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INPUT - OUTPUT STABILITY - A GENERAL VIEWPOINT

by

P. L. Falb
Division of Applied Mathematics, Brown University
Providence, Rhode Island
NASA Electronics Research Center
Cembridge, Massachusetis
M. I. Freedman
NASA Electronics Research Center
Cambridge, Massachusetts
G. Zeames

’ NASA Electronics Research Center
Cambridge, Massachusetts

1. Introduction - X

This paper is devoted to the study of the stability of the system of
Fig. 1, which consists of two elements in a feedback loop. This sjaﬁ:ile
configuration is a model for many controllers, amplifiers and modulators;
its range of application is extended to include multi-element, sampled
data, and distributed systems in this paper and 1n2. Here, the relation
between input-output behavior and stability is studied from a general
functional viewpoint which leads to a generalized circle criterion for
stability applicable to a wide class of systems. The theory, which is de-
veloped in detail 1n2, represents a natural and useful extension of the
results of Zamesa, Kudrewicz , and Sandberg. 7,8

A trensform theory for causal operator - valued functions defined
over a locally compact abelian group G was developed inl. This trans-
form theory relied heavily on the classic work of the Russian mathematician
Gelfand on commutative Banach algebre.; . The results inl were used to ob-
tain frequency domain stability criteria of Popov type for a wide class of
nonlinear systems ine.

Twe particularly important groups to which the thecry applies are the
reaels, R, and the integers, J, under addition. These groups correspond to
continuous and discrete time systems, respectively. - The relevant

‘This work has been supported in part by the National Science Feundstion
under Grant No, GK 967 and in part by the United States Air Force under
Grant No. AFOSR 693-67.
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commutative Banach algebras (under appropriate notions of convolution) are
(a) IL,[0,®) = (£(t): £(t) Lebesgue measurable and f;lf(t)|dt < w)
and .
(b) Ll(J+) = ({a}: n20, a real and néola'nl < w}
(vhere J' = {(n: n 2 0}). Both of these algebras have well-studied maximal
ideal spaces and, in fact, the Gelfand representations of (a) and (b)
correspond to the familiar Laplace and z-transforms, respectively. Because
of this correspondence, we shall be able to give versions of the main re-
sult of2 for R and J here, without requiring the reader to draw on any
knowledge of the general Gelfand theory. However, we note that the full "’
power of our results only comes to the fore in the very general setting
provided inz. A

The results presented here can be viewed as a generalization of tre
circle critericmi. We consider a system consisting of a linear part and a’
nonlinear part which is, in a certain sense, restricted t6 lie in a sector.
Corresponding to this sector, we consider an appropriate circle in the
complex plane and we show that stability is assured if the eigenvalues
(more accurately, the spectrum) of certain operators avoid 4his circle..

2, Preliminaries

et H be a real Hilbert space and let L,(8";H) denote the space of
square integrable maps f(+) of R into H satisfying f(t) = 0 for
t < 0. We let |+]| denote the norm on H so that [|ff = (fo.lf(t)lzdt)
is the norm on I,(R',H). Similarly, we let IL,(J',H) be the space of
square summable sequences [a.n]‘_'_ with a €H satisfying &, = 0 for

1/2

o
n < 0. The norm on I.2(J+,H) is given by [I(an]ﬂ = (% |a.n|2)l/2. With
stability considerations in mind, we introduce several extended spaces
I‘ZP(R+’H) and I?P(J",H). These spaces are defined as follows:
Lop(R',E) = (2: 3, € Iy(R',H) for 1tz 0) (1)
where .(s) =1 if s<t and !t(s) =0 if szt

Lop(d*,B) = ((a): [an!k(n)}"e L,(5*,H) for kz 0) (2)

where !’k(n) =1 if n<k. and !k(n) =0 if n 2 k., We often dencte
v +
elements of L,‘,P(J ,H) by ({a(n)}.
We are now ready to define stability.
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DEFINITION 1 Let 0,7 be maps of Ly,(R,H) imto L, (R ,H) (or of
I‘EP(J+’H) into L2P(J+,H)). Then the operator equation

e(*) + 0[(2e)(+) + % ()] = x,(-) 3)

is called L,-stable if, for any A >0, there is a K(A) 2 0 such that if
}}xl(-)]l £ A and ||x2(-)|| s A, then [le(+)|l s K(A) for every solution
e(-) of (3) with e(-) € Ly (R ,H) (or T, (3*,H)).

We shall deal with the case of each group, R and J, separately. i
Each case is subsumed under the general theory developed in2 and conse-
quently, the two cases will follow parallel paths.

3. The Case of the Group R: Continuous Time

Let £ (H,H) denote the space of bounded linear maps of H into it-
self. Suppose that ¢(+) is a measurable map of R into Z(H,H) with
the following properties: (i) o¢(-) is integrable (i.e. __fjlcp(t)lldt < ),
and (ii) supp ¢ C [O,») where supp @ is the support of @ (i.e. @(t) =
O for t < 0). Then we can easily see that ¢ induces amap o of
Lp(R",H) into 12P(R+,H) which is given by

©x)(8) = (@*x)(8) = [Fp(e-0)x(r)ar = [fp(t-m)x(r)ar ()

(c£.1). We denote the Set of all such msps © by Bro,w)"
>

If ® 4is an element of B then we can introduce a notion of

[0,=)’
Leplace transform for ®. More precisely, we let 3(5), for Re (s} 2 O,

be the element of t(Hc,Ec) given by
8(s) = [oe " (t)at ®)

where H® is the complexification of H and we call 3(5) the Laplace
transform of ®. The integral in (5) converges as & Banach space valued
integral (see l’h). Finally, we let spec (#(s)} denote the spectrum of
a(s) so that

_spec (8(2)) = (A € € (s) - AI is not invertible in Z(8,E%)}.  (6)

We now have

DEFINITION 2 Iet ©® be a. element of 3 Then @ is called

[0,=)"
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epproximsble if a(s) is completely continuous for all s with Re (s)2
0.

DEFINITION 3 ILet N be & mep of H into H., Then N is called a
bounded nonlinearity if N(0) = 0 and |N(b}| Sc|h] for &l h in B,

where ¢ is a constant.

THEOREM 1 Let ¢® Ybe an element of B l_ef_. N be & bounded non-

[09")’
linearity, end let a and b Dbe positive numbers with a < b. Suppose

that the following conditions are satisfied.

(i) ® is approximsble;
(1) ©(iw) is normel for all i® with -=< ©< «

(1i1) < bh-N(h), N(n)-eh > 20 for all h in K;

(iv) -b'1¢ U spec (8(s)); and
Re{s} 2 0
v) the set U  spec [3(1&)] in the complex plane remeins out-

s W< @
side of and does not iniersect the circle with center -1/2(1/e+l/b) end

redius 1/2(1/a-1/b).
Then the operetor eguetions

e(+) + o[ (We)(-) + x,(+)] = x,(*) (7)
e(c) + N (%e) () + x,(+)] = x,(*) (8)
where (Ny)(t) = K(y(t)), are both L,-stable.

We note that & proof of this theorem is given in and that (7) and (8)
may be written out in full as

e(t) + [P (-1)[N(e()) + x, (¥)]ar = x,(¢) (9)
e(t) + N([fp(t-)e(1)at + x, (£)) = x,(t). (10)
We also observe that if U  spec (6 (iw)} 1lies in a simply con-
- < W< ®

nected domain excluding the point -b ™, then condition (iv) of the theorem
is satisfied by vi_rtue of the principle of the argument. Thus, (iv) and
(v) can be replaced by the following condition:

~

(iv)' J spec {®(i®)} is contained in a simply connected domain
- < W< ®

with the property that the circle with center -1/2(1/e+l/b) end radius
1/2(1/a-1/b) lies entirely in its exterior. We now turn our attention to

some examples.



EXAMPLE 1 Let H= R2 be two dimensional Euclidean space and consider the

system of nonlinear differential equations

Yy + 6yp + 5y + 2y, + 2y, + y,(d+ cosy,) =0 (11)

2&1+2~J1+?2+5y2+cy2=0

for t 20 where ¢ and d are positive constants. We suppose that the
initial conditions for (11) are given by

¥,(0) o' (12)

¥, (0)

o §¥,(0)

B! '

Yl(t;

where q,a',B,B' are appropriate constents. Letting y(t) = )
2

and letting N be the map of Rz into itself given by

BT @+ )
o ryl i Y cos 1, i)
1‘2 CI‘2

we may rewrite (11) as a nonlinear integral equation of the form
t 1
¥(®) = y,(8) - [e(t-0)n(y(v))ar, ¢ =20 (%)

where J1'0(1:) depends only on the initial data (12) and where o@ft) is tae
appropriate Green's function for (11). The system is illustrated in Fig. 2.
We note that f; < xo(t), xo(c) > dt < @ end that the map ¢ which

corresponds to ¢ has the Laplace transform

7 1 s+ 2 -2
o(s) = T T .
(s+1)"(s+6) -2 s+5

It is clear that &(s) is a normal matrix for all s with Re (s) 2 O.
Moreover, ¢ is autematically approximable sirce the Hilbert spyce H(= R2)
is finite dimensioral. Thus, conditions (i) and (ii) are satisfied.
We can easily see thet condition (ifi) will be satisfied if a and b
are any positive numbers for which & ¢ b, d 21+ 2, and b 21 + d.
Now the spectrum of r?{_.;) consists of the eigenvalues
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L_L(S) = '(;gﬁm)' ’ 32(3) —g (1e’

(s+1)

for Re (s) 2 0. It is clear that the equatioms X, (s) = -b™, A,(s) =
b1 have no solutions for b >0 and so, (iv) is satisfied. Finally,

(v) will be satisfied provided that Ll(im) and ).e(im) do not intersect
and remain outside of the circle with center -1/2(1/a+1/b) and radius
1/2(1/a-1/b). See Fig. 3. It follows that under these conditions (11) will
be L,-stable in that given A >0, there is a K(A) >0 such that

lyg()l € & implies that ¥(*) € L,[0,=) and Ilg(')ll s K(a).

EXAMPLE 2 Let H = L,[0,1] so that H is a séparable infinite dimension-
al Hilbert space. Consider the nonlinear integral equation

a(x,t) = uy(x,t) - [of3 (5,5, t-8u(y,))ayar, t2 0 an

where it is assumed that N is any bounded map of 12[0,1] into itself
with N(0) = O and that

[0 (x5, 0) | axdyat < = (18).
‘P(X,Y,t) = tp(y,x, t;) (19)
o(x,y,t) = 0 for t<oO. (20)

We shall determine conditions for the I.e-stabihty of (17) in the sense
that given A > 0, there is a K(A) > O such ‘that if f‘f Iu (x,t)| dxdt s
A, then every solution u(x,t) of (17) satisfies f;folu(x,t)l dxdt s K(A).
With the objective of proving stability in mind, we define a map ¢
in B setting
( [o,n)) by

(@V) (x,8) = [P (%3, 6-5)v(t, )ayas L @)

for v in I.QP(R+,I.2[O,1]). The Laplace transform ®(s) of & is then
given by

(s)w(x) = [Hxy,s W)y (22)

where s(x,y’s) = f;e-StQ(x’y,t)d‘b. Now 6(5.@) is normal by virtue of
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(19) and 3(5) is completely continuous for each s with Re s} 20 by
virtue of (16} (see’)., It follows that (17) will be L,-stable if (iii),
(iv) and (v) are satisfied.

Let us look et a particular example. We consider the nonlinear partial
differential equation

b“u +3 3511 + 2 32u= N(\l) (a)
i Bl -

Ot dx
with the auxiliary data

u(0,t) = u(l,t) = 0 (24)
u(x,0) = fl(x)

(x,0) = 1,0x,

where f, end f2 are elements of La[o,l] and N is & bounded non-
linearity on Lz[o,l]. Ve may reformulate (25) as an integrel equation of
the form (17). To do this, we let I(x,y) be the Green's function for the

Sturm-Liouville problem on [0,1] given by
d.2 X
i —d;—'?gl = £(x), q(0) = q(1) = 0 - (25)

so that

x(ly) x<y
r(x,y) = t (26)
A-x)y x>y

for x,y in [0,1]. We also let V¥(t) be the impulse response for the
operator Ds + 5nt + 2 80 that

o to® - s a0

'v(t)-‘ (21)
0 t<o0

Then (25) hes the equivalent integral form
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u(x,t) - “o(x:t) L f;f;r(x)y)V(t")N(u(Y,7))@‘17 (28)

where uo(x,t) is the solution of the equation (Di+3Dt+2)uo(x,t) =

du
¢ 0 0 ol
satisfying the initial conditions uo(x,o) = fl(x), a'F("'°) = !‘z(x). We
note that [;féluo(x,t)ladxdt_< o, Now (28) has the required form with

o(x,y,t) = I(x,y)¥(t). Moreover, I'(x,y)¥(t) satisfies (18), (19) and (20).
In order to apply the theorem 1, we must compute spec [3(3)}. Here,
s(x,y,t) = I'(x,y)/(s+1)(s+2) and so,

A 1
(1) = Teryramay [Py (29)

for w(*) in L,[0,1]. Now, the operator T given by ('I‘w)(x) =
f]T‘(x, Ww(y)dy is weu-known to have the spectrum (O, l/n " ton = 1,2, 543)

since I(x,y) = Z Bin o

(0, 1/(s+2)(s+1)n 'n2} :

let a and b be positive numbers with & <b. Then -b £
spec [8(5)] for any s with ‘Re (s} 2 0 and so, (iv) is satisfied. If,
in addition, we assume that (0, 1/(ia#2)(1a#1)n 2 2: e<w<o n=1,2..,
does not intersect and remains outside the proper circle, then (v) will be
satisfied., Thus, the system (28) will be L,-stable provided thet the non-
linearity N satisfies the condition

sin mry. It follows that spec (8(s)) =

I3, (ow(x) - N(w(x))) (H(w(x)) - aw(x))ax z O (30)

for all w(-) in L,[0,1].

4, The Cage of the Group :If Discrete Time

Again we let £(l,H) denote the space of bounded linear maps of H
into itgelf, GCuppose that ¢(+) is a map of J 1nto Z(H,H) with the
following properties: (1) ¢(-) 1is summable (i.e. r; chp(n)ll < =), and
(11) o(n) = if n < 0. Then we can easily see that @(°) induces a
"map & of L.ZP(J*,H) into L,,(J*,H) which 1s given by

(9%)(n) = (p*x)(n) = Z_,;v(n-J)x(J) = .'P(n-J)X(J) (31)
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for x in L_ (3" H). We denote the set of all such map by B ,.
ar i P 7

If ©® 1is an element of B_,, then we can introduce a notion of z-
transform for ®. More precisely, we let $ (z), for z e C with |z| 51,
be the element of i(Hc,Hc) given by

é b
~ n
o(z) = L@(n)z (32)
where H° is the camplexification of H and we call 8(:) the z-trans-
form of ®. Finally, we let spéec (8(:)) denote the spectrum of 3(2) 80
that

spec (8(z)) = (A €cC: 3(2) - AI is not invertible in t(xc,He)].(Zv})

We now have (just as in section 3)

DEFINITION 4 Let ©® DYe an element of BJ+. Then @ is called approxi-
mable if 3(z') is completely continuous for all z with |z| s 1.

THEOREM 2 Let ¢ De an element of B 4 let N be a bounded non-

linearity, and let a and b be positive numbers with a < b. Suppose
that the following conditions are satisfied:

(1) ® is approximable,

(11) 0(e?®) 1s normal for a1l 16 with 0 s 6< 2m

(111) <bh - N(h), N(b) - eh>2 0 for all h in K

(iv) -b'l‘ U  spec (S(z)); and
z| §1

(v) the set U  spec (S(eie)} in the complex plane remsins out-
0 s6c<eer

side of and does nou intersect the circle with center -1/2(1/a+l/b) and
vedius 1/2(1/e-1/b),
Then the operator equations

e(+) + o[ (Ne)(+) + x,(+)] = x5(+) (3%
e(*) + N[ (0e)(+) + x,(+)] = x,(+) (35)

where (Ey) (n) = N(y(n)), are both L,-ctable.
We note that a proof of this theorem is giveu in

(35) may be written out in full as

2 and that (34) and
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e(@) + £ o(n-)[N(=(3)) + x,(3)] = x,(m) (36)
cn
(@) + BE o(n-es) + X, () = x,(a). (57)

Let us now examine an example.

EXAMPLE 3 Let H = L2[0,1] and consider the nonlinear differential-
difference eque:ion g

2 2
d%u_, (x) d%u_(x)
LB g = Ny, ()

dx

with the auxiliary data

4,(0)

uo(x) < fo(x)

ul(l) =0

ul(x) = fl(x)

where fo and fl are elements of L2[0,1] and N is a bounded non-
linearity on Lz[o,l]. We seek to determine conditicns which insure that

L
12
rz,,)folun(x!l dx < ® for all f,

To gimplify matters, let us Write u(x,n) in place of un(x), ete,

and ?1.

With this convention in mind; we let y¥{x,n) be the solution of the homo-
geneous versgion of (%8) with the auxiliary data (39) [i.e. 7(0,n) =
Y(1,n) = 0 and 7(x,0) = fo(x), r(x,1) = fl(x)]. It is easy to check that

o«
n):“’)jf]; ‘r(x,n)lzdx < w, Now we can reformulate (38) as an operator equation.

To do thie, we let TI(x,y) be the Green's function for the Sturm-Liouville
problem on [0,1] given by

5 .
-ir«n=nn,um-wuho (40)
.aothat
x x<y
r(x,y) = (1)
& Yy x>y

for x,y in [0,1]. We also let (¥(n))} be the "impulse recponse" for
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the operator (Ez-(l/h)I) on 12 (square summable sequences) where E is
given by E!'[an)] = (a.m_l} (i.e. is'a shift). Then,

0 n odd, zero or negative
V(n) = W (42)
1/2° 2 2 even

It follows that (33), (39) has the equivalent representation
n
w(x,m) = ¥(x,0) + I f2¥ (a-K)T(x,y)N(u(v, k) )y (43)

fow (43) has the required form and we shall use theorem 2 to establish L2-
stebility. ;
We let @ be the element of B, given by
J

(o) (x,1) = Lo ¥(n-k) [20Ce, ) vy, )y (i

and we note that the z-transform of 9, §(z), is defined by

-Z

o
(3(2)w) (x) = n f SFx,¥)w(y)dy (43)

for w() in L,0,1] and z € C with |z| $1. Since I(x,y) =
»(y,x), o(z) is normal. Moreover, O(z) is completely continuous on

|z] s1 as [f[r‘(x y)ldxd.y<- and s0,® is approximable. Now, to da-
determine the spectrum of 0(2), it will be sufficient to determine the

spectrum of the operator T given by
1 )
() (x) = [oT(x,5)w(y)dy (46)

and then multiply by 22/(1-22/h) But it is well-kncwn that the spectrum
of T 1is the set (O,l/(ml/E)zv"Z a.=12,..] and so, apec (?(:)] =
[C,zz/(l~zz/h)(n+l/2)27?}. Thus, if we suppose that Ao #

(ml/a)'z'rr 2(: /(1-z2/h)) for |z| 1 and trhat the set

(o, (l/(ml/2)2rr2)(cae/(l-ezw/b))! n=12...,0 56<2M remains out-
gide of and does not intersect the proper circle, then the system (38) will

be La-atable for any bounded nonlinearity 1 satisfying the inequality

FAEo(x) - Bw(x))IEN(W()) - we() ]2 20 (47)
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for all w(x) in Ly[0,1].

5. Conclusions

We have indicatec in theorems 1 and 2 and in the examples, the rudi-
ments of & very genergl theory of stability for systems defined over
iocally compect ebelien groups. Detailed aspects of the general theory
appear inl a.ndz.

Our results in this paper involve a generalization of the circle
criterion (see, for example, 3) in which the eigenvalues of certain opera-
tors being restricted to lie outside of an appropriate circle is a
sufficient condition for stebility. The resulits thus represent readily
ussble frequency domain criteria. We also ncte here that the general
theory is applicable to a very wide class of systems. In particular, non-
linear problems involving systems described by ordinary differential
equations, partial differential equations, differential-difference egua-
tions, and integral equations can be treated vie the general theory.
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M2 STABILITY AND PARAMETRIC SYSTEMS

C. Iefevre, 4. Raoult

Netiopal High School cf Aeronautics
Research Center for Autometion
Paris (France)

INTRODUCTION

The development of automation is such that the control en-
gineers need to describve more exactly the physical phenomenons
to be controlled, and have to study more and more complex sys-
tems. For these reasons they encounter more frequently the pa-
ranetric pystems.

! Theoretical study of such systems is difficult and subtle,
and disposes of few tools only (Floquet theory ...). Moreover,
the parsmetric phenomenons that arise in the systems are often
not well defined. Hence, it is necessary to possess the meth~
ods adapted to the acquired knowledge on & system. In such =@
way, the circle criterion 19 3 supplies a stability test for
8 system with parametric geain specified by its lcwer and upper
bound.

However, these global studies lead too frequently to the hy-
pothesis of frozen poles, which can be dangerous.

In this paper we'll define the M, stab‘ﬁl.li“tzs a:7we11 as
its relaticns to the classical definitions '° ' '.This no-
tion of stability is to adjoin, from theoretical point of view,
te contrection mepping principle, and from physical point of
view, to the power dissipaticn in a system. A geometric cori-
terion that meke use of time —average and of mean-square value
of the varying perameter, will be established.

I. NOTATION AND DEFINITIONS

1-1. Definition: 1!2 stability.
A control eystem is called "M, -stable" if A2 elo,1[ sner
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that for every error signal £(t)e M, one has:
')“ e(t) “ nz - " s(t) “ uz (1_1)

where s(t) is system’s output.
Remarks:

1. The space N, is oompoaed of functions £(t) such that

lecorlly, = [ 12 2 S | 2012 at]

T =%

This norm is called also by the physicists the root-mean-
-square value.

2. The parameter ] in the definition of M, stability is
the gain of open loop system.

3. The above definition states that the system representa a
contraction mapping in the space M, , or that it is dis-
sipative in the sense of energy.

1-2. System under study

We shall consider a class of parametric systems represent-
ed by the system in Figure 1-1.

The parametric gain f£(t) 1is a time function belonging to
M, . This gein is followed by & linear stationary operator de-
scribed by its tramsfer function G(p) = [H(p)]™' , strictly
stable.

1-3. Lemma
& sufficient condition on (S) to be "uz—stable" is that

whatever the error signal &, (%) = exp [jvt] ( ¥ve R) is,
the corresponding output signal satisfies:

Mlexp(avt)lllz & lls,(t)uuz (1-2)

with 2y e Jo,1[ :
ors E,(Jw) = E(Fw)y S(w=-v)
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corresponding to a sinusoidal error signal with pulsation y .
Hence we haves:

© )
€ (Jw) =Y E,(Jw) dw

It s;(;jo)) is a Fourier transform of an output signal cor-
responding to  E(t) , B(jw ) that is relative to £(t) can
be written as:

+ 00
8(jw ) =S S Jw) ay

-00
Following the proof given in the Appendix, we wrifez
+00
2wl 2 &
llaColly, -L» |sc3w)| 2 aw (1-3)
+00 F00 +00 +00
’ 2 . 2
=j | j 85 (Jw) dv' dw¢ S de ,S,(Jw)l dw
-0 Y—00 -00 -00
Assuming that the condition ((1-2) is verified, we write:
Co
||e(t)1|ﬁ2 < f a3| € (Jw)| 2 4w
-00

with

Ne Joa[
Taking )\ = Sl,xp v . we hav;

“s(t)"uz < Mle (t)llﬁz )

with

% e Jo,al
1-4. Relation "M,-stability” - "Lz-atabilim

A fTormel study of systems stability leads to search a func-
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tion space the output s(t) belongs to, given the space of
the input e(t). The spaces L, and Le have been used1*?» 16
to study an equi-asymptotic stability and bounded inmput-bound-
ed output stability, respectively. The study of stability in
M,-space uses the signal power as principal variable. It has
been shown recently that the sufficient condition of Ma-sta-
bility is that the system is contractiv for signals E(b) =
= exp(jvt) (Vv € R). This condition is close to the describ-
ing function method, nevertheless it is more global, since it
takes into account the power only and doesn’t teke the ampli-
tude and the phase. !

On the other hand, it is interesting to show that the "uz-
-stability" includes the "I..Z-stability". Let us have a system
(8), "Hz-stable":

ns(t>n,,2 = A llect) - a(*c)ll,,2

and
|ls(1:)||u2 < all e(t)"ua +2ll s(t)“uz
then . )\
lls(t)ll.,2\< ons Ile('c)\lu2 (1-4)

which implies s8(t) € M, if e(¥)e€ K .
Note that if e(t) € L, , then ||e(t)|lll2 = 0,and according

to (1-4), |Is(®)l = 0, which proves that® s(t) belongs to
L,. Hence, a e system (S) which is "M,-stable", is "L,-
-stable" also. .

Remarks: +.00

lewly, =[ f le(t)|? at] /2
0

1-5. " A M,-stability"

Definition. A system (S) is said to be "2 M,-stable" if its
output is stable as exp(-at).
For s(t) to converge as oxp(-At) it is sufficient that:
g(t) = 8(t) exp (3«1;) is the output of a "Ila—stablo" system.
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Let us consider the systenm (§) with a structure equivalent
to that of (S), described by the following equations:

fi(t) = -g(+) ()

~ ~ ~ 1=
U(p) = E(p) S(p) o)

We seek a relation between H and ﬁl .
Starting from the equations defining (8):
u(t) "= -g(t) s(t)
U(p) = H(p) S(p)
multiplying first equation by exp(2t)and replacing p by p-i
in the second, we get?
u(t) exp (X t)="-g(t) 8(t) exp(2t)
U(p-2)=H(p-2)8(p=-2)
which cen be written as:
a(t) = u(t) exp (At)= -g(t) 8(t) ;
~ ' e (1-6)
U(p) =U(p -2 ) =H(p-2) 5(p)
The system defined by (1-6) is represented in Fig. 1-2,where
the. operator H(p) = H(p =2 ). .
The study of " JMa-stab:llity" of a system (8) is .therefore

equivalent to that of "Mz-stability" of the system (8) obtained

by replacing p by p -2 .
A criterion that we ll prove later will allow to define a

margin of absolute stab':l.lity having greater practical signifi-
cance than the stability limit.

IT. CRI ON OF "M,-STABILI

2-1. Criterion (C1)

A sufficient condition for a system (S) to be "llz-etable"
is that:
lz(e)lly < Inf |H(Jw)| (c1)
L o
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Iz E(t) = exp(Jvt), the system (S) is defined by

u(t) = £(t) exp(jvt) (3=1)
U(p) = E(p) 8,(p) (2-2)

Starting from (2-2) we’ll write (see Appendix)

llu(t)n fln(acnscaw)la

+
llu(t)'liz Infl B(jw)| 2 flsy(ac»)l?-aw

-00

|lu('a)ll;"(2 > In | H(:lw)|zlls,(t)lluz

Consequently

Huct)nMz

Inf |H(jw)!
= _

i sy(t)"uz <

We apply'"uz-stability" condition (lemma 1-3). It will bDe
satisfied if

fuce)ll
« s (2-3)
Inf | B(jw ]

On the other hand, equation (2-1) ylelds:
laco)lly, = (E4¢ enr:p(a\ff:)llu2 = 20l
and equation (2-3) can be writtean as:
ll:(tjlluz L Iut | B(jw)l with A, e 10,40 WeR
the above formula yields the criterion 771):

£¢o)lly, < I=f | BE(3w)l (en,
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Remarks:
1. If a linear system with transfer funotion G(p) = Hz )
P

is
at the stability limit, Igf H(jw) = O, the parametric
system is there also, ||1:(1:)||Mz = O.

2. If the nature of function f£(t) is better defined, it
is possible to improve this criterion. In particular, it
f(t) cen be represented by £(t) = > £ exp(jwyt), a

n

more efficient criterion is valid 13, 17 s

1> 80 3 12,07 16(w + @)l ? (c*1)
_ . :

2-2. Criterion (C2)

i

Consider now a modified system (Sm) (see Fig. 2-1).This sys-
. tem is equivalent to the system (8). A study of the stability
of (Sm) supplies the one of (S).

Let us denote:

£(t) = g(t) + M

.where P
¥= 1lin -"-j £2(t) at
T TV

By applicatidn of criterion (C1) to the system (Sm) we get:

Aot | B(3) + ¥ - I(de)]| =
= llGet) + 235 )) ex (3> ol

or, alternately:

2
%1ar |aGiw) + ¥ - 1030)|2 = oy, + 1263012

The stability condition given previously has to be verified
for ell ¥ , which implies:
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2
Int | E(Jw) + M - L(3w)|® - ax j1(3v)| > usct)nﬁz (2-8)

. Transfer function I(p) has to be determined in such a man-
ner that inequality (2-4) is optimised,that is: v

||s<t)u.,2<nax<1nrlncam>+u L(3w)l? +
- Mex lx¢av)l®y (c2)

Remarks:

1. The linear part of the system (Sm) is always stable in
the domain of application of criterion (C2). Indeed, the
stability limit of (Sm) involves

m|a(3w) + M-IL(jw) = 0

which corresponds to |5(t)||n2< O, an impossible condi-
tion.

2, The problem of determining an optimal operator L(p) re-
mains to the golved. One may expect that this would ena-
ble to close together the necessary and the sufficient
- stability condition.

2-3, Geometric criterion

Let L(p) = A e real constant. Criterion (C2) becomes
therefore in the limit:s :

IO, = Mex (ot [BGGw) + ¥ - al® - (2-5)

Consider a locus of H(Jw) + M in the complex plane (Fig.
2-2). For fixed value of _u & locus of H(Jw) + M- a can
be obtained from the previous one by translation am of the im-
aginary axis, or I'm this new axis. We 1l seek next the small-
est circle inscribed into H(jw) + M, centered into 0’. A ra-
dius R of this circle is such that: R = Iof | B(jw) + M -/x'

Let us consider the triangle O'0A :

ﬁa = 65'2 + ﬁz
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of Su F‘Z . Bi2 (2-6)

Equations (2-6) and (2-5) involve: g(t) X, = OA for Tixed

velue of n . & is an arbtitrary parameter thet may be choos-
ed such that Ils(‘tz)um2 is meximum. This is realized for =&

velue of m such that the intersection (point £ in Figure
2-2) of the imaginary axis with the inscribed circle centered
on the resl axis, is the closest possible to the point B .

We consider now a case when the inscribed circle is tan-
gent at B (Fig. 2-3). Vlev have then:

In (B(Jw) + M) = lls(t)ll,'(a

Be (H(jw) + ¥) = 0
a Im (H(jw) + M)

& =Im (H(Jw) + 1)
d Re (H(Jjw) + M)

eliminating the limit (see equation(2-5)) we get:

Ils('l7)l|M2 < Im BE(jw)

_ (C3)
¥ = -Re E(Jw)

= (2]
¢ (39) Toe H(jw)

Geometric interpretation of (C3) is given in Fig. 2-4.

2-4, Exsmples

Criterion (C3) allowed us to determine the stability as
well es the "exp(-2 t)- stabllity” of a third order system.The
results are given in Fig. 2-4,
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Criteria (C“1) and (C3) have been applied to a system re-
presenting Hill equation. A comparison of classical stability
criteria have been performed on this example, and the results
are shown in Fig. 2~5.

2-5. Application of the geometric criterion

We define three types of systems that corresponds to differ-
ent applications of the criterion (C3).

Type 1 _systems : ‘

These are the systems for which the best result is obtained
with A= O. Criterion (C3) yields the same result as criteri-
on (C1).

In inverse locus, the inscribed circle centered at the ori-
gin is tengent to H(Jw ) + M on the imsginary axis. Common
tangent line is horizontel (Fig. 2-7-a).

In direct locus, the circumscribed o¢ircle centered at the
origin is tangent to a locus G (jw) = [H(ju») + M]-1 on the
imaginary axis. Common tangent line is horizontal (Fig. 2-7-b).

Type 2 systems

These are the systems for which the criterion (C3) is  di-
rectly applicable and yields better results that the criterion
(C1).

The circumscribed circle of type 2 systems a&as well as the
inscribed one are not centered at the origin (Fig. 2-8-a, b).

Type 3 systems

These are the systems that do not belong to the type 1 nor
2., The criterion (C3) is not applicable.

There is no circle tangent to H(Jw ) + ¥ on the imaginary

axis, and Ue(®lly, - ox # 0B (see section 2-3 and Fig. 2-9b).
Likewise, there is no circle circumscribered on G (j« ), tan-
gent on the imaginary axis (Fig. 2-9-a). One has:

oA = = [llsey]™ .

This classification shows that the criterion (C3) obtained
for I(p) = M is not fully satisfying (see section 2-2, re-
mark 2), and that there exists perhaps a better operator L(p).
This problem remains entirely unsolved.
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CONCLUSION

Introduction of the "Hz-stability" into the theory of para-
metric systems has allowed to establish new stability criteria.
These criteria are easy to apply, and the geometric form of
one: of them is particularly simple and synthetic. The simplic-
ity of application by no means alters the quality of results,
which are better than those obtained by the classical criteria.

The_ "M -stability"™ is a tool that is sufficlently elaborat-
ed to detect stable parametric system with possibly instable
instantaneous poles (frozen poles). This mathematical tool,
that uses functional analysis, is akin to the frequency analy-
sis, being more global however.

The "ua-stability" is particularly well adapted to system’s
theory, and it is expected that a synthesis of the methods us-
ed for parametric and nonlinear systems will be therefore pos-
sible.

APPENDIX

If s(%t) e My, according to Bohr theorem * y 8(t) can be
represented by s8(t) = Z Bn exp(J ount), where the set {wn}
n

is finite o denumerable.
A Fourier transform of s(t) may be written as:

S(jw) = 2 8 & (w-w))
n

Hence
o0

- +
f b Tl A S 0 887 d(w- wy)d(w - e
oo Joo B W

and according to-an elementary property of distributions:

3
F. Riesz, B. Nagy, Budapest 1953.



27

+,00
f d(w - w) J(w - wdw = F(w, - wy)
5 ! .
it becomes

+
ﬁS(;}w)lz dw = > . 8.5% d(aw, - ) =
- 00 nn

or

+
2 1 . 2
Dls, = Lim ?mf | sce)l? at
o T = Co =7

+
ﬂ s(dw)l ? aw =1l a(t)llna

-00

Remark

Iz l|.s(1:)l|“2 = 0, s(t) belongs then to L, and the above

reasoning is not valid.

1.
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PASBUTHE METONA TAPMOHUYECKO! JMHEAPU3AIYHA

MOCKOBCKUll MHCTUTYT PajMOTEXHMKH, Henor E.N. (Mocksa)
QIEKTPCHUKUA M aBTOMATUKM Xaunazo E.A. (lggunrpa;)
TounETpaACcKuit SNEKTPOTEXHAYECKUM UHC— CCeP

TATYT UM,YAbAHOBA~JleHUHA

Cpezm umeTO0B MCCHEAOBAHMA M PacueTA HONUHEHHNX cCHCTEM
@BTOMATMYOCKOI'0 DEryIMPOBAEMA M YNDPABICGHUA CAMOr0 Da3AUYHOI®
Ha3HaYCHMA Hamel MWDOKOEe pACNpPOCTDAHOHMS Ha NPAKTHKE METOZA
TapMORMUecKON AMHeapuaalMM MAM rapMOEMYECKOro OalaHca. JT0T
MeTOJ yZAYHO COYETaeT YueT OCHOBHNX CneuMPUyecKUX HEN¥HOHHHX
CEO#CTB, HENOCTYNHBX NMHEHHON TEOpHM, C BO3MOXHOCTHD TIDUMEHG—
HVfl XOpOHO 3HAKOMHX M3 JMHEHROH TeopuUEm peryiupoBaxuf pacuer-—
HUX NpUeMOd C HEKOTODOU MX uonepuuaannen! Kpoue onpenenernus
aBTOKONEOATENbHHEX DEXMMOB, B TOM YHCIC M C yUOTOM BHCHMX rap—
MOHMK, 270T MOTOJ| MO3BOJRET HAaXOAMTh KOJNEOaTOJBHHE I'pDaHMUH
yerouusocTH HenMHEUHOR cHMCTOMH, Kax MO napaMerpaM, T8K B 0O
HauyaNpHHM YCAOBUAM; MCCIEA0BATH KaYeCTBO KONECATENLHHX Nepe-
XOZHHX MNpPOIECCOB, B KOTODHX 4acToTa MEHAOTCHA C aMnIuTyAoH
KonaGauulyf ¥ BWA Npolecca 38FMCHT OT HAayanbHEX ycaomuit; uccae-
AOBATEL CJIOXHHO NpPOLECCH, COCTOANME M3 PAAR COCTABRJADUMX ©
pasnuMyHEMN NOpAAKaun vacTor (KONeCaHWA Ha (OHE MEANSHHO Mo-
HADIMXCH COCTABNADLUYX M T.M,) C yYETOM HenuHeHHON BaaMMOCRA-
3N MCANYy HMMM, KOTrJZa HECIDABCANME NDPUHLMN CYNEPNOSHMIMHM pe-
menutt &

liecuorpd Ha nNpUOAMXEHHOCTH, @ MHOTZR B HECTPOrOCThH MO-
TO/2, OH 7867 NPIABUJBLHHE ANA NDAKTUUYECKHUX NOoTpeCHOCTE# pe-
3YyNLTATH NPUMEHAMTENBHO X MHOIMM KJIACCaM CUCTEM, pemas B
yAoOHOR n HarnAzHo# ziA npakTHkR fopue 3aZauM, KOTOPHS He-
BO3MOXHO pemMTEH ADYTUMM MCTONAMA, OTHM H OCBACHASTCH 60 HH~
POKO® pacnpocTpaHCHWe, Teu Gonee, YTO B CBETE HOBHX 3azad
ynpaeleryvA M DOEUNGHMA TpeCOBaHME K KaveCTBY MpPOIL6CCOB X
TOYHOCTH CHUCTCM, MOBHCHIOCH M BHMM@HM® MHXGHOPOB K HeIMHOH-
HUX 3223a4aM, K NPAaKTHYECKOMY HCNOLH30B3HHD CNCiMaIBLEO BRE~
ACHHHX HeIuHEHHOCTER M HeAuHEHHHX 32KOHOB ]npﬂll.ﬂnl;

Pa3puTHO B EMPOKOO MCHNONB3OEARME BHUMCIMTONLHON TOXHU-
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KK OTEDXG He YMOHHNAGY NPAKTUYGCKO® 3MAUGHH® NOZOGEEX NPHOIR—
XOHEHX MOTOXCE, @ Hao0ope® yCEAZBaeT ere,

Liexo 3 TOM, 9TO MOTOA IapMOHRUECKOH awseapusamus (rapue-
HHUECKOI'¢ (2JaEC&) A36T HENOCPEACTBOHHO 3aBMCHMOCTK MEXXy Ta—
KEME OCHOBHHME XRDGKTEDHCTHMXAMH NDONECCO® KRR AMIIMTYXH, Y&C=
70TH, NOKasarTeiR BaTyXaHMs M NapaMerpaum cucreMH (xesdimmuen—
TH YCMIOHNMA, NGCTOAHEHG BDOMORM X T.D.)., K 5ToK neax He uoxer
OpEBECTE EMEAKE® TOUHOE DOMONNe NCXGZHMX HeamHeMEux ZEGfepeE-
NAGABMNX M JDyIEX YPaBNeH:ul CHCTOMH Be 3peMemr, Hozes T0re, B
CONEEMHCTEG CAYYRCH HPHOAUXGHHO® DSMEERO 33XaY, noayuacuee
METOZOM TAPMOEMYGOROE IMHOADUBALMK, HONB3AM SAMEHMTH ADYIHME
fonee TOUHLME, X62f OH M CAGEHHMN, QATCPHTHEMN ZIA HCLOIBIO~
JeEHE BHUHCIRTONBEO! TOXHEEM,

Juzruses 570 NPUHIMNMANSHCS OOCTOATONLCIB®, MOZNG CKa~-
88Th, UTO NORBAGHNE ¥ DRSBHTMG ININCIKTENLHON TOXHNKE CHOCOT-
C2BYOT PACHPOCTPAEGEND MOT6AR IapMOHNYSCKOH IMHOADHSS MM,

A rusEHe, "pyunoe" MIM rpafUvecKe® DENOEMS 3AXAY DTHM METSXOM
CTEHOBETCA IPOMO3NXNM, KOMAS MCCIOXAYSTCH CHCTEMA ¢ HOCKOIB=
KMME EORMECHHOCTSMM HAX KOI'AR NCCIEXYETCH NPONEece H3 HECKONb=
KEX COCT&BISDLEX C PAsHENMM uacrorarm, H ry® Hac zHpyIaes mH-
YNCAKTONbEES TOXHMKA. Tenephr EMEETCH yA® MEQOre NDHEMEDSR pe~
WOHA® BECHMA CNOXEHX 3848V B NPOMHEAGHHHX HaYYHO-HCCIEXOBa-
TONHOKMX EHECTHTYTEX MOPOZOM I'aDMOHEYSCKON AMHGRDRS&NNE Ha
DEQPOBLX BHUMCANTENBHNX MaEWE&x Tuna M-20 x Ap. ¢ »memiome-
HEGM De3yIbTATOR DONGHHA 3 DOQIBEHX HOIKEOREHX CECTEMAX yI-
peBzenxs,

MEcreneTHEit OnuT NOKES&N, YTO BOSMOXHOCYHE DEHCHMA STHM
MeTOZOM NPaKTHYGCKNX MEXGHODHELX SaXaV SHAUMTONBHO MMpPS, NOM
TOBODET ©C 9TOM TEODMA M YOM MH cellyuac B COCTORENE TSOpPETE-
YecKE 9GOCHOBATH,.

Bce 870 roBopET @ TOM, WTO IpodneMa METOXA IapMOEHYEC—
Kejl IEEeapmsamme, Xasanochk OH ZaBHO HCUSpNaHHAR, Tpelyer k
C20® HOBOrO BHMMAENA, EAK N0 AMHEM PASPRCOTKY QIrOPUTMOR B
CIOKHHX CRYY&AX ZAA MCHONH3OBANHA BHVUMCIMTONBHON TEXHMEKN,

TaK H N0 IMHHE TOODOTHUOCKOr'e 00OCHNOBANMH ZANA PAsHHX o0iac-
Toft nplnenexuz:

B cpAsE ¢ STHM, HONMFAMM ABNAETCH M DaSBETHE NPAKIGK-

Eoft CTODORMH MOTOZ@ IapMOHNYECKOl NHHEADUSAUMN R DPRSIHYHEX
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EaTpaRnenKaX.

B 7aEHOM coolmeHu# noizeT peus O Horoff {opue npexcran-
IeHMA rapMOHMYECKH J4Heapu3CBAHHOTO 3KBABAJNGHTA ANA HEOAHO-
3HauUHHX HenMHe}dAocTell ¢ PMCTEPU3UCHUMHM MOTNAMM, KOTOPHE 4acTo
BCTpPEVanTCHA Ha NpPaKTHKe. OTa HOBas (fopua MO3BOJNAGT MCHDAEKTH
CyROeCTBEHHYN HEKOPPOKTHOCTH, NOABAAVNYDCA B HEKOTOPHX 3agavax
npr fopManBHOM MEIMSHEeHUM MeTOZa B CTapo# 3amucH.

TapuMOEZMEeCKH IMHEAPU3O0EaMHOS BHPAX6HMG JUJIA HEOAHO3HAUHRX
Henunefinocrsi

y=Fx) (1)

¢ THCTEPUBUCEHNHA 'emnﬁun NPUHATO 3aNUCHBETHE B (OpMe
y=[aA)+ ————)/vx. LA)<0, (2)

rae /4 &) - aMuIMTYAA ¥ YacToTa KoxeSaHult, cz{i%) u
4 //) - xoammuveusu.

2
a=1 j Flsing)sinpdyp, Gt |FRsimpleopdy. ()
o

B peaynstatc B nepezaTovyHo# QyHKUMM PA3OMEHYTOH cHcTEMH
NOARNAGTCA NOJNC, PACNONOZEHHNH B npaBofl nonynnockocTH (Me-
HAGiMA CEO€ NDNOZCHME NpM M3MOHEHUMM AMNIMTYAW KoxeCanuit), o
TEPMBHOAOTUN NUHEAHOR TeopuUM peryIMporassuf NONYyY8ETCA SKEURA—
ICTPHOS NMHEADU2CRARHOS HOMMHMMANIBROJA30BO® 3BEHO,

Yacro npu aoMulaKWM CHCTEMH 2TO He BrgyeT 3a codolf Huka-
KMX NOCNEACTBAY M BCO® BHKIAZKM METOZA HAYT HODMaNBHO. OAHaKe
6CTh KJNACC CilCTGM,B KOTODHX 3T0 NPHBOAKT K OTPUNATEABLHOMY
ZHAKRY HEKOTODHX KOO({HMLUMCHTOBR X8PAKTECPUCTANSCKOrd yparHSHMUA,
YTO JNONKXHO GuNO OH CBUACLCILCTEIBATL O HSYCTOHUMBOCTH HCKO~—
uuX KoneCaHult, B TO EPEMA KAK OHM OKS3HBANTCA HR CaMOM A&
yerohunewun, Pemenue xXeé 2Nf aMnAKTYAH K YacTOTH KOXeCaHm
NONYYAETCA NPH BTOM NPABUIBHHM,

Mpnuep raxoX cucrems xaE Ha puc,f. Jumamura cucremu
ONHCHRASTCA YpaBHOHUAMR

04

. k ¢
£=L§g"}z > u,a"’:??;’(uz'koc); S?"k‘/u!/ 5
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!
<5

14}"4}5., &C°c==;239/152 > j}z ='7E?_J;z)

LA
U2 =;€s;; ’ ‘Cq:=/:ééj)==626a)k3'f'1£;%9“3‘,

k=/c,£‘zk;44'é.r > /‘5"43/41/&

lepezarounad ¢YHKUMA YacTd CXCMH, OXBAUGHHO! KOHTYpDOM of-
parHoft cmA3M, AMELT BHX

i/' ’j i _a 4/[6-1(’4)'/' »fﬂ)/,]
P [+ Tp + ks JaA)+ L2V

[epenarounan QYHKOMA PA3OMKEYTOH CHCOSMH OyL o

p?Zé)- ‘6Z£h4a)7b'4:;aq]
e kel BRI

Xapamepacmqecxoe JPaBHEHKE DAcCMATpUEBAEMO! CHCTOMH

HME8T BUX
Wep) 41 =0

Aop# A+ Ap™+ Asp Ay =0
Koa@duumenTH XapaxKTepuCcTHIOCKOI0 ypaBHeHAd CYAYyT
Ao=7f_k6 ,4;24) ?
A =TT+ Thga ) +ke 22
A, =T+ T +kea (A,
Ay =1 +k -—ligﬁ L A{/=,éa/A),

nam

Corzacso {2) xosfdunment A., dyier oToMnaTenbHrM. Moxer
OKRDATHCH OTPHLATAABHHM YAKES ¥ XO3ddruMeHy /13 s B TO BpO-
MS EAK OCTRUHENG FOMEMUEEHTH S2F6IOMO MONORMTENBEHN,

370 HRAAGTCR CIENCTBMEM HEYZAUHOTG ENGops JODMYAH SKBURG~
JLHPHOTO PapMOMAMECKN AMHESDH3OBANLOrs BuDAXskKA (2), Koropas
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OONUE® P I'RpMOEWYECKOM Cal&Ece NpUMORASICR. COXDaEM3 TOT Xe
NpePRISKER OKOENATENBEHH PESyXBTET PENOHRAR ANX BMNIRTYAN M
Y2CTOTH, MOXEO HM306XaTh YEASEHHCH EGKOPPEXTHOCTH NPOMEXYTOU-
HGTO 3EpaXerMs (XAPSETEPUCTHRSCKOr® YPABHEE¥A), €CIH AJR He=
nuEe#woro szesa (1) ¢ HeogmoznauEOE meTiesci EeARHOHHOC THD
TECTEPESNCHOT® THNR NPUHATH (OPMY SEPMBaNC=THON I'a PMOENUCCKH
azReflapesoBaNEel nepearTOuHOM §yHAIMN WHODIMOKHOTO SBEH& ¥ B~

Ae
k(A
T, Ap ®

Hepne KOSPIUIMOETH rapMOERMYeCKOfl NMHORPHSA KM A;(OQ)I
Ty (A) » 2.¢. 3armECARE® O ¥CKOMO! AMIIKTYRS KOZeGRERH Ko3(-
(MIMEES YOMNGHMR M NOCTORHHAA BPEMCHH MHODUMOHHOI'® BBOER, SK=
BERGNSHTHON HEAMHCUHOMY SBOMY C I'ECTOPESHCHNMM NOTIRAME, MO~
IyT OHTH BEpaXeHH Uepe3 NpeXHHe KOI(PIMUMOHTH IapkeEMuecEoR
suBeapusammn, a (4) u 4 /A) roxmecrresmuM oGpaseM.

x -

- eV - - o —— —— - — -

EHTOK&ST

k
..____ﬁ'z—-i- = 464}) %=‘jﬂ4),

[+ Tiw

OTKYZR

—&/4) a¥A)+4%4)
L=Zam  Ae am. (5)

b9 (3 /ﬁ)< O , npuuen a.(A) x £ 64) onpezenspecs fopuy-
aaux (3).

T ——— —— T — —— —

EO® rapMOHHYGCKE IMHEapPU3OBAEHOE BHDAXOHM® AIA HOOXNesNauHOR
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nerunesoft EennHeRHOCTH F[x) BMecTO0 (2) OOHYHO NpUMEHAETCH
B BHXS )

y =[fa)- £44)+ '}i'@/’ <> (55

rae £ zan saryxammix xozedamat <O x F>O aua pac-
XOAANAXCH _

B arou cayvae, KOTAa ,b e f @+ J‘w o U3 rpedysuoro
TOXZECTEA

K caq-2 4+ /er]
R A

EHTEKaer
k(+T. ) kT, w
= A B -‘g@),
(1T 8)*+T 20" éﬂ), (+T,8)"+ Tiw

OTKyZA

) . al+g%A)
=z + 24BN am)+240)

rae ,g(ﬁ)< O , npuven Q(A) " 454) ONpeAenAnICA

npexuuMu Qopuynaum (3).

MeZIOHHO ;eﬁﬁ;m;nca c;crannﬁnnxyn. NpUOIMKEHHOS peleHue BUBCTO
2 = Asimcol umerca B gopue o =+, rae x¥*=Asmal,
a oOnyHag fopua rapMoEMueckoff JMHeapuaalmMu sMecTOo (2) Huser
BAX

4= Fhx)tfahx)+ Z8Z x|

ras
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2n
Fa= Z’%./F/-C#Aa{msp)g{fp,
o
a=sh };&f’f-f“%w)n‘aw/% _
® on
£ =;,!;'o/ ElxtAsinyg Jeary dy |
" [pm 9TOM ypanEeHME® HeXuEelHo# cHcTeMw

Qp)+REIFE) =P, (10)

Tze 70 [ Z‘) MOZJIGHEO MCHfOMeecHA N0 CPAaBHCHUD C yacroroit Ko~
JeGenvifi <o BHemHee BO3Zei#cTBKE, pasOkBaeTcs NOCIE I'apMOHH=—
yeckoft I¥HEapM3aIAM HA ZBA HEIMEEHHO B3aMMOCEASaHEHX y_panno-
HEg

(®)

QUp) ="+ RE)F (A, x) = NipM @), ()

QP Rt £eZp]*a0

B aroM cayuse HOBYD opMy xBHBaNEHTHO# mepenarovHO#
$YEEIMYM MOXEO NpEMEHNMTH B ypaBHeHuM (I2), T.6. CTOSmE® TaM
BHpaxeEMe B EBSADATHRX CKOCKEX MOXEO S8aMEHMTH Ha

ky(Ax)
1+ T (A=) p

npuuéN

T

s o a:{q,x"jﬁ(fﬁ,xﬂ %
* T @walA,xf)

_4@’10) é, 3
* a (A, x%)

b

ie A & B onpezenspTes dopuyzamk (9) . /<0 |
AEeNOrMYHO MOXHO NOCTYNAaTh M AN BHEYEAGHHHX KoaeGammil,

— —— — — — — ———— -
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;f/ﬁ?B;@xw’t HAM | f(f)=le/‘)+ﬁéénwt

OnumeM pacyeT C HCHONL30Ba8HUEM HOBOH (HOPMH rapuMoEHYEC-
KOH JMHeapusauMH ZNA YKASAHHOTO BHmE npnuep;r uemmeﬁxog_ cuc-
TeMH (puc.1). ;

lng paccuMaTpuBaeMoro Buja HEOZAHOSHaYHOM HenuHe#HOCTH ¢
THCTEPU3NCHEMY NETAAMM BHDAXEHMAZNA KOPPUIMEHTOB rapMOHMYEC-
KOl AMHeapM3amMK WMMEDT BHJ

,g:-— 22’; d‘h‘l) npn A?C,
rae A - aMnIuTyAa KoneGahuii Hanpsxenms c¢<; . Hanpumep, mis
9¥CIeHHHNX SHaueHHfi mapauMeTpoB HemuHe#ROro 3Beras h=110 & '
=248, wm=02 |, rpapuxn KOIP(MIMEHTOB rapMOHHYEC-

Kot IXHeapHSamMB NPEACTABAGHH HA puc.2. [0 rpaduxaM puc.2 ¢
gcnonssonarmeM fopuyn (5) A6rko MOryr OHTH NOCTPOGHH SABHCH-
MOCT# SKBMBANEHTHHX NMapaMeTpOB e | co7; OT aMILIMTYAN
xoneCanu#i, KOTOpHE NMPEACTABIEHH HA DUC.3s

Cnexyer mMeTh B BHAY, UTO QOpMYZH rapuMoHMuYecKoiff nuHeapu-
pamym, a, CIEZOBATENBHO, M IpafUKNM PUC.3 MMENT CMHCH TOXBKO
ppH A>c ¢ [loaToMy BenuuMsEa T orpanuueHa. Kak BEZHO
¥3 KpUBHX puc.S, C yBeIMUeHueM aummryzm A nocrosnsas Bpe=-
¥OHM T yMeHBmA6TCA, YTO ANA JAQHHON HENMHE6HHOCTH PABHOCHIB=-
BO yuenmennn BIMABMA I'YCTEPE3UCHNX NOTeNb Npu CONBMUX aMIAM-
eyZax xoneCaHuil.

C yuérou fopuynw (4) Ana SKkBMBaleHTHOH! nepezarouno
dyukuun Aunamuxa cucreMs (puc,l) onmumercs ypaBHeHMAMES

; k
cFGy %20 “ =_—Ll+'5l’(u*-uo‘)’ « ‘=A-“},5?_,
k koS
usk,€, i o WA it
k )
L(:_= T-;ZZ-P‘“' F : &" kquq
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TepezaTounas {YHERUMA YacTH CXEMH, OXBayeEHOU olparHOR
CBRA3HD, HMEET BHZ

kokyksy ¥
e (1+7;;)(f+rf)+k %, keg=kskykic -
lepezaTounas yERLMA Pa3OMKHYTOR CHCTEMH CyZeT
o LR
WS G L A skiks

XapaxTepuCTHIOCK0® yDPaBHOEHe HelHHe{HO PapMOHMYECKH IH-
HeapH30BAHEON CHCTOMH MOIYUMT BHAS

Aolbw"AiP," Ap'+Asp +A,=0,

rae

Kax ®uzuu, aneckr Bce KOapgMIMEHTH XapaKTepUCTHYECKOro ypaBHe-
HUA, B OTAMYME OT NPEXHOr0, NONOXUTENBHH,.

JlonycTuM, uenso ZanabHellmero pacyeTa CUCTEMH HBIAOTCH
NOCTpOGHXE ZarpaMuy KauyecTBa HeNUHEHHHX mepeXoZHHX MpOLEcCOoB
[’J » KOTOpas XaeT BO3MOXHOCTH ANA KaxXZOro 3HAUYGHUR BHOU-

pPaeMoro napaserpa CHCTeMH B BMIIMTYAN KoneGaHult onmperemurs
loxaaaTenh 3aTyXaHfl NepexopHoro mpouecca £ MW 4acTOTy Kone-
Cauudh cv . B KayecTse BHOMDAEMOIO NApAMETDA 0 pHMEM xoa(p-
MUMGHT yCUREHMR IMHEHON uacTH cuCTeMH k=Ak kykskyhks o
Jns pemenua NOCTaRNeHHON 3aZaYR BBEAEM B XApaxTepHCTH -
UGCKOC YypPapHEHNWe rapMOHMYECKH IMHESPH30BAHHON CHCTEMH BKECTO
P cHauenue p= §+/‘w . B pe3yarTaTe moIyuuM ypaBHe Hue

BN JA
X, w5, k) W-Y(/:,w,;,k): 0.
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focxonbky BHOMpSeMH# mapamMerp A' BXOZMT TONBEO E KO3{~-
funuent A., y TC B 8T0M YPaBHGHKM NOCAS BRAGUEHMS BEmECT—
BeHHO# B wHEMOH# vacTei mapamerp k BoRZET TOIBXO B coCTAB
BEMEeCTBEEHOH vacTH X . HosTOMy HA OCEOBA&HWY BHDPAXSHHA

Y(A) e, E) =0
WoEEO HaHrH 3apucumocT® £ (A) ANA pasAMuENX 3HEueERl
€5 = consT" B NOXCTABHB MX B BHDAZEHNE

XA er%,k)=0,

HallzH OTCRIA 3aBMCHMOCTH K (A) zan pasmruisx co=cens¥ .
970 ZaeT HaM Cpasy JRMEME GO Ha HCKOMOJ Zmarpauus
Ka4ecTBa HeIMHO{HHX NMepeXoAHHX NPONEecCOB B CHCTEME KOOpm-—
sar (%,A) , a Hafzemune panee saEucuMoctd £ (A) npu
pasHNX ¢ = comsT |, KaAyT NPH STOM BOSMOXHOCTH HAHECTH
OCHOBAYD WBCTH AMAIPAMMN KAuecTBa B BUAG umilt & =comst

B 70#f Xe cHCTEMS® KOODAMHAT.

AHQNOTHYHO 3TOMY YACTHOMY NPHMEpY NEI'KO NEPEIOXHTH BCE
847laYK PEMAEMHE HA NPAKTHKS MOTOXOM IapMOHMYSCKo)l MMEeapusg-
IM¥ OpY PA3NMYHNX HEOZHOSHAYEHX HENUHGHHOCTRX ¢ IMCTEpH3UC—
ENMK NOTASMA, HCHONB3YA NDEINOXGHHYD S4eCh G0Ne8 KOPPEKTHYN HO-
ByD fopuy sanucH sxsuBanenTHOM mepeparounoft dymxmum. lpm sroum
¢ Leash OGN6rYeHMA NPAKTHUGCKMX PACYETOB JNA BCAX KOHKDETHHX
BHZ0B HenuHel#HOCTEe!l MOryT OKTH SapaH6e COCTABNCHH (QOPMYyNH M
rpafurM HOBEX KOS})UUMEHTOB IApMORMYECKON NMEeapusauu k*@)
" wT*(A). NOZOGHO TOMY, KAK OHM CYNECTBYDT cefyac xng Kosj-
guuuenron X (A) u 4 (4) , a Takse u B Gonee CIOXHHX CIy~
YafX, KOrza B HHX NOABIAETCH JONOJHETENHHO S&BUCHMOCTS OT OT=
HOMEHMS _‘% WIX OT NOCTORAHHOM cocrammsmmet = ,

Jureparypa:

I. Nonos E.N., Nansros H.Il. MpuOAuXEHHHE METOMH HCCAEAO-
BaHMA HOJMHOUHHX aBTOMATHYOCKHX cucTeM. Puanarrus, Mocxsa,
1960 (Mmeprca M3ZaHKa B NEPEBOAAX HA AHIAMHCKOM M ReMEUKM
ABHEAX).

2. TNonos E.[l. Paszenenne HeauHeiHOro ynpaBasdemMoro mpouecca
nc yacroram. Wasecrus AH CCCP. Texnuueckas KuOepHCTHKA. K 5
I%8 r.
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THEQOREMS ON THE EXISTENCE OF PERICDIC VIBRATIONS
BASED UXON THE DESCRIBING FUNCTION METHOD
by
Jacek Eudrewicz

Instytut Lutomatykli PAN, Warszewa, Poland

1. Introducticn

The describing function method is frequently used as a tool
in appreximate investigation of periodic vibrations in nonline
ear sutomatic control systems. However, 'this method lacks a
thorougn methematical verification, the determination of  the
range of applicability and the estimation of the error involve
ed . In this paper an attempt is mede to give these problens a
sclution.

" Let us consider the feedback system consisting of a linear
time-invariant network and a nonlinear time-verying elemen?
(Fig. 1). The system is excited by T-periedic function z(t)..
The staedy state is descrired by the system of eguations:

x(t) = S u(t - v ) aa(T) + z(t), u{t) = [Fx] () %))
o]
where h(t) is the response of a lineer time-~invariant part of
the system to a unit step (Heeviside) functiorn, and F is the
operator characterizing the nonlincar element. The symbols
[ij(t) or [F xcvﬂ (t) denote the value of the cutput of
the nonlinear element in time +t for the input x(7 ).

Let us sssume that F maps every T-periodic function into
a T-periodic function.

The formula u(t) = £(x(t), cos

2;7 t). where £ is a con~-
tinuous function of two variables, gives one of the simplest
examples of such a mepping. We assume, moreover,that [Fx](t);s
=0 Top L x( X, =0

The describing function method consists in searching for an
approximate solution of the system (1) in the form of the func-
tion: ¥
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& Jwt | ~jwt
x'(t) =a e +ae = 2lal cos (wt + axg a) , (2)
J arg a
where a = |a| e is an unknown complex number. By sub<

stituting x°(t) into the second equation of Eqs. (1) we ob-
tain the periodic function:

Jwt -Jwt
u’(t) = [Fx°](t) = v(w, a) e + V(w, a)e +
jnwt :
+ E u(w, a)e . (3)
n}#1 y
where
T -jwt
v(w,a)a-;- Su°(t)o at =
0
) -Jwt
W [P(21al cos (wr + arg &))] (%) o at  (4)
X

is refereed to as describing function for nonlinsarity F .
If we neglect in (3) &ll the harmonics except the first one,
and if we do the same for the function

Jot -jo t Fesiniy Jjawt
z(t)=z1e +2,8 + > z_© (5)

IRCT TR -

Inl #1

after substitution into the first one of equations (1) we ob-
tain .

Jwt ~jwt jot
ae +ae = K(jw) v(@ , 8) e +
! ~Jot Juot = -jot
+ K(-jw) W{w, &) e +z,0 +Z, 0 (6)
=>]
-jwt
where K(jw) = e dh(t) 1is the frequency characteris-
o

tic of the linear part of the system.
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From the approximate identity (6) (which holds for all t )
we obtein the relation

a = EK(jw) v(w, a) + Z4 7))

The approximate values of the amplitude 2lal and phase-
-shift arg a of the periodic vibrations in system (1) are ob-
tained from Eq. (7).

Since usually it is not difficult to find the function
v(w, a) for a given operator F and to solve Eq. (7) with
respect to a , the method presented above is often used for
approximate estimation of periodic vibrations in nonlinear
feedback systems. An attempt shall be made to determine the
conditions under which the existence of a solution of Eq. (7)
implies the existence of a periodic solution x(t) of Eq. (1),
and to estimate how far does x(t) lie from the approximate
sclution (2).

- 2. The Idea of a Mathematical Verification of the
Describing Function Method

We shall search for the solution of Eq. (1) in the form of
J

a Fourier ceries x(t)rvz x, e L ) where x = ;1\" one
n

to one correspondence allways exists between the function x(t)

and the sequence {xo, X4 Xoy see of its Fourier coeffi~

cients. Therefore we can replace Eq. (1) by the system of equa-

tions

x, = K(Jnco)un(u); Xas Xq9 Xpy ess) + Zyy B = 0,152,350 (8)
where T 3
PWT -jnwt
un(u>; Xor Xq0 X ess) ® % S [FCE:: xp e ﬂ (t) e at
0 P (9

are Fourier coefficients of the function u(t) = [n(r)] +)
dependent on all the Fourier coefficients of the function x(t).
It is easy to see that
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v(w, 8) = u1(w; 0, &y 0y Oy «..) (10)

where v(w , 8) 1is the describing function given by (4).

Assume that K(jw) # O and rewrite the system of equa~
tions (8) in the form of two systems. The first of them con-
tains the equation with n = 1 , only.

After some easy transformations it becomes
-;-(—5——; - v(w, x,') = u1(u); Xgr Xq0 Xo» ees) +

w .
- uy(w 3 0y X4y Oy Oy «es) (1)

The second one contains all remaining equations

x, = K(jnw) un(w; Xor Tq9 Xpy ceoe) + Z,y D= 0,243,440
(12)

If E(jnw) =0 for n =0, 2, 3, 4, «sey the solution of
system (11), (12) bas the form: x =z, for n #1 and x, =
= &® , where a° satisfies Eq. (7). It can be expected that
if K(jnw) for n=0, 2, 3, 4, «ie is sufficiently small ,

Jnwt
the function x(t) = E : x e s whose Fourier coeffi-
n

cients satisfy the system (11), (12), is close in a particular
sense, to the function
Jnwt
f(t) = 2|a'| cos (wt + arg a.*) + E z, (13)
Inl#1

To veryfy this hypothesis we shall solve the system (11) ,
(12) by the method to follow:

We fix x, and apply to Eq. (12) the contraction-mapping
fixed-point theorem to £ind all the remaining coefficients xX,=
=x (w, x1) for n=0, 2, 3, 4, «... These coefficients de-
bend otviously on the fixed value X, and on the parameter w .
Substituting X, ® xn(o) vy X)y =0, 2, 3, 4 ... 1into Eq.
(11) we obtain one equation with unknown x; in a complex do-
main, To solve this equation we can use the theory of vector
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field on a plane, derived by Krasnoselski 1 .

The assumptions, under which the method sketched above is
applicable, will be formulated below in the theorems givingthe
range of applicability of the describing function methed and
the estimation of the error involved.

3, Theorem for the Nonautonomous Systens

Let X and Y be two Banach spaces of T-periodic func-
tions, and let us assume that the function cos (Wt +¢), w=
= 27 /T, belcngs to both spaces X and Y, and denote by 61
and d! the norms of this function in X and Y, respec-
tively, assuming further that &y and d! do not dexfend on
the parameter @ .

Let the operator A given by:

) Jnwt
[au] () = Y uct -7) an(v) =Z K(jnw) u, e (14 )
0 | n
jnwt
where u(t) = Z u, e , be the linear and continuous map-
n

ping of the space Y into. X . For the particular spaces X
and Y we can easily give the conditions for the function
h(t) or for the sequence K(jnm)} s under which Ae [Y — XJ.
For example, if Var h < co then 4 € [CT - CT] swhere CT
[oi°'°)
is the space of the continuous T-periodéc functions with thg
norn fjuf = s:p luct)] . 12 E J'K(an)l Koo , then A€ [I"’I‘
n
2 v
— 1,1‘] » where Lg and ]T are Banach spaces with pnorms

lully 1/-;-§ ae)|? av ana faly = 57|y »
0 n

respectively, where u, are the Pourier coefficients of u(t).
The nerm "Aou of the operator
fT—>X
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0 ey ant
[4%] () = > E(jnw) v, e (15)
; In]#1

will play en important role in the further considerations.iois
pnorm characterises the "selectivity" of the linear part of the
system (1)3 the lower is "AOHI -y the higher the selec-

tivity.
Let 2z(%¥) be an element of the space X in which we con-
sider the ball "x - x*"x £r with a given radiuvs and

center in the point el E w (t) given by' (13). Let us now
assume that the nonlinear operator F maps the ball [ x +
- 2 " X &£ r into the space Y and satisfies the Lipschitz con-

dition
Frg - Prply < @ ()] xa - 25 5 k1)

moreover F(8y) = 6, , where €, and BY are zero ele-
ments in X and Y , respectively.

Now, let us return to Eq. (7) . Let &® be an isclated so-
lution of this equation. If Eq. (7) has no solutiomn in the
circle |e& - a§| < r, of the complex plane = other than in

point a* s the funciion

$(8) = ——1 — viwd, 8) 17
K(3w)

meps the complex plame s into itself,

®(e% =0, ana  |#(s)| > 0 far 0<|s - ®| g,

Theorem 1, If the function %(s) maps one to one a neligh-
bourhood of the point s® into a neighbourhood of zero (e. g
the Jacobian of ¢ is different from zero in point & ) and if
there exist positive numebrs r and r, such that |¢(s)| >0
fer 0< |5 - & l < rq end

'“‘ou Y- X a-(:) (1‘ > "x*“x )<
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, 26, g |
£ m{r- 20 y74» : min |¢‘(s)|} (18)

& (x) Is-a*|=r1

then Eq. (1) has in the space X at least one solution x(t)
in the neighbourhood of the approximate solution i!(t), viz.,

I - g <20y o 0] 3 o g« o [l

The idea of the proof of this theorem has been given in Sec-
tion 2. The thecrem gives the conditions sufficient for the ‘
existence of a periodic solution of Eq. (1). The assumptions
are expressed in terus of the describing function v(w ,s) for
nonlinearity F and frequency characteristic K(jw) of the
.linear part of the system.. The formula (19) gives an estima-
tion of the error involved in the describing function method.

To be able to use Theorem 1, we must choose the spaces X :
end Y so that the operators A and F have the demanded
properties.

4, Fxanple: A System with a Switch

Let us consider a systew with a switch described by the in-

tegral equation:
wo

x(t) = S sign [x(t -'l.')] k(T )dTr + 2z cos wt, z> 0 (20)
o
By spplying the describing function method <o Eq. (20) we
obtain the approximate solution

X“(t) = 2'&*] cos (wt + arg a!) (21)
where at ssatisfies .the equation
J.arg a

) U MO =0 éz
(a) K(3w) i y (22)

The solution of Eq. (22) is shown in fig. 2.
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We shall use Theorem 1 to verify the results obtained, With
this in view we introduce the space X of T-periodic func-
tions, with a bounded first derivative and the norm

T I o Mok
Iy = o omm {jx0] s - [20f}
4
and the space Y of integrable functions with the norm
i
1 27
Iy = E% u(t)] at, =22 (24)

It can be shown that the operator [Fx:l (t) = sign J;(t) maps
the ball [[x - |y < (where * ie defined by (21)) con-
tained in X , into the space Y, and that it satisfies the
Lipschitz condition (16) with the constant

/ p X -1
x(x) =,—-72-{— ( 2'8.*52 - 9r2 - z-) (25)

L4
for <_;:‘_o. .
In turn
jnwt
[4%] ¢t) = > K(jnw) w e (26)
In] #£1

is the continuous mapping of the space Y into X provided
that its norm

Jnwt
"AC’"Y -3 £ max {sup E K(jnw) e l .
In| #1
Jnwt
sup E n E(jnw) e } (27)
In| #1

is a bounded value.

Since Ox = 1, 6! =4 and "x*"x = Zla*l , all the values
in the inequality (18) are already defined.

It is easy to verify that the Jacobian of the transformation

®(s) = S -2 . 28
K(jw) 7 |s|
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£ different from zero in point s = &F s Drovided la
i !
= [K(jw)| ea |&¥] #o.
Let us fix the values r &and T4 taking for exsmple r =

~.’_;i end r,‘:-l-gﬁ.lf |¢(s)l>o«:cro<|s-a"‘k o

then by theorem 1 the inequality
| Pt

' 29 <~—-—-—mi_n{1 40  min 8.8 28
' II x ~ ’ '
L R & sa®|<la¥| |E

(Jw) sl

(28)

is the sufficient condition for the existence of a periodic
solution of Eg. (20) in space X .

The example given above shows how by & corvenient choice of
zpaces X and Y , the theorem 1 csn be used for a systenm
with an element having a "discontinuous"™ charscteristic.

5. _Auvtonomous Systems

The system (1) iscalled sutonomcus or stationary when the
cperator F is stationsry, i.e. when it is commutative with
the vime skift operator sEME:

[F =T + p,‘i (%) = [F x( )] (t + p) for every p (29)

end when 2z(t) = z, is a constent. The formulae
(B[ (8) = 2x()), [Fpx](8) = &(x(%), X(t), X(t - t))

where £ &and g are continuous functions, are émple of
the staticnary operators.

Zne eguation =

x(t) =S (7 (¢t = v )an(r) (30)
: 0
with z =0 apd [FE|(t) = O for x(7)= 0 ,nay be studied
instead of Eg. (1) without affecting the general considera-
ticns.
For autcnomeus eystems theorem 1 is worthless bacause Eg.
(7) does not have iseclated gsoclutions. Hence, the describing
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function method must be mcdifizd here.

It is easy to see that if x(t) is a solution of Egq. (30)
then for every real number p the function =x(t + p) is also
a solution. Thus, if we find the solution x(t) of the form

Jnwt
xX(t) = 2x, c08 wt+ ) . X e iz 0 B0
Inj#1
then by shifting the argument we can easily obtain a whele
family of solutions.

The describing function method is reduced in +this case to

finding an approximate solution in the form

() = 2e®¥ cos w®, aa>0, wT>0 (32)

where the amplitude 2a™ and frequency w™ of vibrations are
found from the equation

A\
~

a = EK({w) v(w, a) (

The difference between the describing fun-~icn methoed <fLor
nonautonomous and autonomous systems consists in tkhat in the
first case = 2% /T 1is a known value and [a*l and arg &
are found from Eq. (7), whereas in the second case the ampli-
tude 2aF and frequency w*® are sought for, but the phase
is established by a.zwga'z'f = 0,

The verification of the describing function method for au-
tonomous systems is reduced to the examination of the depend-
ence bstween Eq. (33) and the system (11), (12) with z2, = ¢}
for n=0, 1, 2, ¢ee - The idea of proceeding is the sama as
for nonautonomous systems, but now ¥y and w are the unknown
real positive numbers. Since w is unknown,some additional as- .
sumption as to the continuity of all operators with respect
to w are needed here.

6, Theorem for Autonomous Systems

et X and Y be two Banach spaces of complex number se-
gnences i
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§={xo. X4y Xoy ...}, Q:{uo, Uy Uy ...} (34)

the first two elements being real. These spaces will be chosen
to suit the given operator F . Let éx and 6Y be the norms
of vector & =40, 1, O, O, O, ...} in the spaces X and Y,
respectively.

Let us assume that the function h(t) has a bounded varia-
tion for t e [O,Oo). The frequency characteristic K(Jjw) is
then & uriform continuous function for w € (-co,o=).The oper-
ation §=A,7M given by

xn = K(dnw)uh for n=0, 1, 2y 3y eee (35)

and dependent on the positive parameter w shall be regarded
as the mapping of the space Y into X . The noru "A‘L,"! —X
of‘ the operator g

Ao = {K(muo. 0y E(Jw)uy, K(2jw)uy, E(33w)us, --.}(3&

sharacterizes the selectivity of the linear part of the system.
The nonlinear operation 10 = Uyf defined by equalities

= W (w3 Xgy Xq9 Xoy ees) =

= -;— § [F(xo + 2Re i x, e;jpw‘t )] (t) e-;jnwt at (37)
0

and dependent on the parameter w = 27 /T shall be treated zs
the mapping of the space X into Y . The equalities (37) are
the same &s in (9) and the identity (10) is also satisfied.

In the theorem given below the transformation

x

®(w, x) = X3 9y v(w, x) (38)
cf the quarter of plame x > O, w > 0 into a ccmﬁlex flane
will). play an important role. If the point (w', _a'!) satisfies
Eq. (33), tten ¢ (w*, &®) = 0. Let us £ix two positive num-
bers R<w® and ry < e® , and denote by 1 the border of
the rectangle |w - w®|< 2, |x- | < r, (fig. 3).
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. Theorem 2. Let T, T4y R be fixed positive numbers. Sup-
pose that:

(1) E(Jw) £ 0 for w e [w*—R, w*+ Q.

(2) For every fixed w > O and € Y we have

ll{o, Oy +eey O, K(Nw)uy, K[I(MNw)] ug 4 }"x"" M

for N —» oo

(3) For every w € [w*—SE, w ¥+ S?] the operator A4,
defined by (35) is a linear bounded mapping of the space Y in-
to X .

(4) For every w € [w*-—S? w4 Q] the operator Tw
defined by (37) maps the ball "g — 8"6]| y < © of the space
X (with the centre in point <O, a* s Oy Oy Oy eee } and with
a radius r ) into the space Y . Furthermore, the operator
U, 1is continuous with respect to w , and satisfies the Lip-
schitz condition

[Ves §1 = Ve 82 ||y < 2 (5,2 £ £2] (39

(5) In the rectangle |w—w*| £ lx - & < T, there
exists one and only one solution (w™, a®) of Eq. (33), and
¢(w, x) mnaps one to one a neighbourhood of +the point
(w‘, a") into’ a neighbourhood of. zero of the complex plane.

(6) The inequality

r,R) minsr - 6§ y m—— = +
iy { T ) (w,x) € 1| K(I®)
- v, x)|} (40)
holds, and . »
a(r,) = sup "A:J"I-»x x (T, R)(r + dxa*) 41)

w- w*
Under these assumpticns Eq. (3C} has a periodic solution

x(t) = xg + 2x, cos Wt + ZZ Re (x, e;]nwt) (42)
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for which the following estimations hold

X L a(r,R)
(43)

lw- w® < Q, |x1 - a'l <r1. "{xo,o,xz,x ,...}

The proof of this theorem is analogous to that for theorem
4. However, a certain complication arises due to the necessity
of examining the continuity of operators A4,, and U, with
respect to w . A particular case of theorem 2 specially suit-
ed for the given operator P characterizing the nonlinear
part of the system i1s given below.

7. Examples System with Nonlinearity of the Type f(x)

We search for a periodic solution of the integral equation

x(t) = Sr[x(t - )]dh('t) , Var h <oeo (44)
0. [04)

where f(x) satisfies the Lipschitz condition
lf(x1) - f(xa)l & o:l x4 = le

and f£(0) = O. The describing function <for nonliinearity £
does not depend on w , and is a real function:

7
v(a) = %S £(2a cos @ t) el il RN
)
= _:r— St(ea cos T ) cos 7T 47 (45)
0

If w* and . a® satisfy Eq. (33), which in this case 1s
reduced to )
Tn E(jw) = 0, &= Ix(Jw)lv(a) (46)

the function x"(t) = 2a" cosw ® t 43 referred to as approx-
imate solution of Zg, (44) (fig. 4).

To estimate the error of this approximation we shall use
theaorem 2 Iet X ok Y= ].2 be the Banach space of the se-
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quences with the norm

= ! iy 4
13 =%§ vy ImiR =1/}S |x(t)| 2 at (47 )
n=1 0

o0
Jnwt
where x(t)=xo+ZReE x, e & w-%:—r-.
n=1

Theorem 3. Let 2 and T4 be fixed positive numbers.We as-
sume that only ome solution (w', a.) of Eq. (46) exists in

the rectangle |lo-w* <, |e- a*| T,y and
4Is X(jw) #0 and v(a‘) - o v(x £0
dw m s —

If E(Jw) £0 for |w-w®|<Q , and 12 the inequality

w> 2(w*-Q

o ux{lx(O)I. sup )IK(Jw)}<

IK(: ) ‘f v(x)I
—_—(w,x)el 0
< Bt (49)

min l X
(w,x) el | K(Iw)

=-v(x)} + (vq + a’)a

holds, where 1 is the border of the rectangle |w —m*|\<9 ’
[x - &®| < r,, then Eq. (44) has a periodic solution in the
form (42), for which we bave the estimations |w—w*|<9 and
|x1 - a®|<r, ana :

== ]
|/=3+ 2 |x|? < &
n=_2

Full proofs of the theorems presented here and a number of
examples of application are given in the book "Frequency Meth-
ods in the Theory of Ncnlinear Dynamic Systems™ (in Polish )
by the present author, to be published in 13635.

X
E(jw)

= v(x)| (50)

(w,x)el
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I. INTRODUCTION

The Describing Funetion technique’ has been used for many years to
ctudy the steady state behavior of nonlinear feedback systems. E¥tensims
of the basic technique have been made in order to analyze various {
phencmena such as the stimulation or quenching of limit cycles by an
external sinusoidal Bignalz, subharmenis :.scillation53' s Jump phenmenas'é,
stability of oscillations’, signal stabilization of a forced system  and
other effecta., The describing functions used to analyze each of these
situations have several common features. The input to the nonlinearity

is always assumed to have the form

M
x = mE‘IE“' cos(umt + vn‘) ‘ (1)
where Em, W, and ¢, are respectively the amplitude, the frequency and the
phase of the m®M component in the input.

In each case, the describing function K,  1s the complex quaniity

relating the input and cutput components at aqglven frequency, e.g. if the
compenent of frequency wy of the output is given by: a cos(ugt + 9p) +

b sin(umt. + vm), the corresponding describing functicn is Keq i (a-jb)/g;_‘..
Expressions for such describing functicns have been previcusly de-
r!ved"2’3’8 only for cases in which three or fewer frequency ccmpcnents are
present in the input to the nonlinearity. In each of rthess cases, the
deseribing function only gives infermation about a frequency compcnent of
the output which is also present in the input. In general the cutput of a
nonlinearity contains not only the input frequencies but all their integer
combinations as well.

The present paper deals, in part, with the mere general problem of
computing the amplitude of any frequescy component in the cutput of a
nonlinsusrity with an input given by eguatlon (1). As a particular case,
the Maltipls Input Describing Functicn (M.I.D.F.) is derived. The
¥.1.0.F. 13 a generalization (for any number of inputs) of the formulas

vhich were previously daveloped for slngla, dual, anl “rinsie input
P ¥ £ ;
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describing functions”z's. Severel algorithms are presented to acccmplish
the computations of the output. One of these algorithms permits a very
repid computetion of the output amplitudes when these amplitudes are to be
computed for many combinations of input amplitudes. In addition, it is
also directly applicable to cases in which the nonlinearity is defined
empirically by a set of input-ocutput data pcints.

An efficient method of computing ocutput amplitudes when the input
frequencies are harmonically related is also presented. As an application,
the relationship between the Dual Input Describing Function (D.I.D.F.) for
harmonically related input frequenciesB, and the D.I.D.F. for non harmeni-
cally related input !‘requenciesz is established. A few sample curves ob=-
tained by using the proposed method are given and an example is presented.
11, TIPLE FOURIER SERIES EXPANSION

If & nonlinear device has an input given in the form of equation (1),
its output can be expanded in an M-dimensional Fourier series. To
simplify nctmtion, introduce M variables 8j defined by
9, *ut v, 1%1,2,0.. M 5 (2)

If the output, y, of the nonlinearity is a single valued function of
the inpit

y " £(x) (3)
the Fourier series expansion of the output is represented by
w ® Y Lo
¥ Sl F——r=Texp (J#i,0 e tingty ) (4)
oy -NHM—-U <
where the coefficients Vn ere given by
n n

2§ ...§ :
v = eeed f(Z
Ooeeeny (2’)M =n =n " '‘m=1

E cosem) 4
5)
.exp(-jn191-...-jnM9M) a8, ... d@M

A typical component in the catput y, given by equation (4), can be written

as

e T B e T T) (6)
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if at least one n, is differerv from zero., I all the n, are aqual to
zero, then the D.C. component -—5‘-‘-—- is obtained.
Considering equation (5), and noticing that f(z. E cos8,) is an

even function of each S it can be seen that orly tha cosine part of each
expounential contributes to the integral. Thus V A ny depends only on

) 1...
the absolute value of each index n,, and equation (é) becomes

y= - i cos(n 9, tee * HMQH) ™

1\1 o.ﬂM
or

y= V;: - coa [(n w +...+w) t + (n @y Feeut QM)] (8)

It can now been seen that the main problem in finding the output of
a nonlinearity is the calculation of the coefficients VE ."';'\4 + Several
methods to this effect are given In part III. It si‘otﬂ.d1b" D;aintot* out
that these methods are valld for the computatlon of these coelliclents
opnrdless of whether or not the input frequencies are commensurate
(cepge hurmonicully related). }

The importance of relations between the different input frequencies
can be easlly seen from equation (8): If the frequencles '“'i of the input
were not all independent, different coumbinations of integers Iy would give

rise to different components of amplitudes V oy at the same output
fieee
» = ]

frequency, all of 'which should be summed to get the total output amplitude
at that frequency, This important case is investigmted separately in
part IV,

In describing function analysis there 1s need only for low order
coefTicients such as V \/ etc., oxcept when the input

e 10000s07 010504025 72 Heles P
frequencies are harmonically related. The formulas for ihe fscribing
function terms are special cases of the formulas to be derived below.

III, METHODS OF COMPUTING AMPLITUDES
Direct Approach

Sirce V is defined by equation (5), the most direct approach
ko eyt
is to perform a numerical integration. However this method is not sultable
ust carry out sn

waen the nuxber of input frequencies is large, since one m
M-Told integration, and cach additlonal input frequency multiplioss the

:?ﬁ‘r-u‘.'.x;g time by the number of points used for the new frequency.

aethod should be avoided for cases with more than %wo ILnput cemponenta.
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Power Series Arproech 3 4‘
When the nonlineerity can be described by a power series, there exists |

an alge‘braic formula for the amplitude of any frequency component. Let ‘

the input-output characteristic be described by

y= ; anxn (9)
n=0

i1t has been shown by Ez-:ag that, for this representation of the nonlinear-

ity, Vn .. 1s given by

qe ety o ‘+ 2
m M ("E )
v"r‘"‘u = "1\+2L(“+2L)' 2 ...: '}L IT (10)

where ihe inner summation is an M-feld surmmation over all non negative }
integers q,sess,qy such that g, +...+ g, = L. The quantity N = I, | LR |n“|

is called the "order" of the.output component of amplitude v p * This {
1. . hm !

method is very advantageous if the nonlinearity can be approximated by a

low degree polynominal; however since the number of terms for which ;
q.“ Feoet ey L increasses rapidly as L 1ncrt_:ases, this method is not very
satisfactory for nonlinearities which require many terms in their power
series expansion, ;
Feurier Transform Approach

General Case This approach reguires only that the nonlinear function f£(x)
have o Fourier Transform  F(ju) where

+
Plx) = = §_ F(ju) o 9™ au (11)
A 2n sboyi 1Y

Substituting equation (11) intc oquation (5) and interchanging the order of
integration yiel-‘"

juE con -j |
v =% F"U)F— 5 e ™3 e,
Al.,o- -nM —00
[ " egeosty ~Indy, "
oo fomm—— du
2 °M]
Noting that the integrals inside the brackets are representations of
Bessel functions of the first kind, i.,e.
n :
j'“'JN(juE) =L GJuBoosd -ind 4y
a7 ¢
1
Equation (12) takes the general form (first given by Rice 0):
LA M
Lady A
v, = § F(ju) J, ¢(Eu) | du (13)
.A,!.'.I)M i A1 ;-l__l_r1 ‘.li' i

where I =[n | + fn | teeet u.
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Application to Multiple Input Descrih;gg Functions. A particular case of
equation (13) which is of major interest for control engineers is obtained
by considering4only one component in the output, say the'component which
corresponds to the input of amplitude Eq and frequency wq; in that case

ng =1, n; = 0 for 1 = 2,3...M; thus N = 1, and equation (13) becomes
+x
Vi0eee0 & L F(ju) J4(Equ) JO(EZU) Jb(EBU)"' JO(F.MU) du (14)

If it is furthermore assumed that none of the input frequencies are

hérmonica}ly related, VTO--- is the amplitude of the output component of

0
frequency Wy which permits the definition of the Multiple Input
Deseribing Function for the signal of frequency wqs ;

+w
J 2wk / \
M.I.D.F. = w5, 5, F(3u) 3,(Equ) J,(Eu) Jo(Equ)«ee Jy(Byu) du (15)
Note that equation (15) generalizes (for M independent inputs) the well

s
known formulas for single, dual, and uriple input describing functions”"e.

In spite of the fact that equation (15) generalizes, for an arbitrary
number of inputs, previcusly known results, it is important to remember
that it is only a partiéular case of equation (13). In its general form
equation (13) not only allows the determination of the amplitudes of the
components of the output which are also present in the input, but it also
yvields the amplitudes of the components of the output which correspond to
frequencies 5ot present in the input. These components are intermodulation
terrs generated by the nonlinearity. Closed form solutions for equation
(13) are difficult to find. Solutions for certain cases have been obtain-
ed2, but in general the equation must be integrated numerically.

Fourier Series Approach

This upproach is conceptually closely related to that of the previous
section, but has several computational advantages. Instead of expressing
f(x) in terms of its Fourier Transform, one expands it into a Fourier
Series over the interval [-E,, Ej]:

+x0
fp(x) = gsan e, exp(jﬂgf) (16)
This may be done for any sirgle valued nonlinearity, including one which is
enly known empirically by a set of data points on its input-ocutput curve.
Since fp(x) = f£(x) for x| < E,, one may replace f(x) by fp(x) in equation °
(5), provided that the peak value of the input is not greater than E,.
That is:
57 - 22 +ooat EM < Eo . (17)
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Substituting equation (14} into equaticr (5} zud interch
order of sumation and integration gives

@ o S" nnE1
=23 c exp(] cos6,-jn.0,) deo ]
Ryeeely =0 n[Zn g Eo ; Tl i 1

(18)

n mv!'.M
o [ 5 omtg cosaingy %]
- (¢}
Recognizing once again the terms in brackets as integral representations
of Bessel functions, equation (18) becomes.

y® M nnk (
v =/ 258, (e I, (—>) 19)
Nyeeey g =1 |np| Eo

vhers N = |n1| + |n2| *iabe T lnM'

If now the expancion of equation (16), is replaced by an expansion of
#{x) in sinc and cosine series:

@« @
f{x)=a.+2 a coc(3X) +32 b sin(ZX) (20)
P 0 =t B Eo n=1 B Eo
then the amplitudes Vp oy of the output components are respectively
given by L
Elow M g,
v, = 2(-1) Z2 bW J, (=2, for N odd (21)
. pubtort n=1 M) g1 Bl B
and
) o _?i_ nng_
v 2. (L4)2" 2" a J (—=—*)2, for N even . (22)
. v o “lpt Bl B ;
12 values of the 'Jr y are desired for many different values of the
L1‘II

input amplitudes Ei' the oalculations can be simplified by quantizing
these amplicudes, i.e. requiring each Ei to have the form

i . ;
By =1 By s Ly % 0, 1, Zyeessly ] (23)
o

Tnen the equations (21) and (22) become respectively

; w M nnL,

i Thed il 4 N A

V”1"‘“H 2(-1) 3. o 4T 7n |(——EL_ , for N odd (24)
= =1 p <

and .L-’ @ 'ii' r.n!,)

v = 2(-1) 2 vy a 3, (=LP, for i even (25)

Il1 oo onM 0 1 '.1{)' LD ’

If the Fouricr Series in equatlon (20) is truncated so that the upper
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1imit of summation is K, then in equations (24) and (25) the only
arguments for which the Bessel functions need be evaluated are

0, =, 2~ +«+., KL (7). The Bessel functions for each of these YL + 1
i 9, o ‘Lo o

different arguments can be computed and stored before the computation of

v, - begins, thus saving a great deal of computing time.
qeeely

Using this technique, the values of a four input D.F. (for the limiter
of Fig. 1) were ~omputed for 3675 different combinations of input amplitudes
in 10 minutes on the IBM 360 digital computer. This is an average of only
0.16 second per value, which is much faster than the computation by other
methods such as numerical integration of equation (5) ‘or (13). For this
example, 50 terms ir the Fourier series for f(x) were used and L o ¥as 100.
Thus, 5001 values of Bessel functions of orders zero and one were ccmputed
and prestored prior to the computation of the 3675 values of the D.F. This
required 2 minutes of the total computirg time. If the Bessel functions
had been computed each time they were used, it would have been necessary to
compute them 735,000 times, which would have required several heurs. This
clearly shows the advantages gained by quantizing the Input amplitudes (as
in equation 23) and precomputing tﬁe Bescel functions as described above.

IV COMPUTATION OF OUTPUT AMPLITUDES IN THE CASE OF RELATED INTUT

FREQUENCIES.

It was shown in Part II that the terms in the output of a nonlinearity
were given by expressions of the form of equation (8). The frequency of
each such term was
;=;1“’1*"’+;M“M (26)

If the input frequencies are not incommensurate, the set of integers
31. sy KM giving the frequency w is not unique. To see this, suppose
that the input frequencies are related by an equation of the form
k1u_i+...+kn(.h'0 (27)

where the ki are positive or negative integers or zero and any common
integer factor has been divided cut. Assume also for the sake of simplicity
that cnly one such relation exists. Multiplying equation (27) by an
arbitrary integer A, and adding to equation (26) yields:

PR A N PR S (28a)
or

WEng W, bty (28b)
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Thus for every integer value of \ there is a different set of 1integer
multipliers Nyseeesly giving the same output frequency w. There follows
that all the terms of the form of equation (8) for which ny = Hi + Ny,
i=1,2,0es,M must be summed in order to obtain the total output at

frequency W. The result ia
<«

y = g "H1+)\k1,0001;M+)\.kM oo [Ut it (n1.1+..'+ X’RM)

A= =0

+ Mk P teeut kM"M)]:
Lettiig @ = Ty P Feedt Ty By

(2)

%o = Ky By Foet iy Wy
Equation (29) can be written in terms of its sine and cosine components

¥ = a coo(Gi+g) + b sin(ouig) #7(3)
where ’
P (r9,) (1)
a = 2\l \ - coa{A

Mgt B TR 0% %
DR E AN Rk LRk oAt (32)

In the dcrlvation of cquation () il was ascumed that only one
constraint cxicted among the ilnput frequencles; an example of this 1s the
cace in which one of the input frequencies is a harmonic of another,
These recultc huve been generalized to allow more than one constraint.
The goreral formulas for any number of constraints are notationally
cumbersone, but conceptunily zimilar to the above formilas. For each
eonslraint a different multipiler )‘J ic used, and equation (29) beconmes
a multiple swmatic: over all the A,'s, In the cases in which only a few
constraints exist (for instance thr:Jéuso of a system with a fundamental,
a third ard & fifth }mxmon'ié, f.e. two constraints) it is easy to derive
directly the relation which would replace cquation (), so a general
formula for an arbitrsry rumber of conctraints is not really needed.

It chould be em

computing the V

sized, that the rethods given in part III for

are applicable whether or not the input frequencies

Naeeal

1 M
are related, If they are unrelated, cquation (8) gives the output at any
pariulcular frequency. 1f they are related by a constraint of the form of
cquation (27), ‘hen equation (29) must bte used to compute the output at a

given frequency, Ia practice, as the example below will illustrate, only a

few terms of the swemations of equations (31) and (32) are geterally needed
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for the numerical computation of a and b,
Example: Dual Input Describine Functions and Application to the Anslwsis

of Subhsrmonic Ozcillations of a Third order System.

To illustrate the above results,the Dual Input Describing Function
(D.I.D.F.) for harmonically related sigrals will ve d:rived, compared with
the D.I.D.F. for unrelated frequencies, and used to enalyze a closed loop
system in which tho subharmonics may be generated. It must be pcinted
out that the solution of this problem is not new and has bsen given in a
less general form by iu!e:-st.3
Calculation of the D.I,D,F for relasted input freguencies. Assums that the

input to the nonlinearity has the form
x = Ej cosw,t + E, cos(w t+92)

1
where u2 is the ktn harmonic of u and v,, represents the phase shift.
Thus k.':.l W 0 and 9y = = P then equtior., (31) and (32) become
k]

a -.-)\:z V:‘.1+M g & cos().qaz)
e X .

=3 [ - 1 f
R - N

and the k™ subharmonic describing function is defined as

o

. . 8-=20 = ¥
1(1—--51-‘— wheren1—1,n2~aor
K, = S ces(\g, ) -3 2 sin{rg,) (33)
17 E 2, T, E, o2, 1, 2
Denoting the terms entering equatien (33) by
v
1
D(E,,E,) = —,3;9 (%)
v +V
P (E ,E ) = 1%L4" ‘-k)\r\ ; (35)
ARG g
-V

X
»
equation (33) can be wrien in the form
]

1410,  =h . (36)

v
3 EppE)) = yac

(8,2

509,) = D(E;,B,) + '_21 P, (E,E) cos(r9,)

Bl

*1 3 Q8,8 sinthey)

A=

P M
It is seen from equatica (37) tiat the D.I,D.F, for ti: k%X sub-

(37}

i 3

harmonie is expressed as a Fourier series ian 9, (;; se shirt), and thal
2
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each coefficient in the series depends only on E1 and Ez. This describing
function is eveluated by computing the terms in equations (34) to (356) by
any of the methods given in part III,

Belsztions betwser the §,1.D.7°.'s for related and unrelated input freguencie

Consider the D.I.D.F. for related frequencies given by equation (33). It
can be seen that its first term, which is defined by equation {34), repre-
cents the D,ILD.F. for asynchronous (unrelated) i‘requencieaz. This shows
that if the D.I.D.F, for related frequencies is averaged over a full period
of Fos the result is equal to the D.I.D.F. for unrelated frequencies.
Application to a problem involving a third subharmonic The third subhar-

moric describing functicn for the ideal limiter of Fig. 1 was computed
using the above techniques. It was found that the first three terms in the
ceries of equation (37) were sufficient to compute K1 because ths contri-
butions to the output signal decreased rapidly for increasing values of A.

Figure 2 shows the curves of D(E1 ,EZ) for the ideal limiter of Fig. 1.
The corresponding curves of P1(E1 ’EZ) and Q1(E1 ,Ez) are shown in Figs. 3
ard 4. The curves for the higher order coefficients are not shown, but
these were found to be considersbly smaller. The effect of the phase on
the real and imaginary perts of x1(z1 »E,59,) i shown in Figs. 5 and 6.

In examining the third swbharmonic response of the system of Fig. 7,
which include the limiter of Fig. 1,computer generated plots of -1/!(1 are
used, since the criterion for sustained third subharmonic oscillation is:
-1/'}(1 = G(ju1) = G(juz/j). The plots of -1/!(1 are sk for E, = 1.5, 1.0,
and 0.5 in Figs. 8,9, and 10, respectively, with the .iyguist plot of G{jw)
superimposed. The intersections of the —1/!(1 loci with the Nyquist plot
represent possible third subharmonic oscillations. In general, there is
more than one solution for a given valiue of E2 and Yoo Stability of th33 Z
subharmonic oscillation for each solution is determined by usual methods™’'s

For this example, the third subharmonic D.I.D.F. was computed for 1029
combinations of 51, E2, and 02. A 33 term Fourier Series expansion of f(x),
for -20 £ x £ 20, was uced. For the evaluation of equation (37), the first
three terms in cach summetion were useds The computing time wes 2 minutes
for the Bessel Functicns and 8 minutes for the 102 values of the D,I.D.F.,
using an IBM 360 mod 40 digital computer. The time required by previously
uced techniques would have been considerably greater. In this example, the
method of separately computing ax? prestoring the Bessel Functions (as des-
cribed above) was used to reduce the computing time.
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CONCLUSLON

The cutput of a single valued nonlinearity subjected to any number cof
input sine waves has been investigated. Exact formulas and numerizal
approximations for the amplitude of any frequency compenent in tha output
have been given for both the case of incummensurate input frequerzies and
that of commensurate (e.g. harmonically related) frequencies. The formulas
for Multiple Input Describing Functiocns (M.I.D.F.) are special cases.

Although each of the formulas derived here is of general theoretical
importance, the numerical method based on the Fourier Series sxpansion of
the nonlinearity is particularly promising because it permits the ccmputa-
tion of an cutput amplitude or an M.I.D.F. in a very short time. This is
essential when the computatiocn is to be repeated for many differeét ralues
of the input amplitudes. The computational efficiency and gensrslity of
the methods which have been presented should facilitate the further inves-
tigation of nonlinear steady state phencmena.
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ANALYSIS OF HARMONIC AND ALMOST PERIODIC .
OSCILLATIONS IN FORCED SELF OSCILLATING
‘ SYSTEMS

P,K. Rajagopalen eand Yesh Fel Singh

Depertment of Eleoctriosl Enginsering

Indisn Institute of Teclmology,
Kharsgpur, Indias.

Introduction

Se¢lf oscillating nonlineer systems subjected to & sinu-
spidsl input ere known to exhibit hermanic or subharmonis syn-
skroniZetion or else slmost periodisy (AP) oscillstions resul
-ting from the wnsynchronifed self end forcing sigi«l frequen-
cizs, BEerlier works pertaining to the latier have been mainly
confined to the determination of the slmost periodic loluﬁohe
guenching of the self by the forced aoiuutioncz, end signal
etebilization of oontrol systems by meens of @ high frequenay
foroing lieﬂll3'4'5's. There im a reel need for e simple method
¢f anslyeing the slmost pericdic response of these systemxs when
both the smplitude end frequenmcy of the forcing sigmal are va-
ried over a wide renge. Such & method making use of the duasl
irput desoribing function (DIDP) for incommensurete frequencies
end the universsl chert’, hes been presented in this reper. The
Proposed method hes the virtus that it leeds t a cleer under-
ztending of the interaction between the free and foroed ocsci-
lletions end the process of quenching end signal stebilization.

Tne peper slso exezines the stability of the AP solu-
tione bty usirg the incrementel frequenmcy response technique.
Tnis lesds to & new conocept, the jporementgl dual inrut desord
~bing funetion (IDIDF), enslogous to the incrementel descri-
bing function {II?), The IDIDF of severel monlinesriiies have
been evelusted. Criteris for determining the stsbility of solu
~tions ere sleo presented., The sppliocetion of the proposed me-
thod hes been illustreted by investigating.the behsviour of tbe.
van der Pol eguetion end & third order relgy systea.
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4nelysis of Almost Periodic Osaillations

Consider the system represented by the bloock diegram of
¥ig.l, the nonlinesr element heving & single velued odd charao-
teristic, Let the systiem exhibit salf oscilleticn et a frequen
=0y ¥g in the absence of en externel signsl. When forced with
en externsl mignal of frequenoy W,, the system will exhibit
hermonic or subharmonic synchronizetion or else AP cscillations.
Tre hermonic end subhermonic respouses cen be eveiusted by the
conventionel desoribing function (DF) end the DIDF for integrs
=11y relsted froqumcieas,reapoctively. in enalysis of the AP
osoillations is besed on the following essumptions :

(1) The aystem is exhibiting AP oscillationa i.e. hermonic
or pubhsrmonic synchreniZetion doer not occur.

(1) The AP osmoillstions et the input to the noxlinesrity
are sprroximeted by two finite sinusoidsl signsls of frequen-
cles w, end Ww,, The resulting output of the nonlinesrity will
consiet ¢ signels of frequencies Wy, we, pwy, qwp end(spw *qwe)
P end g being integers.

(111) The bermonio end ccmbination frequencies genersted ia
the nuiput of the nonlinesrity ere ignored. This arsumption
inplies thet the emplitudes of these components ere small.

From these it follows thet in the absence of eny synchro-
nizetion, the ®mignsls xfsnd x, & »% undergo eny phese shift
in the monlineer elexent, sincs ti: DIDF for incommensurate fre-
quencies is known to be reel for single velued nonlinear elemen
-ts6’9. Henoe for ths purpose of finding components of frequen
-o0ies v, end ¥, in the systeam response, ths originel system
cen be represented by the bdlock disgrems of Fige 2 end 3, rep-
resenting tue reaponse of the originel system at the forcing
end the sclf-cseillstion frequency respeotively, Ny and Ny being
the respective DIDF'S, From theze we obtain @

Co ¥ (@ (we)

39 1+ lf@) (j'f)

- @(j'.) = - 1 )

(1)

&nd



82

Sincs H, iz elways reel for single velued nonlinesrities, it
fallows from eqn.2 thet the phsse engle oomtrituted bty (G)(iws)
must be 150°, Assuning for the present that only wae value of
w, eatisfies this phese engle requirement, thv Zollowing two
sonditione have to be matisfied:

{1) The frewenq of self oscillaticn, L
cousequently:

(11) The DIDPF, N,, ror the self osoillation signal is also
ccnst.nt and is given by:i

N = e——
: 1 ©)] (Jw, )
Since ”a is e funoction only of ths amplitudes If and Xg, it
gollows thet when X, changes, X, must so sdjust itself as to
satisfy the condition for the constancy of Ny .Thus for the
glven eyatem, as Xp veries, X, takes a definite permiseible
value end there will be e definite value of Ny for esch vslue of
If. In other words, the Ny, = oonatent condition leada to & uni
~que Wg/Xy oharecteristic for the system of Fig.2, X, being
known et eech point of the cherscteristio. This cherscteriatie
may be oconeidered ss enm "Equivelent Desoribing Puncticn® for the
purpose of finding the response at the foreing freguemsy in the
aystem of ¥ig.2,

is ccnsiant and

(3)

Thus, the znalysis of the AP oseillation hes been reduced
to @ protlem of finding the forced bharmonis responsee of & 3ys-
ter hsving @ nonlinearity for which the gain/input charscteris-
ti0 1s the Ny/X, qlsrscteristic drewn for the condltion Hy =
constant, Onoe the response at the frequency w, 1is dsierain
-ed, the responass st the frequency w, is also koown, I, bvelug
known et each point on the N,/X, ohsrsoteristie. Thus the two
woet significent componenta in the system response cen be dater
-mined 1n & direot msnner. The expressions for the ¥e/Xg obse
ractoristio for a constaat N , bsve besn derived im Appendix 1
for several noulizearitiss,

if the self omiilletions ere guenched emd the syatea i=
syackronized to the foroing frequemoy, wg, the input to the non
=linearity cen be spproximated by e pure simusoid apd the reg-
powsy oen be evelustoeld by the DP snelyeis, Henoe for this cass

{
4
|
:7’i
’g
i

P P R

e P S o g . T

T AT S e
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the problem reduces to thet of finding the respcnse of the
eystem of Fig.2, the lf/xf characteristio being the conven=-
tional describing funotion cheracteriatis.

Hen ce the component of frequenocy Wy in the response of
the system can be snslysed as the response of ine system of
Pig. 2, where the gsin/input charecteristiec for the "nonlinear
elezent” iss :

(1) The Ny/X¢ chsracteristio drawn for a constent XN, for
the case when self oscillations ere present, and

(11) The N/Xy oherecteristic for the ocade vhen ths self osoi
-llations have been quenched,

In other words the gein/input okerscteristic for the for-
cing signsl is oomstituted by the two sbove mentiocned psrts,
the solutions corresponding to the first and the second parts
being the AP end the hsrmonioc osoillations respectively. It
will be seen that this unified spprosch gives a clear picture
of the trensitions frgam the AP to harwonic oscillations snd
vice vsras,

The response of the system of Fig.2 can be obisined by
any one of the sevsersl well kncwn methods for finding the olo-
sed loop frequency response of nonlinesr systems. Of sll these
meihode, thes universsl chart ne‘-hod7. being the moat conveni-
eat when molutionz are required over a range of frequenoies
end amplitudes of the imput signsels, hss been uesed in td s pa=
per, A brief scocunt of the univerasal chart end its epplica-
tion 4s included in Appendix 2,

Stability of the Harmonis Selutions

Increnentsl Dosoritng Fupation

The sglutiona odtsined by the foregoing emslysis can gao-
ur in s physicel systen provided they ere stelle., Ths staldllity
of & harmonio Boiuticn can be invaatigated from the open loop
frequency responss of the system, under the sssumed forced con-
dition, for a foroing signsl of infinitesimel amplitude, the
Tesuliing Wyquist loocus being termed es the incremental frequ-
L0y response 1oom6. Wnen the inmput to & monlinear element is
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sinusoidel, the gain for the incrementsl esignal ia the IDP ;.
4 detslled investigetion of the IDF leads to the following
*wo important euulo

(1) Vhen the incrementel signal has ths same fremenocy es
the finite mignsl, and

(11) Voen the inoremental signal is differsnt from ihat of
taoe finite signal,

. Por ths first cass, the ID? for e single wlued mnlinse-
rity ie Gomplex apnd is given by

@ - (N .l- I'SY‘ 1.x %" -32¢ 4)

whers N id the D’ for the finito signal X, end { the phsse
of the inaremental signal with respect to the finité signal.
Clezrly, o= tno mg‘c P veries, tho@ phasor traces s oircle
of redius ( — x-.- )y centred at (¥ + — X ;x ) Por the
second czze tho DP‘ is reasl end is u.nnzby H

ni..(h.%x“) (s)

Inoremen tal Frequensy Bessponss

A typicel inoremsentsl frequency response loous;
Qf\ (jw), siown in Pig, 4, 1is composed of:
(£) 4 lowus (4 + .%x.é! ) (@ (jw), wnioh 1s #imilar to

the (G(Jw) locus {utb en esaocisted gain s, = N+ -1‘ ﬁ)‘f"r

ell fréquencies other themn 't'

(11) 4 circle of radius ( A 1--- )IO (Jw X ocentersd at |
the point corresponding to thg rrcqumq wg on the plot (1).
Stability Criteria

From this two comiitiony for the stability of forced cao
~illations are deduced:

(i) Ths linear system cbteined after roplum tae pon-
linear e¢leasnt by @ gain ay (= N + .l.x 28 ) mast be stadle,

2
{(11) The distanos of ths criticsl po.nt from the v point
on the O (3») plot must b greater then -1 I--- ]O (J',)l

i'bc sseond svability ocozndition can bde ahom to ba equi-
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valent to --- 2 0, ad while working with ths universal cpart
correspouds “t5 the N curve (considered for inareasing X) ou-
tting the 6 ourves in the direction of increasing &, . The
first condition cen be verified by marking, on the N curve, a
poiat C at whioh so( = ¥+ 2. X 2¥ ) 15 equal to s oritical
gein for the linaar systes. C  is axpoint of demsrcation bei-
ween stable and unstable values of X, Henoe s solution will be
stable provided:s

(1) Toe 9, ourve interssots the N wmrve cn the stable side
6f thé oritical point C, amd ‘

(11) the ¥ curve (for inoreesing X) cuts the &, ocurve in
thd dtrection of inarssaing 9, i.s. from inside to outside,

Stability Of Almost Periodio Solutioms

Incromental Dusl Igrut Deserimns Funetion

Proceeding elong similar lines we arrive at tbe conclu-
sion that the stability of the elmoet pericdio cscillations cam
elsg b investigated using the incremental frequan oy respones
teochnique. To do this we hawve to define and dsioraine the gain
of an imorementel signal for the cese whan ths imput to the noae
linsar element oonsists of two finite sinusoidal signals of ia-
Jomaensurete frequenales, This is termed es ths incremmisl
DILF (IDIDF) exd defined az

@ - ..@. (6)

where @ represents the additional componeat of frequency w
in the cutput for an incremental signel of this frequency Te-
prosented by the phasor £X) st the imput.

When the frsquenaies of the finite signsls et the input
ere w, snd w,, the foliowing importent csaes erise:

(1) wa= e
{i1) w = L
{iii) w being nom intsgrslly relasel to wp and wg
{iv¥) w bdeing sn integrel mul tiple of 2, or w,.
(1) IR for v = w,.

T™he phascer diegrsn of Fig.5 shows the input phasor

‘¥
QL
.

{
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of magnitude Y (=X, N¢) The Fig, sleo sko¥Ws en increment
(-1511.0“"p Jo The resulting component of frequenq we at 1
the irput to the nmorlinesrity is the sum of @ and s and
bes en emplitude X, + OXy Cos @ , OX, being infinitesimal.
4s the emplitude of the signal of frequency we incresses from
I, 0o (Xp + £X, Con ), the DIDF for this signal inoreeses
from ﬁf 0 (kf_ + ir- ...>1 Coaf ). The inacreesed output is
represented by tho ¥ + @ being in phese with
@ +m Teking L! as the rotormco, we obtein

@*@.cxﬂax,.q’)m‘ £ X, Con ()
Neglecting terms inwelving higher powera or I, clininati.ug@ '
snd substitution in eqn. 6 finaelly yiglda.

W)l « 2ox, By g 2l a2 ()

__'h't £ Z b o ax_t 2 5 \xr ”

Therefore, s3 ihe engle { varies, the @w" hesor itrsoes a

cirole, k‘115.6, centered at (N, + - x,v‘“f ) end of redius

-3-1‘,-3-;3, end is known in terms of the’” ¥ DIDF of the nonli-
: 4

nearity.
(11) IDIIF ferw = w,
Prcoeeding elmg similer 11nes, 1t mn be shown that!
/‘l\ \N
I R K g i P .E.xs I T ()
w=v, é e kg 2 Xa
¥ being the angle of the incrementel phasor with respect to the
phaocsor @ . As the engle ¢ veries the ‘ifi' phesor elsq tre-

=W
ces a circle whoss centrs end redius ere kmown in tems of the

DIDF of the nonlinesrity. |

(1i1) IDIDF when w ie ronintegrslly releted to w, end Wwge

A genersl method of determining the IDIDF 4is demcribded
in iprendix 3, and yields the interesting result:
P23 oN
o Xe b= . ikt ] . Y0 g 4
By =Yg o= Hy + 5= Xq 5 il He + = (9)

(iv) IDII¥ wiem w 4is en integrel muliiple of w, oOr W,

It i8 seen from Appeniix 3, that:
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¢ .
G -1, - ..3‘2‘.'.° o-327

0,0
W=nWp £ (10)
and T
@ =T, - 228 =329
’ 2
wsnwg

Cases may arise where N, eand Ny ere m?% available in
an snalyticel form. For such cases the IDIDF can bpe determinad
by @ graphical methed squivalent of the method of 4Appendix 3.

inalytical expressions for the ITIDF of severl munli-
nearities sre derived in Appendix 4,

Incrementsal Pre Ras !

4 typical incremental frequenqy response plot for en al-
mat periodio solution, is showr in Fig.7. 1% 13 composed ofi
“(1) Alowms T} o@(jw) for all frequencies that ars non-

integrally rolated to wp and L
(11) A oircle of redius -% Xp2NE-|@Xjwg)| centered at tne
W = Wy point of the plot (1. A 312
(111) 4 oircle of rsdius -- Xy i:{@ﬂr,)l cantered at the

w = w_ point of the plot (1)

. The circles centered at nwy end uwy havs radil

b 4 b 4|

2,n,0 0,20
-5'-—&-!@11“’)\ and -.-.-;...4@3::'. ) reapectively which sre
#mall end 2re ignored.

Stability Critsria

Prom the incremental frequency responds plot the following
cond tions for the stability of foroed AP osciliations are
obtmined:

(1) The lineer system obtained afier replaaing tha mn.h carx
element by s gain Y' ( = Ny + --}.. X EE- - Nf + ..% J.t-..&)
must be stable, . iy

dBf
{11) om0
axe 7

Yoile working with the universel clert, the @eoond conddtion
for the stability of aluost pericdic oacillation csn be seen ta
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correspond %o e B curve (log Y¢/log Xy plot), considered
for increesing Xz, cutiing the &, ourves in the direction
cf incressing °£ « The £irst conditiocn cen be verified ty
kerking, on e N airve, g point C at which !' o 1s equal
to & oriticel gain for the linear eystem, C i- a pcint of
demercetion between regions of stetle &xd unsteble vazlues of
Ly, Hemce, & sclution will be steble provided:

() Tne 6; ourve intersects the B curve on the stable side
of the criticel point C, and

{2i) The K aurve (for inweasing Xy) oute the @, ourve in
the direction of increesing © i.e, from inside to outside.

Applications

The epplicstion of the proposed method 1s illusirsted by
determiring the forced oscilletions of (1) a ven der Pol equs=
ticm end (ii) ¢ 2ixd order systenm incorporating m idesl relay.,

Exexple 1 ¢ Forced Osoillztions of the ven der Pol Equstim. .
The equation
.2- - 100 +Yd(z3)+' -BIZSh:yt )
atl dat at

csn e representedzby the Xlock diegrem of Fig. 8, whers

B w
(%e°e W) g w (12)
Yy = {23 ]
{(2) Self Oscilleticas

Since the describing function for the cublo nonlinesrity
ie reel the nonlineanty cen be looked wpon & & veriedble gaia
(= —31 x?), The root locus, Fig., 9, shows that the system
is unstatle for smsll values of X, end indicetes stable self
oscilletisna of frequency w, = W,. The emplitude, X,, of self

ceclllstions is given by:

ot 1 XL . i 200
4 - G(iwy)
i Al (13)

3
(v) Zorved Hermopnic Response
(1) Solutionz - VFhen the self oscilletions sre sbsent,
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the forced harmonio response can b¢ obtained by DF gnalysis,
Teking the phasor (Xp representing the imput to monlinearity
a8 the reference phasor, we obtein

3 3
Y, ":Yxr

vy
. 3 3
f o -2
nso @ = X+ @
. @

| 3 yx3 "t
e o -2_—-——' -x + == x
(w.-ii) - jxwye o 4 ¥ (wi - '5_‘ - LWy
2

2
32'2 ('2 - iz) l: . 12 ]2
. o bt 1 WA (a4)
.
7: (4/37)

Xg

(11) Stebility
From the root locus, Fig. 9, we find that the system 1is
stable for essocisted gains greater thano . Hence from the
first stability condition, we obtain s
N -2?12 o
 Sbolher iy 2
. 2 204
Comparing with eqn. 13, 1t is seen that the hammonic osctlla-
tions will be stalle provided the square of the forced ampli-
tude is greater than half the square of the amplitule of the
free oscilledions. The oriticsl wvalue s Xpg, is glven by:
2 206
X3, = 3T (16)
Also, the mecond stebjlity condition 25 > 0 can be seew:id
be equivalent to -dg-x-z- > 0 derived by ven der Po1l.

(0) Forced Almost Periodig Response
(1) Solutions.

For this cese the frequency of the self oscillation re-~
mains fixed st w, eand consequently the DIDF for this signal
also remains fixed at <, Hemoce from Appendix 1, we obtain:
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Hence teaking the phasor @f representing the signel of
the foreing frequenoy st the imput to the nonlinesrity es the
retarnoo phasor, we obtein for the system of Fig. 8:

%

1.3
R (2 X 9 X ‘%‘—T“‘“"
(w.z-Ft) -joc't 18 By z) (wg = wgl) = Jot w,

2
.'.'B '; -'2) Lowehy LR, ]2
X .; % 8 ay
Also the mean aquare of the output is obtained)tron eqn. 18 as:
1l 2 4o 2
e )= 5{% e )} e

This quentity decresses es X, incresses from O to Xg,, and
hes e minimum velus 2oL /3Y ror Xp = Xgq.

Eqn.17 elso shows thet es X, increeses from 0 to Xg,, X4
decrezses from X5, tc zero &nd remains zero for all higher va-
lues of Xg,

These results sre identicel to those obteined by van der
Foll py the method of slowly varying gzin mad phsse.

(11) Stability

From Appendix 4, for N, = , the IDIDF, Nj ( -o<.¢1{12),
is seon to be &lways greater then«+ Henoe the ﬁrst stebility
condition im satisfied by ell the possible AP osoillsticus.
Hence the AP oscillations will be stable provided g—g is
greater then Zero.

For a given B end w,, eqn. 19 1s & ocuble in Iz. Hence
for certein ocombination of the persmeters, this eqn. may have
three real roots for Ii. In such situations one of the solu~
tions will correspord to g-%—- { 0 end will be unstable and the
4P response will exhibit & jump phenomenon. Hemoce & jump csn
teke placo from one AP stete to snother AP state, resulting in
@ jump in X,, accompenied by s jump in X, as well es in the
neen square velue of the response x,

k%
b
2 2 !
end X ..;T -3 (18) l
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Example 2. Application of the Universal Chert to the Foroed
Osocillation of the van der Pol equaticn.
(a) System Chsracteristiocs,

Consider the van der FPol equation with the numerical
constents,ol= 1, = 4/9 end wo = 1. Por this system, wy = 1,
Ny =1, X3, = 3 ana X2 = 1.5,

The DF for the monlinesrity, y = - 4 33, yiada:

log Yo = 3 log Xp =~ log 3 (21)
For Ny = 1, the DIDF for the mnlinesrity is obtained from
eqn, 30 e3: : i
log Yy = log (g - X3) (22)
The transfer function of the linear part is given by :

w
Ow) = (y—azgs ) (23)
The log Yp/log X¢ plot comprising the DF as well ss the DIDF
(for Ny = 1) plot is shown (Curve N) in Pig.10, aslong with a
-Plot L, of log K@(j')l « The phase emgle of the linear trans=-
fer funotion is marked elong with each frequency oa ihe I curve.
The point C marks the critical point on the DPF plot.

(v) Solutions

Figdl illustrates the superposition of the ¢, -_156°
ourve of the universel chert om Fig. 10 for log Ry = 1.90 at
¥ = 1,25, The only intersection of the & curve with the N
curve is the point P on the statle part of the IF, At this
interseotion the N curve outs the O, ourve from inside to oui-
side, Hence the resulting response is a stahle harmonic osci-

llation with log Xe = 0,265.

The response for a ranye of variation of Ry can be obtai-
ned by repeating this procedurs. Pig. 12 shows the solutions
for several values of Rp for w = 1.25, For log Re = 0.2 and
0.0 the intersections indicate stable harmonis osoulathlns
¥th log Xy = 0,345 end 0,30 respectively. For log R, = 1.8
and 1,4 the statle interseotions are on the DIDF part of the
¥ curve and yidd log Xg = 0.07 end 1,415 respeotively. The
. Verigtion of X, with X, for the AP osoillations can be obtained
from eqn. 26, end is_shom in the log X, g/108 X, plot of Fig.13.
Pron this, log Xg = 1,71 and 0.23 for log Rg = 1,8 8m 1.4
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respectively. For log Ry = 1.61 there are three_intornouou
of whioh the middle one corresponding to 1og Xp=1.94 is seen
to be unstabdle. The remsining two yield log xf = 0.0 and 1.70
end 1log X, = 0.0 and 0.2 respeotively.

Figs. 14 end 15 show the log Xp/log Ry end log Xz/log Ry
Plots for w = 1.25 end 2.0 respeotively. At w = 1.25 as log Rp
is increased X, decresses and X¢ incresses steadily . At 103 Rg
= 1,65 a junp takes place resulting in ea increese in Xg and
@ decrease in Xg. As log Ry is further increessed X; decresses
to ero md & log Rp = 1,88 & further jump in X, takes place
end the system exhibits forced harmonio response for higher
Va}uea of Rge In other words synchronization occurs at log Ry
= 1,88+ When Ry ip decreased from & lsrge value a jump down
in Xg tekes plece et log Ry = 1,835 with & simultencous buil-
ding up of X, Hence desynchronizetion takes place at Rg=1, g35

Exemple 3. Forced Oscillations of e Third Order System
Incorporeting en Ideal Relay.
System Charaoteristics.
Consider the system of Fig.l, where the nonlinear eleme-

nt is en ideel relay (M=1), end the transfer fanction of the
linear element is !

S)(jw ) = (24)
O jw(lfjw)z
The DP of the reley yields:

log Yp = log 4 = logll (25)

For this system, w, = 1,0, |(G(yw,)| = 1.0 and Ny = 1.0, The
Y¢/K¢ cherecteristio is given by eqns.3g end 39 . The log
Y¢/log X4 plot 18 shown (ourve N) in Fig.16, slong with s plot,
L, of log |{@Xjw)| « The phane mgle of the linear transfer fune
-tion is marked along with each freqemocy elong the L curve. The
dotted parts of the LUF und DIDP plots terminated by the critical
points C) and C; correspond to the IDF( = Nj) end IDIIF (Hi)
being grester thasn 1.0, end leed to unstable soluticms.

Solutionsa

Fig. 17 shows the superposition of the O, =170° curve of
the universel chert for log Re = 1.35 st w.= 1.2, The inter-
section et P, indicates a possible stetls harmonio solution.

The intersection et P; indicates & ponsible stable elmost
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periodio solution. The intersestions Q1 end Q2 indicste un-
stable AP solutions end the interseotion Q3 indicates an un=-
stable harmonio solution.

Fig. 18 shows the solutiors for several values of Ry for
w= 1.5. VWhen B, is incressed from O omverds the system conti-
nues to exhibit AP osoillations till log Rp reaches the velue
1.8, At this emplitude, the intersection chenges over from
DILF to the DF part of the curve N end henos the system gets
synchronjzed to the foroing frequency end remains synchronized
for ell higher velues of Ry, However, when the smplitude Rp
is slovly deoreassed, the system remains synchronized till log
Ry reaches the value i.40. At thia point the response 'uhangea
over from harmonio to almost periodic with the reappesrance of
the self osoilletions. The velues of Xg for the AP soluticas
cen be obteined from the log X /log X, plot of Pig. 13 vesed
on eqns, 38 end 39.

Fig. 19 shows the veriation of X, end Xy with variations
in By of & frequency 1.5. The quencking aud reappearance of
the self oscillation frequency sigmsl ims brought cut very clee-

rly in this diagrsm.

When the frequengy w, is very high, Xg = Re. Hence the
log X /10g X4 disgrem of Fig. 13 bocomes identical to the log
Xg/log Ry plots., From this it is seen thet self cscillations
are quenohed when log Ry incresses beyond 1.93.

Lonelusions

In this psper & simple method of melyaing the elmost
Periodic oscillations of nonlinesr systems has been presented.
Such oscillstions occur when unsynchronized free amd forced
oscillations are present in the resronse of the system. It hes
been shown that for systems incorporating a sinsle walued ele-
meat the DIDF for the component at the input froquemncy is to
be determined for the constraint that the DIDF for the signal
of the self oscillstion frequency remains & constant: ¥With
this oonstraint, it is poszmible to trest the componat at the
forcing frequency ea the harmonio responss of en 'equivelent
8ystem'., Also there a simple relaticuship is shown to exist
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between the emplitudes of the two frequency compcuents in thd{‘
i

response. The universel chart method has been employed to eva
-luste the forced frequency response es it gives a clear pio- b
ture of the veristion of X, with verietions in Be. The appliocs
=tion of the method hes been illustreted by eralysirg the res-
ponee of (1) the ven der Pol equation, ead (i1) e third order
syotem incorporating em ideal relay. S
The stabilitly of the elmoct periodic ocacillaetions has been

studied by meking use of the .inoremeatal frequenoy response ‘
technique. ¥or this & new concept, the incrememtel dual input
describing function has been developed. Expressions for the
IDIDF for several well known nonlinesrities have been derived
erd several of its interesting properties have been studied.

Simplified criterie for the stebility of the AP cscilla-
tions have becn obtained end employel to interpret the stabil-:
ity of the solutions obteined from the universel chart. '

i
il

The method hss boen ehle to cleerly uring out the varia-
tion of X, end X, with variation in the amplitude of the
forecing signal at tke imput to the system. For the ven der
Pol equation it has clearly brought out the transit ion from i
the drift to periodio motion'l, For the relay system the eXis-
tence of & finite magnitude of X5. just bvefore quem:l:m@;6 by
e high frequenoy =signal is also mede evident.
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Appendix__ 1 ¥
Ne/X¢ Chereocteristics for a Constent N
Expressions for the Ny/X, oharsoteristice for s cor3-
tent N; for meverel mnlinecar olements are derived below:

1. Gunie
For a cubio monlinesrity y = x7, the DIDF's for incommon-
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surate frequencies are given by:

Ny = %{xﬁ + 22} (24)

and
1l
31.42{1:+zx,} (25)

Xy end Xy being the emplitudes of the two inputs From eqn.24
we obtein

Xaln -z (26)
Substituting tgj.a in eqn.25, =nd simplifying we obdtain:
Np = 2N, - gxg (27)
For I' = o,
N = 42:5 (28)

These Ne/X¢ ohersoteristios are plotted in Fig.20. The two
chargoteristices intersect at the point C, hence equating the
tvo geins, the value of Xo, 18 given by :

2 2
24 - §X5, = 31“
. 2
e o xto = § N’ (29)
Substituting this valus in equ.26, We find
2 4 4
x.otsu.-;&-o
Eence st the poimt C, even for the Np/X, oharacteristios (for
constent Ng), the valus of X, is zero.

Hence as Xy is incressed from Zere, the gein N, decrea-
ses from the value 2Ny, till Xy etteins & value Xgo (eqn.29).
4% this point, the eignel X, vhich decresses with inoreasse in
Xp, (eqn.26), diseppeers and for higher velues of Xg, the gein
Ny follows the describing function plot. The dotted part of
the constent Ky ourve corresponds to imeginary velues of p &
end mey be ignored.

Summarizing, for N, = Constent

Ny = 2Ky - X
e Tpm=Iglp = 25Xy - 213 (30)

ehi2
Tto= 5 %
At, x‘ = xrc, Nf = 5-




97

2, Quintie
For the quintio cherascteristios, y = Xx°, the DID¥'s for
incommensurate frequencies @e given by :

n,.éx‘ 151"’12 .ix} (31)
end . Nt__ﬁﬁ _gxzx +51 (32)

For a oonstent Ny, X5 is given by:
4 15 42y2 15 4
g.x.+.:x,xt+.§xf-'q,.o

. 2 2 /4 818
oox..-sxt:_ af+-;-

For real Xg, only the positive sign is edmissible,
o" IE = , 6 x; .ggg - Sxt (33)

Substituting in eqn. 32 end simplifying , we obtain:
4 15,2 4
For X. =03
i x (35)

These two Ng/xf ocharacteris tics are plotted in Fig,.21, end
intersect st C. The Xy for this point cen be obtsined by
substituting X; = 0 in egqn. 33, giving @

4 8
X2, = i Ny (36)

Henoe, as X, is incresned from zero, the gain Ny de-
creeses from the valus 3N, t111 X, reaches the value Xgy. At
this point the signel X, whioh deoreases on incressing Xg
dissppesrs., For higher values of Xg, the gain Ne follows the
desoribing funotion plot. The dotted pert of the constant Ny
ourve corresponds to imeginary velues of Xg, and may be igunored.
Also for Xg = Xy,

NI = ;- (37)

3. Ideal relsy.
(l) xr $ xg
For the idesl reley the DIDF's for incommensarate
Irequencies are glven hyl2
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Np = <25 (Bak) "
. ﬁix‘
8N 1§
amd Ny = F -:2{@(1:) - 1-x2 B}
where k = Xg/X, end is less then 1, mdand@arc the com-

Plete elliptical integrals of the first and second kind respec=
tively.

K2
(& -@(?S”@ ) o e
= ") + k @z;) = W
B S €0
TN T ()
Hence for a constent Ny» We obtain:
X, - BYM GXk)
‘NS
Xf = k.xa
v %(Sl:..;- ! (38)

8
Tp = =25 k(X
z 12 k)
whera Kk = f/x- {1

(b) Xp> X,

For ihis osne, the DIDF's for incommensurate frequencies
are given by:

1
o = ;5 o2 {@e) -2 B}

M

where k = —-2 ed 1s less then y 1
e
ot (BXx)
Ng ®(x)
Hence for 8 comatent Ng» we obtain :
x‘ = ..g-;!-.k @-(.E)
Jie BE
8  (BR) 8X
X = — g 2 eeeee
Rt - g (®x) (39)
Hp = @3). N, Where k = X/Xp £ 1,
(&)
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As the complete elliptical integrals ere tebuleted in termés of
the paremeter k, these results are also expressed in teims of
k for esse in computation,

Appendix II
The Universal Chart

A brief sccount of the universel chert emd iis applica-
tion is given bdl.ow,

Consider the system of Fig.22, For emy unity feedback
system r(%) = e(t) + o(t)., For components of s given freguency
in the three quantities, this relstionship is expreased in the
phesor diegrem of Fig.23, The ratio of the emplitudes C ard E
end the phsse engle between them ere determined bty the lincer
end the monlinear tremnsfer functions in the forward loop. Con~
sider the cese when the amplitude, R, snd the lcop phase shi %,
8 , ere fixed end C end E take various wlues. From triangle
0AB in Mg.23,

¢ S5in(180° - J ¥ G

R Sin(180° - 8 )

-t ik Sin 64
B sin(180° - g )

log ( -9-) = log Sin ( + ©5) - log Sin
end log ( --) = log Sin o - log Sin o;

Glurly. for a fixed ¢, , log ( -3 )cnd log ( 'i") are
functions of €, only. FPlotting log (B) log (§) for s given
6, (= 166° say), the airve of Fig.24 is obdtained. A feuily of
such curves, each for a fixed ¢, is drawn, and is designated
a8 the universal chert, sinos it has besn obtained without any
reference to the system charmcteristics, By shifting the ori-
gin of the wmiversal chsrt to (~log R, -log R) it is transfor=
med into the log C/log B plots for veriocus walues of & . For
the system of Rig,.22,

1o¢E§IogI-logGl (40)
and log C=1log Y + log G2 .
where X and Y represent the emplitudes at the input and output
Tespeotively, of the ronlineer dement ad G; and G, are the
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gainms of the linesr trensfer functions for the signsl of a oer-
tein frequeng. For the case when the imput to the monlime-
rity oan be assumsd to be simmoidal, Y = N.X, N being the con-
ventional desoriting funotion, ead the log Y/log X plot is ob-
tained es shown in Fig.25. To prediot the respon: s over a rango"
of frequencies, the charecteristioa of the linear traisfer fune
~tions ere plotted as log Gz/log G, ea shown by the ourve L im
Fig. 25. Frequemoies wy, Wp,... and the corresponding phese
shifis for a transafer function G1(jw). G,(jw) ere marked slong
the curve L in this figure. Conasidering only single wluecd mon-
linesrities, for a chosen frequenocy, say 4.0, the ourve N with
0; (the point for w = 4,0 on the caurve L) es origin representa
the log C/log E curve defined by eqn. 40, and the total loop
phese enift is 166° For a givea R (=1.25 say) the curve'Q; =
166° of the universel ohart with its origin shifted to (-.097,
~.097) represents the log G/log E veriation. The superposition
of these two sets of log (/log E curves is sbown in Fig.26, in
whioh the interseotions of the 166°purve of the universel chart
end the N ourve, represent the only points where tho loop phsae
shift end the loop gain conditions represented by eg.40, are
eimuliencously satiafied, end give the posalble valies of the
responea. Thim procedure can be repzated for my desired reange
of R end w,

Appendix III

Genernl Method of Drtermining the IDIDP of 0dd Nonlims aX
Elenen ta
Consider ea odd monlinearity y = f£(x), having en input
x = X) 8in wyt + X Sin wpt, wy/w, being an irratioml nuamber.
For en incremental input signal x4 , the inorementel output
is obtained en’O: xf

2
Yy = X3 a:' {t(x)} i -il. -:-;2 {f(X)}4 eee

where X = X3 Sin 'lt + 12 Sin 'Zt

For an infinitesimal mignal x4
yi=% '2; {26}
¥nen y 4is en odd funotionof x, -g is an even funo~
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tion of x, For the oase when X = X} Sin wjt + Xp Sinwyt,
..- {t(x )} can be expressed es ¢

--- {t(x)} = i Z Coa(pwl +qwp t )
P=-oo
\vha.'o p ead q 8re eithcr both odd or both even.
oo oo
fs yy = Xg 2 Z Y'p’qu (pwy + qm2 t)
p:-” q:o

The following cases arizas
(1) xi = AX Sin (Wlt + “P)
For this cese, terms of frequengy wy in ths increma tal
output are obtained for p = q = o, &8nd p=2, q = 0.
: v o 2o a2
@) = YO,O 2 e
W=Ww)

(i1) x3 = Ax 8in (w2t + @ )

B For this wmnme, tercs of fregueaocy w2 in ths incresental
output are cbtained for p= q = 0, and p = 0,9 = 2.

ol iV G
w=wp
(111) x; = AX Sin (awyt + ¢ ), where n 13 an integer.
For thias cwses
@ -y . 21,0 oo i 4
w=nw) Pl 18
(iv) x4 =AX Sin (mrpt + @), where n is an integer:
O =1y, - _Xé 2n o-j.?‘?
w=nwp
(v) x4 =X Si.nfwt + @), -Ei- end -55 being irrational
K = ’é,o
From those 11 cen bo esen that the centre of tho(ly

circles is elways Y. .. Comparing the results of (1) end (i1)
*
above with eqgus. 7 end 8, we obtain{
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Aixg ot o Thidn
t ks
Appendix IV

The expresaions for the incrementsl DIDF of several mnlie-
noerities areg derived balow:

(1) Cubic.
For the nonlinsar charsoteristics y = !3.
3¢y 2 ;
By -{X. i zxt}
= = 2 2
end Ny £ {It + ZI.}

¢ 1 anﬂ 5 2
o NRVEL GRS D e
S iy ke 4"
- 1y, o 3 x2
t - E ] -
2 2L g 4t
Py 2N
o K i — - < = Ny, ¢+ --I o -
a*ﬁ‘ax.'z{“ el 2?1,

= Ni
It cen be seen thet N/ ie alweys greater thet Ny or ¥y at
any point.

(2) Quintic

For thg m‘x‘:linezz- otzxar;otoriistios, y = 25,
H. = -S—xs <+ -—4 xaqu- “gx;

end L S TN
- -2X% 4 2%, 23y
xf 8 f* 4 !It 8 8
r)

..c -}I -.ge. = -19 x‘ + ‘§ szz
- B M g ® 4 '8¢
1 2 10 .4 15 v2,2

and X LN e X —
I T i i
’ L g 008 15 BN
» # * -~ -ovemes = ] -.x - -
”I 2 (-] axB > 2 4 axt

— s i
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It can be sesn that Nj'_ is always greater then N, or Ny st
point v

(3) Ideal Relay
Por the idesl reley the following two casea arise:

(1) Xg { X; - For this ceaes
ay
Ny = -ﬁz;_e ()
X
ed Ny = 'ﬁZi' (x)
waore k = Xp/ X, end is lesa tham 1,

ey ! N, AN 1 '
o -E xu' b.i; = --)-_;E -i's{® (k) ki 2@ (k)}

. 1, oX sy 1 2@
5\ 1% HB + —Exa B-Y:la N -i"{@(k)"“ @(‘)}

4u k)
BE A e e
n2 ig
Also 1 % bﬂf . 8M kza(k)
-5- Ed oXg ® 712 22X g

1 oNy > B 1
% ninnﬂ+5- 'a-x_;.xf+2faxf
- A ®X)
n2 X
(11) X, » X, - Por this case:
Ny = =25 (3 ()
n xt
8 k
end Ng = -):;- %i ) where k "‘(s/xf <
ey 2Ny AM kz@k) (43)
i el 72 Xy
AW )
ema lx, obr_ ar -Bo)AD®
1317 52 X,

o 1, 2k 1y o @)
. e Hi=NB+-£I- .S'f;' Nrfoixfa-x;. :-;2 i:
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From egn. 43, we find that Hr e given Ny, N is slways grea-
ter than N; for Xp > X5 For Xp (X, N/ is less then Ny |
for smell valuss of Xq. N is equsl to N, when-@(xk)= 2(® (k)
(From equ. 43) i.e. for k = 0.909, Honce for a Ng = constant
chersoteristios F w1l bo less than Ny if X£/X,<0.909, end

Y will be greater than Hg for Xg/Xg > 0,909.
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Idet of ceptions to the illusirations

Nonlinear System.

‘Equivelent Nonlinesr Systea' for Dotomnina the
Component of Foroing Frequenoy.

'Equivalent Nonlinear System' Hr Rerresenting the
Self Oscillations.

Incremental Frequency Response for Harmonie Oseilla-
tions.

Phasor Diegram.

IDIDF for w = Wee *

Incremental Frequenay Response for Almost Periodto
Oscillations.

System Representing the van der Pol Equation.

Root Loous Associeted with van der Pol Equation.
System charsoteristiocs for Example 2.

Determination of Response for we = 1.25 end log By
= 1,9,

Illustrating solutims for several Re at wg = 1.25

log Xg/log Xy Plots for Exemplee 2 end 3,

Yog Xg/log Re end log Xg/log Ry Plots for we =1.25
log Xg/log Ry and log Xy/log Ry Plots for we = 2.0.
System charaoteristics for Exemple 3.

Tllustrating Solutims for we = 1.2, log Be=l.35
Illustrating Solutions for sevarel Ry at we=1.5
log X¢/10g Ry end log Xg/log Ry Plots. for we=l.5.
Ne/Xy for for Ny = 1 For a Cubioc Nonlinesrity.
Be/Xp Plot for Ny = 1 For a Quintio Nonlinesrity.
Block Diagram of a Genersl Nonlineer System.
Phasyr Diggrem for Foroing Frequen ¢.

log (C/R)/log (B/R) Plot for O, =166°.
Representationi of System Charscteristios.
Illustreting Solutions for a Given R and w.
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ATION OF IN E OR_SYS
STAB VIA FRE RESPONSE ITER

Andrevw U, Meyer
Newark College of Engineering
Newark, New Jersey, U,S.A.

1. INTRODUCTION

There are many control systems for which an equilibrium is
asymptotically stable but not globally asymptotically Stable,i.e,,
the state x(t) approaches the origin x = 0 asymptotically only if
the initial state ;(0)-50 lies within a certain region R, For ex=
ample, the equilibrium of an aerodynamically unstable missile or
aircraft can be stabilized by means of suitable feedback paths;
however, these become ineffective whenever the control variable,
e.5. fin deflection, reaches its limits, giving rise to a finite
stability region R for the initial state Xge

For second-order autonomous systems, this region can be
found with relative ease from the state plane portrait which
could be obtained by direct simulation of the system, For higher
order systems,however, the simulation approach may become too in-
volved in terms of computations that are required to map dut the
stability regions, It is desirable to obtain the stability bound-
aries by means of an algebraic criterion not involving (comput-
ing time consuming) integration of differential equations,

In this paper, the single-loop feedback system of Figure 1
is considered whose linear element may, for generality, contain
trandportation lag; the system motion is given by

x(t) = Ax(t) + bu(t-T); u(ct) = Fla(t),c]; e(t) = -cTx(c) (1)

where x(t) is the state vector, A is a constant nxn matrix, b and
€ are constant n-vectors where gTu the transpose of ¢, T is a
transportation lag and u(t) -?[e(c),t] represents the functional
relationship between the error and control variables e(t) and
u(t) respectively; this funstional relationship may be time-vary-

ing and/or may contain memory. However, it will be assumed that

n<‘f2—8~55 for all t 2 0 and [e(t)) < E (2a)

For conwenience, this is expressed as
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%6[-,5] for |e(t)] < E (2v)

For E=co, the(global) asymtotic stability of system (1),(2)
has been subject to extensive investigation, of which the most
successful results are based on the frequency response method of
Popov 1,2,3

Suppose that, by any method, absolute asymptotic stability
for 8 6 [a, b| has been established for E=oco; however, the nonlin -
ear element of the system satisfies -5 [e b] only for some fi-
nite E. Then, any set of initial conditions for which |e(t)i< E
for >0 will be sufficient for asymptotic stability.

‘In order to establish an algebraic algorithm for computing
the stability boundary for the set of initial conditions, one
possible approach (not to be considered in this paper, thever)
involves the use of Lyapunov's second method. Under suitable
assumptions, the existence of a Lyapunov function is assured if
the frequency domain criterion of Popov is satisfied 2'4'5. By
obtaining the Lyapunov function V(x) and itrs derivative G(l)
under the assumption that E=oco and then using the correct (finite)
E, the stability region for the set of initial conditions may be

obtainedq’lo.

Another approach is to -obtain an algegraic algorithm fer
cogjiputation of stability regions directly from a frequency re-
spnse criterion, i.e., without the use of a Lyapunov function.
This approach will be the subject of the present paper.

A.M, Formnlsktt6 has recently shown how a stability region

for initial conditlons sufficlent for asymptotic stability can be
computed directly from Popov's theorem*. His method requires that
the nonlinear element of sector = 6[:0 K] is single-valued end
that the Popov condition Mlc (lfjwq)cr(jag-n) * » i >8> 07

*Formalukil'a paper is presented for systems without trans=-
portation lag but containing more than one nonlinearity, with an
example given for a system with one nonlinearity. The treatment
of systems with several nonlinearities is similar to that for
single-loop systems with one nonlinearity, except for the use of
careful vector-matrix manipulations, Therefore, in the interest
of insight, only singzle-loop systems with one nonlinearity will
be considered in this paper,

e .
For system (1) with T=0 (no transportation lag).
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satisfied with q#0 (I is the identity matrix). Formalskii's
mecthod appears to work best when a larzge magnitude of q can be
found that satisfies Popov'’s condition and yields more conserva=-
tive (smaller) stability regions as the magnitude of q bacomes
smaller, It is not applicable for gq=0,

In the present paper, an algorithm will be presented that
is applicable not only to all finite values of q including g=0
but also to systems with nonlinearities that are time-varying or
may contain hysteresis, Moreover, the linear’ element may contain
transportation lag and possibly distributed parametars,

Let z be a vector (to be defined later) represenéins tha sat
of initial conditions. In terms of the system error o(t) =
e(t,z) and the control variable u(t) = u(t,z), system (1) may be
expressad as

o(t,z) =e,(t,2) - [7 B(e-A)u(r,z)ah ; u(t,2z) = Fe(t,2),£5£20 (3)
T g(t) =L ()] = -cTg(ern (4)
#(e) =" (s1-2)"1e"*T] (5)

and where I is the identity matrix, The initial condition re-
sponse of the (open loop) linear element, eo(:,g), dapends on the
initial state ;ong(O) and, L( the system contains transportation
lag, must include an additional term which can bhe expressed in
terms of the response to a forcing functiocn applied during the

time interval -T<t<O0,Thus,

o,(t,2) = -"B(t)x, - j_‘rs(c-x)uof'.)dx (6a)
where b i i) a u(t), ~-T<t<O

X = H t) =

5 e Yo 0 , elsewhere (6b)

The terms g(t) and P(t) defined in (4) and (5) represent
the unit-impulse response and the transitiea matrix respectively
of the linear element.

In order to avoid dealing with initial functions uo(t), it
will be convenient to restrict the analysis to classes of func-
tiona(uo(c)’s uy. Thus, the following (n+l -dimenslonal) vector
is defined: J
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ze [% (7a)

P la ()] fuce)l a7
w sup tu (t)] = sup |u(e) b)
““ -T<t<0 ° -T<t<0
It is the objective of this work to find regions of z that
satisfy the given stability requirements,

11. CONDITIONS IMPOSED ON ST

For the linear element, the following definition will be
used in this work:

DEFIN ON 1*: A linear time-invariant element is said to

be cutput stable if the following conditions hold**:
g(t) € Lxﬁ‘-z $ :t;g]oo(t,g_n < oo, e (t,z) €L, , o (t,z)€L,,

each over (O,oo)_tor every set of initial conditions z,

It can be shown that if all eigenvalues of A have negative

ronl'vnlueo, then the element is ocutput stable o

For the nonlinear element, cases are considered where it may
be time-varying or time-invariant with or without hysteresis,
For the latter, two cases are considered 3:

.. DEFINITION 2: A time-invariant characteristic u(t) =

jIe ) 4 is said to have passive hysteresis (active hysteresis)
fz f‘z %2 r1
‘r;. u de < (2) Or,_:‘ ndo-or;,‘-:a udo-oc u de (8)

holds for every pair e, © vhere " represents the path in the
u~-2 characteristic due to f#iny possible history of e(t) and
where [[ , and [[, represent any given path (not a closed path!)
on the chatacte%tcttc between 0 and e, and between ey and e,
respectively.

*leo reference 3, p. 367,

The classes L; and L2 represent all absolutely and square-
integrable functions respectively, g(t)€ Li[)L2 means "g(t)
belongs to both L; and Lp".

dokk
If all eigenvalues of A have negative real parts, then
(see reference 3, p.738) there exist real positive numbers a,M,M'

ek AT Ng(eN)= (2 1‘2,(:))“ < M exp(-at), §8(eN < M' exp(-at)
for all t>0, Output stability follows from this and from (4) to (6).
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Examples for these two typas are illustrated in Figure 2,
The passive type is, of course, the one of practical importance.
Hoewever, it turns out that the algorithm to be presented later
is better expressed in terms of an active hysteresis character-
istic. Fortunately, a system containing passive hysteresis can
be transformed into another one of the same form containing
active hysteresis and vice-versa. This can be done by the trans-
formation u'=Ke-u which is illustrated in Figure 2.

111. THE FUNDAMENTAL RELATIONS

1f g(t) and u(t) both are square-integrable functions of
t over (0,00) (to be justified later), then it follows from (3)
and from Schwarz's inequality that

loCe,2)l < e (t,2)| + 3, (e) I (5,2) 9
where : |

3 (5,2) = [ 15 o¥(r,2) dtﬂ" (10)

30 & [ 15 shmar]? (11)

It will be shown later that bounds for J (t,z) can be ob-
tained in terms of the initial condition vector z that are valid
as long as %é[a,b] which, by the statement of the problem (see
(2b)) means, as long as Io(t.g)! < E. The basic idea then is to

compute a rogtonR for the initial condition set z such that
::8 (loo(t.z)l + J‘(t) J“(t.g)) <E (12)
That is, & is defined by
R .{_;_ l gs(loo(t,g)' + 3(0) Ju(t,_z_)) < z} (13)
Note that satisfaction of (12) implies finiteness of Ju(qg)
which, as it turns out, implies that e(t)=e(t,z)->0 as t —co.
This fact, the obtaining of a bound on Ju(t,g) as well as another
relation used for computation of a stability region by means
other than (13) are all based on the following lemma:

: For system (3) whose linear element is ocutput
. stable and whose nonlinear element sacisfies

2 € [0,x] for all e(t) =e(t,z) and given K in 0< K<  (14)
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Let there be real numbers é > 0, q and & such that the
(Popov) condition

inf (5\1(1 + juq)e(jw) + RL) 2; >0 (15)
w20

is setisfied., Then, inequalities (16) and (17), given below,
each hold:

Dutesm) = oye,2)] 2 - 3 1e,m < 25 ak(e,2) 5 20 (16)

48
-q 1.(z,2) < Jp(z2) ; 20 (17)
where Ju(t,_z_) was defined in (10) and
350602 # (£ o) + 0§,z 2] %)t < @ (18)
" e(t,z)
IF(C.E) 2 -L u(r,z) e(z,z) dT = -Jr. u de (19)
e(0,z)

- 2
v [+ se)E (Jw,2)]
%n St
We (1 + Juwg)G(jw) + &
o

Jp(2) (26}

where E _(s,2z) exgo(t,_z_)] and where Ir(t._z_) represents the
line integral over the (not necesserily unique) path [Tin the
functional relation u(t,z) -'f[e(t,g),t].

Morecver, if (16) yields J (t,z) <mfor t = oo and for
every z and if, in addition, 2ll eigenvalues of A have nega-
tive real parts and (l5) is satisfied with 0 € q < o0, then
the origin x = 0 is globally asymptotically stable¥,

Remarks: (a) Condition (16) represents an important inequality

upon which a fundamental stability theorem in referemnce3 is proved;
that proof involves consideration of various cases of nonlinea-
rities and the finding of conditions for which J (t,z) is finire,

(b) 1f (16) yields a fi.nite' bound of Ju(t,_z_) and if for a

given initiel condition vector z, (12) is sstisfied then, by (9),
le(t,z)| < E. Thus, for cases for which %GE,K] only when|e| <E
(but not when [e| >E), the results of the Lemma are valid as long
as (12) is satisfied, Condition (12) then maps out a stability
region for z, defined in (13),

*Some linear elements with not completely observable
states may be output stable, yet their A matrices may have
eigenvaluesnot in the left-half plane (e.g., at the origin).
the other hand, in many practical situations, it is only the
behavior of the signal e(t,z) that is of interest,
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(c) Condition (17) is related to Formalskii's mechodsand,
together with (19) and (20), leads to an integral relation anal-
ogous .to (12) from which another region of z sufficient for sta-
bility can be found; this will be discussed in the next section.
Condition (17) is also related to a result obtained by
Chinnapareddi and Llll'lzconcerning bounds on transient respmses,

For a proof of the above lemma with respect to inequality
(16) and to the last statement, see reference 3*. The proof of
condition (17) can be obtained by derivation analogous to that
in Formalsk116 for the class of systems considered hete**.

Condition (17), which also represents the basis for
Formalskii's method, is limited to the cases where q#0 and de-
creases its usefulness as the magnitude of q becomes smaller;
this represents a shortcoming of Formalskii's method, Condition
(16), on the other hand, applies to all values of q.

Before proceeding with the discussion of their application,
it is of interest to compare conditions (16) and (17). It follows
from (16) and (18) that -

q X q k2 1
;g;s(t.a) s Pute® - pages)? - Frde < Ay alens :;zf,(co..z.)
P ;
-qI (t,z) < 12 31 Jz(oo z) (21)
r =’ = 48 o =
The same follows also from (17) upon use of (15), (18), (20) and
Parseval's relation which yields

3p(2) < 7 To(00,2) (22)

*The conditions 2f the lemma apply to those of Theorcm 10-1
of reference 3 the proof of which contains condition (C-24),
Appendix C of reference 3ywhich (upon the (valid) substitution
T by t), is identical to (16).

1f (16) yilelds a finite J (o0 ,z) for every z then it follows
from Lemma 10-1 of reference3tHat e(t,z)—>0 as t — o for every z.
Moreover, if all eigenvalues of A have negative real parts and
0<g<cothen if follows from the proof of Theorem 10-2 in reference
3 ?Appendlx C in reference 3) that the origin x=0 is globally
asymprotically stable,

*Formalskti considered only systems with single-valued
time-invariant functions u = f(e), However, condition (29) of
reference 6, for a system with one nonlinearity and ap;ropriate
change of notaticn, is valid for the conditicns of thiz lemma
and leads divectly to (17).
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Though (16) is considerably less conservative than (21),
the denominator of the integral in (20) makes (17) also less con-
servative than (21); however, the integral in (20) represents
greater computational complexity.

Iv. ALGORITHMS FOR COMPUTATION OF SUFFICIENT STABILITY REGIONS

First qf all, it should be recalled that the conditions of
the Lemma stated in the previous section do not necessarily refer
to asymptotie stability except for the (usual) cases where all
etgenv‘luel of the A matrix have negative real parts and 0<q<co.
Otherwise, the "stability regions" Jto be obtained from the
Lemma refer only to the property that e(t,z)—> 0 as t—» oo when
z € R ; this property, which often suffices for O;islneerins pur=-
poses, will be called e-attraction and R will be called the
5;19‘:1 of- erattraction,

Further, it should be noted that for given linear and non=-
linear elements, the expressions in condition (12) as well as
those in conditions (16), (17) and (21) can all be expressed in
terms of aggébygﬁc functions involving z and t, Eor example, if
T = 0 (no. transportation lag) then it follows from (4), (6), (1l1)
and (18) that

34(t) = (9’ '_‘}_"(c,O)_!z) g (23a)
J,(8,2) = (5'5 Ti,q)x, ¥ (23b)

t g :
aidg: ") QI[QT(?:) +q 87()] " [2(%) + q p)]ar  (20)
can be determhi:d from thé given transition matrix @ (t). An al-
gebraic expression for eft,z) is ziven by (6).

The foregoing results will now be applied to several cases
of nonlinear elements and ranges of q satisfying (15):

1. q = 0; General Functional Relation u(t) -,'\}’[o(t),t: 3
2¢(0,k] tor le| <E,0<K < :

For q = 0, (15) yilelds

) § -ux:s (&G(w) + %) >0 (25)
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Also, for q = 0, (16) becomes J (t,x ) < (1/8) 3, (t,x)) so that
(12) becomes
sup (pg (el v F 3 00 3, (e) s E (26a)
20

The objective is to find a region &, for z such that (26a)
is satisfied, i.e,,

1 ] ¥
Ry -{_2_ l ::p (]o (e,2)] + £ Jg () Jo(t,_z_)) £ E} (26b)
The computaion of the boundary of (R can be accomplished by
means of a suitable search technique. y

2, 0<q<oo; Time=-Invariant Functional Relation, Either Single-

Valued or with Active Hysteresis,K u(t) = :f[e(t)] s % € [0,k]

forje] <E , 0 <K < oo :

Let the following expressions be defined for convenience:

e(0,z)
1,(z) = sup (I u de (27a)
all r
e(t,z)
1 (t,z) = inf (f ude (27b)
All
Ip = inf (‘[ u de ] (27¢)
all E 2

where r; » [ and rE represent all possible single paths (no
closed path allowed) on the u-e characteristic between 0 - e(0;z),
0 - e(t,z) and 0 - E respectively, For a single-valued function

u = f(e), of course, these paths are all unique.

For active hysteresis (including the special casé of ‘a time-
invariant function), it-follows from (8), (19) and (27) that

Ip(t,z) < 1.(2) - I (¢,2) ' (28)
Therefore, vitthgpi~it3ﬁéllows from condition (16) that
[s,e.2) - 23 Jo(c z)] s 3 1)~} 1 (r,2) + et e

But for 3€[0,K] with O<kgoo; fr follows from™(27) tha: I (z)> O
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and I _(t,2)20. Therefore, since q 2 0 and §> 0, the above ine-
quality ylelds b

3,(8,2) € 53 3 (t,2) + \[—‘*2 3(e,2) + 10(_:_) (29)
Thus, (12) and (13) become respectively

1 2
= (leo(c.z.)h ’s“’[ﬁ 3,(t,2) ’\/2%2 3i(e,2) + 3 l (z)])s W

.up(a (c znu(c) 3 fe.2) + -1.12(:.)*3'1(.)) }
s {2 fode o fha

Note that (25) is a speciul case of (30) for q = O,

For condition (17), anothe: reglon for z can be obtained,
From (17) and (28) it follows rthat

' I.(t,2) < I.(2)+ 1 Jp(z) (31)
Now, for 3¢ {0,k] , 0 <K < o, 1t follows from (27b) and

(27¢) that
le(e,z)l < £ 1f I .(r,2) <1 (32)

Thus another condition and region sufficient for e-attraction
will be given by

1,(z) + -:- Je(2) < 1 (33a)

Another region can be defined by condition (21) which, with
(28) ani (32) yields

1,(2) + 745 35 (0,2) < I (34a)
R =«{sli(a)+ 1 32w, <1, (34b)
3q o Iz- o E
q

It follows from (22) that region R3‘l is more conservative
than Iﬂzi, i.e,, R?"lc &Z.q' On the other hand, it has the advan-
tage that it involves fewer computations.

Since (30), (33) and (34) all define regions that are suffi-
cient for e-attraction, the union of any two or all of these
rezglons will also be sufficlent for e-asttraction, Thls means, for
exemple, that the boundaries of the reglon defined by
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RLZ = &NUNZQ will encircle both regions alq mdnz;‘_

3, = < q <0 ; Time-Invariant Function, Either Single-Valued or
with Passive Hysteresis, u(t) = 31.(:)]; %E [o,k] for

le{ <E,0<K<@:

This case applies when the Popov condition (15) can be sat-
isfied with - o< q < 0 for a system gatisfying the conditions of
the lemma in the previous section whose nonlinear element is ei-
ther time-invariant or has passive hysteresis and where 0 < K < co
(i.e., K # 00). Then ~ if E = oo, it is guaranteed that for avery
Z, Ju(t:,g) < oo for all t > 0 and e(t,z)—? 0 as t—+ . This was
proved in reference 3 by means of the following transformation
(sse Appendix C of reference 3):

ui(t,_z_) = Ke(t,z) - u(t,z) (35)

Transformation (35) applied to the original system (3) yields
the following equivalent system:

T
o(t,2) = o (t,) - j; 8 (=D (7,2)4T 5 uy(t,2) = F[e(c,2)]

: (36)
wnere

L E (8,2z)
oy = L (0)] & 1588y 5 £, 002 ={[oyfn D) T piny

(37)

1t follows from (3) and (35) that if the original nonlinear
element had passive hysteresis then the transformed element
ul(t) -'?1[0(:)] has active hysteresis (e.z., see Flgure 2),
Moreover, if the Popov condition (15) for the original linear
element was satisfied with a negative value of g, then it will
hold for the transformed element Gl(s)*vlth a value of q of the
same magnitude but with posicive sign

It is indeed possible to obtain a relation for R in terms
of the original system, In that case, the bound on J (t,z), that
is needed to compute R by (13), can be obtained from inequality
ralations between ul(c,_z_) and u(t,z) involving (33) and (36).
However, in that process, too many terms are lost which will

e
Thies follows from the proof of Theorem lC-1 given in
Appendix C of referenc J.
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meke the region R obtained too conservative,

Therefore it is recommended to transform the original
system by (35) and (37) when indicated such that the transformed
gystem falls intoc case Z,

4, Cases where 5 €{a,b] for lelS E., a<b :

For such cases, one can easily transform the system by the
(pole-ghifting) transformation
u, (t,z) = u(t,z) - a e(t,z) . (383

which transforms the original system (2) into the system

t "
e(t,2) = e, (t,2) - [ g(t-0) yt,p) av ; u(r,2) «F,[o(r,2),t] ;
[+]

2-:“-6[0&-;] for |e] < E (39)

where
; htk E (s,z)

6a(® =L[e,®] ¢ T 580y 5 (50 qi[eo‘(t,g)] fres
(40)

For stability studies, instead of transforming the system,
one can also transform the stability conditions. This approach
yielded the generalized circle criterion (valid for - < q < @),
Because of its flexibility, that criterion is highly useful in
stability enalysis.

However, when it comes to the establishment of actual bounds
of Ju(t.i) needed in the computation of & then, as in the previ-
ous case, too many terms in the inequalities may be lost in the
process of transformation, Therefore, it is recormended also for
these cases to use transformation (38), (40) directly on the
system when indicated in order to bring it into the form of Case
2 *. For the case of a general time-varying nonlinear element
ut) = ffTé(t),t] and q = O, transformation (38), (40) will yield
a system of the form of case 1,

>
In order to bring the original system into the form of
Case 2, it may sometimes (e.g., in case of passive hysteresis)
?gsgeceasary to use a combination of transformations (35) and
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V. AN EXAMPLE:
Consider the system with transportation lag, given by
X(€) = = x(t) - 0.8 u(c=0.5) ; u(t) = Fle(r),c] } L
2€[0,1] for je) cE=1
Two caes for the nonlinear element will be conaidered, namely
&) General time-varying nonlinearity u(e) -'}1;(:),c] with
%E[O,l.] for |[el< E = 1,
b) Single-valued nonlinqa;ity u= 03.
System (41) is of the t@rm of Figure 1, with ;

x(t) = o(t) ; G(s) = Q8o (62)

According to (6), the open-loop initial condition response can be
axpressed as

: .
0,(t,2) = xo™F - -Mfo e (5 y (r-0.5) at (43)
where x 1
z= [ > j (46)
UH

Therefore, with (6b) and (7b),
xol 0%+ 0.8u,(1-7%) < (ix i+ 0.519 y)e™® , 0<r<0.5

feo(ts2)| < (45)

(I 1+ 0.519 u)e™® | 20,5
The time-derivative of e (t,z) can be written as
e (t,2) = -e,(t,z) - 0.8 u(t,z)

Therefore, with (6b) and (7b), thé following inequality holds:
$ IL-q} (Ix,f + 0,519 \-h)e°t+ 0.8ay,, 0<t<0,5
|eo(tsz) + a e (£,2)]| < (46)
I1-q) (pwo.sxgu,)a" , t20.5

From (18) and (44),
32(t,2) < 5(1-0)%(Ix 1+ 0.19 )2 (1-072%)
+0.63 Jal fL=qly, (Ix )+ 0.519 w,) +0.320 g%l ; £20.5 (47)

From (11) and (42), it becomes
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2( ; 2L O s 0<t<0,5 (48)
J.(t) = (&
8 0.320(1-e"2(t-0.52y ' 50,5

With K=1, the Popov condition (15) becomes
§= mf(&(u:wq)e(j«p)w.;.) >0
w20

Here, with (42), it is

&= ug (%-57 [( lthqz)ccm 0.5w-u(l-q)sin 0.5w]+ l) >0 (49)
w20\ 1+

Case (a): General Time-Varying Nonlinearity:

For this case, it must be q = 0 and the stability region RI.O
will be given by (26)., For q = 0, (47) yields §= 0.7655. Using
this and relations (46) to (48), condition (26 b) becomes

By, =Bl R}

where
m‘ia :{2 ?’_3?5 (lxol-o» 0.519 \lu)f(t)) < 1}

£(t) & et 40,522 /(1-2.718 e"2%)(1-e"%%) ; t » 0.5

wvhere

Now, it is t;gpsf(t) = 0.763; therefore,

Rio = {z
ajs ={z
Thus,
[ .{;_l max [(fx ol),(o.eosslxol +0,315 \:M),(O.763|x°l +0,395 uMﬂ < 1}
(50)

m[(ixo\),(0.6065lxol+ 0.315 uH)] _<_ 1}

0.763(x |+ 0.519 w,) < 1}

The boundary of this region is shown in Figure 3,

Case (b): Single~Valued Nonlinearity u = 03:

Here, it is permissable to choose any value for g>0, which
will determine the value of § according to Popovscondition (49).
The velue q = 1 is arbitrarilv chosen., This, by (49), yields
§ = 0.2, inequality (47) then becomes
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Jo(t,2) £ 0.565u, , t205 forqml

For the given nonlinearity, (27) yields
e(0,z) x
1,(z) -] e“de = % .ﬁ(o,g),,- %x:
°

1
3 1
IE-¢£ Odanz

Consider first the region qu. With the above expressions
and also (45) and (48), this region follows from (30b) as

&, = RiIR

whero
{ l«::s (I o.s w1es") < “}

which can be evaluated as

Riq ={£ mE,xol).(o.soeslqu +0.351 unﬂ < 1}
R" '{,sup ( |+0519\h)o"‘+osum,{_m5—)ﬁ”‘ o) <i}

The above expression can be manipulated to yield
{ a[l-r(%)z_] <1 if g < 2q }

p<l if B > 2¢

A
a= 0.6065]x°|+ 0.315 y
(51a)

B 2 0.8 uH[1+ \’ 1+ %(x:/ubz{) ]

Thua,&lq = &iqnﬂia becomes
2
+ ( if 2
[lx 1s(a), (a[ 3_) ] e es u]s. 1} (51b)

if g>2q

The boundary of this region is also shown in Figure 3,

Next, the region qu , defined by (34), will be considered,
This algorithm is the simplest of the ones discussed in this pa-
per since it does not involve functions of time, For q=1, it yields
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&3“.{; x:¢1.6u:5_1.} (52)

All three boundu-iu,ﬁlo (for q=0), qu and a.‘!q (for q=1)
are shown in Figure 3, The first region is valid for every none
linear and possibly time-varying element u -":ﬂ:e(t), 1:] , a8 long
as %f [0,1] for [el < 1, which includes the special case u = &
for which the latter two regions were obtained., Therefore, since
RIO includes both 81q lndﬁaq, it clearly represents the least
conservative and therefore the most useful of the three (suffi-
cient) stability regions,

The conclusion that in this example the least conservative
region is obtained for the most general type of nonlinear element
may look encouraging, however, no generalization should be made,

V1. DISTRIBUTED PARAMETER SYSTEMS

The algorithms discussed in this paper can be extended to
systems of the same form (Figure 1) where the linear element 1is
governed by a partial differemtial equation, Suppose that the
variable e(t,y) is described by a parctial differential equation
in time t and distance-location® y, The motion of the linear
element can be described by*t

. t
e(t,y) = e (t,y) - f g(t-7,y) u(r) dv (53a)
(]

where g(t,y) represents the unit-impulse response of the linear
plant at the space-location y and where eo(:,y) represents the
response at location y due to the initial function e(0,y). It
can be .hown** that eo(t,y) is of the form

@
e (t,y) = j Yica,y) a (53v)
=00

Both g(t,y) and V’(c.x.y) are given in terms of the partial
differential equation and boundary conditions of the distributed
parameter plant, The transfer function then is G(s) = G(s,y) =
I[g(t,y)] whereby y is fixed, This plant is connected to a
nonlinear element in the manner of Figure 1, i.e.,

*Thil can readily be extended to 3-dimensional space,
o
See reference 3, p.83.
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u(t) =F(z,y), f (53¢)

Physically, this means that the signal e(t) = e(t,y) is measured
at the space location y and fed back to the plant through the
nonlinear element,

The objective now is to find a bound on the initial func-
tion e(0,A) over - @< A < 00 that assures e(t,y)—>0 for t—o.
Let eH(k) be this bound , defined by

[e(0,0)] < ey () (54)
Then, from (53b), X
i .
legte)| < Ll?’(t.k.y)l ey (V) ar (55a)

“o(t;y) ' Q:O(C.Y). < Iml‘f(t.l.Y)*qg‘t‘f’(t.l.Y)’ .m(l)d)o
-~ (55b)

From g(t) = g(t,y) and from (55b), bounds for J_(t) and
Jo(t.y) can ba found by means of (1ll) and (18) respectively,
From here on, the procedure of applying the algorithms (26),(30),
(33) or (34) becomes the same as for lumped-parameter systems ex-
cept that here the object of computalon becomes the search for a
suitable bound function e, (L) over the range - © < A < co in-
stead of bounds on the initial state vector in the case of a
lumped-parameter plant, The following procedure is recommended:

(a) Check whether for fixed y,g(t,y) is (i) absolutely in-
tegrable and (ii) square-integrable, both with respect to t over
t€(0,00). Find J (t,y) by (11).

{b) Assume a form for the function en(x) in terms of a suit=-
able set of parameters (e.g. eH(x) = M for - @ <A < 00, oOr
QM(;) =M e'e'“ » Where M or (M,0) are the paramsters to be
evaluated respectively).

(c) With the assuned function eH().), obtain bounds for
|e°(c,y)| and leo(t,y) +q oo(t.y)] » using (55), and check
whether these bounds (i) are finite for all t > 0 and (1i) are
square-integrable with respect to t over 0 < t < @ ; if so,
find J (t,y) from (18) and (55). These properties are required
in order to satisfy the aslgorithms,
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(d) Find the numerical values for the parameters chosen in
(b) such that the particular algorithm (26), (30), (33) or (34)
is satisfied,

This procedure is conceptually straightforward, However,
the greatest difficulty consists of the finding of a form for
the bound-function eH(A) such that it yields a finite Jo(t,y)
for all t > O,

Vi1, BOUNDED INPUT-BOUNDED OUTPUT STABILITY

The algorithms presented in this paper are not applicable
to the computation of stability regions for bounded input-bounded
output stability, Such stability regions must involve not only
the state space but also bounds on the input signal,

Analogous to algorithms (26) and (30) presented here,
algorithms for regions of bounded input-bounded output stability
can be obtained from expressions for the bounds of 'o(t,gl)
where Z, represents both the set of initial conditions and the
bound r, of the input r(t) to the feedback system (|r(t)| < rH).
Such expressions for bounds on |e(t,gl)| are contained in the
proofs of theorems for global bounded input-bounded output sta=-
billty*. The derivation of regions of zy then becomes analogous
to that which led to algorithms (26) and (30). An algorithm
based on this approach has been obtained by Holtzmana.

Such an algorithm can, of course, also be used to compute
stability regions for the unforced system; however, it is neces-
sarily more restrictive and will therefore produce more conser=-
vative (i.e, smaller) stability regions than the algorithms
derived in the present p‘ber.

VI1I., SUMMARY AND CONCLUSIONS

For the class of single-loop systems of Figure 1, algo-
rithms have been presented to compute regions of the set of ini-
tial conditions z sufficient for stability, whereby "stability"
is defined here in terms of the property that the signal e(t) =
e(t,z)~—>0 as t—p @ (called "e-attraction"), These algorithms

* A
_ See for example reference 7, reference 3 (pp. 433-438 and
pp. 740743 and reference 13,
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apply to cases where a frequency-response criterion for global
e-attraction ("global™ referring to every z) can be satisfied
for a certain sector ‘-;-6 EO,K] of the nonlinear element but
where the actual nonlinearity lies within this sector only for-a
limited range of its input-signal e(t). All of the algorithms
presented relate to the Popov condition (15). The major results
of this paper are the following:

(1) For the general nonlinear (possibly time-varying)

element u(t) =7 [e(t),c], algorithm (26); yielding region &,
is valid, It relates to the Popov condition (15) with q=0.

(11) For single-valued nonlinearities (or the rather uncom-
mon case of active hysteresis), algorithms (30) (tegtonlﬁlq),
(33) (region®, ) and (34) (regionR;,) are valid, They
relate to the Popov condition (15) with q > 0. Algorithm (28)
(regionﬁm) is, of course, also applicable to this type of

nonlinearity,

For the cases q < 0 in the Popov condition (15), which
includes the cese of a nonlinear element with passive hysteresis,
transormation (35) can ‘be performed to bring the system into a
form where case (ii) above applies, A similar (pole-shifting)
transformation (38) can be used if the nonlinear sector under
consideration is %6 [a,b] with a#0,

Algorithm (34) (regtonn:;q) represents the least amount of
computational complexity because it does not involve functions
of time. Algorithm (30) (region &lq) appears to represent tha
greatest amount of computations, It may be noted, however, from
the results of the example of Section V, presented in Figure 3,
thar the most complex algorithm need not always yield the least
conservative (largest) region sufficient for subnl‘ty.

The algorithms were illustrated by an example (Section V)
where the linear element contained transportation lag. The ap-
plication of the method to systems with distributed-paramater
elements is indicated (Section V1), The algorithms presented
are of an algebraic nnl:uro*.

- Problems for future work include investigation of optimum
choice of q to yield the largest region sufficient for stability;

*
Note that all integral expressions contained in the alzo-
rithms can be expressed algebraically (see, e.g., eqs. (23)).
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this applies to the algorithms listed under (ii) ebove. A com-
parison should be made between the algorithms presented here and
methods based on the use of Lyepunov functions, A major task is
the development of computer programs for the implementation of

the algorithms, including meaningful search routines.
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r(t) 2 0 .(t)’u(t)-‘[e(t),t.] u(t) a(s) -a(t)

+—
NONLINEAR LINEAR
TIME -VARYING TIME=INVARIANT
ELEMENT PLANT

Figurs 1, Single-loop contrcl system, The nonlinear element may
have hysteresis or be time-varying,

u § ) 4 A u, = Ke - u
/ u=La
/
o IR
Ke 7
/v l
-e® oot |/ @ -a® gt ¥
} / .. .. ’ : .v' .'“ -
/
/

r

{a) . (b)

Figure 2, Illustration of a passive hysteresis characteristic (a)
and an active hysteresis characteristic (b), Nota that
(a) can be transformed into (b) by the relation uy= Ke-u.
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1.0,

' Xl
‘P

0 " L} T L] T rl 1 T T ¥
0 0,5 1.0

Figure 3., Bounds for stability regions obtained in example, Region
is valid for any nonlincar (and possibly time- vary=-

o
ing) element u(t) -'f@(t),t] for which %6[0,!:_] vhen
lej< 1. Regiom'ﬁlq and ‘&3 were obtained for a nonlinear
element u=e~, Note that ﬁlo i8 also valid for this ele-

ment and, since it encloses both regions A, and R q?
it represents the mose useful of the three (sufficient)
stability regions for this example,




