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ОБ УСЛОВИЯХ УПРАВЛЯЕМОСТИ В ОДНОИ 8АДАЧЕ 

СБЛИЖЕНИЯ 

Бабаков Н.А., Ким д.П. 

Институт автоматики и телемеханики 
М осква 
С.С.С •. Р. 

I. Рассмотрим задачу преследования точкой А точки Б 

nри следующих условиях. Преследуемая точка Б движется пря­

молинейно и раввок~~рно. Пресхедующая точка А имеет постоян­

ную ~о вел~иие скорост•~ Управлениями точки А служат огра­

ниченные по. величmве угловые скорости. Скорость ~ иресле­

дующей точки А меньше скорости Vs преследуемой точки Б 

( ~ ~ VБ ). 

В силу послед:него условия точка ~ не всегда ( не при 

всех · нач_ал:ЬНЫХ условиях) · может попасть или достигнуть в не­

которую Е-окрестность точки Б~ В с:в.яэи с . этим ~озникает за­

дача определения условия, при выполнении которого точка А 

в процессе преследования может попасть в точку Б. Это усло­

вие, которое будем называть условием физической возможности 

преследования~ или короче, условием уnравляемости)в прост­

ранстве начальных условий преследования~ выделяет область 
1 

управляемости. Поэ-тому рассматриваемую задачу можно еще 

формулировать как задачу определения области управляемости 

в пространстве начальных условий преследования и дальше для 

краткости е е будем называть задачей об управляемости. 

Задача об управляыюсти :в "двумерном" случае - в случав 

плоскостного пDе сл:едо:вания - была рассмотрена в [ I] • 



Здесь же эт~ задача рассиатривается в случае nространет­

венного nреследо~ания. 

2. Постановк~i задачи. При соответствующек выборе свете-

мы отсчета - наnравление оси А1 совпадает с вектором 

скорости точки Б, начало координат совnадае~ с кестонахоа­

дениек точки А в начальный кокевт преследования ( ск. рису­

нок) - уравнения двихения точек А и Б соответственно при-, 

нимают вид: 

( 2.I) 

( 2.2) 

X,q ::: ~ l'oj Xr с ~J :x.'l 

Уд -= Vд С {,:·1'7s Yin Ху 

2. - '/ ~ 'Х$' 
А- VA 

x't:: и~. 
'J(: S" =- и 2. 

ХБ ~о· ) УБ -=VБ J ~~:0 

Управления точки А nодчиняются услов·ию 

В начальный ыоuен~ преследования t~ 

Х .А ( t f> ) :: LJ А f f • ) ~ 2)f ( f, ) ::: U 

( 2.4 ) х'1 { i e~l -::::. Х 'fc 1 Х .r ( t 11 / ::. ~; 

Введе~ обозначение 
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Тоrда из уравнений ( 2.!) и (2.2) получим систему: 

:i:!-=-- VA С 0'5 X.r С о1 x'f 

( 2.6) 

j:l ~ ~;-у;. C~.X.r ~Ху 

2-J -=-- \~ ~ Xs 

Х'1 : LA i 

~~ ::. L/2. 

которая оnисывает относительное движение точек А _li Б и , 

сn~довательно; прqцесс nреследQваиия точк~й А точки Б. 

Начаnьвые условии пресnедования -запис~аю~ся в следующем 

:виде ( cu (2.4) ) : . 

( 2.7) ;x1 (i-,J-:..~·~- ·x1{f.):X; ~ :X~lt.j;:~" , Xv (t):X./>/ Xsft.J.:~~ 

Задача об ~равхяемосп ~рмупруе~ся . схедующиu обра­

зок~ _ В ~рОст~ст:в:е Х--~ В:ачаnшiх ,:cJI~виl х·= (х;>, х~--~ z_;, ~о;Хз-"' J 

( ~ • f; Х •) найти . о·б.пастъ . упраuнеаости :в сЛучае nре-

схедо:вании~ _ процесс котороrо описывается системой (2.6) и 

СООТНОIПеВИеК (2.3) - ПрИ УСЛОВИИ 

( 2~·8) 

Схедует заметить, что . постановка рассматриваемой зада­

Ч~! и метод : ее решения н·е претерпят существе~ных изменений , 

если I) снsтъ ус.хо:вие ра13ноыернос_ти двиzеиия точек А и Б 

и принять, что :в:еличины скорс)стей точек А И Б как-то меняют­

ся во времени, _и: 2) считать, что ~реследующая и преследуе-
·. 

мая точки - fШЗIЯЮ!~оя c.пoDЬIIIИ . дин&JШческиD системами . и при 

~ыводе уравнениlr преследования буд:ут учитываться уравнен : :--: , 

которъши _эти сис:теiLЬt оnисываются;. 

.· 
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3. Рассмотрим сначала, как решается задача об уnравляе­

мости в "двуuервом" случае, когда все время д:вижение точек 

А и Б nроисходит JB плоскос·ти ( ~J.J :Z ) • Уравненин преследова­
ния для этого сл~1ая можно получить, если в (2.6) положить 
. :xj ::. о ., х.., = Yz . 

( 3.!) 

Множество Q 1 возможных значений для ~авиения /и 2 

определяется нера13енством 1 L-12 t ~ с.и.z • 

Обозвачп черЕ~з i1. момент времени, когда точка А в 

процессе nреследо13ания в первый раз nересекает траекторию 

точки Б: 

( 3.2) 

и -х3 {t) -/;О nри всех 1. f (f" 1 --t1 } • Величины · i 1 и 
::t { f1.} зависят о~~ начального условия х"-=- ( aczQ ; ~с3 "1 

-:Jё/' ) 

преследования и управления L 12 • Если состояние :Х:" управ-

. ляемо, то существjrет такое управление Li2 б- rz.t , при ко-

тором _-х2 в момент времени t1 меньше или равно нулю: 

Xz ( ti J i О. Дейст1нrтельно, если· nри всех доnустимых уnравле­

ниях 'Х2. { +1.) >О ,, то это означает, что каково бы ни было 

управление U z t f J Е 12i , точка А в момент t 1 будет 

на траектории точки Б сзади и в силу условия ( 2.8 ) она 

не может догнать точку Б. 
. . 

Таким образом,, необходимым условием управляемости со-
...,_. 

стояния х~ rmляется условие 



. ( 3.3) 
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111 i. п ?С 1.. ( t i. ., -:Х о) J ~ U 
Uz. с Qf -

В случае, когда множество 521 совnадает со всей прямой 

( Шг. = 010 ) , условие ( 3.3) .flШiяется · также достаточным. 

Если же J.Шожество .S21. допустимьtХ управлений · qграничено, 
,_ 

то возможны такие l!ачаJIЬные ·.состояния 'Х .. , при которых 

точка А, каково бы ни было_ упрапение Ltz б Q! · , пересечет 

траекторию точки Б :в п·ер:вЬlй раз спереди: Х2. ( ~ ~ J ,_ о , а 
во второй раЗ -._ сзади точки Б : Х3. t t-z) > О J t~- :момент 

:времени, когда точJ~а А пересекает траек.торию цеЗIИ :во вто­

рой раз. В этом случае, несмотря ва выnолнение условия 

(3 •. 3) достижение точкой А точки Б невозможно. Спра~еДJiоа.­

следующее предложение •. ДЛя того, чтобы состояиие Х"' . бьшо 

уnравляемо, необходимо и достаточно, чтобы выnолнялось 

условие (3.3) и хотя бы одно из условий: 

( 3.4) 

( 3~5) 

m О< ~ I'X2 (ti. ' ;х(>} 7_, о 
Lf2..t:Slt 

_ 1п (.м, Х 2 { t l., х "'J ~ о 
liz f- .511 

Необходимость •. Необходимость условия (3.3) была nока­

зава. Необходимость :выnолнения хотя бы одного из иеравевст:в 

( 3.4) и (3.5) следует из того, что если ни одно из этих 
неравенст:в · не выnрлняется , то точка А при :выполнении усло­

вия (3.3 ) nри любс111 t/2 t 52 1 , :в момент t -= t~ будет впе­
реди , а в момент f = tz · -сзади точки Б. Но тогда, как 

~ 

мы уж_е отмечали, состоШiие Х" неупра:вляемо .. 

!оотаточность~ В~1олнение условия (3. 3) означает су­

щестЕо:вание для данноге состоания zc уnра:вления, nри 

котором точка А :в м:омез:т t 1 nересечёт траекторию точки Б 
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. сзади. Ясно, что .nри одновременном :выnолнении обоих этих 

· услов~й доuно существовать уnра~ление, при которок :в ыо­

uент f 1 точка А :11опадает · :в точкУ Б: · X,t { -lt J = О • Иначе 
rv 

говоря, :в этом случае состояние :со · упра:вляеио. Уnра:вляе- . 
~ 

масть состояния X;J . при :вьшолненИи условий· ( 3.3) и (3~5) 

:видно из .следующих рассуцений~ · 'Е этоu случае точ11:а А ка­

кой-то отрезок :вр,еыени, принадлежащий интервалу ( 11 1 i z ) , 

удаляется от трае:ктории точки Б •. IIoэтouy, :варьируя это 

:время соответствующим :выборок управления, можно добиться, 

i = 1:,. чтобы в момент ' • наступило попадание. Наше утвержде-

ние полнос~ю доказано. 

Таким о6разо11, решение задачи об упра:вляемости · :в слу­

чае плоскостного Jа:реследо:вания свелось к оnределению киви­

~ма и максимуitа функцианала х ~ ( -t j ) х" ) и uиниuуиа 

функционаJiа Х2 l t2 1 ·~&))~ Но Чтобы найти миникум (uaкcю.tY'Jat) 
функцианала :t2. { t .t ) х'') , нужНо ~решить :вариационную задачу 

май ера, формулиро:в11.-у которой -не :.трудно привести ( I l .. 
Для того, . чтобы: найти ~н~мум фун~цио·нг.ла J4_(t21 i'l, нужно 
решить трехточечную :вариаци~нную задачу, в которой значе­

ние функции х (f J: 1 Xz и J, J(> l+ J J:хт t f)j задается при трех зна-
чениях времени: f. .. , t 1 и f1 ·~ Метод решения многоточеч­
ной и, в частности трехточечн-ой вариационной задачи рас­

смотрен, напр~ер, [ 2 7 • 
4.Перейдек теnер:ь к общему случаю nространствеиного 

nреследованИя. Необходимое и достаточное условие в этом 

случае уже нельзя формулировать так, как это было сделано 

выше. Наприuер, из одно:временногQ выполнения условий 

JY2 t.. YI 'Xz ( -t • 1 Х u J ~ О z...< m t< ?С ~ { + 1. х.., J "> О 
"' '· f Sl.. 1 lit Q "' 
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еще не следует уnравляемость состояния х о. Здесь х = 
-=- { x t;;' Xz'', х; 1 х.,.:., Xf)- начальное условие nреследования, t j 
как и в n.3~ обоэвачает ко:мент времени, когда точка А в 

nервый раз. в . процессе преследования nересекает траекторию 

точки Б: 

( 4.1) 

и хотя бы одно из · ~3ТИХ равенств не :выnолняется nри любш 

t Е: ( .t~ j -l i ) ·• 

Но .точно так же, ~ак было сделано в п. 3, можно nока-

эатъ, что необходимым усло:вием уnравляемости состояния :r ~ 

является выnолнение нера:венст:ва 

( 4.2) f}1.-~ х.< ( t j J)( ~ } L Q 
и t fl' 

· Вариационную задачу, которую необходимо решить , чтобы 

найти минимум функцианала 'Х2: f+-1 1 :хи) , можно сформулиро­

вать следующим образом. Среди неnрерывных и кусочио-диффе­

ренцируемых функций х ( t J·=- 1 JC1. { -t)> · : · > :>Cs-t tJ j, уДовлетво-
ряющих :в интервазiе ( tt> J -t_ 1 ) системе ура:внений ( 2.6), 

а на концах- условиям (2.?.) и (4.I) и среди кусочно-неnре­
рьmвых уnравлений L1 r t J t Л ; найт11 такие ·х {tJ и и ttJ , 

при которых фувкци!ОнаJI 

( 4.2 ) 

принимает кинимал:Е.ное значение. 

Будем решать эту задачу, nольэуясь принциnом макси­

мума л.с. Понтрягина. 
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Составим.функr~ю Гаиильтона -

Н -:=.- ~ ~ с о 5 'Xs с !71 :х'1 -+ tfl. ( Vs - ~ С-с-1 Xr ~ ~ ) -
- "-1-'3 'v'A ~ Xs -+ ~. u1. -+- Ч's Llz 

( 4.3) 

Выnяшеu "сопряженные " уравнения: 

~=-i=Y3-=0 . . 
( 4.4) .;., ~-'f;VACiYJ:Xj-~X'I +У$.~· 

~5 ~ -'-rt VA ~Xr (..c.'1X'f- 'fz vA ~·)~-~.Х:,+'/з~С,~;) 

В ко~ечный момент времени t 1 nереuенные 'f2 1 f~) 'IJ- · и 

функция Н ;цоШJtны удовлетворять усло:Q~ЯК [ 3], 

{ 4.5) Ч2. {fj )-:.-11 ~ {fiJ ~ ff; (f1.) -=- ·0 

( 4. 6) н U j J = [- Ч; Vд t: й1 х.)- с о-:1 ~- v6 + ~ с cr.1 .х_, ~ ~ -
- Ч3 VA ~ X.r Jt=tt := 0. 

· Из (4.4) и ( 4.5) имееи 

( 4.7) 
~ -::. с 1 7 <fi "7- с, l ч; -::; ( 3 

·~ч =- С1 v~ с. c.YS :х.)- ~х'1- ~ CAr1 Хг C..V sx..., 
Y-r ~- (1 VA YiмXi l v-1 "X'f -+ ~ ~X.r~..,x't-t- С3 VA С tJj :С$"" 

Так как функция Н не зависит явно от времени, то она nо­

стоянна и в силу ( 4.6) равна нулю: 

( 4.8) - (1 ~ (D1Xr С tY.SX4- V6 + VA С С>1 Xr ~ ~ 
_ с 3 vA пп x.r _,. чх Lt1 + ч~ ц 2 -=- о 

Из принциnа максиъ~ма для оnтимального уnравления при 

~Jt f- О и </s.· f. О имеем: 

( 4.9 ) 

и~ D и, n 
При т~ --=- и 7 ~ .:.. v функция R-нс зависит явно от 

упрс.влении ll ~ ( U:1 J U.z. J и принци:п максиму1i1а не позволяет 

1:C1tYЧW'I'Ь выражение для: оптиыал:ьного управления. ~оэтому в 
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этом случае мы бу;z(ем исходить из других сообра!tений~ 

Пусть -~ -::0 на -векотором интервале~ Тогда на . этом 

интерВа.пе, · исКJIIОчая, быт:ь . может, концо:В - ·этого интервала, 

равна ву.пю и . проюiводная функции . ~ ;. +~-=. .о •. Подставив 
:в Э!!!О равенство ВJ&есто t.f ее . выражение из ( 4.4), по­

J11ЧИ11 ураввение 

( 4~IO) CD-1 .. Xs· ·( ·c1 Sinx,--t_·c~?Cy) -=о. 

ИСП"ОJIР:?УИ rеОJI!етрические по.строения и резулътаты, по­

лученные в [ ·r] - ~ · lioeo пок~зат:ь, что р·ав·евство с V1 ~::.о 
на векотором вевliрс;>аденноu: -интервале при оптимальном 

управ~енiш исШч;е:ао~ Поэт.ому из _ .( 4~!0 ) следует равен-
с тв о 

откуда не трудно Jсrодучит:ь для ~ч выражение 

( 4.II ) 

· , Таким образом, если функция ~ тождественно равна 

нулю на векотором интервале, то на этом интервале, исклю­

чая, быт:ь ·. может, ·его rраничцых точек, параметр Lfi., опти­

мального управления :выражается ра:венст:во!l 

( 4.!2 ) u1 -=- х.., =- v 

Предnоложим, что функЦия lfl-t на интервале [ tc 1 t11 

обращается в ну.л:ь :в конечном числе изолированных 



12 

точек х/. Тоюда, так как доnустимое упраБление предпола­
гается кусочно-н«~прерывным и содержит конечное число то­

чек разрыва, мнохестБо изолираБанных и граничных точек ин­

тервала, где фуюсция ~ обращается в нул:ь, будет конечньш. 

Цоэтоиу в этих точках можно, не_ нарушая условия оптималь­

ности, значение nараметра [71 оптимального уnравления, по­
ложить раБньш нузm. Тогда ДJIЯ U1· на всем интервале [ 1:., 1 tj. 1 
имеем: 

( 4.13) 

где 

Пусть теперь обращается в нул:ь на векотором интерва­

ле функция чr . Тогда на ЭTQU интервале, исключая, быть 
может, его граничrных точек, обращается в нуль производпая 

<-?~ : 
( 4.!4) - С1 5 ьУт X.r CD-1 X'f + ~ X.s-~ Хч +С!> C..t.--! XJ- = 0 

ПродифференцироваБ по~леднее тождество, после неслож­

ных преобразо:ваний, получии 
"._ 

""' ( с 1 .s ~ х '1 + с. <n х" / и 1 

( 4.!5) l! z ::. (с, см к.,- ~ х.,) C-'J х,- +с!> 

где Lf1 - параметр оптимального управления, определяемый 
равенством ( 4.13). Формула ( ·4.15), вообще говоря, 

х/ 
Можно доnустить, что изолированных точек, в которых 

функция W, обращается :в нуль, бесконе~ное множество. 

Важно, что аы мера этого множества была равна ну~. 
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спраБедлива в тех ~rочках интервала, где 'ls = О, в кото­

рых функции ~ и - Лs дифференцируемы. Но так как то­

чек, в которых фун:кции 'Xt и Xs- не:дифференцируемы, ко­

нечное множестБо , не ·нарушая общности, upжeu считать, 

что формула ( 4.15 ) сnраведлива на всем интервале, в 

котором: 1'~ ~О • Так же, как и выше, ~ изолированных 
. "-.../ 

и граничных точках. интервала, . где ~s-= ·о, положиu и, = 

~ О. Тогда параметр Ul оптима~ъ~ого управления в невы­
рожденных интервалах, в которых · проиэвоJJ;ная ~s- тождест­
венно раБна нулю, определяется формулой ( 4.15), а · в ос­

таЛьных то~ках инт'ерва.Ла _._[ tt) > it ] - формулой · ( 4 .9). 

Итак, оптимальное. _управление U l t) -= { й1 f f J J (J_ z ( 1:-) ~ -.. 

найдено. Те~еръ, чтобЫ найти необходимое услоБие управ­

ляемости, НУЖНО ПрИ U ~ L~{f) реШИТЪ СИСТему уравНеНИЙ 

( 2.6) и. ( 4.4) при rраничнш условиях ( 2.7), ( 4.1), 

( 4.5) и ( 4.6). 
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_'d 

Рисунок. 

А t х~ 1~д ,1А) - коордива~ы nреследующей точки А; 

Б L 'Х,; ) ':1,., • 16 ) - коор;цина~ы преследуеuой ~очки Б ; 

'Ху - угол между осью Jl х и nроекцией векто­
ра ~ скорости точки А ва nлоскос~ь 
( ')(,") ); 

'X.s- - угол между nлоскостью ( х, '-) ) и век­
тором скорос~и -~ • 

.· 
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ДИНАМИКА ПZРЕЫЕЩЕНИЯ КОСМОН~ТА К КОРАБЛЮ 

С riО:ЛОЩЬЮ 1~РОСА И l1РИ .. ЧЦ1Ш СИНТЕЗА УПРАВЛЕ­
НИЯ КОРАБЛБМ, ОСНОВАННЫЙ · НА ТЕОРИИ СИСТЕМ 

С ПЕ?Е~~1ЕННОИ СТРУКТУРОЙ 

СОШНИКОВ В.Н., УЛАНОВ Г .М. 

Институт автоматики и телемеханики 

г . Мос1~ва СССР 

ВВЕДЕНИЕ 

Одним из средств возвращения космонавта на корабль может слу­

жит .:. гибкий трос. В работахi,2 рассматриваются трудности, воз­
юшающие при использовании такого средства возвращения. Основ­

ные из этих трудностей заключаются ~ nоявлении заматывания тро­

са на корабль зна·чительного раскручивания корабля · и больших ско­

ростей соударения Еюсыонавта с кораблем. Наличие этИх ·явлеюШ 
не позволяет обесnечить возвращение космонавта на кора~л:ь при: 

произвольных начальных условиях. Выделение области начальных ус­

ловий, при которЪIХ обесnечивается процесс :возвращения -- с задан­

ными ограничениями,~ составляет одну из задач работы. Решение этой 
задачи позволяет . оцёнить nрактическую пригодность ~еуnравляемой 
тросовой системы. Второй задачей работы является определение пер­

спекти:вного в данном случае метода _ синтеэа углового уnравления 

кораблем, которое позволило бы устранить те свойства тросовой 

системы возвращения, которые затрудняют ее практическое исполь~ 

зование. Указанные задачи решаются в с~учае плоского дв1tжения 

системы при постоянной скорости сматывания троса. 

УРАВНЕНИЕ ДВИЖЕНИЯ СИСТЕМЫ 

Математическая Jюдель, принятая в работе, ст ро;ит сн nри сле­

дующих nредположениях: 

I. Корабль и космонавт - твердые тела. 

2. Трос - иестационарная связь, изменяющаяся по линейному 

закону. 

3. Внешние возuущения, в тои, числе и от градиента rрави'l'а­

ционного поля отсутствуют. 

При этих предпоJюжен.иях уравнения движения центра масс и 

угловых движениИ системы независи.мы. 

Динамическая модель уг.~ового движения и интересующие нас 
о6общеЕаыс координаты изображены на рис. I. 
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~а рис. I обозначено: 
I и 3 - корабль и космонавт v массами м., и м~ и моыен-

тами инерции ~i ~ ~3 · , отно сительно осей , проходящих через 

ИХ центры масс ~\ И . <J~ , И nерnендИЕУЛЯрНЫХ ПЛО.СКО СТ И ·pИCYfi;Ra . 
1 1 1 . -- ·- - • -

)(о'! - инерциальнан: сястема координат с центром, расположен-

ным в центре масс системы . 

"t.~ . - расс'l.'ояние от ~ентра масс корабля до точки :выхода 

троса . 

't.a. - длина троса , иэменяющаяся no закону ~ -... ~ "tl o .. ;,10 t 
~ь - расстояние от центра масс космонавта до точки креnле­

ниа . троса . 

~" , ~~ , ~~ , - . о·бо6щен.ные координаты, отсчитываемые от но-

сительнq . 'ci'<' · · 
t-t - расстоЯRие между центрами :масс корабля и космонавта. 

Уравнения Лагранжа П рода для угловых д:виж~н-ий ., разрешенные 

относительно :вторых: проиэ:водных имеют вид : 

~ - - \',_ 't~ \U\ ~~ .... ~~' . 
• ~. ':it. 

r. l.. \"z.'t~Ш.t"'"-lfz.)\\." \~~~)- {!2."~~~1.-,,\\.\\.1..'91-~) ~ • • . 
-~ 2.."' "t. "" ':) - -.. "t.~o ~z. ~ z. ~~ ~ 

~~ !.~"' l~,-~1.~1 ~~ -t "t." \\~ (.. 11.- ~,)~: 1 ( I ) 
~ ':: ~2. 't'!. \\\\ ('9~-~!) . 

! "S.ъ.__ . 
где ~2. - сила на'I~яжения троса, вы,ажае~.~ав формулой: 

r , • L • ~ ~~ • z. 
~ - ~~t.o\~""-""'"'-\' "t.:t~~ ~ ~ ~1.-\Q~)~" . , - м"~~ . 

2. - \ ~ ~tt!~~-~1.) • . ~~ \~~ ('f1.-~,) 1 \\.- м,+ "'-ъ (2) 
Систе ш ура:вн~ний ( I) доnу~кает пониж~ние порядка на две 

е~,Iшr;цы, поскольку обобщенная координата~является циклической 
(ИJ1И игнорируемой ) .. 

Процедуру пониженин порядка уд t::;: выполнить, вводя перемен­

вые Рауса3, напр 1мер, следуюЩим образ о : ~ , ~\) .l.a., ~~)·s., L2 1 ~s.. 

(3) 

С помощью функции Рауса R \:t,J.1,J.,. 1 \Q,, ~",i~, ~,) , которая в на­
ше 1 случае не зависит от ~1 , система (I) может быть заменена 
этви1ал{(l~Н'?{о_ системой ( 4): 

lt\"i~) - ~~о 
. .А i~\-'!i.~() 

4t \ "~J.) "'Ьlо,. 
cl~, ·~ . --.r .... ·ч1. 
с\(),_ ~ -~ 
~ "\~~, 

ОСКОЛЪКУ 1 JНКЦИЯ Рауса н ~ Эa Birl C I:m ОТ ~1. 

( 4) 

т ' . за-
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дача интегрирования системы (4) сводится к интегрированию двух 

перв:ых ypaвнerput . В виде, разрешенном относительно вторых про­

изводных эти два уравнения записываются следующим образом: 
•• -- •а. •tZ. • • • • 

1.1 : с,. ~ii + tu.."-• + c,.J..1 + с~ J..,J.l ... ci5 ,J..," + с,~ J..,. 
i ё' , • 1 cr i ~ 1 • J. 1 • • 1 • , • 
'1: <\'\ ~~ .lt ~~'1~i ~ t\~J:.L""' ("",(.\~2. ~ (.\~ ,ls. ~ (._j...L 

где ё:,,, с\: - функции "-1. и J...,. 
. 1 1 .J. 

c\i., ~"'' t") \~ - функции J., , ;..,_, и \. • 

(5} 

После интегрирования уравнений относительного движения (5) 
угловая скорость~ корабля и его угловое nоложение относительно 

инерqиал~ного пространства опред~ляю;ся ФО;мулами (6) _ и (7): 
~ : ~~J..\t~'\1. + -.~>.. +'1:~ + 2.\:1.~ + t.l...•a,ll~ '3r.}J..i.« •\а '~~\.Ъ..~~,t.~\)н.~··'\""" . 

i 'j\ .,'!. .... ~~ 6) 

~'\:: t \t,~ ~( + ~iQ (7) 
где а\:~ \\\A•i. <1~. ~ 't~ t;.v.~: t":: 't" ~~.. 'а.-= ~!t~.t~. t: s _ 't~ -t-'ti ~ 1~'t.a. '\> 't: -t Lt,ta."" tQ~QL"'" 1~ t.& (8) 

Величина ~i. , как можно по казать, представляет со6qй кине-

т ический момент систем·r , а тштеграл \\-= ~... систеri4ы (4) выра­
жа ет закон сохранения кинеатического момен·та. На основании 

изложенного можно сделать вывод о том, что ура~нения _ относи­

тельного движен~m (5) совместно с формулами (б) и (7), дают 
полное описание движения исследуемой системы. 

СТАЦИОНАРНЫЕ ДВИЖЕНV!Я CVICTEMЬI 

Полоji!;ения равновесия системы (5), то есть такие точки ;.~· , 
,А; , для ··оторых ~; ·::~,.-а i..1: ZJ.'! О , мог~·т быть определены 

как корни с r-~стемы алге6Qаических уравнений (9): 
1:. lJ.~, J.1.) ~ о . 
ё~, ,~.,.,1.~)=-0 (9) 

Решени~ систе:мы (9) J...~ ·и 1.: могут· быть вычислены с по­
.. ющью :в е ич~ш а: и а; , которые определmJтся формулами (IO) 

' ,. • J* ,. • • 
Cl, : t(" ~\~ .,_, Q1 =- "' ~\\,\ J.J. (IO) 

... .. 
з · а че .. ия Q"' и 0. 1 , являющиеся решениями системы (9) опре-

делл:от с я (;о р ·~тулами : 
Q~ 
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приню"i:аемые решениями системы (9). Легко у.становить, что q:ю p­

ii.yлe (II) соответствует 6ес1сонечное множеiJт:во -стацv.онарных д 1-

жений систе_ны, представляющих собой сближение по инерци, со 

скоростью ~~ не:вр~щающихся ~орабля и космонавта, имеющих отно­
сительно троса неизменное положение, при нуле:вой сиЛе не.тяыен · . 
троса. Д:ва стационарных движения, соответствующие формулам (12), 
nредставляют собой некотррые движения, при которых иi:еет место 

раскручи:в~ние систе itШ относйтелън9 _ инерциального простран ст ва 

С :ВОЗрастающей СКОрОСТЪЮ, ТОГДа как ·взаимнре ПОЛОУ.\6НИе У.Ора6ЛЯ 

и космонавта отЕосительно троса остается неизменным. Интересно ! ' 

особенностью равновесных состояний и стационарных - движе-ний сис­

теыы является u зависимость не тоJIЬко от nараметров систеwы, 

но и от начальных условий, которые и опре~еляют величину кине­

тического момента ~~Ф • Эависиыость равновеснЫх вещественных з-на­

чений ~~ от параметров систеыы и величины кинетического момента, 
а также знаки члена с"-:;~"\\\ :в пр~ой части уравнений (5) 
удобно предста:в1.ть с помощью бифуркационной диагра .шы (рис •}). 

На рис. 2 обозначено: . -t ~ "' н. "'

1 
.. _, • """"'"'& ,...,. Ао\.1() .J!, l и 1\ - К9И:вые· , . им .:.ющие уравнение: ~10=! C.'t~o~u~-\~ - ;11 ... \ 1 - кривые , заключенные между кривыми i. и l\. , rшею · ие 

уравнение ~\0-=--~(Q;-+~~,)~ (14) и при СА.~, --~1...!1 и о.~, a.-"t". 
:{t, 0::.1 . 

, ре:вращающиеся соот:ветст :венно :в ~ и ~ • 

Функцы1 J..,• от ?,0 имеют :вид I или I' :в зависимости от 
того принимает ли вели;ина: 2. ~ 

о.,. ; :1~-~ (. \_:\,1' -:1-.) ( 15) 
значения иеныпие 't~ или большие 't1. 

• Значения угла -/..1 _, отмеченные на рис. 2, определяются по фо р-

r\ улам: : \cL:_\~ QftC.(\t\ ~ \cl~\c:f-Мl.$\к ~ ttL~\- м~" \<l.t\ 

\cL:\\• ~\"'\О~ \l~~\c 1- ().ltи\"- \0.~~ \eL~~\=1'·~\~t\ (Iб) 
3 rа че:ния парамет ров ~'~ , ~. и ~~- , при которых изменяется 

число положений ра:вно:весия, являются бифуркационньши и опреде-

ляются Ф~РМУЛf3:МИ : ' 

?~" \;,..,\~~ " ._ \~~.)~~ ·, У~ ~ \ё,'< 1.~\;_,о\ ; ~:·-. 2:Гz. t;...o\ ~v.~,• \) ( I?) 

3а:вис 1Iдость равновесных Значений ti: от параметров сuстеыы и 
{>" имеет тако:~ же в .v·д, что и зави симо сть, пр иведенная на ри:с. 2, 
с тем: - ш шь отл · rчие:м , что шс ·, т а б по оси с1.,• и форм;улы для крив ~=~ 

- • -, .. <• а.• ..,, ,. 
\\ 1.. \\ долr.;:нь быть из ~: ен ны :в соответствиr· ·с q;o p~ улои , а -a-Ct:z. 
- ~3 
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- 1 
а бифуркационное значение параметра ~40 теперь определяет ~.: 

о; _ \" \' § "'l1-..-'1~) ·1 
но- 1..1.0 l "'t.ь "' ~!. "t~ (I8) 

Поскольку значенИя "": и J.; , отличающиеся на 2к1' (K=I ,2 ••• ) 
соответ ствуют одной и той же конфигурации системы ( подnростран­

ства ~ l., , ~ ,Ll., - цилиндричесю~е), то рассмотрение равновесных 
значений на ин'1~ервале ( -( 1f ) исчерпывает ~се возможные 

состояния равновесия. Для бифурав;ционной диаграммы вида П ха­

\f)актер о сновных типов относительного движения троса и корабля 
' r · 

nри ~,0 ~~\о и~t~, ~<)nредсrrа:влен на рис. 3. 

ПРИБЛЫ~НF~Е УРАВНЕНИЯ, ОПИСЫВ~ОЩИЕ ОТНОСИТЕЛЬН ОЕ 

ДВVЫШН~Ш КОРАБЛЯ И ТРОСА 

Анализ стационарных движений был :выnолнен для nроиз:вольнщ 

геометрических и инерционных характеристик сближаемых объектов . 

При получении формул 9 описы:вающих относительное движение троса 
и корабля , используем то обстоятельство, что для системы :возв­

ращения космонавта· имеют место следующие неравенства: 

~,~')j ~ ·~,'))~~ (I9 ) 

В этом случа е, как следует из формул для равновесных состоя­

ний 1.; и ои:уркационных значений параметров , структура фазового 
пространства ъ одели с истемы, :в которой космонавт представлен 

точечной массой, n~актиче ски совпадает со структурой фазового 

п- дпространства ~1 ~1 рассматриваемой модели. Для этой упрощенной 

модели линеариэованные :в окрестностых равновесных состояний 
10 .. 1 ... tt 1 . 

с/..,1 , с("~, J..,~ , /.,~ уравнения относ rтельного движения корабля и 

троса иыеют вид: l/ + A .. (~)I/ + S"('tz.)I, =о (20) 
11 лине аризо ванные в окре стно стях равновесных со стояний ~n и 

• 1 
cl.t1 - :вид: 

(21) - _, . 
г,4е : J...i ." J..,-J.: и J.,. о бозначает дифференциро вание по но :вой неэав.и-
с и:. о ·"' ne ременно й "tz. , линейно с :вяза ·: ной с t . Вел ичины А1 ( t, ) , 

~,l~) и '5"\"t,) вычисляют ся для каждого из равновесиых состояний 
по -:iop:.!y'!aiiA : ~· · ;t(~,1-~"t~-~t,t:>t1) 

А, \1-t) ~ "tJ. \ ':11-+ ~~J.) ( 22) 
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(25), 

И Cl~· ВЫЧИСЛЯется ПО ОДНОЙ ИЗ формул (1Q). 
Уравнения (20) и (21) nоддаются классификации, а и . енно, оки 

nредставляют собой-лИнейные дифференциальные . уравнения класса 

Фукса4 и обладают четырьмя осо'быми точками .. Интегрирование та­
ких уравнений nредс:та:вляет nока не решенную nроблему. Ра~смот­

рим свойства ура:внений (20) и (21) и сравним их с соответствую­

щими свойствами ре.шений . .нелинейной сис'r.емы (5) :в окрестностях 

равновесных со9тояний. С nомощью .теорем, nри:веденных в5, r.ю :I­
но установить, что решения ура:внений (20) и (21). соответст вую-

,,.., • t" 
щих равновесным 1•очкам -.1!. , J.~ , ~,4 не югут быть колеблюw.и-

мися, . тогда Itaк реше;ЕIИЯ уравнений (20) и (21), соответст:вуюцих 
1. , .. ; ,.,, 

равновесным точкам ~~2. , ~,, f4: *"t~ на достаточно большом интерва-

ле изменения аргумента будут Rолебательнъши. В окрестнос-ти .s;со-:­

бой точки коэффициентов "'-1.-= О нули колебательных решенИй ура:вне­
ний (20) и (21) не имеют. точек нюtошrен.Ия, а nроиз:водная обще­
го решения стремится . с 6ескqнечности· , что можно установить инте­
грируя уравнения его) и (21) в окрестности особой точки ме тодо:.1 

Фробениуса, как, наnример в5 :И.."'И 6. С nомощью моделирования не­
лине;йной системы (5) можно установить совnадение свойств ее ре­
аений для относительного движения кора~ля и троса с уст анов ен­
ныr.ш свойствами линейных уравнений (20) · и (21). 

С nомощью теоремы Сонина-Пойа5 можно установить, что последо­
вательность экстремумов · колебательных решений уравнений (20) и 
(21) является убывающей на интервале ( tt~, 1.:" ) иэ v1енения . "tz. 

и :воэра с.('р.ющей - на интервале ( 'i.~; • О ) • При условиях (19) 
величине) Положительна и оnределяется формулой : 

\.\ 'j\1-(.'t\ ~ т 
1\ '= tl. (29) 

На рис . 4 представлены точные реш ения I и П уравнений (20) 
и системы (5) ~ для относительного движения корабля и троса в ок-

. tt 

рестностУ. равновесной точю r/...11.. Из рис. 4 молшо видеть, что 
решения линейдога уравнен IJЯ (20) обладают с:войствами соответст­
вующего решtшия нелинейнои с ис т емы ~(5)в окрестности cl; и удовле­
твор1тельно совпадают количественно. 1ожно видеть также , что в 
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процесс е возвращения ·pe t· ение _ суще с '.r:венно отклоняется: от соот­

ветст:вующего равновесного состояния л.vrшъ в 1екоторой .весьма ма­

ло й о крестности · точки ~1 -= О • Сказанное выше позволяет считать 
лине йные уравнения (20) и (2I) прие:млемыми для оп1-iсания относи­

тель r_ого движения троса и корабля . 

АС т·IМПТОТИЧt:СКОЕ ПРЕДСТАВЛЕНИЕ РЕШЕНИЯ j1'ABHEН1ffi 

ОТНОСИТЕЛЬНОГО ДВИЖЕНИЯ ТРОСА И КОРАБЛЯ 

Получим . аси:ыптотическое предст авление решения уравнений . 
'20 ) и (2I) следуяб. С целью приведения уравнений (20) и (2I) 
к р~сснатриваемnй вб форме введем большой параметр · Т измене­
н · rе ·.r масштаба независиuой переменной по ~рмуле : 

.А - "1.2. ·v- f\' (28) 

Для упрощения выкладок приведем уравнения (20) и (2I) ааме­

но 11 неиавестной функции по формуле ]1,~~-. If~ttt)d"tt)~ (29) к 
каgо ническому виду : 

. " 

. ~ + I ( 1..t) ~ = D ( 30) 

где It't1) ЫOliill т принимать значения !,t'tt): &~\1.1.)- ~ A~\Lz)- t А~ ('t.z) (3!) 
- - 1' 1 ) ( ". . ~~ ::i !.~L~)-= ~"\'\1.)- i~ А~ ~1.1 -!",,l1.1) (32) в соответствии с коэффициен-

анд уравi е ь:ий (20) и (2I). Лине }шо независимые решени~ . ~~ и 

f->2. 0 ыск заютсfi в виде рядов по отрицательным Qтепеням большого 

Э)а:;rС> т р , · о7 орые при несу 1 ст:в енных в нашем случае ограниче-

-г. ;:, я: ляются ас....rмптотическдми . Эти ряды даются ~ ормулами: 

~" ~ е.~ \,t<..)' ~-t t c.l<-\ + с., \-t) ~ + · • · с"" t-<.) ~"' ·.. 1 
~ o .. 1(:t)'\d.<~t - - " - , \ , 
г2. -= -е ~Со~) ~ с.~ \-t)1' +... с~\:<-),~·· ·. J 

/ 

(33) 

ГД С,~\ ё,~) Н8 1 З~е стные фуНКЦИИ , определяемые ИЗ реккуреНТНЪIХ 
с от O!i.. н~ ·1 : 

~}... \ t о ~ ·~, t~ : Q 

~о"'" .t ).~~.-•:).._ t,: D (34 ) 

36) . 

.Z. ')..J.~ + ).Lёо ~ О 
~ -t 1~2.t\ -t ~;t, ~ Q (35) 

- - -- -
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В рассматриваемом случае можно установи~ь, что . имеют место 

не равенства: - ( ) 
Со~)»~)»··· с;~)... t'o~)"' "Cu~) »··. c.;.\i' ... 37 

за исключением, 6ыть может, весьма малои окрестности точки 'ta~ о. 

Это обстоятельство позволяет огранич~~ься · аqiшnтотическим 
nр.едставле~иек решения уравнений (20) . и (2!)."- которое имеет 

вид: -tJA.(,a)d'te. -~ f. ~1{I("Iz)h~. . -t~ffi\:) dt~1 
l1 =е. !Г('t:а.) L~1 е. . _ .· ; . "'"Ъz.. е (38) 

Можно установит.ь ,, что реiuенИе ,· даваемое формулой (38), о6-
лад~ет сво~ствами, ранее установленными для решений уравнении 

(20) и (2I). О ко~ичест_:венпых . оценках то~ностИ решения, давае­

мого формулой (38) можно судить по рис.S, на котором сiUiошной 
линией изображено асиыптотичес~~е nредставление решения и его 

огибающая, а nунr~тирной линией - · точное решение лин·ейного 

уравнения. 

ОБЛАСТЬ ДОПУСТm~I НАЧАЛЬНЫХ УСЛОВИЙ 
ОТНОС1IТ2ЛЬНОГО дЕИЖЕНИЯ ТРОСА .И КОРАБЛЯ 

С по::ющью формул (II), (I2), (I6) и (38) относительное дви ­
жение троса и корабля задается как известная функция началь-

ных условий движения, параметров системы и времени. Ограничения, 

наложенные на угол J.s.. между тросом и кораблем, -yrll.oвyю ско­

рость кора6хн и инерциальном nространстве q1 , сацi натяже-
ния 'l'poca Pz. и модуль вектора скорости соударения корабля и 
космонавта V , могут 6ыть Записаны в виде следующих нера­
венств (39): 

\ J.~{-t) '\ ' J...,. 

\ ~~ ~'' ' ~-
\ ~1 \1-) \$ ~~\Е.~ .n 

Jt"z\\)J..,t\11'~ ;,~о'~ 'l. 

(39) 

где \ - 1 оыент причаливания, не со :вnадающий с моментом "t.L =О 
и ;выбираемый из конструкт ивных соо6ражениiij . Нерав_енства (39) 
:выд<З.r.яют .u пространстве начальных условий и параметров систе­

_ .. rы !ieкo т O J!TlO область с границей ~ , которую мы будем назы­
ват ~ о л стъю ,цопуст rшых условий - параметров системы. -в ра­

оо "' ·: опрс. деляет с я п оскц:viя границы это <i о бласти на плоскость : 
nЭ. . g·J:Ы~ ::n~ Де Ы ,. стеt~ - Т аНГ8L _.:ШЛЪНЬ_Х СКО ро сте ~: ·о CMOll8BTa , 
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с координатами '1.10 и'~;='tzt>~o· Результаты этого исс ледования 
nредставлены с nомощью рис. б и рис. 7 для сле·дующих парамет­

ров системы и принятых ограничений: J,-::·too~r"щ1. t\.20 .. 0)1.,~ 
~\си.1. . ii' . 

~~ 2..0 --;r- ,:~1. 1. "I nри различных фиксированных зна че .иях 

~.. , ~~ и \}~ • На рис .. б обозначены : 'I_ - кривые, между 
которыми выпол:в;яется первое Ир н~ равенств (39) при ~ ... Q,"\\ -"~\х..~, 

• еыме \fото~о~ \ .L,\~' \ I. J;..". ~~ ~\о"" \Q~o 
~~>~м - крив~е, ниже которых выравняются второе и третье 
из неравенств (39) для соот ветствующих ограничений. 

На рис . б одна из областей, удовлетво ряющая первым трем из 

неравенств (39) заштрихована . 

На рис. 7 обозначены : 

~- u Pto' \'10 - область, в которой кинетическии момент с ист емы меньше 
\ 

~~() 
\} 

, ,, ~\.S) щ- ,,-IJ~I)- ll) 
м 'l 'l{li 'l"' 'l-. \1.,. - кривые , левее которых выполняется послед-

нее из неравенств (39); первые три кривые построены для случая 
~0-:Q,~~~O , а вторые три- для случая ~~ .... ~2.0· 

Из рис . 6 и рис. 7 можно видеть, что для каждой начальной 
дальности космонавта его тангенциальные скорости из условия ус­

пешного во звращения должны быть ограничены сверху и снизу, 

что, по-видимому, исключает применение неуправляемой системы 

возвращения космонавта с помощьЮ троса к кос.мичесюн"'у корабл..то. 

ПРИНЦУill С~ШТЕЗА СИСТЕ .Ш УПРАВЛЕН~ Я ОТНОСГТЕЛЬНЫ:J 

ДВИЖЕНИЕМ ТРОСА И KOPAEЛff 

В качест ве _возможной системы управления в работе расс.латри­

вается сист ема углового управления кораблем с пш ощью д:зr.гат е­

лей, обладающих релейной х~ракт ер ист ика й • . ~ожно показать , что 

при условии (19 ) относительное движение трос а и rtо ра6ля удовлет ­

во р1т~льно описывается в случае принятого исполнительного уст -

роt ства следующим уравнением : ~ 

Г + ~"' + ~ "t; ~ ~i'1.z.)l1.;,zo ; •<.а.1 (~-+-"t l) ; 1.] ( ?~\\~ ~a/t10- ~~ ~\~-6~ dt ) 
о...~ "'\ f'i "' t Ql.. i -+ -о 

J 1. • ~ t i.2. j1 ~ к а, "tz. \1\+~Q~) \ j,_. ~~~) 

-(n a, - (Q~ .;_ -t:C. :) \ -= ~\\r'6~\t~~'1.z.) ( 4О) 
r"~ zo 2.0 i ; , -1 1 1.1. \.. ,J~ + \(.~1) 
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где t~: 1.~..,. t t. '-1.~'-: , ~ - уnравляющий момент, приложен-
ный к ко раб то, а ~\. - сигнал управJ+ения. 

Пос.:ле интегрирования _ упра:внения· ( 40) угловая скорость кораб­
ля и угол поворота корабля относительно инерциального простран­

ства определяются. формулами: 
• ' • "с. ' 

- ~:: \>~~t"~a-'-~~t\,---~~.)"'"\• "'\\.~t"&t . ~ . . 
'- . . _ ~,~~t~ . ' \f"-=\o~~'\At~~ .. ~- (4I) 
Значение парамет·ра~~~~ входящего :в уравнение· ( 40), скач­

кообразно изменяется nри перехоДе изображающей точкой в · фазо­
вом пространстве ·системы .некоторой nоверхности переключения 

~it"-\~,) =-. о ( 42) ·- . ··-

Системы, описывае:wе · такими уравнениями, и получившие на­

звание систем с переыен·ной ст.руктурой, обладают рядом инт~рес­

ных особенностей, не прщсущих., вообще говоря, составляющим 

структурам 7, которые: в нашем случае описываются нелинейными 
неавтономными уравне: ниями, _зависящими от ·предистории движен~я. 

Важнейшей из ЭTkcr особенностей является возможность обеспече­

ния при некоторых ус:Ло:виях устой~ивого движения системы вдоль 

поверхност-и Iiереltлючения :в, так называемом, "скользящем" режи­
ме. В этом случае динамические свойства с истемы определяются 

в основном видо11 по:tjерхности первключения и слабо з?висят от 

параметров объекта. В рассматриваемой задаче обеспечение неза­

висимости управляемого движения от . так~ параметров как кине­

тический момент и длина троса позволнет получить систему, рабо­

тающую в тироком диаnазоне начальных усло:rзий и не обладающую 

свойством значительного увеличения угловых скоростей в конце 

nритягивания, приводящим к большим скоростям соударения. Ска­

занное выше позволяет сформ,улировать задачу с~~нтеза системы 

уnравления . относительным д:вижение:м троса и корабля как задачу 

выбора по верхности переключе:;rия ( 42) та~:·ш рбраэом , чтобы: 

I. Поверхность ( Lt2) обладала бы о ласт:ью 11 Сltол~жения" 2., , 
такой , что :в процессе д:вижеш~я . по н ей сие sма приходила бы :в 

зада~ную окрестност ~ точки ~ 1 :~.:0 фазо вого пространства и оста­
валась :в ней. 

2. Фазовые траект ор~~ с ист емы поп~ дали в о бласть ~ при про­

!-- а :вольных начальных уел - в иях д:виже:ыш . 

3. Поверхность _ соответствовала бы условия ·.1 Iшчест :ва. 
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В работе рассматривается частный ёлучай проблемы, ко.гда поверх­

ност и переключения выбираются среди nрямых вида: ~:t_J..i.,•(J...(•=O 

( 43), где значение угла -'•n ОI!ределяется формулой: 

o(U\ ~ О · - d.м 11 ·/. t. 6.ltA 
· .(.~- сLм . 1 J.., '> ~" . 

J.., ~~" ~, ~o-J,..,. (44) 
Рациональным выбором коэффициентов усиления ~~,~~ и ~~, ~ 

удается обеспечить весьма слабую эа:виси~ость управляемого отно­

сительного двюfсения троса и корабля от начальных условий u 
длины троса, ис:ключив теы самым появления заматывания троса на 

ко рабль и поя:вле~ие больших скоростей соударения космонавта с 
ко раблем . 

Н а рис. 8 изображен один иэ процессо:в изменения угла ~i. меж­
д.У т росом и кораблем :в случае, когда параиетры с истемы имеют 

зн эчения: 

t...~..-:: i. tJ. ~ "'са..(. '4о • 2.5"" к-:: \О ,r~ ·. J..\\ ~ o,s' 't1\\):: ~s"' 
С равнение с:~:~ойст:в уnравляемого и неуnравляеuого движения 

по з воляет сделать :вывод о nлодотворности принятого выхода к 

синт 5 зу системы уnравления относительным движением троса д 

корабля . 
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Рис. I . Схdыа систе1.ш v! о6о6~е .. ные ко о PIO'i ·а ты . 
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Рис. 2 .• Бифуркационная щ.-аг оаiт .. ш. 
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Рис. 3. Основные типы относительных движений корабля и троса. 

1о че d&~ сльнье р~шения нели~ейно~ и приближенно й лине ~­
по ~~ с :1 С'J:е~ ~ы дл отЕос ~-ттелъного дви::tения корабля и троса . 



Рис. 5. Асm.mтотическое nредставление и точное решение линойно­

го ура:внения1 для относиоrелъного д:вижсния корабля и 

троса. 

.· 
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Рис . 7. : бласт ь начальных дальноетей-тангенциальных ско. сстdИ 

космо навта, до пуст иыая иэ условия ограничения с ко ~ю­

~те со уда.?r:ния: корабля и космонавта. 

f) 

P~rc . '"' . Отно с ;i:;тельное движение корабля и троса для одuого типа 

управления ко раблем . 
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MEASUREMENT OF FORCES AND M0~1ENTS FR0~1 
A THRUST VECTOR CONTROLLED ROCKET ON A 

FIVE COMPONENT TEST STAND* 

Dr. Ping Tcheng, Assistant Professor, School of 

Engineering,. Old Dominion College , Norfolk 

Virginia, USA. 

Dr. James W~ Moore, Professor, Department of 

Mechanical Engineering, University of Virginia 

Charlottesville, Virginia, USA. 

INTRODUCTION 

-Considerable work has recently been directed toward the use of thrust 

veetor .control (TVC) for the pu~ose of steering rockets. Since there are 

no heavy masses of metal to move in the TVC system it is possible to attain 
. . . 

1DUeh hiaher baudwidth on ·.the ·control signal. One su·ch system appears to ·~be 

capable of frequenctu· up . to 80 h. This has caused . a speeial problem in t. 

testiu& -~beae · syateaas· ~:~e conventional ·test st.ands at present for rockets 
• • • _.J> • • (' . .. : • 

do not · ~ave ·sufficient 'liandwidth "to .- te~t over the entire frequency range. 

In aeneral tbe . .aasureaent of the· tyC forces .is attempted _through a system 

of force aqea ·. which ar~ . an Ji.D_tegral par t t>f· the test stand. There is 

usually ·uo . app~eeiable .~unt of damping present in the conventional system 

so tha~ the output of the force gages is quite noisy and frequently unread­

able. 

This paper reports on a des.ign study of a test stand to have a use­

ful frequency range of 1L1p to 100 Hz. The significant feature of this test 

stand-force gage system is that component forces are supported by a system 

of pressurized oil hydr,ostatic bearings. These bearings serve a dual 

purpose. In the two tr.ansverse directions they allow almost complete free­

dom of motion up to 1 to 2 inches so that no stresses are developed in the 

support system due to dimensional changes in the rocket as it is statically 

fired. Secondly, the bearings provide a very stiff support and heavy damp­

.ing in the load direction. 

A five-inch diameter bearing was constructed and thoroughly tested 

to ascertain its stiffn.ess and frequency response characteristics. These 

*The research on which this paper is based was supported by an NASA grant 
from the lorce Measurements Section of the Instrument Research Division of 
NASA, Langley Field, Virginia on Grant NGR 47-005-026. 
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tests indicate that it behaves almost exactly as a first order lag filter 

so that an equiVlllent spring rate and damping coefficient can be calculated. 

The TVC rc>cket test stand proposed here is a system of six hydro­

static bearings, six force gages, and a base. Dynamic studies have been 

made on the digital computer using bearing data and rocket characteristics. 

The results indicate the feasibility of ~ test stand having a flat frequency 

response to 100 Hz. 

DYNAMIC CHARACTERISTICS OF THE SUPPORT MEMBERS 

A simple 1111.odel for the proposed rocket test s.tand is shown diagram­

matically in Fig. 1. Six support members are used. Each support member 

consists of a hydrostatic oil bearing and a force gage placed in series as 

shown in Fig. 2. The oil bearing provides the stiffness and damping re­

quired to support the rocket motor and the force gage is used to measure 

the force transm:Uted through the support member. 

A. HYDROSTATIC OIL BEARING 

The experimental frequency responses of a hydrostatic oil bearing 

from a prototype mode~ ~eveloped at the University of Virginia1 indicate 

that the bearing can be assumed to be composed of a spring and a viscous 

damper placed in parallel.. The assumption has been verified by theory2 • 

Based on this thE!Ory, a ten-inch diameter hydrostatic oil bearing with 

multi-pocket, opposite-pad has been proposed 3 • The bearing transfer func­

tion from the bearing 

where ~ = 4.4 x 106 

from theory [2]. 

displacement to the input force is of the for1111. 

A(s) . = :b~=~ • ~ + ~ S 
t> (1) 

lb/~n and Cb = 1.33 x 104 lb~:ec which are ~alculated 

B. FORCE GAGE 

The force gage considered is a commercially available load cell 

specially designed for the sensing of dynamic forces. The spring stiffness 

is given asK= 2.7 x 107 lb/in. 

C. HYDROSTATIC OIL' BEARING--FORCE GAGE ASSEMBLY 

The schematic diagram of the assembly is shown in Fig. 3. The trans­

fer function of the assembly is formed as 
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A1 (s) • Fb (s) /~ (s_) • Kt (s + Bp)/ (s + BQ) 

where Bp • ~/Cb and BQ '"' (~ + Kt) /Cb. 

TEST STAND MODEL AND DYNAMIC RESPONSES 

( 2) 

The model of the proposed rocket test stand that uses the support 

members described in the previous section is not analy~ed. · For the present, 

only motion in the yaw plane due to_TVC force is considered. C~oss­

couplings between orthog,onal planes are -ignored here since the bearings 

help eliminate them. Cr,oss-couplings are termed as errors and will be 

considered in the next s~ection. 

A. TEST STAND MODEL 

The model ustd for this analysis as shown Fig. 1 conforms dimen­

sionally to a test stand which has been used. Propellant weight and burn­

ing rate are those for rockets which have been tested. Because of the 

burning of propellant in the · rocket motor, the rocket and test stand for~. 

a system which can be best described by di-fferential equation with time- •· 

varying parameters. The effe.ct; of these time-varying parameters is con-

sidered at discrete inte.rvals in time, as the rocket burning progresses. 

Before fo~ulation of th.e differential equations which describe the motion 

of the model, it is necessary to define the parameters of the model. The 

calculations of the time,-varying parameters are summarized in Table 1. It 

should be noted that end to end burning of the propellant is assumed. 

B. EQUATIONS OF MOTION OF THE SYSTEM 

The equations of motion for the system in the yaw plane may now be 

written. Letting x be the displacement of the center of mass of the system 

and e the rotation about: the center of mass as shown in Fig. 1, and by 

considering that the test stand is supported by front and rear struts with 

transfer functions A
1 

(s) and A
2

(s) respectively, the Laplace transformed 

equations of motions of the system ean be -derived by Newton's second law 

of motion to be as follows 

Mss 2X(s) + [X(s) - t
1 

(s)] A
1 

(s) + [X(s) + t
2 

(s)] A2 (s) = F(s) 

J
5

s 2 (s) - [X(s) - t
1 

(s)] t
1
A

1 
(s) + [X(s) + t

2 
(s)] t

2
A

2
(s) c F(s)£ 3 

where A
1 

(s) = KR. (s+Bp) I (s+BQ) and A
2

(s) = 2A
1

(s) since two parallel 

• bearing and force gage assemblies are considered for the rear strut. 

(3) 
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The transfer functions from the applied force F(s) to the force gage 

reading in the front and rear supports are found by solving Eq. (3) as 

where 

F (s)/F(s) • K1(s +B) P (s)/P(s), 
1 p 1 

F2 (s)/F(s) • K1(s +Bp) P2(s)/P(s), 

P(s) =M J s 4 (s + BQ) 2 + K1s 2[3J +M (1
1
2 + 21 2)] (s + B ) s s s s 2 p 

(s + BQ) + 212K1 2 (s + Bp)2, 

P
1

(s) = (J
5

- M
8

1
1
1

3
)s2(s + BQ) + 2K11(12 - 13)(s +Bp), 

P2 (s) s (Js + Ms1 113)s2 (s + BQ) + K11(1 1 + 13)(s +Bp). 

C. SYSTEM RESPONSES 

Frequency Respo1nse 

By setti.ng s = wj, Eq. (4) can be evaluated to give the front and 

rear force gage: reading as a function of frequency, for a unit-amplitude 

sinusoidal force input. This amounts to determining the test stand fre­

quency response:. This operation was carried out by employing a digital 

computer. 

(4) 

The computed frequency responses of the test stand are now presented. 

Fiis. 4 and 5 show the normalized front and rear force gage readings, as a 

function of the input frequency of the applied thrust vector controlled 

force. 

The desired output from the test stand is a measure of the input 

force F(s), that is, the thrust vector controlled force. Statically, the 

applied force is the sum of the forces in the support members. Thus, the 

sum of the outputs of the three force gages over the input force, 

[F
1 

(s) + 2F2(s)]/F(s) 

= K1(s +Bp) [P
1 

(s) + 2P2 (s)] I P(s) (5) 

will be unity for s = 0. Fig. 6 ~how Eq. (5) as a function of the input 

frequency. Both of the frequency responses at the initial burning time 

t = 0 and at th,e final burning time t = 46 sec are plotted from Figs. 4 to 

6; however, the latter curves are broken in the low frequency range when­

ever they become indistiguishable from the former ones. Although the upper 

bounded frequency of interest is 100 Hz, frequencies up to 1000 Hz are 

presented in order to obtain a better understanding of the test stand 

dynamics. 
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Transient Response For A Step Input 

The transient respclnses of the system, that is, the time response of 

Eq. (5), were obtained -through a simulated test stand model on an analog 

c·omputer. Fig. 7 shows the sum of the three force gages transient response 

from an applied TVC force of 350 lb. 

Dynamic Response Inprovement 

Judging from the transient response of the reconstructed TVC force 

shown in Fig. 7, it was consioered that a low-pass filter could be used to 

improve the dynamics of the recorded output from the test stand. A low­

pass filter in the form of l+ics with a break frequency of 300 Hz was 

chosen • . The filtered transient response and frequency response of the 

reconstructed TVC force a.re shown in Figs. 8 and 9, respectively. 

DISCUSSION OF ERRORS 

The error in measuring thrust vector controlled force F and moment . . 

F1 4 due to interactions between orthogonal planes of the test stand are ~ 
presented. As may be expected, a major source of error comes from the 

misalignment of the rockE~t motor. The loading of a heavy rocket motor to 

a predetermined perfect position is extremely difficult. Even then, the 

asymmetry of test stand i~troduces force gage reading errors. 

In short, the thn~e main sources of error considered are: 

(1) Viscous drags within the hydrostati~ oil bearing, 

(2) Misalignments of the rocket motor, 

(3) Reactional moments in the bearing-force gage assemblies. 

Both the static and dynamic effects and the amount of each of the 

above errors are given. Steps are taken to eliminate these errors in the 

data acquisition process if they are not tolerable. 

A. FORCE MEASU.i:lliMENT ERROR 

Force measurement errors resulted from the various sources are 

tabulated in Table 2. The details can be found in reference [3]. 

B. M:OMENT MEASUREMENT ERROR 

It was shown in reference [3] that t he moment measurement error 

equals to the force measurement error in the rear force gages. 
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DISCUSSIONS &~ CONCLUSIONS 

Both the frequency response and the transient response of the recon­

str uc ted trust vector controlled force FR are satisfactory. The resonant 

f r equency is well beyond the desired value of 100 Hz and the resonant peak 

va l ue of slightly greater than 2 is not high. The transient response shows 

a fast rise time a:nd tolerable amount of overshoot. As the rocket motor 

burning progresses, there is only negligible change in the frequency re­

sponse of FR for the low frequency range, while slight change is seen for 

frequencies higher than 100 Hz. Variation of the transient response of FR 

as a function of time is seen in Fig. 7; however, these responses are all 

quickly settled in less than 6 milliseconds. 

It was found that viscous drags within the hydrostatic oil bearing 

are negligible. Th is implies that resulting cross couplings between 

different orthogonal planes are negligible. 

It is also found that with careful alignment, that, is, if the center 

of gravity and the geometrical center line of the rocket motor is set 

within 0.5 inch to each other, the magnitudes of errors induced by the 

misalignments are acceptable. 

The influen,ce of the tilting resistance from the oil bearing on the 

accuracy of the reconstructed TVC force reading is negligible. 

The last two kinds of force reading errors can be eliminated com­

pletely by a simpl1e data reduction technique in which the readings of all 

t hree force gages in the yaw plane are summed. 

The accuracy of measuring input moment in the yaw plane depends upon 

the accuracy of th•e measured outputs of the two rear force gages in the 

same plane. The r•ear force gage reading R
2

(s) is contaminated by a D-C 

value as a result of sinusoidal signal from F and a D-C signal f~om Te 
X 

after the t ransient dies out. These two signals are distinguishable. The 

true amplitude of t he sinusoidal part of F2 (s) can thus be recovered. 

Therefore, the reconstructed mom~nt in'the y~w plane becomes identical to 

the applied moment. 
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WMENCLATUlE 

• bearing transfer · f~nction, Laplace transformed. 

• bearing-force gage assembly-'s transf er function, 
Laplace transformed. 

• break frequency of trans~r function A
1
(s), A2{s). 

• fil.t·er capacitance farad. 

• bearing damping coefficient, lb-sec/in. 

• TVC force, lb~ 

• TV<: force, Laplace transformed. 

bearing forcing input~ Laplace transformed. 

• reconstructed TVC" force after filtering, l..aplace 
trunsformed. 

• reconstructed TVC force, lb. 

= reconstructed TVC force, Laplace transformed. 

force gage reading, Laplace transformed. 

= roc:ket motor moment of inertia, slug-ft 2 • 

• b~~ring stiffness, lb/in. 

• force gage ·stiffness, lb/in. 

• rocket motor mass, slug. 

ex:pression used in evaluation force gage reading, 
Laplace transformed. 

• filter resistance, ohm. 

=li-near coordinate displacement, in., transformed. 

bearing displacement, Laplace transformed. 

.. r-r 
di.stance, ft • 

= La.place operator, sec -I 

= rocket motor i.gnition time, sec. 

linear coordinate displacement, ·in. 

-· 

0(s), 

8 ljl 

'I' (s)' 

4l 

4> (s) angular coordinate displacement, Laplace transformed. 

angular coordinate displacement, rad. 

ui = frequency, rad/sec : 

w n 
natural frequen~, rad/sec. 

.· 
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TABLE 1 

NUMERICAL VALUES OF SYSTEM PARAMETERS 

t M J s s 
sec slug slug-ft ft ft ft 

0 62.2 139.0 2.280 0.873 2.655 

5 60.3 137.6 2.258 0.895 2.677 

10 58.4 136.9 2.246 0.907 2.689 

20 54.7 135.9 2. 255 0.898 2.680 

30 51.0 132.2 2.315 0.838 2.262 

40 47.3 121.3 2.439 0. 714 2.496 

46 45.0 109.3 2.547 0.606 2.388 
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TABLE 2 

FORCE . MEASUREMENT ERRORS 

INDUCED ERRONEOUS MAXIMUM MAGNITUDES OF 
MOTION OR READING ERRONEOUS MOTION OR READING 

frictional force 0.012% error in Thrust 
opposite to the motion Vector Controlled force 
of the system Measurement 

, 270 Hz, additional 
damped sinusoidal dRflection in th.e two 
motion in roll aft supports is 5.4% 
plane of its static value 

from TVC 

additional deflection 
stepped responses in the front & aft 
in yaw plane supports are 26% & 9% of 

its static values from 
TVC respectively 

2.3% & 1% error in front 
force gage reading & aft force gage readings, 
errors due to addi- respectively 
tional torque gen-
erated within the no additional dynamic 
hydrostatic 'oil error · invol.ved 
bearing 

- -- - -

•. 

-

\ 

METHOD OF ERROR 
ELIMINATION 

none, but the magnitude 
of error is neglipible 

completely eliminated 
by summing two aft 
force gage readings 

completely eliminated 

by summing the two 

aft and one front 

force gage readings 

w 
.0 
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Fig. 1 Physical Model of the Rocket Motor Test Stand System 
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Fig. 2 Schematic Diagram of Bearing-Force Gage Assembly 
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Fig. 3 Bearing Force Gage Assembly 
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Fig. 6 Frequency Response of Reconstructed TVC Force 
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Fig. 7 Transient Response ' of Reconstructed TVC Force 
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Introduction 
The thrust of a nuclear rocket engine is proportional 

to the product of propellant flow rate and square root of pro­
pellant outlet temperature. 1 Fast, short time changes in the 

thrust can therefore be achieved only by manipulating the flow 

rate. Thus it is of great interest to solve the following op­
timal control problem: Find that control policy which permits 

raising the propellant flow rate from a certain steady-state 
value to a gre,ater_ final value in minimum time without exceeding 

a maximum allowable thermal stress in the rocket engine. The 
thermal stress constraint is introduced because nuclear rocket 

engines operate at very high core temperatures and with steady­
state thermal stresses very close to the maximum allowable 

thermal stress. 
The heat transfer in a nuclear powered rocket is de ­

scribed by a pair of partial differential equations. The therm ­

al stress in the reactor core is given by a product of state and 

control variables. 

A simplified version of the minimum ~ime problem was 
solved previously; 2 the partial differential equation system 

was approximated by a set of ordinary differential equations for 

which optimal condi tions were available. In the present paper, 

the partial differential equation system is solved analytically 

in integral form. This solution is used in the conversion of 

the minimum time problem to a minimum cost index problem with 

fixed final time. The latter requires the minimization of a 

functional subject to an integral equation and an integro-

.differential inequality constraint . To the authors' knowl-

. edge, optimal conditions f or S?Ch a problem are ·not yet avail­

ab le i n the l iterature. To obta i n the solution, necessary and 

s ome suf f icient condition s a r e de r ived for this problem with the ai< 



of the calculus of vaLriations. Numerical results are obtained 
based on the derived sufficient conditions. 

Heat Transfer Model 

The mathematical model for the heat transfer and the 
thermal stresses of the rocket engine is derived in a previous 

3 paper. The reactor is assumed to be made out of equivalent 

hollow cylinders in a .cluster assembly. The power generation 
of a reactor with side reflectors is nearly uniform in each 
cross section. TherElfore the heat transfer pattern of the re­
actor is approximately similar from fuel element to fuel element. 

Thus it suffices to analyze one representative propellant chan­
nel of the reactor. This is done by writing the heat conduction 
equation for the fuel element, the energy balance equation for 

the propellant channE~l and by assuming appropriate initial and 
boundary condition·s. ~5 The three-dimensional model is then re­

duced to a one-dimensional by making the following simplifyin~ 

assumptions. 

a) ~aterial properties are 
fer coefficient . h ('r) is 

kept constant, except that the heat trans­
related to the hydrogen flow rate 

. . 4 
W(T) as follows. 

h(T)/h = [W(T)/W ]O.S 
0 0 

(1) 

where h
0

, W
0 

= reference heat transfer coefficient ~nd hydro­

gen flow rate. L•~t 6
0 

= h
0

/W
0 

and 6(T) = h(-r)/W(-r)'. Then we 
can write with Equation (1): 6(-r) = S

0
[W

0
/W(T)]0.2. From 

this relationship it is ciear that for small variations in 

W(-r) we can assume, S(T) ~ 6
0 

= constant. 
b) Heat flow in the axial direction of the fuel element is neg­

ligible. 
c) Energy storage by hydrogen .during resj~~nce in the reactor 

core is negligible. 
3 The simplified heat transfer equations are, 

h(T) [T (z,T) - T (z,-r)] = P1 (z,-r)b* -
u . g 

c ClT (z,T) 
Tu(z,-r) - Tg(z,T) = ·nt:- g az 

0 

aT (z,-r) 
pcb*n-u.,._a_T __ (2) 

(3) 

where h(-r) 

Tu(~,T),Tg(z,-r) 

time cependent heat transfer coefficient 
temperature of fuel and propellant respectively 



P l( z , T) 

p ,c 

c ,W(T ) g 
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fission energy generation per unit volume 
density and specific heat of fuel 
specific heat and mass flow rate of propellant 

T = independent variable time 

z = independent variable channel position 
D perimeter of hydrogen channel 

b* equivalent half thickness of fuel element 

n = weighting factor between the mean temperature in the 
transve1·se direction and the surface temperature of 
the fue l element. 

The following transformation of variables is introduced. 

Z : DS z/c ; ZE[O,L] 
0 g t = T/pcb*n ; t > 0 (4) 

where L denotes the transformed length of the reactor. The 

transformation (4) simplifies the partial 
Equations (2) and (3) may be written 

differential equations. 
as; 

oTu(Z,t) 
at P(Z,t) - h(t)[Tu(Z,t) - Tg(Z,t)] 

where P(Z,t) = P 1 (Z,t)b*. One boundary condition is given. 

Tg(Z,t) lz=O = Tgo = constant 

(5) 

(6) 

(7) 

That is, thepropellant temperature at the reactor entrance is con­

stant. The following initial condition (8) is derived from 

Equations (5) and (6) under the. assumption that the rocket engine 

was operating at steady-state prior to t=O. 
z 

Tu( Z,t) l t=O = Tgo + k
0

[P0 (Z) + ~P0 (w)dw] (8) 

where P
0

(Z) = P(Z.,.t) fort~ 0. Equations (5) and (6) may be 
combined to give a second order partial differential equation 

f or T , T or e respectively, where the latter is defined as u g 
follows, 

G( Z,t) = T (Z,t) - T (Z,t) u g 
(9 ) 

All of t he se second order equations have the same general form 

with y standing for Tu, Tg or e. 
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(10) 

The forcing term f(Z,t) depends on the power generation: f(Z,t) 
has a different form for y representing_ Tu, T g or 0 respectively. 
The solution of Equation (10) is obtained in integral form by 
Laplace transforming the equation with respect to Z. The , result­
ing ordinary differential equation in the time domain is easily 
solvea and the inverse transform can be taken. 1 

t z t 
y(Z,t) z f /R 1 [T,~,u{T),u(t),Z]d~dT + /R 2 [T,U(T),u(t),Z)dT 

where 

0 0 0 
z 

+ /R3[~,u(t),Z]d~ + R~[u(t),Z] 
0 

(11) 

Rl[T,~,u(T),u(t),Z] f(Z-~ 1 T)I . (2{~[u(t)-u(T)])e-u(t)+u(T)-t 
0 

' (12) 

R2[T,u(T)",u(t) ,Z] • ![ay~;zr) lz=o + h(T)y(O,T)] 

•I (2fZ[u(t)-u(T)])e-u(t)+u(T)-Z (13) 
0 

R d ~ , u ( t) , Z ] = [ ~ Y ~a ·r 0 ) I _ _ + y ( Z - ~ , 0) ] I ( 21ru"(tT) e - u C t) - ~ · 
_a a-Z ~ . o (l4) 

R~[u(t),Z] y (0, 0) I<> (2/ruttT) e -u (t)- Z (15) 

The symbol I
0 

represents the modified Bessel function of zero 
order, and the function u(t) _is defined as follows, 

t 
ul(t) = fh(w)dw (16) 

0 

The forcing function and all initial and boundary values appear­
ing in Equations (12) through (15) can be determined from Equa­
tions (5) through (8). Thus the Equation (11) gives an explicit 
solution for the core temperature Tu(Z,t), the propellant tem­
perature T (Z,t) and the difference 9(Z,t). 

g 

Thermal Stress Model 
A detailed treatment of the :thermal stress problem is 

found in the previous paper. 3 Since tii'e axial length of the 
fuel element is larger than the transverse direction, the plane­
strain formulae for thermal stresses were employed. The maximum 



thermal stresses in each cross section were found to be at the 

intersurface of the fuel element, and could be e~pressed in terms 
of the temperature gradient at this location. The final formula 

for transient thermal stresses was given as, 

where 

a (z, T) 

cr ( z ,T) 

c1 

C1h(T)[T (z,T) - T (z,T)] 
u g 

thermal stress at position z and time '! 

constant depending on the geometry and 

material properties. 

(17) 

We are only interested in the thermal stress at the position 
where the stress has its largest value with respect to all other 

' positions. Thus, making use of Equations (4), (9) and · (17) the 
maximum thermal stress is given by, 

(18) 

~ormulation of the Time-Optimal Control Problem 

~he thrust of a rocket is proportional to the product 

of propellant flow rate and square root of propellant temper­

ature at the reactor exit. Propellant flow rate and power gen­
eration are the two input variables of the reactor. Changes of 

the propellant outlet temperature due to the~e input va-riables 

are delayed through the system dynamics. This is the reason that 
a fast, short time increase in thrust can be achieved only by 

manipulating the flow rate. 
fast transients in the flow rate cause high 

thermal stresses. Due to limitations in the strength of the 

structural material, all thermal stresses must not exceed a max­

i mum tolerable limit. Nuclear rocket engines operate at very 

h i gh core temperatures with steady-state s~resses very close to 

the maximum allowable thermal ~ress. Thus it is clear that the 

f l ow rate transients must be constrai~ by the condition that a 

ce rtain stress limit should not be exceeded, i.e. 

0 max (t) C1h(t)8(t) ~ crlimit (19) 

whe re max 
0 (t) = Z£[O,L]0(Z,t) (20) 

The optimal pro blem will oe formulated in terms of the 

heat t ransfer coeff icient because the ratio of propellant flow 
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rate to heat transfer coefficient is a~sume~ te be constant. 
Then the minimum time problem can be' stated as foll9ws: Find 
that control policy_ which permits raising the heat transfer 

coefficient h(t) (control variable) from its steady-state value 
h

0 
to a greater final value hf in minimum time without violating 

the inequality constraint (19). 
In the above~ prdble~ ~he st~pping condition is given 

by, 
(21) 

That~, thefinal time tf is determined by the control variable 

reaching the value hf. The problem 
formulation with such a stopping condition makes ~ense only if 

the set of admissible controls is defined by constraints which 
are dependent on the state of the control system. Here, t~is 

constraint is given by Equai~on (19). If this constraint were 

removed the problem would be trivial : one could step the con­
trol from the initial value h

0 
to ·the desired' final value hf in 

zero time. 

Conversion to Equivalent Fixed Final Time Problem 
Writing the inequality (19) differently and introduc­

ing a lower limit for the heat transfer coefficient gives, 

0 < a < h(t) ~ C/e(t) (22) 

where C = crlimit/C1. The inequality (22) must be satisfied for 
all times t including the minimal time tf. Substituting the 

stopping condition (21) into the inequality (22) gives a final 

condition on the function e(t) which must be satisfied by the 

minimum time control. 

(23) 

The function e(t) depends only on one manipulated variable, name­

ly the control variable u(t) which was defined as the integral 

of the physical control h(t) by Equation (16). Assume initially 

e
0 

= e (O) > C/hf. Define the region A of the e,t-plane as the 
· set of states ·which can be reached starting from e

0 
by applying 

all admissible co~trols to the system, i.e. control policies 
which do not violate Equation (22). The control policy or poli­

cies leading to the l ower boundary E of that region may be found 



50 

by minimizing -e(t) for all fixed values of time T > 0. Then the 
minimum time c.Pntrol policy· for the origin·al problem is identi­
cal with th~ control policy leading to that point on ~he lower 
boundary E. for which e(t·f) • G/~f. ; this point also defines·. the 
minimum time tf. 

It should be emphasized that the control policy __ g.e.n­

erating the .lOl"er boundary E ~ust not nec~ssar~ly lead to h.(tf) 
= ·hf. But if h(t) at th·e minimum .time is smaller ·than hf ·one 
can always jump the control to the value· hf without viQlating · 
the const~aint (22). · 

From Equatl.on (16) it is $.een that ·the mathemat;i:-ca~ 
control function u(t) has an init"ial value of zero and that the· 
physical control function h(t) is the deriva~ive of ~he mathe­
matical control function. To be consistent in the following 
analysis, refe·rring to the control· fun-ction will always mean · 
reference to the mathematical control . u(t). The ·notation u '{t); 

is used instead of h(t) to denote the derivative of u(t) and · 
therefore the physical control, the 11-e'at-transfer coeffi-
cient . The fixed final time problem equivalent to the ain-
imum time problem c~ "now be formed. 

·statement of E.quival.ent Problem 
Among all continuous functions ·u(t), Z(t), te:[O,T] 

which have . piecewise continuous first derivatives and which sat­
isfy the initial condition 

u(O) • 0 

find those functions u*(t), Z*(t) for which the functional 

J[u,Z] • 9(T) • 9[Z(T),T] 

has a minimum subject to the inequality constraint 

a~ u'(t) ~ C/9(t) ·te:[O,T] 

and to the equality constraint 

where 
T 

t 

u(t), Z (t) 
ecz,t) 

' max · 
e(t) • e[Z(t),t] • Ze:[O,L]e(Z,t) te:[O,T] 

constant 
independent variable defined on [O,T] 

continuous functions for te:[O,T] 
function defined by Equation (11). 

(2·4) 

(25) 

(26) 

(27) 
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It should be pointed out that the function Z(t) denotes the pos­
ition of maximum 0 at any time - t and is defined through Equation 
(27). Thus, Equat~on (27) represents an equality constraint for 
the minimization problem. If the maximum of e occurs on the 
op~n interval (O,L) this constraint takes the form of a Volterra­
type integral equation.. From the definition of ~(t) it is easily 
seen tha-; Equation (26') . is an i_n~e_g~o.:differential inequality 
constraint. 

The authors could not find anywhere in the literature 
a theorem giving conditi~~s <!f optimality for a problem with 
such complicate~ co'ils'ttai.nts·. T.o solve this problem, it was 
therefore nec:e·ssary to develop two special theorems with the aid 
·of the calculus of variations. 

Statement of Theorems 
Theorem I. . For a minimum of the fuJtctional (25) it is 

necessary that any one· of .. the following pairs of equations be . __ 

satis.fied on any part of the. clc)sed interva1 · [0, T]. 

(i) 

(ii) 

(iii) 

a ·< ~'*(t) < C/9{t) 
Y(t) ~ 0 

u'*(t) • a . 

Y(t) ~ 0 

u.'*(t) · • c/.e(t) 
Y(t) < 0 .-

where Y(t) is given as follows, 
T 

Y(t) • e~(t)lt+T + ~e~(T),tlt+TdT 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

Theorem II. For a strong minimum of the functional 
(25) it is sufficient that either one of the following pairs of 
equations be satisfied on the closed interval [O,T]. 

(iia) 

(iiia) 

u'*{t) • a 
Y(t) > 0 

l.ll' * (t) = C/0 (t) 

Y(t) < 0 

where Y(t) is given by Equation (34). 

(35) 

(36) 

(37) 

(38) 

.-
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Proof of Theorems 

The most general condition for the minimum of a func­

tional is that its total variation be greater or equa l to zero. 

I f the variations are taken small the first variation will dom­

inate al l higher order terms, and a first order necessary condi­

t i on for the minimum of a functional is, 

oJ > o (39) 

The first variation of the functional (25) can be written, 
T 

oJ = J ou(t)e~(T),tlt+Tdt + ou(T)e~(t)lt+T + oZ(T)ez(t) lt+T 
O T+t 

(40) 

where e~(t ) and e~(t) denote standard partial derivatives of 
Equation (11) with Z replaced by Z(t). The quantity e~(T),t is 
defined as follows, 

0* u('r) ,t ( 41) 

At the fina l timeT there are two possibilities; either the 

maximum of e with respec t to Z occurs on the open interval (O,L). 

This would imply i~ediately 0*z(t) lt+T = 0 and the last term in 
Equation (40) drops out. Or the maximum occurs at Z(T) = 0 or 

Z(T ) = L; the latter implies oZ(T) = 0 Again the last term 

in Equation (40) is zero . Thus oJ depends only on the variations 

5u(t) , tE[O,T]. As the inequality (26) constrains the derivative 

of the function u(t) it is desired to e~press Equation (40) in 

terms of the derivative of the variation ou(t). The variation 

' u(t) and its derivat ive satisfy the following relat ' onship. 

t 
ou(t) ~ Jou'(t)dT (4 2) 

0 

Subs tituting Equation (42) into Equation (40) and changing sub­

sequently the order of integration in the first term, yields the 

f ollowing , 
T 

oJ = Jou ' (t)Y(t)dt ( 43) 

T where 0 

Y(t) = 0~(t) lt+T + ~ 0u(T),t,t+TdT (44) 

Now t he conditions (i) through (iii) are easily derived . Equa ­

ti on {28) implies that ou' (t) is arbitrary. Then it is easy to 

show5 that w mus t have oJ = 0 in order to satisfy Equation (39). 
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Applying the fundamental lemma of the calculus of variatior.s 6 

yields Equation (29). If Equation (30) defines the minimal tra­

jectory all admissi_blte variations ou' (t) must be greater or 
equal to zero due to the constraint (26). A modific~tion of the 
f undamental lemma requires then Equation (31) to be satisfied. 

On the other hand, u'*(t) = C/G(t) implies ou'(t) ~ 0 and Equa­
tion (33) follows from applying the modificat i on of the funda ­
mental lemma to Equat·:ion (39). 

The su-fficient c.ondi tions (iia) a ·_o (iiia) are obtained 
fr om the necessary conditions (ii) and (iii) by strengthening the 
i nequality; that implies ·· oJ > 0 and as the first variation dom­
i nates all higher ord4~r terms, it implies a local minimum. It 
should be added that the derivative of the variation ou(t) was 
no t required to be small in any part of the proof. This implies 

that the conditions (iia) and (iiia) · are sufficient conditions 
for a strong minimum. 

Application of Sufficient Conditions 

Theore~ II ~~ives immediately the · solution for the 
equivalent problem. Implementing the lower and upper boundary 

control (35) and (37) numerical l y , shows that the sufficiency 
criterium Y (t) is negative along the trajector y for both c'ases. 

Thus t he sufficient condition (i iia ) of Theorem II is sat i sfied 
whereas ( i ia) is not. The contro l law 

u ' * (t). = C/G (t ) ( 4 5) 

r epresents t herefore the des i r ed solut ion of the equivalent 
pr oblem. As discussed previ ousl y, the same control law generates 

t he op t imal trajectory for t he or i gi nal mi n imum t i me prob lem. The 
mini mal time t f is fou~ d from Equation (2 3 ) . with the i nequali t y 

r emo ed. 
I t s ho~~d be ment ione d t ha t t he suffici ent conditions 

given in Theorem I I are ne ces sary and suffic i ent if the boundary 

:ontrcl turns out t o be optimal. If the s u~!icient conditions 
i n r- eo:rem I l are n t sat isf i ed for a problem, th is simply means 

that at leas t part of the optimal control mus t lie i n the i nt e r ­

i r cf the r e gion of aimi ssible cont r ol s . For t hat part of t he 

t ra j ecto r· tle ne e ss &ry condi t ion ( i) of Theorem I mu s t be s a t­
i s fied . Thus i t is s een t ha t t he condi t i ons of Theo r em I I ar e 

not a h ·ay s ne cessary. 



Numerical Results 
The numerical calculations are based on parameters of 

a typical nuclear rocket and are taken from the reference. 3 The 
rocket is ·assumed to be equipped with a graphite-uranium homo­
geneous reactor generatin-g about 10 6 ICW in full power steady- state 
operation. The c:ore is a 3 ft long x 3 ft diameter right circu­
lar cylinder with 6 inch BeO side reflectors. 7 •8 The total hy­
drogen flow rate of the reactor is taken as 60 lbm/sec in steady­
state operation. The following parameters for the fuel element 
are given: 
Inner radius of e~qui-valent hollow cylinder r1 • 1/16" 
Outer radius of e~qui valent hollow cylinder r2 • 2. 2·r 1 
Steady-state heat: transfer coeificient h

0 
•0. 7.7323. Btu/ft2sec- 0 R 

Steady-state prOJIIellant flow rate per channel W
0 
•0. 00433 lbm/ sec 

Constant of prop.otrtionali ty 6
0 

• 200.9434 Btu/ft 1 lb!ll- 0 R 

Equivalent half thickness of fuel element b* • 0.01 ft 

Void fraction = 18.8 % 
Perimeter of prop1ellant channel D = 21t'rl = 0. 032725 ft 
Specific heat of fuel element c • 0 ; 47 Btu/lbm~ 0R 
Specific heat of hydrogen cg • 4.1 B~u/lbm·- 0 R 
Density of fuel element p • 101 lbm/ft 3 

The steady-state power distribution is assumed to be parabolic. 
This is a very gc1od approximation of the real shape in a reactor. 
Two cases with different curvatures are . considered. 

Case I : P
0

(z)/b* = 54000 + 9000z - 3000z 2 [Btu/ft 3 ~sec] (46) 

Case II: P
0

(z)/b* • 60075 + 900z - 300z 2 [Btu/ft 3 -sec] · (47) 

The latter power distribution is very flat and the reactor has 
therefore a somelirhat higher total power generation than in case 
I. Both shapes ctf the powe: level were chosen to have the same 
maximum power generation in the center of the reactor core, and 
thus the same ma~: imum thermal stress in steady-state operation. 
However, the maximum core temperature will be different. The 

transient power level is related to the steady-state level as 

follows, 
(48) 

where m takes the values -0.01, 0.0, 0.01 for the cases a, b, c 
respectively with P

0
(z) as given by Equations (46) and (47). 
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All calculations were done on a di.gi tal computer in 

the transformed variables t and Z. The i~put functions are in 

terms of th_e physic~l variables time T and position z. The com­

puter px:ogr-...' converts ~hem via-. Equatip~ (4) into th-e trans­

foriaed -·v,ri:ab··~s·. ~ · ·and . ~. · ·Af.ter ,a:ll <:OJilputations are finished 

the Jnve.t:5e -. cl~ .. tr.an:s·fo.taation · (4? ·is ·af~1ied to give the results 
in · ten$ · o~ .. reai .> ~i~ : · ·ti.n-d p_ositio~ • 

. : .. , ~igu.:fe: ~ ~ sh~~~S ' the steady-·st·ate P.owe-r distributions 
• J • : · I • 

as a fimcti-p~ ·of . .-axia·1. posi.t.ion • .. In Figure i the ratio of tra;~-
.- ... "'·~·' "' • .f, • • I ' • 

sient tc) - ~-~dy:..$~-~~ ·~he~t . tran~fer coefficient, i..e. the physi-
tal con:~ol:. v~ria b·~~: , ··. i~ .-P.lotted v~rsus time. The value of the 
min:i•ua " tme ··f.o.r " . the ··: si.:ic~ different cases can .be read from the 

: gr..aph. It i.s · i.nt~:r.esti~ . t~ see that the power distributiou 

· with. :the hig~)- .~utv_ature ·perai ts faster flow rate (heat trans­

fe.r · coeffi.ci-~~-t-) -;- ~nc-re:~se:s .than the flatter distribution. Also, 

a de.c~e·a$~·Jig : _i)o_wer )e:v~l - leads· to ·shorter minimum times .. 

. · 1-t~ Figur,.er:-.. 3 i .t . is .. ·seC:m t :hat the stress ratio remain;; 

on the · u~i.U. .. ail:cnrable -" l~mit as long· as the minimum time con- .· 

tr6I . pq:l~~Y. . :is:. : i~ pro:a-ress ·. The ·behavior of the stress ratio for 

larger -~• in.ticate.s : that the thermal stress is -roughly pro-
portion·al·~··-~ ~ .. the_._ ;~!· .lev~l. ·' . 

·· ... :' The .. ma~i~mt . c-o.re . temperature as a function of time is 

given tll ' Fi·gur.~ 4. The ·RJi,nillium ·tim·e flow rate increase results 

in ·.a co.rati ve>ly -fast de.crease . of· the maximum core temperature. 

Conclus iims· 
· Th.e purpo.se of the. paper was to find an algorithm for 

an increase in the propellant flow rate of a nuclear rocket in 

minimua . time without exceeding a maximum allowable stress in ~he 

ractor core. This was achieved by deriving an analytical expres­

sion for the control law which was then implemented on a digital 

computer. 

Core and propellant temperature of the nuclear powered 

rocket were described by ~ pair of coupled parti~l differential 

equations depending on the power generation and the propellant 

flow rate. The thermal stress in the core was given by a product 

of state and control variables. The . set of partial differential 

equations was solved analytically in integral form for core ·tem­

perature, propellant temperature and the difference ·between them. 
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The solution was then used -i n the formulation of the optimal 
control problem. 

The analysis of the latter contains two significant 
s teps . 1. It is shown how the minimum time problem can be re­

formulated in terms .of an equivalent minimum cost index problem 
where this cost index is written for a fixed final time. A . 
minimization problem with a fixed final time is in general · more 

easily solved than a minimum time problem. The authors believe 
that the conversion tecl:mique demonstrated -in this paper is 
general enough to be applicable in other cases. 2. In order to 
solve the engineering problem two theorems had to be derived 

giving necessarJ and some sufficient conditions for tlie minimum 
of a functional subject to certain integro-differential ~on­
straints. These theorems apply only to the particular .problem 

of this paper and are based on the applicatio~ of unilateral 

variatioris. The importance of this analysis lies in the iact 

that sufficient conditions for a strong minimum were derived by 

applying only basic principles of the calculus of variations. 

This demonstrates that vel'y complex problems can sometimes be 
solved with very simple means. 

The sufficiency conditions of Theorem II have been 

used to establish that upper boundary control gives a strong 

minimum for the equivalent problem. The control law is in feed­

back form and represents the minimum time control policy·. 

The numerical results obtained give a good feeling for 
the· dynamic response of the nuclear rocket engine. A power · dis­

tribution with a higher curvature permits faster increases in the 

propellant flow rate and a decreasing power level has a similar 

effect. 
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SPACE VEHICLE DATA SYSTEM SYNTHESIZER 

Int och.lction 

James A. Ralph. & .1-Rrold J. Bellamy 
Checkout Systens Developnent Department 

International Business Machines Corporation 
Ca.pe Canaveral, Florida 

Until quit e r ecently, on-line canp.1ter systems were usually phased into an 
exist]ng operation in "piggy-back" fashion. That is, the primary non-can­
puterized control system. remained ope1ational (with no production , or other, 
penalty) until the aut omated system was debugged in an off-line mode . Change­
over was accomplished a t sane convenient point with the original control sys­
tem serving as back-up to t he canputerized system.· 

Today, f ollow:ing general acceptance of autanated control systems, the com­
pute r i zed (a .d nm~ primary) process control or checkout system (which can be 
cons ider ed as open- l oop process control ) must be developed· simultaneously with 
the pr ocess and instrumentation systems. When the primary systems are opera­
t i onal , the can-p1.1.ter ized control systen rrust be checked out and ready to go. 
If t he controlled operation is potentially hazardous , complete readiness of 
t he anputer systen is mandatory . Unfortunately, one of the most troublesome 
aspects of any on-lme oanputer system is checkout . It i s nearly impossible 
to give the syst em a canprehensive check until it has been installed on-line 
and i s receiving data fr(m the rea l -world. (1) 

The vexing nature of this type of checkout, even when acccmplished in a "piggy­
back" mode, was obvious to the author s during Project OCAI.A (On-line Canp.1ter 
Analysis and Launch Assistance) on the Titan III Program at Cape Ke..1.11edy. (6) 
This R & D program was aimed at detennining the utility of a general-purpose 
computer in l ending ass istance to the space vehicle launch team cilring vehicle 
pr .-launch operations and tenninal countdown. The portions of the launch 
operat i ons monitored by the canputer were, unfortunately, quite sh~Y t , i.e., 
only a few minutes and seconds . To ccmpound the canputer system checkout prob­
lem, tenninal count coul d not be re1un to assist in program debug. In most 
cases, the vehicl e was in earth orbit prior to the discovery, let alone the 
solut ion, of a software problem. tvl:lgnetic tape recordings of pertinent 
inst rumentation outputs, made during tenninal count, were of some use in pr o­
gram debur:ging. However ., as there were generally no ananalies present (a 
succes sful countdown) the camput~r _system's abi lity to detect malfuncti ons 
could not be realistically checked aut. · 

Within t his frustrating environment, the concept of the Space Vehicle Data Sys­
tf'm Synthesizer was born . We now realize that SVDSS, when fully developed , ha.s 
· pplication beym d s imply a debugging t ool for short-duration event monitoring 
and ':' ntrol (a 1 OC'ALA.) • It has appl ication in many canputer control systems 
n~re t h-"' syst rm.1s t \\Cirk correctly the fir _,t time . In essence, the SVDSS is 

a cyno.: ·c calibr at ion t ool for autanated control and checkout systems. 
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Basic Methodology 

The SVDSS addresses the problem of independent program testing by realistically 
simulating the system to be controlled (or monitored) and its associated instru ­
mented outputs, whether analog or discreet, pripr to its existence as a real­
world system. IB.ta streams are produced which duplicate the data streams 
anticipated from the proposed functional system. (1 , 2) This has been done 
previously in several ways: sanetirnes with specially-roil t hardware, sane­
times with specifically-coded software packages and sometimes with a combina­
tion of the two. The SVDSS takes a more generalized approach.. 

The past several years have seen generalized canputer tedmiques (IURTRAN, 
CO:OOL, PLl, etc.) applied to a wide variety of problems. The field of ccmp.tter 
sinulation has expanded in generalized methods as greatly as other segments of 
the art. GPSS, SJMSCRIPT, DA.S, DSL/90, and C~ are examples of general ap­
proaches to system modeling on a digital canputer. These languages and systems 
are methods of simulating both traffic and continuous (physical) systems, the 
two major areas of concentration in the simulation field. In one case, interest 
i s in the flow of data (items, services, etc.) through a system, and in the 
other, in an accurate representation of physical phenomena (transients in elec­
trical circuits, physica.l motion, etc.). 

Both types of sinrulation share one characteristic: their aim l.s to give infor­
mation about the perfonnance of the operational system itself. To this end, 
the languages enllllerated anphasize ease of representation of the physical ele­
ments of the system. 

When considering a system in a checkout or process control enviromnent, empha­
sis shifts from accurate representation of the specific physical elements of 
the system to accurate r resentation of the cqntrol and test elements of the 
~· For this type c> env1ronnent a 1 -- eve anguage 1s requue w 1c 
nasattributes of standard digital - analog siimJlation languages in addition 
to extensive discrete (logical variable) handling capability , operator/math 
model camnunications, and data fonnatting facilities. By canbining these fea­
tures with a basic digital - analog simulation language, the IB.ta Synthesizer 
provides a t ool f or designing and testing checkout and process control systems 
prior to the existence of the primary system . 

Preliminary Design 

Before anbarking on detailed design and :implementati on of the futa Synthesizer , 
it was necessary to plac:e basic constraints on the scope of the LBta Synt~­
sizer package. A pr:ime consideration was the economic feasibility of t h - under ­
taking, Le., cculd the SVDSS , lvhen. developed, be a u eful tool for t he pot en­
tial use1· having access to onl y a typical medium to ST!all-scale carq:uter syst611? 

7 ~ -ost basic of t hese systsn s ize considerations concerns synthesizer­
ap~ .:.ic.ations pr gram residence . Se- ·eral possibilit"es suggest themselves: 
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VHTHESIZER 1 APPL.ICATIOHs : 

SCRIPT --+-• 
OD EL. I P~OGRAMS I 

SCRIPT i-{·~--5-Y_H_T_H_E_S_IZ_E_R_I __ __,I---------, ·- MODEL. \ 

~PPL.ICATIOHS I 

PROGRAMS I 

CASE I 

When a s:ingle cru is available, n.o cases should be considered. In the first 
case, ooth the synthesiz.er and applications progrmns reside :in main storage 
concurrently. The synthesizer model runs, accepts :inputs from script language 
and applications programs, and provides data to the applications programs. 
Aside from the problem of the interface between the synthesizer model and the 
applications programs, the n e~jor constra:int is the amount of core storage nec­
essary to contain ooth the me el and the applications programs. It is probable 
that concurrent residence "-Uuld require a main store of such size that the sys­
tem could be run only oru.th.e largest of computer systems. The alternate ap­
proach, using a single cru, is to run the Jll)del with script inputs, produce a 
fonnatted output tape, and run this tape against the applications programs to 
be tested. Here, the core storage requirements are nruch lower than with con­
current residence, hlt the system loses the ability to sinrulate an active 
system. The applications programs can react to data from the model but they 
cannot interact with the model to change the characteristics of the data flow. 
The trade-off between sinrulation capability and computer system size is again 
evident when more than one CFU is considered. 

CPU I I Ci"U Z \ 

CASE 11 

SCRIPT MODE!- / 

APPL.ICATIOHS \ 

..-----. 
PROGRAMS I 

This type of arrangement has all the advantages as the concurrent residence 
system and is easier to program, since the nrul ti -prograrrun:ing required in 
the single CPU system has been largely eliminated. 
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Ne:lther of the second alternatives (use of an intennediate tape or nultiple 
CPU's) is acceptable; t~ first because of its inability to represent active 
systellls and the second .. because nrultiple CFU configurations are seldan avail­
able. The alternative of concurrent residence of mathematical model and 
applications' programs in the same main storage became the only possibility. 
ilir IPl-1/Cape Kennedy facility Canplter - an IBM Systen 360/40 with 128K 
bytes of main storage -· is a typical mediun-to small-scale systen. The 
decision was made to go ahead with implanentation and, shruld the canputer 
systen prove too small, re-evaluate the econanic feasibility of the project. 

In addition to the problen of the size of the processor needed to run the 
Data Synthesizer, there was one other segment which required apparently 
arbitrary constraints. This was the section of the matharnatical model -
interface - checkout program canplex which deals with the hardware system 
data interface. There is- no· standard canruter interface. Characteristics 
vary in such critical areas as buffer size, conversion capabilities., and 
interrupt structure, to name a few. It did not appear possible to provide 
a high-level language that was specific enough to be used to describe the 
logic of the computer interface. Furthennore, the time required (even with 
a special language) to produce a model of an interface would be prohibitive 
for the return derived. 'Ibarefore, it WciS decided that the interface rodel 
would consist of a data formatter (with appropriate language facilities) 
and would include intet~ace characteristics beyond data format only .to the 
extent that allowable exerution time for the checkout programs was effected. 

System Description: 

It is best to describe the Data Synthesizer system by summarizing the 
functions of a checkout: program and the conditions under which it operates, 
then to match them with related sections of the Data Synthesizer system. 

In the simplest view, aL checkrut or control program accepts dcita fran a func­
tional system, perfonns certain calculations ani manipulations, and then . 
takes action based upon the results it has obtained. The rate at which in: 
put data is presented to the checkout program determines allowable execution 
time for the checkout program. · 

The action taken by the program may be to put conmand signals into the func­
tional system (active), or it may be to log results or display them so that 
appropriate action may be taken by the operator (passive). Of these oper­
ations, the Data Synthesizer system is concerned with all but the calcula­
tions done by the checl~ut program. Therefore, the Synthesizer nrust: 1) 
provide a method for producing a mathematical model which can be controlled 
by inputs frcm the operator and/or feedback from the checkout program; 2) 
format parameter (discrete and. analog) data which has been produced by the 
mathematical rodel and 3) control the execution of the checkout program in a 
marmer analogous to the control exercised by a hardware interface. The Syn­
thesizer system can then be considered in two major sections: a mathematical 
modeling section which provides facilities for easy description of the phy­
sical system to be simulated, and a data format/exerution control section 
which formats data for the applications programs and provides execution con­
trol for both the mathE~atical model and the applications (checkout) programs. 
The mathematical modeling section is based upon the Continuous System ModeLn~ 
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Program (Cg.tp) developed for the IBM System/360 .- - Cg.tp/360 was chosen because 
its JOOdularity ~ base language (FORTRAN) make it easy to rodify. C~P/360 
i s a typical analog-digital simulation language which provides a selection of 
integration routines, a number of special functions, execution control and 
specialized output routines. In its unmodified form, it is not directly use­
able in the Data Synthesizer because of the following restrictions: 

• · Logical variable facilities are limited to tw input .ANp ani OR 
gates with a full 32-bit wrd of storage used to represent each 
variable. Since most launch vehicle systems include extensive 
logic control, this limited capability for logic modeling \\'Ollld 
be prohibitively slow ani wasteful of core storage. 

• Operator control of mathematical model eXecution is not possible 
with Cg.n>/360. In ooth launch vehicle checkout ani process con­
trol applications, the man-in-the-loop is important enough to 
make easy operator-model communications a necessity. 

Execution Control and ·Data Formatting: 

Launch Vehicle. checkooLt systems are oriented heavily toward time-based events 
and logical control. A simulation program for the Apollo Spacecraft Pmergency 
Detection Systen developed at Cape Kennedy anploys a unique algoritbn for 
sjprulation of p.rrely discrete systems. (5) The algorit:tJn is based on a con­
trol matrix and associated tables. The matrix is scanned during each canputa­
tion cycle to determine state changes in any of the system discretes. CX:cur­
rence of a particular discrete signal triggers all associated discretes and 
these are passed, when required, to the checkout program which, in turn, can 
set discretes in the control matrix. 

Generation of the con1:rol matrix requires that the logic system, to be s:inru­
lated, be described in terms of Boolean logic. Inherent in such a description 
is the ability to include logic equations with time as one of the variables, 
thus including a time-·based sequence of events or script. 

Since camn.mication between the controlling canruter system and the func­
tional systen is usually through discrete signals, and the control matrix 
algorithm is known to be a fast and effective method for simulating discrete 
systems, it was natural to incorporate the control matrix into the Data 
Synthesizer Systen. 

Figure 1 illustrates the _interaction, during execution, of the different 
modules of the Data Synthesizer. 

Systems Inputs 

Inruts to the Data Synthesizer can be divided, for discussion rurposes, into 
three types: standard a:MP/360 statements, Boolean equations, and typewriter 
inputs. Figure 2 shows examples of each type of input. Since Cg.n>/360 state­
ments are described in detail in other publications (IBM manual HZ0-0367-2), 
discussion here will be confined to Boolean equations and typewriter inputs. 
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The Boolean translator is the main addition made to C~/360 and performs 
several functions. The:se functions are: reduction of symbols from up to 
fifteen characters to six characters where required, collection of terms, 
sorting of tenns, gene~ation of a list of MACRO statements for input to the 
OS/360 assembler and, finally, production of a list of variables for display 
and typewriter ccmmmication. · 

When the Boolean equations which describe the logic of . a system to be synthe ­
sized are derived, it would be -advantagerus to retain the same nCJilenclature 
used in the system schematics. 1-Dwever,. _the FOR1RAN canpiler restricts the 
user to six characters per variable name and;· -by -~tension, so does C~/360. 
To increase ease of use , the Boolean t~lator will- acc~t parameter names 
up to fifte:en characters in length and, where necessary, Will generate inter­
nal names of six or less characters in length. 

Ease of use is also increased by providing a · sorting process similar to that 
of CSMP/360. The user need not order his equations so that all elements ar e 
evaluated before any eq~ation is encountered. The sorting process accomp­
lishes this and the user need only be sure that his equations are adequate to 
describe the system. 

After generating any inlternal names required and perfonning the sort, the 
translator produces a list of MACRO's which reflect the logical functio~s 
described in the equations. These t.W:RO 's are then input to _ the OS/360 ·· 
Assembler and the ruqut is the control matrix previrusly described. At the 
time the equations are being reduced and the ~O's generated, lists of 
variables are prepared for display on the high-speed printer or for reference 
frCJil the console typewriter. Variables are defined in the tables by name vs. 
matrix location. Type\lrriter inputs are made while the rodel is being run on 
the canputer. Requests are made by typing an appropriate verb and a variable 
designation at the console and entering this message into the canputer. A 
limited set of verbs are available to the operator. The rumber can readily 
be expanded as the needs are defined. · The available verbs and their functions 
are: 

VARIABLE 
VERB NAME 

OFF 

INV 

SET 

STATIJS 

xxxxxx 
xxxxxx 
xxxxxx 

xxxxxx 

Turn designated discrete signal "ON'' by setting to 1. 

'furn designated discrete signal "OFF" by setting to 0. 

Invert designated discrete signal if 1 set to 0, if 0 
set to 1. 

Applies to analog values only. Designated value is 
set by next message after computer requests type­
writer input. 

Request printout of status of all variables. This 
printrut is done on high-speed printer. 
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Application Description' 

In the crurse of developing the Data Synthesizer, a desoonstration of its util­
ity~ required. The criteria used in selecting a test application can also 
serve as a guide to JX"tential IBta Synthesizer applications. Mlerever a 
significant JUilber of the conditions enumerated here exist, the Data Synthe­
sizer will probably prove to be a useful study of system development tool. 

• The dEmonstration system slnlld consist of lx>th contilwrus physi­
cal elements and discrete logic control and test elements 

• · The desoonstration system should .be self-contained, at least to the 
extent that any rut side phenanena which affect . the syst~ are 
readily appraximat~. 

• The hanboare to be studied .need not exist l:ut if it does exist, is 
mt available for developnental Jllrposes. 

• Devel~ent of same for.m of digital computer monitoring or control 
is des1red. 

Finally, it was preferable that the first application of the Data Synthesizer · 
yield useful results and be JOOre than an academic exercise. 

The method of selectin.g a system for study and the approach used is described 
in detail because IOOst of the problems encruntered and decisions taken are 
typical of checkout or process control investigation in general. 

The system cmsen was the mn-cryogenic (RP-1) propellant loading system for 
the Saturn launch vehicle at Cape Kennedy. · 

RP-1, liquid hydrogen (LH2), and licpid oxygen (LOX) are loaded into the 
Saturn L/V by three separate systems. The three systems are similar except 
that the LOX and UI2 systems are DllCh 100re canplex than the RP-1 system. 

There is considerable interest in using a digital computer to increase the 
degree of autanation of the loading process, and partirularly in the ability 
of the loading system to react to malfunctions. Ideally, should a malfunction 
ocrur during propellant loading, a highly-autanated system would attempt to 
take corrective action. and, if this \tiere impossible, inform the opera tor of 
the precise nature of the nalfunction so that corrective action cruld be 
taken inmediately. While it seems evident that such a system is possible, 
it is necessary to demonstrate that it is. Beyond danonstrating that a 
fully automated system. is theoreti~ally possible, it is also desirable to 
learn the type of control which lt.Otlld give these results and the practical 
level of autamation 'Which can be achieved. 

Since the three systems are similar, the most practical approach to the prob­
lt'Jil is to study the RP-1 system because it is the simplest of the three. If 
useful results can be obtained, similar results for the LOX and U12 systems 
would require only an extension in complexity of the same basic approach 
taken for the RP-1 loading system. 
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Figure 3 is a simplified block diagram of the RP-1 system. The areas enclosed 
by dashed lines represent t~ functional divisions of the system. Section I 
includes only ~ contr~l panels in the Launch Control Center (LCC). These 
panels are equipped with pairs of colored lights Which indicate the state of 
each valve in the system, and control switches for each valve. In n:mnal 
procedure, t~ operator sets a switch to p.~t the systen:\ in autanatic and 
depresses the ''Fill" l:utton after which fueling is autanatic. In the event 
of malfunctions or other 1.mforeseen events, the fueling process can be con­
trolled manually fran ~ control panels using panel sWitches to operate the 
appropriate valves. · ; 

Section II includes the Propellant Tanking Canp.lter System (PTCS) and t~ 
relay control logic. The Pn:S ~ts mainly as a sequencer which monitors the 
level of liquid in t~ tanks _and .issues JOOde cthange (i.e., start fast fill, 
stop fast fill) CcmnandS ' 'tO -t~ relay system based on tank liquid levels. 

In the event of ·a -. malfunction, such as a misp>sitioned valve, the fueling 
system undergoes "reversi~on" to a safe condition and an indication of this 
action is displayed on tbe Launch Control C~ter (UX:) control panels. 
Detection of ~ mispositioned valve and subsequent system reversion are 
controlled by the Relay Oontrol System. When tbe system undergoes rever­
sion, all the valve position changes (this may :include mst of the valves 
being used) are displayed on the I..CX: panel.s. Since reversion takes a yery 
short time, t~ operator at the control panel can detect only that a mal- .· 
function has occurred and that · ~ system .has reverted. . &lbsequent mal­
function isolation is mad.e mre troublesane by the fact · that all recording 
devices will show the action taken dur:ing reversion as ltiell as those which 
lead up to ~ malfunction. 

Section III includes t~ tanks, pipes am valves Which canprise the fuel 
transfer system. 

If le now canpare t~. RP-1 fuel:ing system in its logical division (Figure 3) 
-we can correlate each section of ~ aetua.l system with the correspond:ing 
part of the Data Synt~sizer (Figure 1). In so do:ing, -we can also demon­
strate a useful feature of t~ Da.U! Synthesizer. :t-bte that Section I of 
Fueling System corresponds to ~ operator requests block in Figure 1, 
Section II corresponds to the control matrix and Section III to the Con­
tinuous Jilenanena integration and update routines. 

Before carrying this analogy further it is necessary to refer to ~ original 
statement of the problem and to consider how a digital computer might be 
added to t~ system. The~ two mst obvious courses are to add a passive digi­
tal Canp.lter to the fueling system (which liiOUld remain intact) am to replace 
the existing relay control system with an ·active digital camputer. Tw:> 
possibilities would be approached using the Data Synthesizer: 
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Regardless of which type of system is to be studied, a detailed analysis of . 
the re+ay control logic is necessary. Once the control logic has been reduced 
to Boolean equation fonn, it can be translated by the Data Synthesizer either 
into the control matrix for the mathematical model or into an additional ma­
trix which is exeruted as a part of the checkout program. 

In the case being discussed, primary interest is in the developnent of algo­
rithms to isolate malfunctions. Therefore, the relay control logic was incor­
porated into .the mathematical model and the checkout programs receive discrete 
data specifying valve positions and the state of the liquid sensors in the 
fuel lines. Mass readout and flow rates as well as differential pressure 
across fuel filters are presented as analog data. Execution time for the 
checkcut programs is arbitrary since a data interface has not been specified. 
The relative slowness of: the fueling process permits considerable freedom in 
execution time and 200 liltS was chosen as the execution interval for the appli­
cations programs. 

Application Summary 

The steps in applying the Data Synthesizer to the RP-1 system are typical of 
those required for its use with any system. They are: 

• Systems selection - determine whether the system is of a type 
emenable to SVDSS analysis. 

• System definition - isolate the system to be studied (if nec­
essary) and identify any constraints of system modeling. 

• System analysis - derive all equations necessary to describe 
continuous and discrete phenomena in the system. 

• Interface definition - define the characteristics of the data 
interface. 
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When these steps have been accomplished, and inputs to the I'ata Synthesizer 
prepared, the checkout programs and the model can be loaded together am the 
task of checkout progr3:Jil developnent and debug begun. In the particular 
application discussed here, it was found that in the process of modeling 
the physical system a good deal of -the analysis done was directly applicable 
to the developnent of the required control programs. 

Potential Data Synthesizer Applications 

Once the coiX:ept of the data Synthesizer System has been accepted a rumber 
of potential applications can be identified. 

~ parallel betleen launch vehicle checkout ani ~C:mnercial process control 
is evident. Here the process .(chemical, petroleum transport piping, etc.) 
is JOO<ieled using the continuous DD<lel part of the system ani the applica­
tions programs repre5ent .the fwlctions carried rut in the on-line canp1ter. 

Wherever there' is interaction, either active -or passive, bet~en digital 
canputer ani some _proces:s which is contlhurus in nature, the Data Systems 
Synthesizer may be -usefUl. 

&Jmetimes the data generation (passive) mode of usage can be used in appli­
cations which are not so obvious. Given a piece of hardware designed to 
harxUe a multitude of in:p1ts l\hich are changed by means of something like~ -
a patch panel it is possible to replace -the hardware nonnally connected to 
such a device with a digital ccmp.1ter. The Data Synthesizer provides a 
quick and convenient means for programming the digital computer to provide 
realistic data to -the device in question without requiring the presence of 
the actual hardware. 9Jch an application is being considered at IIM Cape 
Kennedy in cormection with a training device which is a replica of the con­
trol panels used to conduct launch vehicle checkout. After connection of 
this device to a digital canputer the Data Synthesizer can be used to gener­
ate data which is characteristic of the different systems to be monitored 
by the control panels. All that is required to change from one system to 
another is to bring a different SVDSS IOO<lel into the computer. 

A most intriguing possibility for IBta Synthesizer usage is in biomedical 
research. There is nruch interest in using digital camputers for patient 
monitoring. lbwever, there_ is reluctance to entrust a live htDnan being to 
the care of a CCJiliUter , so investigation in this area is dif f·i cult. 

·This situation is typical of. problems noted earlier as fertile groom for 
Data Synthesizer applica tions: i.e.: the need to develop techniques exists 
but direct applicati on of the computer for study purposes is troublesome 
or impossible. The major unanswered question is: can the physiological 
systan to be studied be defined, and, having been defined, can it be m:xleled? 
There has been considerable work in the field of mathematical modeling of 
physiological systems. ( 3,4) Mainly modeling has been used to study the 
mechanism of the physiologic system itself. Certainly it is theoretically 
possible to apply the Data Synthesizer to patient monitoring. Whether it 
can or not is dependent on the state of the art in physiological modeling. 

Earth resources control and investigation is one of the most recently 
opened fields for digital computer applications. Flood control, water 
distribution and petroleum transport systems can be included in this cate­
gory , as well as air pollution monitoring systems. 

.-
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Typically, such sy$tems consist of a netlt.Ork of rem:>te terminals which 
collect and transmit data to a central canputer. The comp.1ter, in turn, 
can correlate the data :received and, if required, transmit signals back 
to the remote tenninals for flood gate control or other action appropri­
ate to the system in question. N3.turally, the applicability of tba Data 
Synthesizer depends on the nature of the system function. Sinulation of 
air flow (for air pollution monitoring) is very diffirul t even when only 
a reasonable approximation is required. On the other hand, water distri­
rution systems should be amenable to simulation, and so provide cardidate 
systems for Data Synthesizer use. 

Because of the canplicated interaction between the central Canplter an:J 
the remote terminals, it lt.Ould be necessary to provide programs beyon:J 
those normally requ~red in Data Synthesizer applications; but consider­
able time still l«>U.ld be saved over a "cold start" approach to an earth 
resources system. 

In sumnary, the Space V1ehicle !Bta System Synthesizer, a software system 
initially conceived for and applied to space vehicle systems, has poten­
tial application in oth«er areas of scientific endeavor. Earth resources 
and physiological sensing system outp.It sinulation are rut two. Other 
areas are being explored. · · 
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TYPICAL Cg.fl>/360 STATIMENTS 

Y = INTGRL (IC, X) 

Y(O) = re 

Y = RFALPL (IIC, P, X) 

Y(O) = re 

Y = A*X + B 

Y = !t Xdt + IC 
0 

PY+Y=X 

:OOOLEAN :E<pATION FORMAT 

ML-K91 = ML-6DIR & W6Jl-l 

PlOl = -, KSO & -, KSl + K52 & KB6 

& =AND 

+ = OR 

--. = NOT 

Figure 2 
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SUMMARY 

2 . -order systems with constant coefficients and constrained 
control are consid.ered. The switching curves are computed for 
a quadratic cost functional point by point. They are approxi­
mated very good by· straight lines. A second area is formed by 
the singular trajectories. One may use a feedback control, based 
upon these two types of switching curves, with only slight modi­
fications for the control of an 2.-order plant with time-varying 
coeff ici ents. The pitching movement of a satellite in the gra­
vit ational field 01f the earth is controlled, as ·an example. 

INTRODUCTION 

The t i me-optimal s.teering of 2. -order systems with constant 
coefficients i s known since many years 9 ' 5 ' 2 ' 1 • But because of 
the complicat ed shape of the corresponding switching curves the 
cha nge f rom optimal steering to optimal (or ·suboptimal) feedback 
control l s difficu:l t . Therefore very soon one tried to approxi­
mate the switching· curves by· straight lines 1 ' 10 • Till now either 
only s imple plants with constrained control are analyzed for 
quadratic cost functional, or the control region was not boun­
ded. Here a 2 .-ord.er plant with constrained control is analyzed, 
t he performance index being quadratic. A suboptimal feedback 

control is built up, which is used with little modifications 
f or 2.-order systems with time-varying coefficients. 



75 

OPTIMAL STEERING WITH QUADRATIC PERFORMANCE INDEX 

The selection of the cost functional is determined by two main 
considerations: 

1. Can it fulfil the requirements of the physical 
systems? 

2. Are ·we able to obtain an analytical expression 
for the optimal control? 

It is often very difficult to find a :=ealistic compromise 
between these two considerations. 

Now the system equations are of the form 

/u/~ u, 

with the initial state 

X(t.) • X0 

(!} 

We want the optimal. control, . i.e. the control which drives ._pur 

system so as to minimize the cost functional .· 
T 

.J =fjx:rQXo't Qpos.semld~l. {l) 
tJ . t:1no' S}'.IJI'V7'I· 

The Maximum-Principle of Pontrjagin gives us the Hamiltonian 

J-1 = f xQx + (Ax)p +fbu)p {3) 
with the costate vector, satisfying 

p =-- Qx .-: Ap 
and the optimal control T 

u ·- u,stjnhp 
So we qet the follc)wing system: 

Jr- Ax + bu 
p a-Qx- Ap 
u = u,si.fnop 

the equatio!l: 

Y(t")=Xo 

pri.)-Po 

{S} 

(la) 

(zo) 

(.3o) 

that leads to the well known two point boundary value problem, 

from which we select two sets of boundary values: 

1. T specified X (T) unknown, 

2. T not specif. X (T) = 0 

p(T) = 0 

p(T) unknown 

There is no analytical solution for the systems. 
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2.-0RDER PLANT. WITH CONSTANT COEFFICIENTS 

First we will analyze the 2.-order plant with constant coeffi­
cients: 

0 

The system is co:ntrollable and normal. 

We have the costate system: 

[ ~'] = [ Ax,] 
P~. :B Xz 

[ 
-h~ ] 
,, -ap~ /'J .. -I 

and the optimal ~control (of the Banq-Banq type): 

U' ::: u, &9n6 p = "· signp2 

(6) 

(1} 

(8} 

(9) 

There also exists no analytical solution for this simplified 
system. But it i :s possible to solve the above system backward 
in time and find out points of the switchinq curve in the phase 
plane. 

With t/J =- T- t we obtain d/dt) - -d/dt - and: 

x' = -Ax- bu Kr~~ti.~K. 
P'= Gx+Ap pt,~-o)-Po 
fA = U0 Sig1?p~ 1 ., Q'jdp 

1. T specified X(T}=XIo) unknown 

(6o) 

(8a) 

(9a) 

It can be sh4:lwn, that one portion of the x1-axis itself 
is part of ~~e switchinq curve. Therefore we beqin with: 

x,.=.t,. i~=o 
The analoque computer is a very qood tool for the initial com-
putation. Yet the construction of the whole switchinq curve 
is a ve~y· t ime consuminq task. Therefore it is better to try 
the automatic solution on a diqital computer. We break up the 

whole trajectory into parts, such that the final state of 

each part . lies OJtl the x1-axis. Now we are able to compute 
easily the switching curve for these parts. 
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(oscillatinq motion) 

With the initial state X 1111 ,. X,-=0 · 
• ~I - I 

we obtain the solution 

~ =- 2~ e"121~s,',r~(?+ :·;+ea)!f6cosr~('l+ :? ::! ~· (IO) 

~z = ~ e a;z;.sinr, (( + ':) (Jt) 

f:?/Ap~ = [cosr~(e -of2f/J_ ell/21/J) + 2'f. SJnrp(e -ofc?P'+ ea/21/>j 

+ f. sin r;( e -of~;- ea;~,] 7 

± ~· [ a.~sr;(e -o~ e op~+ 2~ s/nr(J(e -tt/1_ e 1312
") 

:. F sinrf!(e-1112!..e 012
'- 2] ( 12) r . 

r = (6 - o"i/i i F =- b/a (I + blJ/A) (!3) 

We eliminate 'I from(IO) and (11) and with p2 • 0 we find points 

of the switching c:urve for all O< ,.(, (2}~ .• 

-4'2~/ ll. 
X.. ~ - ~ e ('Ecasr(J + ,...sinrrp)-2 ''""' 

2sw + b - (J~/r (1 F r A. 0 I=" (I I 
£l f6CtJtrf1+2b +r)-hcotr'P+2b- 6 

~s.... = -~· · ( rcotr;- ~/2) t %• (!5) 

b) a21¥ >6 (aperiodic motion) 

Only one switching is used: 

I 49s -11.,1 11 4- -Q~-, x. _ _ uo [( B, + B.)e +(B, + l/,)e ~- 11-rA"' e - e / 
-ls..,- + e.r ZJ,ellz'+Bze-t'.4'_B_,e~if-1J,.e-~fl (16) 

( 

a,(J -a.,9' 
x,s., :::;::: ~ fl, e + o1 e _ ) + r,, 

b etl,ll_ e-t.l~~ ~ - 6 (17) 

A = Alh . A =- A( a~6)+6IB, , A := A(t:~!6)-62B 
I I 2 Qb I :a 06 

r -(t~~lf.-6 '/ o, = of2+r,. ol =-ot2+r 

13, = A,oz +A2 /~z =A,~ -A2 

~3 = A,o, -A~ i JJ• .:::- A,L?, +A3 
(18) 
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For given </J · -t:h.e swi.tching curves can be easily computed for both 
types of motion by a• digital computer. 

2. T not specified ~'(frl•XfD)=o 

Here we do not know the initial state of the costate system. 
If we select 

(19) 

we find points of the switching curve on an analogue computer. 

EXTREMAL SINGULAR CONTROL 
T 

The switching function h)) being zero for one ore more positive 
interval of time, we obtain no necessary conditions for the o~­
timal control and we speak of singular trajectories. 

Yet if we find an extremal control (i.e. a control which obeys 
the conditions of the maximum principle) with the property: 
bTp • 0 in a positive interval of time, we get an extremal 

I 3 (, 
sinqular control. ' .. ' 
Therefore the condition for a singular trajectory is given by: 

7 
bp = 0 

In our problem 

fo (t} = 0 

and with the singular control holds: 

u = (l+b) X, + t:l A2 
This implies in our system: 

with the solution: 

;, = x2 i . x,f) = .t 
-x2 • ~ i Xzf) = t 

x, = i e 't ( 1, + ~) + t e-t( Ji _ ~) 

Xz • -J:e~(J,+~}-je-{1, -t} 

(2o) 

(21) 

(22) 

(23} 

(2'1-) 
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SUBOPTIMAL FEEDBACK CONTROL 

We shall show the ~tep from the optimal steering to a sub­
optimal feedback control for the damped oscillator. We have 
seen, that there ar4e two types of optimal control, the singular 

control, leading to the origin and the bang-bang control in the 
outer region. 

Yet the control u is constrained. There-by the limits of the 
(stable) singular t :rajectories can be defined. They are shaped 

by a circle with tbe radius R (Fig. 2) which is the recoverable 
region for the singular control: 

u = ( 1 t-b) x, + a .tz (Z6) 

The switching curves for the bang-bang t~ control in the outer 
region are approximated by straight lines: 

. (21) 

In order to build u.p this feedback control we have used some 

digital logic (see Fig • . 3). The solution is given in Fig. 4. 

2.-0RDER SYSTEMS WITH TIME-VARYING COEFFICIENTS 

The 2.-order system with time varying coefficient~ ~ now is trea­

ted as a more commo? type. Here .it is not efficient to compuee 
switching curves baLckward in _ time, because they are not statio­

nary. But another c:onsideration can help us. As shown, we got 
approx~ately straight lines for the system with constant 

coefficients. The ~iignifying values of these straight lines 

are functions of a and b. Having (e.g.) periodic functions a(t) 
and b{t) we are able to compute their signifying values as 
functions of time , i.e. we get time varying straight lines and 

1 t is possible to tlse the same feedback control. 

EXTREMAL SINGULAR CONTROL 

There also exist extremal singular trajectories, as in the case 

of constant coefficients. We obtain a saddle point in the 

origin. The singulclr control is of the form: 
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U • [I + .b(t)j X,+ t1(t) ~ (21') 

So the area of admiss:ible control is time-varying. The re­

coverable region has a variable radius R(t). 

SUBOPTIMAL FEEDBACK CONTROL OF THE PITCHING MOTION ·oF A SATELLITE 

The pitching motion o;f a satellite on an elliptic orbit is re­
presented by the follc::»Wing equations: 

A ( 1~+PJ- -3r,1 /H3(a-c)a (29) 

"R = P i r :11 .!i?f1 + ecos12., . .2 = I rm£ /pa ' 
l+eC#Sz Y r 

A B c main inertial moments 
r gravity constant 

R 

p 

e 

mass of the caarth 

pitch angle 

true anomalica 
radius of the orbit 
parameter of the orbit 

excentricitly 

I J/J • I 
With & - u~l" =&·~· we obtain: 

The satellite moves on an elliptic orbit around the earth. 

(.30) 

a being zero, one axis of the satellite directs to the centre 

of the earth. This poni tion is to be controlled by an active 

feedback control. 

With sinS-~· ~9Ral our system has the form: 

[ ~:] - [ _:q _:rcJ [ ~J+ [ ;Ju (31) 

h _3 __ ll-C' R~<hZ' 
(r) = I+ t=tt:D4>r: -A-i tJ(r) =- 1 +-8C66r 

a (r) and b (r) given fc)r 0 <.. 7: < 2T we know the switching lines 

of a corresponding system with constant coefficients. Fig: 7 

shows the analogue program. The functions d(r), C
0

fr) and R2 (r) 

are generate1 by DFG's. 
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Fig.1: Switching curves for the 2.-0rder Plant. 
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Fig.2: Switching curves for the feedback controt of the 
damped oscillator. 
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Fig.S: Phase plane trajectories for the contr. damped osci llator. 
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Fig: 6: Characteristics for the controller of the satellite. 
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