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1. Introduction 

This paper is devoted to the study of the stability of the system of 

Fig. 1, which consists of two elements in a feedback loop. This s~e 
configuration is a model for man¥ controllers, amplifiers and modulators; 

its range of application is extended to include multi-element, sampled 
2 data, and distributed systems in this paper and in • Here, the relation 

between input-output behavior and stability is studied from a general 

functional viewpoint which leads to a generalized circle criterion for 

stability applicable to a wide class of systems. The theory, which is de-
2 veloped in detail in , represents a natural and useful extension of the 

results of Zames3, Kudrewicz6, and Sandberg.7,S 

A transform theory for causal operator - valued functions defined 

over a locally compact abelian group G was developed in1• This trans­

form theory relied heavily on the classic work of the Russian mathematician 

Gelfand on commutative Banach algebras5. The results in1 were used to ob­

tain frequency domain stability criteria of Popov type for a wide class of 

nonlinee= systems in2• 

Two particularly important groups to which the theory applies are the 

reals, R1 and the .integers, J, under addition. These groups correspond to 

continuous and discrete. time. systems; respect-ively .• ··The relevant . · 

·This work has been supported in part by the Nation.al Science :F'oundatlon 
under Gr~~t No. GK 967 and in part by thP. United states Air Force under 
Grant No. ft~OSR 693-67. 
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commutative Banac? algebras (under appropriate notions of convolution) are 

(a) ~[o, ... ) = {f(t): f(t) Lebes~e measurable and J~jf(t) _ldt < e~~) 
and 

(b) ~(J+) = {{an): n ~ o, a
0 

real and ~0janl < •) 
(where J+ = (n: n ~ 0}). Both of these algebra.! haTe well-studied maxiliuu 

ideal spaces and, i n fac t , the Gelfand representations of (a) and {b 

correspond to the f amiliar Laplace and z-tra.nsforms_, respectivel y . Because 

of this correspondence, we shal.l be able to give versions of the main re­

sult o~ for R and .J here, without requiring the reader .to draw on any 

knowledge of the general Geiland theory. However, we note that t ,he f'u.l.!.. · 

power of our results only comes' to the fore in the very general 8etti ng_ 

provi ded in2 . 

The resul.ts presented here can be viewed as a ge.nerali~on of tl:e . 

circle criterion3. We consider a system consisting of a u,ne~ -~-t-and a · 

nonlinear part which is, in a. certain sense, restricted to -lie in a sector. 

Corresponding to this sector, we consider an appropriate circle in tne 

cmplex plane and we show that stability is assured if tbe~igenvalu~ 

(more accurately, the spectrum) of certain operators a?Oid -chis cil:nle • . 

2. Preliminaries 

Let H be a real Hilbert space aDd. let ~(R\H) denote -the- space of 

square integrable maps f ( • ) of R into H .satis.t;ring F( tJ = 6 f or 

t < 0 . We let 1·1 denote the norm ~n H so that ntll = (iol!'(t)!
2
dt)

1
/

2 

+ . ~ 
is the norm on 4.2(R ,H). Similarly, we let ~(J ,H) be .'tbe space of 

square summable sequence~ (a )
111 

Yith a E H aatis:t'ying a = ·o for 
n -• n n 

n < o. The n~rm on r~(J\H) is given by' IICa Jll ·= <i la 12
)1./

2
• With -c n 0 n 

stability considerations in mind, we introduce several extended spaces 

~p(R+ ,H) and 4.2p(J\H). These spaces are de:fined as follows: 

(1) 

where !rt(s) = 1 if s < t and. ~t(s). = 0 if' silt; 

(2) 

where !'ktn) = 1 i f n < k . and ~ (n) = 0 if n il k. We of'ten denot~ . k 
elements of ~p{J+,H) by (a(n)}. 

1ile a.re '!lOW r eady to define stability. 
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DEFINITION 1 Let ~ ,'f be maps of ~p(R\H) into ~p(R\H) (or of 
+ . ( + ) ~p(J ,H) 1..nto ~ J ,H) • Then the operator equation 

e ( • ) + ~ ( ('f e)( • ) + ~ ( • ) ] = x2 ( • ) (3) 

is called ~-stable i f, for any A > 01 there is a K(A) ;;:: 0 S\ich that if 

!l~( ·) l l l> A and ll~(·) lll> A, them lle~·)lll> K(A) for every solution 

e(• ) of (3) with e ( •) E ~p(R+ ,H) (~ ~p(J+,H)). 
We shall deal with the case of each group, R and J 1 separately. 

. 2 . 
Each case is subsumed Ulid.er the general t heory developed in and conse-

quent ly, the two c~es vill follow parallel paths. 

3. The Case of the Group R: Continuous Tillle 

Let · ~ (H, H) denote the space of bounded l i near maps of H into it­

self. sum>ose that q> (-·) is a measurable map of R into ~ (H1 H) with 

the following properties·: . (i) <p(·) i s integrable (i.e • .[jlq>(t)lldt < e~~) 1 
and (ii) supp q> C [01 e~~) where s~ '<p i s the support of q> (i.e. cp(t) = 
0 f or t < 0). Then we can easily see that -cp induces a map ~ of 

~p(R+ ,H) into ~p(R+ 1 H) whi ch is given by 

(4) 

1 
(cf. ) • We denote the -Set of _all such maps· ~ by B[ o,.., )" 

If ~ 4; an el.elllent of B(O,•)' then ve can ~troduce a notion of 

Le.place transform. for ~. · More ~cisely1 we let il>(sh for Re (s) ~ 01 

be the dement of ~(~,He) given by 

(5) 

where He is the camplexificati on of H and we call t(s) the Laplace 

transform. of ~ • Tbe integral in (5) converges as !l Banach space valued 

integral (see 114 ). FinaJ.ly 
1 

we let spec ( $( s)} denote the spectrum of 

$"( s ) so that 

We rem have 

'l.ben ~ is called -
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approximable i f ~(s) is completely continuous f or all s with Re (s) ~ 
o. 

DEFINITION 3 Let N be a me.:p of H into H. Then N is called a 

bounded nonlinearity if N(O) = 0 and IN(h; j ~ cjhl for all h in H, 

where c is a constant. 

THEOREM 1 Let ~ be an element of B[o, ... )' let N be a bounded non­

~ity, and let a and b be positive numbers with a< b. Supuose 

that t he following conditions are satisfied: 

(i) ~ is approximable; 

(ii) ~(im) is noi'I!le..l for all im with -• < tV < •j 

(iii) < bh-N(h), N(h)-ah > ~ 0 for all h ~ H; 

(iv) -·o-1 (. U spec [S(s)); and 
Re(s) ~ 0 

(v) t he set U spec [$(im)) in the complex plane ·remains out-
-• <m< ao 

side of and does not int ersect the circle with center -1/2(1/a+l/b) and 

radius 1/2 ( 1/ e.-1/b). 

Tha~ the operator equ~tions 

e ( • ) + ~[ ~e)( • ) + x1 ( • ) J ~ ( • ) 

e ( • ) + W: («>e)( • ) + x
1 

( • ) ] ~ ( • ) 

where (Ny)(t) = N(y(t) 
1 

are both L--stable. 

(7) 

(8) 

"' -;: -- 2 
We note that a proof of this theorem is given in ~~1 that (7) and (8) 

may be written out in full as 

e(t) + J;~(t-~)[N(e(~)) + x1 (~}Jd~ = x2 (t) 

t 
e(t) + N(f0~(t-T)e(T}dT + x1 (t)) = x2(t). 

We also observe that if u spec (~(im)) lies in a simply con-
_.., < m<"" 

(9) 

(10) 

nected domain excluding the point . -b-1, then condition (iv) of the theorem 

is satisfied by vi rtue of the p1·inciple of the argument. Thus, (iv) and 

(v) c~~ be replaced by t he following condition: 
"' (iv)' tJ spec [~(i(!))) is contained in a simply connected danai n 

-ao < m< oo 

wi th the property that the circle with center -1/2(1/a+l/b) and radius 

l/2(1/a-1/b) lies entirely in its exteri or. We now turn our attention to 

some examples. 
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EXAMPLE _ Let H = R:2 be two dimenSl.onal Euclid.ean space a."ld consider the 

system 11 f nonl"inear differential equations 

y l + 6y l + 5y l + 2y 2 + 2y 2 + y l ( d + cos y 2) 0 {ll) 

2yl + 2yl + Y2 + 3Y2 + cy2 = 0 

for t ~ 0 where c and d are positive constants. We suppose that the 

initial conditions for (ll) are given by 

y1 (o) a, y1 (o) =. a• 

y2(0) ~~ y2(0) = ~· 

where a,a', P,~' are appropriate constants. Letting l(t) 

and letting N be ~he map of ~ into itself given by 

we may rewrite. (ll} as a nonl.inear integral equation of the form 

(12) 

(13) 

{l'•) 

where lo(t) depends only on the initial data (~) and where ~ t) i s tne 

appr =priate Green's function for (ll). The syst em is illustrat~d in Fig. 2. 
We note that f~ < ,l~(t} 1 .lo(t) > dt < eo e.nd that the map ~ whi ch 

corresponds to ~ has the La.place transform 

[

s :t 2 -21. 
-2 8 + ~ 

It is clear that ib(s) is a normal matrix for all s with Re (s} ~ 0. 

Moreover, ~ is autcmattcally approx:.mable since the it:l bcrt snce ~<= ~) 
is fin i t e dimensional. Thus, cond tions (:) ~nd (ii) are satisf ~ed. 

We can easily see t h!:.t ccmiition (.ili) wHl be satis fi~d i.f a and b 

are any positive m::nbe rs for wbld1 s ~ r: :<> b, i ?; 1 + a, a.nJ. 'h <': 1 + 

Now the sp.:: tru!ll. o ; ( ..; ) consi.ds ·af the e ig!'r:valnes 
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~ (s) 
l 

(&+6) (&+1) , 
1 

~(s) =~ 
(&+1) 

(J.o \ 

for Re ( s} ~ o. It is clear that the equatiana A.
1 

( s) = -b -l, ~ ( s) = 
-b -l have no solutiana for b > 0 and so, (iv} is satisfied. F~, 
(v) will be satisfied provided that ~ (icD} and A.

2
(icD} do not intersect 

and remain outside of. the circle with center -1/2(1/&t-1/b) and radius 

1/2(1/s-lfb). See Fig. · 3. It follows that ~r these conditions (ll) will 
. : . 

be ~-stable in that given A> 01 there ·is~ a ~(A) > 0 such ~t 

i!y0 (·)11 ;t; A implies that y(·) € ~(O,•) and 0y(·)ll ~ K(A). - - -
EXAMPLE 2 Let H = ~(0,1] .so that H ia . a ·separable infinite dimension­

al Hilbert space. Consider the n<m.llnear integral equation 

(17) 

where it is assumed that N is a:rr:1 bounded map of ~(0,1] into itself' 

with N(O) = 0 and that 

~(x,y,t) = ~(y,x,t) 

~(x,y1 t) = 0 for t < 0. 

(18) . 

(19) 

(20) 

We shall determine conditions for the ~-stab ill ty of (17} in the sense 

that given A> 0 1 there is a K(A) > 0 such 'that if f~J~Iu0 (x,t)l
2dxdt~ 

A, then every solution u(x,t) of(~) satisfies ~J;Iu(x,t)l 2dxdt ~ K(A). 

With the objective of proving stability in mind, we define a map ~ 

(in B[o,~)) by setting 

(21) 

A 

for v in ~p(R\~(01 1]). The Laplace transform ~(s) of ~ is then 

given by 

A lA • 
~ (s)w(x) = J0~(x,y,s)w(y)dy (22) 

A ~~ -St A where ~(x,y,s) = 0e ~(x,y,t)dt. Now ~(iw) is normal by virtue of 



9 

{19) and ~(s) is completely continuous for each s wi th Re [s) ~ 0 by 
4 virtue of (18) (see ). It follows t hat (17) will be ~-st~le if (iii), 

(iv) and (v) are satisfied. 

Let us look at a particular example. We consider the nonlinear partial 

differential equati on 

wi th the auxiliary data 

u(o,t) = u(l,t) = o 

u(x,o) = r1 (x) 

~ 
oc<x,o) :c f2(x, 

(23) 

(24) 

where r1 and r 2 are elements of t 2[0,l) and N is a bounded non­

linearity on L~O,l) . We may reformulate (~) as an integral equation of 

·the form (17). To do this, we let r(x,y) be the Green's funct i on f or the 

Sturm-Li ouville problem on [0,1] given by 

so that 

d 2q(x) -~ = f(x), q(O) = q{l) = 0 
dx 

I x(l-y) 
r(x,y) .. 

{1-x)y 

x<y 

x>y 

(~) 

(25) 

for x,y in [01 1]. ~ie also let t(t) be the impulse response for. the 
2 operator Dt + 3Dt + 2 so that 

. I -t -2t e -e 
. t(t) • 0 

t l 0 
(27) 

t<O 

Then ( 23) hu the equivalent integral form 

• 
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u(x,t) = u0(x,t) - J~J~(x,y)t(t-~)N(u(y,~~)dyd~ 

2 
where u0 (x,t) is the solution of the equation (Dt+~Dt+2)~0 (x,t) = 0 

(28) 

du0 satisfYing the initial conditions u0 (x~O) = f1 (x), ~(x,O) = f2 (x). We 

note that f~J;Iu0 (x,t)l 2dxdt_ < •· Now (28) has the required form with 

~(x,y,t) = r(x,y)t(t). Moreover, r(x,y)t(t) satisfies (18), (19) and (20). 

In order to apply the theorem 1, we must compute spec (i(s)). Here, 

~(x,y,~) = r(x,y)/(a+l)(s+2) and so, 

A 1 1 
~(s)w(x) = (s+l){s+2 ) J

0
r(x,y)w(y)dy (29) 

for w(•) in L2[0,l). Now, the operator T given ~Y. (Tw}(x) = 

f;r(x,y)w(y)dy is well-known to have the spectrum (O, l/n2·l: n = 1,2, ... } 
• sin mrx A 

since _r(x,y} = -2 t ~sin nrry. It follows that spec (~(s}} 
2 ? n 

(0, l/(s+2)(s+l)n rr}. 

Let a and b be positive numbers with a < b. Then -b-l ~ 
spec {;(a}) for any s with ' Re (s} ~ 0 and so, (iv) is satisfied. I f, 

. 2 2 
in addition, we assume that ("0~ lt"~ic.Q:t2);(im+l)n Tr : -• <(I)< •, n = 1,,2,, •.•• ) 

dor!s not intersect and rema,ins outside. t .he proper circle, then (v) will be 
· ·, 

satisfied. Thus, the system (28l will be ~-stable provided that the non-

linearity N satisfies the condition 

1 . 
. J 0 (bw(x) - rt(w(x}.} }(N(w(x}) - aw(x)}dx ~ 0 (30) . 

for all w( •) in L
2
[01}.J. 

4-,. 'Ml<"! C11oe of t}le Group J~ Discrete Time 

Again vc let i!(Il1 H) denote the space of bounded linear maps of H 

into its<.:l f. iJupposc that cp( ... ): id' a map of J into ;t(H,H) with the 

follO'.ring propr~ rties: (1) ~(·} is summable (i.e.J_JI~(n}ll < •), and 

(ii} q~(n) = 0 if n < 0. Then we can easily see that ~(·) induces a 

map ~ cf ~p(J+ 1 H) into ~p(J+ 1 H) vblch is given by 

• n 
(~x) (n) (ll"'x)(n) "' J~--~(n-J)x(j} j&_.~(n-j)x(J) (.H) 
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for x in + L2P(J 1 H). We denote the SP of all such map by B •• 
J 

If t is an element of B r' then we can introduce a notion of z­

transform for t. More precise}¥, we let i (z) 1 for z £ C with I zl ~ 1 1 

be the element of l(Ef,Hc) given by 

• A n 
t( z) = J.o!l> (n) z (~2) 

where He is the camplexificat1on of H and we call t(z) the z-trans­

form of t. Finally, we let spec ·(t(z)) denote -the spectrum of i(z) so 

that 

spec {t(z)) • {A « c: t(z) - AI is not invertible in l(Hc,Hc)). (~~) 

We now have (just as in section ~} 

DEFINITION 4 Let ~ be an element of BJ+. ~ ~ is called approxi-

mable if t(z) is complete}¥ cont inuous for all z with I zl ' 1 . 

THEOREM 2 ~ ~ be an element of B r' let R be a bounded non­

linearity, anci_l.et a and b be positive n'l.mlbers with a < b. Suppose 

that the following conditions are aat~sfied: 

(i) ~ .is approximablej 

(ii) ~(e 19) is normal for all i9 ~ 0 ' 9 < 2'r, 

(iii) < bh - R(h) 1 N(h) - ah > l 0 ~ h ~ H; 

( ) -b-1 ~ u A( ) iv ~ spec (~ z ); and 
lzl '1 

(v) U A 19 
~ spec {~(e )) in the complex plane remains out-

0'9<2'1r 

side of and does no·;; intersect the circle with center -l/2(l/a+1/b) and 

~ l/2(1/a-1fb). 

Then the operator equations 

e(•.) + ~[(!e){•) + ~(·)] • x2(·) 

e(•) + ![{~)(•) + ~(·)] • x2(·) 

~ (~) (n) • N(y(n) ) 1 are both L2-~. 
We note that a proof of this theorem ia giveu in2 and that (~4) and 

(") mq be vrit~en out in tull u 

• 
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e(n) + E ~(n-j)[N{e(j)) + x1(j)] = x2(n) 

0 
n 

e(n) + N(E ~ (n-j )e(j) + x
1 

(n)} .. x
2

(n) . 
0 

Let us now examine an example. 

EXAMPLE 3 Let H = L2(01 1] and consider the nonlinear differential­

difference equ ~ ion 

wi th the auxiliary data 

un(O) u1 (1) b n 

u
0

(x) r
0

(x) 

u
1

(x) f
1

(x) 

(~6) 

(37) 

'"he re f 
0 

and f 
1 

are elements of L~O; 1] and N is a bounded non­

linearity on L
2
[01 1). We seek to determi ne conditions which insure that 

• 1 2 
[~f lu (x , l ~ < • for all f0 and f1 . 

r~:=J 0 n 

To simplify mnttero, let us \orr ite u(x,n) in place of un(x), etc.­

Wi th th i n convention in mi nd; We let y(x,n) be the solution of the hoa;o­

eeneoua vers ion of (38) wi th the auxiliary data (~9} [ i .e. r(o,n) = 

'(' (l,n) = 0 Wlri r(x,O) = f
0

(x) 1 r(x,-1) .. f
1

(x)]. lt is easy to check that· 

.. 1 2 
~0J01r(x,n)l dx < •. Now we can reformulate (38) as an operator equation. 

To do thle 1 we l et r(x,y) be the Green's funct ion for the Sturm-Liouville 

problem on [01 1] given ~y 

so thl.l.t 

d?. 
-~ q(x) f(x), q(O) = q'(l) • 0 

dx 

r(x,y~ ·l: x<y 

x>y 

(40) 

{41) 

for x,y in (0
1

1] . We also let (+(n)} be the "impulse response" for 
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the operator (E2-(l/4)I) 

given by Er (a
0

)) = (an+1J 
on 1

2 
(square summab1e sequences) where E is 

(i.e. is· a shift ). Then, 

t(n) 
1 I 0 n odd zero or negative 

= 1/2°-2 n even 
(42) 

It follows tha~ (38), (39) has the equivalent representation 

n 
u(x,n) = r(x,n) + ~of;~(n-k)r(x,y)N(u(y,k))dy. (43) 

~ow (43) has the required form and .we shall use theorem 2 to es-cab1ish L..,-
• c: 

stability. 

We let ~ be the element of B + given by 
J 

and we note that the z-transform of ~, $(z), ia def ned by 

A ..,.2 1 
(~(z)w)(x) = ~ j

0
r(x,y)w(y)cty 

1-z /4 

for w(·) in L~O,l) and i € C with lzl ~ 1. Slnce r(x,y) = 
r(y,x), ~( z ) is normal ~ Moreover, ~(z) is co~p e t ely co'm lnuous on 

(44 ) 

lzl ~ l as f~J;jr(x,y)jdxdy < ~ and so,~ i s approximable. Now, to e­

determine t e spectrum of ~(z), it will be surr.c:cnt to determine the 

spectrum of the operator T given by 

1 (TW') (x) = f cr(x,y)w(y)dy ( 6) 

and then multiply by z2j(l -z2j4). But it is well-Jmc·,,;n hnt t he spectr1,;lll 

of T io the set (O,l/(n+ l/2)~2: n = 1,2, ••• ) and. so, spe~ ! ;(~ ) = 

(o,z2/(1-z2/4)(n+l/2) 2d2}. Thus, if we suppose that -b-l I 
(n+l/2)-2~- 2(z2/ (l-z2j4)) for l z! ~ 1 ~~d ttat the set 

(01 (l/(n+l/2) 2rl)(-z 2ie/(l-e2i 9j4)): n = 1, 21 •• • ,o ;-; e < 211) remains out ­

side of and do£s nut inters ect the proper c i rcl~, then the system (38) wi~ 

be L2-stable for any bounded oonlinear i t y :-T sat: 3fyi ng the inequality 

7) • 
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for all w(x) i n t 2[01 l]. 

5. Conclusior;:; 

We have indicat ea i n t heorems 1 and 2 and in the exwnples1 the rudi ­

ments of a very gener~· t heory of stability for systems defined over 

l ocally compact abelian groups . Detai+ed aspects of the general theory 

appear in 1 and 2• 

Our results i n this paper involve a generalization of the circle 

criteri on (see, for example1 ~) in which the eigenvalues of certain opera­

t ors be i ng restricted to lie outside of an appropriate circle is a 

suf f i ci ent condi tion for stability. Tbe results thus represent readily 

usable frequency domain criteria. We also note here that the general 

theory is appli cable to a very wide class of syste:ns. In particular, non­

l inear problems involving systemS described by ordinary differential 

equations, parti al differential equations, differential-difference equa­

~i ns1 and i ntegral equations can be treated via the general theory. 
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e 

FIGURE lt A feedback loop Wlth two elements. 

Yo zCt> Yz(t) N 

-2 
(5+1)2 (5+6) 1 (5+ 1)2 {5 +6) 
----·---+-------

-2 I 5+5 
(5+1)2 (5+6) : (5+1)2 (5+6) 

PI~URE 2 t . The system of Example 1. 

-1/a 

I'IGURZ 3t 'nle •ttyquiat• plou for Example 1. 
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M2 STABILITY AND PA...W.mTRIC SYSTEMS 

C • . Lefevre, J.. Raoul t 

National Bigh School of ~eronautics 
Research Oenter for Automation 

Paris (France) 

INTRODUCTION 

The development of automation is such that the· control en~ 
gineers need to describe more exactly the physical phenomenons 
to be controlled, and have to study more and more complex sys­
~ems. For tb.ese .reasons they encounter more :trequentl:y the pa-

~~·~~~ 'ystems. 
\ Theoretical study of such systems is difficult and subtle, 
I • 

and disposes of few tools only (P'loquet theory •.•• ) • Moreover, 
t~e parametric phenomenons that arise in the systems are often 
~~t well defined. Hence, it is neceesar.y to possess the meth­
ods adapted to the acqUired knowledge on a system. In such a 
W'Yt the circle criterion 1 • ' supplies a stabilitJ test for 
! ~ystem with parametric gain specified by ita lower and upper 
bound. 

However, these global studies lead too frequen.tl.y to the hy­

pothesis of frozen poles, which can be dangerous. 
In this paper we 'll defi.lle the ~ stabUi ty as well as 

its relations to the classical definitions 1 • 4-6, 17.This no. 
tion of stability is to adjoin, from theoretical point of view, 
to cont?:ec:tion 1:B.pp1Jl8 principle, and from physical point of 
vi w, to the power dissipation in a system. J. geometric cri­
te~ion that make use of time -average and of mean-square valua 
of the v8.IJ'...ng ,t~er811leter, will be established. 

I. NOTATION .lND DE:riNITIONS 

1-1. Definition: ~ stability. 
J. control system is called "~-stable" 1:t 3 ). £ J 0.1 [ .an.e.b. 
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that for every error signal I! (t) E ~ one has : 

~~~ e (t) 11 ~ • 11 s(t ) ll ~· 

where s(t) is -.rstem's output. · 
Remarks& 

• 

(1-1) 

1. The space ~ is composed of functi ons f(t) s uch ~hat 

T 1/ 2. 
1\f<t> ll~ • [ 11m i S I fCt> 1

2 
dt] 

T -..eo · 0 · 

This norm is called also b;r the plqsicists the root-~~~ 
-square value. 

2. The parameter ~ in the tefinition of ~ stabUit;y 
the gain of open loop sy.tem. 

i s . . , 

3. The above definition states that the system represents a 
contraction mapping in the space M2 , or t hat it 1a dis­

sipati ve in the senae of energy. 

1-2. S:rstem under studz 

We shall consider a olass ot parametric s;rstem.s represent­
ed b;r the s;:rstem 1D Pigure 1-1. 

The par~trio gain f(t) is a time function belonging to 
~ • This gain is followed bJ a linear stationar;y operator de­
scribed b;y .its transfer function .G(p) a: [B{p)] - 1 , strict~ 
stable. 

A sufficient condition on {S) to be "142-stable" is- that 
whatever the errOr sisnaJ. S) {t) • exp ( j...., t] ( 'tl ye. R) is, 
the corresponding output signal satisfies& 

~ .. llexp(jYt)lj~ • lls.,(t)ll ~ (1-2) 

with 'A.., e. ] 0,1 [ 

ora 
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correspond~_ to a sinusoidal error stgnal with pulsation v • 
Hence we· ¥Vel 

f(3~) sr)O f~(jc.>) dW 

-oo 

I:r s;(;J<.r.>) 
resp~nding to 
be wri ~ten as: 

is a P'ourier transform ot an output signal cor­
e~(t) , S(jw ) that is relative to €(t)· can 

~
+eo 

S(jc..l) = 
-oo 

s ~ju>) d}' 

P'ollowing the proof given in the Appendix, we write: ' 

ll•<t>ll~ = r: /s(3~» >/ 2 
dw (1-3) 

Assuming that the condit~on ·(1~2) is veritied, we write: 

ll•<t>ll~ ' r :xe I E (3 ... >1
2 

dOl 
-oo 

with 
. ~'" )o,1[ 

Tald.ng '). = Sup ). v we have 
"Y 

with 

1-4. Rel~tion "~-stabilitt' - "L2-stab1lit:" 

A formal study .o:r systems stability leads to soaroh a :rune-
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tion space the output s(t) belongs to, given the space of 
the input e(t). The spaces L2 and ~have been used1 '5' 16 

to study an equi-asymptotic stability and bounded input-bound­
ed output stabill ty, respectively. The study or stabill ty in 
~-space uses the signal power as~rincipal variable. It has 
been shown recently that the sufficient condition ot M2-sta­
bility is that the system is ..con.tractiv for signals E {t) = 
= exp(j Y t) ( V )I c: R). This condition is close to the descf'ib­
ing function method, nevertheless it is m~re global, since it 
takes into account the power only and doesn't take the ~li-

t ude and the phase. · 
On the other hand, it is interesting to show that the "~­

-stability" includes the "L2-stabilitT'· Let us have a system 
(S), "~-stable"& 

\ls(t)l\~ = l tl e(t) - s(t)l\~ 

and 

lls(t)l\~ ~ :A 11 e(t)ll~ + '- 11 s(t)ll~ 

fls(t)ll~ ~ 
1 

lle(t)\1~ (1-4) 

1 _). 

then 

which implies s(t) e ~ if e(t) E ~ • 

Note that if e(t) £ L2 ,. then 1\e(t)ll~ = 'O,and acco~ 
to (1-4), 11 s(t)\1~ = o, which proves that s(t) belongs to 
L2• Hence, a system (S) which is "~-stable", is "~­

-stable" also. 
Remarks + f:iJ 

. 11 e(t)IIL = ( J \ e(t)l
2 d~ 112 

2 0 

1-5. " .1 !§a-stability" 

·Definition. A system (S) is said to be "l ~-stable" if ita 
output is stable as exp (- ~ t} • 

For s(t) to oonverge as axp(-.). t) it is sufficient thata 
S(t) = s(t) exp {~ t) is the output of a "~-stable" system. 
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Let us consider the a~&tea (S) with a structure equivalent 
to th&t or (S), described b.1. the following equations: 

«et> = -s<t> &et> 
,.., /'J ""' 
U(p) = R(p) S(p) 

(1-5) 

/'J 
We seek a relation between H and H • 
Starti.ng- rrolli the equatiQna detini.ng (8) 1 

u(tf = -g(t) s(t) 

U(p) ~- ~ Jl(;p) S(p).. 

m.ul tipJ..yi.ng· rirst equation by exp ( 1 t) and replacing p b~ p-l 
in the second, we .geti 

u(t) exp(~tr::-=- .:g(t) s(t) exp().t) 

U(p - . ~ ) · : · H(p .: 1 ) S(p - 1 ) 

which can- be written as: 

u(t) = u(t) exp ( ).t)= -g(t) s(t) 

~ ~ 

U(p) = U(p - 1 ) = H(p - ~ ) S(p) 
(1-6) 

The system defined by (1-6) is represented in Fig. 1-2,where 
the. operator H(:p) = H(p -?. ) • 

The study of " .1~-stabilityf' ot a system (S) is .therefore 
equivalent to that of "M2-stabilit7" or the system (S) obtained 
by replacing p by p - ~ • 

A criterion that we'll prove later will allow to deriDe a 
margin of absolute stability having greater practical signiti- . 
cance than the stability limit. 

II. CJiiTER!OJJs OF "~-8TJ.13ILI'l!J'! 

2-1. Criterion (01) 

A sufficient condition tor a systea (S) to be "U2-stable" 
is thata 

llt(t)ll~ < I:f I H(jw)l (01) 
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It E(t) · = exp(j 1' t), the syste• (S) is defined by 

q(t) • t(t) eXJ(~ )It) 

U(p} = H(p) Sy(P) 

Starting trom (2~2) we-ll write (see Appendix): 
+00 . 

11 u(t)l\~ = J f H(j CA>) SY(jw )1 2 
dW · 

, -oo 

Consequently 

We apply "1!2-stability" condition (lell!l!l8. 1-3). It will be 
satisfied it · 

tlu(~)ll~ 

I~ I H(jw >I 
C&l 

= ~y 

On the other hand, equation (2-1) yields& 

llu(t)ll~ a llt(t) exp(j ~ t)jl ~ = 11 f(t)ll~ 

and equation (2-3) can be written asa 

(2-3) 

llt(t)li~-= 11 ~IH(jw)l with '-ve ]o,i( Vve'R. · 

the above formula ~elds the criterion (C1): 

(01)_, 
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Remarks: 
1. If a linear system with transfer function G(p) = -1--- is 

B(p) 

at the stability limit, Inf H(j'w) = 0, . the parametric 
. u.> 

system is there .also, ll.f(t)ll~ = o. 

2. If the nature of function f(t) is better defined, it 
is possible to improve this criterion. In particular, it 
f(t) can be represented by f(t) = 2 fn exp(j "'nt) , a 

n 
.more efficient criterion is valid 1'• 17 

1 ) Sup L: I !n 1
2 

I G( w + wn)\ 
2 

n 

2-2. Criterion (C2) 

(0'1) 

Consider now a modified system (Sm) (see Pig •. 2-1).Th1s sys­
tem is. equivalent to the system (S). I. stu~ of the stability 
of (Sm) supplies the one of (S). 

Let us denote: 

.where 

f(t) . = g(t) + ~ 

» = lim 
T~oo 

T ; J t(t) dt 

0 

By application o! criterion (C1) to the system (S~) we get& 

.. '-yln:r I H(jU>) + M - L(jw) \ = 
(J,) 

= 11 (g(~) + L(j)l )) exp (j v t~~ 

or, alternately: 

~~ I H(jc.>) + » - L(jw >1 2 = llg(t)ll~ + l L(j'Y >1 2 

The stability condition given previously has to be verified 
for all "Y , which implies: 
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~ l H(;Jw) +-M- L(jw~l 2 - M~x iL(jY )j )> IJg(t~ll~ (2-4) 

-Transfer functioa L~p) has to be determine~ iD euch a man- . 
ner that inequali"t7 (2.-4) is . optimiseci, t~:u~.t iss. · 

llg(t)ll~ < 148% (I~ IH(j~) +M- L(jw)l
2 

+ . 
-~ L . 

- Jlax IL(j y >1 2) . 
')I . 

(02) 

Remarks: 
1. The linear part of the system (Sm) fs always stable in 

the domain of application of criterion (02). Indeed, the 
stability limit of (Sm) involves 

Int I H(jw) + M - L(jw)1 = 0 
w 

which co~sponds to gg(t)ll ~ < o, an impossible condi­
tion. 

2. The problem of determining an optimal_ operator ~(p) re­
mains to the flOlved. One m.e.y expect that. this would e~­
ble to close together the necessary and the suftloient 

· stability condition. 

2-3. Geometric criterion 

Let L(p) : ~ , a real constant. O~iterion (02) becomes 
therefore. in the limit: 

Oonaider a locus of H(jc..)) + 14 in the complex plane (Fig. 
2-2). :ror fixed value of rAl a locus of H( jw ) + M - ~ can 
be obtained from the previous one by translation ~ of the im­

a~ axis, or I#m this new axis. we·ll seek next the small-
. # 

est circle inscribed into H(jw) + K, centered into 0 • A ra-
dius R of this circle is such that: R = Inf I H( j w) + M - JJ.j 

, V. ( 
Let us consider the triangle 0 Ql a 

o'A2 • oo'2 + Qi2 



24 

Equ.ati . o.s {2-6) and (2-5) involve: g(t) ~ c 0.\ for tixed 

val ue of p. • p. is an arbi tr~· parameter t hat mB:J' be choos­
ea such that 11 g(t)ll~ is maximum. This_ is realized for a 

value of ll' such that the intersection (point J. in :Figure 
2-2) of the ~aginar,y axis with the inscri bed circle centered 
on the real axis, i~ the : l osest possible to the point B • 

We consider now a case ·when the inscribed circle is tan­
gent at B (Fig. 2-3). We have then: 

' 
Im (H(jw) + M) c 11 g(t)fl)r 

z. 
Be (H( jw) + M) = 0 

c! !m (H( jw) + M) 
p. a: Im (H( jw) + M) -------

d Re (ll(~w) + Jl) 

eliminating the limit (see ' equation(2-5)) we geta 

with 

!lg(t)l!~ < Im H(jCN) 

M 11: -Re H(~w) 

d lm B(jW) 
f = Im B(JW) ---­

d lie B(JW) 

Geometric interpretation .. ot (03) is given in !Pig. 2-4. 

2-4. El:6l!l]?les 

(03) 

Criterion (03) allowed us to determine the stabilit7 as 
well as the "exp(-.1 t)- stability" ot a third order system.The 
·results are given in Fig. 2-4. 
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Criteria (0.1) and (C') have been applied to a sys~~ -~ 
presenting Hill equation. A comparison of classical stability 
criteria have been performed on this example, and the results 
u-e shown in !Pig. 2-5. 

2-5· Application of the geometric criterion 

We define three types of systems that corresponds to differ­
ent applications of the criterion (C,). 

T:rpe 1 s:rstems 
These are the systems for which the best result is obtained 

with ,u = o. Criterion (C') yields the same result as criteri­
on (01). 

In inverse locus, the inscribed circle cantered at the ori­
gin is tangent to B( j~ ) + Jl on the imag1.n.ary axis . Common 
tangent line is horizontal (Fig. 2-7-a). 

In direct locus, the circumscribed circle centered at the 
origin is tangent to a locus G'(jw) c [H(jw) + M]-1 on the 
imaginary axis. Common tangent line is borizo~tal (FiS• 2-7-b). 

T:rpe 2 s:rstems 
These are the systems for which the criteri~ (C') is di­

rectly applicable and yields better results that the criterion 
(01). 

The circumscribed circle of type 2 systems as well as the 
inscribed one are not centered at the origin (Fig. 2-8-a, b). 

T:n>e 3 s:rstems 
These are the systems that do not belong to the type 1 nor 

2. The criterion (C') is not applicable. 
There is no circle tangent to H( j w ) + 14 on the imaginary 

axis, and \lg(t)ll~ = O.A. ~ OB (see section 2-3 and Fig. 2-9b). 
Likewise, there is no circle circumscribered on G'"(jw ), tan­
gent on the imaginary axis (Fig. 2-9-a). One has: 

Oi, = - [llg(t) !lu) -1 • 

This classification shows that the criterion (C3) obtained 
for L(p) = fl is not fully satis+Jring (see section. 2-2, re­
mark 2), and that there exists p&rhaps a better operator ~(p). 
This problem remains entirely unsolved. 
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CONCLUSION 

Introduction or· the "~-s-tability" into the theocy 6-r para­
metri~ systems has aliowed to establish new stability criteria. 
These criteria are easy-to apply, and the geometric fora or 
one: ot them is particularly simple and synthetic. The simplic­
ity of application by no means alters the quality or results, 
which. are better than those obtained by the classical criteria. 

Tlie."~-stability" is a tool that is surriciently elaborat­
ed to datect stable parametric~ system with poss~bly instable 
instantaneous poles (frozen poles). This mathematical tool, 
that uses functional analysis, is akin to the rrequency analy­
sis, being more global however. 

The "M2-stability" is particularly well adapted to system's 
theory, and it is expected that a synthesis of the methods us­
ed for parametric and nonlinear systems will be therefore pos­
sible. 

.APPENDIX 

If s(t) e w2 , according to Bohr theorem* , s(t) can be 

represented by s(t) = L Sn exp(j wn t), where the set { ""n1 
D 

is finite <Jt' <le numerable. 
A Fourier transform of s{t) may be written as: 

S(jw) = ~ s . d ( c.u-- - ""' ) 
D D D 

Hence 

and according to ; an .: elementa.J:7 ·p:t•operty of distributions: 

F. Riesz, B. llagy, Budapest 195}. 
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1"" d' ( W - W'tl) J( c.J - Wa)dUJ a cf( W'tl - Wa) 
-tJO 

it becomes 

or 

Ji S(~w >1 2 
dw • U a(t)U~ 

-00 

Remark 
U lls(t)ll ~ • O, s(t) belongs then to L2 and the above 

reasoning is not valid. 

REFERENCES 

1. J.W. Sandberg, A frequency domain condition tor the stabil­
ity ~f systems containing a single time varying non-linear 
element. Bell Syst.· Techn. J. July 1964. 

2. J.J. Bongiorno, Real frequency stability criteria for line­
ar time varying systems. Proc. IEEE vol. 52. 

3. B.N. Naumov, Frequency method for investigation of abso­
lute process stability in non-line.ar automatic control sys­
tems. IFAC Coilgr. London June 1966. 

4. R.w. Brockett, The status of stability theory for determin­
istic systems. IEEE Winter-Convention, March 1966. 

5. G. Zames, On the ·input-output stability of time varying 
non-linear feedback systems. Pt. 1. IEEE Trans • on Automat­
ic Control vol. AC - 11, Avril 1966. 



28 

6.~ .G. Z8.l!les, On the input-output stability of time var,yi.n« 
~on-linear feedback systems.Pt. 2.IEEE Trans. on Automatit 
Control July 1966. 

7• A. Rault, Stability of time varying feedback systems. P.He 
D. Thesis University of California Berkeley 1966. 

8~ M·· Cotsaftis, Conditions necessaires et suffisantes de st1 
bilite globale d'une class~ de mouvements non-lineaires 
no~· dissipatits. C.R. Acad. Sci. Paris Octobre 196?. 

9. c. _Le:te.vre, M. Houdebine, ~. Richalet, Systemes lineaire• 
parametriques et commands structurelle. IFAC Congr. Londo~ 
1966. 

10. J. Richalet, C. :E'efevre, Systeme d 'or ::Ire quelconque a coet 
ficients ~eriodiques. C.R. Acad. Sci. Paris Mars 1966. 

11. C. Lefevre, Syetemes lineaires a structure variable.· C.R 
Acad. Sci. Paris Decembre 1966. 

12. c. Lefevre, M. Cotsattis, Un critere de stabilite globale 
des. s7stemes parametriques. 0.R. Acad. Sci • . Paris Novembre 
196?. 

13. c. Lefevre, M. Cotsa!tis, Un critere de stabilite pour des 
' ' . , , systemes a structure periodique ou presque periodique. C 

R. Acad. Sci. Paris Decembre 1967. 
14. M. Cotsaftis, c. Lefevre, Une condition de stabilite glo­

bale des systemes non-llneaires. C.R. Acad. Sci. Paris t. 
· 266 Serie A, 15 Janvier 1968. 

15. J. Richalet, C. Lefevre, Criteres energetiquas de stabi­
lite. Onde Electrique Janvier 1968. 

16. J. Kudrewicz , Stability of non linear feedback systema .Au­
tomatykha 1 Telemekhanyka vol. XXV 1964 No~ 8. 

17. J. Zudrewicz, Stabilno~6 uklad6w zawierajqcych element 
zmienny w czasie prawie olu·eaowo. Prace IV Krajowej Konte­
rencji Automatyki 1967 (in Polish). 













РАЭВИТИЕ !fЕТОдА ГАРМОНИЧЕСКО~ ЛИНЕАРИЗАЦИИ 

МоекавекиИ институт радиотехники, 
электр 1ники и автоматики 

•. ~нинградский электротехнический инс­
титут им.Ульянова-Ленина 

Пепо1 Е.П. (UocкJa) 

Iлыпа~о Е.И. (Jеаивrр._) 

СССР 

Среди меТодо1 всс~едоЕаиия 1 расчета велинеИных свете• 

автоматического реr,у~роJавия 1 управления сакого раз~чноrе 

назначения наша~ широкое распространение на прак:ике метод 

гармонической ~•неариэации или гармонического баланса. Этот 

метод удачно сочетает учет основных сnецифических веливейных 

свойств, ведостуоных ~инейвой теории, о возможностью ·приuеве­

ви я хорошо знакомых из ~ивейпой теории регулировани я расчет­

них приемоJ с векоторой их модер1шэациейi Кроме определения 
автоколебательных pezиuoi, в том чисnо и с учетом высших гар­

моник, этот метод позволяет находить колебательные границы 

устойчивости веливейной систеuн, как по параыетрам, ~ак и по 

начальным успоьи яu; исследовать Качество колебательных пере­

ходних процессов, в которых частота uепнется с а~плитудой 

кол~бани й и вид процесса З&iисит от начальных усЛови~; иссле­

довать сложнuс процессы, состоящие из ряда соста~ляющих с 

раэличвwи поряДRа.&~и час~оr (колебания ва фоне ме,n."''евно ме­

няющихся соста вляющих и ~.п.) с учё1оы нелинеИвой вааимос~я­

эи между ними, ког.11:а песправеми:в привцип суперпозиции ре­

шени ~ .2 
Несмотря. на nрибли~епность, а иногда и песrрогость ме­

тода, OR дае7 nравильные АЛЯ nрак~ических потребностей ре­
зультаты приuеJmтелъно к uвогим классам систем, решая :в 

удобной и наглядной АЛЯ практики форuе задачи, уоторые ••­
возможно решить другими методаuи. Этаu и об~ясвяется еге ••­
рокое распростvанение, теu белее, ч~о ~ с~ете новых задач 

улравле v. я и по~uшенкя требований к качеству ороцессоJ 1 

точности систем, поиысv~ось и :ваимаииt авzеверов к ве~веl­

вик задачам, к практ•ческоuу испоLЬзоJавхю специально JJе­

д~нных велинейностеl к tежинейных ааково~ упра:в~ениs. 

Развитие 1 ии~окое использование выч•слительиой техви-
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п O!BIJAJ. во yкenaer прапкчесиое эnчепе по;ztобвых прибu­
аеввых ке!ОАСJ, а ваобороt уси~••аеt ere~ 

Дехо 1 !ом, ч~ Ме1'ОА rармоКiчоскоl ~ивеаризаци~ ~rарко­
ивчоскоrо баланса) жаеt вопосредс!венво аависимос!К кеК~ !а­

DКК осноJвыки харак!орис!икаuи процаесов как амnииtухы , чао­

!Оtы, покаэ~rехв аа!ухавма • параметрака сис!омн {кеэффlu.е•­
!W JC8~8BИR 1 ПIC!ORIBHI времеНИ 1 !.П.)~ R 81'01 це~ ВО KOZO! 
Пp.IJ8C!I ВИ1!.8ПI !IЧJIII р0110111 ICXIДJПIX le.DB8hьtx XIФlJOpoa­

Ц.UЪJUII 1 ХJ>УГП JP&DODI CIC!8JЩ Jl lpOMOJDile БoJI08 !Orl, J 

боnанс!Jе с~)'ЧIО» приб.uаепеts pe11eue эа~ач, псшучае.кее 
ке!о;ztом r&JIIODчecul хмвеаркэацu, веnаа аlм:опn AJ>Jl'!DII 
бо~оо !ОЧИШ01 1 Xl~a СSн 1 C.ПIJ:Bьog, IIO'Opi&BUJI АJ(И IC)IOJIЪ88-
J iiiR JЫЧИCJI!OJiilll !IXВIIИ~ 

1ЧИ!ЫJ&Н ate привuиnиаnъвоо oCSctoвtenъctJo, можв ска­

эажъ, Ч!О ПORJaOКII 8 pa8J8!118 JWЧ.CJIK!aiЪBOI !8ХВИК8 СПОСОб-
С!JУО! расnросtравеиа» MO!IJI rарков•ческоl живеариs • 
А XМIIВI 1 •ручвоо• КЖ8 rрафаческое pOIIIВII 8аА8Ч 81' 
ctaнoвatcl rромаэххим, коrха иссJ~о~оtси сис!ема с аеск лъ­

ККМI вожввойвесtикв ажи кtrA& ICCJ18AY01'CS nрецоос аз веск nь­
хах cocta в~щих с раэВЫК~ часtоtам•. И ry! вас ыручао ы­

uoutenвaн texuxa. Теnеръ пее!са yse uore прике pe­
IROR I!I ! Jес:ьма сшоаmа эцач 1 npoiiЬiueuнx ваучао-асс~о~ои 

te~o~ •иct•ry!ax неtоАtм rармоваческей жквоарваацаа ва 

~фре1ых :JЪIЧIICU!enвыx капнп ~•na I..ZO • АР• с Jеtшо•о­
~ои роз1,жьтаtо:J роаеаиа :. ' реаnъных ве••воlвнх сисrомах ,п­
раJжевва. 

llore~e~виl onwt nоказ~, чtо возможвосt• роаевиа 8fИ. 
118tO~OU npaK!IЧOCКIX 8ИIOBeplblX Э&А&Ч 8BIЧI!O~BO 8Ир0 1 че• 

ro~epat oCS &!lM tоорва • чем мы сеlчао :1 сос!оиаив teopota­
чecxa eCSecвtJ&!Ъ~ 

Все ~о ro1opвt • tом, чtо проСS~ека ме!ода rармовкчес­
коl пвеаризацав9 казаnосъ СSы ~aJBO исчорпаввак, !peCS111 к 
Себе ВОJОГО JВИ118~В, JtaX ПО ХИНИН разрабО!ХI IJiropИ!IIO:J J 

СВОZНЫХ схучаих AIR IСПОJЬЗI!IВИИ !НЧИсnиtап:ьвоl !ОХИКХI, 
!8К И П8 JIIBИI !OOpi!IЧOCИOrt OбOCIOJ&IИB АЖ8 разаых oCSxac­
!el врооиевиа: 

В CJRЗB С 8!'JIK1 B8UJJ4U RURO.!Cf! 1 p&8:JI!K8 DpllUQ-
101 С!ОрОИЫ IIO!OAI rapMOВIЧICJttl niВО&рИ88ЦИI 1 р88~8ЧВЫХ 
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ва~Jnевиих:. 

В •вном сооdщекии noRAeт pe'ЧII о иовой (topue nредо~аJ­
~еиви - rарконически А"неариэованного экви~ален:а для иеодио­

эвачвых нехинейвосrей с rистеризисн1~uи nетпяки, коrорые час~о 

»стречаютсв на практике. Эта новая форма поэволяе~ исправить 

еуществекну.о иекорректвостъ. nоявлиющуюся в некоторых задачах 

uри форuапноu прп.tенении метода в старой эаписw. 

I)рконически пинеаризо.Еанное выражение для нсодиозвачвых 

иеu.ва,lвос~ей 

;!::: F(x} (1) 

с rистериаиснuми петпяки принято записывать :в форме 

L-, h) ~(А) .. 1 g, = а,(;4 + tV jOJX. ~ (2) 

rде А, CtJ - аuшштуда и часrо~а колебаний, а (А) и 
.~ ('lJ - коэq4sщиентьr: Ь 

271 . 

а~"~ J ~~и~)~~dр ~ 1?: л~J~itМ1r)~~dy. (3) 
о 4 

В результате а персдаточной фувк~и раэоuкну~оя системы 

поиЕлястся nолюс, расnолоzенныИ в nравой полуплосиостм (ке­

вnюций с~о поnоzсние nри изменении амплитуды колебавкl). По 

тер~аноло~dИ линейной :еории регулирования получается эивива-

)1 "'J~Tfroe .nиitеари:?о:ванное веuиниuаnиофазо.воо З]ICI.O~ " 

Часто nри аmшх:1i нии систеыьr это не влсче: за собой виха­

хих nослеАствий и JCO ~ыкла,АКи uе~ода ·~~ ворма~ъво е Однако 

ес~ъ класс систем1 в которых это nривоАИт к отриnатопъаоМJ 
~наку некоторых коQ4фиuиентов характерис~ичоскоrо ураввевиs, 

чrо. ;в:ол:а:но бWJo бы свиде:сельстювать о нoycтoiЧJIBOC!I · cxo­
uux колебаний, в то 1ре~я как они оказываются ва самом Aene 
устойчивиuв. Роwевио ze для ахплитухы и частоtы КОRобавнl 
nол.учаеrсв при атом правихькым. 

Прпхор таиоА сис~емьr ~ав на рис~!. Дивамика систеыы 
оn~сы~~$fСЯ уравиоиияvа 

и_,2 1:.;/l<.'z-14.c) , 2=~Иу , 
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' 
Uf =k1E 1 U 0 c. = kor:..fS2 :~· 7".1.: ;: Я.> 
Uz = lc2. u, ' ич = F ft<э} = а~)~Gэ + ~JjJИз " 

f+7fp 

k = k1k.zk3 k11 k.s- :~ k6 = i< 3k~k- · 

Передаточная ФYИRIUIЯ разо:w:кну:оR систекн 6:;:r. e2 

kЬ/A)+!'[#lp] . 
WU,J = p{t+ lftJ{t +7;f>+k.;>{a/AJ+ ~pl} 
Харак!ерzс~ че~кое уравн ение рассlrатрю!аеыой сиетемп 

икеет вих 

W~)+J =O 

Аор ч-+ A..,f; + A2f2 + ,4зр-~оА ч ==0. 

!о~ициенты характерисжическоrо уравнекия будут 

А = ..,-J_ ~~4 ) 
о 't"6 С<) . ) 

А 1 = 7f 7j_ + 7;k6 а. (А) +ко :f{fl? 
А2. ::: Т,+~+ k. CL ~) :> 

Аэ ::-1 + k ~(JJ » Aq=k а/А). 

Cor,uacвo (2) .КОЭфф1ЩИе11! А., оудс1' о~рицательнw .. УСiхет 
оказать ся о-rри ца1'м:ьвым те.кzе 2 коэФiJиЦ1tен'% ;4 3 • :в то :ире­
аш как осrаJСЬвые коэtфициен~ы заР.67•=»МО nо.nоuте.лыш. 

Это я:впяв'l'ся сл~дС'l'ВТ4еи неуд~•шо .rо- ~ . .нбоl~а формулы зк:оu:sа-· 

.л~нтвоrо rapitowiчec ll.l .пин~~риэо:ванz.о J..'{.) вирахениа (2) • ксrорая 
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обычпо 1 гармоническом бanaice прамевиеtсв. Сохрави1 !О! •• 
праэильиый окончаtе~ьныl peзy~tat решения АЛИ акn~иrу~ • 
чact~1~i можно избеzа~ указаиной векоррехrвосtи промежуrоч­

воrо Jыраzеиия (харахtерисtическоrо ура!веиия), ecn1 ~~ не­
пвеЬого З]!ева · (1) с веоднезаачвой nerne:; .. й вeJtинelвoctъll 
rzс~ереэисвоrо tиna принять форuу зк»иJа~~ ~воя rарuовичесви 

uвelapиsoJaвsoй передаtочвой ~-YIIKIUIИ иверциоивого авева 1 mt­
;иe 

kи(А) 
lJ = f-t ~ (А)р х. . '4) 

Не:ане ко~ициевУы rармоническоl Jlкиеар•эацп f<jt (А) • 
~(А) , !.е • 88]!KCBIU!8 О! ИСКОМОЙ DПUt~bl JtQneOUИI :козt­
фИЦИОI! уоаи еви~ 1 посtояиаав Jремеви иверцмовнеrе aJesa, з:к­

JIJавевtвоrе . веJ~ивеlвоку ввеиу с r.исtеризиокымв пеtАякв, мo­

ryt ~ыtъ выражены через преzвие :коэффициенtы rарк Еическоl 
JIВеаркзацви, а. (А) • 4' tft) tоцесtвt.s.вым образам. 

1 
~-C!Y~~O_П_!t.P!O~~~~!_O!O~&J!!'!t В:OfAI t=Jt:v:~IB !pO­

OytMOГQ !О~ОС!!& 

(5) 

rжо ..1'{4)< О , причек а.{А) в ,/ С4) опре;п;е.пяюtсв фopмy.­
JI&IUI (3). 

! ЕУ~О_!_а!ух!_I)!В!_ ~..Е~!._С-С~~!Пс~ J!.O~~a~~ а:ква:ва:!' евt­
мое rарuовическа J~Ивеармаоваавое вырахенио хnя веодвеааачвеl 
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net~eJol вепинейвост• ~~;с) Jкесто (2) обычно прихевяеtся 

~ -={а.(А)- !J'й) + ~)? 1 х' (б) 
~;zr.e F дu эаrуха~~щих JСоnебавиl <:О • ~>О хnя pac­
xoДJUU~Xcs. 

В этом сnучае, коrм !' ~ F + jw , из '!'peбyeuoro 
!ОZ.Ц8С!!8 

:ВЬI!еКаМ 

k.иO+~'F) :а~) k~ ~ u.J -= --<?{,4) 
{f+7;V2.+~z.~z . ' (1+~~)'+ 7it,.г.tAJz ~ 

откуда 

r;zr.e ~('А)< О , nричем а {А) и g ~) оnре,1tеляютси 
nрежними формулами (3)~ 

! ~l.ч!е_ С_!О!.В~ _п~о_ц.еЕ_с~!' когда колебания налоsеньr на 
медленно uениющуюси составляющую, приближенное решение :вместо 

х:: А ~c.vr ище!СR ! форме х cx0 +;tlf- t где x*'"=A .S~CcJt, 
а обычная форма rарuовической линеаризации :вместо (2) имеет 
11И.Ц 

(8) 

r.це 



(9) 

fJ{f>Jx+R{f)F(xJ=j({p)f(t}, (IO) 

rде ~(t) медnеиво кевяю•ееов по сра~веНИD 9 частотой ко­
~ебавиl ~ ~вешнее ~оэдеlст~ие, разб~~аетсв nocne rармовк­
ческоl хииеариэации иа два иехинейно ~эаикос~яэаввых ~~ве­

U11 .. ~. " .. 
Q(;J ~о+ R(f) F с~, Х~ = J{(p}/ (1} ~ 

. . 
(II) 

(U) 

В этом сnучае во~ую форму зк~и~апеитвой передаtочвоl 

функции можно применитъ ~ ура~иеиии (12), т.е~ сто~ее ta• 
Бырааеиие ~квадратных скобках моzио · эакеиитъ иа 

kи {A,:r.o) 

f+ ~{А;,:х.о) f 
) 

причёа 

Т: . -.-1 (A,x"J' 
~ cva(A,xP) 

k = at~,.:xD)+~~"xc:J ~ 
* а (,4_,х0) 

rде Cl И ,б' onpeдeJlJШTCR фopay~~IOI (9) ~ .J'< о : 
!ваnоrичио можно постуnать и АПИ ~sИу.адевиых коnебавиl~ 

хоrда в правой части ураЕневив веШ!иа-i&оiГсао!ёК&-сiОr-КМЁI~ 
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OR 

Опишем расчет с испохьзовавием воJО~ ~формы rармQ~чес­

кой Jiинеаризацви ,ци указаввоrо ВЪШiе прике~ вепвеl!!>!.. еве­
темы (рис~1). · . --- -;---- - .· - ,._-
- -- JLnи рассuатри11аемоrо вида веодиозиачиоl вuивейвооп с 
rистериэисныuи nетпямв выраке~дии коэффициентов rармовичес­

кой пивеаризацив вuеют вид 

Г!ри А ~с, 

r;ae А - 8JIПJiитуда кoJieбaJIИI вапряzевии и~ • Например, ~я 
чис.пенных значевиl параметров веJIИвейиоrо звена: h = 110 8 , 

с = 2t.l в , т= 0,2 , rрафвки но~Ф<f·ициентов rарковичес­
Jой пинеаризации nредотавпены на рис.2~ По rрафикак рис.2 с 
•сnоnьэованием фopuyn (5) Jierкo коrут бытъ построены эа11иси­

•осп aн1iilвaneil:t.выx паРзuетров k~ и . ~ 7; от акПJIИтудн 
аолебавий, которые nредотавпеиы на рис.3. 

Спедует икетъ 11 виду, что формуJIЫ rарuонвческой ливеари­
•аnии, а, спедоватеJIЪво, и rрафики рис.3 имеют cuыcn толъко 

IPR А> с • Позтому веJIИчина ~ ограничена. Как видно 
IS кривых рио:3, с у11епичениеu амппитудн ;4 постоянная вре­
lеНИ ~ укенъмается, что дпя давной НОJIИНбйвости раввосиль­
ао уменьшению впияиия гистерезисных петехь при бопъших акnпи­

rудах копебавиа~ 
С учётоu форкупы (4) ~н sквива.пентной передаточной 

функции динаuика системы (рис~1) опишется ураввенияка: 

k 
tf = '31-CJ-2 1 t.tз = f+~~ (u,.-uoJ, 

- /см 
(.{"- 1+ ?й!' t(~ , tjж.: 



1ереА&~очваа фJВКЦIВ час~• схемы, охвачеввоl оОра%воl 
сваэъ», пеи вв~ 

W kэkflc* 
f = {1+~f)(f+"Т;f)+k,klf , 

Переда~очвав фувхцав раэомкну%оl састекw 0~8% 

W: Jc k,. , k· k/<zk.J<11ks- . 
. p(l+ 71PJ[ (1+ ТаJ' ){f+ 1;f)+ k.~Jc~~p] 

Iарахtервс~вчоское уравневне неnинеавойrармовически АВ­
веариэоваввой сисtемы ПОАУЧI% ви~: 

rде 

Aofч+A1p')+A"p'I.+A'J/' +Ач=О~ 

Ао =?;?;. 1;. ) 
A,=Т,Тz+7;7;,.+7;.~+Т,Jc6kll' 

А2 =Т,+ 7а +7;. -t 1<, 1<>+ , 

А з = 1) Aч::kkJI.. 

Как ~идим, э десь все коэффициенты характ~ристическоrо уравне­
ния. в отличие от п~ежнего, положите~ны. 

Допустим, целью дальнейшего расчета системы является 

nостроение диаграммы качества неливеяных пе~еходных процессов 

[ 2 J • которая дае~ воаможносr.ь для каждого значения выОи­
раеыого параме~ра системы в амплитуди копебанка опредеnи!Ъ 

пока аатепь затухания переход:ного процесса ): в частот1 коJJе-

(;а ниЯ си • В качест}jе выбираемого параметра примем хоЭФ-
фициент усмения линейной части системы k= k1k"k3 1cч k s : 

Для решения поставленной задача введем в харахтерис'JИ­

ч~ское ураьнение гармонически линевриэоваввсй систекы в~есто 

р а начение р:: F + jw . lS резуJJ.Ътате rю JJ)'ЧШI уравне вие 
ьида 



.сз 

Посхо.nьку :выбираемый napue!p /с подиж ronкo в коЭФ­
фициенt J4ч , жо в атом уравнении поспе :выделения :ве•есж­
:венной и мникой часжей паракежр ~ воадё! жопько в сос~ав 
:вещественной часжи )( • Поа!ОКJ ва основании :выражения 

Y(A,w:.~)=O 
I(OJ:RO НаЙ!И ЗаВИСИIIОС!В р (А) А!Я раЗ.ПИЧНЫХ ЗНаЧеНИЙ 
~ :- c,urv;:t В ПОДС!аВИВ 1Х :В J1Ыр8Z6ВИ8 

Х (A11w>f ,k)=O, 
найти ожсюда зависимоежи k (А) AJIЯ разJIИЧJЩХ cv r:: ~t- ~ 
Эжо да еж вак сразу uнии Ч,.) = ~ на искомой диаrра1111е 
качесжва нелинейных первходных процаесов в сисжеке коорди­

важ (k, А) , а найденные ранее за:висикости ~ tf\ ) при 
раЗНЫХ C.U =' ~Т , ДB]J;'J'f ПрИ ЭfОМ 110ЗМОИНОСТЬ 88НеС'fИ 
основву» ЧВС'fЬ дивrрВJLыы качес'f:ва в :ви;~tе п~й ~ = ~t-
:в !OI ае сио!еме координат. 

Аналогично зтоuу частному nримеру легко nереложи~ь :все 

задачи решаемые на nрактике кежодом rарыонической линеариза­

ции при различных веоднозначвых нелиноnвосжях с rистеризис­

н~ыи петлями, используя nредпоаенную здесь более корректную но­

:вую форму записи экви:вапевтвой передаточной функции. При Б!OII 
с целью облегчения nракжических расчежо:в для :во~ ковкрежных 

видов нелинейвостей могут быть заранее составлены формулы и 

rрафики новых: коэффиu.иевжоJI rарковической линеаризации k.)t"{A) 
и си ~(А), nодобно жому, как они с~ществуют сейчас для коэФ­
фициенrоJI ~(А) и .11 (А) , а также и 11 более сложных слу­
чаях, коrда 11 них понвляетсп дополнижельно зависимоежь от от­
ношения JL и.пи от посжоянной составляющей х}' ~ 

&<.) 
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THEOREMS ON THE EXISTENCE 0£ PERIODIC VlBRAT!ONS 

B.A..~D DE"' ON l'HE DESCRIBING FUNCTION MET"".rlOD 

by 

Jacek Kudrewicz 

In.stytut Automatyki PAN, .Warszawa, Poland 

T!le describing fu.nctj.on method i s frequently used as a tool 
~n approJd.mate investiiat ion of periodic vibrations in nonlin­
ear aut omatic control systems . However. ' tt..is method lacks a 
tborou~~ mathema~ical verification, the determination of the 
r~e of applicabili ty and the estimation of the error involv­
ed • In this paper an attempt is made to give these problems a 

solution • 
. Let us consider the feedback system consisting of a linear 

time-invariant network and a nonlinear ti~E:-\"e.r;y'i.ng element 
(Fig . 1). The system i s excited b~ T-periodic function z(t) • . 
The staedy state is described b. the system of e.ua~ions; 

x(t) = S u(t - 't' ) dh( T ) + z(t), u(t) = [ Fx] (t) ( 1) 

0 
where h(t) is -the response of a l~.nea.I time-invariant part of 
the system to a unit s tep (Hesvisiae) function, and F is the 
operator characterizj~ the nonlin~ar el ement . The symbol s 
[ Fxj (t) or [F x("')J (t) denote the value of the output of 
the nonlinear element in time t for the input x( 't' ) • 

Let us assume that F maps eve=y T-periodic functio~ into 
a T-periodic function . 

The formula u(t) = f(x(t), cos ~), where f is a con­
T 

tinuous function of two variables, gives one of the si~ples~ 

examples of such a mapping. We assume, moreover,that [Fx](t):: 
= 0 for x(-r ) = o. 

The describing function method consists in searching tor an 
approximate solution of the systEm (1) in the form of tbe tunc; 
tion: 



jwt · -jwt 
x 0

(t) = a e + i e = 2lal cos (c.u t + arg •; , (2) 

w = 21T /T , 
j arg a 

where a :a lal e 
stituting x0 (t) 

is an unknown complex number. B1 suboio 
into the second equation ot Eqs. (1) we ob-

tain the periodic tunctiona 
jwt 

u0 (t) = [h0](t) :a v(w , a) e 

where 
T -jw t 

v(w, a) 1 S u0
(t) e dt • =-T 

0 

-jwt 

+ v(oo ' a) e 

-jwt T 1 s [11'(2/al cos (w't' + arg a))] (t) e =-
T 

0 

+ 

dt 

is refez~ed to as describing function for nonlinearity J • 

(3) 

(4) 

It we neglect in (3) all the harmonics except the first one, 
and it we do the saae for the function 

jQ) t -jw t .... J ' 
z(t) = z1 e + z1 e T (5) 

lnl;i1 

after substitution i nto the firs t one of equations (1) we ob­
tain 

jw t -jw t jw t 
ae + a e =K(jw)v(w,a)e + 

-jw t 
+ K(-jw) v(w, a) e 

00 

jwt -jwt 
+ z1 e + z1 e (6) 

S 
-jwt 

where K( j w) = e dh(t) is the frequeAcy characteris-
0 

tic of the linear part of the system. 



From the approximate identity (6) (which holds for all t ) 
we obtain the relation 

a = K( j w ) v( w , a) + z1 (7 ) 

The approximate values of the amplitude 2lal and phase­
-shift arg a of the periodic vibrations 1n system (1) are ob­
t ained froa Eq. (7). 

Since usually it is not difficult to find the function 
v(w , a) for a given operator ~ and to solve Eq. (7) with 
respect to a , the method presented above is often used tor 
approximate estimation of poriodic vibrations 1n nonlinear 
feedback systems. !n attempt shall be made to determine the 
conditions under which the existence of a solution ot Eq. (7) 
implies the existence of a periodic solution x(t) of Eq. (1), 

and to estimate how tar does x(t) lie from the approximate 
s olution (2). 

2. The Idea of a Mathematical Verification of the 
Descri bing Function Method 

We shall search for the solution of Eq. (1) 1n the torm of 

· · jn(&) t 
a Fourier eeries x(t) "'L xn e , where x_n = 'iu·A one 

n 

to one 90rrespondence allways exists between the function x(t) 
aad the sequence {x0 , x1 , x2 , •••} of its Fourier coeffi­
cients. Therefore we can replace Eq. (1) by the system of equa­
t ions 

xn = lt(jnw)~(w; x0 , x1 , ~· ••• ) + zn' n = 0,1,2,3, ••• (8) 

where T 
1 s [ ·"' jpwT ~ -jnw t 

~(w; x0 , x1 , ~· ••• ) • T ~(~ xp e )j (t) e dt 

0 p (9) 

are Fourier coefficients of the function u(t) = [Fx(T)] (t) 
dep~ndent on all the Fourier coefficients of the function x(t). 

It is easy to see that 



v(4>, a) = u1(w; 0, a, o, o, ••• ) (10) 

where v(w , a) is the describing function given by (4). 
As::ume that K(j w) -J 0 and rewrite the system of equa-

tiollS (8) in the form of two systems. The first of them con­
tains the equation with n = 1 , only. 

After some easy transformations it becomeg 

( 11) 

The second one contains all remaining equations 

~ = K(jnw) "n(w; Xo• x1, ~· ••• ) + zn, n = 0,2,~ 14, ••• 

(12) 

If lt(jnw) = 0 for n = 0, 2, ~. 4 1 ••• ,the solution ot 
system (11), (12). has the forms ~ = zn for . n ~ 1 and X1 = 
• a« , where a« satisfies Eq. (?). It cari be expected that 
if K(jnw) tor n = 0, 2, ~. 4, ••• is sufficiently small , 

~ jnt~Jt 
the function x(t) c~ Xn e • whose Fourier 

n 
coe:.eti-

cients satisfy the system (11), (12), is close in a particular 
sense, to the function 

{13) 

To veryfy this hypothesis we shall solve the system (11) 
(12) by the method to follows 

We fix X1 and appl.:r to Eq. (12) the contraction-mapping 
fixe~-point theorem to find all the remaining coefficients Xn= 
= ~(~, x1) tor n = 0 1 2, 31 4 1 •••• These coefficients de­
pend ob_nously Oz:l the _flxed val.ue x., an4 on the parameter w • 
Substituting ~ • ~((!> , ~), n = 0 1 2, 3 1 4 1 • • • into Eq. 
(11) we obtain one ~quatiOJl with \.UlknOQ ~ in a complex do­
main. To solve this equation we can use the theory ot. vector 
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field on a plane, der1ved by Y~asnoselski 1 

1he assumptions, ~der which the method sketched above is 
applicable, will be formulated below in the theorems givingthe 
range of applicability of the describing function metnod and 
the es~imation of the error involved. 

3. Theorem for the Nonautonomous Systens 

Let X and Y be two Banach spaces of T-periodic func­
tions,~ and· ·let us assume that the function cos ( ~.~> t + <p ) , w = 
::: 2 T! /T , _ belongs to both spaces X and Y, and denote by oX 
and 0-y . the nol'In.9 of this f'linct_ion in X and Y 1 respec­
tively,- assuining further that 6 X and o y do not depend on 
the parametez· cp e 

Let the operator A given by: 
00 

lAu](t) = S u(t -T) dh( t" ) = L K(jnw) (~4 ) 

0 n 

where u(t) =I: , be the linear and continuous map-
n 

ping of the space Y into . Y. • For the particular spaces X 
and Y we can easily give the conditions for the function 
hCt) or for the sequence { K( jn w)} , under which A _E [ Y - xJ. 
For example, i.f Va:r h < oo then A e [ CT -+ CT] , where CT 

[o,oo) 
is the space of the continuous T-periodic functions ~th the 
norm !lu 11 = sup lu(t) I .. If 'L:IK(jnw)! 2 < oo , th~n A E [ L~ 

t n 

- lT J , where Li and lT are Banach spaces with no~ 

v' 1 T 2 
llully = T S lu(t)l dt e.nd liu!lx = L,i~\ ' 

. 0 n 

respectiv~ ly, where ~ 

The norm IIA0
11 Y-x 

arc t he P'ourier coefficients of u(t). 
ot the operator 
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~ jnwt 
[A0 u] (t) = ~ K(;;. u.:) un e (15) 

lnl;£1 

will play an important role in the further _c~ns·derations.~ is 
norm characterises the "selectivity'' of the linear part of the 
system (1); the lower is jjA 0 jly _X the higher the selec-

tivity. 
Let z(t) l>e ~ element of the space X in which .,e .-c-on­

sider the ball llx- x*llx ~ r with a given radius r - ~ 
center in the point ;/I = ~ (t) given by (13,: Let us nqw 
a.ssume that the nonlinear operator 'I! maps the ball 11 x + 
- x*ll X ~r into the space _Y and satisfies the Lipschitz con-

dition 
(16) 

moreover F( 9 z) = G y , where 9 X and 9 y are zero ele ­
ment s in X and Y , respectively. 

Now, let us return to Eq. (7) • Let a:a be an isolated so­
lution of this equation. It Eq. (7) has no solution in the 
circle Is - a*l < r 1 of the complex plane s other than in 

point a* , the function 
s- z1 <f>(s) = -v(w, a) (17; 
K(jw) · 

maps the complex plane s ~to itselt, 

Theorem 1, ~! the funct1o~ ~(s) maps one to -one a ne l6b­
bourhood 9! the p,oint a• into a neighbourhood of zero (e. g. 
the Je.cobian of <P !s ~i:ffe;r nt from zero in poi.nt a .. ) ,and if 
there exist positive numebrs r and ·r," such that let> (s)l > 0 
fer 0 < Js- ~*I ~ r1- and 

· II.A.0~ y..,. x q(;-~ (r + llx*ll x )~ 
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(18) 

then Eq. (1) has in the space X at least one s olution x(t) 

* in the neighbourhood of the appro 1mate solution x (t), viz., 

The. idea of the proof of this theorem has been given in Sec­
tion 2. The theorem gives the conditions sufficient for the 
existence of a periodic solution of Eq; (1). The assumptions 
are expressed in terma of the describing function v(w,s) for 
nonlineari ty F and frequency characteristic K.( j w) of the 

-linear part of the system. The !'ormula (19) t~ives an estima­
tion of the error involved in the describing function method. 

To be able to use Theorem 1, we must choose the spaces X 
and Y ao that the operators A and F have the demanded 
properties. 

4. ~/.nmple: A Sys tem wit" a 3witch 

Let ua consider a systelli with a switch described by the in­

t cr:;ral equation: 
CO 

Y..( t) = S !:)ign [ x(t - 'r )] k( 't )d 't + 2z cos wt, 
0 

z > 0 (20) 

~Y ~~plying t he deocribing function nethod to Eq. (20) we 
obta in th•.: approximate solution 

where .. 
a 

x*(t) 

s&tiafies .the equation 

4> (a) a - z 2 j arg a 
--- e 

7( = 0 
K(jw) 

T ~ e nolu t ion of Eq. (22) is shown in fi g . 2. 

(21) 

(22) 
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We shall use Theorem 1 to verlfy the results obtained. With 
this in view we intr oduce the space X of T-periodio 
tiona, w~th a bounded first derivative an4 the norm 

Jl:r.l!x = sup m.ax { 1 x(t)j , · ~ I ~(t)l} 
t ) 

and t he space Y of int egrable functions with the norm 
T 

f unc-

(23) 

lluJiy = 1 S ju(t)j dt, T = _g.1!_ (24) 
To w 

It can be shown that the operator [Fx] (t) = sign x(t) 

the ball llx - ~llx ~ r (where ~ is defined by (21)) 

tained in X , into the space Y, and that it satisfies 
Lipschitz condition (16) with the constant 

a(r) =. ; (~2la~ 2
- 9r

21
- r)-1 

2ail. 
for r < ,r;-;::> • 

V 10 

In turn 

maps 
cor:.­

tha 

( 25) 

( 26) 

is t he continuous mapping of the space y into X provided 
that its norm 

IIA0 IIy .. X ~ maxhp I~ 
jnwtl 

K(jnw) e , 

I~ 
jnwtl} sup n K(jnw) e ( 27) 

t 

is a bounded value. 
Since 6 X = 1, 6 y = 4 and 11 x*llx = 2la*l , all the values 

in the inequality (18) are already defined. 
It is easy to ver~y that the Jacobian of the transformation 

~(s) = s - z 
K(jW) 

-2-L 
1f I si 
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~E differe~t f~om zero 
I ~ IK( j w )j and l a~l 

in ... oint la ~ ~ 
,; o. 

Le t us f:Uc the values r 
it-*1 _ l.a*! 

== -2 ano r 1 = 8- If 

and r 1 taking tor ex~ple r = 
l<1>(s)l > 0 f or 0 < Is - aifl ~ r 1 , 

~~n ~y t neorem 1 the i~equality 

i! .t._ojly ~x ~ la~! min {1, 40 min 11 s- z ,. ~~} 
8 s ls-a¥-l =la* II K(jw ) 'rt si ( 2.8) 

is the suf~icient condition for the existence of a periodic 
solu .... :'Lon cf Eq. ( 20) in space X • 

The exam:p_e given above shows how by a. COD': c::..il.i.e~t hoice of 
spaces X and Y , the theorem 1 can be used for a system 
~ith an element having a "di scontinuous' characteristic. 

l 

5. AQt onomous Systems 

~he system (1) iscal led autonomous or stationary when the 
c_;.era .... or F i s s t at ionary, i.e. when it is commutative with 
tb(. · ·ime s b.i:f't operat or 

for every p ( 29) 

and when z t) = z
0 

is a constant. The formulae 

where "t and g are continuous functions, are examples of 
the stationary operators • 

..":ne equation 
x( t) ~ S [ Fz] ( t - 't' ) dh( 't' ) (30) 

0 

with z = 0 and [ PrJ (t) = 0 for x( 't') = 0 ,may be studied 
~~tead of Eq. (1) Without affecting the general considera­
tion.e:. 

For autonomous systems theorem 1 is worthless bacause Eq. 
(7) does not have isc-1. --:- -~ aolutions. Hence, the describing 
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f . .mction method m:.wt be modili ; d here. 
It i a easy to see that if J (t) is a solution of Eq. (30 

then for ev r y real number p the function x( t + p) is a.L.so 
a solution. Thus, if we find the solution x(t) of t he form 

x(t) = 2x1 cos w t + L 
1nl ,£1 

then by shifting the argument we can easily obtain a 
family of solutions. 

(31) 

whole 

The describing function method is reduced in this cas e to 
finding an approxi - ate solution in the form 

:x:'*(t) = 2a* cos w'!!t , a'lf. > 0, w* > 0 (32) 

where the amplitude 2a.:Jt and frequency w* of vibrations arc 

found from the equation 

a ~ K( ~ w) v( w , a) (33) 

The difference between the describing fUL ·~ ion met hod f or 
nonautonomous and autonomous systems consists in tnat in tbe 
first case w = 2TC /T is a lruown value and I a* I and arg e.* 
are found from Eq. (7), whereas in the second case the ampl i ­
tude 2a* and frequency wi! are sought f or, b -c t he phase 
is estab.lished by 8..I'9 a- = 0. 

The verification ,of the describing function me t hod f or au­
tonomous system3 is reduced to the examination of t e de?end­
ence b~tween Eq. (33) and the syst em (11), (12) with zn = 0 
for n = o, 1 , 2 , •••• The i dea of proceeding is t e same as 
for nonautonomous systems, but now x1 and w are the unknown 

real positive numbers. Since w i s unlmown,some additional as- . 
sumption as to t he continui t;y of all ope~·atol's vli th respect 
to w are needec here. 

6. Theorem for Autono~ous Systems 

Let X and Y be two Banach spaces o:f complex number se­
q l '3!l.Ces 
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(34) 

the f~st two elements being real. These spaces will be chosen 
to suit the given operator F • Let 6x and Oy be the norms 
of vector o = {o, 1, o, o, 0; ···} in the spaces X and Y, 
respectively, 

Let us assume that the function h(t) has a bounded varia­
tion for t E: [ 0, oo) • The f'I;'equenc;y characteristic K( j w) is 
then a ~orm continuous function f'or we (-oo,co).The oper­
ation ~ = AU> 11 given by 

~ = K(jnw)~ tor n = o, 1, 2, 3, ••• (35) 

and dependent on the positive parameter w shall be regarded 
as the mapping of the space Y into X • ~he norlr. iiA~II y..,. X 
of . the operator 

I 0 J } Aw tz c: l K(O)llo, O, K(j w )u1 , K(2j w )u2 , R'(~j w )u
3

, ••• (36) 

characterizes the selectivity of the linear part of the system. 
The nonlinear operation '1 = UU> ~ defined b;y eQ.ual.i ties 

~ = ~(w; :r:o, :r:1, ~· •••) = 

1 ~ [ ~ ~pwT ~ -jnwt 
= T S P'(Xo + 2Re L ~ e )J (t) e dt (~7) 

0 pc:1 

and dependent on the parameter w = 2 1t /~ shall be treated e..s 
the mapping of the space X into Y • The equalities (37) are 
the same as in (9) and the identity {10) is also satisfied. 

In the theorem given below the transformation 

:r: . 
~ ( w , :r:) -= - v( w , :r:) 

K(j w) . 
(38) 

of the quarter of plane :r: > O;w > 0 into a ccmple:r: plane 
will play an important role. It the point ( w •, a*) satisfies .. .. . 
Eq. (33), t:t.en 4> ( w , e. ) = o. Let us fix two positive num-
bers S2 < w• and r 1 < a• , and denote by 1 the border of 
the rectangle I w - w •1 ~ S2 , l:r: - e.*l ~ r 1 (fig. 3). 
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Theorem 2. Let r, r 1 , Q be fixed positive number~. Sur 

pose thata 
(1) K(jw) ~ 0 tor we [w*-Q, w*'+ 2]. 
( 2) Por every fixed w > 0 and ·"2 e Y we have 

11{ O, O, ••• , O, K(~u>)"tr• K [j(N+1)w] "IM' • ••} 11 X- 0 

tor N- oo 

(.~) For every w e [ w * - Q, oo * + S2] the operator A(&) 
defined by (35) is a linear · bounded mapping ~f the space Y in­
to X • 

(4) For every w e [ w*- Q, w*+ Q] the operator Uw 
defined by ( 37) maps the ball 11 ~ - a .. 611 X ~ r of the space 
X (with the centre in point { o, a•, 0, 0, 0, ••• } and with 
a radius r ) into the space Y • Furthermore, the operator 
Uw is continuous w1 th respect to w , and satisfies the Lip­

schitz condition 

(5) In the rectangle I w- w* I ~ Q , lx - a,.l ~ r 1 there 
exists one and only one solution {w •, a•) of Eq. (33), and 
~ ( w , x) maps one to one a neighbourhood of the point 
( w•, a*) into' a neighbo a-hood of. zero of the complex plane. 

(6) The inequality 

q(r, Q) ~ min r - r1' ---=;;..._-{ 
6 6 y min I. X + 

ex ( r, Q ) ( w, X ) E l K( j W ) 

- v{w, x)l} (40) 

holds, and • 

q(r, Q) = sup IIA~II y -x oc (r, Q)(r + 6 xa:a) (41) 
w-w* Q 

Under these assumptions Eq. (30) has a periodic solution 
. 00 

~ jnea>t 
x(t) = Xo + ~ oos wt + 2~ Re(~ e ) (42) 

n-2 
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tor which the following estimations hold 

fw ~ w•l < 2, lx1- a•! <r1' ll{xo,o,x2,x3'···}11x~q(r,2) 
(43) 

The proof ot this theorem is analogous to that tor theorem 

1'. However, a certain complication arises due to the necessitj 
ot eX8JDining the continuity ot operators .Aw and Uw with 
respect to UJ • J. particular case ot theorem 2 specially suit­

ed t~ ~~ given operator J characterizing the nonlinear 
part ot. ~e system i s given below. 

?. Exa.mplet. System with Nonlinearity of the T:ype f(:x) . 

We searc-h !0;7:_ a periodic solution of the intee;ral equation 

-· x t) = S t [x(t - 't >] d.h( 't) 

0 . 

Ver h < oo· 

[ O,oo) 

where f(x) satisfies the Lips c.b, i tz condition 

I !(x1) - ~(x2) I ~ 01 1 x1 - x2j 

and !(0) = 0. The describing !unction tor nonlineurity 
does not depend on w , and is a real !unctions 

T 

v(a) = 1 S !(2a cos w t) .-jwt dt • 
T 1r 

O = ~ s !(2a cos T ) cos T dT 

0 

(44) 

t 

(45) 

If w* and a• satisf y . Eq. (33), which 1n this case is 
• reduced to 

I m .K(jw) = o, a = I Jt(j w)l v(a) ( 46) 

tLo ! unction ~(t) a: 2a• cos w .. t is r eferred to as appl·ox­
i mate s olut ion of Eq, (44) (fig. 4). 

Tc.l ea timate t he error ot this appr oximation we shall use 

th~or~m 2 Le t X ·= ! = 12 be the Banaeh space o! the se-
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quences with the norm 

11 ~ 11 = 0r--~ -+ -2 L--=-oo-=----1 x-nl--,2 
1 

-= 

n=1 
(47 ) 

00 
jnwt 

where x(t) = x0 + 2Re L xn e , 
n=1 

Theorem 3. Let 5'2 and r 1 be fixed positive nwabera.We as­
sume that only one solution ( w •, a•) ot Eq. ( 46) exists in 

the ~ectangle I w-w*l ~ 2, le.- a•l ~ r 1 °• and 

d Im X( j w ) I -1. 0 
dw 

tl):rc.,)* 

sup l1t(3w)} ~ 
w > 2Cc.u*-R) 

m1n I x - v(x)l 
(w,x)e 1 X(j~) 

~------._~._--------------------~ 0 

miD I x - v(x)l + (r1 + a•) ClC 
( w ,x) e 1 X( j w > 

(49) 

holds, where 1 is the border ot the rectangle I w - w*l-' Q , 

jx- a*J ~ r 1 , then Eq. (44) has a periodic solution in the 
form (42), for which we have the estimations I w-w*l < Q and 

jx1 - a•j <r1 and 
0 

- /x~ + 2)oo o:l~l2'-' ~ m1n I x - v(x)l (50) V . n:2 
0 

(w ,x) e 1 X(jc..>) 

Pull pro)fs cf the theorems presented here and a num~r ot 
examples of application are given in the book "Brequency Meth­
ods in the Theory of Ncnllnear Dynamic Systems" (in Polish ) 
by the present author, to be published in ":969. 
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The Describing Fun~tion techn1que 1 has been used for manr rears to 

!tudy the steady state behavior of nonlinear feedback srstems. ~te~sions 

of the basic technique have been made in order to analyze various 

phenomena such as the stimulation or quenching of limit crcles br an 
2 3 4 ~ 6 external sinusoi dal signal , subharmon c sclllations ' , jump phenoroana'' , 

3 8 11tabilitr of osclll~ttions , signal s tnbiliza tion of a forc~d srs te!!l and 

other effects. The de scrlbing ft~nctions used to analyze each of these · 

s ituati ons have several common reatures. The input to t he nonline~rity 

is always as sumed to hn•:e the form 
M 

X '" :I: 10" cos ( w t 1- <p ) ( 1 } 
m=1'111 m n. 

whe re Em, wm and ~m are r~spe~tively the amplitude, t he frequency and the 

phnse or the mth componen t in the input. 

In each case , the desc ribing function Keq is the CO!!lpl ex quHnt.it;,· 

rela t ing the input and output c ampone~ts at a given frequency , e.g. 1~ the 

cocponent of frequency '-m or the output is give.n by: a cos (Wmt + q>m) + 

b sln(wmt + fm), the corresponding descri bing fun~ticn is Keq = (R-jb)/E~. 
Expressions f or such descr i bing runcti cns have been previou l y de -

r!ved ,.2 ,J ,S only t or cases in wh i ch three or fe we r frequency compcnants nre 

pre3ent in the input to the nonl inenrity. In each cf ~he se cases , the 

describing function only gi ves i nfcr lll.'i tl on about a fre·1uency component of 

the output whi ch is al so present in t.he lnput . In ge:1eral t he output or a 

nonlinearity contRins not only t ho input freq lenci os but ·11 thei.r teg r 

combinations a s welL 

The present ~~pe~ deals , in part, ~ltl the mere genc rsl pr oblem of 

~cmpu tir.g tha a.mpl : t l<le o r a:ly f rec;u - : y c: Qir.po ~n t in th cu t.pu •, f a 

non.d .ns:;rtty with a.n input gi ven by equatl ~;on ( 1) . As a pn=-t'cular ase , 

lvJ ~!t tl .lp tt lnpu~ Descri. ing FunctiC"'l (M.I. . F.) Ls da rivsd. The 

l-!.LD . F . t$ .!1 or nP.ral~u. t;kn (r(· r an.v n·l::tb.r ··f 1!1pu t s .r tl:i: t' !"ltu as 

1 i ~h ,.;~ r~ prevlou:ly d d'l t:'l O!JP :.l t' r l" !• !nc l r:•, duRl , ..: ··:J ·.~~-1 ·· i. j::• t 
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de s cr~bir.g functi ons 1•2•8 • Several algorithms are presented to accomplish 

t he ·t:omputa t ions of the output. One of t hr;.se Al gorithms permits a very 

r e;; id computation of the output amplHudes when t he se amplitudes Are t o be 

co.;.p te d f or many combinati ons of input amplitudes . In add i tion, it is 

a~ s o directly applicabl e t cases ~n which the nonlinearity is defined 

empi~i ~e ly by a set of input-output data points. 

An ef ficient met hod of computing output amplitudes when the input 

f r equencies are harmonical l y related is al so presented. As an application, 

t hP. r elati onshi p be tween t he Dual Input De scr ibing Fu ction (D.I.D.F.) f or 

harmonically releted input freq ue.ncies 3, and the D. I, D.F. for non harmon i­

cr.Jly related input. frequencie s~ is established. A few sample curves ob­

ta ined r y us i ng t he proposed me thod arc given and an example is presented. 

II . MULTIPLE FOUR IER SERIES EXPANSION 

lf e nonlinear device ha s an input given in the form of equation (1), 

i t s output cRn be expanded in an M-dimensi onal Fourier series. To 

simpJify nctn ti on, introduce M variables ei defined by 

9 j • t. 1 t + <p i , 1 • 1, 2, •• , ,M (2) 

I f t h9 outpu t, y, of t he non1i nearity is a s ingle valued fUnction of 

t he i n;:J. t · 

y"' r 'x ) 

t he Fourier ser i es expans i on of the output is repre sented by 
V n, .. . ~ 

y = 
0 1 

• .:...;,·~,.-.o 2 exp ( jn 1e/ ... +jnM9M) 

where the coefficients V ere given by n, ... ~ 
2 

n TT M 
IJ "' --" S •.. S f ( Z"' 1 E cos9m) 
n 1 •• ·~ ( 2 "' ),., -TT - TT m c 

.exp( -jn1e 1- ••• -j r'M9M ) de 1 .•• d9M 

(3) 

(4) 

(5) 

A t ypi c component in t he c:. ..t tpu t y, gi ven by equation (4), can be wrl tten 

as 

y .. 

(6) 
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lf r;t t leao t one n1 i s difi'eren,J,.,/ro~ zero . r:..· all the n1 are equal to 

zero, then the D.C. component · 
2

· - i o obtained . 
. M 

ConsiderJ.ne equation. (5), and noticing that f( E co sQ:n) is an 
m:=1 m 

even f unction of each gm' it can be s een 

expo uor.tial contributes to thH integral. 

that ody the co:Jine par t of each 

Thus V d epends only on 
n1 ••• r'M 

the abnoluU3 vnlue of each ind .x n 1 , and equation ( 6) becomes 

y = V- - coo(;
1

g
1 

+ ••• + ~-~ -)· 
n

1
•••)1 M-M 

(7 ) 

or 

'Y = v-: - cos (cri1w1+ ••• ~l.JM> r.
1 
••• T}t M 

(8) 

It can now,. been neen tha t the mn.ir1 probl . , in findln t ho outpu of 

a nonllncn.rity is the calculation of t he coefficients V- • S 1c. al 
n1 • • • .'1 

meL· odo to t.hi:J gi'fcct arc r;:ivcn in !''-1' L lii . It :JhotLld h ~ point :i out 

t ha t th_ .... oothod:J arc vo.lld for t.hr:: ompu 'l tlon of th . ::: c 0 ~_:·le .:. c . t:J 

r· ·J[.; ' trdl"!:J~ o uhe t.hnr or not h Lnput f::- qucncic:J 'lrC r.:or.lll!t-- '" . .U" t o 

( c . e . ~- r -:-~.onic;tlly r elated). 

Th\J . por ta.nco of reln lion~ bt.. t wo n ho difftlr e t irtp t .;·uqu ncl~ J 

can be cu::;ily :wen f r oo un t ' on (8) : I f t he fr coucn ·i 

wc:- e: :10t nil l . •·;;uru.l .. t. , dl~f .:-cnt ;;o ·: 1. -'ltiot:.J o ~· 1nte"cr ::: r 1 \./Oul ·•i ' 

ri ::;c Lo diff<.!rc r t, compoue:: t. :; of :U::J.· i tude :J ~· at the ~au,t} 0:1 p • ; ~ •• - ~11 
!'r ~:~ U I'.:t.<:y 1 uil Of ' WI :eh !Jhoull b e ;.;umu.: t o 

In !'r cqu Jn :r. T!1L lrnpo:-• ·,n . ~- ;;J i: 

art I 'J . 

to ' 1 o l p ·t ampli r, :: ·~ 

o· . .. a L .lj' i n 

b d c:J ·ribi e function . ly !.:J .-r i:J ncud o.uy f er 1 '" o · ·lr 

eocffi l cntn :.::uch as v100 ••• o' r0 1 ••• 0 , ••• , e c ., ·- :c~ cf. ~ w!. 

r cqU·]:Ic · _:::; nrc lw: . . o .1· c:1lly rcln ;,.c; •• Ti:o !'or:nUJ.!ls - :>r :.. . ~ r · 

fU:l <:" :.' (}! t cr:n= .::;.r e "P ·~ci::,.l ca ::c s of t.h tJ ' Jl"mWlS to be criv 

III . !1F.'r:EODS 0 . COHPUTI ;c IJ-!PLITUDES 

Di r ect Apnroach 

n th·) i n ' L 

bP.lov. 

Si r:cc V L de fin(; 1 by cq\:.:1• on ( 5), tJw mo s t lr , 
ni•••I){ 

L; r.ot , ~ l:l.t l c 

>l! !_n th:) !tl-::~c:- o. i n r·ut f r oqu ... ei.J!l i::; l u:- .. ·, ::: ' •;eo o :<E: tlU :~ t c=-... :·,. :-·.1\. a . 

.!-:-1~olJ in t:?gra t io:l , :U ea ch a ddi t !.or 1 i r.pul f:·c·l " !Icy n-;1 :..:. ;:-::. : !:1 , ·'! ..: 



pq~e~ s~ries A~pro~ch 

Wh~n . the nonlinearHy can be d~scribeq by a power serie7, ther e exista 

an algebraic formula for_ the .. ~li ~~e oi' any frequency component. Let 

the i.~put-output characteristi~ be described by 

(9) 

it .~s been shown by s,,,~9 thnt, for thi s representation of the nonllnear-

ity, V _ is given by 
n1. • • 'J-1 

( 1 0) 

where ;.,. e inner summntl.on is an M-feld sU1:!!llation over all non neeative 

inter;ers q1, ••• ,qM such t..'ult q1 + •.• + qM = L. The quantity N =ln
1
f+ ••• +l~l 

i:; called the "order" of the .output component of nmplitude V • This 
n1 ••• nm 

1ncthod i~ very advantageous if the nonlinearity can be approximated by a 

low deerce polyno:ninal; however since the number of terms for which 

q1 ,+ ••• + o~ ~ L increases rapiily as L increases , this method is not very 

satisfac~ory for nonlineari t ies 'Which requ!.rc mnny terms in their power 

series eh~a~sion . 

Fcurier Tranr,form Approa~h 

G(;n0:raJ Case This approacr 

h:l\'e Fourier Trnn!::form 

requires o~y that ti1e nonlincar function f(x) 

F( ju) ·where ,.,., 
.!'(;c ) = dn 5 ..u> F( ju) e jux du (11) 

Sub::;ti tuting equation ( 11) into equation ( ;) and int erchunglng the order of 

integration yields 

V~ = 1 S F(ju ) ~ S e 1 1e 1l dQ 
"" ~ TT juE cosQ -jn Q. J 

,,1 ••• ~ TT-"" ,;TT -TT 1 

• • • - S e e dQ.. du f 1 TT ~~cos~ -jrlfM J 
.2TT -TT ~M 

Hot ing thllt · tile inteerals inside ~e brackets are representation:. of 

Be::;~cl functions of the first kind, i.e. 

j lniJ lrf juE} = dn t ejuEcosQ e - jnQ dl:l 
-TT 

10 
f4Ulltion (12) takes the general form (first gi·1en by Rtce ): 

N ao M 

vn n.. = LTT s F(ju} [lr Jfn I (El..u>] du 
- 1 • • • .M. -"" i=1 . .1! 

where !l =ln1 J + Jn21 -+ ••• + lnJ • 

( 12) 

(1 .3) 
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Apolica i n to Multiple Input Describing F't:nctions. A particular case of 

equa tion (13 ) ~hich is of major interest for control engineers is obtained 

by cons idering only one component in the output, say the component which 

carresponds t o the input of amplitude E1 ' and frequency w1; in that case 

n1 = 1. ~i = 0 f ori= 2,3 ···M; thus N ~ 1, and equation (13) becomes 

( 14) 

If it is furth ermore as sumed that none of the input frequencies are 

h,;rmonically related, v10 ••• Q is the amplitude of the output component of 

frequency w1, which permits the definition .of the Multiple Input 

De3cribing Function f or the signa l of frequency w1: 
+..o 

M.l.D.F. = n~l [u F( ju) .J1 E1u) J0 (E2u) J 0 (E3u)··· J0 (~u} du ( 15) 

Note that equation ( 15} generalizes (f~r M independen inputs) the well 

known f ormulas f or single, dual, a . ci t-riple input describing functions
1

•
2

•
8

• 

In spi te of the fact that equation (15) generalizes, for an arbitrary 

n~~be r of i~puts, previ ously known results, it is important to remember 

that it is only a particular case of equa t ion (13}. In its g~neral form 

equation ( 1 ) not only allows the determination of the amplitudes of the 

components of the output which are also present i n the i nput, but it also 

yields the amplitudes of the components of the output which correspond t o 

frequencies not present in the i nput. These components are intermodula t ion 

ter~s generated by the nonl inearity. Closed f orm solutions for equation 

(1 3) are difficult to find. Solutions f or certain cases have been obtain-
2 ed , but i n general the equation must be integrated numerically. 

Fouri er Series Approach 

This 8pproach is conceptually closely related to that of the previous 

section, but has several computational advantages . Instead of expressing 

f(x) in terms of its Fourier Transform, one expands it into a Fourier 

Series over the in t.,rval [ -E 0 , E0 ]: 
+..o 

r ( ) "' ( nmc) x = ~ c exp j---E 
P n=.......o n o 

( 1 (J ) 

This may be done for an~ sir~le valued nonlinearity, including on~ which · is 

c~ly kn own tmpiricaJly by a set of da t a po~nts on its input-output curve. 

Si nce fp(x) = f(x) . f or lxl S, E
0

, one may re-place f(x) by fp(x) in eg>Jation 

(5), provided that the peak value of the input is not greater than E0 • 

That is: 

(1?} 
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Sub;:;tituting equation ( 6 j :i. r.U> equa. t.i% (r. } ·· d i: F?!' • r _.inE: t.k 

order of summation and integration gives 

CO 

c [-1. TT nTTE
1 

dQ1] V 2 :I: S exp(j-E-- cosQ
1
-Jn

1
G

1
) 

n1 • • •l}t n=-oo n2n 
-TT 0 

... ~ TT nTTEM 

d~J 5 exp(j-E- cos~-j~~) 
_,, 0 

( 18} 

Recog:'lizing once again the terms ln brackets as integral representations 

of Beasel functions, equation (18) becomes . 

V = 2j!!; c JJri- J (~~ 
!11. • ·~ n=...a> nl ~1 Jnpl Eo J (19) 

>there 1! = fn11 + ln2f + • • • + ll}rl 
If not-r the expan::ion of equation ( 16) 1 is replaced by an expan~ion uf 

f'(x ) in oir10 and cosine series: 
CO CO 

f (xf = a 0 + Z ar. cos ( n~x) + :I: bn sin(n~x) 
P n~1 o n=1 o 

( 20) 

t hr.m the amplitudes V , of the out put componeT!ts are r espectively 
• r,1 • • • r>li 

e:.t.ve:n by 

;;-1 

V = 2(-1) ~ 
:'11···l}t 

.i: b {* J I I t:E'"'~, for N odd 
r,=1 ° r;:. 1 np · ~o J ( 21) 

( 22) 

1:.' v.:.;lur.::; of' the: 'I arE:. des ired r~r rn:tn·• :.rreren t values of the r., .. ·~ 
i nput W11jJli t tul <::.: E

1 1 th'=: o.:J..;:;·;J.at.!.ons can be :::im,. _ifi.ed by quantizing 

thc::e runpl:t .. url -:o , l. c . r (;quiring each E
1 

to rove the fo m 

Li 
F.1 = L E

0 1 t.1 :.:: O, 1, ~ , ••• ,L
0 

(23) 
0 

(24) 

llrrl ll 
V = 2(-1) ~ 

n1. • •'\! 
co {:·t nrrL J 
i._ a 1, lf J I[• J(T) , ror I oven 
n:: Q {'1 p 0 

( 25) 

lf the .?ouricr Se:rl r.: :-: i n !:fjJ.L'1ti0r• (; ·'; ) i ::: trwJcntcd ao that the UPJ er 
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l imit of swnmation is K, then in equati0ns (24) and (25) the only 

arguments for which the Bessel functions need be evaluated are 

TT TT K ( T1 ) 0, ~· 2~, ••• , L r-. The Bessel functions for each of thes e Y~ + 1 
0 0 0 '"'O 0 

different arguments can be computed and stored before the computation of 

V begins, thus saving a great deal of computing time. n1 ••• nM 

Using this technique, the values of a four input D.F. (for the limiter 

cf Fig. 1) were ~omputed for 3675 different combinations of input amplitudes 

in 10 minutes on the IBM 360 digital computer. This is an average of only 

0. 16 second per value, which is much faster than the computation by other 

methods such as nwnerical integration of equation (5) 'or (13). For t his 

example, 50 terms in the Fourier series for f(x) were used and L
0 

was 100. 

Thus, 5001 values of Bessel ~~ctions of orders zero and one were computed 

and prestored prior to the computation ;Jf the 3675 values of the D.F. This 

required 2 minute~ of the t otal computing time. If the Bessel" functi ons 

had been cQIIlputed each time they were used, it voul.d have been ne~essary t o 

compute them 735 ,000 times, which would have required severRl hours . This 

clearly shows the advMtages gai.ned by quantizing the input amplitudes (a s 

in equation 23) and precomputing the Be s~el functi ons as described above. 

'N CCJ.!PUTA TION OF OUTPUT AMPLITUDES IN THE CASE OF .RELATED INPUT 

FREQUENCIES. 

It vas shown in Par t II that the terms in the output of a nonlinearity 

were giv~n by expressions of the for~ of equation (8). !he frequency of 

each such term vas 
w z: ••• + (26) 

If the input frequencies are not incommensurate , the set of integers 

n1, • • •, nM giving the frequency ;:; is not unique. To see this, supp se' 

that the input frequencies are related by an equation of the form 

k1 w, + ••• + ~ ~ ~ 0 (27 ) 

where the ki are positive or negative integers or ze r o and any c mmon 

integer factor has been a·· vided out. Asswne also f ox· the sake of simplicity 

that only one such relation exists. Multipl;ring equation (2?) by an 

arbitrary integer >-, and adding t o equation (26) yields: 

w "" (n1 + >.. k 1) w1 + + (~ + >.. ~) t.M (28a) 

or 
w .. (2Sb) 
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'E'lUS for every integer vnlll" of' ~ there i ;.; a dl.ff r ent set of in to cor 

multipliers n
1

, •• o, ~ gi ·; _n,_: t ho ::mmo output frequency ;:; o Thoru follow::~ 

that all the terms of the form of eqUllt ion ( 8 ) for which n1 = li + >-k1 , 

i = 1 ,2, ••• ,M must be summed in order to ob~in t he to1.al output at 

frequency w. The r 11:::ult i:J 

+ ;..(k !1'1 + • o .+ ~.f!pM~ i 
tettirig ' ·= n1 t 1 .-+ •• ot nM 'M 

9o = k1 tp-1 + ....... ~ 'M 
Equation (29) can be -written in tcrmo of ib · iue nr:d eo inu compononto 

y = ; co::;((:;t~) + b oin( (:;~t~) 

wher e 
- -tOO 
a = ~ v- . coo(>. tpo) 

,_; JX) n1 +t-k1, ••• ,r1,t'-~-t 

( ;8 ) 

( JO) 

( 31) 

( J2) 

In tho d" rl va L~on of (.qU.:J. tion ( ?.') ) L . wa:J a ::: ~urnc:d lha t only one 

conotraint c:x.i. ·· l.ctl runon l.! the i r.J;U t f rcque:nclc:J ; an OX:ll.mplo of thio io the 

en:::'.:! ~n which one of Uw i np!.l t frcqucr c ic:J l:J n hoTt'lOnic of n o ther . 

Thuoc ccul tn h.t..vu been eo 1 ·r'll~zod to llow no r e than one cons t.ra int . 

The er::. <:; ral forrnull . .w f or nr.y number of con:::traints are notatio:1.:1ll;r 

cumLc:r ::omc , bu t cor.ccp tw~]~y :.: i.1nlln.r to the above f ormul S o For e eh 

CIJ~::L:·d: : t a tl if er " · r~•.J.l U rJl l or >-. j i ,:J used , and eqU:J.tion (29) b_cotlc:J 

a r:.uJ · . .:. r,le: :;UI:'Ir.'llt ti<~. vur t1 1 the >..:i 1 n. I :~ the ca sen in which only ·a f ew 

co r.3l.r11iro t::: <.:xi:; t .i 'o r ir. - Vt~~c . the eu:J of c sys t. em ·,.ri th a fundamcntnl, . . 
third nr.d a flfth h11rmo le , i.e. · two conotraint., ) it i s easy to derive 

uircctl] l.h(. r clutlon vt.~ ::. woul r eplace equation (29), so a eeneral 

.!'or JJ:uln for n n nrLi .r r:r rumb r of con::: t r aintn is not r eally nct.."<icxl . 

It ::houlu be czr:p~ .. -: ::izc-d , t.J-..at· t he r:.eU·.ods given in part -11 for 

compui. :1E he 1J a r ap_ llcable 'Jhct.h_r or not the i nput freque des 
n1• o • • 1 

a r c r•~l.:l-..c. 1 o 11' t.h~y er•:: u:trelatcd , oqll.'lt.ion (8) gi·:es the outpu~ at a...'1y 

par~ ·11.l.:lr fr .u<.: r. y o t.hc;r a r " r el.a ted by a co.:-.. >t.raint of t he form of 

!: !1.;; r..:o ~ (:.! ) , ·.her. cqU.:J.:..i (29) n:1.:;t be s to cor:pute the o tput at a 

civen r e:q ·:1c:; . In p;·,.c t.lc c , ne t.hc e:t.:!:.:plc b .l o;.: will i.li..L:;t.ra•e , only a 

ft·.: \,t;n-..:; of th~ :;l.t:._..::. :. •• o:.n of e: _,;.:.. .tiO:l:J (3 ) .a . .d (J2) 1lr , t;c r. <:.:-aliy eedcl 
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f er the umeric 1 computation of ; ~nu b. 
Ex.:J.I::ple: Dual buut De::;cribinP' ~· c: ·.ions ~r.d Ap1:' .: io:-. to the A..'1F."!··. i:> 

o f Sub'te.rmonic Q:; ~"..llaVons of 'l Thi r:i o!'C!or S·r3t em. 

To illustrate the above r esults,the ~Jal Input D~sc!'ibing ~~ctlon 

(D.I.D.F.) for r.armonically related sign .!..:J will t:Je d )rived, con:pered with 

the D.I.D.F. for unrelat ed frequer cies, and used to enalyze a ~losed loop 

system in which t!",Q subharmonlcs may be generated . It must be pcin t.c<i 

o •t tha the solution of this problen is not r.ew and ~~s been given in 

l ess general fo~ by West . 3 

Calculation of th. D.I.D.F for r clgted irw-:1t t:re1 en . i<:!s.. A s ~ L'l!e the the 

input t o the nonlinearity ha~ the form 

x = E
1 

cos w ~ t + E
2 

cos(w
2
t + <p

2
) 

wher e w
2 

is the kth harmonic of w
1 

and ~2 represents the pb~ e s:~t . 

Thus ~1 - w
2 

= 0 ~~d ~0 =- ~2; then cq~tions ( 31 ) and (32) bucome 

og 

b =Z V- -
>.=-'» n1 +X.k,n2-{... 

and the k th subharmohic describing function i :J defined as 

1, n2 = 0 or 

00 

· K = 1 I: v1+kA ~ cos(:\,2) -j 1 L v.+JO.. -).. s.l.n( , 2) 
i E, X.=~ ' E1 >.=....:o I "' , 

Denoting the t ";lr:ns cnterine €11UB.tion ( 33) by 

eqtlll t ion (33) can be lJl•:..:.•.en in th" form 

K1(E1,z2,, 2) = D(E1,E2) +~~1 Ph(E17E2) cc (~f2) 
' 00 

+ I:~ ~ (E1 , E2) ain'>-92) -. 
It. is ce n froc u:a ·.:c ( J? ) ti~ the D. I •• F. fo r ! . . . th sub-

' harnonic ·. e:;..:pre s ec s a Four.ter ::;er ':lS in q~ ., {,tu.:> J . .i.l ) I nnd '.nJ. 

( 33) 

(34) 

(35 ) 

(.36) 

( 37} 
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t:·s.ch cc.afficient ir! t he series depends only on s
1 

und E
2

• T"r1.is describi ng 

f\:..."1ct:io::l is e-v2lt:.ateu by cor.p·1.1ting the terms in equations (34) ·t.o (36) by 

any o:' the nethoes given in. part Ill. 

nel~'t:.cns beh: E'!' '!,he ;, , l.D.:' . 1 s for rela ted and u.'U'elnted innut freguenci7s 

Co~<~dcr the D.I. J .F . for r~latcd f r equencies given by equation (33). It 

C.:L"'! be seen tr...a.t its ~irst term, wnich is defined by equation (34), repre­

~·.;n t c t he D.I.D.F . for ~::synchronous ( U..'t'elat"-ld) !'rcquencie:f. This show:> 

e~~ if ~~e D.I.D. F . fer related f requencies is averaged over a full period 

o: 9
2

, the ~esult is equnl to the D.I.D.F . for unrelated frequencies. 

A-r>1::l ication to e. .!'oble.:n invoh·i!!r- a third ::mbhnrz:~onic The third subhar­

mo:~ic d "'scrib.:.;.g function for t.'le ideal ·l:i.J:lfter of Fi g . 1 ws computed 

using the above tech."liques. It ws found that t.l-te first three terms in the 

"" :Jr·ie of equat::.::m ( 37) were sufficient to compute K
1 

because t.~. contri­

but ions to the out put sig:->.al decreased rapidly for increasing values of >... 

Fi~ure 2 shows the c· rves of D(E
1

,E
2

) for the ideal limiter of Fig. 1. 

The correspjnding cu_-ves of P
1

(E
1

,E
2

) and Q
1

(E
1

,E
2

) are sho~~ in Figs . 3 

r.n<t 1... The curves for the higher ord <Jr coefficients are not shown, but 

ttese we!"e f ow.d to be considerably smaller. The ':.!"feet of the pruise on 

th~ r eal ~~ · ~ginary pP1ts of K
1

(E
1

,E
2
,f

2
) i s shown in Figs. 5 a.~ 6. 

I n eXl.llr.ining t he third snbharmonic response of the system of Fig. 7, 

;.,rh:lch include the l i1lli-7.er of Fig. 1 ,computer generated plots of -1;1{
1 

a!"e 

u~ed, since the criterion for sustatned third subha:rrnonic oscillation is: 

-1;1<
1 

= G( jw
1

) = G(jwj3). The plots of -1;1<
1 

are sh~1.,7~ for E
2 

= 1.5, 1.0, 

a.r!Ci 0.5 in Fig". 8,9, and 10, respectively, with the .i;;quist plot of G(jw) 

supc::r:Lraposed . The intersections of the -1/K
1 

loci with the Nyqui.st plot 

r epresent possible tlJ.rd subharmonic oscillations. l•l general, there is 

more than one solution for a given valtie of E
2 

and w
2

• Stability of the 

sub~onic os~illation for each solution is determined by usual Dethods3 '~ 
For this example , t he third subharmonic D.I.D.F. was computed for 1029 

comb;i.natior.s of E
1

, E
2

, and !p
2

• A 33 term Fourier Series expaneion of f(x), 

for - 20;:, x ~ 20, was us ed. For the evaluation of equation (37), the first 

three terrr.s i."l .:lach summation were used . The computing time was 2 minutes 

for the Bessel Functions e.nd 8 minute:.. for the 1029 values of the D.I.D.F ., 

usi.!"t!; an IBH 360 mod 40 digital COI:lputer. The time required by previously 

u::ed t.ech.'1ique~ would have been considerably greater. In tr..is CJ..'1l.lllple, the 

method of separately computing a:_:< prestoring the Bessel Functions (as des­

c:-ibed above) \..'aS use:i to reduca the computing time. 
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C.Of'4CLV~.J.GH 

The outpu~ of a single valued nonlinearity subjected to any number of 

input sine waves has been investigated. Exact f ormulas and r.ume~i~ul 

approximations for the amplitude of any frequency componen in t he out put 

have be.,n.given for both the _case of incommensura t e i nput f'reqw:rr:::ie s an:i 

that of commensura t e (e.g. harmonically related ) fre r;.•Js ncies . The formula ~ : 

for Hultiple Input Descr i bing Functions (M. I. D.L) a::-e spedal cases. 

Although each of t he f or.nula s de rived here is of gs.eral theore tical 

importance, the numerical method based on the Fourier Series expar.s!.on of 

the nonlinearity is par t icularly promising because it pe rmi t- s t he c ompu t a ­

tion of ~n cutput amplit ude or an M. I. D.F. in a very s h .) :- •, time . This is 

es3"ential when the computation is to be repeated for many d i ffercn •ra lues 

of the i nput amplitudes. The computational efficiency and 6e r.e r eli y of 

the methods ;,..hich he•re been presented should facilit!ite the further inves­

t iga ti on of nonlinear steady sta t e phenomena. 
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Ai'/,LYSIS OF HARMONIC AND ALMOST PERIODIC 
OSCILLATIONS IN FORCE D SELF OSCILLATING 

SYSTEMS 

P. X. !eja,opalan and Yeah Pel SiDBh 
Depariact ot ::rneotr1oal Bngimel'il:lJ 
~dia11 Institute ot teomolos7, 

'lhal'8Jp\ll', Iud1a. 

Iptroduction 

S~lt ot~oillaUne zaonlmear a7ri•• I!Alb~ eoted 1D a ainu­
s o!dal inp&n ere knoWD to exhibit hel'JICIUo or eubtl.amocio •1D­
o:broni&atioa or alae alaoa't perio41.l (AP) ot~oilletione reaul 
-tine :from the UOS7DObrollized· aelt cd tore m, ai~. 1 t:requeD­

o1 ~a. Barlic -.,rta peria~iDJ to the latter ban been ma1.Dl7 
L2 ' 

oon!in.cl io im 4etel'llinaiion ot the sl.aost per1o41o solut.iona, ' 
q~nohi:ls ot the stlt .. tbt torced cao1Uatioaa2, and aigaal 

st~bili&aUon ot oontrol .,..te• b7 •m• of a h~h frequenq 
fCl'o~ aisaal'• 4• 5, 6• !here il'l a real need tor a sillple ••tbo4 

of anal7s1D1 iha al.,st per1o41o reapoDSe of '\hese s;ptesa~~ When 
bo&h b ppli~de azJ1 ~equeaoy of 'tbl torc1D1 •~1 are Ya­

rie4 oYer a wl.de rcr•• Suoh a aetho4 •tiDe Ule of the dual 
. ' illpu1 desoribiDg fllnotioD (.UIDP) for inOODDeneurate t:requenoiea 

and the mliYaraal ohart7, hu been presemed SD ih1B paper. !.be 

propoaed aetbod hae the rtriue that it leads t1» a clear und•r­

etanding ot ~ 1nteraoUOD between ihe tree and 1broed osci­

llations and the prooesa of qaenohiq c4 a~nal i.tabUisatioza. 

fhe paper al8o uell1n• '\he etab1Ui7 of tba JR aolu­
t.ione bT UBiJ:ll the in CP'811lentel. frequeno7 respODie teohlliq.a.e. 
1'hl.a leads "o a n• concept, the iporemeptal cbal i nput desori 

- bing tupoiion (IliiDJ), eDal.osom io the 1narementel 4eecr1-
b:i:Ds !.mot.1011 'I~). 1'be IDIDP ot eevaral aonlmeer1 ties haYa 
been enil\lde4. Criteria tor 4eiel'111Ding 'the atsbili i7 of eolu 

-tiona are aleo preeEGied. !be application of ~ propoae4 ••­

t.hod has b~en illuatrated b7 inneU,etinJ . the beharto\ll' of ~·· 
YNl der Pol aqaaation end a third order rel.e, •T•t•• 
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.li.na ll!ia of .AJJaoa t Perlodio Oaoilla Uone 

Conaider the eyatem repreeea.tad br the block di~raa of 
iig .1, the no:aliDeer element hannb a aiDB].e valued odd obarao­

t•:iatio. Let the aretem nbibit eel! oaoillatto n et • f'requen 

-o7 •a in the abaeme of en e:rternal aignal. 'lb.en toroed w!th 
en external aigDal of frequeno7· •t• the II)'Bte• will exh1~1t 
haraonio or au bhan:onio •7nchron1£a't.ion or ale! A! oecillatione. 

The harmonic cd aubbaraoni.o re11poneee OeD be enlua'~ b7 the 
eonTcUo~al deaori~~ tunoUon (DP) end the DIDP tor i.Dtegre 
-14 related frequenciea8 ,reepeoUvel7• An ar:ial781B of the .AP 
oeoilla\iona is baaed on tbe foll01ring aauapiioDB : 

(i) The ayatem 18 eXbi~i ting AP oao!llationa i.e. hel'llonio 
or eublle:naonio e,.ncbrcni~ation do- JlOt ooour. 

(11) fhe J.P osoilletiona at tba input to t'he nocl i.neeri t7 

are approximated tv two finite einWioidal aig&ala of trequen-

oiea w8 end 1r:r• fh• reaul UZJB output of tha nonlinearit.7 will 
consist ot e1gne1a ot f'requeaoim •e•"'f• pw8 , qwf and{:tpwe'~q•t) 
p end q bt~ in tegera. 

(111) !he bel'llonio eild oembination frequenoiee generated 1:1 
the ?UtP\.it of the nonl1neer1 i)- ere ignored. fl:da as w;'l~ticm 
implleG 'thet . ~e emplitadee ot these oomponSI:lta ere small. 

From ~heee it follows that in the abaenoe of ~ BJ12obl'o-
ni.zat1o::., t.he signala x~d :r

8 
J. .. i undereo 8ll;r pbese ahit~ 

in the nonlintter elell£<Di, ainoe In:f !or incoliDI&DBura·te fre-
que.uoiea is blown to be reel tor single nlued DOnlmeer elemen 

-ta6• 9• Henoe tor ir..a purpose ot fi~ ding components of trequen 
-oiea •

8 
end w L in the eyst. a response, the original 11711t .. 

oen be reprGsented b;r the block diagrea~s of Fige 2 end 3t rep- . 

reo eilting tue response ot the original BfBtU at thl forcing 
and P· ecl.f-.."'soill&tion trequenc-1 respeotl.:vel7, lilt end 18 bei.ai 
the re~peotiv. DIDP'S. From tbeaa we o~tain s 

~!) lit ® (jwf) -- - ----=---,·!!!) l + lit® <~·f) 
(1) 

(2) 
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Silloe Ji8 1a elw-ra r~•l tor lllnsle Talued aonlinearit.iee, i\ 

fOllowa ~· aqn.2 that tbl phua angle oODtribu"d 'bT @ (jw8 ) 

JJWit be 150°. .Aaaum.inr tor t~ pl'nent tblllt onJ, CGa nlue of 

• 8 eeUatiN thia phaae angle requiraea.t, t.hw following two 

oondi tio• haft to be •aUetie4 s 

(1) fhe trequen~ of aelf oac1lla~1oo, w
8

, 1• oonsun~ aal 

eo DBaque:1tl7; 

(11) The DID:r, H8 , xor the aelt oaoillaUon ai,:cal 1a el.ao 
oaner.c.Jit ud ia ginn bJ' :i 

•. • I@ (jw• >I 
(') 

Sac.e »a ia a tw:ltrt.1on only of the uplitudee Xf and. X8 , it 

tollo•• _that. Wh.n Xz cbangM, X~ auat eo adjwat 1 taelt ·~ to 
aaUaf7 1be oondi tion for the oonatenoy of 1i8 .Thws for the 
JiYen •,-atem, u X: Taries, X8 takee a deti.ni\a pe.rmiaaibla 

valu.e aDd there Will be a det1n1t.e Tal\18 of lit for eaob Telue of 

Xf. I1: o1<her words, the !f
8 

a oonstant oondition leada to a uni 

-que llt!Xt oharaot.arurt.!o IGr the a7stea of 11,.2, Ie b~B 
ktlawn at aecb point. of tht oharaohriaUo. 'l'bia oharaohriatio 
mer be ooneidered ea an •Eguhelent Defioribing Pun ot1on • tor the 

puztJoae of tinding the response at. the foroin& trequen~ ill t.ha 

•r•t.•• of lig.2 . 

Tbue, the anal7aia of tba AP oeoillaU.on ~· ~en reduod 
to • pro ble11 of t1nd1ng the foroed her.-oAio rltpouee of. a •1•­
teD haYinS a ooul1Dearit7 tor whioh 1:hl gaiD/iAP~ oharre.oterla-

t1o ie the li!/Xt ~t.rachr1 ~tt1o drawn tor ~~ condl iio le • 
eon.eteot. Ono• 'i'b1 reoponae a~ the trequmCJ • ! 1a 4ete:f 14 
-ed, the reeponae at '\h.e . 1'1'equco7 w

1 
1e aJ.•o kaown, X1 'beinS 

i:oo?rn e~ each point on the lf/Xt ohareo wruuo. !w• "h~ ·••o 

IUlet aign111 oont oonponenta iD ~he 117•1• l'Mpoua eeA be de'M.r 

-minod in fl direoi .~~ann•l". · 7ha exprMeiou for thl JriXt ob.a .. 

. reotoria Uo tor a oocat•i •a• han 'b•n dwi n4 in App•tadilt t 
for l!i$Veral Donlm•ari·UM. 

It '\ha ••lt o,..·dllat.iona e.re q~enol'-.ed end t.he lr)'l1ha 1!t 

oync~rooiud t o t.ht toroing trequenoy, •r, ih6 1npu\ to 1h• n on 

1.1D~erlty un ~ epprcxxiMhd by' a pure siweoid a nd the re -

pou::; 1' &.n be. eTa uet .arl by 1ht DJ analy 18. iL oe for th1.1J o • 
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~he proble• red~ces to \hat of fiDdins ~he response of \he 
aya~ea of 118.2, ~he •!It oharac'hrl &tio beinl the oonnn­

iional describing tunoiion obaraoteria~ic. 

Hec oe the oomponeo t of trequeno;r •t in the response t4 
-the eyate11 oso be anslyaed aa the response of the ayata• of 

Fis. 2, where the gain/input oharaoteristio tor the •nonlinear 
element• iaa 

(1) The If!'Xt charaobriatio drawn !or a constant N8 , t~ 
ibe caae wnen self oaoillationa ere preaent, and 

(11) The Jl/lf ob!lraoteriatio for the O!Uie lben th& aelt oso1 
-llations ban been q1.1oncbed. 

In other worda the gain/inpu.t o~rao~eriatio for the for­

cing aignal is oa:utituted 'b7 th• t110 above mentioned parts, 
the eol1.1tions corra.ponding to the :tirat and 'tile second parts 

bainl t.be J.P 6.Di the hanonl.o oao1llations _reepeoti.vely. It. 

will be eeen that tbia unified approaob gi vas a olea r pictu.ra 

of the t:e.na1t1ona troJA the J.P to bAX!Iooio oaoillatiooa and 
l'ioe nraa. 

rbe response of the BJ&tem of lig.2 osn be obt~.ined by 

~ one ot ~. eeverel ••ll kncwn metboda !or finding the olo­

eed loop treq\lanoy reeponae of nonlill~r a:yateme. 0! all 'Ulesa 
metbode, the universal chart method7, being ths moat conveni­

ent when aolu.tions are requir'!d over a range o-! !requenoiea 

End Sllpll tudeB o! the inpu.t Bi8nele, has been ueed in tl:io ps­

P•r. A brief eooou.nt of tha universal char~ and it3 appliaa­

tion is included ill Appendix 2. 

onio Solutims 

i'be solutioll9 obtRined by the foregoing en6lyniJ! oan ooo­
u.r in a peysioal syatam provid d they are etable. Th9 atabl..lity 

of a luu'oonio aolut.ioo can oo inv~atisated -!:ro.a t he open loop 

frequ~oy reaponso cf th3 ayotem, undor the assumed !orood oo~-

t .ont for a foro mg eignsl. o! infinitesimal am:plitudt) , th 

resul tins .~.iyquist looue "Wing termed ea t ho 1nd!"e!llen·\Ql !requ­
noy respone e looua6 • 'lhen the ~ut 1.o a nonlinear elamac.t ie 



euwsoidal, the gain for ihe inar•Gtal aignal. :t.a tbt IDP,:Ui. 

j. deta1led infteUsaUon of \he IDJ' leacW 1o the following 
two iaportan'\ oueal0 : 

(1) 'fUn the bloraental Bigoal hU tbe aa.r;ae traquenot . ·~­
the t1. m t • 111 pal; 111d 

(iif ·'lb.ea "the in«•entel eisnal 1a 41tte:rea'\ tro• tha'\ ot 
tile f1Jlitj eianal • 

. Jor "'ha ti.rtn oaa e, ~· IDl tor a eiDsJ,e wluecl m.~alinea­
ri ty 1a ooa9l ex and ia 11 nn ~ a 

~ < 1 o» 1 '01 -J21.f' c4 > 
'-:;/ • I + z- l: br} + 2~ ~i e 

•lieri !I 1• t.be DJ tar the finii e e18Jlal X, e:ad (/) '\ha phase 
of the 1Aanmental eignal With raapeot 'o the tl.Diii aifD&i• 

Clearl:t, • 1.ha angle t,p Tin•, the@ ::;>baaor traoee a oirole 
of redi~ ( ..! .% .l! }, cen\red at (JI + _! z ~! ). ror the 

2 O....:X 2 oX 
aeocm d oea a the IDY- ia real cd ia BiTan bt s 

»i • (H + -j I-~; ) (5) 

lnorell4n tal rrecpuno;y .S.,eponse 

, . j. t.:tp1oel incremental fraql.lEDOJ reapoiUia looWi• 

®@ (jw ), alx>wn in i'ig. 4, ie ooapoaed ot a 

(i) J. lowa (li + _!I~! ) @ (jw ), whioh 18 e1ililar to 
~ r 2 1>x 1 ., oil 

t.ha \§ (J• ~ locu..e \ n t.h ell auooiatad gain a0 • »+ ..:.2..x -sx ,
1 
tor 

ell treq\l'•no 1Q~ other t.bm •t• 

(11) J. circle ot red.ii.IS ( _! X-~! ) I@ (j,it~ oenie:nd at. 
2 ~X • ( ) 

the poi.tlt. oorreeponding to ~ traquen 07 •t on the plo~ 1 • 

s \e "blli ty c r1 ieda 

J'rom t.hUI -t•o ooa11t1om for tbl •tebil1~7 ot f~oecl oao 
-tllattons are ded~oed1 

(i) 'l'ha l1naer syat .. obt.ai.Dad atwr rt})laoiDJ ~ DOn­

linear ele:a•n i by a gain a0 ( • I + i...x :}i ) 1111n be at a tile. 

(11} Tb~ diet en oo of tba cri Uoal po!.nt fro• iht ~ point 

on t,be a.._ @ (j~) plot muat bfl gre;ste than ..l. X l--1@ (j'\')1. 
... 2 ~X 

rnc ueond 1.nabil1ty oondi.Uon cen 'bo ahoYn to bl) eq,u1-
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oiB 
T&l.ent to dX ~ 0, ~d Willla WOZ"k:lng w1 "th the WliTeHAl 0 bart 
oorraaponda 'o ~be .Lf oW-Te (considered for in ere ea m, X ) ou-

i'iilll t.ba ~ our-rea 1A toe direction of 1nar4Minl '\ • ~· 

fira'i oondiUoa caa 'be Terlfie4 bJ •rking, on the )J curve, a 
point C a~ Wbiab a 0 ( • » + -! . .I 2! ) 18 equal ~ a criiiaal 

· . . 2 'OX 
gain to~ iha liAer •1e'ie11. C -i• a point of deuroeUon bet-

... ~~ jiabla 41D4 unsta·blt T&lQea of X. He:noe a aolutioa will be 

aiabla proTidad• 

(1) !he &1 oun• tn'tllreeota il» B tUl"Ta CD t.ba .table eida 

Bt tiii orltioal poillt c, ._ 
(11) ~ 11 Giiha (tor i.DoNaaiDg X

1

) outa the ~L ORM'e in 

iht dtl'e.odoi:l ot 1Dare~Ua8 8,t i.e. f~• 1DI1de 1o oubida. 

Stabili~l Ot Almost Periodic Solutiocs 

.J:net9ptmbl DMOl lj;n:ul Dnor1biM !unoti?JI 

Pr~oaedin3 aloDB aailG' lina wa arr1Te at thl conolu­

r:.ion that iha atabili t7 ot iha alaoe\ periodio c~oillatiDDII can 
also be 1Awat1gahd uei~~g the illaremen-tal tractuan Cf1 reapOA aa 

taobnique. fo do this we hen '\o define end d-ai~ ra!ne t ha gdn 

of all imru~tal aignal tor ihe ea•• 11hao -tbs !=lp~o~t to '\bot no..:l­

liDiar •l•••nt oonaiate of t1110 tini t. a1nr.l8oidal sigoala o! in­
:)OII:IIlll!lurata frequan alea. Thia 1-a t.tnaed u tb.e inare:ua ta l 

DillJ (IDID~) am ~ det1ne4 u I 

®- -®- (6) 

whs:ra @ rep:resenb the addi t1CIIlal oo-.poMnt ot freql.loo.cy • 

i n the ou.~P'olt tor m .inca"eaen·tal • :isnal of thi.B :tre<r.1eooy re­

prea ~te4 bJ the p"sor @ d 'h• inpu~. 
When the freq~.ten'3iee et the t1n1te lligll&la et the i~u'\ 

era w t and ••• t hw tollo1fin~ apo:-tant ou ea srl s • : 

(1) •• •t 
(ii} ..... "• 

{i:i.i) w being non integ:raU;r rdeu to • t ar.1 w5 

{.iy) w l'J.ein! ~ int agral lllul t!p,j.s of ! or 'lr11 • 

(1) t~I.Ill' to r w ,. w·t· 
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cJi tb.e oor:t· ~taponding OQ~ pu\ @ be in~ in phae e 11'1 th © a cl 

of -,m~ude Tf(,J.f Nf) fhs Fig. aleo etowe en incresen~@ 
<• ~Xt· ej cp ). !he reeul ~iDB c omponen~ of trequwqr ~ •' 
the in::p11t '\o ~e DO.clinsari 'i7 is the s1.1111 of @ and ~ , 8D4 
bee en uplltude :It + i::lXf Cos tp , L Xf bdng 1nf1ni ~esi.ul. 

jJ5 the ampli W.de 0 f \he Bignel of trequea er .f in c:reeses froa 
Xf t.o (Xf + .6Xf Cm l.P ), ~he DID1 for Ulia aignel inoreu ea 

n-om !if to ( lit + ~ 6Xf Cos{/) ). The increesed output ia 

represented b7 "t.hi pbaeor @ + § beiDB in phaee with 

@ +@ . Tell::mg @ ea ~he reference, we obtain ' 

~ + @ • (X! + D.Xf ej<p ) (llf + -::~ b. :It Cos <.f') 
ilegl cting terms in"?Clvi:lg highC' powere of X!, elim.inetill&@ 

and e~bs~itution ' n eqn. 6 finallr 7ielde: 

N' 1 o11r 1 ()Hf j2~ (7 i J.. ,. (N! + -;;- xf --- ) + _..;xt• --- •-
"'ffcWf ' (jX.t 2 Cl:I t 

T.i:l re:fo re, es the angle lp variES, 'the @ __ pheaor traoea e 
. 1 ' uw-•r 

c.irol•, F1g.6 • oentered at (11! + - tf " f ) a nd of radilu 
1 0 ':t 2 a.r; 

--.J.f---, end is lcc.olfll in tenue of ~he0 f DIDF of the noJll.i-
2 oxr 

na~Jri ty. 

(ii) ID!.ilF' !or w • • 
P.rooeed1ng elcng similar linea, 1 t 09n be ehown 1.hat: 

~·, 1 ~Ns 1 ~ 0 NB -j2tf/ 
~i' • (H + -:....X... ) + --- --- e (6) 

t> 2 .., ·a a 2 8 -o x .. W=Ws .., 

tf being lhel angl E! of the in trell!!!n te 1 phe so.r 1rith ree;>ect 1o the 

ft\ao~or- ®, . As 'the angle t.p veri EB the (}H pbesor eleq ~ra-
li=Ws 

(.ll~ d cit:clll whos e centre end rediu!l fire k:lo"n in t~nns of t.be 
DlDf of Lhll aonlinea.ri ty. 

(iii) !DIDF hen w ie nonintcgre lly releted 'to w1 e.r.d w8 • 

A ge:H.rcl me thod of deterro J..n.ing tba IDIDF ie deacribed 
in .f. pp w.CJ.x 3. e.n::l y iel ds t he :1."1 't.ereeting result : 

, , 1 e:> N8 1 oN! 
Ni = Yo. o :1 n + --- · a --- ... Hf + __ ..:zt ---- (9) 

fj 2 o Xe 2 oXt 

( iv ) I Lini' hen w i a en integral mu.ltiple o f "'! or w8 

It ~a s een f rom l- ~¥ eniiX :; t hat.: 
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(10) 

Cases aa7 ariae •here X. and ?it era tlO~ ns1lable in 
an analyUoal for11. Jor atoh o .. aa the IDIDJ' oe.n be deterllin8d 

b7 • graphical aeU1e• aqul.nleat ot the. m~bod ot A~pe~ ~. 

A.nalyti oal expreae:ion• to%' tlw IDIDJ o t a e"na"!" l m:W.i­
neari tie• are deri·nd in .Appendix 4. 

Inorementel Preguepoy Reeponet 

A typical incremental :tre~enc;r response plot tor an al­
most periodic solution, 1s ebo• in Fig.7. It b ooJaposed o!a 

• (i} .A locua I 0 0 @Xjw) tor all trequEilaies that ars :non-
' integrall7 related to •t end w8 • 

(11} .A. oi.role ot .ra~\la ~ X-t~~t-I@XJ•t)l 04ntered at the 
w,. •t point of the plot (1). t 

(111) .! oi.role of rediUIS _!_ ~ ~~@<jw8 >I can tared o t the 
2 ~.x. 

• • •a point ot the plot (1 ). · 

The circles oent.ered at mtt end nw8 haTS radii 
I2 n ol Y' 2 

--t-:!1.- @XJn•t>l aall ---~!.-~4@(jmr8 >l.reapecU velJ wbioh er • 
2 2 

smell and re igoored. 

Stabilit7 C.rite%'1a 
Jro11 the inaremEIQ tal frequency rospon9e pl.Qt tbe tollowi 

ooncii. Uo!lolt !o.r the eta billty ot :fo i'Ced AP oecillatiom ere 

ob1aiuada 

(1) fhe linear sys tem o bteilled after repl aoing t ha n> , 1 •-
( 1 eNs 1 x o!:l ) 

element by a gain Y' .... Ne + -- - X8 - - - = Nr + - r--
at be stable. 

0
'

0 2 ~As 2 
oX! 

dR 
(11 ) --~- . ~ 0 

dXt 

~ .b l k in~ nf<h -~ .~ ur.1.iversal c :t:t: ... t , a~ on• condi lo n 

tor t h 21 t .bi .HJ: o sl;: a-t; pe>.rio 1 o o ll.a t..io• can "' s e .11 t.~ 
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oorreapOAC: '\c. 1one li az.rTe (log Yf/ log It plot), ooneidered 

for increeeing Xt, cn.t'ttinJ ih.t {ll pl.UTes in the direction 
of inoress ing "£ • fhl ri;-~t o011di tion cam be Teri!ied to' 
serking, Oil -'b.e N CW'T~~ • point C at which -~~,o ia eQ'lal 
to e cri tiet. :. gain fo~ 1ib~ linear ftJ:B tem. C 1a a ·point of 

duarcation between regi oos of ate ble ecd unsia bl.e Tkl.ues ot 

Xr.. HEmce, a l!oluUoa. will be a table prortded: 

( 1) file 9£ ourve in tere eote the li curw on the ~fl bl• aide 

e t. the ori tice.i. po1nt c, 11D4 
! ) ~be N ClU'Te (for in areaeing It) cute the 91 oune 1:ta 

:'he direc~1on or inoreaeing Ql 1.~. trom ineide to outside • 

.Applicstions 

1".ne appli ~tion ot t.he proposed method 1a Uluetrate~ b7 

detemil:icg the forced oao1llfltim8 ot (i) a nn aer Pol equ~= 
UoA end {1i) • .. ird order ayata . inq,rporating m ideal relf\7• ... . 
Exuple 1 • Foro~ OsoilleUona ot the Tan der Pol Equaticc. · 

1'be equetiou 
4~ - oe.!! + ~ .2-(x') + w

0
2 • Bw2 Sin ,t (11) -dt2 dt at 

06ll oe repres ented bf the bloot d1egrea ot Fi.g. s, Where 
B w2 

@------
(•o2- .f) -jc<.Y (12) 

1 • { : 3 

(e) Self Oeoilletione 

Since tb.e des cribill8 function for the O\lb1o oonlineerit1 
is rf!e.l~~'\he nonlineer.l.ty Oan be looked upon ~ne '\'U"iable pin 

N ( • ~- X2 ). The root loeu.e, :Fig • 9, Bl:ol!B that the 8)'11 taa 
4 

it~ Ull'9t.a ti • !or B7.lsll values ot X, an:! indicates ete ble self 

oseillat i..?n:o.t of fr equan ar •a ~ w0 • 

oscill6tions 1e given ~: 

(b) 

(1) 

..L i x2 • __ _L : o<.. 
4 0 G( ~wo) 

• x2 4 oc.. 
• • 0 • -;-r 

!'o ro,d Eermnic Resnos•! 
Solutitma - Wru,n tb• eel! 

1'he 8..111Pli tude, :I0 , at self 
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~be forced baraonio reeponae oen be o'bta.iDed 'b7 Dl analysis. 

faking the pbaaor (;'t repreamUllg the inpu'\ 'to DOnl1Dear1i7 
ea the reference phaaor, we ob\ain a 

' ' . Yf • - f xf 

•' • @ : _'2_ y' X~ [ 2 :•f J 
4 <•.-rf)- 3~•f 

AJ.ao @ • Xf +@ 

. ® -~ . ,. ' [ ,.f J 
• • 2 2 • xf + - 'I xf --:~~2:----:2:-----J . . . ~;~·t~ ~ ~=c 4/ ... : · [1 _. ~~~:'J; joG ·t (14) 

X f ~ ( 4 -' /3 1 ) 
(11) Stebiliir 

l'ro• the root. loOWI, n,. 9 ., we tiad that the &JBt• ia 

ateble tor eseooiated Jaina 1reatar 1ban et. • Hmoe tr011 the 

first a'\ebil1t7 coD41tion, we obtain 1 

Jfi • i ~X~)~ 
• x2 ' 2o<. (15) • • f , ;-r 

Coapariq wUh eqn. 13, 1 t 1a aeen that the balmoDio oao1lla­
tione will be ~eti.e provi&led the square of tbe forced .. pli­
tude 1a greater than balf the square of the aaplitule of the 

tree oso1lla•1cms. 1'he oriiioel wlue , Xfo , 1a 8'1 ven b7: 

x~o • 2;. (16) 
3J . ~R 

Also, the aeQ>ud at:~t7 condition Ji ~ 0 oon be aeezr t.tel. 
be equ1velent to --) 0 derived 'bJ T8ll der Pol1 • ·. 4X2 ,.... . 

(o) loroed .Almost Per1o41q Reaponee 

(1) Solutions. 

Por thia oaae the frequeno7 of the aelf oaoillat1Qa ~ ... 

•aiDe fiXed at . •o end o~naequeatl7 tbe' Dnn' tor una aigual 
also r.aina f1xa4 at ~ • Beooe fr.- A~pendu ·1, .we obtairu 

91 2 Jlt • 2tX.. - .-- :lt (17) 
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2 4oC. 2 x. • 3T - a..t (la> 

Hence takins the phaeor (!'1 repreaentiDB the aipal of 
tcrci.zll frequency at the ir:!put to the D)nlineeri t;r ea 'be 

refarcce phaaor, we obtain :fol" the •yatem at lil· 8~ 

® ·~ 9~ 3 · ·w 2 2 · .. x1 + (2"' Xr - - Xr) Ll <•.- t> -jo<. •t 4 <•: -•l) - jol. •t 
2 ? 2 

•. B
2 wf (•a- Wf) 2£ 3 2 ] 2 

• • --~- • -~---- + Cl(. 1 - ---- xr ( 1 9) 
1 t t (4Q(./3"'l \ 

Also the mean square of the out~t is ob tainea troll eqn. lB aa & 

_! cx2 + :x2t) • _! { _i!. - x2f > l (2o) 
2 8 2 31 J 

This quo-nt 1 t;r deorees ea as Xf in areas es fJOm 0 to Xro• ·d 

bee a minimwn value · 21X./'3i for Xr • Xrc• 

Eqn.l7 also shows that ea Xt increases !'rom 0 io Xto• Xa 

decreases from Xso tG zero and rsains zero for all higher va­
luES of xf. 

These resul te sro 1dent1oel to those o btein ed b;r van der 

Pol1 b;r the method of alowly varying gain md pbl.s •· 

(ii) Stebili tz . · 
3

{ 
2

) 
~'rom Appendix 4, for _N8 • ot , the IDillP, B1, ( • o<. •• X8 , 

is scan to be EJ.weya greeter thono<.. Henoe the first atab111t;r 
oondit~n is aeUefied b;r ell the possible ~ osoillat·iaut. 

Hence the AP oooillaUcno will be atable provided ~· 1., 
greater then zero. 

2 
For e given B end . •f' eqn. 19 1.8 a cubic in Xf. Henoa 

for oertEJin ooabination of the parameters, thia eqn. aq baYa 

three reel roots tor X~. In such situation• cma ot the sola­

tiona will oorrespon:i to *~ < 0 end Will be \UIStalal.a aDd tbl 

AP response will exhibit a j~ phcoacc. Scoa a juaf ... 

t ak e pla oo from one J.P atete to auRhar J.P ne~•• naul Uq 1la 

e jwnp in l.t• aooompao1ed b7 a 'uap iaa x. •• wall • iu ~· 
moen equere value ot the r•ponae x. 
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.Kxample 2. Applioation of ihe UniTer.sa.l. Char• to the Foroed 

Osoilla tion of the van der 'Pol equa~ion. 

(a) S;yatea Charaoteristioa. 

Consider the van der ~ol eqaation ~~h ~he numerical 
OQnatanta, oC.a 1, ,,; 4/g end w0 • 1. For this s;yete~~, •s :a l, 

2 2 » •• l, xso a 3 and xfo - 1.5. 
fbe D.P for the DOnlinearJ. t;y, 7 • i x3, yi elda: 

9 
log Yf ,. 3 leg Xr - l.og 3 (21) 

lor li8 • l, the DIDJ' tor the Q)nl.inearit;y is obtainEtt .trom 
eqa. 30 ES' 

log yf • log (2Xf - xi) (22) 

fbe transfer :t"notion of the linear part is given. b,y 
jw 

@Xjw) • ( l - w2-3w ) {23) 

!he log Yt/log Xf plo~ Co:Dpria.tng the D:P as \7all as the DJ;"D.P 
(!or N8 • l) plot is shown {Curve .N') in 11'~.10, along With a 

· plot L, o! log I@<Jw)l • The phase angle o! the linea r trans­
fer :tu notion u marked al.QDB With ea oh frequen c;y on t he L curve . 

fhe point C murks the oritioal. point on the DP' plot. 

· (b) Solutions 

Fig.ll illustrates the sup erpoei tion of the Qt • 156° 
ourve o! the universal ohar• on fig. 10 for lqf ~ :a i. 90 at 

w • 1.25. Tbe on],- interseotion of the '1. curve with the N 
curve is the point ~ m the st al:le part o t the .IlP. At tbjs 
interaeotion tbe H ourve outa the QL ourve :trom inside to ou~­
aide. Benoe the resulting response :l8 a stable hsrmonio osci-

llation With lqr X:r. 0.265. 

The response for a ral\le of variation of ~ ~n be obtai­
ned 1v repea~in8 thie pro oedure. Pig. 12 a bows the eo1u tions 

tor several values of Rt for w • 1.25. For log R:t ... 0.2 and 
0.0 the interaeotions indioate sta~e ha.l'monio oso1llat1ons 

With ~og Xt • 0.345 and 0.30 respeotivel;y. lor log Nf • i.s 
and 1.4 the uta ll.e interseotiona are on the DIDP part of the 

B curv:> and yield log Xf • 0.07 and i.415 reepeotive1;y. The 
Variation of xs · with Xf for the AP osoillationt.t oan bl obtained . 
frOJa eqn. 26, cd 1a aholm in the log X8 /log xf plot of lig.l,. 

'~• t.hu, los X8 • i.71 ed 0.23 for lOB Rf • i.s a:al i.4 



92 

-Z'eepaot1vel7• lor log Rr • 1.61 1here are three iDhraeotiou 
of whioh the a14dle one correepoacUqr io lqr X:r-1.94 1e •!_eQ 

to be w:a.st able. !be remaill- two 71 eld 1 og Xf • 0. 0 and 1. 70 

and los X8 • o.o and 0.2 reapeoU "f'817. 

liga. 14 em 15 abow tbe leg X1/log Rt eel log Xs/log Jtf 
plots for w1 • 1. 25 and 2. 0 resp eoti vely. At wf ,. l. 25 u loi . Rf 
is _increased X8 deoreaeee to cl Xf 1 noree'3ee s ha.dily , A·t 10, it 
• 1.65 a jump takes plaoe resultt.ng iJl eo ineeese in Xr and 
a decrease in X8 • .Ae log Rt ia tu.r1her inoreee ed X8 cleoreases 

to &ero &:ld ~ log lit • i.ee a tur ther jWDp in Xf takes plaoe 
end the syatea exhibits foroed harmonia response for higher 
values of Bf. In other words synchronization occurs et log lit 
.. i.ea• When Rf is decreased from a large value e jump dcnrn 

in Xf takes place et log Rr .. i.s35 with a sUml teneoua ~11-
ding up of X8 • Hen oe deaynchronizetion takes place at Rr-z 1.835• 

Example 3. Forced Oacillationa of e Third Order System 
Incorporating en Ideal Relay. 

System Cbareoteriatics. 

Consider the system of Fig.l, where the nonlmea.r eleme­

nt io en ideal relay (Mzl ), and the transfer 1l.m otion of the 

linear element is~ 
2 

@(jw) • --­
jw(l+jw )2 

The D:F of the relay yi elda a 

(24) 

log Y f ,. log 4 - log Jl · (25) 

For thia system, w
8 

= 1.0, I@J<l•a >I • 1.0 and N8 • 1.0. The 

Yt~f ohereoteriatio is given by eqns.JS end 39 • The los 
y t/log I.t plot is Bhown . (curve .li) in F1g.l6, along with a plot, 
L, ot log I©<Jw )I • Too phoo e eng le of the lm ear transfer tuno 
-tion ia marked along with caoh freqeno;y eloag the L curve. The 
dotted porh of the IIP and DIDP ploh terainahcl ~ 'the critical 
poin to Cl and Cz correspond to the IDi'( • .111 ) end IDIDI' (Hi,) 
being greater than 1.0, end lead to W18table eolutiom. 

Solutions 

Fig. 17 ehowa the EUperpoei~ioD of the 01 •170° "'-lrve of 

the universal che.rt tor los Rr .1.35 at wf .. 1.2. The inter­
eeot.ion et P2 indicates a poaaible eta ble haraonio eoluUon. 

The int'lraection e\ P1 indicates • poesibl.e eteble alaoet 
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periodio eolution. The .in tereeot.ione Ql end Q2 i.Qdioe'te un­
a~able J.P eolutica.e and ~b4t in~rseotioil Q3 indicates an un­
•table haraonio eolut.ion. 

Jig. 18 abowe tbe solutions for several TBluea of Rt 1'or 

vf • l. 5·. When Rt ia inareesed troa 0 oJ:Parda the e;yat8JI conti­

nues to Ghibi t AP oacillationa till log Hr reeohes the ve.lue 

1.8. .At th:l.a amplitude, the intersection changes over troa 
DIDJ to the Dl part of the curve .ti aDd hfDoe the system gets 
eynchronj.zed to the forcing trequen CV aild remains synchroniZed 

for all higher values of Rt• However., when the amplitude B:t 
is alolfl.;y decreased, the ayate:a rt"maine s;ynohron1zed till loB 

Rt reaohea the value i.4o. At t"hio point the response 'obanges 
over from harmonia to almost period! o with the reappeeren oe of 

the self osoilletions. The values of X8 for the AP solutions 

cen be obtained from the log X
8
/log Xf plot of pig. 13 based 

on eqM. 38 and 39. 

Fig. 19 shova the variation of Xf end X8 w1 th ve.riations 
in Rf of a trequen cu 1 . 5. The quenohi~ e.nd r eappeerenca of 
the self oscillation frequency sigrel is brought out very o.lea­

r:cy. in th1.3 diegrm~. 

When the frequen~ wf ie very h igh, Xr o Rt• Heooe the 

log X8 /log Xt di~ro.m of Fig. 13 becomes identi<'.al to the log 

X8 /log Rr plots. From this l t ie aeon the_! cel.f osoilleti ons 

are quenohed when log Rt !n creases beyond 1. 93. 

Conol ro ionfl 

In this paper a simple method of melysiz:B the eln:ost 
Periodic oscillations of nonlinear sya t Ema has been presented. 

Such oscillations ooour when un.aynchroniz ed free md for ~ 
oeaillations are present in the response of the ey~tem . It has 

been ehovn that for systems inoorpuratiLJ u sln,.:; le "\C lued ele­
lleat the DIDF tor the component at the input fr equency is ~ 

be determined for the Q)tlotroint that the DIDF for the oigos. l 

ot the self oscillation frequency remains a constent• With 
this constraint, it is possible to treat the oompona1t at the 

forc:hg trequeno;y ea the harmonia respons e of an 'equivalent 
ayetem•. Also ~ a simple relationship is shown to eXis t 
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between the emp litudes of the two frequenc7 components 1D f.­
response. The univereel chart method has been employed to en 
-lWlte the i'oroed :trequ.eney reBPoil9e ea i' gives a. clear pio­

ture of the variation of Xf with varistions in Bf• The epplioa 

-tion of the method bee been illustraud by enelyeiJW the res­
pon se ot (i) the ven der Pol equation, eod {11) a third order 
ayat~~ inoorporeting en ·ideal rel~y. 

The stability of the almost periodic oo oilleUona ~s be a 

et.u.d1 ed b7 mo.king use o! tba . inoremen tal :f'requenoy responae 
technique. For th:is a ne\7 oonoept, the inorementel dual in.Put. 
describi.ng tunotion has been developed. Expr essions for the 

IDIDF for several well kiJOWn nonlin~ritios have been derived 
and several of its interesting properties mve been studied. 

Simplified criteria 1br tbo stebility of the AP oaoille­
tions have b oo n obtainEd end employEd to intvrpret the stabil-· 

i ~Y of th9 aolut:i..om obteined fro12 the universal chart. 

fbe method has boen able to clearq brinB out the varia­
tion of Xf and X8 \T.l. th T&riation in the ampll.tude of the 
forcing signal et the iq>ut -to tha S)"Btem. lor the van der 

Pol equation it has clear~ brousht out the traMi t .. ton from 
the drift to periodio motionl-1. For the relay system tho oia­

tan ce ot a finite megni tu de ot Xs . . juat bef'o re quench1.ng6 by 

a high frequenoy v:18 nnl ia also made evi·dont. 
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Appt>.ndix I 

llt!T.t Cbarao~eris tiae tor a ConetGnt ~ 
E:rpresoiona tor the N.r/X.f oharaoterls t.1oa tor a oo~­

tant J1., tor •everal a>nlineet' o1emeu~a ere derived below: 
1. <llbio 

lor a oubio 110nUnearit7 7 • x', the DIDF'• tor inooUJOn~. 
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Bla"ate ~req4l8l eiea are g1 Tea b,y: 

Ba • t {X~ + 2Xi} 

B~ • ~ { x~ + n! l 
4 . 

(24) 
and 

(25) 

1 8 and :X~ being the BllPlitudee o~ the two illpu~ lroa eqn.24 
we obtain 

2 4 2 x. • - li. - 21t 
St.tbaUtuii.ng tL.a in &CJ1.25, ead BiiiPlifJiDI we obt.a1n: 

(26) 

lit a 2!18 - 1 X~ 
ior X8 • o, 

(27) 

lit. ff (28) 

fheae lit~~ oharaoteriatioa are ploti ed 1D Pig .20. !be two 
charaoteristioa intersect at the point c, heaoe equating tbe 

bo gai.D8, ihe val• of Xfo 1a g1 veo b,y 1 

2 lia - f X~o • : X~o 
••• X~0 • ~ B8 (29) 

' SubsUtutiQg 1:hia l'alue iD eqn.26, •• tind 

x!o • j H8 - ; ... o 
Hence at the point c, even for the 'flt/Xt oharaoter1at1oa (tor 
oonatent .Na ), ihe nlue of 1 8 is & ero. 

Hence ea :Xt 1a increased fro• &ere, . the pin 11fr decrea­
ses froa the -lue 2X., till :Xf ette.ina a nlue :Xto (eqn.29) • 
. U this point, the Bienal X8 , ~1.,h deoreaaes with increase 1D 

Xt, (eql2.26 ), diaappeera end for higher veluea of Xf, the g•1D 
lit follows the desortbillB function plot. !be dotted part of 

the oonatent Ha curve oorresponda to i&eginar.r values of X. 
and me7 be ignored. 

. u, 

Summariz izl8, tor ll8 • Constant 

. lit - 2 Ha - txl 
• • • Yt ·• Xt• lit • 2Ha•Xt • f X~ 

X~o- ~ lie 

' •• llt • --
2 

(,0) 
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2. QuinUo 

Por the quintio ohereoteriaUoa, 'I • :xS, the DIDP'a tor . 

incomm~naur ate frequencies ere si vc b7 1 

lis • ~ x4 + !2 x2x2 + ~ x~ 
8 • 4 8 t 8 

eo:! . J1 • !~ x4 + !~ x2x2 + 5. xi 
t 8 8 4 • t 8 

lor e constant Ba, X8 is given_.: 

~ x 4 + ~ x!x 2 + ll x4 - v_ • o a• 4 tat ..... 

• 2 2 j 4 8Nt • • x •• -'$I.t ± 6X:r + -;--

ror real X8 , onl3 1he posi t1 ve aign 1a edmiss1 ble, 

t~l) 

(32) 

. •. x: • j 6 X~ + -;~! - '$1.~ C:5)) 

SubstUuti~ in eqn. 32 end BiliiPlif71nB , $ obtain: 

lit • 31ia + ~~ X~ - !~i J61i + ~ N., (34 ) 
lor X8 • 0 ; 

llt • ~ X~ (35 ) 

1'heae two Nt/Xt oharsoterie Uoa are plotted in Fig. 21, end 
1nt.rseot et c. The X:r :tor this point 0e11 be obtained b7 
eubatUatins X11 • o in eq,n. 33, ginns 1 

:1~0 • 1~ lfs (36) 

Henoe, as Xt is inareaoed troll Zel'\), the gain N! de­
creases from tbo value 3!T,.. . till Xt reaohea the vslue :Xto• At 

this point the signal Xs, whioh decreases on 1ndl"e881DI Xt 

dieappeers. Por higher valueu of X;t, the eain lft follows tba 
describing· :tanotion plot. ibe dotted pert of the consh.nt 1\, 

ourve ~rresponds to imeg1ns17 valu8!J of X8 , and •q be ignored. 

Also tor Xt • X:to• ~ 

~- - C:~7) 

' 3. Ideal rele7. 

(a) x:t' X8 
l'or the ideal rela7 tbe mDP'a :tor 1noOIIIIl81l8.lr&te 

treqaenOiES are f#.. Ten b712 a 



. 8)(~ ~ · . I 
N8 • ---A.~dt) ' n2.i . ··~· • 

98' 

am lit • ~~ . • .1: J@t ) - (l-t2 ~(t >} n2i t21 
8 . 

Whfre k z Xt/X8 and 1e less tMa 1, and@end@are the com­
plete ·elliptical integrals of the first and saoond kind r oopeo­
t1vel7• 

(~) 

(b) Xt~ Xa 

For ihia osae, the DIDF'a ~r inoommensurde frequencies 
ere given by: 

118 m JT~;s "-; { ®11:) - (l-t2 xgk >} 
eud Nr • -~~ 1t @t} 

n~x 
Bxa . . 

where lt • -- tnd 1a leea Ulen 1. 
Xt 

. •• ~!-- ~!] 
Ha @<t) 

(39) 



99 

I 

As the coapl~e elliptica.l integrala are tabulated in ~erlil o~ 

the parsaoter k, these results are also expreaaed in ~ s of 
1t tor eeae in ooaputats.on. 

.Appmc!ix II 

fbe Un1 veraal Char~ 

A brief aooount ot the wU.veraal ohsrt atd ita applioa­
Uon 1a given below. 

Coneic!er ~. ayetam of 1'18.22• :ror my unity teedbaok 
ayatea r(t) • e(t) + o(t). Por ooapoDEOta of a given frequency 

in the three qwmUtiea, tb1a relatl.omhip 1s er:praesed in t he 
phaaor diasra ot J'ig .2:5. fhe ratio of the 81lPli tudea C aDd E 

and the phaee qle bet~een 1hea ere deterllinec! b;y the linear 
and 'Ule DO nlin ear tr ens tar funoti<aa in t he forward loop. Con­

aider the cese When ~a eapli1uc!e, R• end the looP phs9e shi tt. 
9,e , are ti.Xed end C md B take ~rioua • l ues. F.ro Uianglo 
OAB in ~.23, 

. 0 Sin(l80° - '\ + 00 -· -B Sin(l80° - 91 ) 

E Sin &0 

B- • Sin(lSOO - (\ ) 

c 
log ( -i-) • 106 Sin (Gt + 90 ) - lOB Sin ~ 

end los ( ..!_) • los Sin 90 - log Sin Ot 
B C · E 

Ql.ear~, tor a fixed e, , log ( -- ) end log ( -a-> are 

tunoUona of &0 only. Ploi.Uns log C.j)llog <I> tor a given 
e1 ( ... 166° soy), tbs <Urve of P1;.24 is obtained. At 8l!li~ ot 
such Qli'V'ea. eaoh tor a tlxed e1 is drallll, ani ia .designated 
as the universal ohsrt, ainoe it h.sa boon obtained without &QY 

re:terenoo to the S)'stem dlaraotoriatioa. 17 ahittlng the ori­

gin ot the universal Chart to (-los B, -los R) it ia tr8118tor­
med into the log. C/log B plots tor varicua l8luea of Q.t • :ror 

1h8 eya~ea ot P.t&.22, 

and 
los E .. loB X - log ~ 
lo1 c ~ log Y + los ~ 

(40) 

Where X c4 Y reprea• the eaplitudee .~ the input aod outpu~ 

l'espeoti?eq, of 1b" aualineer til.e11en~ sad Gt and G2 • re ~· 
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p:t• of ihe liDeer treaster fWloUons tor tlw eipal of a oer­

tain trequencv. Jar the oaae When ihe iqnd to U~e Q)nlima­

~·.tt,.. oin be assumad to be siDl'Joidal, Y • JJ.X, Jl being the ooza­

venUonal deaoribina funoUon, a:ad the lO!J Y/log X plot 1a ob­

iained eo shown in !'ig.25. !o predio~ the reepo .•a over a rqe 

of frequencies, tbe ohareoterisUoa of the linmr ~rew fer twao 
-tions are plotted as log ~/log G1 ea shown bf the ourve L iaa 

Fig. 25. frequencies •1• w2 , ••• end the oorreepondin3 pbee 

shift~ for a tranater functf.on Gl(3w). G2 (jw) are aerked elODS 
the ourv9 L in thi:l figure. Considering only single -valuoi 11nr 
lin93r1tiea, for a obosen frequeno;y, 88y 4. 0, the curve .N wUh 

OJ. (the point tor w a 4. 0 on tho w rve L) as ori gi1 reprea enta 
the log 0/log E wrve defined by eqn. 40, Eind the total looP 

phese shift is 166°. For a gi v~ B (=1.25 say) tbe curve· Q..t • 

166° of the universal ohart. with its origin abif'ted to (-.o~n. 

-.097) :repret3ents the log C/log E ve:rie tJDn. The auperpoai tioll 

of these two seta of log Wlog E curves ia s oown in Fig.26, ira 

whioh the interseotionn of the 166°pu.rvo of the universal ohar\ 

end the H ourve, represent the only point!J Tt1lere the loop pheDe 

shift end the loop gain ooncit :Ions represented by ecp; 40, are 
a1mult.enaoW3ly sntisfied, end g1 ve the pos!Jible va hea of the 

reaponea. Thie pro oetlure ~ be re~ a ted for my desired renge 

of R end w. 

App (flldiX III 

Ge:J<'lrn l Meth9d of Dl~~nins the IDIDP ot Odd 1£2.g l1m !&[. 

El em~ 

Conaidar en odd .nonlineerity 1 • f(x ), having en input 

x = x1 ·sin w1t + x2 Sin w2t, w1/w2 being an irrational number. 
i ·or en incroment~l input sigoal xi , the inorement&l outpu~ 

ia obt~ined OtJ l O. 2 
d Xi 42 } 

Yi =- :xi di { f(x >} + -2i -dx2 { t(x) + • • • 

iYberex a X1 Sinw1~ +X2 SiDW2\ 

}'or en inf'initelrl.llllll aisnal x1 a 

71 • xi ~- { f(x >} 
d.x 

6ben 1 1a m odd &notion of x, _«!z ia en even 1\lno­
dX 
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Uon of x. Por '\he oeae when x • :L1 Sin w1'\ + ~ Sin w2 t. 
--£; { t(x)} oen be expreeo ed ea a 

;;-!- { t(x >} • L r: Y' Coa(pwl + qw2 '\ ) 
\AA p ... cret q:wo p, q 

where p q ere either both odd or both even. 

. . . 
1'he tollowins oaaes ari e ea 

(i) xi • 6X Sin (w1 t + lp) 

Y' Coa (pw, + q't12 p,q .A. 
i) 

. 
For thig case, teras ot trequm cy w1 in tb~ inarem t al 

output are obtained tor p .. q a o, and P=2, q a o. 

.·. ® '12 0 4 2lp 
• Y' - ---~ e-J o,o 2 

W=-Wl 

(11 ) xi .. Ax Sin Cw2'\ + 'f ) 

B For thia cnoe, terw of :troquenoy tT2 in tho i n<.!r :~ ent l 

outpu.t are obtained for p =- q ,. o, and p :::: o, q "" 2. 

• • • @ • Y' - _!2,2 e-j2cp 
o,o 2 

•=•2 
(iii) x1 • 6 X Sin (nwlt . + tp ), where n i a on integer. 

~or tbia 0:1sea 

• Y' o,o 

(v) Xi ... ~X Sin(wt + 4' ), 

' 1ft = Y~ .. o 

ll' 

.. 1 

Fro!ll thoae it oen b~ ao.u thst. th~ ceutl"e of t ho@ 

~:l.rol es is elwoys Y~, 
0

• Com4'3ring the rasul ta :>f (1) ou (H) 

above With eqDS. 7 a nli e, we obtain~ 
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1 ~Nt 
.... llt + -r ---­

~xt 
y~ 0 

'"" --:.1. 
2 

Yo 2n • --L-2 

.A pp endi.x IV 

a Y' o, o 

(41) 

1'he eXpres aious for the 1no:re:nental DIDl of eevorel n>nli­
n aeritics are derived OOlow J 

(l) Ot.tbio .. 

I ·or t.he nonlineer oharaote:rieUos y • x', 

Ha =- ~ {x! • 2X~r 
and Nr ... -} {:xi + ZX!\ 

• 1 aHs ' 2 
• • -- X8 ---- • -- X 2 ~X.8 4 8 

end 1 oNf 3 2 
- xt --- ., -- xt 2 ?J.X.t 4 

C~Na 3 { 2 2l 1 a 5t 
N + 1 x -- • -- Xs + xt J • Hr + - - xt ----a ~- 8 c,x8 2 2 a Xt 

• Nt 
It oen be seen that NI. is always greater that Ne or Nf at 
any point. 

(2) QuinUc 

and 

. . . 
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I~ can be aeen that NI ie al. wtiya greeter than N8 or lf~ a i 
poilli 

(3) Ideal Bele7 

l'or the id eel relay the t~llowiz:la t:flo. e.as es aria a:. 

and 
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! 'rOJa eqr;,. 4,, we tind ~ha~ t>.r a g1 ven N
8

, lfiis alwqa 1rea­
ter than ll3 for Xf :> X8 • For Xt (... X

8
, lil, is lesa ~ha N

8 
tor ~ll va lues et Xt• NJ. is equ.sl to N8 when~)k}• 2@ (k) 
(Fr-Oll eqn. 4') i.e. for t • o. 909. &noe tor ~ N

8 
• oonnan~ 

ch arecterietios ~ Yd.ll bo 1 ess than Ha it Xt/1
8
(0. 909, ancl 

~ will be grea~er than 418 for Xt/18 > o. 909. 
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Ida~ ot oaptions ~o the illua~ra~iop! 

lloDlinear Spt•. 

'RquivaleD~ !Jonlinear S71t•' tor De~eraiDiDI b 

Co.poneo~ of JoroiDs JrequBDOJ'• 
'Rquivaleo~ Honl.inear Srata' t>r Bapra!aD~iDI ~bl 
Self OacillaUoaa. 

a Inoreaa~~al Jraquen07 Re~popa for Bamonio O!oilla­

ti.oDa. 
a l'baaor Dia,raa • 

IDIDr for w • •t• 
.a Imraaen~al lrequenqr Reepome for .Al.Jioa~ Period1o 

"Oeo1lla~1og.. 

a S,-\a liepreaen~i.nJ ~he Tan der Pol Equation. 
a Boo~ l.oou8 .Aaaooiated With 'YilD der ~ol :BqgaUon. 
I S7a~ 811 ol:J&reo~er1a~i08 for BISJIG)le 2. 

1 De!eraina~ioD 'of Beaponae 1br •t • 1. ~5 m~ lC!W Bt 
- 1.9. 

liB .12 1 Illua ~ra~1DI aolu~i ma for a&TC'al Rf a~ •t • 1. 25. 
~.13 a ios X1/los 1-t Plota tor Br&~~plee 2 eacl ,, 

~1~~ ~4 1 l'os Xt/log Rt and lOB Xs/log Rr Plots ~1)~ ~f .1.25. 
~f~!~ ·• log Xr/log Br and log X8 /log Rr Plo~ ~r •t • 2.0. 

J;s~~ System obaraoter.Lstioa tor axa.ple ~~ 
~g.i>7 l ~luatrating Solutia18. tor •t • 1.2~ log Bt-i• 35. 

·-lis·~ a nluatrating Solutions for aev~~.l Hr a~ •:r-1•5. 
J.!.f.l9 a log Xr/log Hr 81ld lPS X8 /log Rt Plota . tor •r1• 5. 

lis.?O a lit!Xt for for Ne • 1 Por a Cubio lionlinaarit7. 

iig.21 llt!Xt Plot tor lfa • 1 Por a Q~~nt.io Jlon11naar1 ~7• 
lig.22 mook Diagrp of a Geaeral Bonlinear S,atem. 
lig.23 P.baB.Jr :pj.agra for :Poroing lraquan~. 

lig.24 a l og (C/R)/loi (1/R)Plot for Qt,;.l66°. 
Jig.25 a Bepre:utnta1oion · o~ ~yet~ ~araoteriaUoa. 

~~.26 Illustrat~~ l?o1uticaa for a GivOII Band • • 
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COMrUIATlON OF INITIAL STATE REGIQNS FOR SYSTEM 
STABILity VIA FREQUENCY RESPONSE CRITERIA 

Andrew U. Heyer 
Nevark College of Eqt.DeeriDg 

Newark, New Jersey, U.S.A. 

I. INTRODUCtlQN 

There are aany control ayatema for which an equilibrlua la 
asymptotically stable but not gl9bally asymptotically stable,l.e., 
~he state ~(t) approaches the origin ~ • Q asymptotically ,only if 
the lnitial s~ate ~(O)•!o lies within a certain region 5l.For ex­
ample, the equilibrium of an aerodynamically unstable missile or 
aircraft can be stabilized by means of suitable feedback paths; 
however, these become ineffective whenever the control variable, 
•·¥• fln deflection, reaches ita limits, giving riae to a finite 
nability resion R for the initial state ~· 

For second-order autonomous systems, this region can be 
found with relative ease from the state plane portrait which 
could be obtained by direct simulation of the •ystea. For higher 
order ayatema,however, the simulation approach may become too in• 
volved in terms of computations that are required to map out the 
stability regions. It is desirable to obtain the stability bound­
aries by means of an algebraic criterion not involving (comput• 
1ng time consuming) integration of differential equations. 

In this paper, the single-loop feedback system of Figure 1 
la considered whose linear element may, for generality1 contain 
tran~portation lag; the system motion is given by 

i<t) • M(t) + ~(t•T); u(t) .:f[e(t),t]; e(t) • -s.T~(t) (1) 

vhere &(t) is the ttate vector, A la a constant .nxn matrix, ~and 
£ are constant n-vectort where sTia the transpose of £, T la a 
transportation lag and u(t) ·~(e(t),t] represents the functional 
relationship berween the error and control variables e(t) and 
u(t) respective~; this fun~tional relationship may be time-vary­
in& and/or may contain memory. However, it will be assumed that 

aS :t£~ S b for all t ~ 0 and fe(t)J SE (la) 

Pw eoia..8D.l.~ce, thla la expreaae4 aa 
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i € [a,b] for fe(t)J SE (2b) 

For ~eo, the~lobal) asymtotlc atability of aystem (1),(2) 
has been •u~ject to extenaive inveatlgation, of which the moat 

aucceasful results are based on the frequency reaponse method of 
Popov h 2•3 • . 

Suppoae that, by any method, abaolute aaymptotlc atability 

for; E [a,b] has been established for E•oo; however, thenonl.tn­

ear el~ment of the system aatiaft.ea ; ~ [a,b] only for aome fi­
nite E. Then, any aet of initial conditione for which le(t)l~ E 
for r~O will be sufficient for asymptotic atabllity. 

' In order to establish an algebraic algorithm for computing 

the stability boundary for the aet of initt.al conditions, one 

possible approach (not to be considered in this paper, ho~ever) 
involves the use of Lyapunov 1 a second method. Under suitable 

assumptions, the existence of a Lyapunov function t.s assured lf 
2 4 5 the frequency domain criterion of Popov la aatiafled ' ' • By 

• obtaining the Lyapunov function V(~) and ita derivative V(~) 
under the asaumption ~hat E•oo and then usin~ ~c~(finite) 

E, the stability region for the set of initial conditions~ be 

obtained9 • 10 • 

Another approach is to ·obtain an algegrat.c algorithm for 

c~putatlon of stability regiona directly from a frequency re­

spnse criterion, i.e., without the use of A Lyapunov function. 

This approach will be the subject of the present paper . 

A.M. For~Alskit6 has recently shown how a atabllity region 

for initial conditions ,au!ficlent for asymptotic ~abtuly can be 

* coraputed directly from Popov'a theorem , His method requ1.res that 

the nonlinear element of sector !! c [ O,K.] is single-valued and 
e T 1 • ** that the Popov condition b~(l+jwq)s (jwl·a)· + i ~ 6 > 0 be 

* Formalnkii'a paper is presented for aysteml without tranl• 
por tation lag but containing ~:~~ore than one nonllnearlty, with an 
example given for a system with one nonllnearity. The traa"tment 
of systems with several nonlinearltlea i• similar to that for 
ain~le-loop systems with one nonlinearity, except for the use of 
careful vector-matrix ~nlpulatlona, Therefore, in the lntereat 
of insight, only single-loop system& with one nonlinearity will 
be considered in this paper. 

** For system (l) with T•O (no transportation lag), 
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satisfied with q~O (l is the identity matrix). Formalskii 1s 
method appears to work best when a large magnitude of q can be 
found that satisfie• Popov•a condition and yield• more conservs­
tive (s~ller) stability regions as the magnituda of q becomes 
smaller. It is not applicable !or q•O. 

In the present paper, an algorithm will be presented that 
is applicable not only to all finite values of q including q20 

but also to systems with nonlinearities that are time-varying or 
may contain hysteresis. Moreover, the linear'element may contain 
transportation lag and possibly distributed parameters. 

Let ~ be a vector (to be defined later) representing the sac 
of initial conditions. ln terms of the system error e(t) • 
e(t,~) and the control variable u(t) • u(t,~), system (1) may be 
expressed as 

e(t,!,) •e
0

(t,!_) -1! g(t->.)u(>.,~)d.A ; u(t,!,) =~(t,~),t;~O (3) 

where g(t) ·1.-1[a<s >J • -sTi(t )~ 
~(t) ·;(-l(<s!-A)-le·aT] 

(4) 

(5) 

and where ! is the identi~ matrix. The initial condition re­
sponse of the (open loop) linear element, .e

0
(t,!,), depends on the 

initial state !o=~(O) and, if. the system contains transportat ion 
lag, must include an additional term which can be expressed i n 

terms of the response to a forcinz function .3ppl1ed during the 

time 1n~e;val •T,! t <O.Thus, 

where 

e
0
(t,,I) • -sT~(t)~ - jt g(t-.\)u

0
( 4) d>.. 

-T 

4 { u( t) , -T ,! t < 0 
!o i 3(0) ; u

0
(t) • 

· 0 , elsewhere 

( 6a) 

(6b) 

The terms g(t) and l(t) defined in (4) and (5 ) represent 
the unit-Lmpulsa response and tha transition matr1x ·respec tive ly 
of the linear elemen~. 

In order to avoid dealing with initial functions u
0
(t ) , it 

will be convenient to restrict the analysis to classes o.f ! unc­

tions (u
0

( t ) j!:, ~· Thus, the following (n-tl ·dimensional) veccor 
is defined: 
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(7a) 

where 
~ • sup lu0 {t)j • sup lu(t)l 

·T~t<O -T~t<O 

It is the objective of thia work to fiDd region• o( £. that 
aatiafy the given atability requirement•. 

11. THE CONDITIONS IMPOSED OM IHE SYSTEM 

For the linear element, the following definition will be 

uaed in thia work: 

* DEFINITION 1 : A linear time-invariant element ia aaid to 
be output stable if the following conditione bold!*: 
g(t)E' 1.101.2 ; ~gJe0{t,!_)l < oo, e

0
(t,!_) E ~, e0(t,!,)E~, 

each over (O,oo)-for every set of initial conditione !.• 

It ean be ahown that if all eigenvaluea of ~ have negative 
real'. valuea, then the element la output a table ***. 

I 

For the nonlinear element, eaaea are eonsider~d wbere it may 
be t~-varying or time-invariant v1th or without hyateresie. 
For the latter, rwo eaaea are eonaidered 3 : 

DEFINITION 2: A time-invariant eharaeteriatie .u(t) • 
JTe(t)J ia aaid to have passive hysteresis (active hysteresis) 
if 

,.
2 

u de < (>) ~e2 u de -l~!r. u de - .[~1 u de (8) J[ - - ;.r,., o • •a o • 
1 1 

hold• for every pair e 1 , e1 wberer represents the path 1n the 
u-e ~aracteriatic due to any possible hiatory of e{t) and 
where r, , and r.a represent any given path (not a closed path!) 
on the characteristic between 0 and e 1 and between e 1 and e2 respectively. 

aee reference 3, p. 367. 
** The clasaea L1 and L2 represent all absolutely and •quare• 

integrable functious respectively. g( t)e L1 n L2 meana "g( t) 
belong a to both L1 and Lz •. 

*** If all eigenvaluee of A have negative real parte, then 
(tee reference 3, g.738) there exist real poeitive numbers a,M,M 1 

auc:h that /lj(t"~~J•(I; ~i2j(t))" < M exp(-at), 1 -(tll <M' exp(-ut) 
"'i,jwl - -

for all ~0. Output stability follows froa this and from (4) to (6). 
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.!xalple• for the•e tvo t~• are lllu.tratad lD Flaur• 2. 
The pa11lve type le, of cour1a, the one of practical Laportance. 
Hoevevar, it turlll out that the alsoritha to be pre1ented later 
il better expreaaed in t•~ of an active hy1tere1i1 character• 
iatic. Fortunately, a 1y1t .. containlfts pa11iva hyataraai• can 
be tranlfon-ecl into another one of the .... for~a contal.Alna 
active hylteraei• and vice-veraa. Thil can be dona by the tran•· 
foraation u'•l(e-u vbich il illu.trated 1Jl Fi&ur• 2. 

111. m nmDNWfiAL uwrONs 
lf s(t) and u(t) both are aquare•lntegrable function• of 

t over (O,co) (to be juatified later), then it follow• fro. (3) 

and frora Schwarz •a lnequallty that 

Ju(t,~) ~ [ 1! u2<~.!) d:l' 

Jl(t) ~ ( /:· s2(r)d't"] ~ 

(9) 

(10) 

(11) 

lt will be 1bown later that bound• for Ju(t,!,) can be ob­
tained in term8 of the 1Jlitial condition vector ! that are valid 
•• lons •• iE{a,b] Which, by the ltatement of the probl .. (aee 
(2b)) .. ana, •• lona aa faCt,~), S 1. The ba1ic idea then i• to 
compute a raaion ~for the initial condition 1et ~ auc:h that 

~ ( fe0(t,~)f + J 1(t) Ju(t 1!.~ S I (U) 

That la,~ ia defined by · 

IR • { ~ I ~S ( Ieo< • ,J.>I • .ra<•> .ru< • • .!~ ~ J:} < lll 
Rota that latilfaction of (12) lmpliel flniteoell of Ju(~!,) 

vh1ch 1 u it turn• out, impllea that e(t)•e(t,!,)~O a1 t-oo. 
Thil fact, the obtainln& of a bound on Ju(t,!,) aa well a1 another 
relation u1ed for computation of ·a ltab111cy region by .. ana 
other than (13) are all ba1ed on the following 1.._.:' 

1&!!1A: ror ayatall (3) who•• ll.near element la output 
ltabla and who•• nonllnear el•-~t 1a~11fle1 

i E [o,xJ for all e(t) • e(t,!,) and siven X in 0 s ICS CD ( 14) 



128 -

Let there be real numbers h > 0, q a.nd w such that the 
(?opov) c::ondit:ion·. 

i:n! f ~-< 1 '+ jwq)G(jw) + ~) ~- ~ > 0 ( 15) 
w~ \ . . 

is · sat"isfied. Then, inequalities (16') and . (li), given below, 
e.tch hold: 

[Ju(t,~) ·- ~J0(t,~~ 2 
- J Ir(t,~) ~ ;!I J!<t.~) t~O (16) 

wher-e Ju(t,~) waa defined in. (10) and 

Jo(t,~) ~ ( {t [eo('r,!_) + q :o(t",~~ 2dt}~ < eo 

r•ct.!> 
lr( t ,!_) ~ .; ~t u(r ,!,) e(r.~) dt'". - J_r u de 

e(O,!,) 

A 1100 ~(l + jwq)Eo(j(l.),!,)'2 
J~r ·( !_) c 4Tr 1 dw 

rr ~( l + jwq)G(jw) + K 
0 

where E
0
(s,!.) c~0(t,!_5Jand where lr(t,~) represQnts the 

line integral over the (ro;: necessarily unique) path rt.n the 
functional relation u ( t,~) •;F[e(t,!.),t]. 

(17) 

(i8) 

( 19) 

(20) 

Moreover, i! ( 16) yl.!>lda J ( t,!) < oo for t = oo and for 
every; and if, in addition, ~ll eigenvaluea of A have nega­
tive real parts and (15) is satisfied with 0 ~ q < oo, then 
the or1g1.n !S :o Q is globally asymptotically stable*. 

Remarks: (a) Condition (16) r efeSmts an important inequalliy 

upon which a funuamental stability theorem in reference 3 is pc-oved; 

that proof involves cons i deration of various cases of nonlinea­
rities and the finding of conditions for which Ju(t,!.) is finite. 

(b) If (16) yields a finit~ bound of Ju(t,!,) ani if for e 
g iven initial condition vector !., (12) is satisfied then, by (9), 

le(t.~)l ~E. Thus, for cases for which ~fp,tc] only whenlel ~! 
(but not when rei>E), the results of the Lemma are valid as long 
as 12) is satisfied. Condition (12) then maps out ~ stability 
region for !.t ~efined in ( 13). 

* Some linear elements with not ·completely observable 
states m.ay be output stable, yet their A matrices may have 
eigenvalu~not in the left-half plane (e.g., at the origin). 
the other hand, in many practical situations, it is only the 
behavior of the signal e(t,!,) that is of !nterest. 



129 

(c) Condition (17) i.s r-elated to Formalskii 'a method6 and, 
together with (19) and (20), leads to an integral relation anal­
ogous .to. (l2) from which another region of! sufficient for sta­
bility can be found; this will be discussed in the next section. 
Condition (17) is also related to a result obtained by 
Chinnapareddi and Li11•12concerning bounds on transientr~es. 

For a proof of the ~bove lemma with respect to lnequallty 

* (16) and to the last statement, see reference 3 • The proof of 
.condition (17) can be obtained by derivation analogous to that 

6 ~ in Formalskli for the clas1 of sy1tem. consi4ered here • 

Conditl~n (17), which al•o represents the balls for 
Formalakil 11 method, 11 limited to the cases where · q~O and de­
creases lta usefulness as the magnitude of q becomes smaller; 
this represents a shortcoming of Formalskii'• method. Condition 
(16), on the other hand, applies to all values of q. 

Before proceeding with the discussion of their application, 
lt la of interest to compare conditions (16) and (17). lt follows 
from (16) and (18) that 

-1-lr(t,!) ~ [Ju(t~)- ft.J0(t,!~ 2 
-lt,.t:t,!) ~ ~2 J~(t~,:s ~' ~oo,!) 

Thus, ' . 4 4 

-qlr(t,!) ~ 41~ J!(oo,!) (21) 

The same follows also from (17) upon use of (15), (18), (20) and 
Parseval's relation which yields 

JF(!) ~ 4~ J!(oo,!) (22) 

The conditions ?f the lemma apply to those of Theorem 10-1 
of reference 3 the proof of which contains condition (C-24), 
Appendix C of reference 31 which (upon the (valid) substitution 
T by t), is identical to (16). 

lf (16) yields a finite J (oo,z) for every! then it follows 
frcm Lemma 10-1 of reference3tHat e'ft,!)_.O as t-+oofor every!:_. 
More·::Jver 1 if all eigenvalues of ~ have negative real parts and 
O<o<oothen if follows from the proof of Theorem 10-2 in reference 
3-(Append ix C in reference 3) that the origin ~=Q is globally 
asymptotically stable. 

** Formalskii considered only systems with single-valued 
time- invariant functions u ~ f(e). However, condition ( 29) of 
reference 6, for a system ._.ith one nonlinearity and ap.r · ~opri.ate 
change of notation, is valid for the conditions of thi ·; leMma 
and leads di~ectly to (17). 
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though (16) 1• eon•iderably leu eonte~t._t;1.ve than (21), 
the denominator of the integral in (20) mak•4 -,(17) also le•• eon­
aervative than (2l)j however, the integral in (20) represent• 
greate~_. e_omputat~o~al eomplex.ity. 

IV. ALGOR IIHMS FOR CO~~UTATiON OF ~UFFICIENI SIABlLlJX RE~lONS 

Fir•t qf all, it •hould be recalled that the condition• of 
the Lemma ttated in the previous •~etion do not necessarily refer 
to asymptQtli stability except tor the (usual) eaeea where all 
etgenv~lues of the 6 matrix have negative real part• an~ ~q<oo. 
Otherwise, the "stability region•" ~to be obtained from the 
Lemma refer only to the property that e(t,!,)~ 0 as t~oo when 
:~~;this property, which ~tten suffices for •~lheering pur­
p_oaes.t , wlll be called ·e-attraction and~ will be called the 

r~~i~n of' ~-attraction • 

.P'ur.ther,. it ahould be noted that for given linear and non­
linear elements, the expressions in conditlon ( l~}: as well 4.~ 

those 1n conditi~ns- (1-6), (17) and (21) ea~. ~-i b• exp~~ued in 
ternus of a-b4!b~-4-i~ f'4-_ncttons involving ~ and. t. __ F;or. example, it 

T"'" 0. (.no. trans>portat1on lag) then it follows ~~pm (4), (6), (11) 

and (18) that 

Js(t). (~r ~(t,O>~) \ (23a) 

J (t' z) • c·litt *{~- q)x ,~J 
0 ,_ ' -:-o .L ' -oJ 

where".t(t,qJ ~ lt[!T('t') +- q f_T(t")J SClT [!('t) + q 1<t-)]d~ 
0 

(24) 

(23b) 

can . ~• determ~ried from th• gi~en transition matrix i {t). An al-
gebrai~ expression for. (t .z) la given by (6) • . o -

The fo~e!oins results will now be applied to several cases 
of nonltnear elements and ranges of q satiafyins (15): 

1. q a 0; General Functional Relation u(t-~ ~:rG-{t) ~ t] ; 

;!-(O."Klt~r lel ~!, O<K~oo: 

Por q • 0, (15) yields 

~ • inf (~G(W) + ~). ~:t o 
w~o · 

(25) 
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Also, for q 11 0, (16) becomes .Ju(~,~0 ) $ (1/~) .1
0 

(t,!.o) ao .that 

( 12) bet:omea 

aup (le (t,!,)j+ f .J_,:.?{t) ':J
0 

(t,l>)·- $ E ' (.2~.~) 
t~O 0 o o · . 

The ; ol>je.c:tt'v~ ·ia to 'find a region 6\10 for !_ such that · (26a) 

is satisfied, i.e., 

lj\10 • {!.I ~& ( !•.<•.!.>) + t Js('t> J 0 (t,!.l) d:} .. H6•l 

The computaion of the boundary ·of eR can be ac~ompliabed by 

means of a suitable" search techiH:'i~• .. 

2. ~q<oo; · Ttme • l nvariant: Functional Relation, Either Single­

V~?-lued or with Act:ive Hysteres is , (t) • :f(e(t)] ; it: [O,K] 

forlel $ E , 0 < K $ oo : 

Let the following expressions be defined for conveoien~;e: 

· [!e(O,z) 
10(~) • sup ( r. ~ de) 

all ro 0 0 

.- · . . e(t •z ) 

I (t,~) 11 inf ( (r._ ~-de) 
m all rm J~.., 

(i7b) 

lE • . inf (fEu de) 
all rE o 

{27c) 

where ~ , rm and rE represent all possible single paths {no 

closed path all~led) on the u-e characteristic between 0 - e{O~), 

0 - e{t,~) and 0 - E respectively. For a single-valued function 

u = f(e), of course, these paths are all unique. . 

For active hysteresis {including the special cas•· ef ca bLme­

inva.riant function), i t-·-<f-o-llows from (8), ( 19) and (27) that 

(28) 

Therefore, wi~:cetl-'; - lt - ~lo'llows from condition { 16) that 

.' .. [.Ju(t,~) - ~ .J0(t-,~>] 2 ..-~ f 10(~)-! l•(t,:) + ~ .1! (t,:) 

But for l€-~O~~t] with O<K~oa j· tt. lelloti'l froa -: (27) tha~ 10(:)~ 0 
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and lm(t,!,)~O. Therefo~e, aince q ~ 0 and '> 0, the abo-.te ine­
quality yield• 

Ju(t,!,) ~ ~ J 0 (t,!,) + "~ J!(t,!,) + i 10 (!,) 

4 

(29) 

Thus, (12) and (13) become respectively 

aup (le
0

( t,!,)f + Jg( t>[f& J
0
(t,!,) + :-;2'_1 _J_!_<t-,-!.-)_+_l_l

0
_(_!_>J' ~ E 

~0 \ 4& IJ (lOa) . 

~q ..-{!·jsup{,_ 0 (tt.!>l + Jg(tlhJ0(ta!;.) +J~ ~(t,!) + II0 C=>J) ~ E} 
_ t~o f ~ .r4b V (lOb) 

Note that (2o) is a special case of (lO) for q • 0. 

For condition (17), anothe~ region for !. can be obtained. 
From (17) L~d (28) it follows that 

(ll) 

Now, for ; ~ (0 ,K1 , 0 < . K ~ oo, it follows from ( 27b) and 
(27c) that 

(32) 

Thua another condition and region sufficient for e-attraction 
will be glven by 

10 (!,) +·* Jy(!) ~ 1£ (J3a) 

~~ s { !.llo(!.) + * JF(!,) ~ 1£1 (lJb) 

Another region can be defined by condition (21) which, with 
(28) a n 3 (32) yields 

( ) ·1 2 ( ) lo .!. + 4i(i Jo eo,!, ~ 1£ (34a) 

rxl~ • r !.1 Io(!.) + ~ J!(oo ,!,) ~ lE 1 (34b) 

It follows from (22) that region ~3~ la more con1ervative 

than 6\2<i, 1. e. , 6\ 3'} C ~2.q. On the other hand, it hae the advan­
tage that it involves fewer computation•. 

Since (30), (33) and 04) all det~e regions that are auffi­
clent for e-attraction, the union of any two or atl of these 
re~ton• will also be sufficient for e-attrftction. Tbl• means, for 
ex~~v le, th~ t the bO'~ndariea of the region defined by 
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~12 • ~lqlJ~q will encircle both region• 6\1q and ~q. 
3. • eo< q < 0 ; Time•tnvariant Function, ilther St~le•Valued or 

with Pauive Hyatereais, u(t) • J[e(t)]; ;t. [0,~] tor 

fei~E,o:~~<CD: 

Thi• ea·•• appUea when the Popov condition ( 15) can b-e eat• 
isfied vt.th • OD< q S 0 for a ayatem catisfytng the conditione of 
the lemma in the previoua aection whose nonlinear ele!D'!nt ia ei­
ther time-invariant or has passive hystereais and where 0 < K < oo 
(i.e., K- oo). Then 3 if E • oo, it is guaranteed that for every 
!,, Ju(t,!,) < oo for all t ~ 0 and e(t,!,)-f> 0 as t-+01) .' Thia vas 
proved 1n reference 3 by means of the following transfo~eion 
(see Appendix C of reference J): 

(35) 

Tranaformation (35) applied to the ori3inal system (3) yielda 
the following equivalent system: 

where 

u1(t.!) • j1[e(t, ;~.>J 
(36) 

r ~ Eo •,!) 
1ol<•,!) •It. •Jt,~)j• 1,. K~(a) 

(37) 

It follows from (8) and (35) that lf the original nonlinear 
element had pasaive hysteresia then the tran•formed element 
u 1(t) •1r1(e(t)] has active hystereaia (e.g., aee Ftgure 2). 
Moreover, if the Popov eonditton (15) for tha original linear 
element waa satiafied with a negative value of q, then it will 
hold for the tran~formed ~lament G1(s) with a value of q of the 

* same magnitude but with positive sign • 

It la indeed possible to obtain a relation for~ in terms 
of the origtnal aystem. ln that caae, the bound on Ju(t,!,), that 
ia needed to compute N by (13), can be obtained fro~ inequaltty 

relatlona between u1 (t,~) and u(t ,~) involving {35) and (36). 
However, u' that procese, too ~ny terms are lost which ~ill 

Thi.s ! ollo-..ra from t he proof of Th~orem 10-1 given in 
Appendix C of refer&nc J , 
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make t:he region~ obuined too eonaeprative! 

Therefore it is recommended to transform the original 
sys tem by ._ (35): - ~~d (37) when indie~~.J such that the transformed 

ayatem falls in~o case 2. 

4'. 'Gases ·-\o'here !!.cf r •• -b1 f r , iel~ r: . • < ·b : e .. 'J 

For such eases, one can easily transform the system by the 

(pole-shifting) trana!?r~tion . 
u 4 (t,~) e u t,~) • a e(t,£) (38 ) 

~hich trensforms the original system (3) into the system 

e( t ,!,) r:r --~oa< t t!J -it ~(t •?") uJ't",!) dt" ; u.C t, £) c :f
4 
[•< t ,£), t] 

0 . 

:• € [o,b-a] for 1•1 ~ E 
where 

(-) 
l + a ( a) 

(39) 

& Eo(• ,!,) 
= l + aG(a) 

(40) 

For stability studies, instead of transforming the sys~em, 
one can also transform the stability conditions. This approach 
yielded the generalized circle criterion (valid for - oo< q < ao)3• 
Because of ita flexibllity,that c~iterion ia highly useful in 
stability ~nalysis. 

However, when it comes to the est~blishment of actual bounds 
of Ju(t,~) needed in the computation of~ then, aa in the previ­
ous case, too many terms in the inequalities may be lost in the 
process o~. tr_ansfo~ation. Therefore, it is recommended also for 
these ,cases to use transformation (38), (40) directly on the 
syst~m -when indicated in order to bring it into the form of Case * . 
2 • For the. case of a general time-varying nonlinear element 
u( t ) -. :f~(t),t] and q = o,transformation (38), (40) will yield 
a ays~em · of the form of case 1. 

In order to bring the original system into the form of 
Case 2, it may sometimes (e.g., in case of passive hysteresis) 
be necessary to use a combination of transformation• (35) and 
(38). 
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V. AN EX.A..""PI..£; 

Conaider the aya~em wi~h ~ransportation lag, given by 

;(t) •- x(t) - 0.8 ti(,c-0,5) ; u(t) • ':f(e(t).,t] } · 

i E ( 0, 1 J tor I e) ~ E ~ 1 
(41) 

Two eaes for ~he nonlinear elemen~. will be conaldered, namely 

a) General time-varying nonllnearity u( c) • j(e< t), t] with 
~E[o,t] for let~E • 1. 

. 3 
b) . Sbtgle-valued nonlinl!arity u • e . • . . . 

Syatem (41) is of the f~~ Qf Figure 1, with 

0 8 -o.s. 
x(t) s e(~) ·, G(a) • ~· :::..;'8~--s+l (42) 

According to (6h ~he open-loop 1nlti~l condi~ion response can be 
expressed aa 

The t~me-derivative of e0(t,~) can be written as 

:
0
(c,:) • -e0(t,:) - 0.8 u0 (t,:) 

(43) 

(44) 

, ~t<O,S 
(45) 

Therefore, with (ob) and (7b), the following inequa l ity holds: 

leo(t,:) + q eo(t,~>l ~ (46) 
. • {11-ql{j~~ + 0.519 "M)e- t + 0,8 q '\.t, ~t<O, 5 

ll-qJ <f'b/+0.519uJ e·t t~O.S 

From (18) and (44), 

J!(t,:) ~ -'J(l-q) 2 (1x0l+Q.l9'1t)~(l-e·2t) 
+0.63> lql Jl-qj~ (lx 0 J + 0;519 ~) + 0,320 q2~ t~O.S ( 47) 

From (11) and (42), lt becomes 
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O:ft<O.S 

~o.s 

Wi~b Kal~ ~he Popov eondi~ion (15) becomes 

~ • inf(ftz(l + j&A)Q)G(~}+: _ l) ·> 0 
w~O 

Here, with (42), it is 

(48) 

b c tr.f (~ [< H ·w2q2)cos 0.5w -CIJ(l-q)s1n O.SW]+ 1\ > 0 (49) 
'» ~0 l+f.lf "I 

Cue (a) i General Time-Varying No.nlinearity: 
. . 

For ~hia case, it .must b~ q • 0 and the etability region ~O 
\o'il1 be given by (26). For q • 0, ( 47) yi.elda 6 a: 0.7655. Ueicg 

t his and relation• (46) to (48), condition (26 b) become• 

where 

~o ·'&ton ~r~ 

~ lo ~{~I 
~i~ ~ { ~t 

aup (1x 1•-t + 
OS,t<0.5 ° 

sup frx0 1 + 0.519 ~)f(t~ S 1} 
~0.5 \ 

f(t) ~ e-t+ 0.522 -Jl-2.718 .-2t)(l-e-2t)' 

Now, it ia aup f(t) • 0.763; therefore, 
t >O.S 

t ~ o.s 

li\10 • f~ I max[(ix0 p ,(0.6065(x0 ( + 0,315 "M~ ~ 1} 

'@.i~ • {~I O. 763(\x0 l + 0. 519 ~) ~ 1 J 
Thus 

ll\ lo : { ~ I max E rx .t> • ( o. 6 06 5lxJ .o .315 'M) ' ( 0. 7 63lx.l +0 .395 "M~ 
The boundary of t his region i s aho~ in Figure 3. 

Case (b) : Single-Valued Nonlineari t y 11 a: e 3 : 

Here, it !s permis s able to choose any value for teO, which 
will . determine the value of 6 according to Popovscondition (49). 
The value q = 1 is arbitrar i lv chosen. This, by (49), yields 

~a ~~2 . lneq~aliry (47) then becomes 
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J0(t,~) S 0.565 '\{ , t ~ 0.5 for_ q._ • ... .1 

For the given nonl~earity, (27) yieldl . 
e(O,~) 

10 (!,) R 1 e
3
de • l•!<o,~) .:.• ·.= t -x! 

0 

I l 3 1 
lE • e de • 4 

0 

Con1ider first the region~lq• With the above expressions 
and also (45) and (48), this region follows ~~om (lOb) a1 

6\lq • 6\tqn~tq 

wherel;\{q t{!.l sup (Jxo\e·t + 0.8 ~(l-e-t)\ S ·11 
O:s,t<O. 5 ~ 

where 
a~ 0.6065lx

0
1+ 0.315 ~ ' 

IJ ~ 0.8 ~[l+Jl+ i<x:/~)] 
Thus, '6t1q C' 1Riq06li~ become• 

} 

{ I E · a[t+C~~·) 2Ju t~<2a J 1 
~lq = !. max <fxol ),(a), ( a - ) S 1 

1J if 1J>2a · 

The boundary of. this region is also 1hown in Figure l. 

(Sla) 

(Slb) 

Next, the region ~q , defined by (34), will be conaidered. 
This algorithm 11 the •~pleat of the onea diacuased in this pa­
per 1ince it doe• not involve function• of time. For q•l, it yieldl 
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~q -{ ~.!x:. 1.6 ~ ~ 1} (51) 

All t:bree boundar1el, J\.10 (for qaO), l5\ 1q and ~Jq (for q•l) 
are 1hown iD Figure 3. Tbe firat region i1 valid for every non• 

linear and pouibly dme-varying element u • o:f(e( t) • ':] , a a loq 
•• ; f (0,1] for le\ ~ 1, which include a the apecial cue u • • 3 

for which the latter two region• were obtained. Therefore, aince 
'6\.10 lncludea both 6\1q and ~3q• it clearly repreaenu the least 
conaervatlve and therefore thft moat uaeful o! the three (au!!i· 
clent) atability region•. 

The conclusion that in thia example the least conaervative 
region la obtained for the moat general type of nonlinear element 
may look .encouraging, however, no generalization ahould be made. 

VI. DISTRIBUTED PARAMETER SYSTEMS 

The algorithms diacuaaed in thia paper can be extended to 
ayatema of the aaae form (Figure 1) where the linear element 11 
governed by a partial differefttial equation. Suppose that the 
vsriable e(t,y) is described by a partial differential equa tion 
in time t and dietance-location* y. The motion of the linear 
element can be deecribed by** 

(53a) 

where g(t,y) representa the unit-tmpulae reaponae of the linear 

plant at the apace-location y and where e
0
(t,y) repreaenta the 

response at location y due to the initial function e(O,y). It 
** can be ahown that e

0
(t,y) la of the form 

e
0
(t,y) • _{

00

~(t,4,y) d4 (SJb) 
•CD . 

Both g( t ,y) and lf'< t ,4 ,y) are given in terma of the partial 
differential equac1on and boundary coDditione of the diatributed 
par4meter plant. The tranafer function then ia G(a) • G(a,y) • 

;{[s(t,yB whereby y ia fixed. Thia pl.ant la connected to a 
~nlinear element Lp the manner of Figure 1, i.e., 

Thit can ·readily be exteft~&d to 3-dimenaional apace • ... 
See reference 3, p.83. 
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u(t) ·~(t,y), tj (53c) 

Physically, this means that the signal e(t) • e(t,y) la measured 
at the apace location y and fed back to the plant through the 
nonlinear element. 

the objective now la to find a bound on the initial func­
tion e(O,A.) over- GD~ ~~eo that auurea e(t , y)-+0 for t-+OO. 

Let eM(~) be this bound , defined by' 

1•(0,4)1 ~eM().) 

Then, from (53b), 

(54) 

(55a) 

• Jao d le0 (t,y) + qe0 (t,y)l ~ l~(t,~ 1y)+qdt~(t,~,y~ •m(~)d~ 
-eo ( 55b) 

From g(t) • g(t,y) and from (55b) 1 bounds for J
8
(t) and 

J
0
(t,y) can be found by means o! (11) and (18) respect ive ly. 

From here on, the procedure of applying the algorithms (26),(30), 
(33) or (34) becomes the same as !or lumped-parameter systems ex­
cept that here the object o! computalon becomes the search f or a 
suitable bound !unction eM(~) over the range - eo ~ ~ 5 oo in­
stead of bounds on the initial state vector ln the case of a 
lumped-parameter plant. The following· procedure is recommended: 

(a) Check whether for fixed y,g(t,y) is (i) abaol~tely in­
tegrable and (li) square-integrable, both with respect to t over 
tf(O,ao). Find Jg(t,y) by (11) • . 

·(b) Asswne a !£!:!! for the !unction ... (A.) in terms of a suit­
able set o! par11meters (e.g. eM( 4) c: M for - m 5A. 5 oo, or 
eM(A.) • M e-eiA.I , where M or (M,9) are the parameters to be 

evaluated respectively). 

(c) With the assu;ned function ~(~), obtain bounds for 
l•c.(t,y)l and Je

0
(t,y) + q e

0
(t ,y)J , using (55), and check 

whether these bounds (1) are finite for all t ~ 0 and (ii) are 
square-integrable with respect tot over 0 ~ t 5 eo; if so, 
find J

0
(t,y) from (18) and (55). These properties are required 

in order to satisfy the aLsorithma. 
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(d) Find the numerical values for the parameters chosen in 

(b) such that the particular algorithm (26), (30), (33) or {34) 
is satisfied. 

Thle procedure la conceptually straightforward. However, 
the greatest difficulty consists of the finding of a form ~or 
the bound-function eM(~) such that it yields a finite J

0
(t,y) 

for all t ~ o. 

Vll .. BOUNDED lNPU':l -BOUNDED OtrrPUT STABILITY 

Th• a-lgor:ithma presented in thia paper are not applicable 
to t~• computation of stability regions for bounded input-bounded 
output stability. Such stability regions must involve not only 
the state·? s·pace but also bound ~ on the input signal. 

Analo~ou~ to algorithms (26) and {30) presented here, 
algorithms for regions of bounded input-bounded output stability 
can be· ob~ained from expressions for the bounds of le(t,~1 >f 
where ~L represents both the set of initial conditions and the 

bound rM of the input r(t) to the feedback system <lr(t)l ~ rM). 
Such expressions for bounds on le(t,~1 >i are contained ln the 
proofs of theorems for global bounded input-bounded output sta-

* bility • The derivation of regions of ~l then becomes analogous 
to that which led to algorithms (26) and (30). An algorithm 
based on this approach has be.en obtained by Holtzman8• 

Such an algorithm can, of courae, also be used to compute 
stability regions for the unforced oyatem; however, it la necea• 
sarily more restrictive and will therefore produce more conser­
vative (i.e. smaller) stability regions than the algorithms 
derived 1n the present paper. 

Vlll. SUMMARY AND COnCLUSIONS 

For the class of single-loop systems of Figure 1, algo­

~ithms have been presented to compute regions of the set of ini­
tial conditions ~ sufficient for stability, whereby •stability• 
is defined here in terms of the property that th~ signal e(t) • 

e(t,~)....,.. 0 as t-+ m (called •a-attraction•). These algoritl'lma 

* See for example ,reference 7, reference 3 (pp. 433-438 and 
pp. , ... , .. , 3 , -:o nd ~eference 13. 
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apply to easel where a frequency-response criterion for global 
•-attraction ("global" referring to every !) can be latiafied 
for a certain sector iE [o,~J of the nonlinear element bue 
where ·the actual nonlinearity lie8 within this sector only tor ·a 
limited range of ita input-signal e(t). All of the algorithma 
presented relate to the Popov condition (15). the major results 
of this paper are the following: 

{i) For the ~neral nonlinear (possibly time-varying) 
•lament u(t) a:f[e(t),t], algorithm (26)i yielding region ~10 is valid. 1~ relates to the Popov condition (15) with qeO. 

(ii) For single-valued nonlinearitiea (or the rather unco~­
mon case of active hysteresis), algorithms (30) (region6\1q) • 
(33) (re~ion~2q) and (34)_ (region 1R3q) are valid. They 
relate to the Popov condition (15) with q > O. Al~orithm (26) 
(region~10 ) is, of course, also applicable to this type of 
nonlinearity. 

For the ca1es q < 0 in the Popov condition (15), which 
includes the ee~e of a nonlinear etement with passive hysteres is, 
transormation (35) can ·be performed to bring the system into a 
form where case (ii) above applies. A similar (pole·shifting) 
transformation (38) can be used if the nonlinear sector under 
consideration is iE [ a,b] with ~0. 

Al~orithm (34) (region~q) represents the least amount of 
computational complexity because it does not involve functions 
of time. Algorithm (30) (region~lq) appears to represent the 
greatest amount of computations. It may be noted, however, from 
the results of the example of Section V, presented in Figure 3, 
that the most complex algorithm need not always yield the least 
conservative (largest) region sufficient for stability. 

The algorithms were illustrated by an example (Section V) 
where the linear element contained transportation lag. The ap­
plication of the method to systems with dlstributed•paramater 
elements is indicated (Section VI). The algorithms presented 

* are of an al3ebraic nature • 

· Problems for future work include investigation of optimum 
choice of q to yield the largest region sufficient for stability; 

Note that all integral expressions contained in the aL~o­
rithms can be expressed algebraically (see, e.g., eqs. (2J)). 
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~~ia applies to the algoritbma listed ua4er (ii) above. A com­
parison should be made between ~he •lgorithma presented here and 
methods based on the use .of ~y«punov funetions. A major task is 
the oeve~opment of computer programs for the implementation of 
the al~orithme, Lnclu~in& mea.nin&ful search routines. 

ACKN~LEDGEMENTS 

The author is indebted to c. D. lian, J. M. Holt:zman and 

J. Rausen for their valuable comments. 

REFERDtCES 

l. M.A. Allterman, F.R. GantNcher: "Absolute Stability of Regu• 
lator Synems", Holden-Day (1964) (translated !ran J:bs&iln (1963)). 

2. s. Lefschetz: •stability of Nonlinear Control Syste~•, 
Academic Press (1965). 

3. J . C. Rsu, A.U. Meyer: "Modern Control Principles and 
Applications•, McGraw-Hill (1968). 

4. V.A. Yakubovich: "Solution of Certain Matrix Inequalities 
Occuring 1n the Theory of Automatic Control" Doklady,Academy 
of Sciences of the USSR vol.l43, no.l-6 (19~2)· Engl. trll.!ls• 
lation: Soviet Mathem&tica,vol.l, no.2 (March 6i),pp.620-623. 

5. R.E. Kalman: "Lyapunov Functions for the Problem of Lur'e ln 
Automatic Control", National Academy o! Sciences (USA) -
ProceedLnga, vol. ~9, no. 2 (Febr. 1963), pp. 201-205. 

6 . A.M. Formalskii: "Co struetlon of Stability Region for Syetema 
not Stable in the Whole", Veatnl.k, JobeCDo~thiv.,l%7, no.l,pp.7l.-81. 

8. J.M. Holtzman: "A Local Bounded-Input Bounded-Output ~~on 
for Ncnlinear Feedback Systems", IEEE- Transactions Oft 
Automatic Control, vol. AC-13, October 1968. 

9. J.A. Walker. N.R. McClamroch: "Finite Regions of Attraction 
for the Problem of Lur 1e"t lnt. J. Control, vol.6, no.4 
(October 1967), pp.331-33o. . 

10. s. Weissenberger: "Application of Resulte from the Absolute 
Stability Problem to the Computation of Finite Stability 
Domains", IEEE- Trans. on Autom. Contr.,vol.AC-13, no.l 
(February 1968), pp.l24-125. 

11. K. Chi nnapareddy, c.c. Li: "A Time-Varying Bound on Nonltnear 
System Transient Response", First Annual Princeton Conference 
on lnforrnat1on Sciences and Systems (March 1967)- Proceedings, 
pp. 173-177. 

12. K. Chinnapareddy, c.c. Li: ~emarks on Time-Varying Upper 
Bounds of Nonlinear System Transient Response•, Second Annual 
Princeton Conf. on lnformatlon Sciences and Systems (March 
1968) - Proceedings, pp. 369-373. 

13. R. lwens: "Bounds on the Responses of Nonllnear Control 
Systems" Journal of the Fral\klin lnltitute, vol. 285, no.4 
(April 1~68), pp. 261-174. 



t 43 

r(t) • 0 _ e(t) 
u(t) • 1'[e(t)•tJ 

u(t) 
G(t) 

-•(t) 

+:"' - r 

MC>Ml1N£AR LINEAR 
TlME-VA.RYtHG Tl.W!•lNVARIAMT 

EU:MENT PLANT . j 

Figure 1. Single-loop control 1y1tem. 1he nonlinear element may 
have hyateresia or be time-varying. 
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Figure ~. Illustration of e passive hyster esis characteriet i c ( a ) 
and an active hysteresis characterist i c (b ) . Nota that: 
(a) can be transformed into (b) by the :elation u1= Ke-~. 
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Fbure 3. 
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IXol 
0 o., 1 ~ 0 

Bounds for stability regions obtained in· example. Region 
~0 is valid for any nonlinear (and possibly time• vary-
ing) element u(t) -~(t),t] for which iE[O,l] when 
I eJ ~ 1. Regiom·l\q and '9..3 were obtained for a nonlinear 
element u • e3• Note that ~lo is also valid for this ele­
ment and, since it encloses both regions ~ q and ~Jq , 
it represents the aoee useful o! the three tsuff:icient) 
eta~llity regions for this exaruple. 


