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ЗЛП.'.11И СТ.\ТVIСТИЧЕСКОГО СИНТЕЗА СИСТЕМ АВТ~АТИЧЕСКОЙ 

ОПТИМИЗЛUШ\ М f\ССООШЕННЫХ УСТАНОВОК . 

В.И. ИВАНЕНКО, д.В. КАР.А.ЧЕНЕЦ, 

Иrl'ИТУТ КИIЕРНЕТИКИ, 

КИЕВ, СССР. 

I. В рце отрас.хей проuыuевноl ~ехво.tоrми A.IJI оо.аучеви11 
чистых продуктов широкое распространение по.ауча.аа wассообuен­

ные (ректиф;ti<ационные , абсорбционнне 1 Ар.) установп1-3• 
Значительвые эиергозатраты, связанные ~ прове.и.еииеw wас­

сообuенноrо п pouecca 4, а высокие требовави~, пре.и.ъJ1В.1.11еwwе к 
чистоте поАучаемых ороАУктов, де.аают весьwа ак~уааьной sажачу 

опткuизашtи wассообuевиых установок. ~оивост• этоl зЗАачк 

обусловлена неливейностью характеристик объекта 1 его wного­

wерностью, важичиеw возuущающах воэАеlствий, приво.и. .. их к 

.и.рейфу экстреuуuа, и су~ествеиннw уровнем oowex. 
Qцуткuые тру.и.иост1 связаны э.и.есь с opo6.1euoii по.11чев•• 

внфо~Аации , нео6хо.и.иwой A.IJI це.аеl упраВ.IениJI. Так, apaweaJie­
uым на практИI<е uетодаы опре.и.е~ения состава 1схо.и.ных 1 конеч­
ных ~родуктов разделеная присущв, как правило, значите.аьнwе 

случайные ошибки изuерениJI, а в рц~ с.1учаев ана.Jlиз состава 

некоторых продуктов не nроизво.и.атс.11 вообще. 

Эти особенности о6ъехта управлеИI.II требуют, естественно: 
при~~ечения статистических wето.и.ов дAJI сиитеза оистеwы автома­

тической оптиwизации ( С.А.О). 

Детер~инированный по.и.хо.и.5 х решению за.и.ачи onтиwaзauJJи 
'uассоо6uеиного npouecca .и.оnустаw, с уЧетом сказанного вы•е, 

.аишь в частных случа.IIХ. 

В литературе .и.о настоящего вреwени нет приwеров ре•евиJI 

задачи статистического синтеза С.А.О приuените.аьно к рассматр•­

ваеыы~.с процесса.\4 . Оrсутствует также достаточно четк8JI поста -
новка задачи . Tazoe положение , по вамеuу wнению, с.и.ераквает в 

значительной степени разработку и проuыuенное вне.1,репе С.А.О 

в .и.анной области. 

В настоящеы докладе исследуется задача опткuизации стаци­

онарных ре~ов проuесса . 

В качестве np1ruepa рассматриваются две типи чных wассоо6-
l!енных установки : ректификационная колонна о6ез6ензол11ваниR 



(рис. Ia) в ароизводстве эти~бензnжа6 1 выпарна~ ко~онва . 
(рис. Iб) в nроизводстве эти~ового спирта7 xJ. 

Выхо~ннми переменнымв в ректвфихациоввоl ко~онне ~вж~ют­

с~ ве.1ичивн :X:wl в .:t.dh хх), которые пре.1стаu~и coбoii ков­
цен'fрации неае~ате.1ьных првuесеi в конеч.ных про.vктах разде­

.lени~. 

При некоторых допущеви~х моано счнтат•, что вхожными пе­

ременными процесса явж~ютса параметры питате~•ноl смеси F 
Х. F (основные возrql(ениs) · и потоки пара V w 1 фlегмw L Ф 
подаваемых ~ ко.1онну. 

Эффективвост• процесса в ко~онве оцеввваетсs стоимостью 

процесса в единицу времевиб: 

(I) 

пр• ус.~ови~ 

'У" ~ '\Г * . ( x:,r. = con s t ) . ""'w t - ""-·w t 
(2) 

Учитывая действие с~у~айвых факторов в системе, эффектив- · 

воет• ~авного проце·сса, кu о оказано в работе6 , це.иесообразво 
вместо (I) • (2) оценивать стоиыост•ю процесса в виде: 

w = a.L L<t + ао( Xqh т ь (Xwt). (З) 

В качестве G ( Xwt) рассмотрим стуnевча'!'ую 

(4) 

• г.иажкке фунхции "штрафа" 

(5) 

Выходной переменной в выпарной ко~онне ~в.и~етс~ конnент­

раuи~ X.w • ВходнЫе uереuенные - параметры F·, X.F питате.l•­
вой сuеси (основные возмущения) и паровой nоток V w 

х)Основные сведения о данных установках приведены в ПриАожении. 
хх)Все о6оэначени~. приuен~ем е в тексте,даны в конце док~ада. 



5 

Эффек~ивнос~• процесса в выnарвоl хо~овне ~ах.е моаио 

оцепва~• стоDос~ъю процесса в ·еJ.квкцу времен 7 : 

W = а v V w + а w х w . <б) 
2. В peETiф8Ж8Q80HBOI КQЖОВВе OTCYTCTIJIOТ J.8ТЧКК1 В~IЧИН 

:t wt 1 Х tAh • Ва.lач•е рца вековтро.аируеМiiiХ возму•ениii, на -
uцwваемwх на потохи V w 1 L , , 1 высокаJI чу вствите.аъностъ 
составов хонечнwх проЖJхтов х этвu потокам, требуют стабижиза­

цаи температуры на "копрожънwх"~аре.пах t'J • t"" , соответ­
ственно в укреп~я~ей 1 исчерпывающей секции ко~онны. 

ЭаАаваемне эначеввJI эткх температур мог,ут рассматрвватъс~ 

в качестве управаJI~Х воэжеlствиl пр• _ре•енви э-.ачи стати• 
•ecxol опткмаsациа процесса. 

Прв э~ом зависвuостъ о~ управаений • ~сиовинх воsму•енкi 
переменной Х c~h , напроер, моет бнт• прежстаuена в общем 

щчае, xu: 

(7) 

Анuогичвwе завасьоС'fи могу~ бwт• записаны тахае u• ве­
~•чин _L fi 1 X:wt, ВХОJ.•их в ( З). 

Прове~евкые вссжеJ.ованвJI стационарных реаимов процесса 

обезбенз~ванвJ16 поэво~•~• ПОЖУЧИТ~ простую и ·приго~вую J.~JI 
це~еl сивтеза САО можеж~ стат~~tк процесса в виже: 

L ер = ао • а 1 И 1 + а.е. U. z., 

x-t = Л1· ехр (-&~-с,, Ui), 

Хdп = .Jf". ехр ( B:~.JA _1" с" U2,)~ 

(8) 

Структурнаs cxeua системы упраэлени~ процессом о6ез6ензо­
~иваниJI с учетоu возuожности иэwерени~ 

ви~, представленный на рис. 2а. 

F и _ f доJiжна иметь 

Система ~вляетс~ комбинированной. Регу~ирование по откло-
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нению исnо~ьзуетс~ дА~ стабилизации косвенных nока~ ателей 

nроцесса (темnератур t и , t ~ ) 1 позволяет нейтрали зоватJ. 
в.ии~ние возмущений Z\.,v • приводящих к и зменению аотоков L 
и V в коJiонне. Комnенсация основных возuу щений F , ;-< по 
расходу 1 составу питани~ nроизвоnитс~ автоматическюА оnтими­

затором AD на основе математической модели процесса (8), (9) 
таким образом, чтобы веJiичины L с;> , Xwt, Х dh соответст­
воваАи оптимальному значению некоторого nоказател~ качества. 

В выnарной коJiонне управляющим возде йствием явл~ется 

расход пара V ~ • 
Статические характеристики выnарной колонны7 показывают, 

что nри nостоянном расходе nитани~ F выходная переменна~ 
JCw может быт•, с хоро•им приближением, nредставлена в виде: 

Xw = А· е хр ( 5 f +с U ), ( IO) 

где 

(II) 

В ( IO) и ( II) А , В, С, V; - коэффициенты, завис~щи е 
от расхода nитания F , а х; - константа. 

Ве.иичины F, )А и Xw могут быт» измерены и соответству­
ющая этоuу схучаю структурная cxeua САО nоказана на ри с. 2б. 

Зцесъ обратная связь замыкается по величине Х w , котора~ из-

u еряетс11 в дискретные моменты времени s = ~ , где 't:: 
врем~ и А 'L - интервЗА квантования, датчиком Н с nогреm-
ностъю h Причем 

( ~ w) s == ( .:X:w) s + h s . ( 12) 

Будем считать, что возмущение F по расходу питани я из­
k еряетс11 точно. Его компенсаuия при этом не представляет осо­

с ;ых затру .цне ний и далее не рассматривается. 
Существу ~из методы определения состава п итани я связаны , 

в обоих случаях, о значительными ошибкам и изме ре ния е и в 
~ -й момент времени в АО вводится значени е 

( IЗ) 
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Возuущени~ )А ~вл~ютс~ сАучайныuи функци~и вреuени, 

которые с хорошим прибАижен 1 еu могут быт• описаны стационар­

ным Марковеким npoueccou6• 7 • При этом, lf..П11 значений )А в со­
сеl!,ние 11.искретные моменты времени плотность вероятностей ne­
pexoAa имеет ви~: 

(I4) 

ГJ.е О< Х < 1. 
Погреmности измерений h s и е s Преl!,СТав.i~ют собой ПО­

САедоватеАЪНОСТИ независиuых ежучайных ваиичин, распреде~ен­

вых по норuахьным законам с ну.певыми математическими ожиll.а­

ниями и АИсперси.ями 6 ~ и 6; , соответственно. 
В 1tа.иьнейшем будем обозначат~t через W s стоиuост• 

процесса за проuеж,уток времени от момента s ~о момента 

~ + t • 
з. Перей11.еu непосре11.ственно х зажаче статистического 

синтеза автоматических оптимизаторов АО, показанвых на ркс.2. 

Бу11.ем считат~t оптиuажьной систеuJ, в которой досткгает­

С11 uиниuуu функционажа 
n . 

р = LLm · ~ L R s ) с !5) 
n- оо s=i 

где УltеJiьный риск Rs ·= М \ ·w а 1 , М - симво.а математкчес-
кого ожи1tаНи11, р · nре1tстав.nяет собой среднюю стоимост• про­
цесса за один · такт. 

А. Рассмотрим синтез АО д.n11 компенсации возuущени~ ;И 

по состацу питании ректифккаuионвоi ко.аоннw. 

· ЗJ.ес• возмущени·е fl s остаетс·11 посто11нным на nромежут­
ке времени от · s 11.0 S-t t х). Измеренвое значение w, ве­
~ичitны fl а вводитс11 в АО в момент s • АО вwбирает управ­
ления U i• ·и U 2.s на основе имеющейс11 в момент s информа­
ции о возмущении }Ja . Можно показата, что эта инфорwаци11 
в данном сАучае при больших ~ опре11.е.111ется достаточными 

х)Постоянство ~' н~ од~ом интервал~ объясняется наАичием 
промежуточных емкосте и п итательнон смеси . 
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'rpaHЗИ'l'IIBHЫUII CT8TИC'flllt8UII m s 1 О, 1 

С аоwощью основного уравнен•~ маркОВСК8Х проаессо• 1 
JpuYJIK Байеса апостерворвые эвачеп·JI ·m 5•• • о,.. пое1е 

наб.п:11,ени11 uJ s• • onpeжe.a•urc• • вце: 

m, •• о 5 а ( • )& = т~·.. t. + w..... б" 1•( 

( о )а z. · 5,... +о t. (11) 

1 (5о · )а 5а 
бs.с = с•• . • { о~: . .)-~ . ... f): 

где m~он и - (6.:.)~~ апр1орные к (s•i}-uy--•81'1 3вачев•• 
математического ОЖИАания • ~всперси1 вежич1вн JWa•t' пр1чем 

о , m· m,.i = -... · $, 

( о )2 - ~ е2. б" б'~·· = .L . Q s- · + 6 . 

Рассмотрим ус.ховвнl у.и.е.аъныl р1ск Z s ·: 

= c).J W, (f•· и .• .' u .. }~- Р (f'./m. ,<i.J· ?•· 
Рисж ~s с учетоМ (З), (8), (Iб) равен:. 

(I8) 

. 8~-6~ 
7.s = cL а: (а о t- а. U.s + at U2s}+ J.8 · е.хр (c,_U2, + 6&т,• ? ) • 'J) (20) 

. .. ... .... . .. 

где J (JрИ сту(Jенчатой ( 4) функции "81'рафа" (щчаi I) Dе­
ет .ви11: 

:1 = G ·~'С· ер • [ -1:r- ( ..L L n ~-с. u.,)- .!lli. ] С 2I) 
о о, ~ Jli б", ) 

и при ГЛ811КОЙ (5) функции "штрафа" (сжучаl 2): 

. ( 8 ;)·2 б~ ] J = cL w · е х Р (- р с .. U .. s - р В. m s + Р 1 2. • . (22) 
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в ( 20) ' ( 2!) • ( 22): 

~~ = aL·6't:, .L,.J = Лz. ас~ - ~!, J.,w = ..R1 а,..,-67: 
1 ер· [ · ] - норма.~ънаJI функциJI распреJ.е.аени". 

РассuатриваемаJI эа~ача JI~JieTcJI байесовой и оптима~ьна" 

стратегк11, минимиэирующаJI Rs , JIВЖJieTCJI цетерuинированной~ 
НетруJ.во покаэатr., что минимум 'l,, J.ОстигаетсJI на· той а:е стра ­

тегаи, что и мкнимум R s • 
Оптима.и:~аВIIе управ.аениа в s -нl момент времени в обоих 

CЖJЧaJIX раввw: 

uf: = ( iol1)~- ~-~~1 : m,, " / (2З) 

(24) 

г:~, е 

а - &. а -А 
11 i,1 - Т. ' а i,l. - с" ' 

( а ) . - 1 ( l,n -а~.· J..~. - · 
~о.~ s - -с;: С" · ,LJ. 

6~- Os" ) 
2. . 

(25) 

Коэффициент (~о.~) s ·- в·· (2З) · завасит поцобво ( g o.t)s от 
статистики - 6 s • Jl,la c.QЧ8JI C!'JПeнttaтol и г.ицJСоl функции 
"итрафа" э!'а зависимост~ амеет развый ви~. 

JпpaВJieHИIIU (23), (24) СООТве'l'СТВУИ ОП\'ИМ8.1iННе JC.ЖOBHile 
рисJСи, равнwе 

(26) 

Коэфеlмuиевт С,~ пое1'оJiвен, а · с: зависит от 6 5.. 

Зцес~t !'акие виJ. за:висиuост1 раз.~ичен · UJI сцчаев I и 2. 
R: Минимал:~аное значение уце.иьного рисха о равно: 

R: =) 'l.;(m\,o~)·P(m.)·dmr.. (27) 

( m$) 

Т~к. ·m!o•f и 6 ~~-~ (17) не зависит от управ.иений (2З), (24), 
то nоследние явлJiются - оптиuальными и в сuы~е минимизаuии 

функиионаха р (!5). 
ЭТот факт, как известно9 , всегда имеет место в системах 
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ав~ома~•ческой компенсации. 

При s- оо риск R ~ имее~ преде.1, равный 

t . R.. R* .. Lm s = = р , (28) 

гже р • - миниuа.пьная средняя стоим ост~ npouecca за один 
так~. 

Iохаза~е~ьство (28) кратко сво~ится к с~едующеuу. 
Ве~рудно убедит~ся, что nос.1е~овате~ьност~ 5s , опреде­

Аяемая выражениями (I7), (18), сходится к пре~е.1у, который 
обозначо через 6 оа • 

Кроме того, моано похазата; что пос~ежовате~~ност• веАи­

чии nns образует регужяриый uарковскиi процесс, имеющий пре­

~е.~~вое вормажьвое распреде.1еиие с математическим ожиданием, 

paBIDIII Н1.1Ю. 

При э~ом 

R,.:: р~ = с: ( боо}. (29) 

Kona б. стаиови~ся в;остаточио б~изким к 5 оо , режим 

со~еаевиJJ за возмущением j.J будем называт• стационарньш, а 

стра~еrвю, соответсТЕУIОЩУЮ этому режиму, -стационарной cтpa-

~eraet10 -
Так как вpeuJJ работw системы значите~ьно nревышает вpcuJJ 

перехожвого процесс а · б!. - 5 оо , то АО це.аесообразно рассчи­
тыват~ тажько на· стационарный режим сже~ения. Соответствующая 

э~оuу ежучаю структурная cxeua -AO представлена - на рис. З. 

На рис. 4 показав переходвый процесс, свJJзанный с изме­

непем · 5$ в ·начые работы САО. В качестве аnриорноr Инфор­
мации о ве.аичине · )А в u·оuент 5 = О принn абсо~ютный за­

ков распрежеАениJJ f4 ·, которwй, с учетом (14), ЯВJIIIeTCJI 
BOIIfa.IЬВIAI с нуJiевыu матеu~rическиu ожи.ztаниеL~ и дисперсией 
С"& .. 
uJA , равнои 

(ЗО) 

Переходвый nроцесс практически заканчиваетсJJ за нескоА•­

ко 118ГОВ~ 

По~ченнwе резу.1~татw . дают также возможность оценит• 

эффект, ~остигаемый от применениJJ АО. 
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Б. Рассмотри~ синтез АО в системе оnтимизации выпарной 

колонны ( ри с. 26), Здесь о~обый интерес представл~ют пpoueccw 

протекающие в замкнутой схеме. Для их изучении предположим, 

что цеп :. комnенсации fl отсутствует и помеха <J" = о. 

Будем считать возмущение JA~ также посто~нным на про­

межутке времени от s жо s•1 х). Измеренное значение · 
(c;w)!o = tfь веJIИЧИНЫ (~w)s = х~ вводитсив АО в момент ~·1, 
т.е. в АО имеется запаздывание на один такт. 

Покажем, что как и в предыдущем cJiyчae, инфорuаuию з АО 

о возмущении )А в ~ -ый момент времени можно onpe,l.e-
JI~ть с приемлемой точностью достаточныuа статистиками. 

Пусть в момент s выбора уараВJiени.я . Ut. в · АО известно, 
что на uнтерва.пе от s до S• i воэuоаные значения веJiичинw 

)Uь распределепы по норuажъноuу закону (!6), который 6ужем 
называть априорнw в s -u такте. 

К моменту ~ + 1 в АО nоступает измерение 'f ь • равное 

~ s = Л · е Х р ( 8 f , -.. С U s) · + h s . ( ЗI) 

Линеаризуя выражение ( ЗI) · :в точке т~~ б s II и npRМeHJIJI 
формуJiу Еайеса, . .можно показат•, что апостериорное распреJ.е.же­
ние )А fl (после изuерения lJ s ) такие подчинено нораuано­
му закону с nараметрами 

где 

111 

XJ'JTO 
П[ a..JI 

,_ m s · (б k ): + У..· б; -
т s = (32) б~ ... (5~)~ 

б~ · (Br.)~ 
б; + (б~)~ ~ 

(ЗЗ) 

(З~) 

1 (35) 
А · 5 · exp(бm!o+CUs) · 

рассы атр ваемой задаче не ивлиетси правuи-
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С поuощъю основного уравнени~ марковских процессов опре­

Ае~~ем, Аажее,апрворный закон распреА~ени~ веАичины fAs• 1 

жоторый, очеви~но, ~вл~етс~ нормальным с параuетраыи 

(Зб) 

Таким образом, инфор.аци~ в АО о возмущении f s в uouewr 
~ выбора управ.пени~ U s может бытъ опре.це.пена АОстаточвыми 

транзитивными статистиками m s и б, • Естественно, что 
этот выво• справе.ц.пив при боАьmих s 

Так как m , .... и б s• 1 завис~т от упраВJiени~ на прежыJJ.у­
щем шаге, то уnраыение Us , миниuизирующее удельный риск Rs) 
не ~в.пяетс~ теперъ оптимальным в смысле uинимизаuии функциона­

Аа р (!5). 
Это обст~~е.п•ство ~вл~етс~ прояВJiениеu возможности актив­

ного накоплени~ ин~рuации . в АО о возмущающем воздействии в 

замкнутых системах • 
Отыскание в таких системах оптимажьной стратегии, достав­

JI~ющей минимум функциона.лу р оказываетс11 весьма тру.цноi 

за.цачей. 

Один из возможных подходов к решению этой задачи в слу­

чае uарковских объектов и функиионала (!5) может быт• развит 
на основе идеи, изложенной в работе 12 • 

Предположим, что процесс оканчивается в ыоuент времени 

s ::: S • Вве.цем · отсчет времени от момента S в обратном на­
прамении, так что -к = S - s . 

Обозначим через 

Uк = U(mк,бк) 

стратегию АО, а через 1fк (т к, 61(, U) 

1!,. ( mк, б,., U) = М { t, (W</m,., б,., и)} 

(37) 

( З8) 

математическое ожидание полной стоимости процесса за к ша­

гов при фиксированной · некоторым образом стратегии (37) и при 

условии, что к моменту к система находилась в состоянии 

( т к> 5 к). В этом случае - длli величины 1.Т к ( m к, б к, U ) 
имеет место следующее рекуррентное соотношение: 



13 

( } ( U 6 6 2._ б~) + . v.-1fк mк, бк. u :: tL., ехр с к• mк + 2. . J..v w 

- cLv· u ~ + ) trK-i ( mк-•. Dк-1, U). N ( м 1(·1, Dl(.-~). d mк-•' 
( З9) 

( mк-t) 

гже N ( Мк-1, Dк_1)- норuа.и~tныi закон распреде.иени11 n.иотнос-
т1 вероятности ве.аичины т t(-c 

Мк_ 1 идисперсиеl J>к-• 
с математическим ожиданием 

rkw::: А· a." ·.6't) cLv=- йv·67: 

( а w и а \1 - коэффициенты в (б)). . 
Асимптотическое поведение веJIИЧИНЬI "\Гt< ( mк >б к' u) при 

стратегии С 44) и к- оо может быт• предстаВJiено в виде: 

'tJI( (m~,б".U) =К· р (U) +Т (~к,б~,U), (40) 

Где Т (mк,бк,U)• "весова11" фуНltЦВ.! COCTOJIHИ11 mк,бк 
при стратегии (З7). 

На основе выражений (З9) и (40) может быт~t сконструиро­
вана проце~ра пос.ае~ователъных прибжиаений в пространстве 

стратегий 13, обеспечивающа11 сходимост~t к оптимальной страте­
гии U •: u· (m,б), жотора11 сообщает минима.и~tвое значение р~ 
ве.иичине р 

~HaiCO и при данном . подходе опредеJiеиие оптимаn~tной стра­

тегии связано с большим объемом вычислений. 

В некоторых с.иучаях достаточно хорошее приближение ж оп­

тимальной стратегии может быт• по.иучено, если управлени11 вы-

бират~t в виде14 : · 

( 41) 

Где U~ (m~,бJ- COCT8ВJIJIЦЦa11 уnрав.nеИИ11 U \ , выбираема-'1 ИЗ 
уСJiовия uинимизаuии удеJI~tного рисжа R s., u: (m~) б~. 9) 
составnяюща11 U~ , обесnечивающа11 активное накоnление инфор­
мации в АО о возмущении. 

. При · фиксированноu виде функции U~ (ms,бs) В) значение 
вектора параметров 8 , оптимальное в cuыcJie .uиниuизации 
функционаJiа р , может быть иногда Jiегко опреде.иено. 
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Наnример, nри 

U •• ( m s) б~ ) ё ) = с оn s t = 8, s 
(42) 

nоказатъ, что в рассматриваемой замкнутой схеме при 

управлении ( 41), ( 42) 

ti.m Rs = р (а)= ~.., · е-.х:р (с 8) + 
s-oo 2. 2. 

+~v · v; -~v·(+tn c~~w + 8-8 ·2бё(8)J) 
( 43) 

где б оо (е) - предеJI доста~очной статистики бs при s- оо. 
Оптима.пьная веJIИЧИНа"изучающей добавки·' 8 OПpe.цe.llleTCII 

nутем минимизации р (е) • 
Некоторые резуJiьтаты выnоJiненных расчетов приве.цены на 

рисунках. На рис. 5 и 6 показаны, соответственно, зависиuостъ 

стоимости ·- nроuесса и выходной ве.иичинw объекта от уnра:в.лени11 

U при разных значениих ;U • Расчетw оnтимальных значений 8* 
"изучаоцей добавки" 8 произво.ци.11исъ д.11я разных значений дис­
персий 6~ и 5~ (рис. 7). На рис. 8 показава относите.лъ­
ная величина снижени11 стоимости процЕ ~ са, выраженная в процен-

т ах. 

Введение в алгоритм управлени11 специалъной "изучающей до­

бавки" nозволяет иногда существенно снизит• среднюю стоимость 

процесса. 

При синтезе АО мы пренебрегаJiи ВJIИ11нием помехи ~ (рис.26) 
Учет этой nомехи nри известном законе ее распредеJiения не пре.ц­

ставляет здес~ nринциnиалъных трудностей. 

Выше мы также опустили из рассuотрени~ цепь компенсации 

~ , Дополнительная информация, поступающая в АО по этой цепи, 
1 а основе результатов, которые nоJiучены в п. ЗА, может быть 

t чтена с Jомощъю приемов, описанных в работе I 4• 
4. Изложенный в докладе подход к синтезу ело массоо6мен­

~ · х у становок базируется на методах теории статистических ре­

~с и 1, Он требу ет тщательного аредварите.11ьного изучени~ о6ъек­

r а управлени я: выбора фу нкции це.11и и построения ~атематичес­

ких моделе й, которые включают также вероятностные характерис­

тики неиз~е ряемых величин и погрешностей измерения. 

ри этом подходе ~ы получаем возможность не только син­

. ез р вать опти~алъный алгорит~ АО, но и оценит~ экономичес -
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кий эффект, Аостигаемый nри приыенении АО. Развитие этого nод­

хода nозволит на этапе nроектировани~ nроизводитЪ оценку эко­

номической цежесоо6разности того ижи другого варианта системы 

управжени~ массаобменным nроцессом путем сравнения его с оп­

тимuъной САО. 

Необходимые дальнейшие иссжедования в области статисти­

ческого синтеза систем управпения uассообменными . установками 
связаны с учетом динамики процесса, построением цостаточно 

простых и общих АЛЯ целого класса установок статических и жи­

наuических моделей и изучением р~а цругих воnросов. 

Резужьтаты решения зацачи синтеза САО, из~оаенвые в п.ЗА, 
. " 

были исполъзованн при разработке и ввецрении в произвоцство 

системы автоматического управжения ректификационной холовнw 

обезбензоливавиа в цехе этижбензажа днепродзераинского хиuком­

бина!fа. 

n Р и .n ·о 1 Е и и .Е • 

I. Ректификационва~ установка обезбензаживвииа в проаэ­
во~стве этиА6ензожа предназначена ~а выцеаениа бенэожа · иэ 

многокомповентноl смеси, сожераащей таr.же этилбензож, изопро­

ПИАбензо.~, nиэтил6евзо.1 а по.пиа.uи.1бензо.иы. Питате.tънаа смесъ 

поступает в установку с одной из т~х емкостей, по~ючаемых 

посJiеll,ов·ате.и:ьно на ректк!l*кацию. CpelJ.HИi состав сuеси (в меж. , 
ДО.ПЯХ) САедующий: бензол - 0,6, ЭТИЛ6ензож - 0,25, ВЗОПрОПI.П­
бензож - 0,06, циэти.пбензол - 0,07, nо.пиаАКи.пбензожн - 0,02. 
Установка содераи~ ректификационцую хо.понну; испаритежи, теп­

.иообменник джя подогрева питательной смеси кубовым остатком, 

конденсаторы (пре11.варите.пьный и основной) и флегuовую еuкостъ. 

Колонна(Аиаметроu 1600 мм) имеет 59 колпачковых тарежох. Пита­
ниеподаетсана 25 тарежку. Испарители обогреваются г~хиu во­
.1-RНЫU Паром • 

2. Выпарная (бражная) ко.1онна nреднззначена ~s перегон-
. ки спиртовых бражек. Общая -характеристика ко.ионны} Аиаuетр -

2030 uu, число ситчатых тарелок - 22. Ко~онна обогреваетса 
открытым пароu, · подаваеuыu nод нижнюю тарелку; Питаиве (браа­
ка) поступает на верхнюю таре.ику. · Бражка моает рассuатриватъ­

си как 6инарна~ смесь этилового спирта · и водЫ. Среднее со~ер­

иаиие этаноАа в 6ражке 
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Обозначения: F - расхо~ питате~ъной смеси, L -·nо­
ток оро•ени• ( · L • - поток регмы), V - nаровой поток 
( Vw - nотох пара, оос'!'уnающего под нижнюю 'rapeJIIty), 'Х. - кон-

цен'!'раuи• ( Х. - вектор концентраций), t - температура, 
а~) а d, a.w. а" - у.це.иъные коэфt)ициенты СТОИUОС1'И. G о 

с'!'оиuостъ в ежиницу времена повторной nереработхи ItУ6ового 

OCT8'rlt8. 
Индексн OTHOCRTCJI: 

ку 6овоuу oc'!'a'!'ItY, d 
h - х э'!'и~бевзо~. 

F - 1t питате.иъноi смеси, 

- IC ДIICTИ.I.I.R'fY, t 

JIИTEPATYPA. 

w -к 
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Introduction 

Increased process efficiency and equipment capacity ~e among the 

benefits which result from controlled cycling of many of the operations 

which are traditiona.lly maintained in the steady state. Considerable 
. 2 

evidence support~ this idea which was introduced by Cannon. 

The success~ design and operation of a cyclic process demands a 

good understanding of the dynamics of the process ' and its control sys­

tem. To gain an insight into the problems associated with industrial­

scale cyclic processes, a stu~ was made of cyclic distillation based 

upon a digital computer simulation of the process. Distillation was 
\ 

selected as a specific example because of its commercial importance and 

because results were available from a number of experimental studies7 ' 

l3,l4,l9 which could be used to test the validity of the simulation. 

The results of this investigation will be presented. 

9yclic Distillation 

. In cyclic distillation, vapor and. liquid flow alternately through 

the column for short-time intervals. No vapor is supplied in the liquid 

flow period (LFP) and in the vapor flow period (VFP), -no liquid is sup- · 

plied. 

Studies of cyclic distillation have been carried out by a number of 
10 

investigators. Theoretical analyses have been presented by Horn , 

Robinson and Enge118 , Sommerfeld20
, and Chien4. Experimental work has 

been recorded by McWhirter and Cannon13, Gaska and Cannon7, McWh~rter 
14 19 8 and Lloyd , Schrodt , and Gerster and Scull . 
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Three major criteria govern the operating efficiency of a cyclic 

i stillation column. The contents of a tray should exactly replace those 

on t he t ray below in the LFP without the presence of liquid mixing effects. 

This is called the liquid plug flow condition. Flow periods should be ex­

actly defined with no liquid leakage in the VFP or vice versa. Axial mix­

i ng and liquid entrainment in the vapor phase should be minimized. The 

control objective is to maintain the column as close as economically pos­

s i ble to peak efficiency and maximum capacity. 

Figure 1 shows the equipment which muy be used in cyclic distilla­

i on. The section titled Simulation Results describes and discusses 

various strategies which may be adopted in manipulation of the isolating 

valves. 

Schrodt19 employed perforated trays without downcomers in a 15-tray, 

12- inch diameter cyclic distillation column. Despite unimpeded mixing of 

l i qui · acceptable tr~ efficiencies were observed. This cyclic unit 

pr oved superior in flexibility and throughput characteristics to the same 

unit operated in a continuous manner. However, Schrodt observed that the 

operation was hydrodynamic ally unstable with the lower trays draining in 

t he LFP before those higher in the column. Analyses of cyclic distilla­

tion behavior which give an intimation of such instabilities are not 

available. 

Gerster and ScullS have described operating problems which are 

different from those encountered by Schrodt. Studying the absorption of 

ammonia into water from a carrier air stream, they observed excessive 

liquid accumulations on the lower trays. 

Mathematical Model of QYclic Distillation 

The dynamic ·model of the cyclic column used in this study to s imu­

late single-cycle detailed behavior, consists of three parts: 

1. Differential equations, based on the conservation laws, describe 

for each stage the rate of change of certain state variables. For 

the nth stage and the ith component, the following equations apply 

with the nomenclature listed at the end of this paper: 
dN 
___!! V V + L L 
dt n-1 n n+l n 

s 
n 

( 1) 

(2) 

(3) 
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2. Ibysical property relations comprise a set of algebraic equations 

which relate the intensive variables (temperature composition 

pressure, etc.) for each stage at a given instant to the stat e 

variables at that instant. For the nth stage, the following equa­

tions apply: 

Composition 

Specific enthalpy of liquid 

Temperature 

Vapor pressure 

Vapor phase composition 

Specific enthalpy of vapor 

ltblal density of liquid 

Molal density of vap()r 

ltblecular weight of. liquid 

ltblecular weight of vapor 

Head of liquid on trey 

xin == C. /N 
~n n 

h :: E /N 
n n n 

Pin Fi exp Ai/RenY 

Y in ( Pi / ,. n) x in 

H 
n 

p = Ln 

Pvn 

r Yin [cpVi (en-eref) +A;] 

[ E xijPi] -1 

,. /Re 
n n 

E 

MVn = E y in Mi 

' 4) 

(5) 

(h ) 

' 7) 

(8 

(9) 

(10) 

(ll ) 

(12 ) 

(13) 

(14 

Assumptions in the physical pr operty equations include ideal thermo­

dynamic behavior of the fluids and constant specific and latent heats. 

3. Tray performance equations relate vapor and liquid flow rates leaving 

each stage to the instantaneous liquid, head on and the pressure dif­

ference across each stage. 

Two trey performance models were considered: a simple heuristic 

model (Model A) h· .~. :. more detailed model based upon analysis of the 

hydrodynamics of the tray, (Model B). Each model will be described in 

the following section with some comments as to its relative merit. 

Tral Performance Esuations Em:Eloled in Simulation 

Trfi.! Model A :: 

Let p = ,.n+ 1 - 'IT - d PLn (15 
d n Ln 

Then the flow through the holes in a tray is given by: 
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V2 gc Pd/Pv V = Jv ~ ~ Pv when 
pd , 0 I 

V 0 when p < 0 
d-

( 16) 

and 

1 JL ~ ~ PL ..J 2 gc (B-Pd) / PL when pd 
< B I 

1 0 when pd > B 

(17 ) 

It i s known t hat the simultaneous flow of vapor and liquid through 

a t r ay can occur. The bias B is introduced to equation 17 to force this 

to be t he case i n t he model with no other physical justification. When 

B is equal t o zero, simultaneous vapor and liquid flow cannot occur. 

In Model A, the bias becomes the determining factor for liquid flow 

in the l iquid flow period. No physical intuition can be employed in selec­

tion of a value for the bias, and a more realistic model is desired. How­

ever, subsequent studies indicated that cyclic distillation can reasonably 

be s imulat ed employing equations as simple as those of Model A. 

Tray Model B 

A more detailed model was developed from ideas proposed by Prince 

and Chan3,l5. Four modes of behavior are possible for a particular 

perf orat i on in t he t ray: 

a ) Bubbling - passing only vapor in an upward direction. 

b ) Draining - passing only liquid in a downward direction. 

c ) Bridging - passing neither vapor nor liquid. 

) Simultaneously passing vapor and liquid. 

It i s assumed that only the first two modes are present and that 

any hole may intermittently switch from bubbling to draining or vice 

versa. 

Schematically, the plate is illustrated in Figure ~ wnere the 

proportion of total holes which are bubbling vapor is 8. Assume that 

all holes which are draining carry liquid head ~ and holes which pass 

v apor experience liqui~ head d 1• Orifice equations applied to each 

zone of the t ray surface give: 

V Jv ~ A.r 8 Pv ..J 2 gc ( ~'Tr dl pL)/p V (18 ) 

1 = JL ~ J\r (1-6) PL ~ 2 gc (d2 - 61r/ p ) 
L 

(19) 

Let these equations be contract ed to 

~ ~ lPL (20 ) 



= = (1- s) 

where y = v/ Jv ~ 1\r .,J 2 gc Pv 

and 1 = 1/ J L ~ 1\r V 2 g c Pr, 

Then it follows that 
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d2 - dl = (1/ PL) (1.2/ (1- 8)2 + y2/82) 

(21 ) 

(22 ) 

Employ the assumption that minimizes (d2-d
1

) as suggested by 

Prince and Chan3' 15 • Then it can be shown that: 

8 min 1o.667 + Yo.66_7 

The nominal head on the tray is 

dL = Bd1 + (1-8) d2 

(23 ) 

(24 

Another relation is needed to determine the rate of liquid weepage. In 

the absence of experimental correlation, it is postulated that the flui 

mechanics of a perforated plate can be described by a behavior law of 

the type: 

(25 ) 

Equation 25 assumes that a high flow of one phase corresponds to 

a low flow of the other. The last equation also introduces a measure 

of self regulation into the description of tray performance. 

It is assumed that the time required t<? establish vapor-liquid 

equilibrium is short compared· with the time required for the occurrence 

of significant changes in liquid composition and energy. So the pressure 

above a tray is the vapor pressure of the liquid on that tray at its cur­

rent tem.peratur~ and composition. Entrainment of liquid in the ascending 

vapor is assumed to be negligible and liquids are assumed to mix itJ.stan­

taneously. 

Method of Simulation 

1 
The method of applying Equations (1-25) in the digital simulation 

to advance the calculation one time-step from time t 1 to t 2 = t 1 + lit 

involves: 

(a) Based upon previously computed or initially assumed values of 

the holdup, temperature and composition profiles at time t 1 , 

use the physical property relations t o compute the pressure 

above each t r ay of the column. 

(b ) Solve the t ra performance equations for the vapor and liquid 

flo-vrs lea: -ing e ac stage in the column . These f lows are as sumed 

to be coYJ.s ant dur i ng the i n erval beti\-ee t a.11d 2. 



26 

(c) Ntuner.ica.l.ly integrate the differential equations describing 

the conservation la:ws to determine the temperature, holdup 

and composition at time t 2• This integration can be simply 

carried out using Euler' s method. 

After performance of the last step, the computation is set for the 

next pass and begins again with the firs_t step. The simulation program 

used in this work was ·written in Fortran IV; all canputations were ·per­

fo~ed. using an IBM System 361Jj4(). 
In order to achieve numerical stability in the integration of the 

dif'ferential equations:, it was necessary to use relatively small time­

. steps ( 0.05 seconds). 

Simulation Results 

· Tr~ Models A and B were used initially to study the following 

five control configurationS, employing the isolating facilities shown 

in Figure 1 as they are required: 

1. No isolation of either the condenser Or the reboiler from the 

column in the IFP. Steam is supplied to reboiler and cooling 

water to condenser only during the VFP. Figure 3 summarizes flow 

Profiles · CNer : a single cycle, which are typical of those from tr~ 

Models A and B wit~ reboiler and condenser dynamics neglected. 

2. Reboiler isolated in the I,FP. otherwise similar to Configuration 1. 

Figure 4 shows flow profiles fr~ Configuration 2. 

3. Condenser isolated in the LFP. otherwise similar to Configuration 

1. · Figure 5 shows flow profiles from ~nfiguration 3. 

4. Isolation of condenser anq reboiler in LFP. otherwise similar to 

Configuration 1. Results are plotted in Figure 6. 

5. Configuration 1 with instantaneous pressure equalization in the 

LFP. The ·manifold line on Figure 2 is assumed connected through 

, suitable vaives to the space ~etween each pair of trS\Y'S. 

Configurations 2 and 4 assumed that liquid falling fran the bottom 

traur is removed froo1 the coltmlll ·and there is no vapor pressure difference 

across this trey. Thez:efore, liquid flow through the bottom trS\Y' depended 

only on the liquid head effect. This assumption had no effect on the 

other treys in the coltmlll. 

Schrodt19 observed that the bottom plates tended to drain completely 

before the upper plates started to drain. The simulation of Configuration 

2, which is similar to Schrodt's experiment, does predict that dead time 

exists between commencement of liquid flow from adjacent treys. Thus, 

liquid flow from the lower trays commenced before flow from the higher 

t r ays during t he LFP. 
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Dead time before t he start of liquid flow from a particular t r ay 

was observed during the switch from VFP to LFP in Configuration 1. Higher 

tr~s in the column showed greater del~. Resumption of vapor flow was 

slight~ del~ed when the column was switched back from LFP to VFP. 

In Configuration 2, reboiler pressure during the LFP remained con­

stant and liquid now from above caused a cooling of liquid on the bot tom 

tr~. Consequent~, . the beginning of the vapor flow period showed a 

sharp spike in the vapor flow to the first tr~, which reduced the pre­

vious~ mentioned del~ in vapor flow resumption. 

Configuration 3 showed a pressure buildup at the top of the column, 

which tended to f8¥or liquid flow. Liquid flow at the bottom followed a 

beh8N'ior pattern similar to that in Configl.l!ation 1, ·anJi progressed up to 

the middle of the column. As a result, in Configuration 3 liquid flow 

occurs last in the middle of the column. 

The simulation of Configuration 4 produced ~ combination of the 

ef'tects noted by the simulations of Configurations 2 and 3. At the start 

of the LFP, liquid flow activity began at both ends of the column and pro­

gressed to the middle af'ter a slight delay. At the start of the VFP, a 

pressure difference existed at both ends of the column, which accelerated 

resumption of vapor flow. 

Condenser isolation·, as shown in Configurations 3 and 4, helps 

eliminate ear~ drainage of the bottom tr~s. The two configurations are 

near~ alike, but if heat exc~anger dynamic ·effects were included, Con­

figuration 4 would h8¥e proved best. 

Configuration 5, as used by· Robins on 17, indicated that removal of 

the vapor pressure gradient allows liquid to flow under its own influence 

and stabilizes operation. All pressure manifold valves were open through­

out the LFP. The manifold valves were closed in the VFP to permit normal 

operation. In this simulation, no account was taken of pressure equali­

zation dynamics within the manifold, which would have a delayir!~ t?f'fect 

on pressure profile destruction. However, the result was indicat ive of 

the beneficial effect of such a manifold, if it can be satisfactori~ 

operated. 

The long-term operation which shows the progress of composition 

disturbances over many cycles and which simulates t he in-trey mixing 

phenomena, was not considered in this work. 

Conclusions Regarding eyclic Distillation 

Experimentation with t he simulation showed t hat it was apparently 

not poss ible to establ ish a constant liquid flow from each t r ay >rithou 
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the deliberate destruc~ion of the vapor pressure profi1e, as in Configur~ 

ation 5. It appeared that cyclic distillation natur~ maintained an 

approximately constant vapor pressure profile throughout the LFP when no 

manifo1d.ing facilities were emp1oyed. This 1ead to an unbal.anced opera­

tion. 

Furthermore, it appeared that trS\Y' free area adjustment coul.d. do 

little to stabilize al.l the liquid f1ows at a constant val.ue throughout 

t he column. Thus, it has been tentatively conc1uded that a physical. 

method of maintaining trS\Y' 1eve1 is required in p1ace of the natural. 

regulation hitherto presumed to exist. 

Over short, one-cyc1e time intervals, Mode1s A and B can be empl.oyed 

to simul.ate cyclic co1umn behavior. The presented mod.e1s are convenient 

too1s which may be used for study purposes ·in paral.lel with the deve1op­

m.ent of cyclic process techno1ogy. It is c1ea.rly estab1ished that close 

attention to both contro1 and process design considerations is needed to 

insure that a cyclic distillatioi?- unit operates in a stab1e manner. 

Conclud.izl8 Remarks 

Liquid-liquid extraction is another process which pranises to benefit 

from the introduction of controlled cycling. Be1ter and Speaker1 described 

the advantage of introducing controlled cyc11ng to the mul.tiple stage 

extraction co1umn. Stevens and Brutvan21 have studied the controlled 

cycling of centrifugal liquid-liquid extraction equipment and demonstrated 

significant capacity and efficiency improvements. 

other studies have been published about periodic chemical. reactor 

operation5, dynamic batch processing6, chromatographic reactors9, pul.sed 
ll ~ ~ distillation , crystal purification and size separation • 

It becomes apparent in reviewing this fie1d that the most suitab1e 

cyclic processing equipnent mey ·be quite different fran that used genera1ly 

for steady state processing. For instance, the contact condenser, where 

a spray of coo1 product into the overhead vapor stream causes condensation, 

is well suited for cyclic distillation. Such a condenser is readily 

switched "on" and "off': and the condenser co1d zone is greatly reduced in 

extent. Also, 1arge scal.e fluid.ic devices mey find extensive application 

in replacing the on-off valves genera1ly used at the present time. There 

are numerous novel and practical. approaches to controlled cycling pro­

cessing available for consideration. 

3efore the introduction of controlled cycling, a control objective 

,.,..as t o eliminate dynamic phenomena. The concept of controlled cycling 

proposes t o se yn~c phenomena advantageously. The idea is well 
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supported practica.lly and theoretica.ll.y and presents a rewarding and 

challenging area for joint process technology and process control de­

velopnent. 

Nomenclature 

A.r 
B 

cpL 

cpv 

c 

dr, 
E 

F 

gc 

h, H 

JvJL 

K 

1 

1 
L 

M 

1\,Mv 

N 

pd 

p 

R 

V 

y 

V 

x,y 

8 

4> 

'IT 

6TT 

). 

area of trey-

"bias" differential pressure, psi 

specific heat of liquid phase (molal basis) 

specific heat of vapor phase (molal basis ) 

total molal quantity of component on trey- n 

liquid depth on trey-

/ 
total internal energy of liquid phase 

constant in vEq>Or pressure equation 

gravitational constant 

specific ~nthalpy of liquid and vapor phases 

dimensionless flow factors for vapor and liquid 

fJ...oW rates 

constant 

·mass liquid fl.ow rate 

norma.lized liquid flm; rate (Trey- Flow Model B) 

mo1·al liquid flow rate 

molecular weight of pure components 

mole.cula.r weights of liquid and vapor phase 

~e respectively 

total molal holdup of material on trey­

pressure difference across holes in trey-

(see Equation 15) 

vapor pressure of · pure components 

gas constant 

mass vapor flow rate 

normalized vapor flow rate (Trey- Flow Model B) 

molal vapor flow rate 

liquid and vapor mole fraction respectively 

fractional part of free trey- area passing vapor 

fractional free area on tray 

total pressure 

vapor pressure difference causing vapor flow 

heat of vaporization 
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mol.al. density of liquid and vapor mixture 

respectively 

8 

Suffixes 

pure component mol.al. density 

temperature 

i 

n 

L 

V 

ref 

min 

pure component i 

trey number in col.umn 

liquid 

vapor 

reference condition 

minimum val.ue 

Tray llmbering convention 

Suf'fix n+l. trey above trey n in col.umn 

Suffix n-1 trey below trey n in col.umn 
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FE£0 

Fig. r e - General equipment configuration for cyclic distillation. 
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CONSTRAINT CONTROL ON DISTILLATION 
COLUMNS 

I. INTRODUCTION 

by 

A. Maarleveld and J. E. Rijnsdorp 

Koninklijke/Shell-La.boratorium, Amsterdam · 

(Shell Research N. V. ) 

The modem trend in automatic control is to in~rease profit in the most 

direct way possible, whether it be by increas~g the production rate, reducing the 

specific costs or any other means of "optimization". Over the last few decades a 

number of techniques aimed at achieving this optimization have been developed. 

They range from simple off-line manual calculations tO complicated on-line com­

puter calculations. So far, however, most of the applications in industry have beep 

of the static type; and it is only recently that the results of studies on dynamic 

optimization seem to have come within the reach of the process control · engineer. 

The beau id6al of a control engineer considering optimizing control is 

a process with only a small number of degrees of freedom (preferably one) that 

will have any significant effect on the total profit. When there is only one such 

degree of freedom the relation between it and profit P is often depicted as in 

Figure 1 (a). The "top of the hill'i should neither move so slowly that automatic 

hill-climbing is meaningless, nor so fast that the top is never reached. 

The probability of encountering such an ideal process is small. We 

ourselves have found that in the first place the frequency of the disturbanres and 

the dynamics of the process are often so badly ~tched that on-line hill-climbing 

is too slow. Furthermore, it is not uncommon to find that the optimum cannot be 

reached without some plant constraint being violated (see Figure 1(b)). For instance, 

when heavy fuel oil is combusted with the optimum (stoichiometric) amount of air, 

usually too much smoke is formed, with the consequence that the critical constraint 

here is the smoke density in the flue gas. Finally, there are quite a number of 

instances where the optima are so flat that it does not matter very much whether 

the operating point is at some distance from the peak or even on one of the neigh­

bouring constraints (see Figure 1 (c)). 
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A -similar reasoning also applies to cases with more than one degree . 

of freedom. If the relationships P = P(V1, ... V ) and C. = C.(V1 , •.. V ) are not n 1 1 n 
too non-linear, the point of most economic operation will usually be found at the 

intersection of as many constraints as there are degrees of freedom (see Figure 2 

for n = 2). 

If the constraints for the most economic operation are always the same, 

automatic control is very simple: one uses as many control loops as there are 

constraints, each control loop being associated with a particular constraint. If 

there is severe interaction some form of non-interacting control can be applied. · 

It may incidentally be noted that for not too large disturbances such a control 

scheme is optimal in the dynamic sense also1. More interesting are cases where 

the point of most economic operation lies on different constraints for different 

operating conditions (different throughput, feed composi~ion, etc.). Then control 

has to be switched automatically from one set of constraints to another. It is thi~;; 

type of automatic control which we mean in talking of "cons,traint control", and 

which we shall seek to illustrate in this paper, taking a simple distillation process 

as our example. 

II. DEGREES OF FREEDOM IN A SIMPLE DISTILLATION PROCESS 

The distillation process considered here is the one shown in Figure 3. 

Feed flow rate and composition will be considered to be independent variables. 

There are seven control valves in all. Five of these are not available for optimi­

zation purposes: 

Hw, the amount of feed bypassed around the first feed preheater. Since, in the 

example chos.en, waste heat is recovered, closing the bypass is the optimum 

solution, and the control valve can be omitted. 

D, usually, as in the example, used for accumulator level control, 

B, usually used for bottom level control, 

Rand HB, used for top and bottom quality control. One is a:ways used for keeping 

the most valuable product at its quality constraint; the other can be used in the 

same way for the otJi€,r product, or, which is more often the case, is used to 

set an optimum reflux or reboil ratio. (This ia an example of the flat optimum 

shown in Figure 1 (c). ) 

The remaining degrees of freedom for optimization are: 

HF , valve in the heating medium line to the second feed preheater 1 

C, valve in the cooling water line to the condenser. It could equally well be any 

other valve influencing condenser cooling. This valve can be used for pressure 
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control, in which case the column pressure P (set JX>int of the pressure con­

troller) is the actual degree of freedom. 

What now are the effects of HF and P on the economy of operation? 

Regarding HF, or better the distribution of heat over feed preheater and reboiler, 

it could be saidthat heat introduced via the reboiler is used more efficiently in that 

it increases the vaJX>ur flow, and so improves the separation, on all the trays, 

whereas heat transferred via the feed preheater increases the vaJX>ur flow in the 

rectifying section only. However, one must consider the total cost of heating, and 

not simply the heat requirement expressed in thermal units. It could well be that 

the specific cost of feed preheating is lower than that of reboiling, and it will 

depend on the ratio of these specific costs as well as on th~ location of the feed 

inlet (the lower the feed inlet, the more efficient the feed preheating) whether it is 

in fact more profitable to make as much or as little use of feed prebeating :1s 

JX>SSible. 

As for the column pressure P it is generally true to say that separation 

is easier (requires less vapour flow) at lower pressures because the relative vola­

tilities of the comJX>nents are higher•. On the other hand, decreasing the presslJre 

generally increases the heat of vaporization, which means that more beat is neede_d 

to generate the same vapour flow rate. For columns operating at low reflux ratios, 

this second effect can be more significant than the fL.·st, because the (fixed) top 

product flow rate constitutes the major part of the vapour flow rate. However, in the 

case of columns operating at not too low reflux rates it has been found that the first 

effect is the more significant, thus making it profitable to aim for the lowest pos­

sible column pressure. 

One way in which operation at a lower pressure than the design pressure 

can be accomplished arises out of the fact that in the design of a distillation c:olumn 

less favourable conditions are assumed than in fact prevail on average during 

actual operation. The condenser, in particular, · is made so large that the design 

throughput will still be guaranteed if the cooling water gets heated and when there is 

dirt and scale inside the tubes, even though for most of the time, in actual opera­

tion, conditions will be less severe and the condenser will have a surplus capacity. 

It is by utilizing this surplus capacity that the column can be operated at a lower 

pressure. A similar situation can exist with respect to the other degrees of freedom. 

* This might not be true where chemically unrelated components have to be sepa­

rated, but the same concept of constraint control can still be applied, albeit in the 

opposite direction (increasing pressure ). 
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Ill. COST AND CONSTRAINT DIAGRAM 

The effect of the two degrees of freedom on the economy of opera~on 

can be determined quantitatively and plotted in a diagram as shown in Figure 4. In 

drawing up this diagram the following assumptions have been made: 

(a) Both products have to be kept just at the specification limits. For a given feed , 

this virtually fixes the amounts of top and bottom product. 

(b ) Cooling and pumping costs are negligible. Hence, economy. of operation is com­

pletely determined by the total heating costs in feed preheater and reboiler 

together. 

(c ) T~e specific costs1 of feed preheating (in the second preheater) and reboiler 

heating are known, or at least their ratio. They are not significantly affected by 

changes in the operation of the column. 

(d ) The pumping capacity is always ample. 

It should be noted that these particular assumptions are not essential to the method 

of approach described here. 

The dotted lines in Figure 4 are lines for equal total heating cost 

(exp.ressed in arbitrary units). Feed vaporization is expressed as the increase in 

column vapour flow passing through the feed tray per unit of feed. It appears that, 

in the example given, the specific cost of feed preheating is not very low and the 

feed inlet is not close to the bottom, otherwise the slope of the cost lines would be 

infinite or even positive. 

It follows from the figure that the optimum operating point is some­

where in the lower left-hand corner of the diagram: as little (expensive) feed 

preheating as possible and column pressure as low as possible. However , there is 

generally only a limited area of the diagram within which operation is feasible. 

The limits are fo:nned by the maximum capacity of the reboiler and of the con­

denser , the maximum and minimum capacity of the second feed preheater , and the 

maximum lo_ading of the trays in the stripping and rectifying sections of the column. 

These fonn constraints, which can be depicted in the same diagram as the cost 

lines (see Figures 5 and 6). These ·constraints are derived as follows: 

HB max: The heat flow in the re boiler is dependent on the temperature difference 

between column bottom and heating medium. The column temperatures increase 

with column pressure, with the consequence that the heating medium va lve ha s to 

be opened further to int roduce the same amount of heat. But there will com e a 

point , at a certain column pressure , when the heating medium valve cannot be 

opened any fu rther, i.e . the constraint will have been reached . The cons traint 

line has a positive s lope, because more feed preheat involves less reboiler heat 
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and thus a higher column pressure can be tolerated. If the feed flow increases . 

then the column vapour flow has to be increased accordingly. But this will be 

possible only if the temperature difference in the reboiler is increased, and hence 

the column pressure is decreased. This thus means that on an increase in through­

put the constraint line will shift to the left. 

Cmax= The beat flow in the condenser is dependent on the temperature difference 

between column top and cooling water. In this case, therefore, the constraint is 

reached when the top temperature, and hence the column 'pressure , is low. If ·the 

feed prebeating is increased, however, the column vapour flow will increase due 

to less economical use of the total heat (see Figure 4), and the condenser con­

straint will be reached at a somewhat higher column pressure. 6n an increase in 

throughput the constraint line will shift to the right. The location of the line is , 

of course, also dependent on the cooling water temperature. In winter the minimum 

column pressure is lower than it is under summer conditions. 

B_F min and HF max: There are two constraint lines related to the second feed 

prebeater. Firstly, if the beating medium valve to the preheater is closed, then 

the feed temperature (and feed vaporization) will depend on the usage of (cheap) 

waste beat. Let us now assume that under these conditions the feed enters the 

column below bubble point, so that feed vaporization is negative. Clearly, the 

higher the column pressure, the more the feed will be subcooled. Consequently, 

the HF min -line will have a nega~ive slope. Secondly, when the beating medium 

valve is fully open, the feed may be assumed to be above bubble point. If now the 

column pressure and hence the column temperatures increase, the difference 

between feed and column temperature will become smaller, so that feed vaporiza­

tion will tend to zero. 

Rmax and Smax= When the column pressure is changed, there are two effects on 

the loading of the trays ' working in oppo'site directions: 

(a) If the pressure is decreased, the relative volatility will be increased, and 

· hence the internal column flows can be decreased, as shown in Fl gure 7. This 

has an unloading effect on the trays. Consequently, upon an increase in pres­

sure the internal liquid and vapour flow rates in the column have to be 

increased to keep the products on specification. In the neighbourllood of the 

convergence pressure of the mixture this increase in the columh flows, and 

hence in the t ray load , will be very marked. 
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(b) With a decrease in pressure the vapour density pv decreases. To maintain the 

same (mass or molal) vapour flow therefore the velocity Uv has to be increased 

in the same ratio , which means that, being mainly determined by the kinetic 
2 energy of the vapour, Pv· Uv, the tray load is increased. 

This means that tray constraints are found both when the pressure is 

increased and when it is reduced. Furthermore, if the feed preheating is increased 

the vapour flow in the rectifying section will be larger, and hence the range of 

column pressures allowing feasible operation will be smaller. When the rate of 

feed vaporization is increased still more the trays. in the rectifying section will be 

overloaded irrespective of the pressure. A similar reasoning holds for the trays 

in the stripping section and for a subcooled feed. The tray constraint lines are 

given in Figure 6. If the column throughput increases, the feasible area shrinks. 

For a column operating at point A, the maximum throughput increases with 

increasing pressure; for point Bit increases with decreasing pressure. 

IV. CONSTRAINT CONTROL SCHEME 

The cost lines of Figure 4 and the constraint lines of Figures 5 and 6 

can be combined in one diagram. The result, for different column throughputs, is 

given in Figure 8. 

The point of optimum operation is denoted by Q. With a low through­

put the trays are not loaded to capacity, and Q lies on the intersection of Cmax 

and HF min (Fig. S(a)). This means the valve in the cooling water line to the 

condenser is completely open and the valve in the(relatively expensive) heating 

medium to the feed preheater is closed. 

If the throughput increases, all the constraint lines will shift towards 

the ce - ~re of the diagram, but the tray constraints will move faster than the 

others. At throughput F2 (Fig. S(b)) the optimum operating point is found when the 

top cooling is still maximum but the feed preheater valve has had to be partly 

opened to unload the stripping section trays. If the throughput increases even 

further , the condenser v~lve will have to be partly closed and operation will be at 

its optimum point when all trays are just loaded to capacity (Fig. S(c)) . 

In the control scheme shown in Figure 9 the switching from one set of 

cons traints to another is performed automatically. The loading of the trays is 

ascertained by measuring the pressure difference over the two sections. Since the 

tray load contr ol is critical , the differential pressure controllers must m anipulate 

a control valve which has a r apid and str ong effect on the vapour flow. Their out-
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puts pass to the high-pressure selectors H1 and H2, which allow the higher of the 

two signals to pass on. When the actual pressure difference is smaller than the 

maximum difference tolerated, the dPC outputs are both minimum, in which case 

3 psig. is passed to the cooling water valve, just sufficient to keep it wide open. 

Further, the balancing controller BC is forced to keep the valve HF closed. This 

is the situation illustrated in Figure S(a). • 

U the column throughput increases, dP8 will increase and the output of 

dP8C will start to rise as soon as dP8 is reached. The cooling water valve max 
will then be partly closed, and since the two inputs to BC will not now be equal , the 

HF valve will be partly opened. This has the effect of un(oading the stripping sec­

tion trays, until a new equilibrium is reached. Then the tw~ siFls to BC will be 

equal to 3 psig. , so that the output of H2 will be minimum again and the cooling 

water valve will be fully open. This is the situation illustrated in Figure 8(b). 

It is also important to note in this connexion that initially the tray load is controlled 

by valve C, which ensures fast and powerful action, but that this function is later 

taken over by HF, which has a slower and weaker effect on tray load. 

If the throughput increases further, the trays in the rectifying section 

also might become overloaded. Then the outp~t signal of dPRC will increase. The 

ultimate result will be that BC will eventually adjust valve HF in such a way that 

the outputs of the two dPC's are equal again (both sections just loaded to capacity) 

and that valve C will he partly closed. This corresponds to the situation shown in 

Figure S(c). 

Summarizing, we see that always the relevant set of -constraints is 

selected, and that the transition from one set to another is smooth and safe (initial 

action with a fast valve, final adjustment with a slow valve). · 

The scheme can easily be extended if the process · involves more con­

straints than are mentioned here , such as a minimum and/or. maximum column 

prec ure, or maximum reflux pump capaCity4.It can also be simplified if, within 

the range of throughputs considered, certain constraints are never reached. 

V. EXPERIMENTAL RESULTS 

Figure 10 gives the results for an actual refinery column: a deisopen­

tanizer at the Shell Nederland Refinery Pernis. The numbers by the (dotted) cost 

lines represent the cost per U?it time expressed i arbitrary units. Two con­

straint lines are given for the condenser , one for average \\rinter conditions and 

.one for average summer conditions . For throughputs below 2000 tons / day the tray 
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constraints do not play any role. Here, in fact, the "constraint control scheme". is 

simply a matter of keeping the cooling water valve fully open and the feed pre­

heater valve closed. With throughputs above 2000 t/d, however, the trays in the · 

stripping section might become overloaded. Then a control scheme ·like the one 

shown in Figure 9 is applicable. If there is no danger of the trays in the rectifying 

section becoming overloaded dPRC and H2 can be omitted. 

The omission of any form of pressure control was not found to have a 

detrimental effect on the operation of the column. However, good automatic 

quality control2 ' 3 proved to be essential in order to reap the full benefits of con­

straint control . 

VI. CONCLUSION 

For many processes optimal operation means operation on or close to 

a number of constraints. If the relationships are not too non-linear the optimum 

operating point is at the intersection of as many constraint~ as there are degrees 

of freedom left for optimization. This simplifies the optimization procedure con­

siderably, with the result that in place of a hill-climbing technique, a number of 

conventional feedback controllers can be used. However, when the constraints are 

liable to shift significantly during operation, a slightly more elaborate control 

scheme is required. 
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OPTIMUM BANG-BANG OPERATION OF TWO 
COMPONENTS DISTILLATION COLUMNS 

F. De Lorenzo, G. Guardabassi, A. Locatelli, V. Nicolo, 
S. Rinaldi ( 0 ) 

I . Introduction 

In some two components distillation columns the p~ 
pose is t get a top product having a concentration of the m£ 
re volatile component that meets the customer:•.s requirement. 
Such a requirement is usually expressed as a value, that will 
be indicated with c,of the concentration which the col~ must 
perform. Genera~ly speaking, the required concentration ~ is 
obtained by operating the column with a suitable constant r~ 
flux flow rate R. 

However a circumstance concernin - the transient b~ 
havior has to be noted: the top-product co~~entration beha­
vior for a step change of the reflux R from level R' to le­
vel R" depends only on the pair (R' , R"), provided that the 
column is operated between fw~ ~teady state conditions. Mor~ . 
over, it has been observed ' ' that, for suitable operating 
conditions, the transient is faster when going toward higher 
levels than when going toward lower levels of reflux. 

A question aris~s: is it possible to perform a di­
stillate with concentration equal to ~ using a mean reflux 
Rm lower than R by taking advantage of this circumstance ? 
A positive answer would mean that for the same amount of 
heat to the reboiler a higher mean value of distillate flow 
rate is produced. 

The idea is to alternate periodically ( 1 ) the re­
flux in a bang-bang manner between the levels R1 and R2 
with R2 >R>R1. If 't1 ~d 't"2 . are the intervals of time 
during which R1 and R2 must .. be respectively held·, the opti 
mization problem consists of determining the minimum of Rm 
with respect to th~ four vari~bles R1, R2, . r; 1 and 7:2. 

As a consequence of the bang-bang operation, the 
distillate concentration will oscillate with the period 

0 ) De Lorenzo, Guardabassi, Locatelli and Rinaldi are with 
I stituto di Elettronica, Politecnico, Milano, Italy. 
Ni colo i s with C.S.M., Roma, Italy. 

1) This idea can be seen as i mbedded in the more general 
phili sophy of optimal periodi cal operation introduced 
by Horn and i n 
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~, + ~ 2 , so that to smooth fluctuations a tank of greater 
capacity when stronger filtering action is desired will be 
needed (Fig. 1). In order to keep the pLant within reasona­
ble dimensions, some devices can be used: for instance an 
auxiliary tank able to hold the product of a complete peri od 
~,+ ~ 2 can be set up. At the end of each Eeriod, the con­
centrat~on eT in the auxiliary tank equals c. Then, the au­
xiliary tank must be emptied into a storage tank where only 
product of concentration c is allowed. Such an expedient wi 
thout claiming to be effective from a technical point view, 
nevertheless tJhs out to be extremely suitable for an: eas~ 
description of the theory developped in the following. 

This paper has been arranged in sections as foll£ 
ws. Section II is devoted to the mathematical statement of 
the optimization problem, that is to the careful pointing 
out of the performance index which must be extremized, of 
the four indipendent var~ables with respect to which tne 
optimization must be carried on and of a~l constraints which 
must be taken into account looking for the solution. The O£ 
timization procedure has been splitted into two main phases. 
Section III is concerned with the· optimization with respect 
to ~, and ~2 , while Sect. IV deals with the optimization 
with respect to R1 and R2• A particul case has been treated 
in Sect. V. Some conclud~ng remarks can be found in Sect.VI. 

II. Problem Statement 

The f2ed flow f (Fig. 1), the feed concentration 
and the condensate flow V are assumed to be constant. The 
last assumption consists with constant heat to the reboiler. 
Moreover all other parameters affecting .the column behavior 
are supposed constant. The on~y variing input of the system 
is the reflux flow rate: its waveform is prescribed to be 
rectangular (Fig. 2a). Since for distillate D the equation: 

D = V - R 
holds, the waveform of D is rectangular too. Variations of 
distillate composition result from reflux variations; fur­
thermore it is assumed that each transient is exhausted b~ 
fore next change in reflux occurs. Such a condition ensures 
the transient to depend only upon the pair (R',R"). The wa­
veform of the distillate concentration is drown in Fig.2b 
and it is assumed to be of exponential ·form at each inter­
val.. Such an assumption, however, is not far from 
physical reality and does not bring a loss of genera-
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li t y of results (2 ). 
· In Fig. 2b, c and c2 are the steady state conce!! 

t r a t i ons corresponding io R1 and R2 which can be determined 
from the steady state characteristic: 

c = c (R) • 
that 

Besides, owing to the fact/the transient depends 
only on the pair (R', R"), i. e. on the pair (R', AR), 
~ -R = R" - R' , the time constant T is still . function of R' 
and .6 R: 

T = T (R' , 6. R). 

( 1 ) 

(2) 

Therefore, the two time constant.s T1 and T2 indiC!! 
ted in Fig. 2b are given by: 

T1= T (R1' R2 - R1) 

T2= T (R2, R1 - R2). 
(3) 

For the above assumptions about the nature of the 
transients of the distillate concentration, the time inter­
vals 1: 1 and 1:' 2 have to be chosen sufficiently large. The­
refore the constraints: 

t: 1 ~ k T1 

't2 ~ k T2 

must be fulfilled. 

(4) 

In eqs. (4) k is a suitable constant which has to 
be bi g enough in order that the transient could be practi­
ca~ly considered exhausted. On the other hand a great value 

f k i~plies certainly a large period ~, + ~ 2 of opera­
ti on: therefore the dimensions of the auxiliary tank in­
crease. As a conclusion, small values of k consistent with 
the above assumptions are to be preferred. In practice,va­
lues of k ranging between 4 and 5 seem to be appropriate. 

(2) 
I f such an assumption is not met,an equivalent expone~ 
tial transient between the same levels will be consid~ 
red : the equivalence is here taken in the sense that 
the areas subtended by both the real and equivalent 
t r ans i ent are equal. 
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The value cTof the concentration of the dist illate 
in the auxiliary tank at the end of a period ~1 + ~2 must 
equal the desired value c: 

J 
'to 1 J't1 + 't 2 

(V-R2 ) c(t)dt + ~1 (V-R1 ) c(t) dt 

Eq. (5) implies .that 

R1 ~ Fi 

R2 ~ Fi ; 

Since 

it 

V - F ~ R.;; V 

follows from eq. (6) 

V - F < R1 ~ R 

R ~ R2 ~v . 

-= c ( 5) 

( 6) 

These inequalities determine in the plane (R1,R2 ) 
a closed region SLM. Nevertheless other circumstances might 
impose different types of constraints, so that the regionll 
where it is possible to choose the values R1 and R2 turns 
out to be generally smaller th~_ the·region .~· 

The minimum of the mean value R of the reflux is 
searched: this means that the ratio of di~tillate flow rate 
to heat flow to the reboiler is maximum. · 

The mean value R of the reflux is given by: 
m 

R 
m 

R2 t: 1 + R1 't" 2 
(7) 

Therefore, the following minimization problem will 
be investigated: 

{ Rm} 
R2 "t 1 + R1 1:' 2 

} RO m in m in { 
m R1 ,R2 R1 ,R2 't, + "t'2 

(8) 

T
1
;t

2 "t',,'t'2 
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where R1 and R
2 

belong to .1l. , l:" 
1 

and 1:" satisfy eq~· ( 4) · 
and (5) ±s taken into account . C3~ This op~imization problem 
can be conveniently solved in two steps, as it is shown in 
Fig. 3 where the specific symbolism of Structural Programming 
has been adopted. Then the minimization procedure will follow 
the sequence of sections s1 and s2 drawn in Fig. 3 where the 
condition eT= c is entai~ed by the fact that both s

1 
and s2 cut the arrow representing c . 

· According to Fig. 3,the first · step of problem sol~ 
tion consists of finding the minimum of R with respect to 
't 

1 
and "t 2 , regarding R1 , R2 and eT as ~rescribed, i.e.: 

5R2'r1+R1t:2 
Rm"t = min { Rm} = min l } ( 9 ) 

't'1 ~ k T 1 "t1 ~ k T 1 -r: 1 + "t' 2 
-c2 ) k T 2 t" 2 ) k T 2 

The values of 't 1 and r 2 which are the solutions 
of eq.(9) will result, of course, to be functions of R1 and 

" 
( 10) 

R2: " 
't 1 1:1 (R1' R2) 

-c2 't2 

Next step (section s2 of Fig. 3) is the minimiza­
tion of Rm with respect to R1 and R2: 

. A ~ 

Ro · {R } . { Rt't:i + R1t:2. = m1n = m1n ~ ~ 
m ( ) n. m1: · ( ""' t: + -c R

1 
,R

2 
E R

1 
,R

2 
~.n t 2. 

v~kes 
Therefore, thEPR1 and R2 which solve eq.(11) and 

( 3 ) It is to be noted that even a small decrease of reflux 
mean value might correspond to a high increase of the 
ratio of distillate m~ flow rate D to the distillate 

- m flow rate D of the constant reflux operation. In fact 
it turns out that Dm!D ~ 1+(1-R_/R)R/D) hence for col~ 
mn~with high values of _the reffux ratio it is possi­
ble to get, by means of the bang-bang operation, consi 
derable increases of distillate mean flow rate at the 
desired concentration c, even if the value of R is not 
very different from R. m 
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the corresponding values ~1 and r2 derived from eqs.(10 ) 
are the solution of the op~imization problem described by 
eq. ( 8). 

III. Optimization vs. Time Intervals 

The first step of the optimization problem is pre 
sented in this section. Therefore, eqs.(10 ) must be found,­
regarding the v.alues of R

1
, R

2 
~~d eT as prescribed. 

. According with the above assumptions about the wa 
veform.of ~(t) and the values of~, and ~2 , -the ~ ollowing­
approx~mat~on can be done: 

fo (v-R2l c(t)dt ~J:v-R2 ) [o2-(c2-c1)e-t/T
1
}dt . 

The same approximation is valid also for the same 
integral appearing in eq.(5) which therefore becomes: 

·where 

(V-R
2

)[o2 "t 1-(c
2
-c1 )T1] +(V-R1 ) [c 1 1:- 2 (c 1 -c2 ) T~ _ 

c (, 2) 

(V-R~) 't' 
2 

+ (V -R2 ) r 1 

From ~q.(12) it follows: 

p = 

'(2 = o( l:' 1 + fo 

(V-R
2

) (c
2 

~ c) 

cv-R1 > <c - c 1 > 

(T2(v- R1)- T1(v-R2 )] ( c2-c 1) 

(v-R,) Cc- c1) 

Substituting eq.(13) into 2q. (7 ) one obtains: 

(13) 

(14) 

(15) 

Then the minimizat ion can be carried out with re­
spect to 't' only, provided t ' .at 't: ~ and 1: 2 satisfy the 
constraints 1given by eqs. (4) ~hich , in ~·ght of eq.(13),bec£ 
me: 
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(16) 

Moreover, since at this stage R1 and R2 must be r~ 
arded as prescribed, the value of ~1 minimizing the follo­

wi ng expression: 

f( t: 1 ) (17) 

yields also the minimum for eq.(15). Hence,from what stated 
above, the optimization problem becomes: 

m in 
1:"1 

' 1here "'t 1 i s constrained by eqs. ( 16). 
Since f( t 1),as given by eq.(17),is 

ncrea sing function of t" 
1

, it turns out that 
l ue of 't 

1 
is: 

· nd , consequently, 

.C 2 = max { k 0< T 1 + (3 , k T 2 } 

a monotonic 
the optimal va 

( 1 8•) 

{18") 

In order to obtain eqs.(10) it is necessary to su£ 
ti t ute i n eq~. (18') and (18") the expression of T1, T2 , IX 

and fo as functions of the reflux levels R1 and R2 . 
In conclusion, once R1 and R2 have been fixed, eqs. 

( 13 ' ) and ( 18"), with eqs. ( 14) and (. 3) taken- into account, 
de ter mine the values of ~ 1 and ~ 2 corresponding to the o~ 
t imal bang-bang operation of the column giving the prescri­
bed vaJ ue c of the concentration eT. 

The resuJ.ts given by eqs. (18') and ( 18" ) can also 
be pr es ented in a different way. With this ·~~he operation . a1m ado t l ng 

( 19) 
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is now considered. Moreover let eT be the concentration in 
the auxiliary tank at the end of a period, resulting from 
the operation defined by eqs. (19 • Depending upon the va­
lues R1 and R2 ,one of the. following situations might occur: 

a) eT< c : then1 in order to satisfy eq.(5),the first time 
interval 't 1 must be increased; The optimal choice is 

~ k _ T2-~ 
1 = 0( 

(20 ) 

b) eT> c then 't: 2 must be increased, i.e.: . 

't1 = 

(21) 

c) eT = c : in this particular case eq.(5) results already 
satisfied. Hence the equality: 

k T2 = k o( T1 + ~ 

holds. 

(22) 

f 
The locus r of points sati~ing eq.(22) constit~ 

tes the boundary between the regions A and B where situati­
ons a) and b) respectively occur (Fig. 4). In the following 
the subsets of .n belonging to A and B will be called .D.. A 
and _n_ B i.e.: 

..O..J. = _n. (\ A 

~:.1l.AB 

It can be easily seen that the point (R,R),repre­
aentative of a steady operation, belongs to r . 

From a physical point of view the optimal solu­
tion admits some comments. 

It is interesting to point··· out that at least one 
of the two time intervals 't 1, 'l:

2 
must be the shortest 
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poss ible wi th regard to the constraints expressed by eqs. ( 4 ) . 
Taking i nto account the linear relation between 't. 1 

a.l'ld "t 
2 

given by eq . ( 13), it follows that, among all po~si­
ble bang-bang operat i ons between two l evels of reflux wh1ch 
g i ve t he requi red concentration, the opt~mal one has the mini 
:num peri od -t 1+ 1: 2 . 

The circumstance that at least one of the two time 
int erval s "t and t: 2 has to be minimal, implies that Rm is 
a monotonic i Acreasing function of k. Hence, also for such a 
reason, smaller values of k are to be preferred, provided that 
the a ssumpt i on previously stated be satisfied. 

Il . Optimization vs. Reflux Levels 

The results of the - preceding section are completely 
general . Infact,no assumptions have been done about the natu­
r e of the functions given by eqs. (1) and (2). For further 
i nvestigations such assumptions can not be omitted. Substitu 
ting eq_s. (18') and (18tt) into eq.(7) with eqs.(14), (1) and 
(J) taken into account, the optimality criteriQn R turns out 
to be a function of R and R2 only. Because of themcomplexity 
of f unctions (1) and ~2) the optimization problem stated by 
eq . ( 11) can not be solved in an- analytical way. 

On the other hand, it is alwys possible to solve it 
numerically through ' a suitable seeking method. The here pre­
sented procedure comes out to be really effective if eqs.(1) 
and ( 2) are known. Usually,the greatest difficulties are met 
in getting the function T (R', 6 R) so that sometimes it is 
better t o approach the whole problem from a different point 
of vi ew. For instance,a direct simulation of column behavior 
can be employed: then the unknown values of the four varia­
bles R1 , R2 , _ -r 1 and t: 2 can be reached by means of an appr.2_ 
priate seeKing method. -

If this is the case, in order to reduce the compu­
t at i onal complexity, it is obviously suitable to use dynami­
cal models of the distillation column with a low number of 
state variables. 

Since only some what particular operating condi­
tion~ (step change~ of the reflux) must be simulated, even 
extr emely simple models can fit the reality in a satisfac­
t or'j ,, ay • 

. ;articular Case 

Wi th the a i m of showing how the optimal pulsed op~ 
r a t l on can be more advantageous t han the constant reflux op~ 
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ration, it is now presented and extremely s i mpl e part i cul aY 
case. 

The eqs. ( 1 ) and ( 2 ) are specified under t he as su::. 
ption that eq.(1) is linear and that the t i me constant~ T ~­
and T2 (see Fig. 2b ) depend only upon the s i gn of reflux : 
varia~ion. These two assumptions do not seem to be very c ~ 
se to the reality; however,they can be thought val~d i n so­
me cases as first rough approximation. Moreover, asit:.E 
shown in the sequel, th~entail extremely simple and meani~ 
gful results which can be utili zed, for inetance, as s t ar­
ting point for a more sophisticatea search of the true opti 
mum. 

In what follows the parameter "vhich pl ays an es­
sential role is: 

( 2 .)) 

It can be easily proved 
6 

that,- in the particul ar 
case now considered, for all point of the region A the fo l ­
lowing relation holds: 

8Rm-r 
< 0 (24 ) 

d R1 

while,for all points of the region B1 the relation: 

d Rm'( 
·o > (25 ) 

a R
2 

is valid. 
Such properties imply that the optimal working 

point in _et belongs to the set ~ consisting of the 
"right boundary" q,; pf the region. . ..0.. A and of t~e 
"inferior boundary" <Pa· of the reg1.on ~' obta1.ned 
from the region ..n. as Fig. 4 shows, where a very s.trange 
region J(l has been chosen for the sake of better clari­
fying the determination of ~ . 

The problem of the determination of the optimal 
point Q on the line · A.. defined (see Fig. 4 where cPr = v 

~~ G~s . by: 

<Pr = cp () r 
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is now approached. 
With this aim the line r is first considered. As 

f ar a s marking the values of R ~ alogg the lin€ r is COB 
cerned, the following property~olds • In any point of r 
the mean reflux R increases with the distance from the 
or i gin of the pl~~ (R 1 ,R

2
) of the straight line with slope 

equal to - ~ passing through ·,'such a point. 
According to the above assumptions about eqs.(1) 

and (2) and substituting eqs. (14) and (23) into eq.(22), 
the f ollowing equation for r is obtained: 

( k - 1) ~ R~ +( 1+ S' ) R1R2+(k-1 )R~ - { V ( 1+(k-1) r] +k f R f R1-

- {v [ck-1)+~] + k il} R2 + kV(1+r )R = o. 

__ Therefore, the line r is a conig which in the 
point (R,R) has tangent with slope given by: 

r 
1 + f (k-1) 

R,R 
~ + k-1 

Since, for ~ > 1, this function assumes values 
larger than -~ . ,then, in view of the previously menti£ 
ned property, the optimal point P inJlLM, which, in view 
of eqs. ( 24 ) and ( 25), is surely on r , is the point T in 
which the tangent 9f) r has slope equal to - f provided 
that such a point ~ 4 belongs to Jl M (Fig. 5a); otherwi­
se, p i s the int~rsection of r with the upper or l eft 
boundary of Jl M (Fig. 5b). Since the line r is a conic 
and t h e value of Rm 1: for any point of r i s an increa-

ing f unct i on of the distance from the origin of the str~ 
· ght line with slope equal to - ~ passing through such a 
point , i t t urns out that Rm "t i s a convex function on r 
i n Jl M at taining it s mi nimum value ~n P. For this rea­
son , going back to the problem of finding the optimal 
:poi nt Q in cPr i t i s pos~i_ble to conclude that if PE4>r 
then Q -s P, while if Pt/. cPr then Q is one of the in terse_£ 
tion points ofrwi th 11. 

( ) 
he line r has two points where the tangent has slope 

equal to -~. Nevertheless one of these poin~s is a l ­
ays t he point (V , V) which does not belong toilM. 
herefore here and i n what f ollows only the other 

point is considered. 



61 

Once the optimal point Q in fr has been determined, 
before going on in the search of the optimal point S in cf>- cf>·r , 
it is possible, taking into account eqs.(24) and (25), to eli-
minate some subsets of <I> - cPr· As an example, consider 
Fig. 6 where- 4> = v12 v y 23 v f. 24 and +r = ( 2 • Let 
the po!n~ 3 be the op\~al one in ~· Therefore, mov~rlg on r 
from (R,R) to the point 3, the mean reflux Rm~ decreases. He~ 
ce the operations corr-esponding to each point of · '( 12 and 

( 24 are not~e examine~. If on the contrary, the optimal 
po~nt on 4>r is the point 2, the search of the optimum must 
be extended also to . r 12 and r 24. . 

In conclusion,~he procedure for the determination 
of the optimal point in 1l may be summarized in the symbolic 
flow chart o.f Fig. 7 • . 

As far as the determination of the point Q is co~ 
cerned, it is useful to remind that the mean reflux Rmt 
is a convex function on r in ...n_M \. with a minimum in P. 
Furthermore .it is worth noting t~t in order to determine 
the set 4> -4>r , once the points Q. and Q are known, it is 
not necessary (Fig. -8a) to plot th~ line r , provided that 
a trial carried on by means of eqs. (18'), (18"), (20) and 
(21) has estabilished which ones of the subregions of JJL 
not intersected by r belong to the region A or B. Finally, 
taking into account the property stated in eqs.(24) and 
(25) is then possible to reduce further on the set~ -~r 
(Fig.8b). Once the optimal point in!l has been found, it 
is necessary, in order to implement eventually the bang­
bang operation represented by such a point, to compare it 
with the constant reflux.operation: with this aim, it is 
worth to consider, inside _n_ }'{; the region ..!l R where any 
optimal bang-bang operation has mean reflux R lower - mt than R. In order to determine such a region it is suffi-
cient to plot in the regions A and B the contour line with 
Rm~ = R. In the particular case here esamined, such a line 
turng out to be composed by the two straight lines _defi-
ned by: · · 

R2 - r (k-1 > R ' 1 + f (k R V) + V 

1 1 - - V) R1 -- (k-1)R + f (k R + V 
V 2 

Hence, since the optimal bang-bang operation has 
to be determined among the ones which have mean reflux lo-
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wer than R, the subbegions of ll not beJ,.onging to .Q R must 
be eliminated; in the above outlined procedure (see also 
t he flow chart of Fig. 7) the region n is then substi tu­
ted by the region n * defined by: 

This last consideration holds also for the gene­
ral case where the region J1L R is not determinable in such 
a simple way. 

VI . Concluding Remarks 

This paper has been devoted to · t .he determination 
of the optimal pulsed operation of a two component distil­
lation column. The mean value of reflux (distillate) flow 
rate has been chosen as performance index to be minimized 
(maximized) provided that the distillate has the prescri­
bed concentration. In this work it has been done the assU! 
ption that the only input to the system were the reflux, 
chosen varying in a bang-bang manner between two levels R

1 
and R2 • · Furthermore, the transient behavior of top produ­
c t c·oncentration for a reflux switching has been conside­
red of exponential type and exhausted before the next eh~ 
ge have occurred. Under these restrictions,the problem of 
f inding the optimal values of the reflux levels R1 and R2 
and of the time intervals 't 1 and t: 2 has been reduced to 
the much simpler problem of the determination of only the 
two reflux levels R1 and R2 in the region Jl of their ad­
, is si ble values. 

In a particular case it has been possible to so1 
v e the problem completely, or, at least, to reduce the 
region JL , inside which the optimum operation point has 
to be searched, to a set of lines. 

Having discussed the possibility of prod~cing 
a distillate with the prescribed concentration, operating 
the column in a not classical way, is, afterall, the es­
s ence of this work. The idea is to run the distillation 
c o llli~n in a periodical manner in~stead of in a stationary 
one. 

The determination of the optimal periodical op~ 
ra~lon would have required an accurate dynamical model of 
t he distillation column and the solution of a variational 
probl em. For the particular class of periodical operations 
here considered (bang-bang operation between two levels of 
reflux ) it has been in~stead possible, s~lving a much sim-
ler pr oblem of extremizing a f unction, to determine the 
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optimal periodical running wi thout the knowledge of t he eo_ 
plete dynamical model of the disti l lat i on column: only the 
behavior for steps in reflux has been infact considered 
known. 

The particular case examined in Sect. V has howe­
ver pointed out that often the optimal periodi cal operat i on , 
among the _ones considered, has to be preferred to the clas­
sical one. It should therefore be desiderable to pursu~ the 
investigation in order to ascertain the eventual further 
advantages connected to other kinds of periodical operat i ons . 

Acknowledgment 

This research has been supported by SNAM Progett i -
ENI under contract n. 480. . 

The authors are deeply indebted with prof.V. Gerv~ 
sio of SNAM Progetti for having suggested the problem and to 
prof. E. Biondi of Politecnico di Milano for stimulating di­
scussioni. 

References 

(1] 

[2] 

[3] 

(4] 

[5] 

J.S. MOCZEK, R.E. OTTO, T.J. WILLIAMS "Approximation M.£ 
dels for the Dynamic Response of Large Distillation Co­
lumns" Proceedings of the 2nd IFAC Congress, Basle, Swi 
tzerland, 1963. 

P. CASALE"On .. the Control of a Distillation Column by 
Means of an On-line· · Digital Computer". Int. Rep. n. 
2721 of SNAii Lab., S.Donato Milanes_e, June 1965, (in 
Italian). 

Y.KATO "Dynamic Characteristics of Binary System Distil 
lation Column" Trans. Soc. Instru.m. Control Engrs., 
vol. 3, n. 2, pp. 83-94, June 1967, (in Japanese). 

F.J.M. HORN, R.C. LIN "Periodic Proc~ss: a Va~iational 
Approach" I & EC Process Design and Development, vol.6, 
n. 1, Jan. 1967. 

F. BRIOSCHI, A.LOCATELLI "Extremization of a Constra-



i ned Multivariable Function: Structural Programming" 
IEEE Trans. SSC, vol. 3, n. 2, pp. 105-1, , Nov. 1967. 

(6] F. DE LORENZO, G.GUARDABASSI, A.LOCATELLI, V. NICOLO', 
s . RINALDI "Optimum Bang-Bang Operation of a Two Com­
ponents Distillation Column" Internal Report of Isti­
tuto di Elettrotecnica ed Elettronica del Politecnico 
di Milano- SNAM Progetti _n. 68-4, ~uly 1968 (in It~ 
lian). 



..........----

65 

V 
CONDENSER 

V 

R D•V-R V-R m 
TANK 

,; 

DISTILLATION , 
~ 

COLUMN 

V 

F+R F+R-V 
RE BOILER 

Fig. 1 - Flow rate scheme of the distillation s~stem. 

• 



Fi g. 2 

66 

- -
I 

.. ... -• -... .Q 

.. ... 

. -

(J 

-Waveforms ofca> reflux flow rate, <b> distillate 
concentration. 



1 

67 

,- ----~-

,-- - - - - - - - - -, 
I 
I "t, "t, I 
I • • I 

R, I I 
I I 

R, I I 
I - I . I 

I I 
I • I :· 
I .. : I 
I R I 
\ 
....._~--

• -- ---S, 

\ 
I 
I 
I 
I 
I 

, I 

I 

I 

I 
I 
I 

I 

I 
..._--- - -- -----:------ -S, 

c, 

Fig. 3 - Block diagram of -the optimization problem. 



68 

v~--~---------P------------~ 

·• ~ v,f s 
~Y,l I 

2 

A 

V-F' R, 

Fig . -The curve r - and the regions A and Bin JlM; 

Re~ion ..fl = fi A v Sl.B with .fl A = _n~ u..O..;._ 

ll.e = n~ u Sl"s 
r rli ,. ,h 

Set ~= ~A V · 't'B with ~A= f1 2v d34v {45 1 'fiB= 

= ( 45 V f 46 V r 78 

Line~= <J> n 



69 

V-F 
V V 

RL.-------
V-F 

.f< ig. 5 

Fig. 

- The optimal point P on the curve r ~n the region 
...fl.. • <-a> P is inside ..n.. M' c:: b> P is on the 
boun~ary of .11. 

111
• 

bJ 

- Exam_ e of poss l r eduction of 



, .. 
I P•T I 

, .. 
T H£ OPTIMAL POINT 

IN g IS p 

70 

I DETERitiiNE T I. 
~ 

T € n., 
ltO 

p IS ON THE 
BOUNDARY OF ~~~ 

' 

p E g 

no 
I 

D£TERMIN£ rH£ 
INTERSECT~ POINTS 
Q, OF f WITH g 

Q IS THE BEST POINT 
A·/IIONG Q; 'I 

I 

t 
I 

DETERMINE t-tr 

REDUCE t .. tr 

. ' 

, D£ T ER/IIIN£ s 
I 

THE OPTIMAL POINT IN 
g IS THE SETTER ON£ 

BETWEEN SAND Q 

D£ TERMINATION OF 
THE OPTIMAL I'OIIIT 

p e. Q., 

DETERMINATION OF 
THE OPri/IIIAL POINT 

Q € tr 

DETERNINATION · OF 
THE OPTIMAL POINT 

. 5 E t- t,. 

F~ . 7 - Symbolic fl ow chart _of t he opt imi zat i on proceFfure. 



71 

~tr~-----

~ 
-.----------~ 

' -
-

c: 
~ 

--------Cl lt~ .-.-0' 

-.. 

-• 

L.. 

-& 
I 

.Q. 
.p 
CD 
ID 

CD 

~ 
I 



72 
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I - PROCESS DESCRIPTION 

Studies considered in the present paper concern the indus­

trial super'fractionate distillation column. The column /Fig_.I/ 

consisting o~ a hundred of plates, admits a mixture of two by. 

drocarbons with very close ebullition points, differing fro~ 

one .another in a few centigrades only. The device· s _aim is_ to 

furnish a distillate with more than 99,5$ of the lightest hy­

drocarbon. The column bottom level is controlled by means of 

the recuperator heating medium. The reflux thank's level is 

controlled by intensity of the mixture outlet from the ~olumn 

bottom, Finally, the pressure at the column top is by-pass 

controlled by _a condensor, 

According to tbe small temperature -difference between the 

column top and the bottom, a precision management was n_ec~s_sary 

to operate the column, while so called sensible-plate method 

could not be applied. Thus an operator was obliged to read over 

a chromatograph to control the reflux flow intensity and th~_ 
, 

mixture outlet from the column bottom, keeping in this way the 

distillate composition in acceptable boundaries. 

Dosage· of these control quantities was difficult to 

appreciate by the operato~.- Besides, the column dynamics re-
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sults in the transient processes' duration time lasting of few 

hou~s,hence every change of the operation regime was difficult, 

too. 

In such conditions the full efficiency of the installation 

was practically imPossible to obtain. Only 95$ of the nomi­

nal production capability had been reached, While ob~aini~g 

from the column bottom a product with 75% concentration of a 

volatile component.· That was the reason ~o search for a fully 

automatic control. . . ; 

The control objective is to keep the distillate composi­

tion X over or on X = 0,995 level. 
D Do 

Evidently, from the economical standpoint the control 

objective is to keep deviation X - X as small as possib~e. 
. D Do 

Disturbances actuating on the componsition are of a double 

type. 

a/ Measurable disturbances, which stat~c and dynamic in­

fluence on the distillate can 'be quantitatively deter­

mined. 

b/ Unmeasurable disturbances actuating on the distillate 

which can be estimated in virtue of the controlled 

quantity only. In particular,- it concerns to the column 

- environment hest exchange. 

The influence of' the f'irst-type disturbances can be eli­

minated by the process response prediction when mathematical 

· model of the process is known. 

In contrary. the second-type disturbances can be compen­

sated by the closed-loop control only. Thus, already in the 

first phase we are obliged to consider static as well as dyna-
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mic mathemat.ical models. 

In 'the second phase the closed-loop control has been 

developed . 

II , STATIC MATHEMATICAL MODELS 

A static model is described in form of the relatio~~hip 

bet ween dependent variables /here the composition XD of the 

distillate/ and independent ones. 

Independent, measurebles variables are of double tyP.e. 

The disturbances - in the considered problem they are: 

t he pressure P, the composition XF and intensity of the input 

product fl.ow F. 

The control variables are: iritensity of the ref'lux flow 
-

LR and intensity of the mixture ou~et from the bottom w. 
Studies of the static model have been carried out in few 

stages. In the first one the thermodynamic balance at one pla­

te was considered. It enabled·sto·:'~determine the vapor composi­

tion Y and the plate temperature T depend upon the liquid 

composition X and the pressure P. 

Afterwards·, the Lewis-Sorel method p;:ovided facilities 

for global st~dying of the column, plate by plate. For the 
. 

n-th plate it yields in the following relations 

X ea A.._ + B ; Y = Y I+ E ( y*- Y I) n -~n• I n n- n- . 
In the above .relation .. ~ denotes a primary fraction 

composing the most .volatile part of th~ liquid, Y denotes a 

primary fraction composing the most . volatile part o~ the vapor 

at the n-th plate. A and B denote coefficients .determined from 

a mass-balance for the sect'ion
1
considered. For the concentra­

t ion section it yields 
LR+D . = 

D.~ B .:: __ ...._ 
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For tne exhaust section vwe have 

LR-1- F · ( I -z)..w 
A-__..;;,;.,;.__--~---

- LR t F ( I - l.) 

~here D denotes the distillate outlet intensity and ~ denotes 

the evaporation coefficient of the feed. · 

The ~ethod utilized is interesting on account of the 

Murphree efficiency E existing in the previous method. It was 

determined from data gathered ·in experimental measurements, as 

a function of the input pro~uct composition ·ano flo,_;, .intensity, 

as well as of the reflux pressure and flow-intensity /Fig.2/. 

At last stage of the model 1evelopment the characteristics 

W (L ) . . r= f -;- were obtained for a whole set of admissible 

values of the parameters P and xp • One of the characteristics, 

using point by point linear interpolation was fed into computer 

stor~ge as a reference curve. Statistic point corresponding to 

opt i mal disturbance level can be calculated by homography /Fig.3/ 

Accuracy of the obtained·model is of the 2% order when compa-

ri!1g with exprirnental data. 

Im~ortance of the model discussed consists in simultaneous 

takjng into acco~Dt of the exp~rimental data indirectly resul­

ting from the efficiency and of the 't heoretical data resulting 

from plate by plate calculat ion . curely experimental determina­

tion of the sue~ model could virtualy be possible, but tough 

to practical realization because o · necessity for extremely long 

experiments unacceptable in industrial practice. 

Instead , the pu:-ely t heorectical determination could not 

assure desired accuracy . 

Principal role of the .static model yields i n guidance for 

automatic operation. Given feed ~ rrte .sit v , t . e ;nod 1 
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enables to establish desired values for the regulators of the 

mixture outlet intensity from the bottom and of the reflux 

intens i ty, when the input product ' s pressure and composition 

are determined. 

Existing degree of freedom can be useful for static op­

timization 9urpose. Accepted economical ~riterion is a mini­

mim of the production unit cost. 

In our proble~ ~or production imposed, the cost is 

given by F•PF + V·Pv+ R·PR- W·Pw 
c : --~~------~--~~--~~ 

D 
where V and R denote flow intensity of the heating and 

~efrigerating media, respectively. Coefficients P denote 

unit costs for each o~ the product considered. 

The optimization resuts in extremum seeking of the fun-

~tion of two variables LR and __!__, with following 

constraints: 
F F 

~ ~ 0,995 

F ~ F (. maximum feed) 
!llaX 

(maximum reflux intensity correspon­

ding to the· one in use ) 

III, CT ..... OSED-LOOP CONTROL 

If the system under investigation was purely static and 

i P all disturbances were known, then ideal control ·~ould be 

achi"'!ed when using the results of the previous paragraph only. 

In reality however, to assure precision control of the 

distillate composition, it proved necessary to apply closed­

-looo control. 

It tu~e~ out then, to be convinient to utilize the i~-
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tensity of the mixture outlet W as a control variable associ ~­

ted by a feedback with XD • In reference to the control loop , 

tbe predictive controls F and LR represent disturbances to be 

compensated. 

For the compensation purpose as well as for the control 

loop realization, the appropriate system transmittances shoul.l 

be known. 

These transmittances were experimentaly determined for 

three couples of variables: ~- F 4 ~- ~ ·• ~- W • They 

hold for small variat ~~ns aro~~d the system' s operating 

regime. 

The experiments were carried out for a certain number 

of the operating points chosen inside the whole domain of the 

possible variables' variations. It was achived by applying 

steps of the main desired quantit·ie·s F, LR and w. 
One can obtain convenient approximations of the transmi­

tances in the form: 

The coefficients !i and Ti are practically unsensible 

in the operating regime at Which the system dynamics has been 

determined. The values obtained are given in the following 

table. 

"'Z = f 
20 min. Tf :a I30 min. 

!r ::: IO min. T . ::::50 
r min. 

! w .= 40 min T w :::200 min. 
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In contrary. gains Ki depend closely on the cosid.ered 

regime. The gains result from graphic rep~esentations of the 

static model /Fig.4/, when using following relations applied 

to the considered static regime: 

Kf = ox D 

'<>F 

~ = 
'OXn 
'Ow 

'C>JCn 
~ = oLR 

First, let' s consider the feedback loop. Direct-loop 

transmittance is of the from: 

To assure the closed-loop stability, we shall apply 

a corrector C (p) , such that sufficient stability margin and 

zero steady-error at the operating regime were guarantied. 

One may consider the system as equivalent to a cascade of a 

closed loop containing pure integration ( _I_) and of a 

Tr· P 
~ irect loop, equaled to pure delay /Fig.S/. 

The corrector C (PJ is determined by the relation: 

. - !vrP 
e 

This yields in: 

:::: 
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One should notice, that the total transmittanc'! is of . 

the low-~equency filter type. Thus, it is particulary ada. 

pted for compensation of the low-frequency disturbance~; i~ 

particular it regards to variations of the variables. In t~~ 

control loop under investigation the compensation .of the pre­

dictive controls F and LR is accomplished by adding to the 

control W of a comp~~~~ · control,such that: 

and 

WF·H, (P)+ F .. ~ · (p)::: 0 

WR•liw ( p)+ LR•H ( p}= 0 . R 
It results in the .. ~1.1.owing compensation transmitt·ances: 

p (p\ _ _:·Hp (P) -KF -(!F -.;tw)·p I+Tw·P 
F .. 'J - HW ( P) - Ky e . • I+ TF· P 

PR (P).= -~ (p) = ::5i_ e-(!R -!,)·p. L+Tw·P 

HW (P) 'w I+TF•p 

Notice a considerable advantage of the such compensation 

yielding in application to . whole · spect~m of the considered 

signals. Fig.6 shows the total system di~am, 

Practical applications of the described control mode 

demand for the computer programmi~ of the. corr.ector~. ·. ~ 1(~) 
and c(p) as well as for prop~r choice of the corresponding 

variables. For example, the corrector C(p) establish.es a 

functional relation between error variable E(t) and the con­

trol one WA (t) • 

This relation is of form: 

'w { J[wA (t.)- li'A ( t.- "')]dt+ T1 • WA ( tJ}= Tyj£(t)+ft(~) · dt 

To discretize the relation for programming purposes a 

numerical integration method should be utilized; in particular, 
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the trapezoid method was chosen. 

For the closed-loop control, to comply with initial con­

ditions of the integrators, a stable initial state of the 

system has been assumed, i.e. an error equaled to zero. 

Note. that quantities occuring in the control algorit?ms 

are obtained from dat4 processing and recording system~. In 

particular, at certain control modes the interier re nux _is. 

considered as a disturbance. It can not be directly measured 

but one can calculate it from the reflux temperature and 

from the vapor temperature at the column top. 

The destillate composition was simply appreciated on the 

ground of a corresponding peak height fUrnished by a chroma­

tograph. The output product composition at the column bottom 

can be appreciated by evaluation of the peaks' area corres­

ponding to each of the both product components. 

IV - SYSTEM ACTIVATING - FESULTS 

All the operations discussed above were effectively re­

alized by using of a digital computer. 

The operation-diagram presented in Fig.? shows different 

possible program routines. The programs can be brought into 

effect only when switched on by operator at the computer• s 

monitor. 

Global measurements cycle lasts ten minutes plus, accor­

ding to time-demands for the chromatographical analysis. It 

covers data acquization, measurement corrections, calculation of 

of the control and predictive variables, printing of the twenty 

system quantities and analyzing of some alarm signals. The 

com~:mt~r MA.T OI I Nlors-Telemecanique I equipped with 4096 



word store enabled ~or the program execution. 

'l'he descr-ibed control mode, according to permanent pro-

cess computer control,resulted in a great stability of the 

process. 

Furthermore, one can easily change process operating 

point, resulting only in slight perturbations of the product 

composition at the column top. 

For example, the composition v&ri"&tions in response to 

step variations o'f the mixture outlet intenS'ity at- the column 

bottom are illustrated in Fig. 8 • 

From exploitation standpoint the results have prooved 

t .o be excellent. The production capability of the column · 

could be progressed for 15~ While the volatile product con­

centration equaled to 40$ only. 

The improvements were obtained due to the fact, that 

disposing o'f the all quantities in use at every time instant 

and knowing the proccess operation regularities, the compu­

ter can permanently evaluate desired values for the process' 

regulators. 

These operationsJas demanding pretty large computatio~ 

capabilities as well as continous ·attention of the · operators, 

are impossible -for manual controlling. 

It is worth while to say that researches prior to_ the 

automation stage were progress~stimulating themselves beca~se 

firstly, they permitted for a better quantitative understanding 

of the process and secondaly, they motivated for the process' 

instrumentation improvement. 
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- pression differential 
- feed temperature before dilating 
- feed temperature after dilating 
- vapor temperature at the col~ top 
- column temperature under feed s inlet . 

temperature of the exterior reflux 
refrigerant tempera~e before the condenser 
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feed intensity 
reflux intensit7 

- mixture outlet intenait7 at the column bottom 
- mixture outlet intensity at the column top · 
- composition of the input pro4uct 
- distillate composition at the column top 

distillate composition at the column bottoa 
preaaion at the column top 
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Control computation: 
Measurements correction 

Mass balance 

------ -- -- .. ...... :: _ 

Thermodynamics 
data 

~------~ Effective variation law 

Plate by plate computation 

Values of the dependent 
variables 

Correlation curves 

Simplified model 

Figure 2. Elaborati on of t he static mode l. 

data describing 
states 

· - - - ~ - - · ~ 

Thermodynamics 
data 
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CALCUL 0' UN ETAT STATlQUE ( modele simplifie) 

Donnees : F , ( ~ k , X Do 1 XF 1 P . 

.:J:L = (}n. + (.!f.....:ks,) 
F F I, Xo0 

FIN 

F1g.3 Static state computation /simplified model/ 

Variables given: F, ( W I , X , X , P 
\F/i Do ·l' 
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CALCUL DES COEFFICIENTS DES CORRECTEURS 

Mesures : Xf , F . LR. P . 

G_~y-)2 J 
ke~ .f. [ (+hTI 

,___ __ _____ __.v~__-· _______ "-'"1 

( ~ ) 1 = ~R x ( 1 + kp ( P-P. )]{ 1 + ke ( E - E. n 

.. 

oui 

vers cor r~cteurs 

• 
Fi g.4 Comput~tion of the cor r e cti on rQefficient s 
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r~ATEUA1TlЧECKAJI ЫOДilllЬ И 01IТШ;Ш3АЦИЯ ПРОЦЕССА 

110ji 1Т . ~~IIСАЦИИ· ФЕНОЛО-ФОЕ.11UlЬДI!;Г11дНЬL\ СМОЛ. 

Е . r·. дудUШtОВ · 
Г . П .Майков 

п .с. иванов 

~ихм 

МОСКВА 

СССР 

~:сследовался непрерьmный процес~ поликонденсации новолач­

r~:х фе ноло-формальдегидных смол, основанный на . быстром вы:веде- . 
·~; :~: Cill oлы из зоны реакции по мере ее образования. Фенол, фор­

,lJ-ьдегущ и натализатор (солянан кислота) неnрерывно пода­

~J 'l: ся в nе рвую секцию многосекционного реактора (рис.!) .Кроме 

того , rса тализатор доnолни.тельно nодается :в каждую из . nоследую­

ЩlХ секций реактора • . Реакция nоликонденсации nротекает nри ат- . 

~о сфе рном давлении и те~nературе кипения реакционной смеси 

(I 1 0С). llеремешивание реаRционной массы осуществляется только 
з r счёт кипения. в результате реакции образуются' две жидкие 
:~эъ. : :rадсмольная вода и смола. При этом смола, ЩJеющая боль .­
ши~ удельный вес, быстро :выводится из зоны реакции. 

Были составлены уравнения, характеризующие про~есс .поли--. 

~он· енсации в первой · и последующих секциях реактора • . Из урав­
~=ыг·ш ште.риального баланса по фенолу для· !-ой секции,допуская 

чт :в секции· имеет место режим идеального смешения,и учитъmая 

::):.С ? :-' а ·цию фенола смолой , бьиrо получено следующее уравнение 

А~ - A<J." ~~ с =~<, · D~· , .в1 , 

- k . f 
(... · i 
(\ 1 = y.t J ' . -

Чlt = 1·- ~1 [f'+(R;- f) tJ 
~:о сле определения не из:вестных коэg)фицие:нто:в уравнение 

.:::-:: ::..:,-7 вид 

(I) 
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Аналогичное уравнение для формальдегида заnисывается 

Во ~ А О,"2В 1~12 z, 5,8· 1 • 1 

При составлении уравнений по фенолу и формальдегиду для 

последующих се.кций было сделано доnущение, что :в _ этих секциях 

обеспечивается режим v~еат~ного смешения для надсмольной воды 

и идеального вытеснения для смолы2 • В отличие от nервой в по­
следующих секциях происходит :выделение фенола и формальДегv~а 
из смолы в надсмольную воду. Тогда уравнение материального ба­

ланса по фенолу для надсмольной воды в n~ой (кроме nервой ) 

секции иuеет вид: 

А n- f { f- S J · 9 о - А n ( 1- f) · ~о + ~- (А сn - R n ·А n ) · V n = 

о( . 

==к . D ·А t). вf3п 1 т 
n n n n · Vn ' 

где Асn-средняя концентрация _ фенола в сuоле. 
Уравнение баланса no фенолу для смолы 

где Ас-текущая концентр~ия фенола :в смоле, 

s -текущее время контакта. 

. (Э) 

(4) 

В результате nреобразов~Ния уравнений (~) и (4) и после­
дующего расчёта на ЦВМ было nолучено следующее уравнение no 
фенолу 

(5) 

где - Kn 
kп = -. ' IJJn . 

~ ~ А" - ~ · l lJ!n = rfRn_,-Rn-A ){1-e'J'.p(-TJJ, 
V n-1 r 

. t" = 9 n. 
под становкес найденных коэффициентов . уравнение При (5)з а-

писывается 



92 

An-t _ А i:fб 8 о,8 
l -1,1.4· h . ' 

n (б) 

.. \:~ачогичное уравнение для формальдегида имеет вид 

В п- , А о, ч 
8 

1, з 6 
Т= 1.,69· n . n 

n 
(7) 

Важным параметром, характеризующим качество новолачной 

с: .. олы , является степень поликонденсаци.и, которую косвенно мож­

::·: Jцени:вать по вязкости смолы. Была найдена следующая зависи-

:.:с стъ 

тп =3,02 + 1, IВ·?n -0,256 ·An +0,3 Bn, ( 8) 

г~с тп -:вязкость смолы в n -ой секции (:вязкость 20% раствора 
nь сушенной смолы в спирте), [сп]. 

язкость новолачной смолы задается в пределах 4-5 [ сп], 
по этому используя уравнение (3) можно записать 

0,98~ 1., i8 ·ln -0,256 ·~h +0,3 ·BnL... f,98 (9) 

Адекватность уравнений (1,2,6-8) эксперименталь ным данным 
пров ерялась по критерию Фишера. 

Полученны~ уравнения (!,2,6,7) и неравенство (9) nозволя­
~т оnт~шизировать nроцесс nолучения новолачных смол. 

В качестве критерия оптимальности принималась сумма кон­

центраций фенола и формальдегида в надсмольной воде на выходе 

из по следней секции реактора в =A,y+BN. Задача опт:имизации 
з аi~чючалась в минимизации этого критерия. 

-ля трехсекционного реактора была решена следующая зада­

ча . cie о снове уравнений связи (!,2,6,7) с учетом ограничения 

(9) н вязкость смолы найти распределение среднего времени 

п ~ сбы:в анин и концентрации катализатора по секциям , минимиз иру­

Юi:.\" r ПрИ задаННЫХ НаЧаЛЬНЫХ КОНЦеНТраЦИЯХ феНОЛа И формальде­

Г1'Д сумму их концентраций на выходе из реактора при заданном 

R0 1 че стве смолы . 

Особенностью этой задачи является то, что сначала onpe­
~e '""е с оптю. альное ра спределение величины l (произведение 
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.среднего времени пребывания на концентрацию катализ атора) , а 

затем выбираются оnтимальные Т и D • При этом '[ м ожно nрин -­
мат:ь nостоянным для вdех секций , т.к. экономически боле е :вы­

годно делат:ь реакторы одинакового объема, добиваяс:ь того же 

СВ-1\iОГО значения критерия оnтимальности соответствующей nодачеи 

катализатора. 

Поставленная задача была решена методом дин8мического про­
граммирования3•4. Применение дискретного принципа максимума в 
этом случае затруднено требованием к качеству смолы, выраже н­
ному неравенством (9). 

Приведем уравнения связи (!,2,6, 7) к ~иду! необходимоr.- у 
при решении задачи методом динамического nрограммирования 

А:'об · 
А 1 =о,ооз · ~~-1,,о, 13 1,os ' 

f . о 

8~,29 
В 1 = 1,"8'f , 

z.,o,s2·. А~·7" 
А l,Od 

An = f, f9 o,3t п-~,6Ч 
ln · Вп-1 

D O,f]_2 

в · Dn-1 
n=D,б't 0,6 0,32• 

· ln · An-t 

(IO) 

(II) 

(t2) 

(!3) 

На основании этих уравнений, описывающих переход системы 

из одного состояния в другое (от одной секции к другой) ,:м·ожно 

записать основные рекуррентные соо~ношения для 8-х секционного 

реактора. 

Для последней секции реактора 
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А 1, оа в,о,g2. 

= minf1(f,f9 0,3 ~ 0 , 61. ,0,64 06 0 2 2 ) 
·Zz Z2 · в1 .., l 2 ' ·A/;J · 

nаконец, для nервой секции. реактора 

(t5) 

в:·еg 

lo,sг А0,17) 
f • о 

(Iб) 

Н~ основе соотноше~й (I4-I6) решаем поставленную задачу, 
ачинап с третьей секции. Строим сетку на nлоскости nеременных 

! 

Аг- В2. Для каждого узла ЭТОЙ сеткц. задаем различные r З И нахо-
дим значения критерия оnт1шальности, nри этом минимаnьное зна­

чен·1е 'l'n ·~ n ·6 и значение Z3 заnоминаем ·. При тан:ом сnособе 
решения легко выполняются условия ограничения на вязкость. Ес­

ли ля.какого-либо узла сетки наложенные ограничения не выnол­

няются, то этот узел не рассматривается. При nереходе ко второй · 

секции nроцедура решения аналогична,только в этом случае для 

ка~дого узла сетки на nлоскости Ar - Br находим минимальное 
значение критерия оnтиматJ.Ъности уже для двух nоследних секций, 

значения mi" & , "l2 и z з запоминаем. Рассчитав аналогично nервую 
секцию , мы получили сет~у начальных концентраций А0 - В0 , для 

га~: д ого узла которой найдены минимальные значения критерия оn­

т п,. альности mtn б и соответственно оnтимальная nоследователь­
ность величин t 1 , "l2 и t.3 • 

Расчет проводился · на ЦB!Vl "Урал-2". Значения начальных r<он­

ц~нтраций ·фенола и фор~аль.дегида лежали :в пределах А0=45-65 
L вес ,3 ] , В0= 8' - I~ [вес.; 1 • В таблице ·I приведены значения 

/111116 I l -для Ао= rо[вес.% ]. 
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УСЛОВНЫЕ ОБОЗНАЧЕНИЯ 

А0 ,В0 соответственно концентрация фенола и формальдегида в 

исходной смеси\ [вес.% ] , 
А, В - концентрация фенола и формальдегида в надсмольной во-

де,[вес.% ], . 
D - концентрация катализатора в надскольной воде, [вес.~; 7 , 
~о - общая весовая скоро_сть смеси, [ кг.jчас] ~ 
} - коэффициент, характеризующий дошо · расхода жидкой с1юл ~:I 

в общем расходе, 

У -количество реакци~нной смеси в · секции, Iкг~ . 
Т -среднее Бремя nребывания,[часJ _ ·. ~ 
k - удельная константа скорости химической реакции , 

- I 
l час - {вес.%)d+р] · 

d, ~ - цоказателЪ степени при концен~рации ф~нола и формаль -
де гида, 

~ - эффективная константа ск~рости диф})узии- фенола из смо-

лы· в надсмольную :водУ,[ ~е;с% ] -
R - равновесный коэффициент ,расnределения фенола, 
~t• - рабочий коэффициент расriределе~ия феноЛа, 

Индекс n при соотве~ствующеu уеловнам обозначении оз на-

чает номер секции. 

Таблица -L' 

. . 
А о Во ",·,n Q l1 t2 lз 

55 8,0 . !,15 !,4 1,4 !,б 

" IO,O !,29 !,2 !,2 !,5 
11 II !..,84 !,2 !,2 . ·!,2 

" !2 2,00 I,O I,I: . -· . : '!,2 
11 I3 2,II ~.о I,I I,I 
11 !5 2,58 . о-~:в . 0,.·8 I,I 

На !-Пс. 2 no i~a;ja:нo оnтиыаль аое распредепение катал-из ато­

ра по секциm· при среднем време'И пре бывания (=0,5 [чвс]для 
секции при А0= 55 [вес.%] . 
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OPTIMAL CONTROL OF FLUID CATALYTIC 
CRACKING PROCESSES 

L.A. Gould, L.B. Evans and H. Kurihara* 

Massachusetts Institute of Technology 

Cambridge, ~~ssachusetts, U.S.A. 

INTRODUCTION 

Although there have been great advances in the theory of optimal 

control, its application in the design of control systems for realistic 

chemical processes has been limited. This paper demonstrates use of 

t he theory in design of a control system for a hypothetical fluid 

catalytic cracking (FCC) process. This process which is of great 

economic significance in the modern petroleum refinery is also a typical 

example of the type of ~ltivariable, nonlinear system which challenges 

the control system designer. 

The emphasis in this paper is upon the method of applying the 

optimal control theory and upon the results achi:ved from application 

to a realistic process. Although considerable effort was required to 

develop a dynamic model, to carry out simulations using the digital 

computer, and to compute numerical solutions to the optimal control 

problem, space does not permit describing these aspects of the work here. 

The details are available elsewhere. 10 

Description of the Process 

The FCC process shmn1 in Figure 1 consists of two fluid bed reaction 

vessels; t he reactor -and the regenerator. The feed to the unit is a 

high-boiling, high molecular weight fraction of distilled crude known as 

gas oil which reacts endothermically in the reactor to form gas, gasoline 

cycle oil, and t\vo types of carbon ,.,hich are deposited on the catalyst. 

(gas oil)~(gas),+ (gasoline)+ (cycille) + (catablytic) + (addi~ive) 
\....: o - .J L car on caroon 1 

product ;apors - ' deposited
9
on catalyst 

The product vapors pass,overhead to the fractionator. The spent catalyst 

i s ci rculated to t he regenerator where it is contacted with air to burn 

t he car· onaceous deposit off the catalyst as H2o, CO, and co2; the 

combus t ion products are vented overhead. The regenerated catalyst, heated 

by t he exothermic bur ning re~ction, is returned to the reactor where 

i t provides t ite heat required for t he cracking reactions - and feed 

vaporization . 

·:o t ·JitL To-.. :'enryo ~~o gyo .. . , L'okyo, Japan 
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The relationship between the important variables which describe 

the behavior of a FCC process is shown in Figure 2. There are four 

independent variables which the operators may adjust at least indirectly: 

the total feed rate,Rtf' the feed preheat temperature, Tfp' the air 

rate, Rai' and the catalyst circulation r~t~ ~~rc" The principal 

disturbance which affects the operation of the process is the carbon 

formation factor of the feed Fcf" This results from the unavoidable 

necessity of processing several dif f e rent crude-oil s tocks during a 

relatively brief period. Of the dependent variables, only the regenerator 

temperature, Trg' the reactor temperature, Tra' and the oxygen content 

of the flue gas, Ofg' are continuously measureable. The ultimate 

performance of the process depends upon the rates of produ£tion R of 
gs 

gas, Rgl of gasoline, and Reo of cycle oil. 

Safe operation of the process requires that Ofg and Trg must be 

maintained below certain specified values to prevent afterburning of 

CO in the flue gas to co2 which would result in rapid and excessive 

temperature rises in the exiting flue gas. The control problem is, 

therefore, to manipulate some or all of the independent variables in 

order to maintain satisfactory performance in the face of disturbances , 

while restricting the variables \Jithin allowable ranges. The highly 

interactive nature of the process demands great skill on the part of the 

operators with present methods of contro1. 5 

DYNAMIC SUfiJLATION 

Nathematical Hodel 

A dynamic mathematical model of the process was developed by writing 

energy balances and material balances . on "additive carbon" around the 

re generat or and r eactor, and by writ i ng a material balance on "catalytic 

carbon" around the reactor. (All o f the '1catalytic carbon" which enters 

t he regenecator is assumed to be completely burned off). Some of the 

i mportant idealizations were : 1) both fluidized beds are perfectly mixed 

with respect to s pent and regenerated catalyst; 2) gases pass through 

the beds in a plug-flm-1 manner with a negligible time lag; 3) constant 

pres sure is maintained in both vessels; 4) the heat capacities (per unit 

mass) of reactants and products are equal and constant in each vessel; 

5) cat a l yst heat capaci t y is cons tant; and 6) activation energies, heat s 

of react ion, and heat of vaporizati on of t he feed are all constant. 

Empirical r e lations ue re us ed f or the rate of carbon formation , 1 •
11

•
17 

t e rate of ca r bon u nin~, 12 
t 1e rat e of c r acking, 3•11 and for t he 

yields of as , asol in .:;: an cycle oil. The details of t 1e de r i va t ion 
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10 
have been presented by Kurihara. The resulting mathematical model is a 
system of nonlinear ordinary differential equations that define five 

t~ te variables coupled with a system of nonlinear albegraic equations 

that define four additional output variables. The equations are of the 

following form. 

State variables: 

±rg • fl(Trg'Crc'Tra' ai'Rrc) 

Crc • f2(Trg'Crc'Csc'Rai,Rrc) 

Output variables: 

0fg • gl(Trg'crc'Rai) 

Rgs • g2(Tra'crc'ccat'Rtf) 

Rgl • 83 (Tta, crc'ccat·,Rtf) 

Reo • 84(Tra'Crc'Ccat'Rtf) 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

A typical method of controlling the process that is frequently 

described in the literature4 •13 and is referred to herein as the 

"conventional control scheme" is indicated in Figure 2. In the 

conventional scheme, reactor temperature is controlled by catalyst 

circulation rate and oxygen level is controlled by air rate using 

ordinary feedback controllers with proportional plus integral modes. 

The equations describing the action of the controllers are 

R = Rs + -~(T -Ts) +KIT I: (T -Ts )dt (10) rc rc · ra ra ra ra 

Rs s . -

I: s (11) R • + ~ (Ofg-0fg) + KIO (of
8
-of

8
)dt ai ai 

wher~ ~T'~T'~O' and ~0 are controller parameters; the superscript s 

denotes a steady-state value. 

Simulation of the Conventional Control Scheme 

The dynamic behavior of this FCC process with the conventional 

control scheme was illustrated by simulating the process and its control 

sys tem on the digital computer using DYNAMo
15 (a general purpose 

simulat · n program). DYNANO effectively integrated Equation; 1 t h rough 
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11 by Euler's method. Initial steady state operating conditions were 

chosen that satisfy equations 1 through 9 with the time derivatives set 

equal to zero. These values are s hown in parentheses in the section on 
NOTATION. 

Figure 3 shows the response of the system to an initial perturbation 

in carbon level slightly above its steady-state level. rhe performance 

with the best controller parameter tunings (selected by trial-and-error 

adjustment) is shown by the solid lines. The p~rformance for other 

controller tunings is also shown by broken lines. Figure 4 shows the 

response of the system disturbed from an initial steady state condition 

by a step increase in the carbon formation factor of the feed (resultin 

in a 2.5% increase in the rate of carbon productionO. This dynamic 

behavior is explained by the following step-by-step analys1s: 

1. The increased carbon production results in an increased ·carbor. 

content. 
2. The increased carbon content tends to increase the conversion 

of oxygen. Then, because of the decreased oxygen level, the 

oxygen controller raises the air rate. 

3. The increased air rate, together with the increased carbon 

level, results in higher regenerator and reactor temperatures. 

4. Beeause ·of the increased reactor temperature, the temperature 

controller reduces the catalyst rate, and hence accelerates the 

regenerator temperature increase. 

5. The increased air rate, together with the high regenerator 

temperature, tends to decrease the carbon level which, in turn, 

tends to increase the oxygen level. 

6. The increased oxygen level reduces the air rate and so on. 

The disadvantages of this conventjonal control scheme are summarized 

as follows: 

1. This control scheme cannot eliminate the relatively large 

variation in the regenerator temperar.ure and t he oxygen level. 

These phenomena are extremely undesirable when the regenerator 

is operated at an allowable maximum temperature. 

2. This control scheme has a relatively small damping ratio or 

small degree of stability ar.1 t .l = tunings of controllers are not 

trivial but requi r e great care. 

3. The period of oscillation is rel~tively lon g; in ot~er words, · 

the central s ystem is very sluzgis h , and a quick recovery from 

an upset condit i on cannot be achieved. 

Thus far the general background and conventional means of control 

of catalytic crackers has been described. ·ext t he results of t he 

optimal control study l-lill be di scussed. 
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rne theory _of optimal contro12 •9 •14 •16 assumes a plant described 

by a set of ordinary differential equations: 

(12) 

where ~ represents a vector of state variables and ~ represents a 

vector of control variables. An objective functional J is defined as 

w1ere L may be any arbitrary function of~ and~· The objective 

f unctional is a measure of the performance of the plant du~ing the 

(13) 

I 
pe_riod of operation from t = 0 to t ,.. t 1 and may be based on profit, 

cost, or some artificial measure of performance. Optimal control theory 

asks how should ~(t) be chosen for 0 2 t ~ t 1 to make J a maximum (or 

minimum)? Once the problem is posed, the necessary conditions which 

must be satisfied by u(t) can be derived by· mathematical techniques, 

sucn as t he calculus of variation, 8 or its extension, the maximum 
i4 pri:1.ciple of Pontryagin. In general, for plants described by nonlinear 

differential equations and for all but a few specialized types ef the 

fill1 Ct i on L, analytical solution for ~(t) is not possible. Techniques 

ave een developed, hmvever, for calculating ~(t) by numerical ite rative 

proced ures and , although t1e computations are nontrivial, t he techniques 
, b f 1 . rob f 1" . 6, 9,16 nave een success u ~n a nu er o app ~cat~ons. 

or many 6 emical processes there is a unique optimal steady­

s tate operating point ~vhich maximizes the value of L vtith a set of 

cons tant (steady-state) values of~= ~sand~= ~s. If the time t
1 

of operation is effectively infinite, then t he optimal control policy 

will si"JOw no':; ~(t) s hould be selected to bring the plant from any 

arb "trary initial state ~(0) to the steady-state optimal state xs and 

the control policy ~-1ill have the property that lim . .!:!. ( t) 
t ..., 

s 
=.!:!. · s a 

practical ma·tter it has been found that t 1 need not be infinite; if it 

is si nificantly larger. than t he settling time fo r t i c process, t 1en 

th op timal control policy .!:!_(t) over the interval of time during \.,hich 

th~ ~ ro cess is brought to its optimal steady-stat e condi tion is 

ef£ c tively independent of t
1

. 

r e .!:!.(t) determined from optimal control theory is an o.> · 1 ::_,_.) 

co t rol nol icy , s i ne it oives .!:!. as an explicit functio of t . In 

pr in":i, l e, if a process is disturbed a\vay from a opt imal ste dy - tc 

o '.!r'lt ins condi t ion, the explici t o timal control la\.; could be use o 
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restore t he process t o its steady-state operating point in the optimal 

manner. This control policy \vill depend only on the initial condition 

~(0). 

The opt:i 111cll control polf cy can be expressed in an alternate fo rm 

by using the principle of optimality , narr£ly--\Vhatever the previous 

state and previous decision, the remaining decisions must constitute an 

optimal policy with respect to the state resulting from the pr,evious 
I 

decision . This principle states that the explicit optimal control la'" 

whi~h determines ~(t) and the resulting ~(t) along the trajectory as 

the process is brought from ~(0) to ~s also determines a unique implicit 

relationship between~ and~ which can be expressed2•7 as 

(14) 

This relation, if it exists, is called a closed-loop structure of 

the optimal control system, and may be considered an implicit solution 

(or opt~mal control law). 

This closed-loop structure essentially has the following advantages 

over the op~n-loop structure: 

1. A closed-loop structure does not require extensive on-line 

computations to implement it in a real-time operation. 
.. - - \ . 

According to Equa.tions 12 .and 14, 'the plant _shoul.,d_oJtey the 

differential equations: 

(15) 

and the resulting behavior corresp9nds to optimal operation. 

An open-loop structure requires an optimizing computation for 

an operation with a different initial condition • 

. 2. Generally, real plant performance will be affected less by 

disturbances and by errors in the mathematical model .when a 

closed-loop structure is implemen~ed than when an open-loop _ 

structure is implemented. 

The application of the approach outlined above to the problem of 

designing a control system for the catalvtic cracking process will now 

be discussed. 

OPT!~~ CONTROL OF THE FCC PROCESS 

An outline of the optimal control study ·for this hypothetical fluid 

catalytic cracking unit is sho~vn diagrammatically in Figure 5. First, 

t he original mathematical model (:lodel No. 1) \vill be reduced to a 

simpler one {Hodel o . 2) i nvolving only t wo differential equations, in 
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order to reduce the computing time required to solve the dynamic 

optimi zation problem. The optimal air rate and catalyst rate •.-1ill be 

determine d as two functions of time for ~ given initial condition to 

give the optimal open-loop control policy. Numerical solutions uill 

be obtained by the method of steepest ascent of the Hamiltonian (or 

gradient method in function space) ,.,hich has been used successfully 

by a number of workers. 6 ' 9 '
16 

Second, the optimal open-loop control 

structure will be converted into a closed-loop structure. Finally, an 

alternative control scherae ~dll be designed by simplifying t he optimal 

feedback control laws. TI1e performance of this control schell!e '\vill ue 

tested by using the original mathematical Model No. 1 •vith disturbances. 

TI1e simpler mathematical ~-Iodel No. 2 was derived by assuming that, 

since the catalyst holdup in the reactor is considerably smaller t han 

in the regenerator, the unsteady parts of the differential equations 

(Equations 3-5) for the reactor can be set equal to zero and the resulti ng 

algebraic eq~acions solved for Tra' esc' and Ccat as functions of the 

t •vo remaining state variables T and C and the control variables rg rc 
Rrc and Rai· All of the other independent variables are assumed specified 

at the steady-state operating point. 

The integrand L of the performance functional is defined as 

L = P. - P - P 
1.g el e2 

(16) 

the instantaneous gross profit rate minus two penalty functions vhich 

impose an artificial penalty for exceeding the allo,vable re~enerator 

temperature or oxygen content ih the flue gas. T~1e instantaneous gross 

profit rate is defined as 

(17) 

where P gs, P gl, ·and P co are the economic values assigned to 

gas, gasoline, and .unconverted gas oil respectively leaving the process 

and Ptf is the cost of .feed to the pr.ocess. 

The penalty functions to constrain the regenerator temperature 

and oxygen in the flue gas were defined as follows: 

Pel(Trg) = ~ Gl 

0 if T < (T ) 
rg- r max 

(18) 
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if of >(Of ) g g max 

if of <(Of ) g- g max (19) 

\~here G1 and G2 are large positive constants and ~ and m
2 

are integers 

\~hich must be selected carefuly. 

TI1e optimal steady-state operating point for this particular FCC 

tm.it which \.ras investigated corresponded to T8 = 1160°F and C = 0 . 60 ag - rc ' 
Rai • 400 M lb/hr, Rrc • 40 ton/min, Tra • 930 F and Ofg • 0.20 1mol percen~ 

TI1e optimal control pol-~y was determined for the case in which the 

regenerator temperature was at its steady-state value, but the carbon 

content ere was slightly above its steady-state value at t•O. The 

resulting solutions for Rai and Rrc as functions of time are sho\.rfl in 

Figure 6 together with the corresponding values of T and Of • If one 
ra f 

compares these solutions with the results of dynamic simulation of 

the conventional control scheme, as shown in Figure 3 (considering the 

difference in time scale), then one can see that the dynamic optimization 

results in considerably improved performance, since ere returns to the 

optimal s~eady-state condition very quickly without causing an 

excessively high T • 
rg 

This optimal control solution with initial condition No. 1 can be 

plotted in the pitase plane Ofg vs. Trg' as shown in Figure 7 by 

trajectories denoted by circles with the numeral 1 inside. Point S in 

the fi gure represents the opti~ steady state. The output variable Ofg 

is plotted in the phase plane instead of the state variable ere' since 

it is very difficult to measure ere directly. Dynamic optimizations 

with different initial conditions were solved in the same way and 

the solutions are plotted in Figure 7 by trajectories denoted by 

ci rcles with the numerals 2,4,5,6 and 7 inside. Starting from several 

initial conditions, the trajectories move to an optimal steady state 

in an optimal manner (maximizing the objective function). A trajectory 

starting from any initial condition never crosses a trajectory starting 

from any other initial condition. In other words, an optimal trajectory · 

is unique and depends only on the initial condition. This fact is 

.,nO\m as t he principle of optimality, as discussed before. 

~ow for points along any trajectory on this phase plane, it is 

possible to plot an optimal solution for Rai as a function of Ofg and 

r 
-or _xam?le, from Fi gure 6 t his functional relation at t 0.1 

s ai ~ 1,165 ~1d Ofg .14 . ' hus, one data ?Oint (shO\Yn by a 

quare can e lotted in Fi ure S. o: lotting simila r value at 
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other times, one can obtain a sufficiently clear picutre of Rai as a 

f unction of Trg and Ofg' as shown by contour lines in the figure. In 

a pl ot of Trg vs. Ofg' a mountain is apparently located in the southwest, 

and a sea ~ ~he northeast. A similar functional relation for R rc 
i s shown in Figure 9. For a plot of T vs. Of , a mountain is apparently rg g 
l ocated in the northeast and a sea in t~e southwest. These functional 

I 
relations between control variables and state variables are called 

optimal feedback (or closed-loop) control laws. 

t·ow we can design an alternative control scheme for this .fluid 

catalytic cracker. We know the optimal feedback control law~, 1 at 

l east approximately. All that we have to do is to utilize the result of 

this optimal control study. First, we linearize the optimal control laws 

around the optimal steady state. This is done directly by measuring 

slopes around an optimal steady-state point of Figures 8 and 9, to give 

R - Rs • -1. O(T -Ts ) - lOO(Ofg.-08fg) (20) ai ai rg rg 

R -Rs ~ O.S(T -Ts ) + 50(0f -Osf ) (21) 
rc rc rg rg g g 

where a superscript s represents optimal steady state. Secondly, we 

investigate the contribution of each term in Equations 20 and 21 to the 

overall performance of the optimal system by comparing the performances 

with and without each term. By neglecting the second term on the right 

s ide of Equation 20 and the first term on the right side of Equation 21, 

a new control scheme referred to as the "alternative control scheme" 

was developed. 
I 

A dynamic simulation (with Model No. 1) of this alternative control 

s cheme, where the initial carbon level is slightly higher than the 

steady-state level, is shown in Figure 10. If this performance is 

compared with that of the conventional control scheme .shown in 

Figura 3, considering the differe~ce in time scale, ~hen one can see 

that the alternative control scheme results in a considerably better 

performance, since ere ~eaches an optimal steady-state condition very 

quickly without causing any excessively high T • If this is compared 
rg 

•Hit n t he optimal control solution shown in Figure 6 then it can be 

seen that they are very similar. 

Figure 11 shows the case where the carhon production is suddenly 

increased by a certain mechanism9 which is due to feed composition 

var iation. The resulting dynamic behavior will be explained by the 

following step-by-step analysis. 
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1. The increased carbon production causes t he carbon level t o 

increase. 

2. Yne increased carbon level causes the regenerator temperature 

to increase and simtiltaneously decreases the oxygen level. 

3. The decreased oxygen level causes the catalyst rate to decrease 

by action of the oxygen controller, and simultaneously t he 

increased regenerator temperature decreases the air rate by 

action of the temperature controller. 

4. The decre~ed catalyst rate compensates for the increased 

carbon production. 

As shown in the figure, this scheme is practical~! insensitive to 

this disturbance in carbon production. If this is COt;JlPa~ed with · 

Figure 4, the superiority of this scheme over the conventional one 

will be reconfirmed. 

CONCLUSIONS 

A method of applying optimal control theory was demonstrated for 

the design of a control system for a hypothetical fluid catalytic 

cracking unit and resulted in an entirely different control scheme 

from the one that is typical~y used in refinery operation. The 

performance of the new control scheme was demonstrated by dynamic 

simulation to be significantly better than the conventional system. 

The new design approach was found to hav~ significant advantages 

over conventional trial-and-error methods, because it is systematic, 

and because it provides information to evaluate the desirability of 

each design step, since the ultimate performance of the system is 

known from the optimal control theory. 

This research was supported by t he r ational Science Foundation under 

~SF Grant GK-563. 

ccat 
c rc 
c 
sc 

F 
cf 

The computations were performed at the M.I.T. Computation Center. 

NOTATION 

Catalytic carbon on s pent catalyst (0. 9) v t. % 

Carbon on re generated catalyst (0 . 6) Ht. i: 
Ca r bon (total ) on s en t catalyst (1. 5 ) \vt. '• 

Ca r bon formation factor of the feed (0 . 0) ( !I l b . car bon / hr. ) / 

Cl 0 ' 1./ ay 
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G1 = Constant (5 x 10-4) 

G2 ~ Constant (1.0) 

~ 0 Integral gain for oxygen controller (-10) (tUb. air/hr.)/ 

mo l % oxygen·,hr. 

Int egral gain for temperature controller(ton cat./min.)/ 

( - 0 .1) 

~O ~ Proportional gain for oxygen controller (M lb. air/hr.)/ 

(-40) mol % oxygen 

~T Proportional gain for temperature controller (ton cat: /min)/F 

(-0. 2) 

~ = Inte~er (2) 

~ Q Integer (1) 

Of g = Oxygen in flue gas (0.2) mol % 

(Ofg)max = Allowable maximum oxygen in flue gas (0.2) mol % 

Pco = Price of cycle oil (3.42) $/bbl. 

= Penalty function for regenerator temperature N$/ hr. Pel 

Pe2 

pgi 
p 

Penalty function for oxygen in flue gas M$/hr. 

"' Price of gasoline (~.59) $/bbl. 

gs = Price of gas -(0.0112) $/lb. 

P. Instantaneous gross profit rate M$/~1 r. 1g 
Ptf = Price of total feed (3.15) $/bbl. 

Rai = Air rate (400) M lb./hr. 

Reo • Cycle oil production rate bbl/day 

:' 
gs 

R rc 
Rtf 
t 

T f p 
T ra 

Gasoline production rate bbl/day 

= Gas production rate lb/day 

Cat~yst circulation rate (40) ton/min 

• Total feed rate (100) ~bbl./day 

• time hr 

= Feed preheater temperature (700) °F 

-= Reactor temperature .(930) °F 

Regenerator temperature (1_,160) °F T r g 
(T -y- -----;;---Ailm~able-uiaximum regenerator t emperature (i~i6a)~ "'F 

f g max 
Vector of ·control variables 

= Vector of s1tate variables 

3uoe r s cript 

3 Steady-state 
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