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A NONMINIMUM PHASE INDEX AND ITS
APPLICATION TO INTERACTING MULTIVARIABLE
CONTROL SYSTEMS

By
E. J. Davison

Department of Electrical Engineering
University of Toronto, Canada

SUMMARY

A nonminimum phase index is defined for a linear time invariant
multivariable system. It is then used to give a measure of the degree
of difficulty of stabilizing the system when two or more control systems,
each of which controls one putput variable of the system, are applied
simultaneously to the system. The index is simple to compute and so should
be useful in predicting when interaction will occur in large multivariable
control systems such as which occur in process control. A numerical example
of a distillation column with pressure control and temperature control is

included.

1. Introduction

Often the control of large systems is accomplished by controlling output
variables of the system as though they were independent of each other. That
is, a control system is found which satisfactorily controls one output variable
of the system and a control system is then found to satisfactorily control
another output variable of the system. The control of both variables is then
attempted by applying the two control schemes simultaneously. This is
especially true in process control and chemical engineering where the system
being controlled is very large. The main reasons for this have been that the
plant being considered is generally far too complex to consider applying modern
optimization techniques to it (often several hundred differential equations will
describe the plant), and that the control sqhemes empirically found have often
been satisfactory. Occasionally, however, _'(as would be expected) one control



loop will react strongly with another control loop and strong interaction will
exist in the system. It is obviously important to know the circumstances
under which this may occur.

Previous methods of measuring interaction1 have either proved to be
unreliable (e.g. when applied to the examples given by Rosenbrockz) or difficult
to calculates. The purpose of this paper is to give a method by which it may
be readily determined if interaction will occur in a specified control
configuration.

2. Development
Consider the system given in Figure 1. The system is described by:

X=Ax+Bu (¢}
L=22x 2 -
where B= (gl, Ez, P En), u =u, 3
u, ’
g
and D =/d; 4)
.dz ke
d
where di g SRR TR U e DR (5)
= Q ~, 1T =325 sl
i$r
$s
¥t

.

X is an n-dimensional vector describing the state of the plant, A is ann x n
constant matrix, E-i (1<i<Q) is ‘an n-dimensional vector and uy 1<ic<Q)
are the input forcing functions to the plant. y is an n-dimensional vector
consisting of the measured variables. In the case that the y state variables
) S R

e
can always be made so that in the new coordinate system they can be directly

. cannot be directly observed, a transformation of coordinates

measured.



Suppose that there are y control configurations applied separately to the
system so that controller r controls ouput variable X ., controller s controls
output variable xg etc. in the following way:

Controller r: The control system is given by:

u(t) = (1) +  f-ky ) e (8) T4 ik (6)
L T
-kz
T
- -kﬂ
e () =0 _x (1) (N

where !o (t) are the input disturbances to the plant and the controlling signals
uy (1 < i < Q) have negative feedback from x. with gain -er k;' (1<i=<Q).
(The reference signal for xr(t) is assumed to be zero).

The equations of the closed loop system therefore are:

Q
. X os .0 =
x=Ax + I (-k;BJc, + Bu (8)
ci=]1 Q
. T 0
ool 20 BRI (kg Bx° + Bu : ®)

Similarly the equatijons of the closed loop system for the other controllers
are given by:

Q
Controller s: X=Ax + 6 ¢ (-k¥B.)x +B.u® (10)
=" == S i i=i’%s " ==
: : Q t -
Controller t: Xx=Ax + 0y ;1 (-ki _B;i)xt' +Bu : (11)

Now often satisfactory performance is obtained when the above controllers
are connected separately to the plant, i.e., output variable x, is satisfactorily
controlled when controller r is applied and output variable X is satisfactorily
controlled when controller s is applied, etc., but when more than one controller
are connected together (in an attempt to control two or more output variables
satisfactorily), performance may be severely degraded and unsatisfactory control
obtained. In this case interaction is said to take place.



Suppose that the controllers s, t, ... are applied simultaneously to
the plant and it is desired to determine their effect on the controller r.
(i.e., When controller r is connected to the plant, to what extent, if any,
will the performance of controller r be degraded?) Interaction will be
severe if, when controller r is not connected, the effect of the controllers
s, t ... is to cause the time response of X, for a step function input to
cr(t) to change ipitially in a direction which is opposite to the final
value it eventually reaches. This will happen if the transfer function
relating output variable X, to the forcing function input cr(t)
is nonminimum phase. It will be very difficult to achieve satisfactory control
with controller r in this case and if an attempt is made, performance of the
control system will be downgraded. An attempt will now be made to measure the
degree of nenminimum phase in such systems.

The transfer function relating I[xr(t)] toIﬁCr(t)J may be written for the

case when controllers s, t ... are connected as follows:

Q Q Q
iz ) < s 3 t - = 3 5 o
dets(ﬁ s+ 525[.2 kiEi]+et2t[.z kigi]+...)l lr)tl?_r[.X k(B
i=1 i=1 i=1
= - chr(t)]

Lix 03 . .
-s1+8 o k8, |+.
errsep [ £ adplop [l | G
where
gj(g) = (d;d)...d),1<j<n (13)
and
gk = 5_ , k=3
0
0
ey S, (s SR |
; k #j
where wl 0\
w
2
Er = 2 , 1S rsn
\ 0 ks (14)
and
w, = 1 R S
X
=0 Bk & oW b e |

i¢r



Now the zeros of this transfer function are given by the finite eigenvalues
of the matrix Z °

Q ; Q Q
= s t b :
z- (yeses[.fl-kizi] +9t2t[i§1-ki£i] ‘o -)(1-_,1 )+m_,L§1-ki£i] (1s)

in the limit as T + ». This may be verified by expanding the determinant
det (Z - s I) = 0 about its r column and then comparing coefficients of the
characteristic equation obtained with the corresponding coefficients of the
. equation obtained by expanding out the numerator of'the right hand side of
(12) and equating it to zero. The poles of the transfer function are given
by the eigenvalues of the matrix P:

P=A+ esp_s[): k 1]+e gt[ 2:.J<i _1]+... 16)
i=1 i=1
Let the zeros be denoted by 2y, ~Z5, ... -2, (0 sm < n-1) and the poles
by -Py» “Pys .-+ P, in order of increasing magnitude (in the absolute sense).

A nonminimum phase imiex Dr(es, et ...) will now be defined for controller

r, when controllers s, t ... are connected to the plant with gains Bs,et s A5
being

T 2 A

Ty WA s an

where A is the '"dead zone" time interval occuring in the time response of
xr(t) for a step function input whgn the controller r is not connected (see
Figure 2), and TC From is the dominant time constant of the system. It is shown
in Appendix 1 that an approximate value for this index is given as follows:

Nonminimum Phase Index

For the case that the dominant pole p, is real and distinct:

m P,
].og[ n °—. m P
D (8, 8, - g ( : 2—1)>
A
i=1
= if n(l-—)slor1fm=
: i=1

(18)
i



For the case that the dominant pole is complex with poles Py and Py’

s 2
log|Re I l'z_ = P
a2 i ifken[l-—1]>1

» eee) =
t X m P. 4 '
1+1og[ge I (1 ¢ —1)] e
j=1 21

.1
A ~_. m ; Pl 3
=0 3R ifRen[l-z—]slofifls-O
: i=1 i
(19)

r
D (65.8

It is assumed that the s-ysten is stable so that,Re(pi) oy e, 255 v,
If the dominant pole has repeated roots, similar expressions may be obtained
for the nomminimum phase index using the methods of Appendix 1.

This index has the following properties:
(¢8) If'Dr(es'et ...) .= 0, the transfer function relating I[xr(t)] andL[cr(t)]
is miaimum phase and satisfactory control. should be possible to achieve by
adjusting er properly.
2 1f Dr(es;.e't .~; .) > 0, the transfer function relating l[xr(t)]andi[ér(t)]
is non-minimum phase, so that control is difficult to achieve.
(3) As Dr(es'et .--) * 1, control becomes more difficult -to achieve. It will
equal unity when a zero of the transfer function approaches the origin from the
right hand side of the complex plane. The system becomes extremely difficult

to control in this case.

An interaction index will now be defined for the system which character-
izes the effect of controllers s, t ... with gains Os, et ... ON controller r

when controller r is connected to the system. The index gives a measure of the rela-
tive difficulty of stabilizing the system in the presence of nonminimm phase inter-

altions.

Interaction Index TT(8,8, ...) = DT(6,0, ...) - D'(0,0 ...) (20

This index has the following interpretation:

(1) 1f Ir(es,et ) i Ll favoufable interaction will occur when controller r

is connected' to the system.
@) .If Ir(e ,6, ...) = 0, no interaction will occur when controller r is con-
s : :
nected to the system.



(3} - 1If Ir(es,et ...) > 0, unfavourable interaction will occur when
controller r is connected to the system.

(4) As Ir(gs,et ...) » 1, the interaction will become more severe.

It is seen that the numerical calculation of this index is simple. It
is essentially just a matter of finding eigenvalues of the matrices Z
and P. A typical value of r that can be used for computational purposes
S 15 4
isDi= 107"

3. Relation of Interaction Index with Conventional Means of Measuring Interaction.

It will now be shown that as Ir(ﬁs,et ...) > 1, the proposed index gives
the same result as the conventional index of interaction1 which is given as
follows: Interaction will be severe in a 2 variable control system if for

large control gains

S

611622

1 (21)

when s > 0 where the G's are the transfer functions of the process.

Suppose that in the system considered, controller r is connected with the
gain % and controller s is connected with gain % to the system. Suppose that
Ir( %) +1. If it is assumed that Dr(O) = 0, this means that Dr( %) + 1 or

that the determinant of matrix Z given by (15) is:
B s, e
det}‘[A—"est(i__z_l-kiEi)] (l'lr)‘”rgr(i:l'kiii\‘: 0 (22)
in the limit. If it is assumed that the gain 8 is large, (22) then becomes:
e r o
derfaq-1 10, 2 )0, (2 K38y) f= 0 @5
Equation (23) now implies that:
€y s %
det{-'\-(l'Lr)+2r(ifl"kigi)}det{ﬁ(&ls)?s(ifl'kigi }:

: k5B.\ bdetdA(1-1 )+D ( £ -k'B
(= -k;B;)gdet{A(l-1)+D ( = -k;B;

det{é.(lflf)+ =
i=1
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and when the determinants in (24) are divided by det(A-sI), the following

relation is obtained (for the case that s » 0):

611622 = 6,565 (25)

where the G's are the transfer functions of the two variable control system.
It is the conventional measure of interaction used in two variable control

system studyl.

It should be noted, however, that the converse relationship is not
true. EqE (25) does mot at all imply (22) and so it is possible to have
systems in which (25) is true, yet which have little interaction (e.g. when

applied to the examples of Rosenbrockz).

The following conclusion is therefore made - the conventional index
of performance is a valid measure of interaction only when it indicates

that little interaction will occur in a system.

4. Numerical Examples

The first example is taken from Rosenbrocks. He considered the system

shown in Figure 3 where -
1:

611 = (=6 (esD (1+s0. )2
<1

G ™ e
(1+s167) (1+s1)

Gy = -0.85
(1+s83) (1+s1)

" 0.85

61 = 7
(1+s167) (1+s0.5) "(1+sl1)

€ ™ %

S

X is satisfactorily controlled when k1 = 150 and k, = 0 and x, is

satisfactorily controlled when k, = 0 and k, = 75. It is desired to determine

1
if, when the bottom controller is connected with k, = 75, interaction will occur

“

when the top controller is connected.
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The following interaction index was obtained in this case:

P
log}l - ?l
1
1+log|1 - P1
5

= -0.00758, p; = 0.00600

i

2)

where 2
or (k) = 0.37

which implies that severé*interaction will occur. This was in fact verified by
simulation (see Figure 4). It is interesting to note that when a small change
is made in the transfer function G12 so that

o -0.85

12 - (I+s167) (1+s1)2
with all other transfer functions and gains the same, the interaction index
becomes zero, implying that -no interaction will occur. This was ve;ified by
simulation (see Figure 5) and was observed by RosenbrockGT* This means that
rather small changes in the dynamics of a system can occasionally cause spec-
tacular changes in the controlled system.

The second example consists of a binary distillation column with a
temperature controller and a pressure controller. Figure 6 illustrates the
control system used.

The equations of the distillation:column are given below7:

IE s Rt ol AR DAl
Ti = -46xi + 50x i
8

11° is= 1,2, asey 10

k_ = -10
P

where A is given in Table 1 and By §2 are given below:

* As guide lines for a measure of the severity of the interaction, the interaction
would be considered weak if Ir(es,et, ...) < 0.01 (say) and severe if Ir(es,et,...)
> 0.1 (say) by the "Ziegler-Nichols rule"s.

** Tt should be noted that the conventional measure of interaction gives
53285

611622

will occur in both cases!

= 0.72 for both G12 transfer functions, implying that strong interaction
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.0 \ 0.0
3x 105 3.0 x 107>
-5 | 25
<5 X 10 | 5.0 x 10
5 x 1070 § 5.0 x 107>
.5 x 1073 B, =| 5.0 x 107°
-5 = -5
.5 x 10 5.0 x 10
.5 x 1070 5.0 x 107>
.0 x 1070 5.0 x 107>
0 x 107 | 4.0 x 1075,
-5 | -5
0x 107 2.0 x 10
6.0 x 1072/ 46.0 x 107>

There are 8 plates in the column and Xg is the composition on plate 2 and x

is the pressure in the column. T3 is the temperature on plate 2. ul(t)

represents a change of heat input to the column and uz(t) represents a change

11

of heat cutput from the column.
-

The purpose of the control system is to keep the temperature on plate 2
and pressure of the column as constant as possible against disturbances from
other sources represented by the terms Ekuk' The control scheme proposed is
a very common way of achieving it. However, it is well known that severe

. g : " E el
interaction may often result with this control configuration™.

This interaction may be easily predicted using the interaction index

proposed which is as follows:

9 P;
T log ‘n 1 - Z_.
i=1 i

3
I°k) =
(k) VEE
l+log 1 (1 - ——)
" Z,
=1 i
o, - -2
where z, = -0.100 x 10 P, = 0.101 x 10
z, = 0.617 x 1072
z, = 0.138 x 107
» . -2
z, = 0.337 x 107 + i 0.164 x 10
zg = 0.337 x 107} O 5 0168 x 107°
zg = 0.473 x 101 4+ 5 0.120 x 107}
2 = 0.473 x 107 - i 0.120 x 107}
zg = 0.700 x 107!
2y = 0.981 x 1071
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T, :
1-71(k.)  =>5eb
( P)

which means that with the control scheme proposed, severe interaction will

occur.

This severe interaction is obtained over a large range of values of

the pressure control gain.

It should be noted, however, that .when composition on plate 2 (xz) is

controlled instead of temperature, the interaction index is zero. This means

that interaction can be eliminated or at least réduced if compositions rather

than temperatures are controlled in the column. This observation has been

made previouslys’q.

Conclusions

An interaction index has been proposed to give a measure of the degree

of difficulty of stabilizing a system when two or more control systems,

each of which controls one output variable of the system, are simultaneously
applied to the system. The index sheuld be especially useful in process

control.
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Appendix [
It is desired to obtain a value for IITé_—_ where A is the ''dead zone"
dom

time interval occurring in the time response of xr(t) for a step function input

to cr(t) when the controller r is not connected and TC is the dominant time

dom
constant of the system (see Figure 2).

The Laplace Transform of xr(t) for a unit step function input in cr(t) may
be written as follows (assuming that the poles are distinct for algebraic

simplicity): (5+zl)_--(s+zm)

] =

I_[xr(t) Tt e
where K is a constant and the zeros and poles are given by the eigenvalues of
matrix Z and matrix P respectively. The following time response is then obtained

by partial fraction expansion (assuming that the poles and zeros dc not cancel):

’ & Pyt
xr(t) = A0 + Ale + - Ane (2a)

where . ek (s+zl)(s+zz)---(z+zm)(s+pi)
R (s+p;)------ (s+p,) i=0,1,2,...,n (3a)

s=-p;
and Py = 0 -2
It is desired now to solve the equation

-plA _pzA -pnA

AO + Ale + Aze + -+ Ane =0 (4a)

for A, It is difficult to obtain an analytical solution to this equation and so
instead, the time response of (2a) will be approximated by a third order time
response and & will then be obtained from this approximate response.

The approximate time response will be taken to be

: Wt Ptk
xr(t) = A0 + Ale + (-AO-Al)e (5a)

where p,* is to be determined later. This fitted third order time response has
the same initial and steady-state values as (2a) and the same deminant modal

contribution. It is, therefore, a good approximation to (23)7. It is now desired

to solve
-plA -pz*A
Ag * Aje - (Ay + A)e =0 (6a)
3 A, A or
for &4 A#0 : AO AO .
X =11 + —|x - — (72)
A1 A1
for x, X # 1 where A
. P “P3 "
Uk — s =€ A R o S s ] (8a)
Py AO
ind this will have a solution x # 1 only if 0 < - el k.

1
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An approximate solution to this equation for x # 1 is:
1
A =
. ] 1 6 . 1
"-‘['rﬁ_e)‘] st Sle (92)
which will become exact as x + 1. The following expression is now obtained" on
solving for A:

>|>
(=1

A A
].Og [- A— (l-e)] if - -A— (1-9) o
n
v Al (10a)
if - 2 (1-6)< 1
0

which will become exact asA - 0. The following nonminimum phase index is

then obtained on substituting for A:

Al
log[-(l-e)—Ao ] Al
f Sl Fap)e= 51
A

A
1 0
1+]Log[—(l-e)——]
y A0 A (11a)
=0 if -(1- e)— <1
0

D =

and on substituting for A and A  the following expression is obtained:
P
(- 3)
logfl - —) =1 1
n P;
ny(l p_ p
D = . ) e e
m P P,
P n{l - z—)
1 \i=1 i i
l+logpl - E—) =
I
i= ) (12a)
——-————)s

—
e
'
gl ol n| o
|H|—"r—‘

e Sin g 8
N
Y T
—
'
"

*
1

= Bing B
—
-
'
‘UI’U NI’:P

N
B
—
1
(W0 o I

Now it is well know that if

fx 01 -

£ !:S(S*fpl)---(S*pn)

(132)

then the first non-zero derivative of x. atts= 0 is K and a nonminimum phase
response similar to Figure 2 cannot occur with this system. pz" will be chosen
therefore so that when m = ¢ (i.e., there are no finite zeros inl[xr(t).'v),r- =0

in the approximate time response. This will occur when

W

te iatymstoku .E
\"" %/
\ 2

\'!NZ &

\ 4

L
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P n P
B 1 A T (14a)
P2 i=2 Py

On substituting (15a) into (13a) the expression given by (14) is finally

obtained for the nonminimum phase index.

For the case that the dominant pole is complex with poles P; and P,

the time response of (2a) is now given by

Im(A,) -p.t -p.t
e -Re(p,)t 0 LI 3 n
xr(t)=A0+2Re \Al)e 1 cos[Im(pl)t] % KETKIT SIHEIm(Pl)t] +A3e +---+Ane
(15a)
and the '"fitted" third order response will now be taken as:
‘Re(Pl)t 'ps*t
xr(t) & A0+2Re(A1)e +[-A0-2Re(A1)]e (16a)

where p3* is determined in the same way as pz*. The same analysis as before

is then carried out and the expression given by (15) is finally obtained.
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Table 1 - Matrix A
0 0.
0 0
0 0
.011 0 0
.0312 0.015 0
.0202 -0.0352 0.022
0.0202 -0.0422
0 0.0202
0 0
0 0
0 0

o 0o o 0 O

0

0.028
-0.0482

0.0202

0

0

= G -~ R~ et — S - -

0
0.037

-0.0572
0.0202
0

0 0
0 -3.0,,-4
0 -5.0,,-4
. -8.0154
0 -8, 10-4
R -8.0,54
" -8.0597
0 -6.010-4
0.042 -3.010—4
-0.0483 0
0.0255 -0.0185

L}
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Figure 1 System under Consideration
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Figure 2 Response of Variable XL for a Step Function Input
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Figure 3 Block Diagram of Control System Considered
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X,
200 | / (a)
081
> / (b)
. v v v
. 200 400 s0e 800 t (min) ——>
-100T (¢)
(unstable)
- 200t
Figure 4 Plot of x, versus t for Example 1 with Time-Constant
83 sec. ( 1 (t) = unit step function input, u,(t) = 0).
t (a) kl =0, k2 =0
(b) kj = 150, k2 =0
X () k; =150, k; =75 :
:ocl / (@)

° 200 400 600 800 t (min) =

Figure 5 Plot of x, versus t for Example 1 with Time-Constant
167 sec. uy (t) = unit step function input, Ly (t) = 0).
(a) k1~ =0, kz =0
(b) k; = 150, kz =0
(c) k1 = 150, k2 =75



21

Pt \
CONDENSER - \ v,
SECTION 7 P
s - B <%
7/
g 1 OUTPUT HEAT

7/

REFLUX
TOP OUTPUT PRODUCT

< F cmmmm——

INPUT FEED
é
)
B
|
|

Uiy | REBOILER SECTION
L -1 :

]

!

P— x,

BOTTOM OUTPUT PRODUCT

INPUT HEAT

Figure 6 A Distillation Celumn under Control



22

ON AN ALGEBRAIC MULTIDIMENSIONAL DAMPING
CRITERION EXTENSION OF NASLIN’S CRITERION

D. Marchand M. Menahem

Sociéte ECA Automation Société Contrdle Bailey
8, rue Bellini 32, Bd Henri IV

Paris /16°%/ Paris /4°/

FFANCE FRANCE

I. Introduction

Analysis and synthesis of linear multivariable systems
can be made much easier if the systems under consideration
are -described by vector differential equations, the dimension
of which is equal o the number of controlled variables.
Contrary to formalism which is directly.connected with the
concept of state and leading to a vector equation of the first
order, the previously mentioned formalism which is presented
in the paper preserves the real dimension of a system, which
in general, is much lower than that of the state.
The considered formalism provides facilities for understanding
the algebraic structure of a system. Moreover, its application
mekes possible to use the concept of "the matrix transmittance”
vhich seems to replace "the transfer matrix". This formalism
nas already Leen ishe subject of two wprks [{], [%].

In the Tirst part of the paper standard matrix polynomials
/renpresenting differential operators/ are considered. They

tion of

result from the generaliz@lcertain scalar polynomials which
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-are frequently used in the -domain of unidimensional control
systems, viz. the standard Naslin polynomials [3].

It is known from other sources that considered polyno-
mials are related with the damping criterion proposed by
Naslin in 1960 [3], [4], [5]. Practical significance of this
criterion has been proved in numerous cases, especially in
reference to industrial feedback control systems [6], [7].

The second part of the paper deals with a partiél analysis
of extending this criterion to multivariable control systems.
Possibilities of the practica{ application of a generalized
criterion are not discussed in this paper. They are the sub-

Jects of separate publications.

II. The principle of the proposed generalization

Firstly, we turn our attention to the connection between
the family of linear, homogeneous differential equations
with constant scalar coefficients and perforﬁance indices
of the guadratic type. :

Suppose that x(t) is the general solution of the homogeneous
‘differential equation

n

Zai x‘ﬂ(t)= (0} a, = a, = 1 ; /1/
0

It can be proved that no matter what the initial conditions
are, the solution x(t) minimizes the n-th order performance
index :

o0 2 &
< . xD () at 2
3, = fzi Poi : /2/
0 S

provided that the following relations involving coefficients
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‘Pai and a; , 1 = 0, 1, +v.., n,bold

P, = 1
= [ - 22
9, = [322 - 2a, 33] +2 8, /3/

©
v
I

2
Va1 = [‘ai ~ S785A ai+1] *:2 Mo pim s
2
Vo= [%—1 e "n—a]

\pzn= 1

Cne-to-one correspondence between coefficients Y) 2i
and ay exists only under assumption that the corresponding
differential equation (1) is stable. :

Suppose the differential operator associated with

eqguation (1 to Dbe

n 3
a(P)=Z a; P
(o]

-
WL
]
e
"
-

acre p denotes the operation of differentiation.

¢ sauare of the modulus of this operator can be written as

e0) al-2) =1 -, 0% +9, o* =@ Fu s ()P sy
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Properties of some standard differential operators /or -
polynomials in p/ can be easily described in terms of the
coefficients \PZi' Such a case is for Butterworth polynomials
obtained under assumption that‘PZi = 00for 1 =15 2yseeey

n - 1 as well as for Naslin polynomials. The latter are

derived assuming following recurrent relation
8,2 = Cla a =0 /6/
i =1 i T

" /damping of these polynomials is a function of the parameter /.
In particular, damping corresponding to & = 2 is satisfactory
from the practical point of view. The choice of such a value

of the parameter O relies on reducing to zero those terms

-of equations (3) which are in the brackets.

Given a differential matrix operator of the form

2 2
A(p) = 2 Ay p 77/
(o]

Coefficients Ai are constant matrices of order m. Let us
consider the square of the modulus of tnis operator,

representgd by the Hermitian matrix
' : 2 4
A{-p) A(p) =¢° +@, p-¢2p -¢5 p’ +.¢4p + geseen
n 2 - /8/
.'ooo- +(-‘ Il) ¢2n pn
with matrix coefficients satisfying the following conditions
‘ e 15
¢i = ¢ . , if i is even /symmetry/

?s

_¢'i , if i is odd /entisymmetry/
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These coefficients can be written in terms of Ai.

There results
’
¢o = A5 4,

s

‘ {
(ay a4 - 25 2))

S
o
I

85 8 = (8 4p v 43 4)

°
W
|

= (&% 85 - a5 4q) - (4] 45 - 45 4))

: ] ' 4
Ay Ay - (&g A + A3 8,) + (8, 8, + 4y 4))

©
s
I

- am o e o e e e em e ws e e me e e e e e e e e e -

]
Pog = 25 4y = (i Aypq + 250 85),
+ (8o Ay + Biyp By p) - oo

(] [} [
¢21 + 1" ("1 Bygq = Ay Ai) g (‘1—1 Asyo = By40 Ai—'l) *oss

' ’
¢2n i . o R R

‘ /9/
¢2n = Ap 4,

Note, in the capacity of &n example, that if x(t) is
the solution of the homogeneous vector differential equation

x+A,]i+A25c'=0 /10/

then it minimizes the following quadratic performance index

o0
Tn = f(x‘x I ZE RS PR PR %) at

0
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where

S
A

]

=
gt

]

[
2

A
X
I
-
-A“
-
-

1
—
=

(¥
+
b‘

N

—

' /11
b, = a4, /

Analogically to the scalar relations (3) and equations
(6) defining Naslin polynomials, we suggest to generalize

these polynomials to the matrix domain assuming

o U ‘
s hy =5 (Mg dgpq + Aipq859) =0

A : /12/
[}
A Bj01 - 435,124, =0

where & is a positive scalar

Relations given above can_be considered as a system
of equations linear with respect to the variable Ai+1'
In fact, the equation /12.1/ results from the generalization
of equation /6/. Examining the former one, it can be seen
that aia is replaced by the square of the modulus of Ai
and that the product 851 2441
component of the product A;_1 A;. The relation /12.2/

converts to the symmetric

effects only upon antisymmetric coefficients of /8/.
In the next paragraph the procedure of generating such

polynomials is discussed in more detail.
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III. Standard matrix polynomials
1° Naslin scalar polynomials
Fiven
£(p) =a,+a,D+ ...+anpn

and . 2
o« i ______
i~ a
8301 8441

9 i:'l,a,...,n-’l

/ X ; — the characteristic ratio of the i-th order/

£(p) is called,by definition, a Naslin polynomial of O

parameter, if

(e 1

g =X

holds for all i = 1,2, . . « , n=1

Let the symbol f (p s n,o, a, » 51) denotes an n-th
order Naslin polynomial of parameter &, with the first

and second coefficients equal to a_ and a, respectively

o
and the independent variable being p.

2° Naslin matrix polynomials
Let us consider the polynomial
n
i
A(p)= A, p
= i
2

with the matrix coefficients of order m satisfying the relations
/12/. Only such polynomials for which Ao = I are taken into
considerations.

The reletion /12.2/ shows for i = O that A,1 is a symmetric
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matrix.
Hence
i, s, =£7.D,]Q.' /13/
‘where D'l is a diagonal matrix {11, 5\2,......, p m}
§2i5 an orthogonal matrix

Let us examine equations /12/ assuming that i = 1.

Tie have

5:2= S (a,+a3)

3 ]
Sy dp 245 8, 714/

If the matrix S1 is supposed to be regular, then equation
/24/ yields

S S LAY 15/
125 (87 887" 45,745 8,7")

-1 -1 4
A2 S,1 = S1 A2
Assuming that

-1 4
k58 -%% /16/
is a symmetric matrix, equation /15.1/ cen be written in

the form

-l

1= (s, s, 08, 87") e

This equation has a unigue solution with respect to S
if the mavrix S,l"'l has no eigenvalues of the same modulus
but opposite signs [8]. So under assumption that sll The

eigenvalues l ; are positive, the condition for uniqueness
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is satisfied. The obvious solution is

/18/

Then

—Q 1y

Now, let us suppose that

4 a ) ;
A 1= 4 Dy 482 28,4 g ‘ =52Di$2 s, /20/

e

Yoreover, it is assumed that both matrices are positive
definite. Tt will be shown that '

-

7 ' 2
Ay,q =S2D; 82 where D,° = &xD;_, D, 4
For this purpose the following system is considered

2 _« ‘ ‘
847 = —2— (8141 519 * Siq 83,1)

(]
S; 441 = 8441 83

/21/

Suppose that

/22/

then equat

av

ion /21.1/ can be written in the form

< (. -1 -1
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= -1~
We know that S;_, S, =8D,_, D,”'Q’. So, the condition
for uniqueness is satisfied and equation /23/ has the solution

-1
2 53 811 :
it AP 4,
= o
where 1 i p,2 p, 71 '

Ftde o2 Dia
Bipn = o 51 8574 8y =0 —"— 2 sy

It shows that all the coefficienfs are well determined.
Let us define a family of standard matrix polynomials

P(p s n, &, I, 5,) =8D(p ; n,e¢, 1, 0,)R  /26/

where

A

D‘P jn, &, I, D1) =-{'fq(P)' fa(P)s"-
ol o oy

and

£.(0) = £(p s myo¢, 1, A ) /28/

Note 1. The defined polynoﬁials are symmetric. This

suggests that they can be derived using relations:of the form

: o ' ‘
By 4y = “‘5’( byt Biq + Byq B34q)

L1}

4 I
Bipq by =44 85,4=0 4

T /23/

The ottained ecuations are the resuli of replacing the square
of modulus by the matrix
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a(p) 4%-p)..

Note 2. aet [B(p)] = £4(p) () +-r fy(») /30
It implies that the damping factor of the zeros of

the determinant of a standard matrix polynomial can be

affected by choice of &, Convérgl;y, the modulus of these

zeros depend upon & and D1;

lNote 3. The zeros of the determinant of a standard matrix
polynomial have negative real parts if all lk are positive
/the S, matrix is positive definite/ and xX>1,463 /n ¥ 3/,
as it results from the investigations of Naslin scalar .
polynomials.

llote 4, Let o be a symmetric, pc;sitive definite matrix which
commutes with the S,I matrix

Let us assume that
L
X =0A

where

A = [y Kpyeeennnyt o} /3 -

It is easy to show that this assumption makes possible

tc define the generalized standard polynomials

F(P ; n, X, I, S1) = szD(P H nsA s I, Dq)g, /32/

where
D(p)= £4(p)s £5(P)seceses £ (D) /33/
and
£, (0)= f(p ;0,0 1,2.k) /34/

In such a manner,damping of every element of D(p) can
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be chenged indepedently on others.

Note 5. For
A =I; A =1° /35/

where T is a symmetric,positive definite matrix.
The structure of standard polynomials becomes the canonical
one, such as initiall_y used by Waslin. Then,for n = 2, 3, &

the following polynomials are obtained

I+ﬁTp+T2p2
I-4-<>‘Tp-|»<>fT2;g)‘ng}p5

T ...oﬂ/:'m D+ 2 T2 92 +0('J;T3 ];.»3 + T4 p“ /36/

it is assumed here that X is a symmetric, positive definite
matrix with the same directions of eigenvectors as those

of the time constant matrix T.
Note 6. If the coefficients of the matrix polynomial
n .
1 -
A(p) =Z Ai hs)
[9)

satisfy the relation /12/, then this polynomial is equal
to the product of the A o matrix and the standard polynomial
of the o matrix parameter/multiplication on the right /

A(p) = F(p 3 n, X, I, 5,)4, /37/

where -1 _ f
q= Ay A, is a positive definite matrix /38/

If for thesé' coefficients relation /12/ holds, then
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A(p) = AO-F(p 3 DB Al S1) /39/
is a positive definite metrix /40/

IV. An extension of the Naslin algebraic damping criterion

Let us recall that in the scalar domain the Naslin

criterion can be formulated as follows

2
IR LR T 741/

fori =1, 24¢ce.0y n=-1. If the considered operatvor a(p)
depends upon a number of free parameters, then /n-1/
simultaneous inequalities define admissible regions in
the parameter space. These inequalities can be systematically
used in many cases and they make possible to obtain better
dynamical properties /which can be characterize& by the
parameter/., If the number of free parameters is less than
/n=1/, then the discussed criterion.cag be satisfied only
in pert: to show it,one has to consider the appropiate
nunmber of relations of the form /41/, starting from i = 1.
The generelization of this criterion to matrix operators

relies on setting up the following conditions

.,
A ' [~ 4 498 L
You R Savag s (Bimq By4q * Bieq 839)70

Iy v 4

Vage1'®, Ag My = My REsee Aax

If we start from considering terms of high order, then
it is convenient to replace egquation™/42.2/ by

’

a ¢ y
Vogq = A 48 -A; 48 4 =0 /43/
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‘/having known Ay, 4 and A, the expression for 4; 4 cen
be determined/. In such a manner,the criterion imposes
upon.‘l’2i the condition that it has to be a positive
semidefinite matrix. On the other hand,it aims at
the glimination /or reduction/ of the operascor anti-
symmetry.
Note that the discussion of the problem of making
modifications of the antisymmetry can be advantageous
and as a conseqguence, the problem of defiining polynomieals
of two controlled parameters X andP can arise., But it will
not be considered here.
Further discussion has to show by means of an example
a computing procedure for the generalized ecriterion.
Consider a stable linear system described by the matrix

transmittance
(I +4 D+ B p° + C p3) =1 /44/

The matrix transmittance is a differential operator
/of an éssumed dimension m/ which transforms the input
vector a into the output vector x. lloreover, it expresses
the fact that the system satisfies the linear vector

differential equation with constant cocfficients
CX+BX+AX+x=a /45/

Let assume that the system is a closed-loop control
system,fig.1. The system consists of a controller of
the conventional PID structure. The control signal

generated by the controller is a function of the error
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signal X, = X, where X, is the desired value of x.

The controller transmittance is

R(p)= R_4 i +R,+ Ry D /46/

where R_,, R,, R, are square matrices of order m.

The matrix differential equation-of the closed - loop

system has the form
A\

[R__,I + (Ro +I)lp+ (Ré + A)p2 +‘B p3 +C p4] X =
= (R_1 +R D+ Ry p2) a /47/

The application of the Naslin criterion reduces to
the consideration of the operator on the left-hand side
of equation /47/ /i% has effect upon the loop stability/
and to the requirement that the operator coefficients
satisfy certain conditions. The inequality /42.1/, turned
into equality, is used simultaneously with the condition
/43/ and & = 2 is chosen.

The discussed operétor is written in the form

U+Vp+ VW p2 +B p3 +C p4 /48/

where

U=R_1, V=RO+I,W=R,I+A
The generalized criterion imposes the following relations °

{ v v-vu=0
v'v - (U'w+ u'v)

n
o

/49.1/

n
o

V' -%'¥ao
wie Vsus ] ] -
'w - (v'B + B'V) : /49.2/
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' '
‘{WB-BW:O

B'B-(w'c+c'w)=0 v 7493/

Every oneo%he systems /49.3/ is linear with respect
to one of the unknowns U, V, and W. It makes possible to
determine W from equation /49.3/. If W exists, U can be
computed using /49.1/.

Firstly,we shall consider the system /49.3/. If LY
and W2 are two distinct solutions of this system, then
it is easy to show that the difference W1 - W2 is the

solution of the homogeneous system

' '
BW-WB 0

c'w+WeCc=0 /50/

If the only solution of equations /50/ is X = O, then
the system /49.3/has & unique solution. But if non-zero
solutions exist, two cases have to be taken into consideration:

the system /49.3/ is inconsistent or it has an infinite

‘number of solutions. -

Suppose B to be a regular matrix. Then
w'=3'w Bl /51/
It enables to write :
3 '
('c)r+x(s7c)=0 /52/
vhere Y 2 ‘n is a symmetric matrix
The necessary and sufficient condition that Y = O be
the only solution of equation /52/ is that none of the

1

eigenvalues of the B~ ' C matrix be equal to zero and

that this matrix have no eigenvalues of the same modulus
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‘but opposite sign. In particular, it results in requirement
the
thath}‘v matrix be regular.

locte. In order to make clear the interpretation of such
a2 constraint, we consider a simple system consisting of a
second order process, the transmittance of which is

-1
(1+4p+B9°) /53/

and a proportional controller
R(p) =R, : /547
Te should now consider the operator

U+ADp+B p2, where U = I + Rj 155/

The generalized criterion imposes the conditions

v'a-2'0=0
A'a -(U'B+BU)=0 56t

Suppose that A is a regular matrix. Then
O YRR Ll /57/

On the base of this equation, it is possible to assume that
va '8 8 1sa symﬁetric matrix /58/

Using it, equation /56.2/ can be written as

I=sBa"+(32")s /59/

41

If all the eigenvalues of the B A™ ' matrix have

positive real parts /it is said that such a matrix is
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“stable"/ , this equation has a unigue solution. The solution
S is a positive definite matrix [9]. If S is known, then
U = SA /60/

If the transmittance /53/ describes the system, whose
block diagram is shown in fig.2, we have

A=1, B=T,T, /61/

So

-1

B A =T

2

Thus, if the time constant matrices ‘l‘,‘ and T2 are "stable",

equation /59/ has a unique solution of the form
U=S58 T,‘ /62/

where S is a symmetric, positive definite matrix which is
the unique solution of the equation

I=87,+1,8 /63/

Let us return to the system /49.3/. If the B matrix
is regular, the matrix
wBlis /64/

is symmetric. It satisfies the equation

1=5,(c5")+(c B"‘)'so 165/

1£ ¢ B”" is a "steble" matrix, then the solution of

equation /65/ is unigue. Moreover, this solution is a positive

definite natrix. It follows that

W=s B 766/



is a regular matrix.

Using equation /49.2/ we can show that

vw14é 8, : /67/

is a symmetric matrix.
The S1 matrix satisfies the equation
P ot ]
I=5,(3w s (8 )s, /68/

But B W = So'q. Hence, this matrix is also "stable".
The performed analysis proves that the solution of equation
/68/ is a positive definite matrix which is uniquely determinéd.
Since an obvious solution of /68/ is

Sy = — /69/

V can be expressed as
AT
V:S,]W =—2$°B /70/

A similar procedure allows to establish that the only

solution of equation /49.1/ is

v=--53s 171/
g © '

In conclusion, if it is assumed that B and C are regular
matrices and on the other hand that the C B'ﬁ matrix turns
out to be "stable", the system /49/ has a unique solution.

The operator /43/ can be written in the form

(_% 305'+ -; S°2 P+ 5 p2 + ps) B+ C pq /72/
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'

where So is the solution of equation /65/.
If the applied controller is of PI type (R, = 0),
the operator /48/ can be expressed by the formula

U+ Vp+ A p2 + B p3 + C p4 /73/

If it is assumed that A and B are regular matrices and
moreover,the matrix B.2~" turns out to be "stable", then
the application of the generalized Naslin criterion
transforms /7%/ to the form

(-% 802 +5,p+ pa) A+ 3B p5 + C p4 /747

where So is the solution of the equation

I=s (Ba")+ (s A"‘)'so /75/

Evidently, the practical interest paid to the generalized
criterion is justified not only by the fact that it assures
the uniguenes of solutions by means of some imposed conditions.

A number of problems still merits discussion, for example:

the
1°. Stability of transformed operators ofl type of /72/ or /74/.

e, Properties of the settings Ri resulting from the informa-
tion about the U, V, and W coefficients. 7
3%, The nature of transient states occuégng in the.closed -
loop system.
These questions are currently under investigation and at
the present time it is too early for devailed answers.
However, it scems that it has been shown that concepts used

to describe one-variable systexms can be advantageously
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extended to cover a wide range of problems arising in

the domein of multivariable systems. To anyone of new
problems resulting from such a generalization a serious
attention has to be paid, because it can provide facilities
for better understanding of the properties of multivariable

systems.
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USE OF GENERALIZED MOHR CIRCLES FOR
MULTIVARIABLE REGULATOR DESIGN

A.G.J. MacFarlane and N. Munro
Control Systems Centre,
University of Manchester Institute of Science and Technology,
England
1. INTRODUCTION
.The state space analysis of a multivariable control
system depends upon the concept of an operator on a linear
vector space. This operator is usually characterised by
its eigenvalues and eigenvectors, the eigenvectors defining
modes of system behaviour’, and the eigenvalues providing a
link with the frequency domain concepts of classical control
theory. In other engineering disciplines in which such
matrix operators are used, such as stress analysis, a more
complete representation is available by making use of constr—
uctions such as Otto Mohr's circle first introduced in 1882.°
Mohr's original construction was devised to show the gffécts
of a rotation of coordinate axes on the components of stress
and strain tensors; its wide utility stems from the fact that
it not only gives the principal axis values (i.e. the eigen—
vector values) but gives a complete representation of plapar
stress components. The object of this paper is to show that
similar constructions can be used in the design of multivari-
able feedback control systems. In order to establish as close
a link as possible with classical eontrol concepts, the circle
construction will be defined in terms of the familiar complex
frequency plane.k
The construction is illustrated in terms of a linzar prop—
ortional regulator design . Let a multivariable linear feed—
back controller be applied to a linear constant coefficient
dynamical system whose state space equations are
. A - 0y
y =Cx
where x is the system state vector ( of order n ), uis a
vector of manipulated 7varibles ( of order,!), and y is a
vector of measured outputs ( of order m ). Proportional
feedback is defined by F
u=K(r-y) (2)
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where r 1is a vector of reference inputs ( of order m). In
.these equations A,B,C, and K are constant coefficient matrices
of orders an,nxl, mXn and lm respectively. The corresp—
onding closed—loop state space equations are
% =(A-BKC )x + BKr ()
y = Cx
If r 1is a vector of constant inputs and the system is
asymptotically stable, then the steady state response is
given by
y(®) == C ( A — BKC ) 'BKr(®)
= Er(c0) (%)
vhere y(00) and r(o) denote the steady state values of
7(t) and r(t), and E is a matrix of constants which will
specify the accuracy of steady state regulation. The basic
linear mltivariable regulation problem may then be stated
as : given A,B,C and an acceptable E , choose K so that
all the eigenvalues of ( A — BKC ) lie in a specified region
of the complex plane. If we put
F = =BKC _ (5)
, then it 1s convenient to call F the system feedback
matrix. The stability and general dynamical behaviour of
the closed—loop system are determined by th2 properties of
the matrix ( A+F ), and the steady state accuracy depends on
setting acceptably high values for the elements of K. The
circle construction gives a means of graphically exhibiting,
in an additive manner, the effects of the elements of K on
the dynamical properties of ( A + F ).
GENE D MOHR C S '
Let E1 and Ez be a pair of orthonormal vectors emanating
from the origin of the state. space. For any state vector x
lying in the plane spanned by E1 and Ez such that

x = aE, + bE, 6)
define a related vector y, orthogonal to x and in this plane,
by y = —bE, + &k, (7)
For any linear state space flow defined by

®

X = Ax : (8)

let a complex number P be defined by

‘ P’ 411 Ax> +J <a, Ax> ) (9)
<x,x7 <g¥7
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The real and imaginary parts of QL correspond to the comp—
onents of instantaneous velocity along x ( which we may call
the recession component ) and along y ( which we may call
the spin component in this plane). This is directly analogous
to the resolution of stress into direct stress and shear str—
ess in the conventional Mohr constrnction3.

Equation (9) defines a mapping from the plane spamned by
31 and E2 in the state space on to the complex plane. If we
denote, for any given plane in the state space, the complex
numbers determined by ( A+F ), A and F by Q( A+F ), ((4)
and (J(F) respectively, we have

(J(A+F') = £, (ﬂ"'F)z) +J <3, (ﬂ+F)I>

<x,x> <<.3"¥:>
_ {=x,Ax> KRy Cx,F2r 4y Foy
ra oA <35> T B -%3;

- P@A + p(F) (10)

It is this additive property of the mapping which is crucial
to feedback controller symthesis, since it enables one to
graphically display the effect of F on the closed—loop system
matrix ( A+F).

If any vector x in the selected plane is multiplied by
a real positive constant k , then y by definition is also
multiplied by the same constant, and we have the corresponding
new value of P for a matrix A as

P = <kRx,Akx> 3 .‘<ka’ﬂk£>

<kRx,Rx <ky, ky?
k2L x, Ax> °w k< y, Ax>
b L %, x> £ <537

This shows that the value of (is constant along any line
emanating from the origin of the state space. Since the
whole plane can be swept out by rotating such a ray about the
origin, and since each ray maps into a point in the complex
plane, it follows that the whole plane in the state space maps
into a closed locus in the complex plane.

To find the form of this locus, let the state plane be
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swept out by tak:l.ng
X = cos ﬂx + sind 32
¥ = —sin d B1 + cos d E
where 4 is varied continuously. Since in this case <x,x»
and <{y,y” are both equal to unity we have
= 43, A37 "‘J 45’ A2> (11)
= Hg +J Pz
Simple calculations then give
?a'“' = (3, Cn 28 + (52 An28
G-y = -é.m‘-.ZI "'éz cos 28

& =% (A€, + E°AE,)
x, = 4 (EAE - E°AE,)
6 - # (g'4e, — €/ AE,)
@ = F (E AE, + tﬂsz)
Squaring and adding equations (1 2) then gives
(e.-ot\ + (6 <Y = +(s, (13)

This shows that the P =locus in the complex plane is a circle
with the following characteristics:

(1) Centre at (%,%2)

(11) Radius of @'+ g2

(1iii) Lines through the origin of the state space at
an angle of # to each other give points subtending an angle
28 at the centre of the circle. Thus orthogonal lines in
the state space determine diametrically opposite points on the
circle.

(12)

where

PROPER

Denote the symmetric and skew-symetric parts of the matrix
A by A " and A_ respectivedy where

£
/ € L =
4 (A+A°) A=z (A-A)
From the additive property of the mapping we immediately have

that P = p(A) + p(A)

For the symmetric part we have
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o,=1%(E A E, - EA,,E,)—O

since zﬂ-f-El: [Ez A+E,) s I A-{-EZ
It follows from this that the symmetric matrices map into
circles centred on the real axis of the complex plane. Such
circles are precisely analogous to the Mohr circles obtained
for plane stress from Cartesian tensors3.

For the skew—symmetric part we have

o = 0 since EA E, =0 and E:A_ £ =0

W 1 ha t . r £ >

e alsc have that E:/L.E,={Efﬂ..5,) —__Elﬂ-ffz:—_b;ﬂf,z
so that @8, =0 and f2=0.

It follows from this that skew-symmetric matrices map into
points on the imaginary axis in the complex plane.
1 val
Let LA be a real eigenvector of A associated with
the real eigenvalue ),-_ . We then nave

€g</“’i J[/J¢>=g -0
< Wiy /”‘ Z f I
It follows from this that :

(1) If the plane being mapped contains such an eigenvector,
the eigenvector is mapped intc the asscciated real eigenvalue.

(ii) A plane spanned by two real eigenvectors L and "3 ’
associated with two real eigenvalues Ai and A o is mapped
into a circle which cuts the real axis in the complex plame at
the real eigenvalues A,; and A . This is directly analogous
to the conventional Mohr circle cutting the direct stress axis
at the principal values of stress.
3.2 Complex Eigenvalues

Let uy * Jv1 te a pair of complex conjugate eigenvect—
ors associated with the pair of complex conjugate eigenvalues
o ¥4 @i . We then have

A {(u; +§%) = ("I*fd' ;) Uy +é1;i) (1)

from which we obtain the pair of relations

Au; = que — @Y

(15)
Aqyi = WU + Y,
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It is-an immediate consequence of equations {15) that the
plane spanned by vectors uy and vy is invariant under the
action of the operator A. Consider the mapping of this invar—
iant plane into the complex plane. Let the real vectors uy
and v, be of unit length and let y, and s be a pair of
related orthonormal vectors as shown in Figure 1.

- When uy is mapped into the complex plane we have

PR = LUy (g ~w0,v)) = o7 — @; KU,V
fr= <Yu, (G -o,9)7 = — @ LYo, %7
When vy is mapped into the complex plane we have
o= LT, (0l +q0)> = & + & <V, UD
fx = Yoy (it + )y = & <y, u;y
An 1nspectiqn of the relationships in Figure 1 shows that
<vn1‘i7 - “°¢ = sin b
LYur 1y = oA (2644) = e (904 8) = - 460

This shows that the map of both uy and vy have the same
imaginary part @;sin and have real parts o iw,-cosﬂ ’
so that the invariant plane will map into a circle as shown
in Figure 2.
3.3 Eigenvalue Bounds :
Let X; 1y A; and O; ( 1=1,2,......,0n) be the eigenvalues
of A, A+ and A_ respectively, and suppose that all the
respective eigenvalues have been ordered such that subscripts
1 and n denote the largest and smallest eigenvalues respect—
ively. Bromwich's inequalitiessthen give that

Aa ?e[r’g)-(/?

Y, € 3.0)<7
where p‘ [/)2) and -9‘»‘ Oi) denote the real and imaginary
parts of ),_- respectively. The Courant—Fischer =~ min—max
relationships for symmetric matrices give

Ly = max Sz, B2y = mex g (8)
Sty = Min (3, A2> = e ()

isl’),....'n (16)

Ga7)
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As shown above, the skew—-symmetric matrix A_ always maps into
a point on the imaginary axis in the complex plane. It also
follows from the general discussion of the mapping of the
invariant plane associated with complex eigenvectors that the
totality of points obtained from the imaginary axis map of A_
will include Y, and VYn . Combining all these results we
obtain the inequalities

m:‘ fe (ARY ?Gt)i? < W .()‘ (AA
m @< 50)¢ 60

4, EXAMPLES OF THE USE OF CIRCLE MAPPINGS IN DESIGN

As a first example of the circle mapping, consider the
current-regulating system shown in Figure 3. This maintains
the 1nduc_tor currents constant at a pair of specified wvalues.
Suppose we take as a provisional specification:

(i) No interaction between output variables in the steady
state. : .

(11) Transient settling time of both outputs less than

005 seconds.

(111) Critical damping, for step change in references, on
both outputs.

(iv) Steady state error on both outputs less than 5%.
The steady state accuracy matrix E in then given by

095 0<0
E =
0-0 095
and the state space equations, for the component values shown,

EH
e e

_As the system B and C matrices are both nom—singular in this

(18)
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case, the matrix K is readily obtained from
K= acl(1-"H""
giving the feedback matrix as
F=—4ac B'C
i L
where B T8 7 (19)
Ingerting the appropriate numerlcal values gives
g% (9 o);F= =38 -19);4 . p- (-uo —20)
0 =19 ~19 " =38 =20 =40
The open—~loop system matrizx A maps into the circle shown in
Figure 4(a). The closed—loop matrix ( A+F ) maps into a circle
with centre at ( -:0,0) and radius VTOZ + 202) as shown in
Figure k(b). The closed-loop system eigenvalues are given by
the intersection of this latter circle with the real axis and
are therefors =60 and —20. Thus the steady state accuracy
and settling time requirements have been achieved, but the
system response will not be eritically damped. To determine
whether this latter. requirement can be satisfied, we can use

the circle mapping to determine the required form of matrix F.
For a specific choiece of E, say

e = (o)
we get
i tesial F‘(Zvy z//:)

where YV = (:ng') and A= (’égT).

The matrix A is symmetric and the matrix F decomposes inte

e T
¥7a o

c , 4V A+Y - Food
+ 2 \AtY A £ Fo*
The matrix ( A+F+) maps into a circle with
Centre = (-_2-‘-7"'/‘, 0)
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~Z
and Radius = Modulus (1-—,«, -4‘—‘—'%——)

The matrix F_ maps into a point on the imaginary axis at
[ o, (V:AO] Consideration of the additive combination of
(A+F +F_) then shows that, for critical damping, the
eircle mnst be tangent to the real axis in the complex plane,
and so we must have that

24 = Mogulus (7’/“7‘4£:Z:£’)
If we take both steady state accuracies to be the same, then
we have that

Y= 4 = |

Now these values of ¥ and /ﬁf will not give an acceptable
steady state accuracy. The circle mapping has therefore shown
that the original specification is unattainable since good
regulation, for this particular system, is incompatible with
a critically damped response. If the critical damping requir—
ment is removed then a non—interacting ( in the steady state )
design is readily obtained for the required accuracy with a

gain matrix ( 38 19

K=
=13 - 1Y
4.1 Cascaded Blending Tank Example
For a third order system representative of process control
work, consider the regulation of liguid levels in a set of
three cascaded blending tanks shown in Figure 5. For the
component values shown the system state space equations are

%\ [-0:02 002 0 \[=x 02 0 o\ /n,
a
X,|o 0°01 —0:02 o-oiffx,| + | O 01 o \u,
-]

e ° Qe %
xg 0 0-005 —0<01 x5 0 0 5 uy

’:y1 1 0 O\ x

Suppese the liquid level regulator has to be designed to the
fellowing specification:
(1) No steady state interaction between output vsariables.
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(11) Steady state error on all outputs less than 5%.

(1i1) Decay time of all output transients less than 100
seconds. '

For the form of steady state error matrix E dictated by
the system specification, the feedback matrix F will have
the form

-2« 2« 0
F: = o« ._220(' [ ¢ (20)

0 05« -«

We may use the inequalities given by equation (18) to construct
a boundary rectangle for the eigenvalues of the matrix (A+F).
Doing this for the form of F given by equation (20) shows

that acceptable damping factors may be obtained, and so the
whole bounding rectangle can be moved to the left in the
complex plane simply by increasing X . The result for the
opemr-loop matrix A and the closed—loop matrix (A+F) where

—0-58 0-58 0
p=| 029 —0-58 0°29
0 0145 =029

are shown in Figures 6(a) and 6(b) respectively. A better
indication of the corresponding closed—loop dynamical behav—
iour is given by the generalized Mohr circle through the
largest and smallest eigenvalues of the symmetric part of

( A+F ) shown in Figure 7. The gain matrix corresponding

to this value of F 1is '

2e9 =29 0
K=| —2¢9 58 =2¢9
0 =29 58
and the steady state error matrix is

0-97 0 0

E= 0o 0-97 0
0 0 0-97
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The corresponding closed—loop system eigenvalues are
A = 00679 Az = 0377 Az = =1+055

so that the overall design specification has been achieved.
5. CONCLUSIONS

Most of the current state—space techniques used in
multivariable system theory are related to concepts used in
classical field theory. For example, the Lyapunov stability
theory uses concepts analogous to potential and Lagrangian
derivative, and the Pontryagin optimal control theory uses
techniques analogous to Hamilton's wavefront techniques in
optics. This paper has shown how the idea of circular
representations of an operator acting on a plane, first
introduced in a simple form by Mohr in stress analysis, can
form the basis of a design technique for linear multivariable
regulators. Two simple examples of the use of this technique
have been given which show that mmltiple feedback loops are
easily handled, at least for systems of low order. It is
of very great interest that such close links should exist
between control theory and general field theory; further
links should be sought which could cast fresh light on the
design of multivariable systems.
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8. PRINCIPAL SYMBOLS USED

x = vector of order n , components Xy9XgyeeeenyX,
dx, dl; d!,
2 ¥ S R

= vector of order n , components

@
x
x't-- transpose of vector x

A = matrix of order 112s components ay 3

At= transpose of matrix A

(x,y) = scalar product of vectors x and y
= g “:: gi
<xy(y+2)) = <x, 7Y + <x,27
{x,Axy = x'Ax

I = unit matrix of order n

(’a = real part of complex number P

fz = imaginary part of complex number {’ :
(ﬁu(’z\= explicit component fcrm of writing complex number (3

modulus (e) = ((ﬂ‘z-{.fzz).
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A TRANSFORMATION METHOD FOR THE
ANALYSIS AND THE SYNTHESIS OF
MULTIVARIABLE CONTROL SYSTEMS BY
DIGITAL COMPUTER
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Budapest, Hungary

Introduction

There is a natural intention in the analysis and the synthesis
or multivariable control systems to apply the well known methods
and procedures of the simple, single-loop control systems.

In this manner we can measure in a simple way the quality of the
system performance and can observe the effect of parameter and
structural changes. In the pape:r:1 is described a digital computer
procedure for the analysis and synthesis of a single-loop control
system on the base of generalised root-locus method. To apply

it and many other methods of the control theory  in the practice
it is necessary to submit the system under test in proper mathe-
matical form, which is needed by the method itself., If the mathe-
matical form of the equations which describe the system behaviour
is not the proper one, then a transformation procedure can
establish ite.

In this paper it is described a general procedure for trans -
formation of the btlock-diagram /widespread in the control prac-
tice/ of a multivariable contiol system into the form preferable
by different analysis and synthesis methods and concepts. The
transformed form in itself shows directly many properties of
the system behaviour toce.
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Our investigations are restricted to the linear, time invariant
control systems.

The generation of the state matrix

Let us suppose the system under test congist of M linear blocks,
which are connected each other in complicated manner. The out—
put signal of any component part of the entire system may be
significant according to the system performance, so it is named
as output variable, but it is not necessary that each block
output signal is output variable. Let us suppose that the noises
and disturbances and the external, useful input signals appear
only at the imput points of the component parts of the system.
If the situation is not a such one, on the base of the original
block-diagram we can generate an equivalent block in addition
to the blocks existing in the system which holds that signal on
its input.

Let the transfer function of the i-~th component part of the
system W;(s) . In general case this block is characterized
by a numerator of m; degree, and a denominator of n; degree.
The most complicated case exists, when the output signal of
this block is connected to each element’s input point, and there
are connections from each element’s output to its inmput point.
The input-output connections appear in form of weight factors
which are real numbers /negative or positive/. The i=-th block
as part of the entire system is plotted on the Fig. l. The
mathematical form of the transfer function is:

# e :
Wi(s) ._igi_ (1)

n; -1 . .
zu_ bis! +5™
J- o

%e restrict now ourselves to the case whem m;<n,/ . /The
case of m; =n; 1is discussed in the Appendix I., but m o n;
is not an existing real element./
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It is well known from the li.t:erat:u:ma2 that the rational frac~
tional transfer function equivalent to a set of first order
differential equations. One of the possible set is the cano-
nical form, which in matrix form:

Es L tv 1 0 ¢ 0 1[x] [z
)'({,z 0 0 1 0 $ 0 X Z;;

i L i b b g (5

or
X, = A X +Z,u 3)
where
. . a. =
i1 n; - )
Zik = %n-k -tbt Zi(ton; 4k
-n-1

Another possible form without modification of the genuine pa-
rameters, also in matrix forms:

(%] [ t 0 0 - 0] [x] [on]
l.‘iz —b"‘..z X o e %z | |Qp-2
G| |byg 0 0 1" " 0] |Xs| |ons
5 ot Yartoi ofied A0 T 6] 5)
o L4 0 0 0 0] Ikl Lo

or

X = A X+ Zou ©)
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The equations (2), (#) and (5) can be derived from the
transfer function (1) by simple arithmetic. In the equations
(2)s(3)s (5)s (6) U; represents a symbolic input variable,
which according to the Pig. 1., consist of the external input
signal of the i~th element and the combination of the output
signals of each other block. Therefore:

M
U = U +jzf k"f 2 (7)

The preceding matrix representations are only two possibilities
among the possible forms, which are dependent on the choosing
of the state vector. The main advantage of the equations (2)
and (5) are that the input signal appears in them as a scalar
variable. The derivates of the input signals do not appear,
which reject many problems of the input functions containing
discontinuities.

On the base of matrix descriptions (2) and (5) of the com-
ponent parts can construct the state matrix of the entire
system by the combination of the el ementary sub-matrices.

The different sub-system build the state matrix of the
entire system through the Z; and é{ column vectors, which
in connection with the equation (7} represent the real
connections between the different blocks. The construction
of the state matrix in this way is a formal procedure. The
equation (8) gives the form of this state matrix. The "input"
matrix B has a simple generating procedure too, owing to
the assumptions mentioned above about the input signals.
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(8)

£ =~A-X+BU

or:
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The transformation of the state matrix into canonical form

The state matrix of the entire system carries both the quality
and the quantity characteristics of the system, but not in
proper form. The stability of the system, the possibilities of
the control among others are dependent on the eigenvalues of
this matrix. The comnections existing between the input signals
and the output variables and the "weight" of these connections
are very important characteristics, too. The purpose of the
transformation method is to explain these connections in ex-
plicit form, and to give the possibility for determination of
the quality characteristics and other properties of the input-
output signal connections.' Both the quality and the quantity
characteristics could be comprised in a single transfer element
which appears as a block between one output variable and each
input signals. The zeros and the poles of this rational transfer
function in itself, and their dependence on the system parame-
ters give the possibility to investigate the system behaviour,
insure optimal work and so on.

If we can transform the state matrix, constructed on the base

of the block diagram, into canonical form relating to one of

the original output variable, the transformed form visualises

all the connections existing between the chosen output variable
and each input signals in proper form. On the base of the
canonical form we can compute the different connections in
transfer function form too by inversion of the relations (4).

The information which are comprised in a transfer element are
now available /poles and zeros, the whole course of the frequency
response, etc./. 5 :

The simplification of the block-diagram, also its reduction
according to one output variable is performed really by this
transformation. After this transformation the -analysis and the
synthesis of multivariable system is lead back to the analysis
and synthesis of a single control system which has more input
signals. The transformed form also represents a block diagram
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which is plotted on the Figure 2.

The transformation of the state equations (8) into canonical
form related to one of the original block output signal for-
mally is a mathematical operation to choose such intermediate
new variables which are linear combinations of the original
ones that the new variables give canonical form instead of the
equation (8). These mathematical operations, the substitution
and generation of the new variables conclude to a matrix trans-
formation.

Let us choose the comnection between the original state va-
rizbles and the rew coordinates which are the phase coorainates
belonging to one of the output variables in a matrix form:

X: =F-X 9
or in detailed form, in accordance with the equation (8):

e - E X ]
%] !
i .12
X; x
Il 2
X, - X |
: . 1 X
Xiz’
ﬁ n
X Xod
S L - L o

By substitution of equation (10) into equation (8), on con-
dition that F is un invertible matrix, we get:

X; = FAF X+ FB-U (1)

The problem of the transtormation is to choose the matrix F
in such a form that the FA.F! matrix represents a cano -
nical matrix. In this case one of the original output variables
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is unchangeable and the elements of the new state variable
appear as its derivates, i.e. phase coordinates belonging to

the chosen output variable.

In the Appendix IT. it is proved that if we choose the F matrix
in the following form:

Ce

cA

(7] |

© AN
B e
where C, represents a special row vector, which given the

connection between the chosen output variable and the original
state vector:

x =X (13)

Namely if the block diagram consist of such blocks that m;¢n;
is always true /the state equation agrees with equation (8)/
and the chosen output variable appears as the output signal
of the i-th block of the genuine block diagram, then in the
vector C; the i-th element equal 1, but the others are
equal O, If the genuine block diagram tontains of blocks
characterized by m; =n; , which situation is discussed in
the Appendix I., the vector (; depends on the matrix g

The general theory of the preceding matrix transformation,
which is essentially a similarity transformation, is kmown.
The mathematical questions of the "dynamic" and "static"
similarity of matrices and the rigorous proof of the pro -
perties of this similarity was described by Narkus® . Some
problems which are connected to this problem was discussed
by Coppelq'. The preceding papers deal with the situation,
when the matrix elements are function of the time too.
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In this paper we were restricted to the time invariant case
and on the base of the general theory a procedure for trans-
formation a constant matrix into canonical form was developed.

The idea was to visualise the signal flow simplification as a
matrix transformation and to make a digital computer programme
to perform the generation of the state matrix from the block-
diagram and to transform it into canonical form by digital
computer. The procedure give us the possibility to analyse a
multivariable control system like to the simple single-loop
systems.

The digital computer programme

The digital computer programme performs partly the operations
connected to the construction of the state equations on the
base of the block diagram, and partly the transformation of the
state matrix into canonical form. These two parts are separated,
in some cases only the generation of the state equations is
needed, but in others only the transformation of a state matrix,
which was generated by the first programme part or any other
procedure. In addition to the preceding two programme parts

the entire programme contain some analysis and synthesis pro-
cedures of the classical control engineering. These procedures
visualise certain quality and quantity characteristics of the
entire system and the properties of the input-output signal
connections, which are very useful data with regard to the
control of the system.

In detail the main parts of the entire programme contain the
following computations: :

lst part: On the base of the sufficient data of the block
diagram /the degrees of the individual blocks and its
paremeters/ converts each block into canonical form
by help of equation 4 o From the canonical sub-matrices
with the comnection pattern generates the matrices A,
B, C and D on the base which was described in the first
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part of this paper and in the Lppendix %

ZBSLP.EEL In possession of the matrices 4, B, C and D, which
were generated by the l-st part or by other proce~
dure, the programme generates the C, vectors and
then the F matrix belonging to the different output
variables. After this in every case computes the
F . B matrix, and by help of the equation (II - 13)
the k' row vector. The final computation is the
reduction of the transformed equations to the trans-
fer function form by help of inversion of the equations
(4)+ The results are the degrees and the parameters
of the transfer functions existing between the out-
put variable and the genuine input signals.

3rd parts The additional procedures computes

a./ The frequency response /Bode f)lot or the Nyquist
diagram/ belonging to the different input-output
connections.

b./ The eigenvalues of the state matrix /or the poles
of the system/ and the zeros of the individual
input-output transfer functions.

This procedure give us the possibility to compute
the root-locus /pole-locus and the zero locus/
belonging to the change of whichever realistic
parameter of the genuine block diagram.

Example

In many cases appears in the control system such an element,
which mathematically is described by partial differential
equation. For example the heat transfer in a bar /Figure 4./
isolated at the one end, and fed on the other by a heat source
of infinite heat capacity is carried out according to the
equations
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' S
P T (14)
with
Tigt -1 2 Op
X

The transient response of the bar /unit step in the temperature
Tk and the response in the 7T, / and many other characteristics
of the heat transfer along it are interesting for the control
engineer, if the bar appears as part of a control system.

The usual technique in the simulation of partial equations is
the finite difference method. The substitution of the exact

partial differential quotient by finite differences /see Fige4./:

qT = Tig 2T + Ty (15)
x? XeX; (8x)?

concludes to a set of first order ordinary differential equatioms.
The number of equations depends on the number of cells. The set
of equations according to the boundary conditions ares

T a T-2T+ Ty
dt (ax)?

"

d% _ o =20+ T
di (ax)?

(=23,....00-) (16)

dln £ Tn1 -Tn
dt (ax)?

This set of equations could be visualised as the block diagram
plotted on the Figure 5. The properties of this system depend
on the number of cells and the boundary conditions too. This
block diagram was analised by the digital computer programme.
The important signals in this case were [, and T,

The transfer function setween them /on condition that °/(4sz =1y
at n = 10/ in the cases n = S‘and 10, are:
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W.(5)= ) L iy
5 1 + 60s + 560 s° ¢ 1792 s° + 2304 s’ + 1024 g°

=
W () T T 1e555+495524 171655430038 + 30035 0+1820 5046805 41535 54195 desl

The pole configurations belonging to the preceding transfer
functions, are:

n=5 n=10
-0.2025435 =01 -0.2233824 =01
-0.1725699 +00 -0.1980622 +00
-0,4288377 +00 -0.5338963 +00
-0.7077138 400 -0.1000000 +01
-0.9206240 +00 -0.1554969 +01

-0,2149351 +01
-0.2731123 +01
-0.3246012 +01
~0.3653588 401
~0,3910657 +01

The frequency responses at n =5 and 10 are plotted on the
Figure 6.

APPENDIX T,

Let us suppose the system given by the block diagram contains
such blocks, or all the blocks belong to the system are
characterized by a transfer function in which the numerator
has the same degree as the denominator., In this case the
construction of the state matrix differs from the procedure
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was described in the first part of this paper. Le: the transfer
function of the i-th component part of the systems be:

n
P
=
W (s) (L-1)
b,s’.»s
The equation (I. - l) could be modified by division of the
numerator by the denominators:
!
Wi(s) = ap. + W(s) * (1.-2)

t

where W,; () is characterized by a numerator of less degree
than the denominator, and the parameters of its numerator are
in simple connection with the genuine parzmeters of the W(s) .
The output signal of the i-th element now is:

Xi“ ‘M'(S)'U‘ + an‘ U‘. = X"I "’an"U‘. U-s)

On the base of the equation (I. - 3) the genuine block diagram
can be splitted into two different block diagrams. The first
part consist of linear dynamic blocks, derived from the genuine
blocks by division of the numerator with the denominator. In
this system all blocks have a less degree numerator than the
denominator and there is applicable the procedure of generating
of the state matrix was described in the preceding section.

The second part contains only static elements, only constants.
In the static system instead of the original blocks appear O

if m <n; or a, if m =n; « All the comnections agree

with the genuine ones in the two subszystems, and the input
signals too. In this way the genuine block diagram.is charac-
terized by the two subsystems, but mathematically the state
equations of the entire system also is the sum of two parts.
The dynamic system could be described by a system of diffe-
rential equations between the modified X‘ variables and the in-
put signals, but the static one by a system of linear equations
between the modified a:d the genuine variables and the input
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signals. This later one gives the connection between the new -
variables and the genuine output variables.

We restrict here ourselves to the generation of the linear set

of equations, which describe the behaviour of the static block
diagram. From the modified dynamic block diagram we can construct
the system of differential equations by the procedure was
described in the first part of this paper.

The schematic plot of the i~-th element of the static system is
plotted on the Figure 3. The equation of its operation is:

X; + Qb Xt UigXg b oo kx4 - - thiy X)) = X; (I.~4)

By extending the preceding generation procedure to all elements,
we get the connection between the genuine and the transformed
variables. The equations in matrix-form becames

- -

- :
X 1'kﬂan, ‘kﬂan,- A ktsaﬂq g5 “‘u'aﬂg ST E k”lanf rx1 ]
)
x,' k21 Gy 1-kyQn, ~kiyQn, - ~kGny -+ “leman| | %
xs -1(51 O,.,s ‘kn Ons 1-k”an’ S —k’"an, o 'lfw ans X,
! : ; ; : : - (.--35)
.X‘ -kﬁ am’ ‘k[zan.' 'kisani i 1-k;‘a"l' e 'kinaﬂ( Xy
. , . . . " .
LXn] | ~kyyy a,," 'knz aﬂn -km a"'n. =2 -k"': s -k a,." XHJ

By inversion of the matrix equation (I. - 5) we can generate
the connections between the new variables X; , X, ..-. , Xy
and the original variables X,, X, ---- , Xy

=€ (I.-6)
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There is also a direct static connection between the state
variables and the external input signals. The matrix-form of
these connections agree with the equation (I. - 5), but
instead of the X; variables appear the 0, Uy variables.
The inverse matrix, which was generated once in connection
with the equation (I. - 5) could be modified so that the con~
nection between the genuine output variables, the modified

ones and the extermal input signals appear in ‘l;he following
matrix form

A | 1041 |
Xz Xz' Uz
4 U,
;= C It D | 2 -7
X(' Xi' Uu
LXu) | Ilx) L 1 L Yurg

or in a simpler form:
!
Y=CX +DU
The state equations of the eptire system in the most general

case became:

X'-a AXCEBY

¥ s £+ (I1.-8)

APPENDIX II. <
Let us given the state equations of a multivariable system in

general form, which originates from a block diagram or was
constructed by other procedure:
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X=AX+BU (I.~Ya)
Y- CX+DU ' ‘ (.-1/b)
where: |
A . N xN matrix ; N: number of state coordinates
B: NxM nmatrix ; M:g:;m‘goi:cgtheinputsignala,
C: @GN matrix ; :
D: Qi ks Q : mumber of the output variables
X : state coordinates;
U : input variables ;
Y : output variables

We try to construct a transformation which can transform the
matrix equation (II., - 1)into a kinematical similar system
that have a canonical matrix related to one of the output
variables.

Yi' =K\/: + BlU (” _2)
tel
with Y,
'.e"X ]
i Vil ) i
Y-IVeDU o bk
- Ya
Andthe form of the K matrix iss
| ]

o e A o
l(,

[ i s e l (-3
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Let :

y = ¢ X : (”"4}
where C, is a vector which generates the i-th output variable
from the genuine state coordinates in accordance with the
equation (II. - 1/b.).

Ioet> :
3 X-FX (I.-5)

-1
Let us suppose that the inverse matrix F exists, then:

X-Fy' (I -6)

Let us choose the matrix F in special form:

o
C.-A1
bamd o (1-7)
C‘.AN-Z
c;AN"
According to the equation (xz. --lla.) we get:
FX =FAX +FBU
or
Y -FAF'Y 4FBU =KV +BU (-9

-1'
In the following part we shall proof, that FAF ™ matrix
always is a canonical matrix 1f [ is connected with the
matrix according the eguation (II. -7)

Proof:



& [ o Edadr o n
¢ A cA ch | e
Farts| A [ 4}l o0 | el ]|k
C;':A e Cl A“-z C¢ A e CI:A“-s
AV L AN : -C,'.AFH ¢ AF2
- A ] e ]
' g |
A A |
= A' GA.l A 1
|
e ac. s e M ol I »
] C‘_Aﬂ-f - 3 ¢ A“-'_ |

The connection between the separated rows and colummns and
sub-matrices of equation (IT. - 9) are:

t. Aq

5
Therefore

l‘!‘)
>

>—
5
4

5 [ ¢ A’

]

=
o
1>

A foo.... 0]
0
H A' ; Q‘A-1=?
0
; |
AA, = 0 I
i
—N-"A:r —_—k'————
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From the equation (II. - 11} the row vector of the canonical
matrix can derive in simple way:

k ] [C A'HC; Ay C;A A_,]:c‘-AN-‘[.C;A_, A, ] ".

e T
o GA ¢
A A, st T A e
_ J cfA‘L’
And so: » : -
- | I : i '|r G i 1
ot ] e
£ :c;A: c;A{ -:c;A 1 k< cA (1.-13)
| |
SR :
l l | l
L 1 | [ | i sl -l
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ON-LINE COMPUTER CONTROL USING
WEIGHTING FUNCTION MODELS

H.A. Barker and A. Hepburn
University of Glasgow
Glasgow, Scotland.

1. Introduction:

The application of pseudorandom signals to the identification of
systems by cross correlation techniques has been extensively described in
the literaturez Relatively little has been written, however, about the
use of the resulting models in control schemes. The reason for this is
that the models are obtained in the form of weighting functions, and this
is the least suitable form for immediate incorporation into a conventional
control scheme. -

For a syster controlled by an on-line computer, however, this form
of model provides the basis for a method of control. The method is based
entirely on convolution type procedures, and is therefore economic in
computing capacity, and ideally suited to a small digital computer. It
is applicable when computing times are small relative to the time constants
of the system modes, and has been considered for the control of chemical
plant and the automatic landing of aircraft.

For the purposes of this paper, an ideal interface between system and
computer is assumed. All conversions are performed synchronously with
unit period, using perfect samples and zero-order hold devices. The
method is easily adapted when the éonversions are sequential.

2. Xodelling Procedure:

The function of the modelling procedure is to provide an accurate
estimate of the linear dynamics of the system about its operating point.
This is achieved by perturbing the system inputs with appropriate phases
of a pseudorandom binery signal and using a reference phase 2 of the

pseudorandom binary sequence in subsequent crosscorrelation.

In the absence of disturbances, the system has inputs (xa), where
a=1,2,...,4, and outputs (zsb), where b = 1,2,...,B, with correspond-
ing sampled sequences (xa)i angd (zsb)i. If the staircase functions which
may be derived from the input sequences (:‘:a)i by zero-order holds provide
an adequate representation of the actual inputs (xa), then components
(ysba)i of the system output sequences (zs.b)i are related to the input

sequences (xa.)i by system weighting sequences (wsba)j, where
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®
(ysba)i = ;0(““)1(”)1-3 for all a,b (1)
and A
(asb), = 2_ (ysba), for all b (2)
a=1

The inputs (xa) are perturbed through zero-order holds by phases (pa) 4 of
a pseudorandom binary sequence which is based on an m-sequence with period
N and has values (N-1)/N and -(N+1)/N. ‘A reference phase (p)i of this
sequence has the properties: :

N-1 N-1
2 (@), = L i), =0 (3)
i=0 i=0
and the phases (pa) 4 are chosen so that
(pa), = (p) & for all a (4)
i 1-) K
p=1 ®
where the integers Kn are such that
(“ba)d =0 for 2K , all a,b (5)
and ) A :
Jr <1 )
a=1

The perturbations give components (gsba) i of system output sequences
(rab)i, where

®
(qaba)i = JZ-o(wsba)J(pa.)i_:j for all a,b @)
and A
(rsb)i - Z (qaba.)i for all b (8)
a=1

In the presence of noise components (nsb) i’ the observed system output

sequences (usb) 4 are therefore:
(usb)i = (rs‘n):l + (zsb):.L + (nsb)i for all b (9)

During the period 0 < i < N-1, a model estimate (wmba.) 3 of each system
weighting sequence (wsba) 3 is obtained by the crosscorrelation

-1 -
1 - -
(wmba)j - Z (o), (usb) et . it i (p), (usb) =
i=N i+j+ K joKa=1 i=-N i+j+ ZK
n a
n=1 n=1
forall0<j< Ka'-1,
all a,b (10)
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This estimate is complete when

: 1-Zx-

n=1
and then becomes part of an established model of the system, replacing
the estimate obtained during the previous period. The established model
is thus sequentially updated, each part being updated once every period.

With this procedure, estimation errors are due solely to spurious
correlations between the reference phase (p)1 and the components (zsb) i
and (nsb) 4 Of the observed output sequences (usb) 4+ From the reference
phase properties and the form of the crosscorrelation, estimation errors
dvue.to constant, linear, and quadratic functions of time, which in
practice form a considerable proportion of these components, are auto-
matically eliminated.

Estimation errors are further reduced by a refinement of the basic
procedure. In the refined procedure, estimates (ymba)l of the components
(yaba)i are computed from the input sequences (xa) 4 and the established
model weighting sequences (wmba) j to give

K -1
(-""b’)i = 320 (wmba):)(xa)i_j for all a,b (11)

and estimates (zmb) 4 of the components (zsb) 4 are computed to give

A
(zml)):l = Z (ymba.)i for all b (12)
a=1 :
Subtraction of the estimated components (zmb) 4 from the observed output
sequences (usb) 4 defines the sequences (vmd) 40 Where
(vmb),; = (usd), - (zmd) for all b (13)

and the sequences (vmb) 4 then replace the observed output sequences (usb)i
in the crosscorrelation defined by equation (10), so that

-1
(vuda) Z ) § Zx Taus :én(") () Zx
n=1
for all 05 < K,-1, all a,b (14)

Estimation errors in the refined procedure are due to spurious correlations
between the reference phase (p)i and the components (zsb)i - (zmb)i -
(nsb)i of the sequences (vmb)i, which are substantially less than in the

basic procedure.



3. Peedforward Controller:

For the purposes of this paper, the system has a number of controlled
inputs and an equal number of controlled outputs, the remaining input and
outputs being uncontrolled. The function of the feedforward controller is
to remove the effects of the uncontrolled inputs from the controlied
outputs. This is achieved by computing appropriate control input sequences
from estimates of these effects.

The principles are developed for the common case in which the system has
one control input (x1) and one comtrolled output (us1). In this case it is
required that (zs1) 4 is a mull sequence, so the controlled component
(ys11); must be such that :

A
(ye11), = 2_(ysta), (15)
a=2
for which an estimate is A
' (ym11), --Z(.wm)i (16)
a=2
From equation (11) this gives
xin . 2 K1
L (i) (x1)y_y = - L O (o) o) ()

The required control input sequence (x1) j is contained implicitly in this
equation, but to compute it explicitly, the equation must be implemented
as the recursive relationship

K1-1 A K8-1
(x1), = -(;;;}—170[ jz_,('“'")a(")i-.i + gz ;(mn)J(n)i_J] (18)

This re'ationship defines the ideal control input sequence (x1) i which is
applied through a zero-order hold to give the required feedforward control
inpat (x1). In practice, some modification is necessary to insure that it
is realisable.

If (wm11)_0 is zero, then the relationship is evidently unrealisable.
This is because it attempts to implement a prediction to cancel a time
delay. The presence of a time delay in the control dynamics, 3o that the
first few values of (ws11)j are zero, is quite cormon, the more serious
aspect of this being that, due to estimation errors, the first few values
of (wx:.ﬂ)j will differ slightly from zero and mask the true condition. The

first few values of the model weighting sequences (wmba.)j are therefore
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ﬂma subjected to simple processing before establishment to determine
the first realistic non-zero value (wmba) and to set to zero all (wmba)i

for i<gba. The control input sequence (x1) 4 is then computed from the

relationship
R T i (19)

(x1); = T_T-;:1 = [jg(mn)M"(n)i_j + gz jXu:o(..na)Mw(m)i_j]

where
hia = gi1 or gla, whichever is least (20)

This remains ideal if gl1<gla for all a, otherwise the errors are
accepted. 7

If the pulse transfer function

K,-g11-1
1 % &
j.o(wm11)3+g" z

has a zero on or outside the unit circle, then the relationship is
unstable; this is because it attempts to implement the inverse pulse
transfer function which has a pole on or outside the unit circle and is
consequently unstable. Forttinately this condition occurs only rarely in
practice, and its treatment falls outside the scope of this paper.

Finally, there may be a physical constraint, such as saturation,
which prevents the ideal control input sequence (x1) 4 from being implem-
ented. In this case, the closest approach to the ideal (x1) i is implem-
ented and the errors are accepted.

When the system has two control inputs (x1) and (x2), and two control-
led outputs (us1) and (us2), it is required that both (zs1) 4 and (zsz)i
are null sequences. Proceeding as before gives the conditions:

K1-1 x2-1 A Ka- :
g_omm REI g,:o(wmﬁ) a2y = - ;_3 JZ_o(mm) )y (@)
and
K?—‘l K2-1 73 Ka-1
Y (mm21) (x1), 4 9 (wm22).(x2), . =~ ) O (wm2s)(mm), . (22)
320 d i2d- 5% J i=) =3 =0 5] i-3

from which the equations containing implicitly the required control inpul

sequences {(x1) 4 and (x2) 4 are obtained as
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K 1 +x2-2

; é[(—n)f(‘;.zz) sog - (m2) (m12) o] (1),

<.

L a."x‘z’z

0-3
and.
K K2
;;go go[(mﬂ)f(mﬂ):,_f - (m21) (m12),_, ] (x2), _,

K+K -2

Z) Z i [(m2e) (mm11), o - (wmta) (m21),_,] (xa), ; (24)

Equations (23) and (24) are basically similar to equation (17), with new
weighting sequences computed by a convolution procedure. Recursive
relationships similar to equation (18) may therefore be obtained and mod-
ified to give relationships similar to equation (19) from which the
required feedforward control input sequences (x1) 4 and (x2) 4 may be
computed. It may be noted that, in this case, the condition for an
unstable relationship, though still uncommon, is not so rare as in the
case of a single control input. and controlled output, because of the
subtraction involved in computing the new weighting scquences. The
equivalent problem in continuous systems has been considered by Rosenbrock?

The procedure for systems with more than two control inputs and control-
led outputs follows logically from the above development.

4. Feedback Controller:

By the implementation of the feedforward controller the controlled
outputs are made effectively independent of the uncontrolled inputs. The
function of the feeback controller.is to remove all remaining components,
with the exception of components resulting from the modelling procedure,
from the controlled outputs, and to implement all changes in the required
values of the controlled outputs. This is achieved by computing approp-
riate control input sequences from estimates of the remaining components
and errors between the controlled output values and their required values.

The principles are again developed for the common case in which the
system has one control imput (x1), and one controlled output (usi). The
control input (x1) now contains two components, a feedforward control
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control input component (x1 )FE‘ derived as shown in the previous section,
and a feedback control component (x1 )FB so that

(x1) = (x1)FF + (x1)FB (25)

It is convenient to consider the feedforward control input (x1 )FF
acting independently and ideally, so that by taking the observed output
sequence (\131)i from equation (9) as

(us1), = (yo11)]® + (ze1), + (ns1), (26)
where
FB S FB
(ye11)]" = j;(msmj(:n)i_:, (21)

the effects of imperfect feedforward control are included in the noise
component (ns1) g+ An estimate (nm1) 4 of the noise component may be computed
through :

: K,-1

(mm1); = (ust), - i(w-m)gm)‘;‘_‘j Z Z(ma) )y (20

2 =0 a=1 j=0
If the required control output sequence is (c1)i, then since the actual
controlled output sequence must also contain the component (rs1) 4 Tesult-
ing from the modelling procedure, the ideal controlled output sequence is
(<>1)i + (rs1)i. Hence an estimate of the ideal component (ys11)PBI i
equation (26) is
(st = (et); - (am), (29)

so the estimate of the ideal feedback control sequence (x1 )fBI is given by

K -1
Z(mn) s K1
e $ SV Z(mn) @, - ; ;)(wm) (se),_ ] (30)
FBI

The distinction between the sequences (x1) and (x1 ) should be noted.
The sequence \x‘!) " is the feedback control sequence actuany applied to
the system, and in the computation of the right hand side of equa.tion (30)
all the values (x‘l) . a.re known with the exception of (x1)i , which is
taken as equal to (x1) . The seguence (x1 )"BI is the ideal feeback
control sequence, vhich m:y not be realisable. ZEquation (30) is devel-
oped in the same way as eguation (17) to give a relationship for the

realisable feedback control sequence (x1);.‘.BR which is
’



K -g11-1
(x1) TR - -G;—:-ﬂ-g“[ 3; (1) 4y 4 (TR + (o), = (o1);
K1-1 ‘ - A K‘-1
- L (mtt) 0% - 8 2 (i) j(pa)i_j] (31)

and'(x1)§BR is the control sequence which is implemented, unless a
physical constraint, such as saturation, prevents this in which case the
closest approach to (x1)fBR is implemented and the errors are accepted.

The development of this procedure for systems with more than one control
input and controlled output corresponds to the development for feedforward
control. .

5. Example:

To illustrate an application of the method, an examplé is given of a
system with one uncontrolled input, one controlled input, and one
controlled output, with feedforward control applied as discussed in
section (3). The block diagram of the resulting system is given in Fig. 1,
and the results for a step disturbance at the uncontrolled input appear in
Fig. 2. In the latter, amplitudes are normalised relative to the ampli-
tude of the test signals (pa). The system error curve represents the dev-
iation of the system output (us1)i from the ideal nmull sequence; by far
its largest component is due to the pseudorandom binary test signals them-
selves, and is, of course, unavoidable when using this method.

6. Conclusions:

A method of on-line digital computer control of a multivariable system
which fully exploits the possibilities of on-line modelling by pseudo-
random binary signal perturbation has been established. The method
involves the implementation of three distinct procedures which are designed
to be non-interacting. A modelling procedure is developed to provide
estimates of the system weighting sequences which are virtually free from
errors due to spurious correlations. The model weighting sequences are
used in feedforward and feedback controllers which operate independently
and are based on the implementation of a recursive procedure, the limit-
ations of which are discussed, for the computation of control input sequ-
ences. The feedforward controller is shown to make the controlled outputs
independent of all observed input disturbances, and the feedback controller

is shown to remove from the controlled outputs the effects of unobserved
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disturbances and deviations from the required values with the exception of
the small perturbations resulting from the modelling procedure. Hesults
obtained for a simulated system demonstrate the feasebility of the

approach.

7. References:

1) Briggs, P.A.N., Hammond, P.H., Hughes, }'.T.G., and Plumb, G.C.:
"Correlation analysis of process dynamics using pseudo-random binary
test perturbations." Proc. Instn. Mech. Engrs., 1964-85, 179, (

pp. 37-51.

2) Barker, H.A.: "Choice of pseudorandom binary signals for system
identification.", Electronics Letters, 1967, 3, pp. 524-526.

3) Rosenbrock, H.H.: "On the design of linear multiveriable control
systems." Proceedings of the Third IFAC Congress, London, 1767,



—— CONtiNUOUS signals
c-=e==-- sampled signals P':?BS
— - w - model information g.%,?:for
.D. zero-order hold (P2} ¥ :T(P”I S
(x2) X ! | { o
o i 4 s%+.1732s +01
Fen )
\ i
' convolution control ¢ Lo -,——-—'0‘
-ped modetl o - - - - -(XT)- ra l s'+.02s +.04
i

(zm‘lZ)i

algorithm

{usl)

Fig.1: System used in example. .

] : cross
i i == —={ correlator
|
I lwmit), 1
| s o 1. 4 establish
s i L2 PRRE RRNT 08 &y model
(wm21)j

06




signal amplitude

10

wm

91

o
i uncontrolled input {x2)
L S 3
. \estimated
E X effect
. (zmi12).
k .
B S e time (secs)
e " 10 ©-, 20 30 - 40 50

Y 1 vf.‘!. T ..7.....1....-'--.-‘...

3 \
system error
feedforward

£ / control input
4 il i T T

Fig.2: Response of system to step disturbance.




