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LINEAR DIFFERENTIAL GAMES WITH COMPLETELY
OPTIMAL STRATEGIES AND THE SEPARATION
PRINCIPLE

Pierre Faurre

Adjoint Director
Automation Center of the School of Mining
35,rue S8t. Honore, 77-Fontainebleau, France
Council Engineer at the SAGEM and at the IRIA

There is no need presently to underline the practical in-
terest of the optimum control theory. It can be anticipated
that the differential games theory also stimulated by military.
problems and being, as it seems, in the course of new develop-
ment, will have more and more practical applications (agres-
sive or cooperative games).

This paper treats linear differential games with quadratic
performance indexes. A direct proof of the existence of opti-
mum strategies for the case when an associated Riccatli  equa-
tion has a solution, is found. In spite of fact, that this re-
sult is known, the proof given doesn’t make any use of dynamic
programming or calculus of variations methods; moreover it de-
monstrates that the strategies obtained are "completely optim-
al" in the sense defined later. Finally, this direct method in
extended to stochastic case for which the separation principle,
classical in control theory, is proved.

1. INTRODUCTION TO GAMES

1.1. Suppose there are two gamblers (denoted by 1 and 2).
The gambler 1 selects a variable u, and 2 selects u, ,
both not knowing adversary’s choice.

Performance index or outcome is defined by the function

V= V(uy, uy)

which gambler 1 strives to minimize, and 2 - to maximize.
1.2. A "policy of worth case" involves that:
a) The gambler 1 plays minimax , i.e. he selects



4
n:=arsmin{mvg
u Uy

The corresponding minimax is denoted by V: 1 is there-
fore assured that whatever is the choice of 2

TLVy
b) The gambler 2 plays maximin, i.e.

G =i

Denote the respective meximin by vg . 2 is therefore as-
sured that, whatever is the choice of 1,

>3
It is obvious that in all cases:

V3 < v‘1‘ (because of V3 < v(u, u3) £ V)

We say that the game has the value V‘ if
Vi=V2 (=¥

For natural reasons the variables u: and u’a' are called
the optimal strategies.
1.3« EXAMPLE No. 1. For u,‘ and uy both real, arbitrary,
consider
- o -6
then

4, EXAMPLE No. 2. Now suppose

u,
=u$+u1u2-ug= (u1+-:3)2-iu2_%u -‘(uz--—--)2



we have still v§=v§=o and u?: u = = 0.

1.5. An essential difference between these two examples is
to be aperceived however.

In example No. 1 there is no advantage for either gambler 1
or 2 to know the adversary’s choice: optimal selection re--
mains always u1=u: or u2=u§.

In example No. 2, on the contrary, if 1 knows (by "intui-
tion" or by spying ...) that 2 selected u, = < , then,in or-
der to minimize V, 1 has to play reasonably

==

1.6. DEFINITION. A game is called the game with completely
optimal strategies, if there exist uf and ug such that
Y g Y , %
V(i up) £ V(uy, up)
V(u1¢ u:) V(u1, uz)
The game in-the example No. 1 in therefore the game with com-
pletely optimal strategies.

2. LINEAR DIFFERENTIAL GAME
WITH A QUADRATIC PERFORMANCE INDEX

2.1. Let us consider now & linear differential system (not
necessarily stationary)

x = Fx + Guq + Gou, N

starting from initial condition

x(v) =% &)
(x is a state vector of dimension n , called the state of
game, u4 and u, are vectors of dimensions o, and m, re-
spectively). .

At every time the gamblers 1 and 2 select their controls u,
and u, taking into account the actual state x of vthe game;
in other words, 1 and 2 play using the strategies:

u, = (X, ), uy = uy(x, ¥)



TheTquadratic performance index is defined by:

=J{x'qx + wiReu, - uénanz} ds + x°(T) A x(T) (3

wi_.th'v
R,>0, B,>0 O]

(Q» R1, 22 and A are symmetric matrices, functions of time
eventually).
The gambler 1 strives to minimize V and 2 to maximize V.
This problem is interesting in itself > , Or can be used, as
in calcus of variations 6’7, to a local study of extremals for
nonlinear differential games (theory of the second variation).
2.2. Let us define the Riccati equation associated to .the
above problem, as being the equation:

P+ B'P+ PF - PR G/P + FG,R5 6P + Q = 0 (5)

with terminal condition
P(T) = A (&)
We define the strategies

-7 e Px N

25'a5Px (8

uy(x, t)

u;(x, t)

and prove the following
2.3, LEMMA (fundamental formula)

If the Riccati equation (5), (6) has a solution in the in-
terval [¥, 7], then :

o

- ¥R(%)} J{cuq- 5 Rytay - o +
- (up = )" By(u, - wD)fas 9

2.4, Proof. We denote by

S (10)



then

x = Fx + G + G0, (1)
with 5 ; :
F =P - GR; GiP + GR; GoP (12)

The performance i.ndox V takes a form

V=x'(DAXD + g { x’[Q + o,y e P - mo B lezp)x

v

-2x"Pa,40, - 2x PGyl + U4R4Y, - 6232&’2} ds (13)

Taking into account that the Riccati equation (5) can Dbe
written as

P=FP+ PF+ F0,R5 050 - FOR565P 4+ Q= 0 (1%
we have
e
V=x(T) AX(T)+ S{-x’[i: + PP + P'Plx - 2x"FG,,
17
-2x’Fagu, + WR,E, - ’a'z‘nz’&’z} as (15)
or alternmately

V=x(T) AXT) +

RV

{- & e - g, - ’Eénz’ﬁz}ds

P
= FR(v)} + j {31'31'.:1 - ’ﬁ’énza'z} as
£ Q.E.D.
The above lemma clearly proves the following
2.5. THEOREM

If the Riccatl equation (5), (6) has a solution in the in-
terval [T, T], then the game is the game with completely
optimal strategies and, moreover, these strategies ( (7) amd
(8) ) are unique.




3. STOCHASTIC GAMES AND THE SEPARATION PRINCIPLE

3.1. We consider now a stochastic differential equati-~ f(in
the Ito 9 sense)

i=rx+G1u1+G2n2+j

where v 1is a gaussian white noise

{E v(t) = 0 ‘
E v(t) v'(8) =L(%) §(t - 8) (17)

The initial state x(%t) =§ + is a random vector with mean
E{E‘} =§¥ and covariance

e{(s-Sxg -} =N | (18)

At every time instant the gamblers 1 and 2 select their con-
trols uy and uy belonging +ta a class of ad;issible con-
trol such that (16) posseses a solution in Ito s sense.

’ We shall suppose:
(i) that they know (or measure) the adversary’s control,
(ii) that at each time imstant they dispose of the observa-
tions on game state
34 = Ex+w, for 1 (19)
and
72=Héx+'2 for 2 (20)

‘where L2 and w, are white noises with covariances

E wy(t) I,;(a)

E wy(t) w3(s)

0'1(t) §(t -8) 21)

0,2@) §(t-s) (22)

The performance index that 1 strives to minimize and 2 to
maximize is now:

T
7 = E{S {x'Qx + u.;R,‘u,‘ - uéRZuz}ds +x°(T) A x(T)} (23)
T
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We denote by 5:1(1:) ( ia(t) respectively) the best esti-
mate of the game’s state =x(t) that can be constructed by 1
(2 respectively), and by <2§1(t) (}Sz(t) respectively) - cor-
responding error covariance. We recell that X, and x, are
generated by Kalman-Bucy filters 8.

3.2. We consider the Riocati equation associated to a cor-
responding deterministic problem, i.e. the equation (9),and we
define strategies .

o = -B;6;PE, (24)
e RegEn, (25)

We introduce also the variables p and gq defined by

a(T) = trace {F(T) A} _ (26)
%% = - trace{P G1R:|.16,;1’ 3, - man?sér 22} 27
pT) =0 : : o (28)
% = - trace {pcv} (29)

By analogy to the fundamentael formula (23) we have
3.3. LEMMA :

If the Riccati eguation (5), (6) has a solution in the in-

terval [T, ®], then
Ve FRTIE 4 p(T) 4 aT)
T

o { [ oo - D mycoy - oD - - D nycs, - D]
: ‘ : (30)

3.4, PROOF. As previously let us denote
Uy =y o+ By, wp=up 4l (3N

and

x=i1+i',| y X=X+ % | (32)
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According to our hypotheses u,(%) (85(t) respectively)
is independent of ii(t) (i'a(t) respectively).
Then

. ~ _1 P—d ...1 P ~r ~
X = Fx + G4Rq G4Pxy = GoR; GoPXy + Gqug + Gopy + V (33)
We have also (amalogy to (15))

: ) : :
V= E{x'(T) A x(T) + H-x'[r + BF + F'P]x + ¥7P6,R; 6155,
. v

- 23reR3"05P%, - 2x'RE, - 2R, - 2x're R0l
+ a'mzn?c;épi‘z + 2 PG, + 2XJPG,U, + WqRLT, +
- gmyiofas | s

But we know that the stochastic differential of x'Px
(Ito 7* 10 airrerentiation rule) is given by

d(x’Px) = x'Px dt + 2x'P dx + trace {PCV} (35)
Replz-lci.ng dx by its formula (33) and noting that
E{”x1’PG1E1} -

due, as already mentioned, to the mutual independence of U,
and ;1 . >

P
E{L x’Py at} = 0 by known property of stochastic integral,
we obtain ;

by
V=% {‘;’P('r § o+ j{trace {rc,] + %ipe B e PR,
Eme85T0008, + iRy - GR o) s | 36

Taking into account that

B {}'P(e)‘f} = ‘g"P(r)§ + trace {P(r)!\.}
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and
Ex,‘:FG G.; 1} trace {PG1R11G P %

we obtain at once formula (30) which was to be proved.
This allows us to establish.
3.5. THEOREM

The strategies (24) and (25) are completely optimal, or in
other words, the principle of control and estimation separa-

tion is valid for the differential game considered.
Game value

= F'R(v)} + (7)) + alT)

differs from value of the associated deterministic game by
two terms: ‘

- the first, p(T ), due to random perturbations ( white
noise v ) acting upon the system, ‘

- the second, q(T ), due to the lack of gamblers informa-
tion on the state of game.

4, CONCLUSION

It is clear that the restriction of the results and previ-
ous proofs to the case of a single gambler (optimal control),
and their extentior to the case of N gémblers divided into
two teams, are triviel. Concerning the extention to N gam-
blers, the system equations can be written as

x=Fx+ Z Gyuy
1
the performance index is & ©

V= x'(T) A x(T) + S {x'Qx + Zu{R_l_ni}ds
R

with
Ri> 0 for i

Ri<0 for i

1’ eeey k
k*'], ecey N
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and the first k gamblers strive to minimize V , while the
last N-k gamblers want to maximize it.
The associated Riccati equation is

P+ PP+ PP-P(D GRIGIP+Q = O
13

the completely optimal strategies are

-] 2
ay = EiRi GiPx
with

"1 fOI‘ i 1' eeey k

+1 for i

k+1’ ccey l

Number of problems yet remain to be treated concerning these
classes of differential games.

The most immediate would be to extend the proof given by
the author for the optimal control problem to prove rigor-
ously and simply that the existence of the Riccati equation
solution is necessary for existence of the game problem solu -
tion.

A more complex problem would be to formulate and to treat
the stochastic game problem with hypothese (i) withdrawn.
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STOCHASTIC OPTIMAL CONTROL WITH PARTIALLY
" KNOWN DISTURBANCES

T. J. Tarn
Washington University
St. Louis, Missouri
U. S. A:

1. Introduction

Early research in the field of stochastic optimal control was concerned
with the optimal control of systems in which the parameters of the system
and the noise disturbances were precisely known. The main result of these

- investigations was that, in linear systems with quadratic performance cri-
terion and Gaussian random effects, the optimal stochastic controller is
synthesized by cascading an optimal filter with a deterministic optimal
controller1’2’5’u.

Freimer’, Toud, and Lin snd e Savestigntod Thate-iistane wits
signal adaptation, in which the reference input to the system is a function
of a random variable ‘with unknown statistics, and linear systems with self-
adaptation, in which the coefficients of the system equation are functions
of random variables with unknown statistics; and the system is subject to .
additive random disturbances with known statistics; When these solutions -
are applied to practical engineering problems, such as in many chemiéal '
control processes, the assumption of a known distribution of additive sys-
tem disturbance or measurement noise i: sometimes open to §uestion. Smith
investigated the estimation problem of measurement noise variance. Aoki9
gave examples for a control system in which the measurement noises have
either unknown mean or unknown variance.

It is the purpose of this paper to.show how filtéring tﬁeory based on
a Bayesian approach may be used'to solve the problem of optimally control-
ling a linear discrete stochastic system in which thé additive white Gaus-
sian input has fixed but unknown mean and variance. The basic idea is to
consider the unknown parameters as random variables whose a priori distri-
butions are given, and the problem solution consists of recursive equations
for sequentially computing the a posteriori distributions of these random
variables based on measurements. From the a posteriori distributions
estimates can be formed. This has computational advantages when estimates

are required in real time.
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Using Bellman's dynamic programminglo, an exact analytical solution
of the feedback control law may be found. This solution serves as stan-
dard for evaluiting approximate solutions.

2. Practical Motivation

We will show how the froblem, which we treat iu this paper, was
-motivated by a practical control processu- _

Consider the stirred tank reactor shown in Figure 1. The reaction
occurring is A—= B. For simplicity, assume a liquid-phase reaction.

A stream of constant volumetric flow rate F, which contains A, flow
into a tank of constant holdup volume V. The concentration of the entering
stream cI(="’°1°/v°l.) varies with time. The outlet concentration C_ main-
tains a desired value.

Assuming the density of the solution to be constant, the flow rate in
must equal the flow rate out, since the holdup volume is fixed. The reac-

tion will be isothermal irreversible first order, it proceeds at a rate
r = K C_, vhere r = moles A reacting/(volume)(time), K = reaction velocity

moles
constant, ".:o = qoncentration -of A in reactor, /vol T
From the mass balance for A we have ;
1;‘cl,n-l % mo,n = mo R V(co n” o n-l) )
with n the present time. When the system is at steady state, that is,
co,n = co,n—l = co, g’ then we have .
PcI,a = rco,s + VKC AL ; (2)

From (1) and (2) we obtain

li"(cI,n-l'c;,s) 1-"(cc n~ o " VK(Co’n-Co,s)
: v[(co n" o s) (co n-1" o s):I 5 G)
Define the control u, = CI’n - CI, s’ the state x, = co,n - co,s; we get
x, =ex . +bu . , (&)
where a= F+—V§+V ’ b = F-*WF-TV'

Frequently, there are many random disturbances which affect this reac-
tion: for example, the mixing may not be perfect, or there may be fluc-
tuations in the inflow concentration. Assuming these random disturbances
are additive independent Gaussian process then we obtain




= axn + bun + v . (5)

X
n

n+l
To control this system, we want to choose u, based on all available

N-1

data such that E[ I (x2+u2) I X ,U_.] is minimized for all n=0,...,
jon ISR © n’ "n-1

N-1. This means that we want to keep the concentration deviations from

steady state in both inflow and outflow to a minimum over N stages of time.
When we begin the process, we may not know the statistics of Vs hence,
we have to estimate these statistics to achieve optimal control.

. 3. Problem Statement

A discrete time linear system with additive white Gaussian disturbance
and exact observation of the state can be described by

= +bu+yv
Za#l 55n =R

(6)

z, = ¢ (c is a constant vector)

where x is the r-dimensional state vector, u is the scalar control, H is the
rxr constant matrix, b is the r-dimensional constant vector, v is the r-
dimensional white Gaussian disturbance vector with unknown parameters.

Given the initial state c and the a priori probability densities for
the unknown parameters, the control u, m.zst be chosen based on all available
measured data X = [xo,...,xn] and qn-l = [uo',...,un_l], with n the present

time, such that
N-1 £ 2
v = B[ i>_3n X, QX +kup xn,un_ll , n=0,...,N-1 (7)
is minimized, ;here Q is a nonnegative definite symmetric matrix and k is a
positive constant. :

4., Unknown Mean and Variance

In the scalar case, thé system equation is

b'd =x_ +u +v
n+l n n n

(8)

x,=c (¢ is a constant)

vhere X, is the state, u, is the control, v i is a sequence of independent
Gaussian random variables with unknown mean m and unknown variance 02.

Filtering:
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From (8) we know that the exact observations on the state are equiva-
lent to the observations of a sequence of semples of the disturvance v.
When the mean and variance of the disturbance v are unknown, we can treat
them as random variables. Since the sample mean and sample variance of an
independent Gaussian sequence have a joint normal-gamma densityle, we assume

a joint a priori density for (m,%e) as the normal-gamma density defined by

g b X
PN.’(m)';E I a,b,f,g) = PN(m|a’?2)P72(;2|f:g)

(9)
= (L)Y Pexp-g(w-0)? 20)¥/ 2 explBy

where -o<m< w, %zlo, -~ ag »,b,f,g >0, Py denotes normal density, pyg
denotes gamma-2 density, and « denotes proportionality with a known constant
ratic. When such an a priori density is assigned to (m,%g) with parameters
(ao’bo’fo’go)’ the object of the filtering is to produce the a posteriori
density for (m,%g) at each time instant after measuring x. Since both mean
and variance are unknown, to get the recursive filter it takes two measure-
ments to form the new statistics at each time instant. Consequently we can
change the control only when we have the new statistics.
The provability of measuring x, and x, given (m,%g) is
2 i
p(xl,xelm,%a) = (%Q)exp-gl;g z (xi-xi_l-ui_l-m)e . (10)
i=1 -
After X5 ¥ have been measured, by the Bayes's rule, the a posteriori den-

sity of (m,%,a) will be

1 1 1
p(m, 22 | xp,%,) « p(xl,xelm,;-a) p(m,22)

(11
b f. g
1 e-1
« (%2) / 2exp--—2—2(1n-a.2)2. (%2)g2/ exp- 2 2 »
20 20
where o b 28 (2)
== oo 1~ b. = 2+b
2 2+ ’ 2 o7
(12)
2 2 2
5 f°g0+aob°+se(2)+asl(2) -a,b, . S :
"3 2ve, kg e

" and
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D -l- - -
8,(2)=3 (xg-xy 9y 5)
i=1
(13)
2 2
32(2) = z (xi-xi_l-ui_l-sl(a)) 3
il
thus the a posteriori density of (m,%g) is normal-gamma.

For a normal-gamma & posteriori density the pai-a.meters (a,b,f,g) are
sufficient statistics: these sum up all the information of the measure-
ments. Because information is conserved, direct computation of these
statistics may be taken as an optimal filtering procedure. The form of
(11) is the same at each time instmt, so that the filtering equations are

a b +2s. (2n)
on-202n-2+251
8y = 240, - s Pop = 2o 5 s Epp =Py p
2 2 2 (4)
% fon-28on-2*%on-o"en-p*8p(20)42s, (2n)"-ay b,
’
o *&on-2 3
where
* on
1
iB)ss 5 WAt
1=2n-1 :
(15)
- 2
sy(en) =z [x,-x, _,-u, ;-s,(2n)]" ;
{=2n-1
and the probability density of (n,%a) after measuring x, is
1 1.,1/2__ "en 2 1 2.1 Tonlon
PG| Xpp) = (G2) " exp-zipm-ay,)”. (G2) o (26)
From equation (8) we have
Xon+2 = *onl ¥ Yonel * Vonn)
7)

= %Xon * 2on * Von * Vonu $
1
after we have measured x, , the probability demsity of x, ., given (n,;_o)
is Gaussian

P("amel ‘:%2»Xa,) - V%;(-a%,z)ll ém;lz}z(xgnﬁ-xa;alan-al)e . (18)
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Then, multiplying (16) by (18) and integrating over m and %2 we get

o
= 2n 9 2
p(x2n+2|x2n) = ps("amel Xp t2u, +28, s () Z (19)
similarly we get
b
2n
PV, | Xpy) = ps("enl‘an’w » Bpp) (20)
2n

where -p' denotes the student dénsity defined by

: % e =
2, (v [p,a,r) = ?(f;&%ar (r+q(y-p)?) (r+1)/2 ‘F‘_ ’

(1)

- < y< = qr >0, withE[yl=p, r > 13 Var[.V]=;(;szlr >2 .

In addition, we will need the conditional distributions
Plag o | Xon)s P(Oppen | Xon)s P(Eapyp | Xpy) and 2(gy,p| Xp, )  However it
is easy to see from equation (14) and (15) that bynep 2nd &y ., are non-
random while B2 and f2n+2 both are functions of Xpn 409
random variables. To evaluate the probability densities of anip and f2n+2
we digress for a mcnent to evaluate the probability density of
(s, (n+2), s,(2n+2)) first. From Raiffa and Schlaifer'> the joint density
of (s (2n+2), s (2n+2)) given (m,;g) is the product of the independent

densities of s (2n+2) and s, (en+2)

hence both are

p(s, (2n+2), s,(2n+2)| m, 5,2,1)

(22)
= py(sy(2m2) | m, o (sy(2n2) | 1)
the unconditional joint density of (51(2n+2), 52(2n+2)) will then be
(s, (2n+2), s, (2n+2))
- [] me(ema)| nf (e (o) | 2)
(23)

1 Y
Py, (@552 | BpsPons T o B ) (G2)

-2
< -aa(ame)l/ 2’1[fm32n+sa(a:+2)+——(2+b2; s, (+2)-0, )21 (gqt2)/2
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We can solve.equation (14) to get equations for 5.1(2"+2) and 52(2n+2) in
on+p @04 Ty o, substituting s1(2n+2) and s2(2n+2) into equation
(23), we obtain

terms of a,

p(esypr Tonen | Xon)

b, (2u)
2,1/2-1
. Fonsofoneo~Tonlon™2 G L o
2 :
(fonvoBons2) 2’”2/
Finally from (24) we obtain
b, (2+b, )
2n 2n *
Ploanse | Xon) = Ps(oonse| Sow~2r,— 7 E2n) - (25)
» : s - Tonfon '
P(fonep | Xon) = Pigy (Fonen | 28ons 2Bonser &0 +2) ’ (26)
where piﬁl denotes inverted-beta-1l density defined by
Pip (2] Pyayr) = = Eep) TV
s »Q, & ’ :
ip1 B(p,q-p) 24 (21)
+Lta s
05r_<_z<~,q>p>0withE[z]—Jg-—l Var(z] = 5
(-1)° (p-2)
Optimal Control:
To find the optimal control, define the cost functional
N-1
V= & (qx?ﬂ:u?) H (28)
=0 +

where q and k are positive constants. It should be noted that due to the
continuously acting random disturbance Ve the cost functional is now a

random variable, we can only consider its statistical properties. Hence
at any stage n, the current control u, and future qontrols us, i>n must

be chosen so as to minimize

E[V |X,U,_;], for all n = 0,...,N-1. » (29)
The sequence of controls which minimize E([V I X ,U ] is the same as
that which minimize E[Nil ax;y +ku | Un-ll, for n = 0,...,N-i. Let us set
. S
v, = m&x; E( ifn qxi+ku:L | X0, l] : (30)

n<igN-1
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From previous discussion we know that ell the information in the measure-

2n’f2n’g2n) and the
controls are changed only at each even numbered measurement, Us 1 = Yoy o

ments is summarized in the sufficient statistics (azn,b
Hence we can write (30) in the following form

N-1
e min E[ Z q(x +x )+2Ku IX
i i=2n
2n<i<h-1

zn, 2!1 2.& s (31)

where 0 € n < Eél. By application of Beliman's dynnﬁic programming

optimality principle we have

Yo = {'%i;m‘“xen 2n+1)+2ku | X2 Upn-p]
(32)
N-1 2 >
+ min E[ I qxi+x )+2ku XU I+ =
uy {=on+D 4 1+l I 2n 2n-?
2n+2<i<N-1
since
En ol ]
E = q(x. )+2ku X,
segn2 S | ¥onVon-2
(33)
N-1 2
=E[E[ I qGat, )l | X, 00,00 X5,Up o) -
i=2n+2
we obtain
Sy 2 e
Von = {’};g[29x2n+2q"2n(“2n“‘2n)+2932n“2xf(q+2k)‘en -
(34)
> 2 (105}
e ., ¥ Qnden-Qs Ton)  * ElVopen | XopsUpyopll-
For determining the optimal control, ugn, this yields the equation
Vv
E 2n+2 :
* — = o
q(x2n+32n) + (q+2k)u2n + E[ Y Ixan’u2n-2] : 0 (35)
2n+2
We will now show that a solution of the form
Vor (ononrTon) = Fon¥on*Bo¥on Cor¥onton (36)

2
+ Dyen tEyen, t Forfontly

may be chosen; in this case we have
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3 Vonsp P N
T Aone2¥on+2*Ponse*Conse(Bonse B¥o, *on+2)
e 22nb2n . 2%onep" 2n2“2n)]
2%, on+2™ 2n+2 (2+ 52 (a%o,, )2
(37)
i ¢ Yenteon o2y | Tenveen"en
Tent2 *8on 2*8on
. Dente (22 . 20onip g -2up) )
B, t2+b )2 (240, )2 ’
~n
from (19), (20) and (25) we obtain.
3 Voriso Cont2 Donto
Bl —==|x,,u, ] = (& _+=25)x +B,  +==2=
B R | l2nVen-2 en+2'B¥o, * Xen*Pona'Bre,
Pz

C
2n+2
+ 2 (A + ——-—-—-) u* %
2n+2 on

substituting (38) into (35), solving for uj - we obtain for the optimal

control
. . Q+(q+R)a.2n+(q+P)x2n (39)
“2n T T q+2k+2P 4 =
c D L+p = 2E
Jente o _ _2n+2 - 20 ._20¥2
vhere P = A, o+ 2+b2n » Q= Byup * 2+, ’ R=2hne 2+b, “en+2 2%0,

From equations (19), (25), (26) and (36) we have for the expected cost

E0Vonep | Xon#Uzn-2!

=31 2+ (B 4&) x, +2A u¥
= Pon+on env2™ 240, ) *en*Poneeon"2n

3C 6C
2n+2) xa‘a, + (hA 4—?-1—

. (24 2n+2' 2%, ) aguy

en+2t 2%

onCon+2
" (B2n+2' 2%, ) uiy

6C
ont2, . 2
+ 2y quk 2 (a‘em-e' ') %



onve ¥ B, Y Done2) 2on * Epnup®ng?

2Conip (l‘*ban)gzn 2EonEon+z

+ [( Ayt 2%, ) (Gon-200,, (g2n-a) (oo, Jo

R, o-1)
Ganva(%gan'l)

Combining (34), (36), (39) and (40) we obtain the following recursion
equations

onv2d Ton * Conep - (40)

(a+P) (2a+2a, )  (q+P)?(q+ek+2h, )
b % 2n+2 2n+2
Aa‘ o 2( 2q‘?2n+2 q+2k+2P = 4 (q+2k+2P)2 z 1,

2n+2 )

e b, Corup  2R(a+P)(q+2k+2A

ont2 ¥ 2%, > {q#2x+2p)2

Bon

b, C
Q2q*2h 5 ) 2(24P) (B 5

q+2k+2P - 4

2(q+R)(q+P) (q+ok+2A
(q+2k+2P )<

3Conep onto) .

2n+2 %Zl

Cpy = 20%2A

6C2n+2
(a*R)(2g+2A, - )+(a+P) (Eq*l“‘zme"'e‘;t;)

= q+2k+2P o2

i 2Q(qt+ek+2h, - ){(a*R).

R e ) 5 :
“2on+2 {q+2k+2F )=

2n 2n+2 2+b2n

60, s 2 Con
K (eqmeme'zw ) *2(q*R) (By,s 2+b oo,

= q+2k+2P ?

B (q+R)? (q+ak+2h, )
= ¥yt o, Eonte * (q+2k+2D)2

(g+R) (2q+sA

602n -
2n+2'Bv0,_ R

s q+2k+2P ’

2n+2

2E
(et )(‘2::+2 b, ) ";:»"2%3

Bon~2/00
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1
- %, (1+0,,) = 8o (58pp4p71)

= on \8op~2) 17 .y o
en 82n+2(§g2n 1)
- 2n .20 2ni2
Clgraran, ;) 2 (Bones™ 55, 2+D,, )
Gon = Conep * ~Tqrarsap)2 PTT ) (k1)

with the boundary conditions

By =2 By =0 G "0 B AR R ™

Thus the exact analytical solution for the feedback control has been
obtained; from (39) we see that the optimal control depends on the filter-
ing, the deterministic control law can not be applied in this case. Exam-
ining the marginal densities of m and lgl integraﬁing equation (9) over m,
we get the marginal density of %2 s p72 oelf’ g), this is the gamma-2 den-
sity with E[lg] = % , Var [;2] = ?%E 1ntegrating equation (9) over —2 3
we get the marginal density of m, P (m |a, r g), this is the student den-
sity with E[m] = a, Var [m] = 315557 3 thus we see that the varlance of
the mean, m, is proportional to the parameter f, the variance of ;2 is in-
versely proportional to f2, in addition, f is a function of a and u, hence
there is a very complicated situation existing between control and filter-
ing. Based on the exact analytical solution which we have obtainéd, we

may study the compromise between control and filtering.

5. Conclusions

The stochastic optimal control p;oblem - the problem of optimally
controlliné a linear discrete system which is subject to white Gaussian
disturbances with partially known statistics - requires the solution of
two equations: the filtering equation which updates the conditional prob-
ability densities of the unknown statistics; and the éontrol equation
which yields the input as a funétional of these densities.

By Bayes's rule the filtering equations consist of a set of recursion
equations. This has computational advantages when estimates are required
in real time. Using Bellman's dynamic programming algorithm, an exact
analytical solution of the feedback control law may be found. This solu-
tion serves as standard for evaluating approximate solutions.

Note that we update the estimates of statistics after every second
measurement. Estimates may be updated after every measurement but this

leads to a very complicated non-recursive filter. Consequently we have
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restricted our control to change only after every second measurement.

With these restrictions on the control and filtering we have used the
dynamic programming algorithm to get the analytical solution of the feedback
control law. We have not given a proof that the cascading of such an esti-
mator with such a controller constitutes an over-all optimum control policy,
but we feel that a proof could be given. ‘

Although the derivations for the problem which we considered are quite
involved, the resulti.ng control and filtering algorithms wh:.ch we have ob-
tained are very simple. The results which we derived are for the scalar
system. We would e'irpegt that general vector systems can be treated in much
the same manner; there will be additional -computations caused by the alge-
bra. Also this work can be extended to the case when there are noisy ob-

servation of the st'.at'.e]'3 .
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AN APPROYIMATE METHOD OF STATE ESTIMATION -
AND CONTROL FOR NONLINEAR DYNAMICAL
SYSTEMS UNDER NOISY OBSERVATIONS

by
Yoshifumi Sunahara
Department of Mechanical Engineering
Faculty of Polytechnic Sciences
Kyoto Institute of Technology
Kyoto, Jepan

1. Introduction and symbolic conventions

There is no needs to say that dynamical systems to 5e controlled ex-
hibit various kinds of nonlinear characteristics and may operate in a random
environment whose stochastic characteristics underge drastic changes. Thus,
the general problem to be solved is to find the control of a noisy nonlinear
dynamical system in some optimal fashion, given only partial and noisy obser-
vations of the system state and, possibly, only an incomplete knowledge of
the system. It has already been shown ﬁnder such conditions as linearity of
the dynamical system, noisy observation and performance criterion given by
a quadratic cost functional that the optimal control problem and the optimal
estimation problem of the system state from the noise-corrupted observations

s However, this is, in general, not the case

may independently be solved.
for the optimal control of nonlinear dynamical systems, and the over-all
problem of optimal control and estimation must be carried out simultaneously.
Since the establishment of the precise technique for the state estimation and
the optimal control of nonlinear dynamical systems is almost impossible, in
this paper, the author will introduce the reader to an approximate method
‘which will be shown to play an important role in the realization of a broad
class of stochastic optimal control.

Vector and matrix notations follow the usual manner, that is, lower case
letters a, b and ¢,... will denote column vectors with i-th real components
ai, bi and ci, ete. Capital letters A, B, C and G,... denote matrices with
elements aij’ cij
pose. The symbol, |M|, denotes the determinant of the matrix M.

Certain algebraic quantities such as algebras, fields,... are expressed

and gij’ etec. If M is a matrix, then M' denotes its trans-

by the symbols, Y, F,..., etc. The symbol, Y , denotes the smallest o-
algebra of w sets with respect to which the random variables y(t) with <t
are measurable, where w is the generic point of the probability space Q.
The ﬁathematical expectation is denoted by E. The conditional expectation

of a random variable conditioned by‘Yt is simply expressed by "+" such that
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E{x(t)IVT} = ;(t|r), where t<t. For convenience of the present description,

the principal symbols used here are listed below:

t: time variable, particularly the present time

tO: the initial time at which observations start

x(t) and y(t): n-dimensional vector stochastic processes representing the
system states and the observations respectively.

u(t): the control vector taking values in a convex compact subset UCE™ (m-

A dimensional Euclidean space)

w(t) and v(t): dl— and d_.-dimensional Brownian motion processes respectively

2
c(t), G(t) and R(t): nxm, nxd1 and nxd2 matrices whose components depend on t
f[t,x(t)] and h[t,x(t)]: n-dimensional vector valued nonlinear functions
respectively

i(t|t): optimal estimate of x(t) conditioned by Y,, i.e., E{x(t)lyt} - x(t|t)
P(t|t): an error covariance matrix in optimal estimate of x(t) conditioned

by ¥, i.e., P(t|t) £ cov. [x(t)|Vt]

2. Mathematical models and problem statement

Guided by a well-known state space representation concept, the dynamics
of an important class of dynamical systems can be described by a nonlinear
vector differential equation,

Qgﬁi=ﬂmx&wﬂ-cﬁh&)+ﬂﬂﬂnm, ' Fa)

where y(t,w) is a dl—dimenaional Gaugsian white noise disturbance. For the
economy of descriptions, we shall omit to write the symbol w here and below
because of no confusion. :
We shall start with a precise version of Eq.(2.1), namely the stochastic

differential equation of Its-type,h

ax(t) = £[t, x(t)]at - c(t)u(t)dat + G(t)aw(t), ¢s52)
where the dl-dimensional Brownian motion process w(t) has been introduced
here along the relation between a Brownian motion process and a white noise
or a sufficiently wide (but fin;ze) band Gaussian random process y(t), (for
-

more detail see the references "
n
w(t) 2 [Py(s)as. (2.3)

We suppose that observations are made at the output of the nonlinear
system with additive Gaussian disturbance. The observation process y(t) is
the n-dimensional vector random process determined by

“ay(t) = nlt, x(t)]dt + R(t)av(t), - (2.4)
where we assume that the system noise w(t) and the observation noise v(t)
are mutually independent. b

In practical terms, the problem is to control x(t) in such a way as to



minimize a real valued functionai,
3e, ¥,) = BUfglls.x(s)ule)las|Ved, [egeean],  (2.5)

based on the a priori i:roba.bility distribution of x(to), provided that the
process y(s) for t,<s<t is acquired as the observation process, where y(to)
= 0 and where L and Lu are bounded, uniformly Holder continuous in t and
uniformly Lipschitz continuous in x and where Lnu is bounded and continuous
on [to, T] x E® x U (the y(s)-process contructs Vt). The subscript denotes
differentiation here and. below.

We shall consider the case where the state variables x(t) are completely
observable. Usually, in this case, the optimal control must be assumed to
depend on x(s), where t,<s<t. Bearing this fact in mind, we shall proceed
to establish the solution of the stochastic differential equation (2.2).

Let y(t,*) be an m~dimensional vector stochastic process, such that,
for each te[to, T], ¥(t,*) is measurable and ;

IE E{l*(t9')'2}dt<° s (2-6)
0

vhere Il +| expresses the norm in E". Let ¥ denotes the class of the y(t)-
process. For -some pe¥, we call the u(t) admissible and write uel, if
u(t) = y(t,+) for telty, T1. (2.7)
For the security of mathematical development in the sequel, the follow-
ing hypotheses are additionally mde:7 :
H-1: The component of the function f£{-, +] and [n[+, +] are Baire functions
vith respect to the pair (t,E) for tostsT and -=<g<=, where x(t)=¢
H-2: The functions f{-, ] and h[+, ] satisfy a uniform Lipschitz conditions
in the variable £ and are bounded respectively by

et 0l <k, (egre)*/2 (2.8a)
and !

In(e,E) <k (1ve e) /2, (2.8b)
where both K. and K, are real positive constants and are independent of both

& 2
t and §{ respectively.

H-3: x(to) is a random variable independent of the w(t)-process
H-4: A1l parameter matrices are measurable and bounded on the finite time
interval [to, T]
B-5: {R(t)R(t)'}"' exists and this is bounded on [to, TTs
With the property (2.6) and the hypotheses H-1 to H-5, Eq.(2.2) has
exactly a unique continuous solution x(t). A precise interpretation of Eq.

(2.2) is given by the stochastic integral equation of Ito-type:

x(t) = x(t) + f:of[s,x(s)]ds 4 f:oc(s)u(s)ds + f:oG(s)dv(s). (2.9)
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3. Quasi-linear stochastic differentials and an approximation to non-linear

8

filtering equations

In this section, the development of the discussion requires that, until
further notice, we set the control u(t) equals to zero in Eq.(2.2). When
u(t)=0, the symbol is temporarily changed from x(t) to z(t). With this sym-
bolic change, Eq.(2.2) is

dz(t) = f[t, z(t)]at + G(t)aw(t) (3.1)
and also Eq.(2.4) is written by
dy(t) = h[t, z(t)lat + R(t)av(t), (3.2)

where the same symbol y(t) has been used as in Eq.(2.4) because of economy
of nctations.

The problem considered here is to find the minimal variance estimate of
the state variable z(t), provided that the process y(s) for to<sst is acquir-
ed as the observation process, where y(to) =0,

We expand the function in Eq.(3.1) into

£lt, z2(t)] = a(t) + B(t){z(t) - z(t|t)} + e(t), (3.3)
where a(t), B(t) are an n-dimensional vector and an nxn matrix respectively,
and where e(t) denotes the collection of n-dimensional vector error terms,
and where ;(t|t) = E{z(t)lyt). We shall determine a(t) and B(t) in such a
way that the conditional expectation of the squared norm of e(t) conditioned
by Yy» E{Ie(t)ﬂ2|Vt}, becomes minimal with respect to a(t) and B(t). It is
a simple exercise to show in the calculus of variation that the necessary and

sufficient conditions for min.E{Ie(t)ﬂQIVt} are given by

a(t) = B(£t, z(t)]|¥,} (3.4a)
and ?
B(t) = E[{£[t,2(t)] - £[t,2(t)]1}{z(t) - 2(s[6)}' [y, IB(t]6)™, (3.Mv)
where
P(t|t) = cov. [z(t)|Vt] (3.5)
The scalar expressions of (3.4) are as follows:
a,(t) = Bz, [t, 2(6)]}Y,)} = £,[t, 2(t)] (3.6a)
n -~ ~
§=lbiv(t)E[{zv(t) - zv(tlt)}{zj(t) - zJ(tlt)}IVt]
= Bty (8, 2(8) 1= 2508, ()13 (zy () = 2,([6)]¥,) (3.60)

where z (t]t) = E{zJ(t)|yt} and i, j=1,2,...,n. Using a(t) and B(t) deter-
mined by (3.4) and (3.5), we approximate Eq.(3.1) by

2(t) = z(t,) + f: [a(s) + B(s){z(s) - z(s|s)}]as + f: G(s)aw(s). (3.7)
0 0

The same procedure is applicable to the observation process given by
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Eq.(3.2). Through the expansion of the function, hlt, z(t)], in the form;
Blt, 2(8)] = by (8) + Hy(e)Ma(t) = 2(t{e)} + e, (t), (3.8)

the following conditions can easily be obtained so as to minimize l‘l‘ﬂleh(‘t‘a)u2
|Vt} with respect to h,(t) and Hy(t):

n,(t) = B(ult, 2(£)]]Y,} & nlt, 2(¢)] (3.9a)
Hy(t) = B[{alt,2(8)] - Blt,2(t)1Hz(t) - 2(s]0)}1 |y, JB(s[6) 2 (3.90)

We shall assume here that, for te[to, T], the conditional probability density
function p{z(t)lyt}, is Gaussian with the mean value z(t|t) and ¢ovariance
matrix P(t|t), i.e.,

]

n
plz(t)]¥,} = (2n) ?|B(s[t)] Pexpl-3Hz - z(t]t)1'B(t]6)™"

x{z - ;(tlt)}]. (3.10)

With the help of (3.10), both a(t) and B(t) can be obtained in the form
a(t) = a(t, z2(t|t), P(t|t)) and B(t) = B(t, z(t|t), P(t[t)) or by, (t) =
aai(t)/azd(tlt). A striking fact is that the random va.riables‘a(t) and B(t)
are not independent but depend mutually on the state estimate z(t|t) and the
error covariance matrix I;(tlt). From this point of view, in reality, more
precise symbols, a(t,;(tlt), P(t|t)) and B(t,;(tlt), P(t|t)) should be in-
troduced. However, for the economy of description, we merely denote these -
by a(t) and B(t) without indicating the dependence on both ;(tlt) and P(t[t).
Both hl(t) and H2(t) also follow this symbolic convention.
From Eq.(3.7), we may thus define here the following n-dimensional quasi-

linear stochastic differentials of It:)-type for Eq.(3.1),

dz(t) = B(t)z(t)at + {a(t) - B(t);(t|t)}dt + G(t)aw(t), (3.11)

and for the observation process (3.2),
dy(t) = Hz(t)z(t)dt + {hl(t) - Hg(t);(t|t)}dt + R(t)av(t). (3.12)

However, respective draft terms in Egs.{3.3 ) and (3.8 ) still remain unknown.
We shall thus proceed to solve the problem including the computation of the
state estimate ;.(t[t) and the error covariance matrix E(tlt).

Let o(t, 1;0) be the fundamental matrix associated with the homogeneous
differential equation, dz(t)/dt = B(t)z(t). The solution of Eq.(3.11) can

formally be written as

2(8) = o(t, to)alty) + [¥ o(t, s){als) - B(s)a(s|s)}as
- 0

+ j§o¢(t, s)G(s)aw(s). (3.13)

We write for the second term of the right side of Eq.(3.13)
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5(t) = -f§ o(t, s){als) - B(s)z(s|s)}as (3.14)
0

vand intreoduce a hev stochastic process

§(t) = z(t) + g(t). (3.15)
Combining Eq.(3.13) with (3.14) and noting that g(to) = z(to), from Egs.
(3.14) and (3.15), the &£(t)-process is of Ito-type and the stochastic differ-
ential is
dg(t) = B(t)e(t)at + G(t)aw(t). (3.16)
On the other hand, it follows from Eq.(3.12) that
y(t) = [} B (s)z(s)as + fC (n (s) - Hy(s)z(s|s))as
0

+ ft R(s)dv(s). (3.17)

0

Let the second term of the right side of Eq.(3.17) be ; (t) and define Ny (t)
2 y(t) - - (t). Then we obtain
dng (t) =H (t)z(t)dt + R(t)av(t) (3.18)

with n, (t ) = 0. With ny (t) determined by Eq.(3.18), define a new stochastic
process n(t) by its stochastic differential,

an(t) = dny(t) + Hy(t)z(t)at, (3.19)
and n(to) = 0. Using_Eqa.(3.15) and (3.18), Eq.(3.19) becomes

an(t) = ne(y)e(t)dt + R(t)av(t). (3.20)
Since z(t) is Y -measurable, it follows from Eq.(3.15) that

E(t]t) = BLa(e)]¥,) = a(t|t) + g(v). (3.21)

Let Ht be the o-algebra of w sets generated by the random variables n(s) for
t.<s<t. Then the y(t)-process is Ht-measurable and thus

O—
E(E(6)]Y,} = B((£)|H,} & E(s]e). (3.22)

Now we consider that the £(t)-process is the fictitious state variables
determined by Eq.(3.16) and that Eq.(3.20) denotes the observations which
are made on the £(t)-process. This situation implies that the current esti-
mate E(t|t) is given by 9,10

af = B(t)Eat + PE(tIt)H2(t)'{R(t)R(t)'}_lfdn - Hy(t)Eats, (3.23)
where :
P (tlt) = cov. [g(t)[H.]. (3.24,
Substituting Eq.(3.20) into Eq.(3.23) and using Egs.(3.12) and (3.21), it
follows that
= £(t, z(t)lat + ?(t]t)ﬂz(t)'{R(t)R(t)'}-l(dy - hat).
(3.25)
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where Egs.(3.6a) and (3.9a) have been used. By combining (3.21) with (3.24),

we have

: P(t]t) = cov. [z(t)]y,] = Pe(t|t) (3.262)
and the version of di(tlt)/dt is :
d-ﬁ.-_-l 1 PH =ie B
3x = BP + PB' + GG' - PH '{RR'} 1H2P. (3.26p)

Egs.(3.25) end (3.26) describe the dynamic strugture of a quasi-linear
filter for generating a current estimate ;(tlt) with the respectively given
initial values, ;(tolto) and ?(to]to). In Appendix, the quantitative aspect
of approximated fashion of filter dynamics is shown, including comparative

discussions on various structures of filter dynamics.

4. Quasi-optimal control

In this section, the control term u(t) in Eq.(3.1) is revived, noting
that the symbol changes naturally from z(t) to x(t).
Let the function L in (2.5) be
L(t,x,u) = x'M(t)x + u'N(t)u, (k.1)
where M and N are respeciively measurable, locally bounded, positive semi-
definite and positive definite symmetric matrices. In the case where both
the dynamical system and the observation are respectively determined by
linear stochastic differentials, it has already been verified that the optimal
control exists and this is u®(t) = ¢°[t, x(t]t)] = N(t)Yc(s)'Q(t)x(t[t),
where Q is the unique solution of a certain matrix Riccati equation.l’3 In
the case of nonlinear regulator problems considered, the quasi-optimal con-
trol may be found out by an extensive use of the quasi linearization tech-
nique developed in the previous section to the version of stochastic control.
It is apparent that the x(t)-process has the quasi-linear stochastic
differential,
dx(t) = B(t)x(t)at + {a(t)-B(t);(t]t)}dt - Cc(t)y(t)at + G(t)aw(t),
(k.2)
where the definition of the admissible control given by (2.7) has been taken
into account with the simplified notation y(t).
ay(t) = hy(t)at + Hy(t){x(t) - x(t]t)}at + R(t)av(t). (4.3)
Furthermore, with the help of Eq.(3.25), it can easily be shown that the
state estimation.;(tlt) for the nonlinear system described by Eg.(4.2)

Z s . i G
dx = fat - Cydt + PH,(RR') L(ay - nat), (k)

where the version of dP/dt has the same form as given by Eg.(3.26b).
In the present case, the basic process is x(t]t) (togygp) with the sto-
chastic differential (4.L4); the cost rate function is given by (4.1l) and the



performance index by (2.5).

Combining the stochastic linearization technique with the line of attack
on the linear regulator problem, we shall suppose that u(t) = a[t, ;(tlt)].
It has been proved by solving the following Bellman's equation’ that the
optimal control ;o and V(t, £) exist

ming (L(,6,u) + Vy(£,6) + LV(t,6)} = 0, (.58)
with terminal condition
v(T, §) =0, (.5b)
where : x
V(t,6) = B{[{Lls,x(t]t), ¥°[s,x(s]s)])as|x(t]t) = €}, (4.6)
L = 5(Lls, x(s), °[s, x(s]s)]1|x(s|s) = £} (4.7)
and i; denotes the differential generator of the ;(t|t)-procesa given byll
L;(V) = ger (J(6)'VI(8)) + (a(t) - cle(t,8)}'Y, (4.8)
with .
I(+) = PH, *(RR") 'R (k.9)

because of (L4.4) and the fact that the differential dy—ﬂdt in Eq.(4.%) may
be replaced by the suitably scaled differential of a Brownian motion process.

In the case where the function L is given by (4.1), it follows from
(4.7) that

Lls,E,0(s,E)] = tr M(s)P(s|s) + E'M(s)E + $'N(s)y. (4.10)
We shall suppose that Bellman's equation (4.5)-has a solution
V(t,E) = E'M(t)E + 28'a(t) + B(t), (k.11)

where N(t), a(t) and B(t) will be determined as the solutions of matrix
differential equations which will be given later. Applying (4.8), (4.10)
and (4.11) to (4.5) and performing the minimization of Eq.(4.5), the optimal

control is -

W2(t,6) = (8(6) " Ye(e) m(e) e + N(t) " e(t) alt) » (k.12)
and N(t), a(t) satisfy

L) _ peeye(e)nie) Fele) mie) + M) = 0 . (4.13).

dg—it)- - 1()C(s)N(t) Xe(t) alt) + N(t)a(t) = 0 (4.24)

for to§y§$ with
i(?) = 0, a(®) = 0. (k.15)
Furthermore, B(t) in (L4.11) satisfies

%ﬂ +‘ tr [J(e)'m(£)](¢)] + tr [M(£)P(t]t)] + 2a(t)'a(t)
- alt)reIm(e) te(t) alt) = o (4.16)
for t <t<T with :
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B(T) =0 (4.17)
and this is necessary to compute (4.11), with N(t) and a(t). In Egs.(4.13)
and (4.14), both N(t) and a(t) are actually independent of the dynamic charac-
teristics of an observation mechanism, h(t,x) and R(t). Hence the optimal
control depends on the cost rate function matrices M and N and on the system
dynamics f(t,x). However, a serious diffculty arises in the version of nu-
merical computation on Egs.(4.12), (4:13), (k.1h), (4.15) and (k.16). In fact,
the computation of (L4.12) with Egs.(4.13) and {L4.15) has to start with the
pre-assigned initial values of the state estimation ';(to lto) and error
covariance P(t,|t,) and, furthermore, with N(t,) and a(t,) which are deter-
mined by the so-called trial and error method.

5. An illustrative example

- For the purpose of exploring the quantitative aspects, we shall consider
here the one-dimensional case. The dynamical system considered here is
schema.tic_:allj shown by block diagram in Fig.l. From Fig.l, the stochastic
differential equation of the dynamical system is given by

dx = f(-x)at + udt + gaw (5.1)
with §

£(x) = sinx, (5.2)
where Kl = K2 = K3 = 1, The observation process is g 3y

dy = xdt + rdv. (5.3)
Application of (3.4a) and (3.4b) to the present case gives

a(t) = -sinx exp(-0.5p) - (5.4)

b(t) = -cosx exp(-0.5p). (5.5)

From Egs.(k4.4) and (3.26b), the approximated filter dynamics and related
error covariance are determined by

dx = -sinx exp(-0.5p)dt - udt + pr—a(dy - ;:dt) (5.6)
and
: %% = _2cosx exp(-0.5p) + 52 - p2r-2. (5.7)
Letting n = 1 and m = 1, in (4.1), we have :
: vo(t, €) = n(t)E + a(t) (5.8)
" and
V(t, £) = n(t)E2 + 2a(t)E + B(t), (5.9)
whe/re
d_:fl_é_L . - (5.108a)
da(t) . r(t)a(t) - n(t)alt) © (5.100)

dat
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9%%31 =—02(t|t)n(t) - 2a(t)a(t) + a2(t) - p(t]t). (5.10¢c)
Equations (5.6) to (5.10) are simulated on a digital computer with the sub-
routine for the generation of random disturbance, y(t) and 6(t). Fig.2(a)
shows the running values of the state estimation x(tlt)(ln figures presented
here and below, the symbols x(tlt) and p(t|t) are simply denoted by x(t) and
p(t)), for the pre-assigned control interval [0,1.0](sec). The sample path

behavior of the true system is also shown as the run x(t). However, the x(t)- |

process is, in practice, in accessible and this is only for comparative obser-
vation. The dotted run in Fig.2(a) shows the sampie path behavior of the
quasi-linearized system. Comparison of the sample paths of the quasi-linear
system and filter dynamics with the that of true system, actully reveals that,
as time goes on, the pursuit behavior of the ;(t)-process to the inaccessible
x(t)-process becomes improved with the elevated accuracy of the stochastic
linearization. The optimal control signal run is also plotted on Fig.2(a).
Figure 2(b) shows the error covariance of filtering action p(t|t), and also
m(t), a(t) which may be adopted as a successful set of trial and error method.
Figure 3 shows the numerical results of digital simulation studies starting
with differently initial values from Fig.2.

6. Conclusion

The technique started with the stochastic linearization of the dynamical
system and with that of the observation dynamics. Based on the linearized
system dynamics, a class of finite dimensional approximations to the optimal
filter has been drived. The optimal control has been obtained for the linear-
ized system by means of solving Bellman's equation. In general, the optimal
control depends parametrically on both the conditional averaged behavior
%[t,x] = a(t) of nonlinear action and the choice of performance index factors
M, N. Through the analytical development and the numerical results, we may
conclude that the approximation procedure has desirable properties in realiz-

ing the feedback configuration of stochastic optimal control.
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Appendix: Comparative diseussions of approximations to nonlinear filters

As we can observe in this paper, the determination of a filter dynamics
is extremely important in solving the optimal control for dynamical systems
under noisy observations. .

Up to the present time, several trials have been made on the physibal :~
realization of optimal nonlinear filters in an approximate form of finite ‘
dimensional filters.? 1“A-3

the estimation criteria and in the approximation procedure applied. Although

The major differences in the derivation lie in

the most familiar technique is the }ntroduction of Taylor series expansion
on a nonlinear function, the basic notien of the approximation described here
is the expansion of the nonlinear function and the determination of the
coefficients by means of the minimal square srror criterion, including the
Gaussian assumption to the conditional probability density function. This
implies that the infinite dimensional filter is approximated by the two
dimensional filter consisting of the first and second moments.

To make comparative discussions more clear, two examples are shown.
[Example-1]. We shall consider once again the example in section 5. Letting
u=0, the approximated filter dynamics is determined by
3= = —sinz exp(-0.55)at *+ Pr -(dy - 2dt) (A.1)
and the related error covariance is given by Eq.(5.7) where the symbol should
be changed from ; to ;.

As another possible method of approximation, we shall consider the

method of Taylor expa.r:;sion.";—l We expand the nonlinear function into the



following form,
£,(z) ='2,(2) + 1, (l)(z)(z -z + 3¢
(1) (2)

o et aer) (a2

where fiJ = 3f, /azJ and fij = a f /3z 3zk, and where i,j,k = 1,2,
It follows from (A-2) that
Foe 1 (2), 3 :
£, = £, (z) + i,jk (z)PJk (A.3)
where §Jk expresses the (j,k) element of covariance matrix P. Bearing (A.3)
in mind, a somewhat tedious calculation shows the results,
af = (-sinz + %sinzfi)dt + Pr2(ay - zat) (A.4)
%% =-2Pcosz - §2r ria 52. (A.5)

A numerical version of comparative results of filter dynamics determined by
Egs.(A.1l) and (5.7) with those given by Eqs.(A.4) and (A.5) is shown by Figs.-
A-1 and A-2. : :
[Example 2]. Let us consider the two-dimensional x(t)-process with the

vector nonlinear stochastic differential,

dz, = z,dt, dz, = [-22 + f(-zl)]dt + gdw (A.6)
with z=z_, dz/dt = z, and with 3
T 2 zl
: f(zl) =2, -7 (a.7)
The observation process is
dy,-= z,dt + y,dv, dy, = z2,dt + v,d, . (A.8)
In this case, it is a simple exercise to obtain
ey e 2 R e (2
R A Ry L TP . (8.9)
and ;
b..=20,b . =1,% =-1+§z2+§p b #=0% " (A.10)
E T g AL e < 871 811’ "22

Owing to limited space, the approximated filter dynamics and error covariance

matrix are listed on Figs.A-3 and A-L.

References

(A-1) Schwartz, L.: Approximate continuous nonlinear minimal-variance

filtering; Huges Aerospace Tech. Reps., SSD604T2R, Dec. 1966
(A-2) Cox, H.: On the estimation of state variables and parameters for

noisy systems; IEEE Trans., AC-9, 1964
(A-3) Kushner, H.J.: Approximations to optimal nonlinear filters; 1967
JACC Preprints of papers, 1967




System noise Observation
GY(t) hoise
ﬂ ﬂ RO(t)
u(Optimal ) Dynamical system Observation
Lo DY y i VRN A 10
dx=f(t,x)dt-Cudt + Gdw dy=h(t,x)dt+Rdv :

Control Estimation -
computer computer
u=N'chR + N'Ca @ T
| dan/dt-neN'cn +M=0  faed] 5TdioCVRL L L
da/dt-NCN'Ca - Na=0 ' + PH2{RR'} 1(:1y- dt)
dB/dt+tr{INI}+ 24 | dprdt ',BP‘,';E;GPG-
+tr{MP}-a’CN'C'a=0 -PH2 {RR 2'

Fig.l. Over-all configuration of optimal control for the nonlinear dynamical

system under noisy observations

6€



207

1.0

Quasi-linear N

Dynamical system dx=-sin xdt-cudt+gdw
Observation dy=xdterdv
Filter dynamics

dR=-sin X exp(- 0.5p)dt ~cudt+pr Xdy- Xdt)

Quasi-linear system
dx=-sink exp(-0.5p)dt-cosxe xp(-0.5p)(x- x)dt

/l\\'q\. A —Cudtvgdw
T e x0)=15 y(0)=0 %(0)=0  p(0)=2.25
el AN g%=020 r2=010 c=1

\.f-'", \\

Solution process x

- =-1.0+

Fig.2.

M S

Estimation X
(a) Sample path behavior of the system, quasi-linearized system,

filter and optimal filter

14



25}

20

15+

Covariance

%te =-2pcosxexp(-05p)+g?-p?r2

p(0)=2.25 ¢%-0.20 r?=0.10

A /a(tl) ‘ ‘ ‘ ‘ | '
Of 02 03 04 05 06 07 08 .09 10 sec
Fig.2. (b) Error covariance P(t|t) and convergence of m(t) and a(t)

134



1.0 -

S~y
\)
‘~~

24
Quasi-linear .

Estimation %

Solution process x

Dynamical system dx=-sin x dt-cudt+gdw
Observation dy=xdt+rdv
Filter dynamics

dX=-sin% exp(-0.5p)dt-cudt« pri(dy-Xdt)

Quasi-linear system
dx=-sin§exp(—0.5p)dt—cos§exp(-O.5p)(x-’>2)dt
: - cudt+gdw
x(0)=15 y(0)=0 %(0)=1.0 p(0)=0.25
92=0.20 r2=0.10 c=1

FPig. 3.  {a)

(44




10

051

Te(t)

Covariance
aq-tB =-2pcos Rexp(-05p) + g*~p’r>
p(0)=0.25 ¢*=020 r%0.10




207
15
1.0}

05

~05

-1.0r

Schwartz 2 Dynamical system dz=-sinzdt+gdw

/ Sunahara 2 Observation dy=zdtsrdv
Filter dynamics
A i 2 e " -2 -,.
Salinn, process Sunahara df--smz:axp( O.5A§)dt ﬁr_:dy fdt)'
(noise free) Schwartz dz=(-sinz+05sinZ p)dt+pr-(dy-2dt)
' ‘ z(0)=15 y(0)=0 2(0)=0 p(0)=2.25
9%=0.20 r%010

Solution process

Fig.A-1 Sample path behavior of filter dynamics in one dimensional case




0.9

0.8

0.7

06

05

047

03

0.2

0.1

I

T

T

I

!

Schwartz

Sunahara

Covariance Equation
Sunahara EtE=-2:5cosi exp(—0.5:5)*gz-§2 F

Schwartz %té=-2 PcosZ+g?-p2r?

B(0)=2.25 g?=0.20 r?=010

Fig.A-2 Error covariance

-

i)
5 6 7 8 9 10 sec

14



Dynamical system dz, =z,dt

Observation dy,=z,dtsrdy,

Filter dynamics

dz,= ( -22-z1+%-z? )dt+gdw

d2=2,dt+p,Ady, 2,dt)+p,, Ay, -2,dt )

Sunahara

Schwartz d2,7(-2,-2,+2-27)dt+ 22 B dt+p,r2(dy, ~2,dt) +B,,fAdy,~2,dt)
20515 2(0)=1.0 y,(0)=0 y,(0)=0 Z,(0)=0 Z,(0)=0
2, ' r2=010 g2=0.20
10f

PTCENAS ) (ML R .

Sunahara

Schwartz

-10 [J 0

=10+

Solution process z

Fig.A-3 Sample trajectories of filter dynamics in two-dimensional case,

or




ol

20

1.0

Covariance equation

Sunahara B 8 i
320, Fhrtaire

"
dP12 -5 (14332, 3 5 Vo5 -5 BBr2-B B 2
3‘% B, (-1 325 P, )Py, R, RE R P

9.922:2[ 512(_1,122,3 "

2_52 2
dt

35 V5 Tea =2 2
8% 8p11) pzz] 9P Ry
r2=010 g2=0

B,(0)225 B,(0):150 B, (0)=1.00

0 e g

Fig.A-L (a)

Error covariance in optimal

—

I o |

o PR T

estimate by quasi-linearized filter

Ly



Covariance equation
p "
20} Schwartz g%n=2ﬁ,2-§,21 r'z-ﬁfzr'2
B 5 (1.352.5 -5 _ -2 -2
‘d%z =Py (=1453-2))*Pyy Py =Py P =Py Py
%%2[512('1*%‘212) ~Paal*@?~Pr M -Pppr
r’=0.10 g?=0.20
10 P;i(0)=2.25 B,,(0)=1.50 B,(0)=1.00
Py
Pe
Py
0 25 50 78

100 sec

(/b) Error covariance in optimal estimate by Schwartz's filter

&



49

VIIPABIEHAE CTOXACTHYBCKIMII MPOLECCAMU NPH PETYTUPYEMO
JUINTENBHOCTH UHTEPBAJIA KOHTPOJHA

A.A.Knementses, E.ll.Macnoe, A.M.[lerpoBckuit, A.H.fmug -
HCTWTYT ABTOMATUKM ¥ TeXeMeXaHWKH
Mocxsa
ccer

B coBpeMmenHoff Teopuu ONTUMANBHOIO ynpaBieHud CONBWOH
WHTEpEC BH3HBADT 3aJayi, B KOTODHX KDUTEpUi CTPOUTCHA C yue-
TOM TpPEX XapaKTepYCTHUK: mTpada 3a HECOOTBETCTBHE NelCTBUTENE-
HOTO K XeJaeMoro COCTOfHUA ynpaBAfEeMOro mpomecca, CTOWMOCTH
ynupaBJieHud @ CTOUMOCTY HAOADIEHUSA.

Taxoro pojae 3ajady¥ YacTO BCTpPevYaDTCA HA NpaKTHKE, Hanpu-
Mep, Op¥ yOpaBASHEM MPOLECCaMU MACCOBOTO NMPOU3BOACTBA.

lilenecoo6pasHOCTh CUETE3a ONTHMANBHOrO AJArOPUTMA KOHTPOAA
W yuopaBiaedusd OTMeyaeTCHd B HeJAOM pAje padoT I-4 Oxnako, nUub
B HEKOTOpDHX U3 HUX OPUBOZUTCA DEemeHue OTIENBHHX 3ajay, CBA-
3aHHHX C ynupaBleHueM mponeccoM Hadnpienuit. Tax, st pemaeTcs
3ajavya ynpaBieHUA MADKOBCKUM NPONECCOM C XBYMA COCTOAHUAMH,
HadapjaeMuHM Ha oHe myMa. OZHO U3 COCTOSHMEA TPAKTyeTCH Kak
"pasnalxa" mpouecca. llepex HacdapraTeneM CTOAT ABe 3aJauM:

1/ pemuTh, HyZHH AM B JaHEH] MOMEHT HaGADIEHUA Npomecca,

2/ onpelenuTh MOMEHT HACTYNNAEHUA "pasnaixku" ¥ OCTAHOBHTH
nponecc.

B craraes usnaraercd odoCmeHue TEOpWH ONTUMANBHOT'O yrpaB-
NTeHud Ha cayvall orpaHuueHui uEOOpDMaIMOHHOrO THNa. B padore
CUHTEe3UpyeTcH ympasidviee YCTpOACTBO, B 3a8Jayy KOTOPOr'0 BXO-
HUT ONTUMANBHOE pasCueHue 00AaCTU HAGADACHUH.

B nmamnoM JoxnaZe CTPOUTCA ONTUMANBHHA aArOpUTM KOHTDONS U
yupaBreHud JAUCKDETHHM CAyYallHHM MpPONEcCOoM, YYUTHBADOUA CTOU-
MOCTH HaOIDJEHUSA, ynpaBAeHUd ¥ OTKAOHEHUA Npolnecca OT 3ajaH-
HOTO pexuMa.
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PadoTa onupaeTcd Ha METOJOJOTUD LKyalbHOrO yUpaBREeHUS 2,

Huxe NpUBOAWTCA TMOCTAHOBKA 3aJauM W JaeTcd ee pemenue Ind
" ¢cayvad, KOrja OC ynpaBAAeMOM Mpolecce WMeercd HEMoAHad MHPOP-
Manud, a fnoMexd HAGADIEHUD OTCYTCTBYDT.

I. lloctanOBRa 3ajavdd

I. Hayvaercs IUCKpETHO-HenpepHBHAA CHCTEMAa. BCe BENUYMHH,
gurypupyomue B CUCTeMe, ONpeleNeHH JAUED B XUCKPETHHE MOMEHTH
BpeMesd n = 0,I1,2,... . 3HAUEHUE JADCOE M3 BEAWLUH B MPOU3-
BOJNBHH} MOMEHT BpeMenu £= n CHadxaeTcA WHAEKCOM » . Yucxo
TAKTOB yNpaBleHWA NpOLECCOM KOHe4Ho # pasHo WY .

2. Pemaercs CaltecoBckaf 3alavya, - anpUOpHHE MAOTHOCTH BCEX
CAyvyaiHHX BelIWUYWH CUUTADTCA U3BECTHHMU. [IOTPEmMHOCTH KOHTDCHA
¥ ynpaBieHUd MOjAaranTCd paBHHMU HYJAD. 2

3. CrarucTUYeCKUe CBOJicTBA ympaBAdeMOTO OJHOMEDHOI'O Mpomec
ca {Y“i CUNTANTCHA U3BECTHHMA C TOYHOCTBHD JO CAy4yaiHOTO BEKTO-
pa L napamerpos.

4, KOHTDOXP 3& yupaBAfdeMHM MpPONECCOM CBOJAUTCH K HAGADIEHUD
ero KoopiuHaTH Yn, n = Bl o

Ina npocTOTH Takxe NpeXNONOEMM, yro mpouecc {'Tw} Xoamenm
OTCIeXMBATH HEKOTOPHA NeTepMVHWpOBaHHHN 3alaumHil npomecc {6,% .

PU3UYECKY Mpouefypa KOHTDONAA ¥ yNpaBAEHUA MPOLECCOM {,z“}
BHTAAZUT CAELyD@UM 06pa3oM. K KOHIY NpousBOABHOrO (m-4) -ro
TaKkTa ynpapiadplee yCTPOKCTBO, o6hAaZas HEXKOTOpoi wHOQOopMamuei
0 XO0Je rnpouecca NpUHWMAET OZHO @3 JXBYX DemeHui:

I. He KOHTpOIupPOBAThL NPONECC B MOMEHT BpeMeHu t=h-L
CTPOVTH ONTWUMANBbHOE yHpaBJeHWe M0 npouxol uHbOpMamuu.

2. OCymecTBuTsH npoueLypy KOHTpOXA. B 3TOM ciyuae HalI0AA-
eTcd xoopluHaTa zn-t y & ONTUMANBHOE YNpaBJEHUE CTDOUTCHA C
YYeTOM 3TOr0 HAOGAWAEHUA 4 Opejugymes WHGOpPMAOUM.

BBeJeM ClyvaiiHyD BeXNYUHY:

I, ecnu mpuHUMaeTCd pemenue o xonrpone npouec-
X, = ca B MOMEHT BpeMeru ¢t=p-4L |,
O, B NMpOTUBHOM CIyyae,
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4 OpiuMeM CIeILybHy®D CHUCTeuy O00O03HaueHwuii:
‘Z,, - KOOpIVHaT& YNpaBAfeMoro mpouecca B MOMEHT BpeHMe-
oy t=n ,
U, - ynpaBlEeEuUe HA W =-OM TAKTE;
Jn - pesynbpTar HaGADIeHud B Hayajge W -TO TakTa /B uO-
MEHT BpeMmenu t=n-4i /.

Tagms 06pa30M, KaxIHM TakT XapakTepu3yeTCH UeTHPHMA napa—
Merpaiu. Tpu u3 HUX, - pemeHue X, O KOHTpoJe, HaGHbIeHve 3.
W ynpapienue w, , - OTHOCSTCA K Havaly TakTa, & YeTBEpPTHI
napamerp, - koopAuHara 7, mpomecca, - K KOHIY TakTa. Bynem
3aliCHBATh CO CTPENKOH HaBEpXy NOCAeNOBATeNBHOCTE BEAMUUi,
NOCTYyNUBUUX HA BXOJ CUCTEMH, HANpUMeD, z,,, (7; 7,, 7,\) .

PaccuoTpuM NOZpoGHee mpouecc HadabZeHu#. l3 JaabHelmero
CTaHeT fACHO, UYTO JAaHHAS 3ajava pemaeTcd MeTOXOM IVHAMUYECKOrO
nporpauMupoBaiufi. B COOTBETCTBUM C STUM METOJNOM 2’4»6, MUHUMY -
3auud QYHKOUOHAJS OCymecTBAAETCHA "MONATHHM" NBUEEHUEM OT MOC-
IeLHETD) TakTa K mepBoMy. [losToMy pemerune X, O KOHTpOXNE U
yupaBleHue W, HA n -0M TakTe, ONUPaACh HA WHPODMALUD O NpelH-
IyueM XoJe mpouecca, mo cyrn Jxena., 3aBUCET OT eme He BHOpaH—
HOl COBOKYNHOCTHU (Yn.l 5,_4 u,,L) . Jlyumee, 4TO MORHO B
TaKOM CIyyae HaliTu, - 9TO MOCTPOUTH HEKOTODYD 3aBUCUMOCTL X,
M &, OT STOH COBOKYyNHOCTU B oomeM BuZe. Tak Kakx mpu BHOOpE
BexTopa ( Xn, W.) 3apaHee HE UBBECTHO, CKONLKO Da3 B TeueHue
npe IHIymnx raxros nponecc {’l,,_} KOHTpOXUpOBaACA, TO XIf
MOCTPOEHUA B oOmeM BuUJe AATOPUTMA KOHTDOAA ¥ yNpaBleHuUds B JaH-
HONi padoTe mpexnaraercd HeKOTOopad QOpPMANM30BAHHAA CXeMa CUHTe-
3a nocnenoBaTeNbHOCTN HaOnDIerul. CyTh ee COCTOUT B CHAeXybmeM.

IlycTs NpUHATO pemeHWe MPOU3BECTY KOHTPOAb KOODAUHATH ?.\.‘J
T.e. X, = 1 . B aTOM cayyae pesyibTar HaéApAeHus Y. COBna-
JaeT ¢ KoopxvHATOM mporecca 7.,-“ gn= 7"’* . Pemenue
Xn,= O NpUBOJUT K OTCYTCTBUD KOHTPOXS KOODAMHATH 7.-4 . Ho
daxT HemocTymaeHns wHEOODMAmMM O Mpolecce {7.. y = C TOUKHK
3peHUA HAKOMJeHUA MHPOpMamuu O {2 § , - DKBUBAJEHTEH NoC-
IynJAEHWD “HQOPMALUM O HEKOTOPOM TMIOTETUYECKOM mpouecce,

HUKAK He CBAsamHOM ¢ t]w} . B uacTmocTW, B ZamHOW padore
OyzeM norararb, YTO 3TUM TUMOTETHYECKWM MDOLECCOM CAYXAT He-
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KoTOpafd cryvailEad MoclezoBaTeNbHOCTh { €.} , HE 3aBUCUMAS OT
{1a1 . Oycts Takxe {€.% cocrouT M3 HE3ABMCHMHX BeJWNH.
MosToMy GOpPMANBHO MOXHO 3aNMUCaTh

, 7 X, = I
gor { B0 e

J -

", npﬂ ‘Xn = 0' h_L‘:J-..)

Ui B BUAE OXHOTO BHDaAXEHUSHA
gn’ xn?,.-;_ 'f'(l'xn)gn., h:ilﬁ.‘...'”. ' /2/

K xoruy (n-i) -ro TakTa ympaBlidbmee ycrponcrso o6najnaeT
uHQopManuet B BULE MOCAEZOBATENBHOCTH pemeu_viﬁ 'Xn-ys ( %4,

Xy, ... Xn-1) » MOCHELOBATENBHOCTH yupaBieHulf Un-z= (U,... Un-y)
¥ TMocneloBATENFHOCTH HaGADIeHUl ne-y= (}r, 3‘-. = 3-—5) 3
rie mojx HaGOADIEHWEM Y. MOHUMAETCA (OPMANBHOE DaBEHCTBO

&=X‘7‘_5+(1-“n) Ee . Kpoue TOrO0, ynpaBisfbmeMy YCTpPOHCTBY
¥3BECTHA MOCNEeN0BaTENABHOCTD {3 1 suaveguit sranoaxoru LeTepMu-
HUDOBAHHOr'O mpomecca XJad ADGOTO wm .

Ha ocHoBe 9TO#f WHPOpDMAHUX yrnpapidpmee yCTPOXCTBO MpUHUMA-
€T peueHue
-» -
Xn= Xn (Xng) Yoy Unes Om) /3/
0 KOHTDPOJIE KOOpJAUHATH Zn—L . Ecnu ycTpO#iCTBO MpUHANO peume-
Hue %X, = 0, TO KOOpIMHATA ?..-1 He KOHTDONUPYETICH, fn= 7.._1,
Ecnv xe npusumaercd pemenue X, = I, TO ocymecTBAfeTcd mpo-
uefiypa KOHTDOAA, Yn= ?n_,. . B of6oux cryyafx jgaree HaXOIUT-
Cd OnTUMaIbHOE ynpamer-me

u,u(x yn HO) /4/

Ha crnezyomeM TaxTe BCe MOBTOPAETCH BHOBb.

KputepueM ONTUMaNbHOCTH B JQHHOW padoTe CIYXUT KpUTepui
MUHUMyM& TIOMHOrO pucka. O 00pasyeTcs CAELYDEUM O0Gpa3oM.

Ha xaxJoM TaxTe CymeCTBOBAHWA mpouecca {“I..} onpexrenfd-
DTCA TPU THUIA BO3MORHHX MOTEDh:

I. Tlorepu, cBA3aHHHE C OTKJIOHEHUEM KOODZYHATH 7” 0T 3a-
JaHHOr0 pexmMa b, .

2. llorepu, cBA3anHHE C ynpaBaerueM W, .

3. IloTepu, cBARaHHHE C xonrponeﬁ KOODINHATH ?,.-L .
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TloTepu Ha OTKIOHEHWE KOODIVHATH 7, 0T ©, onNpejrenfnTCA HEKOTO-
poit QyuxumMe# moreps, 3aBUCAmE# OT ?,, @, W, B o0meM CIy-
Yae, Takxe OT HOMEpa TAKTa W :

Cin=C(n, On, 'Z..)) n=14 ... 5. /5/
llorepu Ha ynpaBieHWe HA h -OM TAKTe ONpEXENANTCSH DhyHKIUMEH
noTeps

Q:.ns Q‘_(nl 'lln)) “",",'-','"‘, /6/

¥ C yueroM cayvaliHof BeNWUMHH X, TMOTEPH HA KOHTPOAb - DYHK=-
nue moreps

ca,\ = Xn C;C'n)‘ n=44 .., /7/

[ N |
Caexnysa repunxonorulz y yEenpno#l Gymrknueld morepr HA w -OM
TaKTe HA30BEM BHDaXeHU® BHJA

c“ o CL ("\, eu) 7") + c&(n) u“) 5 x“caC‘h)’ Vi i'a‘m‘ * /8/

/B npumnune, dysxmus C, MOXeT 3aBuCeTH OT OTXENLHHX NOTEDH
U He aJXUTUBHO/ .

Come¥ ¢yHERuue# moTephr Ha30BEM BHpaxeHue
x :
C, ==1[C(n0. 'z,,)«-c_‘(n,u,)w,,cacn)] /9/
= > ] )

OnTUMaNBHOR CuMTaETCA TAKad Npouelypa KOHTDONS ¥ ynpaBle-

Hud, JIS KOTODOJ MONHHE DUCK /MATEMATUYECKOS OEUIAHWE BEXd-
g Cg /

Ry=M{Csd=1{Ci(s,6, )eCldu)* %G ()T

v+ Mo (X By, Y DEICADEE FINCL) Si07

MUHUMAJIEH .,
TpedyeTcd MOCTPOUTH NOCIENOBATENBHOCTH MDABUA DEHEHUd

M= ([T, Yneg, Tt B T ([ R G0 Wy By TV

i, COOTBETCTBEHHO, MNap ynpaBiexui (“»,“n) y MUHUMHASUDYDIUX
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nonuuit puck R 5 - Ecnu 0003HAYWTH MUHUMANBHHE MONHHN DUCK
R; , TO JaHHaA 3ajaya CBOZUTCA K MOUCKY

Ry = min Ry /12/
"u e

2. BHBOX OCHOBHHX COOTHOmEHHH

3anumeM BHpaXeHWe IAA yIeNbHOro pucka R, , MOHMMAS 10X
3TUM DHCK H& n -OM TakKTe

Ro= [ LCON B+ e, Un) + % & (] P(Xn, Y Un)da /13/

QA Xn, Un, 7,)

3xecs u jganee (L(+) o3mayaeT 0GAACTh COBMECTHOTO W3MEHEHUA
BENWYNH, CTOANMX B CKOGKaX, adfl - ee GECKOHEYHO MANHA 3je-
MEHT. YCHIOBUMCA Takxe, uTo OymkmuE P(+) , UMeDmAe pasHHEe ap-
CyMEeHTH, NpeJCTaBAADT CO0OD, B OOmeM CAyuae, pasluYyHHE (PYyHK-.
U7, HECMOTpA HA TO, YTO OHM OGO3HAYEHH OXHOX u TOH e Oyx-
BOil. dynkuuu P(+) CyTh COBMECTHHE /YCNOBHHE AU 0€3yCHOB-
HHe/ MAOTHOCTY BEPOATHOCTH CAyYARHHX BENHYNE. NaoTHOCTH

e N —»
P(%n, Y, tn) = [(P(¥0, %, %, o Gr) 2 14/
a3, g’m 5(’,\.1‘3._,)

BOCMONB3YeMCH METOLUKON AyaIbHOTO YNpABAEHUAS 1 npeicTaBUM
MHOTOMEPHYD MIOTHOCTH P( 5‘.., En,I, I», 3..) B BUJIE NpousBelenus
pAla ONHOMEDHHX MJIOTHOCTEW. B pesynbrare BHpaxeHue NI8 yIelb-
HOro pucka R, TpuUMeT CAeIyDmARX BuX:

f[&(n 'z 9..)4-0.1(1! w,)+ X, 8 (n)]-P(R)- p(? II ".. n-.n).
-Q-(A Yn, Xn u 7 )
“:{P(a IA x; gs‘i Q;—i) n[ (‘x "X‘_.‘ Sog g "‘9’").
r;"‘(“;l?l; 3; u;." Gm)]d.a.) »n-L,a,...,N. /15/
[lomanil puck bl
=§. ey /16/

n={
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-
3ajaua BHOOpa 2X -MEPHOI'0O BEKTOpa (i:,‘ Uy ), MUHUMABUDYDIE-

ro monmsil puck Rg pewmaercs METOZXOM AMHAMUUECKOTO MDPOTPAMMUDO-
BaHug. '

Buauane ompejensercs nocaeiuas mapa ( X, Uw) . B BHpaxe-
muit /16/ o1 ( %w, Uy ) B32BUCHT THUD nocnexnee craraemce R, .
CneroBaTenbHO, ONTUMANbHAS Tapa ('X,, uy ) ONPeREARETCH U3
ycnosus uuHmayma R, . Hycn 2 (Ie-1) —mepmﬁ BEKTOp (x,,,L u,,,‘)
3alaH. Hpvr n=J¢

Ry= | ﬂ(r"f‘ { {[cl(x, o, Buc) + €2 (2%, M)+ Kac €5 (300 ]
“(Yx—x "wd 3#—1) .mq,A Xor, o, Y )
* P(%)- P13, % , o, G- ﬂp(j |7, %, Yoms, Ters)

(NS M)da /17/

- D w » » -b. -»
;x 2 f"(x l‘x.,_‘ 5.— .,-1 9 ) Pu r. (utl'x.' %‘ “G‘J en)
Ha ranJOM TaxTe vnpaanamec yCeTpOlicTBO MDUHIMAET OXHO
Byx pemenuft: X, = C unu %, = I . [lOBTOMy Npu m=X pe-
uee r'panmro
‘x('x,,\'x,,., -4, ‘“:ﬂ 9«) ((M’Ll Xoe-1, %M—i “N—L 9-‘)8(%(‘1)"
“+ x(xxSOI MN—L j*‘ “ﬂ't 9“)8(—“"’03
/18/
rie K('xx‘ i \’X»-.t, 'jx-z,“n-t, 9m), (%4 - BEpOATHOCTH
ﬂ*"HHIL COOTBETCTBYDUWE DELEHUS OpU HAIIuuM uHOOpUALINH
ux,,, 3_.,.( «_,...1 9,‘) B { %= -) =IeNbTa~-PyHE Y.
ioxcrannss paBeHc'rBo /18/ B /17/ u uuTerpupyd no Xy
Ha.XO LM
Saw mr:’ 1) [t B, o T, B [ 00 B, )
a2 7:: 2, "é.n Uy )

ﬂP('g [, %,

¢sL

n("‘»—s “.»-L g.w—;)
+ Cz(.n 11;()+®3(_-N)] <P(R): P(‘l,;[a ‘éx "‘:«-x Yyad ) *
3"‘ o) 1 (‘\lxl'x,M yeat, Yo, Mooy B )dat
*‘X‘('X,,-o[%,,.i !(1,., Uy B) . (D400 By o)+ CalS6, uy))- P(R)-
‘“‘(7# A Z{x, Uy

;P('Zﬂl'i,gn, ;.»-4 % =0, “'x) ”PL} ]% X 3~-A Ty ) yy

o T (M| ‘ei,,,‘) Ky =0, g,«, s, Bm)oln 3
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PaccuoTpun moipodeee Qopuyny /I9/. U3 /2/ caexyer, 4TO
HpH- % ad ¢ 3""?”“ . IlloaToMy

P(YN, K, gx) ;;N-J, Xn=d, HN) o p(‘z.rl l_ﬁ, ?"’h ‘Zx—L,-'x.N-LJ“"“L, aﬂ) /20/

P(y" [K) g"“& ;""J ’Xx-i,qx—i) =P( 7"""“: ;H, Y2, g"’*: K""“) /21/

Ianee, npu X, =0 3 l}_«s&, . B cumy He3aBUCUMOCTHU OpoIecC-

coB { '} ud€al:
- » - -» -» -»
PUT (R, o, Bty %20, 80) = Pt |5, Yoo, Brr, Fovet, F=0, U)o
= P('l.v(l?\, g,@.h ;xd) ’X,}-»D, E".) /22/
P (Yu| ﬁm, Tt Foc 20, Upet) = P (&) 723/

rie P(E&v) - anpuopHas MIOTHOCTH BEPOATHOCTH CAyvaliHOW Bexwuum-
uH Ex

BHlle OTMEYaloCh, YTO B TOM CiIyuae, KOTJa NPUHMMAETCH peueHue
He KOHTPOJMPOBATH KOODIMHATY "Zn-o. , ynpaBlesue %, onpeje-
ndeTcd npounoil uHQopMamuei. 3TO O3HAYAET, YTO pemavmee nNpasBu-
10

> - » = > >
r; (U \o‘x—l, ¥w=0, }Jl, u-n—.t) Bu)= r}"l ("‘l “H)'x:l’oz 5::‘-4,&::, ;x-l,-é’my
= > -» = -
= [ (e | Yoy, %20, et Yoeey Oon) /24/

TaxiM 06pa30M, BO BTODOM cilaraeMmoM gopuym /I9/ or &e=Yx
3aBucur auwp naoTHocTh P(&) . IoXcraBum BHpaxeHnus /20/:/24/
B /19/, npounTrerpupyeM no &, ¥ BBeXeM QYHKIUU

= §LCL 0, B, ) + Ca (%, )& (11 P(D)- P( |5, Ty,
- T, A)
7"-*‘ ;x.N‘L) ’xx",aN)O P( 7:(—1 , -A.I &.,—i’ “X’L, g‘"_" -J_N‘—j )‘ /25/

de-d = - -
- [ P(‘jc | A, %e, s, %;-y)da

¢34



57

B = &[C;(J‘(,Qx,‘z::)-*ca(lv,"d)]'P(’T)'p(‘?xlf,g,“‘ s, oD

2015, 7)

-4 P e d - ;26/

ﬂ P( %;l al 'x"> 3':’.{. 'ui".l.)d-n' 4
vei : ’

C ydeToM 9TUX 0003HaueHull BHpaXeHue IJAA pUCKA R v npuodpe-
TaeT crenybmuii Bux:

N-i

p, . | [JRERD B g hldo . i

- -
‘n'( Ke-s % g.n—s L 6.»-4)

4:,() -

rue
& = o =5
§J, = Qu (_&'N-L' Ex—h%n—gﬁn)’ K (xy=d "x"‘i, EN’% ‘2""4,3"‘) £

.Jotx-f}(“(u,,‘ﬁ- B Nonl Ua -3>d_{),+
n.(.\z:r-&,“x) l-'f.t) i el '3"*: 7“"’ 5

-» - - -» - <
+Y (=0 o, o T G (e Tty oy T, =0, o Bl
- D Ux) ;
Ontunuzenud Ry OTHOCUTENBHO (%w, Uy) CBOZMTCA K OnTUMUBA~
min 2, . HauseM ¢ BHOOpa ONTUMANBHHX yHpaBAeHUHE MUwx .
Hanmoxuy cielyniee OrpaHuuyeHue. BylZeM WUCKATh ylUpasifpbmee
YCTPOKCTBO B KJACCEe CUCTEM, OONaNabmUX OTHOCUTEABHO Yw ,
n=t 2 .. N , peryndapHoif crparerueil. 0003HauuM uepes
uZ* - onTHMANBHOE ynpaBieHWE, OTBEUADNEE PEUEHWD %, = O ,
a uyepes UL .~ onruManbHOe yNpaBlieHUe, OTBEvaDEEee DEHeHUD
X, =1, wst,2.., N | Torga mpg n=N

I",,“('u,; l QT,.". '?,,..1’ Xy=4, -\ZR—-L' 7”—1.' em)s%('un— u;‘), } - 129/
"‘x‘l Ul,,( \JX‘LJT{N‘I-,/”NSO; -g)f-‘\,‘é’m) ‘%(ux_ u:’*

llocne noxcranosku /29/ B /28/ u uurerpuposanusd mo Uy B
dopuyne zna 4 or onrTumansHoro ympasremus UL* oxasupaer-
ca sasucAnel Qyurnus oL, , a OT ONTUMAJNBHOTO yNpaBReHus U
- QyHENUS Py ; CIeXOBATENBHO, ONTUMANBHHM yUpaBleHUeM Ul
crymnT 3HaueHue Wy , IocraBaspmee MmunuMyM oL, , & ONTUMANB-
HHM yUpaBAeHWEM WUS* - 3HAUGHME U, , MUHWMUBUDYDEEe Pa -
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[lycTs

oy = im oy ; @: = min Bx /30/
ul e n(uy) Ay 6 O W)
rae L(uy) - 06IACTh LOMYyCTUMHX yUpaBIeHM# Ha N -0M TakTe.
Noacrasass /30/ B /28/, HaxoauM

§;= m‘.n@ = K('xn’il&’x—x 9.:4—4 ‘Tx-z EM)‘jd: da + /31/
e » (o)
*(("‘"”hx—s ?Jm Alyey 9".)'[3,(
[IycTs ynpasisnpiuee yCcTpo#cTBO OCJIazaeT OTHOCHTEIBHO pemeauﬂ
s n TaKEe peryiapHO# cTpaTeruei: us (x..-Ll ‘X..—; 3», u,..‘
Bm)=1 C BEpOATHOCTHD EAMHALA CIEAYET E(xn’olxmi Yres, u...; Bm) = o
A HaoOopoT.
Torza onTUMHU3ALMAA §,¢ OTHOCHTENIBHO %» CBOAMTCA K CpaB-
HeHNR QyHRUAR de da H# [5: M BHOODY MeHbmei#l u3 HHX. [IpH
A7)
(o da>py /32/
-Q-(”l.w-i)
OpUHUMAETCA pemeHRue %X, = 0, a NpA

* *
Sd"‘*“‘(}"‘ * /33/
n’(‘l.n—t)
pemeHue X, = I . [IpM paBeHCTBE BTUX (QyHKUMA BHOOP pemEHUS
%y T[pOM3BBOJNEH. B pe3yabTaTe ABONAHON MMUHMME3ALHU oCpasy-
eTcA GyHRUMA

£1 i Fo ol pl, da] fout
%re, Unt -0-(110-&) ,
lepexonuM k onpeieleHdw npeamnocaeineft naps (Xpe-g se-s) .
[lpexZe BCEro OTMETMM, YTO [0 QHAJOLWM C {opuynamu /25/,/26/,
/28/ GyHrumu on (3,, » 3, MOTYyT OWTH MOCTPOEHH AAs JNGOTO
TaKTa, w=4,2,. . Jlna 3TOro ZOCTAaTOYHO B COOTBETCT-
BYWUUX MECTAX 3aueums mEgexc X Ha n ., [IycTs 2(X-2) -
-MGDHHNl BEKTOp (Y,,_a) 75,,.,‘) BEOpaH. B jopuyne /I6/ oT Bex-
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20pa ( Xn-i Un-1) 3aBUCAT CyMMa Sy = Ry + RY , TEe

B e Ay JTa CyMMa paBHa

w, Uy
Sx—s-a& ﬂ(f”r’_) 3 1'(’)(‘,,._,‘13,,..,' ﬁrzem)dﬂ* gﬂ(f"".
2 (X 1, S Mea, }m) A("‘N—L “*«—4 3:«-1.)

« {7 1() §**(;'XN—L ux—i 3‘"_& gm)d—“- =
- S mr* B AR L u,,,,, gy., bm)da /35/
AT, W, Jowes)
rae C yueToM ycnonun /20/-/24/ w oGosnaueruit /25/, /26/./28/
mpe h= N-41 :

Fx—xg e ("x'm-s. ;'.N-n. gu-:. B )"b’('x ’qq"'& 3“"& -g»-z,;»-)'
'{ S\-°L.N-1 + § *C 'xn-s. 'x.w—y-i 8“—3. ?x—& 1‘t.-N-L gm).l

-“-k"ln—a. Upe-1)

»_1 (u“\.;\ z”“i %pey= i, 3)«-’ 1,—1 uﬂ 9,"\ iﬂ-}
*K("x:.‘ol"‘«-a. “w-a }N‘-a. M) { Loy * Sé**<'x~‘4 Xo-y=0,
N Mer) .Q.(Ex,*) P
-» -> >
3!‘&'8,"-1., u)’-i) gm)dn]' ('!l_,,.s l ‘x’f‘ﬁ '!,,_,_-L gx—z _n-’. Qn)}d-n-

B BupaxeH#M /36/ 0T BEKTOD& (Xps Usw-i) 3aBUCHAT JMLD
dynxuns Fy_; . [I03TOMy ZOCTaTOYHO PaCCMOTPETH “JMLD €€ MUHH-
MU3alglp OTHCCHTEJNBHO ('x,,.t, Ny-1) . BBezZeM dyHKUMM

> - 5 -
)?."_s = O(N—L * §:*( ’x.N-Q,' ’xN-_L= L/ 3"1,' 7."4. 14,,.41 Dm ) /37/

LP)PA s Pu—t" \§‘" (‘Xu %3120, gN“l 9.,'.1. u»—i Bm)d.a /38/
A Eyy)
3 ¢opuyn /26/-/37/ BUIZHO, YTO ONTHMANBHOE yNpaBIEHZE

Wi¥  EUXOZMTCA W3 YCHOBMA MHELMyMA ¥,., OTHOCHTENBHO
U,., +a ONTUMANBHOE yUpaBICENE MUY, - U3 yCIAOBHS
MUHEMYMa P, , OTHOCMTSHBHO Uw.; . IIyCTB

E. - ™on Kaey 0 QR i Py, /39/
Yot € D (Hm) Ui en(t,,)
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Torza
Fx:t 3 uMi"\ Farg = K( Koy 24 | Xt z"”‘t 3”. ;'“)h‘g 2;1 oo
i a “l”_")
-~ - o - *
+ [ Ctesn0] B, Torn, G, Bo ) Pos -

*
OnTuMU3anusa F.Nn—g OTHOCHTENBHO X, CBOAUTCA K CpPaBHEHUD
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SYNTHESIS OF CONTINUOUS-TIME STOCHASTIC
CONTROL SYSTEMS

I.G. Cumming

Department of Electrical Engineering

1. Introduction

University of Toronto

Toronto, Canada

This paper discusses the design and synthesis of a controller for

a physical random system, and in doing so, discusses one of the problems

of applying modern continuous-time stochastic control theory to practice.

The steps in the design of a controller for a physical system are

outlined in Fig. 1:

a
Physical
System

b

e

Diffusion
Model

c
Controller
Designed with
Stochastic
Theory

—3

d Controller
Built in the
Physical
Environment of
the System

Fig. 1 Steps in the Design of a Controller

A physical system or process is defined to be a continuous-time

random process described by ordinary differential equat}ons whose

right hand sides contain noise components with a high but finite upper

frequency.

many random processes found in practice.

As such, it is physically realizable, and is typical of

A given physical system which is to be controlled is shown

symbolically in Fig. la, and Fig. 1d represents the final objective, the

system with its controller attached.

To design the controller which

optimizes some system performance criterion, continuous-time stochastic

control t:heoryl-4

is used in Fig. lc.

However, as the development of

the theory requires that the processes involved be Markov processes,

the theory cannot be directly applied to the physical system of Fig. la,

but must be applied to a Markov process which is closely related to the

physical system.
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As the physical system is a continuous-time process with high
bandwidth noise, a closely related Markov process is a continuous-time

process with white noise. Such a process is called a diffusiongprocesss,

and is described by a stochastic differential equation of the Ito® or
Stratonovich6 type. If the diffusion process models the physical system

in the sense that their relevant statistical properties are approximately
the same, then the stochastic control theory can be applied to the physical
system by way of the diffusion model, as shown in Fig. lb. A similar
problem occurs when the stochastic controller, designed in Fig. lc for

a white noise system, must be built in Fig. 1ld for a coloured noise system.

With this motivation, the purpose of this paper is to discuss the
relation between physical processes and diffusion processes, and to
illustrate how this relation affects the synthesis of a stochastic control
system. The relation between physical and diffusion processes was first
discussed by Stratonovich7 on a physically rigorous level, and later by
Khasminskiis. An approach which is similar to that of Stratonovich, but
which is more convenient in the present context, has been given by
Cummingg. This approach is outlined briefly in Section 2 below. Some
other results which are relevant to the problem have been reported by

Wong and Zakailo and Clarkll.

Having discussed the relation between physical and diffusion processes,
it i§ used in Section 3 to form a diffusion model of a given physical
system, allowing the use of stochastic control theory to design an
optimal controller for the physical system. In Section 4, the relation is
also used to translate the controller designed by Stbchastic theory (which
is still a diffusion process) into a physically realizable controller which
can be built onto the given system. Finally, the performance of a controller
so designed is shown to be superior to one designed by not taking the theory

of Section 2 into account.

2. The Relation Between Diffusion Processes and Physical Processes.

This section will state the conditions under which a diffusion process
and a physical process are approximately statistically equivalent, and the
resulting relation between them. The criterion of statistical equivalence
will be that the first order probability density functions of the two
processes will be approximately equal over almost all of the time range of
interest. This criterion is sufficient for stochastic control problems

where performance criteria such as mean or integral squared error are of interest
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Form of Physical Process: Many of the continuous-time stochastic systems
found in practice can be described by ordinary differential equations
(o.d.e.) in the state vector form

X(t) = g(X,t) + 6(X,t)y(t), (2:1)
where X(t) is the n-dimensional "state" of the system, g(X,t) and G(X,t)
are the known system dynamics, and y(t) is a high-bandwidth, zero mean,

m-dimensional noise vector specified by the matrix correlation function
T
Ely(t)y (t-0)1 = R(t,T), (2.2)

where E[.] is the ensemble expectation operator and (.)T denotes transpose.
The initial conditions of (2.1) are not given as they are not important to’

the discussion below.

The form (2.1) is restrictive in the sense that the noise y(t) must
be factorable from the system dynamics in the manner shown. For example,
a r.h.s. term such as X(t) sin (y(t)) is not allowed in the present form
unless a new noise y'(t) = sin(y(t)) can be defined and specified by a
correlation function as in (2.2). Stratonovich7 uses a form of system
equation without this restriction, but fhe present form can be more
conveniently compared with the diffusion process (2.3) and allows for

non-stationary noise processes.

Form of Diffusion Process: A continuous Markov or diffusion process is

described by the Ito stochastic differential equation (s.d.e.)s.
dx(t) = f£(x,t) dt + F(x,t) dw(t) - (2.3)

where x(t) is the n-dimensional state of the process, f(x,t) and F(x,t)
are the dynamics of the process, d. is a stochastic increment in the Ito
sense, and w(t) is an m-dimensional Wiener process with the incremental

property
E[dw(t) dw(t) ] = 2D(t)dt (2.4)

The Stratonovich form6 of the s.d.e. (2.3) is given as equation (1") in

Cumming12

Incremental Properties: The statistical properties of the diffusion

process (2.3) are specified by two incremental properties
Exféx(t)l = f(x,t)6t + o(st), (2.5)

and Ex[dx(t)dx(t)T] = 2FDFY (x,t)6t +o(st), 2.6)
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where S+ is a forward difference operator over a time increment dt,
o(+) denotes of order higher than (.), and Ex[.] is the ensemble condit-

ional expectation operator, given x(t).

The existence of the parameters (2.5,6) is a basic property of .
continuous Markov processes as these parameters specify the form of the
Fokker-Planck equation of the diffusion process x(t). In contrast,
analogous incremental properties for the non-Markov physical process (2.1)
do not exactly specify the statistical properties of X(t), but if the
bandwidth of the physical noise y(t) is high enough, the incremental
properties of X(t) do specify the statistics of X(t) to a sufficiently
high accuracy. In this case, the physical process X(t) is said to be
near-Markov, and the statistical equivalence of X(t) and x(t) is ensured

by equating the incremental properties (2.5,6) of the processes.

The justification of this statistical equivalence is discussed by
Stratonovich7 and Cummingg. It is necessary to make the following

assumptions about the physical process X(t).
Al: A positive parametert, ., the correlation time of the physical

noise y(t), exists and is the smallest number for which Rij(t,r) is
effectively zero for lTI)Tcor’ all i, j and time t within the range

of interest. More precisely, Top Must be big enough so that

Tcor ®
J R(t,t)dT & / R(t,t)dT. (2:7)

-T
cor -

The parameter N is related to the upper frequency L of the noise y(t)

by

-1
e ywy 5 (2.8)
A2: A parameter gel’ the relaxation time of the physical process X(t),
exists and :
Trel > 10 LA (2:9)

Stratonovich7 defines Tal in terms of g, G, and D, but his definition is
difficult to apply for all but the simplest systems. It is simpler to

define

-1
ol = TE (2.10)

where W is the upper frequency of the system X(t), defined analogously

to wy. The assumption then becomes
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oy > Iwa {2.11)

which ensures that the system X(t) is near-Markov. Tae noise y(t) then

affects the system in a similar way to white noise.

A3: The functions g, G, Gt and Gx are of finite variation within the

time range of interest. The subscripts t and X denote partial derivatives.

A4: The integral

Aft): = ¥ Rft,z) dx (2.12)
o
exists and the non-stationarity of y(t) is sufficiently slow that A(t)
changes a negligible amount over time intervals as small as T o Then
ACt) + AT(t) 2 S R(t,1) dr. (2:13)

A(t) is called the characteristic matrix of the physical noise y(t), and

contains all the statistical information of y(t) needed to estimate the

statistical properties of X(t) under the present assumptions.

A5: A time increment 6t is chosen over which the incremental properties of

X(t) are evaluated, and
“ (2.14)

With these assumptions, approximate expressions can be derivedg for

the incremental statistics of X(t),

n
Ex[SXi(t)] & fo. ; - ng Akl) §t, i =1, n, (2.15)

and E_[&X& ()] 2 G(A + A6 s, (2.16)

where the summations have an implied lower limit of one, and the functions
are evaluated at X and t.

The expressions are necessarily only approximate, as the future
statistics of a non-Markovian process are not completely known when X(t)
is given. However, the assumptions Al-5 ensure that these expressions have

a useful accuracy.

Statistical Equivalence: If the expressions (2.15, 16) match those of the

diffusion process (2.5, 6) the physical process X(t) and the diffusion
process x(t) are statistically equ.valent in the following sense. The

first o;der probability density functions of X(t) and x(t) are approximately
equal over the time range of interest, with the possible exception of

times within T of arbitrary initial conditions of the systems. This

cor
latter exception has a negligible affect on the applications to follow.
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Matching the incremental properties of x(t) and X(t), the systems

are statistically equivalent if
1. 2p(t) = A(e) + AT(e). (2.17)

This ensures that the physical noise y(t) and the white noise w(t) have

equal low frequency spectral density.

2. B(x;1) =G5 E) (2.18)

n m aGik
and 3. fi(x,t) = gi(X,t) + ? kE2 BXj Gjl(x’t)Akl(t)’ i=1,n. (2.19)

The term involving the summation on the r.h.s. of (2.19) is the interesting
term in the relation between physical processes and diffusion processes,
and will be called the bias term. This bias term accounts for the effect
of the short-term correlation between the noise y(t) and state X(t) in the
term Gy(t) of the physical system, which the term Fdw(t) of the Ito

equation does not reflect on its own accord.

Comments on the Assumptions: The factor of 10 used in A2 is chosen as a safe

figure, for in several examples tested, no noticeable improvement in
statistical equivalence occurred when the noise bandwidth exceeded ten times
that of the system. It is not clear how fast the accuracy deteriorates as
the noise bandwidth is reduced towards the bandwidth of the system, and
unless explicit error estimates can be obtained, each example will have to
be treated as a special case. If the noise y(t) and the system output X(t)
are available, the relation (2.9) can be tested experimentally by measuring
the maximum correlation times of the two signals. Also, the characteristic
matrix A of (2.12) can be estimated experimentally by averaging the product

of the noise and its integral, as
A(t) = Ely(t) Y ()], (2.20)

t
where Y(t) = J y(s) ds. : {2°2%1)

.

3. Design of a Stochastic Control System

In this section, a typical design exercise as outlined in the
Introduction will be detailed. As an example, the optimal controller for
a linear system with random coefficients will be designed, for this is
one of the more interesting problems for which an optimal control solution

is currently known. For simplicity, a first order system is considered.
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Control Problem: Given the physical system of Fig. 2 described by the o.d.e.
X(t) = [a + y, (£) X(t) + y,(1), 81,5

and the ability to control X(t) through the addition of the control term
b u(t) on the r.h.s. of (3.1), find the stationary control u(t) which

minimizes the expected rate of increase of the cost function
J(t) = f ru’(s) + qX (s)1 ds, (3.2)

when y(t) is a 2- d1mens1onal statlonary physical noise possessing a
sufficiently high upper frequency that the assumptions of Section 2 are

satisfied, and the characteristic matrix A is known.

In order to use stochastic control theory to design the controller,
we must first approximate the given system (3.1) by a diffusion process
which is amenable to theoretical analysis. As the performance criterion
depends on the probability density of X(t), the method of Section 2 can be
used to obtain a relevant diffusion model for (3.1).

Diffusion Model: As the assumptions of Section 2 are satisfied, and the
bias term of (2.19) is AllX(t) + A12’ a diffusion model for the physical
process (3.1) is given by the Ito s.d.e.

dx(t) = [(a + All) x(t) + A12]dt + x(t)dwl(t) + dwz(tl,(3a%2_
where w(t) is a two-dimensional Wiener process with the incremental property
E[dw(t)dw (t)] = 2 D dt = (A + AD)dt. (3.4)

Optimal Control Design: The optimal control of the Markov process (3.3)

is found by the method of dynamic programming3’4, where the incremental
properties (2.5,6) of (3.3) describe the behaviour of the process. Note

that the physical noise parameter A, enters into the control calculation,

12
which is interesting as this information is not contained in the matrix D

which characterizes the white noise w(t).

Under mild restrictionsl, an optimal stationary controller exists,

and is given by

u(t) = - bk - bk, x@®), (3.5)

s k, = b™2a + A, + D + ((a+ A + D)%+ b%Q)%, (3.6)

- . (zA12 +4D))) k, | .
A bk, - a - A ' : :
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Non-optimal Control Designs: If the physical process (3.1) is not modelled

properly, non-optimal control designs can result. Authors who consider
theoretical control problems generally do not discuss the relation between
physical processes and diffusion processes, but only discuss the control
of a diffusion process described by Ito or Stratonovich s.d.e.'s. On
reading their papers, one could easily fall into the trap of interpreting
their equations as being directly applicable to physical processes. This
is equivalent to interpreting the o.d.e. (3.1) of the physical system
directly as an s.d.e., on replacing y(t) by white noise W(t) of equal low

frequency spectral density, 2D. Two types of error can result.

Non-Optimal Design 1: This design can occur if (3.1) is interpreted as

a Stratonovich s.d.e. This is equivalent to specifying the physical
noise y(t) only by its low frequency spectral denmsity, 2D, instead of
by the more detailed information of the characteristic matrix A, and the.
non-optimal model and control design are obtained by replacing A by D
in equations (3.3-7).

Note that as A + AT = 2D, no error is made in this design if A is
a symmetric matrix. However, many noise vectors found in practice do not
have a symmetric characteristic matrix, as, for example, when one component
of y(t) lags another. Also, no error is made if the bias term of (2.19)

is zero.

Non-Optimal Design 2: This design can occur if (3.1) is interpreted as an

Ito s.d.e. This is equivalent to ignoring the bias term of (2.19) and the
non-optimal model and control design are obtained by setting A to zero in

equations (3.3-7).

Note that the error in this design is zero only when the bias term of
(2.19) is zero, but this term is non-zero whenever the noise magnitude
depends on the state X(t). The error that can be made.in this design
is usually more serious than that of 6;sign 1, but the use of Design 2

was largely eliminated when the work of Stratonovich became known.

4. Construction of the Stochastic Controller

The system, with the stationary controller attached, is now given as

a diffusion process described by the Ito s.d.e. (adding b times (3.5) to

the r.h.s. of (3:3))
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dx(t) = [(a + A,, - bzkz)x(t) . P b2k1] dt + x(e)dwy (8) + dw (t) (4.1)

11
using the appropriate design values of k1 and kz. The construction p}oblem
is to build a physical system which is the statistical equivalent of (4.1)
within the environment containing the physical noise y(t).

The statistically equivalent physical system is obtained from the
theory of Section 2. In fact,:as the noise and its coefficients are the
same as when the diffusion model (3.3};was chosen for the system (3.1), the
the bias term of (2.19) is the same, Allx(t) + A12‘ This term, however,
is now subtracted from (4.1) to obtain the statistically equivalent
physical system given by the-o.d.e.

i(t) = (a + yl(t) - bzkz)X(t) -k b2k1 + yz(t) (4.2)

Comparing (4.2) with the original system equation (3.1) indicates
that the controller is to be built by supplying the feedback terms
-bszX(t) o bzkl.

The construction problem is particularly simple in this case,
as the addition of the controller introduces no mew noise terms and the
s.d.e. to o.d.e. bias term is the same as in the modelling step. This
is not always the case, as, for example, in the synthesis of the non-linear

13

filter proposed by Wonham The construction of this filter is discussed

by Cummingg.

Another interesting problem is the synthesis of a controller when
the control loop gain b has a noisy component. In this case, the bias
term of (2.19) used to obtain the model (3.3) now depends on the feedback
coefficient kz, as yet undetermined. However, to determine k2 the bias
term must be known, and so the two must be obtained simultaneously. Present
indications are that an iterative Solution is possible for the stationary

control case14.

Controller Performance: The effectiveness of the controller is measured

by the expected value of the rate of increase C of the cost (3.2),
C = Eful(t) + qx°(t)]. (4.3)

As the control u(t) is a function of X(t) and the design coefficients
k1 and k2, the cost rate C can be conveniently expressed in terms of the
first two moments of X(t), m

1
2, -2 2
C=%b k1 +b klk

and m,,

2.9 '
Mt ® k2 + q)mz. (4.4)
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The moments of X(t) are approximately the same as those of x(t) and
the latter can be found from their differential equationslz. They have

the stationary values

2
A, - %%k

n = _;2__1__ , (4.5)
b k2 -a - All

2
(Ayg + 2D); - % b7kJmy + D,y

and m (4.6)

bk, - 8 - Ay = Byy
provided the denominator in each case is positive. If the denominator of
(4.6) is non-positive, the system is unstable in the mean square sense

and the controller is generally unaccepta.ble--k2 must be sufficiently large
to prevent this. Note that the parameter noise yl(t) has a destabilizing

influence on the system.

In order to compare the non-optimal control designs with the optimal
one, it is convenient to evaluate the added cost rate c* which is the
difference of C, (4.4), between the non-optimal and the optimal designs,

+
uilig Cnon-opt = Copt. 4.7)

With the equations (3.6,7), and (4.4-7), it is easy to test the
sensitivity of the added cost rate c* to any of the parameters involved.

This sensitivity is discussed below for an arbitrary choice of parameters.

Non-optimal Design 1: The feedback coefficients for this design are
obtained by setting A to D in equations(3.6,7), and differ from the optimal

coefficients in k, only, as All = Dll' The added cost rate is

1
bk
+ 2 2 2
e Al

Note that C' is non-negative for all values of the parameters of the system,
noise, controller and cost function, showing that this.control design is
indeed non-optimal. The added cost rate is zero only when A12 = D12, the

assumed design value, and varies with A12 in a parabolic fashion.

Figures 3 and 4 show typical sensitivity curves which can be obtained
from the equations above. The nominal system parameter values are
a=-1,b=.5, A11 and D11 = .5, D12 =
is the true value of A12’ and is allowed to vary between zero and ZD12
(although A12 can extend beyond these limits, they are realistic limits

for a given D

.4 and q = 1. The common abcissae

12). Each graph gives the optimal and the non-optimal values

of the cost rate, C, the system mean m, and the system mean square, m,.
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The graphs show that when the true value of.AL? differs from D,,, the
system with the non-optimal controller can have markedly differing
statistics from the optimal one. A convenient performance measure is the
percentage with which the non-optimal cost rate exceeds the optimal
100 C+/C. This percentage has maximum values ai each end of the abcissae

range, being 11.8% when A, = 0 and 3.5% when A12 = 2D12.

The nominal system given kad modérate values of this percentage. The
percentage was sensitive to most of the system parameter values, and in
particular, it increased when the system parameféi'a, or the noise parameters
D, increased.

Non-optimal Design 2: This design will not be discussed in detail, except

to state that the percentage increase in cost rate is much higher for
this non-optimal design than Design 1 (for the nominal system parameter
values used above, the percentage is 110.6%). The main difference of this

design from Design 1, is that the feedback gain k, is lower, and is often

2
not high-enough to stabilize a system whose coefficient noise yl(t) has a

significant destabilizing influence.

The performance figures were obtained from the theoretical equations
above. The design method of this paper and the performance figures were
confirmed through a digital simulation of the system. 2

5. Conclusions.

This paper has been concerned with the applicatibn of some of the
modern stochastic control theory te physical problems. A difficulty
arises because systems considered in theory and those met in practice
are of different types, and the type of differential equation used to
describe each type of system is different.

In particular, all continuous random processes in practice have
noise components with a finite spectrum, and as such are described by
ordinary differential equations, while for mathematical tractability,
continuous random processes studied in theory usually have white noise
components, and as such are described by stochastic differential
equations. However, most of the authors who develop stochastic control
theory use stochastic differential equations to describe their systems
without discussing how their equations relate to practical systems. In
failing to do so, these authors allow their readers to misinterpret the

application of the theory.
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To this end, the main purpose of this paper is to outline the
relation between ordinary and stochastic differential equations. This
is done in Section 2 by taking a general state vector form of ordinary
differential equation describing a physical random process, and showing
how, and under which conditions, a white noise process can be chosen
which is essentially statistically equivalent to the physical process.
The differences between the two processes arise from the manner in
which the correlation between the noise and the state affect the system's
statistics in each case, and a bias term is used to correct for this
difference.

Having developed this relation, stochastic control theory can be
applied to physical problems by a) making a white noise model of the
original physical process, and b) constructing a physical system from
the one designed theoretically. To illustrate this, the synthesis of an
optimal controller for a linear system with a noisy coefficient is
discussed. In particular, the paper shows how inferior control designs
can result if the controls are designed without regard to the relation

between the theoretical and practital processes.
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CHARACTERISTICS OF STOCHASTIC
PURSUIT-EVASION GAMES

R. D. Behn and Y. C. Ho
Harvard University
ABSTRACT

Several characteristics of stochastic pursuit-evasion games are con-
sidered. The outcome of the game as a function of the information set is
investigated with respect, in particular, to the role of the stochastic
strategies as a bridge between open—ioop and closed-loop strategies. The
stochastic game is also shown to shed ‘further light on the asymmetric
character of the roles of the pursuer and evader. Further, it is pointed
out that if the two players have different information sets a nonzero-sum
game must be solved.

I. Introduction

This paper is the result of insights gained by the authors in solving
a particular class of stochastic pursuit-evasion gamesl. Some of the
characteristics of the game are sufficiently interesting and generally"
appealing as to be applicable to a broader class of games. For any pursuit-
evasion game, there are two dynamic systems representing the pursuer and
the evader. Each plafér receives certain information (possibly incomplete)
concerning the state of the game. One player's information set can be
denoted abstract;y as }3 e.g.?ﬁmay be the mean and convariance of the nor-
mally distributed initial state x(to) and the measurement history on some
component of the state vector, x(t). The interplay between the quality of
the information (set13’¢ %‘) received by two players and both their opti-
mal strategies and the optimized outcome is of interest.

As an example, consider the following simple velocity-limited pur-
suit-evasion game in two dimensions shown in Fig. 1, where the criterion
consists exclusively of a terminal miss distance term.  The velocities of
the players, vp and v,» can be controlled in magnitude and direction
arbitrarily, subject only to the constraints

Pl <% | pekes W
The players' initial locations, Po and Eo’ are 2.5 units apart.
The dotted circlef, CP and Ce’ in Fig. la circumscribe the domains of
reachability for the two players when the game is of 2.0 time units durationm.

The work reprinted here is supported in part by Joint Service Electronics
Contract NOOO1l4-67-A-0298-0006 and NASA grant NGR-22-007-068 administered

through Harvard University

*Submitted to 1969 IFAC Congress.
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It is clear from inspection that under optimal play the finallpositions of
the pursuer and evader are Pf and Ef respectively, and that the optimal
terminal separation is_2 units. To accomplish this the pursuer's optimal

strategy, UO(%P), can be either U?(?P): "apply maximum velocity in the cur-
rent direction of the line of sight” or UZ(ag): "apply maximum velocity in
the direction of the initial line of signt.”. With obvious specifications for
the information setsai and 3% the first is a feedback or closed-loop strategy
wille the second is an open-loop one. With only a 180° change in the direction

of the velocity vector, two corresponding strategies, V: and V;, can be defined.

, It is interesting to note that J(Ui, v‘l’) = J(u‘z’, v:) = J@°, v‘z’) =
J(UZ, VZ) and that any strategy pair constitutes a saddle point
I, v < 3w, v°) < J(,v°) (2)
where U and V are allowed to range over the class of all strategies which
are measurable and integrable functions of q; From this and the well Rnown
fact that closed-loop and open-loop controls are equivalent in one sided
° and Ug (and V°

1 1
equivalent. However, the game of 3. times units duration in Figure 1b

problems, one might be tempted to infer that U and Vg) are

presents an immediate counter example for this conjecture.

Here the pursuer's feedback strategy, UZ, still satisfies the left hand
inequality of the saddle-point condition (2) when opposed by bothvg and E
e
in the positive X direction--without continually checking to determine

but his open-loop strategy, Ug, does not. If the pursuer merely heads

what course the evader is following--the evader can sneak around behind
’

£
game is long enough, it is important that the pursuer receive information

him ending up at E_ and 2. units rather than 1. unit away. Thus if the
as to the evader's location during the play of the game; otherwise he
cannot implement the feedback strategy.

The evader, however, does not open himself to such problems by operating
open-loop. In other words his Vg still satisfies the r. h. inequality of
(2). He can merely determine the pursuer's initial location and run madly
in the other direction. There exists no sneaky strategy that the pursuer
can employ, against the evader's open-loop one, to get closer than 1.
unit.

Now, if we visualize the case where the pursuer is making continuous
but noisy measurements on the current line of sight with the noise being
zero mean and finite variance Q. The information setghthus received
occupies an in-between position from 3W(Q=0) to 3£0=W). Thus, we see that
the stochastic game forms a bridge between the open-loop and feedback

solutions of the deterministic game.



In the sections below, these phenomena and others are discussed
quantitatively for a class of stochastic differential games.

II. The Game
The game considered here is the stochastic extension of the deter-

ministic game first solved by Ho-Bryson-Baron in 19652. The dynamic

system is
y- G, (t)u - G (e)v, YEE) =3 3
and the criterion N :
1 2
¢= 53 lyepll? + 3 L dlullg - livlI3 ae @

It is well known that more general linear-quadratic games, either do not
add anything conceptually new or can be reduced to the above form
without loss of generalityz. Hence, for notational simplicity the game of
Eqs. (1) and (2) shall be treated here.
For the stochastic game, we shall assume in addition that:

(i) Initially, both players have a common assessment ofvthe state y(to)'
as a normal random variable with mean y(to) and covariance Po.
(ii) The pursuer and evader are making respectively the measurements on
the state

L pr + e (5)

s Hey +‘he (6)
where wp and w, are independent white gaussian random processes with zero
means and spectrums Qp and Qe'A Thus 3,(:) = {zp(r), t, ST L ?(to), Po}
andje(t) = {2 (™ t <<t y(t), Pl

For the deterministic game mentioned above, the solution (i.e.’

the pair of optimal strategies U° and V°) is obtained from the saddle-
point condition (2) for the critethn191n (4). For the stochastic game,
the payoff or outcome is still determined by (4). However, because of
the stochastic nature of the problem neither player knows the outcome
before or during the game, even though he may know the gtrategies employed.
Consequently, both players must use an“expected value operator to evaluate
the criterion, and these two evaluations will be different, for the two
players have different information sets over which to take the expectation.

Thus at any time t, the pursuer's criterion (i.e. his evaluation of the

outcome of the game) is

Jp(t, U, V) = E[ G, V)|47(e)] (€)
while the evader's criterion or outcome evaluation is
Je(t, U, V) = E[ (U, V)|4%(0)] (8

where U, V are measureable and integrable functions of the information

set %?(t) and %‘(t) respectively.
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The pursuer would like to select a strategy which would minimize
his evaluation of the expected payoff which is Jp. Conversely, the
evader must maximize his evaluation of the expected payoff, Je. Con-
sequently, the solution must be obtained by solving a nonzero-sum game;
strategies are sought which satisfy the equiliﬁrium condition consisting
of the pair of inequalities, :

o] o o
3 (e, U7, V) £ 3 (¢, U, V

) : (9a)
3, U°_, V%) < 3, (&, U, ), : (9b)
where the class of strategy pairs is restricted as above.

This does not mean that the game itself is not zero-sum; the pay-
off (4) certainly is. It is the fact that the two players have different
information sets, and thus evaluate the outcome differently, that results
in this characteristic. The same would be true of a zero-sum matrix game
in which the two players had different thoughts concerning the payoff
values in the matrix.

However, before the game begins, both players have the same evalua-
tion of the outcome, since 3,'(:0) = ’*‘(to)

7= By () a0
y(to) means the expectation taken with respect to the possible
wvalues of‘y(to), Thus the players seek saddle-point strategies with .

where E

respect to this J. An immediate question is whether the strategies obtainéd
for (10) and the saddle-point condition (2) also provide a solution to
the nonzero-sum game equilibrium condition (9ab) which holds during play.
Fortunately, the answer is in the affirmative and can be easily

established via contradiction. Suppose from time t onwards based on a
given i?(t)’ a strategy Ul exists such that Jp(t, Ul, V°) < Jp(t, Uo, Vo).
Then we can immediately construct another strategy
Ul forv> t and 3.’(1) as given

e = (11)

w°

and write for (10)

BB éEy(c‘,).3’(:’):E{"’p(t)¥sy<to),3"&)”p] %)
which implies the contradiction

J(2, vo) < J@u°, v°) (13)

unless V1 is valid only on a set of measure zero. This means any solution

otherwise

based on (10) automatically satisfies (9) except on a set of measure zero.
For the deterministic game, i.e. i%t) = ’(t) = yit) the optimal

strategies were found to be feedback ones based on the state vgctorz.
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U u(e) = c (B)y(e) : (14)

ve:

v(t) = C_(£)y(t) (15)
For the particular stochastic game considered by the authors, one player
retains perfect knowledge (Qp(t) = 0) while the other makes only noisy
measurements, i.e. %P(t) = y(t) + If the evader is the player with the
noisy information set, the optimal strategies are of the form

0% u(®) = ¢ ()y(e) +D_(B)5(e) (16)

v w(e) = C (B)§(e) an
where §(t) is the evader's optimal estimate of the state y(t) and ;(t) is
the error of this estimate.

$(B) = y(©) - $(O) (18)
Under certain conditions, the pursuer can calculate this errorl’s. If the
information sets of the two players are exchanged, the strategy forms are
also, though as discussed in Section IV below the values of the feedback gains
are not interchangeable.
III. Estimation Problem in Stochastic Games.

For the stochastic game, discussed in section II the-exact values of

the feedback gains are

. TR

Cp(t) = —Rp ’(t)Gp(t)K (tgst), 19)

c (6) = ()6l (K (e, 0), _ (20)
g,

D (6) = KOG EON(R) . ; @21

K_l(tf,t) is given by

-1 I =1
K (tf,t) potl k= g3 Mp(tf,t) - Me(t:f,t)]

(22)
where N
: -1
M (t_,t) =[G R (¥)G_(7)d~ (23)
St ) = [76 IR ()G, (7)

and a similar definition applies for Me(tf,t). Equation (22) is the
solution to the differential equation
d

;=1 -1 -1 T -1 T -1
d—t-l\ (cf,c) = K (tf,t) [Gp(t)Rp (t)GP(t) - Ge(t:)Re (t}ce(t)] K (tf,t),

KM (eg,t,) = a2L.. (24)
I'(t) is obtained by solving a two-point boundary-value problem since
the differential equation for I' is coupled to the one for P(t), the covariance
matrix of ;(t).

. -1.T -1.T -1 T -1 -1, _-1T
I =TG + R GK +PHQ H|+[K GR G +

d PRP Gpl r‘[Gp PP % ] [ PP P

T -1 -1 -1 -1

H'Q HP]JT +K GRGK ™, T(t) =0 (25)

: =1.T =1 =1 =L T T =1
P=-GR G (K 4 P+ P (I'+K GR G -PH HP5: PLE =P (26)
SR G (K4 (P#) G ROTG, - PHQ_THP, P(t)) = P,

P(t) is used by the evader in his Kalman-Bucy filter3 which from z(t)
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produces his optimal estimate of y(t)

-1.T e S
=-[G Rp Gp'GeRe G ]x g+ PHT Q [z—a9], y(to) A @n

This solution was previously obtained and published by the authorsl. Note
that the Kalman-Bucy filter (26) and (27) is more complicated than usual
requiring the solution of a T.P.B.V.P. (25) and (26). In the deterministic
game it is only necessary to solve a differential equation with terminal
conditions, (24). When determining the measurement correction-gain in the
Kalman-Bucy filter, P(t)HT(t)Qe(t), for ordinary, estimation problems, P(t)
is calculated from a differential equation with only initial conditions3.
Then why is it necessary to now solve a two-point boundary-value problem--
certainly a computational headache--to determine these gains?

The answer to this question s a result of the fact that neither player
can select his own strategy without giving thought to what strategy would
be optimal for his opponent to employ. The pursuer selects his strategy
v° by using the (9b), but in doing so he must check the validity of (9a).

If one inequality is not satisfied, the other inequality is meaningless.

The pursuer's sttategy consists of selecting two feedback gains to
apply to the vectors y and y. In determining these gains, the pursuer can-
not ignoreAy——and thus y are determined.*

His opponent's strategy involves selecting an optimal estimate, ¥, and
the feedback gain to be used in conjunction with that estimate. The evader,

N
therefore, cannot ignore how his opponent is using v.

Now note that the equation for P(t) cannot be derived from the equation
for y(t) alone. The usual form of the Kalman-Bucy filter is
§=F% +Gv+ PHTQ_I(z - H$), ?(:0) <9 (28)
where
P = FP + PF* - PHIQ ‘WP, P(t) =P (29)
This is not the relationship between (27) and (26). Comparing (27) to
(28), pR lcgk pA corresponds to F, —G‘ to G, and R 1GTK 1y to v. However,

using these correspondences, (26) does not compare directly with (29). This
n
is because the estimation error, y, enters the system equation for which

(27) is the estimation equation, the form of the system equation is really

v = Fy + Gv + By, yiE )y wy (30)
Consequently the differential equation for v is

* "

v = (F + B)v + PHY 0 (Hy + w), y(t ) = v, (31)

*It should be noted that of vy, ¥ and y only two can be selected independent]v.
See (18). The pursuer could use any pair of these three in his strategy:
y and §, y and ¥, or § and v.
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and thus the one for P(t) is
P = (F+B)P + P(F +BY) - PHQ lHP, P(c) = P_. (32)

When B (which is Gpr) is optimized the result is dependent on P,
and when P is optimized the result is dependent on B; thusit is only
natural that the differential equations for the two, (25) and (26), are
effectively coupled. That a two-point boundary-value problem is involved
results from the fact that the known value of P(t) is the initial ome,
P(to), while the fixed value of I'(t) is the terminal one, zero.*

Another counter-intuitive question concerning the results that might
be raised in this: Suppose the pursuer knowing the filter employed by the
evader decides to use different C_ and D_ feedback matrices on (16). Then
clearly the "estimate" §(t) by the evader as calculated by (27) will not
be optimal and can possibly be meaningless. Doesn't the pursuer stand to
gain more this way? The reason that this possibility need not be of con-
cern is due to the fact that the saddle point condition (2) has been satis-
fied. for this gamel. In féﬁt by virtue of (2), we know the pursuer cannot
gain anything and only stands to lose by the above suggestion.

In considering how the information set effects the performance of the
games and the strategies of the two players, the chart in Figure 2 is
helpful.# The stochastic game defined by (3), (10) and (6) with optimal
strategies (16) and (17) is appropriate for the top row of the chart. If
the pursuer is making the noisy measurements, the left column is appropriate.

I. B. Rhodes has considered the game where either or both of the players
make no measurements4. The authors are aware that several colleagues
including Rhodes have worked and are working on the problem where both players
make noisy measurements and partial solutions have been obtained. The major
difficulty with stochastic differential games where both sides receive
"l Each side is faced with

"

imperfect information is the problem of "closure
the vicious cycle of second guessing the action of the other side. One
must continuously build estimators to ggtimate the errors of the estimators
of ........ leading to an infinite state controller. In fact indication
so far seems to say that this is the inevitable price one has to pay to
solve this problem.

The solution to the stochastic game is also applicable to the deter-
ministic game where both players have perfect information. This can be

seen by taking the limiting process as Q,(t) approaches zero. P(t)

—————— Z

*The terminal value of I'(t) is zero since this term does not enter explicitly
into the criterion.

#To the authors' knowledge, this chart was first used by I. B. Rhodes
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approaches zero and thus ;(t) does likewise; ¥(t) approaches the correct
value, y(t). Thus the stochastic strategies, (16) and (17), approach the
deterministic ones, (14) and (15) respectively.

The limiting process as Qe(t) appreaches infinity produces the game and
solution for the upper-right box in Figure 2. This means ‘that the evader's
estimate at time t is based entirely on the initial estimate, since no inflight
information is obtained. Thus for Qe equal to infinity, the evader is
employing a strictly open-loop strategy, while for Qe equal to zero his opti-
mal strategy was closed-loop. In a sense then, the stochastic strategy
represents a bridge between open-loop and closed-loop strategies.
IV. Performance as a Function of the Information Set

The optimized value of the criterion in terms of the game parameters is

3° = TG KN e, 0¥ (e) + 2 DR(E)
+3 Lo 0 L (RERE T (e)de) (33)

where Y(t) is.the covariance of y(t). The first term corresponds to the
criterion for the deterministic game; it is a function of the initial
separation but involves no stochastic parameters. Thus the second two terms
can be called the relative criterion; they indicate the effect of the
information parameters, Qe(t) and Po’ on the outcome.

For a particular (constant parameter) scalar game, the-relative
criterion is plotted in Figure 3. The quality Qe(t)/l’o is the indepen- .
dent variable, this ratio being the only relevant quantity defining the effect
of the information. The relative J is always negative indicating a reduc-
tion in the evader's measurement capabilities--he being the maximizing
player--and the pursuer's ability to capitalize on his opponent's errors.
Note that as Qe(t)/l’° approaches zero the relative criterion approaches zero
and thus the total criterion approaches the deterministic value.

As Qe(t)P° approaches infinity, the relative criterion asympototically
approaches a finite value. For large values of Qe(t)/Po, the evader's esti-
mate is dependent more on his initial estimate than on his measurements, for
the former is far more accurate. However, at such large values of Qe(t)/Po,
further increases of this quantity do not permit the pursuer to take greater
advantage of the evader's errors. Once the evader is effectively operating
;pen-loop, the pursuer cannot further reduce the value of the criterion.

V. The Asymmetry of the Roles of Pursuer and Evader

The differing abilities to use open-loop strategies, as discussed in
Section I above, is the most obvious asymmetry characteristic in the roles
of the pursuer and evader. This phencmena has also been considered for the

deterministic pursuit-evasion game presented in Section II. Specifically,
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it has been shown that the evader's open-lRop strategy is non-optimal
when [—2 + M (e ,tﬂ fails to exist; this is obviously never true.
The pursuer's open-ldop strategy is non-optimal when[—z - M (t¢,tﬂ
fails to be finite--a distinct possibility. These tesults were obtained
from tI conjugate point condition for the opposing strategiess.

For the stochastic game where the pursuer is the player making the
noisy measurements, the forms of the optimal strategies are the symmetric

images of those given in (16) and (17)

0% u(e) = € (DF(®) (34)
v w(e) = C ()y(e) + D_(0)5(E) (35)
Cp(t) and Ce(t) are exactly as given in (19) and (20), while De(t) is
given by
-1 T
De(c) - = (t)Ge(§)FP(t) (36)

This is again symmetric with the form for Dp(t) given in (21).
However, the equations which determine F?(t) and Pp(t)* for this

problen
U -1.T -1
f =-rcrlcr +I‘(PHQ i _gr GK)
P e e e ee e e e
+ (1T tup K]‘GR]‘GT—K (e R c)x ,T.(t) =0, (37
e - p B
13=GR1GT(K AT B+ B (K +r)<;1<1cT
[ e e
1
—PH : P (t) = (38)
Q. P P(o) po
have asymmetric properties when compared with (25) and (26). The roles
-1.T -1.T

of GpRp Gp and G R G are completely reversed and some--but not all-- of
the signs are reversed.

Consequentlf, the characteristics of the families of curves produced
by (25) and (26) are quite different from those of (37) and (38). This
can be seen by comparing, Figures 4 and 5 which display curves of T (t)
and FP(t). :

Specifically note that I'(t) is negative semi-definite in (25); the
driving term, +K-1g R 1GTK l, is destabilizing--when integrating backwards
in time from tf——and is balanced by the quadratic stabilizing term,

r'c Rplcgn. However, Fp(t) in (37) is positive semi-definite and both the
quadratic and the driving term are destabilizing.

Now as Q (t) and Q (t) approach infinity, take this limit in (25) and

(37). T(t) approaches [—z-+ M (tf,t)] -K (tf,t) while .p(t) approaches

*The subscripts p have been employed here to denote that these are the
equations appropriate for the game where the pursuer makes noisv
measurements.
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[%2 - MF(tE,Q]-l—K-l(tf.t). Obviously in this case T'(t) cannot become
infinite if K—lremains finite, while Fp(t) certainly can. Note that here

I'(t) approaches an expfession, one term of which gives the open-loop

conjugate point condition for the evader in the deterministic game;

Fp(t) approaches the corresponding expression for the pursuer. This

means if a deterministic open-loop conjugate point exists for the pursuer

then the solution for the corresponding T.P.B.V.P. for the stochastic
case will be numerically difficult. This fact is clearly illustrated

in Figure 5. This discussion again indicates the role of the strategies

for the stochastic game as a bridge between closed-loop and open-loop

strategies.

A graphic description of this phenomenon on the time axis is perhaps

worth the proverbial thousand words. In Figure 6 it can be seen exactly

where valid solutions can be found. Here it is assumed that the relative

controllability condition

Mp(tf.t) > He(tf,t) (39)

is satisfied, so that K-l(tf,t) is always finite.
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INEQUALITIES FOR THE PERFORMANCE
OF SUBOPTIMAL UNCERTAIN SYSTEMS

by
H. S. Witsenhausen
Bell Telephone Laboratories, Incorporated
Murray Hill, New Jersey
U. 8.2 AL
INTRODUCTION

In a control problem with uncertainty the index of
performance (cost)K(a,B) depends both on the design o chosen
for the controller in a set A and a;so on the values B taken
by the uncertain quantities in a set B.

Frequently the purpose of the designer is to mini-
mize a number J(a) assignéd to design o by taking the
supremum over B in B.or the expectation under a probability
measure on B, of K(a,B). These are just two of the most
important ways, among an infinity of possibilities, of
formalizing the decision process by defining on the set A a
"supercriterion" J to be minimized. In géneral A could even
be a sét of randomized designs, that is a convex set of
probability measures on an underlying set of deterministic
designs.

The determination of the infimum J¥ of J over A
and of optimal designs yielding J* is difficult outside a
few special cases.

A relatively easier task is to minimize over A the
fu§ction K(a,Bo) where Bo is_a guitable assumed value for
the uncertain quantities. If this minimum is attained for
a, then J, = J(a ) cannot be smaller than J* and will be

large in general. Nevertheless, engineering intuition
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suggests that, under reasonable assumptions, a, cannot be
an extremely bad design. Inequalities are needed to shed
light on the validity of this belief.

We consider problems in which

K(a,B) = [If(a) - &(B)II (1)

where ||+|| is a norm on a real linear space L into which the

functions f,g map the sets A and B. In terms of u = f(a),

a = g(B) one redefines

K(u,q) = flu-ql (2)

where u 1s to be selected in a set U = f(A) and q is subject
to the probability measure p induced by g(B) in the space L,
or else is only known to belong to the set Q = g(B).

This most elementary model applies to open loop.
control of perturbed linear systems with norm type criteria
and of distinct nonlinear systems only coupled through the
criteria as per (1). As an example consider the dynamic

system

x(t) = A(t)x(t) + B(t)a(t) + C(t)B(t)

x(0) given

nere B is a random process of known statistics and a is to be
2lected in the set of measurable time functions with values
n a constraint set (0. The objective is to minimize the

“pectation of the cost functional P

,’ 1 ‘ : /2
K = | { <x'(t)H(t)x(t) + a'(t)M(t)a(t))dt + x' (1)Qx(1)
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The space L 1s the space of pairs (x,a) where x is continuous
and o measurable with ‘Y a’ (t)M(t)a(t)dt < w. In this space K
defines either a norm oroa pseudo-norm. (In the latter case K
defines a norm on a quotient space.) By the principle of
superposition this criterion has the form (1) with f and g
linear-plus-constant operators. . (For the minimax problem it
is assumed that B belongs to a given set S of integrable
function and the supremum over this set replaces the
expectation.)

If the data concerning B is invariant under sign
change there is symmetry about .the typical function B = 0. If
in addition Q) is convex then theorem 5 below will apply.

THE STOCHASTIC CASE

Let 2 be a o-algebra of subsets of the real normed
space L, such that the linear operations and the norm are-
measurable. The uncertain point g is subject to a probability

measure L on 2, with

E(flall} < « (3)
Then

J(x) = E{llx-all} (%)

defines J as a real valued function on L, Lipschitz continuous

with the constant 1.

)

J* = inf{J(u)|u € U} (5)

Define

The natural choice for q, is the expectation of g, which we
assume exists in the weak Dunford-Pettis sense, that is, for

any continuous linear functional p on L
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EKp,} = <qu°> (6)

where {p,q> denotes the value at q of linear functional p.

Then because of the representation
Ixll = sup{<p,x>|p e L*,|lpll < 1} (7)
(6) implies that for all x in L
lix-a ll < 3(x) (8)

Now suppose that an element u, of U has been found such that

for all u in U
lag-q ll < lhu=q ]I (9)

and let J, = J(uy) 2 J*. Bounds of the form J < kJ* are
sought where k is as small as possible under the basic assump-
tions above and various combinations of additional aséumptions.
Three additional assumptions will be considered:

Assumption C: The set U is convex.

Assumption S: 9 is a center of symmetry for the measure u,

that is G € 2 implies

w(%)

w(2q,-G) (10)
from which

J(x) J(2qo-x), (11)

Assumption P: The norm satisfies the parallelogram law

lx+yll® + lx-yl® = 2llxI® + 2[lyll® (12)

which implies that L is a prehilbert space with the inner

product.
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2
xey = Lyl : llx-y 11 (13)

Theorem 1: Under the basic assumptions alone or augmented by
C or augmented by P (but not by both) the smallest number k
such that Jo < kJ* is three.

Proof: By the triangle inequality, for u e U, q ¢ L

lhag=all < lhag-a ll + la-q il + lla-gl

< 2llu-qll + flu-afl vy (9)
<23(u) + llu-al by (8)
taking the expectation over g
3, < 23(u) + 3() = 39(a)
and the 1nf1mum over u in U

I, < 33%

Hence the bound holds. To see that it is the best with
assumption C let L be R2 witﬁ the &l norm. Let

U= ({(xs3)ly - x = 1}, let q = (~1,0) with probability 1 - ¢
and q = (% - 1,0) with propability e. Let q_ = (0,0),

u, = (0,1). Then J* =1 and J_ = 3 - 2 while C holds. With
assumption P let L = Rl, q = -1 with probability 1 - € and

% - 1 with probability e. Let U = {-1,+1}, q, = 0, u_ = +1,

o
then J* = 1 and J_ = 3 - Le which completes the proof.

Note that if P and C both hold then (9) -implies

(u-u,)- (g,-u,) £ 0 (14)
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Theorem 2: With assumptions P and C the smallest number k
such that J < kJ* is two.

frool: "Pgr u e U,

la-glI? = ll(a=uy) + (u -a,)I
= lha=u [ + lhy =g lI® + 2(u-u)- (u,-q,)
> ll-u [ by (14)
Hence
lla-u Il < lla-q ll < J(u) oy (8)
Thus

la=u Il < lla=ull + fha=u i < lla-ull + J(u)
Taking expectation over g
P ¥ 27 (u)
and infimum over u

*
g <27

This bound is sharp: take L = U = Rl, q = -1 with probability

l -¢and q = % - 1 with probability g, G oW 0. Then

J¥ =1, J_ =2 - 2eg and the theorem is provéd.

o
The symmetry assumption S is naturally a powerful
one as the following theorems show.

Theorem 3: With assumption S or with S and C the smallest
number k such that J, < kJ* 1is two.

Proof: Define F (q) = [lu-qf| + Hu-2qo+qH. Then for q in L,

uinU
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2lla-agll = li(u=a) - (u-2q,+a)li < Fy(a)
2llu-q Il = li(u-a) + (u-2q+a)ll < F (q)
Hence
F,(a) 2 2 max(llu-qgll, lla-q ll) - (15)

On the other hand

Fuo(q) = H(uo-qé) + (agm)ll + ll(ug-a,) - (a,-a)ll

IN

2llug-a Il + 2lla -all

IN

4 max(”uo-qoﬂ,“qo'qu)
‘and, using (9) and (15)
(@) < 2Ry(a) o

Now

3, = Ellu,-al)

E(llu -2a +all}, by §-
1
5 E{Fuo(Q)}

E(F (1)} by (16)

IN

2E{Jlu-qll} by S

2J (u)

Taking the infimum over u in U yields Jo < 2J*. Now let

L = B° with 4, norm. Let U = ((x,¥)|x 4 ¥

(1,0) with probability 1/2, Q= (0,0), u,

]

1), a =.(=1;0)- or

(051). Then

Jo =2, J¥ = 1 while assumptions S and C are satisfied.
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Theorem 4: Under assumptions S and P the smallest number k

such that J_ < kJ* is /2.

Proof':
F§O<q> = (lug-all + I -2q +all)?
< 2l -alf + 2lu,-2q +all®
= le(ug-a )P + lle(a,-a)lIP by P
Hence '
F, (a) < 2(lhug-a l® + fla -ali®)?

1/2
2(2 max(llny 9, I, lla,=al) )

I\

2.2 max(llug-a,ll, lla -all)
£ \/5 Fu(q) by (9) and (15)

And this implies JO < ~/5 J*¥ in exactly the same way as in

2 g

theorem 3. Now let L = E°, U = [(x,y)lx2 +y
q = (-1,0) or (1,0) with probability 1/2, g = (0,0),

u, = (0,1). Then J* =1 and J, = ,/2. Thus the bound is
sharp.

Theorem 5: ﬁnder assumptions S, P and C the smallest number k
such that J_ < kJ* is 24/3. :

Proof: For an Euclidean triangle ABC whose median AM makes an

angle no less than 90° with AB (or AC) the sides satisfy

o’
4
(¢

-

<\|m
w)

as is easily shown by calculus. Therefore x:-(y-x) > O implies
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lx+zll + flx-zll < \/L_ Uly+zll + lly-zll) (17)

w

for=xyv.z in E2.

Orthogonal projection of y on a plane containing x
and z extends this result to E3 and thus to any prehilbert
space.

Letting x = L b Shew ot Bl e Kl VY with

u € U, the relation x-(y-x) > O holds by (14). This implies

(17) which can be written

F, (q)<—F
o]

73 2

from which J_ < —2_ J* follows just as in theorem 3. To show

7
that the bound iz sharp let L = E°, q = (0,0) or (2,2,/2)
with probability 1/2. U = ((a,0)|a ¢ R}, q = (1,/2);

u, = (1,0) then J_ = 4 and J* = 2,/3 which completes the

proof. :

Note that with assumption P the problem of
minimizing E[Hu-q“e} leads tod k = 1. This differs from the
results obtained here because squaring does not commute with
expectation.

THE MINIMAX CASE

Instead of a probability measure for q, assume that

q is only known to belong to a set Q in L. Then (3) is

replaced by the assumption that Q is bounded, and

J(x) = sup{llx-allfa ¢ Q} ~ (18)
replaces (4). J is again Lipschitz continuous with constant 1.

J* is defined by (5). The basic assumption about q  is simply
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that it be an element of Q (or of the convex hull of Q) which
implies (8). With u, assumed to satisfy (9) one now seeks the
smallest k such that J_ = J(u ) < kJ* under the basic assump-
tions and their strengthening by C, P and the revised form of
St qy is a center of symmetry for Q (or for the convex hull
of Q).

The results are summarized in:
Theorem 6: The sharp bounds are given for each combination‘of

assumptions by the following table

SPC

24/3

PC SP

J2

c
3

P
3

Assumptions: - S SC

2 2 2

Bound: 3

These results have been established earlier6 with as elemen-
tary proofs as for theorems 1 to 5.

Notice the equality betweéen the stochastic and mini-
max'bounds; in all eight cases. This is one form of a duali@y
which hélds in a wider field, as will be reported elsewhere.

THE TWO-STAGE CASE
To introduce feedback into the situation, consider

the problem of minimizing the expectation of
“ul = ql + 7(ul-/ql) S q2“

where q,,qd, are independenf random elements of L with
1°32

probability measures Hys ko and means qlo,q2o. The element ul

is to be selected from a set Ul and the function y from the
set of all measurable functions mapping L into a set U2.

Suppose Uy g and Ts are such that
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lluy o+up0=a1 9" pll = minlliug+uy-ayg-ap0lilu; € Uy, uy € U]

(19)
where
Uzo = 76(%107%0) (=)
and such that for all x € L one has 7o(x) € U, and
lIx + 7o(x) - q20H = min{“x+u-q20H{u € U2} (21)

Then the naive open-loop policy is the pair (ulo,yoo).where
7oo(x) = Uy, for all x. If this policy is used it will

result in an expected cost
JO = E{Ilulo+u20-ql-q2|” (22)

The naive closed-loop policy, also known as the
synthesis of optimal control in feedback form, is the pair

(u10’7o) which leads to the expected cost.
Je = E{llu;q - a; + 7, (u57q7) - a,li} (23)

One of the most entrenched beliefs of control
engineers is that Je < J - Though this is often true it is

known5

not to hold generally. The smallest numer ¢ such that
Je £ ¢Jo under some combination of assumptions will be called
the "fooling factor" for these assumptions.

An upper bound on the fooling factor can be obtained
from the‘siﬂgle-stage result by means of the following
‘conversion theorem."
fheorem 7: Suppose Ué, Hos dog énd the norm satisfy one orf

the combinations of assumptions required for the single-stage
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data in one of theoresms 1 through 5. Let k be the
corresponding bound. Then Jf < kJo in the two-stage problem,
that 1is, ¢ < k.

Proof: For x arbitrary and fixed in L consider the
single-stage problem of selecting ve V = x + U2 to minimize
the expectation of Hv—qeﬂ, where q, has distribution p, with
mean q,,. Because of relation (21) the element

vy = X + 7,(x) € V is suboptimal in the sense of (9). Since V
di

ffers from U2 only by a translation the single-stage theorem

applies and gives the inequality
E (llvg-asll} <k E {llv-a,i}
9 9
for all v in V.
Since x was arbitrary and V = x + U2 one has for all

X in L and all U, in U2

E {llx + 85(x) - all} <k E (llx+uy-a,ll}
92 92

Letting x = Uig - 9 and Uy = Usqg gives

(gl " =y = s s b
a4 9
Taking the expectation over q,; yields, by (22) and (23).
Je S kJO as claimed.
Note that no assumptions on the first stage data are
used 1in the abo#e proof. One would therefore expect that with
such assumptions the inequality ¢ < k is strict. But in fact

equality holds in the most interesting case.
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Theorem 8: Suppose the first and second stage data satisfy
assumption S, P and C. Then the fooling factor ¢ is 24/3.
Proof: The bound ¢ < 2A/§ holds by theorem 5 via theorem 7.
That equality holds is shown by an example published
elsewhere.5

The minimax counterparts of theorems 7 and 8 are
true and admit of similar proof‘s.6

If one considers the expectation of the square of
a norm satisfying P, that is "quadratic criteria," then ¢ =1
by certainty equivalence.l

CONCLUSIONS

The subject of inequalities for suboptimal
performance has received attention only recently.g-u Because
of the limitgtions of automatic computers, this subject is of
lasting practical interest, at least to obtain a feeling for
the implications of various properties and the reliance thatA
can be put on suboptimal designs. Nearly everything remains
to be done in this area. The equality betweén the stochastic

and minimax bounds is an interesting and not entirely expected

phencmenon.
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