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CUCTEMH C NEPEMEHHO# CTPYKIYPOI B
SATAYAX WIEHTUQUXALIMA B YNPABIEHUA
M{HOT'OMEPHHIMII OBBEKTAMHU

C.B.Euensanos, H.E.KocTHnena, B.H.YTkmH
HHCTUTYT aBTOMATURY R TEIEMEXaHWKH

Mocksa
CCCP

[Ipu paccMoTpeHMM Pa3NNUYHHX 38734 CHHTE33 B KIACCe CHCTEM
C MepeueHHO! CTPYKTYypo# B GOJNBMUHCTEE CAyYaeB NpEANONaraloch
[1-7] s 9TO B CUHCTEMEe MMeeTCH OZHA yNpaBisdeMas BeAMUMEA U O~
HO ynpasaspmee Bo3zelficTBMe (MIUW B MHOTOCBS3HHX CHCTEMOX THC—
A0 yNpaBnfeuHX BeJIMUYME PAaBHO UMCHY yNpaBasomux BoazeficTsuft ),
a cauo ympapiswmee BO3ZeficTBHE QOPMEpYETCH MS BEAWUMHH OWMC -
KE ¥ ee NpoU3BOZHHX, C mpaxTHIecKofl TOuKM speHmA TaxKo#f noxxox
MOXeT HaTONKHYTHCH H8 CYMECTBEHHHE TEXHHUYECKHEe TPYAHOCTH, CBf=~
33HHEHE C NONYYEHMEeM NPOMSBOAHHX. B 70 X6 BpeMf B0 MHOI'HEX CIy=—
YafAX mMeeTCs BO3MOEXHOCTD AN HM3MEpPeEHf He TONBKO BENHMYMHH omnG-
Ki, HO ¥ Kaxux=-aAu6O0 ZONONHUTEABHHX KOODZAMHAT, XapaKTOPH3yOIMX
COCTOAHNE cuCTerH., 3TOff BO3MOEHOCTED LelecO00PasHO BOCHONESO -
BaTecA npu GopuMupoBaHMM (YHKUUR ynpaBleHus. Jpyras OCOGEHHOCTH,
KOTOpas 33YacTy® NpHCyMa cUcTeMaM aBTOMAaTHIECKOrO yNPABISHUA ,
33KJI0YaeTCA B TOM, YTO yNUpaBIAbmue BO3ZeACTBHA MOryT OHTH HOpR-
NOREHH K DasAWYHHM TOYKaM OGHEKTa, T.E. yNPaBICHHE HBIAETCHA
BEKTOpHO! BexmyuHO#.

B cBf3M ¢ 3THM NpeACTaBAfeT MHTEPEC PAcCMOTDPETH BO3MOXHO-
CTH yUDaBIEHAA B Kjlacce CHCTOM C NepeMeHHOR cTpyKrypo#l azms oG-
mero ciyiad, KOrza (QyHKOuA ynpaBleHUA GopuupyeTcs ¢ HCHOIBSO -
BaENeM MHGODMAINE B BUZE KaKuX-ANGO KOODAMHAT CHCTEMH, BOoome
TOBOpPS HE ABAADMUXCH OHNAOKO# ¥ ee NMPOM3BOZHHMH, 8 CaMa (QYHKIIEA
ynpaznerus ABAAeTCH BEKTODHON BeawuuHoii. JBumxeHHme Taxoff cucre-
MH DM OTCYTCTBHM BHENEMX BO3MyNADMUX CUI ONUCHBaeTcA Zujpeper-
U¥SNBHHN YPaBHEHUEM



dzx
—F—=Ax+8uU,
dt (1)

x= ( Xy 05 i A )v/z- MepHHIT BEKTOp, XapaKTepMa3yDmmit cCoCTOs-
HHEe CHCTEMH,

L[==(21 ”""4hz}"" - MepHHEl BEKTOp ynpasleHmd,

A — rx/L = MepHas MaTpHNa C MOCTOAHHHME SJNEMEHTaMK
az/‘ & /: 7,..,n) B = N7 - MepHag MaTpuNa C NOCTOSHEHMA
smeMenraws &, ; [(=1,...,1;j=/.,/m). OTHOCHTeNbHO ynpaBieHus U/
npeamonaraerci, YTO KaEAas M3 ero KOMINOHEHT [y, ..-., Um
ABAAETCA CyMMoil BoszeficTBHE N0 RaKMM-AMO0 KOOpZAMHATAM CUCTE -
MH, NpHYeM KO3fPmMumeHTH BosZelicTBmlt ABAANTCA KyCOYHO-NOCTOSH-
HEHME (QyHKOWAME ¥ UX M3MEHEHHMe OCYMECTBARETCA B 3aBHCHMOCTH OT
COCTOAHMA CHCTOMH., MMEHHO B 2TOM H 3aKIANYAETCA NEPEMEHHOCTH
CTPYRTYPH paccMaTpuBaeMoit CHCTEMH.

[Ipeamonoxmi, 4TO NPOCTPAECTBO KOOPAMHAT CHCTEMH C IIOMOMBD
HEeKOTOpoff COBOKYIEOCTH I'ENEPINOCKOCTel pasOuTo Ha 00JacTH, B
Kaxzoff 3 EOTOPHX CHCTeMa oONazaeT Toft mim mHO#t auHeliHo#t cTpy=-
krypoii. Ha rpamumax o6nacTeil NPOMCXOZMT U3MEHEHHE CTDPYKTYDH ,
B peaylsTare uero QyHKHUS yNpaBAEHMA MOXET NpPETEpNeBaTh pas =
PHEH. B TGRMX cHCTeMax NpDM BHNOIHEHHY ONpEeZEeNeHHHX yClIoBui
BOSHHKSET CKOIB3AMU PEexXHEM, XapaKTepu3yeMHi TeM, 4TO TPaeKTo—
pHfl H30Opaxanme TOYKM NpHHAZACENT TPaHMIE pasDHEBEA [8] . Ecxu
AHHaMHRYEeCKNe IOKa3aTelM ABAXCHUA B CHOAB3ANEM DEXUME yAOBIST-
BOPADT KaKEM-AH00 TpeOOBaHUAM, NPEABABIAEMHM K CHCTEME 8BTO -
MaTHYECKOrO0 yNpaBleHud, TO NeAeCcOO00pasHO TAKOe JNpaBIEHHE ,
OpM XOTOPOM B ANOO# TOYKe I'paEMIH PAa3pHBA BHIOIHANTCHA YCIOBHA
CymEeCTBOBAHMA CEONB3AMEro pexmMa. Torza nocle monazanusg usot-
paxapmeit TOYKM Ha I'paHMIy paspHBa B CHCTEeMe BO3HMKHET X He

NPEeKPaTUTCA ABHXKCHAE B CKONL3AMEM pexﬂue* . Taxo#f MeTOZ CHH=-
Te3a ® MCNoXB30BalncH B padorax [I-7] ana cuyvad, KOTAA yrnpas-

AeHWe HBAAEeTCH CKalfpHOR QyEKOMeft KOOpAMHATH OWMOKX K €€ Npo-

%/ Bornpoc 0 nonazaEMM Hsolpamapme#t TOYKM HA I'paBENLy pas3—
DHBE 3acCIyXMBaeT CIENUaNBHOI'0 W3yYeHWA W B HacTosmeit padoTe
He paccMaTpmBaeTcH.



-H3BOZHHX, @ CKOAB3AmMul DexXmM OPraEM3yeTCH Ha HEKOTOpOoff rmmep-
NIAOCKOCTH B NPOCTPAHCTBE 3TUX KOOPAMHAT,

B macroameit paGorTe onucammu# nozxox GyZeT MCHOAB3O0BAH ANA
CHCTEM C nepeMeHHO#i cTpykTypoft Gomee ob6mero Buza (I) B npex -
NMOIOXEHUH, UTO KaxZafd M3 KOMINOHEHT BEKTOpa YNpaBIeHHS fBAfETCH
BO3ZeiicTBUEM mO ynpaBiafemolf Beawuuse (mycrs 9ToH BeawumHoft Gy-
ZeT KooppuHaTa X, ) CO CKAYKOCOpasHO M3MEHADNMMCHA KO3(du -
nuesEToM Bo3ZelicTBuA. Kax Oyzer NOKa3aHo HUXe, B 3TOM cAydae And
(QOopuMPOBAHNS 38KOHA W3MEHEHUA CTDYKTYPH HEOOXOZMMO HMeTh MHHOp-
Manup O nmapaueTpax o0beKTa. Eciam 5TH NapaMeTpH 3apaHee HEH3Be-
CTHH, TO BO3HMKAET 3a7avua HAeHTMPUKANME JuHe#HOrOo OOBEKTa, BO3=
MORHOCTM DEemEBNs KOTOpO# OYAYT TaKXe PAacCHOTPEHH ¢ IOMONBD Me-
TOZOB TEOPUM CHCTEM C NepeMeHHOfi CTpyKRTypoii. B SakanyYeHHe NpH-
BOZUTCHA AATOPUTM, C NOMOMBO KOTOPOT0 OCYMECTBARETCHA HAGHTHPH -
Kanus JvEei#HONl ZMHEaMWIECKO# CHCTEeMH BTOPOTO NOPHAKA.

I._BuOop ynpaBiaeHms

PaccMoTpuUM cIydadi, KOraa ynpaBleHHe ABAAETCA BEKTODHORA Be-
AMYMHOR W ZBMEEHUE CUCTEMH ONUCHBaeTcH ypamHenuem (I). [peamo -
IOZUM, UTO H3MEHEHWEe CTPYKTYPH CHUCTEMH W, KAaK CIEACTBHE, CKay -
KooGpasHOe W3MeHeHme ynpaBaerus L GyZeT WMETh MECTO, ECIH
B NPOCTPAHCTEBE (:z;,“.,an ) mso6paxabmas TOYKa NONMAZeT Ha He—
KOTODyD Tumepmuockocts S , 3a7aHHYD ypaBHEHHEEM

3=(C‘,x]= 0, (I.1I)

rze £'=(0,...,£‘,,/, Cpseos C,,-corz.;z‘, [’n=/.

Kax yme 0oTMEUaNOCh, B TaKO# ZMHAMHYECKORl cmcTeMe MOXeT BO3-
HUKHYTH CKOIB3AMUA DEexXuM ¥ ZJAA €ro BO3HUKHOBEHHA B OKPECTHOCTH
TUNEPINOCKOCTH S AONXHO BHIONHATHCA HepaBemcTso [ 2]

. Y/ |
oG pegr] (1.2)

C reoweTpuieckoift TOuKm 3peHms yciorze (I.2) O3HavaeT, YT0 B
OKDSCTHOCTH TDAHWIH pa3puBa & $asoEHe TPAEETOPHH OCEHX



CTPYETyp HampaBNeHN BCTPEYHO M Mnocie Nomazasms Ha S #3006 -
paxapmas TOYKa NpPOAOIEAET CBOE ABUESHNE B CKONB3AMEM DEXUME
[0 TPaeKTODHAM, NpUHAZNEXAmMM 3TOf TUNEPIAOCKOCTH. COIIACHO
ZAaHEOMY B [8] zoonpezeneHMD B TEUEHME STOr0 BUZA ABMXCHHS Be-
KT0p $a30BO# CKOpOCTM HanmpaBleH BAONB TMHEPNNOCKOCTH S , X ,
CIeZ0BATENBHO, B CKOIB3ANEM PEXWMe CIPaBeAAHEH COOTHOMEHHS

3=0, =@ (1.3)

BHACHHM, RaRMME ZWQHEpEHUUANBHHMY YPaBHEHHAMH ONMCHBADTCH
pasiAMYHHE BHAH CKOIB3AMMX DEXMMOB, KOTODHE MOTYT UMETH MECTO
B paccMaTpUBAEMOM KAaCCe CHCTEM, ©CHM Kaxzas H3 KOMIOHEHT
u,,.., U, Bexropa {/ mnperepnesaeT PaspPHBH NPH NONaZaHUK
n3o6paxabmeff TOYKM Ha COOTBETCTBYDLNYD I'MREPNAOCEOCT: B IpPOC—
rpancTBe ( Xy....An ).

lyers cranspHas fymxuma L/, npeTepueBaeT PaspHBH Ha
HEKOTOpO#i I'mmepniaockocT® S, 3azaHHOfl B IPOCTDPAHCTBE
(X,,..., XL n ) ypaEHECHHEM

4= /cx/-a rze BemopC' {c,, ,c/c,, ,./: -consSt, (1.4)
-/

lips BHMOMEeHMH ycaxoBus (I.2) HA THUNEPWIOCKOCTH S : BO3HMKAET
CKONB3AmMt pexuM, [lOoXyuMM ypaBHEHHS IBUEEHUA H300paxanmeil
TOYKA B CKONBSANEM DEXUME 1O TDPAEKTOPHAM, NpUHAZNCXANmAM .S ke

Kak yxe oTmeyanock, B cxo:msameu pexuMe WMEDT MeCTO
pasercrea (I.3). Us yexosut S'=0 , #7=0 u ypassenns
zsuxenus (I) naxozmm

:r -—Zc
1

Iﬂ»/‘

’ - f n-1 | : '(105)
U /_/ / C/U/‘/m ;[f‘%[f/—?//a”’ I/]‘?/'

B (I 5)Q; [/ e ; (/' .M )- crondun marpuy A
/é‘ c }7&0 B peaynmare MOACTAHOBKA MOIYYEHHHX

auaqennﬁ -Tn u Uy B (1) onpenenuu xubdepeEnuamTbEOE ypaB=

HeHme /7-I-T0 MOpPAAKA OTHOCHTENBHO X,.., X p.¢ C /77 =I-Mep=



HHEM YNDaBICHHEM, ONNCHBawmee ABNXCHHAEC CHCTEMH B CKOIXB3AmMEM

pexuuMe
a’x
a't

f 7 5 U :
(1.6)

rZe BEKTOp xtﬁrﬁ Zp.q) + BEETOP U /,, i /)4luﬂ/
COOTBETCTBEHREO (/- //x(n 1) w (ﬂ—-///"/m 1) - wepmue
MaTpHIH C 2NCMEHTaMH a‘/(c/ 4., ﬁ'// 5J /t a1 {,/—/,...,m-ﬂ

a‘/-a -Qp //a, = /amc/]

; / ¥ c/(; Cf/ (1.7)

Pemernue ypamnenus (I.6) fABAfeTCA Mpoexnue#f pemeEmT HC-
XOzHOfl cuCTEMH B CKOAB3ANEM DeXuMe Ha MOAMpocTpaHCTBO ( L.,
Zy-{ )e B 3704 NMOAMPOCTPAHCTBE MOXHO rane BHOpaTh mep -
II0CKOCTS ,5' , B8Z@HHYD ypaBHEHHEM J ﬁ x')=0 0%
—/C’/; /C’”./ -/ B 38 CYeT Da3PHBHOrO yUpaBIEHHH [[
oGecneunTs BO3HNKHOBERME CKONB3AMETO PeXHMa HA «5' . me -

BUZHO, UTO ZBMEEHWE B CKONB3ANEM DEXEME NO IMHEUHOMYy MHOI'O-
o6pazun ( /7 =2)-ro nmopazKa, onpenenaeuouy B NPOCTPaHCTBE
(X,... Xn ) nepeceueHuen g S? , Gyzer ommcusarscs
zm&@epenuranmuu yDaBHEHUEM ( -2)=I'0 NMOPHAKA OTHOCHTEIBHO
= /x,,,,,, o2 ) ¢ (/M -2)-uepHuM ynpaBuermeM (/ —[L/,,.,l/,,,,zj

[oBTOpAA NMPOBEZeHHHE DACCYRACHHA HA A =—OM mare noXy-
YUy ZBUZEENE B CKONB3ANEM pexxme ( #1-K )=ro nopazra Do mepe-
CEeYeHUD rnnepnnocnocmeﬁ ,.5' ,,5 » 3afiaHENX YpPABHOHRAMH

b (25 x”j 0, (1.8)

IrZe BEKTOD 0-[04, —1.#]! n-m/ BEKTOP x Tk MW A j,
(=g, K 1ekam XD
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JpaBEEHAE 9TOr0 ZBEXEHHS OfHOCHTENBEO xoopaixa: x,,...,x;,,K
HMEET BHR
dx*

a't

(1.9)

rae A Kl B" - warpmma ¢ pasweprocTaMx C0TBezCTRONHO
(n-% ) x [n—kj [n—K} x(m-K) , ¢ smeuenraum d,/ nf;
sexrop UL '=(U,,. m-x }

K
dneMeHTH a, B 5, MaTpHO ,4 Kl 8 onpezexfnTes
pexyppexrmx coornonenmn

/—a a‘ﬂ'f(fl / [ m"‘:*’ [(0 0/ / ﬂ{/ /]
(1.10)
; é‘: tk./E?-k-f! (; )

K= /, , m, a]'=a471 gt/ 5/

Bepxuupit mEZEKC AXd 2 X : yRasHBaeT HEa TO, ueuenrox Ra-
Kolf MaTpENN SBAAETCA AAHHAS BeAMYMHE, ABOKHO# HuUXHWE MHERERC
- Ha HOMED CTPOKH H CTOIOHA, OZMHOYHNA HMXHEME HMHAGKC yRa3H~
BaeT Ha TO, 4YTO ZAEHH{ 3JeMEeHT ABNACTCH aenopon-croxdnox
% Ha ero HOMEp. Hpezmoxaraerca, qro B (I.I0) (f"r(,,,f /-7*0
Zaa xodoro K .

Ina cmywag, ROTA? A=/T nomaeu JuHe#tHOE OZHODPOZHOE
zndPepeHnEanEEOEe yparHEHHE (/z /7t )=ro NOpAARS

Y £ '
T = A"x" (1.1I)

Eax suwzEo u3 (I.I0), (I.II), mpx ozmonpenenxou nosnmoxe-
HUY CKONB3ANEr0o DexuMa Ha BCEX TI'HNEepPIUIOCKOCTAX .5 e W
ABMZEENEe B CHCTEME ONMCHBAaeTCA yPaBHEHHEM C MeHbmell, wTeM
y WCXOAHOTO Pa3MEpHOCTED M 3aBECHT OT BCeX RO3(HUIHEHTOB t’;



(kwty. . M Tt n-K+1).
Ecaz 32 cueT COOTBETCTBYNmEr'0 BHGOPa KO2(PMOUeETOB C‘k yae-
©TCH H3ZEAHTH 3TO JABUZEHUE -rpedyeumm ZEHAMUY e CKEME cnoﬂcrna—-
ME, TO KSEAYD U3 TUNepnIocKocTelt .S “ s NPOCTPEHCTBE (T, . ,,Z‘M,,)
nenecoo0pasHO CZenaTh I'MIEPNAOCKOCTHED CKOXbEZeHEd. Torza B pe-
3yaAbTaTe NOCAEZOBaTENBHOT'0 NOHMXEHWA HOPSTKa ZARpHepeHNUaiBHO-
IO yPaBHEHWS ABHXCHMA B CKOAB3ANEM PexuMe (MHAIBHAH CTaAuA
nponecca ynpasneHus OyzeT omucuBaThes ypasHeHmeM (I.II). Ilo-
NMHT3EMCA DEUUTH NOCTABJEHHYD 3a7ayy B KJIacce CHCTEM C mepe -
MeEHO# cTpyRTypoit.

BuGepeu cranapay® dyurmu® (/. -«s TaKuM 06pa3OM, YTOCH
AAs CHCTEMH, ormcu:saeuon ypaBHEHHEeNM
dx K- k-/
P +8"u", (I.12)

JCIOBUA CYMECTBOBAHMA CKONB3AmMEro pexmua (I.2) BHNOAHANECEH B
apGoit Touke rmmepmiockocTs ¢ £, sazsEEOfl B mpocTpaHCTBe
( X,,..., Xp-xs¢ ) YDOEHCHHEM

s"=(cf 2*)=0. (L.13)

Byzex cumrars, 4TO KaxZafd K3 KOMIOHEHT BEKTOpa ynpamie =
BuA sABAfeTcA BoszeillcTBEeM no Kaxofi-au60 OZHO# KOOpAMHATE, HE-
npuMep mo X', , CO CKaYKOOOPasHO MEHADMUMCH EO3(JHnAEHTOM

; i £ npm Y Lt e w0
U=¥Yx = : LRy, m; '
i 1/ SU P‘ fpx 5”7.‘*4 1./< 0 (IQII")

rae ,éi /9 - conS¢ . (SameTvM, YTO AHANOTHYHNE SATOPHTM ym -
PaBICHUA PAcCMaTPHBAACH B [ 213,

Onpezelnd BeIWYHHy o ¢ Ha THEIEPNAOCKOCTH S s (I.I2-
-1014)

i /'g[(af‘;’g“/. o | 4 /]x /[af’,’c"/—

“(I.I5)
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K(a/' /‘*‘/’c,y- :_ 0 /SUJ [m-KH/Ey w’”“"” "Tf

Oruerm, uTO corzacuo (I.I4) BeIMIAEE ‘P cxaqnoodpaano
H3MeHSeTCH HA T'HNePNIOCKOCTH e (I.2) ® (I.IS) mo -
AydaeM HeoOXOZAWMHE H ZOCTATOYHHE YCIOBHS CYHECTBOBAHWA CKO-
AB3AHEr0 pexmMa B JAVCO# TOURH rnnepnnocxocu

m-x+1 g = 51//
{; m-k+{’ P [ 0/['//7 -k#t’ /mfp,nzr-k =k (i L,/

ol ek

-mfﬂx//‘g”m//a *)-¢, (s € 0% Z(g '%j

k P
. = /an-kfw &% /=2, cerg ITK (1.16)
J
Ecam ycxosus (I.I6) BHIONHEHH AAR A = I,..., /77 , TO Kaxzas
m3 TEnepmaockocreft S ,...,.S' =z OyZeT TUNEepIIOCKOCTHD CKOIBXE-
HEA,

aaueqalme. lIpr cuHTE3E }mpamennﬁ BHOOP KO3(PUIIUEHTOB
,,( S /5 ClIeZyeT HAUaTh C o/ X ﬁ , TaKk KaK COINIacHo
(I.I6) Bce nociexypmme 3HaYEHHUA I3THX K03PIMIMEHTOB 3aBHCAT
OT NpPeAHAYIAX,

Ina paccMaTpuBaeMoro 3axKoHa ynpasaermsa (I.I4) Bce L’z
ZONEHH yZOBIETBODPATH BTOpoit rpynme ycxosuft B (I1.I6). Oue =
BEAIHO, 9YTO ONHMCAHHHM aATOPMTMOM IelecOoo6pPa3HO NONH30BATHCH,
eCIM B PaMKaX 3THX OrPaHWYEHn{ ABUEEHHWE CHCTEMH B CKONB3f-
HeM pexmMe, onucusaemoe ypaBHerueM (I.II) yzaeTcs HaZeXuTs
TpeOyeMHME AWHAMAYECKHEMM CBOjicTBaMu.

2. MeTozH cucTeM ¢ nepeMeHHO#t CTPYKRTypo# B

3azavye MpeHTUPUMKANUM JNnHeHHOrO OOBEKTA

Peanuzanud NONYYEHHOTO BHME AAIOPUTMA YNPaBIECHUA TPE-
6yer uHdopMauuM O mapauerpax a[j ynpaBaseMoro  OGBEKTa.
OzHako B pAZe CIy4YaeR TOYHHE 3HAYEHUA ITHX NOCTOAHHHX napa-
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METPOB MOTYyT OKa3aThCH 38paHee HEW3BECTHHMH, HalphMep, OHE MO=--
T'yT MEHATHCA NDH NEPEXoAe OT OCBEKTa K OOLEKTy, MIM B TOM CIy-
Yae, KOIZla PeryiaTop NpeZHasHauaeTcA ANA yNpaBAeHUA pasiAWdHH-
MW BUZaM¥ OGBEKTOB. HarOHEN, MOXeT OKa3aThCA, YTO NapaMeTpH
0GBEKTa MEHANTCA, HO HAaCTONBKO MEZNeHHO, UYTO B NpeAelax OZHO-
ro npouecca ynpaBleHHA ITHM M3MEHeHWeM MOXHO npeRe6peus. Bo
BCEX 9TUX CIyyasfX BO3HMEaeT 3aZava KACHTH)UKANHHM, KOTOpas CBO-
ZUTCH K ONpeAeNeHMD napameTpor AmsefiHOro o6bexTa u3BecTHO# CT-
PYKTypH. PaccMoTpMM BO3MOXHOCTH pemeHusA dToff 3azauM MeTOZaME
cucTeM ¢ nepemeHsoff cTpyxrypoil.

C aToft memED PAcCMOTDPUM MPEABAPHTENHHO CIEAYDMYD BCMOMOTa—
TelBHYD 3a7ayy. [yCTh HEKOTOpPOe ZMHAMAIECKOE 3BEHO NEPBOrO HO-
PAZKa OMUCHBAETCH yPAaBHEHHEM

ad
T=(af®), (2.1)

TZe BEKTOPH Q= a,,,,.,a,,),//z‘jsz,/t/,...,ﬁ,/{//, a{--COﬂJf/ ][1 /f/ o

- DOpOM3BOJNBEHE IMHEHHO Hes3aBWCHUMHE (yHKIMM BPEMEHH, /2, //{ ] /—

- CKangpHOe npousBezeHue. lpezmomaraercd, YTO BHXOZHAH BEXMUNHA
X  w dymxunm f; (¢) wsBecrHH. Bazaua COCTOMT B Ompezele-

HAW HEM3BECTHHX Kospfummenros &/ .

I pemeHHMsa 387aUd NOCTPOMM MOZeXb ¢ NepeMeHHO# CTpyxTypoll,
ONHMCHBAENYD ypaBHEHMEM

%—: U, yopasaemme U =(Y, /), (2.2)
rze sextop Y=/ , A 2 A
" d; mr £, 450 g
A !@L npnﬁf<0, 2.3)
oL, Bi-const, B w0, <, (2.4)

(BosuoxzEufl zManasoH 3HaueEuft koajdummenTor &, OyAeM CYUHTATH
M3BECTHHM),
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e oing o LA

Ker BEzaEO m3 (2.2) - (2.5), CTPYRTypa MOZENN MEHAeTCH B
3aBHCHMOCTHE OT PACCOI'IacOBaHUA BHXOAEHX BENVUNH HZeETufruupy-
€MOr0 SBeHA X H MOzeAn 7 .

llna mcclezoBaHMA BOSMOXHHX BUZOB ABNZEHNA B 9To#f cucTeue
3 (2.I), (2.2) = (2.5) onpezexmu Bexwuuny S

I=(ta-w) £). (2.6)

CornacEo (2.3) - (2.6) dymnum § ® 4 WMeNT pa3HHE 3HAKN.
loarouMy maoCpaxapmas TOYKA HA MAOCKOCTH /x, ﬁ / Bcerza noma -
AaeT Ha npfmynS ( #=0) u mocae monazesuA ABLEETCH MO o S
HYNeBHM DacCOr'ZacoBaHWEM B CKOAB3ANMEM DexEmMe,

[ipn padoTe CHCTEMH B CKOIBSANEM peXuUME yNpaBleHNe MEHdA-
efce ¢ GecKOHeYHO Goxpmo#f YacToTo#i. COrzacHo ZoompezeleHun
A.®.Pumunnosa [ 8] B cRomb3AmeM pexmve =0 &

.u=(a:/}~ (2.7)

Ynparnesme ([ = ™sacraBifer™ M306paxanMyD TOYKY ABAraThCH

mo mpswot § , mpuwex L , KaK 9T0 BuAHO u3 (2.7), 3aBM -
CHT OT napaMeTpoB &, . OzHako, peaamusayeTcs yHpaBIsnmee
Bo3zeficrBue Ge3s M3MEepeHUA STHX NapaMeTpoB 38 CUET CROIB3ANE—
ro pexusa. Heo6xozmuo OTMETHTH, UTO corsaceo (2.7) 0HO HBiA=-
ercA HenpepuBHO# {yHxmue#. DTO NMPOMCXOAUT MOTOMY, UYTO BBSACH-
HOe ZoonpezelieHHe yCPeAHAEST B KaxAuili MOMEHT BpeMCHN MEHANme-
ecAi ¢ OECKOHEYHO Ooxbmo#i uacToToft ympasnernue. OmpeZenmx ze-
lee cpeZHee 3HaYeHWE KaxZoro us ¢ﬁ' . Ina aroro 3axoH (2.3)
U3MEeHEeRuA ¢{ yZoOHee NpezcTaBUTh B Jopue

oli + o -Bi .
W = zﬁ + 2’5 ﬂgﬂ/zf' (2.8)

{

IycTs B TEUEHHM MaNOro MHTEpBala BpeueHn 4 4 XBIEHNS
B CHCTeMe NPOMCXOAMT cIezybmm ofpasou: Bpeua 4 Z‘, ABNIeRNe
cooTBeTcTByeT cTpyKrypaM >0 , Bpeus 4 4 2 ZABIIICHUE COOT=
sercTByeT crpyxrypau S < O, npmieM 4 Z‘,+ 4 fz = 47,



Torza

% Wit (' . ;
L'CP"Y( £ /8 /‘?n/) (2.9)
+[{—J///’4L /54 ﬂél ﬁ‘/‘iﬂ']{)
Tae }/— dé

Ws yomosus S=0 nmafizew smavemme § .
n
G, Ll di P :
Sleine e i (T
7 ik § ﬂ_‘u:‘rz/]/.  (2.10)
Z {’ég ﬁ‘/ d ¢ (
=

OgeBnano Y = conSt s €CIN OTHOmMEeHUe Ko3pjunueHTOoB IAmEeR -
HHX ()OPM NOCTOSHHO, T.€. A

—az-‘d‘;ﬂ‘ gk /zf/zf -a; A9 Fn

(< -/z-/ﬂgn-/; /x,-ﬁﬁ / /z;m f i

N3 (2,I1) moxydaeM 3HauEHEE /5" s NPH KOTOpPOM BEIHYH~
Ha 4  He MEHAETCA BO BPEMEHH

(’a;'é“‘;/ﬁ(ntﬂﬁ,,’/’f”ﬁ'ﬂ(" e xﬁ; ok ik
i T “atlo) yion f;
’;’5 /liﬂ/n_/-aﬂ- 2 //7/21/’ (2412)

Ecay Bce ﬁ YAOBIETBOPADT ycnoBup (2.I12), TO Y= const

”,5,, ’Cn

B B cuny (2.9) (/J, o = consS ¢ . CornacHo zoomnpezecieHAD
CROMB3ALEro pexmua " s =0 nosrouy B cuny avHe#iro# Hesa-
BUCHMOCTH QyHKIuil f; us (2.6) caexyer

Yep=2 umm %‘cp" a;. (2.13)



14

TaguM 00paszoM, ecIX ¢ =const ,TO USMEDUB CpeZHEE
sHauenme ¥ cp , NMONYUMM 3HAUEHHE a;*, Orcoza Bo3HAKAET
MHCIB: NOCIe TOro Kak BeauuuHEa JS CTaHeT paBHOH# HyaAw, IO =
Izaras Ko3(dUmHeHT Jéft NOCTOAHHHM, TAK MEHATH KaxAyD H3 (UK~
CHPOBARHHX IMHE#HHX CTPYKTYp Mogean 3a cuer B, ..., Bn-4,
YTOGH NOANEPEMBATH SHaueHWe J NOCTOAHHHM. HaMeTuM OZuH 3
BO3MOXHHX NOZXOZOB K DemEeHMD dTofi 3agaun. lmes B BUXy, UTO
B HCKOMOH#l TOuUKe b’{’)=0,£=./,. ., -1 , nomydaeM cucTemy
(72-I) ypaBHeHuit ¢ 72 =1 HeH3BECTHHMH /34,..., /Bn-4 . Pe -
WUTH ITY CHCTEMy MOXHO, HANpWMEP, MUHMMUSUDYS QYHKIVD

Z: / g (4 / OZHUM U3 HM3BECTHHX METOZOB IIOMCKa 3KCTpPEMyMa.
Efﬁfn OpHE TPeOYeMHX 3HaYeHUAX ﬁi 9KCTPEMYM eZXMHCTBEHHHi,TO
napaMeTpH Q, OyZy?T ONUpeAeNeHH NpH JOOHX HAUYaJBHHX paccoria—
COBAHUAX BENMYMH (1; ¥ WL cp. 3 ©CHM Xe SKCTPEMMOB HECKOIb~
KO, TO CYHECTBYDT OTI'PaHMYEHNA Ha AONYyCTHMHE HAUaNBHHE pac =
corzacosaHus. [[0Zpo6GHO BONMPOCH, CBA3AHHHE C MOMCKOM Tpeldye-
MHX 3HaueHu##t Ko3pPuUmuUeHTOB /3L s OYAyT DPacCMOTDEHH HUXE
IS CHCTEMH C ZBYMSA HEM3BECTHHMM IapaMeTpaMib,

3 ®3JI0XeHHOT'O BHTEKaeT CIOCO0 ONpeZeleHUs MapaMeTpoB
ynpapaseMoro o0wexTa. JefcTBuTEeNBHO, MMEA B BUAYy TOT daxT,
9T0 UZEHTRPMOUpYEeMHI O0BEKT ONUCHBAETCA ypaBHEHUEM

ax

T A% (2.14)

¥/ Ina memeperms § u ¥ cp. MOXHO BOCHONB30BATECH De-
NefEHM SNEMEHTOM, BXOZHAA M BHXOZHAH BENWYHHH KOTOPOTO CBA -
38HH COOTHOMEHUEM
ug _ A; npu Ug,> O 4 -const.
x| A, npu Ug, <0, 1 2
Cpeznee SHaueHWe BHXOZHO{ BENMYMEH B CKONB3ANEM DEXMME DABHO
U gorx. cp.=l41 3/+f42 /'/'J'}-
Orcoza BHTeKaeT, UTO ANA HAXOEZAEHRR J CHeAyeT NpUHATE
l[;;/?af vA=1 Ap=0 + 2 B18 %cffd&:/y/z/;J//Iﬁq,@ﬂ;
Cpennee 3HaYeHMe MOXHO NONYYNTH, €CNM BHXOZHYD BENWUUHY pe-

nefHOrO 3JeMEeHTa MPONMYCTHTH Yepe3 WHEPHUOHHOE 3BEHO C Mauoft,
HO Z0CTATOYHOX ANA (UIBTPANW¥ BHCOKOYACTOTHOR cocrasisvmeit
MOCTORHHYD BDEMEHHU,
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rze /7 - MEpHH#l BEKTOp X ¥ /7x /17 - MEpDHaf MATDHNA A za-
ZaEd cornacHo (I), MOCTPOMM MOZENs C NepeMeHHO#t CTpyRTypo#,
ABEEEHME KOTOPOit OmMMCHBaeTCs ypaBHEEHEM

Ay
a't

rae ¥ - Nx7 - wepnas narpnia C 3}eMEHTaMH W‘/ (6j= 4., 1),

=u} u: wx) (2.15)

"(‘;/' mpe J; x/- >0

%J o ,67' npE J; x"/-<o, Lf= 1., 1, (2.16)

aé;_/',ﬁ,/—con.ﬂ’, /a,/' sa,-g,@, (2.17)

Ji=Zi-Y; - (2.18)

B nanbHefimeM GyZeM CYHTaTh, YTO KOMNOHGHTH :z:‘,, 0 Xn
BexTopa X , XapaKTepusynmero COCTOSHHE CHCTEMH, SBAANTCH
AuHeHO He3aBMCHMHMU QyHKnuAMM Bpemesm. (Ecim, Hanpmep, Ha-
YaXbHHE yCIOBMA TEKOBH, UT0 9TH BEIWIMHH SABAADTCA IMHE#HO 3a—
BUCHMHME (QYHKIMAMHU, TO IO KOODAMHATAM ..., X, HEBOSMOXHO
OZHO3HAYHO ONPEZENUTh NapaMeTPH 00BEKTa).

Torza, Kak clezyer pacCMOTpPEHHO#l BHEE BCIIOMOTaTENh -
HO#l 3azaum, ecim yzacTcs HailTH TaKne QUKCHDOBAHHHEe 3HAUEHHA
/5¢j , 9T0 BEIMUMEH 47 , XapaKTepusynmue ZBUXEeHHE B CKONE~
3dlleM pexuMe N0 f;= O , ABAADTCH NOCTOAHHHMH, TO

Yep=A wm Yje,=a. (2.19)

Arax, npu ompezelcHHHM 06pa3soM HAaCTpauWBaeMHX NapaMerpax Mo-
Zeln ¢ nepeMeRHO#l CTPYKTypo# NO X8pPEKTEPUCTHKAM CHEOIB3AMEr0
pexuNMa ¥ MOZENM MOXHO OZHO3EAYHO HailTm napaMeTpH HAEHTHPUIH-
pyeuoro o6sexra. fues mEfopManub o KoahdmmuenTax a 4/
JPaBHEHHA yOpaBAseMoro o0beKTa, MOXHO OCYMECTBIAATH ynpamie-—
HNE C NMOMONBD MOMyYeHHOTo Bwme axropurma (I.I4), (I.I6).
llpoxnancTpupyeM Golee NOZPOCHO NpeznaraeMufl meToz ompe-
ZeJeEna NapaMeTpOoB Ha OpHMepe CHCTEMH BTODOro NOpAZKa, OHNA =




CHBaeuoft ypaBHeRMAMK

d.j:xz,

(2.20)
ox \
a,t.-azxz ax,,)

raze &4, Q2 - NOCTOAEHHE MNMapaMeTpPH, MNOAJIEXaWLMS ONpezens—
HuD.

BooGme romops, B MOZEINM C NepeMeHHO# cTPyKTyroff crexyer
CKaUE000pa3HO uEeHATH YeTHpe Koddpumuesra. Ho Tax xax ozxHC u3
LBYX ypaBHeHH{l, ONMCHBaDMUX WASHTUPMUUDyeMHii 0OBEKT, H3IBECTHO,
T0 MOZeNb BHOMpaeM B BHZE 3BEHa NEpBOTO NOPAZAKA

ady
dt = % '1'1 e 9u2 1’2/ £2.21)

rIe % R % onpezexswrcad coraacHo (2.I6).

He mapymas oGmMBOCTH pacCyxieBm#i, MOXHO OI'PaHWYUTHCA pac-
CMOTDEHHEM Nponecca HAEHTHUKanuy mpu X > Jun A, > a
Torgza, corzaceo (2.I0) zaua /2 = 2 mMeeM

Y = (A f) X, #(3)-B, ) X2
(dy =By )22, + (£2- By ) A2

TpeGyemoe 3EaUECHEE /5,/ = /270 , NpH KOTOPOM Y pasmsercs noc
TORHHO! BEIMUMEE W 41{,?- ) %Cf- a2, gaxozurcs u3 (2.12)

(2.22)

Bo= @, dz-C, o=l , Ryt s
” (Kz-az) (2.23)

Hoxaras ﬁ,—cwzﬁ-[ ' /2 const , H3 (2 22) ompezensex
BEINUUEY )~

= [ -A}/‘?Z'ﬂ’/ﬁé(z'ﬂt’//‘?/'ﬂ}]/jrz{"af 50,12 o
[/’9”/51/1'4 +/"z’ﬂz/ v’l"z]z (2.24)

CaepyeT CKasaTh HECKONBKO CJOB 0 MOJYYEHHOM COOTHONEHMH.
Eca# kBazpaTuuHas Hopua /D/r/- .2‘2 74, .2",-;‘622.2" Lp=0 , 0
NDONECC KACHTHPUKANUY HEOCYMECTBMM. [OACHUM CYMHOCTS 3TOr0
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JMABICHUA ANA CAyYad MOCTOAHHMX &1, H &, . Jna zellcTBETens~
HHX KOPHeil XapaxTepuCTMYecKOTO ypaBHEHWA HACHTHIUIMPYEMOTro
O00BEKTa €ro BHXOZHAS BENAUYUHA ABAHETCA CyMMO# ZABYX SKCNOHEHT,
® ecl} OZHO ¥3 CIaraeMHX OTCyTCTEyeT, T0 F (2 )=0 . B srou
cIy4Yae IO Beauuu¥He X4 HEBO3MOXHO NONYYATH EHPOpMANWD O ma-
pamerpax OGBEETa, TaRk KaKk CymMeCcTByeT GECUHCIEHHOE MHOXECTBO
INHEe}HHX CHCTEM BTODOT'O NMOPAZKA C TAKEM YacTHHM pemeHHeM.
Opx an6HX ZPyr¥X HAUAAGHHX YCIOBMAX, @ TAKXe AJA KOMINEKCHHX
KODHell XaparTepHCTWIECKOr0 ypaBHeHms Bexmuusa /~/x)=0 awus
mpr X, =Ty = .

HUrax, B nansHelimeMm Oyzem CUMTaTh, YTO KBAZpaTHYHA dop-
Ma 3HAKOONpeZeleHHA, 3a8BHCHMOCTD (ﬁ,) npeAcTaBieHa Ha puc.l.

OnumeM OZWH ¥3 BOSMOXEHX AQAT'OPHTMOB NOMCEA BEAWYKHHW ﬁﬂ:,
€Cl¥ TOoCHe BO3HMKHOBEHHHA CHKOIB3AMEI'0 DCENMa BEIWYMHA ﬂ p
JAOBIETEOPAST HEPABEHCTBY

B <B <, @)

rae B9 - mouxa sKcTpeMyma gymemmx S /B;)-

SyErumn ,{61 ] Ha MHTEpBale ﬂ B1s s 2y /) , MOXHO mpe-
ACT3BNTSL B BUIE ’

/(/ y g ): _/f vas ) / £ 3 6
g ;’./J"/’ S (/51// { .151 v,/gfb/; (2 2 )
rze gymenas o ///51] yAOBAETBOPAET COOTHOMEHEAM

0 < //‘/’/5,) /é A, (2.27)

A = nocrosmuas Beluuuma, He 3gBECAmAs or X, , A7

e 3/
7= e
il ﬂf” 05y (2.28)

L

e, 7
Sfion £
7 -
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ByzeM H3MeHATS /5/ ANCKPETHO B COOTBETCTBWM C QATOPHT =’
MOM

B, (t+1)= 4 (t)- Kk f/?f-/z‘/ Yit). (2.9
U3 (2.26) = (2.29) mmeex

Bi(t+1)=5, (t)-« ;%-//{/ LA ) [2e, B1o]. (2.30)

B cuny (2.27), (2.28) Bcerpa cymecTByeT TaKoe A ,IpH
xoropoué&m /5 i /z‘ / = /6,0 » 9T0 ¥ pemae? NOCTABNEHHYD 3a-

Aagy.

[ipEBezenHNl QATOPMTM NOXYYEH B NPEANONOXEHMH, 4TO (QyHR-
nes  J JB., ) He MeHseTCH BO BpeMeHHE. B JelicTBuTeNBHOC -
TH KpEBaf, H300paXeHHaf Ha puc. I, OyzeT cMemaTsCcA 3a CYer
msMeHeEms X, u X . loaroMy BeawumEa mara B (2.30)
ciexyeT BHOpaTh TaKyD, YTOOH 38 BpeMd NOHCKa TpedyeMoro 3Ha-
YeHHA _/5 4/ 9THM WSMEHOHWEM MOXHO OHIO mpeHedpeus.
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STRUCTURAL PROPERTIES OF DYNAMIC-SYSTEMS

Dr. Miomir Vukocobratovié¥

and
% ¥

kand. tehn, nauk R. 5. Rutman
Introduction

Dynamic systems may be considered from two different points of
view, One approach deals with the system behaviour in the time domain,
while the other is concerned with the system structure and its behaviour
in parameter space. The second approach considers the following proper-
ties: sensitivity, adaptivity, invariancy, parametric compensation,

. controllability and observability.

Parametric Invariancy and
Zero Sensitivity

Perturbed motion can be represented in the form

Ax = Ulx,pap + @(ap) - (1)

where Ap is the parameter variation
U(J!,p)- sensitivity operator at the point (x,p)
@) (Ap)- lower order terms with respect to Ap ‘
Parametric invariancy /8/ Ax(¢)=0 ¥?  imposea rigorous
constraints on system properties. There are rew cases of practical
interest where this property can be reglized for arbitrarily large
changes of system parameters. .
Zero sensitivity, which is defined as no variance of the linear
term of the characteristic coordinate when the parameters are perturbed,
offers greater possibilities.

The linear part of the perturbed motion is

0% = Utyp) AP @

Institut bihailo Pupin, Belgrade

Institut Misiuovedenia, bioskva
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Thieé means the sensitivity operator U(x,p) is identically zero for
arbitrary A p.
When the system behaviour is described by the gstate vector
X =[J<1) L, e,y an , and the parameter vector p = [pl,pz....,pm}.

the sensitivity operator is the matrix
a.x,
2;5

Where
1i=1, 2,000y 1
J =1, 2,000y, m
All attempts to obtain zero sensitivity U = O are based on
two physical principles:
a) include the perturbed element in a loop with
infinite gain /1/,
b) compensation of perturbations by parallel signal paths /2/.

Both methods are derived from the requirement of zero sensitivity.
The basic task is to set up simple rules to select for the given :
structure such values of transfer functions of the additional paths to
ensure zero sensitivity w;th respect to the desired parameter.,

As an intermediate result)the topological sensitivity expression
has obtained which corresponds to the linear graph of the arbitrary
structure, that represent the generalization of the result given in
the reference /3/,

Zﬂff, : (3)

=7
A3
where \& are sensitivity dipoles /4/, /3,' is the weight of the i-th
b

transmittance for three characteristic positions of the varied branch

5 Ra
with respect to the i-th direct path, /3£=—/_L=_Z’-"_"P' , and n is
‘AL

the number of direct paths of the graph. £=s

Z s )

t=71

Zero sensitivity
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can be realized by compensating one dipole by z=nother. The
necessary conditions of zero sensitivity for the graph not con-
taining the perturbed contours which do not touch zny of the direct
pstas are:

a) the existence of at least two direct paths,

b) the existence of at least two not coinciding positions

of the perturbed path.

These requirements determine the structure of the graph hzving
zero sensitivity. They.zalso permit the elimination of structures

.
in which it is not possible to satisfy the condition J, =0, Tue

equation
m n )
Z B r PG (5)
i=l+s r=mee

for the selecticn of parameters resulting in zero sensitivity was
also derived. %This equation gives the necessary and sufficient

conditions for zero sensitivity.

In this manner the topological approach to zero sensitivity
is generalized. It is supposed that for the first L direct paths
the varied branch has position I, for the next (L + 1) to m paths

position II, and for the remaining (m + 1) to n position III /4/.

Transfer of the direct dipole is dencted by'xﬁ,, transfer of
the inverse dipole inserted in the varied branch of G by.ﬁby, and
trensfer of the additional sensitivity sub-graph for position III
OV Yaad,i*

Relation (5) reduces for the graph uot containing the contour
in contact with the direct path to

‘h .

2 B =S4 (6)
t=lyr

In the simplest case n = 2, i =1

A

This condition salleows the constructicn of a system with zero

g
A
~J]
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.
s:nsitivity\& « It czn be done by usin
direct paths between the nodes 1 and 2 (Fig. 1). In this case

Sdi': = //(/—-aéc/’ 3 ﬂz = Qé//(dab +eb/)

According to (4) one obtains the «nown relaticn for

"eonditionzal feedback" /2/

cab =it

respect %o the branch e, It hus the

' ;i AZ‘*73£h gy ‘dé% 59
+Rd, +RA A e
ot
abch +ag (1-cd) _ J— cd —abchf
aekch+ abeh rag(f-cd) . 1-qe-cd-abchf-aekchf + aecd

Putting ¢ = a, e £ o, cne obtaius
2 2
k- _a‘dqg-a’bdh+abh-2adg +g T
a’olfg -abg radh —h g
This exuample exyplains fully the synthesis ¢f systems for
zero sensitivity. The muin points are sumarized follows:
a) the graph of the initial systenm is alyzed fro B
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point of view of zero sensitivity,
b) correctio: puths zre added so that the graph .sat-

isfieds the conditicns for zero sensitivity,

o
~—

the parameters of the correction path are selected,

There is unother ap,roacn to the synthesis of systems having
zero sensitivity. The Laplace Transform and the system of

linear second order eguations zre used

[4](z) = (X} (11)

wierc X, X are the transforms of generzlized coordinates wnd

inputs.

Tiue gsneral element of A is
A

Ciy are the coefiicients of inertial, dampeld and

‘e 2 .
J= ety by 912G,
where 4,/ i)
elastic aembars of the dynamic system., In the general case, all

the coefficients of A depend on the parameter vectcr p.

The matrix sensitivity eyuation is obtained by differen-

tiating (11) with respect to 8

(@} = -[AT"TA"]{%) o

‘.v'nere[A('f] is the matrix of the derivatives of [A].

Using ( 12), the zero sensitivity of outputs is given as /5/
{u}=0 ( 13)

N
. 5 54 A =
A9 4 e ap =2 ( 14)

where
k,‘k - algebrzic compliments of[A]
A(5) - characteristic polynomizl of the system.

In z2dditicn to zero ssnsitivity of outputs, the zero

£ 3

sensitivity of the stzbility index was also defined /6/



. 3 9a, _ 37 2§
v (-Ba-(Fwm g
e, o 37 3% 9 (15)
o w, o oy
24, _ 2 ?}' o 3‘(1-9_7.\;3{_
AN (a(fb"é%g'aj, (’5?9/2 =

P ap ey _ % i (26)
U, 2] 24,

under the condition
) s i 4 X
o da, I %,

Zero sensitivity of outputs covers zeros and poles of -
system transfer function, while zero sensitivity of the stabili
index deals only with zeros of the transfer function. Therefore
zero sensitivity of the stability index gives only necessary
conditions of insensitivity of outputs. If the parameter :
involved in the nonsensitivity of the system is not contained i:
the corresponding algebraic complement of (14) the conditions
for zero sensitivity of outputs and the stability index coinecid

Relation between Zero Sensitivity and Parametric Invariancy
Zero sensitivity is enidently the nec?ssary condition f

parametric invariancy and parametric invariancy is a sufficient
condition for zerc sensitivity. For the class of systems con-
sidered above the relation between these concepts gives necess
and sufficient conditions,

Let us represent the transfer function of the graph in

Mason’s formula as
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T Sl k4
T-A-

P ¢>Qkp ( 17)

P P P 3 3 3
where AP =, , Lg do not depend on p. By logriihmic

differenti-ticn we have (Lynch formula)

T ] 2
—_A—_Z { 1
S i

P e ST
Equating the right side to zerc cne obtains the cen“iticn for
zerc sensitivity
P P
EA. =t Zé_ ( 149)
arEE el
Using (19) the expression (17) reads
p
pr; _
A

C) implies that the system transfer functicn in
¢ seasitivity Joes not depend on .the periurbed

refore for linear time-invuriant .systems having =

of the form (17), zero sensitivity znd para-
ic invariancy zre identical ccncepts.

Tnis fuct i: z2lso evident if z recurrent relution for
aizgner order seasitivity of the linear time-invariant systen
is written[¥/

{-a} . —(:}[A]’[A"f]{;?} —(})[A]'[A('(-f-)]l/a'(t)} _
 (E)[AT A G e (G JAT AR )

f
L3

S : 5 Pl &R : (%),
where £ is the order ¢f the sensitivity function ( U= S0t
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while the same index in A means tne ccorresponding

The condition for identically zerc seunsitivity and
invariancy requires the parameter to be linear in form., Under

ne s.me conditicns, the identity of two properties is guaran-

teed for tne stability index.

For the sake of illustration, consider the gra
Let the trunsfer function a = ¢ correspond to integration D °,
and the other triansfer fuancticas be numerical coef
€ ='Q41 ) Jc=a/2 ] 6fe/(=q2/) d"'azz J Cf;—'ﬁ, Cz=

Then the graph corresponds to equaticns

3~

= Ax (

o
4%
~

¥y =c’X

If k=-% , the parametric invariancy with respect to
. 2
v 8] is
&l < = ¢} C 0y Azy = Const ( 213
7 2611, *Cz az1 - ya/z‘ ,Cz z8 "= S \‘_3/.

This is valid for any € aud aas tne form

£
bies C%a,, 4

2

0
o
n
-

Relation (24) makes (23) an identity. For a = = D = =2nd

b ziven by (24), the choice of k=- &

guaerautees not only zero
2
sensitivity with respect tc €, but parzuweter invurizncy as we

Synthesis of Parametrically Iavuriznt Systeus

In order to avcid the measurement of system perturozsicus
in cu.se of parametric cutputs (22) it is aecessary to iatroduce
additional linear relations, This procedure will b: ex;lained

using tue seccnd order system of Fig, 4.
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The conditions for parametric in

variancy are /Jy

e SRS NS e Y, ( 25)
where g;j are the perturbed values of the coefficients. 4s secen,
the ianvariancy of the "measured" sum of the column elements of
A in (22) assures the invariancy of y(t). Fig. 5 shows the
Srephs with additicnal relations assuring output invariancy with
the pertuybed elements drawn witi heavier lines.

The' synthesis algcritham of the second order invariant systen
is followingl9/:

1, A unit branch is inserted vetween the end c¢f the
perturbed braanch and the noile ii.
2. The end of the perturbed branch is the origin the
2dditicnal branch ending in the nmode X, . -
3e The transfer functicn of the zdded branch 4 is equil
to -i"__. =
Cits
4, The branch a; 1.3 is replaced by f having the trans-
fer function
e :
c—;— QJ-'J-t’ + ci;aJ'!LJ-_‘f
Jt1

Introducing two additional relzticuns one can realize invar
iant systenm yith respect to two coefficients i3 sinultaneously,
However, they cannct belong to the szme column cof A, Fig., 6
shows the graphs of such systenms,

Pig. 6a corresponds to perturbed coefficients in the main
diagonal, Fig. 6b on the other disgonal, Fig. 6c in the first
row and Fig. 64 in the seccud row of a,

4 third order system is given in Fig. 7a. The corrected
sraph assuriang output invariancy with respect tc a,. is given in
Fig, Tb. In this case, the following relations hold
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c;qf
e ( 26)
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d

L = ¢,6 (C1 @y # Cy Qzg) = CC2 (C,Qp + C3 czj_,)

In an znalogous way the synthesis of higher crder

invariant systems can be done.

Zero Sensitivity and Unobdservubility

From the relatica (20) z2nother ccnclusion m.y be drawn:
zero sensitivity is rel-ted to tiae purtial compens=zaticn of zeros
and poles of the graph, This implies unobservaoility of part of

the systen.

Zerc sensitivity and uncbservability can be made explicit
by transforming the basis in the stute space [f0]. Thais trans-
formzticn lezves the output invariant. For the system (22) and
c1=02=1 the required transformation is/;_;/. The system (22)
becomes

¥ 3 a; o et
o = € % 2,
z" all azz

=

wnere

*® ' *
Ay =Q +Qzy | Qy = % (@4 -Qzy +a,2—Q,,)

x
Q,,; = 21 (Q4y - QA7 -Qpa "‘le)

- 3 - 3 -l s 'Ry 5 £ y 5 -y TS .
ria. fr.a the untransformed structure (Fiz. 4),
- P A N Ry T T 1. PP . . itner dirsctly
sae coordinate x. does uct affect the ocutput y either directly
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: % : - A ;
or viz x.. This struciure is czlled jegenerate, According %o
¥ (=
b o - o 4 *
fafy 4t ail in (28) is constant, pa=remeters belonging to a ,, and
ect

on the cutrput.
There are two cases:
4) zero sensitivity leads to = degenerated structure
withcut the transfirmztion. of +the bzasis
0) & system with zero seusitivity is not degenerate;
degenerztion is the result of the traznsformaticsn of
the basis.’
The first case is trivizl; the seccnd possibility isolates

the nontrivial solutions %o de used for the synthesis.

The conditions of zero sensitivity eliminate the degenerate
cases (Li=0 for position I). For the direct path, i.e. one not
toucaing the perturbed contour, the cases a) and b) zre possibdle.

We shall illustrate using the graj;

hs of PFigures 9 and 10,

For the grapan of Fig. 9 where

l, —-ade . lz =cge , 5_;=a.bcg:f

coadition (5) is

(1-t)l, = 1(L1+¢y) ( 29)

or cde +71 =0

-~
(o¥)
-

~—

the condition for zerc seansitivity (8)
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=(1-b-L,)h == (1-L,)h(1-L,) ( 33)
Sives L[z=0 or h=0. In other words one of the transier

functionas 4, e, £, & or h must be zero which results ian the

Zero sensitivity based on zlgebraic parameter relaticns is
rel-ted with system decomposition. This approzch is essentially
iifferent from the previous synthesis procedures reguiring addi-
tiocaal paths, The relations between outjut insensitivity,
Stability index, znd deccmposition will be considered c¢un the

simplified model of & railwzy vehicle (Fig. 11),
M + 2(ciecanc)x, +2[(46 +G)a = Culy = +4)] 5 =&,
J& +2[ca-c (4-a)-C (h+t,-a)le, +2L6ar, ¢ 3%

+ e, (L-a)% & CL L, -Q)ZJJ(Z o b7

wnere

X, - is translationzl oscillation in the vertical

X, - is rotzticnal oscillation around the center of

gravity
Cys Co9 c3 are rigidity coefficieats of tne sus_ eansiocn
system.

Conditions (14), (15), 2nd (16) for invarizncy of &k , i.e.
"2

f 20d ¢),, with respect to c, are

L ( 35)
CS 1 4

n
L

0]

ot

(€]

;
—
(¥

+-
~

This relution assures the decoaposition of the
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into separate vertical oscillations and oscillations about the
center of gravity.

Controllability
This approach is based on the assumption that the plant

is known. The constraints on the variables are also removed so
that controllability in the structural sense is considered /11/.
This implies the following model

i = Ax + Bu
y = Cx (36)
x(to) =X,

Elements of A. B and C are integrable functions on [to,tf] .
The perturbed solution with respect to p-(pl,...,pn), is

dx(t) =Ul%) dp 37

Iy (&) = c&)[VL)ip)] B
Elements of U are aolgtiona of the sensitivity equations
U =AU + df/a,‘}' /=1,
Thgre £fzAx+Bu
= (39)
(/ = Jﬁf - gensitivity vector with respect to p

If some or all components of y(tf) are zero, the syétem
is partially or completely insensitive. Therefore a close
relafionship.between controllability and parametric invariancy
exists. If the matrix is in quadratic form (N=J) controllability
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requires C/to be anonsingular, The vontrollability criterion
based oa {/ is more general since it does not depend on mathe-
matical models but on the perturbation respounses of rezl systems,
Hence the verificatioa of controllability can be extended to

ystems wnich are practically impossible tc describe by

U

lurge

means of stzte equations.

The structural approach itc controllability yields some
further icformation zabout systen structures which lead to uncon-
trollaoility. Tue system (36) is completely controllable if it

is not algebraically equivzlent to a system of the type
. " 1 12 2 7
x'=A4"x"+ ATX + By

Jéz____ /4”'12

( 40)

Thus non-eguivalence ¢f the model of a dynamic system to
the modiel (40) represents = criterion of controllability. Con-

ing the physiczal rel.tionship between conirollzpility and

(

ameter compensation, this may also be expressed in the
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Fig., 1. Graph with two direct paths

Fig. 2. Graph with two direct paths

Fig. 3. Expanded graph with two direct paths
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Fig. 6. Graph of the system with compensation loop in the

case of two parameters chage’



T TS

Fig, 7. Graph of the third system order for the case
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Fig. 8. Graph of the transformed structure with compensation

loop for system in Fig. 4.
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Fig. 9. Example of a nondegenerate system with the property
of zero sensitivity

Fig.10, Example of a degenerate system with the property
of zero sensitivity
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Fig.1ll. Mechanical model of a2 three-ahle railroad car
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NEW DEVELOPMENTS IN THE T.C.F. METHOD
FOR MULTIVARIABLE CONTROL SYSTEMS

Armendo Phagouapé

~ Engineer, Professor

Faculty of Chem.Engineering-Santa Fé
IMAF-University of Cdérdoba-Cérdoba
Argentina

SUMMARY

At the Symposium on Multivariable Control Systems sponsored
by IFAC end held at Disseldorf, Germany in October 1968 a pa-
per on Tetransfer Control Functions (T.C.F. Method) was pre-
sented which describes a matrix approach to obtain the funcs
tional relation between input variables and output variables
of a system. In that method a new type of matrices, called
gelfstructured, was developed by means of which the desired
relation can be obtained guickly ewmploying the tranéfer func-~
tions of the component subsystems.

In this paper the method is completed by means of uew de-
velopments and at the same time attention is paid to the ques
tion of obtaining the required answers from & system by the
adequate use of control vectors which act on the system to-
gether with the normal inputs of the controlled system which
are generally considered as perturbations.

Finally the possible application to an Analog-Digital sys-
tem of computation is outlined.

1.0.0., RECAPITULATIN

Fig. 1 shows the form of the connection between n simple
feedback systems to obtain a multivariable system quite fre-
quen in practical applications.

(1) , (3) and (4) shows the corresponding functional rela-
tions.,

(1) is a 2n order selfstructured matrix of the type indica
ted in (2) .
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e l Vi
1 A L] /
h Xan
I | = e 2 e ?:j (4)

[T] unitary matrix

| [HM] I[I]+ [H"hj'[ém]‘ : o 1 owlat

m n
(14 (-1
{1 0 “« !l 0
6)=1] “of S e
o M| o 4 | @l
L . { @Gn (2) _._u% - e e
( a [B) 1(1)+(8)-(a)
- 44 0 M.\ =
[H ]: -1\\ . k 4) =4
ol

(3) and (4) in their turn show the structure of the funds
mental blocks of (1). The corresponding demonstrations are
found in Referencel,

In Fig. 1 we observe that the outputs of Gi and Hj act
directly on the algebraic summing points A and B without any
transformation. The connection carried out between the sub-
systeme is also direct, although in many cases in practical
applications there appear transfer intermediate functions in
the connection. An example was shown in the Destillation To~
werl ., Therefore we generalize now the method for cases as

shown in ®z. 2 .
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2.0.0 ,
Every suhsystem in this figure is now provided with the
intermediate Gecj and Hsji.
Igi and IGj also appear between the laterally connected

subsystems. We slightly changed the nomenclature to make
easier to work with 2n order metrices.

2,1,0 CONNECTIVE JORDAR MATRICES

Now, in the matrices we must face two facts: First,
Gei = Hsj = 1 ; Second, X\, L_“"' must be substracted from

ci
Xh(‘m) instead of Yh-, ‘_ » a8 was done in the
C 5
matrices corresponding to Fig. 1 , 'énd in the same way
)’9““) L6  Lust be substracted from XBL .
Gs(i+

Therefore in the Jordan matrices corresponding to the la-
teral connection, &s shown in (3) and (4), the eleuments o:’c‘
the second diagonals will not be umbers 1 any more, but
the new connective tramnsfer functions ILg; and LGj «

(5) and (6) are obtained in this manner, which will form
the structure of (1).

& Jordan b
4 4 \
1 ‘;Gl LG O ey G_S" O
. - (5)
S N LG \ :
\ -1
0 ‘" 0 \__._
~ J\-G F it GSru
r1 W (.‘_ o \
(@) ¢
-0 -L“‘ 4 ’\
L TS NG (6)
& i o
{
| LMy, {’ | = Hen
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2.2.0 MNODIFIED TETRANSFER SYSTEMS

Let us consider now that Lg; = Ig; = 1 and, on the other
hand, that Gej and Hej are different from 1. In order to use
the T.C.F. Method the total system of Fig. 2 is transformed
in the equivalent one shown in Fig. 3 . We have then the ma-
tric relation (7) whose matrix is selfstructured.

As we only look for the relation between the variables
Xn 5 Yp » Xg and Yg , Hsj and Gej must be eliminated from
the vectors of both members of (7). For this purpose the
operation indicated in (8) will be carried out.

heHs] [ | 1%,
| n -0
M ) E

o | PR NP - %
LN N S
|| IR DR |

| Xlu, J L | / \YQn-GCn/

(7)

r\ ¢ \ Y ( Y(y )

ol fh ! I %

: vro {\ l'O

' \\ 4' ‘ MATRIX \\ l

LN I S | L | T N B S o

);(hl |‘4 (7 lcc\, Yg‘

\ \
: o I\ 0 E ec
thj \ | 4' i ; Yg,,)

\
7
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éaking into account (9) , (10) , (11) and (22) in (7)

(9

()

G ]
c{ o
\
\
§ O -GCn’
” '\
He,
\ O
. o g Hsnd

=& 1o

=1

(&)

—

= (K

and multiplying the matrices (8) block by block, we will
have the following two succesive steps

(13)

A — — — — o—

— a—— — — a— —— —— amm— —— e—

/

/

(14)
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(14) is the functiomal relation in this case, but its ma-
trix ig not selfstructured.

[G;'n] and H'cn are obtained by means of the correspon-
ding Jordan matrices in (5) and (6).

In the more general case I‘Gi and Igy will be different from
0 and 1 in (5) and (6) (Cf Fig.2).

On the other hand, if Ig; = Ig; = O, the subsystems ere
independent from each other (Without connection).

If Lg;, =1gy = 1l we have the direct connection correspon-
ding to Fig. 1 .

The more general matrix is them (15) which is the functio-

nal relation corresponding to Fig. 2. (15)
f r‘— N I VL \ ’i LG. w :4_ N
Hg, | |Hs B 6s,
\ -\ g X I,q 3 \
\ I \ 0 . \
‘) A \ e
N Hs"‘/ l . Hs“; \ : i; \ 65"4
PTG P Sl e e et
v |l JOR R [ [} 1t JEL
“‘Lui Cy S I 6C| “C| Hg‘ \ \ Gsl
! \ \ Vot gy N
YRR R AN AN A AR
bl Y Yala Ll c ) Bt
L ‘LHI—A‘ \ ch‘ L Hs.-.,r L Gcm \ ‘Lﬂn.li‘ ke “Cn L ks", \ 4-, \ So)

\

Therefore this general connective’system with 4n variables
is equivalent to the system of Fige 4 with transier matrices
(5) , (6) , (10) and (12) and the input and output vectors

)(g‘ yl yhl Xu
b= | 9= t)=| | =] | v
@ ygn yhn \Xl"n

related by mesns of the total transfer matrix (15) .
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It is a structure of four blocks, each obtained by simple
algebraic operations between diagonal or quasi-diagonal ma-
trices of the order n .

The selfstructured matrices are a special case of (15),
and because of their properties constitute in this way the
algorithmic tool of the method.

3.0.0 THE CONTROL VECTGR (In) .

The use and design of a control system of any process re-
quires the menipulation of variables [xh] which permit ite
control, so that the values of output [xg] follow a cer-
tain evolution in time. As there are also normal inputs
[xg) in the system we deduce that it is importent and also

x2ry useful to obtain the relation which determines these
mtrolling veriebles [In) in function of [Xg) and

fg]' It is just the T.C.F. wmethod which gives this rela-
ion directly.

From (15) we then obtain (17) whose vectors are those in-
dicated in (16). -

FIELD S , (IF)

b=(H0g + T Hee e

The Xhj(t) can thus be obtained in function of the desired
Ygi(4) end the acting Xgj(g) -

4,0,0 COMPUTING AIDS

With the help of an Analog-uvigital Computing System the con-
trol can be arranged in such a manner that programming as
data the desired precetermined output functions [Yg(t) and
receiving continuously the values Ffor the input perturbations
[Kg(t)] it computes the velues for Zni(%x) which, introduced

through the snalogous part in the control sysiem, will make
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the total system carry out the desired performence (Fig.5).

5.0.0 EXANPLE

Fig. 6 indicetes lateral connection between two tetransfer
systems in which the differential and integral functions of
each block (field %) are shown together with the correspon-
ding transfer functions (field s). Therefore the control in-

put pair ZXnl(g) @and ZXn2(g) will be

Yo | [L 0)[K2s 0)[L 0] [Xqe
; s A5 _F
Y| (1 LJL 0 -Kejlo Ky ng(s)
¥s 0) i o]fxes oML OYft LIES 0] (e
+ +

0 1] |1 Ylo «lo xg)lo ¢ o-Ks Yot

Xno | [es 0 I[ais)] [tk ks 51 ]
= . _F K4 ¢
Khag) LK Keka) DMaafs) [ -Kika L4 KEEER7_ K20 fly

Xh =" -Kzs.Xgie) +( k3 +Kik2) Yo,l) + ~= K2K5 YQz(s) (18)
Xhzls)= Kzs Xas) - Kk Xg215) - KKz 79:(5)+[i+ —5‘2"’—'9' K—;‘;(S ]-)‘31{5) '

X (t) =-K2d§—9t'(t) +(K34Kk2) Yo) 4 225 K 7'9 2.(t)

(19)
Xha(t)= K2 %‘tﬂ -Ke K7 Xg,(8) -KiKz Ya,0) +K5tek75)’gz(t)+( l—%‘))’gzk(:)

Of course, only an analog computer programwed according to
(19) can used. Here the possible application shown is in-
dicated without going into details which would add nothing

to the idea itself.
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6.0.0 THE STATE SFACE

It should be noted that the concepts of Controlability and
Obgervability, so much used in lodern Control Theory, are not
yet used here because this paper develops a analytic method
and is now at the stage of obtaining the functional matric
relation between the variables of the tetransfer systems wi-
thout any reference to the state-space formulation. However,
in the next future, investigation and develorment of the
T.C.F. Method will take care of that aspect.

Reference

1. Armando Phagouapé- Tetransfer Control Functions-
Reprints of the Symposium on liultivariable Control Systems-
IFAC- Dlsseldorf-Germany, October 1968.-
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0 IPOBJIEME. CIHTE3A I/HIBAPPIAHTHHX CHCTEM

BeamgeRERO B.B.
MockoBckait Qnsnno-rexnnqecxgﬁ HMHCTATYT
Mocksa
CCCP

llpoGrema CHHTe32 MHBAPAAQHTHHX CHCTEM COCTOMT B pPa3padorT—
Ke MeTOXOB OOCTPOEHHA peryiAdTopoB, OCecHeYMBADMHUX HESABHACH-
MOCTH ONpefieJieHHHX [ORasaTesell RavecTBa CHCTeMH OT HelficTByn-
mPX Ha Hee BHEMHHX BO3MYWEHHH.

YrasaHHag OpoCieMa HMeeT COJBNOe SHAYEHHE M OpHBIEKaeT K
cefe BHAMaHNE MHOTHX Hcciaepmomarteefi. Teopus MHBApHaHTHOCTHA
JHHEHHX CTAlMOHADHHX CHCTEeM ¥ CIOCOOH peaiusalldd Ha ee OC-
HOBe MHBApHAHTHHX TEXHHYECKHX YCTpPOiCTB pasBATH B padoTax
T.B.liunanosa, H.H.lysmsa, B.C.Kyaedaxmea, B.H.llerposa B npy-
TEX aBTOpPoB. 0G30p OpoGieMH H OOJy4YeHHHe B 9TOi# o6xacTd pe-
3yABTATH OTpaxeHH B padoTax — R 2. Psp pesynrTaToOB, CBA3aH-
HHX C HCCJefOBaHWeM YCJOBHMHl MHBapMAHTHOCTA B JHHEHHHX HecTa-
IMOHapHHX M HeJMHeilHHX CHCTeMmax, H3JIOKEH B padoTax 2'6.

llorazaTen® KavyecTBa, UbS HE3aBHCHMOCTH OT BO3MymeHHH
o0ecleunBaeTCH OpH NOGTPOSHUA MHBAPHMAHTHOX CHCTeMH, ABIANTCHA
(YHKLAOHANIAMYA OT [pPOTEeKabIUX B CHCTeMe [pOIeccoB. JTO OGCTOA-
TeJBCTBO ONpefesifeT BapHAalMOHHHHE XapakTep OpoCJeME HRHBapHaH-
THOCTA ' ¥ NO3BOJAET IAA €e HCCJIEeKOBAHMA MCIOAH30BATH MATe-
MaTH4YecKuit amnapaT COBPEMEHHOH TeopHd ONTHMAJIBHHX cncrems'g.
Ha ocHOBe BapuauyOHHOT'O MOZXOXA K IpoGjeMe HHBADHAHTHOCTH
J.J.Po30HO3pOM 7 [OJIHOCTRO pelleH BONPOC O HEOOXORHMHX ¥ XHOC-
TaTOYHHX YCJHOBUAX MHBADUAHTHOCTH JMHEHHHX HecCTallMOHAPHHX
CHCTeM B COBepUEeHHOZX MHBADHAHTHOCTH HEJMHEeHHHX CHCTEM.

Pa3euTre BapualMOHHOTO MOAX0AA B HalpaBleHWH MCCJELOBa-
HUsA OOJNBIMAX Bapualmii QYHKIMOHAJA [N03BOJSAET NOAYUATH DAN HO-
BHX pe3yJhTATOB B TEOpPVA HMHBADHAHTHOCTH HeJHMHEHHHX CHCTEMs
B HacTrodAmeM LOKJIafe CHOPMYJIMPOBAHH HEOOXONWMHE X ONHOBpPEMEH-
HO JI0CTaTOYHHEe YCJORAS MHBADKAHTHOCTH [0 BO3MYNEHMO X IO
HAYaNbHEM HaHHHM IS CHCTEM XOCTATOYHO Oo0mero BUZA M Ha 3TOH
OCHOBE pelieHa 3afaya CHHTe3a KOPPeKTHpyrue# memud, ooecledd-
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Bapme#t MHBADHAHTHOCTH HCXONHOI'0 HeJMHe#HOTO OOBEKTa.

I. dOpMyAMDOBEA 3agaud
CmHTe3S RHBADHAHTHOH# CHCTEMH OCYMECTBISETCA HA OCHOBE yCJO-
Buif HHBADMAHTHOCTH, KOTODHE MH copmyadpyesm HAd clenywme# 3a-
navd,
IlycTs chcTeMa yOpaBieHAA ONMCHBAETCHA A —MepHO# cucTemoi

IAGPepeHNAANBHEX ypaBHEHMR
:'c(t‘)=f(x,a.,f), (1)

3mechk X -BEeKTOp A30BHX KOOpHHMHAT, & = w(t) OpencTapilger
Cco60o# BEeKTOp BHEMHAX BO3MymamummuX Bo3xeiicTBuit. B KavecTBe MO-
KasaTelii KavecTBa OyfeM H3y4aTh QYHKIUOHAN

I, )= P=(T),T]. 2)

onpefiesieHHHA Kak QyHRIAS P(x,¢) 0T KOOpAMHAT cmcTemH (I)
I BpEeMeHE B ODEJIHCAHHHH! MOMEHT BpeMeEH | . MomerT T  Mo-
EeT OHTh (MKCHDOBAHHHM, JHGO ONpPENEJATHCS BHIOJHEHHEM HEeKOTO-
POr0 YCJOBHS OTHOCHTENBHO HepeMmeHHHX cmcTeMsl(I). B odmeMm ciy-
9ae MOXHO CUMTaTh, UTO OH ONpelesNAeTCA M3 YCJAOBHS HLOCTHRCHAS
tpaextopuet x(¢),¢  cmcrems (I) rumepHOBEpXHOCTH M ;
ollpenesnfemMoil ypaBHEHHEM

M(x,¢)=o0. (3)

HexmneHOCTE 3afavd B OOmMeM cCJayuae He MO3BOJAET CUUTATH
BoaMymeHMs «(f) coBepmeHHO NPOW3BOABHHMEA. BO BCAKOM CIydae,
IPAXONUTCA OTPAHMYMBATH KJACC BOSMYMEHHHA TeMM BEKTODP—pYHKIAA-
mp «({) , KoTopHe He BHBOZAT TOUKY {X,u,t} A3 06aac-
rn G onpeneneHEs Opapoit wacT® cucremu (I). Bce mocaenymoluue
OOCTpPOEHAS MH OymeM OPOBOXUTE IS 3afaHHO 00JaCTH A
n+4 -mepHoro mpocTpaHcTee XXt 1 CUMTATE RONYCTUMHME BO3-
MYMEeHAAME KyCOUHO-HEeNpepHBHHE BEKTOp-PyHKmEn (%) , OpH
KOTODHX BCfKas Tpaekropua X(¢), ¢ , naumHammascs B A ,
nenuxoM npmiapnexnt A u xammas Touka { x(4), u(t) t}
opuHapnexur G o Oymxmmm  f(x,u,t), P(x,t) 4 M(x¢)
NpennosoxiM B G HENpepHBHHMY OO BCEM [EepEeMEHHHM BMECTE CO
CBOMMM YACTHHMA [POM3BOTNHHME [0 BTOPOT'O HODSAAKA BRJOUATENBHO.

ByzmeM roBopuTh, 4To cucrTema (I) P -mmBapuanTHa Ha M
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[0 W , ecJm Ha ee TPAaGKTOPHAX, HAYMHADUEXCA B TOUKAX
{x,t}je R , 3HaveHme (ynkumomana (2) He 3aBUCHT OT BO3-
mymapme#t BexTop-pynrxmam w(¢) . IocraBEM 3aKavy 06 OTHCKA-
HAWM yCAOBHi, OCeCNeUMBALIEX MHBAPHAHTHOCTH CECTeMd (I) B
JKa3aHHOM CMHCJe. B Takoit gopue, AmiAnmeiica odoCmeHHeM HOCTa-
HOBKE [pOCJIeMH CJIaG0# MHBAPHAHTHOCTH ', MOXeT GHTH CcHopMyiaH—
pOBaH WMPOKEH# KPYI' BOHHKAKIMX B TeXHHKe 3aJad, B YACTHOCTH,
X B TOM CJydae, KOIZa IOKas3aTeJb KauecTBe 3afiaercs QyHKIEO-
HaJoOM B Apyroil, Hanmpmmep HHTerpaiabHOR fopMme.

2. HeoOxoxumoe ¥ n0CTATOYHOE YCJIOEHME MHBADUAHTHOCTH.

OnopHoe Hoze. BymeM cumTaTh BeKTOp~dyHEmmo «(¢) yo-
paBineHneM, 3HAYEHHAMA KOTODOTO B JDGOH MOMEHT BPEMEHHM MH MO-
XeM pacHoparaThCd [0 CBOEMY YCMOTpeHHD. 3afamuMcs HEKOTODHM
onopxuM ynpamnemmeM W&(t) . Us raxmo#t Towxm {x,T}EA
BHOYCTHM TpaeKTOpAX X(t),¢ cmcremn (I), Bce C ONHAM H TeM
%e ynpapzesmem w(t)= W (t) . Tpaexropma X(¢)¢ pocrm-
raer M B moment t=T7 o Ompepesam BROAB STORE TpaeKkTODHR
BEKT0D—~GyHKIAD f)'(f) ypaBHeHHEeM

o= -3?—0’0/ H(x P, U—, X(‘f) = i(é)) H! (P, f(x) K, t)) (4)
C T'DaHM4YHHM YCJOBHEM

B(F) =[-3zaai Pit) (L HD) o M(z,t)]

£..T x= z T)

YpaBuesue (4) cTaBAT B COOTBeTCTEMe Kaxmolt Toure {x,T}€A
Bextop 5 = £(x,T) . BexTopHoe noxe F(I,T) 6yneM Ha3HBaTh
OHNODHHEM o

OnopHas ¢yHxumsa. Kaxgo# Touxe {x,‘r}Gﬂ NpoXOxsmas 4e—
pe3 Hee TpaexrTOpEA X(¢),¢ CTAaBMT B ONHO3HAYHOE COOTBETCTEEE
3HaveHNe JyHKIpoHana (2), ROTOpOe TaRMM OGpasOM ORA3HBAETCH
dyrxime# Toukm {%,T§ . DTy QYHRKIHED

Vx,t) = PLE(T), T (s)

MH Ha3oBeM oHopHO# QyHKuMel.
Tounas Qopxyna Hns M3MeHeHRA QYHKIEOHaXA., C MOMOMED
ONOpHO#R TYHKIMAH V(z T) pasHOCTH MeANLY SHASSHEAME QYHRIWO-
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Hana (2) 74 DpOXONANEX depes ONHY M Ty Xe TOuKy {x°£#°j€ A
TpaexToprit X(¢),¢ m Z(¢{),¢ , COOTBETCTBYOMMX YHIDABIEHUAM
@) m @(t) , moxmo sammcaTs B BHNE

| 4
aT=PE(T) T ] - P(T), T]= VE(T),T]- Vs ) = / e
{o

[IpuMeHsAA Temeph WIA BHWCNEHWS OPOR3BOXHOR o7 /(X,T) mo Bpe-
MeHH BOAB TpaeKTopmE X(4),¢ npuGamzeHHyn GOPMyAY A MAIHX
nauenernit gymxmuonana (2) 10, mueem

?
AJ:-/[H %,p(%,t), at]- H[;’EJF(&',*)’&:'{]]J{.' s
t’

Hcnoap3opaHme TOGHORZ dopmyas (6) ZaeT BO3MOXHOCTE CHOPMY-
IMpOBATH HEOGXOAMMOE ¥ ORHOBDEMEHHO AOCTATOYHOE YCJAOBHE KUH—
BapHAHTHOCTH cHcTeMd (I).

Teopema I ( IpEAIAN HE3aBHCHMOCTH). JAf TOTO, YTOGH CHC-
rema (I) 6uaa P -mEBapmanTHO# Ha M mo W , .HeoGxommmo H
KOCTATOYHO, YTOGH HA ONODHOM [OJE, COOTBETCTBYOHEM KAKOMY-
HEGYLb ONODHOMY ynpaBieEmp (%), @yERIMA

Hl=,plx7),,T] = (FET), #(x,4T)

He saBhceja ABHO OT BeKTopa & .

- I3 QOpMyJEDOBRM TEOpEMH CJIEIyeT, 4UTO €CJH ee JCJOBHE BH-
HOJAHEHO XOTS OH JJNA ORHOTO ONODHOTO yIpaBJeHAR w(t) , omo
OymeT BHIOJHEHO H JJsS BCAKOI'O APYIOro. JTO OCBACHAETCA TeM
00CTOATEAbCTBOM, UTO BEKTODH ONOPHOTO MOJS F(x,'t’) B TamMmib-
rormar H/x,p(x,7),&,Y]= H(X,T) mreapuanTHO# CucTeM OKasHBa-
OTCA MHBADMAHTHEME o U(¢) , T.e. MX 3HAUEGHAA ONpeNENAOTCA
TOZBKO TOUKO# {x,T) K He 3aBHCAT OT TOTO, KaKasd MMEHHO QyH-
Kugs &(¢) mcmoamsyeTcs OpH MX BHUMCACHHH. VMEHHO 61aronaps
9TOMy 3aMevdaTeNBHOMY CBOMCTBY 3aKada CHHTe3a, YpeS3BHYAMHO
CJIORHAA IAA OCMEro Caydas DOCTPOEHMS ONTHMANBHO# CHCTEMH,
I MHBApHaHTHO# CHCTEMH OKAsHBaeTCA BechMA IpOCTOR. ITO =e
CBOJICTBO M03BOASET HCIOJAH30BATH B KAUeCTBE OMNOPHOI'0 yIpaBjie-
HAd QYHKI®D, 3aBACANYD He TOJBKO OT BpEMEHA, HO B OT KOODAH-
HaT CHCTEeMH, YTO OKAa3HBAETCHA YAOCHHM B MDUIOXEHHSX.

B TepmmHax onopHo# (yHKIMMA, KOTOpad OKA3HBAETCA CBA3AH-
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HOl C ONODHHM MOJEM ¥ TAMANBTOHMAHOM COOTHOMEHMAMA
5 ~ aV(x T)
/o(x,z'} = -;uw/,,_ Vix,T), H(x T)=

HEeoO0XO0MAMOE M FOCTATOYHOE YCJOBUA MHBAPHAHTHOCTH MOXHO CHop-
MYJIMDPOBATE CJACHYOMLHAM 0GpPa30M.

Teopema 2. JIf TOro, UTOGH cHcTeMa (I) owaa P -mupa-
praHTHO# Ha M 0O & , HEOGXOIMMO M IOCTATOYHO, YTOGH OHOP—
Hag QYHKOAA, COOTBETCTRYWHAS KAKOMy-HHMOYAb OOOPHOMY YyIpamie-
uap “(¢) , yEOBIETBODAJA yPABHEHMD B 9YaCTHHX NPON3BONHHX

%—Vz -(37-0-‘/:(. AV:)‘(X; L, t))

B 0papad 4yacTh STOT0 YDaBHEHHA He 3aBuce]a ABHO OT & .
OrmeTuM, u9TO HO ompepekenmo (5) QyHkuusa V  yuosieTBOpsET
Ha M rpammmomy yorommo V(x,T)= D(x,T). .
Ycnosug Teopem I u 2 mo fopme GJaM3KM K QOpMYJADOBKAM He-
OOXOZMMHX ~ 'Y B JOCTATOYHHX LI YJCJIOBAY ONTHMANEHOCTH B
(Qopme OpHMHNANA MAKCHUMyMa. 3Ta aHAJOTHSA OKA3HBAeTCA BEChMA
TIYOOKO#. JeliCTBUTENBHO, MHBAPHAHTHHI (PYHKOWOHAJ Ha JIDOOM, B
TOM WACJe ¥ OMODHOM ynpamiaermz (%) ( cooTseTcTBymmZE
w(t) 'rpaex'ro;lmm X(¢)t ymoBneTBODSOT BCEM YCJIOBUAM DETyJAp-
HOTO CHHTe3a )nocmrae-r OHOBPEMEHHO J CBOEr'0 MAKCHMAJb-
HOT'O0, ®M MMHUAMAJNBHOTO 3Havexruil, [105TOMy L1 MUPOKOIO RiIacca
337189 YCJOBAA MHBADHAHTHOCTHA LOJIKHH OTANYATHECS OT COOTBETCT—
BYDUMX YCJOBAE ONTHMANLHOCTH Jumb TeM, 4TO TaMAJIbTOHMAH, OpH-
HMMAA Ha yhpamnenus L(¢) ONHOBpeMEHHO CBOE MAHAMAJABHOE B
MaKCHMBJIbHOE 3H&YEHHe, He 3aBNCHT ABHO 0T U .

3. CTPyKTypa 00JaCTH MHBADHAHTHOCTHM M YCJOBHS
MHBapHaHTHOCTH N0 HAYAJEPHEM L2HHHM.

Onopras QyHKIMA OfNpefendeT Co60# CTPYKTYDY $as0oBOro mpoc-
TPaHCTBA MHBADMAHTHOR cHCTeMH. O61acTh MHBapmaHTHOCTE A
paccnaupaeTca Ho MHEBapUaHTHEE TAaJiKie MHOTO00pasHus pa3sMepHOC-
m f<n B n+{ -uepHOM fpocTpaHcTBe XXt , ABIRNMAECH
[IOBEPXHOCTAMU YDOBHA WVHELMI V(x,'l’) . llpn J0OGHX BO3MYyLE-
HAsx w(t) TpaeKTOpUN MHEZDNAHTHOR CHCTEMH, BHXOLMIME B3 Of—
HO#l TOYRH [x,'l’ }éﬂ , OprHamiexaT OZHOMY M TOMy Xe HHBapHaH-
THOMY MHOTOOGpasum. Taki) 06p230M, KaK K T CiAydYae JUHEHHHX
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CHCTEM ¢ OOCTOSAHHHME KO3(fuiueHTaMm, HeJuHeiHAA NHBAapHMAHTHAA
CHCTEMA OKA3HBAETCA HE IOJHOCTHD YNpaBisgeMmoil: BO3MymeHHE He
B COCTOSHMM BHBECTH M300pAXanMyD TOYKY H3 HHBAPDAAHTHOI'0O MHO-
T006pasda X MOXET TONBKO H3MEHHTPH DacHOJOXEHMe TpaeKTOpAM Ha
3TOM MHOT0OCpa3nH.

/HBApHAHTHOCTS [0 HAYAJNBHHM NaHHHM. Ecim 3anano MHOXECT-
Bo LCA , Oynem HasupaThk cucTeMmy (I) HHBapMaHTHORK NO Havalb-
HEM JaHHEM B2 [, ecam sHaveHMs Qynrumomana (2) He 3aBHCAT
oT BosMmymawme# BexTOp~pyEkmmm «(f{) m mas Bcex TpaekTOpMii,
HAYMHADOEXCA B TOUYKax MHozecTBa L , comlajapnT. CTPyXTypa
06NACTH MHBADMAHTHOCTH NOKASHBAET, YTO LIS MHBADAAHTHOCTH
cucTems (I) mo HauaJBHHM ZaHHEM Ha L  HEOGXONEMO B IOCTATOU-
HO, YTOCH MHOZECTBO L npuHAazzex®ano 10BEDXHOGCTH YPOBHSA OnOp-
uoft dymxmm V(x,T) . Hopsanso X 370f [OBEDXHOCTH ABIACTCH
r+{ -wepmaft sexrop P(x,T)= {-pte), Hx,7)} . Toarouy, ecan
L npencramnser coGoit Taagkoe mEoroodpasme, ¥ &(x,T) ecTh
[poM3BONBHENE KacaTeabEnd BexkTOp X L B TOuURe {x,T} copa-
BeLAABO CJe[ypliee ¥TBEDPXNCHAC,

Teopema 3. ]I MHBAPHAHTHOCTH cucTeMH (I) NO HaUANBHHM
nanHEM Ha [ HeOGXOZMMO B NOCTATOGHO,dTOCH BHIOJHANOCH YCJO-
Bue TeopeMH I m B kammoit Touxe [x,T}€ L

(P(x,%), L(x,7))=o0.

4, CuHTE3 MHBAapHMAHTHHX CHCTEM
3agavy CHHTe3a HMHBADMAHTHOX CHCTEMH MH OymeMm [OHEMATE
Kax 3a7avy NOCTPOEHAA KOpPeKTHpybumei nelm, obecleumsBaniicit
WHBADKAHTHOCTH CHCTEMH C 3aJaHHON HemaMeHsAemolt vacTem. TOoy-
Eas NOCTAHOBKZ 38Ja4WA COCTONT B CREHYUEM.
llyers CuCTEMZ YNpABIEHHA ONHCHBAETCA CHCTEMO# ypaBHeHU

%(4) = f(x,u,v t). 7)

3nech U NO-IpeRHEMy BO3MymeH“e, a VU --CRaJIADHHA yIpaBiIfo-
mui napaseTp, XepakTepasyouuil cooo# nsmenﬂemym YacTh CHCTEMH.
Tpedyercd HafTyé KOPPEKTEPYHIUYHD QYHEKIY

U= u(x,u ), : (8)
npy KOTOPOH cucTe)

3
)
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2(¢)= flx, 4, v(zxu,0),t] &
apnfeTca P -ummBapmaHTHO# Ha M mo W . llpegnonaraercsa, d9TO
ma wl(t)=o cucrema QYHEKIMOHEDYET XeJaTeJbHHM 0Gpa30M IDE
Xe) o

MoxeT OKas3aThCf, YTO B ONpelesdeMOi JCJOBHAMA 3aladl 00—
JaCTH H3MEHEHMA NEPEMEHHHX X, H ¢ HeNpepHBHO# KODPEKTA-
pypmeit QyHEKIMA He CYLECTBYeT. JTO IDHEBOAUT K HEOOGXOLMAMOCTE
paccMaTpuBaTh KyCOUHO-HSIDEPHBEHe (yHKmmm V(X,u,¢) ., Iipn
3TOM NpaBas 4acTh cucTert (I) OKasHBaeTCA pas3pHBHO, 4TO, OX-
HAKO, He BeleT K [0OABJEHUD CYMEeSTBEHHHX OCOGEeHHOCTei, MOCKOJb-
Ky cBoiicTBa MHBADMAHTHO# CHCTEMH OOpenejAoTCA ONODHHM IOJeM,
a cucrema (9) mpu omopHoM ynpapiesms & (£)= O  menmpepusma.
locTpomm cooTBeTcTByDmEee &(¢)=O  omopHOe mHoxe F(!, t)
1 3anmmeM onpefeJsapliee YpaBHEHHE

Hlx, o t),u 0, ¢] = H[x, Flxt), 0,0t ],

KOTOpOE onpefeiseT VUV  Kak QYHKIED OT X, & & T o

Teopema 4. Jl1a TOro, 4TOOH QyHRmA U(X,4,¢) OHaa Kop-
PeKTipynieit, HEOOXOMUMO ¥ XNOCTATOYHO, YTOOH OHa YL OBJETBOpPANA
onpepensanmeMy  paBHEHMD.

JTO YTBEepENEeHHE [OKA3HBAET, YTO KOPpPeKTEpyouas QyHKIUA
IIOJXHA CTPOMTHCHA KAk peu.:me ( WM M3 pelleHR#) olpereaspmero
ypaBHeHEA., TakmMm 06pasoM, CMHTE3 HUHBADMAHTHOH CHCTEMH CBOLAT-
cA K NPOTHO3NPOBAHAW €€ HeBO3MYmEHHOTo nBzEeHna.X/ IloxHoe
pelleHre 3a7adW¥ 0GeCledNBAETCS 3HAHMEM BEKTOD—DYHKLA F(I,t),
[opryeM 3Ty BEKTOP—{YHKINN, ONpefesscMyld HeBO3MYMEHHHMA CHCTE-
vamn (9) u (4), KOCTATOYHO BHWACAATH JMmb AAS TOUEK [x,¢j
peannsynileiics BO3MYULEHHO# TpPaeKTODHH.

C noMompl ONOPHOI PYHKIMK OIpereJsiolicee ypaBHEHHE 3allHMCH-
BaeTCA B BHIE

-@aao/,_V(z,{)’ f&x, wUt)) = ya(—?ﬁ 5 ‘((?w”/x-V/"z{'),f("»Qo;HL

x/ OTMETHM, UTO DemeHVNe 3a7auil CUHTe3a ONTAMANBHON# CHCTEMH
‘Tpe6yeT pelleHMs KpaeBOi 3ajaud LIS CHCTEMH CONPsXEHHHX lepe-
MEHHHX .
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3ajaua xe ompenesenus gyrkmmn V(x,t) sKBuBaNeHTHa 3azate
MHTETPUPOBAHAS HEBO3MymeEHO# cmcTemn (9). IlosToMy, ecam ymaeT-
cs HailTR NOJHHE HHTerpas 5TO# CHUCTEMH, pemeHHe 3ajadl CHHTe32
HMHBApHAHTHON CHCTeMH OIpeneseTcs B KOHEYHOM Buje. IIycTh

%) = 9(x,7,4)

ecTh NoJHHY MHTeTpas cEcTeMH (9) mpm w=o0 , V=0 , Ife
TOUYKA [x,'l’} ATpaeT POJb HAuaJbHHX ycaosuit. Iloxcramnss X
B (3) m 1_pazpemas NOJNYYeHHOE yPaBHEHHE OTHOCUTENBHO T , no-
aywem 7 =7(x,T) , oTkyna

%(T)= ¢lxT,T(x)] = .
Torpa omopHas GYHKIMSE OOpeneJsiAeTCS BHDaXeHMUEM

V(z7) = PIE(T)T] = PLL(xT), T(x,0)].

YcaoBusa CymeCTBOBAHMA KOpPPeKTHpybmei# QYHKIMM coBOazanT
C YCJIOBMSAME CYHMeECTBOBAHHA peEmMEHMA OHpenesianler0 ypaBHEHAH. B
KavecTBE NpPOCTOI'0 JOCTATOYHOI'0 YCJIOBUS CYLECTBOBAHHUA pEleHNs
STOTO ypaBHEHNS MOEHO yKa3aTh YCAOBEE P -yOpaBiAEeMOCTH CHC-
rem (I) mo ¥V , 3aripuapieecs B BHIOJHEHMM OpM BCEX pac-—
CMATDHBAEMHX 3HAYEHHAX NEPEMEHHHX X, &, ¢ H U HepaBeHCT-
Ba

620' H[x)/'o?(x,t)) w,Ut]#0.

B ToM cayuae, ROTfa B 3afaHHOH 00GJACTH M3MEHEHMH lle DEMEHHHX
x,u W t , WIM HEKOTOPOi# ee WACTH DeMEHMA ONpenesIsliero
YP2BHEHHA He CYWEecCTBYeT, JUGO HMKAKOE pelleHNns 3TOT0 ypaBHe—
HEA He YHOBIETBODAET HaKJISHBAEMHM JCJIOBASMA 3afawl Ha yIpas-—
JSHIAR 1apaMeT) KOHCTDYKTHBHHM OTPaHMYEHUsM, OCYLECTBJICHNAE
MHBADMAHTHOTO CHHTe3a C [0OMOMEBL KODPeKTMpynuei# (QYHKINA BALA
(8) merozmoxzO., ITO, OfHAKO, HE 03HAYAET [IPUHIVUIUAJIBHON He-
BO3MORHOCTY 06€CIeWATh MHBAPMAHTHOCTH cucTeMd (7), H yKAa3H-
BaeT TONEBKO, UTO 3aKOH YNpaBJeHAd Napamerpon V-  cxenyeT
HCRATh B LpYyIoit opye.

Vi3 TouHOil QopMyJH IiA M3MeHeHMS (QYHKIMOHana (6) caexyer,
4TO HEOOXOZVIMHM ¥ JOCTATOYHHM YCJOBAEM HMHBADHAHTIOCTE CUCTe-
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MH (7) SBAAETCA BHMOJHEHNE BHOJD JNGOH BOSMyMEHHOHX TpaeKTo-
pun x(¢), ¢ , maumsaouefica B Touke {x° ¢{°j , paBeHCTBA

g
o7+~ [ [Hz, Pty w5 ¢1- Hlx fst) 0,0,¢]Jdé 0. (10
¢° ;

3TO PAaBEHCTBO CJAELyeT paccMaTpEBATh Kak ClenAPHYecKOe ypaBHe—
HUE OTHOCHTENBHO UV , DeleHHe KOTOPOTO NOJXHO CTPOHTECS B
COOTBETCTBME C pacHojaraemoil mHopMmanpe# O BO3MYHEHHAE H COC-—
TOSHAM CHCTeMH. Hampmmep, AAd caydasd, KOTZ2 3aflaHO OrpaHAde—
Hue VEW npocreimnit cnocod 06ecOeYMT: BHOOAHEHHE YCJIO-
pus (I0) cocTouT B TOM, YTOGH JONOJHHTH 32KOH yIpaBJSHHS,
HalifleHHH# U3 OIpeneJsapHer0 ypaBHEHHS, YCJOBUAMEA

Hlx,plet), w,ut] = sup Hlxfte,t), 2] npe sI)>0

n

~ <
H[I)P-(x;f),urlj;f}: Lh.f H[X’P(x’i))ulu"l{] < Aj({) o)
JeW
Tne A7(£) eCTh 3HaueHWe MHTerpaja B IpaBOil 4acTd paBEHCT-
Ba (I0) mpu BepxHeMm IOpefene t ’

Bce u3soxeHHHe BRIE pe3yJAbTaTH LONYCKAnT OCOCHEHHe Ha
cryuait MHBApMaHTHOCTH cucTemd (I) OZNHOBpeMEHHO MO M2 (yHK—
OuoHasNaM. I BO3MOXHOCTHM CHHTe3a yIpapisomui napamerp U
JIOJXEH OHTH B 5TOM CJydae /M -MepHHM BEKTOpDOM, YTO IO3SBOJAET
[IOCTPOHATL M HE3aBHUCHMHX KOPPEKTHpPYRUEX Helei.

B ToMm cayyae, KOTJHA npaBHe wacTd cucremd (I) ( mmm (7) )
DPa3pHBHH, HU3JOREHHHE Pe3yJAbTATH OCTAKNTCHA CIPABEIIMBHME, €CJH
CYUTaTh, UYTO BEKTOP—(yHKUEA F(f) B (4) npm mepexone TpaeK-—
ropun X(4), ¢t vepes mOBepXHOCTH paspHBA YHOBIETBOPAET OGHIHHM
YCHOBAAM CKaUKa IB. MHTepeCHO OTMETHTH, 4YTD €CJH CYlecTBYeT
XOTs OH OXHO ONODHOE yIpamieHUe, [pM KOTODOM OpaBHe 4YacTH
cucremi (I) Bmonmp Tpaertopmit X(4)¢ HempepwsHH, OMOpHOE NO-
Je /3'(5(,%) % B cAyuae ypasHeHW# ¢ paspyBHEMA OPSBHMA YacTaMA
O0cTaeTCAd HelDepHEBHHM.

5. {Ipurepn
KopperTupyomyn OyHEKIND MOXHC NOCTDOHTH B ABHOM BREE LIA
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Jooi#t 3agawd, B KOTOpO# ymaeTcs Ha#TH IOJHHI MHTerpajy HEBO3-
MyHMEHHOTO JBHXeHEA., [IpuMepamz TakWX 3a7a49 MOTYT CIYRUTEH 3aka-
'YW CHHTe3a KOppeKTHpywomel# QyHKIME HAA CACTEM BEAA

i=ﬁx+g(z,u,d:£) y THE g('x,O,O,f‘)—-o-,
3ajadl, CBA3AHHHE C YOpaBJeHHEM ABAXCHHAEM MaTepuajbHO# TOY-

KE B LEHTPAJBHOM [10Je IDaBATAIMOHHHX CHJ, M DAN APYTHX.
llpumep I. PaccMOTpHM CHCTEMY

X, 2 (1+W)x, | X, =(1+0)x,,

TPaeKTODHA KOTODO# NOJKHH OKAHWMBATHECA Ha NOBEPXHOCTH, ONpe-
neasemolt ypaBHeHHEM o

M(xt, Zz,f)-‘—xu-xz-i =0,

ERMACTBEHHHMA KODPEeKTEpybmmMA (QYHROZMSMHA, OGeCcleduBaniAMu
HMHBApMAHTHOCTE N0 W 3TO# CHCTEMH I QYHKIIMOHAJIOB

P=x}(T)+23(T) Pax(T)-x(T)+T & P=T
OYLyT, COOTBETCTBEHHO, (yHKIAA

x
- ZIaxz(xt*xa)‘xz.u_ W U=,
: 2%, (xq+%;) + X1

rew

Ilpumep 2. B 3apaue
o= X [i+ru(t-vy)], x,==x, +v(x}-u?);
Ms=x,+x,-1=0; P = x}(T) + x3(T)

""‘ \2 -~ £, 2 ~ - $ gk ; z‘ 2
mveeMm V=oS[{+(x}-x2 ]) Pl--2x,(xl-x§), P:= 2x;(x¢~xt)
A onpejeJsollee ypaBHeHMe 3alMCHBAETCHA B BHJE

Uix,u o+ r(xi-ud) - xu=o.
U3 IByx pas/nuHHX pemMeHMit STOTO ypaBHEHUS MOXHO HOGTDOUTH

0eCKOHeYHOe 4YUCJO Pas3pHBHHX KOPpPEKTHpyomux QyHKIMi., Haraa-
IHBafA Ha Y JOHOOJHUTENBHOE YCJOBHME MUHMMAIBHOCTH [0 26 COJOT-

HOil BesuunHe, HMEeM

X
r= i npu [xyl>lul,  U==3E apu (Xl <lul u o uFo,
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V=0 npd u=o0.

Koppertupyume# QyHKOWHA, HelpepHBHO# BO BCeM NpPOCTPaHCTBE
Xxllrt B 2Tofl 337auYe He CYmMECTBYET.

I'

2

3.
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OPTIMUM CONTROL OF A CLASS OF RANDOMLY-
EXCITED DISTRIBUTED-PARAMETER SYSTEMS
Fred E. Thau
Aerospace Research Center

General Precision Systems Inc.
Little Falls, New Jersey, U.S.A.

Introduction

In recent years there has been increasing interest in the design of distributed-
parameter systems. This interest is motivated by the need to design practical control
systems for flexible boosters, thermal processes, satellites with flexibly booms, and

other systems wherein the distributed nature of the process must be explicitly included.

A comprehensive review of the theory of deterministic distributed-parameter
processes through 1964 is contained in Reference 1: concepts which have proven useful
in estimation and control studies of lumped-parameter processes — stability, controlla-
bility, and observability — are defined, several optimization problems are formulated,
the earlier work of Butkovskii is summarized, and a Maximum Principle is presented for
the determination of optimum control laws for deterministic distributed-parameter

systems. Since 1964 a number of investigations Fx 13,

concerning deterministic dis-
tributed processes have appeared. These studies have extended techniques that were
developed originally for lumped-parameter systems: Axelband 84 applied function
space techniques ¥ for the derivation of optimum control laws, Pierre é used frequency
domain techniques to minimize a mean-square-error performance criterion, and Sakawa

8,9

and Brogan considered computational aspects of determining optimum control laws.
Kim and Erzberger ok and Yeh and Tou o examined specific distributed-parameter sys-
tems and Herget s studied in detail the concept of controllability for distributed para-

meter systems.

Stochastic distributed processes have also been the subject of a number of in-
vestigations: stochastic stability concepts have been extended to the case of distributed
i 16 e

parameter processes with random parameters ~, the Kalman filtering problem has been

considered for processes defined in Hilbert space ]7, for classes of linear distributed

* This list of references is representative of contributions made during the past four
years but is not intended as a comprehensive bibliography.
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processes e L and for linear time-delay systems £l , and a backward equation has

been derived for the randomly-excited diffusion process 22. An optimum control pro-
blem for a class of linear, stochastic distributed-parameter systems has been treated in
Reference 23 where an attempt was made to extend the separation theorem 2 of ran-
domly-excited lumped-parameter processes. This theorem states that, under certain
conditions, the optimum controller for a randomly-excited lumped-parameter process
comprises a Kalman filter to estimate the state of the controlled process and a linear
controller to operate on the estimated state. In Reference 23 Bellman's principle of
optimality 25 was applied to derive a distributed stochastic Hamilton-Jacobi equation
and to obtain the correct optimum control law for the case where perfect measurements
of the state of the distributed process are available. However, in attempting to pre-
sent the separation theorem for the situation where only noisy measurements are avail-
able, an incorrect model of the controlled process was used in the distributed Kalman

filter of Reference 23.

In this paper the correct optimum control law for a randomly-excited diffusion
process is derived using properties of distributed Markov processes. The process to be

controlled is defined by
nN_ . &
3;=a;3-+g(t,x)+£(t,x) , 0sxs=1 m

with boundary conditions
u(f, 0) =u(r, 1) =0 forall T. @)

where @ denotes the diffusion constant, {£(t, x)} is zero-mean white noise with

variance

2

€<r,x,y')6<f-r) @3)

ElE(t, x)E(T,y)) =0

2 2
where Og(t, X, y) - 05 (t,y,x) and g(t , x) isa control function to be chosen from

some set G of admissible controls so that the cost functional
1 i ! ] ] 2 A
V(t;Y) = Elx j‘ J Juls,x)m (s, x, x")uls,x")dx dx’ + [ g“(s,x)nls,x)dx |ds| Y} |
t 2 N o t° (4)

is minimized. m(s,x,x’) and n(s,x) are known positive functions of time and space
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with m(s,x,x’) = m(s,x’,x) and Yt denotes the information available to the controller

at the current time t.

The process (1), (2) may represent the voltage along a short-circuited R-C
cable with a distributed random current excitation £(t,x) and a distributed control
current g(t,x) or it may represent the temperature along a rod with ends at a fixed

temperature and subject to distributed random heating.

The problem of minimizing (4) for the process (1), (2) will be examined for the
general case in which Yf represents information provided by a noisy sensor located at

the point X) 0< x:.<:;

1
Y. s {y(x,x]):y(x,x]) = H)u(X,x)) () forall Xe[0,1} (5)
where H(t) is a known function, and N(t) is zero-mean white noise,
5 ’
Eln®)n(T)}= & o(t-1T) 6)

En()E(T,x)} =0 forall t, 7, x @)

The assumption of a point-wise sensor is, of course, an idealization of @ common phy-
sical situation where a probe type of measuring device senses the average value of a

quantity over a small spatial volume.

The general control problem is introduced after examination of the special case
of noise-free observations and after a discussion of the filtering problem. Because the
techniques used below are based on representing the solution to (1), (2) in terms of a
Green's function, the results are readily extended to more general higher-order pro-

cesses which also have this property.

Control Based on Noise-F:ee Observations’

First assume that the control g(t,x) is to be based on complete knowledge of
the distributed state u(t,x). It will be shown that the optimum control law for this case
is identical to that previously derived‘ for deterministic distributed processes. This re-
sult will be obtained by using the backward operator of Reference 22 to extend an inte-

gration rule and an optimality lemma of Wonham?2®
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For the process (1), (2) with g(t,x) = 0 consider the following functional of

u(x), the given process state at time t,

L(t;u(x)) = E' u[

N —

1
IJ‘J‘u(s,x)m(s,x,x’)u(s,x')dx dx’ ds}
t00

m(s,x,x") Er u{u(s,x)u(s,x’)} dx dx’ds

N —

T1
Il
t 0

ot—

where

E, (-1 = E[- |ult,x) = u(x)}

t,u

It will be shown that the integration rule of Wonham 26,

T
L(tu(x)) = - E, U{J' ra—l + ,(Il(s,u(s,x))]]ds}
i

| 3
-

holds for (1), (2), where xl-l is the backward opem:for22

1 62 11 2
I - u(x) 6/ A 2 6“1
J' (t;u(x)) ({a axz_ 6"U"(x)dx + (2 )(_)r ({OE ('IZIY)GU(Y)GU(I) dy dz

The functional derivative 5—3—{5 appearing in (11) is defined by27

f‘ 5Flu(x)]

0 Ou(x)

hix)dx = lim Elmu(x) +ehx)] - Elu(x)])
e~0

where h(x) isan arbitrary functionon 0= x < 1.

To verify (10), formally write the response of (1), (2) with g(t,x) = 0

1 ' s 1
uls,x) = ‘J‘k(s,r,x,z)u(z)dz + J\ Jl‘ k(s,7,x,z)£(T,z)dz dT
0 t 0

where the Green's function k(s,T,x,z) is given by

k(s,T,x,z) = qu] exp [= nz‘ﬂz(s ~-7T)] sin (nTx)sin(nTz)
n:

and has the property k(s,s,x,z) = 8(z = x). Then note that the output process

{u(s,x)} , s =t, has mean

®)

©)

(10)

amn

(12)

(13)
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1
B (s, x [tul) = gk(s,f.x.z)U(Z)dz (15)
and cross-covariance function
s 11 2
Mx,x” |1) = ] [kis, T 2k(s,T,x",y)0 (T, 2,y)dy dz dT (16)
t00
Thus (8) becomes
1 T11 :
Iwe) = 5 [ [mls,x,x )IMGs,x,x" 1) +w6,x | 1,060) s, x" | +,06)ldx dxds
t00 17)
Upon taking 9/3t of (17) and using (11) and (13) — (16) we obtain

11
.4 "’(Ul e -;- J‘Im(f,x,x')u(x)u(x')dx dx’ (18)
00

Hence, from (8) we see that (18) implies (10).

Now (10) will be used in finding the coritrol go(g,x) which minimizes

V(tiu(x);g) = Er,u

Tt 1] 1
{-;- [ [ [ [uls,x)m(s,x,x" s, x” Jdx dx’ +| gz(s,x)n(s,x)dx]ds}
P00 0 il
for the process (1), (2). The set G of admissible controls is:

1
G = {g(s,x): gls,x) = [hs,x,x" is,x")dx’} (20)
0

where h(t,x,x’) is some function differentiable in t and twice differentiable in x.

o(gN(f;u(t,x))] be given by

1
oL ViGN = ) [
0

Oy,

2 1
6%V i oV
0’ 'Y'z)()u(y) U(Z d)’ dz + ‘Orlﬂjay—; + g(f,y)]é—um d)’(zl)

where g(t,y)e G . Also let

°<o oC" i Vi) @) = Viuk) 22)
g

and ] .
I ulx)mt, x,x Julx’)dx dx’ + ?g (t,x)n(t,x) dx] (23)
0

i
L{t;ulx); g) [
60
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Now note that with go(s,x) of the form (20), V® can be written in the form (8) and
consequently (10) applies to V°. Thus by applying the integration rule (10) to V° in
'precisely the same manner as in Reference 26, it can be shown that the control goe G

is optimum if

LIV tu))] + Litiu(x)ig®) < .Cg[v°(r,-u<x>)1 + L(tu(x);g) (24)

Hence the optimum control satisfies the functional stochastic Hamilton-Jacobi

equation,
o]
- HLbD - min { o IVt + Litaalig) 25)
g€G

An equation similar to (25) was derived in Reference 23 using the dynamic programming

approach.

Upon performing the minimization indicated in (25) one obtains

o _ 1 6V°
g (t,x) = - n(t,x) Ou(x) @6)
Substituting (26) into (25) and assuming a solution of the form
11
Vo(f;u(x)) = -2- —;-J‘j.u(x)W(l',x,x')u(x')dx dx’ 27)
00
yields
]
go(t,x) = - n(t—lx)— j‘ Wi(t,x,x" Ju(x’)dx’ (28)
200
where
) 11 2 :
-w = ffog ¥ ,2)Wit,y,z) dy dz 29)
00
’ ] ’
_ an,x,x ) _ aa2W i 82W _ IW(t,y,x)W(f,J,x )dy il iy
t ax2 ax'2 0 n(t,y)
(30)
and

w(l)= W(,x,x") =0 for all x,x"€[0, 1] (31)
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W(T,0,x’) = W(T, 1, x’) =0 forall t<Ts<T @2)
and x'€ [0, 1]
W(T,x,0) = W(T, x,1) =0 forall t=<T<T (33)
and xe[0,1]

The control law (28) is the same as that for the deterministic distributed process

(1) with £(t,x) = 0. Hence the above result is the distributed-parameter counterpart

of a well-known result for lumped-parameter processes.

Filtering of Noisy Observations

Consider the problem of generating the minimum variance estimate U(t,x),
0 < x = 1, for the process (1), (2) where g(t,x) is regarded as a deterministic function

of t and x. It isassumed that measurements are made at a point Xy 0< X < 1, and

are given by (5). Thus U(t,x) isto be generated so that

Ellut,0 - 5,007 [y, ), 0=x=1) (34)

is minimized.

It is well-known that the minimum variance estimate is the mean of the condi-

tional probability density

p{u(t,x)ly()\,x‘) .o EAE) (35)
Using the results of Reference 19, it can be shown that U(t,x) satisfies
o0 _ 5 o
g’ + Q(f,X) o K(t’xlx )[Y(tlx ) = H(t)u(tlx )] (36)
ot 2 1 1 1
Ox
where
(37)

K(t,xx)) = Blt,x,x) ) HE/0 ()

and 2(t,x,x]) is obtained from the solution to

+ O —

i B By (38)

2 2
By o BE 1alZ 402,xy) - Bxx)Bl,x ) H 0/
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with

Z@,0,y) = Z(,1,y) =0
39)
z(tlxlo) - z(t,x,l) =0

Because of the linearity of (1) the conditional density (35) is Gaussian with
mean (36) and covariance (38), and the conditional mean U(t,x) of (36) is a sufficient
statistic for the density (35). In the next section we consider the problem (1) - (7) and

seek an optimum control law in terms of this sufficient statistic.

Control Based on Noisy Observations

In this section a control law of the form
g(f,X) a 7(rlﬁ (flx)) (40)

is sought to minimize (4) for the process (1) - (3), (5) = (7), where B(t,x) = 0(t,x),

the sufficient statistic given by (36). Thus consider the joint process {u(t,x), B(t,x)],

2
B a% +7(,B0,0) +E,0) @)
aB 3 ﬁ Z(f,x,x')Hz(f) Z(t,x, X, H
ey B i) - Bl —— ) (g
g
n W

and write the performance criterion (4) as

1

11
V(t;8) = E{ 5 J[f‘]"usx)msx,x)(sx)dxdx +Ig (s,x)n sx)dxldslﬁf)‘ﬁ}
f00 .

(43)

The solution to the analogous problem for lumped-parameter processes is em-
bodied in the well-known separation theorem24: a Kalman filter is used to estimate the
state of the process and a linear controller then operates on the estimated state. The
parameters of the linear controller are independent of the sensor characteristics and thus

the operations of filtering and control are said to be separated.

To extend the separation theorem of randomly-excited lumped-parameter processes,
consider transition probabilities defined on the output function space T', the set of all

i
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possible output functions uy = u(t,x) of the process (1) at the fixed time t. These

t
probabilities will be defined formally as follows:

Consider the process {vt(t)}, b= 02, i n,

: Vi - 2v, +v, )
Vi’ 2l i+] 27: -1 = §i(f) + g.,-/(f) (44)

h

where h = 1/n, £,L(t) =£&t,ih), gt(f) = g(t,ih), and M N 0. It is well-
known28 that for deterministic time functions €t(t), g_L(t) the solution vi(f) to (44)
is a discrete spatial approximation to u(t,xi) of (1), and that

Li_r.novz.‘(t) = u(f,xt) (45)

For the finite-dimensional Markov process (44) defined on the n-dimensional

Euclidean space En'

Prob{v(s)eEn|.v(t) o NS (46)
where
w (ﬂ) @
Pfob{v(s)eenlvc) = v} =_f,, "'_£p(s,x],x2, ,xnlr,v] poe eV A L dA
(47)

and p(s,)«l e B )tn | t,v] e vn) is the Gaussian transition density for (44). Thus

we formally define

Prob{y €T lutt,x) =v(x)} =1, szt (48)
where
@ n @
Prob{gstrlu(t,x) =ux)} = fpGglut)dy = lim [ 'fp(s,z], : --,znlt,u(x))dz] ceodz
n—=® 4 .
(49)
and

1 1 -1
p(s,2,, .. z_|tu(x)) =ﬁﬁ—expl-—(z ~B)'A (z-p) (50)
1 n (211)" zldet Ml 2 2

The vector mean p(s) and the covariance matrix A(s) of density (50) have elements
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By ()= B, x;) = EluG,xy) | t,u(x)} (51)

Ay @) = Elluls,x;) = Byl oG, ) = w,x )l It,u6)} (52)

obtained from the solution to

a“(;_"‘) =a azg + g(t,x) (53)
9x
BA(T,xy) _ o TA o TA , 2 o
37 = a—z— 7 °€ ("',X:Y) (54)
X

with appropriate boundary conditions, where
Az’.j (s) = A(s,xt,xj) (55)
The definition (49) is, of course, only formal since the existence of the limit on
the right-hand side must be established. A possible approach is to define function space
integrals using the Wiener Integral theory 29which has been developed in the study of
Brownian motion. This approach will not be pursued here. Rather, assume the exis-
tence of the limit in (49), and since (49) satisfies the backward equation of Reference
22 for every finite n, we will assume that the limiting probability in (49) satisfies the

same backward equation.

Using the notation of (49) denote the transition density of the {u(t,x),B(t,x)}
process by p(s, v, ¥ | t, u(x), B(x)) and the posterior density of u(t,x) given B(x) by
plt,yu IB(x)). Then (43) is rewritten as

T 11
ViE;R) - [ptt,u | B[ [pls, v, v If,U(x),B(X)I%(J' Svmis, x,x*) v(x" ddx dx’
t . 00

] (56)

+ : yz(s,v)n(s,v)dx)dx dy ds)dg
0

and again in the same manner as in Reference 30, it can be shown that the optimum con-

trol o° satisfies
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avo {] J!J! E('lxlx‘)z('lyﬂ‘])”z 62v°
- = mintlz dy d
B e o: 8BLIBBY) 7
1
+ I[aiz-g + gl-g%% dx

—

1
+ [ g2, xn(t, x)dx]}
0

The minimization indicated in (57) yields

R 6v°
9 U n(t,x) OB (x)

Substituting (58) into (57) and assuming a solution of the form

11
VO B6) = 5 p(t) +5 [ [ BW(,x,)Bly)ix dy
00
results in
1
glt,x) = - T&TIS g" W(t,x,y)B(y)dy
where
4 | E(',X,X])E(tl)’lx])Hz
-p= f f > Wi(t,x,y) dy dx
00 g,
n
As
+ [ [ Z(,x,y)m(t,x,y) dy dx
00
p(T) = 0

and WI(t,x,y) is given by (30 - (33).

This result is an extension of the separation theorem for lumped-parameter

(57)

(58)

59

(60)

61)

(62)

processes. Note that, as indicated by (42), the distributed Kalman filter uses a model

of the controlled process, including the effect of the feedback control.
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Example

To gain insight into the properties of the filtering and control equations, num-
erical solutions have been obtained for a number of special cases. Note that the pro-
cess (1) - (8) with measurements (5) - (7) and performance criterion (4) corresponds to
a simplified version of a temperature regulation problem for a rod of unit length, the
ends of which are held at a fixed temperature. For convenience in solving the filtering
and control equations on a digital computer the following parameters were chosen:

a=1, az(t,x,y) =1.0, H®) =1, 0‘2 = 10-4 , mis,x,x’) =1, n(s,x) =1.

n
The partial differential equations were integrated using a fixed grid size A = .166 to

approximate second derivatives as in (44).

A problem that arises is that of choosing the best sensor location. In Reference
19(b) it was found the filter covariance at the point x = .64 for various sensor loca-
tions is as shown in Figure 1. The figure indicates that, in this case, the sensor loca-

tion for minimum filter error is at the center of the rod.

The effect of the distributed controller is shown in Figures 2 and 3. Figure 2
shows curves of the covariance function Eo(t,x,x) for the uncontrolled or open-loop
process (1) with g(t,x) — 0. Figure 3 shows the covariance Ec(r,x,x) for the closed-
loop system with X, = .833 and g(t,x) given by (60). As expected the closed-loop
system provides a smaller mean-square deviation from equilibrium than does the uncon-

trolled process.

Conclusion

Although the above analysis is confined to the diffusion process, the results are
readily extended to other processes whose solution can be expressed in terms of a Green's
function. It is reassuring to note that if a modal representation is used to convert (1) to
an enumerable system of ordinary differential equations and if the well-known results for
lumped-parameter processes are used, then the resulting equations are identical with a

series representation for the solution to (58) - (62).

The above derivation is not mathematically rigorous for the following reasons:
the stochastic partial differential equation (1) has been treated only formally. One
approach to a rigorous definition of (1) would be to consider the integral representation
for the response (13) and to define the stochastic integral in (13) as is done in the theory

of stochastic ordinary differential equations. The transition probability density functional



77

of the output of the randomly-excited distributed process has also been used in a formal
sense only. As noted earlier one approach to a rigorous representation could be based

on Wiener integral theory.

The above analysis has been facilitated by the fact that for the parabolic equa-
tion considered, because of the absence of time-delays, the theory of lumped-parameter
Markov processes is readily extended. However, randomly-excited distributed-para-
meter processes with time-delays and reflected signals require further study. Another
important question is that of constructing sub-optimum lumped-parameter controllers for
distributed processes and evaluating the degradation in performance compared with the

optimum distributed-parameter controller. These are problem areas currently receiving

attention.
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