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A NONMINIMUM PHASE INDEX AND ITS 
APPLICATION TO INTERACTING MULTIVARIABLE 

CONTROL SYSTEMS 

By 

E. J. Davison 

Depal~ment of Electrical Engineering 

University of Toronto, Canada 

SUMMARY 

A nonminimum phase index is defined for a linear time invariant 

multivariable system. It is then used to give a measure of the degree 

of difficulty of stabilizing the system when two or more control systems, 

each of which controls one output variable of the system, are applied 

simultaneously to the :system. The index is simple to compute .and so should 

be useful in predicting when ~nteraction will occur in ·large multivariable 

control systeJJis such as which occur in process control. A numerical example 

o£ a distillation column with pr~ssure control and temperature control is 

included. 

1. Introduction 

Often the control of large systems is accomplished by controlling output 

variables of the syste'm as though ihey were independent of each other. That 

is, ~ control system is found which satisfactor~ly controls one output variable 

of the system and a control system is then found to· satisfactorily control 

another output variable of the system. The control of both variables is then 

attempted by applying the two control schemes simultaneously. This is 

especially true in prc•cess control and chemical engineering where the system 

being controlled is ve~ry large. The main reasons for this have been that the 

plant being considered is generally far too complex to consider applying modern 

optimization techniques to it (often several hundred differential equations will 

describe the plant), and that the control s~emes empirically found have often 

been satisfactory. Occasionally, however, . (as would be expectedr one control 



loop will react st~ongly with another control loop and strong interaction will 

exist i n the system. It is obviously important to know the circumstances 

under which this may occur. 

Previous methods of measuring interaction1 have either proved to be 

unreliable (e.g. when applied to the examples given by Rosenbrock2) or difficult 

to calculate3 . The purpose of this paper is to give a method by which it may 

be readily determined if interaction will occur in a specified control 

configuration. 

2. Development 

Consider the system given in Figure 1. 

where 

and 

where 

X = A X + 8 u 

l: = 0 X 

8 = (!!1' !2' ... , !g), 

.Q. =rdl J. sl2 . . 

. 
• dn 

d. 
1 

1 i r, s, t, 

0 i = 1, 2, •.•• n 

i + r 
+ s 
+ t 

The system is described by: 

(1) 

(2) 

(3) 

(4) 

(5) 

!. is an n-dimensional ·vector describing the state of the plant, A is ann x n 

constant matrix, B. (1 < i < 0) is ' an n-dimensional vector and u. (1 ~ i ~ 0) 
; - - . 1 

are the input forcin~t functions to the plant. l: is an n-dimensional vector 

consisting of the measured variables. In the case that the y state variables 

xr• x
5

, xt' ... . cannot be directly observed, a transformation of coordinates 

can always be made so that in the new coordinate system they can be directly 

measured. 
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Suppose that there are y control configurations· applied separately to the 

system so that controller r controls ouput variable x controller s controls - r• 
output variable xs etc. in the following way: 

Controller r: The control system is given by: 

~(t) = :!!0 (t) + -k~ cr(t) (6) 

-J? 2 

(7) 

where ~0 (t) are the input disturbances to the · plant and the controlling signals 

ui (1 ~ i ~ 0) have ~e1ative feedback from xr with gain -er k~ (1 ~ i ~ n). 

(The reference signal :for xr(t) is ass'UIIed to be zero). 

The equations of the closed loop sys.t.ea therefore are: 
g r ~ · o 

.X • A x + I: ( ·-k. B.)c + B u (8) 
- - - , i•l 1 -1. r 

n 
or .!, • ~ _! + e I: (-k~ B.)x + B u0 (9) 

r izl 1 -1 r 

Similarly the equations of the closed_ loop system for the other controllers 

~ given by: g 
Controller s: l•Ax e I: s o · 

(10) + (-ki ~)xs + 8 -u -· -- 5 i•l 
Q t Controller t: X • A X + et t (-ki ~)xt · + B u 0 (ll) -· -- • i•l 

Now often satisfactory performance is obtained when the above controllers 

are connected separately to the plant, i.e., output variable x is satisfactorily 
. r 

controlled when controller r is applied and output variable xs is satisfactorj.ly 

controlled when contrc11ler s is applied, etc., but when more than one controller 

are connected togethe1~ (in an attempt to control two or more output variables 

satisfactorily), performance may be severely degraded and unsatisfactory control 

obtained. In this case interaction is said to take place. 
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Suppose that ,:the c:ontrollers s, t, are applied simultaneously to 

the plant and it is desired to determine their effect on the controller r. 

(i.e., When controller r .is connected to the plant, to what extent, if any, 

will the performance of control~er r be degraded?) Interaction will be 

severe if, when controller r is not connected, the effect of the controllers 

s, t ... is to cause the time response of x for a step function input to 
r --

cr(t) to change initially in a direction which is opposite to the final 

value it event~ally reaches. This. will happen if the transfer function 

relating output variable xr to the forcing function input cr(t) 

is nonminimum phase . It will be very difficult to achieve satisfactory control 

with controller r in this case and if an attempt is made, performance of the 

control system will be downgraded. An attempt will now be made to measure the 

degree of ncnminimum phase in ·such systems. 

The transfer function relating icxr(t)J to[[cr(t)J may be written for the 

case when controllers s, t ... are connected as follows: 

!.cx (t) J 
r 

where 

and 

where 

and 

detl(A-si+6 D [~ -k~B.]+6 D [~ -k~B.]+ .. .-)I-I )+D [~ -k:~ - - · s-s . 1 1-1 t~ . 
1 

1-1 - -r -r . 
1 

1 
1= 1= 1= [ c (t) J 

detj~-s!_+e o [ r -k~B.]+et~f r -k~B.]+•.. l . (l2) r 

D.(q 
-J -

I 
-i" 

w 
i 

(~l ~2 

E; 

·m r o· 
= :2 .. "w ) 

' n 

1 

0 

s-s i=l 1-l. 4=1 1-l. i 

~), 1 ~ s; n . (13) 

, k = 

k = 1,2, •.• ,11 

k , j 

, 1 .s; r s n 

(14) 

i = r 

i 1,2, .•. ,n 

i , r 
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Now the zeros of this transfer function are given by the finite eigenvalues 
4 

of the matrix Z : 

Z = fA+6 D [ ~ -k~Bl +6~~r- ~ -k~BJ+ ..• )(I-I )+ID r ~ -k:s.l (15) 
,~ S-5 i=l 1,-~ U=l 1-~ - ~ ~G=l 1- 1J 

in the limit. as r ~ ~. This may be ~erified by expanding the determinant 

det (~ - s .!) = 0 about its r column and then comparing coefficients of the 

characteristic equation obtained w~th the corresponding coefficients of the 

equation obtained by expanding out the numerator of ' the right hand side of 

(12) and equating it to zero. The poles of the transfer function are given 

by the eilzenvalues of the matrix F: 

P =A+ es D [ ~ -k.s ·!·]• · et ~[ · ~~-t s.J + ... 
-5 i=l 1 :1. i::~1. 1 ~ 

(16) 

Let the zeros be denoted by -z11 -z21 •.. -zm (0 sm s n-1) and the poles 

by -p 1 ~ -p21 ..• -pn i1~ order . ~£ increasing magnitude (in the absolute sense). 
~. r 

A nonminimum phase index D. (es~ ~t . ... ) will now be defined for controller 

r 1 when controllers s, t are · connected to the plant with gains es ~et . .. ~ as 

being 

. r ~ 

.o .(esl et . · •. ) • . ~ + TCckSm (17) 

where tJ. is the "dead zone" time interval occuring in the time response of 

x (t) for a step function input when the controller r is not connected (see 
r . . 

Figure 2) 1 and TCdam is the dominant time constant of the system. It is shown 

in Appendix 1 that an approximate value for this index is given as follows: 

Nonminimua Phase Index 

For the case that the dominant pole Pt is real and distinct : 

l.o{i~l(l- .~~ )] 
m ( - pl)> 1 r if n 1 (18) D ( es 1 et •.. ) .. 

· l+lo{.~(l- :~] i=l z. 
1 . 

1-1 . 1 

m ( · pl)s = 0 if n 1 1 or if m 0 
i=l z. 

1 
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F.or · ~he case that the doainant pole is · ~omplex with poles p
1 

and p
2

: 

l~{Re . ; · ( 1 - pl)~ . 
• . .z ~ ll 
1

•
1 · · · 1 if Re n [1 

. ~ .• { - :li)~ i··.l _ l+log .~e.n · 1 .. 
. . 1•1 

~ pl] > 1 
z • .. 

1 

o· if. Re ~ { i · - P 1 ] S 1 of if • • .o 
i•l zi 

(19) 

It is assumed tha~ the · sys~eil.is stable ··so . that .Re(pi) > 0, i • 1,2, ... ,n. 

If the dominant p~le has r.epea1:ed roots·., si.ai.lar- expression$ JULy be obtained 

for the nonminiaua. pha.se .index using the •thod.s of Appendix 1. 

Thi:s index ·has · the · following ·F'OPerties: 

(1) If .Dr{Ss,et . ~ .. )-.• 0, th~ tran.sf8!.· .function relating [Exr(t)] andkcr(t)J . 

is mialimua ?base ~ s.atisfact~ry control . ~h01.1l:d be Pc»ssible ·to achieve by 

adjusting er· properly: .· . . . _ . 

(2) If Dr (e -, .~:t.: • ·~ ~ ) > ~·, .. ·th~: ~ran~fe~ fuitctio~· ·relating-f [x (t) ]and P [c (t)) 
s - · . ' r 4(.. r 

is non~mint.ua phase, so that. control is dif£icult to achieve. 
·r . . ·- ·- . - . - . . 

(3) As D (es~et · -~·) . + 1, .control .. beco-es ~re di'fficult·to achieve. It will 

equal unity when a zero of the transf-er fwlction approaches the origin fro. the 

right hand. side of-thet complex plane~·. The · systea becaaes extremely difficult 

to control in this case. 

An interaction i.ndex will now be defined for the systea which character­

izes the effect of controllers. s, t . ~ . . with gains e s, et : . . on controller r 

when controller r is c:onnected to the systea. The index gives a .easure of the rela­
tive difficulty of stabili:zi~g the system in the presence of nonminimua phase inter-

~ntions. 

:Interaction Index r r( ) r( ) _I (e
5
,·et ... ) • D ~5 ,et . . . - D o,o ... . (20) 

This l.ndex has the following interpret~tion: 

(1) If Ir(es,et .. ;) < o, favourable interaction will occur when controller r 

i~ connested·to the systea. 

(2) If Ir(e
5
,et ... ) • o, no interaction will occur when controller r is con­

nected to the syst~# 
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(3) If Ir(es,et ... ) > 0, unfavourable interaction will occur when 

controller r is coru~ected to the system. 

( 4) As Ir (e s ,et ... ) -+ . 1, the interaction will become more severe. 

It is seen that the numerical calculation of this index is simple. It 

is essentially just a matter of finding eigenvalues of the aatrices z 
and P. A typical value of r that _cap be used for computational purposes 

is r = 10
15

.
4 

3. Relation of Interaction· Index with Conventional Means of Measuring Interaction. 

It will .now b~ sh~~n ~~at .. as Ir(es,et ... )-+ l, the proposed index gives 

the same result a.S the C1onventional index of interaction1 which is given as 

follows: Interaction will be severe in a .2 · variabl e control system if for 

large control gains 

(21) 

when s -+ 0 where the G' s are the transfer func.tions of the process. 

Suppose that in the system considered, controller r is connected with the 

gain ~ and controller s is connected with gain ~ to the system. Suppose that 

Ir ( e ) -+ 1. If it is as.sumed that Dr (O) = 0, this means that Dr ( e ) -+ 1 or 
s s 

that the determinant of 1matrix ~given by (15) is: 

~ n s] · · n r~ det.; A+e D ( t -k.B. ') (1-I )+fD ( ! -k.B. = 0 
(- s-s i=l 1-1 - -r ~ i=l . 1-l! 

(22) 

in the limit. If it is assumed that the gain e s is large, (22) then becomes: 

detiA(I-1 -1 )+D ( ~ ~k:B .)+D ( ~ -k~B.) l= 
. -- --I" -5 --I" i=l 1-1 --5 i=l 1-1 ~ 

0 . (23) 

Equation (23) now i~plies that: 

· n n 
det{A(I-1 )+D ( I: ·-k:s.)}det{A(I-1 )+D ( I: -k~B·)}= 

- - --I" --I" • 1-1 - - -5 --5 • 1 1-1 
. 1=1 1= . (24) 

det{A (I-1 )+D ( ~ -k~B·)}det{A(I-I )+D { ~ -k:s.)} 
- - --I" --I" i=l 1-1 - - --5 --5 i=l 1-1 
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and when the determinants in (24) are divided by det(~-s!), the following 

relation i s obtained (for the case that s -+ 0): 

where the G's are the transfer functions of the two variable control system. 

It is the conventional measure of interaction used in two variable control 

system s tudy 1 

It should be noted, however, that the converse relationship is not 

true. Eq~ (25) does ntot at all imply (22) and so it is possible to have 

systems in which (25) is true, yet which have little interaction (e.g. when 

applied to the examples of Rosenbrock2). 

The following conclusion is therefore made - the conventional index 
r. 

of performance is a valid measure of interaction only when it indicates 

that little interaction will occur in a system. 

~ . Numerical Examples 

The first exampl e is taken from Rosenbrock5 . He considered the system 

shown in Figut e 3 whe1re • 

.Gll 
1 

(l+sl67)(l+sl)(l+s0.1)4 

G22 
-1 

(l+sl67) (l+sl) 2 

Gl2 
-0.85 

(1+s83) (l+sl) 2 

G21 
0.85 

(l+sl67)(l+s0.S) 4(l+sl) 

ell kl 

c22 -k2 

and k
2 

• 0 and x
2 

is 

(25) 

x1 is satisfactorily controlled when k1 = 150 

sati sfactorily controlled when k1 = 0 and k
2 

= 75. 

if, when the bottom controller is connected with k2 
when the top controller is connected. 

It is desired to determine 

= 75, interaction will occur 



, 1 

•' 
The following interaction index was obtained in this case: 

logr _ ~] 

l+log [ 1 - :~] 

where -0.00758, pl 0.00600 

1 or I (k2) = 0.37 

* which implies that severe .interaction will occur. This was in fact verified by 

simulation (see Figure 4). It is interesting to note that when a small change 

is made in the transfer function G12 so that 

-0.85 
(l+sl67')(l+sl)2 

with all other transfer functions and gains the same, the interaction index .. 
becomes zero, implying that -no interaction will occur. This was verified by 

6** simulation (see Figure 5) and was observed by Rosenbrock . This means that 

rather small changes in the dynamics of a system can occasionally cause spec­

tacular changes in the controlled system. 

The sec~nd example consists of a binary distillation column with a 

temperature controller and a pressure controller. Figure 6 illustrates the 

control system used. 

The equations of the distillation :column are given below7: 

!_ = ~ !_ + ! 1 u1 + ~2u2 + ~~· n = ll 

T. 
1 

k 
p 

-46xi + 50x11 , i 1,2, .•.• 10 

-108 

where A is given in Table 1 and ~1 • ~2 are given below: 

* As guide lines for a measure of the severity of the interaction, the interaction 

would be considered weak if Ir(es,et• ... ) < 0.01 (say) and severe if Ir(es, et, ... ) 

> 0.1 (say) by the "Ziegler-Nichols rule"5 

** It should be noted that the conventional measure of interaction gives 

Gl2G21 
------G-- = 0.72 for both G12 transfer functiohs. implying that strong interaction 
Gll 22 
will occur in both case~s! 
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There are 8 plates in the column and x3 is the composition on plate 2 . and xll 

i s the press re in the column. T3 is the temperature on pla~e 2. u
1

(t) 

r epresents a change of heat input to the column and u2(t) represents a change 

of heat output from the col umn . 

The purpose of the control system is to keep the temperature on plate 2 

and pressure of the column as const~nt as possible against disturbances from 

other sources represented by the terms ~~ .. The control scheme proposed is 

a very common way of achieving it . However, it is well known t hat severe 

int eraction may often result with this control configuration 3 

This i nteraction may be easi l y predicted using the interaction index 

pr oposed which is as follows : 

T log[i;l(l - :~)] 
I 3 (k ) 

p 

l+ lo~=1(1 - :~)] 
·here -0 . 100 X 10- 2 . -2 

zl pl 0.101 X 10 

z2 0. 61 7 X 10-2 

z3 0. 138 X 10-1 

z4 0.337 X 10- l + i 0 . 164 X 10-2 

z_ 0 .337 X 10-1 i 0 . 164 X 10- 2 
:> 

10-l 10 - 1 
z6 0 . 473 X + i 0.1 20 X 

?.7 0 .. 473 X 10- 1 
i 0 . 120 X 10- 1 

ZB 0.700 X 10-l 

z9 0 .. 981 X 10-l 
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0.25 

which means that with the control scheme proposed, severe interaction will 

occur. This severe inte~raction is obtained over a large range of values of 

the pressure control gain. 

It should be not~d, howev~r ~ that .when composition ~n .plate 2 (x
3

) is 

controlled instead of temper~ture, ·th~ interaction index is zero. This means 

that interaction can be eliminated or at least reliu~Q _i .f composi tfons rather 

than temperatures are cc>ntrolled in the column. This observation has been 

d . 1 3,11 ma e prev1ous y 

Conclusions 

An interaction index has been· proposed to ·give a measure of the degree 

of difficulty of stabilizins a system when two or more control systems, 

each of which controls one output variable o£ the system, are simultaneousl y 

applied to· the system. 

control. 

The ' index shGuld ·be especially useful in process 
") 
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Appendix I 

It is desired to obtain a value for Cl+Tgdom where t,. is the "dead zone" 

time interval occurring in the time response of xr(t) for a step function input 

to c (t) when the controller r is not connected and TC is· the dominant time r dom 
constant of the syst,em (see Figure 2) . 

The Laplace Transform of xr(t) for a unit step function input in cr(t) may 

be written as follows (assuming that the poles are distinct for algebraic 

simplicity): (s+z ) ---(s+z ) lex (t) J K 1 m 
r s(s+p1)--(s+pn) (la) 

where K is a constant and the zeros and poles are given by the eigenvalues of 

matrix~ and matrix~~ respectively. The following time response is then obtained 

by partial fraction expansion (assuming that the poles and zeros do not cancel): 
-p t -p t 

x (t) = A
0 

+ A
1
e 1 + --- + A e n r · n (2a) 

(s+z
1
)(s+z2)---(z+z )(s+p.) 

A - K m 1 

i - s(s+p1)--------(s+pi)------(s+pn) 

where 

i=0,1,2, ... ,n (3a) 

and Po = o 
It is desired now to solve the equation 

-pit,. -p/• -p t:. 
A

0 
+ A

1
e + A2e + --- + Ane n = 0 (4a) 

for~. It is difficult to obtain an analytical solution to this equation ·and so 

instead, the time response of (2a) will be approximated by a third order time 

response and ~ will then be obtained from this approximate response. 

The approximate~ time response will be taken to be 
-plt -Pz*t 

xr(t) ~ A0 + A1e + (-A0-A1)e (Sa) 

where Pzk is to be de~termined later. This fitted third order time response has 

the same initial and steady-state ;alues as (2a) and the same dominant modal 

contribution. It is,, therefore, a good approximation to (2a) 7
. It is now desired 

to solve 
-plt:. -Pz*t:. 

A0 + A1e - (A0 + A1)e o (6a) 

fo r D., ~ - f. 0 or 

x e = (1 + Ao)x 
Al 

fo r x, x f. 1 where 

Ao 
- Al (7a) 

P1 -pz* t-. 
9 - ,x=e 0<6<1 

Pz* Ao 
and this will have a solution x f. 1 only if 0 !> - - < 1. 

Al 

0 < X < (8a) 
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An approximate solution to this equation for x ~ 1 is: 

[-
- Ae 1 ] } Ao 1 

if 0 $ - -- < 1 A
1 

"'('1-8) ' A
1 

(l-e ) - (9a) 

which will become exact as x ~ 1. The following expression is now obtained. on 

solving for t;: 

. 1 [- Al 
Cl-e)] if 

Al 
t. = -log 

Ao 
- -- (1- e) > 1 • pl Ao 

A1 
~ 0 if - A Cl- e) s 

0 
which will become exact: as t; ~ 0. The following nonminimum phase index is 

then obtained on substituting for t.: 

D • 
lo{ (!-B):~] 

if 
Al 

> 1 

1 +log[- (I- al :~ J 
-(l:..e)--

Ao 

Al 
0 if . -Cl- e)-- $ 1 

Ao 

Now it is well know that if 

IC 1 
s(s+p )---(s+p ) 

1 n 

(lOa) 

(lla) 

(l2a) 

(13a) 

then the first non-ze1·o d~rivative of xr at t = 0 is K and a nonminimum phase 

response similar to Figure 2 cannot occur with this system. p2* will be chosen 

therefore so that when m"' 0 (i.e., . there are no finite zeros in !.[xr(1= ) ] ). , ~ = 0 

in the approximate time response. This will occur when 
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n ( P1) II 1--
i=2 pi 

(14a) 

On substituting ( !Sa) into .Cl3a) the expression given by (14) is finally 

obtained for the nonmi nimum phase index. 

For the case that the dominant pole is complex with poles p1 and p2 
t he time response of (2a) is now given by 

and the "fitted" third order response will now be taken as: 

-Re(p )t -p *t 
xr(t) i A0+2Re(A1)e 1 +C-A0-2Re(A1)Je ~ (16a) 

where p3* i s determined in the same way as p2•. The same analysis as before 

is then carried out and the expression given by (15) is finally obtained. 



Table 1 - Matrix A 

-0.014 0.0043 0 0 0 0 0 0 0 0 0 

0.0095 -0.0138 0.0046 0 0 0 0 0 0 0 -3.010-4 

0 0.0095 -0.0141 0.0063 0 0 0 0 0 0 -5.010-4 

0 0 0.0095 -0.0158 0.011 0 0 0 0 .o -8.010-4 

0 0 0 0.0095 -0.0312 0.015 0 0 0 0 -8.010-: ...... 

0 0 0 0 0.0202" -0.0352 0.022 0 0 0 -8.010 -4 

0 0 0 0 0 0.0202 -0.0422 0.028 0 0 -8.010 -4 

0 0 0 0 0 0 0.0202 -0.0482 0.037 0 -6.010 -4 

0 0 0 0 0 0 0 0.0202 -0.0572 0.042 -3.010 -4 

0 0 0 0 0 0 0 0 0.0202 -0.0483 0 

0.0255 0 0 0 0 0 0 0 0 0.0255 -0.0185 
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Xr 

. 

uo----.. 
~--------------~ 

Figure 1 System under Consideration 

Xr 

0.~·~----~~----------------------~---t 
I I 
I I 
1--4__.,. 

Figure 2 Response of Variable xr for a Step Function Input 
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Figure 3 Bl<lck Diagram of Control System Considered 
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2H (a) 

'" 

100 t (min) __.,. 

-100 

(unstable) 

-208 

Figure 4 Plot of x1 versus t for E. ample 1 with Time-Constant 
83 sec. (u1 (t) =unit step function input, u2(t) = 0). 

(~) kl = o. k2 0 
(b) kl 150, k2 0 
(c) k

1 
150, k

2 
75 

t 

----
(C) ... 100 

Figure 5 Plot of x1 versus t for Example 1 with Time-Constant 
167 sec. 1:.u1 .Ct) = \D\it step function input, ~.: 2 (t) = 0) . 

(a) k · = 0. k2 = 0 
(b) ki = 150, k2 .. 0 
(c) k1 = 150, k

2 
= 75 
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· Analysis and s~lthesis of linear multivariable systems 

can be made much easier if the systems under consideration 

are -described by vector differential equations, the dimension 

of which is equal 1~o the number of cont.rolled variables. 

Contrary to formalism which is directly connected with the 
J 

concept of state and leading to a vector eqt•.ation of the first 

order, t he previously mentioned formalism which is presented 

i n the paper p reserves the real dimension of a system, which 

in general, is much lovver than that of the s.tate. 

The considered formalism provides facilities for understanding 

t 1e al gebraic strueture of a sys t em. Moreover, . its application 

ma.k:: es pos s ible to use t he concept o~ "the matrix transmittance" 

which se ems t o re-place " the ·transf er matrix". This formalism 

has alread "-.. een t he subject of two w:orks ( 1] t r 2]. 

I n ti e ~i rst part of the paper standard matrix polynomials 

/ re~ res e.u:-cing diffE~rential ope·r>ators/ are considered. They 
- tion of 

r esult nrom -he ' gene r ali?afcertain s calar pol~omials which 
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-are frequently used in the ·domain of unidimensional control 

systems, viz .• t ,he :s_tandard· Naslin polynomials [3]. 
It is known frOJ[n other sources that _considered polyno­

mials are related 1with the damping criterion proposed by 

Naslin in 1960 [3], [4], (5]. Practical significance of this 

criterion has been proved' in numerous cases, especially in 

reference to in~us·trial feedback contro.l systems [ 6], f 7]. 
The ~econd part of the paper deals ·with a partial analysis 

of extending this · ~criterion t.o multivariable control systems. 

Possibilities of tib.e practical application of a generalized 

criterion are not 'discussed in this paper. They are the sub­

jects of separate :publications;. 

II. The principle ,of the prop~sed generalization 

Firstly, we · tur.n our attention to the _connection between 

the family of linear, homogeneous differential equations 

with constant scal.ar coe.fficients ·and performance indices 

of the quadratic type. 

Suppose that x.(;) is the ie.neral solution of the homogeneous 

· differential equation 

n 

Lai x(i)(t) = 0 

0 

/1/ 

It can be proved that no matter what the . initial conditions 

are, the solution :x(t) minimizes the ·n-th order performance 

index 
00 . . 2 ' 

I ~ .. V\ . :x:<l.) (t) -a-t 
Jn = ~> ~ 2J. 

~ . 0 . 
/2/ 

provided that t he following relations involving coefficients 



~2i and ai, i = 0, 1, .... ' n -,hold 

'Po = 1 

\92 = [a~~ - 2~] 

"'4 = [ a2 2 - 2a1 a3] + 2 a4 /3/ 

lj) 2 n-1 = [ "n-; - 2 "n-2] 

'I 2n = 1 

One-to-one correspondence between coefficients ~ 2i 
and a. exists only under assumption that the corresponding 

~ 

diff erential equation (1) is stable. 

Suppose the differential operator associated with 

equation (1) t o be 

n 

a (p) - ~ ai pi 

0 

·.ilc :.:e :9 denotes the operation of differentiation • 

.:: :-_2 s -~'.l e l'? of the modulus of tais operator can be written as 
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Properties of some standard differential operators /or -

polynomials . in p/ can be easily described in terms of the 

coefficients~2i. Such a case is for Butterworth polynoffiials 

obt·ained ~der assumption that~ 2i =· 0 for i = 1, 2 , .•••• , 

n- 1 as well as for Naslin. polynomials. The latter are 

derived assuming .following re~ur,;rei+t relation 

/6/ 

; . 
-. /damping of these polynomials is a function of the parameter 0( I. 

In particular, damping corresponding . to a= 2 is satisfactory 

from .the practical point of view. ·The choice of such a value 

o:.7 the parameter 0( relies on reducing ·to zero those terms 

· of· equations ( 3) which. ·are j.n the brackets. 

Given a· differential matrix operator of the form 

/7/ 

Coefficients A1 are constant matrices of order m. Let us 

c·onsider the square of the modulus of t his operator, 

represen/d by the Hermitian matrix 

/8/ 

with matrix coefficients satisfying the following conditions 

~i~r/J'i 

rp i = -f/>'i 

if i is even /symmetry/ 

if i is odd /antisymmetr,y/ 
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These coeffic.ients can be written in te.rms of A1 • 

There results 

t/10 ' = Ao Ao 

. rp 1 = (A~ A1 - A ~ A0 ) 

t/>2 
I 

- (A~ A2 + A~ A0 ) = A1 A1 

t/J3 = (A~ A2 
I ) ( I I ) I - A2 A1 - A0 A; - A; A0 

f/>4 = ' A2 A2 
I I)(' I) - (A1 A; + A; A1 + A0 A4 + A4 A0 

-l ·-

c/J2n - 1 = 
/9/ 

Not e , in the capacity of an example, that if x(t) is 

t~e solution of t he homogeneous vector differential equation 

/10/ 

t:!~n it mi nimi zes the follo wtng quadrat ic pe rformance index 

J 
n = 

oO 

I ( x' x + x't$1 X + x.·;2 X + x'fJ3 X + ~t; 4 i ·) dt 

0 
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where 

~1 ' -
= A1 - A1 

;2 = A' 
1 A1 - · ( A2 + A'2) 

~3 A' A2 
., 

= 1 - A2 A1 

C/)4 ' /11/ = A2 A2 

Analogically to the scalar relations {3) and equations 

(6) defining Naslin polynomials, we suggest to generalize 

these polynomials to the matrix domain assuming 

/12/ 

where cC is a positive scalar 

Relations given above can_ be considered as a system 

of equations linear with respect to the variable Ai+1 • 

In fact, the equation /12.1/ results from the generalization 

of equation (6/. Examining the former one, it can . be seen 

that a1
2 is replaced by the square of the modulus of Ai 

and that the product ai_1 ai+1 converts to the symmetric 

component of the product A~_1 Ai. The relation /12.2/ 

effects only ~pon antisymmetric coefficients of /8/. 

In the next paragraph the procedure of generating such 

polynomials is discussed in more detail. 
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III. Standard matrix polynomials 

1° Naslin scalar polynomials 

Given 

and 

. f(p) 

0( 
i 

n = ao + a1 P + ••• + ~ P 

a 2 
= ---~---

ai-1 ai+1 
i = 1, 2, ••• , n-1 

I C( . -the characteristic ratio of the i-th order/ 
J. 

f(p) is called,by definition, .a Naslin polynomial of OC 

parameter, if 

holds for all i = 1 ;2 ,. • • • , n-1 

Let the symbol f ( p n , OC , a
0 

, a1 ) denotes an n-th 

order Naslin polynomial of parameter OC, with the first 

and second coefficients equal to a
0 

and a1 respectively 

and the independent variable being p. 

2° Naslin matrix polynomials 

Let us consider the polynomial 

with the matrix coefficients of order m satisfying the relations 

/12/ . Only such uolynomials for which A
0 

=I are taken into 

cor.~.side rations. 

The relation /12.2/ snov1s for i = .o that A1 is a symmetric 
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•matrix. 

Hence 

A1 ~ s1 = nn1~ /13/ 

where n1 is a diagonal matrix {A 1 , ~ 2 , ••.•.• , A m} 

Q is an orthogonal matrix 

Let us examine equations /12/ assumin~ t hat i = 1. 

We have 

/14/ 

If the matrix s1 is supposed to be regular, then equation 

/14/ yields 

A S - 1 
2 1 

Assuming that 

/16/ . 

is a symmetric matrix, equation /15.1/ c e.L be written in 

the form 

/1 7/ 

Tnis equation has a unique solution wi th respect to S 

i~ the ma~rix s1- 1 has no eiganvalues of the same modulus 

but o:pposi te signs (8]. So under assumption that all the 

eigenvalues jl i are positive, the conQition fo r m1iqueness 
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is satisfied. Tpe obvious solution is 

/18/ 

Then 

/19/ . 

rrow, let us suppose that 

6 
= 3 i-1 

Loreover, it is assumed that both matrices are positive 

definite. It will be shown that 

For t his purpose the following system is considered 

/21/ 

u-ppos e that 

/22/ 

t hen equat ion /21.1/ can be written in the for.m 

/20/ 
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W kn h S S -1 n D -1n' e. ow t at i-1 i =~~ i-1 Di ~~ • So, the condition 

for uniqueness is satisfied .and equation /23/ has ·the solution 

-where · 

-1 5 i 8 i-1 
s = ------------• /24/ 

It shows that all .the coefficients are well determined. 

Let us define a family of standard matrix pol1Ilomials 

/26/ 

where 

D (p ; n, ot , I, D1) = { f 1 (P), f 2 {P) , •·• • 

... fm(Pl} · /27/ 

and 

/28/ 

Note 1. The defined polynomials are symme-tric. This . 

suggests that they can be derived using relations :of the form 

/29/ 

The ortaL~ed equations are the resul t of replaeing t he square 

of modulus by the matrix 
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A(p) A1(-p) •. . 

Note 2. det [ F(p)J = f 1(p) f 2(P) ••. · fm(P) /30/ 

It implies that the d.S.mping factor of the zeros of 

the detenninant of a standard matrix polynomial. can be 

affected by choice of oc. Conv~~y, the modulus of these 

zeros depend upon ot and D1-. 

:'Tote 3. The zeros of the determinant of a standard matrix 

polynomial have negative real parts if ail lk are positive 

/ t he s1 matrix is positive definite/ .and_ oc > 1,463 in .). 3/, . 

as it results from the investigations of Naslin scalar 

polynomials. 

iJote 4. Let oi be a SYJDID:etric, positive definite matrix which 

coiiL"Ilutes with the s.1 matrix 

Let us assume thdt 

-
et= 'l.tlD.' 

where 
.1 = { 0(1 , 0( 2, ••••••• • 0( m J /31/. 

It is easy to show that this assumption makes possible 

to define the generalized standard polynomials 

where 

/33/ 

and 

/34/ 

In such a manner,damping of _ever,y element of D(p)can 
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be changed indepedently on others. 

Note 5. For 

A0 = I ; An = Tn /35/ 

Where T is a symmetric,positive definite matrix. 

The structure of standard polynomials becomes the canonical 

one, such as initiall! used by Naslin. Then,for n = 2, 3, 4 

the following polynomials are obtained 

it is assumed h~re _ that - ~is a_ symmetric, positive definite 

matrix with the same directions of eigenvectors as those 

of the time. constant matrix T~ 

Note 6. If the coefficients of the matrix polynomial 

A( p) = ~ Ai pi . 

0 

satisfy the relation /12/, then this polynomial is equal 

to the product of the A
0 

matrix and the standa~ polynomial 

of the ~ ·matrix parameter/multiplication on the right/ 

A(p) = F(p; n, ex, I, s1) A
0 

/37/ 

where 
·is a positive definite matrix /38/ 

If for these· coefficients relation /12/ holds, then 



/39/ 

where 
is a positive definite matrix /40/ 

I V. An extension of the Naslin algebraic damping criterion 

Let us recall that in the scalar domain ~he Naslin 

criterion can be formulated as follows 

/41/ 

for i = 1 , 2, ••••• , n-1 . If the considered opera·iior a (P) 

de~ends upon a number o~ free parameters, then in-1/ 

sL~ultaneous inequalities define admissible regions in 

the ~arameter space. These inequalities can be systematically 

used in many cases and they make possible to obtain better 

dy~amical properties /which can be characterized by the ~ 

pa rameter/. If the number of free parameters is less than 

/ n-1/, then the discussed criterion c~ be satisfied only 

·n pc.rt: to shov1 it,one has t o consider the appropiate 

nunber of relations of the fo rm /41/, starting from i = 1 • 

... he generalizat ion of this criterion to matrix operat.ors 

relies on setting up the fol l owing conditions 

'/'21 ~ A~ Ai- ~ (A~-1· Ai~· + A~+1 Ai-1)qo 

If we start from considering t erms of high order, then 

it ~s onvenient to replace equation~/42 .2/ by 

/43/ 
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/having known A.· 1 and A. the expression for A. 1. can 
~+ 1 1-

be determined/. In . such a manner,the criterion imposes 

upon 'f' 2 i the condition that it has ·t;o be a positive 

semidefinit e matrix. On the othe r hand,it. aims at 

the eliminat ion / or reduction/ of the opera co r anti-

symmetry. 

Note that the discussion of the problem of making 

modifications of the antisymmetr.y can be advantageous 

and as a consequence, the problem of de~~ing polynomials 

of two controlled parameters o< and j3 can arise. But it wil 

not be considered here. 

Further discussion has to show by means of an example 

a computing procedure for the generalized criterion. 

Conside+ a .stable linear system described by the matrix 

transmittance 

(I + A p + B p2 +. C p:3) -1 /44/ 

The matrix transmittance ·is a differential operator 

/of an assumed dimension m/ \JVhich transforms the input 

vector a into the output vector x. l.!foreover, it expresses 

the fact that the system satisfies the linear vector 

differential equation with constant coe=ficients · 

/ 45/ 

Let assume that t he system is a closed-loop control 

system,fig.1. The system consists of a controller or 
the conventional PID structure. The. control signal 

generated by the controller is a function of the error 
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, signal x
0 

~ x, .where x
0 

is the desired value of x. 

The controller transmittance is 

. /46/ 

where R_1 , R
0

, R1 are square matrices o~ order m. 

The matrix differential .equation of the closed- loop 

system has the fonn . 
' \ 

[ R_1 + (R
0 

+ I) p + (R1 + A)p2 + B p3 + C p4 ] x = 

/4?/ 

The application of the Naslin criterion reduces to 

t he consideration of ·the operator on the left-hand side 

of equation /47/ /it has effect upon the loop stability/ 

and to the ~equirement that the operator coefficients 

satisfy certain conditions. The inequality /42.1/, tur.ned 

into equality, is used simultaneousl~ with the condition 

/43/ and~= 2 is chosen. 

The discussed operator is written in the form 

/48/ 

,where 

The generalized criterion imposes the follo\T.lng relations · 

i u' v- v'u = o 

v'v- (u' w + w'u) = o 

{ V : ~ - t~~B=+0B'v) = 0 

/49.1/ 

/49.2/ 
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< {w' B - B' w = o 
B'B- (w'c + c' w) = o 

Ever,y one0 ihe systems /49.i/ is linear with respect 

to ong of the unknowns u, V, and w. It makes possible to 

determine W from equation /49.3/. If W exists, U can be 

computed using /49.1/. 

Firstly.we shall consider the system /49.3/. If w1 
and VJ2 are t v10 distinct solutions of this system, then 

it is easy to show that the difference w1 - w2 is the 

solution of the homogeneous system 

I I 

BW-WB:O 

c'w + w'c = o /50/ 

If the only .solution of equations /50/ is X = 0, then 

the system /49~3/has a unique solution. But. if non-zero 

solutions exist, two cases have to be taken into consideration: 

the system /49.3/ is inconsistent or it has an infinite 

number of solutions. 

Suppose B to be a regular matrix. Then 

w'= B'w B-1 

It enables to write 

·where Y ~ B
1 

tJ is a symmetric matrix 

/51/ 

/52/ 

The necessar,y and sufficient cond.~tion that Y = 0 be 

the only solution of equation /52/ is that none of the 

eigenvalues of the B-1 C matrix be equal to zero and 

·that this matrix have no eigenvalues of the same modulus 



38 

'but opposite sign. In particular, it result s in requirement 
· the 
that C mat rix be regular. 

"ote. In order to make clear the interpretat·ion of such 

a constraint, we consider a simple system consisting of a 

second order process, the trans·mittance of· which is 

(I + A p + B p2 ) -
1

. /53/ 

and a proportional controlle~ 

R(p) = R
0 /54/ 

T e should now consider the operator 

U +A p + B p2 , where U =I+ R
0 /55/ 

The generalized criterion imposes the conditions 

{

u 'A - A' u = · o 

P..'A- (u'E + B'u) = 0 /56/ 

Suppose that A is a regular matrix. Then 

/57/ 

On the base of this equation, it is possible to assume that 

U A-1 ~ S is a symmetric matriX /58/ 

Using i t , equation /56.2/ can be written as 

I = S B A - 1 + ( B A - 1 )' S /59/ 

I f all the eigenvalues of the B A-1 matrix have 

positive real parts /it is said that such a matrix is 
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"stable"/, this equation has a unique solution.- The solution 

S is a positive definite matrix [ 9]. If S is known, then 

U = SA /60/ 

If the transmittance /53/ describes the system, whose 

block diag:t:'am is shown in t ·ig.2,. we _h_ave 

A = T1 B = T2 T1 /61/ 

So 

B A-1 = T2 

Thus , if the time constant matrices T1 and T2 are "stable", 

equation /59/ has a unique solution of the form 

/62/ 

where S is a symm~tric, positive def~ite matrix which is' 

the unique solution of the equation 

/63/ 

Let us return to the system /49.3/. If the B matrix 

is regular , the matrix 

/64/ 

i s s~~etric. It satisf ies the equation 

/65/ 

If C B 1 i s a "st able 11 mat rix, t he.n the solution of 

eq atio /65/ i s uni que Moreover, ·tb. ~ s solution i s a positive 

def i nite m triJ:: . I t f llow ... that 

W = S B 
0 

/66/ 



is a regular matrix. 

Using equation /49.2/ we can show that 

/67/ 

is a symmet·ric matrix. 

The s1 matrix satisfies the equation 

/68/ 

But B w-1 = S
0

-
1 • Hence, this matrix is also "stable". 

The performed analysis proves that the solution of eque.tion 

/68/ is a positive definite matrix which is uniquely determined. 

Since an obvious solution of /68/ is 

so 
s1 = -2 

V can be expressed as 

/69/ 

/70/ 

A simila~ procedure allows to establish that the only 

solution of equation /49.1/ is 

u=-2s-'B 
8 0 . 

. /71/ 

In conclusion, if it is assumed that ·B and C are regular 

matrices and on the other hand that the C B-1 matrix tums 

out to be "stable", the system /49/ has a unique solution. 

The operator /48/ can be written in the form 

( 1 3 . 1 2 2 3) 4 'd S0 + ~ S0 p + S
0 

p + p B + C p /72/ 
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where S
0 

is the solution o~ equation /65/. 

If the applied controller is of PI type ( R1 = 0), 

the operator /48/ can be expressed by ~he formula 

/73/ 

If it is assumed that A and B are regular matrices and 

moreover,the matrix RA-1 turns out to be "stable", then 

the application of the generalized Naslin 

transforms /73/ to the form 

( ~ So 2 + So p + . p2 ) A + B p3 + C p 4 

where S
0 

is the solution of the equation 

criterion 

/ 74/ 

/75/ 

Evidently, the practical interest paid to.the generalized 

crit erion is justified not only by the fact that it assures 

the uniquenes o~ solutions by means of some imposed conditions. 

A number of problems still merits discussion, for example: 
the 

1°. Stability of transformed operators oirtype of /72/ or /74/. 

2°. Properties of the sett ing£ ni resulting from t he informa­

tion about the U, V, and W coefficients. 
r 

3°. The nature of transi·ent states occuiling in the. closed -

loop system. 

These question.s are curl·ently under· investigat ion and at 

the present time it is too early for detailed answers. 

However, it s eems that it has been sho~n that concepts used 

to describe one-variable syste~s can be advantageously 



extended to cov.er a wide range of problems arising in 

t he domain of multivariable systems. To anyone of new 

problems resulting from such a generalization a serious 

attention has to be paid, because it can provide :facilities 

for better understanding of the properties of multivariable 

systems. 
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USE OF GENERALIZED MOHR CIRCLES FOR 
MULTIVARIABLE REG.ULATOR DESIG~ 

A.G.J. MacFarlane and N. Munro 

Control Systems Centre, 
University ot Manchester Institute ot Science an~ Technology, 
England · 

. ' 
1 , INTRODUCTION 

. Tbe state space analysis ot a lllllltivariable control 
system depends upon the concept ot an operator on a linear 
vector space. This operator is usuallY characterised b.r 
its eigenvalues and eigenvect~rs, the eigeuvectors detin1Dg 
modes of system behaviour1, and the eigenvalues providing a 
link with the frequency domatn concepts ot classical control 
theory. In other engineering disciplines in _which such 
matrix operators are use~ such as stresa analysi~, .a more 
complete representation is ·available .b)" making use ot conatr­
uctions such as Otto Mobl"' • circle -first . introduced 1n 1882. 2 

Mohr 's original construction ,_. devised . te show the ~ttects 
of a rota.tion or coordinate axes on ·the components ot stress 
and strain tensors; its wide ut111ty steas t~m the tact tbat 
it not only gives the pr~ipal axis v~es (i.e. ·the eigen­
vector values) but gives a complete representation or planar 
stress components. Tbe objeQt ot this paper is to show that 
similar constructions can be ~sed in the design ot mnltivari­
able feedback control s.ystems. In order to establiSh as close 
a link as possible with classical oontrol concepts, the circle 
construction will be defined 1n terms ot the familiar complex 
frequency plane.~ 

The ·construction is illustrated in terms ot a linear prop­
ortional regulator design • Let a multivariable linear teed­
back controller be applied to a linear constant coetticient 
dynamical system Whose state space equations are 

l=Ax+Bu 
y = Cx 

where x is the system state vector ( ot order n ), u is a 
vector of manipulated 1aribles (or order~), and y is a 
vector of measured outputs ( of order m ). Proportional . 
feedback is defined by 

(1) 

u = K(r - y) (2) 



where r is a vector ot reference inputs ( ot order m). In 
. these equations A,B,c, and K are constant coefficient matrices 
ot orders DX:tl,DXJ., mXn and lXm res9ectivel)'. The corresp­
onding closed-loop state space equations are 

l = ( A - BKC )x + BKr (3) 
y = Cx 

If · r is a vector ot constant inputs and the system ·is 
asymptotically stable, then the ateady state r&sponse is 
given by 

y( 00) = - C ( A- BKC )-lBKr(GO) 

a Br(OO) (lf.) 

where y(OO) and r(ao) denote the steady' state values or 
J'(t) and r(t), and E is a matrix or cons.~ants which will 
specify th• accuracy or steady' state regulation. The basic 
linear multivariable regulation problem may then be stated 
as : given A,B,C and an acceRtable B , choose K so that 
all the eigeuvalues of ( A - BKC ) lie in a specified region 
of the complex plane. It ve put 

F = -BKC (~) 

, then it is convenient to call F the system feedback 
matrix. The stability and general dynamical behaviour of 
the closed-loop system are determined by th3 properties of 
the matrix ( A+F ), and the stea~ state accuracy depends on 
setting acceptably high values tor the elements or K. The 
circle construction gives a means of graphically exhibiting, 
·in an additive manner, the effects of the elements of K on 
the dynamical properties of ( A + F ). 
2. GENERALIZED MOHR CIRCLES 

Let E1 and E2 be a pair of orthonormal vectors emanati~ 
from the orig~n of the state. space. For .any state vector x 
lying in the plane spanned by E1 and E2 such that 

X = aE1 + bE2 (6) 

define a related vector y, orthogonal to x and in this plane, 
by y = -bE1 + aE2 (7) 

For any linear state space flow defined by 

t = Ax (8) 

let a complex number f be defined by 

0 • <x, Ax'> + i < ~' Ax') 
\ <-x, x~ c <o,1'1 

(9) 
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The real and imaginar.y parts o! ~ correspond to the comp­
onents of instantaneous velocity alone x { which we may call 
the recession component ) and alon& y ( which ve may call 
the spin component in this P.lane). This ia directly analogous 
to the resolution of stress into direct· stress ~and shear str­
ess in the conventional Mohr construction3. 

Equation (9) defines a mapping from the plane spanned by 
E, and E2 in the state space on to the complex plane. I! we 
denote, !or any given plane in tbe state space, the complex 
numbers determined by (_._~+~. ), A and F by (JC A+F ), fCA) 
and f<F) res_pectively, we have 

f(A+F) = <:~t, (A+F)x)' + J <(1, (A+F)x) 

<. :x., :x'7 < 'J' lf.) 

= <x,A:r) +j<a,Ax) + <::r,F:a:') +j<a,F'z) 
.( x,1C'7 <l!J, ~">- <:te,:x')- <(1,~"'7 

- {1 0) 

It is this additive property or the mapping which is crucial 
to feedback controller snthesis, since it enables one to 
graphically display the effect of F on the closed-loop system 
matrix ( A+F). 

If any vector x in the selected plane is multiplied by 
a real positive constant k , ·then y by definition is also 
multiplied by the same constant, and we have the corresponding 
new value ot f for a matrix A as 

0 = <k-:x,flkx'/ 
\ < kx, R.~') + j. 

-
< 11.8, 11 k.x'> 

-< lt~, kJ) 

R. 2. <.;I A:x '> 
Jl• <tY.~> 

This shows that the value of f' is constant along arq line 
emanating from the origin of the state space. Since the 
whole plane can be swept out by rotating such a ray about the 
origin, and since each ray maps into a point in the complex 
plane, it follows that the whole plane in the state space maps 
into a closed locus in the complex plane. 

To find the form of this locus, let the state plane be 



swept out by taking 
-x . • cos 9 11 + sin I E2 
y = -sin fJ '&a + cos & E2 

where 9 is varied continuously. Since in this 
and ~ y, y > are both equai to un1 ty we have 

e = ~:x, A:x~ + J <..3, Ax> 
-= f'~t .... J· ({ 

Simple calculations then give 
eA -« 1 • ~~ Ccn 2 P . + (32 4(:,., 2, 

where 
&-«2.. - t• Ai.211 + ~ ~"" 2$ 

«.- ~ (E/AE, + G~A~) 
«z - f ( ~t A E, - E/ A E.,) 
~~ • . f ( E,t~~ - .E: A E2 ) 

~2 • f · (~~AE, + E/A E:z) 
Squaring and adding equations ( 1 2.) then gives 

'1 ' • 2 :z ~ 

(fa -d.) -+- ( ~~-«:~) • f1• +~2 

case 

(11 ) 

(12) 

(13) 

This shows that the f -locus in the complex plane i's a circle 
With the following characteristics: 

(i) Centre at ( «.,ot7.) 

(11) 2ad1us or .f ~~ + ~ 
(iii) Lines ·through the origin or the state space at 

an angle or I to each other give points subtending an angle 
2 8 at the centre or the circle. Thus orthogona1 lines in 
the state space determine .diametrically opposite points on the 
circle. 
3 I 'PROPERTIES OF GRWALIZEP .MOHR CIRCLES . 

Denote the ..,mmetric and skew-symmetric parts of the matrix 
A by A+ and A_ respective~T where 

1\ T .. .2 {A+ pt) A_ - z ( ll -l) 
From the additive property ot the mapping we immediately have 
that p (A) = 
For the symmetric part we have 
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11 -t-A ,... t-A £ ) -~ .. = 1 l Ez + r:' - ~ + z - 0 

since £2- I!+ £, :::: (~~A+ E, f' = E;-t fl+ Ez 
It follows from this that the symmetric matrices map into 
circles centred on the real axis of the complex plane. Such 
circles are precisely analogous to the 1·iohr c~.rcles obtained 
for plane stress from Cartesian tensors3. 

For the skev-symmetric part we have 
t t 

ot, = 0 since C, A_ E, = 0 and E2 A_ ~ :::: 0 
We also have that -t · { ~ -t -t -t 't-

Ez A_£, = ~ A_E,) =~!I_£,.= -t; AEz 

so that p, a 0 and Pz = 0 . 
It follows from this that skew-symmetric matrices map into 
points on the imaginary axis in the complex plane. 
3,1 Real Eigenvalues 

Let vi be a · real eigenvector of A associated with 
the real eigenvalue Ai . We then have 

fl" <_,..,,,A, .P,): = A, 
·<~,,~//~ 

It follows from this that 

fr = 0 

(i) If the plane being mapped contains such an eigenvector, 
the eigenvector is mapped into the associated real eigenvalue. 

(11) A plane spa~~ed by two real eigenvectors wi and wj , 

associated w~th two real eig~nvalues ~i and Aj , is mapped 
into a circle which cuts the real axis in the complex plame at 
the real eigenvalues ~i and Aj • This is directly analogous 
to the conventional Mohr circle cut ting the direct stress axis 
at the principal values of str~ss. 
3.2 Complex Eigenvalues 

Let u1 ± jvi be a pair of complex. conjugate eigenvect-
ors associated with the pair of complex conjugate eigenvalues 

CS£ 1' i "'i • We then have 
A.(ui+J'lfi)= (o-z+JC.1i)(ui+JVJ (14) 

from which we obtain the pair of relations 

·A ui = "i ui - wt vi. 
(15) 

A ,i. = (A3 . 'li~ z. l + Cf V:. 
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It is ~an immedi~te consequence or equations (15) that the 
plane spanned by vectors ui a~d vi is invariant under the 
a9tion of the operator A. · Consider the mapping or this invar­
iant plane into the complex plane. Let the real vectors ui 
and v1 be of unit length and l~t Yu and 1'v' be a pair ot 
related orthon~rmal vecto~s as sh~wn in Figure .l. 

Whe~ u1 is mapped into the com~lex plane we have 

f• = .< 'Ui, (Dt 11£ ~"',v,l) = · at .- 41; < ui ~ v,~ 
. ex :: < 'J" ' ( tSt 11;, - "' 111.) ) = - t.Jt • < ytl. 1 "') 

wqen vi is mapped into the complex plane we have 

e. a < .,., ' ( "'i il, + "t 'i l > = eJj + "'t < 1/i' V.£> 
ex & < ~11' ( tJi~i + ~'Ut)) :c ";. <3.,. ui) 

An inspection of ~he relationships in Figure 1 shows that 

< ~-' 1Lt'> - t!#3 p = .;.tHe. p 

<y1l, vi?= en {2~+1) = t:tn (9tl+ 1) = -MkP 

This shows that the -map or both ui and vi have the same 
imaginaey part llisin 9 and have real parts tTi :fl.diCOS f) 

so that the invariant plane will map into a circle as shown 
in Figure 2. 
3.3 Eigenvalue Bounds 

Let ~' '~i and 'Yi ( i=1, 2, •••••• ,n) be the eigenvalues 
of A, A+ and A_ respectivel7, and suppose that all the 
respective eigenvalues have been ordered such that subscripts 
1 and n denote the largest and smallest eigenvalues respect­
ively , Bromwich's 1nequaiities5then give that 

~f& ~ 'R~ {Ji).< /! 
. .," ~ ~ (JJ ~ "'/ 

i • i,2, .... , " 

where 1<1 {.JJ and j,., (l£) denote the real and imaginaey 
parts of Ai respectively. The Courant-Fischer 6 .min-max 
relationships tor symmetric matrices give 

~1 - ~<x, A+:x) .. ~ t't(A) 
,a" = mx"- < :z: , A+ :x) ... "'!:" (~t (A+) 

( 16) 

(17) 
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.A.s shown above, the skew-SJlllllletric matrix .A._ always maps into 
a poiilt on the ima.ginary axis in the complex plane. It also 
tollovs trom the general discussion 0~ the mapping of the 
1avar1ant plane associated with complex e1geovectors that the 
totality ot points · obtained ~om the 1mag·1nary axis map ot .A._ 

will include :Y, -.. and l'n .. · ; ; ·eombin:ing all . these ··results we 
obtain the inequalities · . 

~. f~t CA.Y < ~bi~ .•~. · ~ fa (~) 
_. (l. (~J~- ,...Ui) ~ -,c f%(AJ 
s. J \~ · . . .- ,. -X:, J. . . . 

(18) 

lt-. EXAMPLES OF THE USB OF CIRCLE· MAPPINGS IN DESIGN 

As a first example ot the circle mapping, conside~ the 
current-regulating system ·s!lOwn in Fi~e 3. This maintains 
the inductor currents constant at a .pair ot specified values. 
Suppose ve take as ~ provisional specification: 

{ i) No interaction between output variables 1n the steady 
state_. 

. (ii) . TranL'l.ent settling t~e ot both outputs less than 
0•5 seconds. 

(111) Criti·cal damping, tor st~p change in references, on 
· both outputs. . 

(iv) Stead7 · state error on· both outputs less tbaD 5%. 
The ·stead7· state accuracy matrix B .in -then given by 

(
·o·95 · o•o ) ·· B • . 

0•0 . 0•9S. 

aDd the state space equations, tor the component values shown, 
are 

. J.s the systea B and C matrices are both DOn-singular in this 
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case, th matr ;.x K is re dily obtained from 

K B-1 c- l( I - E-l )- l 

gi i:cg the f edback ma·trix a~ 

F =- c- 1 ~c· 

wh re * = ( I - E-l ~-1 

Ius rti the ppropriate numeri cal values gives 

*= (-l9 0 ; = ( .-38 -l ~J;.a + F= (-40 
0 -19 -19 -38 -20 

(19) 

-20) 

-4-0 

The o en-loop syst m mat r x maps i nto t e ci rcle shown in 

Figure ~(a). The clos d-l oop mat rix ( A+F ) maps i nto circle 
h c ntr at ( -itO, 0) and r adi s {(o2 + 202} as shown i n 
re ~(b) . The closed-loop system eigenvalues are given by 

intersectio of this latter circle with t he r eal axis and 
are there re -60 and -20. Thus t he st ady state accuracy 
and settling t i me requirements hav been achi eved, but t he 
system response will not be critically damped. To deter mine . 
wh t her this latter . equir ement can be satisfied, we can use 
the circle mapping t o determine t he required f orm of matr F 
For a specific choice of E, say 

E = ( ~ ;) 

ve get 

and 
F = ( 

2 )1 Jl-.) 
)I 2j4-

where }' = (~) alld 

The m ~~~ A is symmetric and t he ma rix F decomposes into 

(1V _,M.+V) ( (, 0 
_,A-Y) 

F. I F_ = 2 y-:1" =-z ~+.Y --~~ ' oj T 

The mat r i ( A+F ) maps i nto a circ e t h 
+ 

Centr e = ( - .2 -f y -+_,)4' 0) 
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( ~+Y-Z) 
and Radius = Modulus Y-,A, 2 . 
The matrix· F_ maps into a point on the imaginary axis at 
[ o, j (Y-,_.u)]. Consideration o! the additive combination of 
( A + F+ + F_ ) then show& that, for critical damping, the 
circle must be tangent to the real axis in the complex pl ane , 

and so ·we must have that ( ~+ ,_:.2 ) 
'Y~I!. = Modulus 'Y-~ , 2 . 

If we take both steady state accuracies t o be the same, then 
we have that 

Y=,tl = f 
Now these values of Y and ~· will not gi ve an acceptable 
steady state accuracy. The c~rcle mapping has therefore shown 
that the original specifi cation i s unattai nable since good 
regulation, for this particular system, i s incompat ible with 
a cr itically damped response. If the cri tical dampi ng requir­
ment i s removed then a non-i nteract ing ( in the steady state ) 
design is read~ly obt ained f or the required accuracy with a 
gain matrix 

( 

·:; 8 
K= _,, '') . · 

19 . 
4.1 Cascaded Blending Tank Example 

For a third order system represent ative of process control 
work, consider the r egulation of l iquid l evels in a set of 
three cascaded blending t anks shown i n Figure 5. For the 

0 

1 

0 

Suppose the liqui d l&vel regulator has to be designed to t he 
foll wing ~pacification: 

{1) No steady state int eraction between ut ·Ut vsriabl~~ ~ 
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(ii) stead7. state error · OD all outputs less than 5%. 
(iii) Decq time ot all output transients leas than 100 

seconds. 
For the torm ot stea~ state error -trix B dictated b7 

the s.yataa specitication, the teedbaek ~trix F vill have 
the torm 

F= (20) 

We: may use the inequalities given by equation (18) to construct 
a boundary rectangle !or the eigenvalues ot the matrix (A+F). 
Doing this tor the tora ot F given by equation (20) shows 
that acceptable damping tactora may be obtained, and so the 
whole bounding rectangle can be moved to the left in the 
complex plane simply .b7 iDcreaaing 0( • The result !or the 
opexr-loop mat~ix A and the closect-loop matrix (A+F) where 

p • r::: ~~;: . O·~) 
\ 0 0·1~5 ~·29 

are sbown in Figures 6(a) aDd 6(b) respectively. A better 
indication ot the correapoDding cloaect-loop d7Damical behav­
iour ia given b7 the generalized Mobr circle through the 
largest and smallest eigeuvalnes ot the s,rmmetric part ~t 
( A+F ) shown in Figure 7 •. The gain matrix corresponding 
to this value ot F ia 

( 

2:•9 

X • -2•9 
. 0 

-2•9 ' 0 ) . 

5•8 -2•9 

-2•9 5•8 

and the stead7 state error matrix is · 

I = ( 0
0

:97 0 0 ) 

~-97 0•~ 
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The corresponding closed-loop system eigeovalues .are 
~. = -o·0679 . A2 • -o·377 ~3 = -1·055 

so that the ·overal~ design specification has been achieved. 
5. CONCLUSIONS 

Most ot the current state-space techniques used in 

multivariable system theory are related to co~cepts used in 
classical field theory. For examJ?le, the Lyapunov stabUity 
theory uses concepts analogous to potentia~ __ and Lagrangian 
derivat~ve, and the Pontryagin optimal contrOl ·theQ~ uses 
techniques analogous to Hamilton's vavetront techniques 1n 
optics. This paper has shown how the 'ide.a or circular 
representations or an operator acting on a plane, first 
introduced in a simple form by Mohr in stress analysis, can 
form tne basis of a design technique ror linear multivariable 
regulators. Two · simple examples of the use or this technique 
have been given which show that multiple feedback loops are 
easily handled, at ·least for systems ot low order. ·It is 
or very great interest that such close links Should exist 
between control theor.Y and general field theory; fUrther 
links should be sought which could cast fresh light on the . 
design of multivariable systems. 
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8. PRINCIPAL SYMBOLS USED . 

x = v-ector of order n , components x1 ,x2, •••• ~ ,xn 
• d.-x, d.x. ll x,.. x = vector of order n , components ~ , (Jfz., ..... , J:t 

Xt: transpose Of vector X 

A = matrix of order n2, components aij 

At= transpose of matrix A 
<X,y) = scalar product of vectors x and y 

= ~xi ~i 
.(x, (y+z)) = (x,y) + .(x,z) 

. ~ ' t <.x,Ax I = X Ax 

I = unit matrix of order n 
f~t = real part of complex number p 
e:.: = imaginary part of complex number f 

(f., r%)= explicit component form of writing complex number f 
modulus Cf) =· { { («2 + fz2 ) . 

• 
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FIGURE 2 

MAP OF (A+F) • (-40 -20'\ 
\:-20 -40) 20 

-20 

FIGURE 4 (b ) 
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. 

FIGURE 5 

FIGURE 6 (a) ~0·347 -o·ota ~ 
+o·o2s I I 
_j__~~~~~~~~~~~~ 

-0·4 . -~3 -0·2 -0·1 
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DIGITAL COMPUTER 

J • Gyiirld.. 

Research Institute for AutoJ:~ation 
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Introduction 

There is a natural intention in the analysis and the synthesis 
oi multivariable control systems to apply the well known methods 
and procedures of the simple, single-loop control systems.' 
In this manner we can measure in a simple wey the quality of the 
system performance and can observe the effect of parameter and 

structural changes; In the paper1 is described a digital computer 
procedure for the analysis and synthesis of a single-loop control 
s.ystem on the base of generalised root-locus method.· To apply 
it and many other methods of the control theory - in the practice 
it is necessary to submit the system under test in proper mathe­
matical form, which is needed by the method itself.· If the mathe­
matical form of the equations which describe the system behaviour 
is not the proper one, then a tr~~sformation procedure can 
establish it. 

In this paper it is described a general procedure for trans -
formation of the block-diagram /wide spread in the control prac­
tice/ of a multi variable cont1:ol system into the fom preferable 
by different analysis and synthesis methods and concepts. The 

transformed form in itself shows directly ma.JlY properties of 

the system behaviour too; 
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Our investigati~ns are restricted to the ll.near, time invariant 
con~l systems; 

The generation of the state ma tr1x 

Let us suppose the system under test consist of M linear blocks, 
whi-ch are connected each other in complicated manner. The out­
put signal of axrs component part of the entire system J1JB:3' be 
significant accordiDg to the system performance, so it is named 

as output variable, but it is not necessar,- that each block 
output sigcal. is output variable., Let us suppose that the noises 
and disturbances and the external, use:f'Ul input signals . appear 
only at the input points of the component parts of tbe system. 
If the situation is not a such one, on the base of the original 
bloclrdiagram we can generate an equivalen-t; block in addition 
to the blocks exis·t:Lng in the system· which holds tbat signal on 
its input. 

Let the transfer function o:t the i-th component part of the 
system 'NL, (Sl • In general case this block is cbaracterized 
by a numerator of ·tni degree, and a denominator of n-i degree.· 
The most complicated case exists, when the- output signal_ ot 
this block is connected to each element's input point, and there 
are connections from each element's output to 1 ts input point.· 
The inp"ut-output connections appear in form of weigtlt factors 
which are real numbers /negative or positive/. The i-th block 
as part of the entire system is plotted on the !'ig. 1. · The 
mathematical form of the transfer f'unction is: 

m· 
.fL a· s·i 

wi csJ - ~ 1 
. ( 1 J 

~ bjS1 +5 n, 
~ J 

e restrict now ourselves to the · case when mi < n,· • /'I!b.e 
case of mi • n& is discussed in the Appendix I. • but mi > ni 
i s not an existing real element./ 
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it is well known from the li terature2 that the rational frac-' 
tional transfer function equivalent to a set of first order 
differential equations~ One of the possible set is the cano­
nical fom., whi.ch in matrix form: . 

0 1 0 0 0 X· zi1 L 

X it 0 0 1 0 0 Ziz 
x.:J 0 0 0 1 0 z,3 

= [ u,] (2) 

or 

X = A· X· .,.z. u,· i. c. &. &. 
(3) 

where 

(~) 

Another possible form without modification of the genuine pa-
rameters, also in matrix forma 

x· L -bn,·-t 1 0 0 0 Xi a,.. ... , 
!i2 -bn&-2 0 1 0 0 . ~it al1i_z 

!iJ -bn;-j 0 0 1 0 ~is Oni·l 
c 

.,. [ u~] (5) 

. -

I 
I . . 0 J l ~in~ -I, 0 0 0 lini Clo 

0 

or . 
(6) X· -A · x· .,.z.ui _, -l ' _, 
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The equations l2} ~ (4) and (5} can be derived from the 
.transfer :tuncti.on (1) by simple arithmetic. In the eq~tions 
(2), (3} ~ (5 ), (6} Ui represents a symbolic input variable~ 
which according to the :rig.· 1.· ·consist of the external input 
signal of the i-th element and the combination o:r the output 
signals of each other block~ Therefore: 

M 

ut • u,i o~- ~ _ k,i xi 
J•f 

(7) 

The preceding matrix representations are only two possibilities 
among the possible forms, which a.re dependent on the choosing 
of the state vector.' The main advantage of the equations {2) 
and (5) are that the input signal appears in them as a scalar 
variable~· The derivates of the input signals do not appear, 
which reject many problems of the input functions containing 
discontinui ties.· 

On the base of matrix descriptions (2) and (5) of the com­
ponent parts can construct the state ma~ of the entire 
s.ystem by the combination of the elementary sub-~atrices. 
The different sub-system build the state matrix of the 
entire s.ystem through the l~ and ~,· column vectors, which 
in connection with the equation (?) represent the real 
connections between the different blocks. The construction 
of the sta:!!e matrix in this wey is a formal procedure. The 
equation (8) gives the form of this state matrix. The ttinputat 
matrix B has a simple generating procedure too, owing to 
the assumptions mentioned above about the input signals. 
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r ~ 1 ~r~} A, 
1
J: . . ~ z, o ~ .. . :kJ o 

. I I I I l 
~,~ _L _ _ _ JJ_ _ _ _ _ _ ~ J _ _ 

I I 

or: 
X-A-X+B ·U 

x, 
X m 

(8) 
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The trypAformation of the state matrix into canonical form 

Tbe state matrix of the entire system carries both tb.e quality 
and the quantity charactenstics of the system, bUt not in 

proper form.~ The stability of the system, the possibilities of 
the control among o~rs are dependent on the eigenvalues of 
this matrix.' The connections existing ··between the input signals 
and the output variables and the "weight" of these connections 
are very important characteristics, too; The puxpose of the 
transformation method is to explain these connections in ex­
plicit fom, and to gl.ve the possibility for determination of 
the quality characteristics and other properties of the input­
output signal connections~· Both the quall ty and the quantity 
characteristics could be comprised in a ~e transfer element 
which appears as a block between one output variable and each 
input signals.' The zeros and the poles of this rational transfer 
function in itself, and their dependence on the system parame­
ters give the possibility to investigate the system behaviour, 
insure optimal work -and so on. 

If we can transform the state matrix, constructed on the base 
of the block diagram, into canonical form relating to one of 
the original output variable, the transformed form visualises 
all the connections existing between the chosen output variable 
and each input signals in proper form• On the base .of the 
canonical fonn we can compute the di~ferent connections in 
transfer function form too by . inversion of the relations (4). 
The information Which are comprised in a transfer element are 
now available /poles and zeros, the whole course of the frequency 
response, etc./. 

The simplification of the block-diagram, also its reduction 
according to one output variable is performed really by this 
t ransformation. After this transformation the -analysis and the 
synthesis of multivariable system is lead back to the analysis 
and synthesis of a single control s,ystem which has more input 
signals. The transformed f orm also represents a block diagram 
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which is plotted on the Figure 2. 

The transformation -o-r the state equations (8) into canonical 
:rom. related to one of the original block output signal :ro1'­
mally is a mathematical operation to choose SUCh intermediate 
new variables which ~ linear combinations of the original 
ones that the new variables give canonic-.1 torm instead ot the 
equation (8J. These mathematical operations, the substitution 
and generation of the new variables conclude to a matrix trans­
formation. 

Let us choose the connection between the original state va­
riables and the new coordinates which are the phase coordinates 
belonging to one of the output variables 1n a matrix form: 

Xi ·F· X 
or in detailed form, in accordance with ~e equation (8): 

x· 
l 

I 
X· L 

I x· I. 

N 
X· 

l 

= 

L 

x, 
xtt 

)(l. 

F 
Xzz. : 

x· l . 

tiz: 

X" 
X Hi 
: 

By- substitution of equation (10) into equation ( 8) , on con­
di tion that F is an invertible matrix, we gets 

(9) 

(10} 

x, = F. A. F -f xi + F. B · u (11 J 

The problem of the trans:rormation is to choose the matrix F 
in such a. fo:r:m th~t the FA- F-1 matrix represents a C&DO -

nieal matrix. In this ease one of the original output Variables 
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is unchangeable and the elements of the new sta1;e variable 
appear as its derivates, i.e; phase coordinates belonging to 
:the chosen output variable.· 
In the Appendix II. it is proved that if we choose the F matrix 
in the follo~ form: 

• AN-1 c· c. 

(12) 

where Ci represents a special row vector, which given t he 
connection between the chosen output variable and the original 
state vector: 

(13) 

Namely if the block diagram consist of such blocks that m,·l n,· 
is always true /the state equation agrees with equation {8) I 
and the chosen output variable appears as the output signal 
of the i-th block of the genuine block diagram, then in the 
vector Ci. the i.:.th element equal 1 1 but the others are 
equal o.- If the genuine block diagram eo_ntains of blocks 
characterized by mi = n.: 1 which situation is discussed in 
the Appendix I~· •. the vector c, depends ~n the matrix C • 

The general theor.r, of the preceding matrix transformation, 
which is essentially a si.milarity:transformation, is known. 
The mathematical questions of the· "dynamic" and "static" 
similarity of matrices and the rigorous proof of the pro -
perties of this similarity was described by Markus.3. Some 
problems which are connected to this problem was discussed 
by Coppe14• The preceding papers deal with the situation, 
when the matrix elements are function of the time too. 
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In this paper we were restricted to the time invariant case 
and on the base of the general theory a procedure for trans- · 
formation a constant matrix i~to canonical form was developed. 

The idea was to visualise the signal flow simplification as a 
matrix transformation and to make a digital computer programme 
to perform the generation of the state matrix from the block­
diagram and to transform it into canonical form by digital 
computer. The procedure give us the possibili ti to analyse a 
multivariable control system like to the simple single-loop 
systems. 

The digital computer programme 

The digital computer programme performs partly the operations 
connected to the construction of the state equations on the 

base of the block diagram, and partly the transformation of the 
state matrix into canonical :tom.· These two parts are separated, 
in some cases only the generation of the state equations is 
needed, but in others only the transformation of a state matriX, 
which was generated by the first programme part or 8JJ.Y other 
procedure. In addition to the preceding two programme parts 
the entire programme con~ain some analysis and synthesis pro­
cedures of the classical control engineering. These procedures 
visualise certain quality ana quantity characteristics of the 
entire system and the properties of the input-output signal 
connections, which are very usef'Ul. data with regard to the 

control of the system. 

In detail the main parts of the entire programme contain the 
following ~amputations: 

1st part: On the base of the sufficient data of the block 
diagram /the degrees of tJ;le individual blocks and its 
parameters/ converts each ·block into canonical form 
by help of equation 4 ;· From. the canonical sub-matricel 
with the connection pattern generates the matrices __ A, , 
B, C and D on the base which was described in the ftrst 
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part of tbis paper aDd in the .Appendix I. 

goo parts In possession of the matrices .&., B, C aDd D, which 

- were generated by the 1-st part or by other proce­
dure, the programme generates the c,: vectors aDd · 

then the J matrix belonging to the different output 
variables~ After tb:1.s in every case computes the 

l •· B matrix, 8lld by help of the equation (II - 13} 
the k' row vector. The fi.nal. computation is the 

reduction of the transformed equations to the t~ 

fer function form by help of inversion of the .equations 
( 4) • . -~ results are the degrees 8lld the parameters 
of the transfer fUnctions exlsting between the . out-
put variable aDd the genuine input signal.s. 

3rd parta The additional procedures compute& 

Examole 

a./ The frequency response /Bode plot or the Nyquist 
diagram/ belongi.Ilg to the different input-output 
conneet:Lona. 

b./ The eigenvalues of the state matrix /or the poles 
of the system/ and the zeros of the individual 
input-output transfer fUnctions. 
'l!bis procedure give us the possibility to compute 
the root-locus /pole-locus and the zero locus/ 
belonging to the change of whichever realistic 
parameter of the genuine block diagram. 

In m.a.ny cases appears in the control system such an element, 
which mathematically is described by partial differential 
equation. For example the heat transfer in a bar /Figure 4./ 
isolated at the one end, and fed on -~ other by a heat source 
of in.:f'inite heat capacity is carried ... out according to the 

equation: 
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(14) 
with 

The transient response of . the bar /unit step . in the temperature 
Tk and the response in the ·?i. /. ~ ~ other characteristics 

of the heat transfer along it are interesting for the control 
engi.neer, if the bar appears as part of a contrOl -system. 
The usual technique in the simulation of partial equati"ons is 
the finite difference method~' 'But substitution of the exact 
partial differential quotient by finite differences I see "Hig.-4./: 

()2 r 1 = r,_, -21; + Ti+f 

-ax2 X•Xi ·(6t)Z . 
(15) 

concludes to a set of f'irst order o~ differential equations. 
The number of equations depends on the number or cells. The set 
of equations according to the bound.ar.Y conditions ama 

dT1 = a 1k -21f + 1j 
dt (~x)z 

dTi =a '1i-t -21i + r;·.,, 
i • 2, 3, . . . . (n .. 1) (16) Cif (~x)2 

c/T, 
:Q Tn-1 - T, 

dt (AX) 2 
. 

This set of equations could be visualised as the block diagram 

plotted on the Figure 5· The properties of this s.rstem depend 
on the number of cells and the bou.ndar,y' colldi tions too~· This 
b_lock diagram was analised by the digital computer programme.· 

The important signals in this case were 7k and 7l. ~ 
The transfer function ~tween them /on condition that Off(Jx)2 = 19 
at n ~ 10/ in the cases n ~ 5 and 10, are: · 

. -
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~(~=------------~2----~1--3~----~4~----~s~ 
l + 60s + 560 s + 1792 s + 2304 s + 1024 s 

The/ pole configurations belonging to the preceding transfer 
functions, are: 

n=5 ll = 10 

-0.2025435 -01 -0 ~'223.3824 -01 
-0.1725699 +00 -0~1900622 +00 
-0~4288377 +()() -0~5338963 +00 
-0 ~ '?07'(138 +00 -0.1000000 +01 
-0.9206240 +00 -0.1554969 +01 

-0 ~'2149351 +01 
-0~'273~'.23 +01 
-0.3246012 +01 
-0;3653588 +01 
-0~'3910657 +01 

The frequency responses at n = 5 and 10 are plotted on the 
Figure 6. 

APPENDIX I.· 

Let us suppose the system given by the block diagram contains 
such blocks, or all the blocks belong to the s.ystem are 
characterized by a transfer function in whiCh the numerator 
has the same degree as the denominator. In this case the 
construction of the state matrix differs · from the procedure 
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was described in the first part of this paper. Le ·~ the transfer 

function of the i-th component part of the systems be: 

n ·-1 . 

~ h;s1 sn' 

The equation (I. - l) could be modified by division of 

numerator b.y the denominator: 

(1. -1) 

the 

U.-2) 
I 

where W'dSJ is characterized b.y a numerator of less degree 
than the denominator, and the parameters of its nu:nerator are 
in simple connection with the genuine paz-wneters of the ~ (s) • 
The output signal of the i-th element now is: 

(I.- 3) 

On the base of the equation (I. - 3) the genuine block diagram 
can be spli tted into two different block d:ia grams~· The first 
part consist of linear dynamic blocks, derived from the genuine 
blocks by division of the numerator with the denominator. In 
this system all blocks have a less degree numerator than the 
denominator and there is applicable the procedure of generating 
of the state matrix was described in the preceding section. 
The second part contains only static elements, only constants~; 
In the static system instead of the original blocks appear 0 
if rrti '- ni or On · if m,· en,· ~· All the connections agree 

' with the genuine ones in the two subsystems, and the input 
signals too. In this way the genuine block diagram .is charac­
terized by the two subsystems, but mathematically the state 

equations of the entire system also is the sum of two parts. 
The dynamic System couJ.d be described b.y a system of diff'e-

' rential equations between the modified Xi variables and the i~ 
put signals, but the static one by a system of linear equations 

between the modified a Jd the genuine variables and the input 
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signals~· This l~ter one g1 ves the connection between the new · 
variables and the genuine output variables~· 

We restrict here ourselves to the generation of the linear set 
of equations, which describe the behaviour of the static block 
diagram~ From the modified dynamic block diagram we can construct 
the· system of differential equations by the procedure was 
described in the first part of this paper; 

~ schematic plot of the i-th el~nt of the static s.ystem is 
plotted on the J'igure 3~· ~ equation of 1 ts operation is a 

X1~ • 0,;(/.cir X1+ l<izXz ~> • · · · +ku··X[-1- · • • · + k· X ) -X · 
LH H - t (1. - .4} 

By extending the preceding generation procedure to all elements, 
we get the connection between the genuine and the transfomed 
variables. ~ equations in ma~fom becamea 

x; f- k.,.,an, -l<11an,· - k15an, . . .. -~ian, . · · - k,,.,an, x1 
x; -kz1 On2 1-kzz a, -kZla"z ... -kz,·ona ... - kzrtOnz ~ 
x' -k,1 a"s -kua 1-k a ···-~·a · · · -k~ans Xs 3 "s J5 "s ' "s 

= 
I 

- l<i,an,· 
Q.-5) xi -k · 0 . -k· a · ·. 1-kc··Qn · · · · · -k· a . x, LZ ne •3 n; I I Ctf n, 

K~ -k",a"H -l<"z a"" -le,. a · · · -k .a . ··· 1-~a" 
5 "" "' nl " 

x,., 

By inversion of the matrix equation (I. - 5 J we can generate 
I I I the connections between the new variables X1 1 111 • • • • 1 x,.. 

and the original. variables X 1 1 X 1 1 
- • - • 1 X M • 

X= C·X' (/. -6} 
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There is also a direct static connection between the state 
variables and the external input signals. The matrix-:f'o1'1D. o:f' 
these connections hgree with the equation (I~· ~ 5 J, but 
instead of the xi variables appear the Clni Uii vari.ablei. 
The inverse matrix, which was generated once 1n connection 
with the equation (I~- - 5) could be modified so ·that the con-
nection between the · genuine output variables, the modified 
ones and the external input signals appear in the following 
matrix tom 

x, I x; 
Xz. x; 
x3 c x' 3 D ::JI: + 

' xt· X· 
' 

u.,1 
Uzz . ~~j .. (1.- 7) 

lL 

ut1 

or in a simpler fo~: 

The state equations of the entire system in the most general 
case became: 

APPENDIX II. 

X' == A·X' + B·U 
Y = C ~' + D·U 

(1. -8} 

Let us given the state equations of a multivariable system in 
general form, which originates from a block diagram or was 
const ructed by ether procedure: 



where: 

7-4 

X- A·X +B·U 
y. ex +DU 

(/1. -f{o) 

(/1. -1/b) 

A : N x N matrix 1 

8 : N X M matr.l.x 1 

C : Q r N matrix ; 

D : .Q x M matr.l.x ; 

N : number o:t state coordinates 

M: n.umber of the input signa.la, 
or blocks 

Q: number of the oUtput variables 

X : state coordinates; 

U : input variables ; 

Y: output Variables 

· We try to construct a transformation which can transfom the 

matrix equation (II ~ - 1} into a )1 nematical si mi l ar system 
that have a canonical matrix related to one of tbe . output 
variables~ 

• I 

Y :: K·Y. + 8-U 
l I. I (ll. -2) 

i • 1 2 .... a 
I I I 

with 

And the f om of the K matrix 1st 

(/1. -3) 
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Let 
(11. -4) 

where CL is a vec.tor which generates the i-th output variable 
from the genuine state coordinates iD. accordance with the 

equation (II~· - 1/b.) 

Let 
' Y • F · X (11.- 51 

L 

-1 
Let us suppose tbat the inverse matrix F exists, then: 

Let us choose the matrix F in special fom: 

F = 

c,· 
eA I 

c,·A N-2 

c· A N-1 
' 

According to the equation {II. - 1/a.J we get: 

F X ~ FA ·X -+ rB·U 

or 

1 
I •1 I I 

Y =F-A·F .y +FB·U =k·V +B·U 
L t I L 

In the following part we shall :pr oof, that 
f FA F- matrix 

always is a canonical matrix .:f F is connected with tba 

matrix according t he equation (II. - 7 )~ 

Proof: 

(/1. -7) 

(11. - 8) 
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c· . c,· -1 
CjA -t 

-1 c · L ' CjA CiA c;A -- --

l 
c,· 

FA·F-1 
= 

Ci Az ·[ A c«A2 c,·A2 c,-A 
X = 

·A 11-2 . AN-Z 
c·AII-2 c;A.,_3 

c- Ci 
' AN-1 

_,_ - -
c,· A li-t c: c,· AN-1 Cj AN-2 

' 
A-1 -1 

c· 
' 

A' 
I· 

A' I 

= = • ~- ~-• I ~-1 
A' I 

- --- - - -- I 
AN-1 A N-1 c· Ci ' 

The connection between the separated rows and columns and 

sub-matrices. of equation (II~ - 9) are: . 
. . -

(/1.- g) 

~ _, =[o o . . .. o] 

[ A' 
J-[ ~- t ]-[ I l i [ 

A' ]{ s·~-}[1] (If. -1v~ 

Therefore 
/ 

r 
A' ]. I I I AI ~~1 

I 

I 
I 

~-1 = Af,· ~-1 I o, I 
£c'4-tl - ( 11.-11} 

l- c; AN1 
I 

I 
- --~-- - - L ---- -

N-t . AH-t k' cc'A ci A) cl _ 
- - I 
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11 

From the equation (II. - 11) the row vector of 

matrix can derive ;n simple way: 
the canonical 

1. ' [ . N-1 . I ·AN-1 J ·AN-1[ . 
1\ ] - c,A ~,~_,, c, ~-t :c, ~l~-f ~-1 1 -

-1 -1 
A-1 c· c ' L 

N- ---- " 
c;A .. /( _, 

- c;A 
A' 

- c·A = c,A F L {11. -12) 

. AN-1 
c· 
' 

And so: 

I 
I I I 
I I I 

I 11· k' c- 1 c·A 1 c·Al . . .. .. c·A • c,·A 
' ' I l I I ' I 

I 

(n. -t3J 
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ON-LINE COMPUTER .CONTROL USil\G 
WEIGHTING FUNCTION MODELS 

1. Introduction: 

H.A. Barker and A. Hepburn 

University of Glasgow 

Glasgow, Scotland. 

The application of pseudorandam signals to the identification of 

systems by cross correlation techniques has been extensively described in 

the literature1 Relatively little has been written, however, about the 

use of the resulting models in co~trol schemes. The reason for this is 

that the models are obtained in the form of weighting functions, and this 

is the least suitable form for immediate incorporation into a conventional 

control scheme. 

For a syetere controlled by an on-line computer, however, this form 

of model provides the basis for a method of control. The method is based 

entirely on convolution type procedures, and is t~erefore economic in 

computins capacity, and ideally suited to a small digital computer. · It 

is applicable when computing times are small relative to the time constants 

of the system modes, and has been considered for the control of chemical 

plant and the automatic landing of aircraft. 

For the purposes of this paper, an ideal interface between system and 

computer is assUQed. All conversions are performed synchronously with 

unit period, using perfect samples and zero-order hold devices. The 

method is easily adapted when the conversions are sequential. 

2. A:odelling Procedure: 

The function of the modelling procedure is to provide an accurate 

estimate of the linear ~~cs of the system about its opera~ing point. 

This is achieved by perturbing the system inputs with appropriate phases 
2 of a pseudorandom binary signal and using a reference phase ~f the 

pseudorandom binary sequence in subsequent crosscorrelation. 

In the absence of disturbances, the system has inputs (xa), where 

a a 1,2, ••• ,A, and outputs (zsb), where b a 1,2, ••• ,B, with correspond­

ing sampled sequences (xa)i and (zsb)i. If the staircase ~motions which 

may be derived from t he input sequences (xa). by zero-order holds provide 
. ~ 

an adequate representation of the actual inputs (xa), then components 

ysba . of the system output sequences (zsb). are related to the input 
~ 1 

sequences (xa) . by system weighting sequences (wsba) ., where 
l. J 



Cl) 

(Jaba)1 • ~(waba)1 {xa) 1_j for all a,b (1) 

and A 

{zsb)·1· • L (7sba\ 
a-1 

for all b (2) 

The inputs (m) are perturbed through zero-order holds by phases (pa) i or 

a pseudorandom bine.r7 sequence . which is based on an m-sequence with period 

N and has ·values (N-1)/1 and -(lf+1)/l. 'A reference phase (p)i or this 

sequence has the ~operties: 

N-1 N-1 

[ (p\ - [ i (p >t - 0 
1..0 i..O 

and the phases (pa) 
1 

are chosen eo that 

(pa)i - (p) ~1 
1- LK 

n•1 n 

for all a 

where the integers Kn are such that 

(waba)j • 0 for ~K , all a,b -a . 
and 

A 

[K • N 
a-1 a 

The perturbations give components (qsba)
1 

or system output sequences 

(rsb)., where 
1. 

(J) 

(qsba). • [ (wsba) j(pa). . 
1 j..O 1-J 

ror all a,b 

and A 

(rsb)
1 

• [ (qsba)
1 

for all b 
a-1 

In the presence or noise components (neb)
1

, the obeerved ·system output 

sequences (usb)i ar~ therefore& 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(usb) 1 • (rsb)i + (zsb)i' + (neb)i for all b (9) 

During the period 0~ 1 ~ N-1, a model estimate (wmba)j or each system 

weighting sequence (wsba)j is obtained by the crosscorrelation 

(wmba)j • N!1 [f (p)i(usb) ~~ - Limit t (p\(usb) ~1 
] 

i•-N i+j+ LK j.K-1 i•-N i+j+ L K 
n•1 n a n•1 n 

for all 0 ~ j ~ Ka:-1, 
all a,b (10) 
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This estimate is complete when 

a . 

i • LK -1 
n•1 n 

and then becomes part of an established model of the ·system, replacing 

the estimate obtained during the previous period. The established model 

is thus sequentially updated, each part being updated once every period. · 

With this procedure, estimation errore are due solely to spurious 

correlations between the reference ~ (p)i and the components (zsb)i 

and (nsb)i of the observed output sequences (usb)i. From the reference 

phase properties and the form of the crosscorrelation, estimat.ion errors 

due . to constant, linear, and quadratic ~functions of time, which in 

practice form a considerable proportion of these components, are auto­

matically eliminated. 

Estimation errors are further reduced by a refinement of the basic 

procedure. In the refined procedure, estimates (ymba). of the components 
l. 

(ysba\ are computed from the input ·sequences (xa)i and the established 

model weie;hting sequences (wmba) j to give 

K -1 .. 

{ymba). • L (wmba)j(xa). j for all a,b (11) 
l. j..O . l.- . 

and estimates (zmb)i of the components ( zsb) . are computed . to gi. ve 
l. 

A 

(zmb)i ~ [ (ymba)i for all b 
a-1 . 

Subtraction of the estimated components {zmb). from the observed output 
l. 

sequences (usb)i defines the sequences (vmb)i, where 

for all b 

(12) 

( 13) 

and the sequences (vmb)i then replace . the observed output sequences (usb)i 

in the crosscorrelation defined by equation (10), so that 

(wmba). • N11 [ [ (vmb) ~1 
- Limit f (p)1 (vmb) ~1 

] 
J i--N i+j+ L_K j.K -1 i--N i+j+ L_K 

n a n n•1 , n•1 

· for all 0 S j ~ Ka-1, all a,b (14) 

Estioation errors in the refined procedure are due to spurious correlations 

between the . r eference phase (p)i and the components (zsb)i- (zmb)i + 

.(nsb). of the sequences (vmb)., which are substantially less than in the 
l. l. 

basic procedure. 



3. Feedforward. Con~roller: 

For the purposes of this paper, the system has a number of controlled 

inputs and an equal number of controlled outputs, the remaining input and 

outputs being uncont rolled. The funotion or the f'eedtorward controller is 

to remove the effects of the uncontrolled inputs from the controll.ed 

outputs. This is achieved by computing appropriate control input sequences 

from estimates or these effects. 

The principles are developed for the common case in ~eh the system has 

one control input (x1) and one controlled output (us 1) • In this case it is 

required that (zs1)i is a null sequence, so the controlled component 

{ys11)i must be such that 

for which an estimate is 

From equation ( 11) this gives 

A 

(ys11)i - L (ys1a)i 
a-2 

A 

(ym11\ -L (ym1a)i 
a-2 

K -1 • A Ka-1 

J
t (wm11)j(x1)i-j • - L [ (wm1a) .(xa)i . 
_, a-2 j..O J -J 

( 15) 

( 16) 

(17) 

The required control input sequence (x1)i is contained implicitly in this 

equation, but to compute it explicitly, the equation must be implemented 

a8 the recursive relationship 

K1-1 A Ka-1 

(x1\ • (..;_~ 1 ) [ ?= (wm11);(x1\-j + L [ (wm1a)j(xa)i_} (18) 
. 0 J•1 .. a-2 j.O ~ 

This re~.ationship defines the ideal control input sequence (x1) i which is 

applied through a zero-order hold to give t he, required f'eedforward control 

i nput {x1). In practice, some ~edification is necessary to insure that it 

i s realis~ble. 

If (wm11 )_0 is zero, then the relationship i · evidently unrealisable . 

Thi~ is because it attempts to implement a pr ediction t o cancel a time 

del ay . The pr esence of a time delay in the vontrol dyn~mics, so that the 

f irs t few value~ of (ws11) . are zero, is quit e co~~on, the more serious 
J 

aspect of t his be ' ng t hat, due to esti~tion errors, the first few values 

of (WE11). will differ slightly from zero and mask the true condition. The 
J 

firs t f ew values of the model weighting sequences (wmba). are therefore 
J 
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al~s subjected to simple procesaing before establishment to determine 

the first realistic non-zero value (wmba) gba and to set to zero all (wmba)i 

for i < gba. The control input sequence (x1) i is then computed from the 

relationship 
K1-g11-1 A Ka-h1a-1 . (

19
) 

(x1)i • (._;~ 1 ) - [ L (wm11)j+g1 1(x1\ J. + L L (wm1a)j+h1 (xa)i ] 
g11 j•1 - a-2 j..O a -Jj 

where 

h1a • ·.g11 or g1a, whichever is least 

This remains ideal if g11 < g1a tor all a, otherwise the errors are 

accepted. 

If the pulse transfer fUnction 

K -[-1 1 j 
( 1111111) j+g1 1 z-

j-o 

(20) 

has a zero on or outside t-he unit circle, then the relationship is 

unstable; this is because it attempts to implement the inverse pulse 

transfer fUnction which has a pole on or outside the unit circle and is 

consequently unstable. Fortunately this cond.i ticm occurs only rarely in 

practice, and its treatment falls outside the scope or this paper. 

Finally, there 11JB.Y be a physical constraint, such· as saturation, 

which prevents the ideal control input sequence (x1)i from ·being implem­

ented. In this case, the closest approach to the ideal (x1)i is · implem­

ented a.nd the errors are accepted. 

':v'hen the system has two control inputs (x1) e.nd (x2) , a.nd two control­

led outputs (us1) and (us2), it is required that both (zs1)i and (zs2) 1 
are null sequences. Proceeding as before gives the conditions: 

and 

K1-1 K2-1 ./!.. Ka-1 

L (W"'...21) .(:x1). . + [ (mn22, .(x2\ ... . - L L (wm2a) j(xa)1_:l (22) 
j..O J l -J j..O J. -J . :!P3 j..O ' 

from which the equat ions containing implicitly the required control i nFJ.t 

sequences (.x:1)i a.nd (u). are obtained as 
. l. 
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K
1
+K

2
-2 

~ ~[( .. 11)f(~)J-f- (wa21)f( .. 12)J-f] (z1)i-J 

j, Ka~-2 . -[ [ t [C•1•lt<"m22)J-f- (-.2a)r(a12).l-f] (:m)1_J (23) 
a-3 j..O t-o . . 

and. 

K1+1C2-!J_ 

~ ~((wm11)r(wm22)j-t- (wm21)f(wm12)j-t] (x2)i-j 

j, Ka+K1-2 )_ 

~ ~ 2_ [(wm2a)f(wa11)j t- (wm1a)r(wm21) 4 f) (za)i j (24) 
~ j-o f.O - .,- -

Equations (23) and (24) are basically- similar to equation ( 17), with new 

weighting sequences computed by- a convolution procedure. Recursive 

relationships similar to equation (18) ~ therefore be obtained and mod­

ified to give relationships similar to equation ( 19) from which the 

required feedforward control input sequences (x1)1 and (x2)i ~ be 

computed. It ma:r be noted that, in this case, the condition for an 

unstable relationship, though still uncommon, is not ao rare as in the 

case of a single control input and controlled output, because of the 

subtraction involved in computing the new weightiDg soquences. The 

equivalent problem in continuous s)'"Stems has . been conside~ed b7 Rosenbrock~ 
The procedure for S)'"Stems with more than two control inpute ad control­

led outputs follows logically- from the above development. 

4. Feedback Controller: 

By the implementation of the feedforward controller the controlled 

outputs are made effectively independent of the uncontrolled inputs. The 

function of the feeback controller-is to remove a~l remaining components, 

with the exception of components resulting from the modelling procedure, 

from the controlled outputs, and to implement all changes in the required 

values of the controlled outputs.. This is achieved by- computing approp­

riate control input sequences from estimates of the remaining components 

and errors between the controlled output values and their required values. 

The principles are again developed for the common case in which the 

systc~ ~s one control input (x1), and one controlled outPut (us1). The 

control input (x1) now contains two components, a feedforward control 
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control input component (x1)'; derived as shown in the previous section, 

and a feedback control component (x1 )FB so that 

(x1) • (x1)FF + {x1)F~ (25) 

FF It is convenient to consider the feedi'orward control input (x1) as 

acting independentl7 and ideall7, so that by taking the observed output 

sequence (us1 )i i'rom equation (9) as 

FB 
(us1)i • {ys11)i + (rs1). + (ns1). 

. . 1 1 
(26) 

·where 
Cl) 

(,.a11)FBi • [ (ws11) .(x1)FBi j 
j..O J -

(27) 

the effects o! imperfect !eed!orward control are included in the noise · 

canpanent (ns1 \. ~ estimate (nm1 \ of the noise_ component may be computed 

thraush 

. ~-1 A K -1 

(nm1). • (us1)1 - L {wm11) .(x. 1)FBi. j - L t (wm1a) .(pa). . (28) 
1 - . j..O . J . - a.-1 j-o J 1-J 

I! the required ~ontrol "output ·sequence is (c1)., then since the actual 
. 1 

control~ed output sequence must also contain the component (rs1)
1 

result-

ing from the modelling proc·edure, the ideal controlled output sequence is 

(c1). + . (rs1) .• Hence an estimate of the ideal component (ys11)~BI in 
1 . 1 1 

equation (26) is 
FBI (ys11) . - (c1). - (nm1). 
1 1 1 

(29) 

so the estimate o! the ideal feedback control sequence (x1)iBI is given by 

K
1
-1 

~ FBI 
L(wm11) .(x1). j K1-1 
j•O . J 1- ~ ""'B 

[ ( 1) ( 1) L ( wm11) , (x1 ): . 
- - us i - c i - j.O J 1-J 

The distinction between the -sequences (x1)~ and- (x1):Br should be noted. 
FB 1 1 

The sequence (x1). is the feedback control se ~uence actually applied to 
1 · 

the system, and in the computation of t he right hand side of equation (30) 

( ) FB · f ( 1 )?B h. h . all the values x1 . . are known with the except1on o x i , w 1c 1s 
1 -JFB FBI 

taken as equal to (x1). 1• The se~uence (x1) . i s the ideal feeback 
1- 1 

control sequence, which mc·y not be realisable. ~quation (30) is devel-

oped ~n the same way as equation (17) to give a relationship for the 

realisable feedback control sequence (x1)iBR, which is 



88 

K1:-g11-1 

(x1)~. ~11 1 ·[ L (wm11) .+ 11 (x1)~ + (us1)i- (c1)i 
1 \WDliiJg11 j•1 J g 1-J 

K1-1 A Ka -1 

- L (wm11) . ·(x1)~j - L L (wm1a) .(pa) . -jl 
j-o J a-1 j..O J 1 lj (31) 

and · (x1 )~BR is the control sequence which is implemented, unless a 
1 

physical constraint, such as saturation, prevents this in which case the 

closest approach to (x1)~ is implemented and the errors are accepted. 

The development of this procedure for systems with more than one control 

input and controlled output corresponds to _the development for feedforward 

control. 

5. Example: 

To illustrate an application of the method, an example is given of a 

system with one uncontrolled input, one controlled input, and one 

controlled output, with feedforward control applied as discussed in 

section (3). The block diagram of the resulting system is given in Fig. 1, 

and the results for a st~p disturbance at the uncontrqlled input appear in 

Fig. 2. In the latter, amplitudes are normalised relative to the ~pli­

tude of the test signals (pa). The system error curve represents the dev­

iation of the system output (us1). from the ideal null sequence; by far 
1 

its largest component is due to the pseudorandom binarr test signals them-

selves, and is, of course, unavoidable when using this method. 

6. Conclusions: 

A method of on-line digital computer control of a multivariable system 

which fully exploits the possibilities of on-line modelling by pseudo­

random binary signal perturbation has been established. The method 

involves the implementation of three distinct proqedures which are designed 

t o be non-interacting. A modelling procedure is developed to provide 

estimates of the system weighting sequences which are virtually free from 

errors due to spurious correlations. The model weighting sequences are 

used in feedforward and feedback controllers which operate independently 

and are based on the i mplementation of a recursive procedure, the limit­

ations of which are discussed, for the computation of control input sequ­

ences. mhe feedforward controller is shown to make the controlled outputs 

independent of all observed input disturbances, and the feedback controller 

i s shown to remove from the controlled outputs the e.ffects of unobserved 
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disturbances and devia~ions from the required values with the except i o _ ~;: 

the small perturbations resulting from the modelling proce~ure. Resul ts 

obtained for a simulated system demonstrate the feasability of t he 

approach. 
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