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LINEAR DIFFERENTIAL GAMES WITH COMPLETELY 
OPTIMAL STRATEGIES AND THE SEPARATION 

PRINCIPLE 

Pierre h.urre 

Adjoint Director 
Automation Cent!r o~ the School of Mining 

35,rue St. Bonore, 7?-Pontainebleau, !Prance 
Council Engineer at~he SAGEM and at the IRIA 

There is no need presently to underline t!le practical in­

terest ot the optimull control theory. It can. be anticipated 
that the differential games theory also stimulated by military. 
problems and being, as it seems, in the course of ne~ develop..;. 
ment, will have more and more practical applications ( agres­
aive or cooperative gaaes). 

This paper treats linear differential games with quadratic 
performance indexes. A direct proat of the .existence of opti­
mum strategies tor the case whea an associ ated Riccati equa­
tion has a solution, is :toun.d. In spite of fact , t hat this re­
sult is knoWll, the prooi given doesn't make any use of dynamic 
programming or calculus of variations methods; moreover ~t de­
monstrates that the strategies obtained are "completely apt~ · 
al" in the sense defined later. :Pinally, this direct method in 

extended to stocbastic case for which the separation principle, 
classical in control theory, is proved. 

1. INTRODUCTION TO GAMES 

1.1. Suppose there are two gamblers (denoted by 1 and £). 
The gambler 1 selects a variable ~ and ~ selects ~ • 
both not knowing adversary's choice.· 

Performance index or outcome is defined by the function 

V= V(~, ~) 

which gambler 1 strives to minimize, and~- to maxjmize. 
1. 2.. .A. "policy of worth case" involves that: 

a) The gambler 1 plays minimax , i.e. he selects 
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The corresponding m1 n1 max is denoted by ~. 1 is there­
fore assured that whatever is the choice ot ~ 

b) The gambler _5 plays max1w1n, i.e. 

Denote the respective mex1min by ~ • ~ is therefore as­
sured that, whatever is the choice of .1, 

It is obvious 't;hat in all cases: 

~ f ~ (because of v; ~V(~, ~) ~ ~) • 

We sq that the game has the~ 1" if 

For natural reasons the variables ~ and u~ are called 
the optimal. strategies. 

1.3. EX.AYPLE No. 1. For u., and u2 both real, arbitrary, 
consider 

then 

G=~=O and 

1.4. EXAMPLE No. 2. Now suppose 
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we have still ~ = v2 = 0 and u~ = u~ = IQ. 

1 • 5. .A.n essential difference between the,se two ·exqtples is 
to be aperceived however. 

In example No. 1 there is no advantage for either gambler 1 
or~ to know the adversary's choice: optimal selection re--• ~ mains always ~ = u1 or ·u2 = u2 • 

In example llo. 2, on the contrary, if 1 kllows (by "intui­
tion" or by spying ••• ) that _g selected u2 = ~ , then, in or­
der to m1 n1 m1 ze V, j has to play reasona.bly 

1.6. DEFINITIOB. A game is called the game with completeg 
optimal strategies, U there exist ~ .!a9l . ~ such that 
V u1 , V~ 

The game in ~ the · eDJili>le. No. 1 in therefo.re the game with com­
pletely optimal strategies. 

2. LIBEAR DIFlrERENTIAL GJ~ 
WITH .l QUADRATIC PERFORJWiCE INDEx 

2 .1. Let us consider now a linear diffei~ential system (not 
ne~essarily station&r,7) 

i = Px + G1~ + G2u2 (1) 

starting from initial condition 

x( rr) = 'f (2) 

(x is a state vector of dimension n , c~Lled the state of 
game, ~ and ~ are vectors of dimensions m., and ~ re­
spectively) • 

At every time the gamblers 1 and £ selec~t their controls ~ 
and u

2 
taking into 1iccount the actual stu.te x of .the game; 

in other words, 1 and £ play using the str2ltegies: 
~ = u1(x, t), u2 = u2(x, t) 
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The quadratic performance index is defined b7: 
T 

V = J { x'~ + il.t~..., - 92~} ds + x'(T) A x(T) 

~ 
with 

(3) 

-(4) 

(Q, R1 , ~ and A are Q~D~Detric matrices, fanctioDS ot time 

eventually) • 
The gambler 1 strives to m1n1m1ze V and 2 to maximize V. 
This problem-is interesting in .itself 5, o; can be used, as 

in ~alous of variatioDS G,7, to a locai study of extremals for· 
nonlinear di:tferential games (theory of the second V81"iation) • 

2.2. Let us define the Biccati equation associated to -the 
above problem, as- being the equation: 

with terminal co~tion 
P(T) = A 

We define the strategies 

• -1 # u1(x, t) = -R1 G1Px 

u~(x, t) • B21
G2P.z 

and prove the following 

(6) 

(7) 

(8) 

2.3. LEMMA (fundamental formula) 
If the Riocati equation (5), (6) has a solution in the in-

terval ['t, T] , ~ / 
T 

V = ~' P( '< ) ~ + f { (..., • I • 

- u1) B1<u1 - u1) + 

(u2 - ~)I ~(u2 - ~>} ds (9) 

2.4. Proof. We denote by 

(10) . 
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then . - ,., ,., 
x = IX + G1~ + G2~ (11) 

with 

J s H - G1B11G1P + G2821
G2f (12) 

The pertol."U..lce index V takes a ~ora ' . 

V = ~· (T) J. x(T) + ~ { x •[ Q + PG1B11
G1P - PGi!i

1
G? ]x 

T . 

-2x'PG1U., - 2%'1'G2~ + U.j:&.,U., - 62R2ii2} cla (13) 

Taking into accoUllt that the B1ccat1 equation (5) can be 
written as 

• "", . ,., -1 ~ -1 , . 
P = lr .P + P.F + M 1JLw G1P- PG~2 G2P. + Q = 0 

... have 
~ -

V .. x'(T) J. x(T) + J { -x·[P + P.f + J''P]x- 2x•m1~ 
't' 

-2x'PG~ + IJ.;:s.,U1 - '92~} aa . 

or altUD&'tte~ 
. ~ . 

V "' x'(T) J. x(T) + ~ {-!; (~'!'%) + itj:&.,U:, - ~148 
' . 

"' fP<-t- )I + H u.;:s.,a; - U2R2~} 48 
~ 

The above lemma · clearJ.7 proves the followi.DS 
2. 5. TBEORBII 

. 
Q.E.D. 

(14) 

(15) 

If the Ricoati equation (5), {6) . has a solution in the iJl­

terval [ 't , T J • then the game is the game with completell 
optimal stratefd.es and, moreover, these strategies ( C?l and 

{8) ) are unique. 
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3. STOCHASTIC GAMES .AND THE SEP.lRA.TION PBil'fCIPLE 

3.1. We consider now a stocbastic ~erentia1 equatic'" ( iD 

the Ito 9 sense) -

where v is a gaussian white noise 

{

E v(t) = 0 · -

E v(t) v"(s) = -:CvC~) G (t - s) (17) 

The initial state :x(t) = f .. ;; is a randoa ·vector with mean 

E{~} = ~ and covariance 

E{ C ~-~~X~ ~~)'3 _=A (18) _ 

At every time instant the gamblers 1 and ~ select their coD­
trols u1 and u2 belonging to. a class at a~ible con­
trol such that (16) posseses a solution in Ito'a · sense. 

We shall suppose: 
(i) that they know (or· measUre} the adveraU7'a · control, 
(ii) that at each time iDstant they dispose at the observa-

tions on game state 
y1 = ar + . • 1 tor .l (19) 

and 
(20) 

where w1 and w2 are white noises with covariancea 

E w1(t) w.;(s) = c.
1 
{t) S (t - a) (21) 

E w2(t) w2(s) = Cw (t) er (t - s) (22) 
2. 

The performance index that 1 strives to minimize and~ to 
maximize is now: 

V = En { x'Qx + u.iR1u1 - u2R211:!}ds + x'(T) A x(T)} (23) 
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We denote by i 1(t) ( i 2(t) respectively) the best est i ­

mat e of the game's state x(t) that can be constructed by 1 
(~ r espectively), ~d by .2: 1 (t) ( ~2(t) respectively) - cor-
responding error covariance. We recall that i 1 and i 2 are 

generated by Kalman-Bucy filters 8 

3.2. We consider the Riocati equation associated to a cor­
responding deterministic problem, i.e •. the e-quation (9) ,·and we 
define strategies 

· We introduce also the variables p and q defined by 

By analogy to the fundamental formula (2;,) we have 
3.;,. LEMMA. 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) _··-·. 

If the Riccati equation (5). (6) ha8 a solution in the in­
terval ['t", T_] ! ~ 

V = I 'P( 't" ) f + p( 't" ) + q( 't' ) 

+ E{f {<~- <) '~(~- ~)- (~- ~)'~(~- ~lds} 
't . . (30) 

}.4. PROOF. As previously let us denote 

(31) 

and 
(;,2) 
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According to our hypotheses u1 (~) (u2(t) respectively) 
is independen:t ·of x1(t) <%2Ct) respectively). 

Then 

We have al.so (analogy to (15)) 
T . 

v = E{~'(T) A x(T) + J { -x'(p + Pi+ i'P)x + i;PG1a11G..jl'X., , 
- %2M~21G2P%2 - 2:z:"PG1u1 - 2:z:'M2~ - 2:z:"FG1B11G1Pi:, 

~-"'YY._'R:1a.!'PY'_ 2r"~~ - ~!~ - ""'R--+ ~ ~c-~ ,-~ + --w&\01'10.., + -"-c-2~ + U.,-,U., + 

-~aaJc~s 1 (34) 

But we know that the stochas'tic dif:terential of x "P.z: 

( Ito 9, 10 differentiation rule) is given b.1 

d(:z:'P.x:) = :x'Pz dt + 2:z:"p dx + trace {PCv} (35) 

Replacillg d:x b7 its :tormula (33) and notiDg that 

_E { i.iPG1u1 } = 0 

due, as alrea~ mentioned, to 'the mutual independence of ~ 
and i'1 • 

~ 

E{ L x "Pv dt} = 0 b7 kno1m proper't7 0'1: st~~hastic integral, 
we obtain · 

T 

V = E { ~"P( 't) l + J {trace { PCvl + i;PG1R11G1Pi'1 
. 't 

-%2PG~21G~ + ii.1R-tii., - ~~} ds } (36) 

Taking into account that 

E { ~ "P( tt- ) t } = f "P( tt- ) f + trace { P( t- ) A 1 
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and 

we obtain at once formula (30) which was to be proved. 
This allows us to establish. 
3 •. 5. THEOREM 
The strategies (24) and (25) are completel;r -optimal, or in 

other words, the principle of control and estimation separa­
tion is valid for the differential game considered. 

Game value 

differs from value of the associated deterministic game by 
two terms: 

- the first, p( ·r ) , due to random perturbatiODS ( white 
noise v ) acting upon the system, 

- the second, q( 1:), due to the lack of gaablers i.Dtoraa­
tion on the state of gaE.. 

4. CONCLUSION 

It is clear that the restriction of the ~sult~ and previ­
ous proofs to the case of a single gambler (optimal control) , 
and their extent ion to the case of N gamblers d1 vided into 
two teams; are trivial. Concerning the ertention to N gam­
blers·, the system equations can be written as 

11 

~ = h: + L Gi11i 
1 

the pe~ormance index is 

with 

' 
V z :z:'(T) A :z:(T) + ) {:z:'Qz: + }: ui~"11d8 

~ > 0 for i = 1 , ••• , k 

~ < 0 for i = k+1, • , • , B 
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and the first k gamblers strive to minimize V , while the 
l ast N-k gamblers want to maximize it. 

The associated Biccati equation is 

the completely optimal strategies are 

with 
for i = 1, ••• , k 

~or i = lt+1, ••• ,. 11 

Number of problems yet remain to be treated concerning these 
classes of differential games. 

The most immediate would be to extend the proof given by 

the author for the optimal control problem 11 to prove rigor­
ouSly and simply that the e:x:l.stence of the Riccat.i equation 
soluti on is necessary for existence o~ the game problem solu -
tion. 

A more compl.e:x: problem would be to formulate and to treat 
t he stochastic game problem with hypothese (i) withdrawn. 
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STOCHASTIC OPTIMAL CONTROL WITH PARTIALLY 
KNOWN .DISTURBANCES ' 

T. J. Tarn 

· Washingt~:>n University 

St. Louis, Missouri 

U. S. A• 

1. Introduction 

Early research in the field of stochastic optimal control was concerned 

with the optimal control of systems in which the parameters of the system 

and the noise disturbances were precisely known. The main result of these 

· investigations was that, in linear systems with quadratic performance cri­

terion and Gaussian random effec~s, the optimal stochastic controller is 

synthesized by cascading an optimal filter with a deterministic optimal 

controller1' 2' 3' 4. 
Freimer5, Tou6, and Lin and Yau7 investigated linear systems with 

signal adaptation, in which the reference input to the system is a function 

of a random variable ~with unknown statistics., and linear systems with self­

adaptation, in which the coefficients of the system eqUation are functions 

of random variables with unknown statistics, and the system is subject to . 

additive random disturbances with known statistics. When these solutions 

are applied to practical engineering problems, such as in many chemical 

control processes, the assumption of a known distribution of additive sys­

tem disturbance or measurement noise i~ sometimes open to question. Smith8 

investigated the estimation problem of measurement noise variance. Aoki9 

gave examples for a control system in which the measurement noises have 

either unknown mean or unknown variance. 

It is the purpose of this paper to .show how filtering theory based on 

a Bayesian approach may be used to solve the problem of optimally control­

ling a linear discrete stoch~stic system in which the additive white Gaus­

sian input has fixed . but uriknown mean and variance. The basic idea is to 

consider the unknown parameters as random variables whose a priori distri­

butions are given, and the problem solution consists of recursive equations 

for sequentially computing the a posteriori distriqutions of these random 

variables based on measurements. From the a posteriori distributions 

est imates can be formed. This has computational advantages .when estimates 

are required in real time. 



·10 Using Bellman' s dynamic programming , an exact. analytical solution 

of the ~eedback control law may be found. this solution serves as stan­

dard for evaluating approximate solutions. 

2.. Practical · Motivation 

We will ·sh_ow how the. problem, which we treat · i•1 this paper, was 
~ . . . ll 

· motivated by a pract~cal _ co~trol process • 

Consider .the stirred .tank reaetor ' shown in Figure 1. The reaction 

occurring .is ·-~--:- B. For · simplicity, assumE:! a liquid-phase reaction. 

A stre~ ·or constant ~ol~trLc . flow rate F, Which contains A, flow 

int-o . a tank of' . constant .hold up :vol1Dile· V. 

t c ( .mole/-- - ) · . · th t · s ream I =. . ·Vol. ·varJ.es W:J. . . l.Dle. 

tains a desti:~ ·-value.-

The concentration of the entering 

The outlet concentration C main­
o 

_Assuming .the densit¥:,o:f the solution to "be constant, the flow rate in 

must equal -the :flow -~at~ out., ~ince the holdup volume is fixed. The reac­

t :.on will ·be isothermal. 'irrever-sible first order, it proceeds at a rate 

r =KC., -vher~· r ~ - moles A·reac·ting/(volU!ne)(time), K =reaction velocity 
0 · - . · . , moles 

const~t~.: ~0 -~ . ~on:cen~ution -of A ·1n reactor, /volume· 

From -the •ss balance -for A we have 

FC . = .FC + V1tC + V(C -C ) (1) . 
I,n~l o,n ·· o1n. o,n · o,n-1 

with n the present time. :When the sys.tem is at 'steady state, that is, 

C • -C . 
1

-·• .-c · 1 then we have o,n ·o1 n-· · o, s 

· FCI ,.a ·• !'Co s + ·VKC o. s 
I . I , 

(2) 

From (l) and "(2) we ob_ta.in 

F-(CI l~CI ) = . F(C -C ) + VK(C -C ) , n- . , s . o, n o 1 s o 1 n o, s 

+ V[(C -C )-(C 
1
-c )] o1 n o,s _ o,n- o,s 

(3) 

Define the control un = CI
1
n ci,s' the state xn C

0
,n - C

018
; we get 

(4) 

·where V 
a= F+VK+V ' 

F 
b = F+VK+V 

Frequently, there are many random -disturbances which affect ~his reac-
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(5) 

To control this system, we want to choose u based on all available 
N-1 n 

data such that E( L (x2+u2 ) I X U ] is minimized for all n=O, •.• , 
i=n i i n' n-1 

N-1. This means that we want to keep the concentration deviations from 

steady state in both inflow and outflow to a minimum over N stages of time. 

When we begin the process, we may not know the statistics of vn; hence, 

we have to estimate these statistics to achieve optimal control • 

. 3. Problem Statement 

A discrete time linear . system with additive white Gaussian disturbance 

and exact observation o'f the state can be described by 

x = £ (£is a constant vector) -o 

(6) 

where ~ is the r-dimensional state vector, u is the scalar control, g is the 

rxr constant matrix, ~ is the r-dimensional constant vector, y is the r­

dimensional white ·Gaussian. disturbance vector with unknown parameters. 

Given the initial state £ and the a priori probability densities for 

the unknown parameters, the control u must be chosen based on all available 
. n . 

measured data Xn = [x
0

, ••• ,xn] and ~n-l = [u~, ••• ,un_1], with n the present 

t ime, such that 
N-1 t 2 

V= E[ .L ~i ~ ~ + ~ui I Xn,un_1 J n=O, ••• ,N-1 (7) 
1=n · 

i s minimized, where ~ is a nonnega~ive de'finite symmetri~ matrix and k is a 

positive constant. 

4. Unknown Mean and Variance 

In the scalar case, the system eq~ation is 

(8) 
x

0 
= c (c is a const~t· ) 

\-there xn is ·the state, un is the control, v rt is a sequence of independent 

Gaussian random variables with unknown mean m and unknown variance a2• 

Filtering: 
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From (8) we know that the exact observations on the state are equiva­

lent to the observations of a sequence of samples of. the disturbance v . 

When the mean and variance of the disturbance v are unknown, we can treat 

them as random variables. Since the sample mean and sample variance of an 

independent Gaussian sequence have a joint normal-gamma density12, we assume 

a joint a priori density for (m,~2 ) as the normal-gamma density defined by 

1 1/2 b 2. 1 g/2-1 fg_ 
a: ( ::2) exp-;:;":2 (m-a) ( -2) exp-~ a 2a a 2a 

(9) 

1 where -oo<m<co, (122._0, -oo<a<oo,b,f,g>O, pN denotes normal density, p
72 

denotes gamma-2 density, and ·a: denotes proportionality with a known constant 

ratio. When such an a priori density is assigned to (m,~) with parameters a 
(a ,b ,f ,g ), the object of the filtering is to produce the a p~s teriori 

0 0 0 0 

density for (m,~) at each time instant after measuring x. Since both mean 
0' 

and variance are unknown, to get the recursive filter it takes two measure-

ments to form the new statistics at each time instant. Consequently we can 

change the control only when ·we have the new statistics. 

The probability of measuring ~ and x2 given (m,~) is 

1 1 
(02 )exp-2a2 

2 

i=l 

(x.-xi 1-u. l-m)2 
~ - l-

(10) 

After x
1

, x
2 

have been measured, by the Bayes's rule, the a posteriori den­

sity of (m,~) will be a 

where 

·and 

p(m,~ I x1,x2 ) a: p(x1 ,x2 \ m,~) p(m,~) 

a b +2s1 (2) 
0 0 

2+b 
0 

(11) 

(12) 



. 1 
B (2) ·= -1 2 

2 
s2 (2) = 1: 

1=1 

18 

thus the a posteriori density of (m,~) is normal-gamma~ 

(13) 

0 f 

For a normal-gamma a posteriori density the parameters (a,b1 f 1 g) are 

sufficient statistics: . these sum up all the information of the measure­

ments. Because information is conserved, direct computation of these 

statistics may be taken as an optimal filtering procedure. !ne form of 

(11) is the same at each time ·instant, so that the filtering equations are 

where 

2n 
s2(2n) • I: 

2n 

I: 

i-211-1 

i•2n-1 

and the probability density of (m,~2 ) after measuring x2n is 

Frca equation (8} ve have 

x2n+2 , • x2n+l + u2n+i + v2n+l 

• x2n + 2u2n + v2n + v2n+1 

(14) 

(15} 

(16) 

(17) 

after • . hav~ measured x2n, the probability denaity ot ~+2 given (a,~) 
ia Gauaaian· . 

(18} 
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Then, multiplying (16) by (18) and integrating over m and ~ we get 
a 

where p denotes the student density .defined by 
8 . . 

(21) 

- < y < ao, q,r >· 0 1 with E(y] = p, r > 1; Var[y) = q(~-2 ), r > 2 • 

In addition, w~ will need the conditional distributions 

p(a2n+2 1 X2n)' p(b2n+2 1 ~), p(f2n+2 1 X2n) and p(g2n+2 1 X2n). However it 

is easy to see from equation (14)· and (15) that b2n+2 and ~n+2 are non-

r~dom while a2n+2 and f 2n+2 both are functions of x2n+2, hence both are 

random var~ables -. To evaluate the probability densities of a2n+2 and f2n+2 
we digress for a moment to evaluate the probability density of 

(s
1 

(2n+2); s
2

(2n+2)) firs.t .. Fram
1 
Raiffa and Schlaifer12 the joint density _,· · . 

of (s
1

(2n+2), s
2

(2n+2)) given (m,02) is -the product of the independent 

densities of ~i (2n+2) and s2 (2n+2) 

p.(s1 ~2n+2), s2 (2n+2) I m, ~,2~1) 
(22) 

• pN(s1 (2n+2) I m, ~)p12 (s2 (2n+2) I ~,1) , 

the unconditional Joint density of (s
1 

(2n+2), s
2

(2n+2)) will then be 

(23) 



We can solve . equation (14) to get equations for ~1 (2n+2) and s2(2n+2) in 

terms of a2n+2 and f 2n+2, substituting s1 (2n+2) and s2(2n+2) into equation 

(23), we obtain 

p(a2n+2' f2n+21 x2n) 
b 

(f2n+2g2n+2-f2n~-~(2+b2n)(a2n+2-a2n)2]1/2~1 
(f2n+~2n+2)g2n+2/2 

Finally from (24) we obtain 

. . b2n (2+b2n) 
p(a2n+21 X2n) = ps (a2n+2l a2n1 2f 1 g2n) 

2n 

( I ) ( 1 1 f2ng2n) 
p f2n+2 x2n = P~Al f2n+2l282n'~+2' ....... g2n+2 

where p~l denotes inverted-beta-1 density defined by 

. 1 (z-r )q-p-l~ 
B(p,q-p) zq 

(24) 

(25) 

(26) 

(27) . 

0 ~ r S. z S. • 1 q > p > 0 with ~(z] = r;:~l), Var(z] = r2 (q-~Hg-p) 
(p-1) . ~p-2) 

Optimal Control: 

To find the optimal control, define the cost functional 

V 
N-1 
I: 

i=O 
(28) 

where q and k are positive constants. It should be noted that due to the 

conti nuously acting random disturbance vn, the cost fUnctional is now a 

random variable, we can only consider . its statistical properties. Hence 

at any stage n, the current control u and future controls u., i > n must n . . 1 

be chosen so as to minimize 

E[V I X ,U 1], for all n = o, ... ,N-1.· n n-
(29) 

The sequence of controls which minimize E(V I X 1 U 1 ] is the . same as 
N-1 . n n-

that which minimize E[ I: qx~+ku·2i 1 X 1 U 1 ] for n = o, ... ,N-1. Let us set 
i=n 1 n n- , 

V = min n u. 
1 

ns_i~,.N-1 

N-1 2 2 
E( I: qx1+ku . IX ,u 1J 

. 1 n n-1=n 
(30) 
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From previous discussion we know that all the i~ormation in the meesure­

:nents is summarized in the sufficient statistics (a2n' b2n' f2n, ·g2n) and the 

controls are changed o~ly at each even numbered measurement, u2n-l = u2n_2• 

Hence we can write (30) in the following form 

v2 = min 
n ui 

N-1 2 2 . 2 . 1 
E( ~ q(x.+x.+1 )+2ku. IX2n,u211_2 ~ 

i=2n 1 1 1 

2n~i~N-l 

N-1 where 0 ~ n ~ 2· By application of Bel~n' s dynamic pt-ogramming 

optimality principle we have 

since 

v2n = rlin[E(q(x~n+x~n+l)+2ku~n I x2n'u2n-2] 
2n 

+ min u . 
l. 

N-l 2 2 2 
E( ~ q(xi+x'+l)+2ku. I x2n,u2n-2J 

i=2n+2 1 1 ~ 
2n+2~i~N-l 

we obtain 

For determining the optimal control, u~n' this ·yields the equation 

We will now show that a solution of the form 

V2n(x2n'a2n,f2n) ~2nx~+B2nx211+c2nx211a2n 
+ D2na2n+E211a~ '+ F211f 2n+G2n 

may be chosen; in this case we have 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 
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1 2a2nb2n 2(x2n+2-x2n-2u2n) 
+ 2+b

2
n D2n+2+E2n+2( (2+b )2 + (2+b )2 

. 2n 2n 

x -x ~2u -2v x -x -2u 
+ F [ 2n+2 2n 2n 2n + 2n+2 2n 2n 

2n+2 2+~n 2+~ 

b2n+2 2a2nb2n + 2(x2n+2-x2n-2u2n) 
2+g2n ( (2+b2n )2 • (2+b2n )2 ) ] 

from (l9), (20) and (25) we .obtain. 

c2n+2 D2n+2 
(A2n+2~) X2n+B2n+2~ 2n 2n 

+ 

substituting (38) into (35), solving for u~· · · we obtain for the optimal 

control 

u* 2n 

Q+{q+R)a2n+(q+P)x2n 

q+2k+2P 

(37) 

(38) 

(39) 

c2n+2 + D2n+2 - 4+b2n I 2E2n+2 
where P = A2n+2 + 2+b2n ' Q = B2n+2 2+b2n ' R- 2A2n+2'2+b2nc2n+2 2+b2n • 

From equations (19), (25), (26) and (36) w~ have for the eXpected cost 

E(V2n+2l x2n,u2n_2J 
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Combining (34), (36), (39) and (40) we obtain the following recursion 

equations 
· 1 (q+P) (2q+2A2n+2) (q+P)2 (q~+2A2n+2) 

A2n = 2[ 2q'?2n+2 q+2k.+2P + (q+2k+2P)2 ] , 

b2nC2n+2 2Q(q+P)(q+2k+2A2n+2 ) 

B2n • B2n+2 + 2+b2n + (q+2k+2P)2 

b2nC2n+2 
~(2q+2A2n+2)+2(q+P) (B2n+2 12+b ) 

2n 
q+2k+2P 

. , 

3C~+2 2(q+R)(q+P)(q+2k+2A2n+2 ) . 

c2n • ~+2A2n+2'2+b2n + (q+2k+2P)2 

6c2n+2 
(q+R)(2q+2A2n+2 )+(q+P) (2q+4A2n+2 12+b ) 

2n 
q+2k+2P 

2b2nC2n+2 2Q(q+2k+2A2n+2)(q+R) . 
D2n = 2B2n+2 + 2+b2n + D2n+2 + (q+2k+2P)2 

6c + o2nc2n+2 Q (2q+4A · I 
2n 2 ) +2(q+R ) (B I ) 

2n+2 2+b2n 2n+2 2+b2n 

q+2k+2P 

2 6C2n+2 (q+R) (q+2k+2A2n+2 ) 
E2n = q+2A2n+2'+ ~ + E2n+2 + (q+2k+2P)2 

2n 

6c2n+2 
(q+R) (2q+4A2n+2 12+b ) 

2n 
q+2k+2P 

2E2n+2 
+-]· 

.... 2+b2ft.·: 
~ ... t ": 

(40) 

,.,.,. 
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· qg2 (l+b2 ) g2n (~2n+2-l) 
+ n n + (1 ) F2n+~ b~~(g2n-2 ) 1 ~ 

al ~n+2 ~2n-

+ Q
2

(q+2k+2A2n+2). 
G2n = G2n+2 (q+2k+2P)2 

b c 
2Q (B 1 2n 2n+2) 

2n+2 2+b2n 

q+2k+2P (41) 

with the boundary conditions 

AN-1 = 2q, BN-1 = o, CN-1 = o, DN-1 = O, ~-1 = o, FN-1 = O, GN-1 = O. 

Thus the exact analytical solution for the feedback control has been 

obtained; from (39) we see that the optimal control depends on the filter­

ing, the deterministic control law can not be applied in this case. Exam­

ining the marginal densities ~f m and ~: integrating equation (9) over m, a 
we get the marginal density of ~2 , p72 (~2Jf, g), this is the gamma-2 den-

sity with .E(~] = -f1 
, Var [12] = ~f2 ; integrating equation (9) over ~ , a a ·n::g a 

we ge~ the marginal density of m, i> s (m I a, ~ 1 g), this is the student den-

sity with E(m] = a, Var [m] = b(~:2 ) ; thus we see that the variance of 

the mean, m, is proportional to the parameter f, the variance of ~ is in-
2 a 

versely proportional to f , in addition, f is a function of a and u, hence 

there is a very complicated situati~n existing between c.ontrol and filter­

ing. Based on the exact analytical solution which we have obtained, we 

may study the compromise between control and filtering. 

5· Conclusions· 

The stochastic optimal control p~oblem - the problem of optimally 

controlling a linear discrete system which is subject to white Gaussian 

disturbances with partially kno;.m statistics - requires the solution of 

two equations: the filtering equation which updates the conditional prob­

ability densities of .the unknown statistics; and the control equation 

which yields the input as a functional of these densities. 

By Bayes's rule the filtering equations consist .of a set of recursion 

equations. This has computational ·advantages when estimates a.re required 

in real time. Using Bellman's dynamic programming algorithm, an exact 

analytical solution of the feedback control law may be found. This solu­

tion ser ves as standard for eval~ating approximate solutions. 

No te that we update .the estimates of statistics after every second 

measurement. Estimates may be updated after every measurement but this 

l eads to a very complicated non-recursive filter. Consequently we have 
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restricted our control to change only after every second measurement. 

With these restrictions on the control and filtering we have used the 

dynamic programming al~rithm to get the ana.lytica.l ·.solution of the feedback 

control law. We have not . given a proof that the· cascading of such an esti­

mator w!th ·such a controller constitutes an over-all optimum control P?licy, 

but we feel that a proof could be given. 

~lthough the : deriv~tions . 'i'or the problem which we considered are quite 

involved, the resulting_ control and filtering algorithms which we have ob­

tained are. very. simpl-e. . The results which we derived are for the scalar 

system. We would e]cpec::t .. that general vector systems can be treated in much 

the same manner; . there will be additional·computations caused by the alge­

Qra. Also this vork -can .be extended to the case when there are noisy ob-
13 serva.tion of the· state . . • 
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1 . I ntroduction and symbolic convent ions 

There is no needs to say that dynamical systems to be controlled ex­

hibit various kinds of nonlinear characteristics and may operate in a random 

environment whose stochastic characteristics undergo drastic changes. Thus , 

the general problem to be solved is to find .the control of a noisy nonlinear 

dynamical system in some optimal fashion, given only partial and noisy obser­

vations of the sys.tem state and~ possibly, only an incomplete knowledge of 

the system. It has already been shown under such conditions as linearity of 

the dynamical system, noisy observation and performance criterion given by 

a qu~dratic cost functional that the optimal control problem and the op~imal 

estimation problem of the system state from the noise-corrupted observations' 
1-3 may independently be solved. However, this is, in general, not the case 

for the optimal control of nonlinear dynamical systems, and the over-all 

problem of optimal control and estimation must be carried out simultaneously. 

Since the establishment of the pre?ise technique for t he state estimation and 

the optimal control of nonlinear dynamical systems is almost impossible, in 

this paper, the author will i ntroduce the reader to an approximate method 

which will be shown t o play an important role in the realization of a broad 

class of stochastic opti~al control. 

Vector and matrix notations follow the usual manner, that is, lower case 

letters a, band c, ... will denote column vectors with i-th real components 

ai, bi and ci' etc. Capital letters A, B, C and G, . .- . denote matrices with 

elements aij' ci j and gij' etc. If M i s a matrix, then M' denotes its trans­

pose. The symbol, !MI , denotes the de~erminant of the matrix M. 

Certain algebraic quantiti es such as algebras, fields, ••• are expressed 

by the symbols, Y, F, ... , etc. The symbol, Yt' denotes the smallest a­

algebra of w sets wi th respect to which the random variables y(T) ~ith ·~t 
are measurable, where w is the generic point of the probability space n. 
The mathematical expectation is denoted by E. The conditional' expectation 

of a random variable conditioned by -Y is simply expressed by "•" such that 
t 
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E{x(t)jY} = ;(tjT), where T~t. For convenience of the present description, 
T 

• the principal symbols used here are listed below: 

t: t ime variable, particularly the present time 

t 0 : the initial time at which observations start 

x(t) and y(t): n-dimensional vector stochastic processes ~epresenting the 

system states and the observations respectively. 

u(t): the control vector taking values in a . convex compact subset U~(m-

dimensional Euclidean space) 

w(t) and v(t): d1- and d2-dimensional Brownian motion pr9cesses respectively 

C(t), G(t) and R(t): nxm, nxd1 and nxd2 matrices whose components depend on t 

f[t,x(t)] and h[t,x(t)]: n-dimensional vector valued nonlinear functions 

respectively 
A 4 A ' 

x(tjt): optimal estimate of x(t) conditioned by Yt' i.e., E{x(t)jYt} = x(tjt) 

P(tjt): an error covariance matrix in optimal estimate of x(t) conditioned 

by Yt, i.e., P(tlt) ~ cov. [x(t)IYt] 

2. Mathematical ~ and problem statement 

Guided by a well-known state space representation concept, the dynamics 

of an important class of dynamical systems can be described by a nonlinear 

vector differential ~quation, 

dxi!'w) = f[t, x(t,w)] - C(t)u(t) + G(t)~(t,w), {_2.1) 

where y{t ,w) is a d1-dimensional Gaus·sian white noise disturbance. For 'the 

economy of descriptions, we shall omit to write the symbol w here and below 

because of no confusion. 

We shall start with a precise version of Eq. (2.1), namely the stochastic 
- 4 

diffe~ential equation of Ito-type, 

dx(t) = f[t, x(t)]dt- C(t)u(t)dt .+ G(t)dw(t), (2.2) 

where the d1-dimensional Brownian motion process w(t) has been introduced 

here along the relation between· a Brownian motion proc~ss and a white noise 

or a sufficiently wide (but finite) band Gaussian random process y{t), (for 
5.:6 more detail see the references ) 

"' ft w(t) = y(s)ds. (2.3) 

We suppose that observations are made at the output of the nonlinear 

system with additive Gaussian disturbance. The observation process y{t) is 

then-dimensional vector random· process determined by 

dy(t) = h[t, x(t)]dt + R(t)dv(t), · (2.4) 
where we as·sume~at the system noise w( t) and the observation noise v( t) 

are mutually independent. 

In practical terms, the probl~m is to control x(t) in such a way as to 
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minimize a real valued functionu, 

. -
based on the a priori ~robability distribution of x(t

0
), provided that the 

process y(s) for tc~s~t is acquired as the observation , p~ocess, where y(t
0

) 

= 0 and w~ere L and Lu are b~ded~ uniformly Holder ~ontinuous in t and 

uniformly Lipschitz continuous in x .&Ild where L is ·bounded ·and continuous . . uu . 
on [t

0
, T] x pf x u· (the y(s)-process contracts_ Yt).. The . subscript denotes 

differentiation here and. below. . . . 

We sha.ll consider .the c&s·e · whe~ the ·state variables x( t} are completely 

obsen:able. Usuall.y, . in ~is C84e, the·· optimal conti-ol .... must be assumed to 

depend on x(s~ ,.·where t~s~t. Be:ar±ng ··~his _..~t'.:in udnd~ we shall prot..'ced 

to establish the solution of ~he ~toch~tic differential equation (2.2). 

Le.t '(t,•) be an m-dimensiofl&.l vectpr:.stochastic proc-ess, such that, 

for each t .E[t
0

, T], tjl(t.,•) is measurable ·and 

J!. E{lt(t.~ ·) .f}dt<GD··. ; ·. (2.6) 
0 

wher~· I ·I expresses the norm in tA. Let ·· , denotes the ··class of the tjl(t)-

process .• . Por ·some 1fi&Y, we eaU t ·he ·. ':l(t) · adm:issib~e .:and lr.rite u&U, if 

u(t) · = lfl.(t ~·l tor t£[ t 0• T] ., (2. 7) 

For· the security: ·of. mat'fiematical developaent ··in the ·sequel, the follow;- · 

ing ~otb~ses are -addit~~ made: 7 · · · · · · • 

H-1: The c(.ponent ·or the functi.on f[ •., .• j and [h[ •., . •] .are Bai~e functions 

wit~ respect to the pair (t ,.t) ·for t~t~T. and -~t<CID, .where x(t)=t 

H-2: The functions f{,., •] and h[ •, •] satiety . . a :uzdform Lipschitz conditions 

in the variable t and are bo.unded respectively by 

Ut_(t,t>I~IS. (l+t't>
112 (2.8a) 

and 

lh( t ,t; >II~K2 (l+t it >112
, (2.8b) 

where both K
1 

and K2 are real positive constants and are independent of both 

t and t respectively. 

H-3: x(t
0

) is a random variable independent of'the w(t)-process 

H-4: All parameter matrices are measurable and bounded on the finite time 

interval [t
0

, T] 

H-5: {R(t)R(t)'}-l exists and this is boun~ed on [t0 , T]. 

With the property (2.6) and the hypotbe&es H-1 to H-5, Eq.(2.2) has 

exactly a unique continuous solution x(t). A precise interpretation of Eq. 
• A 4 

(2.2) is given by the stochastic integral equation of !to-type: 

x(t) = x(t
0

) + J~ f[s,x(s)]ds - J~ C(s)u(s)ds + J~ G(s)Aw(s). (2.9) 
0 . 0 0 
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3. Quasi-linear stochastic differentials and~ approximation to non-linear 

filtering eguations 8 

In this section, the development of the discussion requires that, until 

further notice, we set the control u(t) equals to zero in Eq.(2.2). When 

u(t)=O, the symbol is temporarily changed from x(t) to z(t). With this sym­

bolic change, Eq.(2.2) is 

dz(t) = f[t, z(t)]dt + G(t)dw(t) 

and also Eq.(2.4) is written by 

(3.1) 

dy(t) = h[t, z(t)]dt + R(t)dv(t), (3.2) 

where the same symbol y(t) has been used as in Eq.(2.4) because of economy 

of notations. 

The problem considered here is to find the minimal variance estimate of 

the state variable ~(t), provided that the process y{s) for t~s~t is acquir­

ed as the observation process, where y(t0 ) = 0. 

We expand the function in Eq.(3.1) into 

f[t, z(t)] = a(t) + B(t){z(t) - ~(tjt)} + e(t), (3.3) 

where a(t), B(t) are ann-dimensional vector and -an nxn matri~ respectively, 

and where e(t) denotes the collection of n-dimensional vector error terms, 

and where ~(tjt) = E{z(t)jYt}. We shall determine a(t) and B(t) in such a 

way that the conditi;nal expectation of the squared norm of e(t) conditioned 

by· Yt, E{le(t)~ 2 1Yt}' becomes minimal with respect to a(t) and B(t). It is 

a simple exercise to show in the calculus of variation that the necessary and 

sufficient conditions for min.Eq e(t) 11
2

1 Y t} are given by 

and 

where 

a( t) = E{ f[ t, z ( t) J I Y t} . ( 3. 4a) 

B(t) = E[{f[t,z(t)] - f[t,z(t)]}~z(t) -~(tit)}' IYt]P(tlt)-1 , (3.4b) 

t> < t 1 t > = cov. [ z < t > I Y t J 
The scalar expres~ions of (3.4) are as follows: 

a. ( t) = E{ f. [ t, z ( t) ] tyt} = f. [ t, z ( t) ] 
1 1 1 

n . A A 

I b. (t)E[{ z. (t)- z (tlt)Hzj(t)- zj(tlt)}!Yt] 
v=l 1V V V -

= E[{fi[t, z(t)]-fi[t, z(t)]}{zj(t)- ~j(tlt)IYt} 

(3.5) 

(3.6a) 

(3.6b) 

where ~j(tlt) = E{zj(t)jYt} and i, j=l,2, •• ,,n. Using a(t) and B(t) deter­

mined by (3.4) and (3.5), we approximate Eq.(3.1) by 

z(t) = z(t ) + ft [a(s) + B(s){z(s)- ;(sls)}]ds + f~ G(s)dw(s). (3.7) o to . . o 
The same procedure is applicable to the observation process given by 
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Eq.(3.2). Through the expansion of the function, h(t, z(t)], in the form; 

(3.8) 

the following conditions can easily be obt~ned so as to minimize E{l! eh ( t) f 
jYt} with respect to h1 (t) and ~2 (t): 

tJ. A 

h1 (t) = E{h[t, z(t)]JYt} = h[t, z(t)] (3.9a) 

H2(t) = E[(h[t,z(t)] -· ~ft,.z{t .)]_ Hz(t) - ~(tjt)}' jYt]P(tjt)-1 . (3.9b) 

We shall assume here that, for tE[t0 , T , the condit~~~al -probability density 

function p{ z ( t) I Y t}, is Gaussian. with the mean value z ( t l t) -and c ovariance 

matrix P(tjt.), i.e., 

x{ z - z ( t It)} ]. (3.10) 

With the help of (3.10), both a(t) and B(t) can be obtained in the form 

a(t) = a(t, ~(tit), P(tlt)) and B(t) = B(t, ~(tit), P(tjt)) or b.j(t) = 
A 1 

a a. ( t) ;a·zj (tIt). A striking fact is that the random variables a( t) and B( t) 
1 A 

are not independent but depen~ mutually on the state estimate z(tjt) and the 

error covariance matrix P(tlt). From this point of view, in reality, more 

precise symbols, a(t,~(tlt), P(tlt)) and B(t,~(tlt), P(tlt)) should be in­

troduced. However, for the .economy of description, we merely denote these 

by a( t) and B( t) without indicating the de~endence on both ; (tIt) and P( tIt"). 

Both h1(t) and H2(t) also follow this . ~ymbolic convention. 

From Eq. (3·. 7), we may thus define· here the followJng n-dimensional quasi­

linear stochastic differentials of It~type · for Eq.(3.1), 

dz(t) ~ B(t)z(t)dt + {a(t)- B(t);(tlt)}dt + G(t)dw(t), (3.11) 

and for the observation process (3.2), 
v 

dy(t) = H
2
{t)z(t)dt + {h

1
(t)- H2 (t)~(tlt)}dt + R(t)dv(t). (3.12) 

However, respective draft terms in Eqs.(3.3) and (3.8) still remain unknown. 

We shall thus proceed to solve the problem including the computation of the 

state estimate ~(tit) and. the error covariance matrix P(tlt). 

Let cll(t, t
0

.) be the fundamental matrix associated with the homogeneous 

differential equation, dz(t)/dt = B(t)z(t). The .solution of Eq.(3.11) can 

formally be writ-ten as 

+ I~ c~~(t, 
0 

+ J~ ~(t' 
0 

s){a(s) - B(s)z(sls)}ds 

s)G(s)dw(s). 

We write for the second term of the right side of Eq.(3.13) 

(3.13) 
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t A 

r; ( t ) = - f t ~ ( t , s ){ a ( s ). - B { s ) z ( s I s ) } d.s 
0 

(3.14) 

and introduce a new stochastic process 

~ (t) = z(t) + r;(t). (3.15) 

Combining Eq.(3 •. 13) with (3.14) and noting t~at ~{t0 ) = z(t0), from Eqs. 

(3 .14) and (3.15)~ the ;(t)-process is of Ito-type and the stochastic differ­

ential is 

d~{t) = B(t)~(t)dt + 'G(t)dw(t). (3.16) 

On the other hand, it follows tram Eq.{3.12) that 
t t A 

y ( t ) = f t H2 ( s ) z ( s ) ds + J t { h1 (s ) - H2 ( s ) z ( s I s ) }tis 
o to 

· + ft R(s)dv(s). (3.17) 
. 0 

Let the second term or the r i ght side of Eq •. ( 3.17) be r; ( t) and define n ( t ) 
Y' ·7 

~ y(t ) - r; (t). Then we obtain 
Y' 

dn (t) = H2(t)z(t)dt + R(t)dv(t) 
7 . . 

{~.18 ) 

with n
7
(t0 ) = 0. With n

7
(t) determfned by aq.(3.18), define a new -stochastic 

process n(t) by its stoch~tic differential, 

dn(t) = dn (t) ·+ H2(t)r;(t)dt, · 7 . 

and n(t
0

) = 0. Using_Eqs.(3.15) and (3.18), Eq.(3.19) becomes 

dn{t) = H2(t)~(t)dt + B(t)dv{t) •. 
\ 

Since dt) is Yt-measurab1e, it follows from Eq.(3.15) that 

t(tlt) = E{~(t)IYt}. ;(tjt) + r;(t). 

(3.19 ) 

(3.20 ) 

(3.21 ) 

Let Ht be the a-algebra or w sets generated by the random variables n(s ) for 

to5-s~t. Then the y(t)-process is Ht-me~urab1e and thus 

E{~(t)IYt}. E{~(t)IHt} A t(tjt). (3.22) 

Now we consider that the t(~)-process is the fictitious state variables 

determined by Eq.(3.16) and that Eq.(3.20) denotes the _observations which 

are made on the ~(t)-process. ~is situation .imp1ies that the current esti-
A 9 10 

mate ~(tit) is given by ' 

di = B(t)_idt .+ P~(tjt)R2(t)'{R(t)R(t)'}-1{dn- H2(t)idt }, (3.23) 

where 

Substituting Eq.(3.20) into Eq.(3.23) and using Eqs.(3.12) and (3.21), it 

follows that 

dz = r[t, z(t)]dt + P(tjt)H2(t)'{R(t)R(t)'}-1(dy- hdt}. 

(3.25) 
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where Eqs.(3.6a) and (3.9a) have been used. By combin~ng (3.21) with (3.24), 

we have 

P(t_jt) = cov. [z(t)IYt] 

and the version of dP(tlt)/dt is 

(3.26a) 

~=BP+ PB' + GG' - PH2i{RR'}-~2P. (3.26b) 

Eqs.(3.25) and (3.26) describe the dynamic stru~ttire of a quasi-linear 

filter for generating a current est:Lmat~ ~~tit) ~th the respectively given 

initial values, ;(t
0
lt;) and P.(t

0
lt

0
). In Appendu,_ :he quantitative aspect 

of approximated fashion of filter dynamics is shown, includi~g comparative 

discussions on various structures .of filter dynamics. 

4. Quasi-optimal control 

In this section, the control term u(t) in Eq.(3.l) is revived, noting 

that the symbol changes naturally from z(t) to x(t). 

Let the function ·1 i~ (?.5) be 

L(t,x,u) = x'M(t)x +· u'N(t)u, (4.1) 
- . .. - ~ 

where M and N are respectively measurable., locally bounded, positive semi-

definite and positive definit~ symmetric matrices. In the caae where both 

the dynamical _system and the observation are respectively determined by 

linear stochastic differentials, it has already been verified that the optimaL . 

control e~ists and -this is u0 (t) = ~0 [t, ;(tjt)] = N(t)-1c(t)'Q(t);(tjt), ' 

where Q is the unique solution of a certain matrix Riccati equation. 1 •3 In 

the case of nonlinear regUlator problems considered, th~ quasi-optimal con­

trol may be found out by an extensive use of the quasi linearization tech­

nique developed in the previous section to the version of stochastic control. 

It is apparent that the x(t)-process has the quasi-l~near stochastic 

differential, 

dx(t) = B(t)x(t)dt + {a(t)-B(t);(tlt)}dt- C(t)~(t)dt + G(t)dw(t), 

(4.2) 

where the .definition of the admissible control given by (2.7) has been taken 

into account with the .simplified. notation $(t). 

dy(t) = h1(t)dt + H2(t){x(t)- ;(tlt)}dt + R(t)dv(t). (4.3) 

Furthermore, with the help of Eq.(3.25), it can easily be shown that the 

st.ate estimation.;(tjt) for the nonlinear system described by Eq.(4.2) 

~ = fdt- C~dt + PH~(RR')-l(dy- hdt), (4.4) 

where the version of d.P/dt has the same form as given by Eq.(3.26b)· . 

. In the present case, the basic pr~ess is ~(tjt) (t~t~T) with the sto­

chastic differential (4.4); the cost rate function is given by ' (4.1) and the 



performance index by (2.5). 

Combining the stochastic linearization technique with the line of attack 

on the linear regulator problem, we shall suppose that u(t) = ;[t, ;(tit)]. 
10 It has been proved by solving the following Bellman's equation that the 

"o 
optimal control ~ and V(t, ~) exist 

minuEU{L(t .,~,u) + Vt(t,~) + L;v(t,~)} = o, 

with terminal condition 

V(T, ~) = 0, 

where 

(4.5a) 

(.4.5b) 

· T" A "o • • 
V(t,~) = E{/tL[s,x(tlt), ~ [s,x(sls)]]dslx(tlt) = _ ~}, (4.6) 

L = E{L[s, x(s}., ~.0 [s, ;(sls>Jli;Csls) ·• ·u (4.7) 
.... . .... ll 

and L; denotes the differential generator of the x(tlt)-process given by 

L;(v) = ~r . {}:(t)'Vf;~I<tH + {a(t) - c(t).(t,~n·v:~ (4.8) 

with 

}:(t) = PH2 ,'<BR' )-~ A (4.9) 

because of (4.4) and the fact that the differential dy-hdt in Eq. (4.-4-) may 

be replaced by the suitably scaled differential of a Brownian· motion process. 

In the case whez:_e the function L iS given by (4.1), it follows tran 

(4 •. 7) that 

L[s,~,;(s,~)] . = tr M(s)P(s!s) + ~'M(s)t + ••t(s);. 

We shall suppose that Bellman' s equation ( 4. 5 ) '--has a solution 

V(t,~) = ~·n(t)~ + 2t'a(t) + S(t), 

(4.10) 

(4.11) 

where IT ( t) , a ( t) and S ( t) will be determined as the solutions of matrix 

differential equations which will be given later • . Applying (4.8), (4.10) . 

and (4.ll) to (4.5) and performing the milrl.mization of Eq. (4.5), the optimal 

control is 

;0 (t,~) = Cti(t)-1c(t}'II(t)}t + B(t)-1C(t)'a(t), 

and II(t), a(t) satisfy 

~f~)- II(t)C(t)N(t)~lC(t)'ll(t) + M(t) . = 0 

~~t) - , II(t)C(t)B~t)-}c(t)'a(t) + II(t-)a(t) = 0 

(4.12) 

(4.1:3) . 

(4.14) 

II(T) = 0, a(T) = 0. (4.15) 

Furthermore, S(t) in (4.11) satisfies 

d!ft); tr [2(t)'II(t)L(t)] + tz· [M(t)P(t.lt)] + 2a(t)'a(t) 

for t <t<T T.rith o--

- ~(t)'C(t)N(t)-1C(t)'a(t) = 0 (4.16) 
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B(T) = 0 (4.17) 
and this is necessary to compute {4.ll.), with n(t) and · a:·(t). In Eqs.(4.13) 

and (4.14), both n·(t) and a{tr are act_ually .independent of the dynamic cb,.arac­

teristics of ~ observati.on mechanism, h{ t ,x) and R{ t). Hence the optimal 

control depends on the cost rate function- illatr~ces M· and N and on the system 

d¥n•cs f'( t ,x). However, . a s.erioua di~culty ·arises in the version of nu­

merical computation on Eqs.(4a~1.. (4:13), ·(4.14), (4.i5) . and (4.16). In fact, -----.... •' . 
the ccmrputation of (4.l.2} with Eqs_.. {4..i3)-~~.15) has t_o start with the 

pre-assigned· initial values ._ot the: st-ate estimation: ·i(-t0 L t
0

) and error 

c~variance- P(t
0

jt
0

) and, furthermore, with ·n(t
0

.)- and .a(t0 ) which -~e deter­

mined by the so-call,ed . trial and error method~ 

5 • An il.l.ustrati ve examp~e 

· For the purpose ot ~xploring the quantitative aspects, we shall consider 

here the one-dimensional case. The dynamical sys.tem considered here is 

schematic:~ .~hovn by biock di86l"am in _Fig;l. From F.ig.l, the stochastic 

diff'erent'ial equation -of the dynamical system is given by 

dx = f(-x)dt + udt + gdw 

with 

f(x) = llinx, 

where K
1 

= K2 = K
3 

= 1. . -The observation ·process is 

dy = xdt + rdv. 

Application of. (3-.4a) and (3.4-b) t .o the present case gives 

a(t) = -sinx ~(-O.Sp) 

b(t) = -cos~ exp(-0.5p). 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

From Eqs.(4.4) and (3.26b), the approximated filter dynamics and related 

error covariance are determined by· 
... -2 ... 

~ = -sinx exp(-0.5p)dt - udt + pr (dy - xdt) 

and 

~ ... 2 2 -2 
dt z -2cosx exp(-0.5p) + g - p r 

Letting n = 1 and m = l., in { 4 .1) , we have 

and 

,.; 
where 

~0 (t, ~) = ~{t)~ + a(t) 

V{t, ~) = ~(t)~2 + 2a{t)~ + 8(t), 

~;. w2 (t)' - 1 
dt 

~~t) = w(t)a(t) - w{t)a(t) 

(5.6) 

(5. 7). 

(5.8) 

·( 5.9) 

(5.10a) 

(5.10b) 
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d!~t) =-cr2 (tjt)~(t) - 2a(t)a(t) + a2(t) - p(tjt). (5.10c) 

Equations (5.6) t~ (5.10) are simulated -on a digital computer with the sub­

r outine for the generation of random disturbance, y(t) · and e(t). Fig.2(a) 

shows the running values of the state estimation ;(tjt)(in figures presented 

here and below, the symbols ;(tjt) and p_(tjt) are simply denoted by ;(t) and 

p(t)), for the pre-assigned control interval [O,l.O](sec). The sample path 

b.ehavior of the true system is also shown as the run x(t). However, the x(t)­

process is, in practice, in accessible and this is only for comparative obser­

vation. The dotted run in Fig.2(a) shows the sample p~th behavior of the 

quasi-linearized system. Comparison of _the sample paths of the quasi-linear 

system and filter dynamics with the that of true system, actully reveals that, 

as time goes on, the pursuit behavior of the x(t)-process to the ~naccessible 

x(t)-process becomes improved with the elevated a~curacy of the _stochastic 

linearization. The optimal control signal run is also plotted on Fig.2(a). 

Figure 2(b) shows the error covariance of filtering action p(tjt), and also 

rr(t), a(t) which m~ be · adopted as a successful set of trial and error method. 

Figure 3 shows the numerical results of digital simulation studies starting 

with differently initial values from Fig.2. 

6. Conclusion 

The technique started with the stochastic linearization of the dynamical 

system and with that of the observation dynamics. Base4 on the linearized 

system dynamics, a class of finite dimensional approximations to the optimal 

filter has been drived. The optimal control has been obtained for the linear­

ized system by means of solving Bellman's equation. In general, the optimal 

control depends parametrically on both the conditional averaged behavior 

f[~,x] = a(t) of nonlinear action and the choice of performance index factors 

M, N. Through the an"a.ly:tical development and the numerical results, we may 

conclude that the approximation procedure has desirable properties in realiz­

ing the feedback -configuration of stochastic optimal control. 
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Am>endix: Comparative disaussions of approximations to nonlinear filters 

As we can observe in this _ paper, the determination of a filter dynamics 

is e~r~ly blpo.z:_tant . in s-olving 'the optimal control for dynamical systems 

under· noisy- observations. 

Up to the present time, several trials have been made on the physical 

realization of optimal nonlinear filters in an approximate form of finite 

dimensional filters.A-l~A-3 The major differences in the derivation lie in 

the estimation criteria and in the approximation procedure applied. Although 

the most familiar technique is the ~ntroduction of Taylor series expansion 

on a nonlinear function, the basic not ion of the approximation described here 

is the expansion of the nonlinear function and the determination of the 

coefficients by means of the minimal square error criterion, including the 

Gaussian ass~ption to the conditional probability density function. This 

implies that the infinite dimensional filter is approximated by the two 

dimensional filter consisting of the first and second moments. 

To make comparative discussions more clear, two examples are shown. 

[Example-1]. We shall consider once ag~in the example in section 5. Letting 

u:o, the approximated filter dynamics i s determined by 
~ ~ 2 

dz = - s inz exp (-0.5p)dt + pr- (dy - zdt) (A.l) 

and the related error covariance is given by Eq.(5.7) where the symbol should 

be changed from x to z. 

As another possible method of approximation, we shall consider the 
· A-1 method of Taylor expansion. We expand the nonlinear functidn into the 
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fol l owing form, . 
~ (1) ~ ~ 1 (2) ~ ~ ~ 

fi(z) =·f1 (z) + f i j (z)(zj-zj) + 2fijk (zj-zj)(~-zk) (A.2) 
~ (1) (2) 2 

Where Iij = of/ozj and fijk 0 f/ozjozk' and Where i,j ,k"" 1,2·, ••• ,n. 
It follows from (A-2) that 

( ) + 1 (2)(~)-
fi z 2fijk z pj k 

~here Pjk expresses the (j,k) element of covariance matrix P. 
in mind, a somewhat tedious calculation shows the results, 

,.. ( A 1 A-) - -2( • dz = -sinz + ~inzp dt + pr dy- zdt) 

~ =-2Pcos~ - p2r-2 + g2 

(A.3) 

Bearing- (A.3) 

(A.4) 

(A. 5) 

A numerical version of comparative results of filter dynamics determined by 

Eqs.(A.l) and (5.7) with those given by Eqs.(A.4) and (Ar5) is shown. by Figs. · 

A-1 and A-2. 

[Example 2] • . Le~ us consider the two-dimensional x(t)-proeess with the 

ve~tor nonlinear stochastic differential, 

dz1 = z2dt, dz2 = [-z2 + f(~z1 )]dt + gdw 

with z=z1 , dz/dt = z2 and with 3 
zl 

f(zl) = zl - 8 
The observation process is 

dy1.= z1dt + y1dv1 dy2 . = z2dt + y 2d2 . 

In this case, it is a simple exercise to obtain 
~ ~ lA 3 3 A 

-z2 - zl + -sz1 + ~11 zl 
and 

(A.6 ) 

(A. 7) 

(A.8) 

(A.9) 

. (A.lO) 

Owi ng to limited space, the approximated filter dynamics and error covariance 

matri x are listed on Figs.A-3 and A-4. 
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- - --! n 1 y ~""""" 1 ' 1 , ~~ , 

-1.0 
z1 

-1.0 

Fig.A-3 Sample trajectories of filter dynamics in two-dimen.s ional case. 
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Fig.A-4 (a) Error covariance in opt imal estimate by quasi-linearized filter 
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УПРАВЛЕНИЕ СТОХАСТ~ЮIМИ ПРОЦЕССАМИ ПРИ РЕГ 

ДЛИТЕЛЬНОСТИ ~ШТЕРВАЛА КОНТРОЛЯ 

А.А.Клеuентьев, Е.П.Маслов, А.М.Петровсхий, А. И .Яшин 

Институт автоматики и те~емеханики 

Москва 

СССР 

УЕМ ОЙ 

В современной теории оnтимального уnравления большой 

интерес вызыв~ задачи, в которых критерий строится с уче­

том трех характерiстих: 8трафа за несоответствие действитель­

ного и желаемого состояния управвлекого nроцесса, стоимости 

уnравления и стоимости наблюдения. 

Такого рода за,цачи часто встречаютс_я ~~ прахтии:е, наnри­

мер, при уnравлении процес·сами кассового произво,в;ства • . 
uелесообразносtь синтеза оптим~ьвого алгоритма контроля 

и управления отмечается в делом ряже работ 1-4. Однако, л~Ь ­
в некоторых из них приводится ре•ение отде.льиых задач, свя­

занных с управлением процессом наблюдений~ Таи:, в4 решается 
задача управле~ия марковсхим процессом с дв~я состояниями, 

наблюдаемым на фоне •ума. Одно из состояний трактуется как 

"разладка" процесса. Перед наблюдателем стоят две за~чи: 

I/ решить, нужны ни в данвый момент наблюдения nроцесса, 
2/ определить момент наступления "разладки" и 1ос~анови~ь 

процесс. -
В статьеS излагается обобщение теории оптимального уnрав­

ления на случай ограничений информационного типа. В работе 

синтезируется упр~вляющее устройство, в задачу которого вхо­

дит оnтимальное разбиение обхасти наблюдений. 

В данном докладе строится оnтимальный алгоритu контроля и 

управления дискретны~ случайным процессом, учитывающий стои­

мости наблюдения, уnравления и отклонения процесса от задан­

ного рехима. 
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Работа оnирается иа методологию дуального уnравженив 2• 
Ниже приводится постановка задачи и дается ее решение для 

· случая, когда об уnравsяеком процессе имеется неnолная инфор­
маци~, а nомехи набжюдению отсутствуют. 

I. Постановка задачи 

I. Изучается дискретно-непрерывная система. Все величины, 
фигурирующие в системе, определеиы лw.ь в дискретные моменты 

времени ~. 0,1,2, •••• Значение жюбой из вехичин в nроиз­
вольный момент времени -1:.• n. снабжается ивжексок "' • ЧисJiо 
тактов управления процессок конечно .и равно Jf 

2. Ре11ается 6а.йесовсхая задача,. - аnриорные nJiотности всех 

случайных величин считаются известными. Погреmности контреля 
• 

и управления nолагаются равными нухю. 

з. Статистические свойства управляемого одномерного nроцес 

са \(~l считаются известными с точностью до случайного векто­

ра-Х параuетров. 
4. Контроль за управляемым nроцессом сводит.ся к наблюдению 

его координаты~~~~ = o;r,2, .... 
Для nростоты тапе nредnоложим, что nроцесс { (._ 1 должен 

отслеживать не который детер1.шнированный заданный процесс { 8"' ~ • 
Физически процедура контроля и уnравления процесс ом {. !~ l 

выглядит следующим образом. К концу nроизвольнаго с~-!) -го 

такта управляющее устройство, обладая пекоторой информацией 

о ходе процесса nринимает одно из двух решений: 

I. Не контролировать nроцесс в момент времени -t: s 11.- i и 

строить оптимальное уnравление по прошлоn информации. 

2. Осуцествить проце.цУру контроля. В этом случае наблюда-
ется :·· оордината Z ~t , а оптимальное уnравление строится с 
учетом этого наблюдения и предыдущей информации. 

Введем случа1ную ведичину: 

I, если nриню.ш.ется решение о контроле nроцес--
са в момеБт времени t • tL- .L , 

О, в противном случае, 
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и пр ~~меы следующую систему обозначений: 

7~ - координата уnравля~мого процесса в момент време­

ни is. ~ ' 
u.~ - управление на "" -оы такте; 

d"' - результат наблюдения в начале .._, -го такта /в мо­
мент времени -t• t\-!. · 1. 

Таким образом, каждый такт характеризуетсЯ четырьмя пара­

метрами. Три из них, - решение ?См, о контроле: наблюдение ~~ 

и управление ~"" , - относятся к началу т.акта, а четвертый 

nараметр, - координата 2 t'\o процесса., - ~ Itонцу такт~. Буде м 

записывать с о стрелкой наверху nос.ледоват .ельность величин, 

поступивших на вхсэд систеыы, наnри]lер, У"' s ( 1t, 71.~···~ l") 
Рассмотрим nодробнее nроЦесс набJlюдений. Из дальнейшего 

станет ясно, что данная задача решается методом динамического 

программ~rрования. В соотве·тствии Q. этmi мето.цом 2,4•6, миними­
зация функцианала осуществляется "nопятным" . движением от пос­

лед~ неrо) такта к первому •. Поэтому решение х~ . о контроле и 

уnравление tt.., на ~ -о:м такте.; о.пираяс:Ь на информацию о преДЪI­

дущем ходе процесса, по - сути дела, завиоаr от еще ·не выбран~ 

ной совокупности ( 'i~-J. '4.-J 1L"-!) • Лучшее, что можно .g· . , ~ -. 
.~а j • 

таком случ~е найти, - зто построить некоторую _зависимость х~ 

и .u.~ от этой совокуnности в общем в_иде. Так как пр~ выборе 

вектора ( Х..,1 tL"") заранее не известно, сколыtс раз в течение 
nреДЪtдущих тактов nроцесс { 1 ~ 1 контролировался, то для 
построения в общем виде алгоритма контроля и управления в дан­

ной работе nреДлагается векоторая формализованная схема сиите­

за последовательности наблюдений. Суть ее состоит в следующем. 

Пусть nринято решение nроизвести в:о~троль координаты l "-~ ... 
· т. е. 'Xhr -= I • В этом случае резуль1ат наблюдения ~"" совnа-

дает с координатой процесса '1. r.- 1 ~ ~". 1 "-J. • Решение 
~~=О nриводит · к отсутствию контроля координаты 7•-l . Но 
факт неnостуnления информации о nроцесс е { ·1 n l , - с точки 
зрения накоnления информации о { ! "'I , - эквивалентен nос­
туnлению информации о векотором гипотетическом процессе, 

НИI<ак не СВЯЗаННQМ С { ~"} • В частkости, .в даННОЙ работе 
будем полагать, что этим гипотетическим nроцессом служИт не-
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которая случайная nосл~довател:Qность { ~ .. l , не з~висиыая от 
{ 1 ~ l . Пусть также \ ~" 1 состоит из независиwх величин. 
Поэтому формально можно заnисать 

d. :а { (n-1., nри -х"" = I II/ 
"" ~- nри ~- =О "'=i..t ... J.N, 

.... ." •• J ' .J 

или в виде одного выражения 

~"':а 'X..,[ .. -i +(J.-~n)St\., tt=i.,tJ ... ,.Н. /2/ 

К концу (n-J) -го такта уnравляющее устройство обладает ... 
информацией в виде nоследовательности решений I)(_..J.,.. С "~., ... 
~~ ... ~"-1) , nоследовательности уnравлений 'ttn-i • С 1t~ ••.• tt,.-!.) 

1 .J lt " 1 

и nоследовател~:ности наблюдений an-J. • (~~; ~А..., ••• 1 ~·-1) , 

где nод наблюдением ~ k. nонимается формальное равенство . 

~~= ~IL 7/L~! -t(i-'Xte.) ем. • Кроме того, уnравляющему устройству 
известна последовательность { 1..,.1 значе~ий. зталоввоrо. детерми­
н ированного nроцесса для любого ~ . 

На основе этой информации уnравляющее устройство nринИма­

ет решение 

-t' ... .... ~ 

')( n::: ~" ( Xn-J. ч.,._i t.t,._! OWI) /З/ 
J о J J 

о контроле координаты Zn-~ . Если устройство nривяло реше-
ние х". = О, то координата [n-! не контролируется, ~"~ 7.--1 . 

Если же принимается решение 'Х n. • I, то осуществляется nро­
цедура контроля,~ ... ~ {n-~ • В обоих случаях далее находит­
ся vптимальное уnравление 

~ ..... _. .... 
tt" • 'Un ( Xn

1 
~1'\1 tLn-,L

1 
~m) /4/ 

На следующем такте все nовторяется вновь. 

Критерием оnтимальности в д~ной работе служит критерий 

минимума nолного риска. On обРа.зуется следующим образом. 

На к~~дом такте существования nроцесса { 7-1 оnределя­
ются три тиnа возможных потерь: 

I. Потери, связанные с отклонением координаты {... от за­
данного режима в~ 

2. Потери, связанные с уnра~лен ~~ем u."' • 
3. Потери, связанные с контролем координаты 1n-i . 
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Потери на отклонение коордИнаты 7" от · е"' оnределяются векото­
рой функцией потерь, зависящей от 7 .. , в~ и, в общем слу­

чае, также от номера такта ~ 

n-:. i ~ ... .Х. 
1 j J 

/5/ 

Потери на уnравление на ." -ом такте оnре.цеJtяются ефункцией 

nотерь 

/б/ 

и с учетом с~ча!ной величивн ~~ nотери па контроль - ф нк­

цией nотерь 

С!."' ::: ~ n С3 ( n ) \'\ ~ .i .t . .. .J'tr. /7/ 
J • j J 

едедуя терыипоиогии2 , удеJtьпоl функцией nотерь на ~ -ом 
тахте назовем выражение вида 

С": С~(.,, е .. , f") ..- С.а.(",«") +Xn~C1'\)1 ":a!,.!, ... ,~JY. /8/ 

/В nривцiше, функция ~h. может зависеть от от,JtельНЪlх nотерь 
и не аддитивно/. 

Общей функцией потерь назовем выражение 
~ . 

с .2: : ~ [с~ с", G"J ~") ... с.1 с 1\, tt") ..-~"с~ с~) J /9/ 

Оnтима..льной СЧtqается такая nроце.цура контр.оля И уnравле­
НИЯ, для которой nолный риск /математическое ожидание веяи­
чиНЪI С~ 1 

R~ =-м {с~ 1 .. м { е 1 с1., G,., 71 )...- c.~,ci, uJ.)+ xJ. с~ с~) 1 + 

+ ... + М {С~ (Х1 Э.N, 7и).,. <!..~,(.н, U",)+ ~.к С.& ' J(}} 
/IO/ 

минимален. 

Требуется nостроить nоследовательность правил решения 

r. • n '){ ( ~- -. ...". ~ ....,. r."' ..... ...,. ~ -. /Il/ 
.,_ t'/1\ Х~ ~n-! Ч"_i 'Чn-.L Efm)· " (Ч"' ~ .. Ч" U,._J &,.. ) 

o~<J ' J 1<1J J 

и, соответственно, пар управлений ( 'Xn, 1t~) , :миниыиз~рующ~fХ 
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полный риск R.% • Если обозначить минимальннй полвый рисх 
R~ , то · данная задача сводится в: поиску 

/I2/ 

2. ВЫвод основных соотво•ений 

запи11еи выражение ДJIЯ удельноr..о рисв:а R.,., , понимая под 

зтИil . рис в: на )\. -ок тахте 

R."== Jсе.~.с~,1 ... в,.)~~.а.С",-и .. )+~.еа<")}Р(хn ... [ .. ,tt")d.n. /IЗ/ 
.11.( Х,., 1.tnJ 1•) 
Здесь и далее д( •) озиачает обхасть совместиого изменения 

величии, стоящих в скобв:ах, а dA - ее бесконечно ua.JIЬlй эле­
мент. Условимся также, что функциИ' Р(•) , имеющие разные ар­
гументы, представляют собою, в общем случае, различные функ- . 

ции, несмотря на то, что они обозначевы одной и той же бук­

вой . Функции РС•) суть совыес!ные /усло~пые или безуслов­

ные/ плотности вероятности а~учаlвых веnич•в. п~о~вос~ь 

Р( х., (•, ч,.) = { Р ( 1r., ti., i, '/•• ч"") d.л. /14/ 

А( I., Lt" X"-.L .ч.-i) . дt J " 2 
Воспользуемся методикой дуальвого управления и представим 

многомерную плотность Р( ; .. " u.,.., Х" 7•, ~ ... ) в виде произведения 
ряда одномерных плотностей. В результате выражение для удель­

ного риска R.t'\,. примет следующий в~iд: 

R.: J [~.с ... 7•. е.).,.(!.._( ... u.) .. х .. ~~( .. )}РЩ· P(7·/;;,X.j.,u.)' 
12. ( ~J Ч.., Х,. ~- l"} , . <1 J 1 ) . 
~ ~ 

• ПР(ч.,f~ ~ ч ... ! Qi-j)·П[ ~"('t~J~t•! ~ ... ! Ч.:-! 1-)· '$ .1 (} 1 J <1 ) ., • .& J 1 <1 1 

. r." ·, 1Li.[ ;~, Ч. 1!~·L ; ... )]dл.. 'h•L,I-~···J .х. /15/ 
' ~(р, J , 

Полный р иск 

/Iб/ 
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...... 
Задача выб ора J.Jf -мерн о го вектора ( 'Х.., u.lt'), минимиз ирующе-

' го полный риск R~ решается методом динамического програнмиро-
ван и я . 

Вначале оnределяется последняя пара ( х.", и",) • В . выра>Iе­
нии /Iб/ от ( 'Хи 1(11 ) зав ис ит лишь последне е слагаемое R,J( • 

' .... Следовательно, оnт имальная пара ( ?tи u.l() определяется из 
J + + 

условия минимума R..N • Пусть А (N-.L) -uepнJ1 :1 в е i<ТОр ( ~N-J. ttн-l) 
задан . При ~~.х · ' 

R._"' 1 xr ( r, Ч; .. ) { ( l ~1 (xJ 1н, ffJ() -t ~.t (л, ttx) ~ 'XJ( ~з (J't)] • 

(
.... ... ... } 

Л. ~X-.LJ U..".J' ~.at-J) А( 1•, I J Хи, ч..,, ~Jt) 

•. Р(~)· P((x\I 11( Ц.., Ц,.~· n Р(Чс:l~ ~~ 4~-l ~~-!)• 
J 1 (J 1 ·s~ d ~ 1 d 1 

• < rJf~. r,;·) dл. /17/ 
Г 6 _. _.. ,. ..,. А n.._( 1 _.. ~ _. е 

-,х .:::r.:'r(X;{~,-i,~~-!,U.; .. .L,Q .. )~ r.:"= ~~ Uc,I'X~,~~~Ц~-J, ,.) 
::а ка:..:щом такте управдяющее у стр оti ство n_ и н имает одно 

- ,_, вух решений : ~" = О или ~" = I • Позтому nри "s .н ре-

;с:' ее правило -

Jf х ('Хн\ -iJt-1,·- ~Jt·J,;JФ-i, Q,..):: { (~ • А. J iiн-1, -r~~-~, t:(И~L 1 е,..) Ь ( 'XJ(-i) ~ 

.. 6(~и·оJ ;;и ... 1, ~·.н--1, ~."-j, ё:) ь(~"-о)) ;. 

/18/ 
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Рассмотрим подробнее формулу /!9/. Из /2/ следует, что 

при 'Хх ,. .i :- dJ( •1н ... .L • Позтому 

... ... ..... 1-.... ~ _. 
P ( 1.~~J ~" ~JI~ 'Xи-jl ~и•J., 1\.tи) • Р( 7~ i ~~~.н .. !, 7.и-~, 'Xн ... .L.J W.r•L, 1.t.r~) /20/ 

P(~.N{~, '}.J.., ;к ... iJ ~A'·i,1f.к ... l)= P('lx-~\~1 ;и-J. 1 ?CJt•~,~н ... .L"' U.и-L) /21/ 

Далее, nри 'Х.к = О : ~к • ~.но • В силу независиыости nроцес-

сов { (.,l и{Е.,}~ 

/23/ 

где Р(с..о~) - аnриор_ная nло.тность вероятности случайвой величи-

ны ё..Jt • 
выше отмечалос_ь, что в том случае, когда · nриниuается решение 

не КОНТрОЛ·ИрОВаТЬ КООрДИНаТу ~ l n-1. , уnравление 1t,.. ОПреде-
ЛЯеТСЯ прошлой информацией. Это означает, . что решающее nрави­

ло 

r"'' \... ~ ... .... r.- с 1• ... · ...,.. ~ 
J( ~ 1l.rf ~ .... .L, ~"=о, ~J(1 UJ'fo-.!J ~-)• Jf ~ IX~-> ~Jii•O." ~J." ён, 1tx-~ Р,..)= 

... .... ... ~ . 

~ rx tt ( 1L.rf ) X>t-.L' 'Х~ sO." ~Jf'-t." «.rt-.!1 &._) 
/24/ 

Таким образом, во втором слагаемом формуJШ /19/ от ~ • ~.к 
зав ис ит лишь плотность .РС~) • Подставим выражения /20/::-/24/ 
в / I9/, пр о интегрируем по ё..н и введем функ·ции 

oi.J/• ~[C.~.(~P",,1Jt)+<!.a.(.N', 'Ч..i)-t-~1 (.1\')]· Р(_~)· P(L_.,j~., i*"j_, 
.л.( 1н, ~) . 

... ... ... ... ... 
1Jr-1J ~н ... J.J ~нs!,'\t.rt)• P([и-J.J~, 'X_. .. .tl ~и•l, dи-.L, ttJV' ... J )• /25/ 

Jt-l .... ~ .... 

~ Р( d~ 1 ~~ ?Cw:, ~~-~, tt.;-.L ) dл. 
\,Sj 
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~ Х ~ ~ ( ~ 1 ( JV 
1 
~Х, {J() -+ С~ l JV, 1l Ji)] • р с ;: ) . р ( 7 Х 1 ~ 1 ~ N-.t.! 

.А((к,3:) 
Jr-.1 .... ~ ..... 

,;;Jf) • JJ Р( ~~ J ~' 'Х.;> ~ .:-J., 1tc:-.t) oUl /26/ 

С учетом этих обозначений выражение для риска R.. p nр и обре­
тает следующий вид: 

JI-J.. 

n ( п ( r.: 1', f14t). Ф.н ( ~Н-.1. ~.N-1 ч.tf-i t,.,) dд / 27/ 
к. J!( - ~ &•1 J ~ (] J ' 

_. ,.,. .. 
А ( ~--~~ ~н-J.1 tt.,....L) 

где 

~ 6...... ....,.. -+ ... ... !... ~ ....... ....... 
:r .JI -= ~ .N ( 'Хн-J., .U.и-J., ~Н-!, е"') :s а ('Хн sl 'Хк ... j J Uн-J.J ~ J(-J 1 Эм) • 

Jol. f:11.( l... ... ... ... 
J(' J( '1.t..t 'ttн-.t ~и-J. t;<и:s.i Чи-.1. '1 .ff-J. {)m) ал. + 

( 
) J ' (J .) L .) 

А (зr-!.~ U.н) 

........ ~ ..... [ .... · ..... ~ i. J.л. 
+ r ( 'Хх~О 1 1Сн-J. J U,к .. lJ ~N-jl 9"_) ~ ~Jf . r.J( 'lt(1Lи \1t.)loojJ 'Хн-.t /X1t'~ D.J ~.N .1J J/28/ 

- .Jl.(.1.t,к) 

Оnтимиuация R.н относительно ('Хн~ ЧJ'f) сводит.ся к оnтими~а-. 
ции ~.)/ • Начнем с выбора оnтимальных уnравлений U.w • .· 

Наложим следующее ограничение. Будем искать уnравляющее 

устройство в классе систем, обладающих относительно ~~ , 
~ ~ L л. ... ) N , регулярной стратегией. ОбоЗначим чере з 

1 J 1.L;: - оптимальное уnравлен~е, отвечающее . решению -х !'\ • О , 
а через u~~ - оnтимальное уnравление, отвечающее решению 

х)\. = I, ~ ... J., .t" ... ) х . То да nри h~ .N' 

r. 'IA.( } .... .... ~ ... 
х 11.1'( 'ttJf-J.' 'Х н--J.~ 'XN ~ !.) ~ 1(' .. ~~ ~ Jlt .. l., &"') s Ь ( 1.tн- U ~~)) ~ 

/29/ 
r.к 1\( ( 'U..к \ ~.К-i ;;Н-1 rt JI(:S о Uн-,1 ем .. ъ с tt..,- 1.t ~у.) . 

J J 1 (] 1 

После подстановки / 29/ в /28/ и _интегрирования по tt~ в 

формуле для ~J( от оnтимального уnравления 1t ~* оказывает­
ся зависящей функция d~ , а от оnтимального уnравления и~~ 
- функция ~.х ; следовательно, опти,м~льНЬiм управлением u~· 
служит значение u.к . , доставляющее минимум d...x , а оn.тималь-

ным управлением ~:· - значение ~н , минимизирующее ~~ • 
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Пусть 

/30/ 

где д(~~) - область допустимых управлений на Х -ом такте. 

Подставляя /30/ в /28/, находим 

* ,~ -- .. ~ J • f а ~" ~ • r ( 'XI<• i ~N-! Чн•J 1.t",_J G,..} d..н· dJl .... 
:и u Q 10 1 1 . 

и 1... -:f ...- _.. А( 1*!) 
_.а ( 'XJ(~O I'Xн-s., 'д"-.L, .UJt'-1, ~}~~ 

/31/ 

Пусть управляющее устройство обладает относительно решения - - ... х"' также регулярной стратегией: из ~ ( -х,.. ·i\ ~-.1 ~"'-~ u_1 

~--)· 1 с вероятностью единица следует ·~(X"•ol "i..-i., ~ .... ~~ ir'..-1, &: ) • o,J 
и наоборот. .. 

тогда оптимизация §Jf относительно ?Си сводится к срав-

нению функций ~ol; Gt".A и ~: и ~ыбору меньшей из них. При 
Л.((·~) 

~~dд>~; 
Al tJf"i) 

принимается решение 'Хн = О, а при 

/32/ 

( .. * 
J d..н oln. ~ ~J( - /33/ 

Л.( {lf-~} 

решение 'Хн = I • При равенстве этих функций выбор решения 
~н проиэволен. В результате двойной минимизации образу­

ется функция 

~:· _ ~~ ФJ(. ~"l ~;J ~oi;ctд] 
?С" 1 '\.11( • Л.( 1 Jf'-JJ 

/3~/ 

Переходим к определению nредnоследней nары ( 'Х'к-1., ЧN-J.) • 

Прежде .всего отметим, что no аналогии с формулами /25/,/26/, 
/28/ функции а.,. , ~ .. , ~"' могут быть построены для любого 
такта, \'\• 1, 1 1 ••• 1 х • для этого достаточно в соответст-
вующих местах заменить индекс Jf на n. • Пусть 1 (.Н-.t.) 
-мерный вектор ( ~»-~ ;~~) выбран. В формуле /16/ от век-

} 
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F~ ... ~ ........... ~ .... 
H-i ~ ~H-l ( 'XJfl-t,

1 
1.tи-~~ ~н-..,,&,..)~ Q ( 'Х.,._.1 2 i \ '1Cw-~., 1lн-.t,1 ~~ ~ 8"') • 

{ 
r r . '*'V> ...... . ... .. - ~ 

• j .._оl.н-! _... ~J( · .( 'Хи-J.., 'Хи-.1::i., ~.)1'~, (.н-А., 1.t.н-J..." &m)J• 
n{l ~~ 1Lи .. L) 

... ... ... _. l • r~ ( U~1\ 'Хн-_"J -хн-1•i~ ~JМFJ 1N.~ U.lflo:t.J &,...,~d.AJ-t . 

•+Q(~.н-J.•O/~J'f'-.2. 1 ~J.~ jн...,., i.._)• { ~ [~н-1 -t ) ~;f**( -;.., .. ~" ~N-.i:sO" 
.n.(. '-.н--J.) А( ён-J.) 

... ... ~ .... ... ..... ... - 1....1 f36/ :. 
~x-J.,Gн-1, u", .. .i J G"')~.o.} r ,N'I-j. ( 11." .. 11 'Хи--', 'X.If'-J.:.i, .~н..,_ 1 1Аи-~, ~) ~'" 
В выражении /36/ от . вектора С ~н-~ Uн-~) зависит лишъ 

фуНiщия fZ_,., .. l. • поэтому достаточно рассм;)третъ ·лишь ее мини­

мизацию относительно С~и-~ ~~- 1) • введеы функции 
1 

1.t .1.* 
N-J. 

UN-i 

11ИНИАLума 

/3?/ 

н~ходится из условия минимума ~N-1 относительно 

, а оптимальное управление 1..l~~1 - иа условия 

~н-1 относительно u.N-.t • Пусть 

/89/ 

• 
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то-гда 

F."~J. : ~"'" Fи--~,. r( ~-.\. •i j ;и-~. 11,......., ~»-.\ t~ )· ~ ~:_i ~ .. 
1J о ' d ' 
И•L А( 1",_..а.) . 

.. ... ... -. • /40/ 
-+ (( ')Сн-1.~0 1 'Х~, «.•J..,~.N"'J., & ... }f",_~ 

* оптимизация ~~t относительно 'Хн.-.1.. сводится к сравнению 

функций · lf ;-1 , 1 >е;.~ d.1). И выбору меньшей из нах. При 

1 )€. ..... cl.a. ::> to• Л(lnр~нимается решение -х.,... А. = о -, · а при ' 
.ll( .н J. 'Nt-J. 

""") 1.)t~!о(д < Ч';J - решение 'Хи-J. = I. При равенстве этих 
.Q.( 1н-А.) . 

функцйй выбор решения 'Хн-J. nроизволен. В результате оптими-
. ..... r'" 

зации nолучается функция Fн.-1 •"' ~"' •. ""N-i. 
"')f•i. "' .. ~ 

Рассуждая совершенно аналогично, метрудно покаэа~ь, что 

ДЛЯ нахождеНИЯ ОПТИМаЛЬНОЙ nары ( ')(..:.~ 1 «::.k.. ) , k• L,_ A~-·.J N·!, 

не обходимо совершить следующие действия. 
r. построить пару функций 

F ** .... . .... ... .. 
~~-~ s aL.ar ... ~ ... ~k.~J. ( "~-~!~ -xN ....... J., d-н-- ~~, 7-И'-~ ... ~ tс.н-,., е,..~; 

r ~"' ... .. ... ... .,(А 
\fн-k=fx-~ + ) ~и-w.+ 1 ( 'Xи ... 'll:.-!

1 
~~t ... Jr.•O, ~.11'-k-.L, !.w--.c..~ .ц..,_k. 1 ~) • 

A(~J~""-k) 

2. минимиэируя )t.ч·l-- и fN~-" по u~tt. , 118йти ~~ 
-4, ott 

и \(.".,..~-. , соответственно. 
·3. вычислить минимальные значения 

и ·выбрать мен1-шую функцию. 

1 }t~~'(&. оlл. > f.н-~tc. 
A((N-k-1) 

принять решение 'Х "и.-lt. = О, а nри 
j 'i.:..-... d.Q. ~ t.P;tt. 

А.( 7..-"tc,-A.) 

решение ".N- k. = I . При равенстве функций выб()р решения ~ ...... ~ 
пр .... иэ:волев. 
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При мер. Пусть { ("' 1 - случайный nроцесс, в отсутствие 
.управления отвечающий форкузrе 1" .. лn.-+ k..._ · , где { k. l -
последовательностъ-неаависимых нормальных величин со статис­

ТИШ111И (о,б".а.) , а ~ - неизвестный случайный пар~метр, расп-
. i 

ределенный цо нормальному зажону P(~)·~~e?ef{-C~-~o).a.J.15"~..t ~ 
Пусть процесс i 1-\ на.чинается из · случайного начального ;; сло­
:sия 1• • pacnpeдene·.aнoro П() нормальному за ·к·ону со ст~тисти­
ками ~ {о,«'.;') • nусть. , д11н nростоты, рассматривается двухшаго-
вый nроцесс, Jf• Jt , а на nервом шаге nринимается решение . 

XJ. = I • тогда ~ - ~~ ·?· . При наличии уnравлений образуется 
nоследовательносn 

1j,•1.lJ-+~..,.[o-t-h1) 

7.t. • U.a. ... 1lJ. + 1) •/о_.. ~а,. 
/n.I/ 

Каждому ~ену посnедователъности /n.I/ ставится в соответствие 
наблюдение 

d"'. "."' , ...... + с~- 'Х" ).С.~ 

Пусть гипоте,ичеокав nоследовательность { ~" ~ 
no норJiаJiьвому закону со статистиками (о, ~: ) 
функции · цотеръ 

~. J.,!(, 

и nримек, что при~~ = о~ ~~ = о. 

расnределена 

• Выберем :. -

/n.2/ 

Проnуская nрокеауточные выкладки, nриведем сразу окончатель­
ный результат. Оказывается, что nри этой постановке возможны 

две оnтимальные стратегии~ 

/n.Э/ 

/n.4/ 
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/n.S/ 

минимальный полный риск в этом случае равен 

R. .. '*5~"" .t~ ц .. i+~б" + б"1 +А~.~ ES""' /n.6/ 

Эффект адаптации в данной системе сводится к изучению неизвест­

ного параметра ~ и nриводит к уменьшению дисnерсии его 

расnределения. nри' о~ fri" ~ 1.[. оnтимальна вторая стратегия t а 
nри of ~ 1/~J - оптимальна пер.вая стратегия; ~~trJ." s 1Z .. i . 
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SYNTHESIS OF CONTINUOUS-TIME STOCHASTIC 
CONTROL SYSTEMS 

1. Introduction 

I .G. Cummi ng 

Department of Electrical Engineering 

University of Toronto 

Toronto, Canada 

This paper discusses the design and synthesis of a controller for .. 
a physical random system, and in doing so, discusses one of the problems 

of applying mode~n continuous-time stochastic control theory to practice. 

The steps in the design of a controller for a physical system are 

outlined in Fig. 1: 

a b c d Controller 
Physical Diffusion Controller Built in the 
System Model Designed with Physical 

r---"i ~ Stochastic ~ Environment of 
Theory the System 

Fig. 1 Steps in the Design of a Controller 

A physical system or process is defined to be a continuous-time 

random process described by ordinary differential equations whose 

right hand sides contain noise components with a high but finite upper 

frequency. As such, it is physically realizable, and is typical of 

many random processes found in practice. 

A given physical system which is to be controlled is shown 

symbolically in Fig. la, and Fig. ld represents the final objective, the 

system with its controller attached . To design the controller which 

optimizes some system performance criterion, continuous-time stochastic 
1-4 control theory is. used in Fig . le. However, as the development of 

the theory requires that the processes involved be ~1arkov, processes, 

: 

the theory cannot be directly applied to the physical system of Fig. la, 

but must be applied to a Markov process which is closely related to the 

physical system. 
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As the physical system is a continuous-time process with high 

bandwidth noise; a closely related Markov process is a continuous-time 

process with white no i se. Such a process is cal led a diffusion process5 , 

and is described by a stochastic differential equation of the Ito5 or 

Stratonovich6 type. If the diffusion process mode l s the physical system 

in the sense tha their r elevant statistical properties are approximately 

t he same, then the stochast ic control theory can be applied to the physical 

system by way of the diffusion model, as shown in Fig. lb . ft similar 

prob lem occurs when t he stochastic controller, designed in Fig. le for 

a white noise system, must be buil t in Fig . ld for a coloured noise system. 

With t his mot i vation the purpose of this paper is to discuss the 

rel~t ion. between physical pr ocesses and diffusion processes, and to 

i llustrate how this relation affects the synthesis of a stochastic control 

system. The relation between physical and diffusion processes was first 

discussed by Stratonovich7 on a physically rigorous level, and latP.r by 

Khasminskii 8 . An approach which is similar t o t~at of Stratonovich, but 

which is more convenient in the present context, has been given by 

Cumming9 This approach i s outlined briefly in Section 2 be l ow. Some 

other results which are re levant to the prob lem have been reported by 
.10 . 11 

Wong and Zaka1 and Clark . 

Having discus~ed the relation between physical and diffusion processes, 

it i s us ed in Section 3 to f orm a diffusion mode l of a given physical 

system, allowi.ng the nse of stochastic control theory to design an 

optimal controller for t he physical system. In Section 4 , the relation is 

also used to translate t he controller designed by · stbchasti.c theory (which 

is still a diffusion process) into a physically real i zable contro l er which 

can be bui l t onto the given system. Finally, the performance of a controller 

so designed is shown to be superior t o one designed by not taking the theory 

of Section 2 into account. 

2. The Relation Between Diffusion Processes and Physical Processes . 

·This section will state the conditions under which a diffusion process 

and a physical process are approxi mately statistically equivalent, and the 

r esulting relation between them. The criterion of statistical equivalence 

will be that the first order probability density functions of the two 

processes will be approximately equal over almost all of the time range of 

interest. This criterion is sufficient for stochastic control problems 

where performance cri teria such as mean or i ntegral squared error are of interest , 
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Form of Physical Process: Many of the continuous-time stochastic sys t ems 

found i n pract i ce can be described by ordinary differential equations 

(o. d. e. ) in the state vector form 

X(t ) = g(X,t) + G(X, t)y(t ) , ( 2: l) 

where X(t ) i s then-dimensi onal "state" of the system, g(X,t ) and G(X,t) 

are t he known system dynamics, and y(t) is a high-bandwidth, zero mean, 

m-dimensional noise vector specified by the matrix correlation function 

T E[y(t)y (t-T)] = R(t,T), (2. 2) 

T where E[ . J i s the ensemble expectation operator and (.) denotes transpose . 

The initial conditions of (2., 1) are not given as they are not important to· 

the dis cussion below. 

The form (2.1) is restrictive in the .sense that the noise y(t) must 

be factorable from. the system dynamics in the manner shown. For example, 

a r.h.s. term such as X(t) sin (y(t)) is not allowed in the present form 

unless a new noise y·' (t.) = sin(y(t)) can be defined and specified by a 

correlation function as in (2.2). Stratonovich7 uses a form of _system 

equation without this restriction, but the present form can be more 

conveniently compared with the diffusion process (2.3) and allows for 

n?n-stationary noise processes. 

Form of Diffusion Process: A continuous Markov or diffusion process is 

described by the Ito stochastic differential equatio~ (s.d.e.) 5
. 

dx(t) = f(x,t) dt + F(x,t) dw(t) (2.3) 

where x(t) is the n-d~mensional st~te of the process, f(x,t) and F(x,t) 

are the dynamics of the process, d. is a .s'tochastic increment in the Ito 

sense, and w(t) is an m-dimensional Wiener process with the incremental 

property 

E[dw(t) dw(t)T] = 2D(t)dt (2.4) 

The Stratonovich form6 of the s.d.e. (2.3) is given as equation (1") in 
. 12 Cumm1ng 

Incremental Properties: The statistical properties of the diffusion 

process (2.3) are specified by two incremental properties 

and 

Ex[cx(t)J = f(x,t)ot + o(ot), 

E [ox(t)ox(t)TJ"" 2FDFT(x,t)ot +o(ot), 
X 

(2. 5) 

{2 .6) 
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where o. is a forward difference operator over a time increment ot, 

o( •) denotes of order higher than (•), and Ex[·] is the ensemble condit­

ional expectation operator, given x(t). 

The existence of the parameters (2.5,6) is a basic property of . 

continuous Markov processes as these parameters specify the form of the 

Fokker-Planck equation of the diffusion process x(t). In contrast~ 

a~alogous incremental properties for the non-Markov physical process (2.1) 

do not exactly specify the statistical properties of X(t), but if the 

bandwidth of the physical noise y(t) is high enough, the incremental 

properties of X(t) do specify the statistics of X(t) to a sufficiently 

high accuracy. In this case, the physical process X(t) is said to be 

near-Markov, and the statistical equivalence of X(t) and x(t) is ensured 

by equating the incremental properties (2.5,6) of the processes. 

The justification of this statistical equivalence is discussed by 

Stratonovich7 and Cumming9 It is necessary to make the following 

assumptions about the physical process X(t). 

Al: A positive parameter·'cor' the correlation time of the physical 

noise y(t), exists and is the smallest number for which R . . (t,T) is 
' lJ 

effectively zero for lTI>< , all i, j and timet within the range cor 
of interest. More precisely, 'cor must be b.ig enough so that 

T cor 
f _, R(t,T)dT ~ f R(t,T)dL. 

cor 
(2. 7) 

The parameter 'cor is related to the upper frequency wy of the noise y(t) 

by 

(2.8) 

A2: A parameter ~el' the relaxation ti~e of the physical process X(t), 

exists and 

T > 10 T 
rel cor (2. 9) 

Stratonovich
7 

defines Trel in terms of g, G, and D, but his definition is 

difficult to apply· for all but the simplest systems. It is simpler to 

define 

-1 
'rel = ywx (2. 10) 

where wx is the upper frequency of the systea X(t), defined analogously 

to w . The assumption then becomes 
y 

~ ,.::'· 
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wy > l Owx (2 .11) 

which ensures that the system X(t) is near-Markov. T.1e noise y(t) then 

affects the system in a similar way to white noise. 

A3: The functions g, G, Gt and Gx are of fini~e variation within the 

time range of interest . The subscripts t and X denote part i a l derivatives. 

A4: The integral 

A(t) f R(t, T) dT (2 .12) 
0 

exists and the non-stationarity of y(t) is suffic i ently ·slow hat A(t) 

changes a negligible amount over time intervals as small as Tcor ._Then 

A(t) + AT(t) ; ! R(t,T) dT. (2 ; 13) 

A(t) is called the characteristic matrix of the physical noise y(t), and 

contains all the statistical information of y(t) needed to estimate the 

statistical properties of X(t) under the present assumptions. 

~: A time increment 6t i s chosen over which the incremental properties of 

X(t) are evaluated, and 

Tcor < at< Trel' (2 . 14) 

With these assumptions, approximate expressions can be derived9 for . 

the incremental statistics of X(t), 

l, n, (2.15) 

(2 .16) 

where the summations have an implied lower limit of one, and the functions 

are evaluated at X and t. 

The expressions are necessarily only approximate, as the future 

statistics of a non-Markovian process are not completely known when X(t) 

is given. However, the assumptions Al-5 ensure that these expressions have 

a useful accuracy. 

Statistical Equivalence: If the expressions (2.15, 16) match those ·of the 

diffusion process (2.5, 6) the physical process X(t) and the diffusion 

process x(t) are -statistically eq~:valent in the following sense. The 
'o. 

first order probability density functions of X(t) and x(t) are approximately 

equal over the time range of interest, with the possible exception of 

times within Tcor of arbitrary initial conditions of the systems. This 

latter exception has a negligible aff;ct ~n the applications to follow. 
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Matching the incremental properties of xlt) and X(~), the systems 

are statistically equivalent if 

1. 2D(t) = A(t) + AT(t). (2 .17) 

Thi s ensures that the physical noise y(t) and the white noise w(t) have 

equal low frequency spectral density. 

2 . F(x,t) ·= G(X,t), . (2 .18) 

n m Cl G.k 
f. (x,t) =g. (X,t) + r r a ~ G.t(X,t)~t(t), i=l,n. 

l 1 j k,t j J 
and 3. (2 .19) 

The term involving the summation on the r.h.s. of (2.19) is the interesting 

term in the relation between physical processes and diffusion processes, 

and will be called the bias term. This bias term accounts for the effect 

of t~e short-term correlation . between the noise y(t) and state X(t) in the 

term Gy(t) of the physical system, which the term Fdw.(t) of the Ito 

equation does not reflect on its own accord. 

Comments on the Asstunptions: The factor of 10 used in ~ is chosen as a. safe 

figure, for in several examples tested, no noticeable improvement in 

statistical equivalence occurred when the noise bandwidth exceeded ten times 

that of the system. It is not clear how fast the accuracy deteriorates as 

the noise bandwidth is reduced towards the bandwidth of the system, and 

unless explicit error estimates can be obtained, _each example will have to 

be treated as a special case. If the noise y(t) and the system output X(t) 

are available, the relation (2.9) can be tested experimentally by measuring 

the maximtun correlation times of the two signals. Also, the characteristic 

matrix A of (2.12) can be estimated experimentally by averaging the product 

of the noise and its integral, as 

where Y(t) 

A(t) = E[y(t) YT(t)], 
t 
! y.(s) ds. 

3. Design of a Stochastic Control System 

(2.20) 

(2.21) 

In this section, a typical design exercise as outlined in the 

Introduction will be detailed. As an example, the optimal controller for 

a linear system with random coefficients will be designed, for this is 

one of the more interesting problems for which an optimal control solution 

is currently known. For simplicity, a first order system is considered. 
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Control Problem: Given the physical system of Fig. 2 described by the o.d.e. 

(3.1.) 

and the ability to control X(t) through the addition of the control term 

b u(t) on the r.h.s. of (3.1), find the stationary control u(t) which 

minimizes the expected rate of increase of the cost function 
t 2' . 2 

J(t) = f [u (s) + qX (s)] ds, (3.2) 
0 

when y(t) is a 2-dimensional stationary physical noise possessing a 

sufficiently high upper ·frequ~ncy that the assumptions of Section 2 are · 

satisfied, and the _characteristic matrix A is known. 

In order to use stochas·tic control theory to design the controller, 

we must first approximate the given system (3.1) by a diffusion process 

which is amenable to theoretical analysis. As the performance criterion 

depends on the probability density of X(t), the method of Section 2 can be 

used to obtain a relevant diffUsion model for (3.1). 

Dj ffusion Model: As the assumptions· of Section 2 are satisfied, and the 

bias term of (2.19) is A11X(t) + A12 , a diffusion model for the physical 

process (3.1) is given by the- Ito s.d.e . 

dx(t) = [(a + All) x(t) + A12 Jdt + x(t)dw1 (t) + dw2(t):, ('3-.~~ _ 

where w(t) -is a two-dimensional Wiener process with the incremental property 

E[dw(t)dwT(t)] = 2 D dt = (A+ AT)dt. (3.4) 

Optimal Control Design: The optimal control of _the Markov process (3.3) 

is found by the method of dynamic programming3•4 , where the incremental 

properties (2.5,6) of (3.3) describe the behaviour of the process. Note 

that the physical noise parameter A12 enters into the control calculation, 

which is interesting as this information is not contained in the matrix D 

which characterizes the white noise w(t). 

Under mild restrictions 1, an cptimal stationary controller exists, 

and is given by 

u(t) 1 
2 b kl - b }r 2 x(t), (3.5) 

where k2 b-2[a +All + Dll + ((a + All + Dll) 
2 2 1 

+ b q)~J. (3.6) 

kl 
(2Al2 + 4012) k2 

and b2k - a - A11 
(3.7) 

2 
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Non-optimal Control Designs: If t~e physical process l3.1) Ls not modelled 

properly, non-optimal control designs can result. Authors who consider 

theoret i cal control problems generally do not discuss the relation between 

physical processes and diffusion processes, but only discuss the control 

of a diffusion process described by Ito or Stratonovich s.d.e.''s. On 

reading their papers, one could easily fall into the trap of interpreting 

their equations as being directly applicable to physical process~s. This 

is equivalent to interpreting the o.d.e. (3.1) of the physical system 

di rectly as an s.d.e., on replacing y(t) by white noise ;(t) of equal low 

frequency spectral density, 2D. Two types of error can result. 

Non-Optimal Design 1: This design can occur if (3.1) is interpreted as 

a Stratonovich s.d.e. This is equivalent to specifying the physical 

noise y(t) only by its low frequency spectral density, 2D, instead of 

by the more detailed information of the characteristic matrix A, and the .. 

non-optimal model . and control design are obtained by repiacing A by D 

in equations (3.3-7). 

Note that as A + AT = 2D, no e.rror is made in this design if A is 

a symmetric matrix. However, many noise vectors found in practice do not 

have a symmetric characteristic matrix, as, for example, when on~ component 

of y(t) lags another. Also, no error is made if the bias term of ·(2.19) 

is zero . 

Non-Optimal Design 2: .This design can oecur if. (3.1) is interpreted as an 

I to s. d.e . This is equivalent to ignoring the bias term of (2.19) and the 

non-optimal model and control design are obtained by setting A to zero in 

equations (3.3-7). 

Note that the er-ror. in this design is zero only when the bias term of 

( 2 .19) is zero, but this- term is non-zero whenever the noise magnitude 

depends on the state X(t). The error that can be made .in this d~sign 
/ 

is usually more serious than that of Design 1, but the use of Design 2 

was largely eliminated when the work of Stratonovich became known. 

4 . Construction of the Stochastic Controller 

The system, with the stationary controller attached, is now given as 

a di ffusion process described by the Ito s.d.e. Cadding b times (3.5) to 

the r.h.s. of (3.3)) 
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dx(t) = [ (a+ A11 - b2k2)xft) + A12 - ~ b2k
1
J ~t + x(t)dw1(t) + dw~(t) (4.1) 

using the appropriate design values of k1 and k2. The construction problem 

is to build a physical-system which is the statistical equivalent of (4.1) 

within the environment containing the physical noise y(t). 

The statistical.ly equivalent physical system is obtained from the 

theory of Section 2. In fact, ·as the noise and its coefficients are the 

same as when the diffusion model (3.-:3_r_ w~s chosen for the s~stem (3.1), the 

the bias term of (2.19) is the same,· A11x(t) + A12 . This term, however, 

is now subtracted from (4.1) to obtain the statistically equivalent 

physical system given l>y ;the-·_o .-d .e. -

Comparing (4.2) with the original system equation (3.1) indicates 

that the controller is to be built by supplying the -feedback terms 

-b2k
2
X(t) - ~ b2k

1 
. . 

The construction problem is particularly simple in this case, 

(4. 2) 

as the addition of the controller introduces no new noise terms and the 

s.d.e. to o.d.e. bias term is the same as in the modelling step. This 

is not always the case, as, for example, in the synthesis of the non-iinear 

filter proposed by Wonham13 . The construction of this filter is discusse·d 

b C . 9 y UJIIIIll.ng 

Another interesting pro~lem is the synthesis of a controller when 

the control loop gain b has a noisy component. In this case, the bias 

term of (2.19) used to obtain the ~odel (3.3) now depends on the feedback 

coefficient k
2

, as yet undetermined. However, to determine k2 the bias 

term must be known, and so the two must be obtained simultaneously. Present 

indications are that an iterative solution is possible for the stationary 

control case14 . 

Controller Performance: The effectiveness of the controller is measured 

by the expected value of · .the rate of increase C of the cost (3. 2) , 

C = E[u2
(t) + qX2

(t)]. (4.3) 

As the control u(t) is a function of X(t) and the design coefficients 

k
1 

and k
2

, the cost rate C can b~ conveniently expressed in terms of the 

first two moments of X(t), m1 and m2, 

C = ~ b2kl2 + b2klk2~1 + (b2k22 + q)m2. (4.4) 
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The moments of X(t) are approximately the same as those of x(t) and 

t he latter can oe found from their differential equations 12 They have 

t he stat i onary values 

Al2 - ~b2kl 
m = 

b2k 1 
- a - All 2 

(4.5) 

and 
(Al2 + 2012 - ~ b2kl)ml + 022 

m2 = 
b2k a - All - 011 2 

~4.6) 

provided the denominator in each case is positive. If the denominator of 

(4 .6) is non-positive, the system is unstable in the mean square sense 

and the controller is generally unacceptable--k2 must .be sufficiently large 

to prevent this. Note that the parameter noise y1(t) . has a destabilizing 

influence on the system. 

In order to compare the non-optimal control designs with the optimal 

one, it is convenient to evaluate the added cost rate c• which is the 

difference of c,. (4.4), between the non-optimal and the optimal designs, 

c• = c - c · (4.7) 
non-opt opt. 

With the equati~ns (3.6,7), and (4.4-7), it is easy to test the 

sensitivity of the added cost rate c• to any of the. parameters involved. 

Thi s sensitivity is discussed~below for an arbitrary choice of parameters. 

Non-optimal Design 1: The feedback coefficients for this design are 

obtained by setting A to Din equations(3.6,7), and differ from the optimal. 

coefficients in k1 only, as A11 o11 . The added cost rate is 

c• = ( bk2 )2 col2- Al2)2. (4.8) 
b2k2- a - · All 

Note that c• is non-negative for all values of the parameters of the system, 

noise, controller and . cost function, showing that this.control design is 

indeed non-optimal. The added ~ost rate is zero only when A12 • o12 , the 

assumed design value, and varies with A12 in a parabolic fashi~n. 

Figures 3 and 4 show typical sensitivity curves which can be obtained 

from the equations above. The nominal system parameter values are 

a = -1, b = .5, A
11 

and o11 = .5, o12 = .4 and q = 1. The common abcissae 

is the true value of A12 , and is allowed to vary between zero and 20 12 
(although A12 can extend beyond these limits, they are realistic limits 

for a given o12 ) . Each graph gives the optimal and the non-optimal values 

of the cost rate, C, the system mean m
1

, and the system mea~ square, m2. 
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The graphs show that when the true value of A47 differs from o
12

, the 

systea with the non-optimal controller can have markedly-differing 

statistics from the op~imal one. A convenient performance meas)ire is the 

pe_rcentaa.e with which the non-optimal cost rate exceeds the optima-l 

100 c•;c. This percentage has maximum values at each end of ~he abcissae 

ranee, being 11.8\ when A12 • 0 and 3.5\ -when A12 = zo12 . 

The _n.ominal system given .o~ --ft!oderate values of this perc-entage. The 

percenta&e ·was sensitive to most of th~~ys~e~ parameter yalues, and in 

particular, :it increased when the system-parameter--a:; -or t.he noise parameters 

D, increased . . 

Non-optimal Des._ign 2: This design will not be discussed in detail, except 

to st·ate that the percentage increase in cost rate is much higher for 

this ncm-optimal design than Design 1 (for the nominal system parameter 

values used above, the percentage is 110.6\). The. main difference of this 

design from Design 1, . is that the feedback gain k2 ls lower, and is often 

not hiah ·~ enough· to stabilize a system .who·se coefficient noise y-1 (t) has a 

significant destabilizing inf~uence. 

The _performance- figures were obtained .from the theoretical equations 

above. The design -aethod o£ this paper and the performance figures were 

confirmed -through .a digital simulati~n of the system. 

5. Conclusions. 

This paper has been concerned with the application of some of the 

modern s·toC)lastic control theory to physical problems. A difficulty 

arises becaUse. systems considered in theory and those met in practice 

are of different types, and the type of differential equation used to 

describe each type of system is different. 

In particular, all continuous random processes in practice have 

noise components with a finite spectrum, and as such are described by 

ordinary differential equations, while for mathematical tractability, 

continuous random processes studied in theory usually have white noise 

components, and as such are described by stochastic differential 

equations. However, most of the authors who develop stochastic control 

theory use stochastic differential equations to describe their systems 

without discussing how their equations relate to practical systems. In 

failing to do so, these authors allow their readers to misinterpret the 

_application of the theory. 
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To this end, the main purpose of this paper is to outline the 

relation between ordinary and stochastic differential equations. This 

is done in Section 2 by taking a general state vector form of ordinary 

differential equation describing a physical random process, and showing 

how, and under which conditions, a white noise process can be chosen 

which is essentially statistically equivalent to the physical pracess. 

The differences between the two processes arise from the manner in 

which the correlation between the noise and the state affect the system's 

statistics in each case, and a bias term is used to correct for this 

difference. 

Having developed this relation, stochastic control theory can be 

applied to physical problems by a) making a white noise model of the 

original physical process, and b) constructing a physical system from 

the one designed theoretically. To illustrate this, the synthesis of an 

optimal controller for a linear system with a noisy coeffici~nt is 

discussed. In particular, the paper shows how inferior control designs 

can result if the controls are designed without regard to the relation 

between the theoretical and practital processes. 
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CHARACTERISTICS OF STOCHASTIC 
PURSUIT-EVASION GAMES 

R. D. Behn and Y. C. Ho 

Harvard University 

ABSTRACT 

Several characteristics of stochastic pursuit-evasion games are con­

sidered. The outcome of the game as a function of the information set is 

investigated with respect, in particular, to the role of the stochastic . 
strategies as a bridge between open-loop and closed-loop strategies. The 

stochastic game is also shown to shed further light on the asymmetric 

character of the roles of the pursuer and evader. Further, it is pointed 

out that if the two players have different information sets a nonzero-sum 

game must be solved. 

I. Introduction 

!nis paper is the result of insights gained by the authors in solving 

a particular class of stochastic pursuit-evasion gamesl. Some of the 

characteristics of the game are sufficiently interesting and generally · 

appealing as to be applicable to a broader class of games. For any pursuit­

evasion game, there are two dynamic systems representing the pursuer and 

the evader. Each player receives certain information (possibly incomplete) 

concerning the state of the game. One player's information set can be 

denoted abstractl_y as f• e. g. '/:may be the mean and convariance of the nor­

mally distributed initial state x(t ) and the measurement history on some 
0 

component of the state vector, x(t). The interplay between the quality of 

the information (set ~P ~ f) received by two players and both their opti­

mal strategies and the optimized outcome is of interest. 

As an example, consider the following simple velocity-limited pur­

suit-evasion game in two dimensions shown in Fig. 1, where the criterion 

consists exclusively of a terminal miss distance term. The velocities of 

the players, v and v , can be controlled in magnitude and direction 
P e 

arbitrarily, subject only to the constraints 

lvpl ~ ~. !vel ~ t (1) 

The players' initial locations, P
0 

and E
0

, are 2.5 units apar.t. 

The dotted circles, CP and Ce, in Fig. la circumscribe ~he domains of 

reachability for the two players when the game is of 2.0 time units duration. 

The work reprinted here is supported in part by Joint Service Electronics 
Contract N00014-67-A-0298-0006 and NASA grant NGR-22-007-068 administered 
through Harvard University 

*Submi tted to 1969 IFAC Congr ess. 
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It is clear from inspection that under optimal play the final positions of 

the pursuer and evader are Pf and Ef respectively, and that the optimal 
3 

terminal separation is -2 units. To accomplish. this the pursuer's optimal 
s t rategy , U0

(tP), can be either U~<t>. : "apply maximum velocity in the cur-

r eHt direction of the line of si3ht" or U~(T~): "apply maximum velocity in 

the direction of the initial line of sight. " . With obvious specification~ for 

the information setsfi and t~ ·t he first is a feedback or closed-loop stra t egy 

wi:tl.e t he aecond is an open-loop one. i-lith only a 180° change in the di r ecti on 

of the velocity vector. two corresponding strategies, V~ and V~, can be de fi ned . 

I i i i h J( o o) J(Uo Vo) • J(Uo· o) 
0 

t 
0 

s nteres t ng to note t at u1 , V 1 • 2, 
1 1

, V 
2 

"! 

J(U2 , v2) and that any strategy pair constitutes · a saddle point 

J(U0 ,V) ~ J(U0
, V0

) ~ J(U,V0
) (2) 

where U and V are allowed to range over the class of all strategies which 

are measurable and integrable functions of 1a From this and the well kno~ 

fact that closed-loop and open-loop controls areequivalent in one sided 
0 0 0 0 problems, one might be tempted to infer that u
1 

and u
2 

(and v
1 

and v
2

) are 

equivalent. However, the game of 3. times units duration in Figure lb 

presents an immediate counter example for this conjecture. 
0 Here the pursuer's feedback strategy, u1 , stillsatisfies the left hand 

0 -
inequality of the saddle-point condition (2) when opposed by both v1 arul 

'I~ ~ but his open-loop strategy, U~, does not. If the pursuer merely heads 

in the positive x
1 

direction--without continually checking to determine 

what course the ev~der is following--the evader can sn~ak around behind 

him ending up at E~ and 2. units rather than 1. unit away. Thus if the 

game is long enough, it is importa?t that the pursuer receive information 

as to the evader's location during the play of the game; otherwise he 

cannot implement the feedback strategy. 

The evader, however, does not open himself to such problems ·by operatinr 

open-loop. In other wordE his V~ still satisfies the r. h. inequality of 

(2). He can merely determine the pursuer's initial location and run madly 

in t he other direction. There exists no sneaky strategy that the pursuer 

can employ , against the evader's open-loop one, ~o get closer than 1. 

unit. 

: ow, if we visualize t he case where the pursuer is making continuous 

but noisy measurements on t he curr t line d~ . sight '·11th the noise being 

zero mean an f inite variance Q. The information set 'tQ thus received 

occupi es an in-between position from '}-1 (Q .. O) to 1~Q:=oo). Thus, we see t ha t 

t he s tochast i c game forms a bridge between t he open-loop and feedback 

sol ut i ons of t he deterministic game. 
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In the sections beloW, these phenomena and others are discussed 

quantitatively for a · class of stochastic differential games. 

11. The Game 

The game considered here is the stochastic extension of the deter­

ministic game first solved by Ho-Bryson-Baron in 19652." The dynamic 

system is 

; • Gp(t)u - Ge(t)v, 

and the criterion 

y(t ) - y -
0 0 

a2 2 1 \ 2 2 

(3) 

(4) ~- 2 IIY<tf) 11 + 2 { <llulll1> - llviiRe)dt 
It is well known that more general linear-quadratic games, either do not 

aJd anything conceptually new or ·can be reduced to the above form 

without loss of generality2. Hence, for notational simplicity the game of 

Eqs • . Cl) and (2) shall be treated here. 

For the stochastic game, we shall assume in addition that: 

(i) Initially, both players have a common assessment of the state y(t ) 
A ' 0 

as a normal random variable with mean y(t
0

) and covariance P
0

• 

(ii) The pursuer and evader are making respectively the measurements on 

the state 

z • H y + w 
p p p 

(5) 

ze • Hey +·we (6) 

where w and w are independent white gaussian random processes_ with zero P e 
means and spectrums Q and Q • Thus 2-(t) • {z (~), t < ~ < t; y(t ), P } 

p e A ~ p o - - o o 
and ~ ( t) • { t ( "t') t < "t' < t ; y ( t ) , P~}. Jt. e o - - o ... 

For the deterministic game mentioned above, the solution (i.e. · 

the pair of optimal strategies U
0 and V0

) . is obtained from the saddle­

point condition (2) for the criterion ~in (4). For the stochastic game, 

t he payoff or outcome is still determined by (4). However, because of 

the stochastic nature of the problem neither player knows the outcome 

before or during the game, even though he may know the ~trategies employed. 

Consequently, both players must ~e an/expected value operator to evaluate 

the criterion, and these two evaluations will be different, for the two 

players have different information sets over which to take the expectation. 

Thus at any time t, the pursuer's criterion (i.e. his evaluation of the 

outcome of the game) is 

JP(t, u, v> • E[ q.cu, v> 1 j,.<t>l 
while the evader's criterion or outcome eval..,uation is 

Je(t, u, V) • E[ <}<u, v>lt<t)] 
Hhere U, V are measureable and integrable functions of the- information 

se.t.' r{Ct) and }e. (t) respectively. 

(7) 

(8) 
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The pursuer would like to select a strategy which would minimize 

his evaluation of the expected payoff which is JP. Conversely, the 

evader must maximize h~s evaluation of the expected payoff, Je. Con­

sequently, the solution must be obtained by solving a nonzero-sum game; 

strategies are sought which satisfy the equilibrium condition consisting 

of the pair of inequalities, 

Je(t, uo, V) .s_ Je(t, uo , Vo) (9a) 

J (t, uo V0
) < J (t, U, ·v_o·), (9b) p , - p 

where the class of strategy pairs is restricted as above. 

This does not mean that the -game itself is not zero-sum; the pay­

off (4) certainly is. It· is· the fact that the two players have different 

information sets; and thus evaluate the outcome differently, that results 

in this characteristic. The same would be true of a zero-sum matrix game 

in which the two players had different thoughts concerning the payoff 

values in the matrix. 

However, before the game begins, both players have the same evalua­

tion of the outcome, since r'Yt
0
> • l•<t

0
> 

J • Ey(to)[~] 
where E ( ) means the expectation taken with respect to the possible 

(10) 

y to 
values of _y(t

0
). Thus the players seek saddle-point strategies with :-

respect to this J. An immediate question is whether the strategies obtained 

for (10) and the saddle-point condition (2) also provide a solution to 

the nonzero-sum game equilibrium condition (9ab) whi~h holds during play. 

Fortunately, the answer is in the affirmative and can be easily 

established via contradiction. Suppose from time t onwards based on a 
p 1 1 0 0 

given } (t), a strategy U exists. s~~ that Jp(t, U, V) < Jp(t, U , 

Then we can immediately conscruct another strategy 

u
2 

• {u
1 

for"'t' > t and }<"1') as given 

U0 otherwise 

(11) 

and write for (10) 

J • E {0.} ~E .t ) p (E{•f}ll(t)~v(t) ~pit)[Jp] 
y(t

0
) 11 y\to •l (t) ll - c '4 ' (12) 

which implies the contradiction 

J(U2, V0 ) < J(U0 , V0
) (13) 

unless v1 is valid only on a set of measure zero. This means any solution 

based on (10) automatically satisfies (9) except on a set of measure zero. 
p e. 

For the deterministic game, i.e. } (t) • y<t) =} (t) the optimal 

strategies were found to be feedback ones based on the state v~ctor2 • 



U0
• u(t) ~ C (t)y(t) 

p 

V0
: v(t) • Ce(t)y(t) 
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For the particular stochastic game considered by the authors, one player 

retains perfect knowledge (Q (t) • 0) while the other makes only noisy 
p p 

measurements, i.e. 3- ( t) • y ( t) · If the evader is the player with the 

noisy information set, the optimal strategies are of the form 

U0
: u(t) • C (t)y(t) + D (t)~(t) 

p p 

(14) 

(15) 

(16) 

V
0

: v(t) • Ce(t)y(t) (17) 

where y(t) is the evader's optimal estimate of the state y(t) and ~(t) is 

the error of this estimate. 

y(t) ~ y(t) - y(t) (18) 

Under certain conditions, the pursuer can calculate· this error1 •5• If the 

information ·sets of the two players are exch~ged, the strategy forms are 

also~ though as discussed in Section IV below the values of the feedback gains 

are not interchangeable. 

Ill. Estimation Problem in Stochastic Games. 

For the stochastic game, discussed in section II the exact values of 

the feedback gains are 

c (t) 
p 

• -R-l(t)GT(t)K-l(tf,t), 
p p 

(19 ) 

Ce(t) • -R-l(t)GT(t)K-l(tf,t), 
e e 

(20) 

D (t) p 
• -R-1 (t)GT(t)r(t) 

p p (21) 

(22) 

where 

M (tf,t) . • f\G et)R~1 (~)G (~)d~ (23) 
p t p p p 

and a similar definition applies for Me(tf,t). Equation (22) is the 

solution to the differential equation 

~t K-
1
(tf,t) • K-l(tf,t) (Gp(t)R;

1
(t)G!(t)- Ge(t)R~1 (t~G!(t)) K-l(tf,t), 

K-1 (tf' tf) • a2I. . (24) 

r(t) is obtained by solving a two-point boundary-value problem since 

the differential equation for r is coupled to the one for P(t), the covariance 

matrix of ~(t). 
f • fG R-lGTr + f(G R-lGTK-l + PHTQ-1H] + (K-lG R-lGT + 

P P P P P P e P P P 

HTQ-lHP) f + K-lG R-lG K-l, r(tf) • 0 (25) 
e e e 

P = -G R-lGT(K-l+r) P + P (r+K-l) G R-lGT - PHTQ-~, P(t ) • P (26) 
p p p p p p e o o 

P(t) is used by the evader in his Kalman-Bucy filter3 which from z(t) 
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produces his optimal estimate of y(t). 

g •-{GPR~1G!-GeR~1G!]K-ly + PHTQ~1 [z-H9), y(t
0

) • y
0 

(27) 

This solutiqn was previously obtained and published by the authors
1

. Note 

that t he Kalman-Bucy filter (26) and '(27) is more complicated than usual 

requiring the solution of a T.P.B.V.P. (25) and (26). In the detet~inistic 

game it is only necessary to solve a differential equation with ~errninal 

conditions, (24). l~en determining the measurement correction-gain in the 

Kalman-Bucy filter, P(t)HT(t)Q (t), for ordinary, estimation problems, P(t) 
e 

is calculated from a differential equation with only initial conditions 3 • 

Then why is it necessary to now solve a two-point boundary-value problem-­

certainly a computational headache--to determine these gains? 

The answer to this question .s a result of the fact that neither player 

can select his: own strategy without giving thought to what strategy would 

be optimal for his opponent to employ. The purs~er selects his strategy 

U0 by using the (9b), but in doing so he must check the validity of (9a). 

If one inequality is not satisfied, the other inequality is meaningless. 

The pursuer's strategy consists of selecting two feedback gains to 

"' apply to the vectors y and y. In determining these gains, the ·pursuer can-
ho~ 'V 

not ignoreAy--and thus y are determined.* 

His opponent's strategy involyes selecting an optimal estimate, y, and 

the feedback gain to be used in conjunction with that estimate. The evader, 

"' therefore, cannot ignore how his opponent is using y. 

Now note that the equation · for P\t) cannot be deri~ed from the equation 

for y( t) alone. The usual form of the Kalman-Bucy filter is 
"' ,... T -1( ") "( ) ,... y = Fy + Gv +PH Q z - .Hy, y t

0 
• Y

0 
(28) 

where 

P = FP + PFT - PHTQ-1HP, P(t
0

) = P
0 

(29) 

This is not the relationship between (27) and (26). Comparing (27) to 
-1 T -1 -1 T -1 

(28), GPRP GPK corresponds to F, -G,e to G, and -Re GeK y to v. However, 

using t hese correspondences, (26) does not compare directly with (29). This 

is because t he estimation error, ~. enters the system equation for which 

(2 7) is the estimation equation.; the form of the system equation is really 
"' ' y = Fy + Gv + By, y(t

0
) = y

0
• 

"' onsequently the differential equation .for y is 
tt "- T -1 "- "- . "-
y = (F + B)y +PH Q (Hy + w), y(t

0
) • Y

0 ------------

(30) 

(31) 

*It s hould be noted that of y, y and~ only t'.No can be selected independently. 
See (18) . The vursuer could use any pair of these three in his strategy: 
y and .y , y anc ~' or v and y. 
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and thus the one for P(t) is 

P 2 (F. + B)P + P(FT + BT) P(t ) ,. P . 
0 0 

~fuen B (which is G D ) is optimized the result is dependent on P, 
p p 

and wh~n P is optimized the result is dependent on B; thusit is only 

natural that the differential equations for the two, (Z5) and (26), are 

(32) 

eff e ctively coupled. That a two-point boundary-value problem is involved 

res ults from the fact that the known value of P(t) is the initial one, 

P"(t
0
), while the fixed value of f(t) is the terminal one, zero.* 

Another counter-intuitive question concerning the results that mi ght 

be raised in this: Suppose the pursuer knowing the filter employed by the 

evader decides to use different C and D feedback matrices on (16). Then 
p p 

clearly the "es·timate" y(t) by the evader as calculated by (27) \~ill not 

be optimal and can possibly be meaningless. Doesn't the pursuer stand to 

gai n more this way? The reason that this possibility need not be of con­

cern is due to the fact that the saddle point condition (2) has been sati s­

fied . for this game1 . In fact by virtue of (2), we know t he pursuer cannot 

ga1n anything and only stands to lose by the above suggestion. 

In considering how the information set effects the performance of the 

games and the strategies of the ~o players, the chart in Figure 2 is · 

he l pf ul .# ·The stochastic game defined by (3), (10) and (6) with optimal 

strat egies (16) and (17) is appropriate for the top row of the chart. If 

t he pursuer is making the noisy measurements, the left column is appropriat e. 

I. B. Rhodes has considered the game where either or both of the players 

make no measurements4• The authors are aware that several colleague~ · 
i ncl uding Rhodes have worked and are working on the problem where both players 

make noisy measurements and partial solutions have been obtained. The maj or 

diffi culty with stochastic differential games where both sides receiVe 

imper f ect information i s the problem of " closure"1 . Each side is faced with 

t he vicious cycle of second guessing t he act i on of the other side. One 

must conti nuously build estimators to e;timate the errors of the estimators 

of . .. •..•. leading to an infini~e state controller. In fact indication 

s o f ar seems to say that this is the inevitable price one has to pay to 

s olve this problem. 

The solution to the stochastic game is also applicable to the deter­

ministic game where both players have perfect informa tion. This can be 

seen by taking the limiting process as Qe(t) approaches zero. P'{t) 
.... 

1'-The te rmi nal value of r ( t) is zero since th i s term does not enter explicitly 
into t he criter i on. 

!.1'fo t he au t ho r s' knowledge , this chart was first used by I. B. Rhodes 
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app roaches zero and thus ~(t) does likewise; y (t) approaches the correct 

value , y (t). Thus the stochastic strategies, (16) and (17), approach the 

uc termini stic ones, (14) and (15) respectively. 

The limiting process as Qe(t) approaches i?finity produces the game and 

solution for the upper-right box in Figure 2. This means ·that the evader's 

es timate at time t is based entirely on the initial estimate, since no infligh t 

informa tion i s obtained. Thus for Qe·· equal t o infinity, the evader i s 

employing a strictly open-loop strategy, whi le for Qe equal to zero his opti­

mal s trategy was closed-loop. In a sense t heri ; t~e ~tochastic stra t egy 

rep resents a bridge between open-loop and closed-loop str ategies. 

IV . Performance as a Function of the Information Set 

The optimized value of the criterion in terms of the game parameters i s 

J 0 = rr{-1.2 K-l(tf,t )Y(t ) + k
2 

(t )P(t ) 
. 0 0 0 0 

~ t ~~P(t)HT(t)Q-l(t)H(t)P(t)f(t)dt } (33) 

where Y(t) is the covariance of y(t). The first term corresponds to t he 

criterion for the deterministic game; it is a function of the initial 

separation but involves no stochastic parameters. Thus the second two terms 

can be called the relative cri·terion; they indicate t:he effect of the 

information parameters, Qe(t)" and P
0

, on the outcome. 

For a particular (constant parameter) s ·calar game, the::-relative 

cr i t e rion is plotted in Figure 3 ~ The quality Qe(t)/P
0 

is the indepenr. 

dent variable, thi~ ratio being the only relevant quan~ity defining t he ef fect 

of t he information. The relative J is ·always negative indicating a reduc­

tion in the evader's measurement capab~lities--he bei~g . the maximizing 

player--and the pursuer ' s ability to capitalize on his opponent's errors. 

• ate t hat as Qe (t)"/P 
0 

approaches zero the relative criterion approaches zero 

and t hus the total cri terion approaches the deterministic value. 

As Qe(t)P~ approaches infinity, the relative criterionasympototi cally 

app r oaches a finite value. For large values of Qe(t}/P
0

, the evader's esti­

mate is dependent more on his initial estimate than on his measurements, for 

the former is far more accurate. However, at such large values of Qe(t)/P
0

, 

f urther increases of this quantity do not permit the pursuer to take greater 

~dvantage of t he evader's er rors. Once t he evader is effectively operat i ng 

vpen-loop , the p~rsuer cannot further r educe the value of the criterion. 

V. The Asymmetry o f t he Roles of Pursuer and Evader 

TI1e dif fe r i ng abilities to use open-loop strategies. as discussed in 

Section I above, i s the most obvious asymmetry characteristic in. the · roles 

of the purs uer and evader. Th is phenQ!!!_ena has also been considered for the 

determinist i c pursuit-evasion game presented in Section II. Specifical ly , 
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it has been shown that the evader's open-lOop strategy is non-optimal 
I i\-1 

when[~ +M (~f,t~ fails to exist; this is obviously never true. 
a P I -1 

The pursuer's open-loop strategy is non-optimal when[-z- .f (tf,t)] 
a e 

fails to be finite--a distinct possibility. These results were obtained 

from t~ conjugate point condition for the opposing strategies5. 

For the stochastic game where the pursuer is the player making the 

noisy measurements, the forms of the optimal strategies are the symmetric 

images of those given in (16) and (17) 

U0
: . u(t) • C (t)~(t) (34) p 

v(t) • C (t)y(t) + D (t)~(t) (35) 
e e 

Vo: 

c (t) p and Ce(t) are exactly as given in (19) and (20), while De(t) is 

given by 

De(t) • -R-l(t)GT(t)f (t) (36) 
e e . p 

This is again s~etric with the form for Dp(t) given in (21). 

However, the equations which determine ff(t) and Pp(t)* for this 

problem 

f ~ -r G R-lGTf + f (P HTQ-lH - G R-lGTK-l) 
p e e e e e ' p e e e e 
+ (HTQ-lHP - K-lG R-lGT-K-l(G R-lGT) K-l f (t ) • 0, (37) 

e p e e e p p p ' ~ f 

P G R-lGT(K-l+f ) P + P (K-1+r ) G R-lGT r e e e p p p p e e e 

- P HTQ-lHP P (t ) • P (38) 
p e p' p o ,o 

have asymmetric properties when compared with (25) and (26). The roles 

of G R-lGT and G R-lGT are 1 1 . d d b 11 f p p p e e e comp ete y reverse an some-- ut not a -- o 

the signs are reversed. 

Consequently, the characteristics of the families of curves produced 

by (25) and (26) are quite different from those of (37) and (38). This 

can be seen by comparing, Figures 4 and 5 which display curves of f(t) 

and r p (t). 

Specifically note that f(t~ is negative semi-definite in (25); the 
1 -1 T -1 driving term, +K- GeRe GeK , is destabilizing--when integrating bacbrards 

i~ time from tf--and is balanced by the quadratic stabilizing term, 
-1 T ~ fG R G f. However, fn(t) in (37) is positive semi-definite and both the 

p p p r 
quadratic and the driving term are destabilizing. 

Now as Q (t) and Q (t) approach infinity, take this limit in (25) and 
e Pr -1 -1 

~:~~~--~~~) approaches [az + Mp(tf, t)] -K (tf,t) while fp(t) approaches 

*The subscripts p have been employed here to denote that these are the 
equations appropriate for the game where the pursuer makes noisy 
meas urements. 
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I -1 -1 £;z- MP (tf'~] -K (tf,t ) . Obviously in this case f (t) cannot become 
infinite· if K-lremains f inite, while f p(t) ce rtainly can. Note that here 

f( t) approaches an expression, one term of which gives the open-loop 

conjugate point condition for the evader in the deterministic game; 

r ( t) approaches the corresponding expression for the pursuer. This 
p 

means if a deterministic open-~oqp conjugate point exists for the pursuer 

then t?e solution for the corre~ponding T.P.B.V.P. for the stochastic 

case will be numerically difficult. This fact is clearly illuslrated 

in Figure 5. This discussion ~gain indicates the role of the strategies 

for the stochastic same as a br.idge· between closed-loop and open-loop 

strategies. 

A graphic description of this phenomenon on the time axis i s perhaps 

worth the proverb~al thousan4 words. In Figure 6 it can be s een exactly 

where valid solutions can be found. Here it is assumed that t he r elative 

controllability condition 

M (tf,t) > M (tf,t} 
p e_l 

is satisfied, so that K (tf,t) is al~~ays finite. 

(39) 
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INEQUALITIES FOR THE PERFORMANCE 
OF SUBOPT_IMAL UNCERTAIN SYSTEMS 

by 

H. S . Witsenhaus en 
Be l l Telephone Laboratories, Incorporated 

Murray Hill , New Jersey -
U. S . A. 

INTRODUCTI ON 

In a · cont rol problem with unc ertainty the i ndex of 

performance ( c_ost )K( a, f3) depends · b.o.th on the design a chosen 

for the controller in a set· A and also on the values ~ taken 

by the uncertain quanti ties· in a set B. 

Frequently the ·pl,lrpose of the designer is to mini­

mize a number J(a) assigned to deE;_ign a by taking the 

supremu~ ov~r . ~ .·.in B: or th·e expectation under a probability 

measure on B;· ·of· K( a,.f3). · These are just .two of the most . 

important Wt;Iy.[$. ·, among .an infinity of possibilities, of 

formalizing the. decision process by defining on the set A a 

11 supercriterion" J to be minimized. In general A could even 

be a set of randomized desigris, that is a convex set of 

probability· measures on an underlying set of deterministic 

designs. 

The determination of the infimum J* of J over A 

and of optimal designs yielding J* is difficult outside a 

few special cases. 

A relatively easier task is to minimize over A the 

fu~ction K(a,~0 ) where ~0 is a suitable assumed value for 

the uncertain quantities. If this minimum is attained for 

a
0 

then J
0 

= J(a
0

) cannot be smaller than J* and will be 

large in general. Nev~rtheless, engineering intuition 
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suggests that, under reasonable assumptions, a
0 

canno.t b.e 

an ext remely bad design. Inequalities are needed to shed 

light on the validity of this belief. 

We consider problems in which 

K(a,t)) = llf(a) - g(t?>)ll (1) 

where 11·11 is a norm on a real linear space L into which the 

functions f,g map the sets A and B. In terms of u f (a), 

q = g( t?>) one redefines 

K(u,q) = !lu-qll (2) 

where u is to be selected in a set U = f(A) and q is subject 

to the probability measure ~ induced by g(t?>) in the space L, 

or e lse is only known to belong to the set Q = g(B) . 

This most elementary model applies to open loop . 

cont rol of perturbed linear systems with norm type criteria 

and of distinct nonlinear systems only coupled through the 

criteria as per (1). As an example consider the dynamic 

system 

x(t) A(t)x(t) + B(t)a(t) + C(t)t:>(t) 

x(O) given 

here t3 is a random process of known statistics and a is to be 

~lected in the set of measurable time functions with values 

~ a constraint set The objective is to minimize the 

~pectation of the cost functional 

" 
le ~ ~ f 

1
(x' (t)H( t)x( t) +a' (t)M(t)a(t) _ft 

I ·~ . . 

1/2 
+ x'(l)Qx(lj 
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Tne space L is the space of pairs (x,a) where x is continuous 
1 

and a measurable wi_th J a' (t)M(t)a(t)dt <eo. In this space K 
0 

defines either a norm or a pseudo-norm. (In the l~tter cas e K 

defines a norm on a quotient space.) By the principle of 

superposition this criterion has the form (l) ·with f and g 

linear-plus-c.onstant opera.torB . (For the minimax problem i t 

is assumed that t3 belongs to a given s-e.t . S of integrable 

function and the supremum over this set replaces the 

expectation.) 

If the data concerning t3 is invariant under sign 

change there is symmetry about .the typical function t3 = 0. If 

in addition 0 is convex then theorem 5 below will apply. 

THE STOCHASTIC CASE 

Let ~ be a o-~lgebra of subsets of the real normed 

space L, such that the linear operations and the norm· ar~ - · 

measurable. The uncertain point q is subject to a probability 

measure ~ on ~' with 

E( llqll} < CO (3) 

Then 

J(x) = E[ilx-qiiJ ( 4 ) 

defines J as a real valued function on L, Lipschitz continuous 

with the constant 1. 

Define ' J* = inf [ J ( u ) I u E U} ( 5 ) 

The natural choice f)r q
0 

is the expectation of q·, which we 

as sume exists in the weak Dunford-Pettis sense, that is, fo r 

any continuous l inear f unctional p on L 
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where (p,q) denotes the value at q of linear functional p. 

·Then because of the representation 

llxll = sup{(p,x) lP e L*, IIPII ~ 1} 

(6) implies that for all x ~n L 

(6) 

.· (7) 

(8) 

Now suppose that an element u
0 

of U has been found such that 

for all u in U 

(9) 

and let J 
0 

= J ( u
0

) ~ J*:. Bounds of the form J 
0 
~ kJ* are 

sought where k is as small as possible under the basic assump­

tions above and various combinations of additional assumptions. 

Three additional assumptions will be considered: 

Assumption C: The set U is convex. 

Assumption S: q is a center of symmetry for the measure ~, 
0 . 

that is G e Z implies 

(10) 

from which 

(11} 

Assumption P: The norm satisfies the parallelogram law 

( 12) 

which implies that L is a prehilbert space with the inner 

product. 
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X·Y {13) 

Theorem 1: Under the basic assumptions . alone or augmented by 

C or augmented by P {but not by both) the smallest number k 

such that J < kJ* is three. 
0-

Proof': By the triangle inequality, f'or u E U, q E L 

~ 21lu-q
0

1l + llu-qll . by (9) 

~ ·2J:(~) · + llu .... qjj by {8) · . 

. taking the expectation over q 

· ~0 ~ 2~(u) + J{u) 3J(u) 

and the infimum over u in u. 

Hence the bound holds. To see that it. is the best with 
2 . 

assumption C let L be R with the t 1 norm. Let 

U = ((x,y)jy- x = 1}, let q = (-1,0) with probability 1 - E 

and q = . (~- l,o) with probability E. Let q0 = (0,0), 

u
0 

= (0,1) . . Then J* 1 and J
0 

= 3 - · 2E while C holds. With 

assumption P let L = R1 , q = -1 with probability 1 - E and 

f- 1 with probability E. Let U = (-1,+1), q
0 

= 0, u
0 

= +1, 

then J* = 1 and J
0 

= 3 - 4E which completes the proof. 

Note that if P and . C both hold then (9) ·implies 

{14) 
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Theorem 2: _With assumptions P and C the smallest numbe~ k 

such t hat J < kJ* is two. 
0-

Proof : For u E U, 

Hence 

Thus 

Taking expectation over q 

and infimum over u 

by (14) 

by (8) 

1 This bound is sharp: take L = U = R , q = -1 with probabil ity 

1 - E and q = ~ - 1 with probability E, q
0 

= u
0 

= 0. Then 

J* = 1, J = 2 - 2E and the theorem is proved. 
0 

The symmetry a&sumption S is naturally a powerful 

one as the following .theorems show. 

Theor em 3: With _assumption S or with Sand C the smallest 

numb e r k such that J < kJ* is two. 
0-

Proof: Define Fu(q) = llu-qll + llu-2q
0

+qll• Then for q in L, 

u in U 
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2 llq -q
0

ll = ll(u-q) - (u-2q
0

+q)ll ~ Fu(q) 

211 u -q
0 

11 = - ~~ ( u -q) + ( u -2 q
0 

+q ) 11 ~ F u ( q ) 

On the other hand · 

F u ( q ) = ll ( u o -qo ) + ( q -q) ll + 
0 

0 

ll (u -q ) 
0 0 

- ( qo -q) ll 

< 2llu -q l1 + 2jjq -qjj 
- 0 0 0 

~ 4 max( jju
0 

-q
0

jj, jjq
0 

-qll) 

and, using (9) and (15) 

Fu (q) ~ 2Fu(q) 
0 

Now 
.• 

Jo = E( llu
0 

-qjj) 

= E( llu
0 

-2q
0 

+qll), by s. ' 

= 1 ~F (q'} 2 uo 

= 2E( llu-qjiJ by S 

= 2J (u) 

Taking the infimum over u in U yields J < 2J*. Now let o-

(15 ) 

(16) 

L = R2 wi t h t 1 norm. Let U.= ((x,y)lx + y = 1), q = (-1,0) or 

(1,0) wi th pr obability 1/2, q
0 

= (0,0), u
0 

= (0;1). Then 

J = 2, J* = 1 while assumptions S and C are satisfied. 
0 . 1 
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Theorem 4: Under assumptions S and P the smallest number k 

such t hat J < kJ* is 12. 0- y e:... 

Proof : 

if ( q) = ( llu -qjj + llu -2q +qll )2 
uo ' 0 0 0 

< 2 llu -qll2 + 2llu -2q +qll 2 
- 0 0 0 

Hence 

= 2 12 max( llu -q 11, llq -qll) v 0 0 0 

by (9) and (15) 

And this implies J
0 
~ yf:2 J* in exactly the same way as in 

theorem 3. Now let L = E2 , U = ((x,y)lx2 + y2 = 1} 

q = (-1,0) or (1,0) with probability 1/2, q
0 

(0,0), 

u
0 

= (0,1). Then J* = 1 and J
0 

= vf2. Thus the bound i s 

sharp. 

Theorem 5: Under assumptions S, P and C the smallest number k 

such that J
0 
~ kJ* is 2Af}. 

Proof: For an Euclidean triangle ABC whose median AM make s an 

angle no less than 90° with AB (or AC) the sides satis f y 

2 
b+c~-a 

vi3 

a s i s ea s i ly shown by calculus . Ther e f ore x ·( y -x) ~ 0 implies 
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llx+zll +- llx -zl l ~ 2 _ ( ily+zll + lly-zll) 
~3 

for x,y,z in Ff. 

(17) 

Orthogonal projection of y on a plane containing x 

and z extends this result ~o E~ and thus to any prehilbert 

space. 

Letting x = u - q y = u - q , z = q - q with o o' o' o' 

u E U, the relation x·(y-x) ~ 0 holds by (14). This implies 

(17) which can be written 

from which J
0 
~ -

2_ J* follows just as in theorem 3· To show 
~3 

2 -that the bound is sharp let L = E , q = (0,0) or (2,2~2) 

with probability l/2. U = ((a,O)Ia E R}, q0 = (l,.J2h · 

u
0 

( l, 0) then J 
0 

= 4 and J* ~ 2 vG" which completes the 

proof. 

Note that with assumption P the problem of 

minimi zing E( ll u-qll2 } leads to' k = 1. This differs from the 

r esults ob tained here because sguaring does not commute with 

expectation. 

THE MINIMAX CASE 

Instead of a probability measure for q, assume that 

q is only known to belong to a set Q in L. Then (3) is 

replaced by the assumption that Q is bounded, and 

J(x ) = sup( 11~-qlllq E Q} (18) 

replaces (4) . J is again L:pschit z continuous with constant l. 

J* is defined by ( 5). The basic assumption about q
0

. is simply 
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that i t be an element of Q (or of the convex hull of Q) which 

implies (8). With u
0 

assumed to satisfy (9) one now seeks the 

· smallest k s uch that J = J(u ) < kJ* under the basic assump-o 0 -

t ions and their strengthening by C, P and the revised form of 

S: q is a center of symmetry for Q Eor for the convex hull 
0 

of Q). 

The results are summarized in: 

Theorem 6: The sharp bounds a·re given for each combination of 

assumptions by the following table 

Bound: I 
c I P I s I Pc I se I s~ I 

3 3 3 2 2 2 -/2 

SPC Assumptions: 

These results have been established earlier6 with as elemen-

tary proofs as for theorems 1 to 5. 

Notice th~ equality between the stochastic and mini-

max bounds, in all eight cases. This is one form or a duality 

which holds in a wider field, as will be Feported elsewhere. 

THE TWO-STAGE CASE 

To introduce feedback into the situation, consider 

the problem of minimizing the expectation of 

where q1 ~ q2 are independent random elements of L with 

probability measures ~1 ~~2 and means q10,q20 . The element u1 

is t o be selected from a set u1 and the function y from the 

set of all measurable functions mapping L into a set u2 . 

Suppose u10 and y
0 

are such that 
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. ( 19) 

where 

(20) 

and such that for all x E . ..L _c;ne has y 
0 

( x) E u2 and 

Then the naive open-loop policy is the pair (u10,y
00

) wh€ r e 

u20 for all x. If this policy is used it will 

result in an expected cost 

The nafve closed-loop policy, also known as the 

synthesis of optimal control in feedback :form, is the p·a~-r­

(u10,-y0} which leads to the expected cost. 

One of the most entrenched beliefs of control 

(22) 

(23) 

engineers is that Jf < J . Though this is often true it i s 
- 0 

known5 not to hold generally. The smallest numer cp such t ha.t 

Jf ~ cpJ
0 

under some combination of assumptions will ·be callea 

the 11 fooling factor" for these assumptions. 

An upper bound on the fooling factor can be ob t ained 

~rom the single-stage result by means of the following 

11 conversion theorem. 11 

Cheorem 7: Suppose u2 , ~2 , %o and the norm satisfy one of 

tpe combinations of assumptions required for the single-stage 
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data in one ~f theorems 1 through 5. Let k be the 

corresponding bound. Then Jf ~ kJ
0 

in the two-stage problem, 

that is, cp ~ k. 

Proof: For x arbitrary and fixed in L consider the 

single -stage problem of s~lecting v E V = x + u2 to minimize 

the expectation of llv-q2 11, r11here q2 has distribution I-L2 with 

mean q20 . Because of relation (21) the element 

v
0 

x + 1
0

(x) E V is su?optimal in the sense of (9). Since V 

di ffers from u2 only by a translation the single-stage theorem 

applies and gives the inequality 

E ( jj V 
0 

-q
2

jl} ~ k E ( 11 V -q
2

j j} 
q2 q2 

for all v in V. 

Since x was arbitrary and V x + u2 one has for all 

x in L and all u2 in u2 

E ( llx + 5
0

(x) - q2 llJ ~ k E ( llx+u2 -q2 11} 
q2 q2 

Letting x u20 gives 

Taking the expectation over q
1 

yields, by (22) and (23). 

Jf kJ
0 

as claimed. 

Note that no assumptions on the first stage data are 

used in the above proof. One would therefore expect that with 

such assumptions the inequality cp ~ k is strict.. But in fac t 

equali ty holds in the most interesting case. 
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Theorem 8: Suppose the first and second stage data satisfy 

assumption S, P an~ C. Then the fooling factor ~ is 2Af3. 

Proof: The bound ~ ~ 2A/3 holds by theorem 5 via theorem 7. 

That equality holds is shown by an example published 

elsewhere. 5 

The minimax counterparts of theorems 7 and 8 a r e 

true and admit of similar proofs. 6 

If one considers the expectation of the square of 

a norm satisfying P, that is "quadratic criteria," then ~ = 1 

by certainty equivalence. 1 

CONCLUSIONS 

The subject of inequalities for suboptimal 

2-4 performance has received atten~ion only recently. Because 

of the limitations of automatic computers, this subject is of 

lasting practical interest, at least to obtain a feeling for 

the implications of various properties and the reliance that · 

can be put on suboptimal designs. Nearly everything remains 
. 

to be do"ne in this area. The equality between the stochastic 

.and minimax bounds is an inteTesting and not entirely expected 

phenomenon. 
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