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3
K CUHTE3Y ONTHMATBHEX CHCTAM YIIPABJ THAA
C JUYETOM SALAMAHO. HA EAHOCTH

AJEKCAsB K.B.,
(Mocksa, CCCP)

3aBox BIY3 npu aBTosaBoze wM, U.A.Juxauesa

3 o6mero uwucia TpeGopanmil, OpPENbABAASMHX K CHC-
TeMaM aBTOMATWYECKOr'0 YHDaBISHUS C [IPOIOJXUTENbHHM
BpeMeHeM paGoTH, Tpe0OB&HUS HALEKHOCTHA SBAAETCA OCHOB-
HHM. [eM He MeHee IpM pacueTe ¥ OPOSKTUPOBAHMMA TaKUX
CUCTEM 3T0 TpeGoBaHUEe O0ecHeuuBaeTCd B IOCIEIHOO oye-
penb, [OCIe TOrO K8E [pPOU3BeieH BHOOP CTPYKTYPH E Cxe-
MH CUCTEeMH. L8HHOE OOCTOATEIbCTBO O0DACHASTCHA HE TOJb-
KO TPYLHOCTHD BHABJCHUS S8BUCUMOCTH E8YSCTBEHHHX H
3Hepre TMYS CKUX X8PAETEeDUCTUE CUCTEeMH OF CTaTHCTUUECKUX
nokesaTejell HaNexXHOCTH, BXOLALKUX B €8 COCTAB BIEMEHTOB,
HO K HECOBEDUEHCTBOM MCHOAbL3YEeMHX METONOB MCCJ el O0BaHId.
PespatoraHHHe B NOCHESIHAE I'OTH METOIH KCCIELOBAHMA CHC-
TeM yNpaBICHUA C OOMUX TEeOopeTHYUEeCKHX HO3uLMi #, B gacet-
HOCTHU, ONTUMANbHHX CHCTEM, [I03BOJAOT HCIOQIL30BATH Cy-
[eCTBYONy0 38BUCHMOCTE MEEIY YKa385HHME XapaKTepHC ThH-
RaMIl ¥ [OKAa3aTeidAME Ha HayalbHO! CTeiuy UX [IPOERKTUPO-
BaHug. OnHMM N3 TERUX METQUOB, [ONYUHBUKX [MUDOROS
pacnpoCTpaHEeHUe H& NPaRTURe, SBIACTCH NPHHOWI MAKCHMYy-—
ua [omrparuma [1] .

B normajme mig OOpeneieHHOI'C KJIacCa CHUCTeM Bloep-
BHE JeN8eTCH NONHTKE NPEeJIOEMTE CIIOCGO CHHTE38 CUCTEM
H&8 OCHOBE OGOOMEHHOI'O KPUTEpPAS ONTHUMEIbBHOCTH, BRINYAD-
Uero TpeGOBAHMA K TOYHOCTHM , 3HSPreTUUESCKEM 3aTpaTaM
% 3araHHOll HaNexHOCTH.
1. Meror uccaernoBaHus

CymaocTs npmHnuma MmaxcuMyma lloHTpArMHE sarIOYaeT-
CA B HA8XOXJCHANM SKCTPEMajJbHOI'O SHAUEHUd HEKOTOpOro
dyHKqUOHENE, ABIAOLETOCA MepON KOINYECTBEHHOW ONeHKH
COOTBETCTBUA CUHTE3UDyeMO# CHCTEeMH, OpeibABIAEMHM K
Helt TpeGoBaHMEM. B KayecTBe MOCHeNHUX JJAA DacCMaTpH-
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BASMOT'0 KI&CCA &BTOMATUYECKUX CHCTEM ODUHUMEOTCA:

1) M4HMMyM BSBemWEHHOR IMCHEpCHE OumMCKHM CHCTEMH;

2) MAHUMYM NOTDeCHSeHMS SHEpPruHl.

[lpg aTou npeniomareeTcd, YTO CUCTEME8 OTBEUaET
sagarHoR HagexHocm Ty (BepogTHOCTH GesorkasHoll pa-
GoTH).

CormacHo ODUHOMIY ME8ECHAMyMa, CUCTEMa8, YIOBISTBO-
PAOHAA NPUBEISHHHM TPeC OBAHUAM, ABAAETCA ORTHMATBHOM,
npuueM OHa EMeeT peleiHyo CTPYRTYpPY. OTO IO3BOJIAET
CRAS&8TH HAISKHOCTL CUCTEMH € MARCHUMAILHO [OMyCTUMHM
Y#CHOM MEeperIOueHR peneiHOro aaemeHra. B cBObL ouepens
4NCAQ NEePeRNOYSHUA SaBUCUT OF pearisyeMoro KedecTsa

padors cucTeMH. OCosHauas yepes F BEeXPOp-~-CTOIXGel]

ommdxn CUCTEMH W [ONarag MoTpeCieHue 3Hepru:u Iponop-
N¥OHAXLHHM BENRUMHE yupapifouero soazeicrsus |U | y
IPURIZAHBEEMOre E O0BEKTy YIODEBICHUSA, BHpameHue QyEx-
IUOHaNE, KCNQIbL3YEeMOro NpH YLOBASTBOPSHUMA IPUBENSHHHX
Tpel OR8HKA & cnﬂmeue MOEKHO SamicaTh B BUIE

4
—;]( Attt [ jupdt ()

rue ty - apeua yrnpaBieHAa,
(, # (, - BecosHe KOdQJUI[4eHTH.

Benencreae HeLOCTaTOUYHOCTM NPUHIUNE MAEKCUMYME
onpejeleHre ONTUMAILHOrO YIpaBISHUA u* IpousB0-
JUTCA M3 MHOKSCTBA @KCTpevManbHHX ynpasaremui U .
JdTa sarava ABJAETCHA Haudbojee cHOoxHOR W, K8R OPaBUioc,
pemaeTcAd OyTeM MCCHENOBaHUA Hpoliecca ynpaBieHUA B da-
B0BOM ODPOCTPAHCTBE. JJA SAMKHYTHX 8BTOMAaTUYSCKAX CHC-
TeM ODA [POBELEHHWU TAKOr'0 KCCIeOBAHNAA NpUMEHAETCH
MeTOoj, WHBEDPCHOr'O BPEMSHM, NDE KOTODPOM ONTHMAJbHHE
‘TPEeKTODWE HSXOJATCH pelleHMeM cucreMy auddepeHunars-
A ypasHeHsil 10 UHBEDCHOMYy BPEMEEER OT HEXOTOpPO#l Tou~-
¥z B {830BOM ODOCTPEHCTBE, B COOTBETCTBAM C BHUMC-
AAETexbHOR Npolenypod NpAHIAIIE MEECHUMyMa BHEYale B
3POM HPOCTDAHCTBE BHISNLOTCA OONECTH PKRCTIDEMalbHEX
ynpepaemil, rpe dyskumuonan (1) mpxobperaer OTHOCHTSI:-
e vupavyy. Pa3oBHe TDAEKTODAU COCTOSHUA CUCTEMH B
NEFHON 00JaCT#M OTAUMUYATCA MOMEHTAaMA 1€ DeKJoWeHui
YNGR SHAS U ,Kaxnag KOMIOHEHT& RKOTOpPOr'c AMeer

E
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B ofWeM ciyuae TpU BOSMOXHENX sHavemus: + 1,0; - 1,
[Ips uETerpmpoBaHMK MCXOLHOrO NUPPepeHIManbHOro ypam-
HEHAS CUCTEMH B MHBEPCHOM BDEMEHH, yK838HHHS MOMEHTH
nepexaiodeHnit yIpaBiSHAS MOXHO BHDE8BUTH USPes BDEMA
T, , xaparTepusyomee BpeMs jgefiCTBHA HE cucreMmy
ynpaensommx soageltcrsui#t. Torga aGcomoTH?® MEHEMYM
$pynrozonana (1) HexomuTCH M8 yCIOBUA
13
— n
iT .
pm ‘ (2)
2
11,3
s :
rue

X, u)=13(%,) ,

I, ~ HayanbHoe sHauenme ouwnokm ( 1 =0 ) uim sma-
YeHuEe OWMOKMW, NPA ECTOPOR HNpPOMCXOLMT CpalaTHBaHME
pene (BrIOueHHWE yOpaBISHUS).

BuGop T, us ycmosua (2) ogHosHayHO onpejeiser
on rMManbHoe ympapnemue (¥ .

HanexsocTs cucTems & apaserca QyHRIue# cTpy:-
TYPH CHCTEMHE S ¥ BpeMeHH ee (QyHRHIOHMDOB&EUA T .
UoHfTHE CTPYRTYDH CHCTEMH BRIOYEET B ce6d B JaHHOM
cliyuae KOMIUIEKC KOHCTDYKTMBHHX Mep, MOBBOIRPKMUX o0ec-
HeYNTh Pas3NAWUHHEe YDOBHM HELSKHOCTA CHUCTEMH. Bpemsa
$yHEIMOHUDOBAHEA CHUCTeMH T MOEeT GHTh ODELNCTaBIEHO
3aBucuMocTeio o T, .

Takum oGpasom,
=l T)=1(8 ).
Torga HaxoxneHme ONTHMAIBHOI'O YHDEBISHAA CBOLUTCA K
DellCHMD 38184yd O MuHMMyMe ¢yHruuoseme (1) mopm gounoa-
HUTSNIbLHOM OTPaHUYeHAR
=YY N
Ias sToll eam MoxeT OHTH ACIOILS0BEH MeTOI
larpenxe.
Yexopme (2) nepenmmercsg Temeph B BULE

3 . o -
eI Akt ) =0, ()
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rie ) - mEoxuTenb JarpaHza.
Korpa Bpems ympapieHus T, Texke NOLJISEUT OIpe-
| IeneHUO, ONTHMATLHOE yOpaBieHWe HAXONUTCA U3 CISiyo-

MUX yCHOBH# (3(ty, Ty l?(ty.Tus))

ity L
d(:(tg,?,)"‘&?(tg,'t',S& ( )

it

lonyyennne ycnosma (3) u (4) oCmervaior BHGOD CTDYyXTY-
DH CHCTEMH, OTBevaimell IpenbABIASMHM TP OBEHIAM C
y4eToM 33JaHHORX HafexHOCTH.

2, O6ocHOBaHAE METORa WUCCISIOB&HUS

PaccMoTpuM cucTeMy ynpaBiacHMUs opueHTanueldl gera-
TeIbHOI'O anmapata.

[IycTs yrmosoe momoxeHWe amnapaTa 3gnasTcd B OpOK-
TIbHOR 6a30BOR cuCTeMe oTcuera (XY¥2 C H8YaJOM B
ueHTpe 3emnu. OCosHawumM uyepes ¥  yLAOBYO CKODOCThH Bpa-
nesus aToR cucTeMu Bokpyr ocm 0% (fur. 1), Sajaua
JUOpaBiISHUA, paccMaTpuBacMasg HAES, 38KJOUYaeTCa B COBME-
NeHUU OCH ng CHCTEMH KOODLUHET ﬂlyl , ECTKO CBH-
38EHOH ¢ amiapaToM, Ch IeOleHTDPAYEeCKO BEepTURaIbBO B
IJIOCROCTH, NpoxonameR gepes och (Y cucreMm OTCYeTa X
BESKTOD CEQDOCTH v [eHTpa Macc amnmapara,

CacTeMa opueHTAIUM BKIOYESeT B cel0d:

-~ OLHOBOOPIMHATHYO BEeDTUKaNb [Jg WIMEDSHUA yrio-
BOro paccoriacopamids (OUMGKM yUpaBicHUA MEXIY OCHMU

wa 0y b L.

- [Be [apH CTDy{HHX comel, COOTBETCTBYLLUM 0Cpas3oM
yCTaH OBISHHHX Ha KOpnyce. amnapaTa, njas8 OPWIOKSHAR K
anmapaTy yopaBiadomero MoMeHTa My

- yCUWIU TeIbHO-Ipeol0pas3younue yCcTpoiicTBa X 3JIeKIpo-
MarHATHHEe RIaMNaHH COISHOMIHOrO THIa, NpeiHa3Ha4YSHHLE
IJA yupaBJieHAS pacoToil CIpYMHHX comexd.

B mpegmonoxeHM#, 4YTO anmapaT gBaAeTCA a0COMOT-
HO TBEpIHM TejIoM, &8 OCh Ug - TJIaBHOR OChO UHESPIMU, OU-
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HaMUUEeCEUe CBOMCTBE OGBEKTa JUDEBJEHHA OMACHBAKTCH
ypaBHeHueM ity

_IT}.=M!(")’ Mg (t) {59

ruge Y - yrioBoe OTKJIOHEHHE &NI&para;
I - MOMEHT MHEpLuH;
Mg - BOSMymabmEil MOMSHT.
_BeaepcTeuu OpOUTENBHOI'O LEAKCHAS annapaTa CUIHAT
Ha BXOIEe CHUCTEMH OpUEeHTauuu CyIer

‘,‘X =t ¢+ L X (5)
rme Yo - HavampHOE SHAUEHHE Pex mpH t=0.

CnenopaTenbHO, OWUOKE OPMEHTELWMYU OINpELEeRAETCH
PEBEHCTBOM

0= Pex(t)-9t)=Vt*9- 9. (1)

Ha fmr. 2 msobpaxeHa GIGE-CXeMa8 SaMmKHyTo#l cucre-
ML OpUEeHTaUud. [peGoBaHEA, KOTODHM [LOJIXKHA YIOBJIETBO-
PATh NaHHasg CUCTeMa, OHI& [pUBELeHH BHIE.

PaGora cucTeMH OpUEHTALUM IPOUCXOLAT CJIEILYOUHAM
o0pasoM.

{Ipy oTrRIOHeHUM ammapara Ha yroax 8 » 83 , DIe 8, -
JoOycTuMag OmUOE8 OpUEeHTalM, MPOUCXOLUT BKIOUCHUAE
CcTpyitHNX comexn. B pesynbTeTe pgeitcTBMa Ha ammapar
YyOpaBAANIEr0o MOMSHTE ouuCEa ycrpaHdeTcd. OpHaKo opOu-
TajbHOE OBUEEHUE anmnapaTe ¥ BIUAHNE BOSMyMaoIero Mo-
MeHTa8 CHOB& MPUBOINAT K HEROMWISHUIO OWMOKM ¥ BEIOUEHUO
comnen,

OGosEauuM BpeMA OTPaGOTKY OWXCKM OpKEeHTaUUH

0=03 yepes ty , &8 BpeMs HEKOLISHUS OWMOKM UYepes
tn . Torma wuciao OURIOE N OTP2GOTKE M HaKOLIEHUA
omuGRE sa& BpeMa T nogeTa anmapsTa OyLeT PEBHO:
h= —Llw . ()
t] “in

Lng peneiiEoil cucTeMH ODKEHTaUUM B TeUeHHE ONHOr'o
OMKTa TPON30/LeT ueTHpe mepeknoueHus B cucreMe (pexe
U RjIameHs), B BCEr'o 88 BpeMs naiera Yn mepermoueHui.
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CcrM 3TOMy YMCIy OEpPEeRIOUYEHUZ COOTBETCPBYEeT BEpOAT-
HOCTh Ge3oTkasHoO@! padorn cucreMu P(§7T)< Py , To
TpeGoBaHME K HAIEXHOCTH He BHIOJHASTCH. OTO BSHAUAET,
9TO JOCTUXAMAEA OPM BHODAHHOK CTDYRType S CHCTeMH
TOYHOCTh ODMEHTENWE He OTBeYaeT HaSHAYSHMO IeTaTelb-
HOro annapara.
- PacemoTpuM BuGop sHauemma ty , coorBeTcTBybmeEro

Ol TAMAILHOMY yUDaBISHED.

[lararas yraosyo CKOpPOCTH ammapaTa MOCTOAHEOR
( Y =unst ) =3 pasemces (7) maxomuu

ﬂ_"._.g__d_q_,ﬂ de

it dt dt? 1 dt?
dTo mosBoaseT mepemicarTh ypasHemse (5) B Bmme
dhe M M
dt* Y I
T =- u(t)-me(t), (3)

dt?

rme M

1= b )= mp(= B
Ml - IpefelbHO [OOyCTUMOE 3HAUYSHUE YIIPABAALMEr0
MOMEHTA. : ?

Uocromery My >> My -, TO B TeuyeHme BCEro BpeMe-
44 pagoTH comex ty BIMAEMEM BOSMymaolieTo MOMEHTa Ha
yriIOoBHE JBUXESHUAA anmapaTd8 MOXHO OpeHedpeyb. 38 BpeMa
Ha8KOUISHUA OWUGKE BoaMymapmuit MOMSHT U3veHAeT YI'AOBYD
CRODOCTH amnmnapaTas Ha BeAUWAEY -%1~tn opa Mg = (anst .

BeregcTBue MasOCTH DpPEMEHHOro uHTeppana ta Oy-
geM paccyuaTpuBaTe Mg (t) Rar mMOyJabcHOe BoO3Mymapmee
BO3OeilcTBRHe HA almapaT B MOMEHT BKJOUEHdUs comel (t=u) -
.8, '
Mg (t)= Mg () , (10)
rie Mg, - OJonagbh MMIYILCE; :

i(t) - fymrogua Lapara.
Ocosgauuy
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X, (E)=0(t)=3t+ 9= o(t),
;,m-“—-o e(t) ,

¥ mpencTaBuM ypapHeHue (9) B BUe CHCTeMH U8 JBYX
ypaBHeHull mepBoOro mopaiga

dxi(t) _ dx e V
SO e, Sh=cw) @)

O& CIefyomEX HaUaIbHHX yCI OBHAX : (12)

X(0) = Xyo= %o , Xy(0)= X9 = V-9(0).
C yueroM BHpDaxecHMS Jas BosMymaomero MomenrTa (10) moc-
JefHee yCIOBME MOReT GHTH S&IACAHO TaK:

2

I'JLe Iao = ‘ = m‘. )

M
Mo = I‘°
XapakTepHO, WTO jeilcTBME BXQEHOTO CHT'HAIE H BOS-
Mymaomero MOMeHTa ODOABAADTCH 4Yepes HavyalnbHHe 8Haue-
HEA BEKTOp&8 COCTOSHHEA CHCTEMH

_X(0) = (Xig s Tan) -

3HavyeHEs aroro sexropa B MomeR? t = ty nmpmwen
PeBHEM HyJID, ..

I(t)) » (0 0) , (13)
opusex ty  moEa He ompejeleHo.
TaruM oOCpasoM, I'DaEMUYHHE YCIOBEA CHUCTEMH YpP8B-
menuit (11) mnu ommoro ypasHemms (9), samscamHOro B
HOBHX O0OO3HaUSHWAX RaK

2
L -, (i)

Or'OBODEHH [10IHOCTHD.
B COOTBETCTBHY C NPUHIMIOM MARCUMyMa HaliieM BH-
paxeHue mx raMWibPOHEEHE

R L)+ G Xy @)Ut [~ W) ). 15)
Yp&BHeHllﬂ LIS CONpAXeHHHX nepeMeHHHX Pi(t) ® P,(t)
HMSDT BT
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dp (&) __ dH =-0 % (t)
e e bk bl (16)
dP::t) e ::z =—c‘xg(t)-P1(t)‘

[lockanbRy HayalbHHE U KOHEUHHE 3HAUSHMSA BEKTOpPa& COCTOA-
ma X (t) s8aaHH, I'PAHUUYHHE YCIOBHA A OIpelfeleHnd
P(t)u Py(t) us ypaseemuit (16) mory? OuTh BSATH
npousBaTbHEMA. CucreMy ypaBHemuit (16) MoxHO sammcaTh

OIHUM ypa8BHEHUEeM BTOPOro IopAIKa

4t (t)
dt?
Kar Bumso ua ypasHemuit (11) u (16), onpemememme
onruMansHoro ynpasaemus W'(t) cBasaHo ¢ HaxommeHmeM
conpAXeHHOR mepemeHHoit P, (t), ROTOpagm B CBOO Ouepenb
S8BUCHT OT TERyuero SHAYeHUA BEKTOpa& COCTOSHHAA.
Bupasum BHayame U(t) rar ¢ymrmmo Py (). siumm-
MyM raManbTOHHa@Ha OyneT NP4 yCIOBAM, UTO

=0, X, (t)+Cyau(t) - (1)

[{u*|- a*®,] = min[fu (- aup,] , (18)
Ipd
= i ¢ u < 1 []
roe U*(t) - omTumanbHoe ympaBieHue.
s ycaosua (18) maxomuum

{
oo B>,
Cit)=< 1 — (Rt 5 (13)

{
"l - Pz(t)‘-T
Beenem mmpepcuoe Bpema T =ty=t ,grcunTHBaEcMoe
OT KOHI[@ MpoLecca yupaBieHud. YUMTHBaA, 4TO dt=-—dT ,
nepemumem ypapHenus (14) u (17)

d.z X (X)

dtd a4

=—au(n)

)

npryeM
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d3 P
dt*

= G x (T)atulr)

o dam | dx,(%)
T=q dt =0 : dt

AErerpupoBaHme La8HHHX YPDaBHEHHR B MHBEDCHOM EBpe-
MEeHE cauierTeabcTBye? [2] , YTO MOMEHTH mMepeRITDYEHUA
yupapiesug T, m Ty (dqur. 3) maxomarcs B oGmacTn,
orpasuyeH=oll 1apacosaoi

|
NM=-3r "‘:.(T)

1 (%)) =-x,(1).

nv JIuHAeik, nas KOoTopoit

2 o
Tt~ W) (z.‘t,»r‘t.)-ruz )
opuuem ty=T+7T, .
BuGop smauvemm# Ty m T, B JaHHO? ofmacT: mpous-
BONATCA U3 yCIOBAA ONTAMASALME OPHEATOr'C EPUTEDHA
Ka4ecTBa.

PacueTHass cxemMa CHHETesa

LJI8 WIIOC Tpalui pacCMOTPEHHOI'O MePOja8 CHMHTEesa
E3IOXAM KDaTKC CONSpXa8HAE BHUMCAMTEXHHOR OpONSAYPH.
[na Gonbme® fuwsmueckoft HarmanHocTw (dur. 4) npamem

X< 0, Xgp=7¥- M= 0.
Hs mocaenHero ycuoBMs BE8XOLAM
3
tn= IM;

C yueToM MOMEHTOB OEpDEeRIOYECHHS B HHBEDCHOM

BpeMEeHI UMeeM

1 mpu 0€TET
u*(t)= 0 - [eTeT (2t)
= —y— Tg<t“t|’tg :

larerpmposarue ypasHeHu#t (11) B uHBEpCHOM Bpeme-
HA [8eT
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-ttt By DETET,
x(T)= '“’“'LT) ~ T, (22
=A@ Tt “@’T%tl) = T TeT Ty
at My 0€TST,
X(t)=< 2% - T eT<T,, (23)
at (Tt Ty)-at == T,< T< T+ T,

C yueToM HAUANBHHX YCHOBUN W3 MOCHENHMX DaBEHCTB

noJyuaem
L= X (G Tp)= 0
Orciona
X10

tl=- ﬂfq
CremoBaTenbHO, BPEMA . t,= T +T, , B TeueHHe KOTOpO-
'O IPOHCXOLUAT OTpaGOPRE& OUMOKM, MOXHO BHPA3UTh B PyHR-

UUHA Ty E&r
Xio  _ o ‘Ilo]

t’-T‘-W't' at, !
a uMCHO IMKJIOB
T TT,

ty+ t, T +|!|olt' | al
W NepermoueHmit peneflHOrO sieMeHra

T
bn = A
t + Jx:' t' lxiﬁl
[IpencraBun rbyummoxa.n (1) cne,ayumw odpasou
; t'd'! \ T+T
=3 L x{ (T)dt e T G L z, (1) dT+ 2T, (2h)
Hocne BHIIONHEHHA nnrerpmposax-ma nosyuaem
Zio -L L. T
1=l Hwh W)zl e
[ x o Iq
+T—Q'§L( ’1’1 -q—rt’;)]# Zl . (25)
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lanree BHpazaeM BEPOATHOCTh Ge30TKa3HOR pacoTH
cacremu B fyurmax S u T, . Torga smauemme T}
MUEUMASEpyLLee PyHRIMOHAN KAUSCTBE CuCTeMH (1) upu

OrPPDEHUUYCHUH
P $(5,T) > % ,

onpenendeTca KS yCIOBUA

As)
13t
1T, g
e B
TSI
i
B cmyvae, ecium t,’ , HalimeHHOe TaRUM OGpasoN,
coorsercrayer P(5,1})< ©; , To aTo ykasusaeT Ha Heol-
XOQOMMOCTh M3MEHSHAS CTPYKTYDH CHCTEMH.

IurepaTypa

1. INOHTPA'dH JI.C. ® gp. liaTemaTuueckas TeOopus ONTUMAIb-
HNX OpOLeCCOB. -#SMa8TI'H3,
1960,

2. Foy WA TEEE Trans. 0o{ fAntomatic Contuel,
A-8, N2, 1%3r.
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M
))B:x. (t) t?(t) Lg
. 1 | ()

Peaynsmop

Puz. 2
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Z,(t)

x, ()4 =i (r)

1
u=")//‘“_ L Uy

,(t)

Puzd
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[ MPOBIEIE PEARLSALNL ONTH AABHNY [0 BPEiiHi
UHTE3UPYRELX OFHKLL

J.A.30M0TUE, A.u.u0pP03, .l .0ryIsHUE

MDCKBa

‘B TOKNMane u3naravicAa pe3ynbraTH NPOBEISHHHX pacoT N0 peanu-
3aUAM ONTHU.ANBHHX 10 BPEMEHM CUHTe3Upyouux GYHKOAR INA IMHEeRHLX cuc-
TeM DeTyNu 0BaHUA TPETHEr'0 U YeTBEPTOTO NMODPAZLKDB.

HecuoTpsa Ha GONbBmLOE ﬁpaxruqecxoe 3HayYeHMe, KOTOPOE UMENT pery-
NSTOPH, MAHUMABMDYOUUE Bpekd NEepexozHor'o mpomecca, 40 CMX MOP He
CyuecTBYeI CKOMBKO-HUGYAb OOMUX METOZOB XX NPOEKTUPOBAHUA. [IpUMEHA-
Sube B HacTodllee BPeMf METOXNH NPOEKTMPOBAHUA ONTILAENBHHX ‘ DErynATo-
p’%%%ﬁ MHEHH 8BTOPOB 007&Ja0T TeM HeZocTaTxoM, YT0 K Kaxnoi KoH-
ke THOH 3azaye TpeSyeIcs CBOE MOAX0Z, @ TAKke CTpanawr ype3mepHOi
CT0XHOCTBO CpPSICIB, HEOOXONUMHX INpY peannsanydy ONTHMaNBHHX ééxbnos

eryn1HpoBaHufi. KPOME TOTO, NPUMEHMMOCTD 3TUX METOZOB OI'PAHNYKBIETCH
CUCTEMaNU YacTHOTOD BUZa. JTHM B HEKOTOpOiicTe NMEHK OCBACHRETCH TOT
©aKT, YT0 HA NpaKTiKe ONTHuaNbHHE MO0 BPEMEH: CHCTEeMH elje HelocTra-
204HO WKDPOKD PE8CNPOCTDEHEHH. UTPaHUYEHHOS NPMNSHEHUE CcyNecIBYOUNX
LETOZ0B UNPSIEeNeHUs ONTUMANBHOTO 3axoné_ynpaxueﬁmﬁ i MPOEKTHPOBAHUG

BHMUCTNZGNEHOTD yCIpOlictBa, KOTOpoe OW ero .eamksnsano, OOBACHHEICH

e

C I
b &

peNMeHMeL TONyYuTH MOBELXHOCTH NepeKNOYeHNs B BUZe nBHOM @ynxuni
230BHX X00pZ4HAT ynpazideuoro 00szexra, 4T0, KaK NpaBilo, HEBO3MOX-

H0 CIenerbs. 5 TeX Ze YaCTHHX CNyYaAx, XKOoTha 3To viaercd crenars,

372 (YHELUR LMSET UCKMOYHTENBHO CHORHHN BUI.

3 HacIoAucH ®E pasoTe UCMONB3yeTCH IPYTOm NOIX0XL K Deand3allii.

UCKOTHEY Npi DAcYeTe ail0pUTHa HBAAETICA OXHA Q0puHa MapaneT PUYSCKOTD

w
1
0

Q

tu

@

s

-;,

L

[ =]

&

(L

X I NZpeHTOUSHU, KOT0PAs OKA3HBAEICH 0YeHb JIOOHDK

Ji DEOLETDXL NOBBUXHOCTM UM 88 0Cco00exHOCTeli. B 0CHOBE




NPOLELYPH NOCTDOEHNUE SITOPHTHE ANA (ODMEDOBEHMA YNpPaBAEHUR NezuT
ATER SONDOBCUMABLAY XaKI0T0 U3 MHOMECTE, D&3LSNEHHHX II0BELYHOCL b
NepeKIUeEna (3T0 CBOLLICA K @NNpPOKCHMALYHM TOBELXHOCTH NEepSKmnucHs
NAIOCKOCTALY ), WHOTOTHESHHHKK BENYKIHMU TENaMil ¥ BBETEHMA NOTUKEH,
COTT2CHED K0Topoi yCIamaBAMBAETCH, KEKOMY U3 STUX ReN NMPUHERNEZLT
4300p8%a0NaA TOYKA. [lonyyaemuil npk 3T0L SATODUTM NETKO DERNU3YeTIs
HE OHAIOTOZHX BHULUCHKTENBHHX LoilMHAX C HEGOABUMM UHCHOM 3ASKEHIOEB
I ¢ HelHHelHOCTAMM NUME TUIE pele.

HEKDTODHE NpHBENESHHHE HUXKE yTBEpPRISHNUA, OTHOCFAWWECH K T'eOMeI—
pVi NOBEPXHOCTH NEDGKIVUEHAR ¥ K 0COCHOBAHKO NpPEeniIaraelols aiTopii-
ua ynpaBieHWA, 30eCh He NDHEA3HBaNTCH, NOCKONBKY 3T0 He ABINETCH
Uenso Loxmana (waTeualkuyecKoe 000CHOBAHUE MMeeTcs B paGoTax, KOTO—
pLE B HAcTOsAlEee BDSMA HAXONATCA B NEYarTH).

L. liDCTSHDBKE 32L34y

LUEETCH CHCTEeNME EBTOMATHYECKOTO PeTyNIMpOBEHES, KOTOPAs ONKUCH-

Baeics 3paBHeHheL
X=Ax +bu (1)

X (4] - , # A e B -
rIe L)= N - MepHHL BEEIOP, - NOCIORAEXAH KBazpaTHad MaTph-
na, COOCTBEHHEE 3HauUeHung “CUTOUJ;A IeliCTBA ICIbHH, E) e “DCTDHHHHFL
BEKTDD, CHamfpHoe ynpesnerue U orpemiueno U<l € Uy

|
/M...‘ N, 0{:}>D/ '» 3EeChH ‘q YT PECCLOIPERH caydam N = 3H
&

USosrauns uepes > 00m&cTb (&30B0T0 NMPOCIPAHCTBA, M3 TOUEK

KOTODPOil 505M0XEH NEPEXOXN B HEYENo KOUPIUHET C HOMYCTHMHM KYCOUHO-
T. 67

NOCIOSHHHM yOpPaBUEEWeN 3& BDS.S He NpeBOCX0IANee T. G asnsezcs
3gLKHYTHM BHNOYKNEM Tenok [2].

UyCID M3BECTHA ONTiLATBHAS NU BPEMGHN CHHTE3NPYOUaR (YHRUES
us= F(X) Up € F *)<Lﬁjv DTOPas ONpeISASeTCs NOBEPXHOCTBW NEpPeKIvUe-

. i ’ 1 1
HUS 52 [loZ anmpoRCHMALMEeN CYHELMH [ X] 3aKOHON ynpasnennaggbd
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NOHMMEETCA GIU30CTH F/X) u Iﬁ(x} 0 iepe, T.e. 1A B&LAHEOTO
E>0 u >0 wuorHo ykasars rakyo (x) , uro
2 {x: [Fei-Fgix] > 6 f
peSyeTcs OMpenenuTh QYHKUUD @g{x) W NOCTLOUTH NPOUERypPy ee
peanssauiii, 3 NPUHUANE, HE CIOKHHMY CPeICTBAMM.

2. JDaBHEHUE IN0BEPXHOCTH JEepeKNnoYeHUd

JCTONB3YA MPUHLUN MaKcUmyMa [2] u0iHO noanmmsdgnenyoume napa-
ueTpUYEeCKUe yPaBHEHUA NOBEPXHOCTEH NepPeKT0UYEHNUT 52 ;

a) ona N = 3 uueeM nna RycKa HDBGR§HDCTE, Ha KOTOpOM u{x} Uﬂ

X = gﬂ(x,ﬁ)--u;\éfyj Pt - th b )

4 1A KycKa I0BEPXHOCTU, ha KOTODOM u(X)-Lyq
TA
X = gr,\a,)--%é\ﬂ'fe%d'f u,]Je%dL )
6) zns = 4 nueeM 1A KyCcKa noBerHoch, Ha8 KOTOpOM U{‘ \'

Os\e BF)=- Met-’{df-%é“’fe dt-qqudT (4)

n g xycxa NoBe JXHOCTH, Ha8 KDTOPOM u(x;- uy

’#(*EI)‘ -WME\’%CH Lk\wré"dgdf tﬁ)' e\%t \5)

raccMoTpUM BHayame 3azavyy Ind N = 3.

.0XHO DOKa3arlh, 4T0 [) Kaxmad Touka X , MNpUHadlesamas Moo
nopepxsocTd (2), MUO0 MOBEPXHOCTH (%), ABMNAEICA IMNUNvAYECKOH, K
470, LCMNONB3YdA 3T0 CBOHCTBO, MOXHO KAmAHK U3 3TUX KYyCKOB NOBEPXHOC—
TY NEePEeKNOYEHUss pas30uTh HA BHNYKNHE KYCKH;

2) NMOBEDXHOCTH NEpeKN0YeHUs ABNAETCA O0ZHO3HAUHOA B HaNpaBlIEHKY
BEKIDDA 6 :

3) NpoeKLMHM KOOPAMHAKTHHX nmﬁnﬁ jé = 0 noBepxHocTeil (2) u

(3)y T.e. NPOEKUMY KPUBHX

X= x7(<) = -Me" bdT (6)
u d. -
x = 4] = - yg [e2h dt e
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=

H& TUIDCKOCTH (6,)() = 0 ABAANTCH BHOYKMHLN XDUBHME. [OCKOABEY

Mi} UMJornenﬂer YacTh NOBEXHOCTIYN NEPEKINYEHUT, B TOUKEY KO-
ropoi.  U(X] = Ug » : o@acm. B TOuRax koropoil U(x)= L;,-l ro E Culy
0ZH03HAUHOC TH _Sg_u N0 HampaBleHun gmbe UXHOCT Dy B c® U C

I'ne C\J:{x x=x\:?;‘_)fK6’ i)O, —“<K<°‘,}

%= fx: x=Xq+kb, £>0, - =<K <=}

orzender B (FA30BOM NUDCTPAHCTBE UYACTH NMOBEDXEOCTU NEPEKILUEGHIS,

3anaBaelyw ypaBHenueM (2), OT uacT:, 3azaBaeMoil (3). B cumy CcBoi-
crBa (I ) KaxmaA W3 LUNIUHIPWYECKUX II10BEpHOCTel C'uu C’W ABNfA-
eTCR BHIYKHOY NOBEDXHOCTHo.

3. OSumil MOAXOZL E NOCTPOCHNR F'@(X}

B cnyuae N = 3

llocTpowTs 3a8KDH DET'yNNWPOBEHUA B NAHHOI 3azaue 03KauaeT OMUCaTh
NpEBLI0, COT'N3CHD Roropduy OyZeT onpenenAaTsCs, N0 KaKyo CTOPOHY Mo-
BEDPXEOCTH nepexﬁmqennﬂ HaxopuTca #“3olfpaxanmad TO0UYKa. ST0 Onpernene-
HuEe KOXEeT OHTB OCymLecTIBIEHO NOBTaNKO NyTel NMocnenoBarTeNbHO#l mpoBep-
K¥ yCnoBull npmaanuemsocru roqnn HEKDTOPLM MHORECTBOM, KOTODHE Ia-
0T B Cymi& BCE MHDEECTBO f;ff Cauy KHOEeCTBa OynyT annpoKCUMUpO-
Ba8ThCA BHIYKIHLHK MHOTOTDAHHHKE TeNaky, KOTODHE ONMCHBAWNTICA CHUCTEMOi
NWHelHHX HepaBEeHCIB.

IToOH TOYKA NMpUHAANEKANa HEKDTOPOMYy (MKCUPOBAHHOMY MHOXECTBY,
L€00X0ZVNO U TDCTATOYHD yZDBNETBOPEHNWA B IaHHO# TOYKe BCeX Hepa-
BEHCIB COuUTBETCIBYWOilell CucTeMH. 1aKuM 00pa30M, PETylKpOoBaHME CBOXUT-
CA K N_0BepKe yCHDBUM NpMHAERCZHOCTH TOYKM (MKCHDOBAHHOMY MHOXECTBY.

locryoeHue TaKiX BHNYKIHX MHOKECTB NpBINaraercfi 0CYWEeCTBUTD
CHenyouni 00pa3oM. BHauane @aaonoe NpOC TPAHCTBO X pas3ouBaercq

NIDCKOC IBD [5 A5 X] 0 Ha8 IBa NMONYNpoCcTPaHCTBA M Ha MEPBON

x) Yepes [ﬁJn@I A‘)J 0G03HEUEH Qnpenenurend, y KOTOPOTD cromdua-
i SBIAWTCA BEKSOPH Y/ n¢ nd,
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aTane ONpPenenAelCs, KAKOMY U3 3TUX MOAYNPOCTPAHCIB MPUHALNERHT Ha-
yajnbHafd TOYKA. JT0 CBONMTCA K ONDEZeNneHlw 3HaKa MHHEIHOH @opmm
[&, A8, x].

WOXKHO NOKasaTh, YT0D HKpUBAfA Xv/i} LHeNnuKOM 7TexUT B ONHOM U3
BHUEOIPENeNeHHHX MONYyNpoCcTPeHCTB., lorza W BHOYKAHE LUIMHZPUUYECKUE
10Be DXHOC TH Cvu Cwuenuxou nexat Kamnaﬁ B CBOEM NONYNpPOCTPAHCTBE.

Ha Bropom arane MOBEPXHOCTH C (7] CkJ%HHpDKCHMprmTCH cucremol
NA0CKOCTEH F’ u F’ ! BHNACHBAOTCA IBE CUCTEMH MMHEHHHX HepaBeHCIB,
X0T0pHE COOTRBeTCIBYOT arnm_nnocxocrﬁm.

Torna, ecnu HavaneHas Toyxa X TakoBa, 4T0 BCE HEpPaBEHCTBa,
Hanpamep, CUC TEMH FQC/BHHDHHHETCH B Heil, T0 TOUKA NMPUHANNEKUT BH-
TJKAOMY Teny, TI'paHuneil K0Toporo ABAAETCH MHOI OTDAHHAA MOBERXHOCTB,
KOTopas aNNpPOKCHMUDYET IIOBEPXHOCTBH C&% Beryu xe XoIf OH 0ZHO Hepa=
BEECTBD HE BLIONHAETcHA, To Touka X NpPUHAZNERAT MHOKECTBY, NOMOTHMA=
PENBHONY B 3TOM MONYNPOCTPAHCTBE K BHUleyKa3aHHOMY BHNYKAOMY TENy.
ZCn4 B KaueCTse annpoKCuMaliu 0pals KacarenbHHE MNNOCKOCTM K HOBSRH-
HA0CTH Cr. , TD ypacHEHUS 3TUX MNOCKOCTel OyayT UueTh BME.

8, e@%, x~X°{45)] =0, T2e N npEderaer Koweunoe WMGHO 3Me-
deEuil.

Janerun, 4T0 Kagiad 43 NOBE XHOCTei C*yh vaornenﬂer B COOT-
ESICIBy QNEM NMOTyNpDCTPaHCIBe YacTh NMOBEPXHOCTH NePeKnnIeHds, KOLODas
onpezsnFeTcA Gopuymoir (2), oF 4acri, 3a71aBaeu 10# Qopuymoit (3). os-
Touy, 5CHU H3 BTOQOM 2Tane ytTaHOBIEHD, Y0 Touka X  NpUHAZIERUT
(10uy reny, ONueZnensieroMy M0Be pXHOCTHO Ct/(xnn IONONHATE TbH U~

1ﬁ443c:gy), ) 1nA OHpELeneHud, 10 KaKy©o CTOPOHY OTHOCHTENBHO
NOBEUXHOCTY NEPEeHINYEHUs OHA HaxoxuTcd, Jacrarbqﬁo NpOBEPUTE yCHo-
Biid, ©0T0UNE COOTIBETCTBYOI MAlD KYCKY HOBELXHOCIH NEDEKNOUSHHMA (2),
aIsny B 370 BHUYRACM wHoXecPBE (UNd COOTBETCTBYMHHEe KYyCKy NOBEIH:

HooTH (3), Uexuleny 3 TOMCIHETENBHOM K HeMy MHOKXECTEe).
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Tamunr o0pasow, Ha Tperber 3Tale B KaxZOM U3 WHOXECTB, KO TODLS
Ouny ONLCaHH Ha BIDPOM 3Tane, KyCKU NMOBEUXHOCTM NEDEKTOYSHUS annpox-
Cukipyo0ICs Halo0pauk NNOCKOCTEN ¥ BHNLCHBAWTCH CODTBETCTBYOLME Clil -
MH NMHHEUHHX HEP2BEHCTB.

JpaBHEHNA KacaTelbHHX NIOCKOCTEll, KOTOPHE annpOKCHMEDYOT 10—
BEPXHOCTE MEPSKNIUEHNA, ULENT BUz:

y —LEEL X-gf4p)| =
04 oA %

rIe o u )3 Npo0erain? KOHEYHOE YUCTO0 3HEueHuii.

Upexze uveM MEPexXDIUTD K KOHKPE THOMY ONMCaHUD NPOLEXYPH becue-

T4 perynfATopa, 3&nulleM YPABHEHUE NUBEDXHOCTH NEPEKNOBEHHS B I0y0M

BuNe. AMA 3TOUD CHENAEM 3EMEHY REpELETPOE, NOTURIE o = z-57 Js=
b 2 \=T A/ -~ % T
# nBemen oSosuevenime X1 = fé“"“&di lak xak o, p20
o 0 <8z, lorze ypasuenun (Z)UH'(E) NEepEenuuIyTCcs B BUIE:
B i
=ik -EA ; X G 2)
xe L(ajek_j&di‘/MQ‘dﬁ)}fedgd’(__ = (8)
(4 . o -.-o ; / ‘\‘/
= Xt = Xs)+ X¥s) = x () - e ﬁ%)x (s)

AHE8TOTUYHO MOUAYYael YypaBHEHUE BTOPOi Yac'Ti NOBEPXHOCTH HEe PCIID

GEHIAS
¢ -0y s (9)
X=x{y-{1 uq,;X(S, (9)
iak xak  Xo(%) = ‘3@ x'\'{'z_’/ TO 310 YD&BHEHME TEKKE MOAHO 34l
c8Th B BUIS: A
X‘—'E‘\4 X¥(T/ e u;‘)/x / )b
3aueluM, YTo INA CAYuas CulkeTpHYHHX orpasmuexun |U) € {
yUeBheHis TOBSUXHOCTH HEDEeKNOYEHVS HONYYanTos B BUILE
X=xY1)~2oxs) (11)

>
i
{
Ea
<t
21
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3zecs Beane napawerp L UMEET CubCH 00UEr) BPEleHW MPUX0Zna
u3oSpagawueil TOYKM B Hayalo KOOPAUHAT. lorza rpaHulUa NOBEPXHOCTU
iepeKloueHnd, pacnonoxeHHoi# B. (j;/annﬂemcﬁ KOOPZAHATHO# muuuel
t=T, r.e. nunuen X:xb/(T)—(j—-tm) x\'/('s), 0%<S5T
ldpyras nomoBUHA TPAaHUUN Zaercs @opuyﬁom
X=X(T) - (4-20) xs) - 0ss<T
B mpouexype pacuera anropuTMA yOpaBNEHUS HATZE HE WUCHONB3yeT-
CA KOHKpe THH BUZ CHUCTEMH, NO3TOMY ONMCAHNE €€ Ha KBKOM-NUG0 KOH-
KDETHOM Npuuepe He NpuBeneT K OTDEHUYEHHD OCWHOCTA MPULECHHUMOCTH
pasBUTOTO NOZIX0XAa. BuecTe ¢ TeM uU3NO0sEHME BHUTDAET B HATHSTHOCTU.
lipnMep L. 3anada ¢ cuuMMeTDUUHHNM OTDaHUHECHUALN.
{NeHHO, ny%b naHa cicreMma
X = Xg) (13)
&a== .
Xg= -?,‘0025 Xq + 0,107 3= 0,275 x5+ 0,1
a 5a U nanoxeno orpammuenue (U< {.
iycTh nanee HavyanbHHE yCNOBAA TAKDOBH, YTO OHM DABHOBEDOATHO
NpUMHUNANT 3HAYeHUA 43 0Omacru GW, mpuier 1 = 6 cek. 3 coor-
BETCTIBUA C BHUECH3MOKEHHHM BHAUaNe (Ga3pBOE MLDCTPAHCTIBO pas3fduBasIcsH
N70CKOCTEI0
[B, AB, x] = xg=0 (14)
Ha 1Ba MONYyNnpocPpaHcTBa. PaccMoTpum NOMYNmpPOCTPEHCTBO X,17>0. Benu
i300paxanLas rouxa TaKoBaf, 4T0 Xm>0 , TO OHa NpUHAZAERUT TUGO
BHIIYKNOMY Tely, OFpPAHWYEHHOMY MOBEDPXHOCTED Cky, n160 ZONMOMHUTEN B~
HOMY K 3TOMy Tely uHO®eCTBYy. YToOH 3T0 yCTaHOBUTB, MOBEPXHOCIB C*y'
@inpoKC/AMUPyeTCcA CUCTEMOR NNocKocTe., T.e. BHIOUCHBaeIcA cucTeMma He-
PE8BEHCIBd. Aﬁﬂ 3TOr0 BO3BMEM CHeIyluiMe HepaBeHCTBa:
2,5§ﬂ+ I,6y3>0 (I15)
4’75xfl\+ 7,24)@+ T - <0
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defice anNnpOECHEKDY®ICH KyCKA NOBELXHOCTH NEpPSKIOUEHNS:

[) » rourax KoTopuX cucTema (IS) yZOBNETBOPAETCRE I &) B T0YKAX KO-
TOpHX X0TH OH DZHD 43 HepaBeHCIB (15) He YyHOBACTBOPAETICH. LEPBOWY
KYyCXy COOTBeTICTByeT 4acTh noBepxHocru (II). ucnomb3ys ypashenue (IL)

Nonyuyaen CHCTEMY:

3,940+ 8,75 X3+ 1,450 ;
L3 Xj+ TXa+ 8 Xg + 0,8>0 ; (16)

Xa + 16+ DvI'?Xﬁ +0,2>0

0,33)(,(-,]'& I,6)‘(Ié)+ I,B% + 1,14 >0 .

A8 annpoKCUMANMK BTOPOTD Kyca 0p@nach 0IH& NMNOCKOCTH, T.€.
BHYUCAANOCH OZHO HEPABEHCTBO:

Us95 X + 2,8 );Q 3205 )?/,V 0, CL7')

semid TpeGyeTcs OOMbNas TOYHOCTH peanusalidid, YUCHO BHPaOaTHBE-
EMHX NN0CKOCTel#l NOMKHO OHTH YBEIWYEHO.

'enepb ana §OPMUPOBAHMA yUpPaBNEHWA, COOTBETCIBYOWETD TOUKE
TPOUTCA CAenypuad NOTUYEeCKad (YHKUUS:

I ecnn  Xg) > 0,
(I5) yrosnerBopseTca u (I6) ymosmerTmopmercs, To U = -I;

2) ecnu X{f] > 0,

(I5) yzoBuneTBopreIcs u (I5) He ymoBnerEopssicH, I0 | = I; (A}
3) ecnu X/,\, >0,
{
(I5) He ynosuerzopmerca ¥ (I7) yzoBuneT=opselcs, 0 W = -I3

4) ecnu Xm>o’
(I5) ¢

SMBeneN CHSIyOmHE TOTUYECKUS NepSmerite:
Y {1, ecmu [E'Ab,)(] <0,
= *

0, ecuu [b Ab,x] >0 s

e ynoBmersopaerca ¥ (I7) me yuomaersopmeTcH, To U =1,

o]
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ecnu cucrema (IS) B TOUKe YZOBIEIBOPAGICH

HE€ yOOBIEIBOpPseICH

-

[ g
L
i
(P,
€ i
-

ecnu cucrema (I5) B ToOuKe

> XX X

ecnu cucTeua (I6) B TouHe YZOBNETBOPSE ICH

~
i
—~r—
[

o
-

gecnyu cucrema (IS6) B rouxe X He ymoBneIBopHeIcH

ecni HepaBexcTBo (I7) B Touxke X ynoBIeTBOPRETICH |

0, ecnu HepeBeHcrBo (I7) B rouke X He yZOBMETBOPAEICH ,

Hc
+
1]
(e,
) b
-

Torma Ha OcHOBaHEHM (A) monyuaeM CHeLyOUYO TAJMKLY WCTIUHHAOCIL

Taonuna I

mre 1 11
?1 { 00
nigxo
o t o1

T

llpoyepKu B 3To# Taomnuume o

w

HayanT, 4YT0 NpPU 38ZAHHHX 3HAYEHUAX
JCTENBHHX MOTMYECKHX NEePEeMEHHNX 3HAuUeHWs MOTUYECKOHd GyHRLUN HE 3a-

BICUT OT MNEpeuMeHHHX, KOTODHE COOTBETICTBYOT 3T npoyepxu. OTcoza

) &JW;%%%*%%%,
S EVR N AR YR 7

lem campm B Kagmod Touke X MOAYHPOCTPAHCTBA §7V>O EMEAR-

nony4asM

01:03H8YHO ONpPenENeH0 yIpaBIeHUE LI(X};

A8 ZpyToro NMONyNpPOCTPaHCcTBA, T.e. AIA Xm<0 anTopUTM yo-
J8EMeHUA PACCUYMTHBAGTICA COBEPUEHHO aHAMOTUYHO. B 3arnave (I3) an-
NPOKCHMUDYDYHAE NNOCKOCTH B -Xﬁvio OHMY B3ATH CUMEETPUYHEMI OOOCKOC—
revn (I4), (I5), (I6) u (I7) oIHOCMTENBHD Havana KoOpAuHAT (3T0
SBSI0CH NuMb X M3MEHEHUO 3HAKA CBOOOIHOTD UYleHa B 3TUX HEPABEHCTBAX)

..DIemupoBaHMe Ha Y-8 sTorT0 anropurua Ind cucTeus (I3) zano
Chnezynuie NepexonHHe mponeccH (Pur.l). 3 3TUX OCLUNNOTPAaML BUXHO,

410 NMepeXOnHO!l MpoLecc BCOLy STU30K K ONTUMANBHOMY. 5 uamoil 0KpecI-
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HOCTV HEY&N& KOUDAMH&: €CTeCTBEHHO BOBHUKAET CKONBIAUUN pes

(

Lpumep 2. 3anaua ¢ HECHuMiET DUUHHNMK OTpasuueHusaMm. Une woxer
OHTE pEHeHs TOYHD TaK#e, KaK K NpeIuAyias 357248, HO MH XOTUN NpO-
UiNMoCcTprpoBETh, KAK 00K moxxoxn NO3BONRET NDAYUKT® B HEHKOTOPEX
CnyuanY ynpoUeHHHA anTopulM yOpaBNeHNS.

LTS 3TOT0 pacCMOTpHNM 38784y, KOI'Z8 HEUSNbHHE YCHOBUS TaKOEBH,

YTp OHM TNpLENNANT 3H8UEHWA K3 0073CTH .A/ pnpeznensenoli COOTHOWEHV-

X3 <0z, IXal <Qg, [Xg/ = O3

B 3Toi cnyuae WHOTZO BO3MOKHH YUPOWEHNWA 00LEero anropuarua 3a

MK

cuel yuEHBUEHWS HKONUYECTBa yCNOBUil, NOZNIEKAUNX NPOBEDPKE. [IpPOMINNCT~
pupyeu 3Tp He npuwepe cucremu (I3), KOTZA Ha yOpaBleHue HEHDJ%EE
orpanuuenud: -0,7IS€US I u O/ﬂ= 04254 %: 0,05 u 0m= 0,035.
uarpuna A uMeeT cnenyouye COOCTBEHHHE 3HAYEHNf: 2¥ﬂ= w50
4ﬂ= 0,025 1 A= 0,2

Osnactu AN coorBETCTByET Ha NOBEPXHOCTH NEPEKIOYSHUS MHO-
K€CTBO, B TOYKAX KDTODPOr'O NMPOUCXOZXKUT NEpPEeKioyeHle HE TPaeKTOpUAxX,
saunzanguxes 2 M, oTo uHOEecIB@ MOXHO ONpEene KT SHANUTHYECKI,
Hanpiuep, onpedensas Tourn X {1,5} H&8 NOBEPXHOCTH NEpeKRNOYeHus,
KOTODHE MMENT INA KaxZ0T0 (MKCYDOBEEHOI0 ¢ LUEHWGNBHOE 4 MBECH-
aNBHOE B3HEYSHHE O ¥ KOTODHE COOTIoTCIBYOT IpEGKTOPHAl, HaUUHA-
ogmwes B M. Iopasro nmpome 570 MHOZECTBE ONpenenselcd TpafiuyeCki
\IyTel DECCMOTPEHNA NDOSKUM KOODIKESLHHX AUHHHA t=const v $=0
HE NNOCKOCTU )sﬂ)(g) u X@Xm).

4TaK, NMycTh HalimeHu NMohiexeuie EIMPOKCLMAUUI 00UmacTyl Ha MOBEpX-
HOCTAX ,ﬂ(zisjtlga(qgjepehnem K annpoKcHMauuy 3aK0Ha perynwponagma
euok sazaun xpusse XY W X(x)

10CTH HEYENa KOOpZIiHal (QTD co-

%)

2 0 T id GT Y O OO R
F(x). Zaueris, uro xms paccikaIpus

o

noii

oW

38 KCHIwWueHHelN TOUEeK B i
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DTBeICcTsyeT wManbM 3HAUEHUAM Hapauerpa T ) He npmuanueRMT odnacrnu,
10Z71eRALMAM ANNpOKCHMALMA. 3TO 3HAUAT, UTO HET HEOGXOXMMO CTH ann poK-
CiMUDOBATH LUMWHAPHYECKAE MOBEPXHOCTH (ﬁvdl C*’{ 4T0 TMPUBOZUT K
JUPOUleHUn 0OUErD anropuIMa.

3 naHHOll 3azeue Takke ONNO 0GHAPYXEHO, U4T0 €CIH U3 anTOPUTMA
JACKIOUAETCA AanmpoKCcUMaLyUsA NOBEPXHOCTei C\-/u CI:'/ , T0 LEnecoos-
gasHee OCyuUecTBAATS: pa3Cu@Wdk fa30B0ro mpocTpaHcT3a Ha IBE HOAYIPOCT-
paHcTia He NIOCKDCTHD fb, A5, xI=0 , @ ONN3KOA X Heil maoc-
xocrso [, xu{z\'f’, x] =0, rme v¥ - uanmoe uucHD. 4MF 3TOTO
Suna  B3ATa NIOCKUCTB, COOTBETCTByoOLAA IV C,5. Orcioma ozHo 43
NONYNPOCTPAHCTB ONpenensaeTcs HepPaBeHCTBOM ° '

'I,S);’GV 2,3)5/‘,]>O (1I8)

:I0EEPXHOCTD 94] annpoKCcUMUpOBanach HepaBeHCTSAMU:

5.3)‘4} + 4.6 4/5_) + I,Sy;l +: 0,605 > 01

2,2 ﬁﬂ +- 2,16 43 + 0,9 7ﬂ + 0,02 > G (19

0,79% + 2,I)§q Pooies Xm + 0,025°> 0@ 'y

0,16 X/ﬂ + 3,4 )’Q + 0,4 )Y,] + 0,092 >i05 .
5 KausCIBE anmpOKCuuaLui 9e OunKn B3RTH CHEIyOLiAE EepaBeHcTBa:

-0,85 xﬂ = Es3 ﬁa <10.5 X9 ot 0,014 > 0

=I.5 2,6 X8 - I8 QQ + 0,066 > 0 ', (20)

-1,2 X 4.3 xﬁg -5 Xy + 0538 o0y

-0,2 6@ -8 R = A7 %@‘ + Ol G

4 *
J4KoHel, I1A (¢OPUMPOBAHMAA yUpPaBAEHUA CTPOMTCA chezyouuil amg-

~

| |

TOPUTN

=

ecmu (I3) yzosnersopmer u (I9) ymosmersopseTcs, o W =-0,7/5

)
) ecnu (13) ynoBmerBopReTcsa 4 (I9) He ynoBmerBopgelcd, To W = I;[Z
) =

(@]

gcnu (I3) He ynoBAeTBODAETCH # (29) yooBnerropaerca, o U

4) zcau (I2) He yzosneizopserca u (2C) de ynoBmeTBOpAeTIcA, TO
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SBEAEM CcHenylljie NOTNYECKLE NepeMeHHHE:
fj{\ { » eomi I,5xg+ 2,342 0 5
4 -
, ECHH I,Sma» 2,3)}g<0 ?
X ;
L, ecnu cucrena (I9) B TDUKe yIOBNETBODAEICH

’:
‘jF\ {O, ecnu cuctema (I9) B T04YKe X He YyZOBIETBOpAEICA

@ __{L, ecmia cuctemMa (20) B TouKe X YyLOBIETBOpAEICH i
/2
A‘ 0, ecnu cucrema (20) B Touke X He YZOBNETBOPAEICH

1orza Ha OCHOBaHMU A NONy4YuM TAOMKIY MCTWHHOCTH

_ Tadnmuoa ¢
ol L 1 0 06
"Nt 0 S
w|l- - 10
Yo + { 0

oo e falYl = mp+ e v :
Fa(x) = =0,715 +1,715 {m [ Y(x)].

STOT anrop4Tu OHN DPealU30BaH HA MOZSMUpywiieu MauuHe Siy-8 1
SENM NONYYeHH CHEIyoLue OCHUuNorpaMun (Gur.2).

sleLyeT 0TueTNTh,ur0 amroputvu (A)u CK) peamuayorcs B BAZe
BHYHCMLTENDHOTD YCTPOUCTEA HENPEPHBHOTD IEelCTBUA IOCTATOYHO MpocTo,
108 uYers TuesyoTcs NUND CTAHIAPTHHE pDeNeHHHe 3NeMeHTH, MO03TOMy CO03—
naHue perynalop.B Ha OCHOBE pa3padoTaHHOI'D anropulua He JYyneT BhH-

3HBaTh 33TDYyIHEHUN.
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4. Crysat h=14 .

O6muit mOZXO0Z K peanus3ammy 3aKoHA 1i= ;}x), OCHOBaHHHI Ha an-
NMPOKCHMANUA TOBEPXHOCTH NEPEKNNYEHNS MIOCKOCTAMU ¥ BBELEHUN B al-
FOpUTM YIPAaBICHUA NATMKA, MOXEeT OHTH WUCIONB30BAH UM ANA pacueTa
CyOONTUMANBHOT'O PErylATOpa AN CUCTEM YETBEDPTOTO MOPAAKA.

TpéxmepHas NMOBEPXHOCTH NepERINUYEHUsA EE%Q/ INA CUCTEeM 4-ro
nopAznka, Marpuoa OGBHEKTAa KOTODHX MMEET TOJBKO ZAeiiCTBUTENBHHE CO0-
CTBGHHHe 3HaueHUd, 00JNaZaeT TeMH Xe TeOMEeTPUYECKVUMH CBOfcTBaMu,
uTO ¥ COOTBETCTBYNNMAR MOBEDXHOCTH MEPEKNOUEHHT ANA CUCTEM TDPETBEIC
nopszka. NMuerHo, I) OoHa ABAACTCHA OZHO3HAYHON B HANpaBIEHUM BEKTO-
pa G M 2) KaxZas TOYKA MOBEDPXHOCTH ABIAETCH SJIUNTUYECKOH
( mckiwyasd, KOHEYHO, TOYKH, ABIAADUMECH I'DAHUYHHMU INA KYCKOB NOBE-
PXHOCTHM, Ha KOTOpHX w=-1 @ W=41 ), r.e. mosepxzocTs OKa3H~-

Y
BaeTCA JOKANBHO BHIYKIOHK. ITO NO3BOAAET pasduTs L Ha KYCKH,
KaEZniA u3 xomopux.ﬁxnﬁemca BHIOYKJIO{ NOBEPXHOCTBW, M ANNPOKCUMUDOE-
BaTh WX HAGOpeMH TpEXMEDHHX NIockocTeil.

OOmuit aXrOopUTM AAA CUCTEM 4~T0 MODPAZKA ABIAETCA ZOBOABLHO I'pO-
MO3ZKNM. EcayM BHZENNTHs B O0CNACTH YNPABIAEMOCTH HEKOTOPOE NOIMHOXEe-
CTBO TUNMYHHX HAYaJbHHX yCIOBR#, TO OOWMil anroputM MoxeT OHTE CBE-
ZEH K alrOpUTMy, KOTOpHH NOIYyYaeTCA HE3RAUMTENBHHM YCJIOKHEHUEM TO=-
IO, KOTOpHI MCHONB3yEeTCA LAA CUCTEM 3-T0 NOpAZKA. [IpOAIInCTpUpyeM
3TO0 Ha clIexykbumeil 3azave.

llyers ana cucrems, omucHBaeuoi yPaBHEHUAMA

0 m (21)
’:‘&: 0,006 Xq~ 0,01 %g) — 0, xp + 0,06 w } :(
A CXQ =93 XA+ 00l Xg) + 0,1 x/_,;\‘+o,o4x[\7'—0,05u,
TIe iu[ < | , TpelGyeTcH pacuMTaTh pPEeryiaTop, KOTOpuil OHN OH

OIM30K K ONTMMAJBHOMY IIO BDEMEHH, Hpﬂ‘{é.‘.{ 007acTh HAYaNBHHX 3HAUE-

HUit ompefenseTcA yeaosmaMu: [X4/<0,5 , |X3\<0,0% [xyjco0v u |xy (<.
/\ / F \ Sty
Marpmua uMeeT CNELyoILue COGCTBEHHHE 3HAUSHHA:A,= - )3,

Citll
\

| 5 -0 4 A= 0.0d
Am " O?“ ) "-Am" )‘1_{\11‘{' M
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llepenumeM ypaBHEHWS NOBEPXHOCTH NEPEKINYEHUT B APYTOM BUZE.

Ens sToro czemaeM cliefybmybh 3aMeHy NapaMeTpoB:
4= 2-3 )
‘,‘é: 5/‘!") -5
x’,’ &.L\ .

Torza w3 ( H )m ( 5 ) NOXydaeM ypaBHEHMA NOBEPXHOCTH f;E .

x= XA )~ Qx%&ﬁ+kx 4,) (203
= o =2 (n)- ux+(5r4)flr ’l,:\) (213)
licnonp3ya 3TWM ypaBHEHWH, NS 38AaHEOT'O MHOXECTBA HAUANBHHX yCIO=-
BUii MOXHO ONpEZENUTH Ha TPEXMEPHOU HOBEPXHOCTH 5571 NoZNexamue

annpoxcuManuu ooaacTu. Jas cucremn ( L7 ) oTv oGnacmyw GuiM Halize-
HH,H COOTBETCTBYLINE HEDABEHCTBA NPUBEAEHN HUEE.

Bragane BCE ($a30BOoe€ NMPOCTPAHCTBO Da30MBAJOCEH HA ZBa NOIYIpPO-
CTpPaECTBa NIOCKOCTHD

018 )»’\-l-b\(.e)(/““f’ o,1+><q+v'°‘-’ X >0, (1Y )

KoTOpaf OAM3Ka OJIOCKOCTH E)) }’g ﬁ JC] =0 ( yrom uexny
HODMAaJIAMA 3TUX MJIOCKocTell Man ). Ha aBymepHo#f KoopZMHATHO# moOBEp-
XHOCTH ﬁﬁx:C), T.€. MOBEDXHOCTH, IO KOTOPO{l IPOWCXOZET IBUKEHUE
n300paxapne#f TOUKE NMOCIEe NEePBOrO NEDEeKINYEHUS YNpaBIEeHMA, OHIM BH

OpaHH MIOCKOCTH, KOTODHM COOTBETCTBYWT HEDABEHCTBA:
‘v'wwﬂﬁu 3Y Xg + ¥,¥7 x5 + 0,285 70, o
7f"]-"23~6x) icbx3—4{,7o (*‘S—)
O6nacTh, OTpPAHWYEHHad TDEXMEPHOIN NOBEPXHOCTBHH f;? , almnpo
KCUMPDPOBaAZNacCh MHOI'OT'DAHHHM BHIYKIEM TEJOM, KCTODPOE OMUCHBAETCH
CACLyouMMA HepaBeHCTBaMPf'
49, 62X\~ ¥, 6Y sy + 13,57 x5 - ©,0%2€ Xg) = O HF120

5 l"VX{Yf\I 3%)(/ =t 5 68 )(ﬂ._c CL"& M/) _oz&v 70 (16 )
,% X3) +4,65 %y — %,05 X +0,045 X5 +0,36 20,
[loBepxHOCTH fﬂ}i ', Jexalas B MHOKeCTBe, ZOMOJHUTENBHOM K MHO-

KeCcTBY, ONLCHBaeMOMy HepaBeHcTBauy (25 ), anmpoxcumupoBanach

(¥%)

TUIIEPIIOCKOCTHD:
g v 7
= 10,55 X, t L34 1@+9, (95— 0,415 x. - 0,635 20.
Torsa noayuyaeM CISZYRIYH JOTUYECKYD (QYHKIUD:
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I) ecim (Y ) ymommermopserca, (L5 ) yaommermopmercs m (46 )
yRoBIeTBOpAeTCH, T0 U = A ; :

2) ecu (‘M ) ymommersopsercs, ( {5 ) yaomaersopsercs ® ( 16 )
He ymoBIeTBOpAercd, To w= -1

3) ecntu ( JM ) ymommersopsercs, ( L5 ) ¥X He yAOBIETBOPHETCHA M

(A% ) yzommersopsercs, To W=- L 3 H
4) ecnmu ( {M ) ymosaersopsercs, ( 1<) me ymomamersopserca m
(L%) me ymommermopseTcs, T0 A= A ¢

B cayvae 0,13 XAp+ oMt m+c,4?m+o,0035ﬂ<0, r.e. gorza ( & )
He YZAOBIETBODAETCH, AATOPUTM AHANOTWYEH BHIENPUBEAEHHOMY. 3aMeTuM
uro mrockocts (LY ) oGecneumsaer mocieznee mepexmDueRHe ympaBle-
HHAA.

BBeas zoruueckue NepeMeHHHE jﬁ\ » KOTOpDHE HMEDT TOT Xe
CMHCI, YTO M paHee, NOXYYHM i

1a (Y)= aiaiie 903990

1 Fgy () = —1+1&“(Y(x>) : ,

9TOT ANrOpPATM OhJ NMPOMOZENMPOBAH U MOAYYEHH CAeAyDOMEe OCHAA-
norpaumus ( puc. 3 ).

B 3aKiwyeHMe OTMETUM, YTO NP pEaNU3anU¥ ITOTO AATOPHTMA
OHJIO OH MOAE3HO MMETHh BMECTO JOTMYECKHX PyHERmmiU 4?W(X/) OZHY MO~
porosyn Iornueckyd Jynruupm. K coxaserum, IpOBEeZEHHHH aHANN3 NOKaX-
3aj, YTO C MOMONBD OZHOT'O MOPOTOBOI'O 3JEMEHTa 3T0 CAeJaTh HeBO3-

MOXHO.

TUTEPATYPA.

I. A.A. NlaBn0B," CHHTE3 peleiHHX CHCTEM, ONTHMANBHHX MO OH-
‘crpozeficreun," Hayka, M.,I966.

2. B.I'. BonrsaHCKuii," MaTeMaTnueCKHe METOAH ONTUMANBHOI'O yO-

paBnenuns," Hayka, M., I966.
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OPTIMAL CONTROL OF A CLASS OF

DISCRETE SYSTEMS
Ole A. Solheim and Freddy Pghner
Division of Automatic Control

The Technical University cf Norway
Trondheim, Norway

1. Introduction.

The problem of optimal control of processes where the
control variables can be varied only at discrete times is en-
countered for example in a computer controlled system. An
important question in this connection is how the discretization
of the control variables will influence system performance.

If the absolute optimum is defined as what can be obtained
when the control variables can be varied continuously, one
should for the discrete case expect that the longer the
sampling periods, the farther will the system be from the ab-
solute optimum. It is however possible that even with rather
long sampling periods (compared with the dynamics of the pro-'
cess) one will be sufficiently close to the absolute optimum.

One powerful method for solving this kind of control pro-
blems is the discrete maximum principle. An elementary proof
of this principle is given below. We shall here not discuss
the problem of optimal control of discrete processes in general
but restrict ourselves to the special case where the set of
difference equations approximates a system of differential
equations describing a continuous process. For a discussion of
discrete processes in general we refer to Halkin!, Holtzman?

and Fan and Wang?®.

2. TPormalation of the control problem.

-

Let us consider the non-linear process

f

IE
"

Flx, u, t) 1)
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where the state vector x is an element of the Euclidean space
EP, and the control vector u an element of ET,

For the special case that the process is linear the

process equation can be written

x = Ax + Bu (2)

where A is an nxn matrix
B is an nxr matrix.

The control vector u is supposed to be varied only at the
discrete times t s 0,-T5 2T ..., KT ... NT, and.is assumed
constant within each interval, which implies a zero-order
hold circuit.

The process equation (1) can be approximated by the
difference equation

x(k) - x(k=1) = f(x(k-1),u(k)) (3)
(See Figure 1.)

In the linear case (2) may be replaced by

x(k) = 8(T)x(k-1) + ¥(T)u(k) ()

where @(T) is the nxn state transition matrix
¥(T) is the nxr control transition matrix.

We shall consider the process within the time interval
0<t<ty where the final time t, = NT is assumed given. The
performance criterion to be used is of the following form

N
c.x:(N) + ¢, ) £ (x(k-1),u(k)) (5)
i3 % A e =

Hal
"
1 e~—8

i=1

By introducing an auxiliary state variable x, defined by
X (k) = x4(k-1) = £,(x(k-1), u(k)) x,(0) = 0 (6)

the criterion may be written

n
q = izo e x; () = ¢'x(N) (7)
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where ' denotes the transpose of a vector (or matrix) and
x(N) here denotes the augmented state vector
x(N) = col(x,(N),x,(N) ... xn(N)).

The control vector u(k) must for all k =1 ... N belong
to the given subset UCET,

The control problem consists now of determining the control
vector u(k) €U (k = 1 ... N) that will bring the process from
a given initial state x(0) to the final state x(N) along an
optimal path so that the criterion q is maximized. Several
methods exist for solving this problem. We shall here re-
strict ourselves to the discrete maximim principle.

3. The discrete maximum principle.

When the discrete maximum principle is being used, the
function f(x(k-1), u(k)) in the system equation (3) must
satisfy the following conditions:

a) f£(x(k-1),u(k)) must be defined for all (x(k-1),u(k))CE"xU.

b) f£(x(k-1),u(k)) must be twice differentiable with respect
to x for all u€U.

c) f(x(k-1),u(k)) and its first and second derivatives with
respect to x must be bounded over X x U for any bounded
set XcEP.

s

In addition to these conditions, there are for the general
case a few additional conditions, especially certain convexity
requirements that must be satisfied. But for ‘the present case,
where the process to be controlled is basically continuous,
these additional conditions are always justified'®Z.

Similar to the continuous maximum principle we shall de-
fine an impulse vector p(k). If no component of the final
state x(N) is prescribed, the impulse vector is defined by .

p(N) = ¢ (8)

where ¢ is given in (7),
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—AE(x(k=1), u(k)) -
p(k-1) - p(k) =L = | B(X) (9)
- Bz(k-’l) e

The Hamiltonian is defined as the scalar function

H(K) = (p(k)) £(x(k-1), ull))

(pCk)) (x(k) - x(k-1)) (10

The maximum principle now states that the optimal control
vector Q(k) €U will maximize the Hamiltonian H(k) for all
k =1, 2 ... N. The maximum of H(k) may occur at an interior
point where =— = 0, or at a boundary pcint, for example

u(k) = u Figure 2.

max ’

If one or more components of the final state x(N) are
given, for example xi(N), then the corresponding impulse
function pi(N), is not specified. Otherwise the problem is
the same.

We shall here give a simple proof of the discrete maximum
principle. A more complete and mathematically more rigorous
proof may be found in for example Halkin'.

Let us denote the optimal control vector by u(k), the
optimal state vector by g(k) and the corresponding impulse
vector by p(k). We shall demonstrate the principle for a linea-
rized system that is valid near the optimal state.

We have then

x(k) = x(k) + 8x(k) (11)
The condition for optimality is

c' (XN - x(0)) > o' (X(N) - x(0)) (12)
or

e' - X(N) > c'(X(N) + 8x(W)] (13)

Since by definition p(N) = c this can be written

(p(N)) '+ 8x(N) < 0 ()
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Equation (14) can be given a geometrical interpretation.
Let W(N) represent the set of reachable states at the final
time N. An optimal path will always end on the boundary of
W(N). Equation (14) states that at this point it must be
possible to draw a tangent hyperplane whose normal is p(N)
or c. This is illustrated for the two-dimensional case in
Figure 3. From the same figure we note that a requirement is
that W is convex in the p(N)-direction. As mentioned above
this convexity requirement is always satisfied when the pro-
cess is basically continuous. A closer discussion of this
directional convexity requirement for the more general case
is given by Holtzman®.

Introducing X(k) as defined by (11) into the process

equation (3) gives

X(k+1)-X(k) = g(g(k),g(k+1))+(%;f(§(k),Q(k+1)l ) -ex(k)  (15)
= x=X

This equation can be simplified to

sx(k+1) - 8x(k) = (?rqu(k),g(ku))l ) e8x(x) (16)
o X=X

Transposing equation (9) gives

(BUN' - (U1 = (1)) (Bf(xC), a0+ 1)) | ) an
= X=X

If we now multiply this equation with 6x(k) and (16) with
(R(k+l))' the right-hand side in the two equations will become

identical, and we arrive at the relation
(p(k+1)) '6x(k+1) = (p(kd) 6x(k) (18)

This result combined with (14) states that an optimal path
has the property that

(Bx))'6x(k) < 0 for all k=1 ... N (19)

This is illustrated for the two-dimensional case in Figure 4.

It now remains to show that maximizing the Hamiltonian H(k)
leads to the above condition (19).
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Maximizing H(k) means that

(BCK)) ' (R(K)-R(K=1))>(H(K)) " (X(K) - (k-1)) (20)
which can be simplified to

(p(k)) '6x(k) < 0 (21)

Since (21) is identical with (19) the control vector u(k)
that will maximize H(k) for all k will also maximize the
criterion q.

If one or more components of the final state x(N) are
prescribed, then the corresponding components of the impulse
vector p(N) are not specified, but have to be chosen so that
the prescribed state is reached. From condition (14) we note
that if for example xi(N) is prescribed then Gxi(N) = 0, and
p;(N) may take any value.

4., Computational aspects of the optimal control problem.

Let us first consider the special case of a linear process.
The system of difference equations may be written as given in
(4). The vector valued function f(x(k-1),u(k)) becomes in this
case

E£(x(k-1),u(k)) = (&-I)x(k-1) + Yu(k) (22)

Let us further assume that the criterion q is quadratic in
ulk):

n N 5
Q= )} c:x:(N) +c, ] (ulk))R ulk) (23)
5 Wi k=1

wherz R is a positive definite matrix.
The adjoint system is given by
1
, 3F(x(k-1) ,ulk)) <

Aol d — 1+ plk) (2u)
pAR=LY — phk) \ s AR

which can be developed to
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p(k-1) = ¢'p(k)
: (25)

p,(k-1) = py(k)
The boundary values of the adjoint system are given as
Pi(N) = cj (i 2 05 B esany (26)

under the assumption that no component of x(N) is prescribed.

We note that the adjoint system is completely autoncmous in
this case, and may be determined independent of the process
state x. The only connection to the process state is through
an eventually prescribed final state x(N), since in this case
the boundary values p(N) will depend on x(N). This of course
leads to a two-point boundary value problem.

The Hamiltonian for the present linear system is
CEGO = pGk) | (0x(k-1)+¥u(k))+p, (k) (x4 (k=1 +u(k) )Ru(k)) (27)
where x, is an auxiliary state variable defined by

Xo(k) = xo(k-1) + (u(k)y Ru(k)

(28)
x,(0) = O
The maximum of H(k) can be found by differentiation
5H(k) _ ! &
m = ¥ E(k) + ZRE(k)Co = g_ (29)
or
(i) = zi— R7' L pk) (30)
0

Je note that once the adjoint system is determined, the optimal

control vector can easily be found.

Let us next consider a criterion which is linear in u:

t

N
e;x;(T) + ¢ Z a ulk) (31)
k=1

O
"
"e-13

oint system will be the same as developed above in
X
P

he Hamiltonian becomes
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H(k)

(p(3)) " (Bx(k-1)+¥uk) ) +p, (X) (x, (kK)+a ulk))
% X u 0 0 au J

(p(K))  ex(k~1)4p, (kD% (k) + ((p(ik)) "vae o' Julk) (32)

* If now the set U of admissible controls is given as an
hypercube, the conditions for a maximum of H(k) may be given
in the form

n
) for ( } p ()Y . + cea;) >0

(Ui max 5
r=1

ui(k)

~
w
w
s

n
for ( }

ui(k)
r=1

(uy) e A

o ofe ). <, 0
<l 0 1)

min
This implies a bang-bang system, where the switching points

may be found once the adjoint system has been determined.

v The computation of the optimal control vector in the
linear case presents no great difficulties, as it is in this
case possible to express the vector valued function
f(x(k-1),u(k)) explicitly in terms of the transition matrices.

A different situation arises in the general non-linear
case. If the length of the sampling interval is very short
(N is large), we may be able to find a function f£(x(k-1),u(k))
that represents a satisfactory approximation to the continuous
process. If on the countrary the sampling interval is long,
that is N is a low number, we may have great difficulties in
finding a £(x(k-1)),u(k)) that will approximate the con-
tinuous behavior of the process in a satisfactory way. It is
however possible to get around this difficulty. Looking at
the Hamiltonian as defined in (10):

H = (p(k)) ' (x(k) - x(k-1)) (10)

we note that we need the values of state vector and impulse
vector at the time t = 1, 2 ... N. The state vector can be
obtained by integrating the process equation (1) with suffi-
ciently small discretization intervals. One should be aware
of the fact that these intervals have nothing to do with the

control intervals that we have considered above, but is merely
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a consequence of using a digital computer to integrate the
differential équations. To this end we may approximate the

" process equation (1) by
x(3)-x(3-1) = g(x(j-1),u(i)) i (34)

where g(x(j-1),u(j)) for example may be chosen as
A*F(x(3-1),u(j)) with A as the integrating interval.

It remains to determine the impulse vector p(k) as de-
fined in (9). We need here the expression

3f(x(k-1),u(k))
s but since f(x(k-1),u(k)) is not explicitly

ax(k-1)
known, this expression cannot be found. We shall therefore
compute the impulse vector in the same way as the state vector.

From (9) we get

p(i-1) - p(3) =/ -p(3) (35)

,3g(x(3-1),u(3i)) \
\ ax(3-1) /

Since g is known from (34), the derivative of g used in
(35) is also known. It has however to be shown that the
impulse vector determined by (35) will have the same value
at the points k=0,1. . . N as the impulse vector
given by (9). For the sake of simplicity we shall show this

for the one-dimensional case.

Let T = mA where T is the control interval and A the
integration interval. (See Figure 5.) From (35) we get

m(k=-1)+1

- 9g(x(j=1),u(j) .
p(k-1)-p(k) = ] J—agc-(-i?i-,—l— p(i) (36)

J=mk
which may be developed to
p(k-1)-p(k) = {h(mk-1)+h(mk=-2)(1+h(mk-1))+h(mk-3) (1+h(mk-1)+

+ h(mk-2) (1+h(mk-1)))+h(mk=3) (1+...)+...}p(k) (37)

where h(i) = ag(x(%;zg§i+l))




From (34) and (3) we get

mk

x(k)-x(k=-1) = ( g(x(j=1),u(j)) = £(x(k=-1),ulk) (38)

)
j=m(k-1)+1

Based on this expression we may develop the derivative
used in (9):

2P 1)u0)) 2 (mk-m) +h(mk-m+1) (1+h(mk-m)) +

+h(mk-m+2) (1+h(mk-m)+h(mk-m+1) (1+h(mk-m)) )+ ... (39)

Because of the symmetry the right-hand side of (39) is
identical with the expression in brackets on the right-hand
side of (37). We may therefore conclude that the impulse
vector determined from (35) is identical with the impulse
vector determined from (9) at the points k = 1,2 ... N.

The structure of a computer program for determining the
optimal control vector based on the discrete maximum prin-
ciple is shown in Figure 6.

5. Numerical results.

Example 1

The first example is the linear process

The transition matrices in the egquation

x(k) = ®(TIx(k-1) + ¥(T)ulk)
becomes
e T 0
®(T) =
=T . =37 =37



V(e =

The performance criterion to be maximized is

N
q = x,(N) - § 0.5:T(u,(k))?
k=1
Final time te = NT = 4
The adjoint system p(k) is determined from (25) together

with the boundary conditions: p,(N) = -0.5T, p,(N) = 0,
p,(N) = 1.

The optimal control variable is then determined from (30).

In Figure 7 is shown the optimal control variable for
N =12 -4 - 8. For the sake of comparison, the optimal

control variable for the continuous case is also shown.

The value of the performance criterion for different

values of N is given in Table 1 below.

Table 1.

N 2 4 8 20 ©

q 1.85 1.93 198 21307 2.08

It is worth while to note that the deviation from the
absolute optimum (obtained in the continuous case) is rather
small even with a long sampling period.

A
Example 2
This example is a chemical reactor where the following

reaction takes place:

= the reactant, R the valuable product and S a by-

iuet. We want to maximize the final concentration of the
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With x; as the concentration of A, x, the concentration
of R and x, the concentration of S, the process eguations
are

x; = -k, (wWx, -k, (ux,

X5 =y Radndxs

Xgns alos LYo

The reaction rate constants are given by the Arrhenius
equation

k(u) = A exp(E/(273+u))

where u is the temperature (©C).
The following numerical values are used
x, (OD=800 x,(0) =0 XetU)S= 0
k

, = 3.3:10°exp(-5000/(273+0))

k, = 11°10'% exp(-10000/(273+6))
Final time te = NI =2

Maximum temperature 60°C or 70°C.

The criterion is
q = xz(N5
In Figure 8 are shown optimal values of the control

variable u for N = 1, 3 and 50. The value of the performance
criterion for different values of N is given below in Table 2.

N 1 2 3 5 10 50

u =60 4.281 4.u52 4.u486 4.488 L.u97 4.499

u =70 4,281 4,452 4.508 4.552 4,561 4.5686

Table 2.

6. Concluding remarks.

The class of discrete systems dealt with in this

paper is of special interest in connection with com-
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puter controlled processes. Besides the determination of the
optimal control law, it is here of interest to find out how
the length of the sampling period will influence upon system
performance. The examples given indicate that even with long
sampling periods (as compared with process dynamics) the

fall in performance as compared with the continuous case is
low. Studies of other processes not referred here also indi-

cate the same®
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<k

Figure 8 Results example 2. wu . = 60.
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OP TIMAL C O NPT RO
of
NONLINEAR DISCRETE SYSTEDN

Institut fiir Angewandte Mathematik Technische Hochschule Graz,

Austria. Vorstand: Prof. Dr. H. Florian

1. Introduction

This paper is concerned with the optimization of systems
with state constraints described by nonlinear difference
equations. Problems of this type have already been consid-
ered by some authors [1, 2, 3] . Their papers describe the
extended maximum principle, an iterative solution of non-
linear optimal contrel problems and the derivation of a
discrete maximum principle via convex programming. The
optimal control of discrete systems with constraints in
the control only has been treated by Jordan and Polak [4 ]
and Halkin [5] .

In the present paper the nonlinear discrete optimal con-
trol problem is considered as an approximation of a non-
linear continuous problem with a convex objective function
to be minimized. The constraints for the state and the
control are assumed to be convex functions. The discrete
problem is then considered as minimization of a convex
function subject to nonlinear equality constraints and
convex inequality constraints. For this problem a theorem
for convex disjoint sets and the Farkas lemma are used to
derive necessary conditions for an optimal solution. In
the linear case these conditions are necessary and sufficient.
Furthermore these conditions represent a discrete maximum
principle for the optimal controcl problem with state con-

straints.

2. Statement of the problem

The discrete problem will be considered as follows. The
state vector x(k) will be an element of an Euclidean space E"
at time k, the corresponding control vector u(k).will be
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an element of an Euclidean space EF and the time k will
assume the discrete values 0,1...N-1. The initial value x(0)
is specified as well as the terminal time N.

The system satisfies the difference equations
®(k+1) = x(k) + f(x(k), ulk)) , k=0,1,...N-1 &)
where each x(k) must lie in a convex, compact subset X
x(k) € X CE" (2)

and each u(k) must be selected from a convex, compact sub-
get U

u(k) € U C EF (3)

It is assumed that the sets X and U are specified by a system
of inequality constraints

x={x|h‘(x)56} £ (1)
and
U={u|hz(u)50} (5)

h' (x) is a function from E® to E! with h* € C' ardconvex

on E® and 1’ (u) is a function from EX to E™ with h® € C'

and convex on E'. The sets X and U are convex by the convexity
of h'(x) and h*(u)

It is further assumed that f(x,«) is a function from E" xU
to E” with f € C' on E" X U. Trajectories and controls which:
satisfy (2) and (3) are called admissible. The cost of a
transition from the state x(k) to the state x(k+1l) caused by
the control u(k) is given by fo(x(k),u(k)).'The cost of oper-
ating the system from the initial to “the terminal state is

therefore

N-1
2 f_(x(k), u(k)) : (8)
k=0 °
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Let xo(k) be the cost of operating the system from time zero

to time k. Théen xo(k) satisfies the difference equation
xo(k+1) & x(k) + fo(x(k),u(k)) (7)

It is assumed that fo & c* on E%x U.

The optimal control problem for the system described by (1)
with given initial state x(0) and terminal time N is to
determine the vectors (k) (k=0,1...N-1) and x°(k) (k=1,..N)
satisfying (2) and (3) so as to minimize the performance index
(6). The results obtained hold for the more general case where
fo and f devend explicitly on time k. For simplification it

is assumed wouwever that f° and f do not depend explicitly

on k.

Now the nxn Jacobian matrix

F(k) = QE(x0c),ulk)) T PR T (8)
C dx
and the nxr Jacobian matrix
GUEY w SECHUE) SUIRE] k=0,.. N-1 (9)

du

of f are defined. The state vector is augmented by xo(k), the
vector f is augmented by fo. Thus these n+1 - vectors are

X(k) = (x (k) yx(k))* (10)

and
£ o= (£ ,6)" : (11)

The matrix

%

F(x)

is the (n+1)x(n+1) Jacobian and

_ Y £(x(k),ulk)) (13)
du

S(x)
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is the (n+1)xr Jacobian of f. For simplification a specific
control (u(0),u(1)y...u(N=-1)) and the corresponding trajectory
(x(0)yx(1)y...x(N)) are denoted by a vector )VGEF, where

s = (N+1)n+Nr and the prime denotes transpose of a colum
vector.
= (X00),x" (1) en X INI Sut (D), . saa?{N=-1))" (14)
vce® is the direct product of the sets X and U
N N-1
Y =T X(k)x T u(k) with X(k) = X, U(k) = U {15 )
k=0 k=0

Y is a convex and compact set, since X and U are convex and
compact. The ordered pair of vectors x(k) and u(k) is denoted

by v(k)

x(k) %
yik) = (u(k)) (16)

Now the obejective function (6) can be represented by

N-1
Py) = T £ lylk) (17)

K=0

The Nxn = t equations (1) are finally written as
£lk) = flx(k),u(k)) + x(k) - x(k+1) = 0 k=0,.N-1
or

X

f {y) =0 (18)

With this notation the minimization problem can be stated
as follows .

¢(yc) = min{¢(y)[ f (y) =0, er} (19)
Yy .

yc is the optimal solvtion of the discrete control problem.

. N - .
The augmented s'-dimensional vector y (s' = (n+1)(N+1)+rN) is

~ ~y

o OF N R far A A
Fom (X0(0), X115 «ax N ur (0)5essut(N=1))" (20)

\



in x or u, M is a noncinvex set.

+
Hh
1

L<

!

%

<4
IS
n
~ny
il

s convex. Corresponding to (11) the function (18) is aug-
mentea and denoted by ?‘(y). Its t'»s' Jacobian matrix
N o

{(t' = (n+1)N) at y = y  is

?K
. (a:i ST Lycir 2 g
A = \ETj 1= 1lyesiek’y J =.Lsees (24)
ith relations (12) and (13) the matrix A i:c
F(0)+I =I Go) o 0
- 0 F(1)+I -I 0 G(1) e s
\ o F(B=1)4I =30 G(N-1)

'xt' lower triangular matrix with elements -1
al. Therefore the rank of A is t'. The
the state (4) and the control (5) are

written as the N(l+m) vector

4
h (x(1))
h‘(xkn})
Y= Rt uo)) ekl
H (u(N=-1))
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Furthermore the N(l+m)Xs' matrix B is defined. The jth row
of B is gradyhj(y) (j = 15ee.N(1+m)) if the jth component of
h(y®) = 0 and zero if the j°" component of h(y®)<O0.

3. Conditions for an optimal solution

Now consider a small deviation 85 at ¥° which is given by

AdY =0 and B6T £ 0. 8F = (§%'(0),..6% (N),8u'(0),..du' (N=1))"
is element of a convex subset T of Es' which contains the

origin and is defined as follows

~

T m {J§ | AdY = 0, B4

In

o} (27)
An admissible vector yoé M' is a relativeminimum if
d(y° +xby) 2"y (28)

for every admissible deviation §y €T and sufficiently smalle«.
T is a projection of ‘T obtained by deleting the rows with f

in A and B. From (28) and the subsets W and S of et
fined as follows, conditions for a relativeminimum are

obtained.
1 %o P 1 o
s A9 2 2
W = { z _(y‘)] y éM, zo>¢(y ) (P(y )}' (29)
W is called the set of all reachable points.

S = {z"':( 23 )[ éyET, z; =tb(yc)} (30)
yo+dy :

Let z' €w. If y' - y°¢ T, then z"d&s. 1r y' - y° =dveT,

then by assumption it is zg >¢(y°) and therefore i’é;s.

Thus W and S have no point in commcn. For the nonlinear pro-

blem and for nonconvex fO these sets are not necessarily con-

vex and hence not separated. Now the sets W' and S' are de-

fined in the same way as W and S but with respect to the

linearized problem and for convex fo' Then the sets W' and

S' are convex. Halkin [5] proved that if the sets W and S
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have no point_ in common the sets W' and S' are separated by
hyperplane. It exists a vectof\b = (ao) * 0 such that

a
a'Ky°+Jy) + ad¢(y°) < a'.y1 + ao'¢(y') (31)

For y’ = yo it follows
attdy €0 (32)

i for the augmented system

V]
o]
Q

34y &0 (33)

at a relative minimum yo of ¢(y). In [5] it is pointed out
that it is incorrect to conclude that W' and S' are disjoint
if the sets W and S defined for the nonlinear problem are
disjoint. Hence the optimal solution of a nonlinear opti-
mization problem is not necessarily the optimal solution

of the linearized problem.

4. Optimal Control Problem

The relation (33) derived from some properties of disjoint
convex sets and the constraimts (26) are now used with the
Farkas theorem to state necessary conditions for the opti-
solution of the control problem. Equation (18) describes
the system dynamics whereas (26) represents the constraints

for state and control. The system dynamics are

(F(0)+I): 6X(0) = §%(D) + G(0)+du(0)

AdY = | (FO+I) 4% (k) - dX(k+1) + G(k)-dulk) (34)

(F(N-1)+I)dX(N-1)=dX(N) + G(N=1)-du(N-1)

From (34) it is obvious that J%(k) satisfies the difference

eaguation
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d%(k+1) = 4% (k) + F(k) dX(x) + Gk)dulk) (35)

According to (33) there is no Y€ T which satisfies
E“J;’O and the system

A'A{(- =0
g (36)
angy >0

has therefore no solution J;e’r. Thus by the theorem of
Farkas [6,7] the system

A“D =3 (37)

N{n+1)

has a solution p€E » The system (37) is

(F(O)+T)'-p(1)

(F(K)+I) ' plk+1) = Blk)

(F(N=1)+I) " p(N) - p(N=1)
Atp = | By =
G(0) '+ p(1)

PR

(38)

G(X) ' plk+1)
G(N=1) '+ p(N) ;

Now consider the system

B:dy S0
(39)

avdy >0
Since there is nc 4 ¥ €T solution of (39), the system

B''w = a w20 ; (40)
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has a solution w = (wl(i)z...wl(N);wz(Qf,.‘..WZ(N_if)'eE#1+m)N

Hl'(xo(}))'wi(i)

Hl'(xo(k))'wi(k)

¢ -~
B' = | HY P wlan - (41)
13

12" (u°(0)) w2(0)

12 (U9 (N-1)) rw (N=1)

In aquatlon (41) H (xﬁk)) is the l;(n+1) Jacobian matrix of h: (x)
h (x° (k)) evaluated at x°(k) and 2 (u® (k)) is the mxr Jacobian
matrlx h (u®(x)) of n® (u) evaluated at u®(k).

From equations (38) and (41) it follows that at a relative
minimum y© of (19) there exist vectors 52k)€En+1, wle gt

and wze:Em satisfying the equations

Plx+1) = PAk) = Frik)e plk+1) + HY (%)) wi(k) (42)
ORI

o '

SN = - HY (P () win) (43)
and

~ a9 2' - o 2

G'(k)*p(k+1) = H (u (k))*w (k) k=0cecosoosN=-1 (44)

Furthermore the equations (4), (5) and (40) represent the
complenentarity relations (Kuhn-Tucker-relations) for an
optimal solution

A P ) wi(k) = 0 k=ly....N (45)

h2 (WC(k) ) wi(k) = 0 k=0,.eeeN=1 (46)
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Since = 0, the component po(k) of p(k) is constant and
because Sf (32) there is

p;(N) S0 (4a7)

If f(x,u) is linear and fo(x,u) is convex then ¢(y) is convex
on ¥ and M is a convex set. A stationary point of a convex
function is a global minimum, thus the conditions obtained
are necessary and sufficient for a global minimum.

If there are no constraints for the state, equation (42)
becomes

Plk+1) = Dlk) = = F' (k) Plk+1) K=lyeoeoN-1 (48)
This is the adjoint equation used for the derivation of the
discrete maximum principle [4] e
5. A Discrete Maximum Principle
The results obtained in the previous section represent a
maximum principle for discrete systems as it was first
formulated by Rozonoer [8] for constraints in the control

only. From equations (33) and (38) it follows

vy 2 ((P'(k)+I)‘p(k+1) - p(k)) (493

G (k) Pk+1)

and for the inner product Fk)éy(k)
B (k+ 1) (F(X)+DIX(k) = Brk)X(k) + B'(k+1)0G(k)dul(k)€0 (50)
From (50) it is obvious that the Hamiltonian

H(D(k+1)yx(k),ulk)) =

= Blke 1l (Fix(x),ulk)) = Xk)) = i) X(x) {323
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has a stationary point or is a maximum at x°(k) and u®(k).
In addition there is pg(N)S 0 and the transversality

condition (43).

5. Summary

This paper shows how a theorem for disjoint convex sets
and a theorem for systems of linear equations and
inequations can be used to obtain necessary optimality
conditions for discrete time problems. The optimal
control problem is formulated as a problem of mathema-
tical programming, the techniques of which may be used
for the finding of optimal solutions. The conditions
are not necessarily minimum conditions. There are
however many systems which have only one local minimum
and for these systems the results derived in thisA
paper aré useful. In the linear case and for a convex
objective function the conditions are necessary and
sufficient for a global minimum. Furthermore it is
demonstrated that the conditions obtained represent a
discrete maximum principle for systems with constraints
in the control and the state.
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CHAIN MODELS
AS INERTIALESS OPTIMAL CONTROLLERS OF MULTI-

DIMENSIONAL PROCESSES

Konstanty J.KURMAN /Poland/x

1. Introduction . The paper presents a uwethod of
optimization of new perspectives - chain models methodB'h’5.

As long as the present methods are used the computational

effort for optimization grows with the square of the dimension-

5

ality of the problem at least” using the described method --

it grows linearly.

The basic problem in an efficient computing of optimal
control is solving differential equations with given initial
5. In the described method this difficulty

disapears since the dynamic problem are reduced to the static

and final conditions

one: real time is not represented by the time, but by a certain
space coordinate of the model. Theoretically the model is

inertialess, the solving time equals zero.

Practically - the model realizes Arrow-Hurwicz gradient
methodz. The computation of gradient presents no difficulties,
due the application of the modified Dennis analog'y1 to the
determination of the model’s structure; the model receives
therefore self-optimizational features - which resgylt from
the modified Maxwell’s principle of minimum power consumption1.
The introduced modifications cause that the‘complexity of

the model is proportional to dimensionality of the problem.

The chain model used as an optimal controller, which
in principle is inertialess, is the practical medium of

solving the problem of the optimal system synthesis with

x/Department of Automatic and Remote Control, Technical
University of Warsaw, Warsaw, Nowowiejska 15/19.
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various forms of the final conditions. The important
theoretical result is the disapearing of the "dimensionality
barrier" and the constatation of no need for decomposition
methods for those problems, which can be solved effectively

by the chain modelling.

T he problemn o f t he st a t.1 ©

o' p Al wiz a vt d o n. Let us consider the static optimizat-
ion problem: determiﬁe a no-dimen"sional vector of the decision
variables §=[y_' yz e yn,] which locally minimizes the
given cost-function J(Z, g) where the vector 5=[Z4 22...2,_}

is given, under the additional conditions /which will be

called equality constraints/:

eED=[y ¢ ... ¢ 1=0, /1/
where my<n, .
Either we assume that there exists an unique local

minimum, or we must _a'gree, that just one optional of exist-

ing local minimums will be determined.

The above formulation of the problem is sufficiently
general from the point of view of practical applications,
under condition that all inequality constraints such as

‘ﬂ‘(f, g) < 0 were replaced by "hal "-square"
cost components:

:Ck(ﬂz for %}0
=0 for ‘ﬂ(O

a sufficiently large positive number.

J, =

where Ck
These components are considered as "penalty functions"

for the violation of comnstraints.

Let us introduce the Mg - dimensional vector of
Lagrangian coefficier_lts A =[)\‘ Az PR )\m“]and the
Lagrangian function

J*(f’g;\)=.l(i',§) +i‘)\kﬁhff,g). | /2/

k=q{
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The optimigation problem is under certain conditions

equivalent to the problem of determination of the ng+ My~

- dimensional vector of the new independent variables

e[V Vs «o. vaamJ=[§ A, for which the function
J*(Z,V) reaches a stationary value.

So if we call the relation

aJ*
dv,
the relation of optimality of J with respect to v,

then solving the optimization problem is reduced to solving
the system equations consisting relatiomns of optimality /3/,
for k=1,...,n,+m,.

Energetic model o f L' agrangian
function for t he linear Problem
Let us focus for a while on the linear optimization problem,
for which the equations of constraints /1/ are linear, so
that they have the form:

L+n,

kP(w)=Zo(v-v=0 ; kot oosmg /8/

i=1
where "w':[w,ug...wm ]=[f ‘y’] while the cost functiom is’
L

a quadratic form,

l+n, | .
J(w) = J(w) iﬁHW-wj /5/
1

i= tof

. - » o
with ﬁijﬁj‘ - for j#‘.
Above implies the form of Lagrangian function:

l+n,+m, L+n,+m,

Jhay= Z_ E__f,u,u; " ' /6/
vhere 2;]3;: =0 for j# i N
a=[uu ... u“n.*,,,.]-figkj.

The form of the expression /6/ implies the linearity of

ecuations /3/.
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Let us form an eiectrical mnetwork modeling the
Langrangian function /6/ in such a way that the given variable
u; represents” the mode potential in the model while the
given compomnent ];‘. U u; (for I:i #0) of the funct-
ion /6/ is represented by an [l -element, which consists
of positive resistances /"+R“—elements/ and negative
resistances /"-R"-elements/, commecting the node " U; "
and the node " U; ". The rT—element is shown on Fig.1
where the resistors are represented by their conductances.
A "-R"-element is an active element /a source of energy/
which differs from element "+R" by the direction of the

current, with identical voltage on the terminals,.

The power consumption of the TT—element from Fig.1
/this value may be negative, too/ is expressed by
R = J;(u‘f -I;}(uru,-)z '*3';-(1,(,)z =20 uu;

/the power comnsumption is equal to the doubled value of the
Lagrangian function's component, which is modelled by the

rr—element/. By introduction vector {§ to the model in the
form of poféntiﬁls of thé corresponding nodes we receive
the complete power consumption of network /from the U
sources/ equal to the doubled value of the function Jﬁka),

on the basis of the principle of conservation of energy.

Self-optimizational property
of energetic mode l . The current iy
flowing out of the node " u;" in the direction of the
node " u4;" through conmnecting them M -—element /Fig.1/

can be expressed as

d : j
by = Tat= g, Byt /71
The current i, flowing out of the node " ;" in

the ground direction through rr-element linking the
node " ;" with itself /representing the component aa(uﬁ

*
of the J function/ can be expressed as

{10 'za;z“i % 3‘.—‘ J-'Ia(“:)‘. /8/
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If the extermal voltage was not applied to the
node "u;® / u; is a free quantity/, then according to /7/,
/8/ and /6/ the sum of currents flowing out of the node " u;"

has the form: Z
‘ aJ
Z b = au_ /9/

According to the 1st Kirchhoff‘s Law the node
potential u; assumes the value, for which Ziu=0, thus
according to /9/ it assumes the optimal valu;, for which
the relation /3/ i.e. relation of optimality J" with
respect to WY, is fulfilled. This fact we can call
a "principle of a stationary wmalue of power consumption":
the distribution of the node potentials of the "tfﬂ - net=-
work represents a stationary value of the power consumpt-
ion of the whole metwork from extérnal sources /compare
MaxWell's principle of minimum power which‘is valid for

"LR" —~ networks 0n1Y1/'

Getting back to the original setting of the opjimizat-
ion problem we }ind out, that the energetic model, formed
by us, has the properfy of self—qptimization: the wvector
of decision wvariables g assumes E\value, which minimizes;
the cost J under given conditions /i.e. comnstraints /1/
and values Z , forced by externél sources/. The power
consumption P of the model from the Z -sources fepresents
at the same‘time the doubled value of the conditional
minimum cost J, since the fulfilment of relatlon of
optimality J* with respect to the vector A 1mp11es gp 0
so zccording to /2/ we get

J=J*=1p. : /10/

Inequality: ¢ onsitrradant.e and
other nonldinearities o.f t he
problem. Let us assume, that an additional
component '&(Mﬁ) of "half-squared" type occurs in the

cost function, for e.g.
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Jed,+J, ,

h J gk(wt za) for w >z, /11/
e

wher fOf w; < zk 2

Let be one of the decision variables.

The component Jk can be represented by a diode-
element /Fig.Z/ in the energetic model. This element is
put in between node " w; " and the voltage source 2,
Because an ideal diode does not consume a power the power
consumption of the diode-element may be expressed as pk=2J,r

/power dissipated on the resistor of 29“ conductance/.

Addition_al component of the current flowing out

of node "w;" can be expressed as
1S

il
i = o= 29k(w‘-z,) for w,2Z, __a.:]!
k - P -
= a for wi <'Zk aw;
’ #
so as that component of the relation of optimality J
with respect to w; which: corresponds to occ_urring the
J
the "half-squared" cost in the form of diode-elements
to the probiem /and the model/ does not violate the

X component in the cost function. Thus by introducing

eaquality /9/‘, so it does mnot violate the self-oytimization-
al properties of the model and the principle of the
stationary value of power.consumption - which is not true

; . 1
in the general mnonlinear case .

If the variable w, in /11/ is not one of decision
variable,but their linear combination, we should introduce
it to the class of decision variables, simoultaneously
completing the constraints /1/ with the appropriate equat-
ion of the following type

‘Pm -ff Zskyh-o

and completing the A vector with the xm.+1 component.

The diode-elements make 11: possible to model ‘3 large
class of cost functions, under the condition of their

proper aproximation /piecewise parabolic/.
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By choosing a sufficiently large value g, in /11/
we can take into consideration "a penalty for violation
of constraints", Notice, that penalty disappears from the
solution when 9,— o< /resistor disappears from the
diode-element/ which corresponds exactly to introduction

of inequality constraints‘.

There d4s also a possibility of introducing piecewise
linear constraints for e.ge. by "withdrawing"™ not acting
constraints, which can be achieved__by means of suppessing
the corresponding coordinated of X vector to the zero

value /connecting the corresponding mnodes to the ground/.

Symme trical models, Complexity.
Let us form the energetic model a little differently.

Let u; variable be represented in the model by a pair

of nodes w:n.th +u; and —uy; potentials. Let l com-
ponent of J function be represented by pair of n-ele-
ments from Fig.3a, if 3’ < 0, and by the pair of

IT -elements from Pig.3b, if f >0. Power consumption
of the n—elements equals in both cases P 43;,,4 (U,
Besides this change of the coefficient of proportlonality
between the power consumption and the costs - the basic
properties of the model /self-optimization/ remain un-

changed.

In the symmetrical model "-R" elements occur only
in connections between the node and the ground or, after
simple transformation, in branches: node"+u’/node"-u" ;
ordinary branches u.i/u'i contain only "+R" elements.
It allows to ground all ‘amplifiers used for realization
of "-R" elements. Furthermore, the complexity r of the
symmetrical mbdel, measured with the number of "-R" elements,

undergoes the limits:

mygr gn,+m,,
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which comes from the fact that "-R" elements occur always
at "X'Lnodes,v and they can also occur at "y"-nodes. Then

the complexity grows only! linearly Wwith the dimensionality
of the problem n,+m,.

7« The mechamndismnm o f t he 88 L £ -
optimization-of the model
_Let us assume, that

.

1/ The cost-functionm JW) is ‘strictly cbﬁcaiq.

2/ The only dynamic parasitic parameters are "mode"
capacities (, /between node "v" and the ground/.
C, >0 for "y"-node, C‘\<0 for *\* -node.

Assumption 2 means /with certain definite idealisat-
ion/ that there are applied "-R" elements of open-circuit-=
_~stable type in "A* -nodes, and the elements of short~-

~circuit~stable type in those "y"-nodes with which "-R"
elements occur.

According to /9/ and assumption 2 equations of the
model dynamics assume form
'a—J'*"'C d_\g; =0 ; i=1{ +
av-‘ v.dt . ’ t‘ geseqNgtmMm, /12/
which according to /10/ we can interprete as two "mechanisms":
- minimization of Lagrangian cagts /or power/ with respect
to decision variables: -
dy__1357_ _ 1 4P ‘s i
dt _C!;Jy; 2C!.3yi « A Renaya
- maximization of Lagrangian costs /or power/ with respect
to Lagrangian coefficients
LV e ﬂ* s a8 k=1 m
dt |C,] d), ~ 2IC,| dA, e
As we see it is a realisation of Arrow-Hurwicz
gradient methodz. Under asgumption 1 and under certain
qualifications reffering to form of comnstraints the algorithm

converegesz, which proves the stability of ! model.
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There exists a possibility of forming'locally stable
mode 11so with non-concave function J(W),if there only
exists the locally unique solution of the problem. For this
purpose we must choose sufficiently large numbers hk

and complete the cost function with the component:

fh#’: . /13/

k=1
It is easy to prove that the expression /13/ does mnot
influence the solution, but makes the cost function locally
concave: coming out of the point of equilibrium in arbitrary
d%jection 8 without violation of constraints we have
e > O according to the assumption of existing of
solution, for any other direction - there exists such Xk,
that géh #0 and choosing sufficiently large hk guarantees,

agcording to expression /13/ that also in that direction

33/, > 0.
The general characteristics of disappearing of the

transition process result from the equations /12/:

dJ* N dw Zi(ﬂ*)“

dt L. 3y dt L TC\aw /.
Setiing time /lzwer than one second/ we cah theoretically
shorten arbitrary diminishing Cv That time depends besides
on "steepness" of the searched minimum and on the structure
of the optimization problem, represented by the model
structure /wave processes/ - that is why the time depends
at most linearly on the dimensionality of the problem
/of the number n,+ m, /e
Energetic modesllding and de -
composdition. When we solve the problem of
cptimization by the energetic modelling method we do mnot
have to use the decomposition of a large systems. It
results immediately from fact that the growing of

he problem dimensionality Ng+ My implies at most
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the linear growth of the complexity of the model and the

growth of solving time where that time is mnegligibly short.

T hie problenmn g £ dynamic op-tdm i z a
iomn and energetic c:h«a i mn mao0=d o 1 -5
If on any accounts /here: if we take under consideration
the possibilities of the téchnics of computing applied/

we look for the optimal control in the class of piece
constant functions /constant in a given stage of process/,
we come to a discreet version of the problem of dynamic
optimization, that is to the problem of conditional mini-

mization of the multivariable function /of the process

cost/: N s
J= ZQR(":. “t,z:),
e e =
with respect ta.the control variable vector u; and the

state wvariable vector ii , subjected to dynamic constraints.
p=l,...on

“"a’.ﬂ’« = 7’;’{;";“2‘_).:0 {i' 1,..0sN

and eventually to additional equatio'na.l constraints, withs

S =[ « 2 2 ] :
CXELX X . L L X -— object state variable vector

in the beginning of i-stage,

- [ -2 m :

U, =lu;, u; ... u ] — control variable vector in
i-stage

Z, - constant value vector of i-stage /initial and final

conditions, determined signals etc./.

Q costs of i-stage,

N - number of stages.

Creating the vector of decision variables from the
free vectors of states and contrcl §=[§zi'3...a‘a ...ﬁ“],

the vector of eguational constraints function ng[‘E(E,,.‘E,,J,
and the vector of constant values 'z"['z"i 3 2“ , We
reduce the problem of dynamic optimization to the problem

of static optimization - section 2. Then we can also form

t



74

the energetic model, which we will call the chain-model
with regard to its specific s:tructurell /the individual
chain links = successively joined multipoles - represent
the successive stages of the process/. All the resalts of
the previous sections are still true with the remark, that
tge shain structure makes the setling time practically
independent on the object dimensionality mn, the complexity

of the model remains proportional to n.

Fig.4 represents the example of the symmetrical chain
model of the 3-stage optimal process, for the following
problems

‘Hs"‘iu'ax;‘b“i’a ;  i=1,2,3
3
J=3" [elx)+ dxu; + e(u;)?]

]
X >x, 3 i=2,3
Xs4X49%Xq4 - are given
a,b,c,d,e - positive constants.

In the problem with the free final state X, we force the
final conditions by grounding of nodes ..A, in Fig.lh
/the comstraint <ps0 disapears then A in Lagrangian

function J J""ZX q;. dlsapears/.

Inertiales:s o p tei moaE controller
Fig.5 illustrates the princpple of the application of the
chain model as an inertialess optimal controller. When the
successive stage of optimal process passed we shorten the
chtain of one link. In the problem with free time of the
lasting of the process we establish the nuﬁber of links N
on the basis of the criterion of minimization of power
delivered from external sources. Giving of final conditiomns
does not imply any difficulties either with definite X:,,
/in the form of adequate voltage/, or with free x

/ -hrouzgli the grounding A /, or with arbitrary llncar

Tinal constraints /equatlonal and 1nequational/. Local




75

constraints of control variables and state variables, global
constraints, dead times in the object, influence of known

external signals etc. imply no difficulties.

11. Conclusdions ., Mainly as a result of revision
of "the principle of time modelling by time" chain model-
ling of optimal processes brings out mnew possibilities and

new conceptions in the field of optimal control.-

First of all there appears a possibility of forming
of inertialess optimal controller with the complexity
proportional to the dimensionality of controlled object
for sufficiently large class of problems from the point
of view of applications, The controller is distinguished
by its simple mode of operation, sequential structure
convenient to technology and with sufficient accuracy as

the experiments proved.

In theoretical aspect chain models introduce easily
imaginable static, ﬁhysibal models of the problem of
dynamic optimiaation, instead of geometrical models in
multidimensional space. I turns out, besides, ?hat the
"barrier of dimensionality" apd the necessity of applying
decomposition are not organically connected with the problem
of optimization itself, but only with the used so far methods

of solving the problem.

The author is also grateful to prof.dr W.Findeisen,
prof.dr A.Gosiewski, prof.dr A.Wierzbicki, dr J.Pulaczewski

and dr B.Piwko for their favourable and valuable remarks.
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I Controlled X -I= Final
object ! 2 [——— ———1 N [ conditions

~ . -

Links of chain-model

Fig.5
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