time constant = Vo/Qso
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SUGGESTIONS FOR THE DESIGN OF SIMPLE
NETWORKS AND ELEMENTS TO COMPENSATE
INTERACTION IN LINEAR TWO-VARIABLE CONTROL
SYSTEMS AND A METHCD FOR FINDING OPTIMUM
SETTINGS IN THE PLANT

W. Kraemer

Dr.-Ing.

Brown Boveri & Company, Ltd.
Baden/Switzerland

SUMMARY

t is shown that in most two-variable control systems better
results can be cbtained with partially decoupled control,
i.e. with only one additional transverse connection in the
control device, than with total decoupling, i.e. with two
crossed transverse connections in the control device. Basic
rules are developed for the purpose-orientated design of
partial and non-exact decoupling systems which are
comparatively simple to put into practice and which ensure
much more effective control than in the non-decoupled case.
It is shown that very good results can be obtained with a
single decoupling element suitably selected from three
proposed basic types. Fractical rules are also given for
optimizing such decoupling elements in the controlled
process.

INTRODUCTION

A two-variable control system with no decoupling is
frequently characterized by poorer controllability than in
the case of individual not coupled contrcl systems. Symptoms
of this are a greater tendency of the control system to
oscillate and the partly detrimental =2ffect of the movements
of the final elements on the instantaneous deviation of the
coupled control system. If every opportuaity of influencing
such a system externally has been triedq and control is still
unsatisfactory, one must consider increasing the system
outlay, through employing decoupling, for example. It is in
the interests of both operator and supplier of a plant with
two-variable control that decoupling can be achieved as
simply as possible. Guidelines and proposals for this are
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treated theoretically below, together with practical rules
for obtaining optimum decoupling.

THE NON-DECOUPLED CASE

To illustrate the true function of decoupling in a two-
variable control system, let us first analyse mathematic:lly
the actually "harmful" features of non-decoupled systems.
Fig.1 shows a block diagram which is generally valid for non-
decoupled two-variable control systems.

The P-canonical signal flow structure within the process
block in Fig.1 effectively covers all conceivable structures,
as they can all easily be traced back to this straightforward
form. Variables x, y and z are to be considered as Laplace-
transformed deviations from an arbitrary steady-state, while
the terms R, S an Z are transfer functions of the controller
or the process, in which case the delays of the megsuring
elements and final elements should be added to the process.
The signs for the coupling and disturbance signals given in
brackets in Fig.1 cannot be generally defined unequivocally
and are taken to be positive in the following discussion.

The disturbance transfer functions of a complete system which
are usually of the greatest interest, i.e. between a
disturbance z and the two control variables X4 and X5, can
be written in a particularly clear manner, as follows:

3 1 '
1+R,S 1 FwﬂFw2

111

N

1
NIN
n =

w1 Z
— - — e 2)
z +R 55, 1 - quF 12...21
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R,.S
1711
where Pl s = ey g Reference transfer
wl 7+ RS, function of loop 1,
considered as not coupled

R,S
el BRGNS T
as not coupled

It can then be said that everything which distinguishes a
two-variable system from a single-loop system, as regards
their reactions to disturbances, must be contained mathe-~
matically implicitly in the square brackets of Eq. (1) and
(2), because the terms before the brackets can be identified
as the known disturbance transfer functions of individual
loops. Examination of these terms in brackets thus enables
us to analyse the characteristic features of two-variable
control systems.

Two important points must be taken into account.

- The common denominator in the square brackets of Eq. (1)
and (2), when put equal to zero, presents a particular way
of writing the characteristic equation of the system. It is
formed principally by the dimensionless expression

s

s
12 ~21

I = gy 2 (3)
11 “22

termed the "interaction quotient"z. In particular, the sign
and modulus of interaction quotient X, considered as a
frequency characteristic and calculated at the dominant
frequency w of the control operations, can be shown to be
responsible for the altered stability conditions or the
changed limits and possibilities of the controller
settings.1

- The modulus of the complete term in brackets in (1) and
(2), considered as the frequency characteristic,is a
measure of the extent to which a coupled control system,
apart from the changed stability conditions referred to
above, iz advantageous or detrimental for the control
quality of the.individual control systems. The reaction of
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the whole system to disturbances is certainly comparatively
less favourable than in the non-coupled case if the modulus
of the term in brackets is greater than unity, and vice
versé.

when seén in this manner, the terms F&q and F&z play a
relatively minor part since, with assumed negativ feedback in
the individual circuits, they are always positive and their
modulus are almost constant, at least in the lower Irequency
range. Thus, depending on the signs of the pairs of coupling
and disturbance signals occurring within the process, it is
possible to detect certain trends for the harmfulness or
usefulness of a coupled second control loop. This can be
shown clearly in a logic diagram, Fig.2. The practical
consequences which can be deduced from this analysis are
summarized in Rules 1 to 3 at the end of this article.

THE CASE OF PARTIAL DECOUFLING

It was found in the previous section that in a large
proportion of two-variable control systems in the

engineering field, namely in all negatively coupled systems,
so-called "partial decoupling", i.e. with only one additional
transverse connection in the control device, is perfectly
adequate, and in fact better as regards quality of control
than "total decoupling", i.e. with two crossed transverse
connections. This also complies with the wish mentioned in
the introduction for the simplest possible arrangement of the
decoupling system.

In the case of partial decoupling, four different
arrangements are possible if, for example, the decoupling
signal is fed to loop 2. The first two possibilities a) and
b) in Fig.3 have the disadvantage, from the technical point
of view, that the transfer of each controller has to be
compensated, which is inconvenient and, if controller
parameters are modified, can be very complicated. The second
and third possibilities, b) and ¢) in Fig.3, have the
overwhelming drawback that the decoupling signal falsifies
the desired value of one controller, either temporarily or
permangntly. The fourth possibility d) thus presents the best
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technical solution, since it does not have the disadvantages
mentioned (see Rule 5).

THE CASE OF NON-EXACT, PARTIAL DECOUPLING

The effect of partial decoupling on negatively coupled two-
variable control systems can best be illustrated by
disturbance transfer functions calculated for a specific
example. The system in question can be characterized by a
block diagram as shown in Fig.4.

Exact compensation of the sole harmful coupling signal (cf.
Rule 4) was achieved theoretically by a sign-reversing
decoupling element with the transfer function

s
CEET - (&)

S22
In practice this condition cannot be fulfilled exactly, or
only at great expense. This is evident when one considers
that 521 and 822 also contain the dynemic influences of the
final elements. Generally one has to be satisfied with "non-
exact decoupling” which compensates harmful coupling transfer
via S5, only approximately.

If we now calculate the disturbance transfer functions for a
non-exactly, partialy decoupled system, we obtain the
relationships
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S S

1-Xg28 1 .-x 22
21 21

and Y = - = &)

3 S
12 22

’1+Xs—— 1+X§-—-K
11 21

The non-decoupled case can be reproduced from relationships
(5) and (6) by putting X equal to zero.

8.8
R s
X4 Zq el B
4 i 1T 2L (8)
z 1+R48,44 iy i F",ZJC
2.8
1 °29
X2 RN AR
o 2 P11 (9)
z 1+R,8,5 1 1 + Fly F&Z X

The exactly partially decoupled limiting case is obtained
from (5) and (6) by introducing the decoupling condition (4).

ﬁ_._zj—[q jol .Z_2.§1_2. (10)
el = T WR

z 1+R1011(1+JO Z1 822

X i

B L AR (11)
z 1 + R2522

Direct comparison of appropriate disturbance transfer

functions now shows us that passing from the unfavourable

non-decoupled case to the desired exactly decoupled case

depends on making the term | Y| as small as possible, because

- the value of coupling quotient X in the denominator of the
terms in brackets, which is primarily responsible for the
increased tendency of the whole systeh to oscillate, is
correspondingly reduced by multiplying with a small value
of X3

- the sole harmful influence of coupling transfer via 821 is
reduced at the same time, as is apparent from the term in
the numerator in square bracke:s in (6).

- The rather more useful influence of coupling transfer via
812 is not reduced, on the other hand, because the term in
the numerator in square brackets in (5) remains unchanged.



BT

In the exactly, partially decoupled case, single loop 2 woulc
be autonomous and, seen from the contrcl dynamics stand-
point, exactly the same as in the decoupled system. Single
loop 1 would also be autonomous, but dynamically rather
better than in a decoupled system. It should be noted that,
in the exactly decoupled case, the controller of loop 1 has
to regulate a resultant controlled system 544 (1 + X) which
has a higher gain coefficient than in the non-decoupled case.
However, the fact that the controller gain therefore has to
be reduced accordingly is no real drawback, since the closed-
loop gain of resultant loop 1, which is the sole determining
factor, remains unchanged. Thus, in order to discuss the
effects of non-exact, partial decoupling it is in principle
sufficient to assess merely the modulus of the frequency
characteristic Y (jw) within the considered frequency range,
in accordance with definition (7).

The only part-of the frequency characteristic Y (jw) of
decisive importance is that which lies in the region of the
dominant natural frequency «w of the whole system, because
frequencies far above or below are not significantly involved
in the control processes. This natural frequency w is, as =z
first approximation, to be considered as equal to the
critical natural frequency “%k of the siower of the two
individual loops assumed to be decoupled (Rule 6). The
modulus of the frequency characteristic Y (jw) at this fre-
quency can thus be used as a coefficient, here termed the
"decoupling factor ", which characterizes the effectiveness
of non-exact decoupling (see Rule 7). The first formulation
for » in Rule 7 is valid for the chosen exzmple in Fig.4. The
requirement for non-exact decoupling which brings about an
improvement can be formulated as:

ey 8on
|1-x°“—|'<|ﬁ+'x—‘{
g -
&l 3

The terms X 522/821, considered =zs freguency characteristics,
and X at the frequency in questioncoék can be represented as
vectors in a plane of complex numbers. Analysis of the
gecmetric relationships in Fig.5 allows conversion with aid
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of the cosine law:
2

S S
q+|x§ -2|x§§-:‘:- cos €
é'l +|X822|2|3(|2+2|X822“36| cos (€ +q).
521 » S21

In subsequent conversion one must distinguish between two
different cases. We have

a) for weakly coupled systems (0 < |X]|< 1)

S ; || (€ £ 1
22 cos + @) + cosé, (12)
X < 2
[ =2 1 -1XF

b) for strongly coupled systems (|| > 1)

S | ;
el I |X|cos (E +¢p) + cos €

X 32 : (13)

| 321| 1%12 -4

In both cases, however, an additional condition must be taken
into account, i.e. that the value of |X 822/$21| must not be
appreciably greater than unity, as "over-compensation" of the
effect of coupling can cause a negatively coupled system to
become positively coupled which, under certain circumstances,
may again lead to less favourable results.

From the control engineering point of view, case a) is
relatively unimportant because decoupling arrangements are
usually superfluous with weakly coupled systems. Case b), for
strongly coupled systems, is of greater interest in this
respect.

It is notable that condition (13) for effective decoupling is
always satisfied when § and § + ¢ vary only within # 90°, i.e.
when the sign of the decoupling transfer is given correctly.
Since the phase angles are included in condition (13), via
the cosine function, it can also be stated that a phase
deviation f of the decoupling signal relative to the compen-
sating coupling signal is of minor importance within
comparatively broad limits, e.g. + 45° (see Rule 8). It is
also worth noting that a relatively high value of I X |, which
is characteristic of strong coupling, alseo faveurs the
relative benefits to be gained from decoupling (Rule 9).
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DECOUPLING ELEMENTS
By observing Rules 5, 6, & and 9 it is possible to design
relatively simple, and yet effective decoupling elements
employing commercially available components. The following
three basic types of element can be used as required,
depending on the particular circumstances:

1) P-element with adjustable control factor

2) I-element or delay element with adjustable integral

action time constant or delay time constant
3) D-element with adjustable derivative action time
constant.

Depending on the necessary sign of the coupling transfer
being compensated, the output signals of these basic elements
must be connected to the other control loop through an
addition or subtraction relay. A subtraction relay is
required with the example in Fig.4. If in this example the
process transfer via 822 is slower than the coupling transfer
S2ﬂ’ including the relevant final element, the decoupling
element should be of the derivative-action Type, while in the
converse case the element should be of the integral-action or
delay type. If the two transfers are approximately equally as
fast, i.e. the phase shift between the decoupling signal and
the coupling signal in the frequency range concerned is not
greater than + 45°, a pure P-element is required. Thus, only
in this case is the greatest benefit obtained from "static
decoupling", which is often used for the sake of simplicity.
By further influencing the delays of the final elements it
may, in certain cases, be possible to obtain an improvement
in the sense of closer agreement between the phases of the
decoupling and coupling signals.

RULES FOR SETTING NON-EXACTLY, PARTIALLY DECOUPLED TWO-
VARIABLE CONTROL SYSTEMS ;

Exact partial decoupling obtains if the sum of a harmful
coupling signal to be compensated and a corresponding
decoupling signal is zero for all fﬁequencies, i.9.,
referring to the example in Fig.4, when the output of
controller 1 no longer has any influence whatever on the
input of controller 2. Non-exact, partial decoupling which
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is very beneficial as regards control behaviour can be
expected when the maximum attainable compensation occurs at
the dominating natural frequencies w' of the individual loops
(considered as uncoupled), and these frequencies are always
in the vicinity of the critical natural rrequenciescu& of the
individual loops. From this it is possible to formulate the
following practical rules for setting a non-exactly,
pértially decoupled sjstem.

Step 1
With the control system of the coupled loop disconnected, in-
crease the gain of the controller whose output is connected

to the coupled loop up to the critical value.

Step 2
With the first loop oscillating Jjust critically, vary the

adjustable parameter of the decoupling element until the
amplitude ratio between the controlled variable of the second
coupled loop and the output of the controller of the first
connected loop reaches a minimum. Since this adjustment also
alters the dynamic'behaviour of the first loop, the gain of
its controller must be reset accordingly.

Step 3

Now optimize the control systems of loops 1 and 2
individually or, if the effect of coupling cannot be reduced
sufficiently, in accordance with the rules for setting ncn-
decoupled two-variable control systemsq’ 5.

BASIC RULES

Rule 1

The decoupling considered necessary creates individual
autonomous loops as soon as one of the two coupling transfers
via 312 or 521 is exactly decoupled,.i.e. the controllers of
the two individual loops can then be optimized independently
of the settings on the controller of the coupled loop.
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Rule 2
In the case of positive coupling (sign X = + 1). which is
comparatively rare in technical applicaticns, any decoupling
considered necessary should as far as possible compensate
both coupling signals, in order to achieve better control
quality for both control systems.

Rule 3

In the case of negative coupling (sign X = - 1), which is
common in technical applications, it can be said that any
decoupling considered necessary should compensate only one
coupling signal, as a coupling signal can always be looked
on as basically useful, i.e. one of the two control systems
will necessarily be supported by the second system.

Rule 4

In a negatively coupled system, the only harmful coupling
transfer which needs to be compensated is the one which
retains the sign when the considered disturbance affects the
two control variables with different signs, or alternatively .
the one which reverses the sign when the disturbance aifectc
both control variables with the same sign (main loop
transfers are standardized to have positive sign).

Rule 5

A technically effective decoupling arrangement is to
superimpose one controller output signal on the other. These
output signals usually employ the same energy transport
medium (current, voltage, air or oil pressure), which
facilitates the design of relatively simple decoupling
elements.

fule 6

A decoupling element in a negatively coupled systeﬁ in
principle needs to compensate the effect of coupling only in
a range of frequencies about the freguency u):cuék (“%k =
¢ritical natural freguency of the slower of the two
individual circuits considered as not coupled). Frequencies
much higher or much lower are ususlly of no importance te the
control operstions.
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Rule

A measure of the effectiveness of non-exact partial
decoupling in a negatively coupled system is a "decoupling
factor P " in the form

et S22/321

1? e (X 522/821)36
for a)acaék

if only the coupling transfer via 821 is to be compensated by
means of a decoupling element with the frequency
characterist : X, or in the form

1 =X BygfBas

1 4+ (X 8,./8.,,)K
11/ P12 for w =wh

D =
if only the coupling transfer via 812 is to be compensated.

M =0 denotes exact partial decoupling
0 < < 1 denotes beneficial non-exact partial decoupling
M = 1 denotes ineffective partial decoupling, and
D > 1 denotes detrimental non-exact partial
decoupling.

Rule 8 : .

A beneficial effect, as regards control dynamics, resulting
from non-exact partial decoupling in strongly negatively
coupled systems, can always be expected provided that the
phase of the signai via the decoupling element and the
corresponding main-loop transfer, i.e. via X 822 and X Sqq,
does nov deviate by more than 90°, in the frequency range of
interest, from the phase of the coupling signal to be
compensated via 821 and 812, i.e. provided that, basically
only the sign of the coupling transfer via X has been chosen
correctly. The influence of small phase deviations, e.g.

+ 45°, does not significantly affect the improvement brought
about by decoupling. A great improvement can thus be achieved
in every instance by appropriate selection of P, I or
D-elements.
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Rule 9
The effectiveness of partially decoupling increases in
strongly negatively coupled systems with the extent of
coupling present. '
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ON THE OPTIMAL IMPLEMENTATION OF
MULTIVARIABLE DISCRETE LINEAR SYSTEMS

E. Biondi - L., Divieti - C. Roveda - R. Schmid
Istituto di Elettrotecnica ed Elettronica, Politecnico di Milano, Mila-
no, Italy

I.” Introduction

Several methods have been presented in the current literature,
which yield the form of the discrete compensator transfer function
in sampled-data control systems 1, 2, 3, The choice and the appli-
cation of one of these methods represent the first step in the system
design. The second step consists of choosing the method for physical
realization of the compensator transfer function. This can be done in
a variety of ways. Because the field of special purpose computers is
growing day by day, the control engineer has a particular advantage
in using these computers in the realization of discrete compensators
for multivariable systems.

When a special purpose computer is to be used, the second step
of the compensator synthesis consists of choosing the computer hard-
ware so that both economy and accuracy will be warrented.

From the economic point of view, a logical scheme for compari-
son among the different techniques can be based on the number of
storage registers required and the computing time involved. A com-
parative analysis in this way has been carried out in L, 3, while in
4 a method is presented for synthesizing a multivariable discrete
compensator with the minimal number of storage registers,

The compensator accuracy can be judged on the basis of round-
off error accumulation. As proved in 5. 8. 7 the various techniques
may present remarkable differences.

In general, economy and accuracy, described in terms of storage
registers and round-off errors, are two contrasting items. Therefore,
the previous analyses are not completely satisfactory, and a significant
cost function for an optimal implementation of discrete compensators
must take into account both the number of storage registers and the
round-off errors. - 3

This paper deals with the problem of the optimal implementation
of multivariable discrete linear compensators. The cost function is
a linear combination of the number of delay elements required and
the mean square round-off errors on the compensator outputs.
Considering the parallel method of synthesis and making use of four
basic structures, the optimization problem is approached in terms of
graph theory, and it corresponds to the determination of the optimal

(0) The present research has been supported by C.N.R. (Consiglio
Nazionale delle Ricerche), Rome, Italy.
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arborescence in a particular acyclic graph. This optimization problem
is finally solved via Dynamic Programming.

II. Problem statement

Consider an n input-m output discrete linear compensator, and
let each output be expressed as explicitely and wholly dependent
upon all inputs; that is

¥(z) = D(z) X(z) (1)

where

X,(z)

©

X(z) = X1 (2)

X,(z)

is the input z-transform vector,
Yl(z)
¥(z) = ¥,(z) (3)

Y. (z)

is the output z-transform vector, and

_[_)_I(Z) Dll(z) e Dli(z)'.' . Dln(Z)
D) = [Dje) | = | Dy@...D4@)... D) (4)
iin;(z) Dml(z) Dml(z) Dmn(z)

is the compensator transfer matrix. The block diagram of the com-
pensator is shown in Fig.1 (1)

Expressing each output Y (z) as depending upon all mputs X,4(2),
e Xp(z), it resu]ts

Yj(Z) = izzl Dji(z) Xi(Z) (5)

(1) The structure of Fig.1 has been defined by Mesarovic' as
P-canonical structure®,
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If the parallel method of synthesis is considered, the transfer
functions D.i(z) are supposed to be given in partial fraction expansion
form, that is :

-2MJ M
Dofs) - O+ T D) + )_—_ Dl (z) (8)
ji o h
h=1
where
%
Aoy o SRS
D; (2) N (7)
Pp %
b ]i ey |
o) » - o)Z
D:l:(z) & *Ip. z + (a. Jph (8) |
s (o'.uw..)z 1- (tr.-_;w,,.)z
and Ph are the real poles of D..(z), and 0’:; : jw{i are the

pairs of complex conjugate pole)s of D (z) From (5) and (6) it fol-
lows :

-2M

M
s n
Y(z)—}: f"x(z)+2 )'_l: D'}]:'(z)X,(z)+Z ZJI z)x(z) (9)
1 . *
i=1 h=1 i=1 R=1

i

Each function Dh(z) can be realized by means of one of the
structures of Fig.2-a and Fig. 2-b, referred to as ''first' and ''se-
cond elemental structure' respectively.

Each function D;»(z) can be realized by means of one of the struc-
tures of Fig.2-c ancs1 Fig. 2-d, referred to as ''third" and "fourth ele-
mental structure'' respectively.

As shown in Appendix, the round-off error accumulation is different

for the various elemental structures. Under the assumption that the

errors eJl(kT) and egl(kT) are statistically independent for h =
-2M3; =1,...,M,,;; i=1,...,n, the mean square value of the
r(;und off error on the” j-th compensator output (j=1,...,m) is:
— n Hji-2Mj; =753 n Mji T3
B L (10)
iz1  hzt i=1 =1
i i’

where the, errors € and €., are given in the Table 1 of the
. h h
Appendix,
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If the poles of D(z) are all distinct, the number of storage re=-
gisters required for the compensator implementation is -

m

n
N_= X = TH (11)
i=1

sr £ i

Thus, the optimal implementation is obtained when_the elemental
structures are chosen so that the round-off errors E? are mi-
nimal. i

If the poles of D(z) are not all distinct, it turns useful to intro-
duce the four structures shown in Fig.3 and referred to as '"first"
(Fig.3-a), "second" (Fig.3-b), "third" (Fig.3-c), and "fourth" (Fig.3-d)
"basic structures'. These basic structures can be considered as an
extension to r inputs or to s outputs of the elemental structures.

Using only one delay element, the first basic structure realizes
the signal

J 9 < jk
W, (2) = "Z” D, (z) Xk(z) (12)

when the transfer functions DJk(z) (k = 1,...,r) have the same real
pole p, . 3

Using again one delay element, the second basic structure realizes

simultaneously the signals

v2) = DE2) X,(2) k=1,...9 (13)
when the tr:nsfer functions Dﬁl(z) (k = 1,...,8) have the same real
pole p, .

The third and the fourth basic structurss substitute the first and
the second basic structures respectively in the case of common pairs
of complex conjugate poles.

An analysis of the round-off errors in the basic structures is
carried out in Appendix, and the results obtained are shown in Table 2.
When the poles of l_)_(z) are not all distinct and the basic struc-
tures are used for implementing the multivarizble discrete compen-
sator, a remarkable improvement can be obtained either in economy

and accuracy. On the other hand, it can be eagily proved that the
synthesis which gives the maximum saving of storage registers, is
not generally the optimal one from the viewpcint of round-off errors.
Thus, it seems to be meaningful to define a cost function involving
both the number of delay elements required and the round-off errors
on the compensator outpuis. The following linear cost function is

considered :
m

N e A

sIr J:l

% (14)
J

i

where Ns'- is the number of storage registers (delay elements) required
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X ! bog
for the implementation, € . is the mean square round-off error
on the j-th output and A, Jis its weighting factor
In the next sections it is considered the problem of finding the
optimal parallel implementation of a multivariable discrete linear
compensator under the following assumptions :

(i) the multivariable discrete compensator is defined by means of
its z-transfer matrix D(z)

(ii) the transfer functions Dji(z) are given in the form (6)

(iii) the real poles or the pairs of complex conjugate poles of D(z)
are simple and not all distinct

(iv) the parallel implementation is carried out using the basic struc-
tures

(v) the cost function is given by (14).

III. Optimal parallel synthesis

Let py,...,pt with t < : (Hj; - M;), be the distinct poles
(or pairs of complex conjugate po‘fes) of the”transfer matrix D(z). It
is possible (Fig.4) to associate to each pole f’h (or to a pair of com-
plex conjugate poles) an acyclic bipartite graph Gh = (x, Y, UD), where
X and Y are the sets ot‘h the compensator input and output variables
respectively. The set U~ consists of the oriented arcs ull = X 'Y

an arc uij'exists if and only if the function Dji(z) contains the pole

j)i

The first basic structure of Fig.3-a corresponds to the partial
subgraph of G defined by

f 4 (15)
g.=(X,Y,-,Uy)
where i 4
Yi = {%}
h A
Uyl e U
v
Y #¢
(2) It is wo \" while noting that, keeping different weighting factors

A\ ., it is possible to obtain a different degree of accuracy
on thé various compensator outputs.
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The second basic structure of Fig. 3-b corresponds to the partial
subgraph of GI' defined by

Q
n

P X, Y, U (16)

where

U ¢

The third and fourth basic structures of Figs.3-c, d correspond
to analogous partial subgraphs of the graph Gh, when G" is referred
to a pair of complex conjugate poles.

A general compensator parallel synthesis can be seen as the
choice, for each graph Gh, of two partial subgraphs G_ = s Y, u)
and 6P = (X, S5, u;{) such that . ey a

T and s" < v
= y
h 1P h h S
SN o S and gk SRR PR

Therefore, the parallel synthesis with basic stxﬁuctures consists
of decomposing the two par'tia.]h subgraphs Gh and Gy into partial

subgraphs g)};‘i for Xi € sx and gl;j for Yj€ SI;,.

In order to obtain the synthesis which minimizes the cost function
(14), two different costs must be assigned to each arc u?j of G~ de-

; h h h
pending on whether uijs U x °F Ujj € U ¥

According to (14) and to the results given in Table 2 of the Ap-
pendix, these costs are :

ji 2
o) 2
h
ey e R s P R (17
ij j i -2 12 1] X
Py
2
h h
vl.l. = A, : 9 for u,. €Y (18)
ij j : i 12 ij y
: P,
if the graph Gh corresprnds to a real pole, or:
- (aih)? + (pii)? ; h h (19)
B e ‘ i 3 q
ST [-1* B WrE, KR8

L 1-(G5 + @is)
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2
1 q h h :
vV,.=2NX\, for u,. e y (20)
4 Io1-t52+ a2 # N

. if the graph Gh corresponds to a pair of complex conjugate Eloles
Moreover, it is necessary to assign to each vertex YJ € S
cost

i 2
TR g
c. (21)
1 -2 12
" Py
if Gh corresponds to a real pole, or
’ p B 2
e : - s (22)
1l - (d"r + .D)

if Gh corresponds to a pair of complex conjugate poles.
In terms of graph theory, the optunil synthesis consists of
choosing two partial subgraphs Gh and G y such that the cost function

¢ ¢
c=I =L {st]+]s; |*E.,n oE b sL o] 8

1 (] v eyt uhcu
ijx o

is minimal,
It can be easily proved that, for parallel synthesis, it results :

¢
min C = Y min e (24)
{G:’G“ h=? {6,{'.0;'} h
h=1,...,¢

Therefore, the compensator optimal parallel synthesis with basic
structures leads to t distinct optimization problems. The solution of
these problems is presented in the next section.

IV. Determination of the optimal parallel synthesis

The optimization problem deﬁned in the precedmg sectlon oan be

solved associating to each graph G" another graph ph (R B
Fip» T2y )s where R, is an isolated vertex, A and B™ are two d1$Jomt
sets of vertices, Cia his the mapping of R, into A, and [, is
the mapping of A into B” (Fig,5). In particular,

A=XUY

lB.I = th|= N,




VAEA :r’al =g

YR e e 2

2h
: h h h b}
Each vertex B, € B corresponds to an arc u,.= (X,, Y )€U
= k ij i
i h ”
e A
Sl s s
with
A =X
i3 i
B =X
S J

s h B :

In each graph P, a cost p_ is associated to each arc
A > T
!.hoj Ar)’ and

Pl g for D SR e 4
T 3 f v 3
h RO .
priE 1*0j for Rl €Y

h g
where c. is given by (21) and(22). '
A cost 6, is assigned to each arc (A, Bk and

! h 1
ik for B, =u. and A =X € X
rk ij k i} 1 i
i h s
ﬁh = v for =B = u' and A = R R
rk ij k ij : o ]
I Is :
where p:‘ and v;li are given by (17), (18) or (19), (20).
i] 4

The optimization problem, defined in the preceding section and
referred to the cost function (23), because of (24) can be formulated
on graphs PR (h=1,...,t) as follows: for each graph PR, find the
arborescence having R, as its "root" and BR Lk e .,Nh) as its
""leaves' and presenting minimal cost.

This problem has been solved by the authors and the solution
has been presented in 9. Actually, the nonlinear optimization problem
involved is approached and solved via Dynamic Programming, consider-
ing the multistage decision process shown in Fig.6. In this process
the following definitions are given :
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State pb : set of vertices A. € h A ., through which the ar-

borescence paths ending at BN, SF R Bi +1 go

()

vertex A, € rélll BP through which the arbore-

Decision q}} ;
Bli'l goes

scence path ending at

(i)

(iii) Transformation function :

R h ) TR h
Bp *d B YRR SN
{iv) Constraints :
h h
r2h ahen ¥ {BN PR S 1 f
h
h
. ¢
h
h -1 h
q]_ € r)h Bi
(v) Cost :
h h h h
gp;, . q) plag) ol . q) + B8.la)
where 3
h h & h
play) = Py e o
and ¢ (p. , q? ) is the two - valued function given by
h ; h h
v(gi : qi) =0 if q € p;
h h " h h
?(p; - q) =1 if q; ¢ p;
and
h h h
= 6 i =
6 (qi) i if 9 Ak
The objective function which must be minimized is :
Np
i h h
c, i:)_:’ g oy » q))
Applying the section method it and proceeding from stage 1 back
to stage N, through the sections S_, i (Fig. 8), the Dy-

namic Programming algorithm y1e1ds the i‘ollowmg functional equation
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it

%) ~ min [(h 5 A )]
B/ &% - 4 i-1'Bj_1

- P
93
R h
RiteBprans Ay
for i = L”"Nbf starting with fo ek}

The calculations involved in the solution are generally rather
heavy, but the use of a computer can casily overcome this difficulty.

V. Conclusion

In the implementation of digital compensators the economy and
accuracy, expressed in terms of storage registers and round-off
error accumulation, are generally contrasting items. In the current
literature, these two aspects of the synthesis have been treated se-
parately, while a significant objective function for an optimal imple-
mentation should involve both of them. In this paper a method has
been presented for the optimal implementation of multivariable discrete
linear compensators. The cost function considered is a linear combi-
nation of *he number of storage registers and the mean square round-
off errors on the compensatior outputs. The method consists of apply-
ing the Dynamic Programming to the solution of a particular graph
problem to which the original problem can be led.

VI. Appendix

The effect of round-off operations in the elemental struciures
defined in section II has been studied in % 7. The mean square round-
off errors on the outputs of these structures are reported in Table 1,
where q denotes the amplitude of the guaniization step.

Following the method exposed in °, the round-off errors in the
four basic structures can be easily computed. The signals realized by
each basic siructure and the relative mean sguare round-off errors
are given in Table 2.
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Fig. 3 - Basic structures: a) firs basic structure, b) second basic
structure, c) third basic structure, d) fourth basic structure.
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STRUCTURE TRANSFER FUNCTION ERROR
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BASIC

STRUCTURES

STRUCTURE

OUTPUT SIGNALS

MEAN SQUARE ROUND -OFF ERROR
ON THE OUTPUT SIGNALS

First basic structure

wi(z) = £ 0Mz) X, (2)
A k=1

Second basic structure

Y, (z) = D}(z) X,(z)

k=z1,....8

Third basic structure

Wiiz) = £ Gr(z) X, (2)

k=1

e r+1 q
€, =
v 1-p 12
— ki? 2
G:','-" (’ 3 A . ) q
I-p 12
k=1,...,8
— , r+2 q’
wi=

1-(gs+ws) 12

Fourth basic structure

Y, (z) = Ge(z) Xi(z)
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