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ON A METHOD OF CORRELATION ANALYSIS FOR 
MULTIVARIA~E SYSTEMS 

Nobuo Hqashi 

Narashino works, Hitachi Ltd. 

Tok;yo Japan 

DTRODUCTION 

It is well-known, that correlation techniques in automatic control 

qstema hinges on the result that, it vhi te noise is ·applied to a linear 

system, the cross-correlation f'lmction or the inpn.t and the outpu.t gives 

the qstem impulse response f'lmction. ~ :m the case or 11111 ti variate qs­

tema, correlation techniques m~q be used as in tl:te univariate s;ystan. 

But there are rev papers treating the case gmeral.ly when the inpn.t vec­

tor or mul tivariate systems has lllltu.al.ly correlated components or sub­

vectors. 

Here the author generalizes correlation techniques for univariate 

systems to the case or 11111 tivariate qstems, and shows that the equation 

to estimate impulse responses ot the qstc sboal.d be a 11111 tidillensional 

linear algebraic equation havillg a JU.trix or oaaparably high orders. 

In the estimation or ~c characteristics or systau b,r the use 

or correlation f'lmctions in the 11111 tivariate case, following two methods 

mq be used as in the univariate case. 

1) Mehtod b,r oorrelograms ot inpo.ts and outpo.te ~ t.ind e;yBtc imp­

ulse responses. 

2) Method b,r spectral llll8lysis through correlograms or inpo.ta and out­

puts to find 1'reque.r107 response or· the 878tc. 

Disscussions about the comparison or accuracies in the estimation b,r 
1 

the§e two methods had been treated in some workS. In this pap the ! 3 ra.t 

method in the multivariate case is mainly studied. 

Up to now there are some discussions about the accurac.y or impulse res­

ponse functions estimated by methods or correlation techniques. Partioular­

-:-ly about the accuracy or frequency response functions b,r spectral anal.ysis 

methods , JllallY statistical discussions were givezl-

Consequently t he concept or windows became familiar to engineers, howev 

er it i s still dif f'icul t to choose adequate window-pairs for each practical 

probl em. In contrast to discussions of frequency domain analysi s, it seems 
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that statistical estimations of the accuracy of impulse response functions 

given b)" c~rrelation techniques were not so succssf'ull; Here some discussions 

about this problem are to be given. 

THE ·cALCULATION OF ·IMP(J!3E m:3PONSR3 BY ·usnm "CORRELATION ·FUNCTIONS ·IN THE 

MI7L"'nV ARIAi'E 'CASE • 

. About correlation teclmiques of automatic control systems in llllll. tivari-
. ~ 

ate cases, some results are obtained b)" Y.Sawaragi and N.Sugai. In this paper 

a more general fo:mala will be obtained. 

Zfov consider the llllltivar.f.a.te linear s;yetem as shown in Fig~l; 

_'For the sillpl.ici'Q', we use vector notations of inputs,outputs and noises 

as rouon; 

Xft) \ Y1{t) ~{t) 

~(t) Y2(t) lf2{t) 

~ {t)• · . y (t)- Ill ( t)-

x.(t) Y•(t) Zf.(t) (1) 

In general, capital letters stand for random variables, and small let­

ters their realized values.But in some cases, let us use small letters to 

denote det~stic variables; 

In Fig;l, without loss of generality we can assume that X ( t) and iN ( t) 

are mutually uncorrelated. As in the case of univariate system, a component 

of the output ve~torY (t), for example Y1 (t), is represented by following 

an equation due to the convolution theorem. 
Oo 

. y1 { t)·J., I h;j{z) X~ { t • . -z)dz + n 1 ( t). jal,2,····· n. (2) 
0 

Wher,!'! h 1j ( t) is the impulse response function of y
1 

when x~ is unit im­

pulse function, i.e. o~ction. 

Using above foxmula, we can calculate the cross-correlation function 

Where T is a time-interval in which correlation should be calculate~ 
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In the above cal.c,.ll.ation, the ergodic property of the · input process was 

used, bec811Se of the assumption that the input signal was derived from a at~ 

tionary normal process; Further the correction!actor (1- ~) depending on 
T 

the !ini teness of the time-interval T was assumed nearly equal to 1 by the 

choice of T enough large in comparison with 't• 

Owing to the existence o! the integral (3), we can change the order of 

the integration as follOWS: 

-n.loo tJT . 1 (T 
~71~ ('t)·J~I ~j (z)ctzt ~(t-'t)xj(t-z)dt v~(t)~(t-'t)dt C3) 

0 0 0 

Sinoe we can write 

then 

Tl IT ~ 
7 

x.. ( 't) • t: ~j(z)~x..x (7.-Z) dz + ~ ( 't) 
1 ~ J"~l 0 ~ j · 'f,l(, . 

(4) 

As mentioned above, ~Tli'J' ( 't) is the c~ss-oorrelation of the input 

signal and disturbances in the s;ystem, and without loss of general.ft,y we can 

S£sume the input signal is such that it approximates to a random input un-

correlated with 8llT system noise. If' in the case of the existence of correl~ 

tion between them, IN ( t) should be regarded as a subvector of 'l ( t). 

Therefore, assuming that the te:rm ~n · )(,( 't) is negligible, we get 
'» 00 • 

)., ( 't) • ]Jh..j(z) )_ (z-'t)dz (5) 't);x, J=t J. / ~xj 
0 

In t~ discrete case (5) becomes 

l ( 't) • ~ i h..j(l) ~ x(l•k) · 'ff,x, r' i~o 4 ~I~ 
(k•o,l,2,. .. ... s) (6) 
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If we write as derived in (6), the crosscorrelation of Y1 (t) and Xj.:t) 

in the dis~rete fo~, ve obtain the following relation, (note ~ (-T) 
lxixi . 

ccfx.xJ7:)) 
~ ~ 

<P (0) 
yl~ 

. 
Y x (s) 

1 1 · . . 

+ 

or simply, 

<P~~ (o) ~~~ (1) ••• ~~~ (s) 

4>~~ (1) 4>~~ (0) ••• ~~ (s-1) 

c;p (s) ~ (s-1) • 
~~ . ~ 

• <f>~x (O) 
1 ' 

cp~xn (d) ~~xn (1) • • • cj>~xn (s) 

.P~x~-1) cP~xn (0) • • • 4>~xn (s-1) 

. 
4>~x(-s) <bx x(l,.-s) 

n ln 
. cp~xn (0) 

~1(1) 

. ~1 (s) 

~(0) 

hln(l) 

ha(~) 

4tl, ·l ~,J ~. 11 + ••••• +~%1%J~ln 

+ •••• 

(_7) 

(:8 .) 

In general, the correlation of Yu ( t) and Xv ( t) can be vri t ten as 

(:9) 

(u-1, ••• ' m v=l, • ' n) 
Now consider the :reatment of this system of equations ( 9 ). It con­

tains m. n unknown vectors h ., and also contains m. n matrix equations. So 
UJ 

it should be solved with respect to h . uniquely if ($·) satisfy some con-
UJ . 

ditions. First write this system of matrix equations i nc luding f.o x l~+, 

only hll ; · · · - . · .. -,hln, J as f olLows: 
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~y1x1 ~11 <pl2 • • • 4ln lhll 

4;?y1x2 1?21 4?22 • • • <P2n ~2 

1l • nl

0 

4 .n2· . . ~· l7. 
~ylxn nn 

(10) 

Subma trices P11 , 4>22 • • • • • , <f>nn in main ~agonal are positive 

definite, and hence nonaingular, because they are a~tocovariance matrices 

of ~(t), x2(t), ••••• , Xn(t). 

So it is natural, to assume that the matrix of (10) to be nonaigu1ar, 

but it needs a proof. Remember that a autocovariance matrix of X.(s) 
~ 

be expressed as follows: ('bT using the ezpectation operato.r C ) 

pii - £ [xi {s) x:(s)) 
where the primed vector X'(s) denotes a transposed vector, namely 

on the other band the matrix of (10) may be expressed as follows • 

. . 
4;>11 ( s ) • • • </>n (o) <lf2( -s) c/?2(1-s) • • 4{2(0) • 

~ - ~1(0) •• • ~1 (s) ~2(0) . . . . . • • '42(a) • 

~1(-1) • • • ~l (s-1) 

. 
t:P21(-S). • • ~l(O) 'B2(a). 

can 

(ll) 



,_eo> 
~(·} 

~(0) 

x (a) 
. Jl 
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In Tector notation, (12) becomes 

vhere 

(12) 

(1~) 

X/- (x1(a),~(s-l), •• ,~(o},x2(a}, •• ,~(o), •• ,xn(a), •• ,xn(o)J 

(14) 

In comparsoli vith (11), it is clear that the matrix should be poaitiTe 

de!iDi te. This can be proved direct]J &lao by noticiDg that 4'. (a} • 

cfx.x. {-a}, a:nd hence the matrix in (12) is real valued, symmet~~jand posi­

ti V~ aefiDi te. 

Accordingly, the matrix eq~tion (10} can be solved &lgebraic&l]J and 

uniquely, because the matrix is nonsingular. 

The solution or the equation (10) becomes 

(15) 
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where 

~11 l>ylxl 

lhl- fyx .. 
~ln 4?y:xn 

Thus, simultaneous solutions of impulse responses ~11 , l\~, ... , 
'h l1Lare obtained. 

As shown above, the equation (10) has a matrix of comparably high or­

der. A convenient technique used so far is to const~ct components of a 

random vector X( t) so as to be mutually uncorrelated white noises. By using 

this experimental technique the equation (10) is extremely simplified. In 

this case, the evaluation of the accuracy of estimations of impulse respon­

ses is not so difficult. But at present, statistical evalyations of the ac­

curacy of impulse resp~nses 1\ in (10) by the direct method is still import­

ant from theoretical points of view. Here one method is proposed, by an ap­

plication of some techniques in the field of multivariate statistical analy­

sis. 

A ~TATISTICAL EVALUATION OF THE ACCURACY OF IMPULSE RESPONSES -CONFIDENCE 

RJX;IONS OF IMPULSE RESPONSES-; 

In above described ways, a discrete type Wiener-Hopf equation for multi­

variate systems was obtained, and was shown that the equation is quite simi­

lar to the equation of the univariate case. Now let us consider the accuracy 

of impulse responses given by (15).. Here the accuracy of simultaneous solu­

tion of (lS ) is to be evaluated. A conventional way of discussions about the 

accuracy of (15) seems such that, from sample distribution of covariance ma­

trix f: and correlation vector ~x to calculate the sample distribution of 

Jh precisely. But it requires tedious ,and difficult calculations to obtain 

sample distribution of 11 by this orthodox way. 

Here the author proposes another approach of discussing the accuracy of 

impulse responses lh • 
The solution of eq. (10) is of the form (lS). By transposing (15) it 

becomes 

because~ is a symmetric matrix. 

( HI) 
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.Sild.l.a:rly, in the univariate case ve obtain 

I ;J..' J.._-1 
ltl,' = q.'yx,~ 

(17) 

Obserril:la (16), (17), ve notice that the;r are qu:l.te analogous to so­

called regression u.trioea~ Hare some explanations about regression matri­

cee should be shown; 1\r putting & covarlance matrix in the fom (18), then 

the regreesion matrix ot l(, on~ is given 't1r pin (19).Whare X1 and I,zare 

riiZld.om vectors; 

E {(),<')ex; X.:)}= (~''· !:,2)~ L 
~2 ~21,~22 

-1 (18) 

f- ~12~22 (19) 

In our pzobl•, E12 appears as & l:Ov vector ci.x and the original 

covar:l.mce u.trix ot our cue can be written as 

. EC~~)= cp1_yCo),*x(o),cPrx(') ..... . cp)'Y(S) "=(eR(!?) ~/) 
~(o) /,. Y~ ' Jt)-x 

4}~ (I) Jb tf, 
rh IJx r)r)( 
hx 

(2o) 

where I( is a rov vector such that 

IR/ • [ Y( s) ·, x( s) , x( s-1) , . · · - - · · · , x( 1) , x( o)] 
(21) 

It is now clear, that our pzoblem 1a reduced to the multiple-regression 

pzoblem of f'1nd1ng & linear combination of the form Y• Jh1 x(s-j) by the meth­ro G 

od of least squares from given sets of realized values of a random process 

[y(ll), x(a.), x(s..c-1), ··· ··--·"'· : ,x(l,), x(o..t)] considering x(s.c-1) fixed. 

In the multiple regression theor,y, ·each realized .value X(s~-j) ~ is con­

sidered as fix~ Therefore from this point of view the independence or the 

dependence of each vector lP' ( s ) .. [ x( sa ) , x( a.. -1),. · .. ·,X( 4 ) , x( Oo( D has 

essentially no influences to the theory. 

From above discussions it is clear that correlation techniques have sig-
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nificant relations to the method of multiple regression analysis. 

In particular, in the case where artificially fonned nonrandom deter­

ministic ( but having 8-function ~ed antocorrelation function ) signals 

are used, then the problem satisfies essen:tially conditions of 11111 tiple 

regression theor,y. 

As the conclusion, it is clear that the confidence interval estimation 

of impulse responses· lt can be obtained directly bf applying well-known r~ 

sul ts about simul. taneous confidence regions of regression coefficients. In 

the case where we use artifioial. randOII si&nal.s with a known covariance 

matrix ~ 1 and if by- random read outs we fonn in:p11t signals, then the 

Wishart-distributi.an mq be applied to make the est~tion precisely. But 

the calculation of Vishart-distributian seems too tedious from practical 

points of vi SW'; And even in the case of using a random process data vi th 

unknown covariance matrix, the application of the multiple regression th~ 

ory to this case can be justified, by' taking an aoc01mt t~t we use sets 

of realized values of the process .,; such that 

(21) 

In other words, vi tbout precise estimations of auto-correlation and 

cross-correlation, i.e. vi tbout a precise e~tillatian of the covari.ance 

matrix f. (Rf<:)=~, still oan we estimate confidence regi~ of the regres­

sion vector h ( which in our tenninology appears as illlpulse responses.). 

In general mul tivariable cases, a s1m:Uar conclusion can be obtained. 

In this case the regression vector 8{ becomes 

(22) 

The original covariance matrix to get this regression vector can be 

constituted from a randoll vector T' such that 

T 1 
• [ Y1 (s) 0JS_ (s),- · · · •JS. (o), ~(s); • •• · ,~(o) ,- · ·- • ·· 0X11(s) ,- · : · 0X,.(•~ 

(~3) 

Let us assume that we get q sets of realized vector t~ .from the 
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/ . 
random vecto;r T at different time s (a=l, ••• ,q). 

a -t: = [y(sa), . P~(sa), P;(sa), ••• , P~(sa)J = [y(sa)' ):'(sa)J (24) 

Now we consider the subvector )(~s ) fixed, and constitute a following 
a 

regression model. 

y(s ) • Jh}t::.(s ) + £ 
a a a 

(25) 

In this model y(s ) is a sample from normal population with mean /LX (s ) a a 
and E is distributed independently according to a normal distribution N(O, e1' 

2
). 

a 
The normal equation to estimate /h. becomes 

(26) 

where for simplicit,y let us denote Y(s ) = Y , X(s ) a X • a a a a 

It is clear that the normal equation (26) coincides with the equati on (10) 

~ressed by sample values. 

:ormally as following 

Namely consider X as a random sample and write 
a 

en (10) becomes 

1\ 

q:l l.(Xa-j)(7.a-i)' = ~ 

" 
q:l L(ya-y)(Xa-X) = <J>yx 

/\ /'\ /\ 

~-Jh .. <JPyx 

By solving and transposing (27) we get Jh' in the following fo rm. 

' ~~=~I ~-1 
yx 

In the theory of regression analysis, following procedures are used fo r 

.culations 

.re ~ are regarded fixed. Let 
a 

- 0 

X -X =Jr a a 

(27) 

(29 ) 

(30) 
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1.:-lh' then can be expressed in t he formula 

(31) 
The mean vector and the covariance matrix can be calculated in the fo l ­

lowing way. 

(32) 

A-1 

(33) 

Above formulas are well-known re~ts in the field of mathematical sta­

tistics. In this case the statistic lt\ follows a normal-distribution with 

the mean h, and the covariance matrix 6 2 /A-I_ About this result some ex­

planatory remarks should be given here. If we assume that the random vector 

"(t) is subject to a stationary normal process, then the output vector Y(t ) 

as a linear transform of Y(t) is also subject to a stationary normal process. 

In t hi s case the regression model (Z5) takes place exactly and ~a in (?S) 
corresponds toN (t) in (1). In another case when the random X(t) is not 

Jl 
subject to a stationary normal process but to only a stationary process, then 
Y( t) as a.· linear transform of X( t) (i.e. ~h(Zj )X( t-Zj )6Zj) tends to approach 

J 
to a stationary normal process. (Although the central limit theorem can no t 

be applied str ictly in this casEt) 

So in the case when the random vector X( t) is subject to any stationary 

process, the regression model (25) takes place practically, and following 

confidence regions of regression coefficients can be used. 

In the normal regression theory, (3l ) is expressed as in (J4), but re-

sul ts are same. 

(34-) 

wher e X= lXf3v} (f3=1, 2, • , ( s+l)n, v=l, 2, ••• , q) 

Y'= (yl' Y2' 'yq) 
An e t ima te of ~2 is obtained by ESS ( error square sum) i n a fo llowing 

way . 
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(35) 

(36) 

The mu1 tiple correlation coef'ficient R, :defining the correlation between /l'{ 
and Y, is estimated by 

(37) 

By using mu1 tiple correlation coefficient, we can verify the model of Fig. 

1, but tarther discussions will be ·omitted here. 

Now we are going to discuss confidence regions of regression coefficients 
A ~ 

h • First to be shown a confidence region of h , a component of regression 
11 " . 11 

vector h , and secondly the simultaneous confidence regions of coefficients 

are to be introduced. 
A ...... 

It is well-known that the confidence interVal of h (11th component of h 
11 

with· a confidence coefficient 1- r is expressed by (38). 

h - t ( l) 1(r)d [all11 ~ h ~ h + t ( l) 1(r)d ~ (38) 11 q- s+ n- 11 - 11 q- s+ n-

where a1111 stands for the (11,11) element of the matrix A -l, and t ( l) 
1 

is 
q- s+ n-

the 100 r o/o point of the t-distribution with q-(s+l)n-1 degrees of freedom. 

(38) derives from the fact that each statistic 

follows a t-distribution with q-(s+l)n-1 degrees of ~reedom. 

In the case of using artificial signals, the matrix A often has a form 

such that 

where E is an unit matrix. 

(39) 

(40) 

In this case each h component of the vector 1t is estimated independently, 
·11 . 

so it is adequate to use confidence regions (38). But in more general cases, 

each component h is estimated simultaneously, and h is not alweys independent 
11 11 

each other. About simultaneous confidence interval estimations on regression 

ff . . t S'.6 coe ~c~en s we~ refer to references. ' , 

Here well-known simultaneous confidence regions on regression coefficients 

h with a confidence coefficient 1-r will be introduced. 
11 
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This is 

(h- h )A(~ -/1) !: f (s+l)n+l} ~ F (s+l)n+l, ( f\-(s+l)n+l (4l) 

where F (s+l)n+l, (fJq-(s+l)n+l is the upper 100 Y o/o point of the F-distribution 

with (s+l)n+l, and q-(s+l)n-1 degrees of freedom. Name~ 

Pr .l F > F (s+l)n+l, (r\-(s+l)n-lJ "" .Y (42) 

For example, let us consider the case when n•7, s=l2, and q•lOOO. Then we get 

F
92

,
908

• (y). In F-d..istribution tables, usual~ it is not shown values of F 

with large degrees of freedom. Let us consider an approximation method for 

F-distribution in such a case. By taking on account that F~ is defined as 
. ''ll 

~~ 2 
2 and assuming n2 .) ~, we can consider that ~ /n2 converges in pro-

~t'~ 
babili ty to 1 and t ~~~ converges in law to N( 1, l/n1) as n1 and ~ tends to 

infinity. Then we can use the fact that the statistic F R, oonverges to 
112 

N(l,l/~) in law. The error estimation is given by 

Sup I pf:~ (E) - pM(E) I~ 2/I · 
ECS - ~'n2 

for any set belonging to B, where B is a Borel-~e probabilit,y space. 

is defined as follovl_ ~ . 

E, 1 designates the expectation operator with respect to F-d..istribution 
~'n2 

with ~ ,n2 degrees of freedom. · 

APPLICATION OF PARTIAL CORRELATION TEX:HNIQ~ 

(43) 

(44) 

As an application of partial correlation techniques, let us -consider the 

case, whe;e some Jk . , for example j=3,4, ••• ,n, are known. In this case partial 
lJ ~ 

corr elation techniques can be used. As mentioned above, #tie distributed 
JJ.. 2-A -1 

according to a normal distribution with mean 1~ and covariance matrix d ~ • 
':\ 

Let us partition the vector Hi and the covariance matrix as follows. 



(45) 

lE: 
It is known that ~j are lhlj in reality. Let us use the concept of condi-

tional distribution. Then the conditional mean and covariance of (~"\are 
lhrz} 

E [ ~~~ I h~jl = ( hu) -t- ( z,;~;~) ( fh~ . - Wuj) 
114'1. ~ . ~12 ~2.? ~33 ~ 

and (46) 

(47) 

1\ '\ 
Above formulas can be used for the correction of h

11
and h12and their confi -

dence intervals in the case when Jli j (j=3, · ···~ · ·n.) are known. 

Partial correlations are considered also useful for the smoothing of i mpul-
" 1\ ( se responses. For example, i f ~1(5) and h11 6) , are partia+l~ positive COf-. 

_related significant1ly, then we can verify the smoothing of these two poin­

ts of impulse response ~11 • But further discussions will be omi t ted here. 

CONCLUSION 

In above discussions, the author shows that correlation techniques to es t i­

mate impulse responses have close relations to t~ear regression theories. 

He suggests the applicability of simultaneous confidence interval estimation 

of regression coefficients to correlation techniques. l!e also suggests the 

application of partial cpr relation techniques to identification pr oblems . 

: But the utility of these confidence regions must be tested by experiments. 
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A METHOD TO DETERMINE THE TRANSFER 
FUNCTIO.NS OF POWER SYSTEMS - . 

M.Koazelnik , J .Malkiewicz, St.Trybula 

The Institute of Power Systems Automation, Wroc~aw, Poland 

1. Introduction 

The problems connected with designing and setting of power 
and frequency automatic control system in the electric power 
systems require,primarily, a thorough investigation i nto their 
operational behaviour under various conditions,both i n a trans­
ient and steady state. The control systems adjustment usually 
begins with the identification of the object and with construc­
tion of its mathematical model.To begin with the dynamic pro­
pe~ties of the investigated object are to be determined. The 
dis~urbance in balance of power generated and load that initia­
te the transient phenomena, follows mainly the fluctuation in 
power demand. At some fixed moments power demand may be r egar­
ded as a random variable and to ita analysis statistical me­
thods may be applied. Much in the same way power exchange and 
frequency will be treated as atochastic processes. 

Presented in this paper is the statistical method of deter­
mining of the transfer functions of interconnected power sys­
tems based on power exchanges and frequency measurement during 
their normal operation with no artificial disturbances evoked. 

2. Basic· assumptions 

An electric power system is a compound one consisting of a 
great number of different elements such as generating, trans­
mitting and load units. It is therefore, the mathematical de­
scription of system is very difficult or practically i mpos­
sible if it is based only on the characteristics of the dif­
ferent elements, without carrying out measurements on the 
actual system. This concerns particularly t he ana l ysis of 
transient processes . ~·ore over, the charac t eristics of t he dif­
ferent e ~ment s of the system are not exactly known and many 
of t he v r~ during op-ration . he bests r e s ults can be ob-
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tained on the base of measurements in the actual system du­
ring its normal operation but even in this case, certa i n 
simplifieations will have to be adopted when the data are 

processed. 
There will no consideration upon the characteristics of 

particular elements -of the system, but only the_ characteris ­
tics of the system as a whole. Eaeh system will be treated 
as a substitute generating unit, characterized by its system 
primary automatic control and inertia of the rotating masses 
and -as one substitute load unit. The last one is, however, 
characterized by the natural rela't"ion betl!een :frequency and 
power demand. In the :further considerations the generating 
and the load units wi11 be treated as one control system.At 
the input of each of such systems the process i.e. Zr/t/ /r= 
l,2, ••• ,n/ of power demand is observed• It is ~ssumed that 
the power demand processes of different systems are statis­
tically independent. This assumption is founded o~ the fact 
that the switching on and off of the particular receivers in 

one system does not cause similar changes in other systems; 
these changes occur in each system independently. The same 
may be said about the changes of the generated power caused 
by the disturbances in boilers /changes of the temperture of 
the steam, of pressure etc/. The existing correl~tions be­
t ween the daily load curves of systems may be ignored,because 
only random deviations from the general trend within periods 
of several minutes will be subject 'of our consideration. 

It is also assumed that during the time of measuring,the 
set of generating units and the structure of receivers do 
not change, hence the equivalent dynamic characteristic of 
the system remains unchanged. 

The considered systems are interconnected by the power 
lines with the flows i.e. Prm/t/ /r ~m; r,m = 1,2, ••• ,n/. 
These lines connect particular systems at the ·input /fig.1/ 
while at their outputs frequency processes i.e. fk/t/ are 
observed . As a result a multi-input and multi-output system 
is obtained. Thus, there are n inputs I n -number of systems/ , 

while the outputs may be as numerous as the points of fre­
quency·· measurement. For such a system, t herefore, exist as 
many transfer f unct ions as there are combinations be trveen 
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all the inputs and outputs, i.e. /n.N/. The most· informative 
f . r each system will be the transfer function found in rela­
tion with the frequency measured in the given system,or de­
termined with regard to the frequency measured in a central 
point chosen in a group of systems. Particularly,calculations 
may be carried out with reference to the frequency f/t/ me­
asured at one point.This implies f 1/t/= f 2/t/, ••• , = fN/t/ = 
f/t/ as it has been assumed in this paper. The determination 
of the transfer function with regard to the frequency me­
asured at other points /it being known for one point/, does 
not present difficult problem. 

In general, the processes of power load,power exchange and 
frequency are not stationary. It has been assumed, however, 
that after subtraction of their mean functions the residual 
processes are stationary and ergodic. It is, only, necessary 
to estimate properly the mean function of each of the consi­
dered processes. 

Due to the relatively small deviations of the considered 
power and frequency, linearity of the system may be assumed. 

It also must be noticed. that loads of systems Zr/t/, 
jr = 1,2, ••• ,n/ can not be directly measured.Therefore a di­
rect determination of their statistical characteristics is . 
i mpo ssible. The problem, the solution of which has been gi­
ven in this paper,consists in finding the transfer functions 
of each power system, when only exchange power and frequency 
processes ar~ known. Then the determination of the statisti­
cal characteristics of load in an indirect way is possible. 

_ diagram of interconnected power systems is presented in 
fig.1. 

J. The basic relations 

An arbitrary nUmber n > 2 of the interconnected power sys­
t ems is considered /fig.1/. The centered processes Zr/t/, 
Pr/t/ and f/t/ satisfy the relation 

(3.1) f tJ = -j;rxJ [z,.ff-r)- P,.(t-rJj dr: (7>= 1,2, ... ,n) 
() . 

whic can be rewri ttc; in the form 

(32} ftJ-j;,fr}l?(f-r,/ ' _' -: -J,.,:rr:JZ,. ( ' r)dr 
0 
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setting t + s instead oft yields: 

(3.3) (ff+s)- r;.,(T} Pm (f+s-t)tft = -j~tr) Z,(t+s-r)t:k 
~· ~ 

{m= 1,2, ... ,nJ. 

Multiplying both sides of equations /3.2/ and /3.3/ and t ak­
ing the expected value of this expression, we obtain 

~ ~ 

E(frt)frt+s»-£(jw,tr:Jff1J- ~(t+s-r)dr)-E(fot~Jtft+s)f?tt-r)dr) + 
D D 

0000 

(3.4) + E{jjw.,tr:) Wm(fJ/?ff-r)P,{f+.S-'l)drd'l} = 
D D --=£(If lfl,.('t:)IV,.(?) z,.(t-r) Za,rt-~-s-'l)tlrd'l). 
D t1 

Assuming the processes Zrft/ /r • 1,2, ••• ,n/ to- be uncor­
related, equation /3 •. 4/ can be written in the form 

(m*,.; m,r=1_2, ... ,n) 

making use of the theorem that the expected value of product 
of statistically independent random variables with mean value 
zero equals zero. Further 

(3.6) + _LT:,.rz-Jw,.trp E(P,tt-~JP,.(t+s-'l~'*d'l ,. 
o-f 

== jj:,.trJ W,.f'J) E(z,.tt -r) Z,.(t+s -7J)tlr d'l 
110 

From the known definitions of correlation f unctions, the 
equations /3.5/ and /3.6/ take t he form 

(3'?) 
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and 

.... ,., 
(3.8) +jjw,.frJw.,.f'lJR,_FJ.(s+r-'l)tlrd? == 

() 0 

= jJ;;rrJ W.,.ft;J Rz,.f.s •r- 7J tit: tl'l, 
D 0 

Applying Fourier's transformation to the equations /3.7/and 

/3.8/ we obtain 

and 

(1.10) 
:2 7fz/W} cx,.(w) ci;(w}, 

n 

As f.;Pr/t/ • O,the following relations between correlation 
functions and spectral densities must hold 

n n 

(3.1f) h; Rn,f (S) = 0 anti L Cj?(W) = 0) 
1'•1 

n n 

(3.12) ~ R~P, f.sJ = 0 and ~ lfl,.m {w} = 0 (m"' 1,2, ... ,n). 

Now,the way of solving equations /3.9/ and /3.10/with regard 
to the unknown quanti ties ct.,.(w} and 1/Jz,.fwJ will be shown. To 
s implify, we then omit the symbol w • Let's put 

(~ . 13) an cl 

~'he relations /3.11 I and /3.12/ can be rewritten in the form 

(3.14) and (m=={. 2, ... ,n ). 

n order to eliminate ~m from /3.9/, we divide /3 . 9/ and 
/ 3. 0/ by CXr Qlm and, using /J . 13/, we obtain 
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(J./5) 

and 

(.j./6) (,. = I, 21 ••• , n). 

Thereupon, adding for every fixed m equations /3.15/ for 
r J m; r = 1,2,, •• ,n and making use of relations /3.14/, we 
obtain 

Knowing f!,lfm, ~m we can solve the set of equations /3.17/ 
with regard to the unknown quanti ties f3 and f>,.. The solution 
will be given in the next paragraphs. 

It should be noticed that also equa.tion /3.16/ can be re­
written as follows 

(3.18) 

After subtraction of /3.17/ from /3.18/ we have 

(3.19) 

4. Determination of the modulus of the transform of the joint 
weight function. The share function. Discriminant of the 
system 

The right aide of the equation /3.19/ must be real and non­
negative,because it is the ratio of spectral densities of pro­
ceases of m-th system power demand to those of frequency. It 
follows that for the real ~ there exists real and non-negative 
function bm' which satisfies 

(4.f) 

bm will be called the share function of the m-th system. It is 
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real for all the real w . 
Summing up the expressions in /4.1/ for m= 1,2, ••• ,n and , 

taking into account that ~ $Pm = 0 we obtain 
m • t 

(4.2) 

Let's denote 

(4.3) 

Function hm will be called the discriminant of m-th system. 
It is real for real w . 
Now, the method of determining the modulus of ft and bm on 
the ground of discriminants hm /m • 1,2, ••• ,n/ will be given. 

· Using /4.1/ and /4.3./ we oen rewrite /3.17/ in the form 

(4.4) 

From /4.4/ and /4.2/ it follows, that for every real 
hm/W/ ~0. Solving the equation /4.4/ with regard to bm we 
obtain 

(4.5) (m= ·"2, ... ,n) . 

Summing up the equations /4.5/ for m • 1,2, ••• ,n and tak­
ing into account /4.2/ the- following result is obtained 

(4.6) 

where d ma t ake the values +1 or -1. 
This way, only one equation with one unknown quantity f ~( 

f or ea h w is obtained. Having found ( fJI by e.g. regula 
f als i ethod, bm can be de t ermined f r om eq ation /4 .5/. It is 
owever , necess ry to choose, the appr op i ate s i gn of Jm • It 
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can be proved that a necessary and sufficient condition to 
have a solution of the set of equations /4.5/ for each ~ 
there must be 

(4.?) 2h, •. < 

If /4.7/ is fulfilled and _ 

then cf.,.-1 for m•1,2, ••• ,n. 
If, however, /4.7/ 'is fulfilled and, besides 

' 

(4.9) 

fhen cf~= 1 and J:, • -1 for ·m = 1,2, ••• .,n; m j. m
0

• 

Thus the method to determine I~ t = ~ and bm has been 
given. Then the transforms ot and CXm /m = 1,2, ••• ,n/ will be 
determined. 

5. De t ermination of ,the transform of the joint weight function 

The weight function w/t/ • 0 for t < o. Let us put 

f5.1J Ol((IJJ =j;rtJ e-t"i»t dt 
D 

where~= u + iv is any complex _n~ber for which the integral 
/5.1/ exists. Let's suppose 

(5:2) l oo ~~/CX(W}I/ 
1+lAJ' 

-oo 

dw < oo . 

It is known, that the fun~tion ~ /u + iv/ will be analitical 
and bounded for e~ch v < 0. It will enable ue to determine this 
function, if ita modulus on the real axis is known8 • The solu­
tion is given by the equation 

{53) O{u) =-/lX!uJJ (rosq.fuJ + i.sintj,(uJ) 
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where 

-
(5.4) a tu J = - g_J u -M [or(x)l dx . 

-y 1i ua -.xa 
q 

6. Determination of the step response functions of the indi­
vidual systems 

Having found the transform of the joint weight function 
of the interconnected power systems and taking into account 
relations /4.5/, the transform ex, of the weight functions of 
individual systems can be determined from formula /4.1/, 
which can be ~written in the form 

{6.f) (m•I,R, ... ,n)'. 

It may be noticed, that having found Q' and CXm and applying 
/3~1)/, the spectral density 5fzm of power demand can be deter­
mined from the relation /3.19/. 

Next, the weight functions w/t/ and wm/t/ can be calcu­
lated applying the inverse FOurier's transform 

(6.2} 

which permits finding the step response functions 

. t 
· W.tfJ =j w, trJ dr. (6.3) 

'l'hus .. , the problem of determination of the step response func­
. tions W/t/ and Wm/t/ baseq upon the correlation functions 
Rr• Hp. , Hp f/r • 1, 2, ••• ,n/ h.as been theoreticall~ solved. 

r r . 

7. Final considerations 
o,-.. • 

I t is easy to see that the frequencjYK of a power system, 

defined as K = lim ~ which implies K" • lim ~/ 
~~ "'~' w-o a,~ • ea. • ~ 

can be determined from the equation /4.6/ for w • O; There-
'- n, the ~ /m = 1,2, ••• ,n/ can be calculated from the 
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equation /4.1/, where K = ~~{3/W/, after previous determina­
tion of the bm functions from equation /4.5/, also for w = o. 
Rrom the definition of the Fourier's transform follows that t he 
spectral density for w = 0 is the integral of the correlation 
function. Then, if the frequency bias is to be found, the ap­
propriate integrals of the correlation functions should be 
estimated. The mathematical model, based on the estimation of 
integrals of correlation functions may be called a model •with 
memory". Its particular case is a model which can be called a 
model "without memory" in which only the values of correlation 
functions for r = 0 are used, /i.e. the p.~per variances and 
covariances/J. This model can be ~ed only ·in the case of homo­
geneous systems, i.e. when the integrals of the correlation 
functions of frequency, exchange powers and cross correlation 
functions between these processes are &proximately proportio­
nal to the appropriate variances and covariances with equal 
coefficient of proportionality for all the systems. 

Finally, we want to add that for two interconnected B,Jsteaa 
/n • 2/, the problem stated in this paper can be solved onl7 
after additional assumptions. In the papers3,4;see bibliogra­
phy/ the method of determination of the A coefficient in such 
cases is presented. There is no problem to generalize this ae­
thod for the determination of the transfer functions on the 
basis of the theory described in this paper. 

a. Numerical example 

In order to verify the presented method, calculations o~ 
transfer functions were performed ~n the basis of measure.ents 
1n the interconnected systems of Poland and East Germ&D7 - 1 
/see fig.2/, Czechoslovakia - 2, Hungary - J, Rumania and West 
Ukraine - 4. · The measurements were carried out in october 1965. 
The period of measurement was T = 1000 sec, At • 0,5 sec, tbe 

number of sample data N • 2000. The balance of exchange power 
of each system was cantered by subtraction of the so-called .oY­
ing average 6, and the process of frequency too. The period o~ 
the moving average was Tr = 50 sec. Fig.J shows graphs o~ the 

corrected correlation functions betWeen these processes. In 
fig.4 the spectral densities and in f1g.6 and 7 the cross 
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spectral densities are presented. In fig. 8 the modulus of 
the t~sform of the joint weight function of the inter-
connected systems OC{W) and phase characteristic q/W I are 
given. In fig. 9, the · frequency transfer· function of the 
interconnected systems is shown. At the end, fig. 10 presents 
the step response functions of each system /curves 1 - 4/ and 
that for interconnected system /curve 5/. 

9. Conclusions 

Presented method to determine the transfer function will 
give correct results only if the estimation of all the used 
functions is properly made 1•2 •8 • E.g. if the moving average 
method for mean of process estimation is applied, suitable 
correction of the correlation functions will be necessary. 
The proper method of estimation of spectral densi ties,hm/W I 
and q/ w I funct~ons will also be necessary. This method will 
be .presented in further publications. 

A more detailed analysis of method simplifying assumptions 
is also rsquired. ·Because of the numerical way of determin• 
ation of all the statistical functions, the proper choice of 
a range of function determination as well as of the intervals 
.between the values of the argument of the measured functions 
is necesaary. 

The other procedure o_ . sfer ·functions determination is 
also applicable. The modulus of the transform of joint weight 
function can be aproximate~ wit~ a suitable function and then 
the ·t ransfer function determined in an analitical way. 
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Symboles 

n 
I', m 

r,'l,.s,.x 

fo 
'fo' tftJ 
~{f) 

EtXJ 
!lf(S) 

RfJ.Ff.f$) 

l{J(W) 

- number of systems 
- indices 
- variables of integration 
- value conjugate to complex value 
- modulus of f3 
- cantered process of the frequency 
- centered process of exchange power balance of 

m-th system 
- operator o~ random va~iable x 
- atocorrelation function of the frequency 
- autocorrelation function exchange power balance 

of r-th system 
- cross correlation function of exchange power 
~alances between r-th and m-th systems 

- autocorrelation function of power demand of 
m-th system 

- cross correlation function between exchange power 
of r-th system and frequency 

- spectral density of frequency 



30 

~m(W) - spectral density of exchange power balance of m-~h 
system 

·'/J,.,(tu) - cross-spectral density between exchange power ba-
lances of r-th and m-th systems 

Re¥?-,(tu) - real part of zp,.,ftu) function 
1m ~m({A.)) - imaginary part of I/J,.111 (W) function 
~(~) - spectral density of power demand 
~(~) - cross-spectral. density between exchange power ba­

lance of m-th system a~d frequency 
b,rwJ 
h,(UJ) 

11.,ffJ 
w, ft) 
et, (f.IJ) 

let(wJI 
Wrt; 
()((W) 

- share function of m-th system 
- discriminant of the m-th system 
- step response function of m-th sys.tem 
- weight function of m-th system • - Fourier's transform of weight function of m-th 

system 
reciprocal of lf'(wJJ 

- step response function of interconnected systems 
- Fourier•s transform of w/t/ function 
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Fl6.t. BLOCH OIRGRilN OF Tf/E 1/YT£/l- F/6.2 SCHENATIC 0/AGIWI OF THE INTER-CIJNNE­
CnON OF FOUR POWER SYSTEMS CONNECTED IJONEA SY.STEKS 
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FIG.?. 

T/1£ REAL AND /MAC/NARY Af/ITS OF THE CROSS J'PECTRAJ.. IJ£NS/T/£S 
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STOCHASTIC ERROR THEORY 
by 

Prof. Dr.-1~. ha bil F . H. Lan~e and D ipl~~. ~.Zec~a 

Restock ·university 
GDR 

In the field of communicetion, measurement and control stochas tic 
proce sses are ot incre~sinc importance. Usin~ stochastic si~als 

and parameters we have . to keep 1.n mind t eir specffic properties 
causin~ errors in evaluation. These errors depend on the measur­
in~ equipment and the examined process its ; lf. They may become 
large under certain conditions. The usefulness of a measurinc 
method is ~ive.n with ita error limits. Ot course only statistical 
limits can be fixed .tor errors of stocha.stic parametera.Between 
these limits we ~ve the interval of confidence. 

The e~i.neer has to cet accustomed to a .new way of thinkinc as 
he is trained 1.n asi.nc exactly valid alcorithmS. Even in 

theoretical work it is often ne~lected that statistical para­
meters can be c~ined only incomplete and that they represent 
the actual process only incomplete. 

To absorb stochastics 1.n the en&ineerinc educaticca we have t9 
do a lot ot peda~ocical work. Existinc books on mathematics are 
often mono~raphies and do not consider the spectral represeat­
atio.n accustomed to the en~i.neer. My discourse will point to 
this incompletely solved problem in en~i.neerl.n& education. 

The theory of errors of stocnastic parameters considers three 
different cases, that will be treated by different methods: 

1. To determine the parameters of a si~le undisturbed process 
(to be found 1.n control en~ineertn&) 

2. to determine . parameters of a sinusoidal s~al durinc 
stochastic interference (to be found in any area of 
con.r:JUnicatio.n, me.:l s urement ~nd control en~i.neerinc) 

3. to de t rn ine parame t ers of stochastic signals dur~ 
s to~hcs tic inte rfer ence (to be found us in~ correlation 
t chni~ues in measur ~ent). 
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St teoents o~ parameters of stochastic proce sses are usua lly 
based on the presump tion t hat the process is stationary 1n · 

time and er~odic moreover. To be stationary means t he sta tistic­
al parame ters to be invar iant with time. To be er~odic me ans, 
the statistical mean values of an ensemble can be dete r mined 
by observinc the mean value in time of one parameter only, the 
measurin~ time bein& infinite. In practical work this conditioA 
cannot be accomplished. The theory of· errors of stochastic 
parameter• is therefore usually en&a~ed with errors 1n cainin& 
mean values in short-time-measurements. ~ese errors depend on 
the measurinc time, the measurinc method .and the stochastic pro­
cess itself. 

The most important parameters of stochastic processes are the 
probability distribution and the campound-prolebility.Often a 
Gau3sian distribution can be used as a model for the real 
distribution: 

a) superimposing several not Gaussian processes we get 
a close approximation of a Gaussian distribution. 
w. Giloi proved this 1A superimposing several 
processes with constan~ distribution (t1g.1). The 
special curves for n • 1 to n • 4- originate from 
the n-fold convolution of the rectangular distribution. 
We see thot superimposing only tour rectangular 
dis tributions gives a good approximation ot a 
Gaussian distributio~ 

b) Transferring stochastic signals through a first-order ­
phase~lag-circuit (low-pass-system) we have the same 
result by integration, i.e. the approximation ot a 
Gaussian distribution. 

Assuming a Gaussian distribution as a mathematical model is 
therefore usually ~orrect, as most automatic control systems 
have a l0\'1 upper cutoff-frequency. 

The Gaus s1an distr ibution can be expressed as 
x1 

p(x) = 1 
.,fff'e-

e-~ wi th M-~= xW )= 0 

In t he G us i n i s tri t " o lues s ~ . e X = b come r athe,. 
s ma ll. ':" t " :t = 0 .'] h ve 6 

.., 
0 all value ins i e t is i nter, nl, ,, 
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'A ith x = 2 r we have 95,5~, and w1 th x • 3 o 99, ~. Low-pass­
filtering eliminates short strong pulses, i.e. amplitudes differ­
ing from the mean value. 

ften the rabability distribution is not sufficient for a 
c o~plete description ot a stochastic process. Deacrib1~ lt by 
the autocorrelation function (AKP) Y'u (r') is often more use­
ful. The values h ... (oJ and ~..r(o<>) determine the Ga11ss1aA 
distribution: 

Fig. 2 demonstrates ~{~)for several tl11ctut1.D.g processes 1f1 th 
the same probability distriblltion p(x). 'l'he J:EJ ; ..... (t:'J goes 
steady or oscillating to ~ero. 

For." small correlation daration r,. fr., fz-J~ ..., hue • 
spectrum ot large extent. For a complete description ot a 
stoc~astic ~rocess we need besides the dispersion a second 

arametar, the correlation time t; or the bandwidth ot the 
s_ ec trum. The exact representatiDll of ~~ l't") 1.8 not always 
needed, this being the basis ot the error-theory 1n atochastic 
meas rements (L1t.3,4). This is especially valid tor coloured 

noise, i.e. for fluctuation processes witn inconstant spectral 
po·.;e r density. 

e can calc11late the power density traa the AKP by a Pourier-
.. r anst o.rm 

+ o- '"/IJL 
5(() .. j ?ftt")e ~Tr • Tf~rt:Jj 

---In !ig.2 we see that only a process with extremely small corre-
lation duration will have a constant power density. 

In t~e following consi de rations we take into account only 
fluctuating prccesses wi th limited bandwidth and with constant 
s_ectr al poue r density within this range • 

• ·o·. 7e c ::e to the determination ot· statistical parameters by 
eas r~g ve r a e velues 

~-
l (i) ~ t1 ( Ht ~ fr . .{ z(f) olt 

~2~-~'- t) = {x( ~)j i~ a f~c ion of the fluctuation proce s 



x{t). We have to distinguish different cases: 

z(i ) • x(t) dete.rm1Jlat1aa. ot linear mean value 

z{t) • x2(t) • • a quare • • 
z(t) • x(t) J{t) • • product • • 
z (t) • x(t) x(t- Z") • • autocorrelat_ion tunctioA 

z( t) • x(t) J(t- C") • • orosacorrelation 

Using an analogue computer we get the block diagram tig.3, 
connect1Dg multlplJing and integrating devices. 

• 

The mea!l time valuea- may be examiJled 1J1 the timedoma.i.n or aa 

well 1J1 the trequenc1 domaUl. The mentioned mathematical and 

comput!Dg model is useful tor almost any problem concerning 
s tochastic processes. The input signal x(t) may be the sum ot 
3 determined signal a( t) or a atochastio signal n( t) ccmbined 
~ith stochastic noise r(t): 

1 ) x(t)- n(t) stochastic signal 
2) x(t) • a(t) + r(t) determined signal with stochastic 

interference 
3) x(t) • n(t) + r(t) atochastio signal with stoch astic 

illter!erence. 

In order to analyse a signal with interference it ia use!~ to 
have the undisturbed signal 7( t) aa second input at the analogue 
computer. 

We assume the de-component• ot the uput signalf to be zeros 

-~ Jy,." (_.) - )((t) .. 0 

At the output ot the analogue computer we nevertheless alwaya 
. ge t a de-component, depending on the input signal z( t): 

- - 2. ~fl/ .. xYtJ r 6' or ?(f) • ~K (G) 

This do-c omponent is to be evaluated. The ac-compocent ot z(t), 
i.e. z(t) - ZTtT is the error, the object ot our t e ory. The 

:ter we suppress t h is c omponent b] a low-pas s fi l t r ( in-
t c ra ~ :on ne twork }, t he better wil l be t he accuracy. 

'-'·--· ·c -C Or.:J? O ~ t o t _ output - si nal z( t) can be t e r . ined by 

f; ~:e s~c ctra l po ,, dens ity Szz (f) or t e ~l;{t") e to t.::! l 
c --eo ... :. ·.::a f . by !.11-'; ~r:J.ti 
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Jv}l (o) 

2 
and call t h is variance o of z( t), a 4. order momentum. The 
output signal of the analogue computer being a . momentum of t he 
2. order with respect to the input signal x(t). 

As mentioned, we have to suppress the ac-component of z( t ) in 

or der to get a small error. In integrating measuring. s yste ~ s 

th is is done b7 low-pass filter, the cutoff-frequency being as 
low as possible.- At the output of this filter we have t he 
residual noise 9 determining the final accuracy. 
·The total pGwer of the residual noise can be calculated from 

+6r 
~~2 • Is,, rr; o'/ 

-j, 
The power density distribution Szz(f) of the fluctuating proce ss 
at the analogue multiplier's output is giTen as conYolation of 
the input signals spectral power densities. 

Operating 1n the frequency domain we have a short and clearly 
to understand error calculation. Working with technical syste ms , 
we have to pay attention to a restrictions a real low-pass 
filter has a finite attenuation factor in the pass band as well 
as in t he stop band. We have to take into account the transfer 
function H( f) and get 

... -
~;· . /I Hr{J/ 2 s,, (/) tlf 

In fig.3.1 we see the eharacteristica of some different, ideal­
ized low-pass filters. Sometimes we use an ideal integration 
fi lter wi th an exactl7 limited storage time (fig.3.1,b). The 
t r ansfer function, gained by Fourier transform, will then be 
t he spli t funct i on. This type of filt er is preferred when operat ­
ing in t he time do a i n and he r e we use t h e corre l ati on funct i o~s 

ins La ' of t he s ~ ec tr 1 po .e r dens i t _" es . 

a ::..n .e :._a a t o distingui sh .t -;o st-ps : 

c ~ l t~e ac- ~~ onen s a t t he mult i~ l ier' s 

Ct!'t~~ 

b) .::c : !! t:...::g :' i.r:.tec; r t r. 
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In tig.4 we have a block-diagram tor makiJJ.g clear the steps of 
caleulat~o.n. We repeat .J : \71th the input sign.ala x(t) and y{t) 
we have behind the delayline at the input of the analogue 
computer x(t) and y(t- T ). At the multiplier's out~ut we get 
z{t, ~ ) • x{t) • y(t- 1:' ). The de-component ot this expressiQA 
being the crosscorrelatian function (KKF) , which is 
dis turbed ~ an ac-component 

~fl) -zft; • zftlz-)- }'.)'(t"J .. z(t,z:J 

'.Yhere the variable 1:' is the correlat i OJl spacing ·bet we eA x( t ·) 
and y(t) to be examined. 

AS you see, the ac-component is no longer determined by a power 
ensity Szz(t), but by ita Pourier transform 

T [ S11 rf') j · 'lr'n- r ~ r; 
r.hi ch is the AKP of z(t). In order to do this we need another 
time delay • In tig.4 you see how this AKP could be measured 
by ·a second correlator. 
T.a.e ·Al(F of the ac-component 1'( t) is a 4. order mome.n tum, the 
expectation value of tour combined fluctuation parameters: 

fu ( ~ r J .. £ ( ~ , ~I Y. I ~ ) : H ¥ 

In order to calculate it, we have to take the tour-dimens ional 
comp ound probability 

H¥ ~ Jjff" X,. ¥z >: ~ ·I' ( ~, %z Y., Yz) d' ,(,a" J:; a'~ o/ Yz 
All parameters having a Gaussian distr1butioA we ge t the AKP 
1t-H at the m~ltiplier' s output 

~~~ ( ~ 7:) r ~; (Z") t A, (v~'t) ?;,., ([-v) ., ftu(Y}- ~)' (v) 

l z. " 
T'~ ar t 1/,x)' {7:) • ~ • ¥i1 (~) is the wanted measure~nt 
s :cnal, w~ila the pther _ t~o parts give the result i ng error 

1-: (v t') • (Lit.5,6,7, 8 ). 
'f'";?t- / 

.or ~ot correlated input signals or signals with a larae corre-
l a t ion s. acing we get t he ac-component at t he multip lier 's 

0:.1' t : 

foro of w ich is t e bovv enti .ned ~~ c t ral 
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ne .AI t he inte rators output 1t-~., is to be calculated 
f ~ m he input }li by convolution, as the integrator is a 
linear s ystem: 

+ otfl 

~ {r) ,. J ?f~ ( ~) fli
1 
(c--~) oi.Y. 

~~ -o-

~'-+ ( ,7-J is the autocorrelatio.n ot the night~ functiOA h(t) 
of the integrat~. 

As approximation we use the ideal 1Jltegrator with exactlY 
limited integration time: 

J,(t) 

outside this 1.nterval 

The transfer fUJictiOJ1 is theA 

and the power transfer functiOA 

/H(ji.J)/ 2 = si 2('f) 
From this we get the above me.nt1on.ed J.K:I of the we1ght1Jlg fiUlctiOI 
by Fourier transform~ 

w1th1A -T* J'< + T 

Se tting = 0 (i.e. without second dela7) we get the total ac-
power behind the 1Jltegratar 

+.-
2 .r """" G;~ c ~ (IJ} • -~ 1f41t ( J') · }n (~t") eiJ 

Su.bsti tuting the AKl' of the we.ight1ng function we get the well 
r~oTin formula of Dave.nport (L1t.9)s 

#T . 
a. "'/ .J "" ~.f • r_ r ( 1 - r F "r1i ( J, 1"! cl J" 

This expr ess ion is not exactly valid when using a real low~~ass 
~C - f i r, s t hese have no exactly limited pass band; but the 
dd "t · cnc l er~or may be correc ted. 

~- :' .:tctic _ a::•-p lic:: tions often some pres um_ tions are not met; . 
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If tor example the tluctuatiaa. process is not stationary, rhi ch 
is neces~a%'7 tor measuring statistical parameters, v.;e may. tore 
the quasi stationary signals during a short ti me interval and 
rflpeat th .. periodicallJ tor evaluation. It t he correla tion 
function within this interval can be determined analyt ically, 

z -lf't') 
tor example ~ {l"J • 6 e , we can. calculate conditions 
tor an _arbitrary small mean square error. 

Until now we used 1a limited intervals continuous signals, but 
in practical applications sometimes only s anp les of t l e pr ocess 
are given in such an interval, which causes a loss of inf ormation. 
So the error at the output will increase. 11ae a d itional error 
from sampling has been calculated by Schweizer (Lit. 10 ) and 
results 1n +4~ tor example when sampling in steps of ¥10 the . 
time constant of the integrator. 

The considerations 1n evaluating the correlation function can be 
transferred without difficulties to the evaluat i on of t he spec­
tral power densitJ distribution. At the second input of the multi­
plier we only connect a band-pass instead of a delay line. 

Another application 1s the examination ot transfer-functions with 
sinusoidal test signals and stochastic interference. In t he time 
domaiA we need the measuring setup of fig.5. 
It the integrator 1a acting only during n periods of t he test 
signal, we get an error in the correlAtion function. ~yond that 
we find an error 1n the output signal caused by t he stochas tic 
interference: 

. ·r 
Px)' (t') • 1-..-y (r) * + ,i [r(t) ·x (( + 't" f olt 
. . :s () 

An algorithm tor this error. usable tor engineers is given in 
Lit.3. 

In the third application we use stochns tic test si wnals and 
consider t he effects of stochastic interfer_nce.Good r esults can 
be obtained by correlation if ;;;e have the undist r bed t e t siGnal 
besides t he examined signal. If that is not ossi ble 11e h ave to 
evc luate the autocorrela tion. n e sepa r a ti on of t _e vurious 
effects depends on the diffe rence of t he s· tistl cal arane t e rs 
ot both rocesses. A co on t ory of errors for this c~ ~ e has 
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not yet been found. For soma • ecial casea •• neverthale ss can 
nx conditions to be met tor a t; iveA mean sqllAre error. 

This lecture could o.nly be a short review o! problems and 
solutions in meaaarLng stochastic parame t ers. We see t hat the 
correct application of tne signal and system theory is neces sary 
whe.n determining stochastic parameters &Ad errors. So sometimes 
the accustomed knowledge ot engineers 1a surpas sed and difficult~ 
ies arise ·in the application of ~is technique. 

Let me g1Te a final remark. We get increasing accuracy with 
l onger integration time (measuring t 1me ). Thia is a basic con­
clus i on at in!ormat1an theor,, noise can be reduced by longer 
observation time. This conclusion la often ·applied 1n control 
engineering and radio astronomJ. 
It we additionallJ need a good time resolution, !or example 1n 

puls reflection syste~ this cancluaion . cannot be applied. This 
contradiction between long duratiOD ot signals and time re­
solution is solved by using ~~-compression-techniques. Pulses 
with internal structure (coded p~sea) are used and the re­
ceiver containa a matchec! fUter • .l matched filter is a linear 
system with a transfer !unction that is conjugate complex.with 
res . ect to the signal spect~ The output signal ot the 
matched filter equals the AU of the signal. So this L• an auto­
cor=elator working in the time domain. 

oded signals are c~osen which have onl7 one &hart and high peak 
as AKF . This requires a larger pass-band !or the sig11al spectrum. 
co ·ing is made by !requencJ modulation or by phase-ahif,-keying 
(pseud o random) of the carrier. 
The e me t hods rtll have an impact on measurement as could be 

seen at t he last IMEKO - Co_ceress in 1967 in this town ( Warsaw). 
So new developments are to be expected. The main task is to 
transfer i~!or.matiom without errors. The problems can be treated 
by the above examined case 3: S toChas tic signals with stochastic 
inte rference. The matched f ilte r improves the signal-noise ratio, 
but is aseless !or parameter determination. Error problems 1n 

t his fi e ld are treated by the decision theor,y, another part of 
stochas tic evaluation. 
The : n te r ting· carrel tor in comparison with it is t he univers al 
tool for deter mina t · on o_ stochastic par ameters. The err ors ma~ 
be eo~ ted us·ng t~e ectral power den ity d i stribution or t~a 
eo rel tion !unct·ons. 
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METHOD OF ESTIMATION OF ·RANOOM ERRORS IN 
THE DETERMINATION OF CORRELATION FUNCTIONS 
OF RANOOM INFRALOW FREQUENCY SIGNALS IN 

1. Introduction 

CONTROL SYSTEMS 

Dr.-Ing. H. Buchta 

Technische Universitat Dresden 
Institut ftir Regelungstechnik 

DDR 

In the determination of the char~cteristic values of signals and 
systems the determination of correlation functions holds : 
central position within the scope of the correlation theory of 
random processes. ~or their experimental -determination nowadays 
are available special computers, so-called correlators, and 
digital computers, which have been adapted to their task by 
means of corresponding additional equipment. 

In the sense of the probability theory, however, these measur­
ing results are only estimates of expected values, i.e. they 
are superposed by systematic and random errors. The determination 
of these errors requires extensive calculations. When discrete 
measuring methods are used in the form of Stieltjes correlators 
or digital correlators, and especially of relay correlators or 
polarity correlators, respectively, so due to the arising non­
lniearities and a variety of influencing factors, a precise 
statement may be made only at a very high expense. Moreover, for 
the estimation of errors tbe correlation functions and other 
qualities of the participating random processes must be known. 

Therefore in this paper only the random errors in the determina­
tion of autocorrelation functions RxC t' ) of random, stationary, 
ergodic,and centred processes ~(t) are considered, which in 

approximation can be described by gaussian processes, and the 
power density· -spectrum S ( w ) of which exists up to a radian 

X • 
frequency of w = 0. A method of their estimation is proposed. 
This method allows to indicate easily to be handled relations 



,, 

for the determination of random errors for continuously and dis­
continuo~sly operating analogous and discrete correlators for 
the time-shifts t' = 0 and 'r- oo or 'r..,. t' K' respectively, 
where 't' K is the correlation time. 

2. A Method of Estimation of Random Errors in the Measurement 
of the Autocorrelation Function Rx(t') of Random Infralow 

· Freguency signals 

Fig. 1 represents the general scheme of a continuously 
operating correlator. Since 

and 

T 

w(T) = ~~z(~) dt = mzT 

0 

the static relation between the expected values of the measur­
ed .functio~ ~( t') and the correlation function to be measur­
ed Rx(~), is represented by 

00 CO 

=} J Q(x1)Q(~) w~~ (:x:1'~; S':x:)<tL,~· 
-co-oo 

Here Q(x) describes the characteristics of symmetrical, 
coarsely quantizing equipment, wX Z2 ( ••• ) is the two-dimen­
sional probability density functidn of the process X(t), and 

(2) 

T is the observation time. The standard deviation d mzT at the 
output of the short-time integration circuit according to 1 

is defined as 

w:kth 

T 

kmzT =·~ j (1 - !>Rz(Y, t:')dv 

0 

Rz(Y,'t") = M[Q(~ )Q(X2 )Q(X3)Q(X4 )] - a;('r) 

(3) 

(4) 

and can serve as a measure of error for the quality of estimation 
mzT" As a relative measure of error for the p~tential deviations 
of .the astimation mzT from the mean value mz the f ollowing 
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relation is used 

6 = l! 6 mz~ ( 5) 
mz 

where ae is a coefficient indicating the confidence limit of 
the error 6. If the random variable MzT is assumed to have a 
finite standard deviation 6 mzT' 2 may be dete;_ !Jli.ned f rom the 
Tschebyscheff inequation 2• Provided that to the distribution · 
of MzT applies the central-limit theorem, the demand of the 
Tschebyscheff inequation can be reduced and z can be deter­
mined from a Gaussian distribution of MzT" 

From eqs. (3), (4) and (5) can be seen that the relative 
error 6 with a given confidence limit ae is a function of the 
observation time T and the correlation function Rz(~~). The 
function Rz( Y,~) varies for the special measuring devices and 
generally results from a nonlinear transformation of the corre­
lation function Rx( 't") of the signals to be analyzed. Hence lJ 
in the first place depends on the structure of the power 
density spectrum Sx(f6J) of the signals x(t). If discontinuous 
methods of measurement are used, the error ~ additionally is 
a function of the sampling time ~ t, since in this case the 
equipment of fig. 1 additionally contains a sampling device 
and a holding circuit corresponding to fig. 2. 

For the investigation into random infralow frequency signals 
arising from industrial processes and having ap~oximately 
a gaussian distribution, it ~ be desirable to estimate the 
expected measuring error without taking into account the com­
plete course _of the correlation function or of the power 
density spectrum, respectively, of these signals. For that 
reason in the proposed re~thod the spectrum Sx( Cl) ) is approxi­
mated by an equivalent spectrum. 

2.1 Approximation of the power density spe.ctrwn by egui valent 
spectra 

Provi ded that the power dens i ty spect r a of i nfralow f requency 
sig als exis t up t o ~ = o, there exist s a value S~( O) = Sxo # 
~ ence the assumption of the equivalen~ spe c~ra e . g . 



flir lw 1 ~ w
0 . (6) 

tiir I w I ~ w o 

or 
'R'"w2 
-~ 

Sx ( w ) 1 = So e o 

r~spectively, is justified 3,4 , where w
0 

is the so-called 
effective noise bandwidth 5 • . In ~rder not to overestimate 
in:fralow frequency spectral fractions in spectra S ( w ) with 

. :X: 
potentially arising resonance qualities, it is here proposed 
to determine w 

0 
from 

with 

and 

c..>o 

Wo1 

1 j Sx(O) dw 
21' 

· -G>o1 

c.>o2 

, 
C» 

.L J 
21' 

ma.x {s (w )j d(o) = L J sx("') de..> 
0 ~W~CII!» X 2f' 

-c.lo2 -eo 

(7) 

(8) 

(8a) . 

(8b) 

As can be seen from eqs. (6) and (7) the equivalent spectra 
Sx(c.>)

0 
and Sx"(c.l)1 , represented for error estimation, include 

only one parameter, namely the effective noise bandw~d th c..> 
0

• 

·Yhenc..>
0 

is known, on the base of these spectra for the special 
measQring methods approximate relations for the arising random 
error J can be represented by 

· 6 ·,. zf [(.)
0

-,T, ~ t,Q(x)J (9) 

for· t" = 0 and 't" --eo or 't' 7 '(K' respectively. 

2.2 Experimental• determination of the effective noise bandwidth 

_£0 

In in cont rast with 6 t he proposition has been made to de­
te.:." · · ne approximately he band-vvidth GJ

0 
experimentally ~rom 
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the zero crossi~s no of the random approximately gaussian 
signal x(t) through the ·axis x =~by means of the relat i on 
indicated by7 

1/2 (1 

Inserting the normal~zed autocorrelation f unctions P (~) and 
.JX 0 

fx(~) 1 , which correspond to eqs. (6) and (7), into eq. (10), 
we have 

(o) = 
(&)0 

(1 0a) 

and 

(1)(.) = 
0 

(10b) 

On certain conditions hence recorded noise signals can be 
evaluated with respect to the zero crossings no, and with the 
help of eqs. (10a) and (10b) the effective noise bandwidths GoJ

0 
can be indicated in approximation. The relations are valid 
for the connection between(&)o and no of the equivalent spectra. 
Here, however, the value n0 of the actually present signal is 
inserted, so that the bandwidths, determined from eqs.(1oa) or 
(1ob), respectively, necessarily differ from those, which are 
found from eq. (8). Taking into consideration, however, that 
for the indicated class of spectra (section 2.1) the approxima­
tion relationships according to eq. (9) in general represent 
superior bounds and taking into account that cS'- (CaJ) 

0
-

112 is 
valid and that (o) CJ 

0 
as well as (1 ) G.>

0 
are always greater 

than c-.> 
0 

acco.rdi.ng to eq. (8), with the exception of compara­
tively high resonance elevations, the use of eq. (10a) and (10b) 
in connection with eq.(9) leads to quite useful estimates of 
the 'error 0 . 

Regarding the approximate determination of the bandwidth Cr.>0 

from the zero crossings no , it should be noted that no is cal­
culated from the number Y oT of passages during an observation 
time T. Hence ( y oT) /T is an est imation of n0 • In order to 
hold given error limits for no with a certain confidence level, 
T orY oT' respe c~ively , should oe chosen correspon~ingly. 
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3. Error Estimation in Measurements of the Correl ation 
Function ~(tl 

3.1 Error estimation in discontinuous measurements 

~ the discontinuous measurement of the correlation f unction 
one must be able · to conclude with sufficient accuracy from the 
values R (A6t),A = 0; + 1; + 2; ••• on the course of the 

X - -
function R (t') for 1:"-#. ~At. Therefore, the sampling time f1t, 

X . 
independently of the available observation time T, cannot be 
chosen any desired value. Provided that for a linear interpo­
lation of the values .R.xC.A6t) approximately 10 ••• 15 measuring 
points are sufficient, for the permissible sampling time6t 
applies the following relation, where the noise bandwidthw

0 
is int roduced 

(11) 

For suchsampling times can be shown, however, that this implies 
a good coincidence of the spectrum Sx(H)(~) of the sampled and 
held signal xH(t) with the spectrum of the signal x(t) (see 
fig. 2). This means, however, that hence a separate error esti­
mation in the discontinuous measurement of the correlation 
function R.xC t' ) is not necessary. 

Intr oducing into eq. (11) instead of the bandwidth~0 the band­
width (o) GJ

0
, determined from the zero crossings n

0 
by means 

of eq. (10a), experimentally from 

(11a) 

can be approximately determined the minimum required sampling 
time At. 

3.2 Error estimation in continuous analogous measurements 

\Vhen the observation time T is much greater than the correlation 
time 't' K' i.e. when T ~ 't' K' for the random errors, referred to 

Rx(O) it follows d RO = c5RI't = 0 and oR._= c5Rit'-aoort'.,.t'K, 

re spect ively, according t o eq . (5), s i nce t he characteristics 
in r i g . 1 are t o oe equa~ed t o unity Q(x) = 1, with eqs.(3) and 
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considered class of random processes 
Qo 

0 ~0 =- z 2 • ~ 1 ~ ~ ( y ) d y 

0 
00 

52-z2 2J 2 
R oo . • 'T ~ x · ( y ) d v 

0 

where Jx(v) = Rx(Y)fRx(O) is the normalized autocorrelation 
function of the signal x(t). 

Using for the approximate error estimation the equivalent 
spectrum sxc~ )0 according to eq. (6), eqs. (13) and (13a) 
become 

(c)c5 2• 2 211' ~ 
RO ~oT 

and 

(o)d 2 All 2 1( z 
Reo • GJ OT 

( 1 2 ) 

(13) 

(13a) 

(14) 

(14a) 

Introducing into eqs.(14) and (14a) instead of the bandwidth 
c..J 

0 
the bandwidths (o) GJ 

0 
or <1 ) GJ

0
, respectively, according 

to eqs. (10a) or (10b), determined from the zero crossings no• 
the random error for T = 0 e.g. can be obtained fDr aperiodic 
spectra Sx(c.J) from 

2 2 
r jl:lS Z 0 RO 

21r' 
• (o) T 

G,)o 

and for spectra with resonance qualities from 

~2- ~2. 271' 
RO (1 )c.> T 

0 

in good approximation. 

Example 1: 

For the aperi odic spect rum 

(14b) 

(14c) 
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with et 1 = 11 , 36 ms, d. 2 = 4 ms and d. 3 = 2, 86 ms we receive 
a.I·Ger so~e 2~gebra from eq. (13) 

2 2 
d l8 at • 47 8 • 10-3 s/T 

RO ' 
The simulation of this spectrum on the analog computer with 
successive experimental evaluation of the zero crossings 
yielde~ no~ 26,3 s-1 , and hence, using eqs. (10a) and (14b) 
as an approximation 

.. 
Example 2: 

For the spectrum with resonance elevation 

2 
Co) 

2 2 + 1 

0 +~ 
+ 2 ,z_ Ci) 2 

( 2 2)2 s +r 

2 2 2 2 2 
(1~ c..> ) (1-t-d; (,J ) 

with d. 2 = 4 ms, or. 3: 2,86 ms, fJ = 45,5s-1 (36 s-1) and 
r = 5? s-1 (18 s-1) from eq. (13) follows after some algebra 

£!0 • ae
2 

• 61,? • 1o-3 s/T bzw. ,,/ • 85,2 • 10-3 s/'l 

The experimental evaluation of the zero crossings had as a 
result no-'24,3 s-1 (16,9 s-1), and hence from eqs. (10b) and 
_(14c) as an approximation 

2 2 2 
~ RO- ~ - • 65~5 • 10-3 s/T bzw. lt • 93,8 • 10-3 s/'J 

The validity of the proposed relations has been checked for 
the considered cases by experimentally de t ermining the corrs; --· _ · 
lation functions with t he help of the ISAC correlator and the 
i i 3ital computer ZRA-1. 



3. 3 Error Es:trim.ati.cm!:.. ::iim. ~ut5 Discrete l.ieasurements 

3.3.1 Error estima~!w ~ Stie1tjes correlators 

For a Stielt-jes CO'.:!m~ 1t1iDe .reJLati.on -oetween the expected 
values of the measui!~·em :fr~ ~('t") and of the corr elati 
fU!lction R:x:( 't") to. fu!: ~ CIICCOrdi..ng to eq. (2) can ·oe 

written 
CIDCIIII> 

~('t"}: J J ~)) ~ (x_,,~;f:x:) dx_, dx2 • (1 5 ) 
-ao-.. 

On the assumpt:i.ons m:adle we .l!lriE:ft 

2 ·1) 

x;; ~ 

1. - 2 tJ ~ - 2 dJ~ ~ 1 :7 f ~) ( ~ j n 
- 2'1'62 e e • L ii! ~csx Hn ex !x 

X D=() 

8 
~ ( A ) define the .H.i!!mn:!iiti.Sim po~al.s, e. g • 

From eqs. (15) and [16)) ~~ fo11ows 

where 

K-r. = 

(t') • (16) 

(17) 

(18 
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is the coefficient of the equivalent statistical linearisa­
tion acc~rding to Booton 9. -

The static error of the correlation function~(~) expressed 
by 

= 

can become zero for each value of the time shift ~ , when 
an unequal level symmetrical quantizer is introduced. In 4 

has been shown that for an optimal equal .level quantizer 

(19) 

with an even number of levels the error always becomes zero, 
while for an odd number an error remains, which, however, for 
5 levels already is neglectable~ 

Since 

(20) 

f or t he ab~olute random errors 5RSO and c5 RSco of the Stieltjes 
correlator, which are related to ~(0), at 't = 0 or 't' > 't'K , 

r espect ively, it follows from eqs. (5) and (3)~ on the assump­
tion that the central-limit theorem is valid, 

00 

6 2 ~ a/2 • 22 . f [M~Q(X1)~Q.(~~ - ~(o)J dY (21) 
RSO TR ::ey-(0) O 

and. 

2 
CO J ~(Y)Ry( v) dv 

0 

In~roducing into eq. (21) an eqaivalent characteristic 

z
0 

= x Q(x) 

and ilSi.D..g instead. of the autocorr elation f unctions Rz ( Y ) 
0 

an: RY (v) . in eq. (21a) expansions in a series based on 
e > (1 6), f or .correlation f unctions Rx( 't") and - 1<Jx(t') ~ 1 
of ~~u de s i red hape appl y the est imations 

(21a) 

(21b) 
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a2 
< 

SRSO 
< 6zo 

1/2 2 cS RO -{2 ~ 6~ K1 6x 

and 

1 < 
SRSoo . 

~ 
6z 

£Roo L, 6x 

In eqs. (22) and (22a) oRO and dRao represent the errors of 
the analogous correlator according to eqs. (13) and (13a), 
for Jr., eq~ (18) is valid, and for ~· 6z

0 
and oy must be 

written 

00 

1 -{i' J x Q(x) 
2 6 x -ao 

(22) 

(22a) 

(22b) 

(22d) 

According to the here proposed eqs. (22) and (22a) the expected 
random errors o RSO and 8 RS 00 of the Stiel tj es correlator 

·for a finite observation time T cari be estimated in an uncom­
plicated manner, when t1ie corresponding errors lJ RO and 6Reo 

of the analogous correlator (see section 3.2) as well as the 
standard deviation 6 x and the structure of the symmetrical 
quantizer are known. Here it is appropriate to choose for the 
relations c5 RS/ o R the correspondent arithmetic mean values 
of the superior and the i nferior bounds. 

For the special case of the relay correlator, i ndependently 
of the level of the characteristic ·Q(x), one obtains the 
estimations 
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1

6tiD I 
0,5 < I ~ I "~ 

cSm 
(23 ) 

and 

1 < (23a ) 

3. 3. 2 Error estimation when cii.rlitaJL ~rtwrs ar~ used 

In place of eq. (15) to the ~ «<lff iiib.e static relation 
~or a digital correlator with~ ~tian !~f. fig.1) 
applies eq. (2). Only for -the specii:a] <C.mre <Jilft' the po~arity 

.,orrelator this dependency eaJm 1lle ijmrj!Hj~ anal-yti cally. 
Corresponding to eq. (19) th2 ~~ ~ ~f the correlation 

::' ;J. .. '1Ction BxC 1:' ) is defined by 

= 

Contrary to the Stiel t jes cor.reJl..altamr 71lli.-:t!h m e digital corre­
lator this err.or, due to the .reJl.altiia~m :ii.ml ag, .. (2), can become 
zero only for a certain va.lime m 1r <lP unt' itfue time shift 'r ; 

hence an optimal dimensioJJi.Qg air it1l!re ~izer depends on 'r. 
"l'lhen t' 

0 
= 0 is chosen, eq . (24 "fn>erotmne:l; 

~Rx(O) 

~(0) 

where ~ represents the coefi'i.ei.ermtt <m:ff ilfue :equ:i valent 
statistical linearisati on ~~ ~ ~ 10 and 

Kasa.kow 11 • 

Since f or Rz ('v , t") eq. (4) .is "\VG1il].:fud, ~ding to eqs. (21) 

and (21a) for the absolute ~ ~ ~ JID 2.nd 0 ?.D -a 

of the digital correlator ean be~~ 
QC) 

<5 2 - ~2. 2 :D -...;2;o.--
- ~(0 ) 

f ~~ [t :.t,) . [~)] - ~(o)} dv 

0 

(24) 

(24a) 

(25) 
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2 2 0() 

5 <=::. ~ 2 J -n2 (v ) a.v RDOO _ a;co) Uy 
0 

Introducing into eq. (25) an equivalent characteristic 
2 z1 = Q (x) 

one obtains-after considerations similar to those in 
section 3.3.1 the estimations 

< 
6z1 

and 

with 

r, · 2 ]-~ u ~X} 1 e X dx, 

( 25a) 

(26 ) 

(27 ) 

(27a) 

(2'7b) 

-27 x2 j 2 
e x dx , 

-00 (27c 

(27d) 

-ao 
and 

00 

0 ~-~ J xQ(x) 
(27e) 

-oo 



58 

By means of .the here proposed eqs. (27) and (27a) the random 
errors t<;> be expected, 6RDO and 5 RDco, of the digital 
correiator can be estimated in an uncomplicated manner. 
Concerning the assumptions and the handling of these equa­
tions apply the remarks in section 3.3.1. 

For the special case of the polarity correlator one ·obtains, 
independently of the level of the characteristi-c Q(x), the 
estimations 

and 

0,636 < 

Using for the approximate estimation of the errorS RP~ 

(28) 

(28a) 

th~ arithmetic mean value of the superior and inferior bounds, 
we h_ave from eq. (28~) 

cS RPCO 

cSRoo 
~ 0,82 • (28b) 

Eq. (28b) represents a useful approxima~1op. This is demon­
strated by a comparison with the accurate calculation, carried 
out by van den Bos 12 with respect to the correlation function 

. 2 -a:r 2 · 
~( t' ) = 6 x • . e • cos fh: , which has been checked by 
experiment by Veltman 13. 

4. Summary 

This paper proposes a method of approximate calculation of 
random errors in cGntinuous· or discontinuous analogous and 
discrete measurement of autocorrelation functions. The derived 
relations, which can be easily handled, for the characteriza­
tion of the spectral properties of the signals to be analyzed 
contain the effective noise bandwidth. The latter can be de­
termined for certain classes of spectra in good approxi mation 
from the zero crossings of recorded noise s ignals. 
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x{t) w(TJ=mzr 

mx•O 6mzT i 0 

Fi g . 1 Scheme of a correlator 
for the cont inuous measurement of ~( or ) 

Fig . 2 Sampling and holding circuit 
for methods of discontinuous measurement 


