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СИНТЕЗ :ЛИНЕЙНЫХ МНОГОС~f{~НЬIХ СИСТЕМ ' УПРАВJIЩiИЯ 

М.В.Мееро:в ,Р.Т.Януше:вский ( С С ·с .р.) 

I 
Институт автоматики и телемеханики/Т~К/ r.Моск:ва 

• Введение 
В докладе рассuатри:вается задача си~еза мвогос:вязвнх 

сиетек автоматического управления из условия минимука интег­

рального квадратичного функцианала качества.Большое число ра­

бот,посвященных данной тематике,образует два раз:вив8Ющихся 
независиио направления.Отделъкый класс составЛЯЮ! задачи, 
Использующие математический аппарат теории Винераi-3 . (осо -
бо не :выделяются детерминированная или стохастическая поста­

вовки . оnтимальиых задач данного вапра:вления . в виду их бли­

зости). Для упомянутых задач характерно то~ что они сrа­
вят своей целью оnределение параметров передаточной матрич­

ной функции {которые и являются непосредственно варьируемы­

ми) пр~дварителъно невозб~енной системы упра:влевия,опре­

деленнык образок ( в соответствии с критерием оптикаль ~ 
вости) реагирующей на воздействия известного в~. Более 

общая постановка задачи ·характерна для рабьт4-7 .Приво;цикое 
в них решение не связано с решением уравнения Винера-Хопфа, 
составляющего основу работ первоrо направленив;ураввенИ. 
динамики системы задаются в фазавак пространст:ве(простран­

стве состояний),а непосредственно варьируемыми вехичина-

ми при решении оптикальвой задачи :в данном случае являют-

ся координаты объекта и управляющие воздействия. 

Известно,что описание динамики объекта~ передаточ­

ных функциях определяет лишь соответственно управхнекую 

и наблюдаемую частЪ объекта (если ике~тся,естествевно, 

неуправляемая или венаблюдаекая части),- причек :входные и 

выходные координаты объекта-конкретные физические величи­

ны.Оnисание в nространстве состояний более полное,однако 
неnосредственно координаты вектора состояния (фазовые 

координаты)- абстрактные :величины,с:вязанные с выхо;ц~и 

координаrами·объекта (регулируемыми величинами) векоторой 

nостоянной матрицей преобразования.Есхи учесть,что для 

большого класса многосвязных объектов качество nроцесса 

оnределяется обобщенным показателем я:вляющимся функциана­

лом вsходных координат,а не составляющих вектора состояния 
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объекта,то очев~во,что в этом случае рассмотрение· оптималь~ 

вой з~ачи непосредственно в в~е 4-7лиmеио физического смыс­
ла. (Правда,внраааи веR!ор выходных координат через вектор 

состоявия,моаво решать задачу сивтеза согласно4-7 относитель­
ко векжора фазовых координат объекта;одвако обратвый переход 

к непосредственно регулируемым величинам зачастую неэлемента­

ре~ • зависит от внбора базиса пространства состояний).Су -
ществевннк для задач синтеза многосвязных систем является и 

то,что ур&ввевия достаточно сложных объек~ов оnределяют из 

эксперимента в виде весовой (передаточио!)uатричной функции. 

Поэтому при испоnвзовавии схемы реmения4 7 дополнительно воз­
никает задача нахождения динамической системы,имеющей nри за­

данной передаточной матрице наименьший порядок дифференциаль­

ного уравневив .Сказанное позволяет предположить,что практи­

ческое использование резулътатов4-7для синтеза сложных много­
связных систем ограничено и в этом nлане метод1-3 предnочти­
!ельвее.Приведенвое в работе8 его обобщение на случай венуле­
вых начальных условий коmрдинат системы нуждается в более 

строгой аргументации. 

Излоаенный в докладе подход непосредственно не связан с 

указанными выше работами и отличается более общей постановкой: 

предполагав уравнения динамики объекта заданными в интеграль­

ной форме относительно регулируемых величив,синтеэ ыногосвяз­

вой системы производится при произвольаых условиях с учётом 

действующих на объект возмущающих и nодлежащих воспроизведе­

нию задающих воздействий.Предлагаемая схема решения позволяет 

получить выражения для передаточных матричных функций оnтималь­

ной систеuьt удо.бВЬtе для решения на вычислительных машинах.Упро­

щение вычислительвой процедуры рассма.тривае,ся для отдедьных 

тиnов многосвязвнх объектов. 

В заключение уместно отметить,что интегральная квадра -
тичная форма являе~ся,как правило,косвенным показателем качест­

ва системы управления.Непосредственно интересующими инженера 

оценками работоспособности системы являются точность регули -
ровавия,время регулирования,перерегулирование,и т.д. Послед­
ние неnосредственно не· вnисываются в критерий качества, но 

должны быть учтены,если требования качества,выражаеыые пока­

зателеu оптимальности,не заданы жестко ,т.е. коэффициенты по-
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дыитегральвого выражения функдионала качества должны выби­

раться из условия у.до~летворения вышеуказанным оценкам ка­

чества.В свнзи с этим в работе nроизводится также исследо­

вание влинния коэффициентов функцианала качества на с~ой­

ства оптимальной сис!екы. 

. 2. Постановка задачи и основные соотношения. 
tiусть задан линейный многосвязный объект ,Динамическое 

состояние которого оnисы:ва.~тся следующей системой уравнений: 

~(t} -= l(t} l(O) + j W(t-Ч:) и (<L) d<r + l(t) ' " 42.1) 
где ~(t) = ( J

1 
, .•• , ~"") -:вектор :выходных координат объекта; 

шtJ= ( U1 , .. . , Un.J -вектор уnравляющих воздействий; 
j t): (/1., ... , (m) -:ве ктор J3озмущающих :воздействий; 

YV(t) -весовая матричная функция объекта; 
l(iJ, ~(0) -соответственно фундаментальная 

матрица и :вектор начальных условий,оnределяющие свободную 

составляющую решениЯ: (~ .I) . 

Требуется :в It.лacce функций С.. определить закон упрu-
ления:,о6еспечоающий миникум функционала: 

00 

1 = 1 J {[JI(p!(yt6-~.т(tJJJ!.R(pJ( ~~6-~.,LiJ}] + clu(fJif{tJ} dt, (2.2) 
о 

где 3rlfJ= ( 'fэrj, ... J.j,rn) -вектор задающих :еоэдейс!вий, 
J( p -ди~гоналъная nостоянная матрица-оnератор; 

С -по стоянный коэффициент; 

( *) - мвол трансnонирования. 

Q оздеИст:вия _ ~Jт ({) , l(fJ полаrаеы исчеэающи-
ми J нзпрерывными ~ункциями вреыени,элементы подынтегральвоrо 

вьраже ния-неотрицательны ( предполагается,что оптимальная за­

да а и ет смы 

Как задача синтеза сформулированная задача состоит :е 

nостроени за зуто истемы уп авления,восnроизводн•ей за -
дающие сиг алы Vэт Lt) . и nротиводействующей воз»ущенияu 

f(tJ с эфф кmивно тъю,завися ей от коэффициентов матрицы 

][р) и С . 
Приращение _ункционала(2. 2) дi (его nервая :вариация), 

обусловлеfв:ое ~ttJ= lj"riJ+ d. ljtiJ , lltiJ=Цf'Jt6т-J1JlfJ (ll"tfJ}y-rt;-
onт мал:ьные уnраJЗляю де воздейстJJ~Я и :вызванные ими измене-

ния выходных координат; 6~(6: J 'W ( t-TJJjU(tJdr- ), 
равно о 
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.й: [ {( [ t..и·tr:"l'w'ii-r:Jd'f: ).ll(-pJ.AcpJ(~·~fJ-~,,.tfJ)+c'Auё6u~~2•3 > · · 
Измении пор~ок ин!еrрироваивя в первом cxaraeмou по~еr­

рапьноrо внр~ения (2.3) 

AI = jAuctJ[[W(t-rJil-pJJ1lpJ{~~tJ-~"ti>) df ... clцocrJ] dtt, 
из ус'11.овия-с ра:венс!ва HY1J.IO первой вариации fУ.нкциона.па полу­
чи• внрааение ДJI.a опти118J1Ьноюо упра»11.ения 7 

CIO 

?). 0(t)= ~. f W/r-t)J{(-pJll(fJ{ ifJтCr)-'j0('t'J) drc. (2.4) 
Воспользуексяtв ~альиейmем · преобразованием Лапласа,рассмат-
ри:вая функции j"rt;, t/ 11

( t; . :в плоскос!fи к'оiiiШексноrо 
перекеннqrо s • Тоrда :выражение .-ля опти.vа.льноrо yпpa»Jie -
ния (2·.4) примеж :вц 

U(s1 = jll { Wc~sJJ1{-sJfltsJ (Y,;(sJ-Y{;J J}+ , 
(2.5) 

где симвож (-S) означае! преобразование Лапласа от 

функции,с,.ест:вующей при t <О .;Фиrурншm скобками со эва­
кок nпюс обозначае!ся составляющая положите.льноrQ времени 

соот:ветс~ующеrо внрuения.При такой записи (2.5) учитн -
вается ус11.о:вие реапизуекости сис~екы управления. 

Эаписа:в преобразовани~ Лапласа ДJIЯ уравнения {2.!) и 
подставив последнее :в (2.5),получим 

{[Е -t [, W(-sJiftsJJf{sJ W(sJ] U(sJ]+ = ;~ {W!-$JJ/(-sJ.R{s) · 

·lY (sJ-FtsJ) 1 - h {W(~sJ.ffc-sJil(sJllsJ} l(O). {2.6) ~т J+ ""' ' т 
. Матрица Е+ ~. W(-$>/f{-s)J/(sJ Wcs) · 
является эрми!о~ой и представима соrлас~о I0-!2 в :виде 
произведения матриц 1{(-sJll(sJ .Поэтому заменив указан-
ным образом левую · часть {2.6ffукноЖик левую и правую части 
этоrо вsраzения на H*""/s> и вы~олняЯ простейшие преобра­
эования,оковча!ельно получик выражение для оптимаJIЬноrо зако-

на fiправления: 
1/J4.НИ:мизация функцианала · 
I~ f J {[JlcpJ( yctr~1,ltJ)]~[.Яtr>{~ttJ-ifi,ltj +[c(pJlдD[[c(fJll(t; J}dt , 
где ~ C(pJ -операторный мноrочлен,легко сводится к рассыат­
р~аемой путем введения 4Jиктивноrо управления l)'tfJ= C{fJUltJ 
и последующего исключения его из искомого результата. 
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(2.7) 

По~ставив (2.7) ~ (2.I),икеем 

Yis>:(lcs>~ Wls>H(~, {~H(~,W:SJIL-sJILs>tc~J}.J llDJ + FtsJ т 

+ W<s>Нl~> { ;.н·ts1W;s>Jll-s>.Als> CY.,(s>-Fщ) }+ . (2.8) 

Из (2.7),(2.8) »идво,что устоlчивостъ свс~емы о~едеnвет-
ся устойчивостью Hi~> ;э~о оqущес!»вмо IО-I2.не~р~во 
ускотретъ,что решение (2.7),(2.8) единствеиве нескоtря на to, 
~о разложение эрuито»оl матрица иозиоаво с ~очвос!ЪD жо уни­

тарной матрицы.В эtок nerxo убеди~св,по~сtавИВ ;А (2.7J,(f.8) 
:вместо H(s) атрицу R(s>= QH(s) ,~е Q -увиарвав 
катрица, в испоnзуи Q•Q =Е . 

ДДя решекия _задачи сивtеза следуе! всRХD~Ъ »екtор zlOJ 
из выраzеииl (2.Z),{~.8).Поспе эnемеитарвнх преобраэо:вавий 

решение задачи сивтеза пежучик ~ »иже 

Uь,,-N(s>('ic.s>-F<s>) +[Е +N,siW<sJ]H(~>J._м(-sJ[Y<sJ-F ts>J} , (,2.9) 
1 t 1 ., +t ' 

где 

M(-sJ= ~:lm:~> W<~s>.Ptl-s>JllsJ. -:, ~.Io) 

N. {s>= Ht;>{.&-s> 1(s1.; ( l cs'-Wl.s>H~J {.М (-s> 'lt s> }/.
1 

_ , , (;2. щ 
Ес.пи число ynpaвJIJU)щиx :воздейспий ра~ночисJiу реrупруемьа: 

:веuчин,:в:ыражеиие (..2~!0) упрощае!ся к ~иду 

M(-S): Н(:~)-н {S). ~ ~~2) 
При записи с:вобо~вой составnиющей ~ уравнениях объеК!а E2.I) 1 

фигурирует вектор начальных усnоЕий ~cOJ · ,размёрвостъ ко­
торого при решении задачи синтеза предпопаrается tакой же, как 

и :вектора peryJIИpyeu:ыx веJIИчив , что;.»ообще rо:воря,вуждае!св :в 

nояснении.Если ~(t) -вектор состояния объеК!а, !О :itfJ)=j{0) 
и (2.9}-(2.I2) представляю! иную схему решения авапи!ическоrо 
конструирования по сравнению с s,s (при 3' 011 CJieдye! счиtат.ъ 
~~ti)=O) .в обЩем случае :веЕ!ор реrуаируекнх . :вежичин 
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связаа с веЕ!ором сос~оаивв вехоторой uатр•цеl,в соста.­

JrЯI)щие :вепора ~cOJ · роив векотора пиеl1001 . хоllбииа -
цаим саставжиащих :ве~ора сосtоякав (завис~• от :выбора 

. . 
баз•са),а по оtиошеВВQ & :вехtору реr,жирJеМЫХ :вехичив-хи­

вей!ПDI коllбвнаЦJIВм п вачаnвнх зиачевd '(D) • ~оизводных. 

Чжобв ие опериро:ва;ъ с обобщевиой пере~!очиой матричной 

фувхцией,при опредеJiевп /{ts) счиtаJ)tса- __ о_тuчвнп от ву-
. . 

u ва чаnвые зиaчeiDUl _un __ О'!арпх проиа~оющх от -peryu -

руемнх :вепuв. (~о,о~,_вес~nкО ае CJD.e~ поставо:вКJ _ 
решаемой аадачв,tак как с,_ес~оиавае реШеива задачи сИв­

tеза при проиа~~ ~чааъввх -Jсао:виах cneжJe! ~~ ра~обраи-

воrо СJ11Ч8.В , ~coJ~y(OJ - .;.•еиор coctoUIUI о~в:к)~Оtо 

1180бXOIO(IIO JЧII~ID&!Ъ пр• - 88JDIC8 ·А (S) 1.UJ) ~ (2.1!) ,хо-
!Я1К8Jt :видв_!) из ~аеЬеrо,:вврuе~ (2.II)· ~ опреде.ие-

пя ~ {S) 80DQ И ве 8CПOJIЪ8CDaD. 

Из :выраzевиа (2.9). :вцво, Ч!'О omиiiUЪВJd pel')'u~op . 

виям.Эакетим,что при построении сисtемы упраапевия :возку­

Щающие воэдей~~иа ве всеr~а ко~ б~ъ ' взмеревк вепосред­

С!венно.В этом спучае AnR вахо~евиа передаtочввх матрич­

вых функций оптикапъвой свстекн,максимаzъво .. Цротиводей­

ст:вJ])щей-,сJiе~е~ предс~авитъ fts)~ {csJe ,~е /(s)­

)tИаrова..пьвая uатрица, состоящая из вyJiel • nOJDJco:в ~OЗIIJ -

щающих :воздействий, -:вепор-стоJiбец п акпхвt~у,в жсКХD-
. . 

читъ е из :выраsевиl (2.7),(2.8).То~ при ауJiе:вых ва -

ча.иъинх JCJio:виs:x имее~ 

Uis,= -1( ~~) Yi sJ +[Е+ .N, (~\li(sJ}J{ i.~J i .1'\ ~:-sH.,Ls) }t (2.13) 
r~e 
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(2.14) 
Для сиетек с одной регулируемой величиной в 3 рас­

сматривавась задача синтеза линейной системы управления, 

водаnроизводящей ){~,(5 ) (начальные условия 9 коорди-
на! системы считаются ра:внвми нулю)при функцио.нале ка -

чест:ва :вида (2.2). liодо6ный результат для многосвязных 

объектов легко получить,полагая в (2.?),(2.8) 

~r(s): ~эт(S) е ( ~~(S)- диаrонапьная матрица,соста:в-
ляемая из нулей и полюсов заДающих воздействий) и исклю­

чая :вектор е из указанных :выражений (пред:варительно(2.8) 

записы:вае~ся относительно разности Yir(s}-Ycs>) 
U(s)=~l~~J[Y,,Ls)-Y(s}] + .N1('"~s) f{s) -

- [ E+~'a(s,W(sJ}H(~J {Mc-;JF(sJ},. , 
~е 

(2.I5) 

1{'~~~ "H-~•>t Mc-s1 ~"cs1t[ ~.~s>-W(sJH(~, {M(-sl ~ .. cs,}.( (2.!6) 

В случае равенства числа управляющих воздейс1~ий и регули­

руемых величин приведеиные выр~ения можно упрости!ъ. 

3. Процедура :вычислений ~ 

Как видно из :вышеизложенного :вычислительная схема 

рассмотреной задачи сводится к ряду алгебраических опера­

ций наж матрицами-операторами :в nлоскости комплексного пе­

ременного s .Парак-еl'р:ы оптимальной системы :вьтчислнются 

по формулам (2.9) - (2.Iб). Осно:вная вычислите.пъв.аЯ трУJJ;­

ность состоит в разложении эрмитовой матрицы 

Е ..... ь w·t-S) .flL-s> 1rL3iV1(sj . Процедура раЗ11ОИевия 

изложена в работах 10-12 .Рассмотрим еще один способ опре-
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)tелевu матрицы !{ (S) . так 2 как ,с одной стороны, задача 
сипеза при J: (s >=fcs) =О имее! . самостон!еnное зааче-

в е 5•6 ,а .с дpyrol ст~роiП:l, ее решение состuJIЯет осн<Dу 
~я нахоадевия оператора» с•язи по эцдающим • = ~озмущающик 

воэдейс!виик~Пре~лаrаемый способ основаа ва анахоrии ~ыра­

жёпия (2.7) ~я оптиuапъвоrо управ~евия и _ соответс~ующе-

о вырцепя ;ц.пя струпурной схеu:ы ва .Pi\C. I. " 

U(s>=- [Е+~ c~JW csJ].-i ~ (s> Z csJ_ ~<О>. , (р. r) 
Из сравнения (~.7) ~ ~.I) _ следует,что сущест~уе~ матри-

ца 

Н (SJ =Е+ N~(s) Wcs) , ~ (3.2) 
~овлетворяющая * 
f + ~ W (-s>Л(-s>.fl(s)V/(s>-= Е +WL-s>N;(-s) т ~(s>W(t> + 

+ W{~~)N;(-s>l\ts>W Cs) • ~ - ~3.3) 
Задавшись ВИДОМ матрицы N ( S) можно СОСТЗ.ВИ!:Ь систему вели-

1 

нейных уравнений для вахо~ения ее неопределениых коэффи-

циентов.Подобным образом процедуру вычис~евий можно 

nостроит:ь относительно передаточной матричной функции ра-

эомкнУ'.rой аистеuы (;(s> -=l{ts>W(s). 
В числитеnная схеыа звачите.пь·но упрощается при рассмотре­

. ии отдельных КJiассов многосвязных объе~ов,исходя из спе­

цифического вида их передаточных ма!ри~ функций.ИJIЛЮстра­

цией сказанномУ служит рассиа.триваеКВJI ниже задача синтеза 

длн мноrос~язных объекто» ~ внутригруппрвой симметрией. 

4. Рассмотрение одноrо класса многосвязных 

объепо:в 

Ограничимся классом многосвязных объекто~,:в которых 

могут бытъ выделены груnпы с идент~чны~ параметрами и связя­

ми извес~нъ~ как объекты с внутригруnnсБой симметрией I3 • 
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В свою очере~ о~дельвые группы представляют собой nодкласс 

поrосвязиш: объекто:а с :ввутrт"1"рупnо:вой симметрией и назы­

ваются однотипными связанными объектаМ. 14 .Пер:воначалъно 
оrравичимся рассмо~ревиек з~оrо класса о6ъектов.Упрощение 

решения оптимаnъвой з~ачи при фувкциовале качества (2.2) 

(размерность векторов ~.liJ ;~"(iJ, /lfl, ULfJ 

ра!На п,Л~г.ц.аrовапъвая матрица с одинаковыми элемента­

ки а.( f) для данвьа: объектов основано на расскотрении 

;а;вух Бцов движения cиcтellft IS : · 

а)сукмариоrо собствеввоrо,хараК!еризуемого 
n. n.. n. lt. 

t1ts):'I;U,(s) И (S)=2:U.(S),t/ tS)=LLl{S) llS}:.Zl.(s) · "- ( ·) 
~~ i.=f l · ' t i.t~ ~ "J'."r ~:!(1ft ' -t1 ~:.'! t~ ' 

б) сукuарвоrо отиосителъноrо,характеризуемого 
,.. 

·u. (!)~ 2 ( U.{$)-llilS) ) 
С.}: j=1 t 6 ) 

tt 

U.(S):2, (II.(S)-ti.[S)) 
Jtr i=~ J t JJ , ' 

~lf~tlS}: i:1 t~r~т~lS)-~~JS) ), . f,
1

[S./ =.i: ( /JSJ-{fs) J.. 1 (JI-. 2) 
ПрЙ этом очевцио ;::t. 

~~н (.S):. h ( ~~rr: (.S) + ~~тi~S)) > 

( i:..~ ... ) lt) 

}_ {_.s) = 1- 1/ (~)+ J. (s)) ~i f2.. l 1E ifit. 

• (4.3) 

При исполъэо:вавии преобраэо:вания (~.I),(~.2) функционал 

качес!f:ва. (,2.2) расnадается на ряд фувкционазrо:в 
n. 

I: fi. I!: + ;t ~ IL~ J 

&.~1 

I," t r {[ a(f! ( ~· t t! -J.,~ (iJ] \ cz и: !6] dt, < 4•4 ) 

r.,:=·1 н [ Q(rJ( ~·~а.)-~.,.. ciJ )]\ с' ц :[f:J} d t' { 4.5) 
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а вместо ураввеви~ (2.I),,(~.S) пеем 

С4.6) 

~~1 (5)= ~cC ir. (S) + W:r(s)Цi.'r.(t) + h1 (S)) (А-. 7) 

где V{2: (5)= U){.s)+ ('n-1) tcs) , w.t {SJ= С()($)- lts)) . (4.8) 

~{sJ -передаточная матрица диагональных элементов 

объекта , trs) -передаточная 118.Трица перекрестных с:вя -

зей ; ~~с ( s) J lfctt.r. ( S) -с:вободвв:е соств.!ляю~е переходно-

го процесса :введенных отдельных видо:в д:виsения.Как показа­

но • рабо~•~5решение исходной оптимальной задачи эквива­
лентно кивимиэации функционало:в (4.4~(4.5) соот:ветствввно 

на уравнениях (4.6),(4.?).Исходвое решение получается на 

основе соотношений (4.3).llолученный результат распростра -

няется на многосвязные объекты с внутригрупnовой симметриеЙ? 
Рассмотрение двух видов движения координат отдельных групп 

многосвязной системы с внутригрупповой симметрией и соот -

ветствующих видам движений /управляющих воздействий nозво­

ляет nерейти от исходной системы уравнений и функцианала 

качества к эквивалентным уравнениям движения введенных 

обобщенных координат и соответственно прео6разо:ванному 

функционалу качества.В~еление :в преобр~зовавном функцио­

нале соста:вляющих,связанных с указанными :видами д:вижения,и 

рассмотрение задач оптимизации отдельно для каждого вида 

движения тождественно решению исходной задачи.Предложен-

ное nреобразование nозволяет заменить задачу оптимизации 

многосвязной систеыы эквивалентными задачами оптимизации 

не связанных между собой систем меиьшего nорядка,что су -
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щестьенно уnрощает вычислительную ируце~уру • мохе! тракто­

ваться как декоunозищtя для даивоrо класса объек!о~. 

5. Структура и свойс~~а оптимапъноl системв 

Из приведеиных выражениИ для решевив задачи син!еза 

следуеf,что оптимальная система~ общем случае должна быть 

комбинированной со связями по возмущающим и задающим 

воэдейст:вияu (Рис.I). Различные струк!урнне варианты для слу-

. я невозможности неnосредственноrо измерения возмущающих 

воздействий,а также при распространении подхода1 • 3(более 
уэ кого,чек рассматриваемый в работе ) ва мноrосвязиые объекты 

npeдcTSJ)Jieны соответственно на рис.2 и рис .э. ( N. (SJ, Jf~ {S)­

операторы с:вязей по управляющим и возмущающим воздействиям~ 

В отличие от структурной схемы на рис.! 1 этом случае оnерато-
а.rШ N(2.1 

р:ы .l\ { S) , .t ( S} заВИСЯТ COD!Be!CTB6BBO О! вида 

F (S) , Y:~/s) .У стойчи:востъ оnти~~ЗJIЬвой систеw,как зто сле­
дует из данных в работе соотношевий,обеспечивается устойчв -

востъю нулей оnределитеин }f(~ ,а nотому1°-12 построение 
уста · чи:вой системы управления возможно ~я мирокоrо хаасса 

лине "ных многосвязных о6ъеitто:в.ИсЮIJ)чевие состu.шшт объеК!ы, 

содержащие сокращающиеся неустойчивые иупи и полюса.Леrко 

усмотреть ,что прис~ст:вие поеледких в передаточной матрич-

н й А ункции объекта ( :в отпичие от сохращающихся устойчивых 

н лей и nолюсов которые не влияют на решение задачи синтеза) 

обусловливает неустойчивую составляющую в решении оптималь­

ной .:э адачи. 

ри заданных Лер), С уравнение 

· i Е+ ~ W~s) Jf(-SJ .f/($) W(s) 1 =О 
с 

~.!.I) 



для оП!иuапъвой системы яв~ся авалогом характеристичес-· 

кого уравве~~6~I?. В силу тоrо,что корни и полюса (Б~I) 
располоаевы ~ плоскост• комплексного перемениого симмет-

. ~ 
рично относительно начаnа . координат,полаrая можно исследо-

вать ero изве~тиыми в теории автоматического регулирования 
методапi.б,I7 .При эток целью исследования является выявле­
ние влияния козффиLдентов Jl { f J , С на расположение нулей 

и nоJШсо:в уравневид GS .• I) ,т.е. в конечном счете в:а свойства 

оптикальвой систе~ (легко получить условие вещественности 

корней ураБиения оптика.пьной системы на осн01з·е16 , заданной 
колебательноежи на осно~е17 и т.д.),что и составляет осно­
ву выбора коэффициентов подынтегрального :выражения функдио­

нала качества при решении конкретных задач. 

Существенным показателек качества системы служит 

точность управлевия,в конечном ~чете связанная с величина­

ми коэффициентов усиления отдеЛьных каналов многосвязной 

системы (пред-.ение {с6 ~ jэтLt) исчезаю~ми функциями 
времени связано с условием сходимости (2.2); однако замена 

неисчезающей функции исчезающей с бесконечно большим вре­

менем затухания для практических целей :вnолне оправдана). 

Предложенная выше методика расчета nараметров оnтимальной 

системы позволяет оценить величины коэффициентов усиления 

nередаточной матричной функции системы ·управления,не тре­

буя решения оnтимальной задачи. для этого достаточно n~ло­

жить s~o в выражение...; С3. 3). Тогда 
Ь W(aJ.fll(o) WcoJ = Wёo>ff(oJ+ NcoiWco>+ WёoJN~J.NloNcoJ.cs. 2) 

Если коэффициенты усиления диагональных элементов lfcoJ~(o} 

велики (а это свойственно высококачественным системам),то 

вели~ину }/(о) Wro) ,по которой легко оценить свойства 



15 

аис~емв в ус~анрвившемсв ре.иkе16 ,nрибnиаевво моаво пова­
rа!:ь бпзRОй х ~J : .Jетр~во убtltИПСВ·, ч~е козффициев!w 
усиления канаnов мвоrосввзной сис!емы веоrравичевво воз­

растаю! с рос~о• вевичивн эnекеR!ов мат~ицы.В этом евучае 

nриходик к хивейным сис~екам с боn:ьшим козффициен~ок уси­

nения16. 

б. BIDOltli • 
Расскотрева задача син!еза мвоrосввэвых систем управnе­

ния nри фувхциоваже качества в виде ВИ!еrрап:ьвой кв~ратич­

ной форuн.Показаво,что оП!Имап:ьвая система ltOВSИa бнт:ь 

комбинироваввой со связями по возмущаю.-м воздействиям,при­

ведены вырааевия дnц опредевеиви параuе!ров системы. Изло­

жена схема синтеза оптимальной системы,махсимап:ьво проти­

водейс!вующей возмущающим воздействиик,если возмущения ве 

коrут быть изкереин.Ус~аиовлевы особениости решевин задачи 

для мноrосвязиых объекжов с внужриrрупповой еимкетрией.Рас­

смотрено влияние коэффициентов фуикциоваиа ва свойства опти­

ка.п:ьвой системы. 
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THE REDUCT101\ F C0~1.P LEXlTY OF LINEAl 
T I1-AE 1 1VAR IANT DYNAMICAL SYS TE1v1.S 

1. Introduction. 

D. Mitra 
Control Systems Centre, U.M.I,S.T., 

Manchester, U.K. 

The systems now being considered e,g. cpemical plants , 

national economies etc. frequently give rise to mathematical model s vhos ~ 

dimensionality is such as to defeat the resources of current techniques 

in numerical methods and existing types of computer. The analyst is then 

compelled to seek a reduction in the complexity of the model even at t he 

cost of lower accuracy. 

The class of dynamical systems considered in this paper is 

assumed to be governed by a set of first order, linear, time-invariant 

differential equations. For this class of systems it b easy to agree on 

the dimension of the state space as a measure of its complexity. This 

paper investigates analytic methods or model simplification which seek to 

synthesize those simplified models of a specified degree of eomplexi·ty 

which minimize a defined functional. 

The choice of the error f'unctional is or course crucial . Apart 

from being amenable to mathematical analysis, it should reflect essential ly 

the ideal requirements of the reduced model in the context of the parti ­

cular application or the model in mind. However, the problems associ ated 

with the choice of the functional is not considered here and it will suf­

~ice to state that the particular fUnctional chosen satisfies certain 

basic requirements, and turthermore, experience appears to indicate its 

adequacy in a number or applications. A detailed investigation on the 

c~oice of the functional is contained in reference l. 

The problems associated vi th reduction of complexi.ty are two­

fold: the first problem involves the search for a sub-system which is 

relatively insensitive to input perturDations and the second concerns the 

degree of interaction be-t.ween the sub-system and the rest of t~e system. 

In the latter case weak interaction suggests that the essential features 

or the rest ot the system • not unduly altered in the elimination or the 

sub-system. 

It turns out that the former problem involves a study of com­

par&ti ve controllability. The problem is variational and involves a 

defined matrix W. The latter consideration is viewed as a constraint in 

the reduction procedure and it is shown that this leads to projections 

along subspaces invariant under the system• s dynamical matrix. The 
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solut i on to the problem or opt~ proJection along invarian~ subspaces is 

obtained r or both the deterministic and stochastic formulations. 

The reduction of complexit7 ot linear, time-invariant d7namical 
2 systems has been investigated by Davison who has given an intuitive 

method f or eliminating a specified number ot the rastest-dec~ing poles. 

However , Davison did not consider questions of opttmaiit7 1 nor, in fact, 

di d he define a functional. 

2. Mathematical Description of the System 

It ia assumed that the given linear, time-invariant d7namical 

system X is governed b7 the differential equations 

X 

where, 

d -x = dt- A!, + 

! = C!, 
!,(t) n dimensional state vector, 

~( t) • p dimensional input vector, 

!( t) • q dimensional output vector 

and A, B, C are constant matrices or appropriate dimension. 

The system X is assumed to be controllable and observable 3 

(l) 

In loose terms the problem is the synthesis ot Ar• Br• er which 

describe a similar system X with (n-m) state variables whose q outputs are 
r 

a good approximation, in a defined sense, or those ot X. m(m>o) is the 

order of reduction and the subscript r is used throughout to specif7 terms' 

corresponding to the system Xr• 

The response at time t of the state variables or X to an unit 
tl1 impulse applied at time t = 0 to the 1 input with all other inputs 

unexcited is given b7 
. At 

r~(t) • e b (2) 
- -1 

where bi is the ith column of B. (The convention ot denoting the ith 

column of any matrix G by !i is followed cons istentl7. ) Then from the 

assumption ot linearit7 and for zero initial con4itions (z.i.c.), 

!,(t) • I R.(t-T) ]!_(T)dT (3) 

2.1 The W matrix , The matrix W occurs frequently in the analysis and to 

avoid the need tor frequent cross-references certain results on the matrix 

W are now given. 

The matrix W(D,T) is the Gramian matrix of the set or n vector-
4 

valued state variable impulse response functions of the system X .• 
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Consider the case when the inputs are applied one at a time and in each 

case 

~( t ) • Dk 6(t) if k • i 
(4) 

= 0 if k ~ i 

for l<i<p; 6(t) denotes the unit impulse and the e~ementa Dk are assumed 

to be positive. Let g, (t) be a p-dimensional vector t he elements of which 
th -~ . 

correspond to tAe j state variable response to the p different weight ed-

impulse inpu11 applied in the manner ·indicated in equation ( 4). The J th 

element of the i th rov of the Gramian matrix W is 

T t 
Wij (D,T) J' ~ (t) !J(t) dt (5 

Here the superscrtpt t denotes the transpose. It is eas;y to see that 

T T 

W(D,T) • f t Di{Ii_(tJ ~t(t)) dt • /R(t)DRt(t)dt (6 ) 
0 i•l 0 

th where D is a diagonal matrix vith Di as its i diagonal element. The 

form of input weighting discussed above ·m&J be generalized b;y considering 

D in equation (6) to be s;yD~D~etric and positive-.defiilite. 

Another result involving the matrix W which is required in the 

following anal;ysis is the expression tor the covariance matrix 

M[x(t) xt(t)] ... -
for the s;ystem X subject to Gauasian diatarbances with practically white 

spectra. Here M denotes mathematical expectation. 

The correlation matrix of the input is 

M[u(t) ut(t+t)] = D5(t') (7) - -where D is a positive definite, s;ymmetric matrix. Wang .&lid Uhlenbeck 5 

have shown that the state probabUit;y densit;y function p(£1 t) is Gaussian 

with the mean value 
At 

-!(t) • e ~(o) (8) 

and the covariance matrix at time t is 

M[(£-!)(£-!)t] • W(D,t) (9) 
2.2 Evaluation of W It m~ be shown 4 that W(D,t) satisfies·the matrix 

Riccati equation 

.!.. W • AW + WAt + BDBt , W(o) • 0 
dt 

(10 ) 

When the system is asymptotically stable !t W(D,T)/T~ • 0 and therefore 

t AW(D 1•) + W(D,•) ~ (11 ) 

A set of n(n+l)/2 linear algebraic equations have to be solve~ to obtain t · e 



matr ix W(D 1 <» ) . 

The form of input weigh~ing discussed above has involved the 

matri x D. There is no loss of generality a.c.d some gain in terms of n.ot­

at i o al simplicity in assuming that D = I, the identity matrix, since each 

of the above relstions ren~in unchanged when D is replaced by I, and B by 

BD1/
2

• .Hence only unit impulses and noise of unit variance will be con­

s i dered. Furthermore, this transformation complete, the matrix w(I,t ) 

will be denot ed by W(t). 

3 . Formulation of the Problem 

In t his sect ion the functional s f or the deterministic and 

sto hast ic cases are first defi ned. It is next shown that the reduction 

recess may be considered to be a two-stage process; the second stage may 

e implemented by the use of well-known results. Finally, the error vector 

is decomposed into t r acking and projection components and tue condition for . 

t he former t o be identically zero is obtained. 

3 .1 The functionals. In the determi ni stic case the functional used is 

p L: T 2 
i=l jllc;:i( t)- cr~,r(t.)ll Q' dt :.(T ) (12 ) 

where Q' i s a positive definite matrix, and the notation 11!11 ~ , where Q 

i s any symmetric matrix, is used for the quadratic form ~t~. 
Cr. (t)- C r. (t) is the difference or the outputs of the systems X and 
~l r~,r th 

Xr for an unit impulse applied at the i input and for z.i.c. 

0 CD 

Ef(c.o) = r r f(t) lfcri(t) - Cr~,r(t)ll ~~ dt 
i=l 0 

( 13) 

The following tunctionals are used for the stochastic case 

t1 ( lfc!,(T ) - cr~r(T)f1 2Q,] E (T) 
s 

( 14 ) 

·r ./ 
M[ /ll c~(t) - cr!r(t)fl ~i dt) 

0 

(15 ) 

3. 2 Decomposition of .the reduction process The reduction process may be 

r epresented in general as a two stage process -

Controllable 
~yst em, X 

Approximate• 
Reduction 

Uncontroi-J.able 
System, X 
A 

The uncontrollable system X is give~ thus 

L x_,. = A.x_~ + ~u t > , ~ = c~ - - -t 

Strict _. 
Reduction 

Reduced 
System, Xr 
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where ~ and~ are respective~y n and ~ dimensional vectors. The co~~rol-
- - 4 A 

lable subspace of X is of dimension (n-m). 

The ~trict reduction process is so called because the output 

" vectors of the systems X and Xr are identically e~ual for z.i.c. The 

vectors m( t) and ~( t) , on the other band, are generally not equal. - -The strict reduction _process follows in an almost obvious manner 
. 6 7 • 

from vel~ k.novn results on the decomposition o ~ state spaces • and hence 

wil~ not be considered in nere. Two addi tiocal advantages of this de­

composition lif& that (i} it allows the analysis to be carried out in the 

state space of the system X and (ii) since the f irst stage is common to a 

set of second stages and aa the reduction problem ~s rarely completely 

formulated at the ·outset • there is an obvi·ous economy of effort. 

The fUnctional X(T) defined in (l2) may now be rewritten, 
p . T 

E( T ) [ J U c~ < t} - c!_i ( t > U ~ Q, dt 
i•l 0 . 

where the superscript A is used to specify terms corresponding to the 
4 

system X. 

p 

E(T) · - L (l7) 

where Q • CtQ'C; Q is senerally positivelsemi-definite. The expressions 

defining the runctioD&ls Er(•), E
5

(T), Es(t)dt in (l3), (l4) and (l5) 

respectively may similarly be transformed. 

3.3 Decomoosition of the error vector. The decomposition of the error 

vector [x(t) - ~(t)] into two components- a 'tracki ng' and a 'p .1 j ection' 

co:oponen; is co~idered. Let ft, dim f.. = n-tt, denote the controllable 

subspace of the system ~ and let .{. dim r ... = m, be such that the direct 

sum of J. and f.,. is R , the state space, i.e. [, e f. = R • New con-
• • n • n 8 

sider a projection on /. and along ./ • An unique decompos ~ tion exist& 
' J~, 

i n which 

a(t ) and 8't) are respectively defined as the projection and tracking 
.... -
errors. 

It is now asserted that if and only if ~ is a subspace in-
8 1 . variant under the linear transformation A then the track ng error 1s 

identically nu+l for trbitrary inputs and z.i.c. 
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A coordinate basis ~ is set up in ~ such that the. first 

( n-m) coordinate basis vectors span f. and the last m coordinate basis 

vectors span /,. • Since /,. is invariant under the linear transformation 

A, the matrix A' of the linear transformation in f:2 has the following f or m 

f ~:}_!-~-~ A' A' 
21 : 22 

A' ( 19) 

where the matrix T represents the operation of coordinate transformation 

and, therefore, the columns of T denote the new basis vectors. The 

operations involved in projecting along an invariaut subspace 

ar e set out below. A 

X 
(!;A,&) 

X .. ") (~; ~.s e. 
X•T"' ... - ~ .. T~',r - -

) ( __ ... ,~·.~·) 
( !.'': A'' & ' - H D 

At fA' 
1 

0 ] •• ~&'j &':T-.8 ~ [~.] A a - :Jt-~ -,- B z .J 
[e.~] o ! Aa1 0 

It is easy to see that for the form of A' given in (19) the 

tracking error 

n-m 

!(t) L (xi' -
,.. ') 
xi .!i - 0 ( 20 ) 

i•l 

where xi' is used to denote the ith component of the vector x'. Also as 

A' has this particular form only if !,. is invariant under A,-the -croof is 

complete. 

It follows that when f is a projection matrix the identity ,.. 
~(t) • f x(t) for arbitrary but identical inputs to the systems X and X 

~mplies t;at /~ • the subspace a~onp: which the projection takes place is 

invariant under A. 

4 . Optimal Pro.1ection Along an Invariant Subspace 

We shall make it an a priori requirement of the reduction method 

that the tracking error be identically null. From the results of the 

preceeding section it follows that an equivalent condition is the exist­

ence of an i dentity 
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i.< t) = ., !( t (~1) 

where f is a projection operator. 

This section considers the synthesis of the optimal prov ec~ion 

matrix f. Since projecti on matrices B!e uniquely dete~ine · by the sub-

spaces on and along which the projection takes pla~e, the pr o em i s one of 

finding the optimum invariant subspace, from the :in .... te se't of invariant 

subspaces of dimension m, along which to project an the optimum subspace 

!!:. which to proJect. 

In this section it is initially assumed that in the funct ional 

defined in (17), Q • ~and only in the following section is t he general 

case of a positive semi-definite Q considered. Since the generali~ation 

is straightforward there is a gain 'in that geometrical interpretations of 

the ana).ysis, otherwise obscure, are easily forthcoming. 

4.1 Solution ~ is of dimension (n-m) and it is assumed to be spanned 

by the set of independent vectors ~j' l<i<n-m, which are not necessarily 

orthogonal.- f. is unspec i fied. r., is ari m-dimensional invariant subspace 

and it is initially assumed to be specified and that it is spanned by a set 

of m orthonormal vectors ~ 1 l<i<m. Thes! vectors m&J be obtained from a 
8 

set of vectors spanning~ by. the Gram-Schmidt orthonormalization process • 

Also f.e/~ = R_ • so that t~e vectors !i• l<i<m 1 and EJ• l<j<n-m, together 

span R_. 
8 

Let !i• l<i<n, be a reciprocal vector set ror the combined set 

of vectors li• l<i<m 1 and ~J' l<J<n-m. 

are defined tbua 

= 

r.:l! !2: 

[!1! !.2! 
R [ 

I t I ] 

• P1 t P2 1 - •Pn m. ... . ... . . .. -
I ) S ( I .I ,.S ) 
jS 2 • & +1' s +2·--- I , •m -m 1 -m 1 1 ... n 

The conditions of reciprocality thus implies the following 

relations involving sl 

I m 

(22) 

(23 ) 

(24 ) 

The subscri~ts on the identity matrix I and the null matrix 0 refer to 

their order. Also, it follows from the discussion in the preceeding 

section that the- coordinate basis f~ is determined by the matrix T where 

x • Ta .. ' (R 1 T ) x' (25) 
• I 1 -

In general the error, whichmis wholly projection error, is 

~(t) - ~(t) Z (;J, !W). lJ 
j=l 

(26 ) 
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m 

and ll!<t>-!<t>I2E. I<~J·!(t))2 (27) 

J•l 

In particular 1 

(28) 

(29) 

m 

·L (30) 

J•l 

In the final step the expression tor W{T) given in (6) is used. 
t 

Define Ej(T) • !j W(T)!J (31) · 

Consider the minimization or E{T) • by. varying !j 1 l<j <m. This may be done 

by separately minimizing EJ(T) 1 l<J<m1 since the variation or ZJ affects 

only EJ. For the minimization ot EJ the m-dimensional column vector or 

Lagrange multipliers 2~Jis introduced to handle the constraints on !J 
given by (23) and (24). But of course (24) does not imply a constraint 

on !j since ~ is spanned by the columns ot R1 which are as yet unspeci­

fied. Thus it is only necessary to consider 

where (32) 

tb !J is the J column or the identity matrix Im. The solution obtained in 

the conventional manner is 
-L( t -~ ]-l ( ~J • W -or T1 W -or1 !J 33) 

and 1 (34) 

~definition the columns of the ~trix T
1 

are4i~dependent and since 

system is controllable W is positive-definite ; it follows that 

the 

t -l T1 W T1 is non-singular. From (33) and (34) 

s
1 

w~1 T [T t w-1 T ]-1 

and E(T) 

l l l 

[ t -1 ]-1 Trace T1 W T1 

~~ is that subspace from the set of m-dimensional invariant 

subspaces which minimizes E(T). ~ is full determined since 

(35) 

(36 ) 
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(37 ) 

and thus s1 given in (35) is the. solution of the problem. 

4.2 The Optimal ProJection Matrix The expression for , is obtained thus 

m 

~<t> _ !<t> • I <~<t>. !i> !1; 
i=l 

m 

cr, i<t) • x(t) - L (~(t), !i) !i {36) 

i•l 

4.3 The reduced sxstem Reversing the sequence of operations 

x x' ~· ~ .... .... .... .... .. ,. ,. 
followed in ~<~~l• the expressions for A and B are obtained -

A • Tt·T-' = Tf ,..1 T-· .. T~T-'A.TfT-· .. '"'" {39) 

and ~ = fB (40) 

It is well known 9 that for . , projecting- along an invariant 

subspace, fAP • lA (41) 

i:ience, .l = fA, B • d>B 
liow consider the roots of the characteristic equation for A 

and ~. In the former case 

0 det[A- AI ) · • det[T-1{A- AI )T) 
n n 

(42) 

• det[A'- Ain] • det[~1 •- Ain-m)det[A22 • -Aim] {43) 

The last relation follows from the form of A1 given in (19) • . The character-
,. A 

istic equation for A (assuming ~2 = 0) is 

o = det{A - AI ] = det[~' - AI ] n n 

det [A
11

' - AI )det[ - u ) (44) n-m m 

Comparison of {43) and (44) shows that the roots of the equation 

det [A
11

' - U ] = 0 are common for both equations; corresponding to these n-m 
roots are the modes not spanning ~ . 

The eigenvectors of the matrix A may be obtained thus: 

let ~ be an eigenvector or the matrix A. Then by definition 

0 = (A - AI)~ = f(A - >.I)~ 

= {fA-U)f~ = (I AP - AI)f~ . {45) 

Since f'Af = fA and p2-.f 9 So, . 
Q. • (A- U)~ -where 
,. 
~ f::, {46) 
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I n te~~ of poles and zeros tne above results imply that the 

n x p t ransfer fUnctions of each of the systems X and ~ have a common s~t 
of a- ftlt poles ; i n each transfer fUnction the zeros have been manipulated 

to compensat.e for the cancellat i on of m poles. 

5. Some Generalizationtof Solution 

In the preceeding section the reduction problem was solved for 

Q = I n . But s i nce Q is in general positive semi-definite certain modi­

f ications are necessary and ~hese· are dealt with in this section. The 

s ol ution for the problem with a time-weighted norm in the functional is 

obtained i n Section 5,2 • . This generalization pas obvious practical 

significance. Pr ocess control engineers have frequently expressed the 

need for reduced models which are accurate in ~he steady state. The 

probl em of opt imal projection with zero steady state error as a constraint 

is considered in Section 5.3. 

5.1 Positive semi-definite norms Consider Q to be positive semi­

def i nite, I n order to distinguish between vectors and matrices already 

def i ned in Sec . 4.1 and their counterparts in this section, the superscript 

is used to denote the latter. The independent columns of the ma~rix 

'T
1 

which span !,. are here required to.,_ satisfy 

- t - t ~ Tl Q Tl = ~~"'J. I 0 b (4T) 

I ~·~ . 

-t -where (m-m1) i s the rank of the matrix T1 Q T1 • In analogy with (30), 
m-m1 

E ( T ) ~ - t ( ) - ( 48 ) L !.j W T .!j 
j=l 

The variational problem of minimizing E(T) does not involve iJ' 
{ m-~ + l)~Jsm, and consequently they m~ be chosen arbitrarily as long as 

t he reciprocality relations are satisfied, It is easilt verified that a 

non-uni que solution for the set of vectors !i• l~i~m, is given by 
~1 w-• 'T <T' t w-• 'T )_, (49) 

Also, 
E(T) 

l l 1 
m-m

1 
L_ [Tl t w-' 'Tl lu 
i=l 

(50) 

In correlating the solution contained in Sec. 4,1 and that Just 

obtained, it is assumed that the projections in both cases take place 

along the same invariant sub space f ,_ . The latter assumption implies the 
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existence of a m by m non-singular matrix G where 

Tl = TlG (51 ) 

Then, from (49) and (35) 

s1 = s1Gt (52) 

(52) implies that the subspaces respectively spanned by the columns of 

sl and sl are identical. Hence t 

f = (In - T1s1t) • [In- 'T{s1t] ( 53) 

5.2 Time weighted norms Consider the functional Er{•) defined in (15) 
In analogy with (30) the corresponding variational problem is 

min t 
Wf (•) !J constraint : t 

!J Tl !j 11: 

!J 
!J 

(54 ) 

p -
where Wf{ ) • L f f(t){_;i(t) !it(t)} dt 

i=l 0 

{55 ) 

The evaluation of Wf(• ) may be expected to lead to a complicated procedure. 

But f or a class of problems it is possible to ~etain its essential simpli­

city by the use of the Functional Matrix method developed by Macfarlane 10• 

The assumptions are that (a) the system is asymptotically stable 

and (b ) f{ t) is a Laplace transformable function of t ime. Initially 

consider f(t) = l. Then from (13), 

p 

AW + WAt • -BBt • - L !!.1 ~~t 
i•l 

The above equation may also be written as a set of n(n+l )/2 linear 

algeb;raic equations 

Mg ... 
i 

i{2) 

(56) 

(57) 

i where M, §.and ~2 ) are respectively constituted from the elements of A, W 

and b .• 
-l. 

The elements of the matrix .! are obtained from the elements of the 

upper triangle of the matrix W by moving, in any one row, fro~ left to 

right and, row-wise, from top to bottom. 

Now, MacfarlanP. has shown that if f(t) ~ 1 1 M-
1 

is replaced by 

F(M ) in {57 ) where 

F( t-1) J' ~(t) exp ( - Mt) dt (58) 

F(M) has simple forms for some common values of f( t). Examples are -



30 

f(t) = 1
1 

F(M) z M-t; f{t) • tr, F{M) = M-(r+l); f(t) • exp (-t&,t) . 

[a)O), F(M) • {M+ai)-' 

Thus for the forms of time weighting that are of greatest 

i nterest th~ computation of Wf(•) still involves only one major operation -

the inversion of a n'<.1+ 1) /2-dimens ional matrix. Finally, the optimal 

projection for the functional Ef(•) is obtained by replacing W by Wr(•) in 

(35 ) and (38). 

5.3 Zero ste&dy state error For some input let the steady state value 

of ~(t) be denoted by ~· The condition for zero steady state error uuq be 

stated thus 

Lim 
t-

~(t) • Lim ~(t) 
t- .... 

The latter relation implies that ;_ 6 J. 
s t c • 0 

1 - -

i.e. ~ • fc ... (59) 

or, 

(60) 

The constraints on the vectors ~· lsi~, given in (23) have to be 

supplemented by (60); in its complete form the constraints on !i may be 

written thus ~~ 
Tat s1 • m where Ta (T1 : ~] (61) 

2 
The respective functional• are then minimized subject to the 

constraint (59) if in the analysis of Sec. 4.1 T1 is replaced by Ta• 

6. The Reduction Problem in its Stochastic Formula ~ion 

The functional& E
8

(T) and ~ E
8
(t) dt defi ned in (14) and (15 ) 

respectively, are considered in this section. In analogy with (12 ) and 

(17) the expressions defining the above two tunctionals are transformed and, 

again following the pattern established, it is assumed that Q is the 

identity matrix; the generalization to a positive semi-definite Q follows 

from the results of Sec. 5.1. 

It is assumed that !(0) • ~ and that the input disturbances are 

practically white i.e. uncorrelated, and Gaussian. 
• A 

6 .1 The fUnctional E (T) The problem is to synthesize the system X, the 
- A 

dimension of the controllable subspace of X being n-m, such that 

Es(T) = M( II~(T) - i<T>II 2E] 

i s minimized for some given values of m and T. From (27), 
Ill 

L 
J=l 

(62) 
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i~ow from ( ll) , M[~(T) ~t(T)] = W(T) 

(63) 

· The problem of minimizing the above sum of' quadratic forms for the con­

straints on !j • lij{m, has already been considered; the solutions are 

given in (35) and (38). 

6.2 The functional 1 Es(t)dt 
~ 

It follows f rom (62) that 

.,., 

I E.(t) dt • 

D 

T 

m T 

[ !J t[ £ W(t) dt]!J 
j=l 

m 

2. 
'4lere V(T) = [ W(t) dt. Th-: solution to the variational problem 

by (64) is obtained by · replacing W by V(T) in (35l and (38). 

(64) 

implied 

A special case of some importance arises when the observation 

period [0, T] is lOll€ compared to the time constant& of' the system, i.e. 

when for all i,j 

T >> [exp (11 + Aj)T - l]/(A1 + 4J) (65) 

where {A. } are the eigenvalues of the matrix A. · It may then be shown' that 
l -

V(T) & TW{T) {66) 

If (65 ) is valid then a particularly simple solution is obtained. 

Replacing W in (35) by V(T) given in (66) yields 

s
1 

• {TW)-t T (T t ( ~~)-l T ]-I = w-t T [T t w-l T ]-t (67) 
• 1 1 l l l l 

Thus forT su:: ~ci[tly large, the optim~ projections !'or the functionals 

E(T), E (T) and E (t) dt are identical. 
s s 

Conclusions In this paper the development of a fairly general 

method for reducing the complexity of linear, time-invariant dynamical 

system has been reported. In the deterministic formulation of the problem 

only weighted impulse inputs have been onsidered. One of the reasons for 

this is the relatively simple manner in which W may be evaluated. But it 

is obvious that for another class of inputs the method remains essentially 

unchanged; i t only re.t:lains to obtain the r.a trix analogous to W. Also, 

the assumption of zero initial conditions is not essential and at the cost 

of a slightly more involved analysis the necessary modifications may be 

made. 

The method repo~ed in this paper has been applied to a ninth 

order linearized model of a boiler. Although of modest dimension this 
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~odel was chosen s ince it includes a n~ber of features which make ~ts 

reducti on difficult. Details OI the reduction and the results of 

f airly extens i ve tests on the reduced model are contained in reference 11, 

and the r esult s are encouraging. 

In our view reduced models ha · e an important role to play in 

the appli cation of opti~l control theory i n process control. The use 

c reduced models leads to a thr ee- old gain: the state estimator is 

aduced to a modest d;mension, the computational problem of controller 

i es i gn is s implif i e and, finally, the des i gn of the controlle~ is 

simpli f ied in the eng · neering sense. 

A reduction problem which requires further effort is one in 

Nhich cert ain system parameters are required to be recognizable in the 

r educed system so ~hat their alteration does not necessitate the synthesis 

of a compl et ely nev reduced model. The extension of the method .to more 

general classes of systems such as time varying linear system and dis­

t ributed parameter systems is also of great interest. 

References 

Mitra, D. , "The Equi valence and Reduction of Linear Dyaam:ical 

Systems", Ph.D . thesis, University of London, 1967. 

2 . avison, E.J ., "A method for Simplifying Linear Dynamic Syst ems", 

1966, Vol. Ac-11, No. l, t.E.E.E. T~An5. 

3. . alman, R.E., "r~.athematical Description of Linear Dynamical 

Systems", 1963, SI.Al\1 J. Control. 

tt . ;·.ti tra, D., "The W Matrix and the Geometry of Model Equivalence 

and Reduction", to be published. 

:5 . 1-l ang, M. C. and Uhlenbeck, G.E. 1 "On the Theory of Brownian Motion 

II", 1945, Rev.Mod.Phys., Vol ....... l7, Nos. 2 and 3. 

'J . i<alman, R. E. , "CanoniCal Structure of Linear Dynamical Systems", 

1962, Proc.Nat.Acad.Sci. U.S.A., iol. 4a, No. 4. 

Zaden , L. and Desoer, C.A., "Linear System Theory" (McGraw-Hill, 

963) . 

ne.lmos, P.R., "Finite Dimensional Vector Spaces", (Van Nostrand, 

195 ) • 



33 

9. Pease III, ¥-.c., "Methods of t~atrix Algebra'' , Ac ad.er:.ic Press, 

1965). 

10. Macfarlane, A.G.J., "A Method for Computing Performance Functionals 

for Linear Dynamical Systems:, 1963 , J . Elec.Control, v ~l . 15, 

No. 4. 

11. Mi tra, D., "On the Reduction of Complexity of L-'ilear Dynamical 

Models- Results of Computer Studies .. , v967 , eport R535, 

Atomic Energy Establishment Winfrith, Dorchester, Dorset, U. K. 



By . 

THE APPLICA'TION .OF NON-INTERAC-TING 
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The application of modern process control has considerably enhanced the 
abiiity of engineers to design and build more sophisticated and complex pro­
cesses which can be operated more economically. The wide spread utilization 
of on- line process computers in t the near future will accelerate the progress 
which is being made today. 

However, even with· this progress, the development of new theory seems to 
be out-racing application. For example, most control installations that are 
made today, even with control computers available, are· single loop systems, 
i.e., one output variable is fed back and controlled by a single manipulative 
input variable. Yet theory has been available in the literature si11ce 1956 
which presents methods for multivariable control systems design. 

Introduction 

This body of theory has been mostly concerned with one particular aspect 
of multivariable control; namely, continuous non-interacting control . The 
basic concept in the design of almost all non-interacting control systems in­
volves the formulation of a diagonal matrix describing the overall relationship 
between input and output variables. For this reason most of the theoretical 
development has been limited to linear systems with time invar i ant parameters. 
In addition, none of the theory is presently capable of handling systems with 
appreciable time delays. 

The Hterature now covering multivariable control is quite voluminous and 
continues to grow rapidly indicating the currt8t general interest in the sub­
ject . A recent l iterature survey by Kavanagh lists an extensive bibl iography 
of the subject and contains over 100 references. More recently Planchard 18 has 
r eviewed the more promising design methods for implementing non-interac ting 
con~rol in a process control environment. Practically all of these methods r e­
quire a linear, t ime invariant mathematical model of the plant. These me thod 
may be broadly classified into two groups: those employing transfer function 
techniques and those employing ~tate variable methods. Of the transfer methods 
r eviewed those of Kavanagh7 •8 •9 , Freeman2,3, Mesarovicl3,14 , Chenl, and 
Mathias l2 seemed to offer the most promise for the particular system under 
study in this i nvestigat ·on. The state variable method has been used by 
Morga nl5 ,16 and he has extended th is t echnique to ·certain types of non- linear 
p ants . 

The purpose of this work was to experimentally apply and compare tho s e 
methods presently available to an actua l physical sys•tem exhibiting non-line­
ari t i es and pure time de lay. In this way a judgement could be made conc erning 
the possible need for additional des ign methods which directly consider these 
compl ications. 

The sysc~ chosen f or s tudy consisted of three stirred tanks in series to 
which are f e t·wo streams of water at different, fixed tempera t ures . The out­
put v~riab es of interest are the flow rate and the temperature of the stream 
exiting the third tank. A schematic diagram of the system is shown in Figure 
1. The system under consideration is therefore a 2 x 2 system. 

/ 
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The equations which describe the dynamics of the system under the assump­
tion of perfect mixing are as follows: 

_dhl _1_ 
dt 

. [ Ott + QC - Ch (hd] (1) 

"'~ 
dht 1 

[ Ql (hl ) - Qa (~ ) J dt - d (2) 

ElL . 1 
[ Qa (ha ) - Qa (h, ) J dt ~ (3) 

d~!b +hi ~TI 1 
(QHTn + QcTc - Ql (hl )Tl) dt d (4) . 

d~!b + !!a~!. 1 
[ Ql (hl )Tl [ t-td] - Qa (ha )Tg] (5) dt ,.~ 

d~!b + !ls ~]a 1 
[ Qa (~ )Tg [ t-td] - Qa (h, )'lf] dt Tr~ 

(6) 

where Ti(t-td) represents the temperatures of the ith tank delayed td seconds 
and Qi(hi) represents the exit flow rate from the ith tank which is a function 
of the height, hi,over the bottom of the exit pipe. 

It is seen from this mat~ematical description that the physical plant con­
tained product non-linearities with time delay. Thus it was felt that the sys­
tem chosen for study would exercise those aspects of the current thoery which 
were suspect. At the same time , it would provide a simplicity which allowed 
adequate mathematical description and physical implementation. 

In order to cast the above equations into the proper matrix fonn for uti­
lization of the transfer function techniques, it was first necessary to lin­
earize the equations and, after transfonning to the Laplace domain, to eliminate 
intermediate variables by substitution. The additional assumption was made that 
the exit flow rate was the instantaneous sum of the input flow rates. The plant 
model thus becomes (neglecting the time delay) 

Qa (s) %(s) + Qc(s) (7) 

al 8.:2 
~ (s) (Ts+l~ Qc(s) + 

(Ts+l)S Qh(s) (8) 

where T = Vo/~o (9) 

al (Tc - 'reo) /O:Jo (10) 

a; (Th - 'reo) l~o (11) 

This set of eq~ations describing the flow rate and temperature f rom the 
third tank in terms of the input flow rates may now be expressed in matrix f oDm 
as follows : 

• 
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[ ~ <•>] 
1 

1 ] I Qc(•) l 
al 

(12) [~ r, (s) T s+l)l (Ts+l)l ~(s) 

or 
,!(s) • f(s) !(s) ( 13) 

where !(s) represents the vector of output variables 

!(s) . represents the vector of input variables 

f(s) represents the transfer matrix of the plant 

AUnost all of the non-interacting design methods consider basically two 
types of control systems: those which place the non-interacting controller in 
the feed forward loop and those which place the controller in the feedback 
loop. These are shown in Figure 2. 

The objective in the design of a non-interacting control system is to - re­
move the cross coupling between elements of the input variables, R, and the 
output variables, C. Therefore the basic premise in almost all design criteria 
is the requirement-of a diagonal matrix relating the input to output variables. 

The control configuration shown in Figure 2a, with the controller located 
in the feedback loop, has been advocated by Kavanagh8 and Mesarovicl3. However, 
their methods differ in that Kavanagh's allows almost complete freedom in the 
specification of the overall plant dynamics while Mesarovic specifies what this 
overall response must be in order to obtain a controller matrix with the least 
number of non-zero elements. Thus Mesarovic's method can be thought of as a 
particular case of Kavanagh's. The design equation for the controller matrix 
of Figure 2a is given by 

(14) 

where the H transmission matrix is the overall response, diagonal matrix that 
is specifi;d in the design. 

The majority of workers form a control configuration as shown in. Figure 2b, 
with the controller in the feedforward loop. Freeman3 was the first to recog­
nize that with the controller in this position overall dynamics could be se­
lected such that the controller does not contain elements corresponding to high 
order differentiation of incoming aign~ls. The design equation for the con-
troller of Figure 2b is · 

(15) 

Chen1 , Mathias 12 , and Morgan16 have proposed alternate methods of deter­
mining the C controller matrix that avoids much of the tedious algebraic manip­
ulation associated with Equation (15). However, these methods naturally lead 
to the same controller if the overall dynamics , ~. are the same in all cases. 

In order to avoid tedious algebraic manipulation that most of the pre­
viously mentioned methods involve for large systems, Morganl6 employed the 
s tate variable approach to the design of non-interacting control systems. 
nee again only linear, time invariant parameter systems without time delay are 
~on&idered. This technique utilizes. a controller configuration as shown in 
f i sure 3. (Note: The basic approach may easily be applied to other con-
flguration&.) · 
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The plant under consideration may pe represented ~Y . the matrix differ­
ential e-quation 

i·1z+.:!.! 

.Y • .Zs 

(16) 

(!7) 

The class of multivariable systems considered .is one with r inputs, n outputs 
and q state variables, where q > n. Therefore i and .I are q dimensional sta~ 
vectors; .! is an n dimensional state vector; .It is an n dimensional state vec­
tor whose components are the first n components of z; 1 is a constant coeffi­
cient q x q matrix; .:! is a constant q row, n colUDD matrix. 

The relationship betwePn z and E is described by 

(18) 

where 

(19) 

and 

(20) 

If A and B are partitioned the sufficient conditions for complete output­
input nOn-interaction for the output vector of interest, .It are 

At 2 be identically zero 

~11 be diagonal 

! 1 1 be d iaJonal 

(21) 

(22) 

(23) 

The specification of the ~11 and !tt diagonal matrixes is equivalent to 
specifying the overall dynamics of the system. The elements of the controller 
matrixes, f and ! may be determined from the following equations: 

!t :a • - (d.u ) -
1 1t :a 

-1 

!u • <.:!1 1) <!u - 111) 
-1 

fu • <:!u> !u 

Computer Simulation 

(24) 

(25) 

(26) 

In order to obtain a preliminary evaluation of the various controllers 
that were designed by the techniques presented in the . previous·two sections, 
and in order to investigate certain parameters that were not readily varied 
experimentall, a program of digital simulation was undertaken. The first de­
sign method i nvestigated was that of Kavanagb. If the overall dynamics are 
selected as 

t 
H "" 
- 0 

( 27) 
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then substitution into Equation 14 ,·~t'esults in the controller ,matrix: 

! . [ . ~::~ -~~~l·] (28) 

aa-al 

Note that the k1i elements contains a cubic term in the Laplace' domain 
variable s. Physically this requires that up to the third derivative of the 
output temperature, T1 , must· be measured as produced in order to implement the 
proper control action. Since this is not physically practical, this controller 
is described as physically unrealizable. While the controller cannot be synthe~ 
sized in the physical sense, it can be simulated mathematically. The time do­
main differential equations describing the control loop. of Figure 2a (using the 
linearized model) were programmed using the Mimicl7 digital simulation language. 
The tabulated numerical results of the following stmulations may be found in 
the original wark.l8 

Since no valve dynamics were taken into account (i.e., the controller is, 
capable of instantaneously changing flow rates in the model), the Kavanagb 
controller immediately implemented the final input flow rates. Because the 
controller design was based upon linearized plant equations, and since these 
equations were used in the simulation, _perfect non-interaction resulted. 

However, it should be recalled that the Kavanagh controller contained a 
physically unrealizable element. The suggested practice to eliminate this 
is to place arbitrary poles, far removed from the zeroes, in the element in 
order to make it physically realizabL~. 

For the conditions used in these simulations, that is; a tank volume of 
4.58 gallons and an initial flow rate of 14.0 gpm, the time constant of the 
system, T, was .326 minutes. This corresponds to having a third order pole at 
s = -3.07. Therefore, the three arbitrary poles were set at s ~ -36, more than 
a factor of 10 removed from the zeroes in the k 12 element of Equation (28). 

For a step change in the r 3 element of the pommand vector, E' the output 
temperature should have changed 3°F while the output flow rate should have re- . 
mained constant. However, the effect of adding three arbitrary poles to the 
controller was to introduce a dynamic interaction between r 3 and Q3 • After 
five minutes, the exit flow rate returned to the proper value. Therefore. the 
observed effect of making the controller physically realizable was the loss of 
absolute non-interaction. 

Next the physically realizable -controller of Equation (29) .was used in 
conjunction with no time delay. Comparison of 'this simulation wiht that for 
the linearized system indicated that the synamic interaction was only slightly 
higher for the non-linear system • . Thus the technique of linearizing the pro­
duct type non-linearities in order to design the controller had an almost 
negligible effect over that observed with the linear plant for the step sizes 
considered. The effect of time delay on the system performance will be dis­
cussed later. 

The next control system studied was that which may be design either by 
the methods of Freeman or Mathias. The control configuration is given . by 
Figure 2b, and the final controller design by Equation (15). 
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If the overall transfer function matrix, ~' is selected as: 

~ -[:· i.;l)J (29) 

where h
1 

and Z represent constant coefficients, then the solution of Equation 
( 15) resu 1 ts in 

[(aa:~;(l-h1 ) 
c ,.. 

-a, hl 

(30 ) 

This controller was tested with both the linear and non-linear plant 
models again neglecting the time delay. In both cases perfect non-interaction 
resulted. This was achieved despi:.te the fact that the i nput flow rates, as 
set by the controller, differed significantly in the two case s at given i n­
stants of time. Thus perfect non-interaction was achieved with this controller 
for the non-linear plant without time delay when incorporated with the con­
troller designed ·from the l .inear plant model. 

The final non-interacting control system that was c nsidered for simula­
tion purposes was that designed by Morgan's method. The linearized set of 
equations describing the plant must be cas:t into the form of Equation (31) 

i n o~TJr=t[~~t 1,:~~ ~~-sin~la]r.~Q~~ + t:• ~l [ ~] 
T

11 
0 0 -1/-r 1/-r T!t 0 0~, 

T:; 0 1/ T 0 -1/ T T 0 0 J 

( 31) 

Now the controllers may be designed once selection of the ~ 1 and ~1 di­
agonal matrices has been made. The ~1 and ~ 1 mat rices were sele~ted a s 

1-1 
~l = Lo A .. • g -~.; .] 

Subst i tut i on into Equations (24) , (2 5) a nd 

.!S.t - 0 

-a.,_ , __ _ 
l:2-a, 

(32) 

(2::~:: •lult s 1. 1 

a:! 

--::~ J 

'(33) 

& o -[: :J 
It is int erest i ng to no te that no f eedback control is r equired to decouple 

the sys tem . That is, the K !!' . trix is nu 1.. This result is log i cal i n that 
the system conta ins no feedback interaction . It is impo r t ant that onl y de­
coupling i s achieved and n r egulation is p=ovided in this ase. Regula tion 
wou l d have to be provided by f'l:'edba ck r.ontrol on each of t he outputs y the 
cor res ponding input. An exce l le . t _ isc ss ion of th is topic as recentl b en 
presented by Greenfiel and Wa a4 ,~. s·nce t hese control le r s are constant eo-
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efficient matrices, they represent a particularly simple mode .of conLrol. 

Because of the excellent results which bad been previously obtained with 
t he non-linear system, no siDIJlation of the Morgan controller was· made with 
the linear plant. As in the case of the Freemen control system, perfect non­
i nteraction was obtained Wben this control system was incorporated with the 
non-linear plant. 

Thus far none of the stmulations have included time delay in the mathe­
matical model. It will be recalled that this time delay occurs because of 
transportation lags between the first and second tanks and between the second 
and .third tanks. For the experimental system under consideration,with a total 
flow rate of ~4 g~, the time delay was approximately 0.01 minutes. 

Possibly the most unexpected result of this study occurred when time de­
lay was considered for the Freeman-Mathias controller and the Morgan control­
ler. It was found that· pure · d.me de.lay of up to one minute had no effect at 
all on the non-interaction. Thus pe~fect non-interaction was retained although 
some effect was noted in the response of the d~amic output variable. This 
occurance is discussed in detail by Planchard.18 

Time delay did have a significant effect in the case of the Kavanagh­
Mesarovic controller .where it caused a lag in the return of the exit flow 
rate to its initial value. In addition, in the case of a time lag of one 
minute, it appeared that the system might become unstable although the pro­
gram was terminated before this could definitely be established. 

Thus these results indicate that because of the way in which the time 
delay appears in the plant model, it causes no loss of non-interaction in 
either the Freeman-Mathias or Morgan co.1.trollers. However, in the case of the 
Kavanagh-Mesarovic controller, time delay causes a more sluggish response and 
may lead to instability for large time delays. For the time delay ·of the ex­
perimental system (approximately 0.01 minutes) no significant lossi. in system 
performance was observed. -

Finally, a simulation of a double loop feedback control system in which 
proportional and integral mode controllers were utilized was conduci§d. The 
controller parameters were determined by the Ziegler-Nichols method utiliz­
ing open loop response data obtained from the plant model as given by Equations 
(1) through (6), neglecting time delay. The control system is shown in Figum 
4. The system was found to be unstable for the Ziegler-Nichols settings. 
Much more conservative controller settings resulted in stable operation but 
the controlled response was p~or. 

These results demonstrated the consequences that may result when empirical 
design methods, based upon single l oop systems, are used in the design of highly 
coupled multivariable systems, Even if much more -conservative controller set­
t ings are used to provide system stability, the control action will probably 
be of poor quality. It should also be recalled that no time delay was con­
s idered in the plant model in the above simulation. A time delay would almost 
certainly have caused additional stability problems. 

Experimental Results 

A schematic flow diagram of the physical system is shown in Figure 1. 
Two Electronics Associates TR-48 10 volt, analog computers were used in this 
s t udy to implement the non-interacting controller and other electronic opera­
t i ons . The two input flow rates were measured by turbine flow meters; the 



associated measuring instrUment converted this signal to a 0 to 10 volt output. 
This signal could then be directly incorporated into the analog circuitry. The 
output voltage of the analog computer was converted into a 3-15 psig pneumatic 
signal by appropriate external tranducers. 

Experimental results with the Freeman-Mathias controller are presented in 
Figures 5 and 6. In the first figure, the exit temperature was the invariant 
variable while the exit flow rate changed by a negative 1.0 gpm. A maximum de­
viation in the exit temperature of 0.43°F occurred after approximately one min­
ute of operation and thereafter the exit temperature returned to its initial 
valve. 

Similar results were observed for runs in which the exit temperature was 
changed from one level to another. In the data presented in Figure 6, while 
the system underwent a negative change in exit temperature of 3.8°F, the exit 
flow rate had a maximum deviation of 0.17 gpm from its initial value . Con­
siderabl~ cycling about the initial flow rate occurred thereafter. This was 
principally due to random disturbances in the cold water flow rate caused by 
line pressure fluxuations. 

The Kavanagh control system was investigated in a similar manner. In 
each case the three arbitrary poles in the Kavanagh controller were set e~al 
to each other. Results obtained with each pole having values of 1/15 sec are 
presented in Figure 6 and 7. These values correspond to transfer functions of 

-1 3 
(s+3.03 min ) 

3 
(s+4.0 min- 1 ) 

and 
-l • 

(s+3.03 min ) 
-1 " (s+6.0 min ) 

respectively. Therefore in each case the arbitrary poles were less than an 
order of magnitude removed from the zeroe s·. 

The re sul ts presented in Figures 7 and 8 are ior step changes in the r~ 
element of the command vector. Therefore the flow rate "should remain invan.­
ant while the exit temperature undergoes a change in level. In both cases re­
sults similar to the analytical study were obtained. A rather large dynamic 
interaction was found which reached a maximum in less than one minute and then 
returned eo its initial value. 

Direct comparison of the amount of non-interaction between individual con­
trollers could not be made simply by comparing the deviations from the initial 
value of the variable since in each case the total change in the system was 
slightly different. Therefore it is desirable to define a non-interacting ra­
tio ••hich takes this variance into account. This non-interacting ratio (NIR) 
may be defined as: , 

NIR 
maximum deviation from initial value (44) 
absolute sum of the changes in input flow rates 

Results for the three cases presented thus far for step changes in r 8 indicated 
that much better non-interaction was obtained with the Freeman-Mathias controller. 
In addition, moving che arbitrary poles out to 6.0 minute- 1 significantly i~ 
proved r.he response of the Kavanagh-Mesarovic control system. 

An attempt was made to move the arbitrary poles in the Kavanagh-Mesarovic 
controller out to 12.0 minute - 1 , however the d.-t:cuit was too noisy and could 
not be used. 
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Runs wer e also made with this controller in which step changes in the r 1 
e lement were introduced. Results essentially identical to those with the . 
Freeman•mathias controller, given in Figure 6, were obtained. 

Conclusions 

A large vo"lume of literature has resulted from the considerable attention 
that multivariable control has received in the past few years. Much of this 
work has been directed toward the development of newer methods for designing 
non-int er act ing control systems, while little attention has been directed to- . 
ward physical implementation or comparison of these systems. 

This study has compared those design methods which seemed most applicable 
t o the particular plant under consideration. Herein, of course, lies the 
greatest danger in a study of this nature. Conclusions drawn from one particu­
l ar plant will not always be valid when another plant, with completely differ­
ent charact eristics, is· under consideration. However, taking this into account, 
it is f e l t that the fo~ lowing broad conclusions are still valid: 

1. This study clearly demonstrated that reasonably good non-interacting 
cont rol may be physically implemented with a min.f.uum of difficulty 
resulting from inexact mathematical description of the plant. 

2. Since al l the conclusions which results f~om the digital simulation 
study were born out by the experimental implementation of the vari· 
ous control systems, future simulation studies in this area may be 
undertaken with a great deal more confidence of subsequent success­
ful application in the labora~ry or plant. 

3. Control systems ·in which the primary control is place in the forward 
loop (shown in Figure 2b) are superior in a number of ways to those 
design methods in which the controller is placed in the feedback 
loop (shown in Figure 2a). In addition to better performance these 
advantages include the possibility of cancellation of the effect 
of time delay and, in the case of transfer function design techniques, 
the assurance that the controller may be made physically realizable 
without resorting to arbitrary poles. 

4. Product type non-linearities can easily be accommodated by the 
non-interacti g control systems considered in this study. 

S. Based upon the simulation studies and the results wit& constant 
gain controllers in the experimental work, it is felt that s tate 
variable techniques such as Morgan's design method offer two dis­
tinct advantages over transfer function techn~ques. These are 
simpler controllers and less tedious design effort. However, all 
state variables must in general be measurable and occasionally 
incomplete non-interaction may be the only form attainable. 

6 . Controllers designed for non-interaction will generally provide 
much better control than conventional feedback control. · However, 
The non-interacting control system is much more complex , and 
there fore more expensive, than conventional control systems. 

Th is s tudy t reat ed one type of linearizat i on--that by Taylor' s Series 
PxpAn Rion , Another widely used linearization technique is that of devel-

6 ing appr oximate transfer functions based upon such techniques as pulse t est ing 
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or other types of transient tests. The quality of non- in~eracting cont r ol 
obtained under this type of linearization would form a logical extens i on of 
this study. 

Nomenc lature 

~trix ~f constant coefficients 
Submatrix of A 
Parameter of linearized plant model = Tc-T

30
/Q

30 
Parameter of linearized plant model Th-T•

0
/Q30 

Matrix of constant coefficients 
Controller Matrix 
The i, j element of the C matrix 
Vector.o£ uncontrolled disturbances 
A diagonal matrix of transfer functions specifying overall response 
The i,i element of the diagonal matrix H 
The identity matrix -
Matrix of constant coefficients 
Controller matrix 
Integral mode constant of exit flow rate loop 
Integral mode constant of exit temperature loop 
Proportional mode constant of exit flow rate loop 
Proportional mode constant of exit temperature loop 
Matrix of constant coefficients 
The number of output variables of a system 
The number of input variables to a system 
A matrix of transfer functions representing plant dynamics 
Cold water flow rate 
Initial cold water flow rate 
Hot water flow rate 
Initial hot water flow rate 
Exit flow rate of the ith tank 
Final exit flow rate of the ith tank 
Initial exit flow rate of the ith tank 
The number of state variables in a system 

Radius of tanks 
Vector of forcing functions 
The Laplace transform variable 
Cold water temperature 
Hot water temperature 
Temperature of ith tank 
Final temperature of the ith tank 
Initial temperature of the ith tank 
Time 
Initial volume of each tank 
Vector of input variables to a plant 
Vector of output variables 
Arbitrary gain constant 

Greek Letters 

'Tr 3.14149 
~ Summation operator 
~ Time constant = V

0
/Q30 
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Control System - II 
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· • Kraemer 
Dr. - Ing. 

SETTINGS I 

Brown Bover~ & mp~~y, Ltd 
Baden/Swi~zerlru~d 

SUMMARY 

It is shown ha in mos~ two-varia~ Le c ~~Jl s stems bettEr 

results can be obtained with pa'T'tla l ;t :e "' " ple<i con1irol 
i.e. with only one addit ional ~ransverse conne ction in the 
control device, than with total dec pling, i . e. with two 
crossed transverse connections in t he control devi ce. Basic 

rules are developed for the purpose-orientated design of 

partial and non-exac t decoupling systems which. are 
comparatively s imple to put into practice an d which ensure 

much more effective control ~han in the non- decoupled case. 
I t is shown that very good results can be ob~ained with a 
single decoupling element suitably selec ted from t hree 

proposed l'asic types . r actical rules are a .1. ~·; · ve for 

optimizing such ec oup · ... _c elements in th e co .t r olled 

process. 

I NTRODUCTION 
A two-variable control sys~err. with o i ecoup 1ng i 

frequently characterized b~ poo e~ con rollability t han i n 

the case of individual no~ coupled c n~rol ~ v ~ ~ ems. Symptoms 

of this are a greater -e.dency o1 th ' on~~ol s ystem to 
oscillate and the p~r1i ly detri mental aftecr. of the movements 

of the final elemen1i on the instfu1Laneous eviation of the 

coupled cont rol system. If every opportuuity of influencing 
such a system externally has been 1i ried1 and control is still 

unsatisfactory one m.st cons i der increas i ng the system 

ou-tlay, through empl ying deco pling, for example. It is in 

the interests of bo1i operator and supplier of a plant with 

two-variable control t hat decoupl ing can be achieved as 

simply as possible. Guidelines and proposals for this are 
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treated theoretically below, together with practical rules 
£or obtaining optimum decoupling. 

THE NON-DECOUPLED CASE 
To illustrate the true ·function of decoupling in a two­
variable control system, let us first analyse mathemati L.:ll ly 
the actually "harmf'u. " features of non-decoupled systems. 
Fig.1 shows a block diagram which is generally valia for non­
decoupled two-variable control systems. 

The P-canonical signal flow structure within the process 
block in Fig.1 effectively covers all conceivable structures, 
as they can all easily be traced back to this straightforward 
form. Variables x, y and z are to be considered as Laplace­
transformed deviations from an arbitrary steady-state, while . 
the terms R, S an Z are transfer functions of the controller 
or the process, in which case the delays of the measuring 
elements and final elements should be added to the process. 
The signs for the coupling and disturbance signals given in 
brackets in ·Fig.1 cannot be generally defined unequivocally 
and are taken to be positive in the following discussion. 

The disturbance transfer functions of a complete system which 
are usually of the greatest interest, i.e. between a 
disturbance z and the two control variables x1 , and x2 , can 
be written in a particularly clear manner, as follows: 

z1 [: 
z2 812 

x1 - F~2 z1 s22 

s12 821 
(1) 

z 1+R1S11 - F' F' w1 w2 811 322 

z2 1 
z1 821 

x2 - F~1 z2 811 
812 821 

(2 ) 
z 1+R2S22 1 - F~1F~2 

511 822 
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c Reference transfer 
function of loop 1, 
considered as not coupled 

a Reference transfer function 
of loop 2, considered 
as not coupled 

It can then be said that everything which distinguishes a 
two-variable system from a single-loop system, as regards 
their reactions to disturbances, must be contained mathe­
matically implicitly in the square brackets of Eq. (1) and 
(2), because the terms before the brackets can be identified 
as the known disturbance transfer functions of individual 
loops. Examination of these terms in brackets thus enables 
us to analyse the characteristic features of two-variable 
control systems. 

Two important points must be taken into account. 
- The common denominator in the square brackets of Eq. (1) 

and (2), when put equal to zero, presents a particular way 
of writing· the characteristic equation of the system. It is 

· formed principally by the dimensionless expression 

if 812 821 ' : (3) 
"'- • 811 822 · 

termed the "interaction quotient" 2 • . rn· particular, the sign 
and modulus of interaction quotient J(, considered as a 
frequency characteristic and calculated at the dominant 
frequenc y w of the control operations, can be shown to be 
responsible for the altered stability ·condi ti1ons or the 
changed limits and possibilities of the controller 
settings. 1 

- The modulus of the complete term in brackets in (1) and 
(2), considered as the frequency characteristic,is a 
measur e of the extent to which a ~~upled control system, 
apart from the changed stability ~-ondi tions referred to 
above , i s advantageous or detrimental for the control 
quality of the individual control systems. The reaction of 
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t he whole system to disturbances is cert ainly comparatively 
l ess favourable than in the non-coupled case if the modulus 
of the term in rackets is greater than unity , and ice 
versa. 

·~hen s eEm in this manner , the terms F ~1 and F ~2 play a 
relatively minor part since , with assumed negativ feedback in 
the individual circuits, they are always positive and their 
modulus are almost constant, at ~east in the lowe:r· ~requency 
range. Thus, depending on the signs of the pairs of coupling 
and di sturbance signal~ occurring within the process, it is 
possible to detect certain trends · for the harmfulness or 
usefulness of a coupled second control loop. This can be 
shown clearly in a logic diagram, Fig.2. The practical 
consequences which can be deduced from this analysis are 
summarized in Rules 1 to 3 at the end of this article. 

THE CASE OF PARTI AL DECOUPLING 
It was found in the previous section that in a large 
proportion of two-variable control systems in the 
engineering field, . namely in all negatively coupled systems, 
so-called "partial decoupling", i.e. with only one additional 
transverse connection in the control device , is perfectly 
adequate, and in fact better as regards quality of control 
than "total decoupling", i.e. with two crossed transverse 
connections. This also complies with the wish mentioned in 
the introduction for the simplest possible arrangement of the 
decoupling system. 

In the case of partial decoupling, four different 
arrangements are possibl~ if, for example, the decoupling 
signal is fed to loop 2. The first two possibilities a) and 
b) in~ have the disadvantage, from the technical point 
of view, that the transfer of each controller has to be 
compensated, which is inconvenient and, if controller 
parameters are modified , can be very complicated. The s econd 
and third possibilities, b) and o) in Fig.3, have the 
overwhelming drawback that the decoupling signal falsifies 
the desired value of one controller, either temporarily or 
perman;ntly. The fourth possibility d) thus presents the best 
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tee hi ~ cal solution, since it cioe not have t e d · sadvantages 
mentioned ( see Rule 5). 

THE CASE OF NON-EXACT, PARTIAL DECOUPLI 'G 
The effect of partial decoupling on negatively coupled two­
variable control systems can best be illustrated by 
disturbance transfer functions calculated for a specific 
example. The system in question can be characterized by a 
block diagram as shown in ~· 

Exact compensation of the sole harmful coupling signal (cf. 
Rule 4) was achieved theoretically by a sign- reversing 
decoupling element with the transfer func~ion 

(4) 

In practice this condition cannot be fulfilled exactly, or 
only at great expense. This is evident when one considers 

that s21 and s22 also contain the dynemic influences of the 
.final elements. Generally one has to be satisfied with "non­
exact decoupling" which compensates harmful coupling transfer 
via s 21 only approximately. 

If we now calculate the disturbance transfer functions for a 
non-exactly, partialy decoupled system, we obtain the 
relationships 

z 

z1 

812J: 
F' z2 s12 

J 
- w2 'Z:j s22 

1+R1S11 1+X + F' F' X y 
8 11 

w1 w2 
(5 ) 

z2 

[: 
F~1 z1 s21 l + ~ s:j1 y 

1+R2S22 + F' F' X Y w1 w2 

(6) 

z 

ooJ er e R1 11 ( '1 + X 12) 
~ 

1 + R1s 11 (1 + X 12) 
811 
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1 -
522 1 - X 

822 
X S'::" -

and '{ 21 0 21 (7) 

1 + 
8 12 1 + X 

8 22 J( x:s:t1 821 
The non-decoupled case can be reproduced from relationships 
(5) and (6) by putting X equal to zero. 

z1 [ 1 -
z2 812 

x1 
F ~2 "Z:j s22] 

z 1+R1S11 1 + F' F' J<. w1 w2 
(8) 

x2 z2 [ 1 + 
F' z1 s21 l 

w1 "Z2 ."S:j1 
= .. -

z 1+R2s22 1 + F~1 F~2 JL 
(9} 

The exactly partially decoupled . limiting case is obtained 
from (5) and (6) by introducing the decoupling condition (4). 

x1 z1 [ 1 - F ~2 z2 s 12] 
z 1+R1u 11 (1+X) z1 8 22 

(10) 

x2 . z2 
(11) 

z 1 + R2822 

Direct comparison of appropriate disturbance transfer 
functions now shows us that passing from the unfavourable 
non-decoupled case to the desired exactly decoupled case 
depends on making the term I Y I as small as possible, because 
-the value of coupling quotient ~in the denominator of the 

terms in brackets, which js primarily responsible for the 
increased tendency of the whole system to oscillate, is 
correspondingly reduced by multiplying with a small value 
of 'i, 

- the sole harmful influence of coupling transfer via s21 is 
reduced at the same time, as is apparent from the term in 
the numerator in square bracke ·. s in (6). 

- The rather more useful influence of coupling transfer via 
s12 is not reduced, on the other hand, because the term in 
the numerator in square brackets in (5) remains unchanged. 
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In the exactly, partially de~ o .le case, single loop 2 wou -
be autonomous and, seen from the control dynamics stana­
point, exactly the same as in the decoupled system. Single 
loop 1 would also be autonomous, but dynamically rather 
better than in a decoupled system. It should be noted that, 
in the -exactly decoupled case, the controller of loop 1 has 
to regulate a resultant controlled· system s11 (1 +X) which 
has a higher gain coeffieient than in the non-decoupled case. 
However, the fact that the controller gain therefore has to 
be reduced accordingly is no real drawback, since the closed­
loop gain of ·resultant loop 1, which is the sole determining 
factor, remains unc.hanged. Thus, in order to discuss the 
e_ffects of non-exact, partial decoupling it is in principle 
sufficient to assess merely the modulus of the frequency 
characteristic Y (jw) within the considered frequency range, 
in accordance with definition (7). 

Tne only part·of the frequency characteristic Y' (jw) of 
decisive importance is that which lies in the region of the 
dominant -naturalfrequencyw of the whole system, because 
frequencies far above or below are not significantly involved 
in the control processes. This natural frequency w is, as a 
first approximation, to be considered as equal to the 
critical natural frequency w2k of the slower of the - two 
individual loops assumed to be decou~led (Rule 6). The 
modulus of the frequency characteristic Y (jw) at this fre­
quency can thus be used as a coeff i cient, here termed the 
"decoupling factor'?", which characterizes the effectiveness 
of non-exact decoupling (see Rule 7). The f irst formulation 
for ~ in Rule 7 is valid for the chcs en example in Fig.4. The 

requirement for non-exact decoupl i ng which brings about an 
improvement can be formulated a c · 

1 - X ' 22 I 
21 

, 
< 1 + 

~he t erms X s22;s21 , consi ered ~s frequency characteristics , 
and X at the frequen cy i n quest ionw2k c~~ be represented as 
vectors in a pl ane of complex numbers. Analysis of the 
geometric rel ationships in Fig . 5 allows conversion wi th aia 
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of the cosine law: 

s 2 s 
1 + 1 x 8~~ I - 2 1 x 8~~ I cos. ~ 

I S 2 2 

< 1 + I X~ 11 XI 
21 -

I n subsequent conversion one must distinguish between two 
different cases. We have 

a) for weakly coupled· systems ( 0 < I JC I< 1) 

S I 

IX 221 <: 2 821 

1]{1 cos ( f + 92 + cos f' 
1 -IXf . 

b) for strongly coupled systems (I X I > 1) 
S I 

IX 221 ::>- 2 821 
IJCI cos C f + cp) + cos f 

1Jll 2 - 1 

(12) 

(13) 

I n both cases, however ~ an additional condition must be taken 
into account, i.e. that the value of IX s22;s21 1 must not be 
appreciably greater than unity, as "over-compensation" of the 
effect of coupling can cause a negatively coupled .system to 
become positively coupled which, under certain circumstances, 
may again lead to less favourable results. 

From the control engineering point of. view, case a) is 
relatively unimportant because decoupling arrangements are 
usually superfluous with weakly coupled systems. Case b), for 
strongly coupled systems, is of greater interest in this 
respect. 

It is notable that condition (~ 3) for effective decoupling is 
always satisfied when j am:; f + Cf vary _only within ±. 90° ,. i.e. 
when the sign of the decoupling transfer is given correctly. 
Since the phase ~gles are included in condition (13), via 
the cosine function, .it can ·also be stated that a phase 
deviation ~ of the decoupling signal relative to the compen­
sating coupling signal is of minor importance within 
comparatively broad limits, e.g. ± 45° (see Ru.le 8). It is 
a:)..so worth noting that a relatively high value of I~ I , which 
].s charact.eristic of strong coupling, also favours the 
relative benefits to be gained from decoupling (Rule 9). 
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DECOUPLING ~lENTS 
By observing Rules 5, 6, 8 and 9 it is possible to d.esign 
relatively simple, and yet effective decoupling elements 
employing commercially available components. The following 
three basic types of element can be used as required, 
depending · on the particular circumstances: 

1) P-element with adjustable control factor 
2) I-element or delay element with adjusta le integral 

action time constant or delay time constant 
3) D-element with adjustable derivative action time 

constant. 
Depending on the necessary sign of the coupling transfer 
being compensated, the output signals of these basic elements 
must be connected to the other control loop through an 
addition or subtraction relay. A subtraction relay is 
required with the example in Fig.4. It in this example the 
process transfer via s22 is slower than the coupl ing transfer 
s21' including the relevant final element, the decoupling . 
element should be of th~ ~erivative-action ~ype, while in the 
converse case ~he el~ment should be of the integral-action or 
delay type. If the two t~ansfers are approximately equally as 
fast, i.e. the phase · shift between the decoupl~ng signal and 
the coupling signal in the frequency range concerned is not 
greater than+ 45°, a pure P-element is required. Thus, only 
in this case is the greatest benefit obtained from "static 
decoupling", which is often used for the sake of simplicity. 
By further in£luencing the delays of the final elements it 
may, in certain cases, be possible to obtain an improvement 
in the sense of closer agreement between the phases of the 
decoupling and coupling sigrials. 

RULES FOR SETTING NON-EXACTLY, PARTIALLY DECOUPLED TWO­
VARIABLE CONTROL SYSTEMS 
Exact partial decoupling obtains if the sum of a harmful 
coupling signal to be compensated ~d a corresponding 
decoupling signal is zero fo.r all :fX'"equencies, i.e., 
referring to the example in Fig.4, when the output of 
controller 1 no longer has any in:fluence whatever on the 
input of controller 2. Non-exact, partial decoupling which 
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is very bene£icial as regards control behaviour can be 
expected when the. maximum attainable compensation occurs at 
t he dominating natural !requenciesw' of the individual loops 
( considered as uncoupled), and these frequencies are always 
in the vicinity of the critical natural £requencieswk of the 
individual loops. ~rom this it is possible to ~ormulate the 
following practical rules for setting a non-exactly, 
partially decoupled system. 

utep 1 
With t he control syste• o£ the coupled loop disconnected, in­
crease the gain o£ the controller ·whose output is connected 
t o the coupled loop up to the critical value. 

Step 2 
With the first loop oscillating just critically, vary the 
adjustable parameter of the decoupling element until the 
amplit ude ratio between the controlled variable of the second 
coupled loop and the output of the cont roller o£ the first 

·connected loop reaches a minimum. Since this adjustment also 
alters the dynamic behaviour of the first loop, the gain of 
its controller must be reset· accordingly. 

Step 3 
Now optimize the control systems of loops 1 and 2 
indiv~dually or; i£ the effect . of coupling cannot be reduced 
suf£iciently, ~n accordance with the rules for setting non­
decoupled two-variable control systems1 ' 3. 

BASIC RULES 

Rule 1 
The decoupling considered necessary creates individual 
autonomous loops as soon as one of the two coupling transfers 
via s12 or s21 is exact ly decoupled,-i.e. the controllers of 
the two i ndividual loops can then be optimized independent ly 
of the settings on the controller of . the coupled loop. 
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Rule 2 
In the case of positive coupling (sign ').( = + 1) . wh ich i s 
comparative.!.y rare in technical applications, any dec oupl i n2; 
considered necessary should as far as possible compe~sat e 

both coupling signals, in order to achi eve better control 
quality for both control systems. 

Rule 3 
In the case of negative coupling (sign X= - 1) , which is 
common in technical applications, it can be s a id tha-c any 
decoupling considered necessary should compensate only one 
coupling signal, as a coupling signa l can always be lo ked 
on as basically useful, i.e. one of the two con-cro l systems 
will necessarily be supported by the second system . 

Rule 4 
In a negatively coupled system, the only harmful couplin~ 
transfer which needs to be compensated is -che one which 
retains the sign when the .considereci disturbance affec ts t e 
two control variables with different signs, or al ternati ve l ./ 
the one which reverses the sign when the disturbance affec7-s 
both control variables with the same sign (main loop 
transfers are standardized to have positive sign) . 

Rule 5 
A technically effective decoupling a:rm1gement is to 
superimpose one controller output signal on the other. The s . 
output signals usually employ the same energy transpor-c 
medium ( current, voltage , air or oil pressure) , vJhi ch 
facilitates the design of relatively s imple ciecoupling 
elements • 

. ul.EL.§ 
A decoupling element in a negat :i.vely coupled system i n 
- ~~ nciple needs o compensate t he ef~ec t of c upling o~~Y 

a ran.ge oi fre que" ci "' S about t he i'r egu<mcy w:::: w21~ Cw2k ; 
cr:i.tical natural _reou.a::J.cy of -che slower of the two 
individual circuits considered as not coupled ; . Frequenc · es 
much higher or r. -.~b lower are usuall ;y of no importance t c ..- t:e 

control operations. 
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Rule 7 
A measure of the effectiveness of non-exact partial 
decoupling in a negatively coupled system is a 11 decoupling 
.factor -p " i n the form 

a . 11 - X s22/S21 I 
'l( 1 + (X 822/821 )J{, 

fo;r W = W2k 

i f only the coupling transfer via 821 is t o be compensated by 
means of a decoupling element with the frequency 
characteris ~ X, or in the form 

'P = J1 - x s11;s12 I 
1 + (X 811/812)Jr 

far w = w2k 

if only the coupling transfer via 812 is to be compensated. 

(>=0 

0 < 1'<:1 

'? = 1 

p > 1 

Rule 8 

denotes exact partial decoupling 
denotes beneficial non-exact partial decoupling 
denotes ineffective partial decoupling, and 
denotes detrimental non-exact partial 
decoupling. 

A beneficial effect, as regards control dynamics, resulting 
f rom non-exact partial docoupling in strongly negatively 
coupled systems, can always be expected provided that the 
phase o.f the signal via the decoupling element and the 
corresponding main-loop transfer, i.e. via X 822 and X 811 , 
does no~ deviate by more than 90°, in the frequency range of 
interest, .from the phase of the coupling signal to be 
compensated .via _821 and 812 , i.e. provided that, basically 
only the sign of the coupling transfer via X has been chosen 
correctly~ The influence of small phase deviations, e.g. 
± 45°, does not significantly affect the improvement brought 
about by decoupling. A great improvement can thus be achieved 
in every instance by appropriate ·selection- of P, I or 
D-elements. 
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Rule 9 
The effectiveness of partially decoupling increases jn 

strongly negatively coupled systems with the extent of 
coupling present. 
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ON THE OP TIM.'\L IMP LEME NTATIO OF 
MULTIVARIABLE DIS CRETE LINE.l\. R SYS T EMS 

E. Biondi - L. Divieti - C. Rove da - R. Schmid 
Istitu to di Elett rotecnica ed Elettronica , Politecnico di Milano, Mila­
no, Italy 

I. · Introduction 

Several methods have been presented in the current literature, 
which yield the form of the discrete compensator transfer function 
in sampled-data control systems 1. 2:, 3.. The choice and the appli­
cation of one of these methods represent the first step in the system 
design. The second step consists of choosing the method for physical 
realization of the compensator transfer function. This can be done in 
a variety of ways. Because the field of special purpose computers is 
growing day by day, the control engineer has a particular advantage 
in usmg these computers in the realization of discrete compensators 
for multivariable systems. 

When a special purpose computer is to be used, the second step 
of the compensator synth~sis consists of choosing the computer hard­
ware so that both economy and accuracy will be warrented. 

From the economic point of view, a logical scheme for compari­
son among the different techniques can be based on the number of 
storage registers required and the computing time involved. A com­
parative analysis in this way has been carried out in 1, 3, while in 
4 a method is presented for synthesizing a multivariable discrete 
compensator with the minimal number of storage registers. 

The compensator accuracy can be judged on the basis of round­
off error accumulation. As proved in s-. §, 7 the various techniques 
may present remarkable differences. 

In general, economy and accuracy; described in terms of storage 
registers and round-off errors, are two contrasting items. Therefore, 
the previous analyses are not completely satisfactory, and a significant 
cost function for an optimal implementation of discrete compensators 
must take into account both the number of storage registers and the 
round-off errors. . 

This paper deals with the problem of the optimal implementation 
of multivariable discrete linear compensators. The costf function is 
a linear combination of the number of delay elements required and 
the mean square round-off errors on the cpmpensator out puts. 
Considering the parallel method of synthesis and making use of .four 
basic structures, the optimization problem is approached in terms of 
graph' theory, and it corresponds to the determination of the optimal 

(o) The present r esearch has been supported by C. N. R. (Consiglio 
Nazionale delle Ricerche), Rome, Italy . 
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arborescence in a particular acyclic graph. This optimization problem 
is finally solvE!d via Dynamic Programming. 

IT. Problem statement 

Consider an n input-m output discrete linear compensator, and 
let each output be expressed as explicitely and wholly dependent 
upon all inputs; that is 

y(z) g(z) 2£(z) 

where 

~(z) 

Xzt(z) 

is the input z-transfQrm veCtor, 

is the output z-transform vector, and 

gl(z) 

!!_j(z) 

D (z) 
-m. 

Dml (z) .. . Dmi(z) ... Dmn (z) 

(1) 

{2) 

(3) 

. (4) 

is the compensator transfer m atrix. 
pensator is shown L'"'l Fig. 1 (l) 

Expressing each. output Yj(z) as 
... , ~(z), it results : 

The block diagram of the corn-

depending upon a ll inputs xl (z), 

Y.(z) 
J 

n 
1: D .. (z) X.(z) 

Jl 1 
i = 1 

(1) The structure of Fig. 1 has been defined by Mesarovic' as 
P-canonical structureS. 

( 5) 
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If the parallel method of synthesis is considered, the t ransfer 
functions o .. (z) are supposed to be given in partial fraction expansion 

11 
form, that 1s : 

H .. -2M.. M .. 
. . J1 J1 ji J1 ji 

D .. (z) = ~1 
+ r:::: D (z) + L Dli(z) 

l 1 0 h = 1 h h=l 

where 

ji 
Dlf(z) 

~i z -1 

Dhji(z) =. _;n==--­
ji -1 

1- ph z 

( ji .AJi) • 1 
a ••• J~•· z 

(6) 

(7) 

(8) 

ji ji . ji 
and Ph are the real poles of D .. (z), and rr,., ~ JW,.• are the 
pairs of complex conjugate poltf~ of D .. (z). From (5) and (6) it fol-
lows : l

1 

H .. -2M.. M 
n ji n ....1!__ J1 ji n ~ji ji 

Y.(z) = L t- X.(z) + L ~ Dh (z) X.(z) + L L- D~(z) Xi(z) (9) 
J i=1 ° 1 

i=l h = 1 1 i=l ~=1 

ji 
Each function Dh (z) can be realized by means of one of the 

structures of Fig. 2-a and Fig. 2-b, referred to as "first" and "se·­
cond elemental structure" respectively. 

Each function D~(z) can be realized by means of one of the struc­
tures of Fig. 2-c ana Fig. 2-d, referred to as "third" and "fourth ele­
mental structure ' ' respectively. 

As shown in Appendix, the round-off error accumulation is different 
for the va.x:ious elemen~.al structures. Under the assumption that the 
errors ~~1 ~:_r') and E~i~k!~ are statistically independent for h = 1, . .. , 
H.i-2Mji• -11 - 1, ... , M.i, 1 - 1, ... , n, the mean square value of the 
rJund-off error on theJ j-th compensator output (j = 1, ... , m) is : 

-- 11 Hji·11t1ji ~ 11 f. j;l £: = r c= EJ' • r c,.. (10) 
i::f h::1 h 1=1 

--;-;-} ji 1 
where the, errors £ J1 and Eh* are given in the Table 1 of the 
Appendix . h 
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If the poles of Q_(z ) are all di s in ct, th'2 number of s tor al!e re ­
gisters r equired for the compensator implement a tion is : 

n m 

N I: L. H . . s r 
i = 1 j = 1 J: 

(11) 

T hus, the optimal i mple men-tc:tion i s obtained when the elemental 
structu r es are chosen so that the r ound-off e rrors £~ are mi-
nimal. ·J 

If the poles of Q_(z ) are not all distinc( it turns useful to int ro­
duce the four structures shovm. in Fig. 3 and r eferr ed to as " fi rs t ' ' 
(Fig. 3-a) , "second" (Fig. 3-b), "third" (Fig. 3-c}, and "fourt h " (Fig. 3-d} 
"basic structures". These basic structures can b e considere d 8.s an 
extension to r inputs or to s outputs of the elemental structur es. 

Using only one delay element, the first basic structure r ealizes 
the signal 

W~(z ) {12 ) 

(k = 1, ... , r) have the same real when the transfer functions 
pole ph.. 

Usmg again one delay 
simultaneously the signals 

element, the second basic structure realizes 

ki ki 
Yh (z) = Dh (z) Xi(z} (k = 1, ..• , s} (13) 

when the t r c:.nsfer functions n~\z) (k 1, ... , s) have the same real 
pole p . 

Tfe thi r d and the fourth basic structure s substitute t!;.e first and 
the s e cond ba.sic structures respectively in t h e case of common pairs 
of complex conjugate poles. 

An ana2.ysis of the round-off errors in t l e basic structures is 
carr ied out in Appendix, and the results obtaine d are shown in Table 2 . 

When the poles of ~(z ) are not all distinct and the basic s t ruc­
ture s are use d fo r irr:plen:ent ing ~he mult iv ariab le disc rete com pen­
sator , a remarkable i :nprovement can be obt ained either in economy 
and accura c y . On the oth e r hand , it can b e easily proved that the 
synthesis which gives .he maxim um s a ving of s torage r egisters , is 
not gene rally the optir~1a.!. on e fr om the vi ev1;point of r ound-.off e rrors. 
Thus, it s.eems t o be mea ningful t o define a cost fun ction involving 
both the numb er of delay elem en t s r equ.i red and the r ound-off errors 
on the r· ompen s a t or Ot.;.tput s. The f8ll0wing linear cost function is 
consi dered : 

c N 
sr 

m 

+ I: 
j = 1 

2 
£ . (14) 

J 

where N i s the numbe r of s t orage_ registers ' de l c;ty e lements) required 
s r 
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2 
for the implementation, £ . is the ~ean square round-off error 
on the j-th output and ~ . J is its weighting factor (2). 

In the next sections if is considered the problem of finding the 
optimal parallel implementation of a multivariable discrete linear 
~ompensator under the following assumptions : 

(i) the multivariable discrete compensator is defined by means of 
its z-transfer matrix D(z) 

(ii) the transfer functions Dji(z) are given in the form (6) 

(iii) the real poles or the pairs of complex conjugate poles of Q(z) 
are simple and not all distinct 

(iv) the parallel implementation is carried out using the basic struc­
tures 

(v) the cost function is given by (14). 

III. Optimal parallel synthesis 

" . 
Let i)1, ...• Pt with t < I ~ (~i- M.i). be the distinct poles 

(or pairs of complex conjugafe' po-les) of thel transfer matrix D(z). It 
is possible (Fig. 4) to associate to each pole ~ (or to a pair -of com­
plex conjugate poles) an acyclic bipartite graph ah = (X. Y. Uh). where. 
X and Y are the sets olt the compensator input and output variables 
respecti~ly. The set U consists of the oriented arcs upj = (X1, Yj); 
~ arc uij · exists if and only if the function Dji(z) . contains the pole 

Ph· 
The first basic structure of Fig. 3-a corresponds to the partial 

subgraph of oh defined by 

where 

,. 
Uy :; + 

J 

(15) 

(2) It is wo .-· 1 while noting that, keeping different weighting factors 
~ ., u is possible to obtain a different degree of accuracy 

on th~ various compensator outputs. 
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The s econ d basic st r ucture of Fig. 3-b corresponds to the pa r tia l 
subgrapb of eh de fined by 

(16) 

where 

u: .• t 
I 

The third and fourth basic structures of Figs. 3-c, d corr espond 
to analogous partial sub graphs of the graph eh, when eh is r eferred 
to a pair of complex conjugate poles. 

A general compensator parallel synthesis can be seen as the 
choice, for each graph eh, of two partial subgraphs Gh = (Sh, Y, Uh} 
and eh = (X, sh. Uh) such that X X X 

y y y 

sh : x 
X 

and y 

u u~ and n 

Therefore, the par~llel synthesis with basic st~ctures consists 
of decomposing t he two partiab subgraphs Gh and ey into partial 
sub graphs g~1. for X. € S and ~YJ. for xy . € S h. . 

1 X J y 
In order to obtain the synthesis which minimizes the cost function 

(14), two· different costs must be assigned to each arc ut of Gh de~ 
pending on whether u~j € U ~ or u~j € U ~· 

According to (14) and to the results given in Table 2 of the Ap­
pendix, these costs are : 

[1 + 

(~i)2 

J 
2 

h h h A 
h _9._ e: u (17) J.l .. for u .. 

lJ j -2 12 lJ X 
1 - ph 

h 
2 h uh 

V . . =A . _9._ for u .. £ (18) 
l J J 1 -2 12 lJ y 

. - ph 

if . the graph Gh c orrespnnds to a real pole, or: 

[1 + 
fa{~J 2 + ( ~::.) 1 J 2 

h uh (19 ) h _q_ 
ll i . 2 A. . for u .. € 

1 - 2 w:* J 
12 lJ X 

- ( (j lt* + 



h 
V .. 

lJ 
2 l. 

J 
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1 
2 
~for 

12 
(20) 

h 
.if the graph G corresponds to a pair of complex conjugate \;oles . 
Moreove r , it is necessary to assign to each vertex Y. E S a 
cost J y 

h l.j 2 
c. _g_ 

J 1 . • 2 12 
• ph 

(21) 

if Gh corresponds to a real pole, or 

h l.· 2 
. J _9.___: c. 

J 1 ( 'i'l + -l} 12 - tf w,.. 
(22) 

if Gh corresponds to a pair of complex conjugate poles. 
In terms of graph theory, the optim'l synthesis consists of 

choosing two partial subgraphs ah and G such that the cost function 
X y 

t '{,. ,,. lt } c = r c,. = r 1 s.f • s, 1 • c c1 • r .,.~1 • r v:, 
tt:l li:l r1 csll •" c uh u~. • u1

11 1 

r iJ • 'J 

(23) 

is minimal. 
It can be easily proved that, for parallel synthesis, it results : 

t 
c r (Q4) 

lt:l 

Therefore, the compenslltor optimal parallel synthesis with basic 
structures leads to t distinct optimization problems. The solution of 
these problems is presented in the next section. 

IV. Determination of the optimal parallel smthesis 

The optimization problem defined in the preceding section can be 
solved associating to each graph ah another graph pll = (R

0
, A, ah, 

r,11 , r111 ), where R
0 

is an isolated vertex, A and ah are two disjoint 
sets of vertices, r,,. is the mapping of R0 into A, and rlh is 
the mapping of A into Bh (Fig ~ 5). In particular, 

A:XUY 

I a"l = I u,. I = N,. 



-) 

lr ,., 1 = 1 

- B I = 2 
1 ln 

Ea cl ve rtex Bn € B corre s Oi."lds to an arc ( - - : 
I € • 

: j .. :;' . 
an. d . 

- ' 

r B ~ A Asl 
Jh k ( r 

with 

A X 
r i 

A Y. 
s J 

In each ,graph Ph , cost 
h 

i s a pr associated to ~ac a rc 
(R ' A ), and 

0 r 
h 

Pr 1 for A X € X 
r i 

,_ 
1 ' h l! 

for p i:' T C . 
J 

A = € y 
r 

h . 
whe r e c. 1s given by (21) and (22 ,. 

A 6st 6 ~k is as signed to ach a rc (A, B~L an d 

6 h l 
fo:-

rk ~ i .. Bk 
h 

and A y X u . . = -!>... E 
1 r 

5 h h 
for V 

rk ij 
~h h 

an d A Y . € y D u ~ . : 

'] r J 

h 
where ~ . . n d V . . are given by (17), (18) or (19 , (2 0). 

lJ lJ 
The optimization problem, defined in the preceding section and 

r eferred to . the cost function (23 ), because of (24 ) can be formulate d 
on graphs ph (h = 1, . ~., t) as follows: for each graph ph, find the 
arborescence having R

0 
as its "root" and B~ U=l, ... , Nh) as its 

"leaves" and presenting minimal cost. J 
This problem has been solved by the authors and the solution 

has been presented in 9. Actually, the nonlinear optimization problem 
involved is approached and solved via Dynamic Programming, consider­
ing the multistage decision process shown in Fig. 6. In this · process 
t.he following definitions are given : 



(i) 

{ii) 

{iii ) 

14 

Sta te p~ : set of vertices A. E h A , th~ough which the ar­
boresc""Jnc e paths ending at 

1 
BN, ... , Bi + 

1 
go 

h 
Decision q~ : vertex Ak € f 2~ B~ through which the arbore-
scence paHt ending at B~ goes 1 

1 

Transformation function : 

h 
ei-1 = 

h 
(p. 
-1 

h h 
~i u ~ 

(iv) Constraints : 

r2h 
h ~ B~h, .. ,, ~+1 p, ~ 

-1 

h + eN 
h 

h • I B~ qi € r;h 1 

{v) Cost: 
h h h h h h 

g.(p, ' ~) p(qi) 'P (p. qi) + ~.(q.) 
1 -1 -1 1 1 

where 

h h 
if 

h 
p(qi) pk qi = · ~ 

h h 
and '9 (p. ' qi) is the two - valued function given by 

-1 

h h h h 
'9 (p. ~) 0 if qi € p. 

-1 -1 

h h) h t h 
'9 (p. 1 if qi p. 

-1 qi -1 

and 
h ~h h 

~ (q,) = if qi Ak 1 ki 

Th'"' objective function which must be minimized is : 

Nh 
h h 

eh r g, (pi ' qi) 
i=' 1 -

10 
Applying the section method and proceeding from stage 1 ba k 

to stage Nh through the sections s
1

, .. . , S., ... , SNh (Fig. 6), the Dy­
namic Programming algorithm yielos the tonowing functional equation 
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h [ h h) (~~- 1 ) ] f( p. ) m in g.(p~ f. 
-1 

ql: 
1 -1 qi 

1 

h h u h 
ei- 1 P. qi -1 

for i = 1, ... , Nh, s t arting with f
0 

0 . 
The calculat ions in\·olved in the solution are generally rather 

heavy , but the use of a computer can easily ove rcome this difficulty. 

\ . Conclusion 

In the implementation of digit al compensators the economy and 
accu r acy, expressed in terms of storage registers and r ound-off 
o? rror accumulation are generally contrasting items. In the current 
lit erature, these two aspects of the synthesis have been treated se­
parately, while a significant objective function for an optimal imple­
mentation should involve both of them. In this paper a method has 
been presented for the optimal implementation of multivariable discrete 
linear .compensators. The cost functi~n considered is a linear combi­
nation of "':he number of storage registers and the mean square round­
oF e rrors on th~ compensator outputs. The method consists of apply­
ing the Dynamic -Programming to the solution of a particular graph 
problem to which the original problem can be led. 

V ... . App~ndb: 

The effect of r ound-off operations in the elem~ntal structures 
defined in section II has been studied in 6, 7. The mean square round­
off errors on the outputs of these s tructures are reported in Table 1, 
where q denotes the amplitude of the ,guantization s t.ep. 

Following the method exposed in °, the round-off errors in the 
four basic structure s can be easily computed. The signals realized by 
e ach basic structure and the relative mean square round-off errors 
are given in Table 2. 
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Fig. 2 - Elen1ental s t r u c tures: a ) first elemental structure, b ) second 
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elemental structure . 
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ELEMENTAL STRUCTURES 
I : 

5 TRUCTURE TRANSFER FUNCTION 
MEAN SQUARE ROUND- OFF 

ERROR 

}1 

First elemental structure 
. jl 

f,. z _, --::; 2 ql 
D,.(z)= . ~ £1' -

1- ~Ji z-' "' - -
1- piil 12 

11 • -· 

Second elen..,ontal structure D 11(z)-
ftz-' j;i ( t;" ) q' . - £ =I+ -

1-p
11 z-' • 1- pjll 12 ,. 

11 

~ 

--~···-·-----

( Jl ·pli J _, ~ ji • Jl) , 

Third e!ementa l structure 
Jl a,.•+J ,.~ z ·. a,.•-JJ3,.. z- --;;r 3 ql 

G.~J= + £,.. = --
• 11 1 ( ji • ji) • , Ji • ji , jil jil 

- cs,..+ )w,.. z · 1-fcs,-Jw,..Jz- . 1- res,. • .,. w,.~J 12 
,__. .1 

. ·; ji .. 

- [ i•' il' J ' 
Fot!r fh elemental ~tructure 

11 (a~•+ jp Jz-' fa!!- jlf)z-' P' a,. .. + p,... q 
G,.Jz)= · 11 + " £,..:2 1+ -

1- ( a!1+ j w1!Jz-' . 1 -ra.t~ jw1:.J z-' 1- (CS:.~+ w:~~ J 12 
• 11 • ,. ,. 
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STRUCTURE 

First basic structure 

~ 

) 
~ Second basic structure 

~ 

Third basic structure 

Fourth basic structure 

BASIC STRUCTURES 

OUTPUT SIGNALS 
MEAN SQUARE ROUND-OFF ERROR 

ON THE OUTPUT SIGNALS 

j r jll - - r+l qJ 
W,. (zJ =I 0,. (zJ X, (zJ £~J = --

11:1 I 

; • 1-p: 12 

; 

" 

Y."; Ill 7( ,:·· ) qJ 
,. ( z J = D,. ( z J X1 ( z J £,. = 1. + --

1- p: 12 
k = 1 .. . •• k: 1 •. .. .• . 

J r Jll -, , r+2 q' 
W.•fz) = I G,.•(ZJ X, (zJ Ewi = 

11:1 a* 1 ( I I 12 - er,.. + w •• J 

- 1111 ~,, 

]~ Y."; Ill 
,,• [ a,. + ,. 

,.. (z) = G.·fzJ X;( z J £.~2 1+ 
• 1 I 

1 - f a.• + w,.•J 12 
k=1 •.. . ' k =1 •. .. • s 

I 

. CD 
to.) 


