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O YCIOBAX JTIPABIAEMOCTY B OZHOA BATAUE
CEIUKERYA

PaGaxos H.A., Kums I.0.

MHCTUTYT aBTOMATUKN ¥ TeIeMEXaHUKU
llockBa .
CLoluPs

I. PaccuoTpuM 3azauy IpeclezoBaHWS TOYKO# A Toukm B
Ipn CIeZYDmMX YCIOBUAX. [Ipeciezyemas Touka B zpBuxeTCA mps-
MOIMHEeH#HO ¥ paBHOMEPHO. [Ipecmezypmas TouKa A mMeer IOCTOfAH-
HyD IO BeIWYWHE CKOPOCTh. JUDABICHUMMM TOYKM A CIyEaT orpa-
HENYEHHHE [0 BeINYUHE YTIAOBHE CKOpocT#. CropocTs V, mpecue-
Iyomeit TOYKM A MEHBmE CKODOCTH Vs opeclenyeuoit TOuEM B
AL ,

B cunmy nmociezmero yciosma TOYKAa A He Bcerza (’ne pHt

BCEX HAYANBHHX YCIOBMAX) MOEET NONACTH WIM ZOCTUTHYTH B He-
KOTOpyn E-OKpecTHOCTH: TOYKM B. B CBfA3W C STUM BO3HHKAET 3a-
Javya ONpeZeleHNs YCIOBUS, NIDPM BHIOAECEMM KOTOPOTO TOYKA A
B NIpoIeccCe IpecleZOBaHMA MOXET IONAacTh B TOYKy B. 3T0 ycio-
Bi¢, KOTODOe OyZeM HA3HBATH YCIOBHUEM fu3nYecKof BO3MOXHOCTH
OpecnefioBanus, WIM KOpoYe, yCIOBAEM YIDABIAEMOCTH ,B MPOCT-
PaHCTBE HAUANBHHX YCJIOBNi HpecieZOBaHWf, BHZEAfeT 00IaACTh
JIpaBIsfeuoCTU. [I03TOMY paCCMATDUBAEGMYH 327ady MOXHO eme
QOpMyIMpOBATE KAk 33724y ONpeZelieEds O0JaCTH YIpaBIfAEeMOCTH
B IPOCTDPAHCTBE HAUAJDHHX YCIOBUil NpECleZOBaHNA ¥ Zajble AIA
KDaTEOCTH ee¢ OyZeM Ha3HBATh 3azaucii 00 yIDPaBAAEMOCTH.

3azaua 06 yOpaBifcuOCTH B "zByMepHOM" cIydyae - B CIyuYaB

X
IAOCKOCTHOTO NpeCAEeiOBaHNA — OHia paccuorpera B[ 1] .
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37eck Xe 9Ta 337ayYa paccMaTpUBaeTCHd B CAyYae OPOCTPAHCT-

BEHHOT'O IpecClleOBaHNA.

2. [JocTaHOBKA 3a7a4M, [IpE COOTBETCTBYDMEM BHGODE CHCTE-
MH OTCYeTa — HAampaBleHUe OoCHM AY coBmazaeT ¢ BEKTODOM Vs
CKOpDOCTH TOYKM B, Hayualo KOOpPAMHAT COBNAZaeT C MECTOHAXOR-
ZIeHNeM TOUKM A B HaUaNbHHil MOMEHT npeciezoBarua ( CuM. pHCY-
HOK) - yDPaBHEHVWA ABMECGEUS TOUeK A m B coonemcnésno npy-

HAM3KT BHZ:

it

I.,a %('MT:CUIJ(V
9'“ - \{q Cl}"fﬂ} J’i’ﬂxy
( Z.I) Z.A: '/A Sin X¢
x'{f; Ui
x’,.‘— = L’z

(2.2) %=0, Y5V, =0
13 7,

JipaBlerud TOYKY A OOZUMHANTCH YCIOBHD
(2.3) $2 luUj=zw, , 14| 2,
B HavanbHHE MOMEHT NpeclezoBaHUs 3
X, (t)=Y, /f.}:a?,,/{.} =0
( 20[4’ ) ?(‘1[{9}—; x‘fo Y] I.r/.fv7 = ﬂ.\:
IE ({e/ = 115/- ?/;(h]:?(;) ZS{(G}Z‘Y‘;)
BBezei 0003HAYEHNE

(25) X, = x4-7,, X, =95 , X T 252,
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Torza us ypasmemmil ( 2.I) u (2.2) moayumm cHCTeMy:
@:—%[anﬂzv.

1, = Vg~ Valosx 5inXy

T 2=V, $3an Xg

Xy = Uy

1'5 = U,

( 2.6)

KOTOpafs ONUCHBAET OTHOCHTEIBHOE ABUEEHMEe ToueKk A u B u,
CaeZOoBaTeNBHO, IPONEecC NpecleZoBaHUA TOUKOH A TOUKM b.
HauanpHHE YCAOBHA NpECIe]OBAHMS 3aNUCHBANTCHA B CIeAyDIel
Buze ( cu (2.4) ).

(2.0 11(.['/:_1". xlh)=2], X lt])=2, X, (ta):.r.,", ‘J(;/t.):xx'j

Bazaua 0C ympaBafeMOCTE (POPMyIMpYeTCH CHeAYDmUM OCpa-
3ou. B IpOCTPaHCTES X° mavamsEnx yeaoBuft Xx=(x] x;, A B Y
(x*e X°) mailTw OCIacTs ympaBIAeMOCTE B CIyyae mpe-
CleZOoBaHUA, NPOLECC xordporo onucHBaeTcsH cucTeMoit (2.6) u

coorHOmeEMeM (2.3) NpE yCIOBEH '

(8 v iV

CuezyeT 3aMeTHTsH, YT0 NOCTAHOBKA paccuaTpuBaeMoil 3azna-
9¥ ¥ METOZ €€ DeleHHA He NPETEepNAT CYMEeCTBEHHHX W3MEHEHMWil,
ecan I) CHATH yCIOBME DABHOMEPHOCTM ABUXEHUA TOYeK Anrnb
¥ NPUHATH, YTO BEJIMUYMHH CKOpocTell Touek A ¥ B Kak-TO ueHALT-
Cf BO BPEMEEHH, H 2) cuuTaTs, 4TO NpecleAyDmas X Ipecierye-
M2 TOUKE SABIANTCH CIOXHHMY nxnanﬁﬁecxuun CHCTEeMaM; ¥ I[pI
BHBOZE ypaBHeEMil NMpeclIeZOBaHMA OYAYyT YUMTHBATHCA YPaBHEH!' ',

KOTODHME 3TH CHCTCMH OINCHBANTCH.



3, PaccMOTpuM CHavana, KaKk pellaeTCs 3azavya 06 ynpasise-
MOCTE B "ZByxMepHOM" cIyuae, KOTZa BCE BpeMs ABHECHNE TOYEK
A ¥ B NpOMCXOZMT B INOCKOCTH ( \),Z ). YpaBHEHU:H IpecirezoBa—

HUA NS STOTO CIyuas MOEHO HONy4YNTh, &cld B (2.6) NOMOKATSH
A, 2O 5, Xg = Vg '

( 3.I) [ %= V-V CoSAs
. Ay ==V brn X
A = Uy

MrOZRECTBO Q, BOSMOXHHX 3HAUEHHH AN yﬁ%asuennx 1(,
onpezenfeTcHd HepPaBeHCTBOM [Lip( £ €Y :

0G6o3HauuM 4Yepes 'f4 MOMEHT BpEMEHM, KOTZa TOYKa A B
Ipomecce IpecleZOBaHMA B NEpBHIl pas IepeceKaeT TDPaEeKTOpun
TOYKN B:

( 3.2) %, () =0

¥ 2 (t)#0O npm Bcex telt,ts) . Bemmuunn '711 u
X (¢4 ) saBUCAT OT HAUANBHOTO YCIOBUA xX°= (X7 2G*, 27 )
NpecIelOBAHUA ¥ YIpaBIEHUSA “z . Ecam cocrosgye i”ynpaa-
IfeM0, TO CymeCTBYeT Taxoe ympaBieHme Ll € §2, s DU KO-
Topoﬁ X, B MOMEHT BDEMEHH fi MEHBIEe WM DPABHO HYJD:
X, (&)< O. LeiicTBUTENBHO, €CHAM NPA BCEX AONYCTHUMHX YIpaBiIe-
amax X, (t,) >0 , mo ato 03HaYaeT, 4TO KAKOBO OH HUM OHJIO
yupaBnenue U (t) € 2, s TOUKA A B MOMEHT fl oyznet
HA TDAEKTODMM TOUKM B csazm u B cuny ycmosus ( 2.8 ) oHa
HE MOXeT ZOTHATH TOUYKY b.

Taxuu 06pa3oM, HEOOXOZMMEM YCIOBUEM YIDPaBAACMOCTH CO-

crosaua X ABIAETCHA ycloBue



( 3.3) m Ln 7(1({'1’9‘;”) %0

: U, € 8, -

B cayyae, KOrza MHOEECTBO 5?1 coBnazaeT co Bcell mpsamoit
(w,=eo), ycnorue ( 3.3) ABIAETCH TAaKEE ZOCTATOUHHM.
ECIN Ee MHOEECTEO 521 IOMYCTUMHX yOpaBienuft QTPaHMYEHO,
70 BOSMOKHH TAKWe HAUANBEHE COCTOAHHA 5E°, Op# KOTOPHX
Touxa A, KaKoBO OH HWM Ouno ynpaBuiemme Ll2€ %', mepeceuer
TpaexTOpUD TOUKM B B mepBuit pas cmepezm: X, (f1) <0, a
BO BTOpOil pas - csazm TOUKE B : 0 (&)> O, t;- woment
BpEMEHM, KOTZA TOYKA A IepeceKaeT TPAaeKTOpUD LeIM BO BTO-
poii pas. B arTou ciyyae, HECMOTDH HA BHIOIHEHHE YCIOBUA
(3.3) zmocrumenme TOuYRO# A TOUKM B HeBO3MORHO. CopaBezluBQ
énenymmee npeznoxesme. Jus TOro, 4TOCH COCTOAHUE X° Guno
yIDaBIAEMO, HEOGXOZMMO M ZOCTATOYHO, YTOGH BHIOAHANOCH

yenosme (3.3) ® x0T OH OZHO M3 yCHOBHiA:
max X, (t;,X°) =0
( 3.4) et 2ty

(3.5) min X (t,2°)20
U‘Zé.ﬂl

HeoGxozmiocTs, HeoGxozumocts ycaosus (3.3) Ouna noxa-

3aHa. HeoOGXOZMMOCTH BHNOJAHEHHS XOTH OH OZHOI'O H3 HEPABEHCTB
( 3.4) m (3.5) cmexyeT W3 TOTO, YTO €CAM HM OZHO M3 BTHUX
nepaseacmé HE BHIONHAETCH, TO TOYKA A NPH BHIOJNHEHHH YCIO-
Bua (3.3) opy anGom L, € 2, , B MOMEHT t= f; GyzeT BIe~
pexn, a B mowenr ! = t; - csagu Touru B. Ho Torza, xax
MH yRe OTHEedYal:, COCTOSHWE 55’neyupasnaeuo.

LocTaroyEocTs. Bunonsenue ycaosug (3.3) osHavaer cy-

meCTBOBaNIe ANA ASHHOTO COCTORHME X °  ynpasuerns, NpPH

KOTODOM TOUKS A B MOMEHT t; nepeceuysT TPABKTOPHMK TOUKE B



csazu. flcEo, 9TO IIPY OZEOBPEMEHHOM BHINONHEHWNM OCOWX 3TUX
ycnoBuif AOXEHO CymeCTBOBATH yNpaBleEne, IPE KOTODOM B MO-
wesr T, roura A momazaer B rouxy B: % (1) = O | Ugaue
roBops, B 3TOM CAydyae COCTOAHHE %% yopasageMo., JmpaBise-
MOCTH COCTOfEUSA 2 npud BENOXHeEHH ycuoBuit ( 3.3) m (3.5)
BUZIHO X3 CIEZYyDNWX pacCyxzZeruil.-B 3ToM cayuae Touxka A Ka-
KO#-TO OTDE30K BpeMeHM, NpuEaziexamuit meTepeany ( f:,%,),
yAalseTcs OT TpaeKTOopuM TouxkM B. [oaTouy, Bappupys 3TO
BpeMs COOTBETCTBYOMUM BHOOPOM yOpDaBIEHMA, MORHO ZOGHTHCH,
4To6H B womenr [ ° {z HaCTyNuUIO Nonazague. Hame yTBepxze-
HYe MOJHOCTED ZOKA38HO. _

Taxuzy 00pasoM, pemeHHe 3aZauy 06 JUpPaBIAEMOCTH B CIy-
Yae ONOCKOCTHOT'O IPEeCIeZOBAHMA CBEJOCEH K ONpEeAeNeHED MiMEE-
uyua I uakcuuyMa Qymknuosama Xz (ti, X°¢ ) ¥ UMEAMyMA
gymxmuonama 9 (tz, 'i"). Ho 4YroCu HafiTy MUHMMYM (MAXCHMYM)
dymxmmonana X, (ty, x4 , HYXHO DEmuTEH Bapuaxmoaujm 3axavy
uaifepa, GOPMYANPOBRY xorogoﬁ He -TPYAHO NDUBECTH [I] .

Ins TOro, 4YTOCH HAMTH MUEKMYM @ynkuxoaana 26(t,, f’], HYEHO
pPemyUTEs TPEeXTOYeYHYD BapUAMUOHHYD 3aZady, B KOTOpO# 3Haue-
Hre yHKIMH f{f/=f°fz t4), % l*/,I:IUj 3aaeTcd Npu Tpex 3Ha—
YEHUAX BPEMEEH: fu, t, n ¢ . Herox peleRus MHOTOTOYEY-
HO#f ¥, B UACTHOCTY TDPEXTOUEUHOZ BaphHaUKOHHOA 3azaum pac-
cuoTpen, Hampmsep, [2 ] .

4. llepeiifed Teneps K 0oOmeMy cxyqén NIPOCTPaHCTBEHHOI'O
upecnenonax;xa. HeoOxoznuoe n ZOCTAaTOYHOE YCIOBHE B 3TOM
cnyyae yEe Hemb3sd (QOpuyAXpOBaTH Tak, KaK 3TO OHIO CZENaHO
Buue. Hampuuep, #3 OZHOBPEMEHHOTO BHIONHEHUE YCIOBHM

Men X, (4, x¢) <0 e Mmax X (,x.)>0
VE S ué St



eme He CIexnyeeT ynp&BﬂﬁeMOCTBVCOCTOHHMH oro. 3necs X =
=(x;,Xx; X3, %;,% )~ HAUaNIbHOE yCIOBUE NpPECIeZOBamuf, Ty
Kag ¥ B 1.3, 0003HAYaeT MOMEHT BpEueHM, KOTZa TOYXa A B
NepBHil pas B Nponecce npecnenbnannﬂ [IepeceKaeT TPAEKTOPUD
TOYKH B:
(4.I) X, (t)=0; W (t=0 :
7 X0THa OH OZHO W3 HTUX DABEHCTB HE BHIOJHAETCH DU JINOHY
tel(tits) .
Ho TOuHO Tak ®e, Kak GHJIO CZENAHO B .3, MOXHO NOK&-

3aTh, UTO HEOOXOZMMEM YCIOBMEM YIPABISEMOCTE COCTOSHAS X °
AIBIACTCH BHNOAHEHWE HEPaBEHCTBA

mil/MX ({1 AH° )< O
( 4.2) st 2 )

BapuanguoHHEYD 3aZauy, KOTOPYD HEOOXOZWMO DEWMTH, UTOGH
majiTy umEmuyM gymRnuwomama X, (1, A°), 1OEHO CHODUYIMIPO-
BaTh CHEAyHmUM 06pasoM. CpezW HENPEPHBHHX ¥ KYCOUHO-ZUPHe-
DeHIUPYeMHX GyHKmE X (%)= 1 DQlf/,“',3%4f/j, yIOBIeTBO-
paomax B wnTepsaxe ( Lo, t4 ) cucreme ypasmemuit ( 2.6),

a Ha KOHI@X - ycunoBusM (2.7) u (4.I) u cpexm KyCOuHO-HEIpe-
PHBHHX ynpasiemmit U/ (¢t) ¢ J , HafiTm Takme A(t/u u({),
IpY KOTOPHX (yHKIOMOHAX

a2y SENlh )

IpYHUMAET MVHEMANBHOE BHAUYSHUE.

Byzem pemaTs STy 8aZauy, IONB3YACH NPUHLUIOM MaKCH-

uyma I.C. [OHTpATUHA.
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CocraBuy .pysKIMD I'aMUIBTOHA .
( 4.3) Fim-¥ycosxcosx+% (Vo= VaCed X by )~
= \1’3\/” Sin X5 "'%'“1 -+ U,

Bunumenm "conpAEeHHHe " ypaBHEHNH:

tf; = \[.‘2 = "f‘; =0 :
( 4.4) @, :«ﬁvﬂcwx;%x, +‘gm

G = =Wy Va X L3y =y by S X-hiad, +¥514 (o3 D
% u

B kOHEYHH{ MOMEHT BPEMEHHU ‘ti nepeMennne Y;, ‘K,)

¢yukmua H  ZOIKHH yZOBAETBODATH yoaosum [37] ,
( 43) K (t)==1, £ (44) = b THiFE D
( 4.6) H({,)=[-‘/; VyLod X Cod A= Vig + Vo C o8 X Sin Oy —
o, -y &w%]t:tl =0.
s (4.4) un ( &.5) nMeeu
Y=Ci, h=0, %=t
( 4.7) g, 5= GV o8 X iy = V, Cod X5 CO S Xy
== G Va X Ced X, + V 5mXFimX, + G Vi Cos
Tax xax OyHkuus H He 3aBumCuT ABHO OT BDEMEHM, TO OHa IO-
CTOfiHHA ¥ B cuay ( 4.5) paBHa HyID:
( 4.8) ~GYalosxs Co3X,=Vs+ £ 03, $4n X, —
— Gy Sinxe +% U, +¥% U, =0
13 npuENMNA MaKCUMYMA ANA ONTHMANBHOrO YNDABIEHHA MpH
¥, #C u ¥ £0 wueeu:
(89)  u=co Sign | U, = @, Segn '

e

L ’ .
fIpu Lu,:O i “/,— =0 (¢yHExums H~He 3aBUCUT FBHO OT
vipeptesnst U =(Y;, Ug) g npuHUUD MeKCUMyMA HE NO3BONAET

MONYYUTS RHDAKEHME [UIA ONTUMAJIBHOTO ynpaBieHud. [osTouy B
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3TOM CIyYae MH OyZieM HCXOZUTHh M3 ZPYTEX COOGDpaieRuil.
Mycrs ¥, =0 HA "HEKOTODOM uHTepBaie. Torza Ha 3TOM

UHTepBale, MCKINYAf, GHTH MOEET, KOHLOB STOT0 MHTEpBala,

paBHEA HYID ¥ DPOUBBOZHAS (fYHEmEM 7o : fgfiﬂ. HozcTasus

B'arp PaBEeHCTBO BMECTO ¥ ee BHpDaxeHUE U3 ( 4.,4), mo-

Iy4uM ypaBHEHHE : ;

(4.I0) CO3Xe (G SinHytC37y ) =0

Hcnoas3ys reouMeTpHuYeCKue HOCTPOEHVUA M Pe3yNbTaTH, [o-
nwwmen[I],mmommmu,wommmmofm%¢0
Ha nexomopou' HEBHPOXZCHHOM MHTEpBale NpU ONTUMAIEHOM
ynpaBIeHuH ncsanéno; Hosrouy wu3 (4.I0 ) cuezyer paBeH-

CTBO .
¢ $in %y + o3 %y =0,

OTKyZa He TDPYAHO NONyUMTH AAf Xy  BHpaxeHUE

o o
X, = Kii-gre $1vv ——
(q'oII) '1 \/I—l“fi
TakuM 00pas3oM, €CIN PYHKHUA 9@ TOEZIECTBEHHO DPaBHA
HyID Ha HEKOTODOM MHTepBale, TO Ha 3TOM KHTEpPBANE, MCKIN-
yafg, OHWTH MOEET, eI'0 TDaHWYHHX TOYeK, napawerp (i, , omTuU-

MaIBHOT'O YHOPAaBICHAHA BHDPaX2ETCA DABEHCTBOM

faml) WY

[peAnonoENM, 9T0 JYHELHA 96, HA MHTEDBANE [t,ty]

o0pamaeTCcd B HYyJIb B KOHEUHOM UKCIE€ N30JIXDPOBAHHHX
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TOYEK x/. Torza, Tak Kak JOMyCTUMOE yIpaBIeHUE Npeznosa-
raeTcAd KyCOUHO-HENPEPHBHHM ¥ COZEDPEAT KOHEYHOE qudno o
YeK pa3pHBa, MHOXECTBO M30NMPOBAHHHX M TPAHMYHHX TOUYEK HH-
TepBala, riae QyHKuMSA 4; ofpamaeTcd B HyIb, OYZAET KOHEUHHM.
[JoaToMy B 9TUX TOYKAX MOXKHO, HE Hapyuas YCIOBHMA ONTULAIB-
HOCTH, 3HAYEHME lapaMerpa ZQ ONTHMAJBHOT'O yIpaBleHHs, IO~
NOENTH PaBHHM HyaO. Torza axs i?l Ha BceM muTepsame [ G 1, ]

mieen:
{ #23) T, = oo sigm %y (6)

rze e ngt)?fj

Stgm (=4 0, H HIZD

’ 4 A D

[IycTs Temeps o6pamaeTcsa B HYAb HA HEKOTODPOM MHTepBa-
ne QyHKONg V} . Torza Ha 3TOM MHTEpBale, WUCKIOYadg, OHTH
MOXeT, ero I'DaHMYHHX TOYEK, OoOpamaeTcsa B HyIb NPOU3BOZHAA

q% . :

( 4.I8) - C 8 Co8 Xy + Sn A o Ay +(Ces X = O

[Ipozuddepennuposas nociresHee TOEZECTBO, HOCIE HECIOE-
HHX Npeo0pas3oBaHuit, MOXYIUM
( 4.15) [\[.2 .[(15,‘,‘,.)(.1?;-60‘51.,7&’1
: (QCM@—}wx00?1;+%

rze L/, - napaMeTp ONTUMANBHOTO ynpaBIEHMA, ONpe7enseMuil

paBescTBoM ( 4.I3). Popuyma ( 4.I5), BoOGme I'GBOpPH,

x/
l{oxHO ZOMyCTUTH, UTO U30JMPOBAHHHX TOUYEK, B KOTODHX

Gyukmua % oGpamacTCH B HYIb, GECKOHEYHOE MHOEECTBO.

BaxHO, UYTOOH Mepa PTOTO MHOXECTBa GOHNA paBHA HYMIY.



13

CnpaBeZiuBa B TEX TOUKAX MHTEepBana, Ize ‘f;.: 0, B KOTO-

pex QyERmum Xy u- As puddepeHmupyems. Ho Tak kag To-

YeK, B KoTOphX QyEEmu# 4 u Xs HezupdepeRmupyems, Ko-

HEYHOE MHOXECTBO , He Hapymas OONHOCTH, MOKEM CUMTATh,

uro gopuyna ( 4.I5 ) cnpaBeznuBa Ha BCEM nmépnane, B

KOTOPOM ¥s=0 , Tax ®e, KaK ¥ BHEE, B K30JIMPOBAHHHX

¥ TPAHWYHHX TOUKaX METepBana, rae Ye= 0, ImOIOEMM a2=

= 0. Torza nmapameTp az ONTUMAJBHOT'O YIPAaBIEHUA B HEBH-

DOXZEHHENX MHTEpBalaX, B KOTOPHX NPOM3BOZHAA ‘f’y TORZECT-

BEHHO paBHa HyIb, ompezexnsercs dopmymot ( 4.I5), a B oc-

TAIBHEEX TOYKAX HHTEpBana Lto)ty] - Qopuyzoli ( 4.9).
liTag, onTUMAIBHOE YIpaBIEHHE titt)= { G, (6, U (O

HalizeHo. Tenepb, uTOOW HallTH HEeOOXOZMMOE YCJIOBME yIpaB-

IAENMOCTH, HyXHO Npu il = L) pemuTs CucTeMy ypaBHeHuil

( 2.6) u ( 4.4) npu rpaHuuHEX ycuoBusX ( 2.7), ( 4.I),

( 4.5) 1 ( 4.6).
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JlurepaTtypa

Ba6arkoB H.A., KumM J.I., 06 o6macTé ympaBisfeMOCTH

¥ ONTHMAJNIBHHX TPAGKTOPHAX COINMEEHNA ABYX KOCMUUEC—
KUX annapaToB. JOEnaf Ha cumnosuyme UPAK mo asTo-
MaTHYECKOMy yIPaBIEHUD B KOCMOCE, BOZE U ﬁox 3eM-
neit. Bexa, I967.

Tpounkuit B.A., BapuanuoHHHE METOZH DEmEHUs 3azad
ONTUMU3ANME NPONECCOB ynpaBieHUf. Tpyas BcecowsHo-
T'0 COBEMaHUA MO aBTOMATHUKE. ONTUMANBHHE CHCTEMH.
CrarucTuvyecKkue MeTozs, " Hayma", 1967 r.

Po30803p Jleil., [puEnun Markcuumyma I.C. [JoETpATUEHA
B TEODMU ONTMMANBHHX cucTeM. I,[. ABTOMaTHKA M
TejeMexaHura, I959, T.XX, Mk IO, II.
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PucyHOK.

A %,,Y%,24) - goopaumaTH mpecaeiypmeil Touxym A

we

b (%X, .25) - goopammaTs mpecienyemoil TOuRE B ;

X, = yrou_Mexxy OCHD Ax u npoexumeit BexTO-

pa VA CKOPOCTY TOUKM A Ha NIOCKOCTB
(- 2,3 )%

Ay - yrom Mexxy mmockocTsb ( 2GY ) ¥ BEeK-
TOPOM CEOpocTd V) .
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TVHAMMKA [EPEMEERCHUA KOCMOHABTA K KOPABJK

C MO:4OMEN TPOCA & NPUHINI CIHTEBA YIPABIE-

HUA KOPABIEM, OCHOBA{HHY HA TEOPLK CUCTEM
C [EPEMEHHOM CTPYKTYPOi

COUHYKOB B.H., YJIAHOB T'.M.
UHCTATYT aBTOMATHKA @ TEIEMEXaHUKH

r. Mockra CCCP
BBEIEHIE

OzHuM 43 CpPEACTB BO3BpPAllGHUS KOCMOHABTA HA KOPAOIbL MOKET CIy-
BT PuOKuid Tpoc. B padowaxI’Z paccuaTpuBanTCA TPYAHOCTH, BO3—-
HYUKaolue NpM UCMONB30BaHUM TAKOT'O CpeAcTBa BO3BpaueHusg. OCHOB-
HHE U3 3TUX TPYZHOCTE! 3aKIANUanTCA B MNOABIEHHMM 3aMATHBAHUA TPO=
ca Ha KOpalnb 3HAYNTENBEHOI'O DPACKPYyUMBAHUA KOpalad ¥ OGOABMUX CKO=-
pocTeit COyAapeHus KOCMOHABTa ¢ KopaénmeM. Hamuume srTux sBmeHumit
He M03BOJIAeT OGECNevYdTh BO3BPaNGHUe KOCMOHABTA Ha KOpalGab MpH
IPOM3BOJIBHHX HAYaNHHHX yCJHOBUAX. BHzeneHue 00IacTH HAYANBHHX yC—
JA0BUil, NMPY KOTOPHX OCECNEUYMBAETCH [POLECC BO3BPANEHUA C 3a7aH=-
HHMM OTpaHMYEHUAMH, COCTABAAGT OZHYy U3 3a7ay pacoTH. Pewenme 370it
3ajjauu MO3BOJNAET ONEHMTH NPAKTHYECKYD MPUTOZHOCTH HEyNmpaBiseMoit
TPOCOBO#t cHCTEMH., Bropoit 3azaveil paGoTH ABIAETCHA ONDPEAENCHUE MNED—
CHeKTUBHOTO B ZAHHOM CIyYae METOZa CHHTE3a yrA0BOT'O yNpaBIACHUA
KopaGieM, KOTODOE MOSBOJUNO OH yCTPAHUTH T€ CBOHCTBA TPOCOBOI
CHCTEMH BO3BpalleHusi, KOTODHE 3aTPYAHANT €€ MOPAKTUYECKOE KCHONb=
30BaHUME. YKA3aHHHE 33734yl pemanTcd B CIyYae NJIOCKOTO ABHEEHUA
CHUCTEMH MDU MOCTOSHHOW CHOPOCTH CMATHBAHUA TpOCa.

YPABHEHIE JBIBEFHUA CUCTEMH

MaremMaTuyeckasg MOZENbH, NPUHATAA B paGoTe, CTPOMTCH NpH Cle=-
ZyDUnX NPEeANoNORCHUAX S E

I. KopaGap ¥ KOCMOHABT — TBEpZHE Tela.

2. Tpoc - HecranuoHapHAafA CBA3b, M3MEHANWAACA MO JMHEHHOMY
3aKOHY.

3. BHeuHME BO3MymMEHUA, B TOM, UHCJIE W OT I'pajuMeHTa I'paBuPa-
OHOHHOT'O NOJHA OTCYTCTBYWT. :

[Ipn 3TuX NpeANONIOKEHUAX ypPaBHEHUS ABUKCHUA LEHTPA Macc u
YIIOBHX ZBUXEHUN CHUCTEMH HE3aBUCUMH. '

JuHaMuvecKas MOZEIB yrxonuro ABURCHUA U UHTEepecyniie Hac
06GOGUEeHINE KOOPIUHATH nsodpaxenm Ha puc. I.



. Ha puc. I oGoszauexo:

Iz 3 - gopaGnb @ KOCMOHABT C MaccaMu W, ¥ W, N MOMEH~-
TaMy yHEpmMM I, ¥ Yy , OTHOCHTENBHO OCEH, NPOXOZANMX YEPe3
X uempu uace O, ® 0 » ¥ NMePNEeHAMKYIAPHHX MIOCKOCTE PUCYHEA.
X'0Y' - uHepHUATERAH CHCTEMA KOODLMHAT C UEHTDOM, PACHOIORCH-
HHM B IEHTPE MACC CHCTEMH.

1, - paccrTofENE OT LEHTPa MACC KOpadif XO TOYKU BEXOZ2
TpOCa. :

N, =~ ANMHA TPOCA, W3MEHANNASCH NO BAKOHY: T, = Tao+ Lyt

"y = DAacCTOAHNE OT HEHTDPa M8CC HOCMOHEBTA 7O TOYKM Kpenjie-
HUA TPOCa.

R % "?3 s = OCOOmEHHHE KOODAVHATH, OTCYUTHBAEMHE OTHO=-
CHTENBHO . XOY

t. - paccrosrue uemny [EHTPaMyi MACC KOpalid M KOCMOHABTA.

Ypasrenua Jlarpanxa [I poza Aas yTAOBHX ABHREHUT , pa3pemesHne
OTHOCHUTEIHHEO BTODHX nponano:zmux EMENT BUZ: 1

R T-‘;x;u(g, ) = Sy

> 2. . H 2 5 o . 3 .
@, - g_L‘\F‘&n e e Euty ooty %\smm ) a,00,

Ty St (- q‘ 4 T tiw (Y- ‘fﬂ% ] (I)
{‘Qs 213 %m (2:-95)
rae P, - Cuz;a HATAKGHUS TPOCA, BHDaKae:uad (opuyNof:
£- R O AT R A A N AL S (o MMy .
T ER e R W (@)

Cucrema ypasseH i (I) nonycxaer TOHVURGHUE NOPAZKA Ha 1BE
e7UHUIH, NOCKONBKY 0000LgHHad KOOpAAHaTdihBHBBTGH [VKIAYEeCKOH
(un¥ MTHODUDPYEMOH ).

[Ipouezypy NOHURCHUA NOPAZKA YZOCHO BHIOJHMTH, BBOZAA NEDEMEH-
aye Payca>, HampuMep, CIGAYDIHM oépasom:'t\khlt‘ﬂ,\i,\iz,et

B\
rie. P\‘ Wt Js‘ "‘\’Qa_ ‘:.= Q;“h (3)

C mouomsn gysimur Payca KKt Ay ki @, 4,4, p) , KOTOpam B Ha-
meu ciyyae He 3azMcHT OT ¥, , cmcrTeMB (I) MOXET OHTH 3aMEHEH:
3HBUBAJIEHTHOR cucTemMo# (4):

i '\@ﬁ o (#)

SR

.%%‘ % ()
TS -

SN
Mockonsky QYEKuuf Payca HE B8BHCHT OT @ , TO P=Py » ¥ 32-
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Jaya MHTETDUPOBAHUA CHUCTEMH (4) CBOZUTCHA K WHTEIPUPOBAHMO ABYX
NEPBHX ypaBHEHUi. B BUZE, DPA3PEeuUCHHOM OTHOCHUTEIBHO BTOPHX MDO-
U3BOZHEX 3TH ABa YPABHEHNs 3aNUCHBANTCA CAEZyDIUM 00pPa30oM:

3 - 2 .a 2 L . .

"a - Cu-‘n kv Cuky + Cuhid, » Csdy v (e &,

7 ' gl & 1 %2 T O ;e ;

Ly = Ca fus Cad, + Cad, + Condydy > Cig by + Cok, (5)

rae C,\,C‘, - Qynkmmn Ly u L,
Cie, & - _‘“A“ - Qymrmua £, , A, uL
[locne MHTErpUPOBAEUA YPABHEHMI OTHOCUTEABHOTO ZEBUKEHUA (5)
yraoBag CKODPOCTH KOpPAGid ¥ ero YrlI0BOE NOJOKEHUE OTHOCUTENBHO
HHEDUMANHHOTO IPOCTPAHCTBA ONPEZACIANTCH namu (6) u (7
eﬁ‘i,v\wu%m‘f« TR IR B AT e j}i 5
Fo+dy S (6)

g, = @ « e,
rze a.:-z.‘s'w»i, R 8= eands
e = " “'12 + 2.6,1.,# ‘5 + Lz&.ﬂ 1.°g0¢,* 2.‘;1; (8)
BGJIHUAIH& 91 s KK MOXHO IIOKa3arbh, NPEACTABIAET c0o060ii KUHE=-

EITUYECKNUH MOMEHT CHCTEM:, 2 UHTerpax:p,=9, cHCTeuH (4) BHpa-
X2€T 3aKOH COXDAHGHUS KUHCEITUUECKOTO MOMEHTa. Ha OCcHOBaHMM
H3NOXEHHOTO MOXHO CZENaTh BHBOZ O TOM, YTO yDABHEHHA OTHOCH-
TensHoTo ABuEeHMs (5) cosuecTHO ¢ fopuymamm (6) u (7), zanT
NOJHOE ONKCAHUEe ABUXCHHA MUCCHEZYEMON CHCTEMH.

(7)

TANVICHAPHHE NBIXEHVA CHCTEMH

lono@enus DABHOBECHA CHCTEMH (5), TO ecTs TaKHE TOUKU .(, =

-*
L, , A7 HZOTODHX i,..o(,_ &,. A,?.O s MOTYT OHTH ONDEJEICHH
KXaK KODHM CUCTEMH aareCpandyecKux ypaBHeHuft (9):
(’(h‘ﬂ 3
(9)

'
t“ k‘l)&;)“O
Peuenua cuctems (9) «; # {; MOTYT GHTH BHUMCJIEHH C [O=-
MOUBY BEINYNH Q, # Q, , KOTODHE ONpEZeNFNTCH (HOPMYIaMHu (10)

£0J

arsGinds Q7= tSwd; (10)
3Hovesus Qp # &; , SABIAOILNECH pewesyusuy cucrems (9) ompe-
TENSNTCA (OopMyIaMus: at ?w*&(l:s:‘-w
s L (I1)
z
P 3y ‘ A 2% Jh o
[ RO L. e SRS o _§
mis* (‘3 *'33\ ‘:"zo Q‘J{;ﬂs‘ll"a;\j ’*(31*33\?2- Hat K Qn 23 . Q‘S(IZ)

TZIc BTOI @xcH ¥ Of ¥ Q] 0003HAuanT pasINyHHE 3HAUCEMH,
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NPUHMMAGMHE DeueruAMM CHCTEMH (9). Jerxo yCTaHOBMTE, YTO (OD-
¥yne (II) cooTBeTCTRByET GECHOHEYEOE MHORECTBO CTALKOHADHHX ZDli-
®CHUA CHCTEuH, MPEACTaBIADMUX COCOl COMMKEHME 10 MHEDIUY CO
CHOPOCTEY a0 ESBPANANEEXCH KOPAGNA M KOCMOHABTA, MMEDLVX OTHO-
CHTEJNBHO TPOCA HEM3MEHHOE NOJOREHUE, IpH HYJeBo# cuie HeTaxmeHus
Tpoca. [Ba CTanuOHAapPHHX ZBUKEHUA, COOTBETCTBybmuE Qopuynau (I2),
NPEZACTABIANT COGOIl HEKOTODHE IBUXEENA, MDY KOTODHX MMEET MECTO
PACKDYUUBAHME CHCTEWEH OTHOCHTENBHO VHEDPLHANBHOTO MDOCTPAHCTBE
C Bo3pacTanieldi CKOPOCTHi, TOTZA KaK B3AKHMHOE MOJOXEHUE KCDAGHA
¥ KOCHOHATTA OTHOCHTENBHO TDPOCA OCTAETCH HOMBMEHHHM. lHTEpecHo!:
O0COGEHHOCTHD PABHOBECHHX COCTOfHUN M CTaNWOHADHHX IBURCHUA cuc-
TEMH ABAAETCA MX 3aBHCHMOCTH HE TOJNBKO OT NapaMeTpOB CUCTEM,
EO ¥ OT HAUaJbHHX YCJIOBMA, KOTODHE M ONDEAENADT BEIMUMHY KUHE=
THYECKOT'O MOMEHTA P, . 3aBUCUMOCTH DAaBHOBECHHX BEmECTBEHHHX 3Ha-
wennii 4§ OT rapaMeTDPOB CUCTEMH H BENMUMHH KMNETHUECKOTO MOMEHTa,
a TaKkEe 3HAXW UNEHa C“=Eu&-“ B npaBoif yacT ypamuenu#t (5)
YZOCGHO MPEACTAaBUTH C HOMOWBH OMQypPHALMOHHON puarpaicdy (pHc.2).
HE pnc._._?_' ososgaqeﬂo: ~{‘ Ty e, Lt h ]
- Y 2 Y - xousue, mconme ypamseuue: P2 |Cto=s; nx*T]
1 - xpuzHe, 3aKINUEHHHE MEXAY KDHBHMHE T L, miennue
ypaBiCHuE Py =-R(A+Q3 Yy (I4) U mpH Oy =+l ¥ Of ==, ’
[1PEBPALANLNECcH COOTBETCTBEHHO B % I % .

" - .‘.g
OYHKIIH 0(‘ oT ?w nMenT BEZ % mn X B 3aBICHMOCTHE OT
TOTO INPUHIMAET JI BEINYKMHAS

- %
Qm = 3*‘{-’“—&@«3@ . (19)

3HaueHnsa ueHpmAe 'Ly UMM CONBHHE "y .
SHAuUeHKd yria ‘J.,' » OTMSUGHHHE H2 pIUC. 2% ONPEASLANTCA MO dop-
;..:},rnar.mz“"'-z\s Ma@% \.(:'z'[s'i-ws‘m\g.‘i‘:\ [diwl= onesin \9_\.(%\
= anctin OB | L5le - onesin 52 | L= - anein i (16)
3H3ueEud IapaueTpoB p"o i 6«. U QMW , npM KOTODPHX M3MEHAETCH
unCcJIO NMOJOXEHUY paBHOBECHA, ABIANTCA OMQYDPKAUMOHHHMHN M ONpEZe-—
AdTCA DOPMyTaMu:

o | 2« S B et Q0 20 Pt 17)

3aBUCINIOCTH DPABHOBECHHX 3HAYeHHN o(: OT M&PaMETPOB CUCTEMH M
Pw MHMeeT Takoi ®e BUZX, YTO ¥ 3aBHCHUMOCTDB, NPUBEZEHEAH HA puc.2,
C TeM JImb OTJUYKEeM, YTO MAcuTal IO OCH 4" 1 QODMYMH ZJS KPUEHY
T}_ i E' ZONEHH GHTH M3MEHEHH B COOTBETCTBIl € (ODMYJNOl Qgs :%sQ: s
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= = i
a CH{ypPKAnZOHHOE 3HAUGHME [apaMerpa Qn TENePh Olpezeisert

Qopuymoli: : 4 Ny
i a L ‘L“\\f 0y £
P fan\ | 2 + 55, (18)
¥ » L]

Hockonsxy smavenus & u 4, , oTauuapmuecs Ha 2KT (K=I,2...)
COOTBETCTBYWT OAHOX U TO# ®e KOHQUIypauu: cucTeMu (MOZNPOCT paH-
cT3a L‘A‘, J,&, - LANMHZPUYECKHE), TO DACCMOTPEHHE DABEOBECHHX
3HayeHui Ha uHTepBanme (-, )  HUCUEDNHBAET BCE BOSMOXHHE
COCTOfIHUS DaBHOBEcCHA. HNA OHQYParUMOHHON zuarpamun saza I xa-
[DaKTEep OCHOBHHX THIOB OTHOCHTENBHOTO ABUESHHUT TPOCA M KODaGia
npu ?Nva ?wnpenc:TaBneH Ha puc. 3.

MPVBIVKEHEHE YPABHEANA, OIVCHBAKHIE OTHOCHUT EIBEHOE
JBILEFHIR KOPABJA W TPOCA

Ananus CTAUNOHADHEHX ZBUEEHUA OHN BHIONHEH AAA NPOU3BOABHHX
TEOMETPHYUECKHX ¥ UHEDUMOHHHX XaDaKTEPUCTHKE COMUEAEMHX OOBEKTOB.
[Ipy noxyueruyu GOpMyX,0NUCHBANLMX OTHOCHTENBHOE IBHXEHME TpOCA
1 KOpalnd, UCHOJNB3YEM TO OCCTOATENHCTBO, YTO AAA CHCTEMH BO3B-
DaileHMs KOCMOHABTE HMEDT MECTO CIEZYDNUE HEPaABEHCTBA:

hndy w (19)

B srou cayvae, KaK CHEZYeT W3 GOpMyR AJA paBHOBeCHHX COCTOfi=
Huit ¢ 1 OuQyPKALUOHHHX 3HAYEHUH apaMeTpoB, CTPYKTypa ({as3oBOr0
IPOCTPAHCTBA MOZENU CHUCTEMH, B KOTOPOA KOCMOHABT NPEZCTAaBIEH
TOUYGYHO{ Maccoii, NPAKTUYECKN COBNAZAaET CO CTPYKTYypo# ($as3o0BOro
NOZIPOCTpaicTBa J,l, paccMaTpuBaeMoil Mozeuu. ANA 3TOH yIPOUEHHO

MoZean HMHB&DMBOBanhmG B OKPECTHOCTHX DAaBHOBECHHX COCTOfHMA
Jql, 44;, Lm , J“ YDABHEHUA OTHOCUTENBHOTO ABUACHHR KOPaGHd I

ThoCa HMERNT BHZA-: " R Ll 20

Ly + Ay(T) Ly + Bylr)L, =0 (20)
Il THHCAPU3OEAHEHE B OKDECTHOCTAX PaBHOBECHHX COCTOSH Kl i g W
Ly - BUL:

- - - .
Ly + Au) &y « B, L, =0 (21)
¥ 1 n ol o
rae: 2 d=dy n 4, 0C03HaUAST ZUG(EPEHNIMPOBAHUE N0 HOBOK HE3aBl-
Cinioil NEepeMEHHO# T, , NUHEHHO CBA3AHHOH ¢t . Bemuuumn A, (1, ),
d}ﬂrxﬁﬂxg EHUNCIANTCS AN KAHIOTO X3 DABHOBECHHX COCTOAHUII
10 LoRuyIal: A 2,(3\4-\&1‘-\ by )
) = T (34 ‘Q: ) K (22)
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28, (29-xa) TR T (24)
b!hl\ o (3« L:.)Q-l. (23) B\“‘ 1’; L“*‘w)
alietietbingeq - (25), W=l (26)

K Q) BHUMCIHETCH IO OZHOU M3 gopuyxn (I0).

Ypapuenna (20) u (2I) nmozzanTCA KIACCHJMKANNM, 8 MHULEHHO, OHM
NPEZCTAaBIANT COOOH - nuHelinHe zuddeperUuaNbHEe yPABHEHNA Kiacca
Qynca4 i 067azanT YETHPHMA OCOGHMU TOYKAMU. JETErpupoBanue Ta-
KMX ypaBHEHEU} IpeicTaBifeT NoKa HE DeueHHyp npo6reuy. Paccuor-
puy cpoiicrsa ypasHeruii (20) m (2I) ¥ CpaBHHEM KX C COOTBETCTEBYL-
muME CBO{CcTBAMU peueHNi. HexuHeliHo# cucTeuy (5) B OXPECTHOCTAX
DaBHOBECHHX COCTOSHE#. C HOMONEND TEODEM, NPUBEEHHHX BY, L0H-
HO yJCTAHOBUTH, YTO pameﬂnﬂ ypaBHeHnﬁ (20) u (2I), coormeTcTnyR-
X DABHOBECHHM TOUKAM &,_, 4; 5 X“ HE MOTYT OHTH KOJEOIOmi-
MuCcH, TOT'ZA Kax pedeauﬁ ypaBHeﬂnﬁ (20) ¥ (2I), COOTBETCTBYHIMX
DABHOBECHHM TOUKau oy , xu ¥ &' ma Zocrarouso GousmoM VHTEpBa~-
Ae M3MEHEHMA apryMeRTa OyZyT KoZeCaTelNbHHMA. B OKDECTHOCTH QCO-
Gofi TOUKM KOSPOUIMEHTOB T,=0Q HyNM KONEOATENBHEX DEueHUH ypasﬂe-'
Hui (20) u (2I) He MMENT TOUYSK HAKONNCHMA, a NPOU3BOZHAA 00LE-
TO DEUEHUA CTPEMHUTCA C OECKOHEUHOCTH, UTO MOXHO yCTAHOBUTH MHTE-
rpupysi ypasserug (20) m (2I) B OKPECTHOCTH 0COCOI TOYKM METOZONM
dpoGenuyca, Kak, HANDUMED 8> wiz 6. C moMompb MoZenMpoBarms He-
nuneiino#f cucTeMy (5) MOEHO yCTAHOBATH COBMNAZEENE CBOWCTB ee pe-
weHU{l ZAS OTHOCHTENBHOTO ZBUXCHUS KOPAGAA  TPoca C yCTAHOBIEH-
EHMU CBoficTBaMyu nnHEHHHX ypaBEermii (20) u (2I).

C mowoush Teopemy Comuma-lofia® MOEHO yCTAHOBHTE, YTO NOCHEZO-
BATEIBHOCTE SDKCTPEMYMOB: KONSOGAaTeNbHHX pemenuii ypasieruil (20) u
(2I) senserca yCuBawuell Ha MHETEpBANE ( 1,0,143 ) H3MEHEHUA ',

oo . 4]
n Boapaqa?mmen - Ha uHTepBane (", 0 ). Ilpu ycmomuax (I9)
BEIUUUHA NOJOENTENbHE M OIpezensaeTcs QopMynoiis

Ha puc. 4 mpezcTaBieHH TouHHE peweHusa I u II ypasuenuii (20)
u cucreuu (5)-zus OTHOCHTEABHOTO ABUKEHNA KOPAGIL ¥ TPOCA B OK-
PECTHOCTY DPABHOBECHOH TOUKH L;. 3 puc. 4 MORHO BUZETH, UTO
penerns nuseiinoro ypassHerusg (20) o61azanT cBOHCTBaMUM COOTBETCT-
BYOUETO DSilicHYUA HEJUHEHHOMH cncweus(ﬂs OKDECTHOCTH 1. ¥ yZOBIE=-
TBOPUTENBHO COBNAZANT KOAWYECTBEHHO. lOKHO BHZETH TAKEE, YTC B
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IpoLecce BO3BPALCHNS DELEHME CYLSCTBEHHO OTKAOHAETCH OT COOT-
BETCTBYOLETO paanoxecxoro COCTORHNA UMb B HEKOTODOi Zechiua Ma-
70if OKPECTHOCTH TOUKH ",=0 . CKasaHHO€ BHUE MO3BOJSAET CUUTATE
auHelinne ypasuenua (20) u (ZI) NPUEMIEMEIMM A ONKCAEUA OTHOCH-
TEJ5HOT0 ABUREHUA TPOCA M KODAGHA.

ACILIITOTMYECKOS HPEACTABILHIE PEEEHIA YPABHEHINA
OTHOCUTEIDHOT'O JBMAEHIA TPOCA 1 KOPABJH

TomyuuM acUMOTOTUYECKOE NOPEZACTABIEHUE DelleHdf ypaBHEHMH
(20) un (2I) cnezyﬂ6 C mgexsw npuBezeHuda ypasuaexnuit (20) u (2I)
X paccuarpuBasuoil BS Qopue BBezeM Goabuoi mapamerp T u3ueHE-
Hied Macurada He3aBUCHMON NepeMeHHON o gopuyne:

!
1= ;%- (28)
a8 yHIpomEHUA BHKIAZOK mpuzezes ypasseHua (20) u (2I) saue-
Hoil HeM3BeCTHON QyHKUMM MO Qopuyle J,=expl 'zfmh,)d'q)‘s (29) &
KaHOHUUECKOMY BUZY:
B+ I(W)p =0 (30)
rzeT(1,) MokeT mpuHuMMaTH 3HaueHud L(L)= Es.('t,)—‘:A:'(xz\-% A:(m (31)

'x"itm-?b‘(\;)-l A:(lz)"zAim\ (32) B COOTBETCTBHM C KOIHUIIEH=
rauy ypamienu#t (20) u (2I). JuHe.uHO He3aBUCUMHE DEueHUT Py X
f, OTHCEUEZRWTCA B BUAE DPAZOE NO OTPUUATECIBHHM CTENEHAM 60aBLOTO
1apaueTpa, KOTOPHE HPH HEeCYHGCTBEHHHX B HameM CIyuae OI'paHuve-
FIIFX ABIANTCA ACUMITOTMYECKMMU. ITM DAAH ZawTcAd QOPMyNMaMu:

b= e MOTH i@k ve. @i )
Pl - eSXI@-\T&<}\—E°@) " t‘\\«'\‘%t 'E‘ @\_\‘_—-‘ '.}

rze ((©), C‘K)H913°”CTHE€ GYHKIMA, OMPEAENAEMHE U3 DEKKYDPEHTHHX

COOTHOWEHHA S

(33)

lX\t"* ‘)“QQ:Q 1\1‘6,‘,4'.)‘—6“ =Q
Corahird G20 (34) AP S R T
Ty L0y b0 Tra 1,0 NG ©

a }\\.L’f‘,.t’ujx_'\q (36).
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B paccuMaTpuBaEMOM CIyYae MOXHO yCTAHOBMTH, UTO HMMENT MECTO
PR 0» 400, S0 tan B0, TG
38 MCKIDYEHLEM, OHTH MOXET, BECHMa MalO# OKDECTHOCTH TOYKK1,=0.
370 0GCTOATENBCTBO I03BOAAET OTrPAHMYATHCH ACHMITOTMYECKHUM
npezcTaBnenueM pemeHus ypasEeruit (20) u (2I), KOTOpOE MuEeT
P eIty T -Lsﬁ—tt:)dul

L= € I ('lz)[%ie L +Be (38)

MoxHO ycraHOBUTB, YTO peweHme, zaBaemoe Qopuyxnoii (38), o6-
JlajlaeT CBOliCTBAaMN, PAHEE YCTRHOBIEHHHMHM ZJIA pemeHuél yparHeruii
(20) z (2I). O KONMYECTBEHHHX ONEHKAX TOYHOCTY DEUEHUH, ZaBac—
HOTO0 Qopuyso# (38) MOEHO CyAUTH IO PUC.5, HA KOTODPOM CILIOWHO
nuHEed W306DaxXEHO ACHMNTOTMYECKOE NDEZCTABIEHME DEUEHUS M ero
orubapmasf, a NYyHITUPHOH JUAUEH - TOYHOE peueHue IMEeiiHoro
ypaBHEHMUSA . *

OBJIACTE JONYCTIMHX HAYAJBHHX YCIOBHR ”
OTHOCUTENBHOTO [BVXFEHIA TPOCA M KOPABIA

C nouomsn Qopuyn (II), (I2), (I6) u (38) OTHOCUTENBHOE IBH-
@CHUE TpOca U KODpaONA 3aZaeTcs KAaK M3BECTHAA (QYHKOMA Havalb-
HLX yCHOBWI ZIBMEEHNA, NapaMeTpPOB CHCTEMH M BpeMeHd. OTpaHuMyeHus,
HOJIOREHHHE HA yroX &, MEXZy TPOCOM H KOpadiem, yriOBYyD CKO-
POCTH KOpalOiAf B WHEDHIXANBHOM IIPOCT PAHCTBE ﬁ‘ s CHIYy HarTAme=-
HEs Tpoca Fp ¥ MOZYMH> BEKTOPA CKODOCTH COYZADEHUE KODaGNA K
kKocMoHaBTa V , MOTYT OHTPH S&NHCAHH B BUAE CHEAYDLUX HEpa=—
BEHCTB (39): ]

(ko)) & 4
| 9 ¢ Y (39)
\?1'*\\’ E%\‘F'\
v
*\“'Lz\“i\my* b e _
rze '\ - MOMEHT NpUYANMBAHUA, HE COBNAZALLUE C MOMEHTOM "G, =0
¥ BHOHpaeMuil M3 KOHCTDYKTUBHHX coolpaxeHuil. HepasexrcTsa (39)
BHZSAANT B NPOCTPAHCTEE HavajbHHX YCJHOBMI ¥ NEGpaMeTpoOB CUCTE-
Uy HEXOTCDYD 067acTd ¢ rpasmneil & , KOTODYyD MH GyZEeM HasH-
BaT: OQONACTBH AONYCTIIX yCHOBME - DAapeMeTpoB CHCTElH. B pa-
00T¢ ONPEIEXAeTCsH NPOCKIKA IPaHuUH 3TO{ Oo0JacTy Ha MJIOCKOCTH . -
I peasHoctTelf - TAHTEINANBHHX CKOpOCTEll KOCMOHAaBTa,
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c xoopauHaTaMu 'ty M="y4p. PE3YABTATH 3TOTO MCCAEZOBAHUA
NpEeACTaBICHH ¢ MOMOWBN PUC. 6 M DUC. 7 AJIA CAEAYDUUX NaPAMET-—
DOB CHCTEMH X HpHﬂHTHX oTpaHuyeHn: "3,="H00 «lwen® n,,-o2.ﬂ—

K= 10“—% W dw*3 DU pasuMUHEX (QUKCHDOBAHHHX 3HAUEHHAX
o s Qw ¥ Nw . Ha puc. 6 0603HAueEH: | = KDUEBHE , MEXZY
i € i
ROTOPHYI Bugagaf?aﬁa\n DBOE np HEDABEHCTB (39) npmq“ 0'§.wwhm

= Qz0
w,”V ~ KDUBHE, HIEE KOTOpHX °BHDaBHANTCA BTOPOE H TPETHE

U3 HepaBeHCTB (39) ANA COOTBETCTBYDUMX OTpAHUUEHN

Ha puc. 6 ozHa u3 o6nacreil, yZOBIETBOpPsNmAA HEPBHM TpEM U3
HEepaBeHCTB {39) 3auTpuxoBaHa.

Ha puc. 7 0603HAUEHH:

Pm‘-?:?: 00N1acTh, B KOTOPO# KMHETHYECKHUI MOMEHT CHCTEMH MEHBie
:8\!5
Vo VOV OT 3“ ). wpuBHe,TeBee KOTODHX BHIOJHSSTCH NOCIEZ-
HEE@ U3 HepaBeHCTB (39); HEPBHE TDPHM KPUBHE OOCTPOEHH NS CIyYas
Qw=0,§m¢6, a BTOPHE TDU - AUA CIYUAH Qg Q.

U3 puc. 6 ¥ puc. 7 MORHO BUZETH, YTO ZIA KAXAOA HayanbpHOH
ZANBHOCTH KOCMOHEBTA €r'C TAHTEHINAJIBHHE CKOPOCTY M3 yCHOBUA yC-
NeWHOrO BO3BPANECHUS ZONFHH ONTH OTPAHXYEHH CBEDXY ¥ CHUBY,
4T0, HO-BUINUMOMY, MCKINUACT NDUMEHEHHE HEyNPaBIAEMON CHCTEMH

BO3BpalieHUA KOCMOHABTA C IOMOMBD Tpoca K KOCMUUYECKOMY KODaOIo.

[IPVHIJI CHHTE3A CHCTEMH YIPABIEHYS OTHOCHTEJBHLIM
IBVEFHUEY TPOCA 0 KOPABJH

B KayecTBE BO3MOXHO{ CHCTEMH yIDaBISHUA B paGOTE paccHarpi-
BaeTCsd CHUCTEMa YIJAOBOTO YIDPABICHUS KODAOIEM C IMOMOMBH ZL3IraTe-
neit, oGrazanmux peneiiHoli xapaxTepucrTuroii. MoEHO Moxasars, uTO
npu yeaosuu (I9) OTHOCUTEIBHOE ABUEGHNE Tpoca M Kopaldnud yZOBIST=-
BODUTSIBHO ONMCHBAGTCHA B Clyyae MPUHATOI'O KCIOJHHTEJIHHOI'O YyCT=
poiicTBa cneAymmnM JpaBHEHMEM %

i . h +l(‘h*5{h}{1"(ozo i Ko (8+7,) JL‘] (Puo* K0Ty~ |, Meignd, dﬂ
Iy - KYt 1, Jy+ KQ‘I A 11&'1‘4-&(2‘)(3‘* \QQ‘,)

. (%o‘- K5 - Mg d) = Mg dy (fe)
¥ ~('7. ( :11 + KQL)
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X 2
rme = urabag M - yUDABAAWWME MOMEHT, NDUIOKEH=
HHfi ¥ KOpaémo, a &, - CHI'HAX yIDaBISHHA.

locne unTerpupoBanus yEpaBHeHms (40) yraosasd CKOpOCTH KOpaG-
I8 B yroJ mOBOPOTa KOPaCisf OTHOCUTENBHO MHEDLUUIBHOIO IDPOCT pPaK-
CTBa ONpPEeZAeNANTCH @opuyxamn.
Q= Pio + KQTLan = € LB Te) + 8 Mg dadt |

2 T el 4 (e g (4D)

3aaqenze napanewpa“uw; BXOZANEr0 B ypaBHEHUE (40), crau-
KOOOPas3HO M3MEHAETCH MpH nepexone nsolOpaxanuel TouKolt B Haso-
BOM qpocmpancmse CUCTEMH HEKOTODPO# MOBEPXHOCTHM IEpeKIDUYCHAR
Qulkk) =0 (42).

CucTeMn, ONUCHBAEMHE TAKMMM yDaBHEHWAMN, ¥ NONYyYMBLINE HA-
3BAEWE CHUCTEM C NEPEMEHHO# CTPyKTypol, 06JazanT pPAZOM UHTEDPEC—
HHX OCOGEHHOCTEll, HE NDUCYLKX, BOOOWME I'OBODPA, COCTAaBIANMUM
crpyxTypaM7, KOTOPHE B HAWEM CIyyae ONUCHBANTCH HENHHEIHHMHU
HEABTOHOMHHMM yDABHEHHAMN, 3aBUCAMUMM OT NPEAUCTODHE IBUKEHUSA.
Baguelimeii u3 3TUX OocoOeHHOCTell fBiIAETCHA BO3MORHOCTH O6ecleue-
HUA NIPM HEKOTOPHX YCJOBUAX yCTONUMBOTO ZBUKEHNUA CUCTEMH BIOJNH
NOBEPXHOCTH NEPEKINUEHHA B, TAK HABHBAEGMOM, "CHOIB3AMEM" DERU-
Me. B 3TOM cryuae ZMHAMMYECKUE CBOJCTBA CUCTEMH ONDEAENANTCH
B OCHOBHOM BNZIOM NOBEDXHOCTH MEDPEKINYEHUS U CNACO 3@BUCAT OT
[apaMeTpoB 00BEKTa. B paccMarTpuBaeMoli 3azaue OGECHEedYeHNE HEe3a-
BUCHMOCTY YIPABIAEMOT'O ABUKEHUA OT TaKuX NApaMeTpoB KaK KUHE-
TUYECKUI MOMEHT ¥ ZJMHE TPOCa I03BOJAET IIONYyULTH CUCTEMY, paGo-
TApLyR B UMPOKOM ZUANAS0HE HAUAJBHHX YCHOBUll X HE 00JIazaniyb
CBOJ/CTBOM 3HAUUTEJIBHOT'O YBEIWYCHUA YTIOBHX CKOPOCTEil B KORIE
NPUTATUBAHMUA, NPUBOZLIN K OCNBWKM CHOPOCTAM coyzapenus. Cra-
3aEHOE BHIE IO3BOJNAET COOPMYNMPOBATE 378Uy CHHTE3a CUCTEMH
yIpaBIEHUs OTHOCHTEIBHHM ZBUBECHUEM TPOCa ¥ KO0paldisd Kak 3azauy
BHOOpPa NOEBEDXHOCTH Iepexnbycira (42) Texil: p6pas3ou, YTOCH:

I. NoeepxsocTs (42) obmazcda Ou odaacTsi "ckonbweHus" &
Taxoff, YTO B NpPOLECCE ZABAKEHLA IO Hell cucremMa Npuxozuna OH B
387ZGHHY0 OKPECTHOCTE TOYKK &‘=&(=0 $)830B0T0 DIPOCTPaHCTEA 4 OCTa-
BajaCh B Heil.

2. 9a30EHE TPAGKTOPMY CHCYSMH MONaZamy B 001aCTh S npu npo-
II3BONBHEY HEUQIBHHX YCIOBUAX ZBUKCHIA.

3. [MoBepxeEOCTE: & COOTBETCTBOBANA OH YCJIOEBMAM KauecTsa.
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B paGoTe paccMaTpUBAETCHA YACTHHI Cilydall mpoGaemH, HOTZA IOBEDX-—
HOCTH MEPERINYEeHMA BHOMPANTCA CPEAU NPAMHX BUAa: \L;,_i.p(‘i“:o
(43), rue 3HaueHue yriaa o ONPEZenaaeTcs (HopMyIoi:

L4-dwn } dy>dn

dpn= 0 -dusd ed ‘
oy v dn ;‘ ‘_:(“ k> (44)

PanyoHalbEHM BHOODOM KOSQGUIUEHTOB yCUACHUA Ky %Ki ¥ Ly W
yaaeTcs 00ecneyvdTs BechMa Cladyl 3aBUCHMOCTD yNPABIAEMOTO OTHO-
CUTEABHOTO IBUMEHUT TPOCA ¥ KODPAGAA OT HAYAJABHHX yclaoBuil H
JMEH Tpoca, UCKINYMB TEM CaMHM MNOABASHMS 3aMaTHBAHIA TpOca HA
K0pal6ab U MOABIEHME GONBIMX CKODOCTEll COyZAPEHMs KOCMOHABTA C
K0pacaeuM., ; .

Ha puc. 8 W306paXeH OZMH X3 MPONECCOB HM3MEHEHWA yria d, MexE-
Iy TOOCOM ¥ X0pabjed B CAyyae, KOTZA NapaMcTpH CUCTEMH HMENT
3H3UEHN :

K=l Cizloak "ye»25m M=A0elwm dy=905" 1,(T)=o5n

CpaBHEHHE CHBOMCTB yNPaBAAEMOTO ¥ HEYNDPaBAAEGMOT'O JBUKCHUA
[T03BOJAET CZEAaTh BHBOZ O MIOZOTBCDHOCTH NMPUHATOIO BHXOZA K
CUHTS3Y CHCTEMH yNpaBIEGHMA OTHOCHTENBHHM ZBURGHUEM TpOCa H
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Puc. 3. OCHOBHHE TUIMH OTHOCHTENBHHX ABUEEHNHA Kopalas u Tpoca.
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KOCMOHABT&, ZONYCTUMAA W3 YCHOBMA OTrPAEUYEHNA CKODO-
nTeit COyZantEuA XODAGAA K KOCMOH&BTA.
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Puc. o. OTHOCUTSIBHOE ABUKSHUE KOPAOlA U Tpoca ZAJf OJKOTO THIA
yIpaBIesus KopalsieM. i



31

MEASUREMENT OF FORCES AND MOMENTS FROM
A THRUST VECTOR CONTRCLLED ROCKET ON A
FIVE COMPONENT TEST STAND¥*

Dr. Ping Tchémg, Assistant Professor, School of
Engineering, 0ld Dominion College, Norfolk
Virginia, USA.

Dr. James W. Moore, Professor, Department of
Mechanical Engineering, University of Virginia
Charlottesville, Virginia, USA.

INTRODUCTION

Considerable work has recently been directed toward the use of thrust
vector control (TVC) for the purpose of steering rockets. Since there are
no heavy masses of metal to move in the TVC system it is possible to attain
much higher bandwidth on éhe control signal. One such system appears to.be
capable of frequencies up to 80 Hz. This has caused a special problem in
testing these systems since conventional test stands at present for rockets
do not have sufficient bandwidth to.test over the entire frequency range.

In general the.ieasure-ent of the TVC forces is attempted through a system
of force gages which are an /integral par:t of the test stand. There is
usually no appreciable amount of damping present in the conventional system
so that the output of the force gages is quite noisy and frequently unread-
able.

; This paper reports on a design study of a test stand to have a use-
ful frequency range of up to 100 Hz. The significant feature of this test
stand-force gage system is that component forces are supported by a system
of pressurized oil hydrostatic bearings. These bearings serve a dual
purpose. In the two transverse directions they allow almost complete free-
dom of motion up to 1 to 2 inches so that no stresses are developed in the
support system due to dimensional changes in the rocket as it is statically
fired. Secondly, the bearings provide a very stiff support and heavy damp-
.Ang in the load directionm.

A five-inch diameter bearing was constructed and thoroughly tested

to ascertain its stiffness and frequency response characteristics. These

*The research on which this paper is based was supported by an NASA grant
from the Force Measurements Section of the Instrument Research Division of
NASA, Langley Field, Virginia on Grant NGR 47-005-026.
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tests indicate that it behaves almost exactly as a first order lag filter -

so that an equivaleﬁt spring rate and damping coefficient can be calculated.
The TVC rocket test stand proposed here is a system of six hydro-

static bearings, six force gages, and a base. Dynamic studies have been

made on the digital computer using bearing data and rocket characteristics.

The results indicate the feasibility of a test stand having a flat frequency

response to 100 Hz.

DYNAMIC CHARACTERISTICS OF THE SUPPORT MEMBERS

A simple model for the proposed rocket test stand is shown diagram-
matically in Fig. 1. Six éuppori members are used. Each support member
consists of a hydrostatic oil bearing and a force gage placed in series as
shown in Fig. 2. The oil bearing provides the stiffness and damping re-
quired to support the rocket motor and the force gage is used to measure

the force transmitted through the support member.

A. HYDROSTATIC OIL BEARING

The experimental frequency responses of a hydrostatic oil bearing
from a prototype model 4eveloped at the University of Virginia1 indicate
that the bearing can be assumed to be composed of a spring and a viscous
damper placed in parallel. The assumption has been verified by theoryz.
Based on this theory, a ten-inch diameter hydrostatic oil bearing with
multi-pocket, opposite-pad has been proposed3. The bearing traﬁsfer func-
tion from the bearing displacement to the input force is of the form

F
A(s)=x_b—%%=&b+cbs =
where Kb = 4.4 x 108 lb/in and C.D = 1.33 x 10% E):{i—m:- which are calculated

from theory [2].

B. FORCE GAGE

The force gage considered is a commercially available load cell
specially designed for the sensing of dynamic forces. The spring stiffness
is given as K = 2.7 x 107 1b/in.

C. HYDROSTATIC OIL BEARING--FORCE GAGE ASSEMBLY

The schematic diagram of the assembly is shown in Fig. 3. The trans-

fer function of the assembly is formed as
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A)(8) = Fy (s)/K (s) = Ki(s + B))/(s + B)) e

where BP = l(b/cb and BQ = (K.D + Kz)/cb.

TEST STAND MODEL AND DYNAMIC RESPONSES

The model of the proposed rocket test stand that uses the support
members described in the previous section is not analyzed. For the present,
only motion in the yaw plane due to TVC force is considered. Cross-
couplings between orthogonal planes are ignored here since the bearings
help eliminate them. Cross-couplings are termed as errors and will be

considered in the next section.

A. TEST STAND MODEL

The model used for this analysis as shown Fig. 1 conforms dimen-
sionally to a test stand which has been used. Propellant weight and burn-
ing rate are those for rockets which have been tested. Because of the
burning of propellant in the rocket motor, the rocket and test stand form
a system which can be best described by differential equation with time-
varying parameters. The effect: of these time-varying parameters is con-
sidered at discrete intervals in time, as the rocket burning progresses.
Before formulation of the differential equations which describe the motion
of the model, it is necessary to define the parameters of the model. Thé
calculations of the time-varying parameters are summarized in Table 1. It

should be noted that end to end burning of the propellant is assumed.

B. EQUATIONS OF MOfION OF THE SYSTEM

The equations of motion for the system in the yaw plane may now be
written. Letting x be the displacement of the center of mass of the system
and 6 the rotation about the center of mass as shown in Fig. 1, and by
considering that the test stand is supported by front and rear struts with
transfer functions Al(s) and Az(s) respectively, the Laplace transformed
equations of motions of the system can be derived by Newton's second law

of motion to be as follows
Msszx(s) + [X(s) - 2, (s)] A (s) + [X(s) + L, (s)] A, (s) = F(s)

Jss2 (s) - [X(s) - 2, (s)] llAl(s) + [X(s) + 2, (s)] 12A2(S) = F(s)%; "
where Al(s) = Kk(s+Bp) / (s+BQ) and Az(s) = ZAl(s) since two parallel

bearing and force gage assemblies are considered for the rear strut.
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The transfer functions from the applied force F(s) to the force gage

reading in the front and rear supports are found by solving Eq. (3) as
Fl(s)/F(s) = Ke(s + Bp) Pl(s)/P(s),

F,(s)/F(s) = Kils + B)) P,(s)/2(s), " @)
where
P(s) = Msts“(s + BQ)2 + KEsZ[BJs +M (2,2 + 2222)] (s + Bp)

(s + B) + 282Ky2%(s + Bp)2,

Q
P (s) = (I, - M2 2.)s%(s + By) + ZKe (L, - £3)(s + B),

P (s) = (J_ + M2 23)s%(s + By) + Ke2(2) + 23)(s + B ).

C. SYSTEM RESPONSES

Frequency Response

By setting s = wj, Eq. (4) can be evaluated to give the front and
rear force gage reading as a function of frequency, for a unit-amplitude
sinusoidal force input. This amounts to determining the test stand fre-
quency response. This operation was carried out Sy employing a digital
computer.

The computed f;equency responses of the test stand are now presented.
Figs. 4 and 5 show the normalized front and rear force gage readings, as a
function of the input frequency of the applied thrust vector controlled
force.

The desired output from the test sténd is a measure of the input
force F(s), that is, the thrust vector controlled force. Statically, the
applied force is the sum of the forces in the support members. Thus, the

sum of the outputs of the three force gages over the input force,

FR(S)/F(S) = [F (s) + 2F,(s)]/F(s)

Ky(s + B)) [P (s) + 2P,(s)] / B(s) (5)

will be unity for s = 0. Fig. 6 show Eq. (5) as a function of the input
frequency. Both of the frequency responses at the initial burning time

t = 0 and at the final burning time t = 46 sec are plotted from Figs. 4 to
6; however, the latter curves are broken in the low frequency range when-
ever they become indistiguishable from the former ones. Although the upper
bounded frequency of interest is 100 Hz, frequencies up to 1000 Hz are
presented in order to obtain a better understanding of the test stand

dynamics.
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Transient Response For A Step Input

The transient responses of the system, that is, the time response of
Eq. (5), were obtained-through a simulated test stand model on an analog
computer. Fig. 7 shows the sum of the three force gages transient response
from an applied TVC force of 350 1b.

Dynamic Response Inprovement

Judging from the transient response of the reconstructed TVC force
shown in Fig. 7, it was considered that a low-pass filter could be used to
improve the dynamics of the recorded output from the test stand. A low-

1
T4RCs with a break frequency of 300 Hz was
chosen. . The filtered transient response and frequency response of the

pass filter in the form of

reconstructed TVC force are shown in Figs. 8 and 9, respectively.

DISCUSSION OF ERRORS

The error in measuring thrust vector controlled force F and moment
F2“ due to interactions between orthogonal planes of the test stand are :
presented. As may be expected, a major source of error comes from the
misalignment of the rocket motor. The loading of a heavy rocket motor to
a predetermined perfect position is extremely difficult. Even then, the
asymmetry of test stand introduces force gage reading errors.
In short, fhe three main sources of error considered are:
(1) Viscous drags within the hydrostatic oil bearing,
(2) Misalignments of the rocket motor,
(3) Reactional momenté in the bearing-force gage assemblies.
Both the static and dynamic effects and the amount of each of the
above errors are given. Steps are taken to eliminate these errors in the

data acquisition process if they are not tolerable.

A. FORCE MEASUREMENT ERROR

Force measurement errors resulted from the various sources are

tabulated in Table 2. The details can be found in reference [3].

B. MOMENT MEASUREMENT ERROR

It was shown in reference [3] that the moment measurement error

equals to the force measurement error in the rear force gages.
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DISCUSSIONS AND CONCLUSIONS

Both the frequency response and the transient response of the recon-
structed trust vector controlled force FR are satisfactory. The resonant
frequency is well beyond the desired value of 100 Hz and the resonant peak
value of slightly greater than 2 is not high. The transient response shows
a fast rise time and tolerable amount of overshoot. As the rocket motor
burning progresses, there is only negiigible change in the frequency re-
sponse of FR for the low frequency range, while slight chaﬁée is seen for
frequencies higher than 100 Hz. Variation of the transient response of FR
as a function of time is seen in Fig. 7; however, these responses are all
quickly settled in less than 6 milliseconds.

It was found that viscous drags within the hydrostatic oil bearing
are negligible. This implies that resulting cross couplings between
different orthogonal planes are negligible. 4

It is also found that with careful alignment, that is, if the center
of gravity and the geometrical center line of the rocket motor is set
within 0.5 inch to each other, the magnitudes of errors induced by the
misalignments are acceptable.

The influence of the tilting resistance from the oil bearing on the
accuracy of the reconstructed TVC force reading is negligible.

The last two kinds of force reading errors can be eliminated com-
pletely by a simple data reduction technique in which the readings of all
three force gages in the yaw plane are summed.

The accuracy of measuring input moment in the yaw plane depends upon
the accuracy of the measured outputs of the two rear force gages in the
same plane. The rear force gage reading Rz(s) is contaminated by a D-C
value as a result of sinusoidal signal from F and a D-C signal from Tex
after the transient dies out. These two signals are distinguishable. The
true amplitude of the sinusoidal part of FZ(S) can thus be recovered.
Therefore, the reconstructed moment in"the yaw plane becomes identical to

the applied moment.
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NOMENCLATURE

bearing transfer functicn, Laplace transformed.

bearing-force gage assembly's transfer function,
Laplace transformed.

break frequency of transfer function Al(s), Az(s).
filter capacitance farad.

bearing damping coefficient, lb-sec/in.

TVC force, 1b.

TVC force, Laplace transformed.

bearing forcing input, Laplace transformed.

reconstructed TVC force after filtering, Laplace
transformed. : ~

reconstructed TVC force, 1b.

reconstructed TVC force, Laplace transformed.
force gage reading, Laplace transformed.
rocket motor moment of inertia, slug-ftZ2.
bearing stiffness, 1b/in.

force gage stiffness, 1b/in.

rocket motor mass, slug.

expression used in evaluation force gage reading,
Laplace transformed.

filter resistance, ohm.

linear coordinate displacement, in., transformed.
bearing displacement, Laplace transformed.

=

distance, ft.

Laplace operator, sec .

rocket motor ignition time, sec.

linear coordinate displacement, in.

angular coordinate displacement, Laplace transformed.
angular coordinate displacement, rad.

frequency, rad/sec.

natural frequency, rad/sec.



38

TABLE 1

NUMERICAL VALUES OF SYSTEM PARAMETERS

t MS Js

sec slug slug-ft ft ft ft
0 62.2 139.0 2.280 0.873 2.655
5 60.3 .137.6 2.258 0.895—__ 2.677
10 58.4 136.9 2.246 0.907 2.689
20 54.7 135.9 2.255 0.898 2.680
30 51.0 132.2 2.315 0.838 2.262
40 47.3 121.3 2.439 0.714 2.496
46 45.0 109.3 2.547 0.606 2.388




TABLE 2
FORCE . MEASUREMENT ERRORS

SOURCE OF ERROR

INDUCED ERRONEOUS
MOTION OR READING

MAXIMUM MAGNITUDES OF
ERRONEOUS MOTION OR READING

METHOD OF ERROR
ELIMINATION

e —

Viscous Drag

frictional force
opposite to the motion
of the system

0.012% error in Thrust
Vector Controlled force
Measurement

none, but the magnitude
of error is negligible

Misalignment

damped sinusoidal
motion in roll
plane

270 Hz, additional
d@flection in the two
aft supports is 5.4%
of its static value
from TVC

completely eliminated
by summing two aft
force gage readings

stepped responses
in yaw plane

additional deflection

in the front & aft
supports are 26% & 9% of
its static values from
TVC, respectively

)

g Misalignment
g component in
g z-direction

<

&

b Misalignment
i component in
S x-direction

o

o

1 Static Case

2

a0

o

e

“

= Dynamic Case
B~

force gage reading
errors due to addi-
tional torque gen-
erated within the
hydrostatic ‘oil
bearing

2.3% & 1% error in front
& aft force gage readings,
respectively

no additional dynamic
error -involved

completely eliminated
by summing the two
aft and one front

force gage readings

6€
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Fig. 2 Schematic Diagram of Bearing-Forcé Gage Assembly
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TIME-OPTIMAL NUCLEAR ROCKET PROPELLANT
START-UP WITH THERMAL STRESS
CONSTRAINTS BASED ON DISTRIBUTED
PARAMETER MODEL

by
Manfred Wittler, Mechanical Engineering Department
Rensselaer Polytechnic Institute, Troy, N.Y. USA
and
C. N. Shen, Professor of Mechanical Engineering
Rensselaer Polytechnic Institute, Troy, N.Y. USA

Introduction

The thrust of a nuclear rocket engine is proportional
to the product of propellant flow rate and square root of pro-
pellant outlet temperature.l Fast, short time changes in the
thrust can therefore be achieved only by manipulating the flow
rate. Thus it is of great interest to solve the following op-
timal control problem: Find that control policy which permits
raising the propellant flow rate from a certain steady-state
value to a greater final value in minimum time without exceeding
a maximum allowable thermal stress in the rocket engine. The
thermal stress constraint is introduced because nuclear rocket
engines operate at very high core temperatures and with steady-
state thermal stresses very close to the maximum allowable
thermal stress.

" The heat transfer in a nuclear powered rocket is de-
scribed by a pair of partial differential equations. The therm-
al stress in the reactor core is given by a product of state and
control variables.

A simplified version of the minimum time problem was
solved previously;2 the partial differential equation system
was approximated by a set of ordinary differential equations for
which optimal conditions were available. In the present paper,
the partial differential equation system is solved analytically
in integral form. This solution is used in the conversion of
the minimum time problem to a minimum cost index problem with
fixed final time. The latter requires the minimization of a
functional subject to an integral equation and an integro-
differential inequality constraint. To the authors' knowl-
edge, optimal conditions for such a problem are not yet avail-
able in the literature. To obtain the solution, necessary and
some sufficient conditions are derived for this problem with the

aic
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of the calculus of variations. Numerical results are obtained
based on the derived sufficient conditions. :

Heat Transfer Modei

The mathematical model for the heat transfer and the
thermal stresses of the rocket engine is derived in a previous
paper.3 The reactor is assumed to be made out of equivalent
hollow cylinders in a cluster assembly. The power generation
of a reactor with side reflectors is nearly uniform in each
cross section. Therefore the heat transfer pattern of the re-
actor is approximately similar from fuel element to fuel element.
Thus it suffices to analyze one representative propellant chan-
nel of the reactor. This is done by writing the heat conduction
equation for the fuel element, the energy balance equation for
the propellant channel and by assuming appropriate initial and
boundary conditions.3 The three-dimensional model is then re-
duced to a one-dimensional by making the following simplifying
assumptions. 2
a) Material properties are kept constant, except that the heat trans-

fer coefficient h(t) is related to the hydrogen flow rate
W(t) as follows.4 0.8
h(t)/h, = [W(T)/W 17" (1)
g reference heat transfer coefficient and hydro-
gen flow rate. Let BO = ho/W° and B(t) = h(1)/W(t). Then we
can write with Equation (1): B(t) = BO[WO/W(r)]O-Z. From
this relationship it is clear that for small variations in
W(t) we can assume, B(T) = Bo = constant.
b) Heat flow in the axial direction of the fuel element is neg-

where ho’ )

ligible.
c) Energy storage by hydrogen during resi.ence in the reactor
core is negligible.
The simplified heat transfer equations are,3
aTu(z,T)
h(T)[Tu(sz) - Tg(z,r)] = P,(z,T)b* - ocb*n——s;———— (2)

c oT: T23%)
T,(2,7) - T, (z,7) = B%‘ —A (3)

(o]

where h(T)
Ty (z,1),To(2,7)

time cependent heat transfer coefficient

temperature of fuel and propellant respectively
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Pi1(z,7) = fission energy generation per unit volume
p,c = density and specific heat of fuel
cg,W(r) = specific heat and mass flow rate of propellant
T = independent variable time
z = independent variable channel position
D = perimeter of hydrogen channel
b* = equivalent half thickness of fuel element
n = weighting factor between the mean temperature in the
transverse direction and the surface temperature of
the fuel element.
The following transformation of variables is introduced.

Z = Dsoz/cg ; Ze[0,L] s t = v/pcb*™n:-; t:>. 0 (4)

where L denotes the transformed length of the reactor. The
transformation (4) simplifies the partial differential equations.
Equations (2) and (3) may be written as;

Tulat) P(Z,t) - h(t)[T.(Z,t) - T (Z,t)] (5)
3t ’ ul®s glér

AT (Z,t)
s7— = Tu(Z:t) - T (Z,1) 6)

where P(Z,t) = P,(Z,t)b*. One boundary condition is given.
Tg(Z’t)'z=0 = Tgo = constant (7
That is, thepropellant temperature at the reactor entrance is con-
stant. The following initial condition (8) is derived from
Equations (5) and (6) under the assumption that the rocket engine

was operating at steady-state prior to t=0.

Z
T4 (20 [rag = Tgo *  [P() * JPo(maw] (8)

where PO(Z) = P(Z,t) for t < 0. Equations (5) and (6) may be
combined to give a second order partial differential equation
for Tu, T or O respectively, where the latter is defined as
follows,

o(z,t) = T, (Z,t) - T (Z,t) (9

g

All of these second order equations have the same general form
with y standing for Tu’ Tg or O.
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% 9
%%—LQ + _X_(%_‘:Ltl + h(t)éﬁ%i_f;l = £(2. 1) (10)

The forcing term f(Z,t) depends on the power generation: £(Z,t)
has a different form for y representing Tu’ T_ or © respectively.
The solution of Equation (10) is obtained in integral form by
Laplace transforming the equation with respect to Z. The result-
ing ordinary differential equation in the time domain is easily

solved and the inverse transform can be taken.1
: t
y(Z,t) = J SRi[1,E,u(T),u(t),Z]dedt + SR;[T,u(t),u(t),z]ld
oo o
Z ’
+ JR3[E,u(t),2]dE + Ry[u(t),Z] €11
(<)
where
Ri[7,E,u(0),u(t),2] = £(2-€,7)1 (2VETa(DI-u(m e 2 () *ulr)-¢

(12)
Relt,u(0),u(0),2] = (D] 4 w0y (0,0] -
"I, /e RO Ne UL (g3

Rs[€,u(t),Z] = [ﬁxg%ﬁl amz-g * Y(Z-E,0)]1  (2/EU(EY )e'u(t)-a(m

Ru[u(t),2] = y(0,0)1(2/ZuTeN)e (M) 2 (15)

The symbol I° represents the modified Bessel function of zero
order, and the function u(t) is defined as follows,

t
u(t) = /h(w)dw (16)
o

The forcing function and all initial and boundary values appear-
ing in Equations (12) through (15) can be determined from Equa-
tions (5) through (8). Thus the Equation (11) gives an explicit
solution for the core temperature Tu(Z,t), the propellant tem-
perature Tg(Z,t) and the difference 6(Z,t).
Thermal Stress Model &

A detailed treatment of the:thermal stress problem is
found in the previous paper.3 Since the axial length of the
fuel element is larger than the transverse direction, the plane-

strain formulae for thermal stresses were employed. The maximum
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thermal stresses in each cross section were found to be at the
intersurface of the fuel element, and could be expressed in terms
of the temperature gradient at this location. The final formula
for transient thermal stresses was given as,

Cih(7) [T, (2z,T) - Tg(Z,T)] (17)

a(z,T)

thermal stress at position z and time Tt

where 0(z,1%)
Cy

constant depending on the geometry and

material properties.

We are only interested in the thermal stress at the position
where the stress has its largest value with respect to all other
positions. Tﬁus, making use of Equations (4), (9) and' (17) the
maximum thermal stress is given by,

Tnax(t) = Cih(£),070 110(Z,t) ‘ (18)

Formulation of the Time-Optimal Control Problem
The thrust of a rocket is proportional to the product

of propellant flow rate and square root of propellant temper-
ature at the reactor exit. Propellant flow rate and power gen-
eration are the two input variables of the reactor. Changes of
the propellant outlet temperature due to these input variables
are delayed through the system dynamics. This is the reason that
a fast, short time increase in thrust can be achieved only by
manipulating the flow rate.

Fast transients in the flow rate cause high
thermal stresses. Due to limitations in the strength of the
structural material, all thermal stresses must not exceed a max-
imum tolerable limit. Nuclear rocket engines operate at very
high core temperatures with steady-étate stresses very close to
the maximum allowable thermal stress. Thus it is clear that the
flow rate transients must be constrained by the condition that a
certain stress limit should not be exceeded, i.e.

Imax (t) = Cih(£)0(t) < o .. (19)
where a(t) = zg?gfL]e(z,t) (20)

The optimal problem will ve formulated in terms of the
heat transfer coefficient because the ratio of propellant flow
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rate to heat transfer coefficient is assumed to be constant.
Then the minimum time problem can be stated as follows: Find
that control policy which permits raising the heat transfer
coefficient h(t) (control variable) from its steady-state value
ho to a greater final value hf in minimum time without violating
the inequality constraint (19).

In the above problem the stopping condition is given
by,

h(tf) = hg (21)

That is, thefinal time te is determined by the control variable
reaching the value hg. The problem
formulation with such a stopping condition makes $ense only if
the set of admissible controls is defined by constraints which
are dependent on the state of the control system. Here, this
constraint is given by Equation (19). If this constraint were
removed the problem would be trivial: one could step the con-
trol from the initial value ho to the desired final value hf in
zero time.

Conversion to Equivalent Fixed Final Time Problem
Writing the inequality (19) differently and introduc-
ing a lower limit for the heat transfer coefficient gives,

0 < a < h(t) <C/0(t) (22)

where C = Ulimit/cl' The inequality (22) must be satisfied for
all times t including the minimal time te. Substituting the
stopping condition (21) into the inequality (22) gives a final
condition on the function O(t) which must be satisfied by the

minimum time control.
e(tf) < C/hf (23)

The function 0(t) depends only on one manipulated variable, name-
ly the control variable u(t) which was defined as the integral
of the physical control h(t) by Equation (16). Assume initially
@o = 0(0) > C/hf. Define the region A of the 0,t-plane as the
set of states which can be reached starting from Oo by applying
all admissible controls to the system, i.e. control policies
which do not violéte Equation (22). The control policy or poli-
cies leading to the lower boundary E of that region may be found
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by minimizing ©(t) for all fixed values of time T > 0. Then the
minimum time control policy for the original problem is identi-
cal with the control policy leading to that point on the lower
boundary E for which 0(tg) = G/h.; this point also defines the
minimum time te.

It should be emphasized that the control policy gen-
erating the lower boundary E must not necessarily lead to h(tf)
='hf. But if h(t) at the minimum time is smaller than hf one
can always jump the control to the value hf without violating
the constraint (22).

From Equation (16) it is seen that the mathematical
control function u(t) has an initial value of zero and that the
physical control function h(t) is the derivative of the mathe-
matical control function. To be consistent in the following
analysis, referring to the control function will always mean
reference to the mathematical control u(t). The notation u'(ﬁ)
is used instead of h(t) to denote the derivative of u(t) and
therefore the physical control, the heat-transfer coeffi-
cient. The fixed final time problem equivalent to the min-
imum time problem can now be formed.

Statement of Equivalent Problem
Among all continuous functions u(t), Z(t), te[0,T]
which have piecewise continuous first derivatives and which sat-

isfy the initial condition
u(0) =0 (24)

find those functions u*(t), Z*(t) for which the functional

J[u,z] = o(T) = e[Z(T),T] (25)
has a minimum subject to the inequality constraint
a <u'(t) <c/e(t) ; tel0,T] (26)
and to the equality constraint
o(t) = o[z(t),t] = ;g% 0(Z,t) ; te[0,T] (27)
where
T = constant
t = independent variable defined on [0,T]
u(t),Z(t) = continuous functions for te[0,T]

0(Z,t) = function defined by Equation (11). - -
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It should be pointed out that the function Z(t) denotes the pos-
ition of maximum © at any time t and is defined through Equation
(27). Thus, Equation (27) represents an equality constraint for
the minimization problem. If the maximum of © occurs on the
open interval (0,L) this constraint takes the form of a Volterra-
type integral equation. From the definition of ©(t) it is easily
seen that Equation (26) is an integro-differentiil inequality
constraint. i

The authors could not find anywhere in the literature
a theorem giving conditions of optimality for a problem with
such complicated conétraihtﬁ. To solve this problem, it was
therefore necessary to develop two special theorems with the aid
of the calculus of variationms.

Statement of Theorems
Theorem I. For a minimum of the functional (25) it is

necessary that any one of the following pairs of equations be -

satisfied on any part of the closed interval [0,T].

(1) a < u'*(t) < c/e(t) (28)
Y(t) =0 (29)

(ii) u'*(t) = a (30)
Y(t) >0 (31)

(iii) u'*(t) = G/6(t) (32)
Y(t) <0 (33)

where Y(t) is given as follows,

T
Y(t) = ea(tjlt*T + JO8 (1) ¢] tardT (34)

t

t->T

Theorem II. For a strong minimum of the functional
(25) it is sufficient that either one of the following pairs of
equations be satisfied on the closed interval [0,T].

(iia) u'*(t) = a (35)
Y(t) > 0 (36)

(iiia) u'*(t) = C/0(t) (37)
. Y(t) <0 (38)

where Y(t) is given by Equation (34).
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Prcof of Theorems

The most general condition for the minimum of a func-
tional is that its total variation be greater or equal to zero.
If the variations are taken small the first variation will dom-
inate all higher order terms, and a first order necessary condi-
tion for the minimum of a functional is,

8J > 0 (39)

The first variation of the functional (25) can be written,

§J = f&u(t)eu(T) ¢| opdt + Su(mOR
T+t

T A : : :
where Ou(t) and OZ(t) denote standard partial derivatives of

ace)|tsr * 8EMOF py|ar (40

Equation (11) with Z replaced by Z(t). The quantity eu(r) t is
defined as follows,
Z*(t)
* = *
hcn),t T [Rlund8 * Riy(qy G

At the final time T there are two possibilities; either the
maximum of © with respect to Z occurs on the open interval (0,L).
This would imply 1mmed1ate1y (o Z(t)It*T = 0 and the last term in
Equation (40) drops out. Or the maximum occurs at Z(T) = 0 or
Z(T) = L; the latter implies 8Z(T) = 0 Again the last term
in Equation (40) is zero. Thus &J depends only on the variations
du(t), te[0,T]. As the inequality (26) constrains the derivative
of the function u(t) it is desired to express Equation (40) in
terms of the derivative of the variation Su(t). The variation
3u(t) and its derivative satisfy the following relationship.

t
su(t) = féu'(t)dr (42)
o

Substituting Equation (42) into Equation (40) and changing sub-
sequently the order of integration in the first term, yields the
following,

T
= féu’'(t)Y(t)dt (43)
where o

Y(t) (44)

T
* o
)|t T LB, tf e
Now the conditions (i) through (iii) are easily derived. Equa-
tion {28) implies that Su'(t) is arbitrary. Then it is easy to
show5 that we must have 8J = 0 in order to satisfy Equation (39).
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Applying the fundamental lemma of the calculus of variations6
yields Equation (29). If Equation (30) defines the minimal tra-
jectory all admissible variations Su'(t) must be greater or
equal to zero due to the constraint (26). A modification of the
fundamental lemma requires then Equation (31) to be satisfied.
On the other hand, u'*(t) = C/0(t) implies &du'(t) < 0 and Equa-
tion (33) follows from applying the modification of the funda-
mental lemma to Equation (39).

The sufficient conditions (iia) arc (iiia) are obtained
from the necessary comditions (ii) and (iii) by strengthening the
inequality; that implies 8J > 0 and as the first variation dom-
inates all higher order terms, it implies a local minimum. It
should be added that the derivative of the variation Su(t) was
not required to be small in any part of the proof. This implies
that the conditions (iia) and (iiia) are sufficient conditions
for a strong minimum.

Application of Sufficient Conditions

Theorem II gives immediately the solution for the
equivalent problém. Implementing the lower and upper boundary
control (35) and (37) numerically, shows that the sufficiency
criterium Y(t) is negative along the trajectory for both cases.
Thus the sufficient condition (iiia) of Theorem II is satisfied
whereas (iia) is not. The control law

u'* (L), = C/0(t) ' (45)

represents therefore the desired solution of the equivalent
problem. As discussed previously, the same control law generates
the optimal trajectory for the original minimum time problem. The
minimal time te is found from Equation (23) with the inequality
removed,

It shouid be mentioned that the sufficient conditions
given in Theorem il are necessary and sufficient if the boundary
contrel turns out to be optimal. £ the sufficient conditions
in Theorem Il are not satisfied for a problem, this simply means
that at least part of the optimal control must lie in the inter-
icr of the regior of admissible controls. For that part of the
trajectory the necessary condition (i) of Theorem I must be sat-
isfied. Thus it is seen that the conditions of Theorem II are

not al'.:.'sys necessary.
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Numerical Results

The numerical calculations are based on parameters of
a typical nuclear rocket and are taken from the reference.3 The
rocket is ‘assumed to be equipped with a graphite-uranium homo-
geneous reactor generating about 10°KW in full power steady-state
operation. The core is a 3 ft long x 3 ft diameter right circu-
lar cylinder with 6 inch BeO side reflectors.7’8 The total hy-
drogen flow rate of the reactor is taken as 60 1lbm/sec in steady-
state operation. The following parameters for the fuel element

are given:

Inner radius of equivalent hollow cylinder r; = 1/16"

Outer radius of equivalent hollow cylinder r; = 2.21r,
Steady-state heat transfer coefficient h°-0.77323 Btu/ft’sec-ok
Steady-state propellant flow rate per channel l°-0.00433 1bm/sec
Constant of proportionality Bo = 200.9434 Btu/ft21bm-°R
Equivalent half thickness of fuel element b* = 0,01 ft

Void fraction = 18.8 §

Perimeter of propellant channel D = 2mr; = 0.032725 ft

Specific heat of fuel element c = 0.47 Btu/1bm-°R

Specific heat of hydrogen cg = 4.1 Btu/1bm-°R

Density of fuel element p = 101 1bm/ft’® :
The steady-state power distribution is assumed to be parabolic.
This is a very good approximation of the real shape in a reactor.
Two cases with different curvatures are considered.

Case I : Po(z)/b* = 54000 + 9000z - 3000z2 [Btu/fti-sec] (46)

Case II: P_(z)/b* = 60075 + 900z - 300z% [Btu/ft®-sec] 47)

The latter power distribution is very flat and the reactor has
therefore a somewhat higher total power generation than in case
I. Both shapes of the power level were chosen to have the same
maximum power generation in the center of the reactor core, and
thus the same maximum thermal stress in steady-state operation.
However, the maximum core temperature will be different. The
transient power level is related to the steady-state level as
follows,

P(z,T) = Po(z)(l + mT) _ (48)

where m takes the values -0.01, 0.0, 0.01 for the cases a, b, ¢
respectively with Po(z) as given by Equations (46) and (47).

-
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All calculations were done on a digital computer in
the transformed variables t and Z. The input functions are in
terms of the physical variables time T and position z. The com-
puter program coaverts them via Equation (4) into the trans-
formed variables t and Z. After all computations are finished
the inverse of transformation (4) is applled to give the results
in terms of real time and position.

Elgure~1 shows  the steady-state power distributions
as a function of axial position. In Figure 2 the ratio of tran-
sient to stéx&ybsfate heat transfer coefficient, i.e. the physi-
tal controlnvariabie, is plotted versus time. The value of the
minimum time for .the six different cases can be read from the
‘graph. It is interesting to see that the power distribution
with the higher curvature permits faster flow rate (heat trans-
fer coefficient) increases than the flatter distribution. Also,
a decreasing power level leads to shorter minimum times.

: From Figure 3 it is seen that the stress ratio remains
on the maximum allowable limit as long as the minimum time con-
trol policy is in progress. The behavior of the stress ratio for
largef times indicates that the thermal stress is roughly pro-
portional to-the power level.

The"n:xilumAcore temperature as a function of time is
given in 'Figure 4. The minimum time flow rate increase results
in a comparatively fast decrease of the maximum core temperature.
Conclusions ;

The purpose of the paper was to find an algorithm for
an increase in the propellant flow rate of a nuclear rocket in
minimum time without exceeding a maximum allowable stress in the
ractor core. This was achieved by deriving an analytical expres-
sion for the control law which was then implemented on a digital
computer.

Core and propellant temperature of the nuclear powered
rocket were described by a pair of coupled partial differential
equations depending on the power generation and the propellant
flow rate. The thermal stress in the core was given by a product
of state and control variables. The set of partial differential
equations was solved analytically in integral form for core tem-
perature, propellant temperature and the difference between them.
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The solution was then used in the formulation of the optimal
control problem.

The analysis of the latter contains two significant
steps. 1. It is shown how the minimum time problem can be re-
~formulated in terms of an equivalent minimum cost index problem
where this cost index is written for a fixed final time. A -
minimization problem with a fixed final time is in general more
easily solved than a minimum time problem. The authors believe
that the conversion technique demonstrated -in this paper is
general enough to be applicable in other cases. 2. In order to
solve the engineering problem two theorems had to be derived
giving necessary and some sufficient conditions for the minimum
of a functional subject to certain integro-differential con-
straints. These theorems apply only to the particular problem
of this paper and are based on the application of unilateral
variations. The importance of this analysis lies in the fact
that sufficient conditions for a strong minimum were derived by
applying only basic principles of the calculus of variationms.
This demonstrates that very complex problems can sometimes be
solved with very simple means. _

The sufficiency conditions of Theorem II have been
used to establish that upper boundary control gives a strong
minimum for the equivalent problem. The control law is in feed-
back form and represents the minimum time control policy.

The numerical results obtained give a good feeling for
the dynamic response of the nuclear rocket engine. A power dis-
tribution with a higher curvature permits faster increases in the
propellant flow rate and a decreasing power level has a similar
effect.
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SPACE VEHICLE DATA SYSTEM SYNTHESIZER

James A. Ralph § Harold J. Bellamy
Checkout Systems Development Department
International Business Machines Corporation
Cape Canaveral, Florida

Introduction

Until quite recently, on-line computer systems were usually phased into an
existing operation in 'piggy-back' fashion. That is, the primary non-com-
puterized control system remained operational (with no production, or other,
penalty) until the automated system was debugged in an off-line mode. Change-
over was accompliished at same convenient point with the original control sys-
tem serving as back-up to the computerized system.

Today, following general acceptance of autamated control systems, the com-
puterized (and now primary) process control or checkout system (which can be
considered as open—foop process control) must be developed simultaneously with
the process and instrumentation systems. When the primary systems are opera-
tional, the camputerized control system must be checked out and ready to go.
If the controlled operation is potentially hazardous, complete readiness of
the computer system is mandatory. Unfortunately, one of the most troublesome
aspects of any on-line computer system is checkout. It is nearly impossible
to give the system a comprehensive check until it has been installed on-line
and is receiving data from the real world. (1)

The vexing nature of this type of checkout, even when accomplished in a "piggy-
back' mode, was obvious to the authors during Project OCALA (On-line Computer
Analysis and Launch Assistance) on the Titan III Program at Cape Kemnedy. (6)
This R § D program was aimed at determining the utility of a general-purpose
computer in lending assistance to the space vehicle launch team during vehicle
pre-launch operations and temminal countdown. The portions of the launch
operations monitored by the computer were, unfortunately, quite short, i.e.,
only a few minutes and seconds. To compound the computer system checkout preb-
lem, terminal count could not be rerun to assist in program debug. In most
cases, the vehicle was in earth orbit prior to the discovery, let alone the
solution, of a software problem. Magnetic tape recordings of pertinent
instrumentation outputs, made during temminal count, were of some use in pro-
gram debugging. However, as there were generally no anomalies present (a
successful countdown) the camputer system's ability to detect malfunctions
could not be realistically checked out.

Within this frustrating environment, the concept of the Space Vehicle Data Sys-
tem Synthesizer was born. We now realize that SVDSS, when fully developed, has
application beyond simply a debugging tool for short-duration event monitoring
and controi (a la OCALA). It has application in many computer control systems
where the system must work correctly the first time. In essence, the SVDSS is
a dynz :ic calibration tool for automated control and checkout systems.
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Basic Methodology

The SVDSS addresses the problem of independent program testing by realistically
simulating the system fo be controlled (or monitored) and its associated instru-
mented outputs, whether analog or discreet, prior to its existence as a real-
world system. Data streams are produced which duplicate the data streams
anticipated from the proposed functional system. (1,2) This has been done
previously in several ways: sometimes with specially-built hardware, some-
times with specifically-coded software packages and sometimes with a combina-
tion of the two. The SVDSS takes a more generalized approach.

The past several years have seen generalized computer techniques (FORTRAN,
COBOL, PL1, etc.) applied to a wide variety of problems. The field of computer
simulation has expanded in generalized methods as greatly as other segments of
the art. GPSS, SIMSCRIPT, DAS, DSL/90, and CMP are examples of general ap-
proaches to system modeling on a digital computer. These languages and systems
are methods of simulating both traffic and continuous (physical) systems, the
two major areas of concentration in the simulation field. In one case, interest
is in the flow of data (items, services, etc.) through a system, and in the
other, in an accurate representation of physical phenomena (transients in elec-
trical circuits, physical motion, etc.).

Both types of simulation share one characteristic: their aim is to give infor-
mation about the performance of the operational system itself. To this énd,

the languages enumerated emphasize ease of representation of the physical ele-
ments of the system.

When considering a system in a checkout or process control environment, empha-
sis shifts fram accurate representation of the specific physical elements of
the system to accurate representation of the control and test elements of the
system. For this type of enviromment a high-Tevel language is required which
1%5 attributes of standard digital - analog similation languages in addition
to extensive discrete (logical variable) handling capability, operator/math
model communications, and data fommatting facilities. By combining these fea-
tures with a basic digital - analog simulation language, the Data Synthesizer
provides a tool for designing and testing checkout and process control systems
prior to the existence of the primary system.

Preliminary Design

Before embarking on detailed design and implementation of the Data Synthesizer,
it was necessary to place basic constraints on the scope of the Dats Synthe-
sizer package. A prime consideration was the economic feasibility of the under-
taking, i.e., could the SVDSS, when developed, be a useful tool for the poten-
tial user having access to oniy a typical medium te small-scale camputer system?

. 0st basic of these system size considerations concerns synthesizer-
applications program residence. Several possibilities suggest themselves:
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CASE 1|

1t CPU

SYNTHESIZER || APPLICATIONS |

— 1

MODEL | PROGRAMS |
i

SCRIPT ———pp

SYNTHESIZER|

SCRIPT ' MODEL |

APPLICATIONS!
PROGRAMS |

When a single CPU is available, two cases should be considered. In the first
case, both the synthesizer and applications programs reside in main storage
concurrently. The synthesizer model runs, accepts inputs from script language
and applications programs, and provides data to the applications programs.
Aside from the problem of the interface between the synthesizer model and the
applications programs, the major constraint is the amount of core storage nec-
essary to contain both the model and the applications programs. It is probable
that concurrent residence would require a main store of such size that the sys-
tem could be run only on.the largest of computer systems. The alternate ap-
proach, using a single CPU, is to run the model with script inputs, produce a
formatted output tape, and run this tape against the applications programs to
be tested. Here, the core storage requirements are much lower than with con-
current residence, but the system loses the ability to simulate an active
system. The applications programs can react to data from the model but they
cannot interact with the model to change the characteristics of the data flow.
The trade-off between simulation capability and computer system size is again
evident when more than one CPU is considered.

CPU 1 | cru 2

CASE 1!

APPLICATIONS |
SCRIPT 8 MODEL

PROGRAMS |

This type of arrangement has all the advantages as the concurrent residence
system and is easier to program, since the multi-programming required in
the single CPU system has been largely eliminated.
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Neither of the second alternatives (use of an intermediate tape or miltiple
CPU's) is acceptable; the first because of its inability to represent active
systems and the second because multiple CPU configurations are seldom avail-
able. The alternative of concurrent residence of mathematical model and
applications' programs in the same main storage became the only possibility.
Our IBM/Cape Kennedy facility camputer - an IBM System 360/40 with 128K
bytes of main storage - is a typical medium-to small-scale system. The
decision was made to go ahead with implementation and, should the camputer
system prove too small, re-evaluate the economic feasibility of the project.

In addition to the problem of the size of the processor needed to run the
Data Synthesizer, there was one other segment which required apparently
arbitrary constraints. This was the section of the mathamatical model -
interface - checkout program complex which deals with the hardware system
data interface. There is no standard computer interface. Characteristics
vary in such critical areas as buffer size, conversion capabilities, and
interrupt structure, to name a few. It did not appear possible to provide
a high-level language that was specific enough to be used to describe the
logic of the computer interface. Furthemmore, the time required (even with
a special language) to produce a model of an interface would be prohibitive
for the return derived. Therefore, it was decided that the interface model
would consist of a data formatter (with appropriate language facilities)
and would include interface characteristics beyond data format only to the
extent that allowable execution time for the checkout programs was effected.

System Description:

It is best to describe the Data Synthesizer system by summarizing the
functions of a checkout program and the conditions under which it operates,
then to match them with related sections of the Data Synthesizer system.

In the simplest view, a checkout or control program accepts data fram a func-
tional system, performs certain calculations and manipulations, and then .
takes action based upon the results it has obtained. The rate at which in-
put data is presented to the checkout program determines allowable execution
time for the checkout program. !

The action taken by the program may be to put command signals into the func-
tional system (active), or it may be to log results or display them so that
appropriate action may be taken by the operator (passive). Of these oper-
ations, the Data Synthesizer system is concerned with all but the calcula-
tions done by the checkout program. Therefore, the Synthesizer must: 1)
provide a method for producing a mathematical model which can be controlled
by inputs from the operator and/or feedback from the checkout program; 2)
format parameter (discrete and analog) data which has been produced by the
mathematical model and 3) control the execution of the checkout program in a
manner analogous to the control exercised by a hardware interface. The Syn-
thesizer system can then be considered in two major sections: a mathematical
modeling section which provides facilities for easy description of the phy-
sical system to be simulated, and a data format/execution control section
which formats data for the applications programs and provides execution con-
trol for both the mathematical model and the applications (checkout) programs.
The mathematical modeling section is based upon the Continuous System Modeling
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Program (CSMP) developed for the IBM System/360. CSMP/360 was chosen because
its modularity and base language (FORTRAN) make it easy to modify. CSMP/360
is a typical analog-digital simulation language which provides a selection of
integration routines, a mumber of special functions, execution control and
specialized output routines. In its ummodified form, it is not directly use-
able in the Data Synthesizer because of the following restrictions:

° Logical variable facilities are limited to two input AND and OR
gates with a full 32-bit word of storage used to represent each
variable. Since most launch vehicle systems include extensive
logic control, this limited capability for logic modeling would
be prohibitively slow and wasteful of core storage.

. Operator control of mathematical model execution is not possible
with CSMP/360. In both launch vehicle checkout and process con-
trol applications, the man-in-the-loop is important enough to
make easy operator-model communications a necessity.

Execution Control and Data Formatting:

Launch Vehicle checkout systems are oriented heavily toward time-based events
and logical control. A simulation program for the Apollo Spacecraft Emergency
Detection System developed at Cape Kennedy employs a unique algorithm for
simulation of purely discrete systems. (5) The algorithm is based on a con-
trol matrix and associated tables. The matrix is scanned during each computa-
tion cycle to detemmine state changes in any of the system discretes. Occur-
rence of a particular discrete signal triggers all associated discretes and
these are passed, when required, to the checkout program which, in turn, can
set discretes in the control matrix.

Generation of the control matrix requires that the logic system, to be simu-
lated, be described in temms of Boolean logic. Inherent in such a description
is the ability to include logic equations with time as one of the variables,
thus including a time-based sequence of events or script.

Since communication between the controlling computer system and the func-
tional system is usually through discrete signals, and the control matrix
algorithm is known to be a fast and effective method for simulating discrete
systems, it was natural to incorporate the control matrix into the Data
Synthesizer System.

Figure 1 illustrates the interaction, during execution, of the different
modules of the Data Synthesizer.

Systems Imputs

Inputs to the Data Synthesizer can be divided, for discussion purposes, into
three types: standard CSMP/360 statements, Boolean equations, and typewriter
inputs. Figure 2 shows examples of each type of input. Since CSMP/360 state-
ments are described in detail in other publications (IBM manual H20-0367-2),
discussion here will be confined to Boolean equations and typewriter inputs.
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The Boolean translator is the main addition made to CSMP/360 and performs
several functions. These functions are: reduction of symbols from up to
fifteen characters to six characters where required, collection of temms,
sorting of terms, generation of a list of MACRO statements for input to the
0S/360 assembler and, finally, production of a list of variables for display
and typewriter communication. '

When the Boolean equations which describe the logic of a system to be synthe-
sized are derived, it would be advantageous to retain the same nomenclature
used in the system schematics. However, the FORTRAN compiler restricts the
user to six characters per variable name and, by extension, so does CSMP/360.
To increase ease of use, the Boolean translator will accept parameter names
up to fifteen characters in length and, where necessary, will generate inter-
nal names of six or less characters in length.

Ease of use is also increased by providing a sorting process similar to that
of CMP/360. The user need not order his equations so that all elements are
evaluated before any equation is encountered. The sorting process accomp-
lishes this and the user need only be sure that his equations are adequate to
describe the system.

After generating any internal names required and performing the sort, the
translator produces a list of MACRO's which reflect the logical functions
described in the equations. These MACRO's are then input to the 0S/360 -
Assembler and the output is the control matrix previously described. At the
time the equations are being reduced and the MACRO's generated, lists of
variables are prepared for display on the high-speed printer or for reference
from the console typewriter. Variables are defined in the tables by name vs.
matrix location. Typewriter inputs are made while the model is being run on
the camputer. Requests are made by typing an appropriate verb and a variable
designation at the console and entering this message into the computer. A
limited set of verbs are available to the operator. The mmber can readily
be expanded as the needs are defined. The available verbs and their functions

VARIABLE

VERB NAME

ON 0000 Turn designated discrete signal 'ON'" by setting to 1.

OFF 9.9.0.0.0.6 Turn designated discrete signal "OFF" by setting to 0.

INV 0000 Invert designated discrete signal if 1 set to 0, if 0
set to 1.

SET D.9.0.0.0.0.¢ Applies to analog values only. Designated value is
set by next message after computer requests type-
writer input.

STATUS Request printout of status of all variables. This

printout is done on high-speed printer.



Application Description

In the course of developing the Data Synthesizer, a demonstration of its util-
. ity was required. The criteria used in selecting a test application can also
serve as a guide to potential Data Synthesizer applications. Wherever a
significant mmber of the conditions emmerated here exist, the Data Synthe-
sizer will probably prove to be a useful study of system development tool.

° The demonstration system should consist of both continuous physi-
. cal elements and discrete logic control and test elements

eo- The demonstration system should be self-contained, at least to the
extent that any outside phenomena which affect the system are
readily approximated.

° The hardware to be studied need not exist but if it does exist, is
not available for developmental purposes.

) Development of some form of digital computer monitoring or control
is desired.

Finally, it was preferable that the first application of the Data Synthesizer
yield useful results and be more than an academic exercise.

The method of selecting a system for study and the approach used is described
in detail because most of the problems encountered and decisions taken are
typical of checkout or process control investigation in general.

The system chosen was the non-cryogenic (RP-1) propellant loading system for
the Saturn launch vehicle at Cape Kennedy.

RP-1, liquid hydrogen (LH?), and liquid oxygen (LOX) are loaded into the
Saturn L/V by three separate systems. The three systems are similar except
that the LOX and IH? systems are much more complex than the RP-1 system.

There is considerable interest in using a digital computer to increase the
degree of autamation of the loading process, and particularly in the ability
of the loading system to react to malfunctions. Ideally, should a malfunction
occur during propellant loading, a highly-autamated system would attempt to
take corrective action and, if this were impossible, inform the operator of
the precise nature of the malfunction so that corrective action could be
taken immediately. While it seems evident that such a system is possible,
it is necessary to demonstrate that it is. Beyond demonstrating that a
fully automated system is theoretically possible, it is also desirable to
learn the type of control which would give these results and the practical
level of automation which can be achieved.

Since the three systems are similar, the most practical approach to the prob-
lem is to study the RP-1 system because it is the simplest of the three. If
useful results can be obtained, similar results for the LOX and LH? systems
would require only an extension in complexity of the same basic approach
taken for the RP-1 loading system.
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Figure 3 is a simplified block diagram of the RP-1 system. The areas enclosed
by dashed lines represent the functional divisions of the system. Section I
includes only the control panels in the Launch Control Center (LCC). These
panels are equipped with pairs of colored lights which indicate the state of
each valve in the system, and control switches for each valve. In normal
rocedure, the operator sets a switch to put the system in automatic and
epresses the '"Fill" button after which fueling is automatic. In the event
of malfunctions or other unforeseen events, the fueling process can be con-
trolled manually from the control panels using panel switches to operate the
appropriate valves.

Section II includes the Propellant Tanking Camputer System (PTCS) and the
relay control logic. The PICS acts mainly as a sequencer which monitors the
level of liquid in the tanks and issues mode change (i.e., start fast fill,
stop fast fill) commands to the relay system based on tank liquid levels.

In the event of a malfunction, such as a mispositioned valve, the fueling
system undergoes "'reversion'' to a safe condition and an indication of this
action is displayed on the Launch Control Center (LCC) control panels.
Detection of the mispositioned valve and subsequent system reversion are
controlled by the Relay Control System. When the system undergoes rever-
sion, all the valve position changes (this may include most of the valves
being used) are displayed on the LCC panels. Since reversion takes a very
short time, the operator at the control panel can detect only that a mal- -
function has occurred and that the system has reverted. Subsequent mal-
function isolation is made more troublesome by the fact that all recording
devices will show the action taken during reversion as well as those which
lead up to the malfunction.

Section III includes the tanks, pipes and valves which comprise the fuel
transfer system.

If we now campare the RP-1 fueling system in its logical division (Figure 3)
we can correlate each section of the actual system with the corresponding
part of the Data Synthesizer (Figure 1). In so doing, we can also demon-
strate a useful feature of the Data Synthesizer. Note that Section I of
Fueling System corresponds to the operator requests block in Figure 1,
Section II corresponds to the control matrix and Section III to the Con-
tinuous phenomena integration and update routines.

Before carrying this analogy further it is necessary to refer to the original
statement of t}%e problem and to consider how a digital computer m1ght be
added to the system. The two most obvious courses are to add a passive digi-
tal computer to the fueling system (which would remain intact) and to replace
the existing relay control system with an active digital computer. Two
possibilities would be approached using the Data Synthesizer:



68

CHECKOUT|
MATH MODEL | PROGRAMS|
INCLUDING | USING | OUTPUT
RELAY LOGIC) COMPARISON |
TABLES |
ACTIVE CHECKOUT/|
MATH MODEL e
s wooe. Fecceas e
LA INCLUDE EQUIVALENT | it by
conTroL | CONTROL LOGIC |

Regardless of which type of system is to be studied, a detailed analysis of
the relay coritrol logic is necessary. Once the control logic has been reduced
to Boolean equation form, it can be translated by the Data Synthesizer either
into the control matrix for the mathematical model or into an additional ma-
trix which is executed as a part of the checkout program.

In the case being discussed, primary interest is in the development of algo-
rithms to isolate malfunctions. Therefore, the relay control logic was incor-
porated into. the mathematical model and the checkout programs receive discrete
data specifying valve positions and the state of the liquid sensors in the
fuel lines. Mass readout and flow rates as well as differential pressure
across fuel filters are presented as analog data. Execution time for the
checkout programs is arbitrary since a data interface has not been specified.
The relative slowness of the fueling process permits considerable freedom in
execution time and 200 ms was chosen as the execution interval for the appli-
cations programs.

Application Summary

The steps in applying the Data Synthesizer to the RP-1 system are typical of
those required for its use with any system. They are:

° Systems selection - determine whether the system is of a type
emenable to SVDSS analysis.

° System definition - isolate the system to be studied (if nec-
essary) and identify any constraints of system modeling.

° System analysis - derive all equations necessary to describe
continuous and discrete phenomena in the system.

° Interface definition - define the characteristics of the data
interface.
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When these steps have been accomplished, and inputs to the Data Synthesizer
prepared, the checkout programs and the model can be loaded together and the
task of checkout program development and debug begun. In the particular
application discussed here, it was found that in the process of modeling

e physical system a good deal of the analysis done was directly applicable
to the development of the required control programs.

Potential Data Synthesizer Applications

Once the concept of the data Synthesizer System has been accepted a mumber
of potential applications can be identified.

The parallel between launch vehicle checkout and cammercial process control
is evident. Here the process (chemical, petroleum transport piping, etc.)
is modeled using the continuocus model part of the system and the applica-
tions programs represent the functions carried out in the on-line computer.

Wherever there is interaction, either active or passive, between digital
camputer and some process which is continuous in nature, the Data Systems
Synthesizer may be useful.

Sometimes the data generation (passive) mode of usage can be used in appli-
cations which are not so obvious. Given a piece of hardware designed to
handle a multitude of inputs which are changed by means of something like
a patch panel it is possible to replace the hardware normally coinected to
such a device with a digital computer. The Data Synthesizer provides a
quick and convenient means for programming the digital computer to provide
realistic data to the device in question without requiring the presence of
the actual hardware. Such an application is being considered at IBM Cape
Kennedy in conmection with a training device which is a replica of the con-
trol panels used to conduct launch vehicle checkout. After connection of
this device to a digital computer the Data Synthesizer can be used to gener-
ate data which is characteristic of the different systems to be monitored
by the control panels. All that is required to change from one system to
another is to bring a different SVDSS model into the computer.

A most intriguing possibility for Data Synthesizer usage is in biomedical
research. There is much interest in using digital computers for patient
monitoring. However, there is reluctance to entrust a live human being to
the care of a computer, so investigation in this area is difficult.

This situation is typical of. problems noted earlier as fertile ground for
Data Synthesizer applications: i.e.: the need to develop techniques exists
but direct application of the computer for study purposes is troublesome

or impossible. The major unanswered question is: can the physiological
system to be studied be defined, and, having been defined, can it be modeled?
There has been considerable work in the field of mathematical modeling of
physiological systems. (3,4) Mainly modeling has been used to study the
mechanism of the physiologic system itself. Certainly it is theoretically
possible to apply the Data Synthesizer to patient monitoring. Whether it
can or not is dependent on the state of the art in physiological modeling.

Earth resources control and investigation is one'of the most recently
opened fields for digital computer applications. Flood control, water
distribution and petroleum transport systems can be included in this cate-
gory, as well as air pollution monitoring systems.
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Typically, such systems consist of a network of remote terminals which
collect and transmit data to a central computer. The computer, in turn,
can correlate the data received and, if required, transmit signals back
to the remote termminals for flood gate control or other action appropri-
ate to the system in question. MNaturally, the applicability of the Data
Synthesuer depends on the nature of the system function. Simulation of
air flow (for air pollution monitoring) is very difficult even when only
a reasonable approximation is required. On the other hand, water distri-
bution systems should be amenable to simulation, and so prov1de candidate
systems for Data Synthesizer use.

Because of the complicated interaction between the central computer and
the remote terminals, it would be necessary to provide programs beyond
those normally required in Data Synthesizer applications; but consider-
able time still would be saved over a 'cold start" approach to an earth
resources system.

In summary, the Space Vehicle Data System Synthesizer, a software system
initially conceived for and applied to space vehicle systems, has poten-
tial application in other areas of scientific endeavor. Earth resources
and physiological sensing system output simulation are but two. Other
areas are being explored.
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TYPICAL CSMP/360 STATBMENTS

Y = INTGRL (IC, X) Y
Y(0) = IC
PY + Y
Y = REALPL (IC, P, X)
Y(0) = IC ;
Y = A*X + B
BOOLEAN EQUATION FORMAT
ML-K91 = ML-6DIR § W6J1-1
P101 = —K50 § K51 + K52 § K86
& = AND
+=OR
—= NOT

Figure 2

IS Xdt + 1IC
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SUMMARY

2.-order systems with constant coefficients and constrained
control are considered. The switching curves are computed for

a quadratic cost functional point by point. They are approxi-
mated very good by straight lines. A second area is formed by
the singular trajectories. One may use a feedback control, based
upon these two types of switching curves, with only slight modi-
fications for the control of an 2.-order plant with time-varying
coefficients. The pitching movement of a satellite in the gra-
vitational field of the earth is controlled, as an example.

INTRODUCTION

The time-optimal steering of 2.-order systems with constant
coefficients is known since many years 9'5'2'1. But because of
the complicated shape of the corresponding switching curves the
change from optimal steering to optimal (or suboptimal) feedback
control is difficult. Therefore very soon one tried to approxi-
mate the switching curves by-straight lines 1'10. Till now either
only simple plants with constrained control are analyzed for
guadratic cost functional, or the control region was not boun-
ded. Here a 2.-order plant with constrained control is analyzed,
the performance index being quadratic. A suboptimal feedback
control is built up, which is used with little modifications

for 2.-order systems with time-varying coefficients.
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OPTIMAL STEERING WITH QUADRATIC PERFORMANCE INDEX

The selection of the cost functional is determined by two main
considerations:

1. Can it fulfil the requirements of the physical
systems?

2. Are we able to obtain an analytical expression
for the optimal control?

It is often very difficult to find a realistic compromise
between these two considerations.
Now the system equations are of the form

X=Ax+bu Juf & g (1)
with the initial state
X(&)= X,

We want the optimal control, i.e. the control which drives our
system so as to minimize the cost functional '

r
J =:26/3(7Z?)(CZ? Q /nuzszvndd?£ 2)
P . @nd Symrn.
The Maximum-Principle of Pontrjagin gives us the Hamiltonian
’ e
H=%XxQx+(Ax)p +(be) p (3)
with the costate vector, satisfying the equation: ’
. b
pP=-Qx-Ap (4)
and the optimal control g r
U= UsStgnbp (5)
So we get the following system:
Jl; 2 AX + bU Y/fa}"xo (la)
/5 =-Qx- A,TD Plee)= po (2a)
u = signbp (3a)

that leads to the well known two point boundary value problem,
from which we select two sets of boundary values:

1. T specified j( (T) unknown, P(T) =0
2. T not specif. X (T) =0 ~ p(T) unknown

There is no analytical solution for the systems.
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2.-ORDER PLANT. WITH CONSTANT COEFFICIENTS

First we will analyze the 2.-order plant with constant coeffi-

cients: R ey b] X, (4o) = X,o
% et -
Xz = -b -Q X; ’ &(t‘) Xn (6)
7 lulé W :
/ 7 A 0o
J =% /xQxas¢ 0=(o BJ (7)

The system is controllable and normal.

We have the costate system:

HER
| . P-ap2]  pa=-i (8)

and the optimal control (of the Bang-Bang type):

u = u;éuyvmbaa = U, Signp; )
There also exists no analytical solution for this simplified
system. But it is possible to solve the above system backward
in time and find out points of the switching curve in the phase
plane.
With @ = 7-¢ we obtain @g/fap=-aq/at and:

x'=-Ax-bu xi4-9-¥; (6a)
pP'= 0x+ATp PB=0)=p, (6a)
U= tsgnp ' =alap (9a)

1. T specified X(7/=X/o) unknown

It can be shown, that one portion of the xl-Axis itself
is part of the switching curve. Therefore we begin with:
Xo=219. [ Xa =0

The analogue computer is a very good tool for the initial com-
putation. Yet the construction of the whole switching curve
is a very time consuming task. Therefore it is better to try
the automatic solution on a digital computer. We break up the
whole trajectory into parts, such that the final state of
each part lies on the xl-axis. Now we are able to compute
easily the switching curve for these parts.
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a) b >al¥ (oscillating motion)
With the initial state X, =7, Jp=0,

; wu=x we obtain the solution
X, = _2,.’ 90/2¢ ¢{9_ llo)+e “sf'¢( 2_’0 (/0)

20 .
= 2 e sinrg(rz &) ()
bIAD, = [coslp(e V- o) + L sinrg(e™ ¥y o%)
; -a/2 2
+-}‘;5mr¢{e Y_ %91,

SAPLLR 3% sinf@(e” 9. S9Ny

- ,}=- s(,”,,,¢/e-ﬂkfe 0/2¢/- ZJ (/2)
(3

r=f6-al ; F= ba(1+b34A)

We eliminate # from(/0) and (//) and with P,
of the switching curve for all 0< @< ¢a}-. .

+ae [cosrge™

= O we find points

X o are 2 qas/?cas/"¢+9f-'$‘('nf'¢/ £ (%)
5w~ T 6 ~_-ag 3
o N ctrgrzg + )—-——m‘f‘¢+‘,b 5

Xs, = =2 ([eotrg-a/2) 24

(/5)

p) @4 >b (aperiodic motion)
Only one switching is used:

: & . o
[(3/+B¢)eq'¢+(3;+&)e ag#f'dl](e -& 2} //6}

N =z 2
AR B,e"¢+3 e“" B,e%?.- 3,9"‘-‘¢
I¢
s (oe + Q@ e ¢ /
ISw -—&b add_ e"al¢ Q)+ — (/7)

_ A +bg+6'3 & (a—éi—é’z

/a’/#-b 4 = o/2+r'- Gy =~ap+l"
B A ag '/'Az 32 A 0 Az
B3=A4,0,-A3; By= 4,q,+4;

A, =

(18)
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For given ¢ the switching curves can be easily computed for both
types of motion by a digital computer.

2. T not specified X(7)=X/5)=0

Here we do not know the initial state of the costate system.
If we select ) S
Po = COSy Py, =Siny o<yer (19)

we find points of the switching curve on an analogue computer.

EXTREMAL SINGULAR CONTROL

=
The switching function bp being zero for one ore more positive
interval of time, we obtain no necessary conditions for the op-
timal control and we speak of singular trajectories.

Yet if we find an extremal control (i.e. a control which obeys
the conditions of the maximum principle) with the property:
pr = 0 in a positive interval of time, we get an extremal
singular control. g -‘.’f’ i

Therefore the condition for a singular trajectory is given by:

>
bp =0 tE(E, L) 20)
In our problem
plE) =0, ¢é& (4,4/ /a; (¢) =0 (21)
and with the singular control holds:
w=(1+6)X, +a X (22)

This implies in our system:
X m KNt g Byt £
'\:;z =X

(23)

j X =&
with the solution:

x,=;z‘e’(f;+5,/+2‘e't(£-y,} (24)

Xp=3e(5+E)-4e k-1 ) (25)
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SUBOPTIMAL FEEDBACK CONTROL

We shall show the step from the optimal steering to a sub-
optimal feedback control for the damped oscillator. We have
seen, that there are two types of optimal control, the singular
control, leading to the origin and the bang-bang control in the
outer region.

Yet the control u is constrained. There-by the limits of the
(stable) singular trajectories can be defined. They are shaped
by a circle with the radius R (Fig. 2) which is the recoverable
region for the singular control:

u=(/1+6)x+axk (2¢)

The switching curves for the bang-bang type control in the outer
region are approximated by straight lines:

U =~y Scgn((xy +aly+ & stignx,) _6227

In order to build up this feedback control we have used some
digital logic (see Fig. 3). The solution is given in Fig. 4.

2.-ORDER SYSTEMS WITH TIME-VARYING COEFFICIENTS

The 2.-order system with time varying coefficients now is trea-
ted as a more common type. Here it is not efficient to compute
switching curves backward in time, because they are not statio-
nary. But another consideration can help us. As shown, we got
approximately straight lines for the system with constant
coefficients. The signifying values of these straight lines

are functions of a and b. Having (e.g.) periodic functions a(t)
and b(t) we are able to compute their signifying values as
functions of time, i.e. we get time varying straight lines and
it is possible to use the same feedback control.

EXTREMAL SINGULAR CONTROL

There also exist extremal singular trajectories, as in the case
of constant coefficients. We obtain a saddle point in the
origin. The singular control is of the form:
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w=[1+b0] %+ a4 : (2¢8)

So the area of admissible control is time-varying. The re-
coverable region has a variable radius R(t).

SUBOPTIMAL FEEDBACK CONTROL OF THE PITCHING MOTION OF A SATELLITE

The pitching motion of a satellite on an elliptic orbit is re-

presented by the following equations:
A(B+E)= ~3/m, /R¥(B-C)O (25)

®= %c,sz‘ / Z"=v.9ﬁ+ecos}",-9= me o3

ABC main inertial moments
gravity constant

mass of the earth
pitch angle

true anomalie

radius of the orbit
parameter of the orbit
excentricity

ﬂ'ﬁxﬂotf"i

with G'= 99, =€.Z_f- we obtain:

7 288inZ 3 3-C_. _ 2esin
& /+eco.sz'€ /+@asz A SinOas® = !/ +8cosr (30)

The satellite moves on an elliptic orbit around the earth.

© being zero, one axis of the satellite directs to the centre
of the earth. This position is to be controlled by an active
feedback control. :

With s#»@xg, ws©~/ our system has the form:

e/ O it & o el o (31)
v ; + 2esinZ
Q = &d ‘aflj @Z / / +e acr
3 B3-C 2esinZ

écz) = /+ecosz A/ a(x) = - / +8cosZ

a(z) and b(z) given for O < T < 27 we know the switching lines_
of a corresponding system with constant coefficients. Fig: 7
shows the analogue program. The functions d(Z), Co ¢Z) and Rz(z)
are generated by DFG's.
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