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CONTRIBUTION TO ANALYSIS OF NONLINEARITIES 
. IN THE GENERAL TRAFFIC LAW Q = Cv 

b;y 

Westeried Florian 
Genera 1 Automation Compaey, 
~ozy (91), France 

Macroscopic studi~s determi~ing the dynamics of the uni­
direction free traffic were based as we know, on deterministic 
or probabilistic hypothesis, independently. Studies using de­
terministic hypothesis tried to justif.y tra~fic laws and traf­
fic stability laws by means of: 

- assimilation to compressivable fluid flow~ ,2,3,4]. 
- generating the models of intervals between vehicles of 

rank (n,n+ 1) in a column[5,6,7,8~9]. 
- diffusion motivation. 

Stochastic approaches yielded in a~lysis of the local spaces, 
cadences, delays and queues. It enabled also to determine 

mathematical functions defining colision or relaxation probabi­
lities in the vehicles flow [10,11]. 

_Deterministic models, using integratio~ of the flow intensity, 
concentration and average velocity led to formal expressions, 
with the-ir form and existence domain corresponding, more or 
less precisely, to the measurement results. In particular, 
these models furnished qualita~_ive _ Sl:lggest;ons _on_j;he traffic 
propagation or collision waves as associated with properties 
of the local roads and with reflex of the average driver. 
Stochastic models, when imposing probability properties by 
choice of the probability distribution (Poisson, Erlang, etc.) , 
can describe the traffic's local conditions. Their application 
to quasi-stationary regimes is limited, however, b~ a nature 
of necessary computations. 

In order to get advantag s from two traffic interpreta­
tions mentioned above, the author presents a concept of a mo­
del of the general traff ic law. The model takes into account 
point distributions of t he vehicles'velocit;y and concentra t ion , 
according to continous tra f~i c la w and t o i mposed security 

intervals. 



The general law of the forward circilation in stationary 
regime w~ thout vehicles 'bypassing, can be expressed for a. 
unidirection displacement, as a function of the space "x" and 
t he time "t", in form: 

Q (x,t)= C (x,t)·v(x,t) 

where the traffic Q(x,t) ., concentration c(.x,t) a.Dd velocity 
Y(x , t) are mathematical expectations related to time. 
?bysical representation of this hypothesis is expressed by 
distribution of the traffic, varying along a road I referred 
t o averaged measurement point /. The distribution can affect 
the trafflc law described by the deterministic models mentio-
ned before, if an auxillia~ distribution is imposed. ... 
Continuity equation for the intervals .Ax, At admits a form: 

oc + o (c · v) __ 0 ( ) 
~ ~x ••••••••••••• a 

or 
oc C>c 'C>v ( ) ~ + V ~ + C ~ = 0 _• • •. • • ••• • • • • 2' 

Time. differential of C (x,t) when having v= d.x/dt, after the 
t erms'arrangement yields in 

~c dC <>c 
~=~-vax 

••••.••••.••• (3) 

From (2/and (3) it results 

dC ~V 
""(tt'"" + c 1)X = 0 

••••..•..•••• ( 4) 

n the other hand, recognizing the concentration as a ratio 
of the area occupied by k vehicles of length lot to the road 

, segment 4x, arou.Dd the measurement point when assuming proba­
bility density P (t), it yields 

·C = k·lo P(t) • ••• ...... ••• (5) 
t·V 

Assuming that P(t) results from the general probability law 
e . g . the Erlans law, defined by a derivative 

).k k -1 -At 
P ( t) = ¥t-·= ·r:t t · e • • • • • • • • • • • • • ( 6) 

a(k) 

'· here r~) is a probability function for occurrence of k 
events I k arrived vehicles I a~ time t, and ~is averaged 

* ?or simplicity, let us denote Q(x,t) = Q, c(x,t)= c, v(x,t)=v 
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vehicle flow at chost~n period t, it yields 

dC = .l&.:lp· p (t) v - k lo P( t)lV + t dv/dt] 
~ t~v1 

or, introducing ( 5) 

de _ ~.:.B!L _ 0 [1 ...L dv· ] --a::t- t .,,~ t + V ~ 

However 

C dv C ['0 '~ d.x 'UvJ ·-ov c llv v.rt=v= ~iEcrt+~ =Crx+v-~ 
Thus, considering/~(, /71 and /8/ one can derive 

_k·lo·p(t)_-'L .Q_ ~v_ 0 t · V t ; + V ""t5't -

•••• (7) 

,,., / I 
• • • tA,..r ) 

If we essume existen,ce of a functional relation in a form: 

v = v(c) 

which is theoretics lly justified by consideration of the 
vehicles position t~~e cba~s, influenced by the concentration 
variations, 

•••••••••••••••• ( 11) 

then 
••••••••••••••• ·• \11 ' ) 

where u denotes a parameter describing the road quality. 
Substituting ( 11 1) to(9) and assuming for simplicity that the 
probability function. is determined by. the Poisson law(k = 1) 
while c · v = ~ in the period t, . -"t 

C>c _ "{1- e }lo ................ (12) 
()t- ~-t 

Remembering relation. (10), one may put [~] . ...1 

•....•......••.• (13) 

when assuming that drivers will adapt themselves to 
tions of temporary t :raffic, .according to law of the 
proportionality, speci .Die for the int~rvalA x. 
Substituting (12) and. i 3)to (3) it yields 

( -At) 
d C · V dv A 1 - e • 1o 
·dt = «_:.cn.vnr. <ft + u · C · t 

the condi­
n, m order 

•••• (14) 
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For the Poisson process the equation 5) results in 
C _ lo·(11 - e-~t) /k = 1) 

Hence 

dC 
at 

- t.v \ 

= -~~vi--~. ~t + _u1 • A·v ~·C" .vm u.-u 

which , for Ill;: 1, n = -1 and A= C ·V =~tt) yields 

dC C dv 1 2 
dt =- ~··a:t + ii C·v 

•••• (14') 

•••• (15) 

Integrating this nonlinear differential equation one will 
obtain 

v =rJ.·Log ~ + ~/v2 dt a- u (t) 
•••• (16) 

·xhere Csat denot;es concentration of the saturation for which 
-c be circulation velocity is V= 0. 
he derived equat;ion (16) ,. according to com~x:_i~ing _ <?~ a loga­

=ithmic term, presents the Greenberg formula _~u~~es~~~_ utili­
zed for defining ·of the f undamental stable - traffic law • 
.L he second term of eq. (16) is a square-integra 1 of the veloci­
ty variations arc1und a measurement point of the concentration 

/ distributed in ti~e t, in reference to employed measurement 
me thod : synchronous or a synchronous/ • 
.... hoice of adaptable formula resulting in different possibili 
:; i es of defining p (t), m , n will permit for a better inter­
pretat ion of the actual measurement /the experimental results 
.'l i ll have been p:resented at the IVth IF.AC Congress/. 
l he f undamenta 1 t;raffic law, expressed by relationship \1) can 
be transformed if assum~g that security intervals between 
vehicles in a column are g~ven by 1 = lo (1 + a. v) • Hence we . 
sha ll obtain 

C Log Csat + .- =~ c-· [ A - B-arctg0 +y( ~0 + &) ] •••• (17) 

•:1her e ·A, , (3 J 0 > Q , a are constants, 1 is a distance betwe-
n ehi cles' bumpers "head way" and lo is the avarege vehicle 

l ength. 
~: istence of the t erms: arc tg or logarithm in the equation 

can just i fy the a priori formation of the collision waves 



in t he velocit:Y flow. 
The author has the ini;entton to continue the studies to develo? 
new relations characterizing, in virtue o:f measurements, the 
properties of the par1:1meteres u and oC • 

Extension of the presented .theory will be done for determining 
of the lights'influence on local variations o:f the flow velocitJ 
and of their connection with automatic coo~inatiOn of the traf­
fic-control lights. 
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SETTING LINKED TRAFFIC SIGNALS TO MINIMISE 
DELAY 

J.A. Hillier, B.Sc., 
Road Research La.11oratory, Ministry o.f Trans-port 

Crcnrthorne, United Kingdom 

INTRODUCTION 

Increasing traffic on the road networks o.f our city centres has made it 

important that the best use should be made o.f these expensive .facilities. 

One step toward this is to co-ordinate the operation o.f traffic signals over 

the area. 

Installations . involviD~ the central co-ordination o.f ~number o.f signals 

have been operating in Europe and North America .for same years. There was, 

however, no major evidence as to the benefits which might be expected from 

such installations and the British Ministry of Transport ~s invested £1 cillion 

in two ~xperiments to asses.s what benefits could be achieved by ex is tint; or 

wtconventional control ~!stems. In West london, 'part of the western approac!'1es 

to the City a.re control-led by a computer system which also includes very 

advanced television surveillance and .facilities .for manual over-ride. In 

Glasgow, signals controlling the whole o.f the city centre are controlled by 

a computer using only automatic techniques. This paper deals with methods of 

setting linked signals with particular reference to the Glasgow experiment, 

which is lihe direct responsibility o.f the Laboratory. 

The Ministry's experimental programme is designed to assess existing and 

W1Conventional control schemes under standard conditions. To enable compari­

sons to be nade between results obtained in the two projects, a basic control 

scheoe is being used in each as a reference against which other control schemes 

are jucion-e d. The criteria •On which an assessment may be made includ.~ jour:1ey 

time, frequency of stops, safety, capacity and the effect on environment. 

At the present state o.f kno'rrled€e, however, journey time is regarded as the 

most important of these factors and it has been adopted in both West London 

and Glasgow as the primary ~criterion for assessment. Each 'before' or 1after 1 

study now consists of four :inst~xmented cars ~ observers travellin~ for 

two weeks over carefully selected routes which include all major traffic move­

ments on the main roads and many minor roads. The cars make a journey time 

assessment b:y recording journey distance in units of one-fivehundredth of a 

mile and time in seconds on a 5-hole punched paper ta!'le • In addition the 

observer r ecords ~ the pas ss.c:e of t he car past pre-deternined tim.inG points, 

~thich are usually si ·nal s top-lines. Records ar e also being kept of the hours 

t:hen :particular control schE~me s are in oper ation to enable s. det ailed accident 

analys is to be made. 
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THE WEST LONDON ~ 

1 
The axsa chosen for this project lies to the west of Btde Park Corner 

and covers about six square miles. About 70 existing signal controlled 

intersections, together 1fi th over 30 new signalled pedestrian crossings, have 

been connected to a digital computer at the control centre in the new Metro­

politan Police Headq\ia.arters in Victoria Street, Westm,inster, sccue thrae­

quartera of a mile east of the experimental area. 

Additional equipment has been placed adjacent to each local controller 

in order to allow the· computer to take over when required. The main functions 

of these outstations are similar to those of the interposing units described 

in greater detail in the section on the Glasgow experiment. 

Detectgrs 

The computer rec:eives traffic information from the following sources a­

(i) all existing pneumatic detectors on approaches to signalled 

intersec1;ions; 

(ii) a small number of additional passage detectors installed a~ 

from juncltions to provide extra data on traffic flows; 

(iii) a small number of speed~asuring detectors to provide information 

on speedfs of vehicle platoons; and 

(iv) short queue and long queue detectors on all critical approaches 

to intersections. Queue detectors consist of two· small loops, 

each 6 fEtet wide, placed 8 feet apart. If vehicle speeds between 

the two loops fall below a pre-determined figure, 8 miles/h, this 

is taken to indicate the presence of a queue. 

~ue detectors are also provided where the exit tram an intersection in 

one direction is liable to be obstructed by co~stion. These a.re used to 

control a special computer control facility lmown a.s "split-phase working", 

which hold.EJ signals facing traffic travelling towa.rd.EJ co~stion at red for 

part or all of the "green" period, while perm! tting traffic to move in the 

reverse direction in the normal manner. 

Data Links 

A solid-state time division multiplex data transmission system operating 

over a single ·teleph<>ne circuit is provided between the control centre and 

each data outstation. It employs a s~ cycle of one second, and in that 

period provides 12 channels outward from t~ control centre to the outstation 

and 24 channels inward. There are additional facilities for five further 
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inward channels for the transmission of information on vehicle speeds. 

Counters in the data outsta1~ions accumulate vehicle counts during the one­

second scan period and one-second totals are transmitted to the computer. 

Central control equipment 

At the control centre u. Plessey XL-9 computer is used as a data scanner, 

which rea.rra.nees the 24 incoaing channels trom each data outstation into a 

standardized 72-bit format Jror presentation to the central processor computer, 

which is another XL-9. The data scanner also receives the output of signal 

control pul8es each second from the central processor. 

The central processor lbas a 16K, 24-bi t word core store with a drum back­

ing store of 8)1{, 24-bi t words. The time for simple ~ansfer and ari tbmetical 

operation is 5 microseconds.. Peripheral equipment includes a tape reader, 

tape punch and a nexowri te:r. 

An important feature of the installation is the contro~disp~ console. 

This consists of the three-:posi tion desk from which any intersection in. the 

area may be disconnected !r·om computer control for isolated vehicle-actuated 

operation or for manual control on site. Six important intersections in the 

area can be monitored from the control centre by closed circuit television 

equipment, \'1hich provides remote control of pan, tilt and zoca. 

Control Scheme• 

The traffic control schemes to be studied involve the "strategic" selection 

of linking plans to suit the general traffic conditions in an area and "tactical" 

local modifications based on traffic conditions at the individual intersections. 

Provision is also made for the diversion of traffic round bottlenecks at times 

of extreme congestion. 

THE GLASGOW EXPEBD!ENT 

The experimental area covers about one square mile of the Glasgow central 

business and shopping distl:~ict, including four brid8es over the Clyde and 

about 80 Plessey traffic si.gnals. A simplified diagram of the road networlc 

controlled by signals in this area is given in Figure 1. All these signals, 

apart from three pedestri~L crossings, are vehicle actuated and those on 

several major streets are connected by local linld.ng systems. 

Additional equipment bas been placed adjacent to each local controller 

in order to allow the comptLter to take over when required. The main functions 

of this interposing unit area-
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(a) t'> transmit information about the state of the signals and the 

~tectors ·to the central control; 

(b) to receive instructions from the computer; and 

(c) to send the necessary signals to the controller to cause it to 

show the ~aquired signal aspects when under computer control. 

Dotectgrs 

All approaches to traffic signals in Glasgow have pneumatic detectors, 

pla.ced between 90 and 130 feet befoN the stop-line, which detect the passage 

of all axles. The c:n~tput !ran each road separatel;r is brought back to the 

computer centN. 

no forms of inductive loop detector rill be installed in addition. 

Small-loop vehicle pl~sence detectors will be used to establish the presence 

of queues waiting to turn in the centN of intersections and they may possibly 

be used at other places along the approaches. large-loop vehicle pNsence 

detectors will be UBEtd in certain circumstances to establish how much traffic 

occupies the whole of a section of roa.d between major intersections. The 

loop is laid in slots parallel to the kerb to cover tl~ effective width of the 

road ~ extends from one intersection to the next. It gives a linear output 

acc.ording to the amotant of traffic which is travelling or stationary above it. 

This form of detector, still in the experimental stage, is intended for use 

in the more advanced, unconventional fc:>rms of control and might be applied to 

automatic assessment of control schemes. 

Engineers from the Marconi Comp~ working apt the Laboratory have developed 

a tribo-electric detector which looks promising as a more reliable alternative 

to the existing p~atic detectors at signals. It operates from the elec­

trical signal produce1d in a co-axial cable under impact. The cable is 

enclosed beneath a stainless steel strip which is mounted flush with the road 

surface. The detector is about 2i" wide by 1i" deep and is considerably 

easier to install tbs~ the existing detectors. 

Data Links 

Seventy of the int~rsections are connected to the control centre by multi­

core cables laid tl1r01ugh existing ducts originall;r provided for the Glasgow 

tramway systeo. Each group of six controllers is connected to the Centre by 

100 ~air cable with the .following allocation of pairsa-

a) ·14 sepa.rate pairs to each controller 

b ) one pajx common to all six controllers for a telephone 

c five separa te airs com.mon to each pail: ~r controllers 
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The remajning ten inte:rsections not on the multicore cable networ}: are 

controlled !rem the computer centre by Smiths .voice .f'req,uency multiplex data 

transmission equipment working over telephone circuits. Two pairs are pro­

vided from each intersection to ca.rry data transmission a.t:ld speech. The 

ma.yinnm number o! control channels req,u.ired between any of these local 

controllers and the computer oentre is 18~ Six channels transmit informa.tio. 

t.rom the computer centre to the local controller at speeds up to 5 bauds. 

0! the 12 channels in the opposite direction, 8 are capable or signalling 

at speecla ot 35 baude. 

The following data are sent back to the control 

centre at all times whetbel~ the computer is controlling the signals or nota 

(a) a continuous indication of the trattic pbaae which is being giveL 

a green signal. This information is used, among other things, 

to operate the lamps on the map display; 

(b) axle counts !or control and assessment purpose an<; to assist in 

maintenance by showing up detector faults. 'rbe detectors on 

each approach are ti tted rl th pulse lengthenera which are scanned 

ever 25 llilliseccmda. 

(c) a speed-timer signal which is associated with one or the features 

o! modern British vehicle actuated controllers. 

Computer "take-over" ot signals. The computer takes over operation of 

a local controller via the interposing 1D1i t by' sending a conti.mlous electrical 

signal, and the local controller will only respond to computer commands to 

change its signal aspect while thi• take-over signal is being received. The 

local controller returns a. eontinuaa.s contirmator,y signal when it has responded 

to the take-over signal. The safety ~eatures incorporated in the local 

controller, i.e., minimum green and intergreen periods are maintained while 

under computer control an.dl demands by the computer to change the traffic phase 

can only be obeyed subjeC't; to the operation of the safety features. 

A d.c. signal is sent on a separate circuit simultaneously with the take­

over signal to guard against stray interference being interpreted as a take­

aver signal. It lasts until a confirmation signal is received. Receipt· by 

the interposing unit of the ta.ke-ove:r signal together with the d.c. signal 

operat~s a delay circuit. If t he take-over signal continues to be received 

the delay circuit will re l ease the local control ler from t he computer after 

a delay of t wo to three minutes unless t he t iming is r e-se t by t he r elease of 

all t he signal aspect relays during the intergreen period as a r esul t of a 
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cOIIIIDSnd t'rom the computer. This feature ensures that t~ central equipment 

cannot take ~r the operation of' the local controllers and then fail to 

nitch the traffic signals. 

When the take-over signal ceases the tim.in8 is accelerated so aa to 

reduce the delay bef',ore release to 3 to 5 seconds. This prevents the occurrence 

of a long period without a signal change when the central equipment relinquishes 

its control. The retention of' a short delay enables the computer to retain 

control of the local controller even if a burst of interference causes a short 

break in the take-O'Vltr signal. 

Central, Control EguiJIP!nt 

The central computer is a Marconi . Ltyriad I with a core store of 16K 24-bit 

words. The time foJt" simple transfer and arithmetical operations is 3 micro­

seconds. Input to the computer is through two Faci t readers which can read 

5 or 8-hole tape at 500 charact~ra/&J the reading heads are electro-static. 

Outputs from the com}?uter is produced by a Facit punch operating at 150 characters 

Eight levels of interrupt are provided f'or dealing with transfers to and 

_fro~. P.~~j,.p~r&l: equipment. This consists of a Sperry drum with a storage 

capacity of 80K 24-bltt words, a console typewriter far the output of emergency 

messages to the operu.tor and the input of small amounts of data, a Benson-Lehner 

graph-plotter and the single-bit input and output unit. Traffic and signal 

data from the interposing units are presented in the control centre on a 

bank of 1152 contact25. The computer can control up to 576 pairs of relay 

contacts for transmit ting commands to the local controllers. The relays 

r enJB.in set until instructed to cban8e. by the computer. Data is transferred 

to and from the comp\lter in groups of' 24 bits at a time. 

A very simple ·map display is being used with lamps indicatin8 the con­

ditions of the signal s and whether or not they are under computer control. 

This display is inteuded to show that the control system is behaving generally 

in the way expected l:1ut 1 t is not intended for use as an aid to manual control. 

Provision has been made for up to 100 analogue input ~nt signals of' 

0-5 milliamperes to l:>e received fran devices such as the large loop detectors 

for measuring the cor.Lcentration of traffic on a signal approach. Each 

analogue input is converted into a 7-bit binary number suitable for the 

eo .
4 
ut er by an anal gue/ digital converter. 

The computer is housed in a pre-fabricated air-conditioned building 

provided by the Glasgow Corporation. The building also includes office 
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accommodation for the staff and facilities tor servicing the instrumented 

ca.rs used during assessment••. 

Csmtrol Schemes 

The programme of control schemes which is bein€ assesse~ in the Glasgow 

experiment is given· below. It ·may of course be modified in the light of 

experience or new develo~1ts. 

Fixed-~ime progressions selected by time of daY· This ~s one of the 

simpler farms of co-ordinatt:ld control. The cycle times and splits for a 

given traffic condition, i.e., morning peak, evening peak, or mid-day, are 

based on observations made beforehand. The appropriate plan is then selected 

according to the time or aa,.. 

Io detectors are used ja.Jld the system depends entirely on historical traffic 

1nt ar1ll& tion. 

Linked yehicle actuate~ti operation. The linked vehicle-actuated flexible 

progressive system is that 1wsed commonly in British linked systems today. 

Details or ita operation are given in reference 2. A master controller 

determines the common cycle and exerts overriding control ot the local vehicle­

actuated controllers at certain points in that cycle. 
J 
Pneumatic vehicle passage detectors are used at all sisnals. 

Fixed cycle prog;ressians maintaining equal demss of saturation. It has 

been shcm: that maintaining an equal degree or saturation on each traffic phase 

produces minimum ~delay with fixed-time signals and steady_ trarfic3• The degree 

or saturation ot an approach is the ratio between the now actually arriving 

and . the maxilmlm now which could be handled with the green time allocated. 

This control system will operate in conjunction with fixed-time progression& 

as a means of allocating to the main and side roads appropriate greens inside 

the fixed cycle length. 

The normal pneumatic detectors are also used in this system. 

Fixed-time progressions selected according to traffic conditions. · This 

systetj is very similar to the first described above, having a librarY of fixed­

time plans to suit differing traffic conditions. The appropris. te signal plan 

is selected from the library on the basis of information from a small munber 

of detectors which are used. to carry out a simple form of traffic pattern 

recogn:i. tion. A control ache,.. ... of this typ~ commonly used in the United States 

is given the name "P .R." sya-':, 11. 
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Signals changing on cessation of saturated flow. In this control 

scheme the .signals will operate in isolation. At each, a traffic phase ·will 

be allowed to run for ao long as at least one of the roads controlled by that 

phase has traffic entering the intersection at the saturation flor~ rate. 

The existence or otherwise or aaturation now will be determined by a aiatis­

tical examination of the saps between the traffic passing over the pneumatic 

detectors. 

7Jinim1aationc:£ delaz b:r prediction and on-line simulation. The mininn,m 

delay control scheme is based on a lilllited prediction of traffic arrivals and 

is intended tor application to those major intersections which become critically 

overloaded as traffic increases. The object or the scheme is to minimise 

delay by increasing capacity at these intersections, i.e., the primary bottle­

necks. The less important junctions on roads leading to major intersections 

would operate on a fixed-time basis. The computer will simulate delays from 

estimated arrivals at the atop-line in each section. No change in· traffic 

phase would be made it the total delay over the cycle would be reduced by waiting. 

It the calculation showa that it would be worse to wait another second, further 

calculations would be made of the effect or chazl8e in 2, 3, 4 or 5 seconds in 

the future. It all these indicate that it would be worse to wait then the 

signals would · change immediately. 

This control scheme will use both small-loop and large-loop vehicle presence 

detectors in addition to pneumatic detectors. 

TECHNIQUES FOR SETTDrG Lil1KED FIXED-TIME TRAFFIC SIGUALS 

It can be seen that most or these control schemes depend on the provision 

of fixed-time progressions. The conventional method of obtaining settings 

for linked fixed-time signals has been to use time distance diagrams, produced 

originally by hand but recently by off-line computer methods. This technique 

is workable for single roads carrying either one-way or two-way traffic; the 

aim is to maximise the bandwidth (the proportion of the cycle for which a 

vehicle unimpeded by other traffic and travelling at a pre-deterinined speed 

on each section of the main road could enter and pass through the system with­

out meeting any of the hghts at red). A serious disadvanta£,-e of this aim 

i s that the bandwidth that can be obtained is almost al~ays insufficient to 

deal ri~h the amount of traffic that can, and does, pass t{l.rough the system. 

A further disadvantage is that delay is not considered and no account is taken 

* 3aturation flow is that flow v1hich crosses a stop-line from a queue when 

the signal is green. It is the maximum rate of flow possible on any given 

approach. 
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of vehicles which turn intcl the main road from the side roe.ds. 

The Combination Method for Setting Lin..lced Traffic Si gnals 

To overcome some of these disadvantages of the time/ distance dia.cram t be 

Combination method (proposE~d by Whiting and described in reference 4) 11as 

developed for setting sigm~l progressions to give approximate minimisation o!' 

delay on certain types of network. In order to avoid a complicated sioulati m:. 

and considering all possible combinations of the settings of t!!e signals, t he 

method makes the following _simplifying assumptions about the behaviour of 

tratfica-

(i) the settings of the signals do not effc~t the amo\Ul+ of traffic 

on the routes used; 

(ii) all the signa.l13 have a common cycle (or have a. cycle which is a 

sub-multiple of some master cycle); 

(iii) at each signal the distribution of the effective green time 

among the phast!s is known; 

(iv) the delay to tJt:>affic in one direction aloT~ ~; azzy sectio~ (link) 

of the network depends solely upon the difference between the 

settings of tru! signals at_ each end of the section; it is not 

affected by ~,- other adjacent signals in the network. 

The last assumption i1:t the critical one since it is not true for all 

conditions of traffic but ,l'lhen the network is fairly heavily loaded, i.e., 

when most traffic problems become apparent, the assumption is sufficiently 

accurate. 

On the basis of these assumptions it is possible to derive a relation 

between: 

(i) the delay to trl:U"fic travelling in one directi"an along a 

section, and 

(ii) the relative tilning of the start of the main road greens at 

the signals at ·the beginning and end of the section. This 

relative timing is known as the difference of offset. 

If the cycle is d.ivid1ad into an equal number of steps (say 50, wr...ich t s 

a common number in British linked sienal syste~) then the del~/difference­
of-offset relation for a g.iven section will be a histogram of 50 steps, each 

step representing the del~y essocisted with a g.iven difference of offset 

between the signals at each end of the section. 

A typ~cal delay/diffe:rence-of-offset histog.ra.Iil is shown in Fi g.2. These 



relations are essent:ial to the Canbination method ~t the manner in which they 

are produced, i.e., :by simulation or by calculation, is not important. When 

using the CombinatiOln method to obtain signal settings for Glasgow, very 

sinlple assumptions wtare made about the behaviour of traffic en~ering and 

travelling down the section. Later versions of the method have been improved 

by the inclusion of, far example, allowance for platoon dispersion as the 

t affic travels down the section. 

- When all the incUvidual delay/difference-of-offset relations for each 

section or link in the network are known it is possible to combine the relations 

of adjacent links, pJ~ovided that they are connected in a simple series or 

parallel manner. 

When canbining .links in series, the relation far link .A..-+ B combined to 

that far link B -+C gives a.n overall relation far A_.. c. .Far each of the 

50 offsets of A-t C, the 50 possible settings of :B are tested and the minimum 

recorded. This requires 2, 500 calculations. 

For combining llnks in parallel the relation for A-+ B can be combined 

directly with the reverse of the relation B~A giving an overall relation 

A~ B. This requires 50 calculatiOJnS. 

By repeated operations of this type a suitable network can be completely 

reduced until only one delay/difference-of-offset relation remains. It 

repr esents the delay on the whole network in terms of the offsets bet•veen 

two points on it. l~om this the difference-of-offset between t hese two 

points which gives minimum delay over the whole network can be chosen. Going 

baCk over the process used to obtain the overall relation it is then p~ssible 

to find the minimum-delay offset of each· signal. The particular value of 

t he technique is that it is systematic and therefore can be carried out by 

computer. The amow1t of work involved is approximately proportional to the 

number of links and is very considerably less than it would be if every possible 

pernru.tation of o!fse1;s throughout the network were to be considered. 

he requirement that individual -links must be connected in a serial or 

parallel manner dictates .the type of network to '17hich this method could originall; 

be applied. These networks which could be completely solved consisted of 

ladders or a tree* made up of ladders. The Glasgow street network shown in 

* A tree is a network in which there are no closed loops; a l adder is consider e1 

as t>vo parallel rou~~s with cross links. For a tree mo.de up of t he laddl!rs 

e eh link of the siml)le tree has been repl aced by a ladder. 
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Fie;ure 1 is more complex t~)a:n t J:2.is nci t · e Conbination oe t hod. was s.:.~ lie..- ·;:.:· 

remov.ingunimnortant links tc b:=ing the net.7ork to t~1e r qu·re · fo :::- .. • L::.:r:Y? 

has subsequently proposed a J:ne t hod b w:b...ich the onbinatio. net ~1o-: c n n12 
extendeO. to sone more corr:p lex networlr.s. 

types of network. 

1.lod.ified Combinatio~ nethod . mhe basic meth oC. has been modifie..: t o 

provide a technique which will allow a pproxi.rnate minimis tion of del ;:;· on a 

t\7o-way :road when the signal:s are not hea.·;rily loaied, ·c.nc.:. a.ssur: .:_1t i on f :...v 1 c.boV'i: 

is not strictly vc.lid. In this oase t he road is considered as a sinr Jle l a 1 · e r 

network made Ul) of two one-o;re.~· :roads con.."l.ected at the int ersections iJ:r i maci. ar:r 

links. ~he traffic in each direction is then assmn~~ t~ be trave _li~: i~ 

platoons, in such a manner that it passes through each intersect ion at s :::tturation 

flow du:=ing a "d'UI" •. ny" e;reen which is just sufficiently long to hi:l.ndle t ;'le trz.!'fic. · 

An upper limit is .laced on the total green time alloi7ed to t!le n.s.b roa~ at 

each intersection. It is then stipulated the.t the "dumny" c;:reer,s in op:;>os i t. '? 

directions at each intersection may not be separated at the~= eztrewe~ , i . ~ . , 

· from the start of the first ,;o the end of the secor..d, by no:re than be to ·: a~ 

1!18.in :road green time available at that intersection. 

P:reliminarv ~ests of the Combination method. The ~edified nethoc r.~s ~ se d 

to :>:=oduce linking plans for 8 signals on the C:=onwell Ro3.d, L0~1don . ':'hi] "before 

and after" stud;;- showed t hat the plan produced by this aethocl r educeci av .:oa:e 

journey tL'!lE!s in the D.'..id-da~' -_::>er~od between peaks by a. statistica.ll~- si :;nific~mt 

8 percent. These sa.vings in jourr,ey time were estimated to be worth £10,00 

per ~~..,_~~and it was felt that the results justified a full-scale tria l. · 

Tri a :!. of Conbination me t :"lod in Glasgow. Signal settings produced by t hE-

un-::Jodified Con.bination method were cocrpared with the existing mixture of linked 

and isolated vehicle-:lctuated s ignals in Glasgow during Autumn 1967. It was 

decided that t here should be three plans, for the morning peak, evenint; ea1: 

and between-peak periods respectively. For each plan, the calculation of eye._ . 

times and the preparation of' input data for the computer took about 10 oa.n O.a::s . 

Taking off the results and checking took a further 3 man days. The prograr;>..we 

took about 6 hours to run on a slo\7 computer; it is estimated it \Vou.ld ta.ke 

·oetween 5 and 10 minutes on :rryriad I. These times do not include the collection 

of traffic data or its reduction to the correct form, or decision::; on the trai'L.c 

phasings anci safety fe a tures: at each sib08.1• 

The "before" s u.rvey was carried out in October ~ ith the signals U..'"lder local 

control and the "a f ter" surv ·y ·;ac carried. out a fortni~ht later in l~ovenber 
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when the signals were under computer control. The signals were switched to 

ooaputer control tor one week before the 'after' survey to enable drivers t ·o 

becOJ:!e used to the changed conditions. 

I n this f.irst insta~e each survey covered the weekdays o! two weeks using 

two cars. Flow measurements were obtained by a team of about 16 observers who 

t ook short sample counts throughoUt the network. 

Prelimina.ry examination of the results showed that the C01:1bination method 

satti)lgs bad reduced the number of vehicle hours per hour being spent in the 

network during tile' working day by about 12 per cent. However, journey times 

were very dependent an the level of now in the network so graphs relating 

vehicle-hours per hour and vehicle-miles per hour were plotted, see .Figure 4. 
These showed that the new settings had produced reductions in journey time of , 

a.p~roximatel.y 11 per cent during the morning peak, 8 per cent in the period between 

peaks and 20 percent during the evening peak. 
The Combination method results shown tor the evening peak were obtained 

i uring a second assessment in May 1968. Those obtained in N<m;:mber 1967 have 

not been shom because they were obtained during darkness. They were indis-

tinguishable from the "existing" results obtained during daylight. 

The results shorn in "Figure 4 are still being analysed statistically and 

the improvements quoted may be revised, but the present conclusion is that the 

Combination method settings produced an improvement or 12 per cent in the average 

journey times of vehicles in Glasgow during the period covered by the survey. 

It is estimated that, i:f' this . improvement were maintained, the savings in the 

time of vehicles and occupants* would be worth about £600,000 per annum. The 

capital ?Oat of the equipment ~talled to date, which includes some features 

f or experimental use only is about £330,000. 

The period of the trial was too short to allow any analysis to be made of 

changes in accidents. 

TIUU"1SYT 

The results quoted above show that a substantial improvement in journey 

time can be obtained by using the Combination method to select the best o:f'fset 

between l~~ed fixed-time signals. Another method called TRANSYT, which optimises 

both offsets and. splits and which can be applied to~ type of network was 

developed by Bobertson, a Plessey engineer, when working at the Road Research 

Labarato~J· The tra:f'fic model used in TRANSYT includes allowance for the flow 

interaction between successive sections of roads, a simple but effective repre­

sentation of platoon dispersion, and flow control by signals or by another 

traffic stream which has right-o:f'-way. The overa-1 impedance to traf:f'ic is 

·• .d.asuning an average vehicle hour in Glasgow during the day to be worth 17/6d. 
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measured by a performance index that can be chosen with any desired balance 

between journey time and numloer of ·stops. The optimisation process uses a 

~1-climbing" technique to minimise the performance index by altering t he 

points within the signal cycle at 'which each green signal starts. The cycle 

time or the ayatem ' is not cru~d automatically by the optimisation procedure, 

alth0\18h the ei"fect or different cycle times can be· considered by successive runs . 

TIWm! trarfio paedal. 

the trartic situatiana-

TBANSYT makes the following assumptions about 

(i) all major junctions in the network have signals (or are controlled 

by a priority rule); 

(ii) all the signals in the network have a c~ cy~le time or a cycle 

time of ball this value; 

(iii) traffic entering the network does so at a constant specified r ate 

an each approach; 

. (iv) the proportion of traffic tur.ning left ·or right ~t each signal 

· remain constant throushou.t the cycle; it does not depend on where 

the traffic. appr·oaching the signal came f'r~. _ 
Traffic patterns. - !rhe common cycle of the signals is 'divided into 50 equal 

units of time. All TRANSIT Is oalcula tions are made on the basis or the averae,-e 

values of the now rates and vehicle queues which are expected to occur during 

each of these units of ."time. No representation is made of individ~l vehicles . 

The traffic i"lowing int;o a link is obtained by taking the appropriate traction 

of the trai"fic leaving upstream links. The pattern of traffic entering a link 

will be displaced in time and modiried during the jommey along the link, due 

to the different speeds of tihe individual vehicles and platoons or vehicles 

which will be partly dispertned. The process of platoon dispersal can be 

expressed by the tormulaa 
I I 

q (i + t) • F.~+ (1 - F).q (i + t - 1) 

where ~ is the flow in the ith time interval of theinitial platoon 

and 

I 
q i is the flow in the ith time interval of t he predicted platoon 

t is 0.8 times thE~ average journey time measured in the time i ntervals 

used for ~) 

F is a smoothing :f'actor whic:·~ wa.s found to be related to the j ourney 

time by the expression 

F "" 
+ 0.5t 



Calculation of delay. The average delay par unit time is calculated in 

t wo parts w~ch are added together; the fir~t corresponding to a uniform 

pattern of arrivals at the cycle is obtained by simulating the traffic behaviour 

over the cycle; the second allows for random variations from cycle to cycle and 

depends on the average degree of saturation at the stop-line being considered. 

· 'r:a.ANS1T optimisation procedure. T~ first step is to calculate the per­

formance index of the network for an initial set of signal timizl8s. The next 

stage is to alter the offset of one of the signals by a predetermined number 

of 5~ cycle units and to re-calculate the performance index of the network. 

I f it is reduced the offset is altered successively in the same direction by 

t he same number of units until a minimum value of the index is obtained. If 

the initial step increases the value of the index, the offset of the signal is 

altered in the opposite direction. The process of optimising the offsets of 

each signal in turn is repeated a number of times to obtain the final signal 

settings. 

Re-allocation of green time. In the previous section the amount of green 

t ime allocated to e&~ch arm of a junction was assumed to be unchanged during the 

ill-climbing proces:s. TRANSYT is also capable of ontimising the start of each 

;reen on its own at a signal befor e proceeding to the next signal. This enables 

mRANSYT to re-alloca·te the green time between the various approaches to a sienal 

t o r educe t he performance index, but. it is not allowed to reduce a green time 

:;elow a specified miinimum value for that approach. 

Data out-out. Two forms of data output are available from the ".:yriad I 

conputer programme Oltl which TRA.NSYT is run at present. The first consists of 

ta.bula ted values of ·the siena.l settings and the ex-pected traffic behaviour on 

:; eh link; the s~cond consists of the graphical presenta tion of fl0\7 patterns 

:1i ti1in the ne twork. The graphs are a development of the conventional type of 

~i~e -distance diagrams used by traffic engineers to set signal progressions. 

?reliminary tes·ts of TR.d.HSYT. Settings produced by TRAJ~ were tried 

vn t he 8 si~ls on Cronwell Road used for the earlier teots of the Combination 

·.:,; th d , v1hich gave a.n 8 _percent improvement in journey t ir.te by optimising offsets 

nly . Ta~SYT settings which optimis~d both offsets and splits uave a further 

12 percent reduction on avera.uo-e journey time during themid-day period. 

The new traffic data collected for TRANSIT uas also used t o u~-date the 

" :?-its calcu.lated by hand for the Combination method. Us ing these ne>7 data 

ne ombination method gave offsets for Cromwell Road almost i denti ca l to those 

_· . -,en by TRAI SYT. Iowever, it was felt that TEUUffiYT mi ght be a better met hod 
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to use in a large network lDce Glasgow because of its ability to optimise both 

splits and offsets. 

Trial of TRANSYT in Gla1sgow. A comparison of TRANSIT and the Combination 

method was carried out in Glasgow during May and June 1968. The preparation 

of a TRANSl'l' plan required about the same amount of manual effort as the 

Cainbination methoda running time on !Jyriad I was about 1! hours. The TRANSYT 

model predicted that journey times would be about 3 percent lower than those 

given by the Combination method. As before, observations of ·jow:ney times and 

traffic now were made by inlstrumented cars and road-side observers, but the 

number of instrumented cars ,.as doubled from two to four. 

The results of the trial are shown in Figure 5. Average journey times 

with TRAllSYT were lower by about 5 percent in the morning peak, by about 2 percent 

between peaks and by about 5 percent during the evening peak. Over the whole 

day the reduction was about 4 percent. None of these differences was statistically 

significant, however. 

The difference between the TRANSYT journey times and those on the existing 

system was statistically significant. If' these reductions in journey time 

were maintained for a year it is estimated that the savings in time for vehicles 

and occupants would be worth £750,000 per annum. 

CONCLUSIONS 

Both the Combination method and TRANSYT are successful techniques for 

setting a network of ·linked fixed-time signals. There was no conclusive 

evidence th4t one was better. than the other in Glasgow, but both produced 

substantially lower average journey times than the exi~ting system set by band. 

This is a significant result because the existing Glasgow system, a mixture 

of linked and isolated vehicle-actuated signals, was itself believe to be more 

advanced than those commonly in use in other parts of the world • 
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АЛГОРИТ 1Ы СОСТАВЛЕНИЯ 1ЛАНА ДВИЖЕНИЯ ПАССАЖИРСКИХ 

САМОЛЕ.rСЕ И ИХ ОПЕРАТИВНАЯ КОРРЕКТИРОВКА 

(А ВТО~АТИЧЕСКОЕ УПРАВЛЕНИЕ ТЕНДЕНЦИАЛЬНОЙ СИСТЕМОЙ) 

табего:в л . д ., Кордонский Х.Б., Линис в.к., Парамоно:в ю.м., 

Фро о:Б ·О .Р. 

Научно-вычислительный центр Гражданской авиации 

Рига 

СССР 

Общее описание систеuы 

Т ранспортная сеть Гражданской авиации СССР обеспечивае'r 

связь между !50 крупными городами . и nредставляет собой граф, 

имеющий около гsоо основных ребер. 

Один перелет между двумя :вершинаuи, · независиuо от числа 

промежуточных посадок,назы:вается рейсоu. Рейс полностью ха­

рактеризуется IJraбopou номеров {j1 , .. . j IC} вершин, :в которых 
осуществляются конечные и промежуточные взлеты (посадки) и 

в ремене · пер:воначального :взлета из :вершины j. .Рейсы,иuеющие 

одинаковые набс1ры tj,, .. .jw} вершин, называются одноиuенныuи. 
i1у т ь соединяющ~lй :вершины {ft .... j. J называется авиалинией. По 
анной авиалинии осуществляmся одноименные рейсы и nри том, 

не менее одного за рассматриваемый период уnравления. 

а ере:возки а:ЕrиадионнЪJХ пассажиров обеспечиваютqя путем наз­

начения сети авиалиний (на заданном графе связей), назначения 

числа рейсов по каждой а:в11алинии и, наконец, ·nутем у:вязы:вания 

:а се 1 р е йсов :в е:диное расписание пассажирского движения. 

аоор авиалиний с указанием числа одноименных рейсов 

на зывается планом движения. 

vпрос на авиационные перевозки за данный период :времени 

~ яется слу чайной :величи~ой. Случайность спроса делает необ­

х д i ·ю~ коррекцию числа рейсов в зависимости от коНI<ретно 

с. ладывающей ся ситуации .rreм самым возникает задача управления 

:в у словиях :возмущаЮщих возде йствий. При изменении спроса на 
а:в1апе ревозки приходится вводить изменения в план движения. 

Одна~ о эти изменения :всегда носят частичный характер и пред­

ст авляют собой добавление или отмену отдельных рейсов.Было бы 

совершенн о немыслимым полное изменение всего плана движения в 

поря~ е его текущей ко ррекции . Эт о свя зано с тем ,что план 

д:nижения задает' 
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·ие только усло:вин переJвозки пассажиро:в, но и усло:вия функци- · 
ониро:вания :всей системы Гражданской авиации : загрузки ааро­
дроыо:в, работы аэродромных служб, :вспомогательного транспорт­

ного обслу:аси:вания пассажиро:в, распределенных средств и т.д. 

Формалы1ое описание системы 

Под ос>ъентом упра:вления понимается система авиационных 

с:вязей, :включающ~я :в себя граф связей , набор авиалиний ,набор 

рейсо:в,набор потенциаЛJьньrх авиационных пассажираn {рис.I). 

Цод nотенциальными 1:1:виационными пассалсирами поiшLшются 

лица, претендующие на l~еремещение,которые, при соответству­

ющих усло:винх, смогли ~бы :восnользо:ват_ься авиационным 

транспортом. 

Рассматри:ваемый объtеК'! я:вляется большой системой с огром­

ным чисJiом с :вязей и nа ]ра.метро:в. К параметрам сист.емы относят­

ся: спрос на а:виапере:вtDЗК~ между каждыми д:вумя городами( более 

5000 сущест:венных :веJIИчин),а:виалинии (около ?ОО),числа одно­
икенных рейсо:в по кацtDй авиаJiинии (около 700). 

Упра:вJШющее :воздейс!r:вие состоит :в изменении числа рейсо:в 

по · ЛИDЯII,ИJIИ изменениJи :вида линий (посадок, nутей). 

Управляющее :воздейс~r:вие по одноку параметру осущест:вляется 

при nолучении - одного у][lра:вляющего имnульса. Так,для упра:вляю­

щеrо :воздейст:вия по :вс 1е11 t:Jараметрам надо подать порядка 1400 
упра:вляпщих импульсо:в. 

Изменение спроса на пере:возки имеет систематические и слу­

чайные соста:вляющие. К систематическим относятся,например, 

сезонные изменения. ИзJ~енение спроса :во времени при:водит к 

изменению состояний об~ьекта :во :времени и это изменение мы бу­

;деы назы:вать траек·~ори ,ей д:вижения упра:вляемой системы :в 

nространст:ве параметро:в. 

По:ведение системы задается переходной функцией 

Р{Х(Т) < M\X(t), t E(-z.s)} ,где Х(Т)состояние системы ~ момент 
:времени Т ,X(t)- траек•тория (перечнь :всех состояний)системы 
за :время (~.S'). Как из :вестно,переходная функция дает ]Озмож­

ность nрогнозиро:вать б:удущее nо:ведение системы (и~ еется в nиду 

:вероятностный nрогноз) при изnестном прошло~ поведении. 

Оценка поведения си .стемы осуществляется на основе фующио­

нала, зададного на т раектории движения сист емы . Таким функци­

аналом может я:виться прибыль или себестоимость пе рев озок за 

· рассматриваемый период времени уnравления . 
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Задача уп·раnляющих :воздействий состоит. :в оптимизации 

траектор~и дви:аtения системы, т.е. в в~боре траектории, обра­

щающей фушщиовал в максимум ( минимум). В :вероятностном плане 

речь может идт~1 либо о математическом ожидании фующяонала, 

либо о. nредельном значении nри бесконечношаговом nроцессе 

управления. 

В рассматриваемом виде объект уnравления (рис.I) является 

nр·имером управ1rяеuого случайного nроцесса. Однако здесь 

имеются особенности, которые оказывают коренное влияние на 

метод управления этим объектом, и на построение управляющей 

системы. 

Как уже отмечалос:ь, объект уnра:вления является бол:ьшой сис­

темой. В этой еистеме имеется огро~ное количест:во с:вязей. Это 

создает оnределенные ТР.fдности ~ упра:влении. 

Назо:вем объвмом уnра:вления за ·время t. Т число упра:вляющих 

импульсо:в, находящихся :в объекте уnравления и требующих уnра:в­

ляющих :воздействий. Большая система назы:вается тенденциальной, 

если заnаздывание управляющего воздействия по отношению к со­

ответствующему имnульсу растет вместе с .Ростом объема 

уnравления. 

Заметим, что заnазды:вание уnравляющего воздействия характер­

но для всех динамических систем. Особенность тенденциальной 

системы состоит в росте запаздывания при увеличении числа 

импульсов nоданных :в систему. 

Легко понятъ, что nри уnравлении тенденциальной системой 

имеется оnасность, что уnравляющее :воздействие будет осущест­

влено уже тогда, I<огда :входы коренным обро.зо1.1 иэменились по 

сравнению с их состоянием nри подаче уnравляющих иr .. пульсов, 
т.е. произойде~ рассогласование :входов и выходов. 

При малом объеме управле~ия, например, при нахол-:дении :в 

о6ъеi\Те одного ·управляющего импульса уnравляющее возде й с'.r вие 

наступает достаточно быстро. 

Пр:Jtшенительно к транспортной систш.1 е это означает сл еду ivще е 

Если подать в объеi<Т больш ое число импульсов, т .е. потребовать 

большого числа изменений :в r<оличест:ве рейсов и с п.исне авиали­
ний, то это 6у.дет означать требование nерестрой i\И расписания 

пассажирского движепия, работы аэродромных служб и перераспре­

деления ~.штериальных средств. ремя , пот ре но е тля осуще ст :nле­

н :1 упра:nлш:щих воздействий 6уд'ет в елико. Sсли :.te подать 
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· один импульс, наnример, nотребовать ввода доnолнительного 

рейса на линии МОСКВА·-ЛЕНИНГРАД, то это может быть осуществле­

но в течение несколью~ часов. 

Укажем теперь особенности уnравления тенденциальной систг­

мой: 

I. Необходимость перспективного nланирования. Учитывая наличие 
запаздывания управляющих воздействий, для усnешности уnрав­

ления, необходИмо прогнозировать траекторию движения систе­

мы и заранее указы:вать дискретные моменты времени уnравля- · 
пщих воздействий. Персnективный nлан nредставляет собой 

набор уnравляющих имnульсов с большим uбъемом уnравления, 

который заранее вводится в объект уnравления ' с учетом 
запаздывания его реакции. 

2~ Текущее уnравление должно быть малым nо.о6ъему. Текущее 
управление имеет ц~елью исправления рассогласования входов 

и :выходов при непр~ед:видениых (:в прогиозе) изкенениях 

:входов. jlоскольку реакция системы на текущее уnра:вление 

должна быть быстрой, то зто уnравление должно быть малым 

по объему~ 

3. При иестациоиарном случайном nроцессе . изменения входов 

(имеется БВИду случв:йная соста:вляющая) максимум (минимум) 

функционаJiа ведостJижим. Для достижения ·максимума (минимума) 

функциовала, nри наличии запаздывания уnравляющих БОЗ]Jейст­

вий, необходимо о6еспечить абсолютно точное 1Iредвиденйе 

изменения входо:в. При вестационарном изменении Бходов такое 

nреДБидевне неБозможно. 

В соответствии с изложенными особенностями строится система 

уnравления тенденциал:ьным объектом. Эта система включает в себя 

сле~ющие блоки : 
I. Блок црогноза входiDв (nрогноза спроса на авиационные nере­

возки). 

2. Елок расч~та nЛана движения (уnреждающего набора уnравляющих 
имnульсов) с учетом связи между числом рейсов и спросом на 

nеревоэки. 

3. Елок выделения лок~:1льной ячейки текущего уnравления и рас­
чета имnульсов тек:ущего уnравления. 

Заметим, что нами не рассматриваются блоки, которые обесnе­

чивают реализацию имщrлъсо:в :в _ упра:вляющее :воздействие. Это свя­

зано с тем , что такие блоки "приводов" не носят .автоыатического 
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характера и . "привод" осуществляется посредством исnолнителей 

- людей . Перечисленные же :выше блоки упра:вле·ния являются 

~ектрон~ыми и осуществляются автоматически' в ЭВМ. Схема уп­
равления объектом, без учета блоitОБ-'1 при:водов11 , изображена 

на рис.2. 

· иже каждый из блоков управления будет описан более 
подробно. 

Бло1t прогноза :входов 

· ак показано на рис.2, прогноз :входов основан на nредисто­
рии движения системы. Тем самым речь идет об . экстраполяции 

сведения .J:IХодов на оу-щщее время. Ькстраnоляция носит осно­
анны v характер, если процесс изменения :входов является 

~роцессо А с сильным последействием. 

ходы выступают как случайныvi спрос на авиапер-евозки между 

городами . Эдесь содержится типов·ая ситуация спроса-предложения, 

и ющая .место при любом виде торговли. 

Довольно большое расnространение имеет ошибка, когда :вход 

и зу чаетсн .изолированно, без учета его связи с · выходом4 • При 
эт ом для прогнозированин входов исnо~ьзуются nростейшие экстра­

поляцианныв : ормулы (полиномы и т.д.), без построения математи­

чес ой модели спроса-предложения. Ошибqчность этого подхода 

сост оит :в не понимании, что точt~и изменения предложения образуют 

n процессе изменения :входов (спроса) вложенную цепь Маркова и 
этим нарушают последействие. Как показали прямые расчет. r, исполь 
зевание э.кстраполяционных формул приводит при прогнозировании 

спроса на авиаперевозки к ошибкам, иногда составляющим IOOO % 
от .скомог о числа. 

Т аrсим образом, для экстраполяции входов нужна мате rJатичес­

.шя .юдель, учитывающая связь ~е жду входом и выходом. ·довольно 

характерно, что речь идет о мате 1атическом описании деятельнос­

ти человека , как субъекта п·ереnозок. Н ет нужды говорить, что Iia 

дент~ .ьность челов~ка оказывают :влияние огромное число факторов. 

ro вс е же среди них ~ ожно указать доминирующие, а влияние 

оста ьных честь путем предст авления деятельности челов ека в 

иде слу чайных событий . ри выборе вида трзнспорта и в ыборе 

О ' ~шш о совершении поездки до.нинирующю и фсшторани являются 

ее рсы денег и .вренени данного naccaJJ ира, с тои .1 остъ и · о .iфор~, 

п едает в; я е лый тем или иным в идоы т ранспорт а . Под коrлф орто ·" 

о н ~.:~ ет ся вре.ш нахождения в пути, частота : .. pcv ровани.Р · ~· ие 
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·удобства. Частота курсирования (число между городами • Б 
рейсо:в), · I(ait :видно и :э рисунка 2, есть выход объекта уnравления. 

Такю.1 образоu образуется органическая с:вяэь между входом и 

:выходом. Заметим, чт ~о с ростом частоты курсирования увеличивг­

етоя комфортабельность пере:возок, т.к. пассажиру легко 

подобрать удобное для него время отправления (прибытия). 

Поэтоuу рост до векоторого предела число рейсов способствует 

по:вьппеиию спроса на J[Iере:возки; 

Задача построения .модели · ·состоит в указании вероятности 

того, что потенциадЬНIЬIЙ nассажир :воспользуется авиационным 

транспортом. 

Не останавливаясь на подробностях, укажем, что если транс­
поржная с:вязь uежду городами обеспечивается только железной 

дороrой и . а:виацией, то :в предnоложении логарифмически-нормаль­

ного расnределения д1енежных ресурсов пассажиров (этот вид 

распределения nолучкп подтверждение при статистИческом обсле­

довании доход о :в насе.ления социалистических стран 7 имеют место 
следующие формулы : 

Вероятность того, что nотенциальный пассажир согласится 

совершить поездку 

Р+= 1·-(1-q.)cp(FnS;-m), 8 .. :mi.n(8~ s-) 
(I) 

Если при этом б Q > 8"' , то :вероятность того, что пасса-

жир :восnользуется авиационным транспортом есть 

(2) 

если ' то 

(3) 
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зде с ь б~ 0°, k}К. ka , -r:ж, та - стоимости билетов, числа 

пое здов (ре йсов) в неделю, в r- емена nередвижения по железной 

до~оге и в ~виации ; 
'}.m . в,о. - некоторые константы 

2 

ер (z )"' tJ <t J е>'р (- f J dи . 

Qощее число пассажиров, желающих в ~пользоваться авиационным 

т рансnортом в отрезок времени ( t, t +"Г), представится как 

(4) 
где X(t, t +1:") общее число nотенциальных nассажиров, между 
го родами А и Б. Эн~ чение .К ( t, t ~-r) :как и константы, вхо;.. 

дящие в формулы (I) - (3) получаv~ся nутем статистической 
обработки nредистории. За .• н~т им , что nрактически речь. идет о6_ 

оnределении- величины /'1 о за авг ст месяц каждого года~ 
С помощью ~ орму лы (!4) р:ё1ссчитывают ~ся не nараметры nроцесса 

изменения входов, а случ~йнал ве~ичина- суммарный авиационный 

потои за август ~~ ес яц . дJJя расчета nроцесса изменения входов 

необходИмо на основе истории движения объекта установить систе­

матическую составляющую изменения :входоБ. К такой составляющей 
относятся сезонные колебания потоков и рост nотока вблизи 

npa эдничных дней. Процесс анализа сис·тематической составляющей 
·1 з менения :входов является · :весьма сложным, многофакторным ана­

лизом и здесь, естественно, подробно не рассматриваетЬя. 

Заыетим только, что каково бы ни было качество прогноза 

изменения входов, оно не может учесть неожиданное изменение 

обстановки. В качестве яркQго примера, укажем на влияние 

з емлетрясения в Ташкенте на рост числа nере:везенных nассажиров. 

В ~онечном счете, прогноз :входов дает общее оnис~ние их 

изменения (примснительно к перевозкам между nарой городов А - Б 

:а виде 

Y(t) = G(t) p(t) + C(t ) 
(5) 

где G (t) 
7 
C(t) - дет ер _:инированные функции,- зависящие от 

вых дов, а o(t)- стационарн ый случайный п роцесс 
1 
1 
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Пуассонавекого тиnа. 

Расчеты nрогноза входов весьма громоздки. ]tостаточно ука­

зать, что для изучени:я nредистории движения объекта в ЭВ , 

вводится 450 000 nервичных данных. В результате расчета в ыво­

дится nорядка IO 000 данных. Сказанное означает, что прогноз 

должен осуществляться на сравнительно далекую перспективу. В 

настоящее время прогноз делается за год до ввода плана в 

действие. 

Блок ра~счета персnективного плана 

В целом nроцесс изменения входов, заданный формулой (5), 
является нестационарны:ы. Однако имеются сравнительно длите ь-

ные отрезки времени, когда G(t) =const, C(t)= c-onst , т.е. 
имеются участки стационарного спроса. Естественно, что момент ы 

нарушения стационарности спроса являют~я моментами, когда 

требуется управляющее воздейств~е. 

Расч~т nерспективного плана состоит из следуюЩих этапов 
а) разбиение nериода управл.ения на участки стационар­

ного спроса ; 
б) расчет потребных авиалиний для участка наиоольшого 

стационарного спроса ; 
в) расчет потребного числа рейсов для каждого участка 

стационарного спроса. При этом учитывается связь 

входов и выходов. 

Рассмотрим указанные этапы несколько nодробнее. Разбиение на 

участки стационарного спроса осуществляется на основе изучения 

предистории движения объекта, nри этом на следующий год целиком 

nереносятся вакономерности предыдущего года. 

Обычно участок наибольшего стационарного спроса приходится 

на август месяц. Для этого месяца производится расчет авиалиний 

Учитывая тенденциальность системы и допустимость срока запаз­

дывания управляющих воздей:ст:вий по отношению к плану не . более, 

чем за год (речъ идет о плане краткосрочной перспективы) в 

основу расчета вкладывается список линий , де йствовавших в 

nредыдущий год. На основе сnециальных алгоритм ов производится 

nоиск новых авиалиний, по nарам городов, нот орые ранее не име и 

авиационной прямой связи. Скомпанованный такиu образом список 

авиалини й берется за основу дальнейшего расчета. 

Затем nроизводится расчет нео6ходиr.юго числа однои~ · енных 

рейсов. В основу расчета кло.дет с R требование перс возкл в с ·. 



38 

··пассажиров, ·Еtелающих ос~ществить перелет. При указанном расче­

те имеется обратная связь со входами и со списком авиалиний. 

Связь со входами основана на исilользовании процесса последо­

вате ьных . итерраций расчета. Эти итеррации учитьrnают, что 

функци.я спроса является выпуклой no отношению к числу рейсов. 
На каждом шаге итеррации исnользуется модель линейного nрограм-

мирования тиnа : 
а) ограничения Е Zi.?Bj . 

i.E tAJJ· 
j = 1,2 •... m ; 

i. = 1.2 . ... n : 
n 

б) функционал минимума себестоимости nеревозок L c,z, 
i.ai 

Здесь zi - всnомогательные неизвестные, так называеыые :вариан-

ты . загрузки авиалиний, wj -множество всех вариантов загрузки, 

оuслу"ивающих j -тую пару городов. 

Решение линейной задачи дает возможность указания числа 

необходимых . реИсQв. Далее осуществляется :возврат к формулам 

прогноза (2), (3), (4) и вновь расчет числа необходимых рейсов 

и т.д. Процесс итерраций быстро сходится и nрактически доста­

точно двух итерраций. 

Полученное решение · аш лизируется в ЭВМ для уточнения cnиcita 

авиалиний. С этой целью, no каждой авиалинии nодсчитывается 
число перввезенных пустых кресел и nроизводится уточнение сос­

тава промез~точных посадок и назначение новых авиалиний . В ко­

·rеч · ом счете 016еспечивается, чтобы на каждом участке авиалинии 

п ро цент использования кресел составлял nорядка 80 %· 
J осле уточнения состава авиалиний nновъ производится процеЬс 

расчета числа рей сов с итеррациями. 

vледую и~ этап вычисления nлана связан с учетом наличного 

рка самолетов. А именно, no подсчитанному плану оnределяется 
т отребное число са . олетов всех типов. Эти величины сравниваются 

с аспо 'шгаемшш . 3aтe r,JI ме·rодом :выравнивающих коэ::· r- .ициентов 

п оиз п од· тся ' Точнение плана, при ноторем по ере необходимости 

у . :он:ьшается число рейс<?в и рей сы перераспределяются меJ:щу 

типа.п са .: олет ов. Выравнивающие Iс оэ ·-/: ициеuт ы уч1тывают , чт о при 

J ' е ьшении числа ре 1 сов ,в первую очередь необходимо обеспечить 

.J. ста...,ку дальних пасса:: и ров и nac1ca:: и ров, где нет J' елезнодоро}· -

·ого _ анспорта.Общая cxeka расчета плана 1риводит с я на рис.3. 
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Блок выдел ения ячейки текущего управления и 

расчета импульсов 

Как уже отмеча ось, необходимость в текущем у nравлении 

возникает при · непрогнозированном изменениv входов . Заметим , · т о 

nотребность в текущем управлении су ~есmвенно зависит от качес­

ва nроrноза nоведения входов и качества разработки перспектив­

ноrо плана. 

При небольших отлJ~чиях nоведения :входов от проrнозирован­

ноrо имеется некоторJый резерв nлана, который позволяет не при­
бегать к текущему управлению. Таким резервом является планиру­

емый Itоэффициент заполнения кресел ( 80 %) • оЧе~идно, что повы­
шение спроса на перевозки по отношению к заnланированному даже 

при IO % не требует увеличения числа рейсов. 
При больших отлич iИЯХ поведения входов (I5 % и выше) прихо­

ди~ся прибегать к текущему уn~авлению. Соответственно встает 

воnрос об необходимоJм объеме уnравления. · 
Общий граф авиационных связей весьма велик. При расчет е 

текущего управления надо выделить подграф связей , внутри Р~ ото­

роrо производится перерасчет числа потребных ре iА сов и изменение 

состава авиалиний. 

Обозначим через "'{J
1

• j
2 

пассажирски " авиапоток ыеж;lе)r городс..-
ми ЯJ- AJ- • Обозначим через ~ ~k>i пассажирсrшй поток, 

i ' а J1 'Jt 
перевозимый по лию и с номером k мeJi~ горо~аыи Я i~ , fljl 

Авиалинии с номерами k t , . .. kt называются связанными по потоку 

( j1 ,j2 ) если 

-1: ~~k·~ =У- . 
i.к1 )1•12 )f•fa J 

i. ~ 1.2, ... f . 

То авиалинии, для I<оторых у~~;> =о 
( J1 , j2 ) изолированными. 

являются на участке 

Допустим, что поток У j., j, су щественно изменился по отноше­
нию к сnроrнозированному . Тогда извлекается яче~ка текущего 

v (~) 
управления состоящая из авиалини V! , для которых у .. > о и 

Jf Ja. 
связанных с ним11 по пот о iшм авиалиний . Как ПОI<азывают расчеты, 

объем ячейки текущего управления, для пра;Iн.льно выполненного 

nерсп ект ивн ro плана невелик и сост авляет обычно, не более 

пяти аnиалиний . 

преде .ах я чеt' ки 

чет ы; из 

тивног о пл а . П р ! е р 

правпения производится весь рас­

при оп 1сании б о1 а расчета nерсп е:­

енден и ~ ьн ого · пра ления 
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nлана движения I%8 года nриводится на рис.4. Ос5ъем . расчета 

ячейки м9л и требует малого :времени (ne более часа). Объем · 
уnравления сравнительно не :велик. Обычно он не nре:вышает 

трех - nяти импульсов. 

3 а к л ю ч · е н и е 

Изложенная система уnравления исnользуется :в nрактике 

А~рофлота с !967 года. Оnыт nоказывает, что многие части 

этой системы нуждаются :в дальнейшем развитии. Это касается 

как блока nрогноза, так и блока расчета nерсnекти:вного nлан& . 

Однако, сами nринциnы уnравления себя nолностью оnравдали. 

Эти nринциnы :видимо nригодны и для других тенденциальных 

систем, связанных со сnросом - nредложением. 
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THE APPLICATION OF AN OPTIMISATION METHOD 
TO THE TRANSITION PROBLEM IN HELICOPTERS 

D.F. ~ines, Ph.D., B.Sc.(E~.) 
Westland flelicopters Limited, 
Yeovil, Somerset. E115land. 

Introduction 
1 In a recent paper Rynaski has applied the optimisation method of 

i<alma.n and E~la.r2 to the problem of helicopter short ra~e station 

keep~. It was: considered that this method m~t be applied to another 

helicopter mode of operation - transitions. This mode is used in certain 

types of military helicopters where the aircraft is required to descend, 

hover and then ascend ~ain several times durin! a mission. To reduce 

pilot work-load the transition becomes an autopilot fUnction and the 
• pilot merely presses a button to initiate the transition down or tran-

sition up. This paper describes an investi!ation made to fihd a method 

that eases the task of findin! suitable control laws for this particular 

mode of flight. The results could !ive the desi!n engineer an a~preciation 

of the characteristics, as a function Qf speed, of a helicopter with a new 

airframe. 

The transition problem 

The "transiti,on down" tenn infers that a helicopter fiyin! at cruise 

speed and an intermediate height is required to reduce speed an~ lose 

he i.gh t at the saJne time, until the aircraft is hovering at some height, 

usually less than 50 ft. Conversely "transition up" means ri.yi~ from the 

hover condition lbaok to cruise speed while climbing. To achieve 

operational efficiency it is obviously necessary that a transition is 

performed in the minimum time subject to constraints of blade pitch angles 

allowable and aurcraft attitude excursions. ~ever the pilot will also 

want to know when he presses the transition-dcwrn button where the aircraft 

will eventually come to the hover. It is therefore advantageous that the 

aircraft rate of deceleration and rate of descent be constant during the 

manoeuvre. The problem therefore becomes one of controlling two variables 

e.g. forward deceleration and vertical speed with limits placed on the 

amount of control which may be used and the pitch attitude excursion of 

the aircraft. 

. brief account f the dynamics ~f the helicopter are perhaps pert­

inent at this point so that the vehicle to be controlled may be appreciated. 

The hel ico-pter i s a ti!htly-coupled dynamic system. Compared with 
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fixed wing aircraft it is not possible t o talk about the ahort :period and 

phugoid mode. In dealing with the longitudinal-vertical three degree-of ­

freedom model, which is used in this :paper, we must consider all the terms 

and not make aiJY approximations. The stability characteristics are such 

that the s:peed change degr·ee of freedom is usually stable but a change in 

pitch attitude can producE! an unstable divergent oscillation. 

In addition to the above complications the hel.icopter ·ha.s four 

channels of control. These are collective pitch, for~aft and lateral 

cyclic :pitch, ana tail rotor pitch.. There are couplings between some of 

these channels e. g. collective ani tail rotor, which mean that a change in 

a control will produce modes of motion not at first sight associated with 

that channel. All these facts then make the system designers problem more 

complex and use of modern control theory helps to ease the problem of 

finding suitable control laws. 

Only an outline of the theory of optimisation used in this invest­

igation will be required since ma.ny pa.pers2 have been written previously 

concerning the method. 

The linea.rised equa t:lons of motion of the helicopter may be written 

as a set of first order differential equations in matrix form 

i 

y 

•••••••••••••••••••••• (1) 

•••••••••••••••••••••• (2) 

Where x - the vector of state variables clescribing "the 

helicopter metion 

u - the control vector 

y - the vector of outputs which are to be minimised 

F - the matrix of coefficients of the ecpa.tions 

of motions describing the coupling among the 

state v arilab les 

G - the matrix of coefficients describing the 

effect of control inputs on the equations 

of motion 

A quadratic performance iniex may be written: 

2V = _f.o(y'Q y + u'R u) dt •••••••••••••••••••••• (3) 
0 

where Q - :positive d~finite matrix whose elements v1eight 

contrll>utions of each output in the index 

R -positive definite matrix whose elements ~eight 
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the contributions of each control motion in the iniex. 

Using the calculus of variations the Euler-Lagrange partial 

differential l~<pations of motion ID.lSt be satisfied. 

Where 

= 0 ••••••••••••• (4) 

L = t (y 1Qy + u 1Ru) + ·~ (-i + Fx + Gu) ••••••••••••• ( 5) 

and }.. jLs the adjoi.nt state vector 

Combi.nlng the eq..w.tions we obtain 

t- F X+ G u = 0 •.•.••••.•••••••••• ~ •••••• (6) 

Ru + G
1 
~ = 0 •••••••••••••••••••••••••·(7) 0 

• 
1lr'QH:x+X+F 1

)\ =0 ••••••••••••••••••••••.•••• (8) 

Therefore the eJ~timal control law is 

u =-R-
1 

G
1 
)\ •••••••••••••• ••••••••• ••• (9) 

0 • 
By subs:tituting )\= Px, 'f... = Pi equations (6), (7) 

and (8) can be red.uced t o the natrix Riccati equation 

0 = PF + F 1 P- PGR-1 G1 P + H1 QH •••••••••••• ,10) 
The gains for the control laws are determined by finding 

the pos,itive definite symmetric solution to this equation 

and substituting Pinto (9) to give 

u = -R -
1 

G I Px •••••••••••••••• - ( 11 ) 
0 

Application to the transition problem 

When a control system is designed that is recpired to control 

aircraft height designers" have usually only considered 'i.Chievinl; 

this control by applying collective pitch to the rotor blades. 

Similarly a speed control system would use cyclic pitch as its 

control. This convention is reasonable when the aircraft is 

flying at cruise speed in level flight but during a transition 

manoeuvre ther,e is such i teraction between the two channels 

aerodynamically that it is unlikely that any design ~oduee« 

by the above method will give optimum results. To illustrate 

this point control ·laws will be found with the performance 

indexes: 

2V = ~ ..o ( ~ u 
2 

+ r B A B
2

1 cit 
0 1 

2V1 ~oa (~w2 
+ reo ~ ~~ ) dt 

0 

) 

~ ) •••••••••••••••• (12) 

) 
) 
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am 
2V2 = ~~ \t\A. ~J~\; ~ ... ]~~] + \_~s, ~e.1~~~, ~eJt~~J}<lt ... (13) 

The inaexes !iven by ( 12) give two laws, one for cyclic J~itch 

blade ~le, the other for collective pitch blade angle, ri thout any 

consij,eration being made for coupling between the channels. The control 

law given by ( 13) weights both output variables ana the two control 

variables to give control laws which are geared together to proiuce the 

optimal responses. 

Separated Channel Conti'!l Laws 

The perfonnance irxiex used here was that of e~tion ( 12) with a 

range of A ' and. Q_/ values. iUrther since a control law is 
· ~rB1 "Wire. 

required over a speed range where the aircraft characteristics are 

changing, laws were j,erivej, at hover, YJ, 60 ani 100 knots true airspeed. 

Solutions to the Riccati equation ani subsequent ~ransient responses were 

computed on an I. B .. li. 36Q/40 machine with J~rogrammes written as stlg!estej, 
2 

by Kalman, Englar ani Bucy • 

The linearised equations of motion are written with respec~ to 

a frame of reference f1xei in the aircraft thus it is necessary to trans­

form these to derive cont:rol laws wh~e signals are obtained from con­

ventional forwarcl speed and vertical SJieeci sensors. All the laws given 

rill be with respect to an ~arth-orientated frame of reference. The 

figures used are those for the SH.3D helicopter which is a heavy military 

machine currently being developed at Westland Helicopters, although the 

original air frame ciesign :is from Sikorsky of the U. S. A. 

For the separate channel case tl!o laws are obtrlnej,: 

~ B1 = k u + k w + k e + k s u w r 11 

~ S = ! uU + l W + l e + g e 
o w r :p 

Where the k' s ani 9 ':s are the derived coefficients. 

Table 1 gives the fore/af't cyclic charmel central laws for q__ / 
"1.1{ rB1 

equal to 1, .5, .25, .1 and .04 at HOVER, 30, 60 and 100 knots true air 

speeci. Table 2 gives the equivalent figures for the collective channel. 

For the control of forwari 5peed it is evident fr001 Table 1 that 

the signal f'rom the vertic:::al speed sensor has a very minor effect anci 

could quite po~sibly be omitted. However, the pitch angle and pitch . 

rate terms are <pite large. This is not surprising since the normal 

automatic stabilisation of a helicopter is effected with a "ery s~lar 
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control law. These pitch terms irrlica t e that th~ aircra~t is more stable 

in the middle speed range than at the extremes and this also bears out 

pr evious experience o~ helicopter sys tem designers. 

Table 2 shows that the collective channel control law cha~es very 

dramati cally througp the speed range. Except at hover the forward speei 

i s negli gible, but at hover this term is very large. A further point 

about the hover laws is that t he p itch and pitch rate terms indicate that 

a positive change i n collecti ve angles pitch induces a nose-down attitude, 

whereas at other speeds a nose-up change occurs. This certainly illus­

t rates the problems. in designing control laws for large speed ranges in 

helicopters. 

To indicate the responses obtained with some controls derived with 

channels s~para ted Figs. 1 and 2 show the response to an error of -5 ft./ 

sec. in forwa.rd spe·ed and 3 ft./sec. in verti cal speed. Fig. 1 is with 

c/ r = .1 at 60 knots and Fig. 2 o/r = .1 a t hover. The laws are: 

< ~B1 = -.296u - .o1ow + .2o3 e + .317 e 
( ' 

( AGo= -.009U + .206W - .109 e - .196 t9 
Fig. 

Fig. 2 
B1 = - .297U - .o13W + .219 e + .334 ~ 

A60 = - .462U + .237W + .226 e + .531 9 

The responses shown i n Fig. are not entirely acceptable. The 

verti cal speed error W decays very slowly towards the end o~ the transient 

af t er a fast initial decrease. The collective pitch angle increment 

remains at a high level for a long time and this is not particularly 

desirable. Fig. 2 shows very much different responses. The vertical 

speed response . includes a. large overshoot and the ra. te of cha~e would 

probably cause discomfort. The response for the collective pitch angle 

i s qui t e unacceptable since the initial increment is some 3 degs. ani 

t his becomes -.5 degs. in about 1.5 secs. 

I t i s evident that the problem must be approached with combined 

channels and the ~rt:onnance index of ecpation (13) should be used. 

Co~~ined channels control laws 

The perfonnance. index, equation (,13), contains 4 parameters, i.e. 

~, ~' rB1 , r 90 so a. very large number of cases could be used to find 

a control l aw with a suitable response. It was decided t ha t the invest- · 

i gation ~ere would be done in three stages. 

( i ) by exper i el11Ce ch oose ~ and <!w . and with various rB1 and F e a 
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find contzol laws a t one speed only . 

( ii ) pick t he most suit able control l aw from those gi. ven by ( i ) 

and t hen find the laws at other speeds with the same rB
1 

and 

r.ee· 
( iii) apply each law found at each speed and compare the responses 

expecting that on~ law will be suitable thrc:ughout the spe~ 

range. 

The:: choice made for the :parameters in ( i) was influenced by the 

experience. gained from the separate channel invest i.ga tion. <lu -and ~ 

were both nade equal to ·1.0 which DEans an equal weighting on forward 

and vertical speed eiTOr:s. It is usual in helicopters to use more 

cyclic than cellective p:itch changes since an increase in collective 

requires an increase in •engine torque which in turn means a change in 

the tail rotor pitch angle. From (i) it was known that o/r should be 

• 25 er less. The values for rB1 an.: reo were therefore c}losen as: 

rB 
_ 1 

re 
0 

• ..2. • ..2.... • .i... :J,£. jQ . .12 
10 ' 15 ' 20' 15, 20 , 20 

~1e speed chosen for the application of these rB1/reo values was 

60 knots. Table 3 shOW's the eoefficients as determined by solution of 

the Ricatti equation. ks shdWll in Tables 1 and 2 the U term in the 

law and the W term in th•~ B1 law are, smul and might be -neglected. A 

notable ciifference betwe•en these tables hCRever is the 1m1all amount of 

pitch attitude rate and ]pitch attitude feedback required in the collective 

control laws. Although :small it is probably not wise to say that the 

tenns ~ negligible in :all cases. For the BaDE initial errors as in the 

separate channels cases 'the transient response with each law was found. 

Fig. 3 shORe the respons•e for the ratio rB1/re finally chosen. This is 

when the rati o is 15/20. The amount of control· used is small in both 

channels and the respons•es in pitch attitude and speeds are goad. 1t 

may be argued that the c ,ollective pitch angle is unnecessarily large for 

a long time but in fact this was the best achieved in relation to the 

vertical speed error res:ponse. Thus the result obtained from ( i) was 

that the parameters used in the performance index should be : 

2V = fJ>+ vr + ·15 (A.B1)
2 

+ 20 ( ~e0 ) 2 ) dt 

This index was now 'Used to obtain contrOl laws for the hover, 3o, 60 

and 100 kts. cases. These laws are g i ven in Table 4. It can be s een t hat 

the major terms in all_cases are s imil ar t hroughout the speed r ange bu 
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di fferences do ~n1r. Some signs associated with smaller terms change 

but t his should nc:>t l.nfl.uence the overall effect. Each law was now 

applied to all sp~!eds and to gauge the effect on vertical and forwa.ri. 

speed responses two measures of these responses were made: 

( i ) amplitude ratio = 1st overshoot amplitude 
initial amplitude 

( ii) 2% time - time for error to become less than 2% of 

initial error. 

These resul tl~ are shown in Figs. 4 and 5. Since in maey cases 

there was no oven~hoot and the response was overdamped Fig. 4 cannot 

give a full pictw~e. It does show however that the hover law gives a 

l ow amplitude rati o at all speeds in both channels. The 30, 60 and 

100 knots laws give very unsatisfactory damping in vertical speed beloar 

' about 20 knots and could not be used at hover ccniitions. Fig. 5 covers 

the whole speed range. It is undesirable that any 2% time should 'be 

greater than about 10 secs. so again only the hover law wculd seem to be 

satisfactory at all speeds. Some laws used at their own speed are not 

very good e. g. 100 knots law at 100 knots. Assuming that the hover law 

i s good throughout the speed range it can be seen that the 2% time 

changes from less than 5 secs. for a vertical speed error at hover to 

9. 5 s ecs. a t 30 la:to t s and t h en to about 7 secs. at 60 knots after which 

it becomes just greater than 10 secs. at 100 knots. If it is acceptable 

t hat the response shall change this much then the hover 1aw performanc·e 

i s fair at all spE~eds. Another law which is ~arly acceptable throughout 

the range is the E:() knot law. Regarding the change in 2% time at low 

speeds t his law is superior to the hover law but unfortunately the response 

above 90 knots becomes very slow. 

Conclusions 

An investigation has been carried out to f:ini the usefulness of 

u sing the Kalman approach to optimisation in the problem of transitions 

in helicopters. Serarate channel' and ccmbined chamel laws have been 

forrrulated and it was ~oped that a suitable law might e~rge that could 

be used throughou t the aircraft speed range. The results frcm the 

sepArate channel i nvestigation were useful in ob t aining a first estimate 

f the performanc~~ iniex parameters although actual laws given by this 

app r oa c h were unacceptable. The laws derived with the channels conbined 

did n t always gi.Ye sati sfactory responses but were very useful in 

:"'indi ng the e f fec t of a give n law, which was an optimal law for one speed, 

a the r speeds . It i s c onsidered t hat this method i s seful i n perfornring 
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a preliminary stud v to get a feel for the transition problem associated 

with a particular helicc,pter with a new airframe and would shorten the 

time required to obtain a control law for use in a prototype aircraft. 

It is hoped that the re1:1t1l ts of this paper will be applied to a full 

non-linear silmllation o jf' the aircraft and their effect on transition 

profiles will be Qete~ined. These results would qe presented at the 

congress. 
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Notation 

!
1 

increment in fore/aft cyclic pitch l>l.ld.e an&le 

Q
0 

inorement in collective pitch blade ~le 

U error in forward velocity relative to earth axea 

W eiTor iJl vertical velocity relative to earth axes 

Q eiTor in aircraf't pitch attitude 

<luJ <lwt r!1 J ro 'W'ei~ting factors 
0 

ku, kw, kr' kp fo~/aft cyclic control law coefficients 

lu, lw' lr' lp collective control law coefficients 



True Air 
Speecl kts. 

Hover 
30 
60 

100 

&ver 
30 
60 

100 

Hover 
30 
60 

100 

Hover 
30 
60 

100 

Hover 
30 
60 

100 
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VrB 
1 

~u '«w R."" 1 

- .98 - .016 .296 
1.0 - .98 - . 017 .257 

- .97 - .020 .282 
- .95 - :o23 .293 

- .69 - .015 .275 

·' - . 69 - .012 .237 
- .68 - .016 .260 
- .67 - .017 .269 

- .480 - .014 .252 
.25 - .484 - .008 .214 

- .478 - .013 .236 
- .463 - .013 .244 

- .297 - .013 • 219 
.1 - .3()0 - .004 .183 

- .296 - .010 .203 
- .285 - .008 .209 

- .179 - .011 .186 
.• 04 - .184 . .001 .153 

- .182 - .008 .170 
·- .173 - .005 .176 

Cycliq control laws (separate channels) 

A~B1 = ku.U+k-.W+krfiJ.+.kpQ 

TABLE 1 

'Rl' 

.654 

.608 

.613 

.713 

e538 
.508 
.507 
.578 

.41+0 

.422 

.416 

.466 

.334 

.326 

.317 
• 351 

.251 

.251 

.240 
• 262 
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True Air 
Spee~ kts. 

:!5:over 
30 
60 

100 

&ver 
30 
60 

100 

!!over 
30 . 
60 

100 

!!over 
30 
60 

100 

!!over 
30 
60 

100 
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I 
I 

~u 
I 

VrB . ~ \V ~ .r . ' I 

! 1 · I 

- 1.08 .883 • 212 I 1.0 - . 025 .888 - .317 
- .01 1 . .869 "':' .055 I 

- .003 .866 - .083 I 

I 

- .977 . 593 .264 

.s - .020 .598 - . 295 
- .010 .580 - .070. 
- . 003 .575 .... 108 

- .726 .408 .226 

.25 - . 016 .394 - . 270 
- .010 .378 - .088 
- . 003 . 373 - .134 

- .462 . 237 .226 I 
.1 - . 009 .217 - .237 

I 
- .009 . 206 - .109 
- .009 ~206 - :109 

- .300 .131 I .226 I 
.04 - .. 003 . 110 - .203 

I 
- .008 .106 - .11 8 

Colloeotive control la~ (separate channels) 

A 9 = lu U + 1 W + 1 Q + 1 C 
•D w r p 

TABLE 2 

I 

.ip I 
I 

• 982 
- . 125 
- . 230 
- .400 i 

I 

. 952 
- .1 30 
- .222 
- .396 

• 731 
- . 139 
- .216 
- . 380 

.531 
- .151 
- .196 
- .196 

.407 
- .140 1 

-~ 



f 
rQ o 

~ = . ~ = 1 

10 

15 

20 

15 

20 
• 

20 
I 
I 

lq,. :Q~=1 
10 

15 

20 

15 

20 

20 

5.4 

r 
B,, '«u \'(w ~ ... 

,-
.) - .424 - .077 • 231 

,-
.J - .423 - .093 .237 

,-
.') - .422 - .104 .242 

1(~ - .296 - .049 .206 

1() - .296 - .057 • 211 

1 ,-.) - .240 - .039 .192 

Cyclic: control law at 6G kmts (combined channels·) 

A. B
1 

= k u + k ·w + k . e + 1cp e-
u w .. . 

r 
"! 11 

lu lw 2-c-

,-
.) - .031 .203 -.024 
,. 
.) - .033 .150 ~-·019 

,. _, -.032 .120 -.016 

10 -.013 .153 -.033 

10 -.016 .123 -.028 

1 ,. _, -.005 .124 -.037 

~() 

.428 

.448 

.461 

.346 

.359 

.307 

j~ 

-.103 

-.081 

-.066 

-.104 

-.086 

-.101 

Collec11:iv;e control law at 60 knots (combined channels) 

TABLE 3 



True Air 
Speed kts. 

!!over 
30 
60 

100 

True air 
Speed lets. 

&ver 
30 
60 

100 i 
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~u Rw ~ ... ""p 

- .236 - .031 .203 .292 
- •. 242 - .074 .234 .342 
- .. 240 - .039 .192 .307 
- .220 - .051 .193 .360 

Cyclic control law ( final we~h~ functions) 

~~' =- 'R"'"\.) + ~-..)w +- 'R~ e + ~\) e 

~ u iw ~-(" j~ 

-.025 .165 .012 .022 
-.Oj72 .127 - .054 .048 
-.005 .124 - .037 - .101 

.0116 .121 - . 63 - .188 

Collective control law (final wei~t~ functions) 

. 
~e,':>- ~"'"u + ~I..) w + ~~ e -T .Q~ e 

TABLE 4 
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'l. ~ 

Transient Responses (separate channels) 

.9. = .1 at 60 knots . r 

s 
I 

f 

'" I 

" ' 
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-1 

Transient Responses (separate channels) 

~ = • 1 at JliOVER 

Fi!,. 2 



58 

u~----~------~----~------~~~==~--~' 
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Transient Responses (combined channels) 
rB 
_1 

~Q 
0 

.12 
20 

at 60 knots 
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DIGITAL CONTROL FOR VARIABLE STABILITY 
AIRCRAFT 

1. Problea 

Diet ,er Bux 

Gerhard Schveiser 

Raaa A. Seelaaaa 

DORJIER GMBR, 7riedrichahatea 

GERMAJII 

The p~nt training of jet-pilots is expensive and tedious. 

It is necessary to aa:intain several t7pea ot tr-ainers vhich 

vary vith the stage of the student, increasing coat. !he ti­

nal stage is training tor actual aaneuvers in the original 

aircraft a aoat expensive process. 

To reduce expenses the developaent ot a trainer has been 

proposed to simulate all trainer t7pes b7 var7ing ita !light 

characteristics. The lllltiaate objective is aiaulatio'n ot the 

original aircratta tor training costa ,ould be.greatl7 redu­

ced. This paper presents the tirst stace or an inveatisation 

tovarda arbitrar7 .Yar:iation of the behaTior ot a &iTen air­

craft in six decrees of treedoa. 

2. The Aircraft as a Matheaatical Model 

2.1 General Des::riptio111 

The aircraft can be described as a dynamic s7stem as tollova: 
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• • t ( i, u ) (2.1.1} 

xis the state Tector vith the components: 

X} • T ..... t Velocit7 components in polar coordinate• 

x2 • ~ or T)~ 

x, • B T~:f 

x._ .. 
Ill "f 

xs -.,f 
x, • Cllz f 

• 

• 

vhere ~-angle ot attack, 8-s~ip-angle 

aerplane-tixed cartesian coordinates. 

A.ng~e Teloci ti es 1 iu the airplane-tixed 

STat m • 

Euler angles: '-l - bank ang~e, 

~- pitch angle • 

or 

The vector function f (i,u) is obtained by applying ievton's 

equations in an a i rplane-fixed coordinate system. This process 

yields 6 equatiollS tor the the three components of linear and 

angular acceleration. The components ot grav i tational accele­

ration of the aill:·plane-tixed systea must be introduced as aug­

mented state variables since they are dependent upon existing 

flight attitudes. These attitudes ~and~, in turn are connec­

ted vith the angular velocities Tia nonlinear differential 

equations . 

Furthermore t (i, u) contain force and moment coefficients, 

which accordingly are nonlinear functions Of the state Tari­

ables. A system of anal7tically insoluble nonlinear differen­

tial equations is obtained. 

2.2 Linearization 

In t h e following investigation s v e examine t h e mot ion i n the 

nei ghbor hoo d of an arb i trary r e ferenc e tra j ectory i
0 

(t}, as 
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a response to tbe cont~ol Tector i
0
(t). 

One obtains: 

.1x(t)+x0 (tl = frx0 (tJ .u"(t)] ~1t .1iCtl+ ?b ~<A(O 
i .{t l .i.LtJ 
i.i.li) f4.,(t ) 

( 2.2.1) 

or 

2.2.2) 

(t) • t [x
0 

(t), u
0 

(t)]. 

Equation (2.2.2) represents a avste~ nf linear tiae-Tariant 

ditterential equations ot tbe tolloving tora: 

2.3 Special Case 

. 
In conTentional riight mechanics investigations an equili-

~rium stage is assumed instead or a general trajector7. In 

this case the equation~ asauue. a clear rorm, since: 

~o : WlCto :: Wyf" "' Wzfo = <fo • 0 2.3.1 

leglecting the gyro moments or the Jets and the intake ia-

pulses and Yerir7ins 

¥hich is Yalid tor the triaaed state, the system c•n be de-
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' coupled into tvo •T•teae, each vith tour etate Yariablea tor 

the lonsit~dinal and lateral aotione. 

With equation (2.3.1) the longitudinal motion is obtained 

r ... ,. ; ., 
I -~Cwo~ Y,F t 1 Jc 1 ' . c f ) -1-i •F dew -g t :AV !:.V -- •--:!1-ft F • .St11C\, ... --
I "'I ~<l( l. 0 0 m z Vo ') (IJ.»f 

I i 
i t:.o<· -~C..,fF - .1 . ~ c.c~ '\, ... ~ 11. ,: ~~ \ 1+.!. jv;,l= 1.... 0 i6o( 

'" •• ,. - 2. ~ )~' ,, 2 )w3f I I 

0 }w + 
: t:.w.Y ') 51 -F ~ .14 ~ i ~f=~. fu V. --· -· 
I :... c .·:J, dr<. <. v.. ~' lw, I ;j 

ll}~ J 0 c 0! i ~'~ i 
L J ... J 

r ~~ 0 

:As I Sine(., ~ 

+ I """· ( 2 . ~ . 2) 
I " ; 

~- ~v:F ~~ ~ !A'l j 
' I - -:~, () ~L l -J -:, 

0 0 
J 

and the lateral· motion 

· Here the presence ot the common controls ot an airplane ia 
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assumed. 

~ s • thrust displaceaent 

A ' • elevator displaceaent 

~ ~ • rudder deflection 

~ t • aileron deflection 

Therefore, it ve assume small deviations troa stationar7 ho­

r~&ontal flight the motion of an aircraft can be described 

utilizing a system ot at least 8 state variables. 

3. Discussion ot present solutions 

In reference [1] to (41 tvo different procedures are descri­

bed tor air~ planes vith varia~le stability . Until the present 

time these developments have been restricted to"intluencing 

the flight behavior tor small deviations from a stationary 

horizontal flight. 

1. The desired flight behavior is compelled by feedback: 

Response Feedback System (RFS), as illustrated in fig. 1. 

2. The. airplane f~llovs .the . motions preacribed b7 a c-omputer. 

Model · Controlle~ · Sy•te~ (MCS), a~ iliu~traied in tig. 2. 

With only these developments it is impossible to 3enerate a 

specific flight behavior because the customary tour controls 

·are not sufficient · for the arbitrary variation of the state 

ot an aerplane. Additional details are offered in Section 4. 
For these reasons only approximations could be obtained for 

the changes in flight behavior. We shall discuss this briefly. 

For the RFS, a, CL, ~~~~,., wy, v and 't ar.e measured, each causes 

a displa~ement of the elevator via a given factor. Similarly, ru 

the lateral motion a, wx, wz and their derivrtives are mea­

sured causing displl~cements of the rudder and the aileron. 
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The gain' can be choaen arbitrarilJ within a eertaia ranee 

and are .adjusted throuah experiaentation. 

The MCS operates ~rincipall7 in the aaae v&J. HoweTer, the. 

input aianala tor the diaplaceaents are the ditterencea be~­

veen the de~ired and the actual values. 

Control poaaibilitiea as noted above do not allov coaplete 

arbitrary influence ot the aircraft. 

~. Diacuaaion ot ••v Solutions 

4. 1 ContinucUil S7stea 

To siaulate the d7naaics ot a given aircraft (index E) b7 a 

trainer (index S) the derivations are aade to coincide. Thia 

can be d~ne through proper feedback, as in the RPS. In the 

following discussion ve shall develop auch a &Jatea. 

As derived &boTe, the time-variant equation tor aaall devia­

tions trom an arbitrary trajector7 is 

AX :~ · flX ~ lL · AU ( 4. 1. 1 

ox au 
ie i. 

u. u. 

This equation applies to both the trainer and the aircraft 

to be aiaulate,l. Equation (4.1.1) ia represented b7 the follo­

wing block dia4,r&Jil: 

) 
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For the airplanea to have the saae behavior, they auat have 

identical eharacteriatic aotions. These are deacribed b7 · 

(4.1.~.a) 

and s 

(4.1.2.b) 

e 

Index S characterizes the trainer and index E the aircraft 

to be siaulated. Introducing artificial feedback tor the 

trainer 

(a..1.3 ) 

one can generate the 11aae behavior vhen 

A )f :lL )-_l_L (1&.1.1& ax ~x )x 
i..~ .:;.u. i •. w • 
s E s 

In general the aatrix A~ \i .. ii. has rank 6. 'l'bia aatrix 
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al•o indicate• that aince the7 are not fed back,the attitude 

angle a ~ tf and ~ ) need not be measured. Thi a feedback aatri.z 

can onl7 be rea~iaed by the controls of the airplane, aa 

clearl7 ahovn in the following block diagraa. 

AQf_l . -- - 4lK ox ... J:~. 

+ 

+ 

ObYioualt equation (4.1.5) must hold true: 

• 

···'"· s 

Matrix Cio' uo 1fhich deteraines the automatic control vector 

from the instantaneous state vector, ia realised by a compu­

ter • 

• 
D- · ia the control matrix describing the ettect ot the 
xo, uo 

control vector upon the aircraft . 

• Therefore D- . auat be at least ot rank 6 and 6~autoa 
%0. 11.10 

quat be a 6-diaensional vector. Since usually an aircraft 

has only tour controls vith a defined control matrix, one 

must provide tvo additional controls, the necessary condi­

t ions tor which are derived from the tact that the rank ot 

t he control matri~ E- must be 6. Potsible r6 a i zationa xo , uo 
ot the c ontrol mat i.z are discussed in section 4.3 . 

~ . . 
Once VZo• uo ia construc tively t 1xed, Cio' uo can be det e ~-
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_ , 

D--1 o£· --·A,_ ! 
~. lA., ux 

JXo.~ • 
.5 

is nonsinsular, therefore invertable. 

(4.1.6) 

Thus the algoritha to be realized by the co11puter can be given. 

4 iautoa is de~ermined from 

T)-1 ·Ail: 
- .J- ;~.:4.. a.x 

j.Kc,~., 
s, · 

(4.1.7) 

Since D and are functions ot the reference solution i 0 (t) 

and uo(t), they must be determined continuously troll these va­

lues. 

The simulation requires storage or aany nonlinear functions ot 

various variables -and nUDerous arithmetic operations, even it 

only a low accuracy is desired. This can onl7 be achieved by a 

digital computer. Thus the continuous equations must be dis­

cretised. 

But we must first note that the control matrix ·1[ \- - must 
)~ ···"'· agree for both aircratts so that they respond ldentically to 

the pilot's controls. This can be accoaplished without diffi­

culties. We have 

(4.1.8) 

where the matrices f. l1.a ) ,f(i.u) a re gene r ated from the matrices - u, . - i) l • 

li 1- - and 11.1 - - bv omi tting thos e rovs con-
liA SX• ' "• ().;. 'EXo • ... o ~ 

sistin · xc l us i vely of zer os . Thus nonsingular 4 x 4 aatries 

are obtained correspondi ng to the 4 conventional controls . 
=. 
S i.,, ~. is a dia~gonal matrix containing the gains betveen 

the pilot's control and the displacements of the operational 

aircraft. 
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The aeneral aolution ot equation (~.1.1) ia 

(~.2.1) 

vbere . ( t-t o ) ia the tundaaental aatriz aa solutioa ot the bo­

moseneoua 17atea 

= I 

~ (t -t.) 1- -
.t..~ 

(11.2.2) 

vi 
Here ve aaaume, that (t - t 0 ) ia chooaen ao aaall that ~ ia 

constant in this period and the tollovina equatioa bol4a true: 

For the reterence trajectory i 0 (t} tor uo(tl ia known 

~( 
ox ; ' -X.., l.(e 

is alao knovn. 

= !.£ (t) 
6.X 

Ezpandins ~ ( t - t 0 ) into a 'l'a7lor series at t 0 7ielc!a: 

Neslectina all higher terma _ot (t- t 0 }, 

(4.2.3) 

(4.2.4) 

(4.2.5) 

Aaauains t - t 0 as the aaaplins tiae T ot the di&ital 1171tea. 

ve may write 

cp ( T ; (4.2.6) 
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The state transition aatrix froa tiae n T to tiae (n+1)~ is 

then siven b7 

<1) [ ( r'l +·1 T - n T 
= I 

== 1f_ 
::: cp T )i : I + T 

li ., t"-:-
ox 

1 Xn( ,T l 
(4.2.T) 

~ ~ .. -:- -4 . ... r 

Usin& equation (4.2.T ) Ye nave the aeneral solution for 

t • (n+t) 'l', if Au(t) • Au(nT), 

I 

~ x [(n + 1 lT) = ~ tT ·i.! .. n t.X Inr) + ~ :r>!ie.oJ <fc-c) /_-jf_t.u(nr)ar 
•:Ae(~>"~T 1

,- 0 ·~(••I ) 14M, 
'-\.& l""T. ~L·JJ o(.l .. rJ 

. )L I .., 2 .8 ) 
Therefore, it is necessary to coapute the val·uea * -( ) -( T) • ,,.. x. "T , u. , 
and *I i.<nrl,w.li'\Tl froa the instantaneous state before deteraing 

the control vector and the feedback in tiae n T. Then Ye obtain 

a very accurate simulation provided the aampling time T is suf­

ficientl7 saall. 

~.3 Realisation 

The aost iaportant fact tor an engineering realisation is that 

the ranges of the trainer's control variables are sufficiently 

lar&e for additional controls to siaulate the original aircraft. 

This must be considered in the construction of-the control sy­

atea. The additional control essentially aust vary the lift-ver­

sus-dras curve ~sing auxiliary flaps) and generate a lateral 

force (auxiliary jet, bleed from the aain jets, or an additio­

nal control surface). 

The computer mu6t mainly store functions and compute the instan­

taneous state and control variables. The aerodynamic lift is an 

exaaple: 

where c.:: f C v , ol.. , w.Yt 1 ~ ·'ll(t l 

The dependence of the e ~ rspeed v is correct only at const&nt 

flight level. Othervis ~ the futiction depends also on the Mach­

number. Not only the state variables, but also the control va­

riab l e s a re necessary f o r computing t h e a erody nam i c f un c tions. 
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A coaplete aerody1~aaic model needs a core ot about 1,500 vorda 

v ith 24 bits each . Since tvo models must be stored, about 3;000 

vo rds are needed :ror the aerodynaaic functions. To store the 

characteristics o:r the jet engines about the same amount ot 

storage apace is required . In addit i on the above control matrix 

must be stored . A total of abou~ 8,00 0 words are needed tor all 

thi s data . 

Tvo additional storage block s are necessary. One block serves 

as a butter accum·ulator, for temporary storage of flight dat a 

which at certain instants a re transferred to an ext e~oal in­

s trument, for example a tape recorder or a telemetry system. 

These data may already be partially analysed . The third storage 

block assimilates the required computer and control program 

comprising about 6,000 vords v ith 24 bits each. 

To summarize a digital airborne computer v i th 16 - 24 K (K=1,024) 

s~age space a 24 bits is sufficient to solve the e xisti ng pro­

blem . 

To re t ain minimu sampling time and computing time per samp­

ling interval, t e c omputer must have a cycle-time of 2 ~sec. 

-The sampling t ime should be about 20 m sec . ! or tbia · case. -

Th e se · proposed requirements fo r an airborne comput er arc ful­

fi l led by several various types. The cost of suc h a comput e r 

is presently approximately 25 0 ,000.-- DM. Costs v o uld be re ­

duced by increasing technological exper i ence and further pro­

duc ti on of the same types. 

In Conclusion 

Th e expens es of jet pilot training would be signi f icantly les­

sene d t hrough further investigat ion of a fl ight simulator as 

propose d i n this paper. The engineeri ng and financial efforts 

v oul d pr ove vel l j usti f . ed and profitable. 
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LIST OF SYMBOLS 

Variable ( ref. Lll 9300 ) 

bank uale 

.if. pitch anal4t 

CJ anale of a1~tack 

B aidealip anale 

T airapeed 

A lift . 

eA lift ~oefflcient 

cw draa coefficient 

ey lateral force coefficient 

cL zolllna-ao~ent coefficient_ 

cM pit~hina-aoaent . coefficient 

eN 7&vina-aoaetnt coefficient 

n eleYator diaplaceaent 

rx1 - flap diapli~Ceaent 

t rudder diaplaceaent 

F ving area 

m aasa of air·cra.tt 

I moment ot inertia 

~ reference wing cbori 

s halt ving span 

s Laplace - operator 
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. • sf - Doraal distan·ce of thrust Yector froa C. G. 

S t!irust 

t, T - tiae 

T saaplina tiae 

Yectora 

p. 1l 

q, X 

f 

aatrices 

• 
A 

I 

arl 
ay i u 

0. 0 

~, n 
! 

s 

• ( t) 

indices 

control Yec·tors 

state 'Yectors 

Yector func ·tion 

- coefficient aatrix of the linear s7stea 

- control aatrix of the linear s7stea 

coefficient aatrix or the s7stea liDearised vitb 
respect t .o the state Y

0
, u

0
• 

- control matrix or the •ystem linearised vith 
respect tlt) the state z

0
, u

0 
I 

- coefficient aatrices 

- unit7 aatrix 

diaconal aatrix vith the gains between the pilot's 
controls and t 'be displaceaents • 

- fundaaental aatriz Of the linear S7Btem Of diffe­
rential equations. 

0 reference state 

E aircraft to be aiaulated 

S trainer 
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EXPERIMENTS <)N A HYDROFOIL TEST CRAFT 
WITH A HYBRID FOIL SYSTEM AND AN 

AUTOPILOT 

Y. Ohtsu*, T. Fujino*, H. Itoh*, H. ()hno* and K. Uchino** 

Introduction 

The hydrofoil craft is dassified into three types according to the foil 

systems as shown in Figure 1: 

(1) Surface-piercing foil system. 

(2) HyLrid or coabined foil system. 

(J) Fully submerged foH system. 

The surface-piercing foil system, having two surface-piercing foils, 

works at a substantially ·constant lift coefficient. The lift of the craft 

with this system is proportional to the foil area under water. This lift 

stabilizes the roll of the ~raft, and keeps the craft at tpe constant height 

and pitch angl~ from the surface of the water. Therefore, the craft rolls, 

heaves or pitches heavily c>wing to the wave • 

. In the fully submerged foil system, the lift is adjusted by the incidence 

angle or the flap angle of the foils. In order to control the altitude and 

the posture of the craft, some control system_is required. The fully sub­

merged foil system has a platforming capability, and is distinctly superior 

to the surface-piercing foil system. But, with this foil system the craft 

can not ·cruise in foil borne condition when the autopilot equipment fails. 

In-between these two foil systems, there is a hybrid, ~r combined system, 

having surface-piercing bo1w foils and fully-submerged stern foils. This 

system is believed to possess more advantages than shortcomings of the a­

forementioned (1) or (J) system, the latter of which has deficiency in sta-

. bility. 

Up to the present, many papers have been presented concerning with the 

surface-piercing foil system or the fully submerged foil system. But there 

has been only few relating to the hydrofoil craft with the hybrid foil .sys­

tem. In this paper, an outline of longitudinal dynamics of the craft". wi tn : . 

hybrid foil system and its control system are given, and the foil borne · 

cruising sea trials of the· test craft in several autopilot modes are 

The authors* are with the Mitsubishi Heavy Industries, Ltd., Tokyo, · Japan 

The author •• is with the College of Naval Architecture of Nagasaki, 

Nagasaki, Japan 
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described. 

Test craft and autopilot equipment 

The test craf,t has two split type surface-piercing fore foils having ful­

ly rotating submerged foils at their bottoms, and the fully submerged after 

foil which has a control flap at the trailing edge. 

The_ test craft has an 8-meter overall length, 2.2-meter hull beam, 4.2-

ton loaded weight, 28o hp (one gasoline engine), 30-knot foil borne cruising 

speed, 4o-knot maximum speed. The general view of the test craft and the 

general arrangement of the autopilot equipment and also the measuring in­

struments are shown in Figures 2 and 3. 

Controlled variable:s of the hydrofoil craft are altitude (or height), 

pitch angle, roll angle and yaw angle. In the test craft, the yaw angle is 

manually controlled by the rudder wheel, and other three variables are con­

trolled by the autopilc>t system. The block diagram of the autopilot system 

is shown in Figure 4. 

In the autopilot system, the height is controlled by changing additively 

each incidence angle ojf the fully rotating submerged fore foils. Each inci­

dence angle is controlled by its own hydraulic servo mechanism. The roll 

angle is controlled by changing differentially each incidence angle of the 

fore foils. The pitch angle is controlled by changing the flap angle of the 

after foil. The flap ~~gle is also controlled by the hydraulic servo mecha-

nism. 

The hydraulic servo mechanisms are composed of transistorized servo 

amplifiers, electro-hyc~aulic servo valves, hydraulic linear actuators and 

linear differential traoosformers to detect the stroke of the linear actu­

ators. A plunger type var~able displacement hydraulic pump is used as the 

hydraulic power source. Experiments on the hydraulic servo system under the 

dummy loads, (inertial load of 30 kgs and spring load of 6oo kgs) showed 

that its characteristics could be approximated by a second order system in 

the following transfer function: 

Gs(S) 

where 

Wsn 

)sn 

W sn
2 

2 • 2 
S + 2 'J~nW snS + W sn s2 + 2(0.9)(55-5)5 + (55-5)

2 

natural angular frequency (in rad/sec) 

damping coefficient of the hydraulic servo system. 

As sensors of the controlled variables, a sonic height sensor and an 

electronic accelerometer are used to detect the heaving motion, and a verti­

cal gyro and rate gyros are used to detect the- pitching and rolling motions. 
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The specifications of these sensors are shown in Table 1. Electrical sig­

nals from these sensors beoome the controlling means of the autopilot. 

The controlling means are composed of transistorized analogue computing 

amplifiers, multipliers, potentiometers and other elements. The maximum 

values of their inputs and outputs are ! 10 volts. Their functions are to 

adjust the level of signals from each sensor, to compute the height signal 

at the center of gravity, and to generate the necessary ac~uating signals. 

Synthesis for the longitudinal plane control system 

Generally, the hydrofoil craft dynamics could be treated separately as a 

longitudinal plane motion (i.e., heaving·, surging and pitching motions) and 

a lateral plane motion (i.e,, side-slip, rolling and _yawing· motions). 

In the test craft, only the roll angle is taken as controlled variables 

in the late ral plane motion , and the lateral plane control system is tre~ 

as the system of single input and one output. On the other hand, in the 

longitudina1 plane motion the height and the pitch angle are taken as con­

troll e d variables. Then the longitudinal plane control system is treated as 

the system with mutual interaction between them. A sketch of the test craft 

and a co-ordinate system in the longi~udinal plane are shown in Figure 5. 

In a equilibrium condition of the craft with a hybrid foil system , the 

height and the pitch angle are a function of the incidence angles of the 

rotating fore foils and the~ flap angle of the after foil. Then, the longi-

tudinal dynamics of the test craft may be regarded as an interacting control 

system and studied by the same method as that in the fully_ submerged foil 

system
1

. 

Neglecting the surging term in the longitudinal dynamics of the craft, we 

obtain the block diagram of the autopilot control system shown in Figure 6. 

In Figure 6, 

Zg* 

Zg 

8* 
e 
C1 
&'2 

M
11 

(S) 

MJ 1 (S) 

Ml2(S) 

MJ 2 (S ) 

Desired value (or set point) of the height at the e.g. of the 

craft (in m) 

Height of the craft at the e.g. (in m) 

Desired value of the pitch angle (in rad) 

Pitch angle of the craft (in rad) 

Incidence angle of the full)' rotating fore foil (in rad ) 

Flap angle of the after foil (in rad) 

Transfer function of the craft (in m/ rad) 

Ditto (in rad/ rad) 

Ditto 

Ditto 

( in m/ rad ) 

(i n rad/rad ) 
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Transfer function of the feed back element of the height loop 
2 

G
1

(S) = k1 + g 1s. + h1 S 

Feed back constant (in volt/m) 

Feed back constant (in volt • sec/m) 

Feed back constant (in volt • seC::Vm) 

Transfer function of the feed back element of the pitch loop 

Feed back constant (in vol t/rad) 

Feed back constant (in volt •sec/rad) 

Transfer servo mechanism times K
1 

function of the hydraulic 

K
1 

Wsn2 

H
1 

(S) = ----......;;..-----~- = K1 •Gs(S) 
s

2 
+ 2 :f/sn wjsnS + W sn

2 

Master !Jain of the height loop (in rad/volt) 

Transfer function of the hydraulic servo mechanism times K
2 

K
2

W sn2 

H
2

(S) = ----~-----~ = K2•Gs(S) 
s

2 
+ 2 'J~n (A)jsnS + W sn

2 

K
2 

Master gain of the pitch loop (in rad/volt) 

We have obtained Mij(S) as the following formula 

Kij (S·-Zijl) ( S-z1 j 2 ) ( S-ZiJJ) 
Mi j ( S) = --r~:::-"'1:~--=~r-=-~~-~~-r~~~ 

(s-P
1

) (S-P
2

) (S-PJ) (S-P~) (S-_p
5

) 

The values of each parameter in Mij(S) calculated for the test craft are 

shown in Table 2. Iltl Table 2, Moij (S) means Moij lim Mij (-S), that is 

static gain. 
s_-o 

The transfer funC"tion of height and pitch loop in Figure- 6 are respec-

tively obtained as 

~Zg 
'aZg* 

the following equations. 

MU (S·)+G2 (S)H2 (s) {MU (S)M
32

(s)-M
12

(S)MJl (S)} H
1 

(S) 

ll. 
M

32 
(S) +G

1 
(S)H

1 
(S) {MU ( S )'MJ

2 
(S)-M12 (S)MJl (S)} H

2 
(S) 

t:a 
where~= 1 + M

11
(S)G

1
(S)H

1
(S) + M

32
(S)G

2
(S)H

2
(S) + 

G1 (S)G2 (s)H1 (S)H2 (S) {MU (S)M
32

(S) - Mi 2 (S)MJl (s)} 

Substituting each, value of Mij(S) shoWn in Table 2 and pre-determined 

values of k1 , g1 , h
1

, k
2

, g
2 

in the characteristic equation of the system, 

and increasing the value of K
1

, K
2 

gradually in calculation, we obtain the 

roots of the charact:eristic equation. Root locus diagrams obtained from 

t he above-mentioned calculations are shown in Figures 7 and 8, respective­

ly. In these figures, dotted lines start~ng from the origin are drawn at 

an angle of 30 degrees to the imaginary axis. Each value of K
1 

~nd K
2 

at 
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the point, where the dotted lines intersect the root locus starting from · 

the root of the transfer function of the hydraulic servo system , is 0.5 and 

2.5, respectively. 

On the other hand, the values of Moij were measured experimentally with­

out the autopilot in the foil borne cruising. Step response tests were 

carried out with the values of k
1

, g
1

, h
1

, k
2

, g
2 

in Table J. The optimum 

value of K
1 

and K
2 

obtained by the experiments and those by. the mathemati­

cal synthesis are shown in Table J. Though the values obtained by the ex­

periments and the synthesfs do not· exactly coincide with each other, the 

values of each parameter obtained by the experiments do not ·differ so much 

from thOse by the synthesis, respectively. Therefore, it seems that the 

optimum ,open loop gain of the autopilot for the hydrofoil .craft with the 

hybrid ~~il system could be obtained by the mathematical synthesis. 

Foil borne cruising tests in several autopilot modes 

The hydrofoil craft with the hybrid foil system does not require any au­

topilot for the foil borne cruising because of its self stabilizing cha'rac­

teristics. The autopilot is for improving its riding ability and comfor­

tability in the foil borne cruising. 

The foil borne cruising tests were carried out in several autopilot 

modes of the autopilot circuit shown in Figure 4. The several autopilot 

modes used in these experiments are tabulated in Table 4. In Table 4, the 

mode expressed in A.P.(f>) means that the rolling rate of the craft dynamics 

is fed back by a rate gyro. The mode expressed in A.P.( f>. + ~) means that 

the roll angle and the rolling rate of the craft dynamics are fed back by a 

vertical gyro and a rate gyro, respectively. Similarly, the mode A.P.(B) 

means that the pitch rate is fed back by a rate gyro and the mode A.P.( 8 + 

8> means that the pitch angle and pitch rate are both fed back by the 

above-mentioned vertical g1yro and a rate gyro, respectively. The mode A.P. 

(h +h) means that the heBLving velocity and the heaving acceleration are 

both fed back by the inte~1rated signal of the accelerometer's output and by 
I 

the accelerometer at e.g. of the craft, respectively. The mode A.P.(h + h 
+ h) means that the height signal is also fed back by the sonic hei~ht sen­

sor together with the mode A.P.(h +h). The rest is omitted. 

Figure 9 shows one of the test results carried out under the same sea 

state in the foil borne cruising. In this figure, the abscissa shows the 

autopilot modes used and 1the ordinate shows the peak to peak amplitude of 

each quantity measured in foil borne cruising at the speed of JO kts·. The 

upper level indicated in wide bars shows the mean value of amplitude, and 
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t he upper leve l i ndicate d in narrow bars shows the maximum amplitude. The 

a ta s hown i n Figure 9 i s not a statisti cal resul~ but one o f the s e a ~ri als 

i n f o i l bo r ne crui sing . 

On e of the raw da·ta o f osci llogra phs is shown in Figures 10 a nd 11. Fig­

ur e 10 shows the result of the foil borne cruising test s in several auto­

pi l o t mode s: Wi thou·t the a utopilot (no control ) , and also A.P.(f ) , A.P. 

( cf + 4> ), A.P.(B) and A.P.( 8 + iJ ). Similarly, Figure 11 shows the re­

.;u:l. ts i n the othe r autopilot modes: A.P.(h +h), A.P.(h + h +h) , A.P.( + + 

e + h +h) and A.P.( <#> + 4> + 8 + iJ + ht.i.i'h). These figures suggest that 

t he height , pitch angle and roll angle can not completely be controlled by 

t he r ate feed back only, but the deviations of them are considerably smaller 

t han that o f without the autopilot. Both their position and rate are con­

t r oll e d if the feed back s ignal of ~he height, pitch angle and roll angl e i s 

a dded t o the rate fe«~d back s ignal of them. 

The hydrofoil craf t with hybrid foil system has essentially a trim of the 

he ight, pi t ch angle a nd roll angle at a constant foil borne cruising without 

a ny autopi l ot. But , experiments was confirmed the feasibi l ity of set t i ng 

t he tr im o f the craf t to that of the des i red values of the autopilot . Raw 

data <J f step responsE~ t est to the height , pit c h angle , roll angle input s a r e 

s hown in Fi gure s 12 , lJ and 14 t o support t he above-mentioned behavior. 

Th ese f igure s show tllat each controlled variable i.e., the height, pitch 

an g l e, r oll angle , was attained to the desired value whe n a step input is 

a dded. 

Conc lusion 

The foil borne crui s ing tests f or the hydrofoi l c raft wi th t he hybrid 

f o il system were conducted in several autopj lot modes and the pe r f orma nce s 

of ~he dynamic mo t ion in eac h a utopilot mode were compared qualit a tively. 

The experi ments showe d that the deviation of the controlled variables from 

t he trim of the craft: was considerably suppre sse d · under the r ate f eed ba ck 

only , and that the deviation from, the set point of the autopilot were de­

c rease d more unde r botth position and rate feed back. 
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(1) (2) (3) 

Figure 1. Three di fferent types of foil configuration 

~ .. ~~ f ... ~B.L ~~ 
I • • ~ C.W.L ·· - - - ·. · -' . 
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I 
I Submerged after foil 

. --------r--~r---~ (unit: •) 
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Figw:-e 2. General view of the test craft 

Figure J. General arrangement of the autopilot and instruments 
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Figure 4. Block diagram of hydrofoil electroni c autopilot 

Figure 5. Sketch of the test craft and co-ordinated 
system in the longitudinal plane 

Figure 6. Block diagram of the longitudinal plane contr ol syst em 
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Figur e 9 . One o f t he te s t results in s~veral autopi lo t modes 
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Figure 10. One of the oscillograms in several autopilot modes 
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Figure 11. One o f the oscillograms in se,reral autopilot modes 



QQ 

Figure 12.. Step r e sponse test to height input 

Figure 1). Step response test to pitch angle input 
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Figure 14. Step respona, test to roll angle input 

Senaor Type (Maker ) Easen~ial specificatioaa 

Sonic height · Type : Pulse R...,e : 0.6- 3.0meter 

sensor 
(Japan Radio Out put ·voltqe I!' adient : 2V / meter 

Co., Ltd. ) Pulse : 20kc/ aec. 

Acceleromeler 
Type C-702407 In put ra111e : ± l.Sg 

(Kearfott ) Out put volta1e : ± lOV 

Vertical gyro Type T ·- 2105-lB Dqree of Freedom : 360 de,. Roll. ± 85 de1. Pitch. 

(Pitch and roll ) (Kearfott ) Out put voltqe I" adient : 0.206 V / de,. 

Rate 17ro Type-T-2008- lA Maximum rate : 29 de1/ sec 
(Pitd ) ( Kearfott l Sensitivity: 0.465 v·aec/ deg 

lblte IJr.O 
Ditto Ditto 

(RoH ) 
.. 

Table 1. Specifications of the sensors 
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l/=30 (kt ) . Zg=l.O (m), 8 =+2.0 (deg) 

P• - 0.165 Mou - U70 Mo11 
2.104 MOl a -0.379 Mou - 0.1645 

P• . - 0.631 Ku - 33.450 Ka1 
- 14.050 Klt 15.628 Ku -12.069 

'---

P• ± 2.663j Zm - 0.185 Zm 4.563 Zm ().244 · z u~ - 0.052 

P• - 7.015 Zn:t - 5.461 ZIZJ - 0.189 Zm - 1.149 ' z322 - 2.838 

f-- f--

P• ± 1.787j Zm ± 3.865j z,Jl - 11.210 Zm - 5.624 Zm ± 2.986j 

'l'able 2. Values of · Mlj _(s) 

~ 
Height loop Pitch loop 

M on K. kl •• bJ M on Ka ka lz 

R ..... ol -.lrM ......... -4.27 n.s 1 1.50 
tllll.'n .. 

D.12 - 0.18 2.5 1 G.48 

A.-.· ., -.lrM rM/r .. --- -1.26 2.1 Ditto Ditto Ditto -0.29 !1.5 Ditto Ditto 

Table J. Comparison between calculated and ex­
perimental values of each parameter 

=::::------::::__ Soaic Acute,.... 
V•rtical Rot• Rate 

heipa oro( Pitc~ oro uro 
A. ...troll ) ( Pile~ ) IRolll 

.. co.trol 

0 
-+~ 0 0 

0 
l+i 0 0 
h+ii 0 
HA+ii 0 0 
-+i 0 0 
~+A+ ii 0 o_ 0 
i+io+. 0 0 
-+-+l+i 0 0 0 
11+-+HA+. 0 0 0 I 

l+i+lrt io+ ii 0 0 0 ~+-o --;+i+io+i. ·-·--
0 

!l+i+l+i+Hio+ ii 0. 0 0 0 0 

Table 4:. Autopilot modes arid their sensors used 
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THE DYNAMIC CONTROL OF AUTOMOTIVE 
TRAFFIC AT A FREEWAY ENTRANCE RAMP 

The need for contr01l over the flow of automotive vehicles onto a high 

speed freeway is easily established by consideration of any one of several 

performance criteria. Among these, the more commonly -used examples 

include: the large number of rear end collisions on freeway entrance 

ramps; the frequent occurance of rush""Period "bottlenecks" just down-

stream from urban freeway entrance ramps; and, the reduced production 

of freeway when the density of vehicles on the roadway passes a "critical'' 

limit. 

To complement the need for control, early experiments in ramp 

metering indicated the potential benefits that were availabie when the 

l. 2 
flow of vehicles onto a freeway, was judically throttled. Subsequently, 

it was also shown that significant improvement in system behavior was 

obtained when the move1nent of vehicles onto the freeway was coordinated 

with the movement of Ve!hicles in the upstream (right) outside-lane of the 

freeway. 3- 16 This process, termed freeway-ramp merge control, eo-

ordinates the projected entrance onto the freeway of veJ:V.cles on a ramp 

with the projected arrival at the merge zone of vehicles that are in the 

upstream, outside~ane of the freeway. 

There are presently two basic approaches to the freeway-ramp control 

problem. The first em]?loys a single traffic control signal and is __ predicated 

on the use of a controlle!r that is designed to release stopped vehicles from 

a given location on the emtrance ramp. Thus only the initial release time 

and position of the merge vehicle are controlled, and no attempt is made 

to influence the vehicle after release. This approach is being developed 

at the Texas Transportation InstitUte (T. T. I.) at Texas A and M 

University under contract to the United States Bureau of Public Roa.ds. 
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It is relatively unsophis:icat~d in its "action" and is presently being 

employed in an experimental project on the Gulf Freeway in Houston, 

Texas. The second approach to the design of a controller does not attempt 

to control the initial time or place of the merge vehicle. Instead it attempts 

to modify the traj ectory of merge v:ehi.cles on the ramp so as to guide them 

into available holes in the stream. This approach is presently being 

developed by Raytheo.n under a co~tract with the Bureau of P~bli~ Roadi 1 

. * a nd is substantially nnore sophisticated in the scope of controller action. 

The work described in this paper concerns the analysis and design 

of a dynamic controller for the T. T. I. system during operation in the 

single-vehicle-mergE~ mode, For this case a single vehicle is released 

to merge into the str ,eam when a suitable target location is detected in the 

stream, and provided that the previously released vehicle has completed 

a successful merge. 

The System Model 

The state of the Jmerge control system in the single-vehicle mode is 

described by the num.ber of vehicles waiting behind the control signal and 

t he position on the ramp of the last merge vehicle released. (see figure 1) 

Thus, when there are N vehicl~ s aw~iting servic~-an~ the_ last released 

v ehicle is on th~ ramp at a distance X from the end, the system is de­

scribed by a point in two dimensional space, (N, X). For this ca'se: the 

variable X decreases from L to zero as the released vehicle moves to 

c o mplete the merge; and the variable N increases by one for every arrival 

i nto the queue or dec :reases by one for every vehicle released from the 

queue. 

* This system will include the capability to operate ·in the manner of the 

pre sent T. T. I. if and when that is desirable. 
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This state model of the system is easily extended to the case of 

multiple-merge- v ehicle operation by extension of the dimensionality of 

the state space to provid,e for up to m vehicles located on the ramp. 

However, little is gainedl by this .extension at p~esent because of the compound 

difficulty in analysis. Instead the model is first simplified by considera-

tion of the system at· the instants at which ~erges are com~leted. At 

these. "renewal" instants the value of X is always zero and the system 

is completely described by the single integer value N . Thus, the system 

jumps from state to state at the completion of the m~rges, and N in­

creases by K-1 at each renewal instant. ~ (Here, K is a random variable 

that is equal to the number of arrival into the queue during the interval 

required for the last meJrge.) For this case, the state ma.y decrease by 

at most 1 per merge (i.e., no arrivals). This model has· been carefully 

analysed and is presented elsewhere.12 J 

When the merge process is subd.ivided to differentiate. between those 

vehicles that successfully complete a moving-merge into the stream 

within the merge zone and those vehicles that stop at the end of the accelera­

tion strip before the exe•cution of a successful merge, the state model is 

again two dimensional. However, in this case the variable X is defined 

t o be A when there is a trapped vehicle stopped at the end of the accelera-

tion strip and zero otherwise. Henc·e there are two states corresponding 

to each value of N , as :shown in the state diagram in figure 2 . For this 

model, the system transitions occur as follows: the system moves from 

state (N, 0) to .state (N-lt O) when a moving merge is completed; it moves 

from (N, 0} to (. -1, A) wh en an attempted moving merge fails and the ·merge 

vehicle be comes trapped.; i t moves from (N-1, A} to {N-1, 0} when the 

trapped vehicle executes a successful merge ; it mo - s from {N, A) t o 

(N+ 1, A) when a n arr ivaJl o c curs whi le a vehicle is trapped; and, it moves 
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from (N, 0) to (N+ 1, 0) when an arrival occurs while no vehicle is trapped. 

For th7 system model described above there are arrivals, successful 

moving-merges, unsuccessful moving-merges and successful stopped-

m er ge s. When attention is focused upon the probability that the system . 
i s in a given state at the instant t , and the assumption is made that the 

probability of an arriva1 during the interval of time between t and t+dt 

i s both dependent upon t and proportional to dt , then the system 

model represents a queuing system that is subject to a time-dependent 

Poisson arrival process:. Released vehicles are then served in one of two 

ways; that is, with either a successful or an unsuccessful moving-merge. 

When the latter type of service occurs the vehicle then undergoes addi-

tional delay correspond to the completion of a stopped-merge. 

A simplifying assumption is now made thatthe probability of a success-

ful (o r an unsuccessful) moving-merge, or the probability of a successful 

stopped-merge, during the interval between t and t+dt is proportional . 

t o dt . In addition all three quantities are assumed to be functions of the 

t raff ic parameter q , while the first two are also dependent upon the 

c ontroller parameter T . Hence, these are only four transitional proba-

bilities .in the model; these are: 

1) )..(t) dt - the probability of an arrival during dt 

2) J.L (q, T) dt - the probability of a successful moving-merge during dt 

3) J.l.t. (q, T) dt- t he probability of an unsuccessful moving-merge during d t 

u. ) iJ:2(q)dt - the probability of a successful stopped-merge during dt 

The s ystem equatiops are then 

[ P('t)] = [A{q, T, tj] [ P(t)] {1) 
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where 

[P(t)) (2) 

PN, O(t) 

PN,A(t 

and (A(q, T,t) is shown with the arguments omitted. 

[A] .a -).. ~ IJ. 0 0 0 0 0 0 (3} 

0 -{3 ~1 0 0 0 0 0 .0 

). 0 -a. 
~ 

,.,. 0 0 0 0 

0 )., 0 -f3 1-1.]. 0 0 0 0 

0 0 ).. 0 -a. 0 0 0 0 

0 l. 0 0 0 0 0 

0 0 A. 0 -0 0 0 

0 0 0 0 0 0 -f3 1-1.]. 0 

0 0 0 0 0 . )., 0 -{~~) 

0 0 0 0 0 0 A. 

Here j3 ;: ).+~ and a=A,+u+~. 

The system is then considered when the transitional probability rates 

are constants, and the s t eady_ state probabilities are evaluated. For this 

purpose limfP(t)] is set equal to zero and the solution to [A] [P) ~ 0 is t-oo 
• t::.. 

obtained. Here lim [P(t)] = [P] 
t -oo 
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where [P] 
Po o , 

{Id 

When the rows of the product [A ][P] are considered in pairs, the first two 

yield the equations 

0 (5) 

fr om which 

E -~ p 
o, A - f3~I·V~ o; o (6) 

and 

(7) 

Next the Kth pair of equations is given by 

[
-~ 

+ f3 

Z transforming this pair .of equations yields, after simplification, 

wher e 
00 

p (Z) = )' p z - n 
A n f:-o n,A (10) 



and 

But 

00 

P
0

(Z) r 
n= 0 

99 

p z-n 
n,O 

lim (PA(Z) + Po (Z)] = 1 
z-1· 

from which, by use of L 1 Hospitals Rule, 

- ~~(fJ+ f.L]_)- >..(~J]_+~) >.. • 

PO, 0 - ~(fJ+ fJl) = 1- fJ 2(fJ.+ f.L]_) 

f.L]_ + fJ2 

with N infinite. In addition the expected number of vehicles in the 

queue, E{n), is given by 

from which, 

E(n) = Iim d~ (P A (Z) + P0 (Z)] 
z-1 

Since the steady state probability of being empty, PO, 0 , is zero 
D. ~(~J.'j_) 

when >.. = W = and the expected steady state queue length is 
J.Ll +~ 

infinite at that arrival rate, >.. = Jl corresponds to a borderline stability 

condition and J..L r is the steady state service rate of the merge control 

(11) 

( 13) 

( 14) 

(15) 

(16) 

system. Furthermore, when the system is modelled as a single queue with 

two dissimilar servers (where one server provides the user with moving 

merges at a rate of J..L with probability J..L/(J..L + ~) while the second server 

provides stopped-merges at a rate of ~ with prob~bility J..Lt(J..L + IJ. 1) then 

the expected service timE~ is 
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,...JL_ 1. + .l::.L .J_ 
J.L+~!J t.t+~ J.L2 

~+~ 
·.u. 2 (J.L + IJ 1} 

(i 7) 

provided that the choices of servers is random with proper associated 

probabilities. For that case the effective service rate is also 1.1 r since 

1 
TE = 

The Design of a Controller 

IJ' ' (18) 

One useful and fairly common model for an urban freeway empl<?ys ' 

s t ochastic processes with slowly varying parameters to account for both 

ramp arrivals and highway flows. In particular, the peak-period ramp­

arrival process is often described as a time-dependent Poisson process 
18 

with A. (t} as shown in figure 3. In addition, the intervehicle spacing for 

vehicles on the highway are described as independent samples from an 

E 1 d . 'b . 19 r ang 1str1 utlon 

f(t) 
1 )a ta-l -aqt 
~o;a9 e 

(a - 1) ! ( 19) 

where a is an integer and q is a slowly varying function of time corres-

pending to average volume (see figure 4). Based upon these descriptions, 

and subject to the assu:mption that the process parameter vary slowly, the 

controller is designed to maximize the service rate . IJ 1 subject to a 

.rnitation of downstream freeway capacity. 

The service !"ate J.L r is a function of J.L and IJ 
1 

which are both 

~ · 
dependent upon the contro.ller parameter T . Hence by setting dT = 0 

the v alues ofT corresponding to the relative m i nima of IJ 1 are located. 
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Particular 1 y 

0 (20) 

reduces to 

(21) 

2 
since (IJ 1 + IJ 

2
) is po:sitive and finite, and IJ 

2 
'# 0 

From eq. (21} 

d dT [ln ~[ IJ + 11 1 ) - ln (IJ 1 + IJ 2 )] ;;: 0 (22) 

When T corresponds to the threshold that is set on the minimum 

spacing between vehicles on the f reeway into which a mov~ng merge will 

be attempted, then all spacings in excess of this threshold may be termed 

"'gaps. n· With this three;hold limit set, the rate at which gaps appear in a 

stream with volume equal to q vehicles per se.cond is: 

(gqt ta-l e -aqt dt 

(a-1}! 

a-1 
"' q e-aqr i~ 

(agT)i 
i! 

(23} 

When the probability that a presented gap of t is accepted by a driver 

for a moving merge, is described byl9 

(24) 

then the rate of successful moving merges is 

oo [ a a-1 -aqt] = ( (1-e -Kt) (ag) t e dt 
IJ q f• (a-1)! 

( 

· a-1 
-aq T '\' = q e L 

i = 0 
~-

i! 

(ag)a . . -(aq+K)T a~l [(a.q+K)TiiJ 
e L · r 

(aq+K)a i=O 1 
· 

(25) 
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and the rate of unsucces:sful moving merges is 

a (aq) 
J.l =q· 

1 (aq + K)a 

e -(aq+K)T 
a-1 I. 
n=O 

(26) 

When the indicated derivatives are evaluated and employed in Eq. (21) 

then algebraic manipulations yields 

= s..,;e -(aq+K)T · [a~l [(aq+K)a (aq)n- (aq+K)n(aq)1 Tn J 
J.l 2 a f. n! 

(•a.q + K) n-0 {27) 

as the equation from which the optimum threshold settings are obtained, 

subject to the constraints T ~ 0 • Since this equation is of the form 

and 

the sum 

is 

~
1 -BT n 

J.l 2 =A ~e en T 
n=O 

en> 0 for every n 

C Tn > 0 for T > 0 
n 

In addition, the derivative of the expression 

a-1 
f( T) = A e- B T L en Tn 

n=O 

· [ a-1 f' (T) = -K (aq + K)a e -BT L: 
n=O 

(aqT)n] 
nr 

Inspection of this quantity, with ··B = aq + K reveals that f' (T) is 

negative for all positiye T. Therefore, f(T) is monotonic decreas-

(28) 

(29) 

(30) 

(31) 

{32) 

ing for T .2. 0. Based upon this, it is concluded that a unique optimum 

solution for the controll«~r threshold T exists. That value is zero when 
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and the positive number T opt , obtained as the solution to Eq. (27 ), 

otherwise. 

With T t evaluated as described above, the control policy is op 

specified next. In particular, when the sum of the volume on the freeway 

and the demand on the ra1rnp does not exceed the volume limitation for 

freeway, a threshold of 'I' t is used for the ramp. This insures the op 

highest possible service rate for demand on the ramp a~d results in 

lrninimum expected delay, minimum expected queue length, etc. When 

the sum of the freeway volume and ramp demand exceed the limitation , a 

threshold of T t is not acceptable. Instead a threshold . T must be 
~ c 

employed such that the sum of the freeway volume and the served portion 

of the demand equals the ·volume lilrnitation. 

At this point it is necessary to consider more exactly the hereto-

for _ undefined quantities of freeway volume, ramp service and volumetric 

limita. t "on . For this purpose it is noted that experience (and traffic flow 

theory)
20

indicate that the short term production of any given point on a 

freeway cannot exceed some upper bound Q, pf approximately 2000 vehicles 

per hour) without significant risk of breakdown in the flow of traffic. 

Thus the TA lrninute running .average of flow past a critical point must 

be limited to approxim.at4~ly QT A vehicles.* When this short term average 

volume is below the specified capacity limit, it is possible to admit additional 

vehicles from the ramp into the stream, provided that the running average 

of the sum remains below the critical value. Thus the average ramp 

service is limited to at most the difference between the limiting and actual 

average volumes. 

* depending upo~ the facility 
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Many .solutionSi are -possible to the controller design problem that 

sat isfy the. above restriction. On e such possibility allows the threshold 

t o be s e t at T t , provided the restriction is met, and inhibits all 
op 

merging otherwise. By· this process all available roadway capacity is 

used as quickly as possible, and additional waiting vehicles are inserted 

in~o gaps as additional room for single vehicles arises. This solution, 

when associated with the limit condition in which T 
0 

t equals zero, 
. n.~z 

becomes the capacity adjusted metering system. 

A second approach to the controller design problem involves the 

gradual adjustment of the threshold as a function of freeway volume. This 

technique has the usual advantage associated with smooth variation in con-

troller policy and likewi se, it has the added limitation associated with 

smoothing - extra delay. In particular, the first policy carries the risk of 

inserting an acceptable averaged nurn ber of vehicles into the stream too 

quickly (thus causing an avoidable breakdown) while the second policy in-

eludes the risk of adjusting too slowly (thus overloading the stream) . 

Sumn1ary 

The analysis p1resented above is based upon use of a Markov 

system model with slowly varying parameters. This assumption is pre-

dicated on experimental results that indicate the variational timefor the 

model parameters is between one and two orders of magnitude longer than 

the response times of the system (i.e.'· a control system response time on 

the order of 30 seconds 19 vs. a variational demand time on the order of one 

18 
hour) In addition, · the optimal control policy is derived by relating the 

stationary optimum to a:n experimentally derived characterization of the 

freeway flow process, with the added i mplied assumption that the time be- . 

twe en the release of a vehicle and the time that vehicle reaches the merge 

z one is negligible. When this last assumption is not valid, the expected 
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time to complete a merge is increased by ta and the expected hourly 

service capacity is reduced from 1.1.' to 1.1. t I ( 1 + 1.1. • ta ). However, the 

evaluation of T t is independent of this condition, and the controller op 

designs consideration remain unchanged. 

Although T t is a function of q which in turn varies with op 

time, it is .Possible to implement a controller in which a single value is 

selected for the threshold, (by assuming T t is a c~nstant); or it is 
op 

possible to let the threshold vary as a predetermine 'I function of time 

(by assuming .q is a known function of timeh or it is pos.sible to vary 

the threshold to reflect t he measured value of q • Experiments with 

various values of threshold setting T have been performed on several 

of the ramps on the Gulf Freeway and empirical fixed thre.shold settings 

of approximately 3-5 sec:onds have proven to be acceptable. This mode 

of operation has come to be known as the Gap Acceptance Mode. In ad-

dition, with the threshold set to zero, the short term averaged volume 

restriction has been employed for merge control. This mode is known 

as the Demand-Capacity mode. 

In both of the above modes significant improvements have been 

observed on the Gulf Fr4eeway. These include 
23 

a lOo/o increase in rush 

hour volume; a speed increase of 30o/o during the rush hour; a reduction in 

the average travel time from 16 to 11 minutes for the 5 mile test section, 

a reduction from 145 to 75 in the yearly number of accidents; and , not a 

single ramp accident has occured during the two years that control has 

been in effect on the Telegraph Road Interchange inbound entrance ramp. 
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