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ON A METHOD OF CORRELATION ANALYSIS FOR
MULTIVARIATE SYSTEMS
Nobuo Hayashi
Narashino works, Hitachi Ltd,

Tokyo Japan

INTRODUCTION

It is well-known, that correlation techniques in automatic control

systems hinges on the result that, if white noise is applied to a linear
system, the cross-correlation function of the input and the output gives
the system impulse response function,. In the case of mltivariate sys-
tems, correlation techniques may be used as in the univariate system.
But there are few papers treating the case gemerally when the input vec-
tor of multivariate systems has mmtually correlated components or sub-
vectors, /

Here the amthor generalizes correlation techniques for univariate
systems to the case of multivariate systems, and shows that the equation
to estimate impulse responses of the system should be a mltidimensional
linear algebraic equation having a matrix of comparably high orders.

\ In the estimation of dynamic characteristics of systems by the use
of correlation functions in the multivariate case, following two methods
may be used as in the univariate case,

1) Mehtod by correlograms of inputs and outputs te find system imp-

ulse rssponses,

2) Method by spectral analysis through correlograms of inputs and out-

puts to find frequency response of the system.

Disscussions about the comparison of accuracies in the estimation by
thege two methods hed been treated in some works, In this papengthe firat
method in the multivariate case is mainly studied.

Up to now there are some discussions about the accuracy of impulse res-
ponse functions estimated by methods of correlation techniques, Particular-
=1y ebout the accuracy of frequency response functions by spectral analysis
methods, many statistical discussions were givenx.'

Consequently the concept of windows became familiar to engineers, howev-
er it is still difficult to choose adequate window-pairs for each practical

problem, In contrast to discussions of frequency domain analysis, it seems



that statistical estimations of the accuracy of impulse response functiodns
given by correlation techniques were not so succssfull., Here some discussions
about this problem are to be given.

THE CALCULATION OF IMPULSE RESPONSES BY USING CORRELATTON FUNCTIONS IN THE
MULTEVARTATE ‘CASE
About correlation techniques of antomatic control systems in multivari-
ate cases, some results are obtained by Y.Sawaragi and N.Sug&'la. In this paper
a more general formula will be obtained.
Now consider the multivariate linear system as shown in Fig.l.
-For the simplicity, we use vector notations of inputs,outputs and noises

as follows,

Xt) \ 1, (%) K ()

X,(%) : T,(t) Hy(t)
x| T (8- | | ® ()= | !

x‘kt) T, (%) H;.(t) (1)

In general, capital letters stand for random variables, and small let=-
ters their realized values.,But in some cases, let us use small letters to
denote deterministic variables.

In Fig,1l, without loss of generality we can assume that X (t) and ¥ (t)
are mutually uncorrelated. As in the case of univariate system, a componént
of the output vector Y (t), for example Y, (t), is represented by following

an equation due to the convolution theorem.
o0

AT jn,}(z) x(Lonaz+ (8, L2wm

@
Where h (t) is the impulse response function of y, vhen x; is unit im-
pulse function, i.e. d-function,
Using above formula, we can calculate the cross-correlation function

ofylandx,as

$.(v) .Tfy (4) x,(t-7)a -—-fx'(t-'r)dt 3 fh,a(z),s(t.z)dt +—fn|(t)

x(t-T)at (3)

Where T is a time-interval in which correlation should be calculated.



In the above calculation, the ergodic property of the input process was
used, because of the assumption that the input signal was derived from a sta~
tionary normal process, Further the correctionfactor (1- %) depending on
the finiteness of the time-interval T was assumed nearly equal to 1 by the
choice of T enough large in comparison with 7.

Owing to the existence of the integral (3), we can change the order of
the integration as follows.

o0 5 T
n 1 1
4;1111 ('r)-da .£h1 j (z)azT f xl(t-'r)xj(t-z)dt +7_-jn1(t)xl(f—t)dt 3)

Since we can write

1 T
cpx o (z~%) -Tlxi(t-t)xj(t-z)dt

i

B, () = J A
- T -Toni(t)xj(t-r)dt

L leir
<}é,1,1 (=) '%lhu(’)?é xj(?"’)dz + #r,x.(") (4)

As mentioned above, ¢,,‘. Xj(") is the cross-correlation of the input
signal and disturbances in the system, and without loss of gemerality we can
assume the input signal is such that it approximates to a random input un-
correlated with any system noise, If in the case of the existence of correla-
tion between them, IN (%) should be regarded as a subvector of ¥ (t).

Therefore, assuming that the term ¢, %(-:) is negligible, we get

00
‘}é,l,('(") 'J):'Jhld(z) ¢ xlxj("‘")dz ®)
In the discrete case (5) becomes

m S
() =2 2 h.(3)P (k)
7% J'l {=0 hld X;Xd (k-0,1,2’ ...... 8) (6)
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If we write as derived in (6), the crosscorrelation of Yl(t) and X‘t)

in the discrete form, we obtain the following relation; (note %x.x (_-r)
=4>xixi(1)) &
$ She: s
ANOINE AMOL MOREEE MORWENO
O N EANOL SORRE % (D) [ 2y ()
5\ ) %z (s-1) . *Pex, @ ) | )
O ORERL ORI N0
4>,1,(-1) d>,1, .. .4>,1, (s-1)]| hyy(1)
n n n
\¢,1,£--) CCORE P £ @[\ nge) &
or simply,
@’ 1™ -[@‘1‘1] “‘ Wede i? +[q>xlxn]n\h‘
(3)

In general, the correlation of Yu(t) and Xv(t) can be written as

Q_Pyux,, % [Cbx,xl] H\ By #%.% Sy +[@xvxn]lhm

(u-l,...,m’ v-l,...,n)
Now consider the treatment of this system of equations (9 ). It con-

(9i)

tains m. n unknown vectors hu:j’ and also contains m. n matrix equations. So
it should be solved with respect to huj uniquely if (9') satisfy some con-

ditions. First write this system of matrix equations including for examplg,
cenly h

11 Pyn as followss
’ A



b, x
¢y1x2

@y lxn

(10)
Submatrices @11,@2 ..... ’ @ o in main diagonal are positive
definite, and hence nonsingular, because they are autocovariance matrices

of xl(t), xz(t), ..... . xn(t).

So it is natural, to assume that the matrix of (10) to be nonsigular,
but it needs a proof. Remember that a autocovariance matrix of xi(a) can
be expressed as follows: (by using the expectation °Pmt°_ra )

. -& [Xi<s)X:(s)}

where the primed vector X’(s) denotesa transposed vector, namely

x;(S)’[Xi(a)»Xi(s-l), o s oy Xi(o)J

(11)

on the other hand the matrix of (10) may be expressed as follows.

(0. . B BB .. B b

$, ) . v Py0) B(-0) Ry8) - RO ...
@ G 1 ST7 R e T Y e o Biinl o2 has
Bor(-1)e oy (s-1) A

680 s wlghR) Bk mas seco s BB oy« »

i G L I )
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[ rxl(') El(a)’xl(.-l)""'xl(o)'IZ(s)’" 132(0)1- "x (')ﬂntx (J\
1 xl (s-1

x,(0)

e/l

x,(0)

\!

x (s)

Va0 3

In vector notation, (1) becomes

$b.e[XX] i

vhere
X7 = [(ma)im(s-1), « o 15 0)iy(8), « + 42500, « « 45, (8)s « « 45, (0]
' (19)
In comparson with (11), it is clear that the matrix should be positive
definite. This can be proved directly also by noticing that P_ x.(-) =
x.x.('s)' and hence the matrix in (12) is real valued, symetz%caand posi-
tivd definite.
Accordingly, the matrix equation (10) can be solved algebraically and
uniquely, because the matrix is nonsingular.
The solution of the equation (10) becomes

hl '@—‘(Ex

(1)

- (18)



where

h 11 @ylxl
u‘ll = o @y! = >
hm é"l"n
Thus, simultaneous solutions of impulse responses Ihll' hlz’ > » © .3
“\1ﬂfre obtained.
As shown above, the equation (10) has a matrix of comparably high or-
der. A convenient technique used so far is to construct components of a
random vector X(t) so as to be mutually uncorrelated white noises. By using
this experimental technique the equation {10) is extremely simplified. In
this case, the evaluation of the accuracy of estimations of impulse respon-
ses is not so difficult. But at present, statistical evaluations of the ac-
curacy of impulse responses “\ in (10) by the direct method is still import-
ant from theoretical points of view., Here one method is proposed, by an ap-

plication of some techniques in the field of multivariate statistical analy-

sis,

A STATISTICAL EVALUATION OF THE ACCURACY OF IMPULSE RESPONSES ~CONFIDENCE
REGIONS OF IMPULSE RESPONSES:
In above described ways, a discrete type Wiener-Hopf equation for multi-

variate systems was obtained, and was shown that the equation is quite simi-
lar to the equation of the univariate case. Now let us consider the accuracy
of impulse responses given by (15). Here the accuracy of simultaneous solu-
tion of (15) is to be evaluated. A conventional way of discussions about the
accuracy of (15) seems such that, from sample distribution of covariance ma-
trix @and correlation vector @yx to calculate the sample distribution of
H’) precisely. But it requires tedious and difficult calculations to obtain
sample distribution of hby this orthodox way.

Here the author proposes another approach of discussing the accuracy of
impulse responses .

The solution of eq. (10) is of the form (15). By transposing (15) it

Ih /1 B @/ﬂ@-l

because@is a symmetric matrix,.

becomes

(18)



10

Similarly, in the univariate case we obtain

s 1=l
Hh(' | g éyx,@ an

Observing (16), (17), we notice that they are quite analogous to so-
called regression matrices. Here some explanations about regression matri-
ces should be shown, By putting a covariance matrix in the form (18), then
the regression matrix of ¥, on X2 is given by f8 in (19).Where X and X;are
random vectors;’

EfR ™ - G R
(18)

ﬁ =2 Z;2 (19)

In our problem, Z,g appears as a row vector @x and the original
covariance ntz:u: of our case can be written as

ERR)= (¢, q;,@ SO NOINYENCR
B()

%’x i @ f}x @n‘

\fP),;(cs)
where R,ia a row vector such that
R’ = [%(e)s X(s), X(8-1), -~~~ » X(1), X(0)]

(20)

(21)

It is now clear, that our probl is reduced to the multiple-regression
problem of finding a linear combination of the form y= ;?;ha x(s=j) by the meth-
od of least squares from given sets of realized values of a random process
[y(q). x(8u)y x(8e=1)y - =~~=~-,x(1.), x(o,)] considering x(g -1) fixed.

In the mltiple regression theory, each realized value X(s ~j):is con-
sidered as fixed., Therefore from this point of view the independence or the
dependence of each vector IP,(s ) = [x(sa), x(8q=1)y =y X(1u ), x(o.()J has
essentially no influences to the theory,

From above discussions it is clear that correlation techniques have sig-
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nificant relations to the method of multiple regression analysis,

In particular, in the case where artificially formed nonrandom deter-
ministic ( but having §-function typed amtocorrelation function ) signals
are used, then the problem satisfies essentially conditions of mmltiple
regression theory.

As the conclusion, it is clear that the confidence interval estimation
of impulse responses l can be obtained directly by applying well-known re-
sults about simultaneous confidence regions of regression coefficients, In
the case where we use artificial random signals with a known covariance
matrix @, and if by random read outs we form input signals, then the
Wishart-distribution may be applied to make the estimation precisely. But
the calculation of Wishart-distribution seems too tedious from practical
points of view, And even in the case of using a random process data with
unknown covariance matrix, the application of the multiple regression the-
ory to this case can be justified, by taking on account that we use sets
of realized values of the process Y.}/ such that

Y;: '[Y(Bt)p?l(sd)l "[7(3.(.)’ x(8e)y x(gel)y ~---- ox(la):x("d)]
(21)
In other words, without precise estimations of amto-correlation and
cross-correlation, i.e, without a precise estimation of the covariance
matrix 8(RR’)=@, still can we estimate confidence regions of the regres-
sion vector h ( which in our terminology appears as impulse responses.).
In general multivariable cases, a similar conclusion can be obtained.
In this case the regression vector Ihf becomes

g ] / { : ok
b= /x® =[@/x., @m' """"""" ' %XJ P
; (22)

The original covariance matrix to get this regression vector can be
constituted from a random vector Tlmh that

T'- [rl(s),xl(s)."“.xl(t:). X,(8)y = sXy(0)y "7 - Xy (8)y ""'xn(“a
(23)

Let us assume that we get q sets of realized vector t:( from the



d :
random vector | at different time Sy (a=lyeeesq)e

€= [sap)s Blags Bila)s « o+ 5 B(a))]) = [w(s) X(s)]  (28)

a

Now we consider the subvector J('(sa) fixed, and constitute a following
regression model.

(s) = MX(s) + £, (25)

In this model y(s ) is a sample from normal population with mean ,lx (s )
and 8 is distnbuted independently according to a normal distribution N(O, o )
The normal equation to estimate h becomes

PACIE T AOE e S (26)

where for simplicity let us denote !‘(sa) =Y X(sa) =X,

It is clear that the normal equation (26) coincides with the equation (10)
axpressed by sample values. Namely consider Xa as a random sample and write
ormally as following

o>

SE) -
N\

My X% = Py

sn (10) becomes A
$h-2,. (27)
By solving and transposing (27) ve get fh in the following form.

f- 4>_,,,<§>-1

In the theory of regression analysis, following procedures are used for

culations

9 (Ia-i)(xa-i)' (29)

= =1

re J(a are regarded fixed. Let

X, - X=X, (30)
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then “’\ can be expressed in the formula
rs a a q
- & -l & o 7 -l
- 216, 0.2 2% ®0™ - 5 5, RS A

(31)
The mean vector and the covariance matrix can be calculated in the fol-

lowing way.
Sh -6 2t - & hER A - v
Ed-ndn - A e e enx, L6 e85 A
A B e 36, 5)2% A
T e R A
82 A AR - 62 A (#8)

Above formulas are well-known re;’g.lts in the field of mathematical sta-
tistics. In this case the statistic "’\ follows a normal-distribution with
the mean h, and the covariance matrix 62 IA'I, About this result some ex-
planatory remarks should be given here. If we assume that the random vector
X(t) is subject to a stationary normal process, then the output vector Y(t)
as a linear transform of X(t) is also subject to a stationary normal process.

In this case the regression model (25) takes place exactly and £ (25)
corresponds to Nu(t) in (1)« In another case when the random X( t) is not
subject to a stationary normal process but to only a stationary process, then
Y(t) as a linear transform of X(t) (i.e. %h(Zj)x(t-Zj )AZj) tends to approach
to a stationary normal process. (Although the central limit theorem can not
be applied strictly in this caseﬁ) :

So in the case when the random vector X(t) is subject to any stationary
process, the regression model (25) takes place practically, and following
confidence regions of regression coefficients can be used.

In the normal regression theory, (31) is expressed as in (34), but re-
sults are same, A

o= (x xH (38)
where X = {x } (B=ly 24 ¢ie oy (BFLING vl gt Y- e
Y- (yl, pr o o 0 9 ¥,)
An estimate of 62 is obta:.ned by ESS (error square sum) in & following

way.
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BS = 3y, 5)? - R3(X -0y ) (35)
M~ (36)

The multiple correlation coefficient R, defining the correlation between hX

and Y, is estimated by
R= [1- i‘(}?_%_z (37)

By using multiple correlation coefficient, we can verify the model of Fig.
1, but further discussions will be omitted here.

Now we are going to discuss confidence regions of regression coefficients
’l\xp. First to be shown a confidence region of h}l’ a component of regression
vector h and secondly the simultaneous confidence regions of coefficients
are to be introduced. e i

It is well-known that the confidence interval of hp (p.th component of h )
with a confidence coefficient l-r is expressed by (38).

B = t-(as1)u1 ()3 [# ¢ By € B+t (ga1)na (03 [+ (38)

where a** stands for the (p,p) element of the matrix A, and tom(s+1)n-1 T
the 100 r o/o point of the t-distribution with gq-(s+l)n-1 degrees of freedom,
(38) derives from the fact that each statistic

A A

h «h [ h-h
t AL M (39)
"‘oa"“ . d/ )

follows a t-distribution with q-(s+l)n-1 degrees of freedom.
' In the case of using artificial signals, the matrix A often has a form
such that
A-qE (40)
where £ is an unit matrix.

In this case each h component of the vector h is estimated independently,
so it is adequate to use confidence regions (38). But in more general cases,
each component hp. is estimated simultaneously, and B is not always independent
each other, About simultaneous confidence interval estimations on regression
coefficients we may refer to referencgs';?'

Here well-known simultaneous confidence regions on regression coefficients

hp. with a confidence coefficient 1-r will be introduced.
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This is

(B-hiA(E-h) = {(s+1)n+l} GzF(s+l)n+1, (r)q-(s+l)n+l (41)

where F (s +1)n+l,(r)q-(s +1)n+1 is the upper 100 ¥ o/o point of the F-distribution
with (s+1)n+l, and q-(s+l)n-1 degrees of freedom. Namely

b { F o F(9+1)M1, (r)q-(s+l)n-1} »d (42)

For example, let us consider the case when n=7, s=12, and q=1000. Then we get
F92,9oe.(7)' In F-distribution tables, usually it is not shown values of F
with large degrees of freedom. Let us consider an approximation method for
F-distribution in such a case, By taking on account that Fpis defined as

%/
A/,

bability to 1 and ii/n.l converges in law to N(l,l/nl) as n, and n, tends to
infinity, Then we can use the fact that the statistic F;‘ converges to

2
N(l,l/n.l) in law. The error estimation is given by

wp |2Fos (8) - P'm)| £ 2
. I (E) (E)l £2[T (43)

for any set belonging to B, where B is a Borel-type probability space. I

and assuming n, > n,, we can consider that ﬂ.g/nz converges in pro-

is defined as follows, ~. _f\nl’nz(x) il
;3 e log T )] (44)
msmpy © T myam i chiny

E fn'l 5 designates the expectation operator with respect to F-distribution
*he

with n,,0, degrees of freedom.

APPLICATION OF PARTIAL CORRELATION TECHNIQUES

As an application of partial correlation technigues, let us consider the
case, whefe some //llj, for example j=3,45¢¢0,n, are lmmm._\ In this case partial
correlation techniques can be used. As mentioned above, fiis distributed
according to & normal distribution with mean i and covariance matrix UZA-I.
Let us partition the vector I?l and the covariance matrix as follows.
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hi i bty
H’lll GZA o Z2|/ Zzz. Z‘ZS

@I}' Z},l, Zgz 2 ng

(45)

It is known that mlj are m;j in reality. Let us use the concept of condi-
tional distribution. Then the conditional mean and covariance of(ﬁu>are

A - iz
|, % by :§:r53536 *
E il Ti|={ 1) T\ s OBy =k

and (46)

ﬁ i\l, % Zn Z:z Zns i
/\" . /\“ " b ; i Z}S ZS\ ZSZ
Ol bz, g BB

(47)

A A
Above formulas can be used for the correction of hlland hlzand their confi-
dence intervals in the case when hij (j=3,-~-~-'n.) are Known.
Partial correlations are considered also useful for the smoothing of impul-
A
se responses. For example, if 311(5) and hll(ﬁ), are partiall} positive cog-
related significantlly, then we can verify the smoothing of these two poin-

ts of impulse response “11’ But further discussions will be omitted here.

CONCLUSION

In above discussions, the author shows that correlation techniques to esti-
mate impulse responses have close relations to iimear regression theories.
He suggests the applicability of simultaneous confidence interval estimation
of regression coefficients to correlation techniques. He also suggests the
application of partial cprrelation tethniques to identification problems.

“But the utility of these confidence regions must be tested by experiments.
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A METHOD TO DETERMINE THE TRANSFER
FUNCTIONS OF POWER SYSTEMS

M.Koszelnik, J.Malkiewicz, St.Trybua

The Institute of Power Systems Automation, Wroctaw, Poland

1. Introduction

The problems connected with designing and setting of power
and frequency automatic control system in the electiric power
systems require,primarily, a thorough investigation into their
operational behaviour under various conditions,both in a trans-
ient and steady state. The control systems adjustment usually
begins with the identification of the object and with construc-
tion of its mathematical model.To begin with the dynamic pro-
perties of the investigated object are to be determined. The
disturbance in balance of power generated and load that initia-
te the transient phenomena, follows mainly the fluctuation in
power demand. At some fixed moments power demand may be regar-
ded as a random variable and to its analysis statistical me-
thods may be applied. Much in the same way power exchange and
frequency will be treated as stochastic processes.

Presented in this paper is the statistical method of deter-
mining of the transfer functions of interconnected power sys-
tems based on power exchanges and frequency measurement during
their normal operation with no artificial disturbances evoked.

2. Basic assumptions

An electric power system is a compound one consisting of a
great number of different elements such as generating, trans-
mitting and load units. It is therefore, the mathematical de-
scription of system is very difficult or practically impos-
sible if it is based only on the characteristics of the dif-
ferent elements, without carrying out measurements on the
actual system. This concerns particularly the analysis of
transient processes.liore over, the cheracteristics of the dif-
ferent elements of the system are not exactly known and many
of them vary during opsration. The bests results can be ob-
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tained on the base of measurements in the ectual system du-
ring its normal operetion but even in this case, certein
gimplifications will have to be adopted when the data ere
processed.,

There will no consideration upon the characteristics of
particular elements of the system, but only the characteris-
tics of the system as a whole. Each system will be treated
as a substitute generating unit, characterized by its systenm
primary automatic control and inertia of the rotating masses
and as one substitute load unit. The last one is, however,
characterized by the natural relation between frequency and
power demand. In the further considerations the generating
and the load units will be treated as one control system.At
the input of each of such systems the process i.e. zr/t/ /r=
1,2,¢005,0/ of power demand is observed. It is assumed that
the power demand processes of different systems are statis-
tically independent. This assumption is founded on the fact
that the switching on and off of the particular receivers in
one system does not cause similar changes in other systems;
these changes occur in each system independently. The same
may be said about the changes of the generated power caused
by the disturbances in boilers /changes of the temperture of
the steam, of pressure etc/. The existing correlations be-
tween the daily load curves of systems may be ignored,because
only random deviations from the general trend within periods
of several minutes will be subject of our consideration.

It is also assumed that during the time of measuring, the
set of generating units and the structure of receivers do
not change, hence the equivalent dynamic characteristic of
the system remains unchanged.

The considered systems are interconnected by the power
lines with the flows i.e. Prm/t/ Jr o T s 20 eenle
These lines connect particular systems at the input /fig.1/
while at their outputs frequency processes i.e. f,/t/ are
observed. As a result a multi-input and multi-output system
is obtained. Thus, there are n inputs /n-number of systems/,
while the outputs may be as numerous as the points of fre-
quency-measurement. For such a system, therefore, exist as
many transfer functions as there are combinations between
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all the inputs and outputs, i.e. /n.N/. The most informative
far each system will be the transfer function found in rela-
tion with the frequency measured in the given system,or de-
termined with regard to the frequency measured in a central
point chosen in a group of systems. Particularly,calculations
may be carried out with reference to the frequency f/t/ me-
asured at one point.This implies f1/t/= fz/t/,..., = fN/t/ =
f/t/ as it has been assumed in this paper. The determination
of the transfer function with regard to the frequency me-
asured at other points /it being known for one point/, does
not present difficult problem.

In general, the processes of power load,power exchange and
frequency are not stationary. It has been assumed, however,
that after subtraction of their mean functions the residual
processes are stationary and ergodic. It is, only, necessary
to estimate properly the mean function of each of the consi-
dered processes,

Due to the relatively small deviations of the considered
power and frequency, linearity of the system may be assumed,
It also must be noticed that loads of systems Zr/t/,

/T = 1,2,...,0/ can not be directly measured.Therefore a di-
rect determination of their statistical characteristics is .
impossible. The problem, the solution of which has been gi-

ven in this paper,consists in finding the transfer functions
of each power system, when only exchange power and frequency
processes are known. Then the determination of the statisti-
cal characteristics of load in an indirect way is possible.

A diagram of interconnected power systems is presented in
fig.1.

3. The basic relations

An arbitrary number n> 2 of the interconnected power sys-
tems is considered /fig.1/. The centered processes Zr/t/,
Pr/t/ and f/t/ satisfy the relation

(3.4) fit) =—/»r/r)[Zr(f-t)—/?(f-T)]”" (r=12,,7)
J p
which can be rewritter in the form

32)  fit)- /w,/r}/,?/z‘-z'_' ' = < junl®) Zp(-T) O (r=42,..,n)
] /
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setting ¥ + s instead of t yields:

3.3) f(ﬁs) = [n;,{r) B (t+s-T)ar = - w,(r) Z, (1+s-T)dr (m=12,.,n).

Multiplying both sides of equations /3.2/ and /3.3/ and tak-
ing the expected value of this expression, we obtain

E{f(f).f{t+s))-£/ [;;/t)f(f)-e,(f +S -Z')dt)‘f([":mf/f +8)R(¢ ‘t)”%) "
(34) + E//7;:(r) Wo () R(E-T) B, (1+5-7)d ‘/7) o

= E//],I:{t)l%/y) Z,-[f-l'} Zm(f*$-7)a’z-o’7).

Assuming the processes zr/t/ /T = 1,2,...,0/ to-be uncor-
related, equation /3.4/ can be written in the form

E(ft)f(t+s) -[,;, (E[f) B (t+s-T)d't —/w:(r)f/f{ﬁs)’?-f t-z))dr +

(35) 0
*/ f w.(7) Wy (y) Eﬁgﬁ-r}g/ﬁs-y})dm’y - (m#r; mr=12,..,n)

making use of the theorem that the expected value of product
of statistically independent random variables with mean value
zerc equals zero. Further
E[f(t)f(t+s))- /;v,. (TE[f{)R(t+5-T))dr - /w,.(t)[ﬁ‘{hs)g/hs))a&' +
o (4
(3.6) +//»;.{t)w,{7) E//,’/z‘—t) B(t+s -7))dta’7 =
00

=//;r:{t)n;(y)£/2.',/f-t)2,.{1‘+s-Q)o%o’y (r=12..,n).

From the known definitions of correlation functions, the
equations /3.5/ and /3.6/ take the form

Rels)- [ WlT) R ¢(T-5)0T - [»;./t/i?,gf{1'+5) ar +
(3.2) 0000
*//m/r)m,,,{y)/?%(sw-q)a’ro’f; =0 (r¢m; rm=12,..,n)
o0 : ]
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and
ﬁ’f(s) ‘[h{.(‘t) R,',_f (r-5)dr -[»g.(t)/'?,?_,r (t+s)aT +
(38) + / /n,(r)»«,{zz) Rpp(s+z-n)drdy =
00

=//;:{t)”r{7) Rzr(.s *2'-7) ﬂ'fﬂ’y ) (7= 42,...; ),
oo

Applying Fourier’s transformation to the equations /3.T/and
/3.8/ we obtain

(39) y{w)—g(avam{w)—g(w)i}(w)aﬁg (w)ox (w)a W)=0, (ré¢m; nm=43.. ")
and

Plw)~ G w) Oy @) ~ Pw) Oy (@) + Y, (@) 06, () @) =

(3.10) 2
=3&z’(w)or,.(w}a,(w), (r=142,...,n).

As i‘, /t/ = 0,the following relations between correlation
functions and spectral densities must hold

(5.) D Ras(s) =0  ond > g w) =

r=1
(3.12) ;Rg% (s) =0 and g Y@ =0 (m=12..,n).

Now,the way of solving equations /3.9/ and /3.10/with regard
to the unknown quantities OL(w) and VY, (w) will be shown.To
simplify, we then omit the symbol w . Let’s put

(3.13) S = i and ﬂ Z [r

» e =1

The relations /3.11/ eand /3.12/ can be rewritten in the form

(314) ;‘/,’. =-¢  and Z}QM=—}QD (m=12,..,n).
?#Em rEm

in order to eliminate V¥, from /3.9/, we divide /3.9/ and
/3.10/ by O, 4 and, using /3.13/, we obtain
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(3.15) P'ﬂmﬁ—r‘%/am —50;,/5' o = O (r#m; nm=12..,n)
and
(3.46) P8, -50,/9,-5’0:,/3,, Y =Y, (r=12,..,n).

Thereupon, adding for every fixed m equations /3.15/ for

r#m; r=1,2,,..,n and making use of relations /3.14/, we
obtain

(317) (/3 7)[/5,,, -é'l) ﬁ[/b -—m-)+ ‘p""o‘ -0 (m=12...,n).

Knowing ¥, ¢, ¥, we can solve the set of equations /3.17/
with regard to the unknown quantities andlg,. The solution
will be given in the next paragraphs.

It should be noticed that also equation /3.16/ can be re-
written as follows

66 (oS- Go)e ol Bl Yen  immt2n)

After éubtraction of /3.17/ from /3.18/ we have
(319) 3(By—Pn) _ Yom (m=13,...,n).

4, Determination of the modulus of the transform of the joint
weight function. The share function. Discriminant of the

system

The right side of the equation /3.19/ must be real and non-
negative,because it is the ratio of spectral densities of pro-
cesses of m-th system power demand to those of frequency. It
follows that for the real w there exists real and non-negative
function b.» which satisfies

(4.1) m/3 ﬁ”' v l-;n_ 4

bm will be called the share function of the m-th system. It is



24

real for all the real w .
Summing up the expreasigns in /4.1/ for m = 1,2,...,n and
taking into account that mZ; %, = 0 we obtain

n

(4.2) 2 b,=1.

Let?’s denote

(43) h o % -%% (m=12,.,n),

Function hm will be called the discriminant of m-th system.
It is real for real w .
Now, the method of determining the modulus of ,3 and bm on
the ground of discriminants hm /m = 1,2,...,n/ will be given.
Using /4.1/ and /4.3./ we oen rewrite /3.17/ in the form

(4.4) ;/5/96:, (1- b%,‘)* g ! (m=12,...,n).

From /4.4/ and /4.2/ it follows, that for every real
hm/au’ao. Solving the equation /4.4/ with regard to b, we
obtain

(4.5) ‘bm =—é/'(/+ Jm /,__ '/%'fi) (m= 12,..,n).

Summing up the equations /4.5/ for m = 1,2,...,n and tak-
ing into account /4.2/ the- following result is obtained

(46) (1-2) () +& &, /p1*~4hm = 0

where J'may take the values +1 or -1,

This way, only one equation with one unknown quantity 131
for each w is obtained. Having found |pl by e.g. regula
alsi method, b can be determined from equation /4.5/. It is

o N =Y

owever, necessary to choose, the approprizte sign of é;. It
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can be proved that a necessary and sufficient condition to
have a solution of the set of equations /4.5/ for each w
there must be

n
4.7) 2hm. < MZ,“ hm where /)mo = max /Im i

If /4.7/ is fulfilled and
(48) (r2)Vhmy > 2y Vhm,~ b,

then J,-, a=l-for M. = 1,250k
If, however, /4.7/ is fulfilled and, besides

(49) (’7-2)1//7;, <,,,Z:", vbm,_hm

then J,,,,: 1 and J,;,: -1 form = 1,2,ee0,0; m # m,.
Thus the method to determine |Crl = 7§ and b_ has been
given. Then the transforms O end O, /m = 1,2,...,n/ will be
determined.

5. Determination of ‘the transform of the joint weight function

The weight function w/t/ = 0 for t <0. Iet us put

(5.1) @) = / wit) & ot
0

where @ = u + iv is any complex number for which the integral
/5+1/ exists. let’s suppose

<0

(5.2) /Mda)< oo .

1+w®
-0

It is known, that the function O /u + iv/ will be analitical
and bounded for eéch v< 0. It will enable us to determine this
function, if its modulus on the real axis is k:nowna. The solu-
tion is given by the equation

(53) O(v) = |odtu)| (cosg (u) + L 5ing(u))
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where

_xl

(54) gu) = _%/ uufﬂ“awldx,
a

6., Determination of the step response functions of the indi-
vidual systems

Having found the transform of the joint weight function
of the interconnected power systems and taking into account
relations /4.5/, the transform &, of the weight functions of
individual systems can be determined from formula /4.1/,
which can be rewritten in the form

(6.1) o, = 1 (m=13,...,n).
z.3

It may be noticed, that having found & and O¢m and applying

/3.13/, the spectral density y&h of power demand can be deter-
mined from the relation /3.19/.

Next, the weight functions w/t/ and wm/t/ can be calcu-
lated applying the inverse Fourier’s transform

(6.2) W) = 2 [a, (@) € de
ﬂ
which permits finding the step response functions

(6.3) V n, =/;$,, (r)dr .
0

Thus, the problem of determination of the step response func-
- tions W/t/ and Wm/t/ based upoa the correlation functions

K ): /T = 1,2,...,n/ has been theoretically solved.
q*f’ qyrl R‘Prf : L A ’

7. Finel considerations
It is easy to see that the frequenciyx of a power system,
defined as K f lim W7?7 which implies K = lima ?;7:;/

czn be determined from the equation /4.6/ for w = 0, There-
upon, the K, /m = 1,2,...,n/ can be calculated from the
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equation /4.1/, where K = },y% p/w/, after previous determina-
tion of the b, functions from equation /4.5/, also for w = Q.
Erom the definition of the Fourier’s transform follows that the
spectral density for @ = 0 is the integral of the correlation
function. Then, if the frequency bias is to be found, the ap-
propriate integrals of the correlation functions should be
estimated., The mathematical model, based on the estimation of
integrals of correlation functions may be called a model "with
memory". Its particular case is a model which can be called a
model "without memory"™ in which only the values of correlation
functions for T = O are used, /i.e. the p.nper variances and
covariances/B. This model can be used only in the case of homo-
geneous systems, i.e. when the integrals of the correlation
functions of frequency, exchange powers and cross correlation
functions between these processes are aproximately proportio-
nal to the appropriate variances and covariances with equal
coefficient of proportionality for all the systems.

Finally, we want to add that for two interconnected systems
/n = 2/, the problem stated in this paper can be solved only
after additional assumptions. In the papers3’4/eee bibliogra-
phy/ the method of determination of the £ coefficient in such
cases is presented. There is no problem to generalize this me-
thod for the determination of the transfer functions on the
basis of the theory described in this paper.

8. Numerical example

In order to verify the presented method, calculations of
transfer functions were performed on the basis of measurements
in the interconnected systems of Poland and East Germany - 1
/see fig.2/, Czechoslovakia - 2, Hungary - 3, Rumania and West
Ukraina - 4, The measurements were carried out in october 1965.
The period of measurement was T = 1000 sec, at = 0,5 sec, the
number of sample data N = 2000, The balance of exchange power
of each system was centered by subtraction of the so-called mov-
ing averages, and the process of frequency too. The period of
the moving average was T, = 50 sec. Fig.3 shows graphs of the
corrected correlation functions between these processes. In
fig.4 the spectral densities and in fig.6 and 7 the cross
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spectral densities are presented. In fig. 8 the modulus of
the transform of the joint weight function of the 1nter;
connected systems OX(w) and phase characteristic q/w/ are
given. In fig. 9, the frequency transfer function of the
interconnected systems is shown. At the end, fig. 10 presents
the step response functions of each system /curves 1 - 4/ and
that for interconnected system /curve 5/.

9. Comclusions

Presented method to determine the transfer function will
give correct results only if the estimation of all the used
functions is properly made 1s2,8. E.g. if the moving average
method for mean of process estimation is applied, suitable
correction of the correlation functions will be necessary.
The proper method of estimation of spectral densities,hm/uJ/
and q/w/ functions will also be necessary. This method will
be presented in further publications, '

A more detailed analysis of method simplifying assumptions
is also required. Because of the numerical way of determin=-
ation of all the statistical functions, the proper choice of
‘'a range of function determination as well as of the intervals
between the values of the argument of the measured functions
is necessary.

The other procedure o. 18fer functions determination is
also applicable. The modulus of the transform of joint weight
function can be aproximated with a suitable function and then
the transfer function determined in an analitical way.
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STOCHASTIC ERROR THEORY
by
Prof. Dr.-Ing. habil F.,H. Lange and Dipl =Ing. I, Zecha
Rostock University
GDR

In the field of communication, measurement and control stochastic
processes are of increasing importance. Using stochastic signals
and parameters we have to keep in mind their specific properties
causinz errors in evaluation, These errors depend on the measur-
ing equipment and the examined process its21f. They may become
large under certain conditions. The usefulness of a measuring
method is given with its error limits. Of course only statistical
limits can be fixed for errors of stochastic parameters.Between
these limits we have the interval of confidence,

The engineer has to get accustomed to a new way of thinking as
he is trained in using exactly valid algorithms, Even in
theoretical work it is often neglected that statistical para-
meters can be gained only incomplete and that they represent
the actual process only incomplete,

To absorb stochastics in the engineering educaticm we have to
do a lot of pedagocical work, Existing books on mathematics are
often monographies and do not consider the spectral represeat-
ation accustomed to the engineer. lLiy discourse will point to
this incompletely solved problem in engineering education.

The theory of errors of stochastic parameters considers three
different cases, that will be treated by different methods:

1. To determine the parameters of a single undisturbed process
(to be found in control enszineering)

2. to determine parameters of a sinuscidal signal during
stochastic interference (to be found in any area of
communicatien, measurement and control engineering)

3. to determine parameters of stochastic signals during
stochestic interfercnce (to be found using correlation
techniques in measurement).
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Statements on parameters of stochastic processes are usually
based on the presumption that the process is stationary in’

time and'ergodic moreover, To be stationary means the statistic=
al parameters to be invariant with time. To be ergodic mesans,
the statistical mean values of an ensemble can be determined

by observing the mean value in time of one parameter only, the
measuring time being infinite. In practical work this condition
cannot be accomplished. The theory of errors of stochastic
parameters is therefore usually engaged with errors in gaining
mean values in short-time-measurements. These errors depend on
the measuring time, the measuring method and the stochastic pro-
cess itself, |

The most important parameters of stochastic processes are the -
probability distribution and the compound-probability.Often a
Gaussian distribution can be used as a model for the real
distribution:
a) superimposing several not Gaussian processes we get
a close approximation of a Gaussian distribution.
W, Giloi proved this in superimposing several
processes with constant distribution (f£ig.1). The
special curves for n = 1 to n = 4 originate from
the n-fold convolution of the rectangular distribution.
We see that superimposing only four rectangular
distributions gives a good approximation of a
Gaussian distribution,
b) Transferring stochastic signals through a first-order-
phase;lag-circuit (lov-pass-éystem) we have the same
result by integration, i.e. the approximation of a
Gaussian distribution.

Assuming a Gaussian distribution as a mathematical model is
therefore usually correct, as most antomatic control systems
have a low upper cutoff-frequency.

The Gaussian distribution can be expressed as
2
X ;
p(x) = —1 - 20 with M=( x(t) )=0
V2Ts "

In the Caussian distribution values ocutside = become ratl

ae

+
v
his interv

e+ O
[P

1,

-~

e X
small, With x = 6§ we have 685 of all values inside
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with x = 2¢ we have 95,5%, and with x = 3¢ 99,7%. Low-pass-
£iltering eliminates short strong pulses, i.e. amplitudes differ-
ing from the mean value. »

0ften the prchability distribution is not sufficient for a
complete description of a stochastic process, Describing it by
the autocorrelation function (AKF) ¥ (z) is often more use-
ful, The values ¥, @ and %y(e) determine the Gaussian
distribution:

&=V Y} and/n VW

Fig.2 demonstrates ¥ (ZT/ for several fluctuating processes with
the same probability distribution p(x). The AKF {§,, (Z/ goes
steady or oscillating to zero.

For a small correlation duration Z,- 74(’.) P?/"t we have a
spec'trnm of large exteant. For a complete description of a
stochastic process we need besides the dispersion @& second
parameter, the correlation time 7 or the bandwidth of the
spectrum., The exact representatien of %, (27 1is not always
needed, this being the basis of the error-theory in stochastic
measurements (Lit.3,4). This is especially valid for coloured
noiss, i.e. for fluctuation processes with inconstant spectral
power density.

We can calculate the power density from the AKF by a Fourier-

transform
‘wT

+o®
'/ 1~ 5
S(f}-fu(t/e T -f[?ﬂc//
- o0
In fig.2 we see that only a process with extremely small corre-
lation duration will have a constant power density.

In the following considerations we take into account only
fluctuating prccesses with limited bandwidth and with constant
spectral power density withia this range.

Now we come to the determination of° statistical parameters by

uring average values



36

x(t). We have to distinguish different cases:

z(t) = x(t) determination of linear mean value

2(t) = x°(t) . * square " "

z(t) = x(t) . y(t) " ®* product ® "

z(t) = x(t) . x{(t=7) . " antocorrelation function
z{t) = x(t) . y(t=7) - ® grosscorrelation ®

Using an analogue computer we get the block diagram fig.3,
connecting multiplying and integrating devices.

The mean time values may be examined in the timedomain or as
well in the frequency domain, The mentioned mathematical and
computing model is useful for almost any problem concerning
stochastic processes, The input signal x(t) may be the sum of
a determined signal s(t) or a stochastic signal n{(t) combined
with stochastic noise r(t):

1) x(t) = n(t) stochastic signal

2) x(t) = s(t) +# r(t) determined signal with stochastic
interference

2) x(t) = n(t) + r(t) stochastic signal with stochastiec
interference.

In order to analyse a signal with interference it is useful to
have the undisturbed signal y(t) as second input at the analogue §

computer. ]

Ve assume the dc-components of the dnput ﬂignali to be zeros 1
g it B |
x(t) = o or ﬁQ, (2) = x(¢) =0

At the output of the analogue computer we nevertheless always ;|
get a de-component, depending on the input signal z(t):

;ﬁ; - x¥%) - 62 or 525 = ?&:(Zy

This de-component is to be evaluated. The ac-component of z(t),
i.e. z(t) - Z(t) is the error, the object of our theory. The
better we suppress this component by a low-pass filter (in-
tegration network), the better will be the accuracy.

nent of the output-signal z(t) can be determined by
densit S AK % Th +al
density S, (f) or the AXF 2, (7/ . The total

2 i
ac powar wa find by integrating
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S Satprap = & - (o)
-o°

2

and call this variance 6 of z(t), a 4, order momentum. The
output signal of the analogue computer being a momentum of the
2. order with respect to the input signal x(t).

As mentioned, we have to suppress the ac-component of z(t) in
order to get a small error. In integrating measuring systems
this is done by low-pass filter, the cutoff-frequency being as
low as possible. At the output of this filter we have the
residual noise, determining the final accuracy.

The total pewer of the residual noise can be calculated from

*4
2
6 - { s, (flof

The power density distribution Szz(t) of the fluctuating process
at the analogune multiplier's output is given as convolution of
the input signals spectral power densities.,

Operating in the frequency domain we have a short and clearly
to understand error calculation, Working with technical systens,
we have to pay attention to a restriction: a real low-pass
filter has a finite attenuation factor in the pass band as well
as in the stop band. We have to take into account the transfer
function H(f) and get

6 = J 1HDI? Sy (1) f

In fig.3.1 we see the characteristics of some different, ideal-
ized low-pass filters, Sometimes we use an ideal integration
filter with an exactly limited storage time (fig.3.1,b). The
transfer function, gained by Fourier transform, will then be
the split function. This type of filter is preferred when operat-
ing in the time domain and here we use the correlation functions
instzad of the spectral power densities,
Again we have to distinguish two steps:

8) caleulating the ac-components at the mulgiplier's
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In fig.4 we have a block-diagram for making clear the steps of
calculation, We repeat : With the input signals x(t) and y(t)
" we have behind the delayline at the input of the analogue
computer x(t) and y(t- T ), At the multiplier's oui-ut we get
z2(t, T ) = x(t) . y(t- T ). The dc-component of this expression 1
being the crosscorrelation function (KKF) » which is |
disturbed by an_ggfeomponent

20¢) -2y - 2(4T) - Y, (T) = T(tz)

e il Jncm i Aoy il a e e

where the variable Z is the correlation spacing between x(t)
and y(t) to be examined.

As you see, the ac-component 1s no longer determined by a power
density szz(f)' but by its Fourier transform |

|

Fluff - Yo (20 |
which is the AKP of z(t). In order to do this we need another
time delay o In fig.4 you see how this AKF could be measured
by a second correlator.

The AKF of the ac-component 2 (t) is a 4, order momentum, the
expectation value of four combined fluctuation parameters:

}’ez (zz/~ E{XMY;,X:):)" My
In order to calculate it, we have to take the four-dimensional
compound probability

1
My XX % Y KX Y Yo )dKoaX, o X o), 1
All parameterg having a Gaussian distribution we get the AKF ;
y@a at the multiplier's output !

b () B0 # By 00 R () 2 B0 6]

|

|

2 2
The part @§7(27 = 2 = ¥3(ee) 1is the wanted ceasurement
iznal, while the other two parts give the resulting error

ot o

%3(5 z) .« (Lit.5,6,7,8).
Por not correlated input signals or signals with a large corre=
lation spacing we get the ac—component at the multiplier's |

B e Bn ) By

the Tourier transform of which is the above mentioned spectral

0]

outout:
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The AKF at the integrators output ?4“ is to be calculated
rom the input 7/«“ by convolution, as the integrator is a
linear system:

Yoo @ = S Us(9) Uy (£-3) a3

?/“ (#) 1is the autocorrelation of the weighting function h(t)
of the integratowr,

As approximation we use the ideal integrator with exactly
limited integration time: .

%-(mt o-<£<T

h(¢) =
o outside this interval

The transfer function is then .
¥ s
HGw) = s {-2"/

and the power transfer function

IH Gl = si*L)
From this we get the above mentioned AKP of the weighting functior
by Fourier transform:

. PasL & PR 4 TEPCHT
2 Y Lnd) =fit= ) within -7°¢ )

Setting = 0 (i.e. without second delay) we get the total ac-
Power behind the integrator

+ o0
2 (e "
G = %(’} '-;(?‘u () - %v (Ae)d¥
Substituting the AKP of the weighting function we get the well
known formula of Davenport (Lit.9):

s
2 A 1’ N
6pe * r_[m-;) Yoal 3 7)o P
This expression is not exactly valid when using a real low=pass

&s these have no exactly limited pass band, but the

error may be corrected.
arplications often some presumptions are not mev.
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If for example the fluctuation process is not stationary, which
is necessary for measuring statistical parameters, we may store
the quasi stationary signals during a short time interval and
repeat them periodically for evaluation. If the corrclation
function within this interval can be determined analytically,
for example ¥ (7/ = 62" s we can calculate conditions
for an arbitrary small mean square error.

Until now we used in limited intervals continuous signals, but

in practical applications sometimes only samples of the process
are given in such an interval, which causes a loss of information.
So the error at the output will increase., The additional error
from sampling has been calculated by Schweizer (Lit.10) and
results in +4% for example when sampling in steps of 710 the

time constant of the integrator,

The considerations in evaluating the correlation function can be
transferred without difficulties to the evaluation of the spec-
tral power density distribution, At the second input of the multi=-
plier we only connect a band-pass instead of a delay line,

Another application is the examination of transfer-functions with
sinusoidal test signals and stochastic interference. In the time
domain we need the measuring setup of fig.5.

If the integrator is acting only during n periods of the test
signal, we get an error in the correlation function. RZeyond that
we find an error in the output signal caused by the stochastic
interference:

Y, () = By (2) "+ L i
xy xy 2 +"?’-0 "(f/‘X/{*T/a’f

An algorithm for this error usable for engineers is given in
Eit.5:

In the third application we use stochastic test sicnals and
consider the effects of stochastic interference.Good results can
be obtained by correlation if we have the undisturbed test signal
besides the examined signal., If that is not possible we have to
evaluate the autocorrelation. The separation of the various
effects depends on the difference of the statistical parameters

of both processes. A common theory of errors for this case has i
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not yet been found., For some snrscial cases we nevertheless can
2ix conditions to be met for a given mean sguare error.

This lecture could only be a short review of problems and
sclutions in measuring stochastic parameters. We see that the
correct application of the signal and system theory is necescary
when determining stochastic parameters and errors. So sometimes
the accustomed knowledgze of engineers 1s surpassed and difficuls-
ies arise in the application of this technigue.

Let me give a2 final remark. We get increasing accuracy with
lonzer integration time (measuring time)., This is a basic con-
clusion of information theory, noise can be reduced by longer
observation time, This conclusion is often applied in control
engineering and radio astronomy.

If we additionally need a good time resolution, for example in
puls reflection systems this conclusion cannot be applied, This
contradiction between long duration of signals and time re-
solution 1s solved by using puls-compression~techniques. Pulses
with internal structure (coded pulses) are used and the re-
ceiver contains & matched filter. A matched filter is a linear
system with a transfer function that is conjugate complex.with
resrect to the signal spectrum. The output signal of the

matched filter equals the AKF of the signal. So this {8 an auto-
correlator working in the time domain,

Coded signals are chosen which have only one short and high peak
as AKF, This requires a larger pass-band for the signal spectrum.,
Coding is made by frequency modulation or by phase-shift-keying
(pseudo random) of the carrier.

These methods will have an impact on measurement as could be
scen at the last IMEKO - Congress 4n 1967 in this town (Warsaw).
So new developments are to be expescted. The main task is to
transfer information without errors. The procblems can be treated
by the above examined case 3: Stochastic signals with stochastic
interference. The matched filter improves the signal-noise ratio,
but is useless for paramcter determinztion. Error problems in
this field are :reatad'by the decision theory, another part of
stochastic evaluation.

The integrating correlator in comparison with it is the universal
tocl for determination of stochastic parameters. The errors may
uted using the spectral power density distribution or the
tion functicns.
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METHOD OF ESTIMATION OF 'RANDOM ERRORS IN

THE DETERMINATION OF CORRELATION FUNCTIONS

OF RANDOM INFRALOW FREQUENCY SIGNALS IN
CONTROL SYSTEMS

Dr.-Ing. H. Buchta

Technische Universitédt Dresden
Institut fiir Regelungstechnik
DDR

1. Introduction

In the determination of the characteristic values of signels and
systems the determination of correlation functions holds =
central position within the scope of the correlation theory of
random processes. For their experimental .determination nowadays
are available special computers, so-called correiators, and
digital computers, which have been adapted to their task by
means of corresponding additional equipment.

In the sense of the probability theory, however, these measur-
ing results are only estimates of expected values, i.e. they

are superposed by systematic and random errors. The determination
of these errors requires extensive calculations. When discrete
measuring methods are used in the form of Stieltjes correlators
or digital correlators, and especially of relsy correlators or
polarity correlators, respectively, so due to the arising non-
lniearities and a variety of influencing factors, a precise
statement may be made only at a very high expense. Moreover, for
the estimation of errors the correlation functions and other
qualities of the participating random processes must be known.

Therefore in this paper only the random errors in the determina-
tion of autocorrelatior functions ILI(‘I:') of random, stationary,
ergodic,and centred processes x*° (t) are considered, which in
approximation can be described by gaussian processes, and the
power density -spectrum Sx(u) of which exists up to a radian
frequency of w = 0. 4 method of their estimation is proposed.
This method allows to indicate easily to be handled relations
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for the determination of random errors for continuously and dis-
continuously operating analogous and discrete correlators for
the time-shifts T = O and T+ o or‘thK, respectively,

where T p is the correlation time.

2. A Method of Estimation of Random Errors in the Measurement
of the Autocorrelation Function R (T) of Random Infralow

- Frequency signals

Fig. 1 represents the general scheme of a continuously
operating correlator. Since
b 3

w(T) = ,} z(t) 4t = mqp - )
0

M[MZT] = M[Z] =m,

the static relation between the expected values of the measur-
ed functions R_(T ) and the correlation function to be measur-
ed Rx(t), is represented by

%

R (T) = M[RXQUT,)]
=//Q(x1)Q(x2) wx1x2 (X,‘ 1 X035 ?x)dx16x2-

=00 ~co (2)

and

Here Q(x) describes the characteristics of symmetrical,
coarsely quantizing equipment, wy Zo (ese) is the two-dimen—
sional probability density function of the process X(t), and
T is the observation time. The standard deviation O'sz at the

output of the short-time integration circuit according to 1
is defined as
T :
Engr =5 f (1 - PR, (v, Dav (3
with ¢
R, (v,1) = K[QZ)AUL)IATAL,] - (D) ()

and can serve as a measure of error for the quality of estimation
e As a relative measure of error for the potential deviations
of The sstimation m,n from the meen value m, the following
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relation is used

6
d=2 —ml:zT ()

where @@ is a coefficient indicating the confidence limit of
the error d. If the random variable K, n is assumed to have a
finite standard deviation 6 mzT? % May be dete mined from the
Tschebyscheff inequation 2. Provided that to the distribution
of MzT applies the central-limit theorem, the demand of the
Tschebyscheff inequation can be reduced and # can be deter-
mined from a Gaussian distribution of M, me

From egs. (3), (4) and (5) can be seen that the relative
error § with a given confidence limit #® is a function of the
observation time T and the correlation function Rz(v,‘t'). The
function Rz( v,T ) varies for the special measuring devices and
generally results from a nonlinear transformation of the corre-
lation function Rx( T ) of the signals to be analyzed. Hence é
in the first place depends on the structure of the power
density spectrum Sx(m) of the signals x(t). If discontinuous
methods of measurement are used, the error & additionally is
a function of the sampling time At, since in this case the
equipment of fig. 1 additionally contains a sampling device
and a holding circuit corresponding to fig. 2.

For the investigation into random infralow frequency signals
arising from industrial processes and having approximately

a gaussian distribution, it may be desirable to estimate the
expected measuring error without taking into account the com=-
plete course of the correlation function or of the power
density spectrum, respectively, of these signals. For that
reason in the proposed msthod the spectrum Sx(co) is approxi-
mated by an equivalent spectrum.

2.1 Approximation of the power density spectrum by eguivalent
spectra

Provided that the power density spectra of infralow Ifreguency

signals exist up to w = O, there exists a value SX(O) = S, # C.

Hence the assumption of the equivalent specira e.g.




it <
S, fir w| = @/ :
Sy (w), = 5 (e)
0 fir |w| > w,
or
443 1!'(.:2
R )
Sy(w)y =8, e

respectively, is justified >**, where w  is the so-called
effective noise bandwidth > « . In order not to overestimate
infralow frequency spectral fractions in spectra Sx(w) with
potentially arising resonance qualities, it is here proposed
to determine w & from

1
b B > (@oq* ©g2) (8)
with
w°1 co
;—7 / 5,(0) dw =;_'r [Sx(“’) dw (8a) .
and %1 Ry
Ed
Wo2 @
k) f Rax {sx(w)}do=1—f8(m)dw
£ X
27 s s T an J (8b)

As can be seen from egs. (6) and (7) the equivalent spectra
Sx(c.o)0 and Sx'(ca),l, represented for error estimation, include
only one parameter, namely the effective noise bandwidth W,
When w, is known, on the base of these spectra for the special
measuring methods approximate relations for the arising random
error d can be represented by

+§ ~f [wo,’l‘, At,Q(X)] (9)

for‘_l' = 0 and T#=c0 or T > TK’ respectively.

2.2 Gxperimental determination of the effective noise bandwidth
@

s

In 2 in contrast with 6 the proposition has been made to de-

ternine approximately the bandwidth @  experimentally from

o]
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The zero crossirgs Eo of the random approximately gaussien
signal x(t) through the axis x = o, by means of the relation

indicated oy’
i, = 3 [- sk@] 72 (10)

Inserting the normalized autocorrelation functions x(T)o and
fx(T)1’ which correspond to egs. (6) and (7), into eq. (10),
we have

(o)mo rV3 -5, (10a)

=t 7\/? .’Eo - (10b)

o

and

QD]

On certain conditions hence recorded noise signals can be
evaluated with respect to the zero crossings L, and with the
help of eqs. (10a) and (10b) the effective noise bandwidths w
can be indicated in approximation. The relations are valid

for the connection betweentuo and io of the equivalent spectra.
Here, however, the value io of the actually present signal is
inserted, so that the bandwidths, determined from egs.(10a) or
(10ob), respectively, necessarily differ from those, which are
found from eq. (8). Taking into consideration, however, that
for the indicated class of spectra (section 2.1) the approxima-
tion relationships according to eq. (9) in general represent
superior bounds and taking into account that 6**@n)°'1/2 is
valid and that (°)u° as well as (1 @, are always greater
than @, according to eq. (8), with the exception of compara-
tively high resonance elevations, the use of eq. (10a) and (10b)
in connection with eq.(9) leads to quite useful estimates of
the error § .

Regarding the approximate determination of the bandwidthcoo
from the zero crossings io s it should be noted that Eo is cal=-
culated from the number Y op of passages during an observation
time T. Hence (\JoT)/T is an estimation of io . In order to
n0ld given error limits for io with &z certain confidence level,
- or'VoT, respectively, should be chosen correspondingly.
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3. Error Estimation in Measurements of the Correlation
Function R ()
" 341 Error estimation in discontinuous measurements

In the discontinuous measurement of the correlation function
one must be able to conclude with sufficient accuracy from the
values R _(AAt),A = 05 + 15 £ 2; ... on the course of the
function Rx(t) for T # AAt. Therefore, the sampling time A%,
independently of the available observation time T, cannot be
chosen any desired value. Provided that for a linear interpo-
lation of the values ‘P&(/IAt) approximately 10 ... 15 measuring
points are sufficient, for the permissible sampling time At
applies the following relation, where the noise bandwidth @,

is introduced

At < 0,3T/w, - 1)

For suchsampling times can be shown, however, that this implies
a good coincidence of the spectrum Sx(H (w) of the sampled and
held signal xH(t) with the spectrum of the signal x(t) (see
fig. 2). This means, however, that hence a seperate error esti-
mation in the discontinuous measurement of the correlation
function IS:( T ) is not necessary.

Introducing into eq. (11) instead of the bandwidth @ . the band-
wiath (©) @, determined from the zero crossings i, by means
of eq. (10a), experimentally from

At < 0,17/50 (11a)

can be approximately determined the minimum required sampling
time A%,

3.2 Error estimation in continuous analogous measurements

When the observation time T is much greater than the correlation
time ‘t‘K, i.e, when T » t’K, for the random errors, referred to

R _(0) it follows & =8p|p - o @mddp =8y Cmeoor T>T,

respectively, according to eq. (5), since the characteristics
in fig. 1 are to be eguabed to unity Q(x) = 1, with egs.(3) and
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2,(v,T) = RE(v) + Ry(T+v) R (T-V) (12)
for the considered class of random processes
Qo
2 2 4 2
Sgoz-e . jfx(V)dV (13)
and 0
> 2 £ 2
2
(4]

where gx(v) = Rx(v)/lg{(o) is the normalized autocorrelation
function of the signal x(%).

Using for the approximate error estimation the equivalent
spectrum Sx(c.) )o according to eg. (6), egs. (13) and (13a)
become

{o)e 2 2
6Ro~ ”2 . (2‘)_7";.,! (14)
and
(0)g 2 2
Yh - . —TT (14a)

o0
R @ o

Introducing into eqs.(14) and (14a) instead of the bandwidth
@, the bandwidths ‘°’w o °F @ respectively, according
to egs. (102) or (10b), determined from the zero crossings ﬁo,
the random error for T = O e.g. can be obtained for aperiodic

spectra S (@) from

52 gzz 2T

. (14D)
RO (o 50°T
and for spectra with resonance qualities from
2 2
8 > & - 2 M (14¢)
RO ] SQOT

in good approximation.

Example 1:

For the aperiodic spectirum
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S,
I - o S
(14dy @ (140, @ ) (1+d.30 )
withd1 = 11,36 ms, dy = 4 ms andd ., = 2,86 ms we receive
after sore zlgebra from eq. (13)

2 2
S o= % 47,8107 s/ .
The simulation of this spectrum on the analog computer with
successive experimental evaluation of the zero crossings

yielded Eo = 26,3 5-1, and hence, using egs. (10a) and (14b)

as an approximation

8p(@) =

. i 8 2
SRO"'& . 43,9 - 10~3 s/7 .

3
Bxample 2:
For the spectrum with resonance elevation

~
<

(2]
T'?
(@) = 62+ - P 2)2( z
+ (A) 1 @
[:(p +) (a +y ) :l " +d3

with o, = 4 ms, cky= 2,86 ms, A= 45,551 (36 s~1) and
y =57 s1 (18 s from eq. (13) follows after some algebra
2 2 a2
530" ®" . 61,7 ¢ 1072 /T bzw. ® * 85,2 * 1072 s/
The experimental evaluation of the zero crossings had as a
result Eo-f24,3 g1 (16,9 5-1), and hence from egs. (10b) and
(14c) as an approximation
82 2 =3 2 -3
Ro"?' *+ 65,5 ¢« 1077 s/T bzw. & =+ 93,8 * 10"° s/
The validity of the proposed relations has been checked for
«
the considered cases by experimentally determining the correw. .
lation functions with fthe help of the ISAC correlator and the
dizital computer ZRA-1.
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3¢3+1 Error estimationm Ty usims Stielfjes correlators

For a Stieltjes correlstur tie relation between the expected
values of the measured functiom ny(f) and of the correlation

function Bx(t) to be mezsured according to eg. (2) can ve

written
cQ g

Ry (® = [ [ =) wp g Gxrpmpige) axy ey

On the assumptions made we have

o .xi-a S;x(_")’ﬁ’z‘a“xg
. TG

BN
s

e e ¢
LAY g I8 T _Z-:1 o | 0 1 [
T H L, BT MO '8y ] $x T

H_(A) define the Hermitism polynowials, e.g. °-

From egs. (15) and (@) it follows

%(f» = 1'.1, i3 %(t) s

oF
where P - 2—6-? ,
Ky = —1 ]xﬁ(x) € % & =
LS

(15)

(18)
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is the coefficient of the equivalent statistical linearisa-
tion according to Booton % :

The static error of the correlation function %( T ) expressed
by

R (T) R (7)

can become zero for each value of the time shift T , when

an unequal level symmetrical gquantizer is introduced. In

has been shown that for an optimal equal level guantizer
with an even number of levels the error always becomes zero,
while for an odd number an error remains, which, however, for
5 levels already is neglectable.

Yo 5 B, i i (19)

Since
Ry(vs® = U [LREDIAE)]| - B (D) (20)

for the absolute random errors§ RSO and & RSeo of the Stieltjes
correlator, which are related to €0), at % .= 0 ar ‘t‘>‘l'K a
respectively, it follows from egs. (5) and (3), on the assump-
tion that the central-limit theorem is valid,

2 2

§° =~ = —-z—f 1 [X,Q(XXRUZ,)] - va(”} av (21

R30

and.

<0
§° ~@° + = [Px(v)Ry(v) av . (21a)
28 1@ 0
ad () 5

InSroducing into eq. (21) an eguivalent characteristic

Z, = X (x) (21v)
and using instead of the autocorrelation functions Rz( o
i R (v) 4in eq. (21a) expansions in a series based on
« (16), for correlation functions Rx(f) and - g ()

Preru.
cliy

i)

N
A

w

O
Hy .(

desired shape apply the estimations
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"o S 350 6zo
- < < = (22)
V2R 6 | S5 V2, 63
and
512500 i 6
1 < |22l T (22a)
SRQ K’I 6x
In egs. (22) and (22a) ‘SRO and éRw represent the errors of
the analogous correlator according to egs. (13) zrd (13a),
for K, eq. (18) is valid, and for a5y 6z, and 6y must be
written
2 i —2"2
(- +}
a (x) |[Z 1 o dx (22v)
a, = ] x Q(x (6_) - e ’
26 1 _J x :
x2 - __éxa
5 52 T 26
zi il fsza(x) e T - 2 ij(x) e * ax
Gx‘vzf = 21
-c0 3 -00
(22¢)
and 2
X
e g
2 < 2 x
= — Q°(x) e dx (224)
6 .‘/_'
J 6x 2"_00

According to the here proposed egs. (22) and (22a) the expected
random errors 6RSO and & RS eo Of the Stieltjes correlator
for a finite observation time T can be estimated in an uncom-
plicated manner, when the correspcnding errors $ RO and 6R°0
of the analogous correlator (see section 3.2) as well as the
standard deviation 6x and the structure of the symmetrical
quantizer are known. Here it is appropriate to choose for the
relations 6RS/ 6R the correspondent arithmetic mean values
of the superior and the inferior bounds.

For the special case of the relay correlator, independently
of the level of the characteristic -Q(x), one cbtains the
estimations



0,5 < 6m| < 0,534 (23)
530 |
and
1 < sﬁ?—"i < 1,253 (23a)
Spe |

3.3.2 Error estimation when digiftal correlators are used

In place of eq. (15) to the descriptiom of the static relation
Zor a digital correlator with coarse guanmtization (cf. fig.1)
applies eq.(2). Only for the special case of the polarity
correlator this dependency cam be imi@icabed analytically.
Corresponding to eg. (19) the static error of the correlation
“unction lgc('t) is defined by

AR (T) 2,(T) - R (1) i)
R (T) R (1)

Contrary to the Stieltjes correlabor with the digital corre-
lator this error, due to the relation im eg. (2), can become
zero only for a certain value of To of the time shift T
hence an optimal dimensioning of the guentizer depends on T.
When 1.'o = 0 is chosen, eq. {(24) becomes

2
ABx(O) 6_ 2
= —'i— -1= -1 » 2
R (0) as 2 2]

where K2 represents the coefficiemt of the eguivalent
statistical linearisation accordimg to Burt To and
Kasakow 11.

Since for Rz(v s T) eqg. (#) is walid, according to egs.(21)

and (21a) for the absolute random errors © pp, =nd & op o
of the digital correlator can be mrititen

g
2 2 3 ,
. OO o :1‘— [{n [7«.2(11,)%2(12& - 93(0)} dv (25)
T 3?((,) / Y

0

2]
o)
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2 2 o

iy el Hias
= 0
Introducing intc eg. (25) an equivalent characteristic
= 2(x) (26)
one obtains- after considerations similsr to those in
section 3.3.1 the estimzstions

c )
2 2 < RDO 621 (27)
V2'52 62 8 ro V2 €2 62
and
2
b 8
i T ¥ . : (272)
K% 2 SRoo ‘
2
with G-
% x " 204 ax 5
2 2
e W g
2 2
X e =
6. . = QR (x) e ax - [Q (x) e dx
" 5x\/_11"j l_o Ve )
A5 (27¢
x2
P T 262
Sl [foye - * & (273)
2 ox-‘/zﬂ' s
-00
and
X2
7 T 262
A i x
b, = [:-:4(:&) e dx = cxK’l s (27e)
6227 | '
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By means of the here proposed egs. (27) and (27a) the random
errors to be expected, ‘SRDO and § oy » OFf the digital :
correlator can be estimated in an uncomplicated manner.
Concerning the assumptions and the handling of these equa-
tions apply the remarks in section 3.3.1.

For the special case of the polarity correlator one obtains,
independently of the level of the characteristic Q(x),the
estimations

6 .
RPO _ 0 (28)
$RoO
and
SRPQQ
0,636 < |—2— ;i (28a)
S Reo

Using for the approximate estimation of the error ) RP
the arithmetic mean value of the superior and inferior bounds,
we have from eq. (28a)

Y
—RPx ~ 0,82 . (28b)

S Reo
Eq. (28b) represents a useful approximation. This is demon—
strated by a comparison with the accurate calculation, carried
out by van den Bos e with respect to the correlation function

A ~dTe
R(T) =65 ..e « cosPT , which has been checked by
experiment by Veltman 13.

4, Summary

This paper proposes a method of approximate calculation of
random errors in centinuous or discontinuous analogous and
discrete measurement of autocorrelation functions. The derived
relations, which can be easily handled, for the characteriza-
tion of the spectral properties of the signals to be analyzed
contain the effective noise bandwidth. The latter can be de-
termined for certain classes of spectra in good approximation
from the zero crossings of recorded noise signals.
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Fig., 1 Scheme of a correlator
for the continuous measurement of Rx(t')
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Fig., 2 Sampling and holding circuit
for methods of discontinuous measurement
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