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НАЧАЛА И.IIФОРМАШ'IОННОЙ ТЕОРИИ УПРАВЛЕНИЯ 
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тоuатиiш и те
лемехюп1ки 

Москва 

Петров в.в., 

Агеев в.м., 

Заnорожец А.В., 

Усков А.С. 

Московский 
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ссср 

Кочубиевский И. тr. 

Сибирское от де
лени е А ка де ыии 
Наук 

Владивосток 

I . Ые о6хощ1мость создания информационной теории 

уnравnения 

Кибернетика в широком смысле слова - зто наука о6 инфо~ 
uаrщи и управлении :в целенаправленно функционирующих динами

ческих системах. 

Совреuенная теории управления хорошо описывает лишь от

носительно nростые случаи. Позтоыу системный nодход к коunлек

сноn автоматизации производственных процессов, а такие созда

ние 1-шогоыерных систем требуm развитии единой инqх,рмационной 

теории сло;wыми динамическими системами. 

Вuесте с тем, если для сиетек связи · иа базе понятия ин

форы~ции создана достаточно общая теории, то в то se время 
для с11стеы уnравления зто понятие находит пока весыаа ограни

ченное nрименение. 

п. Особенности систем управления 

Системы уnравnения nредставляют собой динамические сис

теuы, оnерирующие ограничевныuи ресурсами /энергия, количество 
:вещества и т.n./. ~и свойства элементов и сиетек нашли свое 

отраЕение в отличuой от единицы передаточной фуНкции. Движе
ние такv~...х с и стем оwюы:вается переuенныыи, ограниченю~оо, по 

модулю, рассuатриваемыии в конечной цолосе часfот и ограничен

ном интерзале :времени. Следовательно,- ·npoцeccw :в таких систе

мах представ~~юrсо6ой последовательность взаиuосвяэанных 

состошm~ . 
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В целенаправленных динамических систеМах имеют место 
как де!ерuивиро:ва!ПIНе, так и случайвне стационарвые и вестаци

оварmе сигваJIЫ, а такхе их различные сочетания. В этих ус.nо

виях возникает общая задача разпичииос!И состояний и дивакичес

кой точности воспроизведеииs . требуеiiЫХ процессов, а таае иден

тификации эле~евтов и систем. Дпя решения указанных задач ·естес

твевво примечь аппарат теории информации. 

m. ИвФорwционвый подход к теории динаиичес:ких систем 

I. РааШIЧИкость состоявив объекта упра:впевив 

J!Dбol объе~ представЗIЯет co6ol СJiожиую со:вокупво~ь в 
общем с~е развородпых элементов. Поэтоку состояние тахоrо 

объекта uorт,r разJIИЧа!ьсв .пшь тоrда, когДа дивамические пере- · 
менвые описывающие в це.nоu . Э!от объеК! отпичаю!ся ванекоторую 

:веJIИЧИву t '>О, вааьшаеi&У! порогом разочимости [ 1,2) - ~ дlВвый 
метод описании паведевив дивамической системк объединяет свой

ст:ва непрерывного и дискретного представ.nеииs. Введение раз.nичи

мости позволяет дать , адэхватвое описание объеК!ов на различных 

иерархических уроввsх организации и опредепяsь предельвое копи• 

чество инфорuацИи, необходимое для фувкциовиро:вавив системы 

упра:взrенив. 

Выбор порога различимости :вводимоrо :в матеuатическу~ мо

дель динамической систеuы может такzе базироваться ва веобхо

дииой точности иссл~дованиs отличной от естественных физичес

ких ~войств объекта. Это поавопяе~ оперировать с киииuахьво 

необходиuыu количеством информации дпs решенив постав.nеввоl 

задачи. 

Введение пороrо:в различимости и учет оrравичевиl на фа-
/ 

зовые переиенвые дивамической систеuы опредепDЮ! пороговые 

сво~ст:ва всех параметров ее математической модепи. 

г. Теорема отсчетов при заданной динамической 

точности 

В реальных системах при оrраниченных ресурсах всегда 

имее~ место динамическая ошибка, ко~орав при~одит к векоторой 
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nотере информации и, как следствие, к снижению требований к 

точности воспроизведения. Поэтому дns динамических систем 

nредставляется целесообразным ослабить требования в количестве 

ыиниuалъного числа отсчетов no сравнению с известной теоремой 
отсчетов для динамических систем [3,4) достаточно пердавать 
значения процесса через ивтервахы вреuеви: 

~ t • 2, ( ~- К) ' 
rде К - уыенъшевие полосы частОf, которое оnредеnаетсв из уеле-

вин задаиной динамической точвоО!и: 

_ ~~"w ~ х С ы) cl w ~ 516t .) (3.!) 
~- rw·~ \ 

rде SxC.tu)":" спепральваа ПЛОТВОС!Ь СИ1'В8Ла 

& - предельно допустимая средвеквадратическав ОПП16к8 

Из усло:вии 6 -:.О еведум К t о • кв приходим к усло:вивк · 
теореuы ~еnь~ова. 

3. Информациовиая теория управ11евиs базируете& ва ав
тропийноы описании слоsвых 1 мвоrоuервнх динамических сисtек 

[ 5 J ~ ·такой эвтропийвнй по.цхо~ позвоnsет дать оценку разпч
ных процессо:в управлевиs. 

4. Работа а:втоuатической свстеiiЬJ происходит 6З18rодарв 
специально орrанизоВаввой компенсации управхеивек епучайннх 
возмущений. Качество процесса уnра:влевиа зависи O'l с!епенw 

этоtl к·оыпенсации. 
' 

ОсноDНЬIЭ условия упра:вления на информационном взшсе в 

представляют. 6aJiaнc эвtропиl, внра~ющиl коыпевсирущее 

действие управления. В общем :виде этот результат КОIИО эапи~ ~ 

сать как [I): 
Н t tx) = H-\.l'))")-Htl% )- Н.t cz.) +· н-\: с о/х,"' 1. 

(3.2) 
Эдесь ив;zr.ексом R t обозначена дииамическав эпpoiDUI ~ 

характеризующm~ ве.определеввост:ь вeitO!opol веJIИчиин за кamdl 

проме~оit времеви, сом:ветс!вующвй пороrу раэпчиuост• вре-

нени. 

В случае полвой хоuпевсацви достиrается похвав вива

риантность систеw упрамевив. При этоu уравнение баланса 
энтропий управляющеrо и :возuущающеrо воздействий записнваетсв 

:в виде 
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Н t: ( V)-Н~ (V'fx ) = Н~ ( ~) + Н t: ( ~ / х, lY) · ( 3. 3) 

При небоnmих о~кnоневиях от полного баланса ( 3. 3) вшrолннет
оя условия инвариантности до с [2~6;?, R] ~-

Указанные информационные условии ивлиютои вео6У.одимыми 

для целенаправленного функционировании динамических систем. 

IY. Воnросы инФормационной теории уцравленин 
и контроля 

Рассмотрим результа~ы некожорых разработок в этой об

ласти, О!fраiВющие специфику систем упраuении, отмеченную 

выше. 

I. Введение меры количества разнообразии 
динамической системы 

Необходимость введнии этой uерн связана с огра~ичениями 

приневенив энтропии для оценки процессов управления. 

Эдесь ЛИШ:Ь nредставJШеТСЯ ВОЗI!ОЖНШl да~Ь ОСНОВ~ идеiО 
этой ыеры, показав зто на примере непрерывной модели. 

Пусть Х ( -t )- произвольвый /в общем случае нестационар
ный/nроцесс управлении, заданный на nроизведении пространсr:в 

Х е Т . Представим это7 nроцесс . в :виде: 

1 х ( t) = J ( +) + х (-\: )} ( 4.!) 
где f ( t )- функция ua тема тическоrо ожидании процесса Х ( 4:), 
определяющая распределение значений f Е Р по области определе
ния Т И Х (t )- ЦеНТрИрО:В8ННЫЙ случайНЫЙ nроцесс, ОПределеШIЫЙ 
:вероя."ностньw распределепиеи значеiШй Х f Х .для каждогоt Е: Т. 

Введеu оценку распределении значений процесса Х(i)на 
Х е Т - Меру разнообр--~., .~.Я ЫНОЗ:tест:ва ЗНачеНИЙ процесса, единую 
для детерLmниро:ванных и случайных функций. 

Разуыно потребовать. чтобы эта uepa разнообразия 06ла
дала свойст:вок аддитивности и не зависела от конкретныz зна~ 

ыений процесса и масштабов, а учитывала только характер расnре

деления Значений nроцесса, т.е. обладала свойством, подобным 
свойствам энтроnии случайных :величин /nроцессо:в/ в теории ин

форuации. 
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ЕсЛI;! з~~ава плотность распредел~ния вероятностей Р t ( Х) 
значений Х Е Х вепрерывнаго процесса Х ( t) для каждого t ~'Т , 
то динамическая энтропия этого процесса /т.е. энтроnия в ио

кент t [ I ' заnисывается в виде 

Н сХ: ) ~- S Р (х) tog [ ~х P"t (.х) J ctx ) 
-t :Sc t (4 .2) 

где f. x. - порог разлlfчи:мости значений, оnределенной на ыно
жестве Х 

Полагая, что наличие постоянного смещеmtн не меняет 

вида распределений, имееы: 

Р;: ( Х) ::: Pt (Х)> 

Н t l.X ) •-J Pt (Х) to9[E." P(x)jdx"HtИl4.3) 

Следовательно, динамическая энтропия представляет со

бой меру разнообразия значений Х€. Х процесса Х -t ) только на 
Х для каждого t Е 1' и не учитывает функцию математическо-

го ожидания f(~)т.е. важной динаиической характеристики про-
цесса Х ( 1: ) • .. 

Поэтому для полной uеры разнообразия распределения зна

чений процесса Х ( -t) на Х s 'Т необходимо :ввести характеристи
ку рас пределения значений процесса на r ' определяеыую f (1:). 

Для во~~олности учета только характера распределения 

эна чений процесса на \' вне зависимости от его масштаба и 
физического характера будеи рассматри:вать нормированный про-

цесс х ( t) _ 1 ( t) . + Х ( t 
х l~bl - х '"""-( х '"-'~- ''-А 

(4 .4) 
Введеы :в качестве характе1жстики расnределения значений 

непрерЫ13НUЙ нормированной ФJНКЦИИ матеuатического ожидании 

nлотность распределения ее значений на 1 :в :виде 

!~ (~) :: 11 ~lt )/ 
j \ х YIAU 1 . l4.5) . 

Ji( lt 1- характеризует интенсивность иэменею1я значений про-
цесса :во :времени. 

Тогда плотность расnf)еделения значений nроцесс а на Х е 1 
ыожно пр е дставt~т ъ :в :Вl' де 
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[U lX,-1:)= f"tt) Pt tx) (4.6 ) 

Введем в качестве полной характеристики расnределении 

значений процесса Х ( t) в моuент 11ремеви t Е: Т .цинаuическое 
разнообразие R t l Х) 

R t lX) =- J ~ ( х) t) ~~ [ ~ х t. t . ~ ( х, t)] cU ~ 
= R -t ( F ) ~ } ~ ( t) Н -t lX ) ) 

(4.7) 
где 

(4.8) 
есть динамическое разнообразие детерыиниро11аввоl состаЕЛяющей 

/функции матеuатического ожиданиз/ процесса Х ( t) :в :uоuевт :вре
мени t Е-1 . 
Н.t ( Х) - дивамическеш эитроnиз определении в соот11етст11ии 

с ( 4.3 ) . . 

S ~ ( 1:\ Н ttl-"r- динаJШЧеское разнообразие процесс& Х ( t) на t Е Т 
:в uoueн~ 

Gi - порог различииости :времени. 
Введем в качестве полной uеры разнообразив значений про-

цесса Х ( -t) на Х @Т функционаJI R (Х ,rf) в 11иде . 

R С Х 
1 
Т ) = - jJ f (Х 1 -t \ to~ [ t. ~ ~ t r-t ( Х , t ) J cix ctt = . 

1\'Х 

= R С f 1 т)+ Е f Н~ l~) 
(_4.9) 

rдeR ( 1" 'Г) =-S f " ( -1: ) tJ ~ [ l t f" ( t ) ] dt (4.10) 
i 

Ыера разнообразин де!ерыинироваиной составхающей /функ-

ции математического о:ЕИдаиия/ процесс а Х ( -t) на Т 

~ н tcx)~i · f:)(l-t)H~cл)ctt- . (4.11) 
· f - энт ропия процесса Х(~\ усредненная на 1Г с учетоu 

средней интенсивности изменения процесса j*Ct). . 
Таким образом, предло:.~енная мера разнообразин про~tз:воль

ноrо процесса управления представляет собой сумму меры разно-
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образин детерuииировавноl составияющеl процесса и динамическоЙ 
энтропии этого процесса, усреденвоl с учетом ~енсиэности из

менения· детерыинированвОI состаэхающеl~ 
Предложенная оценка· коже~ спуzить oc~o»ol дnв информа

ционного анализа систем упра:в.пешш и и:онтроu; 

детальвое рассмотрение сэоlст~ разнообразка мozer быть 

предметом несостоятел:ьвоrо-· доuадц. 
1 ... 

2. По~евциаnнаа харак7~рИстииа пемевто:в 
и систеu .управхевиа . 

Одвик из осно:вных ·воnросов ивформациовкоl ·тоо·рии ав.пиет
са "что можно· и чеrо вельзs достичь ~ а:вт-оматическоl систе~tе, 
како:вн ее потенциальные возмоzвости". 

Решение этого :воnроса двшtНо 6азироiеться ва фундамен
тальвом понятии теории· - потевциальвоl хара~еристике. 

Величину характеризующие предепьные динамические свойства 

б уд~ и назъmать потенциальной ха-рактеристикой . ЭJLеме~а /систе-

мы/. В нешеu случае · -
С (Х):: max .R (Х)) (4.I2) 

rде максимум рассматривается по :всем »озмnzвым звачевияк :воз

действий ~ ( t) , ·вызьmающим процесс Х ( t) . 
Само понятие потенциальной характеристики дда автомати

ческих систем :в значительной степени относитепьво. 

Прежде всего оно зависит от режима рабо~ системы, ~рите

рия качества, и от того, что принято за •:вход" 11 ":выход". 

Наиболее . характерной для автоматичесitИХ систем .· будет ]1}1-

намическаЯ ~отенциалъная характеристика, отраSающав свойства 

системы в момент t или точнее на ~ерваnе," ра:ввоu nopory 
р~зличимости времени С, t • 

Введенное поннтие nотенциальной характерис.тики позвОJIИ

ет сфорыулироватъ и докаэа~ь для динамических систем осно:в

ную теорему, соответствующую теореме Шеинова в теории инфор

мации [ 9] . 
Общая фор ·улировка такой теореиы для динамических сис

тем может быть представлена в следующей форме: 
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EcJIИ на :вxoJte о6ъек!а при ра ЗJiичимости L Ехо;цвое Еоз

дейстЕве ~ ( t) имеет дииаuическое разнообразие R i: ( ~ ), то су
щестЕуе!r возмоzиост:ь пОJiучитъ ва Еыходе этого хе объекта такое 

~ разнообразие состоявиl Х ( t), [ R t (Х ) = 'R t ( У) J индуци
руемое этD ае :воздейстЕиек ~ ( t.) ecJIИ 

R t (У 1 ( ct ( х) (4~IЭ) 

8 МО В8:ВОЭМОDО9 8CD . 

Rt(Y) > С1:(Х) (4~14) 
В преддаrаемоl .кодепи эта ~eopeua распространнется на 

п~оиэJЮп.вые процессн уп~зщеВWJ~ :в ток чисnе и на детермини:... 
ро:ваивые и вестационарв:ые. Дейст:витеЗIЬво, расписа:в :выражение 

JtИиaiOIЧec~oro раsвообразия (:4~ 7_) по составnвiОЩИJl, получим 
:акес~о <4.IЭ ) зшражевие 

·R t ( r' ~) + f ~ t i) Н t (У) ~ С -t: (Х) <4:15) 
из которого с31еду~, что · :возможности передачи обеих соста:в.пию-

. щих оrра..вичевы одной и ~ol ze по!rенциальной характеристикой,-:
поз~ому реmtчение разиообраЗИfl одной из состаmiЯющих :возиоz

во тоnко за сче!r уменьшения разнообразия друrой. Сnедо:ва~елъ

во, :в предеnе как детерыивировавное Еоздейст:вие, так и едучай

вое коsе! переда:ват:ься :в границах одной и то:й же потепциалъ- . 
иой . харакжеристики. 

Если :в систеке имеются помехи и искажения, то их разно

образие :в динамике коже~ бЫ!ь учтево соотЕетстБ,1Ющими адди

тиЕвыми членами, не изменяя сущестЕо приведеиной :выше форыу-

11ИРОЕRИ осио:вноl ~еоре~~ьt • 

. Дия различных а~оuатических сиетек основная теорема мо
ет иметь различные формулировки такой теоремы для систем 

стабилизадilи при:ве;цена 1i [ I]. 

Следуеi' о6рати..rь Евимап:Iе, ~о в формулировках осно:вной 

еоремы применвmсв t, -оце!ШИ , с:вязанвые с порогом раа:п-rчи

о~и или :вообще с~ некоторо:й :веnичиной €, , характеризую
щей диваоческую очностъ. Разнообразка .явлаютса убы:вающей 

функцией o!r ~ • 
Таким образом , динакичеекая потеициаJIЬиая характеристи

ка я:вл.яется пре ел:ьвой харахтеристикой, ограничимющей :выбор 
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между интенсивностью воздейоtвия и ~очнооть его в~оnроиэведениа 

и~ак, ~якое управление в своих возможностих ограничено 
потенциальной характеристикой. Именно эта .:величина . отвечает 

на основной :вопрос, что можно - и чего нельза достичь :в оиотеuвх 
управления. 

з. Мера зиrропийной устойчивости процессо~ 

упрцвленив 

Условия эптропийной и информационной устойчивости можно 

расоиатрива~ь, хак критерий оnределенности протекания процеооо:в 

управления [IO, II, I2] ·• 
Особенностью эн~ропийного nредста:вленив большой совок~

нооти событий или процеооов ивnиется выделение · из нее :высоко

вероятной группы, Ч'l'О позволяет при анализе и расчете реап

зовать реальные режимы работы. 

Именно это . свойс~во группо:воR энтроnии и информации дол~ 

жно позволить :выделить характерные о:войотэа динаыических . сис

теы при их инфориацаонном описании. 

В этих усЛовиях представляется цеnесообразным ввести ме

РУ оnределенности про..rекавия пр~цесоа . .: .в с nуча е не уnравляемой 
сиетеин наиболее веблагоприятныu случаем является равномерное 

расnределение и динаыиче-ская энтроnия, nри этом опре;целается 

как Н~, . = to~ 't~ 
дла 

Естественно, возникает :вопрос, на сколько будет отхича~ъ

ся энтропийпая оценка, если объект является уnравляемым . и _ рас

пределение становитон отличныt< от равномерного. 

Для решения этого вопроса, наряду с понатием энтроnии 

как математического ожидания энтропийной плотно~и l- to~ t.)t Р (Х)] 
целесообразно рассыотре~ь ее дисперсию, т.е. . 

1J Н;: : м L- to~ tx р (Х) -н~ ( Х) 1 z . . 
Тогда ()О 1 \ l ,! ·u .t )l 

1J R t = J р t l х) ~о~ l ~\. l>< )J u х -t п о L >< j ) 

где Н~ (Х)- дифференциалЬная энтроnия. Из последнего выражеnя 
сле~ет, что величина 1J 'Н не зависи·т от шага кmвтования по 
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уровню, определяется rолько функцией распределения случайной 

величины и явля~сs ограничевноl величиной, в то время как аб

солЮfваs энтропии непрерывной схучайной Jвличивн стремится к 

бесконечности при неограниченноы уuеньшении шага кван~ования 

по уровн.ю. 

Можно покsза'l:r., что при равноuериоu распределении 1J : О 
:ве.пичина lJ н ыож&.r щрак~еризо:ват:ь степев:ь определенноесlиН 
протекания процессов управления. 

Уве:аичевие lJн отражает рол:ь в:ысоковероятНЬIХ состояний 
yпpa:вueuoro процесса и может испоJIЬзоваться как мера инфор

мационной устойчивости. 

4. Вопросы фильrрации сигналов в ограниченной 
полосе час~о~ 

В некоторых задачах САУ в контрозш пре;цставлветсв целе

сеобразНЫм точно воспроизводит» сигвал хишь в части полосв 
час.тот wf 
/W~:. W- К ; W- попоса частот сиrва.па/ 

Для моl цemt согпасио обобщевиоl теореuе отсчетов [ 4] 
достаточно произво;цит:ь измерении через автервах 

~ 
~ t = 2 ( w- К) /W> 'К- :в · герцах/ 

При этоu функциа отсчетов принимает вид 

U(Ja) = St.n[21i(W-2.к)\:J 
L ~1Т(W-k)t 

В реал:ьвих устройствах на полезный сигпап накладывается 

помеха. 

~ри наличии высокоЧасто'lвоl поuехв о~тимах:ьвый пряuоуголь
ны:l фиnь!rр найдем •з уеловив uиниuука С .к .о. 

Д.пя сигнало11, ог.раничеввых по частоте, выраzение с .к.о. 
иыее~ вид tп W ""::т(w- к•) 

~ 2.=; l } bm cw)duн j ~n (w)dw) 
() 

~1t (\'.J- ... ~) 

~mниuиэируs :выражение / 4.!6 по парнsетру К , имеем 

(4 ~ 16 ) 
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( 4. Т7) 
Соо~ношение {4.!7) uоиет рассuатриватъсв так _ же, как и 

обобщение теореuы Котеnьнихо:ва В~А. на onyчal, коrдв на полез
ный сиrнаn ваnозеиа помехах/. 

Оценочный филь~р /Фиг.I/ опредеnае~са из усnовиа 
w w-к 

~02. ~ J s tw) ~ш + J · ·s сш) ctw 
mц rмц w.;.к m 

0 
" 

Для реализации оценочного фмьтра с полосоИ W- К может 

быть использован метод интегральной квадратичной аппроксиuа

ции прямоугольвой характеристики выравениеu вида 

ф . \- f:> m ( i. U)) m -+ ~м .. , ( { to').~-'~ ... + J>1 i w + ~ 
С ~с.о 1- К ..... , . "n l. ) ~' .....~ . J • '-"'" ( LUJ J 4- 0(~_ 1 \.._W- -+ ••. -+ \Л i НА.)-4- ., 

Описанный метод не евазав с npoбxeuol реrупариэацив и позво

ляет синтезировать фильтры при за~ввой ~амической точности 

с минимальвой ·полосой пропускавиа. 

При огравиче.нии полосы пропускавив оценочной вепичивой 

VV-к и точно вычислеввых спектрапьвнх плотвоетих полезноrо 
сигнала и поuе:хи задача синтеза ·wает 61ВЬ еведева к решению 
задачи Коm~огорова:..!tнера: 00 . • • • . J -twt. J Фо (ц.u) Smlw) tt~Jt 
Ф(i~)~ .lt'i>ttU)) . о е. ~00 \yJ( tt.w) . е <АtЮ' (4.rв) 

где '4) t t.U>) ~ '\'~(t(J))- ко~mлекспо-соnрнzеввые кноzw.rехи, не имею
щие ни нулей, ни nолюсов соответственно в визнеl и в верхней 

полуnлоскос~нх коuппексвоl плоскости ~ • 

'4J(iw)~~ tioo) ·= ~ tf\ ( w) ~ ~" (w) 

Ф ( t to) - идеальвый оператор и 
0 

{ -ot(w-W•K) , е ) w~ CW-K) tv 
IФ 0 lLWJ = \ ' i > /W ~ (W-K),!.V 

.e,«<~A>+W-~) , W ~-t1r(W- \<) 

(4.!9) 

xi Ддя сигцалов с -неоrраииченнw cnelt!'.P9U :выражеRие t 4. I 7] иыеет 
вид ~ m ~ v-t") = '5. n ( w 't") , · r11.e ~- поnоса чаотот nрямоу-
гольного фильтра. 
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.... 
Полагав - в выражении (4.I9) о<> о<. где о<'~ достаточно 

большов число, попучим семейство оnераторов близких к оце

ночному /фиг.2/. 

При о(-.~ формула [4.I8) дает характеристику оnтиыалi
ного фиnь!ра. Попагая в выражении (4.I9) о<= о и заиеняя в 

первоl IIПеграпе (4.!8) О на оо получии физически вереаЛи
зуеиуD оптимальную передаточную функцию 

~ ~ (w) 
<р (~w) = 5 ~ C.w)-+Sn(JJ.)) (4.20) 

Соответствующав веmrчина с.к.о. определяется форuулой 

-~ ~ . r s~lш) s~(w) 
С, ~ 1.\\ -оо $ ~ (w) + ~ ~ (ц,) d Ц, (4.2I) 

Выраsевиеu (4.2!) может использоваться в качестве оце~ 
ночвоl формулы пр~ проектировании оптимальных фильтров. Фор-

uуnн l4.20) , , (4.2I) иuеют принципиальное значеm~е. 
Испопъэуя выражения (4.20) ,t4.2I) , нетру~Iо показатъ связь 
резуиьтатов Шеивова с результатами, полученными иетодом ста

тиuтическоl оптииизации фильтров. 

Рассматривая с этой целью ошибку :в классе информацион

ных сигналов, т.е. ограничивая ее nрибли~енпо полосой частот 

спектра VV и протяженностью по времени 1Г ~ получим энтро
пию ошибки :в полосе А j . 

Н ~t ; \ tl J to ~ l1\ €. ~ ~ ( J ) А J . ( 4. 22) 
И~егрирув ~ (4.22) по полосе и используа выраnение 

l4.2I) , nолучии энтроnию, приходящуюся на 07JJIY степень с~iгна
ЗIS ошибки 

Hnlt) = НГI( m)- ~ l ~n~ 
Ин~еграп в nравой части совпадает с Шевноновскиы выра

жением максимальной скорости передачи информации по каналу 

с полосой w ~ 
То~ же результат может быть nолучен, используя формулу 

Шеннона для потери энтроm1и в линейном фильтре. 

Таким обраэоu получено соответствие uежду форuулой шеи

нона и оптимальным фильтром Колмогорова-~1нера. Поскольку 
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при отыскании последвеrо условие физической осуществиuости ве 

учи~ывалось, ыакси~лънав скорость передачи информации по Шеи

нону ве реализуема. То есть формула Шеивова ;цает за:вшпеввую 

о цевку . макаимаm.иой скорости передачи информации. 

5. Копичест:во информации и переходвые процессы. 
Оценим из~евевие ко~чест:ва ивфорыац ии при больших ошиб-

1t8Х систе~Ш, иuеющих место :в первходных режимах. 

Пусть задав aвcar.tб:ID' сигналов Х (t) , приниuающий значе
ния на ограниченноu wожестве с uетрико:i Р ( х, х~) = ( Х1- Х J..) , 
который :в uoueiP.r :времени t ~О поступает ва вход хинеИной ди
намической c~tcтew с иШiу:пъсноl перехо~ой функцией U (t} • На
чальные условия предnоnагаmсв нуле:вьши. На :входе систеiШ -
ансамбль 1J (t) с ыетрикой Р t ~~ ~~) •{ ~ , .. ~а..) • lусть сигналы 
Х ( t ) и ~ ( t ) ко гут 6ьr.rь nредставлены следующим образом 

Хiн (t)::: Х~ (_t) + t:J.X ~ Ct)) 

у i ~ t ( t ) :: ~ Lt l t ) -+ А ~ ( t ) 

Где А ~;j. ( ~) ~ А Х. j ~ ( 1: - Т ) U Ct:) cl.t 
-~ 

В лю6оl uоuевт :в~ыеви (t:) 

kг~ (~~ )t~(*)t = J.( ~) = -~C~Ci-t)u(t)ctt ~к 
где :3 t ( f) - якобиав прео6разованив координат в ыом:ент 

:времени t • 
В теории информации~ сведения о векоторой случайной :вели-

чине Х , получаеwе :в результате наблюдения случайной :величи-

ны ~ , изменяют ее неопределенность. Последнее характеризует-
ся заменой бе зусло:вной энтроnии :величины х средвей ус:по:ввой 
энтропией :величины Х относитеп:ьво :веmiЧ1ШЫ ~ • С учетоu 
линейности преобразования, ко~ичест:во информации :в любой ыоеuевт :в 

:времени оnисы:вае~ся следующим соот ошениеu: . 
~t( У , Х):: H ~ lX) -- fo~ K(i) . 

Необходимо отметить, что nри изменении случайных величин 

функции К ( t) определяет са nросто: 

Klt)= 1 • i 
~t Ll 't") d:t А С t ) 
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Определи:в пюбьш из из:вестных: способо:в первходную функцию 

системн А (-t), можно вычиспит:ь I:'оличественное изменение ни.:. 
формации :в переходвом .процессе. 

Uерехода ·к стационарНШI оnучайНШi оигнаJiаи с оrрlвичен

вой попосой частот F , обладающих инфорuационност:ью · в любой 

момент :времени Н (х), будем иметь: · 
i JF t D. P.-v~ 6Х Jt lx,~ )-о н tx) + ~F о ~э 1 w Cj) \ df- w~ кCt)+d --ьg . 

ПолучеИИе · исходвых соотношений для полученного :выражения 

в общем случае ватру~ител:ьно. Однако :в некоторых частных 

случаях /rауссовокие процессы, фильтр описывается дифферен

циал:ьнШI ура:вневием первого порядка/ эта задача решается от

носительно просто. 

У. Перспективы и завачи инфgрuациовной теории 

Применевне положениИ классической теории ивфорuации к 

зада~u -упра:влевив :встречает значитевыше "rрудвоотИ. для их 

устраненив необходимо дальвеИшее развитие основных идей тео

рии ивформаци~ :в установ~пи.·холичест:венвых соотношений 
между потерими информации и точностью ее :воспроиведенив в ди

наuиче.оких системах. 

Осно:вной вопрос, который долвен быт:ь решен Дли того, чтобы 

имет:ь информационную теорию управлении · и контроля - это реше

ние задачи передачи разнообразия в системах с различными ти
nами обратных связей и особенно в многосвязанных и uногомер-

. ных системах • 
. Второй, не менее важвоИ, проблеuой s:вляетси изучение 

систем с разветвленвой иерархической структурой и приорите

том коман;ц. 

Третья неотложная · задача, которая возникла сегодня в свя

зи о необходимостью :внедрения в практику результатов информа

ционной теории управления, состоит в раз_р_<:Щq~ке_ вычи~литель

ных методов информационного анализа и синтеза слохwых МНОГ9-

мерных . оиотем о многояруоной структурой. 

Информационный подход позволяет с единой теоретической 
точки зрения рассматривать комплекс систем измерения уnрав-
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ления и контроля в независимости от их назначении ~1 спос с.бо:в 

реали зации, что поэ:волит уже на ранней стадии проектирования 

приню.iатъ научно обоснованные решения в тех случаях, rде до 

СИХ ПОр СОСПОДСТВУЮ! ОПЫТ И ИНТуиЦИЯ. 
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MONTE CARLO TECHNIQUES FOR PREDICTION · 
AND FILTERING OF NONLINEAR STOCHASTIC 

PROCESSES 

J.E. Handschin (Switzerland)• 

Centre for Computing and Automation 

Imperial Col·lege of. Science and Technology 

University of . London 

London, S. W. 7. (U.K. ) 

1. Introduction 

The object of this paper is to establish Monte Carlo 

techniques for the state estimation of nonlinear, discrete~ 

time dynamical systems. In Section 2 we define the 

mathematical model of the problems considered. The pre

diction problem is discussed in Section J. This section 

also serves to .introduce the basic concepts of Monte Carlo 

work. Two variance reduction methods are derived in order 

to increase the efficiency of the Crude Monte Carlo esti

mator. 

The importance ·of nonlinear filtering problems 

{Section 4) is reflected in the various contributions in 

this field during the last few years. ~1ost of this work 

has been devoted to continuous-time systems. For a survey, 

see Fisher1 or Schwartz2 • The main contributions for 

discrete-time systems are due to Cox3 and Sorenson4 in 

developing the approximate nonlinear filter equations. 

The new feature of the approach presented here is 

that sampling methods are introduced which enable us to 

estimate parameters of probability density functions 

(p.d.f.), such as the density p{~) in the prediction 

problem and th~ posterior density p(~l~k) in the filtering 

problem. 

Monte Carlo techniques provide stochastic solutions 

to the nonlinear filtering and prediction'problems. There-

• This research \~as supported by SA Brown, Boveri &. Co. 

CH-5401 Baden, Switzerland. 
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fore all results are estimates whose errors,in turn,can 

be estimated from their sampling variances. The sampling 

schemes can be improv~d by using variance reduction tech

niques. This permits the reduction of the sampling error 

to a value lower than that obtained by approximate non

linear filters. 

2. Problem Formulation 

In this paper, k-stage, time-discrete systems are 

considered. The state ~ o£ the dynamical system evolves 

according to the following nonlinear stochastic difference 

equation: 

~+1 -· ~ (~, ~' k) (2.1) 

~ is an n-dimensional state, and ~ is a p ~ n dimen

sional disturbance vector. The explicit dependence of 

fk(.,.,.) on the time parameter k accounts for any known 
k !\ 

input, e.g. contro~ signals. The sequence~ - ~l' ~2 , •. ,~k 

is assumed to be a white noise sequence with a known p.d.f. 

k 
k 

p (.!_ ) Tt 
i=l p(w.) 

-:L 
(2.2) 

The initial condition of (2.1) is given as a p •. d.f. p(~1 ). 

The random variable ~l is uncorrelated with any other 

disturbance acting on the system. 

The states ~ of eqn. (2.1) are observed through the 

m-dimensional observation vectors ~k' which are function

a lly related to ~t' and· which contain random errors. The 

n o nlinear transformation is assumed to be given by 

£k (~, k) + !:.k (2.J ) 

The m-dimensional noise vector !:.k is supposed to be a 

member of a white noise sequence "'dth known p.d.f. p(!:_k) 

a nd uncorrelated with ~k· The variance of !;.k is denoted b y Lv' 
The problems considered in this paper are concerned 

'vi t h the deter minat ion of t he state ~· 
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1) In the prediction problem, where we are given 

the initial density p(~1 ) and the noise density 

p(~), it is desired to estimate the parameters 

o£ the p.d.£. p(~). 

2) In the filtering problem,where , we are given in 

addition to the information o£ 1) a sequence of 

observations zk, it . is ; desired to estimate para

meters o£ the posterior p.d.£. p(~l zk). 

3. Nonlinear Prediction 

Under the -· assumptions made in Section 2, the solution 

of the prediction problem is given by the Chapman-Kolmo

gorov equation5: 

+CO 

f P<~ I ~-1 > • P<~_1 1 ~j> d ~-1 <3.1) 
-Q) . 

where j .( k-2. The integral appearing in eqn. ( J _.l), is 

a condensed form of the n-fold integral over all elements 

o£ the vector d~_1 • 

To .avoid the evaluation o£ eqn. (J.l) using an approxi

mation method, Monte Carlo procedures are employed to 

estimate parameters o£ th~ p.d.£. p(~), i.e.· the p.d.£. 

of the state ~' k-1 steps ahead. 

3.1. The Crude Monte Carlo Predictor 

Most applications o£ Monte Carlo techniques are con

cerned with the evaluation o£ an integral. That is, Monte 

Carlo methods are better suited to finding some parameters 

of a function, raLher than the entire £unction itself. 

The first order moment ~' i.e. the mean, of the p.d.£. 

p(~) at time k is de£ined as 

By the strong law of large rtumbers5, the· random vector 
l'T 

N-1 l_ 
j=l 

(J.2) 

(3.3) 
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converges with -probability one to~~ if N samples (~)j, 

j =1, 2, ••• , N, are drawn from the p-. d. f. p (~) and N- oo. 
By the central limit ~heorem5, the sampling distribution 

A 
of ~ tends to a normal distribution as N-+ CD, and there-

fore approximate confidence limits can be given for the 
A 

estimate ~· The covariance matrix V associated with the 

" random vector~ is: 

V (J.4) 

Since the true moment E(~] is unknown we must use eqn. 

(3.5) as an estimate of V: 

N 

v :? N-2 r 
j=l 

(3.5) 

The confidence limits are given in terms of the sampling 

error which is defined as (V)t. 

The final problem to be solved is drawing the random 

sample (~)j, j=1,2, ••• ,N, from the unknown p.d.f. p(~). 

The solution is given by direct simulation. (~ ) . denotes 
-K J 

the value of ~ obtained by simulation of the original 

nonlinear system (2.1). (x1 ) . is drawn from the given 
- J 

initial condition density p(xl), (wk-l). are drawn from 
k-1 - - J 

p(w ), and(~). is obtained as the solution of eqn. (2.1). 
- -K J 

We will refer to a predictor based on eqn. (J.J) as 

a Crude Monte Carlo estimator. In the sequel, variance 

reduction methods are introduced to improve the Crude Monte 

Carlo estimator. 

).2. Variance Reduction Techniques 

There are two basic methods for improving ~lonte Carlo 

estimates: 

1) Change the sampling experiment, as described in 

Section 3.2.1. 

2) Replace part of the sampling experiment by an 

analytical method~as described in Section 3.2.2. 

Although there are many different ways for implementing 
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one or the other oC these two alternatives, not .all of 

them are ·applicable to the prediction problem. 

3.2.1. Antithetic Variate Method 

The principle of th-is method, introduced by Hammersley6 , 
requires the assumpt-ion that the p .. d. f.,· from which samples 

are to be drawn, must be unimodal and symmetric. In 

addition to Section 2, we aaaume ' the initial conditi~n is 

given by a normal distribution, . denoted ·.by.: 

().6) 

where !m is the ~ean and ~x - the variance. The noise p.d.f. 

p(~k) is given by: 

n(~ ; 0 ' r,>· (J.7) 

In addition to ·the original sample (~).~ , j=l,2, ••• N, a 
- J negatively correl.ated samp.le (x.. ) . is generated as the 

. --K J 
solution of eqn. (2_.1), using the antithetic initial 

condition variate: 

= 2 X -m 
+ 

- (x:l.). 
- J 

(3.8) 

( k-1 -The anti theti·c noise sequenc_e ~ ) j is generated by: 

= 

Finally, the first order moment !k is estimated as: 

where 

N 

= (2N)-l r 

= -1 N · 

j=l 

N 
--! r <~> j 

j=l 

= t (~ + ~) 

Since the two estimatas ~ 
sampling covariance mutrix 

and ~ are correlated, the 

( " 1 (A+) 1 <"~ ., var ~) = 4 var ~ + 4 var ~~ - + 2 
A+ A

cov(!!..'k' ~) 

(3. 9) 

(3~10) 

(3.11) 

().12) 
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A+ 
can be made smaller than var(~) of the crude estimator. 

+ -This is because (~) . and (xk) . , being negatively 
- J "+ -; J 

correlated, yield cov.(~ , ~) < 0. 

A useful property of an efficient Monte Carlo method 

is to have zero sampling var.Bnce, when applied to a linear 

system with additive Gaussian white noise ~· Indeed, for 

~+-1 (3.13) 

(~1' 
k-1 :!: 

yields: an antithetic pair w ) . 
- J 

k-1 k-1 k-1 + + + 
+L (xk)-:- Tt A. (xl)": Tt A (\-~. ) -: (3.14) 

- J i=l 
.1. - J i=l r=i+l r -.1. J 

Using eqn. (3.8) and (3.9), the first order moment~ is 

estimated with eqn. (3.10) as: 

k-1 

Tt 
i=l 

A. X 
.1. -m (3.15) 

There is no randomness in this estimator (3.15), and thus 

the following result is established: 

The Antithetic Variate method yields an estimator 

for the mean ~~ with zero sampling variance, when 

applied to a linear system with Gaussian noise· (3.13). 

This result holds for the first order moment only. The 

Antithetic Variate method (3.10) does not give zero 

sampling variance for estimates of _higher order moments, 

even in the linear Gaussian case. 

3. 3. 2. The Control Vari·ate Method 

In the Control Variate method part of the sampling 

procedure is replaced by an analy.tical method. A new 

two stage estimator is derived below for the nonlinear 

prediction problem. In order to keep the notation simple, 

the discussion is restricted to a scalar, nonlinear system 

of the form: 

~+1 (3.16) 

The extension to the multidimensional case is discussed 
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.in ~ef'erence 7 • 
The f'.irst stage of' the Control Var.iate estimator .is 

concerned with the determination of' the coef'f'.ic.ient vector 

.in the linear model 

x* 
k 

k-1 

r 
.i=l 

a w + ak x1 = aT .i .i 

(J.l7) 

w (J.itl) 

.in order to make eqn. ()".18) a close approximation to the 

nonl.inear system (.).16.). 

The random vector ~ ~s def'.ined as 

· The assumptions of' Section 2 .imply 

k-1 
p(~) = Tt 

.i=l 

(J.l9) 

(J.20) 

and theref'ore, using eqn.(.).6) and (.).7) as a un.ivar.iate 

p.d.f'. (.i.e. X , r t r are scalars) 1 p(_W) .is a k-var.iate m x w 
normal p.d.f'. 

n(~; .!.t r ) 

where the mean .!. and the variance I are given by 

T 
a 

I:= 

[o, 

0 

0' ••• 0' X j 
m 

0 

(.).21) 

(.).2la) 

(.).2lb) 

The parameter~ is said to be optimal, denoted as ~0 , .if' 

the variance of' the error ek' def'.ined as the dif'f'erence 
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between system and model state ~ and ~ respectively, 

is minimal. Thus the functional F(~) to be minimized is: 

Since var(~) is defined as : 

then F(~) is a quadratic function in ~ and thus the 

optimal ~0 is obtained as : 

~0 = -1 
~- Fa.cx ~ 

(J.2J) 

( J. 24) 

where fa is the gradient and F~~ the matrix of second 

order derivatives of F(~) with respect to ~· Using eqn. 

().21), ().22) and (3.23), the gradient !a, is given by: 

(3.25) 

- 2 JJ ~ ~ p(~,~)d ~ dw + 2 J ~ p(~) d~ J ~- p(~)d~ 

The matrix F~~ is obtained by differentiating (3.25) with 

respect to~· This yields with eqh. ().21): 

F~~ = 2 r ().26) 

Since the p.d.f. p(xk) and the joint density p(~,~) are 

unknown in eqn. (3.22),- the gradient has to be estimated 

as: 
Nl Nl Nl 

1\ -1 [ l: w~ r ~T r F 2 Nl w . ~ - w. w . 
-~ j=l -J -J j=l -J j=l -J 

Nl Nl Nl 
(3.27) 

- r · (xk) . w . + i: (xk )j l: W . ] 
j=l J -J j=l j=l -J 

where ~ j , drawn fro m p ( ~) of eqn. (3. 21), denotes the 
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random sequence (w 1 ,w 2 , ••• wk_1 ,x1 )j, j=l,2, ••• ,N
1

• The 

same random sequence w. is used to simulate ean.().l6) -J . 
to find (~) j' which denotes the state ~ of the nonlinear 

system (J.l6). 

Since the ' gradient F has to be replaced in eqn. 
1\-;:x 

().24) by its estimate · F, the optimal ~0 is obtained as 
"o -<X 

an estimate ~ 7 defined as . 

- F -1 
~ rux 

A 

F -;:x (J.28) 

"o The coefficient ~ could be esticated by ordinary regression 

analysis. The new feature of our method is the deterministi

cally specified matrix Faa in eqn. (3.28). 

The sample size N1 affects the accuracy of the estimate 
A "O fa and therefore the accuracy of the estimate ~ • 

In the second stage of the sampling procedure, the 
"o l 1near model (J.l8)~ with ~ replaced by ~ , is used to 

break eqn. (3.2) into two parts: 

E [~] 

(3.29) 

The subscript 'm' indicates the p.d.f. pm(~) belongs to 

the linear model (3.18). We int~grate the two p a rts of 

eqn. ().29) separately, the first part by the Crude Monte 

Carlo method and the second analytically. Indeed,due to 

linearity,the last integral can be evaluated with eqn. 

(J.2l) as: 

E [~] ~] .!. (J.JO) 

and thus the new estimator tal.:es the form: 

N 

" N-1 I [ ("'t) j <"k>j] T (J.Jl) ~ = - + ~ .!. 
j=l 

Here (~)J. denotes the state ~ of the system (J.l6) 
T k-1 ( ) using the random sequence ~j = (w ,x1 )j, where x1 j 

is drawn from p(x
1

) and (wk-l)j are drawn from p(wk-1). 
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The same random vector w. is used to generate (x•). as 
-J K J 

the solution of the linear stochastic difference eqn.(J.l8). 

The middle term in eqn. (J.Jl) is known as the Control 

Variate of the first term. A reduced sampling variance 

var(~) is obtained provided th~t the linear model ().18), 

giving rise to the control variate, is a close approxi

mation to the original nonlinear problem, and absorbs 

most of the variations in the sampling procedure; i.e. 

(~) . must be a close approximation to the original state 
J . 

(~)j of eqn. ().16). 

The computing routine for the control variate method 

can be summarized as follows: 

1) Choose an arbitrary set of values for ~ and 

estimate the· gradient fa with eqn. {J.27), using 

a sample of size N1 • 

2) Update the parameter~ using eqn • . ().26) and 

(,3.28). 

J) Compute the ana~ytic result of eqn. (J.JO). 

4) Simulate the original system (3.16) and the linear 

model (J.l8) to generate the random sample (xk)j 

and (x:k) ., j=l,2, ••• ,N. 
J 

5) Estimate the mean with eqn. (J.Jl). An analogous 

expression to eqn. (J.5) is used to find an 
1\ 

estimate V for the reduced sampling covariance V. 

J.J. Numerical Results 

As an illustrative example let us consider the 

following scalar syste~: 

(J • .J2) 

with a determini stic initial condition x =1.0 and a noise . m 
va ianc e r = 0 .0625. Table 1 shows averages over ten 

w 
~ns e t"!.:l les with sampl es of s!_ze N=500. Thus ~ is the 

ensem l e avere~lge of ~ and ~kis the ensemble average of 

v1~, t he es timate of var(~). The nonlinear prediction 

i s nine intervals ahead . Further numerical results are 

gj ven in r eference7 . 
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Q ~10 • 10-4 
10 

Crude Estimator ().)) 

Antithetic Variate 
Estimator ().10) 

Control variate esti
mator (J.Jl) a 1 =0.4 

Control Variate esti
mator ( J. )1) &.1°= 0. HS14 

0.27020 

0.26720 

0.27774 

0._27322 

4.879 

0.112 

1.202 

0.262 

Table 1: Nonlinear. . P,r~d~ct~on .nine intervals ahead. 

The optimal Control Variate estimator shows a 

significant variance reduction compared with the crude 

estimator and the Control Variate estimator with an 

arbitrary chosen value £or ~· Although the results here 

seem to indicate that · the· Antithe.tic Variate estimator 

gives the smalle·st samp~ing variance .f'or -_predicting the 

mean, the optimal Control Variate estimator is superior 

Cor estimating higher order moments. 

Although there are approximate methods to solve the 

Chapman-Kolmogorov eqn. ().1), judiciously designed Monte 

Carlo methods yield estimates, such as the mean ~~ whose 

sampling error (VJJt can be less than the approximation 

error of analytic methods. However, this ·is obtained at 

the expenie of' generating a random sample of appropriate 

size N. 

4. Nonlinear, ~fultistage Filtering 

Referring to the mathematical model introduced in 

Section 2 1 it is desired to estimate the state~ con

ditioned on all past and presen · observations~ t z.~,z.2 , •• ~. 
This requires the determination of' the posterior p.d.f'. 

k a 1 k p(~ I "1.. ) (see Doob ) ~ Using Baye!'' t heorem, p(~ z ) 
can be replaced by the likelihood functions p(v. f x.), 

""'-l. -:1. 

i=l,2, ••• k, and the prior p. d.f . p{xx) . The conditional 

mean E(~k I zk] ~defined as -

. (4.1) 
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can then be expressed as 

The numerator !n,k is an n-dimensional vector which can 

be expressed as 

k 

!n,k E (:- Tt ( I )] 
-K i=l p ~i .!,i 

( 4. J) 

The denominator ed,k is a scalar constant and can be 

expressed as: 

It 

to 

is easy to 

k 

E ( lt 
i=l 

verify 

p(v . I x . )] 
'"'-1 -1 

that this scalar 

the conditional p.d.f'. P<~ I ~k-1> 
k 

8d,k 
Tt I i-1 

i=2 
p(~i .r ) . p(~l) 

constant 

by 

This result will be used again in Section 4.2. 

4.1. A Crude Monte Carlo Estimator 

( 4. 4) 

is related 

(4.5) 

Since the expectations in eqn. (4.J) and (4.4) are 

with respect to p(.!_k) with ~k kept constant, the random 

variables 

N k 
A N-1 r Tt p(~ . l<x.).) ~,k = (~) j 

j=l i=l 1 -1 J 
(4.6) 

and 

N k 
1\ -1 I Tt p(~. I (x.) .) 8d,k N 

j=l i=l 1 -1 J (4.7) 

converge again by the strong law of' large numbers with 

probability one to e k and ed k respectively, provided 
k """"llt. ' k 

that N samples (x ) . , J=l,2, •• ,N, are dral"n from p(_x ) and 
- J 

N~c:C. 
1\ 

Eqn. (4.2) implies that the estimate ~lk of the 
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conditional .mean E[~ I z.k] is given as the ratio of two 

random variables: 

= (4.8) 

Although this estimator is a biased approximation it has 

been shown by Handschin and ~~yne 9 that the error is 
,. t 

negligible in comparison with the sampling error (var(~lk)) , 

provided that N -oo. AD approximation V to the sampling 

covariance matrix V
0

, defined as 

is obtained by expanding the RHS of eqn.(4.8) as a Taylor ,. 
series around the respective means 9 k = E[9 k) and ,. -n, -n, 
9d,k = E[9d,k) and truncating terms higher than the second 

order. Denoting the r:th element of 9 k as 9 k(r), the -n, n, 
(r,p):th element of V is found to be: 

V(r,p) 

A A A 

9 k(r).9 k(p) (9d k) cov(9 k(r),9 k(p)) n, n, [ var 
2 

, + n, n, 
2 9d,k 9 d,k 9n,k(r). 9n,k(p) 

,. ,. 
cov(9n,k(p),9d,k) 

A A 

cov(9n,k(r),ed,k) (4.10) 

9n,k(p). 9d,k 9n,k(r). 9d,k 

,. 
An estimate V of V is obtained by replacing all the terms 

in eqn. (4.10) by their estimates; e.g. 

N k 

r 
j=l 

[ Tt p(y.((x.).) 
i=l l. l. J 

2 
] (4.11) 

In conclusion, eqn. (4.8) defines a Crude 1-lonte Carlo 

estimator for the conditional mean E[~lz.k) if the numerator 

9 
1 

and denominator 9d k of eqn. (4~:2) are estimated _by 
-n, ~ ' k . . 
eqn. (4.6) and (4.7). The sample (x) ., J=l,2, ••• ,N, 1.s 

- J 
again generated by the direct simulation principle: (~) j 

denotes the state ~c of the nonlinear system (2.1) obtained 

by simulation of the system with the random sequence 
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( x1 , w
1

, ••• , wk 1 ) . • ( x1 ) . is drawn from the p. d. f. p ( x1 ) 
- - k-1 - - J - J k-1 -

and (w ) . are drawn from p(w ). 
- . J -
The Crude Monte .Carlo estimator (4.8) is not confined 

by any restrictive ,assumption. However, this generality is 

offset by the low accuracy of the estimator. In the following, 

Section 4.2, a Control Variate method is derived to give a 

reduced'variance V. 

4.2. Variance Reduction Techniques 

A combination of the nonlinear filter equation and a 

Monte Carlo method is used to yield a Control Variate esti

mator for the conditional mean with reduced sampling variance. 

Up to the present time, several trials have been made on the 

physical realisation of optimal nonlinear filters in an 

approximate form of finite dimensional filter. Sunahara10 

uses a method of stochastic linearilation which has been 

applied by Handschin and Mayne9 to ~erive a Monte Carlo esti

mator for the conditional mean. In this paper a different 

set of nonlinear filtering equations due to Sorenson4 is 

used to specify an approximate solution. The nonlinear 

transformations f(.,.) and g(.,.) are subsequently linearized 

along this reference trajectory to yield a linear model 

required for the Control Variate method. This model is a 

statistical version of an exact nonlinear filter. 

4.2.1. Approximate Nonlinear Filtering 

A set of norilinear filter equations is derived by 
4 

Sorenson for the following system 

~+1 (4.12) 

whose states are observed by eqn. (2.J). Under the assumption 

that ~ ( .• ,.) has at least continuous first derivatives, and 

~(.,.) has first and second order derivatives, an approximate 

posterior p.d.f. is assumed to be Gaussian and defined as 

I k+l 
pa (~+1 X. ) = n(~+l; l.l:.k+ll k+l ' ! k+ll k+l) (4.1J) 

where the mea~ b!k+ll k+l and the variance !k+lf k+l are given 

by: 
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-1 

J.!k+1l k+1 = !k+1 + r k+ll k+1 Gk+1 r v [rk+1 - ~k+1 <~k+1 > J 

m r Jk+1 (i) • ~+1 (i))-
1 

i=1 

where ~<+ 1 (i) are the components of the vector 

(4.14) 

! r -1 [ J ~+1 - V ~+1 - ~t+l (~+1) • In addition to the 

notation introduced in Section ~, we use locally the following 

abbreviations for the first partial derivatives: 

t ~+1 

The second partials of the i:th component of ~+1 are 

denoted as: 

Jk+1 (i) 
a2~+1(i) 
a~+l a~+l 

~+1 = fk( ~$<' ~) 

The recursive eqn. (4.14) starts at time k=l ~ith 

~Jt1 = ~ + LJfl GlL v-l (}:1 - ~1 (~)) 

~ [ r -1 T -1 ~ J -1 
'-111 = x + Gl 4v .Gl - L.. Jl (i) u1 (i) 

""1 i=l 

(4.16) 

(4.17) 

-1 
Where ,!!1 :.0. LV (.r_1 • ,.&1 <.;.>) • The Set Of nonlinear eqn. 

(4.14) is obtained by expanding the exponents of the p.d.f. 

appearing in Bayes' theorem eqn. (4.2) into a Tay1or series 

up to second order, aroundM~ for~(.,.), and around 

f(~~,k) 
4
for £k+l(.,.). The full derivation is given by 

Sorenson • 

4.2.2. A Linear Model 

The coefficients ~' Bk, ~i and Dk of the linear model 



• 
~+1 (4.18) 

(4.19) 

are obtained by expanding ~(~,k) and ~(~,k) into a 

Taylor series around~~ such that the mean squared norm 

of the remainders of the expansions are minimal with respect 
k 

to pa(~l~ ). This yields: 

~ E [ !.k (~,k)l ~k ] (4.~0) 
Pa 

[ !.k 
T k ·-l 

(4.21) Bk E <~,k> - ~> <~-y.J4k> ~~ J rJ4k 
Pa 

k (4.22) ~ E [ ~k (~,k)j~ ] 
Pa 

c <~k<~,k>- ~> <~-u.~> T'~kJ rl4k 
-1 

Dk E (4.~3) 
Pa 

Using Bayes' theorem in the form of eqn. (4.2) for the 

linear model (4.1U) and (4.19), the combination of nonlinear 

system and linear models allows to rewrite the numerator 

~n,k and denominator 9d,k as follows: 

k k 

~n,k= J. .. J~ _Tt p(~i~~i)p(~k)d~k- J ... J~ ~ pm(~i~~:)pm(~·k)d~·k 
~=1 ~=1 

+ ~mn,k 

k k 

9 d' k= f. .. f; ":_lP (~if ~i) p (~k) d~k- f ... J _lt pm (~i I~:) Pm(~ •k) d~ •k 
.A. ~=1 . 

(4.25) 

The index m refers to the linear model and due to linearity 

the correction terms ~mn,k and 9md,k have an analytic 

result defined as : 

k 

J ... J • Tt • •k •k 9 ~k pm (x_il ~i ) p (x ) dx (4.~6) mn, k 
i=l m-

k . •k •k 
Q 

md,k 
J ... J Tt p (~. l x. ) p ( x ) dx (4 .,7) 

i=l 
m l. -l. m -
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Because of the linear structure of the model (4.18) and 

_(4.19), the p.d.f. pm(~+ll z_k) is an m-variate Gaussian 

density with mean !k+llk and variance Vk+llk given by 

These recursive relations (4.29) start with 

!!].jo = £.1 + 01 (~ -1!_111> 

vliO =Dll:xoi•l:v (4.29) 

Clearly ~lfk is given by eqn. (4.14), and the mean~ and 

variance vlik of the posterior p.d.f. pm(~+ll ·f+1 ) of the 

linear model (4.18) and (4.·19) are obtained by linear 

filter theory11 

~+llk+l 

(4~30) 

These recursive eqn. (4.JO) start with 

(4.Jl) 

= ( ~ -l + D T ~ -1 D ] -1 
Vlll ~X 1 ~V 1 

Using eqn. (4.5) the solution of eqn. (4.26) and (4.27) is 

given by eqn. (4.28) as 

k-1 
Pm <x.i+llzi> 9md,k Tt ' p (x_l) (4.J2) 

i=l 

and 

~mn,k =~ . 9md,k (4.JJ) 

4.2.J. The Control Variate Estimator 

Based on the foregoing discussion, the ·computational 
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procedure for the Control Variate method can be summarized 

as follows: 

1) Compute the _approximate nonlinear filter eqn.(4.14). 

2) Establish the linear model (4.18") and (4.19) and 

the linear filtering solution (4.30), (4.31). 

3) Compute the correction terms (4.32) and (4.33) 

using eqn. (4.28). 

4) Estimate the numerator !n,k'using eqn. (4.24), as 

l N k • k • 
N- r (~). Tt p(z.l (x.) .)-(~). Tt P (l:.l<x.) .) 

j=l J i=l 1 -1 J J i=l m 1 -1 J 

+ !am,k 

and the denominator ed,k'using (4.25),as: 

N k k 

ad,k=N-1 j~l i~l p(yil(xi)j)- i~l pm(yil(x:) j) 

+ 9 md,k (4.35) 

5) The estimate ~ of the conditional mean E[~ll:k] 
is given by eqn. (4.8). Its sampling variance 

matrix V is given by eqn. (4.10). 

Applying this Monte Carlo procedure to a linear system 

with Gaussian noise ~ the following result holds. 

The Control Variate method based on eqn. (4.34) _and 

(4.35) yields an estimate ~ of the conditional mean 

E[~lzk] with zero sampling variance. . 

The proof of this result follows from the property 

that the nonlinear filter eqn. (4.14) reduces to the ordinary 

linear filter eqn. (4.30) when applied to a linear system. 

Thus, a linear model is obtained which is identical with 

the original system. That implies the differences between 

the original variates and the control variates in eqn.(4.34) 

and (4.35) are identically equal to zero, thus removing 

all randomness from the estimator. This proof indicates 

that the Control Variate method yields zero sampling 

variance estimates for any order moments in linear Gaussian 

systems. 
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4.3. Numerical Example 

The following scalar example is us-ed to illustrate the 

multistage nonlinear filtering method .uaing Monte Carlo 

techniques.: 

(4.36) 

(4.37) 

where 

p(x1 ) = n(x1 ; 1, 0.01) - - p(w~; o, 0.01) p(vk)= n(vk; o, 0.1) 

(4.38) 
In the following table the methods of Section 4.1 and 4.2 

are compared; These results are averages over ten ensembles 

with samples of size N=500. The following results are 

shown in this order: the time parameter k, the given sequence 

of observations yk' the ensemble average ~(1) of the 

conditional mean E(~lyk) . using a crude. Monte Carlo esti

mator, the sampling error (var(~l))) t, the ensemble_ .. 

average ~(2 ) of the conditional mean using a Control 

Variate. estimato.r, the sampling error (var(~2 ))) i", the 

approximate nonlinear_result ~Wk and finally, the ensemble 

average of the error e~ defined as 

i\ 1~-~~1 (4.39) ekfk = 

'7\ (1) . "(1) t- (2) (2) i 
ik k yk ~ [var.(~)] ~ [var(~)] "1ik 

lo-3 10-4 10-3 

1 1.1 1.011::!6 4.397 1.01418 1.407 1.01367 0.502 
2 ·79 .80662 4.632 .80832 3.91::! .81281 4.490 

3 .6B .70567 5.077 .70533 4.332 • 71140 6.067 

4 .5B .63420 5·370 • 63416 4.544 .64100 6.B36 

5 ·5 ·57918 5.6::!0 .57B04 5.009 .58480 6.755 
6 .44 .53390 5.76~ .5J060 5.589 .53681 6.~13 

7 • 4 .49461 6.028 .49043 6.483 .49533 4.8B9 

8 .)6 .45797 6.:.:o8 • 45417 7.554 .457::!8 3.119 

9 .JJ .4~600 6.487 .4~1)6 B.495 .4~271 1. J4Q 

10 .28 .)9110 6.7B7 .38737 9.B67 .)861) 1.244 

'I'able ~: Nonlinear, 
techniques. 

multistage filtering us.ing Nqnte Carlo 



These results indicate that the approximation error 

is larger than the sampling error o£ the Control Variate 

estimator,and thus t~e £ollowing two objects have been 

achieved: 

1) A judiciously designed sampling experiment improves 

the e££iciency o£ the estimator compared with Crude 

Monte Carlo techniques. 

~) The combination o£ the non1inear £iltering equation 

and Monte Carlo techniques yields an estimate whose 

sampling err~r is less than the approximation error 

o£ the non1inear £ilter. 

5. Summary and Conclusions 

The application o£ Monte Carlo techniques has been 

£ound to be o£ great use £or £iltering and predicting the 

states o£ non1inear, dynamic systems. The prediction problem 

has been solved by three di££erent estimators. The e££iciency 

o£ the erude Monte Carlo estimator was improved by either 

using the Antithetic Variate method or the more general 

Control Variate method. A two stage procedure £or the latter 

case o££ers an elegant a l ternative to ordinary regression 

analysis to establish a linear model. 

The Bayesian approach is adopted £or the £iltering 

problem, which requires the estimation o£ parameters £or the 

posterior p.d.£. The Crude Monte Carlo estimator is appli

cable under very general conditions, but its e££iciency is 

signi£icantly improved by the Control Variate Method. 

For a speci£ic example it has been shown that the 

approximation error o£ the non1inear £ilter is larger than 

the sampling error o£ the Control Variate estimator, and 

thus the latter is a considPrable improvement over existing 

nonlinear £ilters. Although throughout the paper we ~ssumed 

to know the system dynamics, the parameter identi£ication 

problem o£ nonlinear systems can readily be solved with the 

presented methods, by increasing the dimensionality o£ the 

state space. 
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INTRODUCTION TO MULTICHANNEL STOCHASTIC 
COMPUTATION AND CONTROL 

G. A. Ferrate, L . Puigjaner and J. Agull6 
High Technical School of Engineering 
Barcelona (Spain) 

1. INTRODUCTION 

As a departure from conventional digital or analog computing techniques, 
the stochastic (random-pulse) computer utilizes logical elements (gates) 
to process the analog magnitude that has been chosen to represent the 
variables. The analog magnitude referred to is the probability of pulse
occurrence in a train of random pulses. 

It is easy to see, for instance, that given two statistically independent 
stationary random-puls'e trains driying the two inputs of an AND gate 
the output· pulse train, once eventually . reshaped, will have a probability 
of occurrence equal to the product of the probabilities of the incoming 
inputs. A crude and simple form of multiplier will thus have been obtained. 

The use of random-pulse sequen~es with measurable mean-rates to 
drive logical operators was first introduced by von Newmann with the 
aim to show that reliably accurate results could be obtained, through 
redundancy, from a basically inaccurate representation of variables ~d 
unreliable components. Very recently, Poppelbaum 1 

, Ribeiro 2 
, and 

Gaines 3 , have extended those ideas to the development of practical 
computing systems. 

As will be shown later, addition, multiplication, delay, ~tegration (and 
even differentiation) , function generation, etc. , can be performed with a . 
good accuracy by relatively simple logic arrays. The inherent 1 y 
parallel structure of analog computation together with the increasing 
availability of complex logic functions in integrated or large scale inte -
grated form suggest a wealth of applications and a. very fast develop -
ment of stochastic computing techniques in the field of process control. 
This specialized application is · further enhanced by the ease with which 
algebraic and non linear operations can be performed. Howev·er, the 
evaluation of the expected accuracy and computing speed of the 
stochastic methods should be a prerequisite before each ,special 
purpose real time on line control application is envisaged. 

With the control application in view, the research that has been carried 
out at the Automatic Control Dept. of the High Technical School of 
Engineering in Barcelona is mainly concerned with the generation of 
stochastic pulse sequenc.es from analog or digital outputs of sensors , 
together with the feasibility of special multichannel processing 
techniques to increase the accuracy to band width ratio. Among these 
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is of particular interest the development of a floating-point _stochastic 
information processing method. Attention has also been payed to novei 
ways of stochastic function-generators thr,ough the manipulation of 
stochastic digital or analog noise of special probability distributio n 
functions. 

Z. STOCHASTIC REPRESENT.A...:TION OF VARIABLES 

In the stochastic computing techniques the physical magnitudes are 
internally represented by the probability associated with the correspon~ 
ing random-pulse-rate. Several coding schemes are possible or have 
been proposed. Initially, non-clocked random-pulse sequences were 
used ,1 but present trends favour clocked (or syncronous) random
pulse sequences which have many advantages as far as the ease with 
which some operators can be reali%ed is concerned, if not because 
they lead to a somewhat simpler mathematical analysis~ 

In this paper, we will be exclusively concerned with clocked random
pulse sequences ( CRPS) to stochastically represent a variable . 
Several such sequences may be used in mul.tichannel operation, either 
to deal ~ith the sign transmission problem, to improve the accuracy/ 
speed ratio (the ergodicity of the different pulse trains being assumed), 
to allow for an easy way of differentiation or to increase the dynamic 
range of the vaz:iables through the use of a floating point stochastic 
technique. 

At this p·oint it is worth to note that the use of clocked rando m pulse 
sequences to code an information in analog form introduces from the 
beginning a kind of sampling of the variables, the probability of pulse 
occurrence in each clock interval being related to the value of the 
sampled variable. 

Z. 1. Stochastic Codification 

Given a function of time x = f(t), normalized in the interval o.x-.1 
for any value of t, and a sequence ~· (t) of clock pulses of period e, 
we can consider the values x(t•) of x(t) at the sampling instants 
coded in analog, digital or stochastic form : 

Ax(t*), 0x(t•), 5x(t•) 

or, in simplified notation: 

Sx representing the instantaneous probability of pulse occurrence of the 
corresponding associated random-pulse train 5~ at the sampling instants 
t •, this probability being. equal to x ( t •) . 

At this point we must· emphasize that unlike the analog or digital form 
of representation, an instantaneous probability cannot be measured 
directly. This implies that in order to recover the value of an 



stochastically coded variable we must use statistical methods, either 
averaging over a period of time if stationarity is assumed or in the limit, 
averaging the instantaneous outputs of a multichannel system of stochastic 
codification, making use of the ergodicity of those channels. 

Averaging a random-pulse train (ratio of actual pulses to number of 
clock pulses in the averaging period T) we obtain a value for the 
instantaneous probability every clock pulse. As it is well known this 
value, for a stationary random-pulse train wUl fluctuate according to 
a binomial distribution which, for a sample of sufficient size, can be 
approximated by the normal distribution. The standard deviation will be: 

a ~ J p(!-p) p =probability of R. P. T. 
T 

n =-= sample size 
9 

(1) 

Equation ( 1) relates the sample size, the precision and hence its 
confidence level ex. We can observe that as the precisi.on is inversely 
proportional to a it wUl be proportional to .Jn. This is also true when 
the probability is averaged over N ergodic channels if n =N. T /9 . 

In Fig. 1 is shown the sample-size/ confidence-level relationship for 
a precision of 0,1 % and a signal probability (worst case) of 0. 5. 

2. 2. The Dynamics of the Averaging Process 

To determine the dynamic behaviour of the stochastic codification , 
intimately related to the statistical problem of value retrieval through 
the measurement of pulse rate average, it is useful to define the 
averaging process as : 

AV( 'x) =[ 'l!;( ..-•)q{t - ..-•)d..- (2) 

where . 52£ ( -r•) is the clocked sequence of binary values of the random 
pulse train 5~ and q is the weighting function which defines the process. 

The conventional averaging process (Fig. 2. a) can be found taking 
1 . 

q =T -r+T.-t 

q=O 

and Eq. (2) reduces to 

AVa( 'x) = ~i~( -r•). u( T-t + -r•)d "!" 

the corresponding Laplace transform of the averager itself being: 

-Ts 

L (AVa] =j_ 1 - e 
T s 

fr o m which the module and the argument of •t f 
1 s requency response 
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M d _ sen Tw/2 
10 

- Tw/2 
-Tw 

Arg=--
2
-

As can be seen in Fig. 3 and Fig. 4 the crossover frequency for an 
attenuation of 3 db is W.tsft' /T (f.•1 / 2T cps). If now it is assumed that 
a static accuracy of 0. 001 i$ required, Fig. 1 gives a sample size of 
10.000.000 for a confidence level of 0 '16%. 

If the clock frequency were 10 MHz the crossover frequency, in cps, 
would be 0. 5 , corresponding to a sampling period T = 1 sec. 

At the assumed 3db crossover frequency the error would be about 30%, 
however, should ·the sample size be reduced to n = 100. 000 the new 
3db crossover frequency would increase to 50 cps and the attenuation 
at the former 0. 5 cps point could be neglected. ( 0. 004%) , the new 
static accuracy being now 0. 01. Fig. 5, shows the total error (static 
and dynamic ) versus sample-size for different frequencies. 

From the foregoing follows that the dynamic range of the SC can be 
increased at the expense of the static accuracy, decreasing the sample 
s :ze, the clock frequency remaining constant. This fact, peculiar to 
the stochastic computation, has no direct counterpart in the con -
ventional analog or digital computers and may have interesting lm -
plications -in the on line control field. 

Wide band-pass together with a high accuracy easily involve the use 
of extremely high clock frequencies which may reach a few hundred 
megacycles. Besides multichannel operation, which will be discussed 
later, other methods can be considered in order to optimize the 
precision-band width ratio. It is proposed here the use of more 
sophisticated .weighting functions for the averaging pz:ocess. 

The ideal averager would be a low-pass filter (numerical or analog) 
such that the attenuation would remain constant over the entire band
width. 

The weighting function of the ideal averager will be described by the 
inverse Laplace transform 

14f'+jao ts 
q = 'j"2 ? ( s ) e ds 

r-Joo 
where · 

I Q(J<.4I=I
0
1 for IWJ<!l 

I otherwise 

resulting 

a uw>l= o n = 2n 
T 



2 sennt 
q = T . .n t 

The function of Eq. (.3} which involves the use of negative values of 
t (Fig. 2. b} , presuposes that the system must respond prior to the 
input excitation. This filter is physically unrealizable but an approximation 
can be made if the computer time is allowed to lag the prCJblem time 
by an amount equal to the maximum value of negative time used for the 
approximation. To avoid the pure delay thus introduced, the positive 
time going portion of Eq . .3 can be used at the expense of the arJn onic 
response (Fig. 2. c) , which in this latter case, after normalization, 
is given by 

( 4) 

The module of Eq. 4 for the range._w nis 

2 + [.!. 1 I n .A.>- 1 1]
2 

"' 2 n n/t+1 

w hich has an infinite resonance-peak at w = n (see Fig . .3} . 

Again, the averager of Eq. ( 4} can be approximated by stoch astic 
computing operators according to Fig. 2. d and 2. f . 

The approximated averager of Fig. 2. d. is shown for two different 
values of the constants K, and K 2 of the weighting function 

K, u(t}- (K1 + K 2 } u(t- T/2} + !<; u(t - T). 

T he first set of values has been chosen according to : 

K, T/2 
p - K2 T /2 5 . 55 and 

p be ing the ratio of the areas of tile first two lo be.s of Fig. 2. c . T h e 
second s et is for p = 10. The averager of Fig. 3. g is of the same kind, 
with p = 10, but fo r double sampling time. Special a ttention has been 
pa.y ed to the rectangular or multirectangular approximation bec a use 
the implementation can be easily performed either by the th e use cf 
pulse delay-lines or shifted channels in a multichannel technique . 

The response of the single time constant averager , w h ich ha s beer" 
proposed elsewher e, has been included in Fig. 3 an d Fig. 4 as 
referenc e. 

The above c onsiderations would be s t r ictly v alid for determiniatic 
pulse- rate codific ation systems . When the input to the averager is a 
r andom pulse·-train 5~ the var ianc e of the fl uctuation of the statistic a l 
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measurement of 5~, supposed stationary, will depend on the weighting 
function of the averager. When the averager is not of the type show1 
in Fig. 2. a. the approach of Paragraph 2. 1 . must be revised. Further:. 
more the power density spectrum of the supe\mposed noise due to the 
statistical fluctuations will be affected by the frequency response of the 
averager. These questions are beyond the scope of this paper and have 
been the subject of a publication by the authors•. 

2. 3 . Generation of Stochastic Series · with Specified Pulse-Rate 
Probability. 

Let be an analog variable A~, normalized in the positive interval ( 0, +1 ), 
a random analog noise~, and let be a . random pulse-train s~ defined 
in the following way : 

The instantaneous probability of 5£ will be 

Sz = Prob ( SM.) = Prob (!fEAx) = P1 ( Ax) (5) 

where P; is the cumulative probability function of the noise!t' 
Equation { 5), implies the instantaneous nature of the probabllty density 
function of .Kat the sampling instants t • , that is to say, the value of 
Kat one sampling instant does not affect at all the value at the next. 

If, P.K' (v) =V (6) 

then 5z = •x, and hence, the random-pulse train is a true stochastic 
representation of the variable. Ec. ( 6) requires a uniform probability 
density function, 

P_... ( v) = L 

Gaussian noise, in spite of its a pparently easier obtention is not to be 
r e commended for this purpose owing to the non-linearity of its cpf. An 
ac cepta ble linearity would be only between 0. 25 to 0. 75 and an "ex-
tended " line arity c ould be put into conside1 ation for values ranging 
from 0. 16 to 0. 84 . 

P....n schematic diagram explaining the above process is shown in Fig. 
6 . A similar method c a n be used for digital to stochastic conversion 
in w hich the c v .. werter compares botl~ d igital 'Values of variable and 
noise at the clock intervals . 

2. 4. Sampled D idt::;l or .A,nalog Noise ,...,ith Res tangu}ar Instantaneous 
Probabi ity Density Function . 

In the pr eceding paragraph the need of d igital or analog random noise 
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of rectangular instantaneous probability density function has 
establish ed: 

. P,('• (V} = 1 

been 

A qualified random noise of the above characteristics in digital form 
can be obtained from several (one per binary digit} statistically 
independent clocked random binary-pulse-trains 6 

( BPT} . The analog 
random noise, in sampled form, can be obtained by a digital to 
analog conversion. See Fig. 7. The several statistically independent 
random BPTs can be approximately generated from a single random 
BPT, using a multiple output multiplexing network to decorrelate them. 

Pseudo random BPTs ·can be used instead of random binary noise . 
The advantage is that it can be easily generated by the well known 
technique of maximum length sequences through the use of shift 
registers with modulo-two .addition feedback paths! The periodic nature 
of the pseudo random sequences can be taken to advantage in some 
computing process to reduce the dispersion of the results. 

2. 5 The Sign Transmission in the Stochastic Codification 

Several schemes have been proposed to deal with the problem of sign 
transmission. Among. them: 

a} Coding the module of the variable in a normal way and transmiting 
the sign on a separate binary channel. 

b} Coding the sign as negative or positive pulses in the stochasttc tPain. 

c) Positive values are coded in the 0. 5 t·o 1 probability range and 
negative values in the 0 to 0. 5 range, so that 5x = Prob ( 5~} - 0. 5. 

d) Coding the variable as the difference between the probability oftwo 
stochastic channels , minuhend and sUBtrahend: 

5x- ,!x- :x = Prob ( ~) - Prob ( :~> 

If the two channels are non coincident i.e. no . pulses occur 
simultari.eously in both channels, they will be called "exclusive" and 
representecf as follows : · 

and 

Coding schemes a} and b) usually result in ~ecessary complexity 
for some operators. The method c) is very· simple but reduces the 
dynamic range of the coded variables. The coding method under d) 
besides the sign transmission, has several advantages that will be 
discussed later. Also, according to this scheme and in order to have 
the uniqueness in the encoding process it is convenient to set down 
the following extra requirements . 
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•,ss~ = 0 for positive variable 

5x = 0 for negative variable 
e,m-

2. 6. Random Floating Point Stochastic Codification 

The classical stochastic codifi,cation has the disadvantage that the range 
of the computer variable is limited to values smaller than one. The 
implications of this fact may be extremely troublesome when the scaling 
of nonlinear problems is required , because the stochastic trains tend 
to vanish as they proceed through some logical operators. To circunvent 
this problem and in .order to increase the dynamic range of the variables, 
the authors propose a generalized stochastic codification whereby the 
concept of mathematical expectation is introduced through the use of 
weighted probabilites. 

In Paragraph 2. 1 the stochastic codification was defined as : 

the proposed generalized codification establishes : 

X= w,sX = Math Exp [~x] 

in which .X is an unsealed variable and ~~K is the bichannel signal : 

where w,s~ ( t• ) is a binary random pulse train associated to a sampled 
m ultilevel (digital or analog) information channel ~ ( t•) which, at each 
sampling instant t• , weights the probability ~ of the binary valued 
train w,s~· 

Taking at the encoding stage , 

• [X(t*)] 
1:i!.,(t ) = lo~ x(t•) 

with 

a "floating-point" stochaf.tic codification, of base b, is obtained. 

T he mathematical expectation of Eq. ( 7) cannot be found directly. 
A gain , an statistical estimation of that valu e is required: 



This coding scheme, compatible with the substractive method of sign 
transmission, does not impair the inherent simplicity of the stochastic 
logic operators, and dramatically simplifies the scaling. 

3. STOCHASTIC OPERATORS 

A brief survey of the main types of operators will follow including, 
in particular, the implementation of the generalized {random floating 
point) stochastic codification with logical elements. It will be noticed 
that a wide use is made of linear forms with exclusive {non inclusive) 
stochastic coeficients, due to the fact that the additions are performed 
by a single OR gate. 

3 , 1. Addition and Substraction 

In normal stochastic codification addition can be performed with the 
methods shown in the self-explanatory logic diagrams of F_igs. 8 and 
9. The first one does not require the use of auxiliary random-pulse 
noise while the last needs two exclusive 0. 5 stochastic constants, Both 
operators are shown for bipolar variables . 

.. 
In generalized stochastic codification the basic scheme of Fig. 9 suggests 
the random floating point adder shown in Fig. 10 • . The operation can 
be easily explained. The output of the adder is : 

which means 

~ = .;k. . l:i!. + ;J.S:. :t:h. 

where k = 1 - k {complementary random pulse trains) • The estimation 
of this output is : 

Est[z]= AV[:!z]- Av[: z]= 
= AV[b~.;~£] -Av[b~ .:,:_g;] 

and substituting from Eq. { 8), 
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Est [z]= AV[b(~~ ~ + .~~ ¥!.l: ) • (~k . :m·5 l£ + .~k ;«e,sv - 5
}: ':'·

5x - ~k w,sy)l 
..., .,....._ .5- e,!- . ..~- e,s J . 

rearranging and accounting for the exclusivity of the complementar:.
constants, 

E st [z ]= Av[~k . b~ ·;:!~ ]- AV [.;i'. b~. :; ~] + 

+ A V~~ • ~ .;!.Y]- A V [.~E . b~. :,·: .Y J = 

=t Est[:x]-~ Est[~.~x)+ ~ Est[~~Y]- ~ Est[~~Y]= 

so that the operation performed is: 

1 
2=-z(X+Y). 

The s..J.bstraction is obtained with this adder by simply interchanging 
the minuhend and substrahend binary channels. 

3. 2. Product and Quotient 

The logi c diagram for performing the product is shown in Fig. 11. 
T he output is 

w,s z = w,sx ~w.sy 

The s ymbol e meaning: 

from which it can be deduced, in a similar way as for the addition, 
tha t the performed operation is 

Z=X. Y 

The quotient needs the previous invertion of the divisor obtained i.e. 
by means of an inverse function generator. 

3. 3. Integration and Derivation 

The operation 
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or 

can be easlly performed by means of a bidirectional counter (with 
weighted inputs in the case of the random floating point codification) 
followed by a digital to stochastic converter if necessary. The operation 

depends on the obtention of the _derivative. 

F . c4t Deriyatiye 

The substraction between two channels, the variable ~sx and the 
delayed variable ~5X6 , gives: 

(9) 

A being the known time delay between the two channels, Eq. (9) 
generates a generalized stochastic signal proportional to the derivative. 

Higher Order Derivatiyes 

The use of a set of delayed sequences of the variable 

w,s x6 'w,s x26 ' ••••• w,s xn6 

can produce, by iterative substractions, the set of approximations : 

~ d[~· x] , .E._ d2
[•.• x] 

2 dt 4 dt2 

3 . 4, Function Generation 

For function generation in stochastic computation a very stimulating 
method, peculiar to this technology, is envisaged. If at the stochastic 
converting stage the cumulative probability function of the sampled 
random noise is not linear, as indicated in Eq. ( 6) but is an arbitrary 
monoton e increasing function 

P,- ( V ) = f ( V ) 

then, the encoded variable in Eq. ( 5) would be the stochastic 
representation of the function f ( x) , 
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'z = Br; (x) = f(x) 

This kind of functional noises can be used .in the generalized stochastic 
encoding process if provision is made of auxiliary logic manipulation 
of the sign and of the weighting train :m.? 

3. 5. Readout 

The readout is the value retrieval of sto_cha-stically coded variables by 
means of the averaging process. The implementation of some of the 
averager .transfer functions described in Paragraph 2. 2. can be made 
by three basically distinct methods : a) simulating the transfer function 
by means of stochastic operators in feed back loops , b) rectangular 
approximations implementation by delayed weighted sequences, and 
counters or operational amplifiers, or c) with ·delay lines or shift 
registers driving the weighted inputs of analog or digital adders. The 
method b), using counters, is not to be recommended when the 
functional noises are not periodic and pseudorandom, as it can·lead 
to integration errors. Further research -is being carried on concerrr 
ing thes~ subjects . 

4. FUNCTIONAL RANDOM NOISES · 

The logic or analog manipulation of multUevel noises.#' can produce 
functional ·noises 7. The· logic manipulation method · described in the 
Appendix · generates a set of functional noises with the following cu
mulative probability functions: 

Pc; ( v) = v 2 , v 3 , v' . . . . • v' . 

Linear forms of t hese noises, with exclusive stochastic coefficients 
that verify , 

= 1 

constitute the "generalized functional module" w,s[ 1f'] of any Taylor 
series-expandable function , which together with the binary stochastic 
trains that take account of the sign and weight of the output variable 
implement the generalized functional noises in digital or analog form. 

Analog multilevel functional noises can also be obtained implementing 

f( v) = increasing monotone 

with conventional analog function-generators. Again the sign and weight 
in the general case , mus t be taken care of with auxiliary binary 
signals. 

The great advantage of the functional noise method, is that given. 71, 
any number of functions of independent variables can be simultaneously 
obtained fro m it. 
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5. CONCLUDING REMARKS 

The stochastic pulse rate technology is particularly attractive for on
line applications. Besides its use as differential analyzer, the fact that 
interconnection parameters may be very easily stored and changed 
through pulse gating, and that complex parallel computing arrays be 
feasible at moderate prices (for medium accuracies) , greatly extend 
its field of applications. Matrix operation, algebraic equations , finite 
differences, adaptive structures and even pattern recognition, are just 
a few of the subjects where either its success has already been proved 
or for which its potentialities are presently being investigated. 

APPENDIX 

Let be .1-/; , .N; . • . .11;, r statistically independent sampled multilevel noises 
with pK'( v) = 1. These noises are inputs to a multilevel gate that , at 
each sampling interval t•, selects the highestly valued. The pdf of the 
output noise will be : 

P.,; ( v) = Prob (V< 'Ti'c;v+dv) = 

= Prob ( V<.ll;~ v+dv, ~ .. v+dv, ... ...(..; v+dv) + 
+ Prob (.A;".;v+dv ,u(~v+dv, ... V<..(.;.v+dv) = 

= Prob ( v<.Nosv+dv) Prob (.N$v+dv) ..• Prob (A'.-;;v+dv) + 
1 2 , 

+ Prob (~<v+dv) Prob (...V.;:v+dv) ..• Prob ( V<H~v+dv) = 
1- 2 r 

= 1 . d V . V. V. . . • V + V. V, V. 1 , d V = r. vr-Ld, V 

and the cumulative probability function: 

P'J' (v) -1~'11 (u)du -1~·u'"\du [u']~ = v' 
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КОРРЕКТВООТЬ, РЕГУJIЯРИЗАllИЯ 1 ПРИНIIИП UИНИМАЩQЙ CJIOIВOOTИ 
В СТАТИСТИЧWКОЙ динАМИКЕ C~TEII АВТОIIАТИЧШКDrО УПРАВJIЕНИЯ 

Сожо~овииков в.в., Ie8cJal B.J. 

Создание оптимап:ьвоl cвc~ellil аиома~аческоrо JПрв.uеива, :в 

боnшивс~ве свучаев, сос~ои ва IOIJX а~апов. 
На первом этапе OCJII,ec~JWIИCB ма~ема~вчеоul cu~ea систе

мы, сводящийса обычно к ре•еиD веко~ороl вар118Цвоввоl задачи. 

На :втором этапе oc;yщecc.tDJiaMca физвческаа реа:авзацu псшу

чеиноrо решеиu. 

Каsднй из эlfИХ этапов евазав с рцок спецвфllческих ~р~ос

тей. 

· Пус~ъ фУиiЩиов8JI З tз:) ... ,. npeжc~UUDUI собоl .крв~ервl :ка
чества системн упраuевu, ацав · ва веко~.ором аасс.е опера~оров 

Х • ИспоJIЪауя ~е · uи JUiнe првзвап. CJJtec~вoвaиu aвc~p&IQIIOB 
фуНКЦ.ИОИаJIОВ t час!О ПОЖучаl)! .. В качесtв.е 1Q.JIOBU OП~IOIUЪBOC~B 
векоторое фуихциовахъвое JР&В&евве в~ 

.А~ 'У, (I) 
которому JIOJiseи ~оuе~вориъ вcкollill оп.ера~ор \Х: • . 

В час!вости, решение аадаа оп~-аацив в uacce по:аuоп
альвых фиn~ров: 

т т т . 

F [у tф J 11. ,(t,'i:) у (t-'t)d'L + J 1 k 1 (t, 'L •• 'L J y(t.:r.)(t -'L L)d'L; c:t'L~, +. 
т т о о о 

+ ... + JJ k. tt:r •.... <r.)y[t~~} ... ~tt-'LJ d'[. •. d'r.' (2) 
о о 

~ребующей ~np~J18Jieвu фушщвов~ F. [~ t'r) J-Т ~гс <·.t], . 
ооеспечи:вающеrо миник.r- средВеrо эвачевва ~~а ме~ преоб-
разо:ваивем F ( ~ и zeu.ellliDI сиrвuом .х( t) 

. t 

J { F} • м{з:(t)- F[ ~ ('r}, t-Т ''L <t]1· mi.n 
(S) 
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nриводи! к системе интегральных уравнений 

1'1 т т 

t, j ... J ~, lt.'L, •... 'LJ r,p:r ... .s, ·,е, .... ejJ d'L, ... d-rj = 
о о 

~ r:xy (t, в1 ~ ... ej) , j=1,2 ... n, 

где ГУ t м{ ч tИ,) ... у [t -'r.)y (t-EI,) ... у (t -9jJ} 

Гху ~м{:r(t)ytt·B1 ) . •• y(t-8j)} 

(4) 

(5) 

• через 
ции. 

k. обозначены многомервые имnульсные nереходвые функ-
" 

Э!у систему ура»нений кратко можно записать в виде 

г~ k s г ~у (6) 
где R и Гху э.пементы гилъбертова пространства. 

Во uвогих едучаях точное решение уравнения (I) невозможно 
и поэтоку приходится испо.пьзовать численные nроцедуры отыскания 

приближенного решения. 

Кроме того часто исходные данвые ддя решения уравнения (I) 
задаются с векоторой ошибкой. 

Все зто приводит к необходимости решения проблемы устойчи

вости решения уравнения (I) относительно численных nроцедур и 
ошибок исходных данных. 

Степень устойчивости уравнения (I) относительно вариаций 
правой части опредапяетса модулем непрерывности обратного ото

бражения: ( 7) cJ(o)XJ-sup ;t;r,~:1.1) npu з:.,.х1 е X,f(Ax, AxJ~8 
rде фУнкция f (.1,~ 1 ) определяв! метрику » классе Х 

Очевидно, что возкоJВая ошибка оnределения оптимального 

оnератора растет с расширением класса, на котором ищется оnти

uаnьный оnератор, т.е. имеет ~есто следующее неравенство: 

cJ { S) Х 
1

) ' СА) .( S ,Х 1 )) Х, с Х,_ (8) 

В случае некорректности уравнения (I), решение становится неус-
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тойчи»ым относительно ошибок задания исходных данных и nоэто~у 

синтез оптимаJiьной систеаш становится принциi:IиЭJIЬво неразреши

мой задачей. Но даже в случае корректных задач, мы часто стал

киваеuся с чрезвычайной сложностью численных nроцедур. это об

стоятеnьство приводит при использовании для расчетов ЦВМ к уве

личению машинного времени и памяти, необходимых для получения 

решения с задаввой точностью. 

Полученное решение, чтобы его можно было физически реали

зовать, обычно приходится тем или ииыи способом аппроксимиро

вать. Желание уменьшить потери в качестве уnравления из-за от
клонения от оnтикаnьного решения застав~вет увеличивать точ

ность его апnроксимации и расширять класс оnераторов, на кото

ром ищетсв экстрекум функционаnа J { ~) , что nриводит к 
ухудшению техволоrических и зкс.nJiуатационных свойств сис темы 

управленив (рост стоимости, уменьшение надеsвости и т.п.). 

Действительно, пусть дnя каждого оnератора з. е Х оn-
ределена функция С Е. ( :х..) - минuа..-rrьно необходимая . стоимость 
практической реализации систеuн уn,равпевия, оnератор которой 

аnnроксиыирует .. .х с точностью Е.. • Ветрудно :видеть, Ч'.rО вехи 
х с Х1 , то 

1 
mQ:t Ct (Х). 'ffiQX. ct l:t) (9) 
х.ЕХ1 ~Е Х t V 

Аналогичное неравенство справедливо для любой функции t (~) , 
являющейся мерой объема вычислительвой работы, . необходимой ~ 

определения оnератора ~ с точностью Е.. 
ma~ Vi. t.x) ' ma~ \j е. (:t) (IO) 
:r.eX1 з:.ЕХ1 

Пус ть для каждого ~ Е Х о ределена функция 1.t t~) -
максимально достижимая вероятность безотказной р~боты в течение 

векоторого фиксированного промежутка времени систеuы . управnевиs, 

оnератор которой аnnроксимирует :t с точностью Е. • 
Тогда также очевидно, что, есnи Х 

1 
с Xi. , то 

min te. (х} ~ m~n 1.е. (.Х) (II) 

-.I. ЕХ, :х.Е ~а. 
Назовем оnератором апnулированив Э . оnератор, соответствующий 
случаю отсутствия системы уnравления. Для оnератора аввулиро:ва-

ввя ~ естест:вецю положить Ct tе)т.О, 'l е. { S)-: О в 
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't.t . {;.t)•1 .. .. Пус~ъ .D88'fCB .. C81181c~JIO U8CCOB 11\ . ._. BDOJIB8 

JIIOpqoчeввoe по. BКDЧ8IIJII) в такое, uo 
f1X·Q 

.Xem. 
С JЧ~о• верuевсп очевцво, uo аа~uъво асаn . оперв.~ор си

с~е• JDpeueвu, прпцже-.вl . вuбожее JЗKOIIJ &PCCJ .оемей:~-

ва. Ио cyzeue uacca прпо:.в~ к JXJД118IПID. криерu кaчecпa.Пo

•J'I&III'eeca про~оореuе 110~ биъ раэрuево·, ее~• сфорufпро- .. 
~ъ п.ос~авовку задачи сив~еза cвc-reм - 1Jipaueвu C.118IOJ)I&D обра

за•: 

DJQn ацав жопустимнl уровеn- иачеспа. свс-rе& JПраuев•в 

О, • . tребуе!'Св .средм :всех опереоров., об.11адаi)ЦХ зад8.ВВ101 .. уро-в-
в:ем иачес~ва9 иШв опера!!ор, . ПРП8JU18-.ий мив~вому аассу, 
ивосиuьио веко-rороrо семеlс-rва, при котором 8Ц8JIJibll уровевъ 

качес~ва JtOC-raaм. . 
Пре~оаввоl цос~аиовке зцачв culfeэa мово при~!ъ бoJiee 

КОМ118.ИJ111) фop1f1UpoBJCy •'· -

lеlс~виеnво, ·Рвсса!рвваа -. опера!ора · z 1 , з, '1 . -rакп 
uo ~.Е I1 ,~t tX. 1 .. . . • .· Х. с Х '1 ·. , BQIIJI, ч-rо 
ODPQUeJIIIe в реuВэацu опера!ора ~ 1 . -.с . эцаивоl -rочвость~ 
бn.w божее c.Joaвol ацачеl, чем _опрежuевве • p88Jlilзaцu опера-
'lора ~1 С !OI :U !ОЧВОС!ЬJ). . . 

В соо-rвиспu с это бу:дек вазJDа~ь опереор :t t. бо.11ее . 
с ODIIII, чем опера!!ор ~1 , ecJI• иет вDaJCOI &фор ацив, кроме 
ol, uo 

CFiii8~!1SO КDССОВ. (J'J\. В Э!OII CJiyчae III'p&.8~ . ро.ПЬ DIКUЫ CJIOZ- . 

· т в поаес~:ве, в:в.иоще.ев о~еЮП~еиием всех КJJассо:в семейства. 

Т ер зцача сивlfеза cиclf .ell упраВJiевu моет бН!'ъ сфорку.nи-

вав » иде с едующеrо принципа, который моzво ваз:ватъ nринци-

nо• .ИШLПЬВОЙ CJIOEOCTИ: 

сре:ц все х о ператоров, 

з а д а и в ы 11 у р о в в в 11 к а ч е с 

мо :m · б р ат ь оператор _ 

C JtOSИO v! отвос ите:аьво 

к а n ы. • 

об:аажаJ)щ :их 

! в а , в е о б х о

м • в 1 м а n ь в о А 
зажаввой 

На РЯАУ о принцилом минимальной схожиости IIQIИO пользоватъ-

... я ~ ~?r.A 1.\V.JН TWI'tl')Y ОГ ~Н"ЩЧ.еЯr-1:1)-ц . l'{()!Щf1r.1'W J 1(0'-'О'nЧЙ ttoOUVJJИDVe,.CЯ 



59 

ежедующим образом: 

джа фиксироваавоrо кваоса аз 

з а д а в н о 1 m к а в н с n о а в о с ' и в а й ' и 
оnератор, обеспечивающий эк,тре-

мавьвое значение уровиа качесtва. 

ДJia ТОГО, ЧТОбН ПрИНЦИПОК 11ИИИ118J1ЬИОЙ CJIOZНOCTИ MODO бы

JIО nоJIЬэо~атъсs, веобходим6 дать методы ковструировавиа шкаnы 

CJIODOCTИ. 

Пусть задан векоторий веnр.ерьшиый функциов8.11 G. l ~} 
имеющий абсолютный минимум иа . операторе аннуnи~ования, тоrда 

ОДНСУ1IараметричеСКО8 СеМеЙСТВО ~80С.ОВ. Х1: ~t J. \ G-l\t) ~ 'tJ 
будет обладать свойствами выше определеиноrо семейства КJiасс ов 

m. 
В этом случае суаевию класса соответствует миниозация 

функцианала G t Ж.} 
Применевне nринципа ~мииИкалъиой сnоzности nриводит к зада-

че на условный экстремум: найти минимук l1 l З:.) nри уел в .. · 
J l ~.) : (\t • Решение э:Той задачи, как иэ:вестно, свод2 с я к 

миниыизации функдионала вида 

1 ~ l-1) + J l :t) ) 
где 1 - множитель Лагравта. 
Другой метод nостроения шкалы сложности заключ ется в сJiедующем. 

Пусть имеется возрастающая система конечно-мерны: квассов 

е с.Х 1 с Х 1с ... cXnc ... сХ . ., 
где индекс обозначает размерность масса. 

·. та ~ и .., тема У...~"'!ассов может служить шкалой сложиости и прикевевие 

пршщипов слоюrости :в этом случае сводится R экстрема.пьИЬUI за-

ача l.i ·""ля функций многих nеременных. Построение такой ШКВJШ 

с ЛОЮi .. -.ст и :воэмо4шо, нС~.пример, · для RЛасса Х , иыеющеrо базис 
.l" , I.,, ... .I.n "" .• В этоu случае конечноы~раым кnассом 

)( n будет ино~ест~о всевоэ~о~ых линейньх комбинаций из базис-
н.ых элементо11. 

Во:з ... ю~ы таr<же ~ .:угие ыетоды nостроения шкалы сложности. 

Поскольку, о (i:,·e rоворя, система классов, образующая ш:tt.а

лу с лоШ:Iос ти, н ьедшюr:вЕ::на, !·о для каi".дой конкретной постанов-
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ки задачи синтеза необходимо строить шкалу сложности, учитываю

щую специфику данвой задачи и возможности физической реализации 

с истемы. 

Применеиве принципов сложности целесообразно не только nо

тому, что nо~учаекые системы обладают лучшими технологическими 

и эксn~уатационвыки свойствами, во также и nотому, что nолуча

емые необходимые nризнаки существования экстремуков вида (I), 
nри соответствующем выборе . шкалы сложности, являются коррект

ными задачами в сwсле А.Н.Тихонова. Дпя корректности признаков 

существовании зкстрем~ов вида (I) достаточно, чтобы кnассы 
Х t = { ~ \ (;. \ ;r) ' t 1 бWiи компактны и оператор Эйлера ;цля 

функциоиала G- t;t) бWI вn.олве непрерывным 1 
• В этом слу

чае функциовал ~ t~) будет регуляризирующим функдионалом для 

уравневив вида (I} • . Некорректность уравнений вида (I) не являет-
св теоретической возможностью с которой можно nрактически не 

считаться. Большинство задач статистической динамИки, сводящих

св к лвиеЙНЬiм уравнениям первого рода являются некорректвыми. 

Действительно, синтез системы оптимальной no минимуму средквад
ратической ошибки сводится к определению миникума квадратичного 

функдионала вида 

J t;L):: (Д~,~)-: .~ l:t,y), (I2) 
где А - поnоJtИтельный самонаnряженный линейный оnератор; 

~:L, ~) - свююл скалярного произведения злементов ;t и ~ . • 
Как известно, чтобы элемент ~ обеспечивал минимум функционала 

J t~) , необходимо и . достаточво, чтобы ~ удовлетворял nиней
ноuу уравнению вида (I) • . 

Решеиве уравнения (I) можно заnисать в виде интеграла 
Стильтьеса, исnользуя сnектральвое разnоженив самосоnряженного 
оператора Д : 

00 

(IЭ) 

где Е~ о:" разложение единицы, соответствующей самосоnрвженноУу 
оnератору. 
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Решение существует :в том и тоJIЪко в том CJiyЧae, ес.uи 
oQ 

J ~ 2. d l Е ~ 1J 'ч ) < 00
.. (I4) 

В случае, еёли ну~ ест:ь пре;цел:ьная т.очха спеК!ра операто
ра А , то интегра.п (14) может быт:ь расхо;цящимсs, :в зависимости 
от расnределенив сnектральной мерн ( Е А у, ':1) • это · означает, 
что уравнение (I) может не имет:ь решении с конечной нормой. 

Такая ситуация :возникает, например, :во . ~ех сnучаях сивте

за ливейRЫХ фИJI:ьтро:в, когда оптима.п:ьвая ИJО1у.n:ьсная первходная 

функция содержит :в с :вое~ составе . а - функЦии и ее nроиз:вод- -
вые, не ивтегрируеКЬiе :в . квадрате • . Как из:вест.во такие фиn:ьтры фИ~ 

эически nереаЛизуемы. Пус~ь эnемевт у задав с . векоторой. ошиб-

кой h. , тогда,:в cИJiy а;цдити:ввости обрат.воrо опера~ора,uад-
рат нормы ошибки решения :выразится cne~ образом: 

2. 00 

. 11 д :r.\\ ·'J t~. d { E.11l,h) . (I5) 

Отсюда :видно, что квадрат вopiiЬI ошибки моает бнт:ь К8.1tJDI уr_одво . 

в зависимости от распределевив спепраJIЬвой . меры . (Е.~ h, h) .• 
Как известnо, математическая задача вазы:ваетсs корреивой, 

если реш_ение этой задачи существует, едиист:вевно и вепреры:вво за~ 

:висит от вариации исходных данных. В этом ~uыcne задачи статисти

ческой динамики, с:водящиесs . и ура:ввевu (I) - веJtОрр~К!ИЬI. 

Для nрименевив nринципо:в схоаности фуиiЩионах сnоuости 

можно задавать; ваприкер, в виде 

. G t з.) = { ъ ~ \ в з.) ) . ( I6) 
где В - векоторый Полоzитехьиый и вепрерывный оператор. 

В частном с·луч~е, ec.n1 ~ - едииВЧИЪII оnератор 
G- l :!) = (~,а:) ~ \\ ~ · \\ - .. - к:важрат .. вор& зхекента а. •. 
Приuенение привципа .мииимах:ьвой cJi.ouocти в этом схучае nрИ-

водит к с.nедующей вариационной . зажаче. . . 
Найти мивимал:ьвое значение фувкциовuа : . & .t:t) • .{ ~_ ,:t) .. 

при _ условии llз.): (А~~)-~ {.t,~.)·<t ·· .• ЭJieмeиlf, . даi)DtИЙ 
ее решение, удовлетворяет еведующему ура:ввевИD второrо рода: 

l i .1- А ~ '~ ( I?) 
В этом с.nучае приuенен ... е привципа миниказi:ьвой с.nоzвости . зкви- . 
:валентно слабой регуля~изации :в смыс.uе А.Н.Тихово:ва. Ес.nи 6 -
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~вфf}еревциа.JIЬ&I опера~ор, то nроененив nрииципов сJiоаности 

. эхвивuентво сИJIЪиоl реrуJ:вриз&ции. 
ИспоJIЪЭуа спектрВJIЬвое раз.1оаение оператора А , можно 

ПОС!роП:Ь llк&Jiy C.IODOC!K C.lnЩD обраЗОК 

Х • { 1 \t = .1.. d Е~ ц ~ ~ t . ~ j 
где "u \\ < ~ t 
Тогда Х t С Xtz. . , есnи . t, )t z. 
Моао показат:ь\ что ре11ение вариационной зцачи иинииизации 
фувхциоJW~а (7) на uacce Х t ~аетсв следующей формуJiой 

.. R 8 tч1·i•)TdEL~. 
Покuем, . Ч!О R r [у] DJ1Я8'fCB реrулвризируюЩИ)( алгоритмом :в 
смысхе А.В.Твхонова." . . 
Действит8п:ьно • 

\\:t-i\\ .. \\ ~ ~ dEA~- 1td[~{~+h)l\' 
. о t 1 . t . 00 t . t 

~ 11 j tdE k~U+IIj tdE._bU 'I JltdlE~~·Y)1 +1. ~h\1 . 
о - . . .. ' t . . • 

Отсюда следуеt: дnв любого f. >О существуют такие О { f) и t (Е), 
что если t\ h \\ < d l t) . • то 1\ l - i U ~ Е, 

В cJiyчae дискретного спектра регуляризирующий алгоритм эк

вивалентен определению решения в виде линейной комбинации соб

ственных элементов, собственные числа которых . больше t . 
Покааеu тепер:ь, что регуляризация по А.Н.Тихонову эквивален~

на применению nриициnов сложности. 

Метод регуляризации, применительно к уравнению (I), сводит-
ся к решению уравнения 

1 
· 

А ~.t + ~;t •у' 
где В - оператор Эйлера векоторого функцианала G l ;:с.) , на- . 
эываемого реrуляризирующим функционалоu, Л - параметр реrуляри
зации, . выбираекый в зависимости от нормы погрешности исходных 

данных. Легко видеть, что уравнение (I8) получается при минимиэа
ции функцианала 

(I9). 
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IIJIIID888.ЦD) фJВIЩИОВU& (I9-) ·JIODO р8СС.Враа!Ъ 8U 8&

:48111 --эацив ФJпцаоаu~ . G (Z) Dpll ---- ···- wнк-
цаоаuа . J.(.~) • . - . . . } . . . . . 
. . Рассмоtро •оас-r:во . .. х . ·1~·\Gt"-) , .. t ·.. . . --ааци~ 
фуикцаовuа. .G l~) aauueи.;l CJ88118 uo81n• А t ~ !ом 
cllblOжe, ао ;ра 

А s; А · · 
.. t, . . t& . • 

Q-.rcю~ cJieдy~, по. p8rJUPвaaцu меч•-·-~ саоа

восtи. Рассмоtро .в.ескоnко ираеров .. врвеве-. црuц•о• ·оаоа

восtв. П,с~:ь . ва ВХОJ uвelвol. CIIC~elli .j:llpuae.a. .80»81:8 > 111-
рапо•ее воэде~Ютвие, сос!О•ее . ··а м••аоr.о uuиaчecu CI1'

B8Jla g tt) _ и . ctaцaoвapilol'O. с.wуча.Ьо!'О Clll'вua · m tt) с Q&e-
. BЬUI ередив эвачеваем • JCOPPeuiVIOJUIOI IJDцUI. · ·R"' {t, '() , 
а жаuе помеха ntt) . о корреuцаоввоа .·tрiЦНI .. i.-lt,rt). • 
С110тема ~uва ваu~п обра8011. воспроuвоюm JIIPIM d с111'-

вu . у lt)•чlt) + _m .. lt) 8 .DOA&UI!'Ъ .JIOM8XJ П (t) ·. • .В а-
Ч8С!В8 криериа качеоt:ва СВС!8181 yпpau•u ·ПР- trJuщaoвu 

. (20) 

ж.в. OJVJI1 квадi>а!е:в дивемnеоаоl опбu f,~ • cpe~-
!Jiчecкol 08ВбКИ f, ек С B8КO!Opilll В8СОМ. , 

Првмевu вес:аоане преобразовавu, .аеrко вoqun ~ 

вие. J. через . иwуJIЪСвую перехо~ фувкцо .axoJIOI CIIC!818 в 
с:аедую•ек виде:' t · 

J· ч\tJ + ittJ Rmlt.t)-2 j(~ttJ~('i') + f''ltJRm tt,'L))k tt,'t)d'L + 
t t о 

+ J J{ 1(Э) ~ l'L) + / t) [ R.,. lt,Q + R n (t, BJ]J k (t,S)ktt,tr)Qtd 8. (
2
I) . . -

МИВ.ИUИЗИруя Э~О :Выра&еВИО O!BOCИeJ!:ЬJIO tt .<t) t ПOJI1ЧDt Ч!О 
· аеобхо;~tимое . и ~ос!'а'l:очиое JС.nо:вже IOШJUqlfa J с :во~ в х sао-
му Ч1'О6н фув ИЯ k {t '1:') JЖOUC~ "'ЭОРВ.U. tarf8I':pa.вbl0tq уроне • 
BIIW 

){~ttJ~l'L)+ 1\t+ ~.8} t'L.~]} k tt,e) dQ - (22) 

= ~ lt) ~ tcr) ... ~ -t t .i R t t ,~) ) t cr 
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Это параметрическое ивтеrраnьвое уравнение Фредгалька первого 

ро)(а. Решение такого уравневив может содержать б - фушщии 
и вызыва~ъ поэтому сущес!вевные трудности nри nрактической ре

ализации. 

Пус!ь фувкциои8J1 J может принимать в ка1tДЬiй момент вре
мени задаввое допустимое значение 

2 2. t ( ) J = Е 9 + ~ с CJC = ~ t . 
В качестве фувкциоваJlа cJtouocти nримем следующий: 

t 

{28) 

{24) G = J .k1(t,tt) dtt. 
В этом схучае веобх~димое и достаточное условие для k ( t,cr) 
будет иметь :вид параметрического интеграnьного уравнения Фред

голька :в!орого рода: 

Лk(t,tf) + ({9 (В)з(сr) + Л2(t) [ Rm (rr:,e) + Rn(1, Э) J} k ( t,e) d е= 
=g(t)g{cr)+JA1(t)Rm(t,'t'), t >С{. (25) 

Так как праiаи часть этого уравнения представляет собой ограни

ченную функцию, то ~ решение будет необходимо содержаться Е 

масс в ограниченных функций, т. в. не будет с одержать 5 - функ
ций. 

В с~е, если бы функцион8J1 слоиости бWI ивтеrралоы от _~ад-

ража векоторого дифференциального оnератора вида: 

G = lt ( t ai kt'J( t,cr)] 2d.cr J (26) 
о Lzo 

кы поnучила бы интеrро-дифферевциалъвое уравнение, решение кото-

рого имело бы ограниченную произво~ую по крайней мере до nоряд

ка n 
Таким образом кы видим, что выбором функцианала сложности 

можно управлИ!ъ дифференциальными свойствами ~unулъсной nереход

ной фуНIЩИИ. 

это обстоятельство становится чрезвычайно важным nри оnреде- . 
лении струК!уры системы. Действительно, предположим, что лю6ая . иu

пуJIЪснал nереходвая функция k ( t,cr) , nринадлежащая к пекоторо
му классу, может 6ыть апnроксимирована со сколь угодной точностью 

с укмаuи вида 

{27) 
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Как известноз , в этом случае динамическая система может быть 
реализована в виде rn звеньев первого порядка, nричем диФ

ференциальное уравнение кazдQro звена имеет вид: 

Di(p,t)r(t)=Mi(p,t)n(t), L=~, ... ,n. ·(28) 
Дифферевциа.ль_НЪiе операторы Di ( р1 t) и Mi ( р, t) определяются 
из выражений: · 

. . D ( t) (t)-МJ _.j_. d~i ( t) 
. t р, r - d t tpi (t) d t 

1(r * i * С i 'fi. ( tr)= М i ( p/t') (/)L('l') 

где М i ( р, 't') - оператор, сопряженный Mi (р, i) 

(29) 

Для nолучения максимально простых структур естественно ис

кать среди множества сумм порядка m такие, в:ото..рые дают наи-

лучшее приближение: Em ( k)= infll k ( t:r)- Prn ( t, <r) 11· . (ЭО) 
Как известно~скоростъ убывания Em(k) целикок зависит от диффе
ренциальных свойств k ( t/r) и тем выше, чем вьuпе nорядок диффе
ренциальвости. 

В случае стационарных сигналов определение линейной стацио
нарной системы, оптимальным образом прео6разующей заданный сиr

нал в желаемый с функционалами слоsности в виде интегралов о~ 

квадрата имnульсной . nереходной функции и . ее проиsводных,nриводит 

к синтезу систем с минимальной nолосой .nроnускания. В работе5по
казано, что чем меньше полоса nроnускания, тем nроще физическая 

реализация системы. 

В · качестве другого nримера исnользования nринцилов слоzвос

ти,основанноu на втором, указанном выmе,методе nостроения mкапы 

сло r.ности, рассмотрим задачу синтеза нелинейнога дис.кретного фильт

ра с конечной nамятью, наилучшим образом иреобразующего заданвый 

стационарный случайный сигнал в желаемый, также стационарный. Ре

шение этой задачи в общем виде неизвестно и вр~д ли uozeт бЫ!ь 

получено. 

Рассмотрим шкалу сло~лости 

класс всевозможных полиномов вида 

,где Frn 



• 

(ЗI) 

Как ветрудно убедиться, такая система действительно является 

шкавой слоzвости и, в силу того, что любая неnрерывная функция 

моz~т быть сколь угодно точно ·апnроксимирована полиномом вида 

(ЭI) достаточно высокой степени, замыкание объединения классо~ 

U Fm содержит кnасс· неnрерывных ЩунiЩий. Фильтры :вида (ЭI) 
называют tапьтраuи Колмогорова~Габора0 ). 

В соответствии с привциnаuи сложности., синтез неливейного 

фильтра сводится к ре~ению вариационной задачи на класс е F m 
Как легко видеть эта задача эквивалентна задаче оnределения nро

екции случайной. величины у t . на . nодпространство образованное 

всевозможными линейнами комбинациями случайных величин 

Xt-i,X!-it Xt-iг' ... ,Ж.t-t X.-t~i.z ... X.t-i.m • 
Решение этой задачи ~ается решением системы нормальных уравнений 

метода наименьших квадратов относительно весовых коэффициентов 

h i, h i.1 iz' · .. / h i. t· • .. · L m • 
Однако .такой nуть оnределения нелинейной системы все еще 

с вязан с рядок трудностей. . 
Перван трудность заключается в быqтром росте числа подлежа

щих определению весовых коэффициентов с ростом стеnени nолиноми

ального фильтра nn и nамяти n . Нетрудно подсчитать, что 
это число будет равно 

N = f_ n(n+l) ... ~n+k-1) 
K=f . k · (32) 

Ест ественно, что большой объем весовых коэффициентов предъявля

ет nовышенные требования к объему запоминающего устройства и 

быстродействию дискретного фильтра. 

Кроке того, с ростоы числа :весовых коэффициентов быстро 

рас·тет объем вычислительной работы, необходимой для их определе

ния. 

Вторая трудность заключается в том, что многие методы оn

ределения весовых коэффициентов становятся неустойчивыми относи-



67 

!ельно ошибок nриближенных вычисвевий. 

Так, наnример, оnределение весовых коэффициентов по uе~оду нор

мальных уравнений nриводит к nлохо обусловленным системам линей

ных алгебраических уравнений, nричем с ростом порядка cиcтellbl 

обусловле~ность ухудшаетсв. 

В силу ограниченной ~~чвости nриблиzевных вsчислений,uы 

получаем nрактически некорректвую задачу. 

Таким образом, естест»енной мерой сло.ности фильтра Колмо

горова-Габора я»ляется число оnределяемых »есо»ых коЭффициентов. 

В соот:ве.тствии с прииципаliи сnожвости, необходимо » nрост~ 
ранст:ве, образованном всевозмоzнымИ линейными комбинациями слу
чайных величин 

Жt-i ,Жt-i.tЖt-t2 , ••• ,Жt·i•Жt-t{·Жi-i.мвaйти по;дпростравст»о . 
~шн1шальной размерности, для которого у;цоuетворяетси заданвый 

уровень ошибки или, nри задаввой разuернос~и, найти nо;дпрострав-

с т во, для котороrо ошибка мивика.nьна.Нахоzдение таких подпрост

ране тв uожво осущест»ить, nрименяв . перебор • . Одиако такой DJ!Ь с»я
зан с большим объемом вычислительной работы. 

Дли минимизации сложности фальтров вида .(ЗI) моzно восполь

зоваться теоретико~числовыми методами приблиzеввого аиализа7>. 
Действительно, во многих случаях заданный дискретный сnучай 

сигнал Х t и zелаеuый дискретвый сnучаЬый сиrвал Yt .могтr· 
быть связаны с некоторыuи вепрерыввЬIМи .сиrналами Ж(t) и ~(t) • 
Это будет, например, :в том с;пучае, есnи Жt . и Yt по;пучеВЬt . из 

сл;учаr ных неnрерывных си,rвалов ж(t) и ~{t) Dавто»анвем. -
Если это не так, то всегда можно с nомощью иитерпоnицки по

строить сигвалы ~(t) и ~ (t) , имеющие в ДJJокретвые моменты . 
времени те же значения, что и рассматриваемые ~вскретные сигналы. 

Без ограничения общности мы uoжeu счi!тать, что (n-f)Д•f 1 
rде А - интерваJI nавтовавии евучайного веnрерыввоrо оигнаnа, 
nорождающего дискреrвый сиrва;п. · 

Рассuотриu одно из oJiaгaeuыx степени ~ в {ЗI) 

- Xt-i. Жi-it ··· ~t-i.s f 1 

В силу сделанного замечания это cnaraeuoe можно рассматри-
вать как значение случайного nоли, задавиого на един~чвом ~ 



68 

керном гиnеркубе, в ~очке 

Само nоле будет ике~ь вид 

l ( t, l( 4, ••• ,rr~)=ж ( t-crf) ... х. ( t -tt' ~) • . < 33) 
Если неnрерывный сиrиа.п ~ ( t) имеет неnрерывную :в среднеu nроиэ-
:во;цвую порядка r:X- , то мопо доказ.ать, что случайное nоле ( 33) 
может быть аппроwс1имиро:вано следующим выражением .. 
ж(t..ar.~ .. ж(t-ts) = ~ж.(t-afk(modn)) ... ж(t-o~k(modn~8к('tf, ... 1cr~)tR, ... (84) 

rде Bк(tt'., ... ,crs) - некоторые базисШilе функции . ,04" ... ,а5 - . 
оnтикальн.ые коэффициенты, выбираемые согласно 1 

, р modn 
означает остаток от деления р на n • И R оценивается сле-
дуюm.ик нера:венствок _R

2 
n !n t n 

< L n-'·'4 _(35) 

Поскольку значение nоля :в любой точке uожет быть nредставлено в 

виде (34), то тем самым оно может быть nредставлено и в точках с 
координатами вида f 1 · · 

rr-- i rr-..L· tt -......L· f - n-1 _ t. 1 2- n- t L 2 , ... , ~- n-i ·L s · 
Но это означает, что любое nроизведение ~-u степени может быть 
выражено nриближенно как линейная комбинация n произведений 1-
с тепени вида 

(36) 

то-есть n-f 
Жt-i ... :r.t·i =L:Bк( t., ... ,.i~)X.t-a ft'(mcdn\· .. Жt-a,к(modn}+ R · ( 37) 

f $ КсО t ~ ~ , 

Формула (37) _ nоказывает, что nроиз:ведения, отличные от nрои~:веде

ний :вида (86), являются "лиmнимиn, так как могу~ быть nриближен
н nолучены из ( 37) . 

Таким образом оnтимальным nодnространством раэыернос ·rи 

будет подпространство, образованное всевозмошrыми линейны и ко ~би

nациЮlи системы случайных величин 

Q'!{·k,Ж!-Q,k(mocftt)2i-ct2K(modn),··:~Жt·OfK(mcdn) .. · Жi -й -1а К(mо ) . 
Иными словами , синтез неливейного дискретного фильтра оказалось 

возыоzныu свести к решению :вариационной задачи 

М { j у!- F [x'('t-(n-1) ~ f(. ~ t] /2} =т in 
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п-• n-4 . 
на массе фм:ьтров вида L.h~ :l.н/ Lh: Xt-a к(rnodn)Жi-O к(modn\+ 

k:O k:O • 2 1 

n-{ 

+ ···+ Lh; жt-oJк(modn)"'жi-OmK(modn) .• · К=О , (39 

Для оценки эФРектmшости минимизации слоиости моzао nривес

ти следующую таблицу числа :весовых коэффициентов полного фильтра 

Колмогорова-Габора . ( N) · и кинимизиро:ванноrо фИJiьтра ( Ni) при 
длине памяти фИJiътра n = f О. 

m 2 з 6 

N 65 : 285 ; з002 800? 

Ni IO 20 1 90 40 60 

Проведеиные численвые расчеты показали, ч!о несмотря на су-

щест:венную uиниыизацию слоsности .потери качества :воспроизведения 

желаемого сигнала составляют доли nроцента. Причем увеличение 

сложности фильтра :вида (39) не nриводит к существенному улучшению 

качества :воспроизведения желаемого сигнала, а :во многих случаях 

nриводит к ухудшению качества иэ-эа ухудшения обусло:вленнос!и си

стемы нормальных уравнений. 

В заключение следует отметить. 

Развитие теории оnтимального уnравления до настоящего :вреые

ни · :в основном, :в наnравлении разработки мат ематического апnарата 

для решения тех или иных задач схштеза, :в осно:вноu, без учета не

обходимости nоследующей реализации , без учета слохности алгоритмов 

определения оnтимальных систем. 

Но no существу эт две стороны nроцесса синтеза не отделимы, 

что особенно наглядно проявляется :в самонастраи:вающихоя системах. 

Поэтому в настоящее вреuя большую актуальность приобретают 
исследования no изменению традиц~онной nостановки задач син!еэа 

оnт . ;~алъных сис_ем с цедъю учета :воnросов сложности как алгорит

мов оnтимизации так и физической еализации nоследних. 
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COMP UTATION OF OPTIMUM CONTROL FOR A 
ROBOT IN A PARTIALLY UNKNOWN 

ENVIRONMENT 

I INTRODUCTION 

w. G. Keckler and R. E. Larson 
Stanford Research Institute 

Menlo Park, California, U.S.A. 

The optimization of systems in which stochastic effects are present has been 

s udied extensively by a number of researchers. 1 • 2 • 3 • 4 • 6 • 6 An extremely general 

formulation of these problems has been called by MeiezP the combined optimum con

trol and estimations problem; a solution to this problem has been formulated using 

dynamic programming. 6
'

7
'

8 Even though several theoretical papers have been written 

on this subject, there have been very few examples worked out for any cases but the 

l i near gaussian problem. 9 • 
10 

Th is paper first describes a dynamic programming approach that was proposed 

for t he problem of optimally controlling a robot, equipped with sensors, that is 

* operating in an unknown environment. A methodology is presented for formulating a 

class of stochastic control problems in which there are informational variables 

that specify the degree of knowledge about the physical state of the system as well 

as the physical variables of the type encountered in most control applications . 

These problems are present in a number of areas; the robot example discussed here 

is r elated to the general problem of unmanned exploration of a hostile, inacces

sible environment, while another formulation of this type has been developed f or 

mission r eliability problems. 11 The detailed calculations required to implement 

this approach are also described. Dynamic programming is shown to be feasible f or 

handling system equations, performance criteria, and constraints that simultane ous 

l y involve physical variables and informational variables. Another aim of this 

paper is to demonstrate the relationship of a number of concepts from system theor y 

to the combined optimum control and estimation problem; among the concepts dis

cussed are dual control12 and value of information.13 

In the robot problem , computational complexity incre~ses exponentially with 

the number of ph ysical and informational state variables. Thus, many problems of 

*A r obot project is under current study at SRi:., "Application of Intelligent 
Automata to Reconnaissance ," Contract AF 30(602)-4147, SRI Project 5953. 
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interest are too unwieldy to solve rigorously on present-day computers. In order 

to attack these problems, a heuristic method based on the optimization algorithm 

has been devised. It is thus possible in this paper to analyze the relation 

between the heuristic methods and optimization approaches for a concrete example. 

The results of heuristic methods are also compared with the performance of humans 

in some representative cases. 

The remainder of the paper is o~ganized as follows: Section 11 defines the 

mission of the robot and develops a state-space formulation for the problem of con

trolling it. Section Ill describes a dynamic programming solution method and 

presents results for some illustrative examples. The computational difficulties 

of this algorithm are also discussed. Section IV describes a heuristic solution 

method with greatly reduced computational requirements. The performance of the 

heuristic method is evaluated in terms of both the optimum performance and that 

obtained by a group of control theorists given the same information. Sect1on V 

evaluates the potential of both optimization techniques and heuristic methods. for 

solving practical problems involving stochastic effects. 

II PROBLEM STATEMENT AND FORMULATION 

The problem discussed in this paper can be stated as follows: A robot is at

tempting to perform a specified task in an unknown environment. As part of this 

task, it must travel to a particular spatial location, called the goal. There are 

a number of barriers that the robot cannot traverse; the presence or absence of 

these barriers is not known a priori, but their potential locations are all- known. 

The robot has a sensor system that can detect the presence or absence of these 

barriers; however, there is a cost associated with using these sensors. The prob

lem is to devise a policy for the robot that will find that path to the goal that 

minimizes the sum of the cost of using the sensor system and a cost that reflects 

the length of the path. 

This problem can be formulated as an optimum-control problem in which the 

minimum-distance requirement and the sensor cost are joined in a common-cost cri

terion. Minimization of this criterion requires that state and control variables 
# 

be defined that completely represent the situation and options of the robot. 

Complete specification of the state variables requires not only that the location 

of the robot in its environment be specified, but .also that the state of knowledge 

about the barrier configuration at each position be considered. Control options 
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include both movements to a number of adjacent unblocked areas and use of the 

sensing equipment to determine the presence or absence of barriers at more distant 

sites. Since additional knowledge can prevent wasteful moves, the expected bene

fit of observing must be considered each time that a control decision is made. 

The control decision is a function of present location in the environment and of 

the present state of knowledge of barrier locations. 

A simple problem that illustrates the features of this formulation is shown 

pictorially in Fig. 1. In this example, an automaton is attempting to find its 

way through the environment shown in Fig. 1 to a goal located at the upper left-

hand square, which has coordinates (x1 = 1, x
2 

1). As shown in Fig. 2, the 

automaton can move one square either up, down, left, or right. 

There are two squares on which it is possible that barriers are present; 

namely (x
1 

1, x
2 

= 2) and (x
1 

= 2, x
2 

= 3). The automaton is not allowed to 

pass through these barriers. Initially, the automaton does not know if these bar

riers are present; instead, it knows that there is a barrier in (x1 = 1, x
2 

= 2) 

with ·probability 0.4 and a barrier in (x
1 

= 2, x
2 

= 3) with probability 0.5. The 

robot can always "see" one move ahead--i.~ •• if it is within one move of a barrier 

loc~tion, it can ·find out if the barrier is there or not. For a certain price, 

which . is expressed as a specified fraction of a move (.3 moves), the automaton can 

make an observation of all squares that are two moves away (see Fig. 2). The 

objective is to find the policy for the automaton that reaches the goal square 

(x
1 

= 1, x
2 

= 1) from any initial square while. minimizing the expected value of 

the sum of moves and penalties for making observations. 

This problem can most easily be put into the desired framework by defining the 

complete state description of the system (information state) to be four-dimensional 

vector .!• 

(1) 

where 

xl horizontal coordinate in Fig. 1 

x2 vertical coordinate in Fi~. 1 

x3 state of knowledge about barrier at (xl 1, x2 2) 

x4 state of knowledge about barrier at (~ CO 2 > x2 = 3). 
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The first two variables are quantized to the values 

x
1 

1,2,3 

x2 1, 2, 3, 4 (2) 

The latter two variables are quite different from -the usual state variables as-

sociated with dynamic systems. Each variable can take on three different values 

as follows 

x3 = P, A, Q 

x4 P, A, Q (3) 

where 
p barrier is known to be present 

A barrier is known to be absent 

Q = absence or presence of barrier is not known. 

The control vector, ~· has three components. They are 

~ [::] (4) 

where 
* ul negative change in xl 

positive change in * u2 x2 

u3 = decision to make an observation. 

The variable u3 takes on two values 

u3 L, N (5) 

where 
L an observation is made 

N no observation is made. 

The set of admissible controls is thus 

u = { ~J . m . m . [;J . m } (6) 

corresponding to move right, move left, move up, move down, and make an observa

tion. The first two system equations can be written as 

* For hist orical reasons, the convention was adopted that a positive move was up 
and to the right in Fig. 1, while the dire ction of position x1 and x

2 
was as 

shown t here. 
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x
1 

(k+l) • x
1 

(k) + u
1 

(k) 

x
2

(k+l) = x
2

(k) - ·u
2

(k) (7) 

The uncertainty about the barriers is taken into account by defining a ran

dom forcing function vector w with two components, 

w
1 

~ presence or absence of barrier at (x
1 

= 1, x
2 

2) 

w
2 

= presence or absence of barrier at (x
1 

_= 2, x
2 

3) 

These variables can take on the values 

where 

, . 

B barrier is present 

R barrier is absent 

(8) 

(9) 

This vector affects only the state variables x
3 

and x
4

• In writing the 

system equations for these two variables, it is useful to define two auxiliary 

variables, and The variable takes on the value 1, i f t he cont rol is 

such that the presence er absence of the barrier at (x
1 

= 1, x
2 

= 2) will be de

termined; m
1 

0 otherwise. The variable m
2 

is 1 if the control wi l l de t ermine 

the presence or absence of the barrier at (x
1 

= 2, x
2 

= 3); m
2 

= 0 otherwise. 

For u
3 

N, m
1 

is equal to 1, if the move chosen causes the • next square to 

be within one move of the barrier at (x
1 

= 1, x
2 

= 2). For u3 = L, m1 is equal 

to 1, if the barrier at (x
1 

= 1, x
2 

= 2) is within two moves of the present square. 

Otherwise, rn
1 

= 0, Similar conditions can be written for m
2

• 

The system equation for x
3 

can thus be written in the form 

(10) 

where f3 is defined by Table 1, and where 

p{wl B) 0.4 

p(wl R) 0.6 

p(w2 B) 0.5 

p(w2 R) 0.5 
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Table 1: Next Value of for Automaton 

x
3

(k) 

p 

A 

Q 

Q 

Q 

Q 

Q 

Q 

The equation for x4 

u
3

(k) m
1 

(k) w
1 

(k) 

- - -
- - -
N 0 -
N 1 B 

N 1 R 

L 0 -
L 1 B 

L 1 R 

value of x3 (k+l) is the same for all 
values of this variable 

is 

where f
4 

is specified by a table similar to that in Table 1. 

- - · 
x

3
(k+l) 

p 

A 

Q 

p 

A 

Q 

p 

A 

(12) 

The performance criterion, which is to be minimized , is the sum of moves and 

penalties for observations. This criterion can be written as 

J = ~ t(~(k), ~(k)] (13) 
k=O 

where t[~(k), ~(k)] is specified as in Table 2. In this table, it is assumed 

that the penalty for an observation is 0.3 moves. 

Table 2: Value of t[~(k), ~(k)] for Automaton 

. x
1 

(k) x
2 

{k) u
3

(k) t[~(k) , ~(k) ] 

1 1 - 0 

1 ~1 N 1.0 

1 ~1 L 0.3 

~1 1 N 1.0 
\ 

~1 1 L 0.3 

~1 ~1 N 1.0 

~1 ~1 L 0.3 
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The constraints are that the set of admissible controls and the set of admis

sible states are as defined above. Also, if a barrier is present, a move to that 

square is forbidden. The extension of this formulation to a larger problem is 

straightforward, and the optimum solution for the general case is presented in the 

next section. 

Ill SOLlTriON AND RESULTS FOR THE COMPLETE-STATE REPRESENTATION 

The problem formulation of the preceding section satisfies the conditions for 

use of the technique "approximation in policy space. "1 • 14 Two of these conditions 

are that the system equationsand constraints have no explicit dependence on time 

and that the performance criterion be the sum of time-invariant terms over an 

infinite number of stages. Another condition is that there exist a state and con

trol that have a single-stage cost of zero. Finally, there must exist a finite

length path from this state to ahy other state that is unblocked with probability 

1.0. If the latter condition is not met, the expected cost of reaching the goal is 

infinite, and it is necessary to use the technique "iteration in policy space."16 

Because of the stochastic nature of this problem, the particular version of 

approximation in policy space described below is used. A proof that this method 

converges to the optimum solution can be obtained by using the results shown in 

Ref. 14. 

In order to start the procedure, an initial guess of the optimal policy, 

Q(O)(~), is made. One such control policy that is easy to compute is to pick the 

control that is optimal if all barriers are present , the worst possible situation. 

The corresponding minimum cost function, I(O)(~), is found by solving a deter

ministic minimum-path-length problem. Formally, this function is obtained from 

solving 

I(O)(~): t[~, ~(0)(~}] + I(O) {![~, ~(0)(~), !*]} (14) 

where f represents the system equation vector defined in Eqs. (7), (10), and 

* (12), and where w corresponds to w
1

: B, w
2 

B. A particularly efficient 

method for solving this equation is to note that I(O)(~): 0 for all states cor-

responding to physical location at the goal, and then to compute outward from this 

square. 

When I(O)(~) has been found for all ~·a new policy ~(l)(~) is found by 

solving 
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I'(!) = min [t(!, ~) + E {I(O)[!(!, ~· ~>J}J 
u w 

(15) 

- -
Since w is not allowed to be a stochastic variable, it is necessary to take the 

expected value of I(O) in Eq. (15). The policy !(l) <!> is the value of u 

for which the minimum in Eq. (15) is attained. However, I'(x) is not I(l)(!), 

the minimum cost corresponding to policy ! (1) <!>, because ;eo) appears inside 

the braces. The function I(l)(x) is found from 

(16) 

This equation can be solved iteratively as in Ref. 14. 

In general, a new policy !(j+l)(!) is formed · from knowledge of I (j) (x) _, 
using 

11 
(!) = m!n E<!, ~) + : {I (j) [!(!, ~· ~) J} J (17) 

The 
- (j+l) 

corresponding minimum cost function I (!),is found by solving 

1 (J+l) (!) = t(!, !(j+l) (!)] + E {x(j+l) [!(!, !(j+l) (!), ~] J} 
w 

(18) 

As already indicated, convergence to the true optimum can be proved for this case. 

When this method is app~ied to the problem described in the preceding section, 

the results shown in Table 3 are obtained. Several interesting effects can be ob

served in Table 3. The first is Feldbaum's dual control effect;12 this effect is 

said to occur whenever the optimal control is used to gain more information about 

the system instead of optimizing the performance directly. The effect is illus

trated in this example by the optimal contrors of looking instead of movin~ toward 

the goal. By imposing a penalty for the observation, the system is able to make a 

decision whether to gather more information or to continue moving on the basis of 

the information gathered so far. This occurs at (x
1

, x
2

, x
3

, x
4

) = (1, 4, Q, P) 

and (x1 , x
2

, x
3

, x
4

) = (1, 4, Q, Q). 

Another effect that can be observed is Howard's value of information. 15 This 

effect is related to the cost that should be paid in order to gain information. 

Again, this is illustrated here in the decision of whether or not to make an ob

servation; if the cost of 0.3 moves does not pay for the increase in performance, 

t hen the observation should not be made. At the two points where the observation 

i s made, it is interesting to note the optimal control and minimum cost for the 
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Table 3: Sol ut ion to Automaton Problem 
~-

Present State Optiaal Control lliniaua Cost 

xl x2 x3 x4 ul u2 u3 1 

1 1 - - - - - -· 0 
2 1 - - -1 0 If 1 
3 1 - - -1 0 If 2 
1 2 - - 0 1 If 1 

2 2 - - 0 1 If 2 
3 - 2 - - 0 1 If 3 
1 3 A - 0 1 If 2 
1 3 p A 1 0 If 4 

.• 

1 • 3 p p 0 -1 If 8 
2 3 - - - 0 1 If 3 
3 3 - - 0 1 If 4 
1 4 A - 0 1 If 3 

1 4 p A 0 1 If 5 
1 4 p p 1 0 If 7 

1 4 p Q 1 0 If 6 
1 4 Q A 0 1 If 3.8 

1 4 Q p 0 0 L 4.9 
1 4 Q Q 0 0 L 4.5 
2 4 - A 0 1 If 4 
2 4 A p -1 0 If 4 

2 4 p p 1 0 If 6 
2 4 Q p -1 0 If 5.9 
3 4 - - 0 1 If 5 

optimal control and minimum cost are the same for all values of this variable 

xl 

1 
1 

Table 4: Comparison of Optimal Control and 111ni111U11l Cost 
With and Without the Observation Control 

IU.nimum Cost Minimum Cost Optimal Control 
x2 x3 x4 With Without With Ho Observation 

Observation Observation u1 u2 u3 

4 Q p 4.9 5.4 0 1 If 
4 Q Q 4.5 4.6 0 1 N 

case where the decision to observe is not allowed. It is seen from Table 4 that 

at (x1 , x
2

, x
3

, x
4

) = (1, 4, Q, P), the net profit of maklng the observation is 

0. 5 moves, while at (x
1

, x
2

, x
3

, x
4

) = (1, 4, Q, Q), the net profit is 0.1 moves. 

The t echni que descri bed above has been implemented in a cOilputer program , and 

other l a rger examples have been solved. One of these is t he one shown in Fig. 3 . 
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There are four squares on which barriers are possible; the presence of each on ~ 

~as a probability of .7. The price of a look two moves ahead is still .3. The 

st a te vector of this system has six state variables -- the two position coor

dinat es and four information variables. Since this problem has 1620 possible 

states, the complete solution cannot be presented here. However, in only 29 of 

these situations is the look option chosen when it is availabl e . The improvement 

resul t ing from the use of this option at a cost of .3 moves ranges from .3 to 1.2 

moves. When the a priori probability of the presence of each barrier is re

duced to .5, 25 situations require looks, and the maximum saving is .8 moves. 

When the barrier probabilitY. is reduced to .3, the number of look situations 

declines to 12, but the maximum gain is again 1.2. A discussion of the reasons 

for the situations is interesting, but not central to the theme of this paper. 

Though the complete state description does lead to optimal solutions , the 

procedure does have one very serious shortcoming: the number of states that must 

be considered builds up very rapidly with the number of potential barriers --

where 

N 

N - total number of states 

nb- number of barriers 

- number of states which are used to represent the 
environment 

(19) 

Thus, a problem which requires a 10 x 10 grid to represent the environment 

and includes 20 barriers requires 1.9 x 108 storage locations. Although inform

ation states which do not affect the control (e.g. all but one of the states at 

a location one move from the goal) clearly are unnecessary, ·elimination of these 

will not reduce the problem to manageable proportions. The next section des

cribes a formulation that can yield control policies based on fewer computations 

than the procedure described in this section. 

IV REDUCED-STATE SPACE FORUMLATION· 

The problem stated in Sec. 11 does not require that the control policy for 

ali possible states be computed. If the problem is attacked in the context of 

the particular example the robot is facing, considerable savings in computer 

time are obtained. The solution is initiated with the robot located at a par-
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ticular ·position in the environment and equipped with a specific a priori know

ledge about the barrier configuration it must overcome. This includes knowledge 

of the possible locations of barriers and the probability of each one being 

present. The information about the barriers is not formalized as state variables, 

but instead is used as parameters for the decision-making process. The state of 

the system is represented by only the quantized position coordinates, x
1 

and x
2

• 

The control vector has the same five options given in Eq. (6), and the state 

equations are given by Eq. (7). If the control option "Look" is chosen, or if 

a move yields additional information about the barrier· configuration, the control 

policy is revised to include the new information. The performance criterion con

tinues to be the sum of moves and penalties for observations. 

The computation procedure . is much like that in Sec. Ill. The initial cost 
(O) (0) 

estimate J (~) is obtained from control policy u (x), which assumes that all 
- - (1) 

barriers are· present. The first iteration of the control u (x) is found by 

solving Eq. (15) at all states. However, only transitions to other accessible 

locations are considered when a move option is examined. The look option is 

evaluated by determining the value of each possible barrier configuration and 

the probability of this configuration occurring. The control option chosen at 

each state is that which tentatively minimizes the cost of reaching the goal. 
. (1} 

The resulting value of the cost, J (~}, is associated with this location. 

Iterations are repeated in the state space until the process converges. Conver-. 

gence to a final value is assured in the procedure and occurs in four or five 

iterations. 

This procedure results in actions on the part of the robot simulation that 

appear to be a learning process. When it is positioned at a particular cell in 

the environment, it is able to determine its next move through cansideration of 

the entire barrier and goal configuration. If this move increases its knowledge 

of the environment, the computational procedure is reapplied to determine if a 

better control policy can be found. Thus, as the robot moves through the envir

onment searching for the shortest path to the goal in a systematic manner, it is 

also mapping the environment. If it were again placed in this same environment, 

this "experience" would enable it to reach the goal much more quickly than the 

first time. 

Since this heuristic is not optimal, it is difficult to determine how 

effective it is. However, in one test, the. performance of a group of control 
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: heorist s was compared with the performance of the heuristic in the barrier con

f igur ations shown in Figs. 4 and 5. The barriers were placed according to the 

probabili t ies s hown in these figures. Solutions for six cases based on the 

configuration of Fig. 4 were obtained by the heuristic and by four people. In 

t he r~sulting 24 comparisons of control theorists with the heuristic, the heuri

stic pe rformed bet ter 11 times, poorer 7 times, and there were 6 ties. Five 

cases based on Fig. 5 were presented t o 5 people and to the heuristic. The 

heuristic won 16 of t he resulting 25 t rials, lost 6 and tied 3. Tables 5 and 6 

compare t he performance of t he heuristic with the average performance of the 

human s - in each case . 

Table 5 

Comparison of Performances by Heuristic 
and the Control Theorists on the Configuration of Figure 4 

-
Heuristic Average of 4 Control Theorists 

Case 
Mo ves Looks Moves Looks 

1 12 2 13.75 ,75 
2 12 2 13.00 1.25 
3 14 2 14.50 . 75 
4 12 0 12.00 1.00 
5 14 0 14.00 0 
6 14 2 14.50 2.00 

Heuristic's Combined Record: Win 11, Lose 7, Tie 6 

Table 6 

Comparison of Performances by Heuristic 
a nd t he Control Theori sts on the Configuration of Figure 5 

,- - r--
Heuristic 

Case 
Average of 4 Control Theorists 

Moves Looks Moves Looks 

1 12 1 13.2 .8 
2 22 1 21.6 ' 1.0 
3 18 2 18,8 1.6 
4 12 1 18.0 1.4 
5 12 2 14.0 ,8 

Heuristic ' s Combined Record: Win 16, Lose 6, Tie 3 
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The configuration shown in Fig. 5 is considerably more complex than that in 

Fig. 4; there are 100 states instead of 64 and the probabilities are no longer 

the simple .5 that humans can deal with intuitively. As shown above, the heur

istic, which considers each configuration in the same systematic manner, scores 

. better relative to the control theorists as the problems become more complex. 

Even though the heuristic is not optimal, it is able to deal with these problems 

more !uccessfully than can humans. 

V CONCLUSION 

The paper shows how additional state variables can be defined in a dynamic 

programming formulation to include information-gathering considerations in the 

decision-making process. An example iliustrates the change in control policies 

that result from these considerations. Although the complete state description 

of the system does provide a good example of the value of information, the num

ber of possible states increases so fast that solutions are not feasible for 

moderate-sized problems. 

A heuristic that includes much of the viewpoint of the complete description 

has been devised and applied to several grid and barrier configurations. In

stead of considering all possible barrier configurations, this procedure just 

deals with. the situation actually facing the robot. As new information is ob

tained, the solution of the problem is repeated. The performance of the route

finding heuristic has been compared with the performance of a group of control 

theorists, and it has been found to be superior even on moderate-sized problems. 

As the problems become larger, this heuristic will be far superior. Procedures 

motivated by the same viewpoint could be used to automate ~Y searches now done 

by hlDilans • 
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STAT ISTICAL PROBLEMS OF INFORMATION 
FLOW IN LARGE-SCALE CONTROL SYSTEMS 

by 

Juliusz Lech Kulikowski 

Inst ytut Automatyki PAN, Warszawa, Poland 

1. Introduction 

The theory of large-scale control systems is becoming a new 
rapidly expanding branche of the general control theory.An ex
tended informational set securing the system,its normal opera
tion and optimization of its operations .rank among the most 

. important features of a · ·large-scale control system ( Ler-
ner 10·) • It · seems desirable to consider a complex : o:t technical 
.means for obtaining, s~oring, transmitting . and processing in
formation in a · large-scale cantrol s.ystem as a functionally 
distinguished sub-system ref~d ~o as the inf-ormation sys
tem. An . Wormation system is usually subordinate . to the pur
pose of action of the c9r.responding over-~stem, and its oper
ations should be evalUated from ·the viewpoint of general cri
teria of effectiveness. However, in practice., it is convenient 
to consider the information system as a salt-governing one, 
having its own purpose and the criteria of effectiveness for
mulated in the specific language of the information theory.The 
development of the information systems theory ·as a branch of 
science situated between the large-scale control systems theo
ry and the information theory is a logical consequence of this 
fact. 

The development of rational methods of cho~sing an organi
zation for the information system designed, which wolud be 
suitable for reaching the purposes of the over-system, is one 
of the basic -practical problems of the information system the
ory. Optimization of such systems is a task which may be solv
ed approximatively, step by step only, since the information 
systems are highly composite, and usu~ly include sets of uni

versal and special electronic computers, autonomous memory 
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units, data transmission lines, commutators and a considerable 
number of auxiliary devices. The effectiveness of such an op
timization method depen -s to great extent on the ability of 
estimating the loss or even gain which can be reached through 
such or other reorganization of the system. A theoretical ana- . 
lysis of the system as well as its numerical model realized 
by a computer or observation of a real object can be accepted 
as a basis of such an estimation.The order in which the meth
ods have been named corresponds to the increasing costs in
volved, but, simultaneously, to the concreteness of the re
sults they afford. Since the projecting of an informational 
system is itself an economical problem, it is necessary to de
velop uniformly all the methods mentioned above: theoretical, 
numerical and experimental. This paper deals with the first 
group of methods only. An _attempt is made to propose a metha
matical tool suitable for describ~ the statistic - dynamical 
properties· of information and its value flowing through the 
system. 

2. General Problems 

(a) Information system organization.There are many concepts 
of interpreting the system organization.Hence the information 
system theory is considered here to be a branch of science,and 
the organization of the informational system is interpreted 
here in a narrower but more concrete sense.It is considered to 
consist of three components: 

- a generalized graph (di-multi-graph) describing the spa
tial structure of the system; 

_ an algebraic structure describing. the functional struc-

ture of the system; 
_ a class qt operational rules governing the information 

processing and transmission as a function of time. 
The choice of an optimum system organization thus becomes a 

strictly mathematical problem. However, the actual state of 
applied mathematics including operational research permits par
tial optimization of selected system parameters only;the opti
mization procedure is a kind of iterative solution of a multi-
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-variable functional problem. If the other factors of the sys
tem are fixed,the spatial location of the information-process
ing points (the nodes of the di-mul ti-graph) and the channel 
capacities of the transmission-lines {the weights correspond
ing to the directed borders of the di-multi-graph) may,for in
stance, be optimized; the linear. programming methods includ
ing some modifications of the transport-algorithm may be used 
here {Ford, Fu.lkerson 2 ). The optimization of functional 
structure and of the operational rules are considerably less 
homogeneous problems from the mathematical point of view. The 
problems become more complicated if the spatial and functional 
structures and the operational rmles are subordinate to some 
additional requirements of the system reliability. However, it 
does not seem necessary to consider a structural redundance of 
the system as a fourth factor of-its organization, because re
liability must be taken into account and optimized together 
with other factors. 

The functional structure and the operational rules of the 
system will be considered in a more detailed form after some 
new definitions are introduced. 

(b) The information value. In order to subordinate the in
formation system criteria of effectiveness to those governing 
the over-control system, a measure of the information value 
will be introduced. This value was first defined by Xharke
vitsh 5 , Bongard 1 and others authors. The definition given 
here is based on the present author's concept published in an 
earlier paper ? 

A basic element of the information process, as it will be 
considered in the informations systems theory, is the part dis
tinguished for its spatial, temporary and contents features, 
and called the message. Unlike the general the~ry of informa
tion, the micro-structure of messages, their subdivision into 
phrases, words, symbols, etc. will not be considered here. It 
will be supposed that every operation performed on a message: 
its generation in a source, storage in the memory unit, trans
mition to another point, processing the information it brings 
and so on, implies some costs on the one hand, and some gain 
due to the increase of the control effectiveness index r of 
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the over-system the message belongs to on the other. The value 
. v~ of the inf'ormation contained by the massage ~ can then be 
measured by finding the difference between the statistical 
means of this index calculated before and after receiving the 
message: 

. def 
vf = ·E ~r} - E {r} • 

Cri~ J . (r) 
(1) 

The control effectiveness index r (the net gain, for ex
ample) should be take~ assuming a fixed algorithm of action of 
the over-s,ystem in both complete and uncomplete · inf~rmation 
situations. The symbol E denotes a statistical averaging 

(r) 

over the random variable r , and sometimes may be considered 
to be the conditional random variable; the condition is then 
indicated behind a stroke. 

If it is assumed that the index r equals 1 when a fixed 
aim is reached, and equals 0 other wise, it may be .proved that 
the above defined information value is a logarithm of the one 
defined by Kharkevi tsh ? . It fol~ows that the . .defini tio~ 
given here is more general. However, it is based on the ass~p
tion that the messages are random events and the corresponding 
gains reached by the system are measurable in the probabil
istic sense. 

Now, let us suppose t~t several operations are to ·be per
formed by the information system on the messages, as for ex
ample: 

(i) the message is to be obtained from an information 

source s 1 = a1 (~ o)' 
(ii) the message ~ 1 is to be stored in a memor,r unit up 

to a fixed moment of time ~ 2 = a2 (~ 1)' 
(iii) some data ~ 3 necessar,r for further processing. are 

to be selected t3 = a3 (~2)' 
(iv) the data ~ 3 are to be transmitted to another point 

of the system ~ 4 = a4 (t 3), 
(v) the message ~ 4 is to be delivered to the over-system 

~ 5 = 8 5 (~ 4) ' 
where the input ~ 0 and the output ~ 5 will not be con-
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sidered in the context of the information system. Every one 
of the operations named above involves · a certain amount of 
costs. On the other band, the gain is realized only after the 
final operation a5 is pert~rmed. Optimizing such a series of 
operations would be possible in a total sense only, with the 
well known disadvantagei:r from the point of view of calcula
tio~. This difficul't7 :.c~ -~ reduced if the value of informa
tion is distributed .over-the -sequence of _functionally related 
operations in some arbitrary manner, as for example: 

messages: ~2 

operations: ---. a1 --.... ~---+ a3 ----. a4 ----.. ~---+ 

gain: 

costs: 

forthcoming 
costs: 

values: 

where: 

c1 

01 

~1 

01 . 

c2 

02 

.r-o2 ~, 

def 5 

= Lcj ' 
j=i 

r 

e3 c4 c5 

o, 04 o · 5 

r-04 r-C5 r 

1 = 1, ••• , 5 . 

Although the information value has been defined in a gener
al form, it cannot be. calculated without eome further assump
tions; this ressembles the situation connected with defining 
the value of a product component when only the final product 
brings a real income. 

The assumption of additiv~ty of information values: 

(2) 

(where the n denotes a logical alternative of the message) is 
also desirable for simplifying the considerations.This assump
tion puts some restri~tions to the· distinction of messages 
which should be independent both in logical and in statistical 
sense, but it is usually true if the information system serves 
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a large number of independent clients, as is the case w1 th 
post-office communication systems , information storage and re
trieval systems, open data-processing s~stems. and . so on. How
ever, it is untrue in strongly-centralized control systems, 
where the information carried by the messages concerns func
tionally dependent objects. In such a case the assumption of 
additivity of information values cannot be justified but by 
s~plicity reasons. 

Whatever may be the restrictions, the mathematical methods 
make it possible to generalize the results, namely, it is pos
sible to define the information value both additive and co~ 

parable in a generalized sense.This is possible supposing that 
the information value is an element of a partially ordered 
line~ spa<?e ( Kulikowski _ ? ) . 

Let X be a linear system with the operations of adding its 
elements and multiplying its elements by real numbers defined 
on it and satisfying the well known conditions of the commuta
tivity, associativity, ·etc. 

Let e be a null-element of X ' then for every X 

0 • X= 9 (3) 

the multiplication of x by the real number 0 being inter
. preted in the sense of the linear system X • Let us suppose 
that a property of generalized "positiveness" of some elements 
of X exists 

x~e (4) 

which satisfies the following conditions (Kantorovitsh,Vulich, 
Pinsker4 ): 

(i) X r 9 excludes . X = 9 j 

(ii) if X r 9 and y r- 9 · then X+ y }- 8 ,the adding 
of ele!D.ents· being interpreted in the linear system X sense; 

(iii) for every X ~ :X there exists an element . y r 9 SUCh 
that Y r X t it is y + ( -1) • X r 9 j 

(iv) if x r 8 and a> O, a · being a given real number, 
then a • X ~ 8 ; 

(v) f or every up-limited subset {x}c X there exists a 
strong upper- bound sup { x} • 
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already mentioned above. 
Let Z denote a set of all the possible meta-informations 

concerning the messages occurring in the system, and let z!l. 
stand for a set of all the possible finite series formed by 
ditferent elements picked out of the set Z • The functional 
structure of an information system can be in general defined 
as a class 1V of all the admissible -functional mappings of zK 
into z!l. itself. In order to simplify the . considerations it 
will be assumed that Z is a countable set,and hence the cor
responding information system will also be called a countable 
one.Further considerations will be restricted to the countable 
information systems on~. 

The problem of plSDning the tasks in information . systems · 
and of their operational management has been · given general 

. 8 
consideration in several papers, e.g. in the paper • However, 
the problem requires further investigati~ns. The main results 
published deal with some simplified information systems,as for . 
example transmission networks or central data processing sys
tems. However, the theocy of information systems is interested 
in the general methods of systems organization optimization,iri
cluding information systems of the most gener~ class. Opera~- · 
ional rules, for example, should be taken such that an optimal 
decision concerning the sequence of ~ta processing, the time 
intervals for every operation, the teQhnical means ·(computers, 
memory units, etc.) will be, in general, chosen so as to maxi
mize the total value of the information processed by the sys
tem during a long time-interval. It is almost impossible to 
get a strong-optimum solution of this problem, except for some 
particular cases6 • On the ot,ller hand, if · an algorithm of 
information processing. and ·the spatial and functional struc
tures of the system are fixed, several variants of the sets of 
operational rules can usually be proposed and their effective
ness can be compared. Such a comparison needs a suitable math
ematical tool. The latter can be based on the mathematical 
theory of queues, suitable modified, as has been shown below. 
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3. The Markov Processes Describing Information Flow 
in the Systems 

(a) Basic assumptions. In the theory of queues a crowd of 
"clients" arriving to a serving system is considered under 
the following preassumptions}: 

(1) the probability of a number ilk of clients arriving 
in the time-interval (t t t + Ll t) depends on the amount Ll t 
only, and does not depend on the time t itself (the arrivals 
stationnarity condition); 

(2) the probability in (1) does not depend on the number k 
of clients just waiting in the system (the independence of ar
rivals condition); 

(3) the probability Pilt{ ilk> 1}. of more than one client 
arriving in the time-interval (t, t + ilt) satisfies the con
dition 

lim 
ilt -.o 

= 0 • (5) 

Under these preassumptions the flow of clients gets the 
form of Poisson. However, when information systems are consid
ered it is desirable to make some further assumptions, since 
the phenomena are considerably more complicated, the messages 
flow, their informations interact and their values increase. 
The information measure (no matter how defined) and its value 
are components of a stochastio vector process with,in general, 
an uncountable set of states. In fact,it should be considered 
as a K-space. The realizations of the process suffer jumping 
changes at random time-instants corresponding either. to new 
messages entering the information system or to.some informa
tional operation ending. The process of interest is thus a gen
eral kind of the Kolmogorov-Feller stochastic process.However, 
the analysis ·of the ·probabilistic properties of such a class 
of processes leads to the systems of ,integro-differential equa
tions, a numerical solution of which usually cannot be obtain
ed in a simple form 9 • This difficulty can be overcome if 
an approximate description of the -information system is permis-
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sible. This can be obtained it the set of states is quantized. 
However, the meaning of the states of such a process will be 
diff erent to that used in the theory at queues. 

Let us suppose, for example, that in a given information 
processing point (i.p.p.) of a system messages having the fol
l owing meta-informational _properties may occur: ( 1) messages 
needing a "great" , a "mean" or a "little" number of logic and 

arithmetic operations to be performed, (2) messages which oc
cupy a "great", a "mean" or a "little" number of cells it stor-· 
ed in the memory units, (3) messages of a "common" or a "con
siderable" value or importance for the over-system. This gives 
a total of 18 meta-informationai classes of messages in the 
system considered. In order to describe a current state of this 
i .p.p. it suffi ces to say that a number k1 of the first
- cl ass messages, a number ~ of the second-class, and so on, 
are pr esent at a giv~n time-instant,and _that a message belong
ing to class s i s being processed actually. It the informat
ion system contains N i . p .p.-s, the t otal number M of meta
-informational classes should be multiplied by N • Unfortu
nat ely, this is a very hard restriction put on the theoretical 
analysis of the highly composed systems. 

The following additional assumptions will now be made. 
( 4) A discrete vector process is considered: 

( K ( t) ' s ( t ) ) = ( K1 ( t ) ' ••• ' X. ( t) t ••• t EM ( t ) ' 81 ( t ) ' ••• t 
••• , Sn ( t) , ••• , ~ ( t)) , ( 6) 

where : 
- t he component ~(t) is a scalar process taking values 

of a countabl e set {o, 1 , · 2, 3, ••• } , which indicates the 
nQ~ r f mes sages of the m- t h meta-informational class; 

- the compo.rent Sn(t) is a scalar process taking values 
of a ( :r + 1)-element s et [o, M] , which indicates to what 
m .t - · :.orm.a:tional class belongs the message actually process
ed in t he n-th i . p . p. 

(5) The new messRges comdx~ f rom the over-system for pr o
c ~~sing bel ong t o one of 1;he M meta.-in:f'ormational ~lasses 

Tb.e arrivals for·ra a multidimensional Poisson process with 
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statistically independent components: 

where the coefficients ~ m > 0 characterize the intensi ties 
of arrivals of the given class messages. 

(6) . The operational rules governing t~e information system 
are given by a deterministic vectvr-function ~ with the com-
ponents 

(8) 

where 8 = (s1 , ••• , ~) and k = (k1 , ••• , ~) are the real
izations of the vector processes S(t) and K(t),respectively. 
The function-component ~n describes what class message is 
going to be processed next in the n-th i.p.p. :providing the 
so called priority rules in the syst.em. 

(?) The jumps of value of the processes K(t), s(t) are of 
two cypes: 

- spontaneous,. and 
- stimulated. 
The spontaneous changes occur in one of the components ••••• 

~,(t), where 

M (n-1)-+ 1~n"~ 
N 

M n-, 
N 

(9) 

(these components will be gathered into a sub-vector k(n)(t) 
connected with the n-th i.p.p.), if the message comes to the 
n-th i.p.p. from the over-system or if the .n-th i.p.p. starts 
with another operation the former being ended. It will be sup
posed that the spontaneous changes occuring in different 
i.p.p.-s are statistically independent. 

The stimulated change is an , ~mmediate consequence of a 
spontaneous change of a component. ·functionally related with 
the given one. Let us suppose that component of the vector 
·k(n)(t) has been changed spo~taneously because of the coming 
of a new message into the n-th i.p.p. ·Thus, a stimulated jump 
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of the . sn(t) -component will be induced according to the prio
rity rules. Oc the other hand, if the component sn(t) is 

changed spontaneously as described above,the stimulated changes 
of a component of the vect~r ~(n)(t) as well as those of some 
component of th~ vectors k(v)(t) will occur, v being any in
dex of a i.p.p. functionally dependent on the n-th one, that 
is satisfying the equation 

v = V (n) , . n e ~ 1 N J , (10a) 

where 1V describes the functional structure of the system. It 
follows that to perform any operation in the system it is nec
essary to carry out some other operations. However, at this 
level of abstraction, the sequences of logically related infor- . 
mational operations performed in the system are considered but 
as statistically averaged. 

The slight diff·erence between the spontaneous and stimulated 
changes can be reflected by supposing a right-continuity of the 
spontaneously changing realizations, and a left-continuity of 
the realizations changing by stimulation, as illustrated in Fig. 
2. However, in probabilistic analysis of the processes both 
types of jumps must be taken into account together, which ena
bles us to consider the process on the left-closed right-opened 
time intervals only. 

(8) Let { v}; denote a set of indices v satisfying rela
tion (10a) for a given n , and { v} ~ - a set of indices sat ... 
isfying a reciprocal relation 

n= 'o/(V), (10b) 

The corresponding sets of i.p.p.-s will be called the input 
and output areas of the n~th i.p.p., the latter not being in
cluded in its input and output areas. 

Let Q(-)(k(v)' s(v)lkCv)' sCv)~ kC~)' sCn)) denote a con
ditional probability distribution (p.d.) of stimulated st~tes 

in the i.p.p. belonging to { v} ; , supposing that the states 

preceding th: jump· we:: kCvl' s(v)' k(n)' s(n) • 
Let ~n(k(n)' snlk(n)' sn' m) be a conditional p.d. of the 

n-th i.p.p. states after receiving a message of the m-th class 
from the over-system. 
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Let ~ n(k(n)' sn ~Cn)' s(n)) be a conditional p.d. of the 
n-th i.p.p. states after a spontaneous change caused by the 
ending of an operation. The following condition should be sat
isfied according to the priority rules governing the n-th i. 

for sn = cp n(k(n)) .only, and = 0 otherwise. 
(9) In order to derive the basic equation,a conditional p. 

d. qn(k(n)' snjk(n)' s~, k(v)' 8(~)) of the state~, k(n)' ,sn 
~~edi~:ely after a ~ump of any type, the states k(n), sn , 
k(v)' s(v)' v e {v}n before it given, is necessary. Since 
four typical situations are possible: the spontaneous jump in 
the n-th i.p.p. or st~ulated jump caused by a spoDtaneous 
one in the input area { v} ~ on the one hand, and .the arrivai 
of a new message from the over-system or the ending of some in
formation processing inside the system on the other hand, the 
conditional p.d. shall consist of four parts: 

qn(k(n) t snl k(n)' s~, k(v)' s~ ) • 6 t = 
= i\n(k(n)' snlk(n)' sn)· l'n(s~) • 6t + 

+ {~ :le n(i[(n)' snl k(n)' s~' JA:) • f> .fl- • ll t + 

~ (-) ·- 1- , 
+ ~ + Q (k(n'' sn k(n)' s~; k(v)' s;)x 

ve{v}n ~ 

x[LJ3J.L + d'vCs;)J • 6 t + 0( 6 t) , 

{J.L}v 
(12) 

where: {P}v denotes a set of indices corresponding to the meta 
-informational classes of the messages belonging to the v -th 
i.p.p.-s, and ~vCs~) is the intensity coefficient of opera
tions taking place in the v -th i.p.p. 

(b) The basic eguation of information system.Let P(k, s; t) 
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denote a p.d. of the instaneous states of the processes 
Xlt}, S(t). A set of differential equations describing the a
bove mentioned p.d. as a basic characteristic of the informat
irm ~st~ _be~v!our, shall be derived. !et the distribution 
P at a time-instant t + At be considered as a function of 
its value at a time instant t : 

P(k, s; t . + ~t) = P(k, s; t) • n [1 ~ J3m• At+ O(A t)J)( 
(n,m) 

X [1 - 1n(s~) · • At+ 0( At)] + L L L P(k'' s';t)x 
n {v}; {it' ,s'} 

x[qn(k(n), snl k:(n), s~, k{v), s~) • A t + 0( At) J . (13) 

If we substitute the expression (12) into (13), open the 
parantheses, take the therm P(k, s; t) .over to the left side, 
divide _l?o~h sides of the equa~~~l:l by ; A t ~d _ pass to the 
limit at At-+ 0 , we obtain the result: 

:t P(k, s; t) = -P(k, . s; t) • [L: ~m+ L 1 n<s~)l + 
m n 'J 

which should be completed by the requirement 

. L P(k, s; t) = 1 for every t E [ o,oo)(14a) 
{it,s} 

4. Final Remarks 

Despite its complicated form it can be remarked that the 
basic ~quation (14) is equivalent to the matrix equations of 
the general form 

rv . 

.£._ P(t) = 'Q • 'Pet) 
dt 

(15) ' 

where P(t) is a column-vector of the probabilities P(k,s;t), 
k, sE {k, s} (in general, of a countable set of components), 
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and Q - a corresponding infinite square-matrix ot the con
stant coefficients depending on the properties of the informa
tion system, as is evident from the equation (14). A possibil
ity of getting a numerical solution depends on the form Qf the 
particular matriX Q : which seems unreal it the system is 
very large and very compact, that is i1' the input and output 

areas of every i.p.p. cover th$ whole systea.However,the depth 
of the functional relations ls -usually .limited· if ·systems with 
hierarchical structures are considered. 

A formal solution ot eq~ation (15) is a matrix function 
. - Q( t :.. . t ~) . . . . CO . 

P(t) = p~·- e = PO L:= ....1.. 'Q9(t - to)9 (16a) 
{»=0 pi 

where 
(16b) 

is the initial state. The. practical seDS$ .ot this formal .solu
tion consists in that it is possible . to .get some approximate 
numerical solu-' ." ons, if necessary. On the other hand, the gen
eral form (14) or (15) makes it possible to get some asympto
tical general results. We are usually interested in estimating 
the system behaviour at infinity, t ..,. oo • Putting (d/dt)P(t) 
= 0 in (15), where o. is a null-vector, we obtain ,.. 

,w ,..., -

Q • p = 0 • (1?) 

·Since we are interested iD the non-trivial so~tions of 
this set of linear equations only, the requirement 

-Det Q = (1?a) 

follows immediately. The latter can be regarded as a necessary 
condition of the intormatio~ system's probabilistic a~ ~ptotic 
staoility • 

.An.other problem arises if a s olution of ·the basic equation 
(14) is known, and i·t mB.J' be formulated as follows:wb.at info:~
Illaticn concerning the 'continuou.s random v.ariables I, V ~ de
scribing the information measure e.nd value, C&ll be extracted 
from the solution giveD i.n a discrete form"' 

Let {I} x -{v} denote an uncolJ.ntabie set ~ all oseible 
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information measures and values: the set {I} is a non-nega
tive half r eal axis, and { v} is a "non-negative" cone of a 
K-space. Let a partition of {I} x {v} into M · measurable 
non-overlapping cells W1 , w2 , ••• , WM be given in the form 
of. a conditional p.d.f. u(kli, v). Let use consider a random 
vector-variable: 

K1 

(I, V)_= L 
K 

(I, V) + ••• + 
df1 

(18) 

where: (I, V)~M denotes the conditional vector variable (I,V) 
supposing its value belongs to the cell Wm' and K1 , ••• , Ku 
are discrete random variables described by the p.d. P(k, s). 

The p.d. sought for can be obtained iri the form of a densi
ty function by applying the Bayes formula 

where 

p(i, v) 

p(i, v) • u(kli, v) 
w(i, vlk) = --------

P(k) 
(19) 

P(k) = L P(k, s) , (19a) 

{a} 

is a p.d.f. of the random variables I, V,which is 
given a priori on the basis of observations of the input. mes
sages coming from the over-system. The solution of the basic 
equation (14) given, the original continuous variables I, V 
can be reconstructed on the basis of their quantized represen
tations. 
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