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ON-LINE ESTIMATION OF DYNAMIC. MODEL
PARAMETERS FROM INPUT-OUTPUT DATA

V. Peterka and K. Smuk
Institute of Information Theory and Automation
Czechoslovak Academy of Sciences
Prague, Czechoslovakia

1. Introduction
The paper deals with the identification of & linear dynamic system

by the input and output signal.The output signal of most industrial plants
is not determined only by the. input signal and the - initisl state of the
system but it is also influenced by unmeasurable disturbances of & stoches-
tic nature. The mode of description of such systems most frequently used
at present time (though not the only cne posible) is represented in Fig. 1.
Block S represents here the ideal deterministic system with an ideal (not
identifiable by measurement) output signal v. Upon this ideal output sig-
nal v there is superimposed noise £ , and the sum

Wi X=V+¢E (1)
represents thus the real and measurable output signal of the system. This
mode of description is justified especially in the case of linear systems.
Here the law of superimposition holds, and the internal noise of the sys-
tem can be-transformed to the output. Noise £ also includes possible ran-
dom measuring errors., The problem of the identification of systems with
additive noise wms studied by meny authors from various aspects and for
various purposes. Some of them are listed in the enclosed references a7
Other references can be found in survey papers 10-12 | In respect of the
stating of the problem closest %o this peper are the important work of
fstrlm and Bohlin /™3 and the paper by Clarke7 . Differently from these
papers, our approach permits the simplification of the computation algo-
rithm, removes iterations and the connected problems of c&wergence. Hel-
ther have we problems with locsl extremes in minimisation.Moreover,our al-
goritim provides for the successive reduction of measured dats and preser-
ving at the sa.me time 811 the necessary information.Data reduction i1s done

simultaneously with messurement, there is no necessity of logging, the me-

morizing of the whole process is not required either, and so the spplica-
tion of the on-line method is made eesier.Requirements on storage capacity
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are ccmpersatively small and ind;épex:dent of the length o
interval. We also use slightly less demanding asswmpticn concarning the
statistic charecteristics of noise.In difference from ' the identificstion
of the system is separated from that of noise. This psper deals only with
the identification of the system proper.

2. Statement of the Problem

A single-parameter,time-independent system will be considersd with
the aim of determining its model sulted for the purposesz of digiital or im-
pulse control. It is thus assumed that input signal y is discrete, sand
tkat output signel x 1s sampled within the saxme sampling periocd, i

well known that the large class of systems of this type can be described
&y the difference equation
n n
b .
v{t) +Lsav(t-1) = L, by(t-d-1) (2)
i=1 200t
where t is the discrete time, n the order of the sysiem, 4 stends for
the possible transport lag, and ccefficients a; (1=1,2,00en) '=nd

Ed
b; {1 =0,1,2,...n} are paramsters to be determined by experiment.
Sguation {(2) conteins the ideal output signsl v which 1s not mes-
surable, Available is only output signal x which 2 tiv
£ o By substituting (1) intoc (2) it follows that

n n n
x(t} + Zaix(tni) -Z boy(t-d=1) = £(t) +Z a;&(t-1) (3]

i=1 i=0 i1 :
The task is now %o estimate ccefficients &; {i = 1,2,...z) and

B; (i =0,1,2,...n) withs given final sequence of the values of input
sigpal {y(t)) and the corresponding final sequence of the measured va-

lues of ocutput signal {X(t)} . For the solution of the problem it is ne=
cessery %o mske some assumptions concerning the statistical propertiss o
hamie

{e.g¢ chem

noisa & which hes to be elimimated, In most practieal cases
cal systems or thermo-technologicsl plants} only very little is known in
advanes shout the statistical propertdes of the internmal nolse ©
%em, Therefore, we shall confine ourselves to the most sim_:lé egs

IF measurement is zade in an open loop system, 1t can be

shat poise is statistically independent of the imput sigpal, ex

holds thet

- 3 e
L the sys-

~

r
£ 5—8{%}/"*'{33::/{“3”3«}23/
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for all values of % within the interval of cheervetion,
In measurements of real industriasl plants csses ere freguently en-
ountered where & very low frequency drift is superimposed on the output

<

sigral. Disregarding the presence of drift could lesd to grave errors . We

shell therefore assume that the expected mean velue of noise depends on

time, &nd that within the cbservation intervel this dependence csn be ex-
sed by the polyncmisl

ﬂ|

(4

v : %;
Le(t) = }: e &' (5)
i=0

where ¢; (1 = 0,1,,., ) 8re unknown coefficients, In practical cases a po-
izl grade of P =1 or 2 will normally satisfy.

For finding the asymptotic properties of estimations we shall
further need the asswption tmat the random process £ (t) = ££(t) s

ergedic and weakly stationary, No other a priori knowledge of statistic
|

cheracteristics is reguired,. 3 X
As far as input signal y(t) is eoncemed, it is assumed that the
system is "sufficlently excited” by it. This will be specified in more de-
tail in section 4,
Before embarking on the solution of the stated problem let us deri-
e the algorithm for the successive regression snelysis with growing data.
The algorithm has 8 genersl significance and cen slso be used for other

DUrDOSES.

o

3, Alooritim for the successive regression apalysis with growing data end

limited memory.

Let us consider the classical case of & least square linear regres-

sicn, end the system of equations

N
Erj hj = xj+ e (1 =1,2y4..1) (6)
Jo fl
where L>N, x; and yfj are values cbtained by chservation, end e 1s
an wnknown rendom error.The lstier can be interpreted ss the devistion from

the conditionel expectetion, i.e.

- A
i
& =L {* TR VRS zN_[ Wl N
tes ¥; of regression cosfficients r:'/

Now the task is to find the estimstes T
/



[
minimising the sum of the squares of errors
2
QR = t e (8)
i=/

Relations (6) and (8) can be written in matrix form as follows

y[i.xN] r[NxI]-xEfo] a0 e[Lx 1] (9)
Q .eE;!L] e[fo] (10)

The subscript in the brackets indicates the dimensions of the respective
matrix, whereas superscript T denotes transposition.
The classical solution of the given problem.is (see e.g.’3 )

A=YV vk (1)

provided thet

det[YT Y]f 0 (12)

The numerical expressian of foxrmula (11) by ordinary metrix calcu-
lus (i.e. multiplication and inversion of matrices) 1s cumbersome when the
nurber L of observations is large (e.g. hundreds or thousands); it requi-
res & large capacity of memory and is numerically less stable %, Further on
we shall derive an slgorithm permitting the solution of the problem with
substentially reduced demands on the memory of the computer used.This algo-
rithm is based on orthogonal transformations of the sjstem of linear équa=-
tions I, 15, 16 and 1is numerically very stable,

g Let us arrange the system of equations (9) into the form

(13)

Z[Lx(/wl)]f‘ [(v+)x 1] = @[Lxf]
e [Y‘ _'x]' X l:’;] (1)
and multiply from the left by squere matrix |
By denoting
ELxL] ZI_'L)r(N+‘l)]"z,[Lx(NiL 4)] (15)
(16)

T €Ll =€[1x1]
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znsformation we mave (instead of (13))

P
1=

o
g

Z[Lx(/vﬂ)] FE{M Nx1]= é [Lx1] - (a7)

Tne sum of squsres of the right sides of the transformed system of eguati-
ons (17) will then be

Q-7 =-T"Te ‘ (18)

It 1s cbvious kAt the sum of squeres has not been changed by this trarse
forvstion, 1.6, Q = Q, provided that matrix T 1s crihogonsl

% 50 : (19)

us further ccnsider & special type of this orthogonel transfore
e ratrix 1 is & so called elementery msirix of rotation ® * By
ing only the ncn=zero elements this mtrix can be written as

(20)

L]
.
1
It will be ensy to discover that metrix. (20} will be crthogonal, and the
Q will not change, provided that condition 1s fulfilled

24- 5‘2=4 : (21)

nsformetion  of the system of equations (13) by

by & polies only to the f-th and J-th equstians,
in gther words, only the f-th end J-ih rows will change in metrices
Zea @ .
S - T N+{) D e
iy Rt A / [
Ky “kv = / & X



for k=1 ) { P 5
Z[-V = CZL‘V o SZJ'V / CL i Ceé' * JC:/' (22)

for k = §
E=-5¢ + ce. (23)

4

Coerficients ¢ and s are bound by the condition of orthogonality (21),
however, ome of them can be selected. Let the selection make 30 that {t

holds that

~

Z = 0
i.e. sccording to (23) we obtain

_SZ‘(-‘L—!'C%/(-“ "0 (2)4)
From (24) and {21) it rollqws that
= Z; i
G it 3=—L (25)

\/ 2 2

A

. w

In this way we can ennul any elerment in metrix Z without changing the sum
of squares Q for any arbitrerily selected vector [7,By the successive eppli-
ca*ion of this trensformation in 8 suitable sequence the origimal system of

equations (13) can be arranged into the form

2202t i

7

| A ¥ s T i S

| Zy 212 '“ZfN;Z?’,N#‘/ ] f‘1 ef

i * ¥ i 7

\\2\22 o ZoN 12 Neg ¢ N

I ! B 3 T

¥ -1

Nl M| | (26)
i R s e i

| \zNM,NH il i Cnet

I 0

i 5

|

" 0

e . e

A L

while it still holds that

L R
Q =) ¢ = Zef ' (27).
s j:1

for eny erbitrarily selected r (J = 1,2,.008)s
v



After this transformstion _he

1
I g =4

.

ing (27} beccames eguation (26) it is

~ 7Y 1 md
Zyeeeil) - MINT

obvicus that by seleciion of tle to influe

()

).
nee the last non-zero elems hovever

3418 H & N+/ N+l 2 b
= 1,2, seell ,r.-.&:e." estlis-

thus be found by the

P
O
-
N
(&}
S

2 %2
min N+I N+/ 529}

D
I

< Z (26} 1s & triasnguler cne s the solution of the system of
equations (2¢) is very simle :
*
o a1
N Z*
N,N

2% ol's l * - ;“ z* )
Nk 23k Nk (ZN‘k/N"/ 0 bl o

Let us considar now

ticns have been reduecad into

Lo 2, . e . P
2y0eali#l; § = 1,141, 44841},

7

A1l elemsnts in

L T R AL s K} PN S
+1 Tow in the maitrix on tas leltd

S SRR

b2 an of the described
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procedure REDUCE (retrix) new data:(fow} crder:{N);
value N, row; arrsy matrix, row; infeger N;
begin real ¢, s, de; integer 1, k;
for 1:= 1 step 1 matil K4l do
if row{i] # O then
begin de:= sqrt(row[ild 2 + ratrix(1,1]4 2);
ci= matrix[1,1]/de; si= row[i]/de;
for ki= 1 step 1 uatil N+l do
begin de:= ¢ x row(k] « s x matrix(i,x];
matrix[i,kls= s x rowl[k] + ¢ x matrix{i,k];
rovlk]:s de
end
end
end REDUCE;

The successive application of this procedure permits the processing
of growing data without the necessity to memorize them.All necessary infor-
mation on chserved past history accwmlates in the triangulsr metrix,

Lzt us now comsider how this unified algorithm could also bs usad
rocessing the first I+l rows of daa in matrix Z (1), It is covious

the sun of squares {10) will not change, if the mstrix in (13) is ex

for p
that
tended by & zero matrix of dimensions (N+1)x(N+1)

0 0

, i ’FC(Nu)xf] -
z [L+N+)x(N+1)] € 0N+ 1]

, 1ts upper triangulsr portion) can thus be

This zero matrix (more exactly
ratrix Z 0 ; When it dces not contain

considered as the initisl state of

yet eny information on ths process, This approach permits the use of the

Y
unified slgorithm for ell the processed data (1= 1,2,...L).

Trisngular metrix (29) is non=singular; 1If reduction was zpplied

linesrly indipendent data rows ai least. Begimning
in any arbitrary step estima

to H rom this i
equations (32) can be used for caputing
in the sense of least sg

£ (3 =1,2,...N) vhich are optimel vares for the

s o

Al ot hig o
whole past nistorye.
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case of no transport lag, 4 =0 , Any possible lag can be considered by &
simple shifiing of the values of input signal by d sampling periods. Let
us introduce & new random variable

N
d(t)=eft)+ Z%/,azé(f“!} (33)

appesring on the right hand side of equation (3)
n

x(t)+ ga(.x(}-{)~ g;q.ﬂm)=a(z) .

¥het 4o we know =sbout the statisticsl properties of this random variable
§(t}) 7 Ho more and no less than ebout the statistical properties of the

(this

If the noise sxpectetion {drift) can be expressed by polynomial

or variable d(t) 1t holds that

Ed(t) = %’dii‘. (35)
o

Insgtead of unkneown coefficients s, (i= 0,1,2,...!17) we thus have the same
number of unknown coeffielents 4, (1= 0,1,2,..4V). The relationship bpe-

5

{53,

tween these cosfficients is
d=Z(} Zak(é)/ (26)

wh 7 | are binomiel coefficients.Equation (36) holds good for all values
of 1 1if we put {/00).-, ; 0 =1 ., For instence, for =2

do i kz,a/(-qgkak;k?a

a’, =10 ;aé —2c2k2/<ak (37)

Fp

W

&
¢
123
@

‘\-.,.—/ £

Ga~Co
T 7 Ly
neise £(t) is independent of input signal

¥{t) ; tw elso ascribed to random varisble d—\t-) introdu=-
ced by relaticn (33}, This means that in the linear re*ression model

P
(4]

i QY eiaad

;;-—’-\m)/ EJ/HZO'W(? )
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all regression coefficients edual zerc
r; =0 s e 0,1,2,0..H-1
Apart from the form of the rslationship

this 4s the orly statistiecal charzcterlistic

from the assumpiions made in section 2.

4.1 Ths orineciple of the mathod

Our approach will be bas

coeffielents r; in the regressi
are indspendent of input signsl

a) In the first step let us find
of the regression coefficients.

known parameters s (i=1,2,...n},

pow——1
interval of

of the input and outpuvt signsls within &k

obaervation,

191

scsumption seem

@
ely resulis,
:

aible™ to the real value

% oy oy ey

sion cocfficients just egual %o the number of unknown
A
r-0

2n 4+ 1

i

1.6 If K =2n +1 , the conditicn of i
without exrrors.In this way we would obisin
snd D; .Of primary interest will be

b

age, howayer, 1t is not generslly

N
een [T  &nd the resl value

- 3 2o d o~ % e
v condition Dbetween

by the selection of sj and b; . We
possible distance between both vecto:

the sum of squarss, i.e.

N-i
Qf—\ 7 E 5 r‘l ol R
Z=
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N repre-

ol the estimated regression coefficients? When the order

ry resulis can be cbtained by N =2n + 1 or slightly larger.

tvaticn the order n of the dynsmic model (2) is normally
ivence 8nd the best suited spproximetion must be founds In
be selected sufficiently large, so that regression model
2in, 8s far ac possible, all past values of input y{tei)
e of markedly influencing the output of the system within

The derived algoritim slso permits the simultanecus iInvestigation
of n<n, ., where n,., 1s the maximum order of model (2)
5o b2 cansidered. As shown by results deseribed in section 6 the

of eriterion (b1} can be well used in the selection of a suitsble

o~ yr 2~
spproximtica.

4,2 The detailed solution
Be a) First let us find ths estimates of regression coefficients r; {d=

0,1,2,a+H-1). Lot us subsbitute

E[S)yt), y(t-1),.., ylt-N+1]]

nd at the same bime zlso substitute (35)

v j N-1
Dot + ) ny(t-i)=dt)+elt)
£=0 (=0

snd 4 [ een be obtain=

unbiased estimmte of regression coefficients T,

ed by the minimisatlion of the sum of sguares
.

06' = g;ff?/t’) (82)

L represents the interval of cbservation. However, the realisation

is not aveilable, Therefor, let us substitute for

&
2%

type (b3) which can

that L>N +v +1 . The




equations (43) fom = 1,2,...L can be v S e matrix form
e i (1)
Z[Lx(/v+v+n+2)] v??N+v+n+2)x1] Cr.1
where & 7

1 1y(1) y(0) ... y(-N+2)ix(1) 1x(0)...x(-n+1)
.,QV}y y(1) .. J/(N+3\’x(2) ;((1) xfn+2) |

Z =
[iciNevens2]] ,}((3) Y(Q)” y( Ntt) x(3);X(2) X("H3)

=N R

1 i---/;”SY(L> j(L-7). y(l. N+1),x(L H) x(L— ) |45

1taining all experimental data and vector 'I) contains the

wn coefficients

g 4t i
%,VU,LNQ)X, Co[[d d j bo; /r;7 D) ’n#fz"';rﬂf-fg 1;—@“‘ qnj
(b6}
By spplying the procedurs described in section 3 these data can be re-
ed into the trier:ular mairix
1 L * 1
X |
/00,0 /0q1 ovxyoo yo,N-1 iXO,O 10,1" *on |
X 1“ Loy ¥ ok b % ¥ i
v Sy X !
\/0.1,1' XO y;,/w ;%7,0 ;:1,1 gn |
- b S T b3
¥ 10 B ivo ynN—f:V,O L Hl i f
Z@/-rmwz‘ " ———-—X ————————— —}——_.—T _______ ¥ g
i p {
x:?mefZ}} 0 \yv+10 yv+1N1 Xv+10 | WH : "F«pﬂ,n
'vaN,n i
““““““““““““““““““ S
XvWH,n
¥ g
“"{wmz,n
g |
X;;,dem |
S 7
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v *
Z{(N+n+V+2)X(N+nW+2)] d[?(N+n+v+2)x1] =e[(N+n+.v+2),<1] (58)

Let us bear in mind that the sum of squares (b2) has not been changed by

this raduciion, i.e., it holds that

*T ¥
Q e[?xL] Tl [7x(N+n+v+2)j e[(N+n+V+2)*1]

The first step in the sclution of our problen is the estimation of coef-
sfents T (1 = 0,1,2,,..8-1) &nd a; (1= 0,1,.4y¥)s In other words,

bave 1o be determined so that the sum of sgusres (49)

suzting for this instent that coefficlenpts 8 and b are

misaticn can be perfomed in the following way.

ivide matrix Z snd vector ‘l}' es shown in (47) and (L6).

(ko)

+1)x(w1]Yd[?W1)xN] Xdeﬂ)xﬂ Xo/[hn 1)xn]
Z[{N+n+v+2)x i X’[NxN] xr'[Nxﬂ Xr[Nx n]
x(N+n+v +.?)] E[(nf‘l)x”] e[(n+1)an

(50)

d[{vn)xﬂ (51)

v}(NH) we2)st] 2[N 0]
s
_a[nd]

The definition of newly Intreduced rmtrices =nd vectors can be seen from
50) with (&7) and (51) with (46). Let us note that

o
eommaring
CLpAYIng

™ n
n




# # x #
Pd+Y g X a =8 (53)

It iz obvious
0

flusnce e s howsver,

»~=lecu1m,. Concseguently

- v 3

L
i = €]gy

emin

is the smallest attainable sum of squares, be
found by solving equations (55) and {3h) by ¢ 0
in these equa‘tions.
Equation (54) will comp it for
sshirete f'\ . From eguation :5}4\ fﬂ.l“ s that
[(n+’/)x1] {57}
L7}

(A

b
0 Z

Uiy W a
[Nx1] [N«1] [N X n] [n ;(1]
whare vector U and matrix w are defined by relationship
Ll G e
L4, WJ[NX(M'I)] P[NxN]

wnich follovs from the soclution of ¢

wiangular matrix r&:@{es the compt
Matrix Y contains only r
its inversion this mairix must not be
plying with this condition was designated in séction 2
citing”. For instance, this conditicn is not fulfilled by
nal with & period smmller trken U.
Formule (57) yilelds

gressicn coefficlents (k0).

»
(2}
L;-
o
<)
I
m
*
O
8
]
.

and output of the 33’51.(:::1 is

Re b? After Pinding tl

(57) it is possil
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minimisation of the sum of squares {4l). The procedure descrided in section
3 w11l be used again. Let us errange equation {57) into the form

"b[(n+1)x1]

r[‘mﬂ % S[Nx(2n+2)] . a[n oo (59}
where 4 _J
S o H[(n+'!)x{n+1 W

INx(20+2]] | 0 [Nxn] | | U[Nxﬂ : (60)

after dividing matrix ) and vector u into two parts

- ’[N+1)x(n+1)]!Wb[(m")x”] {Ubltn+1)x1].
S[NX(QH'PQ)] 0 Wa[(N_n 1)("]‘ a[(N n-~ 1);(1]

sn be sezen +that for reducing matrix S intc trien siler form 1t will
ce Yo reduce into the upper langular forz only matrix W together
with vector Uy, After this reduction we cbtain instead of (59)

I[(n+1)x(n+1)] Wb[ZnM)an ubKnH)x'IJ ‘b[(nﬂ)xﬂ

/E(;mﬂ xﬂ 0 wa;\;_’nxn] uc;{]’:nxﬂ Qrn«1] (61}
0 0 u;\‘ L ,1

The last row (2n+2) contzins only the last elsment u* ;and for any srbitra-
ry @ axd B the sum of squeres (L1)

;.1.

N-1 Zn+1
SIS e
(0 =0

renains unchanged. The smallest value of %, ettainable Dy the selection
of Q and b is thus

L *¥2
A (63)

A
Estirates @ are obtailned from egquation

’ ‘
W,a+u;=0 (64

*
the solution of which is very simple because WQ 15 a trianguler metrix.
For estimate it follows fram (61} that

A
b=ub+Wba (65)
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The solutlon of our problem is thus completed. The asymptotic propsrties of
the estimates will be given in sectiom 5.
4s far ss the drify,eliminated in the course of computation,is con-
cerned, 1t cen be determined in the following wey. From equaticons {53} end
{54), where we put ei = Cd = 0, let us corpute estimste d/\, and, using
reletions (36) or (37), the estimmtes of coefficients ¢ {1 = 81,4040} of
solynontal (5). : :

Owing %e the limited scope of this article all numericsl dastafls
cannnot be discussed here. Let us bear in mind, however, that tre deseribed
algorithm is arranged so that a smmll number of additional numerical opera-
tions permits the simultereous computaticn of all verients for the lower

orders of dynsmic model (2).

5. The asyrptotic properties of the estimste ¥

The representaticn of the low-frequency drift by polynomial (5) ma-
kes sense only for a finite interval of observation. For this reason the
of the estinmte were studied only for the case of
is an unknown constent. The following thecrem holds:

asymptotic ‘properties
o where ¢,
i 1 the following assuptions are fulfilled:

v(t) is persistently and sufficiently exciting,

’A} Input signal
Ll.es the follcwmc limits exist witb robability one

lim - Zy/f) ‘ Lzzm L )yl yiter)
e8! T

/$D° t

snd inverse mtrix I, in (58) also exists,

{B8] noise € (t) is weskly stationary and ergedic,

[C] the dynamic system can be deseribed by difference equation (2\
whose order n 1is finite and known,

[D] the charscteristic polynomials of the left and right sides of
equation have no common root;

then estimates 6 and 3 computed from equations {B4) sand (65)

woly consistent, i.e. it holds that

: A
Pilma —a ; L[l_':? b=b}
>0 / oo
i ; 1 it would be possible to deternine

+he
wiig

ctor.Hovever, for
tyoe of model 1s entirely satisfectory.

12 ror Egftk 0. e validity

# 0 can be proved in & very
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6. Experimental results

The algorithm described in sections 3 and 4 was written in ALGOL-60
and the method tested on & ELLIOTT 4100 computer) Input data of the pro-
gramne: 1) the maximum order B, o«°f the dynamic model considered, 2) order

of polynomial (5) respecting the drift of the output, 3) the number N of
regression coefficients considered, U4) the sequence of the input-ocutput
pairs y(t),x(t) of the investigated system which are gradumally reed from
a punched tape (or can be directly obtained from the syambymns of an
analog-to-digital converter). The camputer prints the estimtes & anab of
the coefficients of ‘the dynamic model, the estimates 0 of the coefficients
of the polynomial drift, and the respective minimel values Q. (56) and Q.
(57) of the sum of squares. These results are similtanecusly obtained for
all orders ninmaxof the model as shown in the ecmputer print in Fig.2.
The ccuperison of the Q values permits the estimation of .the order of the
dyrsmic model, or the selection of the suitable approximation. On request
the results are printed by the computer after the processing of each 50
pairs of input and output data of the system. This permits the follow-up of
the graduelly increasing accuracy of estimates with the growing length of
observation. The modified version of the programme was also compiled for
the frequently occuring case when it is known in advance that bo = 0,

For testing the method the punched tape containing the input-cutput
pairs of the systém was generated by a special separate programme simula=
ting the real system with noise and drift inclusive. Random and not-random
input signals were applied. Pseudorandom binary signal proved to be ths dest
suited., The CGaussian white noise wes approximately obtained as the sum of
12 random nuwbers with a uniform distribution.Correlated noise with a selec-
ted suto=correlation function was obtained from uncorrelated noise by means
of a discrete filter F(z) of the type of rational fraction function.

Figs. 3a and 3b show the identification curves of a second order
system.Samples of input, ideal output and applied noise are shown in Fig.k.
The sum of ideal output and noise were used for identification. In the case
showm in Fig. 3a uncorrelated noise with linear drift was used the sample
The ratio of the 'effective value of

of which is designated (a) in Fige k4.
this noise (without drift) to the effective value of the ideal output is

Gc/6v= 1.

¥)The coxplete progrem for practical applications is availsble at the Insti-
tute of Information Theory and Automation of Czechoslovak Academy of Scien=

ces, Vysehradska 49, Prague 2.
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In the case shown in Fig. 3b eutoccorreleted nolse was used obiained
from uncorrelated noise by msans of filter F(z) = z/{z = C.6). In this ca=
se the ratio 66‘ /GV = 0,5, ’

Fig.5 shows the comparison of the irpulse responsss
and of the models obtained as the results of identificaiicn
(Fig.%e) for L = 4400, end in case (b) (Fig.3b) for L = 1000

Fig. 6a shows the identification curve of a a."xird ord
this case the noise was uncorrelated end the ratio O /6, -
was also linear, Fig. 6b shows the identification of 'cfz»_
system, however, the model was considered to be caly of se
results shown in Figs. 6a and 6b were simultsnecusly cbizined by
camputatione The impuls response of the third order o“isi:; are
in Fig. 7 with the impulse responses of the third end sccond ordsr models
obtained.

fD ﬁ
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FIG. 1.

LENGTH OF OBSERVATION L = 500

ESTIMATES:
E=Ub

FWMER:  -0,000492
DENCHM:  1.000000
DRIFT: 25.001206
ORDER N = 3

KWER: =0,000510
DENOGM:  1.000000
DRIFT: 24.99196L4
ORDER N = 2

KQRMER:  <0,065L85
DERCM: 1,0C0000
DRIFT: 2T.195239
ORDER N = 1

NWER:  0.087738
DENGM:  1.000000
DRIFT: '71018}295

0.187857 1.961858
«0.722175 =0.835585
0.249985

Qr = 4.3004-06
0.188462 1,761883

-1,734605 1,056370
0.250093

Q@ = 2.6534+00
0.120247  1.692743
1. 754768  0.820709
0,216817

Q= 1.78%01
0.280492
-0.953374

0,653581

FIG.2.

Qe = 5,842A+00

3.304158 1,5217689
0.883417 -0,253558
Qe = 3.2054+02
1.432370

°0.258767

@ - 8.161&0—(2

@ = 501076"01
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3.". n=’2' V=1'IV=15, b0=o ag a2 b1 b2 C,: 02
i True parameters : -097 0223 15/8 0939 -50 0.020
i Estimates (L=4 400) -0976 0239 1542 1.018 -47 0.019

Input signal : pseudorandom binary (period 67)
i Noise : uncorrelated &, /6V =1

2+
Tt
_________ e e
0 I " / + F 4 4
" 1000 2000 3000 4000
— o L(Length of observation)
+
M q1
a4y ——————— == ey
FIG. 3a
=2 p=1 N=15 b =0
i e i a, a, b, b, ¢ o
True parameters : 097 0223 1.548 0.939 -50 0.020
Estimates (L =1000) : -0971 0216 1476 0.928 -49 0.020
3l Input signal : pseudorandom binary (period 31)

Noise autocorrelated F(2) =ZA’Z_O'G)/ 6,/6,=05

D
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+7J¥WW&H&
54
0 iz
5
+54
: noise 100 %

i "I I uncorrelated (a)
o laas e P E R
54l 'I |I 'l I ' ll II'I'IIl In T
‘101

noise 50 % \
O “ autocorrelated (b)
5 qplitppst el
FIG. 4 -

;i PULSE - RESPONSE

e original
+ (a) noise 100%, L=4400
o (b)noise 50 %,L=1000

N
3

FIG.S. '
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n:3! v:1l V:25, b0=0 b

o 0 VT D R - G
True parameters :  -1.110 0.355 -0.030 1.309 -0.092 0248 2.00 0.050
Estimates (L=1500): -087 0.009 0.111 1280 0.213 0.09 2.02 0050

Input  signal : pseudorandom binary (period 67)
Noise uncorrelated 6£/Gy = 032

-

+ FIG. 6a.

n=3, p=1,N=25 b =0

Approximation n=2 N 5 o G
Estimates (L=1500) -1321 0474 1276 -0.368 1.97 0.050
~Input signal : pseudorandom binary (period 67)
| Noise uncorrelated 66/6v=0'32

. i = i

-
g sl e

/'V'SOI"T ———— OO0 T
— - L(Length of observation) b, T

FIG. 6b
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PULSE RESPONSE

8 Or'lgml n=3

O estimate n=3, noise 3290, L=1500

+ estimate n=2, ncise 329, =15C0
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ON INPUT SIGNAL SYNTHESIS IN
PARAMETER IDENTIFICATION

by
Masanao Aoki* and R. M. Staley*#

Department of Engineering
University of California
Los Angeles

dis Introduction

This paper considers the off-line identification of a

system described by a kth

order scalar differencé equation,
with Gaussian additive noise on the observations of the
output. The identification problem is that of estimating
the unknown system parameters from the noisy observations.
The input signal synthesis problem is that of choosing a
sequence of input signals to minimize a measure of the
estimation errors, subject to an ehergy constraint on the
input or output of the system.

Past work in the area.of input signal synthesis
includes brief discussions of the problem in References 1-3.
Reference 4 gives a solution to the problem for the case
that the parameter variations are small enough to permit
linearization of the putput with respect to parameter
deviations. In this situation one can employ linear estimation
theory, which simplifies the problem considerably. In general
however, identification is a much more complex non-linear
estimation problem.

Reference 5 discusses the problem of choosing the input
to minimize the probability of a decision error: when the
inputs and possible parameter values are members of a finite

set.

¥Supported in part by AFOSR Grant 1328-67 and NSF Grant GK-2032.
¥¥Supported in part by AFOSR Grant 1328-67.
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Reference 6 gives a solution numerically to the one
parameter problem in the case that the parameter is treated
as a random variable with known statistics. In that paper
the segquence of inputs is chosen to minimize the lower bound
on estimation error, as given by the trace of the Fisher
information matrix which appears in the Cramer-Rac inequality
for unbiased estimators7’8 for the general k-parameter case
leading to an open-loop controls. The relevance of Fisher
information matrix in the system parameter estimation problem
has been noted, for example, in Reference 9 and 10.

In the main body of this paper the unknown parameters
are treated as constants rather than random variables. Both
the input constrained and output constrained cases are con-
sidered. The closed form analytic solutions are presented for
the simpler one parameter problem. -A useful approximate
procedure is developed using the Toeplitz matrix,l2 The type
of analysis presented in this paper is a necessary preliminary
step to discuss the input signal synthesis problem where the
system parameters are random variables with known probability
distribution function. Extension to this latter problem
including open-loop feedback controls and feedback controls
can be made as in Reference 6, and are briefly indicated at ;

the end of this paper.

II. Problem Statement and System Representation

Consider a scalar difference eguation

k

X a 10/l L (1)

- X +u 3
1+1 Jil 3 Fiog41™W
where the parameters 81,...,3, are assumed to be unknown
constants. The system state variable at time i is Xx; and
the input variable is uy - Assume for simplicity, that the

initial conditions are all zero, i.e.,

XO = X_l B e X_k+1 =
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It is more convenient for our purpose to re-write (1) as

Tn. oy (2)
where

T T A

b9 4 (xl, Xgs wens xn), u, = (uo, Ups wens un—l)

and where the superscript T denotes transposition.
A convenient representation for the matrix Gn in €2) 1s

given in terms of its inverse, i.e.,

gt 0 0
X -2, 2 R G
= = S . i3 .
Gy gy B veaiellle ;0. LR matrix
v . ]
L g 1 5 (3)
2 MO =8ps eees =29, 1
— —

Nl 1
namely G_~ is a lower triangular matrix with non-zero elements
id

-a,, =3,, ... -a_on the first, second ... and the k%D lower

2 k
co-diagonal lines respectively, the elements on the diagonal
line being all ones.

The state variables are observed through noise
¥y = X4 t 0y €

where the noisesrare assumed to be Gaussian with

E(ni) =0

E(ni nj) o 02 Gij
Define

y_z = (¥1> ¥ps --es ¥p)
and

=

a” =(ays +-es ak)
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Under the above assumption, the Fisher information matrix
HC, defined as
L / 1 T
M, oo fp‘lnli) ¥y 19 p(y,la) [va 1n p(y fa)]"d 3, (5)

where the integration is over the space of all possible obser-
vation vector Yoo and where

l‘”

@
o
=

|
ne>
. g'w
n

@
m'w e
%

is =asily seen to be the (kxk) matrix

M, =2(v, x)T (v, x) (6)
Where
in 3
aal aak
RS R :
axn axr1
aa1 Bak

Given any unbiased conditional estimator Ic(ln) of a, it is
<nown that a lower bound of its covariance matrix is given by
the so-called Cramer-Rao inequalitys*

_ . : P |
Lln la RGN a)(y, (y,) - 2)"1>M, (7)
where

X.{y,)) = a (8)

meanz X~ (B-C)x>C for all z eR,.
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This paper investigates tne dependence of Mc on the
u, vector. This will be done for the case of known a,
leading to an open-loop control for the system which maximizes
a function of the characteristic values of Mc’ namely tr Mc.**
Thus, the question of constructing unbiased conditional
estimators o such that their error covariance matrices
.approach Mc‘1 asymptotically is not discussed.

III. Input Constrained Case

III.1 General Discussions

Define the performance index, J, to be the trace of the
Fisher information matrix, which from (2) and (6) is

A SRR e Yo LI TRE PT o
J 2 tr(M)) == (3-—&) (rn) (9)
SRR R 4y
where
ax 3G o T AT G ey (10)
72, "~ vEp U AR TR P

It is desired to maximize J subject to the constraint
gnT U, = 1. It is convenient to introduce an (nxn) shift
matrix, S;, l<i<n-1, as the (nxn) matrix with elements all zero

except on the i-th co-diagonal line below the main diagonal
line where the elements are all one's, i.e.,

(84) =1 i+1<j<n

Jsj'l

all other elements are zero.

&

In terms of the shift matrices, Gn of (3) can be written as

¥
At the end of this paper, the input signal synthesis problem
is briefly discussed under the assumption that a is a random
vector with known a priori probability density function po(g).
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S = S for i+j<n-1
oiSj S,j i d__
(see Appendix 1) G -1 commutes with Si’ liiin-l. Similarly

o

B commutes with Si'

From (10)

3% o
R ( = 0
i + 8,54008, = F 549y By
and from (9)
> K. . L
RN - %1u T(Gn')T o T (11)
i il SO )

It is ‘easy to see that Gn‘ is a lower triangular matrix and

that

(1=

A

- - - -

o

P

'
SR SR

where

A, is the (n-1)x(n-1) main submatrix of G_°

L b

lower triangular matrices.
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Write

D, = (12)
0 E :

k

where E, is the (n-1)x(n-1) matrix E, = diag(k,...,k,k-1,
k=2 bogdsl)
Then

where
k A1 ¢ (n=1)x(n-1)

Thus the constrained optimization problem will be solved if
u, is set to zero and 4 4 is chosen to be the eigenvector
corresponding to the largest eigenvalue of G.

It is more convenient to work with the invérse of G.
Then uoq is to be chosen as the eigenvector corresponding
to the smallest eigenvalue of 6-1.

Now
ATy Al-l Ek-l(Al-l)T %
-1 1 1 1 08 1
where E ~~ = diag G A e 'ch';T’ T3+ 3 -1-) and

where Al'l is the (n-1)yx(n-1) main submatrix of Gn—2 since an is

lower triangular. Thus

= 1
15y = In—l * aIS 1 LR

St (14)

KalPhok

where S'i's are (n-1)X(n-1) shift matrices defined analogously
to (nXn) shift matrices. For examples with k=3, n>6

2
1 nel * 2a1 S'l + (a1 - 2a2) S'2 + (2a1a2 -

2 2
+ (a2 + 2ala3) Sty + 2a2a3S'5 + a3 S'¢



Thus,
diago

the m

Q1
B5s

shown in Figures (1) through (3) for the cases K

ETT

We ta

where

where

;1) T
inus
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-1
A i
1
nal

s a lower triangular mctrix with one's on the
line, and elements on the co-diagonal lines below
ain diagonal line are respectively the scalars multiplying

ST ss vesy Sz matrices, or
2 6
- 2a

ete

solutions for the optimal u vector are
a2 0 3,

Some numerical

Case k=1

The matrix G_l takes a specially simple form when k=1.

ke the dimension of 6™ to be nyn.
S R L G
G 37 = R
Rort il ey sy
1 RO R T SRR
B -2a
Cl2 - 3.2
G-l = 1 &4y 612
H (15)
: & .
¢45 G35
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where
1 -2a
Gll = . 2x2
REG T
a2 0 0.y atmra
G12 = . 2x(n=2)
-2a(1+a2), a2, O350 e
and
G22 » (ci“,j) : (n-2)X(n-2)
where
3 2 4
ks S ba® + a
C, = = -2a(1+a2)
3 -1 ;
% h e
C, =c¢c 5, =a

all other c's are zero. ]
The matrix C,, is therefore (n-2)x(n-2) Toeplitz matrix, 10

The matrix 6-1 can also be written as
= T '
= ¢, - DD, (15)

where : :
02 is the nxn Toeplitz matrix with Cs Ci1s Cip
as specified above and where

-2a a L0 Bl
D T a ! 4 S 2xn

The analytic solution of this problem is discussed in
more detail in Appendix (3).
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IV. Qutput Constrained Case

IV.1l General Discussions

In this section, the output vector P is obtained which
maximizes a function of Mc' This problem may be of interest
in its own right in some situations. It is shown in the next

section that an approximate method of solving the input

constrained case also leads to the study of this case. From (9)
g%J = 5 e R
i=1 3ay 3ay
where
-1
agn aGn
Dot KR Zn = ¥ G3.%,
i ik
Therefore
27 2 xF k i Lk \
g<d in(E Si Gn unsi)in
i=1
Since Si and Gn commute
% = T L U T Uk b
ofd & FFHL S S NE Y BT 8 F 4 ¥ 8 P g,
S NGt e g
L SRR Y
where
A T
S B1 Ek Bl
where B, is (n-1)x(n-1) matrix
B 0
G = 1
n
82 B3
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and where E, has been defined in connection with (11)'. It
is now desired to maximize J subject tc the constraint

EnT XL This problem is solved if x, = 0 and X,.; is an
eigenvector of the matrix § corresponding to its largest
eigenvalue. Again it is more convenient to find the maximum
eigenvalue of § and its corresponding eigenvector by obtaining
the smallest eigenvalue of S-l and its corresponding eigen-

vector, where

4 -1 g -1

ke -1.T
$ " =B " E; )

]

Some numerical solutions for the optimal x vector are shown
in Figure 4, the cases k=1.

IV.2 Case K=1

When k=1, s°l takes a particularly simple form

g e s BB
s Moo Sy + (n-1)x(n-1)
BT ik
12 22
where

S11 =1 512 =[-a 0 O ]+ 1x(n=-2)
iz » -1 25}

S,p = (ci-j) * (n-2)x(n-2)
i 2

cO At e, e i

S e Sy

=
all other c's are zero. An alternate expression for S is

slia g winp?t
where

C is the (n-1)x(n-1) Toeplitz matrix with only
non-zero elements being Cos C3 and c_y mentioned above, and

where



38

AS shown in Appendix (2), 1t is possible to obtain the
characteristic values and vectors of (nxn) S_l explicitly

in the case k=1. The characteristic wvalues are

2

=1+ a - 2a cos 8y k=l ,2;.0.501

Ak
where 8, are the solutions of

sin (n+l)eg

sin ne¢ T

The characteristic vectors are given as

. A sin (n+1-k)el

where A .is a constant of normalization, where elcorresponds
to the smallest eigenvalue.®” Thus for k=1, the output constrained
problem has been solved exactly. From (2)

-1

=G
n Zn

:!,C

»
@
-

T Yy

A[-a sin (n+2-i)%_+ sin(n+1-i)%_] 0< i<n-1

IV.3 Approximation

Rewrite (10) as

M =-§7 ¥ E T ax

where
(nxk) matrix

P
G
n

8 rs
X = [°l Xps S5 Koy eees Sk En]
Denote the smallest and the largest eigenvalues of Gn by

Mpin 20d W . respectively.
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Then
31 P
umin XX Mo < upay XX (S
where
1
Pt 2
min (1% E lail )2
i=1
and
Hmax < ; >
(1 - F Jag)
i=1

provided Ziil laq] < 1%

by arguments similar to those of establishing Gersgorin's
disksg. Therefore, as an approximation, one might try
maximizing trXTX rather than tr Mc directly with the inputs

3l -
constraint LI Jiy

Let
J' = tr X'X
Then
J'=xT(})§ s,Ts.) x
=n (& b 8t == ¢
i=1
=uTGT(l£ 8.8 yigru = bl S u
-n n 1=1 i i n-n -n-l1 -n-1

Thus the problem reduées to that of the output constrained
case discussed previously in IV.2.

V. Approximation by the Toeplitz Matrix

In the input constrained problem of SectionIII
it has been shown that the optimal wo_q is the éigenvector

*In case Eiil iai!>1 but the system is stable, then

2
o iﬁlgiﬂ<w where {gi} is the weighting sequence of the system (1).
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corresponding to the smallest eigenvalue of the (n-1)x(n-1)

matrix

-1 -1

while in the output constrained proolem, it has been shown
that the optimal X1 is the eigenvector corresponding to the
smallest eigenvalue of the (n-1)x(n-1) matrix

Sy

-l)T
1 k

(B4

ahere E is the (n-1)x(n-1) matrix defined in connection with
(H2)0

Since both Al_

1 d

and '‘B. "

1 are lower triangular matrices of

the general form¥*

an approximation technique is developed here in a general way
which can apply to either the input constrained or output con-
strained case. Hence, in this section, we consider the pro-
blem of finding the eigenvector corresponding to the smallest
igenvalue of the matrix '

H=g Ek'l g (17)

where Q is either AT—l or Bl_%

Note that

Va8 5 SR e : (18)

when F is the (k-1)X(k-1) matrix given by F = diag(

2 k-1
vy B G e e B

2=k for Q=B,”!, and =2k for q=a,”!
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Therefore
H=40QQ" + 1] (19)
where
(2 (R EE o
A G G
T
0 Q3FQ3
and where
G : 0
Y L

where Q) is (n-k)x(n-k) and Q is (k-1)X (k=1)

The matrix Q3 is of the form

— s
1 0 0 ahors 0
oq 1 0 oo
Q3 = a5 % : i C
ay_o . <oy 1
As - dn (A5 )T
T P
Q" =C-D, Dy (20)

where C is the (n-1)x(n-1) Toeplitz matrix with elements
c = :
13 cli‘Jl given by

2
. To1ig

s 1+ 42, o

e e T 4 T

C2 e 0,2 + 0.1 0.2 + . Q£_2 0-2
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CeiT BTGBy g T s e Bally Ty
e
%000 T
with c iy ™ 0 for |i-Jj|>2, and where the 2y (n-1) matrix
Dl is described by
.
D =
" [Rl 0]
where R2 is the gyg matrix
D %
el L
0
%

The elements Cys Cqps ..:, c2 are generated by the
equality

g(z) = p(z) p(%% . oo cl(z+z'l) +ooote, (z%+ 27%)
where
5 1
DLz =l R ay 2
i=1

It is known that the minimimum eigenvalue of H is given by

N L 5 S ) ¢
‘atn T x TEITE
and that the minimizing x is the corresponding eigenvector,
From (19) and (20)
XTHK U xlCx

A e — . — z’
Hxll2 x| |1zl [1x

box ¢ 3t (21)
|

If the (n-1) dimensional vector x is partitioned as

2(_:

1= 1< |

where u is 2x1, w is (k-1)x1l, and y is (n-k-%2-1)x1, from (21)



43

iy T3 4 TR T T
X HX £
R o LR 15 bl g IR 1112
where
FLEH P Frarpsnecgivig® = ) ahls

If the normalization of x is chosen as

1im
N>

2 ||%[|?= M such that |x;|< L for all 1
where M and L are some constants, then

i o Thatid 4

lim 1 % N
00 vl B ol S R IR

n->m

Thus, under the above conditions

lim  xHx xlcx

nN->
HE={1® l1=xf1?

Therefore, the choice of x to be an eigenvector corresponding
to the smallest eigenvalue of the Toeplitz matrix C is a good
approximation for large n of the eigenvector of H.

The Toeplitz matrix has many interesting properties which
make it a desirable approximation. In the case that n is
infinite the eigenvalues of C coincide with the set of values
z(z) assumes on the unit circle |z| = 1, where

&
k

+o
g(z) = & ¢y 24

and where the coefficients are the numbers constituting the
elements of C. If they are all zero for i>f then the above

function reduces to

) A
gl =l e iaaime: Do s el cesiig (22)
i i 3 A
. =% i=
If n is finite then the eigenvalues still take values
given by (22) but now 6 is restricted to take on n discrete
values in [0, 2 =].



VI. Extensions
VI.1l System with Random System Parameters

When a is regarded as a random vector with known a priori
probability density function p (a), given any unblased uncon-
ditional estimator 1(zn), it is known that

zy_n’ [x(y,) =al [x(y,) - ngg_M'l

|

where

By, (@)= E@

|

and where
M e fpo(g_) p(lnl?z)[va in p,(a) p(zﬂl’a‘)]'
T
[v, 1n p (2) ply,la))" d 3, a2

In the case of Gaussian noises assumed here, it is easy to
see that

M =B
M (M§+ Mc)

where

M, & (v, in p (a)] [V, 1n p.o(g)]T
Since Ma depends only on po(g) and not on u, , a measure of.
error may be taken to be again tr Ea (Mc). With this criterion
function, results for the single parameter output signal con-
strained case are summarized here. Obvious extensions to open-
loop feedback control laws can be made as in Reference 6. The
detail will be the subject of a separate paper.

From Appendix 2 and IV.2, the smallest eigenvalue of
NxN matrix EQ(S—l) is given by

- 2m, cos 6

A =1l+m

3
min

n

5
)
Ly}
@

=
e
83}

et

O
~
I
St

ne-
o
= ~
W
n
8

ny
)
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and where

I AL e R
o=y (1 - N(1-m,) * 7]

To obtain the corresponding eigenvector, the recursion
equation (2.6) of Appendix 2 is now replaced by

X, = (2p - mz/ml) Xy

Xyqp t X440 = 2u Xy 2i}ip—l

X = 2u X

niw where ¥ = cos §

n
Proceeding analogously as in Appendix 2,
By 2 [(2u-m2/m1) sin(k-1)e - sin(k;z)e] Xy 2<k<n

VI.2 Non-zero Initial Conditions

It is straightforward to extend the analysis presenﬁed in
this paper to the case with non-zero initial conditions. Some
of the results in this paper can also be extended to the system
with the dynamic equation given by

k m
Xi41 t jzl aJ xi—J = JEO bJ ¥ya

where b's as well as a's are unknowns. These extensions will
be presented in Reference (11).

VI.3 Identifiability Conditions

Equation (16) can be used to define several types of
"identifiability" and/or give the criteria of identifiability.
For example, using the concept of complete identifiability3,
its necessary and sufficient conditions under suitably regularity
conditions on p(g|xn) are that all the eigenvalﬁes of XTX+m
as now,

The concept of weak identifiability may be defined to be
that the Fisher information matrix is positive definite for
some n, gquite analogously to the concept of weak observability12
the necessary condition of weak identifiability isvthat n>k
where k is the number of unknown parameters. The detailed

(O]

cecount of these topics will be founéd in Reference 11.
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VII. Discussions and Conclusions

The problem of synthesizing input signals in off-line
system identification problem has been discussed by maxi-

‘'mizing the trace of the Fisher information matrix. It has
been shown that the problem reduces to that of finding the
largest eigenevalue of a certain matrix and its structure
has been investigated.

For details of the case with non-zerc initial con-
ditions and the §roblem with more general linear differ-
ence equation than (1), see Ref. 13.

Some computational aspects of the input signal

synthesis problem has been presented in Ref. 15.

APPENDIX 1
Some Properties of Shift Matrices

The (nyxn) shift matrix S, is defined to be

i
G A i+l j<n
w0 X1 A

all other elements zero.
Another way of defining Si is in terms of elementary cclumn
it Vi T k~th element

ek‘ S TR 0 §)

8y = By sCphss v eus8ys0s%e.30) or Sil = (0,0,...0,e;...e, 41

St (ez,e3,...,en,0) or Sll = (0,eq,e55.0058, ;)

Lan]
Fe
e

is easy to verify that

n

143 ok e o L0

L
B8 =ss.=<
s | o 3 i+j>n
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APPENDIX 2

Computation of the Characteristic Values
and the Characteristic Vectors of S—I for k=1

Given the nyn matrix sn'1
% -1 -1.T
Sn * By (Bl )
where
=,
o S e e A

consider its characteristic equation

. é -1
8, (1) = |AIn -8 |

Expanding An(k) by the last row, it satisfies .the difference
equation

- 2
8,0 = (A=p)a, (V) - a% A, (), mn>2 (2.1
where
A 2
B =1+ a
P e
Al(A) =1 -1
Introduce the notation
A - B= -2a cos 8
Then (2.1) becomes
A,(B-2a cos ) = -2a cos 8A_ _,(B-2a cos 6) - a2 A _o(8
-2a cos §) (2.2)

Assuming a solution of the form

A (B-2a cos 8) = Ap"
equation (2.2) is solved by obtaining the roots of

p2 + 2a cos 6p + a2 =0

or
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Thus
An(B-Z a cos 8) = (-a)? [Aeine + Be'ine] (2439

where A and B are constants to be determined by the initial
conditions in (2.1), or '

A+B =1
—a(ael® + Be719) - g_2a cos 6 -1
i.e.,
b= (-8 + 80520 ity
SRR TR L

Substituting these expressions in (2.3)

)8 - a sin né (2.1)

s ool an gin(ptl
8 (B-2a cos 0) = (-a) sin o

The n eigenvalues of s;lare then given as the zeros of An’
1,605

*k =g - 2a cos ek k=1, L, .0
where 8, are the values satisfying

sin(n+l)e = a sin ne (2.5)

Next the eigenvector corresponding to the smallest eigenvalue

will be derived.
From the above discussion we know that Amin is of the

form
i 2
Amin(n) =1+ a“ - 2ap
whera
écose e‘v.l[l_ 1 ]
u LR e 7 (1-a)n-1

The equation

gives a set of simultaneous equations
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2<i<n-1 » (2.6)

Assuming a solution of the form X, = Apk, we see that the

middle equation will be satisfied if

2 +ig
p° = 2up+l = 0 which has the solutions p = e 33

The components of the eigenvector are expressible as

o SURE Aty popeiil,

where A and B must satisfy the boundary conditions

(2p-a)(Aeiel + Be'iel) = 2e?18) 4 ge-?16

m
3
Q.

pel(P=1)8y | pemi(n-1)6; . py(pelnd; 4 pe=indy,

One of the conditions gives the ratio A/B and the other
condition reproduces (2.5). The result is .

- 4, sin [(n+1) - k]el kkn £2.7)
where Al is the constant of normalization.
An alternate expression for Xy is

Xy = A2 {sin k R sin (k-1) eoj

k

where Al and A2 is determined from the normalization condition

such as

g ‘X 12 = const.

L

or
e 2
3 |xk| = proportional to n
k=1

This latter normalization corresponds to the constant power
(energy per unit time) requirement while the former corresponds

to the constant total energy condition.



50

APPENDIX 3

Computation of the Characteristic Values
and the Characteristic Vectors of G-I for k=1

It was shown earlier that for k=1

-1_ A p =ART
Gp = Al (Al ) :nXn
where
e R T 1 AR
1 e 2R
and
oy = -2a
oy = a2

Assuming that A has the same form as the A of the Toeplitz
sub-matrix G22, we can write that

A= S5 +i2¢c, ~co8 0+ 2c2 cos 240

1
where
by, = 14+ ua2 + a”
c, = -2a (1 + a?)
Ry
e, = 2

The matrix equation for the eigenvector x, i.e., the

equation

-1

Gy X=X

can thus be written as the set of difference équations

- ptie
02x3 - 2ax2 i Xy = xxl (3.1)
152 4 (3.2)
e Xy + ¢1%3 + (l+44a )x2 - 2axl AX, 2
CoXiastCiXpan ¥ Co¥pa3 * Ca¥pao t Co¥ika1 T A3



V2Xn-3 + €%y o * Co¥po1 # ci%, = Axx-l (3.4)
SoXp_p t CyX, , t e x = Ax, {3.5)
The difference equation (3.3) can be writter as
cl(xk+u + Xk+2) + c2~\'xk+5 + Xk+l) = Z (clccs e+ ;2cos
Xk+3

a solution of the form

x
™
w
[
=]
{25
o}

(e}

5
Xi = Ap¥

(p+p—l) # Cz(p‘+p-é) - 2(cy cos g+ cy cos 28) = 0 (3.

54

"learly, two of the solutions are

o etie

After dividing (3.6) by (p—eie)(p-e_ie), the other two

sclution is given as the roots of

Ch p” + (c1 + 2c, cos 8) p+ c, =0

-~
<

or where

¢, + 202 coseA=

o -2cosh o
& @
l \
cos § + cosha= (=+ a)
a

Hence, the compon3ants of the eigenvector will be of the
form -
K -ig .k K ,_—ayK
ARk 835 4 c(e™)¥ + ple™™) (3.

z, = Ale + B(e
n

The coefficients A, 2, C, D and 6 can be determined by
applying the boundary conditions described in equations
£3.1)-(3.5).

6)

n
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In the case of nxn Toeplitz matrix,

Xy ™ ok
and

Aeine S

con g

APPENDIX 4
Asymptotic Distribution of the Characteristic Values
of the Toeplitz Matrix
Let 2
g@) =@ +21L ¢,  cos jo
o 3=1 J

Then ¢ €ys «+v5 €, are the Fourier coefficients of g(6)

Then the characteristic values of cl and

2vn)

iy n+1

v=1,2 Vit

are equally distributed as n»« in the sense of Reference (10).
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ON-LINE IEES]TILAJ\TTIC)PJ OF THE.PROCESS
PARAMETERS AND ITS APPLICATION TO
AN ADAPTIVE CCNTROL SYSTEM

M. Nishimura, K. Fujii and Y. Suzuki
Faculty of Engineering, Osaka University
Osaka, Japan

1. Introduction

In the optimizing or adaptive control, it is an important
aspect to obtain a description of the dynamical behaviour
(mathematical model) of a process from the knowledge of the
observed data. When the process is in normal operation and
assumed to be satisfactorily approximated to be linear, it is
recommended to introduce a conceptual model represented by a
linear algebraic equation where the sampled values of the input
and output are related. The coefficients of the algebraic
equation (process parameters) are easily estimated by using the
method of least-squares.

Kalmaﬁ proposes an algebraic model corresponding to the
pulse transfer function of the process. Although this charac-
terization offers many advantages, the applicability is limited
by the reasons that the topology of the process is assumed to
be known and the estimates are biased seriously when the ob-
served output is corrupted by additive noisé. The characteri-
zation using the impulse response coefficients shown by Levif,
by contrast, has advantages that it involves the minimum number
of the assumptions concerning the specific structure of the
model and the .estimates are unbiased as far as additive noise
is independent of the input. '

The method described here aims to estimate the impulse re-
sponse coefficients by on-line data processing,where the concept
of weighted least-squares suggested by Kalman is introduced. It
is pointed out that the method of weighted least-squares poses
the estimation process for the low-pass filter. A concept of
equivalent data length is introduced and the problem to esti-
mate the slowly time varying parameter is discussed.

2. Principle

A linear and time-invariant process can be expressed in a
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convolution integral
t
g(t)=f gU-T)X(TVAT + nh(E) : 1)
~00

where §(¢) 1is the impulse response of the process, %(¢) 1is the
input at time T, and () is the observed output at time ¢. In
order to be realistic, it is assumed that X(¢) is an arbitrary
signal as one in normal operating condition and g(¢) is corrupt-
ed by additive noise M(¢) of zero mean.

Under the assumption that a proper sampling period is
chosen, the process will be approximated to its sampled data

equivalent ke
1)) =..Z..- Bh(k- XL + hik) : (2)
where (22 )

=T
Ah(f)=f g(t) dt (£=0,1,2,----)>»
(-7

F)= J(kT), X(R)=X(AT), NCRI=NCKT) ,

where T is the sampling interval of the input and output; AhL)
is the increment of the inditial response for a sampling inter-
val and, therefore, oh(®)/T is approximately equal to the im-
pulse response coefficient. For a while, we assume that Ah(#)=0
for 2>P-1 , then Eq.(2) can be written as

Yk)= U(EYAR + nlk) (3)

where

bh = [ 8h(0) Bh(D - --- sh(P-1) ],
uCk)=[ X8) XCk-1) =+ XCo-P+1)]",

where dash denotes the transpose.

The conventional method of least-squares selects as esti-
mates, Ab', those values of Ah which minimize the sum of
squared deviations

L4 v °
J =0:£»—u{ 9(0"%@)4& S 4

where M+l is the number of the observations (sampled data) of the
output. The estimates are given by the set of simultaneous
linear equations (the so-called normal equations)

kR - ;% k
 uoudh = L u@ yw), (5)
U=k~N f=p-N

Usually Eq.(5) is solved directly by using a computer
where a batch of the input-output data is processed at a time,
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but this approach is out of the present discussion on the on-
line estimation. Alternative method to decide A@f is to use
the recursive equationsﬂ However, it is not practical to apply
this procedure to the on-line estimation by the reasons that
. observed data are equally weighted and useless past data are
accumulated. Consequently, the estimates never follow the var-
iation of parameters, even if they vary quite slowly with time.
In order to remove the useless past data automatically at
the on-line estimation, we assign the different relative weight
to the input-output data of different age. For the convenience
of the practical computation, it is preferable to select such
sum of the weighted squares as

e e
T@W=L {ym-uasoh | wt - (6)

where W is the weight restricted by 0<w< 1. Here it is no-
ticed that the lower limit of ¥ is negative infinite, but the
number of considerable data is changed according to the amount
of the weight.

The least-squares estimates are given by

DI ouhy =0  (2=0.1.2, - P-1). 7
From Eq.(7), we can easily derive ,
AR) 86 = bCk) (8)
where & )
/ -
Aw=3  uuw" ’ (9)
is a PxP matrix whose ¢f th element is given by
a‘-,-(k)='i x(2-0) X 2-p) w*! - (10)
T-00
ang & ‘ i w3
bld=Z UDFDW (11)

‘5 a P dimensional vector whose ( th element is given by
. k-2
b,v(k)*-'z L(L-O) YW ™, (12)
==00

he recursive equations suited for the on-lime estimation are

deriv from Eq.(8).
similar equations are derived by using a weighting

itrix.  However, there exists one difficulty that the rank of
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the weighting matrix is not determined since its elements are
lost in some cases depending on the amount of the weight.

3. Algorithm of the on-line estimation

To derive the recursive equations we notice the latest
data, (k) and Y(k) , in Eq.(8) and put them out of the summa-
tions. Then Eq.(8) becames

{ wouwy + wAk-18 oh = ww YR +wpk-1) , (13)
Defining the previous e_stimates at t=(k-1)T as
"~ -
BhCk-1)= ACe-1) b (k-1) : (14)

and writing AB in Eq.(13) as ABG) accordingly, Eq.(13) is
transformed to a set of recursive equations

2706 = B8 Cloet+ [+ WS B3 )] AG-) > [ Y04 - U5 BB CR-1)) (15)

A {AR-D-Tw+ WehAle-1 uew] ARDUWU AW 7, (16)

The necessary derivations from Eq.(13) to Eq.(15) and (16) are
shown in Appendix. Table 1 gives the computer program to solve
Eq.(15) and (16), where further modification is done to avoid
the useless dupliéation of matrix operations and generalized
inver;é7is introduced to assure the solution in the redundant
case.

4. Statistical properties of the estimates

We investigate some statistical properties of the esti-
mates for the case where the noise is independent of the input,
First, the unbiasness of the estimates is shown. The estimates

As are given by
~ - - g -
ARG = AR b = /_\(.)")-:_“ga) g w"’ (17)

Taking the expectation of Eq.(17), we have
A ak »-2
€ bh= emlz u) £ y)w (18)
==00

where &£ denotes the expectation.
From Eq. (3)

€ Y(0) = w(2iah + € n(2) = W(@h . (19)
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Therefore, it is clear that

A -l R e =

) =A(é):2_wg(f)g(0)w' “ah = AT AW = oh | (20)
The covariance matrix of AE is given by

Cov h = & §(oh-ah )8k -08)T . (21)

Multiplying Eq.(19) by w(¢) and taking the weighted sum, we

obtain

4 op K . -2
I UDEYWDOIW =X LU T ph = AW bk, (22)
f=-00 O 00 -
from which i
oh = AT E € georw*’ (23)
Substituting Eq.(17) and (23) -into Eq.(21), we have
T .. ’ g {0 ) ; -
Cov oh = € {452 _wcHnrw*™ & wintpw™ AT}
A d=-02
2 p- # Wy 5
= AW E _E{ntontit udruc3w™ ™ A (24)
)=

by virtue of the relation (#)-§ 4(2) =n(e) . If the noise is
white and has the variance of g;2 , Eq.(24) is reduced to

sy s A e o 5 d
Cov 8h = AW 'lz_”a; wi) aeryw P acey™, (25)

Here we consider the physical meaning of the weight wt.
For an illustrative example, ay(#) , the ¢ th element of ma-
trix A(#); is noticed. 'Eq.(10) is rewritten in a first order
difference equation

Ay () — W Qg (h-1) = X(k=d) XCk~4 ), (26)

Refering to the sampled-data system theory, Q&) is regarded
as the output of a linear system with the pulse transfer func-
tion 1/(1-wz"), whose input consists of the product of X(é-()
and X(k-7).

When wr is close to unity, an approximate relation is

Oq'(k):—iiu—r— Leld=F) (27)

where @ (d-§)= &;[I¢Lj)TJ is the auto-correlation function
between X (P#-¢) and K(P-3) . Then, the matrices in Eq.(25) are
written approximately as

1 Wg
406> = 57— [ Gutempd)] (28)
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and

B { o 20e-2) 1 ;
- s 29
RO, [ lexté-i) (29)

where [ @ (¢-;)) denotes PXP matrix whose :‘,' th element is
?gx(("]‘ ).
Substituting Eq.(28) and (29) into Eq.(25), we have

A = -1
Cov h =, ;_._—:;-[ Coe(-1)] | (30)

On the other hand, it is known that the estimates given by Eq.
(5) have the covariance matrix

& LAE [ (t'—')].'

Cov 8b =g, T Gex(e-7 (31)
under the same situation. Comparing Eq.(30) and (31) we may
define g :

Yo = Ne : (32)

as '"'the equivalent data length" in the sense that conventional
least-squares estimates are expected to have the same covari-
ance, if the number of the observed data is equal to Ne .

5. Extension for the non-regulatory process
Up to the present, it is assumed that the impulse response
of the process tends to zero after enough time elapses. Here

we consider the case where the impulse response approaches to a
non-zero constant value. In this case, the parameters in Eq.(3)
have the property that ah(2)=const. for ¢>P
If we take the difference of the succeedingly sampled
values of the output,
Y(k) - JUb-1) = Bh(O)X(B)+ [ ah(1)-BA(0)) Z(k-1)
+ (6h(2)-BA(D) Z(k-2) + - - *

the coefficient Ah(€)- Ah(€<1) becomes zero for £>P . There-
fore, by rewritting

Y(#)- $h-1) = AYCh) , LA(D)~ph(e-13=B'h(0), NCk)-n(k-1)=OnCk), (34)

(33)

we have a new equation
AYk) = S R)Sh + ante) (35)

which has the same form as Eq.(3) from a viewpoint of. the est-
mation. Some non-regulatory processes can be simply identifi-
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able by taking the difference, of the output. Practically suf
ficient high pass filtering will be necessary at the data pro-

cessing, since the power of the high-frequence noise is in-
cr

eased considerably.

6. Estimation of process parameters varying slowly with time
In the preceding section we clarified that the method of

weighted least-squares poses the estimation process for the low
pass filter. If process paraﬁeters vary so slowly with time
that the significant variation does not take place during the
estimation, the time behaviour of the estimates is approximated
as (1-w)/(1- wz') where the coefficient 1-2 in the numera-
tor is introduced to be coincident with the unbiasness of the
estimates. Using this approximation, the amount of the estima-
tion errors (bias) may be analyzed qualitatively.

Here, we study the case where process parameters change
linearly with time. Assuming the rate of the change of the
parameters as (% of nominal value)/(sampling interval), its
sampled data form becomes xz'/(1-2"')%> . Then the steady

state error of the estimates, d , is estimated as
=
- 2 4 ik G JE
% i‘-f'x(z o 1—wz") (1-2D)7
= yw/(1-w) (36)

by applying the final-value theorem.

Several experimental runs are made on the computer to as-
certain whether or not. the estimates perform as expected. The
results shown in Fig.l are typical examples. The simulated
system is a unity feedback system including the process with
the transfer function K/s(eS+1) in the forward path. The
input signal, r¢¢) , to the system is the low-pass filtered
random signal with the bandwidth about 0.2 rad/sec. Assuming
the gain is varying as K=0.1(1+0.01¢) the inditiale%ponse of
the process is estimated from the observed data which are ob-
tained by sampling %(¢) and %(£) with the interval of T=1 sec.
It is noticed that the interesting process is a unregulatory
" one, and therefore, the estimation must be performed by using
the procedure mentioned in the section 5. The estimated indi-

tial responses are shown in Fig.1l(b), where the weight upon the
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data ‘is chpsen to be w=0496. They are easily calculated by
using the equation g
heo) = Z Bh(C) = Z 'z G .

In Fig.1(c), the estimates of a representatlve parameter, 45(2)
are shown. Using Eq.(36), the predicted bias becomes 24 % and
this is shown by the dotted line.

7. An example of the adaptive control system

The observation of the preceding section gives the sugges-
tion that the slowly varying process is identifiable by using
the method of weighted least-squares. Many schemes for the re-
alization of the adaptive control have been proposed in the’
literatures, but few of them are realizable without some priori
knowledges about the process.

The adaptive control system described here needs no know-
ledge about the process except that it is approximated to be
linear. The block diagram of the system is shown in Fig.2. A
computer is used for the identifier, processor, simulator and
optimizer: The identifier of the process estimates its dynam-
ics successively with time. The processor which is not always
provided analyzes‘the input signal and feeds the necessary in-
formation to the simulator. This arrangement gives the system
the dual characteristics of the signal and process adaptive.

As mentioned above we assume that no priori knowledge is
available, the most reliable method to make the -system optimum
seems to be the trial error approach such as expremalizing an
assigned index of performance by using optimization techniques.
But this approach is seldom applied to the actual systems,
since the convergence is rather slow, mainly because of the
process dynamics. To avoid this difficulty the simulator is
provided, where the correspondence of the adjustable parameters
to the index of performance (hereafter abbreviated IP) is exam-
ined in a fast time scale.

For finding the set of parameters which gives the extremun
values, it is useful to measure the surface slope of the IP.
Although there is no assurance that the value obtained is not
relative extremum, the probability of the failure is very small
in the case where the parameters are not so far apart from
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optimum values. The optimizer plays the role of the above.
A definite plan of the adaptive control is illustrated on
the simplest example. We assume that:
1. The input to the system is the random signal, denoted by
ree) .,
2. The process is a regulatory one where input X(4) and
output ¥(é) is related as

Y(&)= Bh(OYZ(8) + LA K (k-1)+ --- + Ah(P-1)X(k-P+ 1), (38)

3. The compensator is an integrator with gain K .
We take the weighted sum of squared error, denoted by e(&) , as
IP . Then, IP is written as
1p=3 ecoywt? (39)
f=-00
If the transfer characteristics from the input to the er-
ror is represented by a set of parameters, denoted by & , where

=[x e - o (M-121, (40)
the error can be predicted as
e = r (k)Y « (41)
where ) ,
Y(ey=[ ree) rte-1) ---- r(k-mMm+1>3,
Substituting Eq.(41) into Eq.(39), we have
IP = &Rk X (42)
where
&
BB =3 rwrww*’ (43)
is a MxM matrix whose ¢f th elcment is given by
~ . -t
=L re-Or(-pHwt, (44)

This element is easily calculated by using the recursive equa-
tion similar to Eq.(26). The remaining parameters, (X , are
approximately determined as the coefficients of the quotient of
the polynominal

1

G@(? =
4 1+ T orelZ)Grp(E) il

where
K

() =L



67

is the pulse transfer function of the compensator and
Grp(2) = Bh(0) + BA(DE + - - - - + BACP-1)BF*Y, (46)

In Fig.Z it is shown in what place these equations are
computed. The parameters X , which describe the dynamics of
the system, vary with every change of the adjustable parameters
which follow on the instructions from the optimizer. At this
step most of X (accordingly assigned values of the adjustable
parameters) are rejected by refering to IP about the system
such as the settling time, overshoot etc, without computing Eq.
(42).

The choice of IP and searching procedure are the problem
of the future work together with the comparison with other con-
trol systems.

8. Conclusion

The method of weighted least-squares is applied to the
estimation of the impulse response coefficients (precisely, in-
crements of the inditial response for every sampling interval)
of the process. There is no necessity for limiting the process
to the regulatory one.

The use of weight upon the data makes way for the identi-
fication of slowly varying'process, and the result of simula-
tion study provides considerable insight into the properties of
the estimation procedure. An adaptive control system applied
this procedure is suggested.
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Appendix Derivation of the recursive equations

In Eq.(13)
AK) = wAlk-1) T YO UK,
Postmultiplying by A(e-1)"U(e)

AR AGe-1)"'k (k) = W) + U U Alh-1) UL).

Premultiplying by A~
AGe-1) '« (&) = AT we) [ w+ LB Ak-1) ue ]

from which, we have

BACL-1) Uty Utk = ACk-1)" Uk u (k)
where .

B> [+ UUIAU-1) uw>] .

Substituting the relation

x , =)
AT Uy ue) = 1- AW (AW -weducks ) = T- A wA-1)
into Eq.(A2). and post multiplying A(k-ii‘, we get

BA(k—i)u(k)u(k)A(é-i) A(k—‘l) wA(k)

Therefore

AW =T Acé-i)"—pw-1)"«4wg(k)'ack- 5w

From Eq.(13) :
thte) = AW Cw + bCk-1) - U@ YO ]
Substltutlng Eq’ (16) into Eq.(A4)
b Ce-1)= ACk-1) 6(1» 1)+ W AG-1) ul) YL

—w e ACk-1) u) [ w w ey Ae-1) bLk-1)
: - WYE) + WEe) ~ u(k)A(k-i) 'wrgwed)] -

Substltutlng Eq.(14) and Eq.(A3) into Eq.(AS5), we have

bh (&> = bh(6-1) + W A1 U g k)

+ B A-1y s Yk -ues bhe-1] - WA (_"-")—.gw Yee),

Therefore

1Ry = Ll (e 1) + BAG-17 1 (&> [ 3>~ uks b e-1)].

(A1

(A2)

(A3)

. (16)

(A4)

(AS5)

(15)
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Table 1 Computer program

ESTIMATION OF PROCESS PARAMETERS BY USING THE METHOD OF
WEIGHTED LEAST-SQUARES

USEAGE :

CALL ESTION (N,X,Y,SOL,WE,AA,AB)
JESCRIPTION OF PARAMETERS

N-NUMBER OF PARAMETERS

X-VECTOR OF LENGTH N CONTAINING TIME SERIES OF INPUT DATA
Y-OUTPUT DATA

SOL-VECTOR OF LENGTH N CONTAINING ESTIMATES
WE-WEIGHT UPON DATA RESTRICTED BY 0.0,1.0
AA-WORK MATRIX(NXN)

AB-WORK MATRIX(NXN)

REMARK

SOL,AA,AB MUST BE CLEARED AT INITIALIZATION

"SUBROUTINE ESTION
DO 10 J=1,N 120 AA(J,1)=AA(1,J)
*D(J)=0.0 130 $=0.0
DO 10 I=1,N DO 140 I=1,N

10 D(J)=D(J)+AA(J,T1)*X(I) 140 S=S+X(I)*SOL(I)
P=0.0- S=Y-S :

-~ DO 20 DO 150 I=1,N

20 P=P+X(I)*D(I) 150 SOL(I)=SOL(1)+S*B(I)

' P=WE+P RETURN

DO 40 J=1,N END-

30 C(J)=C
© 40 C(J)=X

1+
~>ZZ0= ~—~ZOXZ

— o~
. -
e

g*AB(I,J)-J

~ e~~~
[

.6T.0.001) GO TO 80

—t

50 CONTIN
60 B(I)=D

)-B(1)*D(J))/WE

IIe v N
~r Gy

70 AA(J,
80 $=0.0

o

o

o

o
— et bt Gt bt (S et o bt b
W =Mool
O D~ Cu i e s i

bt bt
L = | R B i e el ||
AU NI~ % =

90 S=S+C
100 B(I)
)+B(1)*C(J)

o]
110 AB(J ,J)

T CL—~ 0 W N — O

b S ey
AN - -2

I,J)-B(I)*D(J)-D(I)*ékJ)+P*B(I)*B(J))/Wt

)
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plE) " x (&) K ylz)
ra@; s
+ S(2S+1)
/] 717, \
' < :,/"/.‘
/}/ > (k)
T=1sec
(a)
INDITIAL ESTIMATED
RESPONSE INDITIAL
RESPONSE
vomd i B
. INDITIAL /
RESPONSE /
bh(2) 1.0
and
A
4%(2)
F 0.1 0.5
b TRUE
0.05 cyange &
| | PREDICTED| |

Fig.1l Experimental results.
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o PROCESS
SYSTEN INPUT
INPUT ERROR (k)
r(k) + e(k)
COMPENSATOR PROCESS >
OUTPUT
y(k)
ADJUSTMENT
SERVO
[ s e e S TERQ; ______________ AW LEA
, - I
{ PROCESSOR SIMULATOR IDENTIFIER }
| (43) (45)and(42) {15)and(16) ;
|
|
: & |
, . |
} OPTIMIZER :
[ COMPUTER '
Loy sl hacl aorsil eI T LSy i AT AR 08 ]

|
INDEX OF PERFORMANCE

Fig.2 Block diagram of adaptive control system.
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ADAPTIVE ALGORITHMS FOR IDENTIFICATION
PROBLEM
K. G. Oza and E. I. Jury
Electrical Engineering and Computer Sciences
and the Electronics Research Laboratory

University of California
Berkeley, California

Introduction

The problem of identifying an unknown system among a class is very important
for the adaptive control of the system. More generally, the identification problem
arises whenever, from any experimental data, it is desired to describe quantitatively
a physical phenomenon in terms of a mathematical model and, as such, this problem
is common to many branches of science and engineering, e.g. biology, process control,
aerospace. It will be assumed that the class to which the unkncwn system belongs is '
characterized by certain parameters and this paper concerns itself with determining
or estimating these parameters on the basis of the noise-corrupted input-output data.

Recently, much attention is being given to iterative procedures for identification.
Since the problem of identification occurs prirﬁarily in adaptive systems where a
computer performs the control task, '"on-line'' procedures are much useful in which
the estimates are updated as soon as new data becomes available. Moreover, by ‘the
very nature of the adaptive systems, any practical on-line procedure is supposed to
assume very little or no knowledge about the probabilistic structure of the input,
output and noise processes. These requirements have led the control system theorists
to methods of stochastic approximation and other iterative procedures which do not
require much a priori knowledge. The principle of random contraction mappings has
been used to this end. ke For estimating the impulse response of a discrete system,
Kushner3 describes a simple iterative procedure and Nagumo and Noda4 have proposed
a so-called "learning method" with a random input and noise-free measurements.
Recently, Oza.5 has shown that the latter method is identical to Kushner's and also
that the convergence can be obtained using the random contraction principle. A
procedure based on stochastic approximation was first discussed by Ho and Whalen
and later studied in much detail by Ho and Lee. ! Stochastic approximation is also
used for the nonlinear identification problem by Kirvaitis and Fu8 and for general

adaptive systems by Tsypkin. :

In the present paper, the authors propose on-line adaptive algorithms for identi-

fication of a linear discrete system and extend the same to the case where the linear
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system is preceded by a power-series type nonlinearity. The degree to which the
term "adaptive' is justified in any iterative procedure depends upon the amount of
probabilistic information presumed known. Our algorithms warrant the qualification
because they adjust the parameters in a well-defined manner as more information
becomes available and their convergence can be established with a very little a priori
knowledge. The stochastic approximation algorithms are also adaptive, but these
require conditional independence of the observations. This requirement seems to

be too restrictive to be satisfied in many dynamical systems. Recently Sakrisonm
has proposed a stochastic approximation algorithm for identification problem where
the requirement of conditional independence is replaced by an equivalent condition
on the prediction error of the processes involved. In the present paper, the pro-
cesses are required to be wide-sense stationary up to order four and a finite -time
dependence of observations is allowed by the proposed algorit:hm.1

Only the main results are presented due to space limitation and reference 2 should

be consulted for details.

Formulation of the Pfoblem

In the present course of discussion, we assume that the unknown system belongs

to the class ‘?L described as follows:

(1) The input {u(k)} and output {x(k)} of a system S ¢ SL are discrete-parameter

stochastic processes, and

(2) They are related by a stable, linear, constant-coefficient stochastic difference

equation 4 N
x(k) + ) alc 1) = ) aule-g) . w
i=1 =0

Clearly, the system S eéoL is characterized by a (2n + l)-dimensional vector

a= ((xl, Cps wees Qs @ ry vaes a2n+l) (2)

and so it is appropriate to denote the system by S(@). Further assumptions will be made
in the sequel about the probability structure of the processes {u(k)} and {x(k)}.

If the system under identification is characterized by the equation
n

X(K) + ) aale- )= ) sl um-y) )
im1 30
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then the problem of identification consists in determining or estimating the vector
a= (al, O R T TT 32n+l), : (%)
Let us define a vector process q{k) by
g(k) = (x{(k = 1), ...,x(k = n), -u(k),...,-u(k - n))! (5)
Then (3) can be rewritten as
x(k) = - (gq(k),a) . (6)
Let v(k) and y(k) be the noise-corrupted input and output data, respectively, i.e.,

v(k) = u(k) +n, (k) (7

y(k) = x(k) +n,(k) (8)
where {nl(k)} and {nz(k)} are noise processes. These need not be either independent
or Gaussian; nevertheless, in order to simplify certain algebraic manipulations, we

shall assume that {u(k)}, {nl(k)} and {nz(k)} are mutually uncorrelated, zero-mean

processes with finite variances. Define a vector process p (k) analogous to q(k):
_E(k) =(y(k =1),...,y(k = n), = v(k),..., = v(k - n))! ()]
Clearly, when observations are noise-free, we have

p(k) = gq(k) , (10)
and
y(k) = x(k) . (11
Let us assume that the given system is S(e) with the input {v(k)} where ais

generic at present. The output sequence {n(k)} of the system S(a) will be given by

the equation n a
nik) + L an(k - i) = Z aj+n+lv(k -3) . (12)
i=1 J=0

Definition: The explicit error ee(k) is defined as the difference

between the observed output y(k) and the computed output n{k), i.e.,

e (k) = y(k) - n(k) . (13)
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Since the system S{g) uses its own past output to compute the present output 7 (k)
and since it looks in the past as far back as n instants of time, we are motivated to
define the virtual or implicit error ei(k) as the weighted sum of the explicit errors
ee(k -3, j=0,1,...,n. The weights in this sum are chosen such that eventually a
positive definite quadratic form J(8) with a unique minimum is obtained, where B is the

identification error defined as the difference between the vectors e and a, i.e.,
B2 i

Definition: The implicit error ei(k) is defined as
A :
A\
ei(k) = ee(k) + /, uiee(k - 1) (15)
i=1

where al, s

From Equations (7), (8), (12), (13) and (15) and from the definition of the system

s @, are first n components of a.

S(a), we have

e,(k) = (2 - 2)'q(k) +n,(k) + a'n(k) 1)
= (a - 2)'p(k) +n,(k) +2'n(k) amn
and consequently we get
E{e{()} = (2 - 2R (2 - 2) + my(2) + mya) 18)
where fr % _]2
ml(g) = E ﬂLL Z_‘ uj-!-n-i-lnl(k - ;j).l } ; (19)
=0
and
n 2
(i” i 1
mz(g_) =E IL i_n2(k) + L aina(k - i)J } . - (20)
i=1

Denoting the first quadratic form in (18) by J(B), we have
2
1@ = Efe; ()} - my(a) - m,(a) (21)

and the following lemma:
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Lemma 1: If the spectral density of the process {u(k)} is non-zero at least on a

set of positive measure in (-m, ), the matrix Rq is positive definite and consequently

J(8) has a unique minimum at § =0 or o = a.
The minimum of J(B) can be found by taking the gradient of J with respect to @ and
equating it to zero. Assuming that the gradient of eiz(k) w.r.t. o exists, an interchange
of the order of differentiation and expectation becomes possible and we obtain
2 =
V@) = Elerad, 5(x)) - gred, (m(@) #my@) =0 (22)

Expanding expressions (19) and (20), we get

m () + my(a) =z Z 3%y E {n)(k - §))ny(x - 3)))
) 3

]

+ Z ailaiz E{nz(k - il)nz(k - 12)}
12

[l

+2) &y Blay(dnyk - 1)) + BE(x))
i

2 3k
= a/R g + 2rja + R"a(O) (23)

and hence

= 24)
grada(ml(g_r) + m, (@) ZRB_Q_ + 252 (24)
Now using equation (17), we find that
2 W
gradaei(k) = Zei(k) \/gei(k)
= Zei(k)g(k) i (25)

Now substitution of (24) and (25) in (22) yields

“R_ = E{n(knk)'} = E{(p(k)-a(k) (p(k)-a(k)'}

r_ = E{n,(kin(k)}



E{e, (k)p(k)} - Ra-z =0 (26)

Upon using the definition of S(a) and carrying out some simplification after substituting

(17) into (26), we get

1

(RE-R )a + =0. (27)

The solution of equation (27) is clearly o = a. Since th: covariance matrix R
and the covariance vector r _in (27) depend on the unknown vector a and also on the
probability distribution of the process {u(k)}, solving that equation for ais not a routine
matter. This motivates us to look for an iterative scheme to solve (27) using sample
covariance functions.

Finally we assume that the autocorrelation functions of the noise-processes
{n.l(k)} and {nz(k)} are known. This implies that R | andAE'n are known quantities. It is
in order to mention here that the assumption about Tnl(k)};nd {nz(k)} being uncorrelated
can be eliminated if their cross-correlation functions are assumed to be known. This
will only change the form of the matrix Rn and the vector x and will not affect any of

the derived results.

! s
R = E{p(k)p(k)'}, r = E{y(k)p(k)}.
. p(k)p( 52 y(k)p



78

Algorithms
Observations on {v(k)} and {y(k)} for k =1,...,N will be used to estimate elements

of RD and r . Let fR')(N) be the estimate of RP_ at time N whose jth column is*

o ] = & 7 @
r" 4 - -
2 ) ¥le - Ay - 1) =5 ), vl - 3yl - )
k=n ) k=n :
X, i
L) v ol - w) S IR CRERICRES
k=n and k=n
- i (x = 3)v(x) L v
DL Y sk - g)v ‘
N = -
x=n N ZJ vix - 3y )v(x)
k=n
! .
= i v(k - §)v(k - n) X
i L) vk vk - n)
- k=n
for j =1, 2, n ) -~

for j=n+1, ..., Zn+lwithjl=j-n-l. Similarly let
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s -
2 vt - 1)
k=n )

.

N
§ ), v(0y(x - )
p(M) = i (30)

-%iﬂmm

k=n

X il
-3 ) v - w)
k=n
. et

be the estimate of r at time N. It should be noted that replacing N in the denominator
of the estimates in (28), (29) and (30) by (N - n + 1) will yield unbiased estimates and
we shall do this when necessary.
Now we state assumptions .on the processes {u(k)}, {nl(k)} and {nz(k)} and on the
system S(a) and some of their immediate consequences. Certain strengthenings will
be made as the need arises. Our immediate interest lies in the strong consistency of
the estimates just mentioned.
Assumptions:
(1) The input and noise processes are wide sense stationary through order four, i.e.,

forallt=0, +1, +2, ...,

]

R_(k) = E [s(t +K)s(t)] =R (- k) (31)

and

Q_ (K, ky ky) = E[s(t)s(t + ky)s(t + k,)s(t + k)] (32)

are all independent of t, where s =u,n,,n

and k, kl, kZ' k_ range over all positive and

2 3

negative integers.
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(2) The variances 02 =R (0), s =u, n,n_ are finite.
\ s s tl £ l, 2
(3) All fourth-order cumulant and cross-cumulant functions of {u(k)}, {nl(k)} and

{n,(k)} are finite.

(4) The covariance sequences (3l) and the fourth-order cumulant function {32) are

summable, i.e.,

3
Z IR (k)| < (33)
k=-0
and
18,065 ey, k)| < (3b)

where s = u, n,n, and the latter sum extends over all negative and positive integral
values of kl' kZ’ k3.
(5) Let {hk} be the impulse-response sequence for the system S(a). There exists
a finite positive constant C such that o
2
Zlhklécw. (35)
k=-c0 ’
*The output process {x(k)} also satisfies Assumptions (1)-(4) if the input process
{u(k)} does so and if Assumption (5) holds. Then, under Assumptions (1)-(5), the
estimates in (28), (29) and (30) converge to their corresponding correlation functions

11,12 .
with probability one . We conclude this property of the strong consistency 1in the

following lemma:

Lemma 2: Under Assumptions (1)-(5), we have

P [NJi:) ”QB(N) ~ RR“ = 0:" =1 (36)
and
P [Nn_:; upB(z-«) = zgll = OJ =1 . (37)

Now we use estimates of correlation functions in connection with the technique of
successive substitutions to stochastically approximate the vector a defining the system
S(a). To begin, the mapping

Tolw) =& - YIF(RE - RH)E + (52 - 12)3 (38)
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1 .
from Ezn+ into itself has the unique fixed point a, for any real number y # 0, by virtue

of Equation (27). If y is chosen such that

Iz - YR, - Rl sc<1 (39)
where C is arbitrary otherwise, then TO is a contraction mapping. Let xl and )\2n+1
be the minimum and maximum eigenvalues of Rq; then the condition

o<lh-wi<c<, 0<i-w, nl<c<a (30)

is equivalent to the condition (39).
Since the exact form of the mapping To is not available partly because of the unknown
vector a and partly because of the unknown probability distribution of the process

{u(W}, we cannot use the usual contraction algorithm

Gar = Toley) >

initialized by an arbitrary point o ¢ E2n+1, which converges to 2 as N - co. Hence, we
areled to consider the following sequence of random bmapp'ings:

Ty(e) = o - YIRM) - R )a + (p () - )] (41)
for N=n, n+1l,.... Again with y satisfying (39) or (40), consider the iterative

algorithm

Sy = Tyley) (42)

where the initializing point is arbitrary. The sequence {a_} generated by (42) is a
g P ) 8

a
S
sequence .of random vectors and the following theorem establishes its convergence
with probability one.

Theorem 1: If Condition (39) or (40) is satisfied, then, under Assumptions (1)-(5),

the sequence of random vectors {EN} generated by the algorithm (42), i.e.,
By ¥ % * y[(ﬂB(N) “ R_Q)EN + (92(“) - ;2)1 > (43)
converges to the vector a with probability one.

The proof of Theorem 1 is given in the Appendix.

The algorithm (43) is adaptive in the sense that the estimate &y is being updated
to LR the basis of new information available at the Nth instant of time. But the
gain coefficient y has to satisfy condition (39) or (40) which calls for some a priori
knowledge. The algorithm can be made more adaptive by replacing y by I-—;I where H

is an arbitrary positive real number:
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% =m-§[(9~(ﬂ)-n)a+(o(\')-r)“' (1)
20 SR T (R ) e R o A o

We have the following theorem for the algorithm (44).

Theorem 2: If the processes {v(k)} and {y(k)} possess moments of all orders, then,
under Assumptions (1)-(5), the algorithm (44) converges to a with probability one. A

The algorithms (43) and (44) are both computationally simple. Additional

computational simplicity is offered by the following recursive relationships for

R (N) and (’.\')Z:
J2) ~p

0 = &0 - 2) + 1 ooy - 8,01 - 1] G5)

‘DB(N) =_92(N - 1) + 1% [(y(N)p_(N) - QB(N ‘- 1):,? (46)
for N=n+1, n+2,.... Thus we can eliminate the need to store all the data up to
time N and require to store only the current values of the quantities y(N), p(N),
;_,72(,\' - 1) and pr(N - 1) for the adaptive algorithms. It is shown in Reference (Zi that
(45) and (46) represent stochastic approximation procedures under certain alternate, but

equivalent conditions on the random processes involved.

Application to A Class of Nonlinear Systems

The adaptive algorithms (43) and (44) are, in fact, applicable to many situations

where the parameters to be estimated satisfy a set of regression equations such as
(27). In particular, an immediate extension is straight-forward for the problem of
identifying a system among a class of nonlinear systems.

We consider a cl.ass(}"?\I of systems each of which consists of 2 zero-memory
nonlinearity f[ » ] followed‘by a linear time-invariant system whose impluse response
is h(t) [Fig. 1]. Many nonlinear control systems belong to this class. The identifi-
cation problem among this class has been considered by Narendra and Gallman ~ who
propose an interesting iterative method and show the convergence in specific examples,
but in their publication do not offer any theoretical proof of convérgence. Let H(z)
be the z-transform of the impulse response h(t) and suppose that H(z) is of the following

n

form: —

2_1 aj+n+lz-j
la) vl (47)

n

=
. ¥
o7
Bl
n
'
v
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Assuming that the zero-memory noulinearity f[ » ] is a power-series type, the output
of the nonlinear part is given by p
£lu(k)] = Z by (x)
‘ i (48)
i=}
The identification problem now consists in determining (or estimating) the parameter
vectors
&= (al’ Sapieres 800 Buear oo a2n+1)/ (49)
and
2 =(b, ..., b)) ! (50)
from the observations on the system input and output.
We assume that the input u(k) is a discrete-parameter random process which is
observable without being corrupted by any noise. The output x(k) is observable only

through an additive noise n(k) [ Fig. 2] so that a process
y(k) = x(k) + n(k) (51)

is available for computation. With reference to Fig. 2, we can write the following

‘relationship:

n ) y)
2 >y
x(k) + Z a.x(k - 1) = Z LTIy z bu(k - 3) . (52)
i=1 j=0 r=1
Denoting generic values of the estimates of a, and bj by a and pj, respectively, for
i=12,..., 2n+land j =1,2,...,f, the estimated output y(k) will be given by equation
(53):
n n 2
r
W)+ ) e 1) = ) wp ) BTl - ) (53)
i=1 e ;}=0 r=1

. : = b = 1 r i -
Defining br,j aj+n+1 o and ﬁr,j aj+n+1pr' a system S ¢ JN described by the input

output relation (52) is characterized by a vector @ defined as

O=(a «oc 8 By co By el by . b,.) (54)
and the <:la.ss..f;\I can be identified with a generic vector y:
1=(c(l cee @y Byg eee By e Byo o p‘n)' < (55)

Redefine the vectors g(k), p(k) and n(k) as follows:
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g(k) = (x(k=1) ... x(k=n) = u(k) ... =u(k=n) ... -u[(k) e -ul(k-n)) (56)

B(k) = (y(k=1) ... y(k=m) = u(k) ... -u(k-n) ... -ut(k) oF -ul(k-n)) (57)
and

n(k) = (n(k-1) ... n(k-n) 0 ... 0... 0... 0) (58)

Then, repeating the steps of deriving (27), we can obtain

(RP_-RE‘_) Yt (12-52) =0 (59)
where R and Rn are correlation matrices of (57) and (58), respectively, and £.E and
r are corresponding correlation vectors.

Again observations on {u(k)} and {y(k)} for k =1, ..., N can be used to estimate
elements of R_and r , but these estimates will be apparently more complicated than
those for the linear case. Specifically, jth column of the estimate .‘RP-(N) will be of the

following form:

- -

E_

Z’ y(k

k=n

L

(k- 1)

.

¥k - 33k - n)

Mz. 5T
2'"-'
[\/]z PR

$ ) vk - 3yl - n) =
k=n .
3 : (60)
1
F3 ) vl - ) # i 5
k=n 3 N y(k it J)u (k)
5 k=n
: :
3
F2 ) v - gt - ) l}nj s
k=n -5% /) ¥(&-3u(x - n)
N k=n :
- ) v P - - ;

i
=]




.....

-
N

4

k=n

)]

3

k=n

N

1

N
)
N
k=n
N
1

N
i
N
k=n
N

i)

k=n

L
Mé‘ o s

123
1
=]
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u(k - 3, )y(k - 1)

u(k - 3,)y(k - n)

) k- 0

k=n ~

u(k - 3))ulk - n)

ulk - 3, )u%(x)

u(k - 3, Ju3(k - n)

u(k - 3 Ju(x)

u(k - ;jl)u‘(k - n)

(1)
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for j =n+l,...,2n+l with j1 =j=-n-1. DLet 'BP(N) be the estimate of C and -’?—p(N) can

be obtained from (60) by substituting j = 0.

If the processes {u(k)} and {y(k)} are ergodic, then each element of ® (N) and
e

(N) converges with probability one to the corresponding element of Rp and T -
AT:tually, such convergence requires less stringent conditions than erggdicity:—

namely, Assumptions (1)-(4) be satisfied for s =u -, u3, pp ul. Then, (36) and {37)

hold for this case also. The algorithms corresponding to (43) and (44) are given bv

the following: >

(1) = x(0) - Y[R, - R)X() + (2,(¥) - )] (%
and (w41) H‘f ]

X el (_(5’~2(H) 2 RB)X(N) + (QQ(N) % 3‘.2)_3 (€3)

where Y has to Sat"lsf‘] the condition
"I =Y R_ -R 1
(.P _n)u iy . (6 ‘)

H is any positive constant, and Rn‘in are given by (65) and (66),

(0) @Or) .. A1) S0y i 0

o(1) o(0) . . efo-g) £ o d, .. .0

! : ; (65)
i o(n-1) 9(0) ol R e
2 0 7%, VTQIERIES i Ok b3 D

0 Benlanl Late DI P

s el

and



%1% : (66)

and ¢ (k) = E[n(t)n(t + k)].

The sequences of random vectors generated by (62) and (63) converge to 6 with
probability one. The recursive relationships (45) and (46) remain valid for this case
also. The rate of convergence of the algorithms (63) and (46) depend on the gain

constant H and the fastest ratez is 1/N.

Computer Results

The results of computer studies are given in the following examples. The computer
studies were made on IBM 7090/7094. The input process {u(k)} and the noise processes
{nl(k)}, {nz(k)} and {n(k)} were generated by a subroutine '""$IBMAP DEV'' which is
available -in the Computer Center Library of the University of California, Berkeley, and
which yields independent, normal deviates with zero mean and az variance whenever
the function subprogram a* RANDEV ( ) appears in the main program. The
covariance function of the processes involved were determined by varying values o.
Example 1:

Consider the first-order, linear, time-invariant discrete system

x(k) + 0. 5x(k = 1) = u(k) . (67)
The parameter vector - 0.5
& =
1.0 (68)

completely characterizes the system (67), if the initial state and the input are
specified; so the identification problem consists in estimating the vector a. In this

case, we have
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x(k - 1)
a(k) = : (69)
u(k)
and
x(k - 1) + ny(k - 1) p, (k)
B(k) = - (0)
u(k) + n, (k) v, (k)
and
y(k) = x(k) +n,(k) . (71)

The values of o for generating u(k), nl(k) and nz(k) were, respectively, 1.00, 0.1 and

0.1. Hence the matrix Rn is given by
= 0.01 0o

R, = (72)
: 0 0.01

and the vector r 1is zero.
-n

The algorith_m (44) takes the following form in this case:
« (N +1) =« (N) - % [pn(n)al(n) + ), (N (W) - 0.00 &, (N) + pl(u)] (73)
= H
0 (K +1) =« (n) - ¢ [pa(n)«l(n) * ppp(Mey(N) - 0.01 e, () + pz(n)] (74)

where pij'S are components of SRP(N) and pi's are components of p (N), i.e.,

py1(N) p15(M)

2, = (75)
P (M) pp(t)
and pl(N)
£,(0) = (76)
p,(N)

The recursive relationships for (75) and (76) take the following forms:
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Py (W41) oy, (NH2) P12 (N)  py,(N)
Ppy (FH1)  ppp(NH+1) P (M) Ppp(M)
B2 (N) p, (W), () o, (M) P, (¥)
+3 .
»,(Mp,(N)  B5(N) oo (M) ppp(M)
(77)
and
p, (N+1) e, (M) y(®)p, () oy ()
. i i v (18)

oz(Nfl) Py (N) y(N)p, (W) P, (1)

The simulation of the system (67) and of the algorithms (73), (74), (77) and (78) was
carried out in the same program, thus imitating the situation of real-time identification.
Initial values al(l) and az(l) are taken quite arbitrary and far from the actual values 3
and ayi nevertheless; the distance of ¢(100) from a is found to be approximately 0. 0022
when H is 3. 5. The results for H = 3. 5, al(l) = 0.5 and az(l) = - 1.00 are given
graphically in Figs, 3a and 3b.

Fig. 4 shows the results with H = 3. 5, al(l) = 0.5 and az(l) = - 1. 00, but the noise is
not present. This plot does not considerably differ from the plot in Fig. 3; thus the
algorithm (44) has so—calied noise-immunity if the noise-variance is known.

Example 2:

Next consider the fourth-order linear difference equation
x(k) - x(K - 1) + 0.18x(k -2) - 0.784x(k - 3) + 0. 656x(k - 4) = u(k) (79)

which represents a sampled-data booster control system' having the z-transfer function
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L
H(z) = z ¢
(22 - 1.8z + 0.82)(z° + 0.8z + 0.8) (%)

A similar example has been considered in Reference 7 where Kalman filtering theory is

used for the identification.

We have
- 1.000

+ 0.180
- 0.78% : (81)
+ 0.656

I
n

+ 1.000

and

x(k - 1)
x(k - 2)
B(k) = | x(k - 3) (82)
x(k - k)
- u(k)

The algorithm (44) takes the following form in this case:

g 142) = oy (0) - ¥ [y 0ty () + oy 0y () 2

+ by Mg (R) + oy M, @) + oy (ag(i) + oM |, 5 =1, 2, 3, b 5

where

oij(ml) = pij(N) + % [pi(N)pJ.(N) - piJ.(N)]' (84)

and

1) = o) + § [xide, () - 5, (0] , (85)

i, 3, k=1, 2,3, 4, 5.
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In input process was generated with the value 6 = 0.5. Figures 4 and 5
illustrate the variations in the estimates when H=7.0 and the noise variance
is 0.04.

For a comparison with a similar approach7, we define the normalized

error of estimation as follows:

Il a-emn]l®

lla-am]l®

error =

With the same initial estimates as in Ref. 7, we found that the error, after
600 iterations, is 0.0003 which is considerably less than the minimum normal-

ized error 0.001 obtained there.

Example 3:

Next consider a system shown in Fig. 2 withn =2, £ = 3 and aj =0 for j =3, 5and
bi =0 fori=1,2. Then, let the input-output relationship of the complete system be
described by the following nonlinear difference equation

x(k) - 0.272x(k - 1) + 0.0185x(k - 2) = 0.544u(k - 1) (87)

Here we have

-

F— 0.2720
0.0185
0.0000
8 =| 0.0000 (88)
0.0000
0.0000
0.0000
0.5440
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y(k - 1)

y(k - 2)

- u(k)

u(k - 1) (89)

- v3(x)

- ul(x - 1)

uw3(x)

w(k - 1)
.J

p(k) =

Table 1 presents the results of using the algorithm (63) for different values of the
gain parameter H when there is no output noise and Table 2 presents the same results
when there is putput noise with a variance 0.0l. Again a very good convergence is

obtained in both cases.

Zonclusion

The identification of parameters of a linear discrete system is considered in this
paper. The identification problem is shown to be reduced to solving a set of linear
regression equations. Iterative procedures (algorithms) are presented to solve these
equations by successive approximation. The principle of random construction mapfing
is used to establish the convergence of the algorithms. Some recursive relationships
are established in order to reduce the required computer capacity for these algorithms.

Extension of the identification procedure to certain nonlinear discrete systems are
also presented. Several examples studied in the computer are given to illustrate the

identification procedure and to show convergence.
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APPENDIX

Proof of Theorem 1: Since almost uniform convergence and convergence with
probability one are equivalent with respect to a probability measure, it suffices to show

that, for arbitrary e > 0, § > 0 there exists a set A with
PAKS (A=-1)
such that

By -2l <e (A-2)

holds for every we A(; and for all N exceeding some finite positive integer Nl which

is independent of w.

Let us choose ¢ so small that € + ¢ 4 <1l - C. Condition (39) makes this possible.
From Egoroff's theorem and Theorem 1, for any positive numbers El' 62 and 6§, there

exists a set A e 4 satisfying (A-1) such that

S iR (W) -R QI <€ (A=
o) - zpll < &y 19,00 oll < 25 (A-3)
both hold for every w € Acé: and for all N exceeding some finite index NZ independent
of w. Choosing € and ¢ 2 small such that
max[ye,, (e, + g,lal)] < &€, (A-4)

we can say that

(2,00 - Bl < o (A-5)

and

I - Rz + (g, () - 2 )i < &% (A-6)

both hold for every we Ac; and for all N exceeding NZ'

Now subtracting a from both sides of (43) and using the identity



5

a- iRy < RJa® (n, o2 d] =k ) (A=T)

we get
By = 11 - (a,m) R Ey + gy(2) (A-8)

where
B (39

and
Yy (2) = wr[(R;e - SRB(N))Q + (52 - Ezm)] : (A-10)
Assume that, for every integer N 2N,

Byl >« - (AL

In particular, for some integer K > NZ’ we have

By, 0 = T - YR(E) - BRI - Byl + (2l
s (C+ ea)llﬁxll + g2 A
$(c+ %+ o)

where the second inequality is obtained by using (39) and (A-5). Since (2 +e <1-C,

upon iterating (A-12), we can find an integer p such that
2 Mo
'@xwu s+t v e)Mifl<e. (A-13)

This contradicts the hypothesis (A-11); hence there must exist at least one integer

I >
‘.\I3 N2 such that

B, I <e P
1\3
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But then using the second inequality of (A-12)

By s1ll 5 (c 4 B I+ e®s(c+e®+e)e< e (A-15)
3 3
and similarly
l@nﬂ <g yN2 L (A-16)

Since (A-3) and consequently (A-5) and (A-6) hold for every we A(; , (A-16) also
holds for every w e A(; . Furthermore, N3 does not depend on w because neither N2

nor C, ¢ do. So éN converges to zero almost uniformly.

Q.E.D.



IDENTIFICATION OF A NONLINEAR SYSTEM OF CLASS

ALGORITHM:ecoocevoconses

secsesenn

ACTUAL VALUES OF PARAMETERS

LINEAR PART

Al

NONLINEAR PART

-0.272C
Bl
0.0000

ESTIMATED VALUES OF PARAMETERS

H=5.0
N AL(N)
0.0000
100 -0.272k
200 -0.271k
300 =0.2717
400 -0.2718
500 =0.2719
H=7.0
N AL(W)
i 0.0000
100 -0.2722
200 -0.2718
300 -0.2719
400 -0.2719
500 =0.2720
H=9.0
N A1(N)
0.0000
100 -0.2721
200 -0.2719
300 -0.2720
koo -0.2720
500 =0.2720
B=11:0
N A1(N)
0.0000
100 -0.2720
200 -0.2720
300 -0.2720
400 -0.2720
500 =0.2720
H=13.0
N A1(N)
0.0000
100 -~0.2770
200 =0.2720
300 -0.2720
40O  ~0.2720
500

-0.2720

A2(N)
0.0000
0.0185
0.0182
0.0182
0.018%
0.0185

A2(N)
©.0000
0.0185
0.0184
0.0184
0.0185
0.0185

A2(N)
0.0000
0.0185
0.0185
0.0185
0.0185
0.0185

A2(w)
0.0000
0.0185
0.0185
0.0185
0.0185
0.0185

A2(N)
0.0000
0.0272
0.0185
0.0185
0.0185
0.0185

BLO(N)

©.0000
-0.0269
-0.0110
-0.0067
-0.0047
-0.003k

BLO(N)

0.0000
-0.0156
-0.0042
-0.0020
-0.0012
-0.0008

BLO(N)

0.0000
-0.007k
-0.0012
-0.0005
-0.0002
-0.0001

B10(¥)
0.0000
-0.0019
-0.0002
~0.0000
~0.0000
0.0000

10(n)
0.0000
0.0099
0.0003
0.0001
0.0000
0.0000
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Table 1

0.0023
0.0015

R11(N)
0.0000
0.0176
0.0025
0.0008
0.000k4
0.0002

BL1 (W)
0.0000
0.0050
0.000k
0.0001
0.C000
0.0000

BL1(W)

0.0000
-0.0k454
-0.0005
-0.0001
-0,0001
-0,0000

i

A3 avx
0.54k0

B3
1.0000

B20(N)

0.0048
0.0003
0.0005
0.0002
0.0001

B2O(N)
0.0000
0.0028
0.0001
0.0001
0.0000
0.0000

B20(N)
0.0000
0.0012
0.0000
0.0000
0.0000
0.0000

B20(N)
0.0000
0.0000

0

OX
9

3

oo

obo

Q
e

2

o

3

=
—

o
8
3

0.0009
~0.0000
-0.0000
~0.0000
~0,0000

BY RANDOM CONTRACTION

B21(N)

-0. 0063
-0.0009
-0.0007
-0.000k
-0.0002

B21(N)

0.0000
-0.0035
-0.0003
-0.0002
-0.0001
-0.0000

B21(N)

0.0000
-0.0015
-0.0001
-0.0000
-0.0000
-0.0000

B21(N)
-0.000%

B30(N)
0.0000
0.0021
0.0003
0.0001
0.0001
0.0000

B30(N)
0.0000
0.0002
0.0000
0.0000
0.0000
-0.0000

B30(N)
0.0000
0.0178
-0.0001
-0.0000

~0.0Q00
-0.0000

DR

B31(N)
0.0000
0.5254
0.5369
0.5400
0.5413
0.5L22

B31(N)
0.0000
0.5346
0.5417
0.5430
0.543k
0.5437

B31(N)
0.0000
0.5403
0.5434
0.5438
0.5439
0.54k0

0.54k0
0.5440
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Table 2
IDENTIFICATION OF A NONLINEAR SYSTEM OF CIASS f BY RANDOM CONTRACTION
AIGORITHM IN PRESENCE OF OUTPUT NOISE
WHITE GAUSSIAN NOISE HAS A VARIANCE EQUAL TO 0.0L

ACTUAL VALUES OF PARAMETERS

LINEAR PART Al A2 A3
-0.2720 0.0185 0.54k0
NONLINEAR PART Bl B2 B3
0.0000 0.0000 1.0000
ESTIMATED VALUES OF PARAMETERS
H=5.00
N AL(N) A2(N) BLO(N)  BLL(N) B20(N) B21(N) B30(N)  B31(N)

0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000  0.0000
100 -0.2736 0.0197 -0.0430 0.0835 0.0031  -0.0060 0.0115 0.5268
200 -0.271k 0.0210 -0.0201 0.0277 0.0039 -0.0008 0.0035 0.536h4
300 -0.2740 0.0191 -0.0170 0.0128 0.0060 -0.0035 0.0048  0.5389
koo  -0.2759 0.0188 -0.0137 0.0073 0.0060 -0.0040 0.0051  0.5405
500 -0.2752 0.0181 ~0.0116 0.0052 0.0045  -0.003k4 0.0037 0.5423

H=7.0
N A1(N) A2(N) B1O(N)  B11(N) B20(N) B2L(N) B30(f)  B31L(NW)

0.0000  0.0000  0.0000 0.0000  0,0000  0.0000 0.0000 0,0000

100 -0.273%  0.0197 -0.0367 0.0379  0,0016 -0.003+  0.0088 0.536k
200 -0.2718  0.0211 -0,0129 0.0061  0.0038 -0.0005  0.0018 0.5113
300 -0.2742  0,0195 -0.012L -0.0005  C.0059 -0.0032  0.0038 0.5k21
koo -0.2762  0.0189 -0.0000 -0.0019  ©0.0058 -0.0038  0.0043 0.5L28
500 -0.2752  0.0180 -0.0083 -0.0014  ©0.0042 -0.0030  0.0029 0.5439

=9.,0
N AL(N) A2(1) BLO(N)  BLi (W) B20(N) B321(N) B30(W)  B3L(NW)

0.0000 0.000C 0.0000  0.0000 0.0000 0.0000 0.0000  0.0000
100 -0.2732 0.0198 -0.,030%3 ©0.0082 0.0003  -0,0013 0.006k  0.5426
200  -0.2720 0.0212 -0.0085 -0.0720 0.0036  -0,000k 0.0008 - 0.5431
300 -0.2743 0.0197 -0.0107 =-0.0u+3 0.0059 -0.0031 0.003+  0.5430
4boo  -0.2763 0.0189 -0.0085 -0.0041 0.0057  -0.0038 0.0040  0.5433
500 -0.2752 0.0180 -0.0071 =0.0025 0.0041  -0.0029 0.0026  0.54k42

H=11.0
i) AL(W) A2(N) BLO(N)  211(m) B20(N) B21(N) B30(N)  B3L(W)
0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000  0.0C000

100 -0.2730 0.0196  -0.0248 -0.0065 -0.0005  -0.0006 0.0031  0.5502

200 -0.2721 0.0213 -0.0068 -0.0043 0.003%  -0,0005 0.0003  0.5437

300 -0.274k 0.0198 -0.0103 -0.0052 0.0060  ~0.0032 0.0033  0.5432

hoo  -0.2763 0.0190 -0.0080 -0.00kLi 0.0056  -0.003% 0.0039  0.5u3h4

500 ~0.2751 0.0180 -0.0067 -0.002L 0.0040  -0.0022 0.0025  0.54l2
H-13.0

N AL (1) A2(1) BLO(N)  Bl1(N) 220(1) B2L(N) B30(W)  B3L(W)

0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000  0,0000
100 -0.2700 0.0132 -0.0264 -~0,0012 ~0.0009 -0.0137 =~0.0215% O
200 -0.2721 0.0213 -0.0059 -0.0056 0.0035  -0.0005 0.000. ©
300  ~-0.27h4k4 0.019%  -0.0104 =0.005i 0.0061  -0.0032 0.003%  0.5432
koo -0.2763 0.019C  ~0.0077 ~0.00kL 0.0055  -0.0038 0.0038 ©
500 -0.2751 C.0170  -0.0064k -0,0022 0.003¢  -0,0028 0,002 0
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u(k) f[] f[u(k)]

———)

o )

Zero-memory Linear time -invariant
nonlinearity system

1. The type of nonlinear systems considered in this paper.

n —

) Z °j+n+lz : n(k) ™
A Z biui (k) :On ' +{‘>_

'+z Giz-| X(k) Y(k)

2. Input u(k) is an observable discrete-parameter random process;
output y(k) is also a discrete-parameter random process corrupted

by an additive noise n(k).



10C

o
o
»>
A
x>

>

az

T T 3 T
00 200 300 400 500
3a. Results with H=3.5, al(l)= el a2(1)= 1. 00 with noise present.

¢
+1
; *\ ¥ % % %
24
M2
+ % % % *
[
0
q
-|

[
{
{

0 100 200 300 400 500

3b. Results with H=3.5, al(l)=.5, az(l): -1. 00, but noise is not present.




+4-

+3.

+2

101

4,

0.

100

Estimate «

200

a, with gair
2

300 400 500 600

parameter H=7. 0 and noise variance o=0. 04.



+44

102

....'-i(\'

J{I\

\/\A_,M\WA\,MA\_____NQ /’—'A\.\QL

00 200 300 400 500 600

54 Estimate a3, @, 2 with H=7.0 and ¢=0.04.
o 5



103

A COMPARISON OF SOME PROCESS PARAMETER
ESTIMATING SCHEMES

A.J.W. van den Boom and J.H.A.M, Melis
Department of Electrical Engineering
Technological University
Eindhoven, Netherlands

Summary
In this paper some principal problems in the field of process parameter

estimation ar. discussed, especially with respect to the uncertainty in

the estimation, caused by additive noise and approximated model structures,
Two basic approaches, i.e., the instrumentation of explicit mathematical
relations and the model matching technique, are compared theoretically with
respect to the accuracy as a function of the observation interval.

In some situations both methods, each requiring matrix inversion, can
sufficiently be approximated by the use of a non-orthogonal estimating
scheme without matrix inversion.

A summarizing discussion is given on additional errors due to the

approximation of the ideal estimating procedure,

Contents
1. Introduction
2, Estimation schemes
a) the explicit method with matrix inversion
b) the implicit method with matrix inversion
¢) the explicit method without matrix inversion
d) the implicit method without matrix inversion
3. Some remarks on other types of errors in a practical situation.

4, Conclusions
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Introduction

In many modern applications of control systems, it is a matter of im-
portance to obtain the required information of the process to be controlled,
in order to aim at an optimal action or correct adaptation of the system,
In optimal, self-optimizing and adaptive systems the quality of the control
greatly depends on the amount of knowledge supplied to the controller.
Besides, computers are increasingly used as control elements for com-—
plicated processes.,
The growing demands concerning speed and quality of the control and
consequently the insight into relevant process parameters justify an
extension of the computer's task to process input and output data in order
to obtain a better knowledge of the proces.

4
In an effort to determine the characteristics of a process on the basis
of input and output data, we are searching for a dynamic operator which,

acting on the input signal, results iA the "best" estimate of the output
ng P gnal, P

signal,

The numerical values of the estimates of the process parameters can be
obtained from a model. The difference e(t) between process and model out-
put can be used as a measure for the error in the estimate, cf. fig. 1.
Minimization of some function or functional of the error yields as model
parameters é estimates which are optimal with respect to the criterion
chosen, Minimization of a quadratic type of criterion yields the least

squares estimate.

Actually fig, | does not represent the most general situation, Bayes and
maximum likelihood estimation may take into account more a priori know-
ledge that may be available [a. Fig. 1, however, represent by far the
most important estimation situation, Moreover it is easily shown that the
maximum likelihood estimation method reduces to the (generalized) least
squares method if the additive noise is Gaussian. As these least squares
methods represent a great majority of parameter estimation cases, this
paper is devoted to a closer investigation of their properties,

With respect to the instrumentation we distinct two classes {2] $
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1) the explicit method

the parameters are determined by instrumentation of the
mathematical relations resulting from the minimization of the
criterion;

2) the implicit method

the parameters are determined by adjustment of a model.

Many publications deal with different approaches to the problem of parameter
estimation, some of them discussing a specific process. A comparison of
properties of the different types of instrumentation hardly ever occurs.
Therefore, it is desirable to compare explicit and implicit methods for

the case of models, which are linear in the parameters.

In principle the estimation of process parameters can be done both on analog
and digital computers. Especially with respect to the simulation the digital
machine has the following important advantages: J

1) the memory of the digital machine is well suited for the simulation
of processes with long response times or processes with delay times;

2) the errorless repeating generation of identical test and disturbing
signals is apart from being throughout possible also of great im-
portance where the influence of relatively short measuring intervals

is studied in relation to moise effects.

With respect to the instrumentation of the estimation mechanism, the digital

computer has the following practical advantages:

1) an intermittent measuring and model adjusting procedure can easily
be instrumented;

2) fundamental mathematical manipulations such as matrix calculations
and statistical computations over a certain amount of estimates

can proceed accurately and be easily programmed.

Our investigations mainly concentrated toward an instrumentation using digital
techniques, leading to a way of description of the estimation procedure as given
below,

If the data are derived from analog processes, one has to count with
additional errors caused by imperfect analog-digital conversion, e.g. due
to quantization errors. In order to avoid this type of errors we only

consider discrete processes.
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As the example to be discussed we také a linear system, the impulse
T
response of which is represented by the vector h = (h(1),h(2),...,h(p))

cfs r3} . This can be simulated by means of a delay line, cf, fig. 2.

1>

- For the description of the explicit method we define:

x; = (x(1),x(2),..0..,%x(2),0...,0) vector of inmputs
g (OGN s st dste gis. X (2X40, G s g)
XT = (F(I)i7(2)yennneyy(L+p=1)) vector of outputs
ET = (n(1),0(2)50¢0s0esn(24+p=1)) vector of additive noise
ET = (w(1),w(2);.00eesyw(24p=1)) vector of model outputs
ET = (CRCL)Y JBIL2Y, o0 saislsBR) parameter vector of the model
ET sUCRCEY, BC2), v  dehipd) parameter vector of the process
x(1) O eie o, O
. < (v B S i) H
i 3 x(1)
Xi= x() ; E = (51, Xpreens ip) 1)
0 x(2) 3
0 OV, 7 230% (1Y
This yields:
b A Al Moo .
b &
b4l g

The length of the observation sequence is 2.

For the description of the implicit method we will consider the jth ob=
servation interval; each interval having a length gl

During this observation time the model vector is kept constant (= Ej-l)
prior to the adjustment from éj—l to éj (intermittent adjustment
procedure), For the input and output quantities of this interval we write:

! * N o | A A SR
A et 0 AR SRR O ST )

R0 Sl Sl s
(o) il g | 0h s Gbewe 81 30 0D (3)
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G- ™1} x(G=1) 2%} el x{G-1) 2 -pe2)
x{(j=1) +%+2)

>
n
cseevsrsseanite

j .
T ’
o s (WX OO SR T R R A 1‘-p+1}

This yields:

z, = X, h+n

b | J. =3

w X,

et A B (4)

Z.=w.
yire by e

In all cases we will suppose that the output noise has zero mean and is

independent of the input signal, i.e.

o

E[X 3] =0 (5)
The criterion R to be minimized is

R = E? b e (6)
The choice of ¢ is guided by the available a priori knowledge.
The explicit method yields an estimate é of h according to

2= o™ xToz o)

under the following conditions:

a) the numerical value of the impulse response h(i) must be constant

after a given 1i;

b)

c)

Under

at the beginning of the observation the model must have reached

a state identical to that of the process, if no disturbances affect
the process; i.e. either x(i) =0 i<0

or, in the case the test signal constituting a part of a continuous
sequence, only those measured outputs z appearing after i=p are
taken into account;

the matrix XT¢X must not be singular and must have an inverse.

the same conditions, the implicit method yields an estimate f%

after j adjustments according to
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. T =
B, % .~ e s ok
I LR b i | LD (@)
J
where gj is a factor governing the adjusting speed and VB denotes the gradient

with respect to Ej-l' =j=1

The least squares estimate is that estimate where no a priori knowledge is
available, i.e., ¢$ = I, I being the identity matrix. The input signal X is
measurable, Its bandwidth is assumed large compared to the bandwidth of the

process ("white" input signal),

Both explicit and implicit techniques request matrix inversion, which of
course is a very expensive operation, but which has the advantage that

arbitrary stochastic testsignals can be used.

A variant of the above technique is frequently used and can be instrumented
in a simple way, because the matrix inversion can be avoided. A restriction
inherent to this method is the fact that only a "white" input signal should
be used as test signal. \

For the explicit method the estimate without matrix inversion follows from

: b Gad) # il
B(j) = =L—— with ¥_ (j,2) =-— I x@)y(+i) (9
Uy (052) xy L i=1 i

A general insight into the estimates (7) and (9) can be obtained by
considering that h(i) can be written explicitly in the two following ways

if a "white" test signal is used.

)

a) h(i) = L—
()]
v, (1,2 : . 0
b) h(i) = =X - = [{h(i¢l)+h(i-l)} wxx(l,z-1)+........]
v 0,2) v, 0,0

compensating terms

The procedure without matrix inversion neglects the compensating terms.

For the imglicit method the estimate without matrix inversion follows from

g 2% 0 @) 7 X e ckis

B. = 8
J

oag . regeell
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The neglection of the compensating terms causes an additional error.

This error is called the "truncation error", which means in terms of

model structure that the model has a shorter impulse response than that

of the process, which means that condition a) is not fulfilled, If the con-
ditions a), b) and c) are fulfilled, the uncertainty in the estimate is only

caused by the disturbing noise.

Estimation schemes

a) the explicit method with matrix inversion

For the explicit method we found

8= xz (12)
Taking the expectation of é yields y

e[8] = [an ™! xTE] =n (13)
The estimate _é_ is unbiased.

The noise error is written as follows

48 =g-b= @D X' (grm)h -

= @ ) - = @07 X (14)

From a statistical point of view the standard deviation of AB is a useful
measure for the error in the estimate, This can be found by calculating

the covariance matrix of B
cov 8 = E[ﬁ.gﬁi_’r]= a7 K’ E[&.BT]X(XTX)-] (15)
For "white" additive noise n
' 3
E[E‘E ]= wm(O) L (16)

wnn(i) being the autocorrelation function of n. This yields for the

covariance
= T =1
cov B = wnn(O) (X'X) (17)
For large & and "white" input noise:
- Wnn(o) :
cov B Feer— 1 (18)
Wxx(o)

For the standard deviation ¢ in each parameter we find:

(19)
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Listing the properties of the explicit method with matrix inversion, we

come to the following specifications:

a) the estimate is linear: é =Q z;

b) the estimate is unbiased: E[é ]= h;

c¢) lim cov é =0 I
L0

d) the method is suited for all types of input signals, provided all
process modes are excited;

e) the method is suited for all types of additive noise;

f) the instrumentation requires matrix inversion, matrix-matrix

multiplication and two matrix-vector multiplications.

b) the implicit method with matrix inversion

For the implicit method we found:

g. T =1
g XX v R.
8 " 851 o4 BF) TN (20)
or
I N
B. = B. + 8. 00X, X.e.
=3 EJ'] gJ( ) J) 33

Taking the expectation of £. we find:

fa;]- g b e eeg ] i
leading to b
] j ]
E[B. |=h 8. T (l-g,) + B T (l-g.) (22)
[‘J] ‘ izl b ok=i+l Eain i g :

where EO is the initial model guess (a priori knowledge). Where a priori
information is lacking, 8y can be chosen arbitrary e.g. fb =0,

Considering first
| SIS

1‘ -
DR EIRRG ARCR E[-Bj-x]’*gj X A Byl

we derive

2 2l ] i T A
cov B, = (1-g.)" cov B. . + g.° (X.X. i U4 & i s s B 0.5 ¢
=i . gJ) Sj-17 & M J) 3 [——:l J( 3 J)

(24)
If n is "white'" noise (24) can be rewritten as a vari-linear difference

equation: 2
(1-g.) acov B - 5. (g.-2) cov B, = ch v ¥ "
i 7 VT =1 R X,

: (25)



111

where
Acov B, = cov B, - cov B,
= =] =31 (26)

iy
Vo= ij. 3 (27)

Now we can distinguish the following cases:

1) gj = 1/3 "stochastic approximation", cf. [b].

2) 8 * constant '"parameter tracking”

ad 1) g. = 1/j
)gJ 3

The algorithm is:

b T 0 R
BT el (XX X.e.
=gyt g JJ) =] G
Considering that in this particular case
A S e
8. L) A e

i=1 L g=isl K

J

T (l-gi) =0 (29)
i=1

3
lim 7 (l-gi) =0 ar>1
s i=a

it follows from equation (22) that
E[gj ]= h (30)

This method of model matching yields an unbiased estimate for all j,
irrespective of the initial model guess!

Equation (25) becomes

(-1)% Kede B, + @=1) cov g, = ¥ 1)

* d 4 s >
If the observation interval & 1is large enough and if Xj is "white" noise

the following approximation can be used for ¥g

~ _‘ J

v

w2 (32)

X v (0)
Equation (26) then becomes
’ wnn(O)

(I=1)7 Acow B, ¢ (2j-1) cov Biimi=—= I (33)

ol e (a)
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with the solution

y.__(0) y__(0)

':“ I =22 It (34)
SEA N C) zwn(O)

cov B, =

where 1 is the equivalent observation length used in the explicit method.
In fig. 3 the diagonal elements of cov §j are plotted as a function of
.

For relatively small 2* the approximation of eq. (32) is not longer
valid: experimental results show a shift (dotted lines) towards greater

variances.

Recapulating the properties of the adjustment procedure with matrix inversion

and gj = 1/j, we come to the following specification:

a) the adjustment is unbiased for all j;

b) lim cov éj =01 fort* large enough
joo

c) the method is suited for all types of input noise;

d) the method is suited for all types of additive noise;

e) the method requires for every interval a matrix inversion, a
matrix-matrix multiplication and two matrix-vector multiplications;

f) the method yields intermediate results,
g) the method is not suited for parameter tracking.

ad 2) 8 * constant

The algorithm now is

4 -1 T
. = B. + X.X. X, e. 35
T te ’ 3 J) 350 g
Substitution of
i 3 z
RN (l-gk) =1 = (1-¢c)d (36)
i=1 k=i+1 3

in eq. (22) and considering
s 1 - (=) =
joeo
0<c<2 (37)
lim (1-c)? =0 !
j-m
yields
R (s j
E[gj] {1-a-ey 30+ (1=)d gy (38)
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For the covariance we find

2
cov Eﬁ = (1=¢c)” cov Ej-l +c = Yy (39)

or written as a difference equation
v A0)0 .
2 &
nn M 1 (40)

2 * 2

(l—c)2 Acov Ej - ¢(c-2) cov Ej =c

£ 2" is large enough and if a "white" input signal .is used:
2 2 wnn(o)
(1-¢)® Acov B. - c(c-2) cov B. =c” —— 1 1)
J 4 Ly (0)

The asymptotic solution is:
v__(0)
lim cov B. = LR I

—_ (42)
2~c % wxx(O)

j-u:n
This method of model matching yields even after an infinite observation
interval an estimate 8_with a variance greater than zero. This version

of the adjustment algorithm is important for the identification of pro-

cesses with slowly varying parameters (parameter tracking).

c) the explicit method without matrix inversion

As already pointed out above, the algorithm for the explicit estimation

without matrix inversion is

O MERCE %3
Ly, (0,2)

| ¢

where X is a "white"input signal.

In eq. (10) it can be seen that in this situation a truncation occurs:

B=h+ A8 o AR iee (44)

AEnoise i) l X?E gl -
zwxx(o,l)

trun

a8, (45)

Considering an arbitrary "white" input matrix X, we obtain:

E[_E_]= h + A8 (46)

-—trunc

where Agtrunc depends on the matrix X.

The algorithm (43) yields a biased estimate.
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Taking
W e 1 XTEBT g P

AB . = =
TR
ST 2%, “(0,0)

we get in the case of "white" additive noise
(0) T
(48)

cov 5 -_—__—f_____ XX
(0,2)

For large % we write

y__(0)
e e IEERR (49)
: ‘)XX

In terms of standard deviation for each parameter

b

—— (50>
v (0

g =

Recapitulating the properties of the explicit method without matrix

inversion we find:

a) the estimate is linear 8 = Q z;
b) the estimate is biased because % XTX = ?K # ?X

however the following holds
L
lim E[E ] = 5
Ex EEEJ = b, where E_ denotes the expectation with respect to X.

¢) the method is only suited for "white" input noise;
d) the method is suited for all types of output noise;

e) the instrumentation only requires a multiplication of a

(+p-1y x p matrix by a 2+p-1 vector.

¢) the implicit method without matrix inversion

In equation (20) we can approximate the matrix inversion in the case of

a "white" input signal:
b G 4 QL RO (51)
33 Yy (0)
XX

This yields for the algorithm:
s (52)

] = 8 ‘.r.
-/ e A gj(l Yy (00D Xj 2



115

Equation (52) is an interesting result as the total of four operations
per iteration (matrix inversion, matrix-matrix multiplication and two
matrix-vector multiplications) is reduced to one single operation
(matrix-vector product) only.

Taking the expectation of Ej vields

s
J

i : * ot i
X.X.h + {I-g. (2% 0 X.X.} E| 8.
B 0 e (©) 3+ [—J-l
(53)
‘he input signal in the jth iteration influences E|B.|: the

idjustment is biased. For sufficiently large g equation (53) leads to

ss.]=.h+(1-.)£a.] 54
[‘J 8 = 857 “lmi- A
Je can take the expectation of eq. (53) with respect tc the input signals

in all preceding intervals

i j j
BoE B E[g. ]= B ) g T (-g)+s 7 (I-g) (55
o e YORORE = s el WD R T S

The expression for the covariance is given by

E[‘ﬁj"ﬁ&j]’ ‘-8-5'3[53']’T] 3

¥ -1
{I-gj ¢ wxx(o))

cov B,
=

T ¥ -1
X.X.} cov 8. .{I-g. (® 0 X
3% W T ( wxx( ))

y Gl
b

(g

+ g? @y )2y © x}xj (56)

In order to get some insight, this expression is instrumented. The results
are briefly summarized as follows:
1) g = 1/j s
In fig. 4 cov 8. is plotted against ji,
For large ji‘ tiis diagram shows that cov B. has reached approxi-
mately the same value as in the adjustment with matrix inversionm.

Only for small jl’ a deviation from the line
1 w1n(0)
cov Ej = —_ — I
j wxx(c,:

can be observed.

2) g. = constant

For relatively large £* (56) can be approximated by

cov B8.% (l-c)2 cov B, + ¢ 08 1 (57)

-3 -j=1
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yielding as asymptotic solution the same expression as in the case

of adjustment with matrix inversion:
c Wnn(o)

COV B e Lo

2-c ¢ Wxx(o)

(58)

3. Some remarks on other types of errors in a practical situation,

Considering the noise error we assumed that certain conditions were ful-
filled., This, however, will mostly not be the case. It is therefore useful

to indicate some additional errors that occur when these conditions are

not satisfied.

Truncation error.

The delay li: .n our mathematical model will often be too small, which
then causes the phenomenon known as truncation error., The existence of
this kind of error may be considered in an analogous way as was done with
the noise error, namely as if it was caused by additive correlated noise
added to the output of the process, cf, fig. 5.

The explicit expression of the truncation error vector A8 is

48 '-é-"E‘ - tn~! UT(X‘:L) « @iy UT£ W

U is a partial matrix of X satisfying

Xh =y ;
» (60)
-y

The truncation error does not affect the unbiasedness of the estimation

when the input signal is "white" noise, as appears from:

w'ne = vly = vly « vTe (61)
] B i obd
- EEJTU]_E' EEJT_{] (62)

UTE appears to be:
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k=p L=p=-v+l
vzl { hp+v iZl xixi+p+v-l }
k-p L -p-v+2
vgl { hp+v 121 i iy PR }
T
Ur = ‘ (63)
k-p i L=v
val o 1 M A

If the input is "white" noise it is easy to see that
ez ] -0
fi) -

Hence, also A8 + 0 for 2=,

so

In contrast with the noise error, the truncation error is independent

of the power of the test signal.

Even in processes with "infinite memory" the truncation error need not
cause predominantly bad estimates, because always in an actual estimation
procedure'only a finite number (L+p-1) of values of the impulse response
is calculated with., It is even possible to estimate without errors by
joining an integrator to the end of the model's delay line, which is
assumed to be sufficiently large.

In some publications, cf. [3], the integrator is placed in front of the
delay line but this implies that the estimates will have to be provided
with a correction factor afterwards,

In the case of estimating a process of "infinite memory" without the

use of an integrator the estimates, through unbiased, will even for

2+« remain uncertain with a finite variance. This is caused by the fact
that the assumptions required for ergodicity do not match. The variance

is equal in both cases of instrumentation with or without matrix inversion.

It is reasuring that in a practical situation the truncation errors in the
several estimated parameters for large % are as good as equal in value and
polarity, since the components in the error vector AB are strongly
correlated, Hence we may conclude that in a single estimation we indeed
get a rather good idea of the shape of the impulse response, although it

is uncertain to what extent every estimated value deviates from the
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corresponding value of the impulse response, So every estimated value
can be corrected, if a priori knowledge about at least one value of the
impulse response is available, e.g. when the amplification factor is

known,

Observation error.

Observation errors appear if the assumption b) turns out to be unjusti=
fied, We can avoid this kind of errors in our estimates by a2glecting
the first and last p measured output values. However, when it is only
possible to observe for a very short time, all output values have to be
used in the calculations and the errors have to be weighted in a2 :roper

way, cf. [ 51.

Conclusions.

The described explicit and implicit methods appear to yield equal results
with respect to the uncertainty in the estimate caused by additive noise,
Likewise, this uncertainty (noise error) appears to be independent of
instrumentation with or without matrix inversion., This offers the experimenter
considerable freedom to select a method satisfying his needs and being as
simple as possible,

Fundamentally, the instrumentation without matrix inversion causes some
uncertainty due to truncation errors., In a practical situation, however,
for sufficiently large 2 the truncation error does not predominantly
influence the total uncertainty in the estimate. Besides, such an in-

fluence can often be recognized easily,
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AN INSTRUMENTAL VARIABLE METHOD FOR
REAL-TIME IDENTIFICATION OF A NOISY
PROCESS

Peter C, Young*

Naval Weapons Center
China Lake, California, United States of America

INTRODUCTION

The problem of real-time process parameter estimation from normal oper-
ating data has received considerable attention in recent years.! The various
techniques developed range from largely deterministic procedures? to sophis-
t1cated statistical methods based on the results of optlmal estimation theo-
ry.? The Instrumental Variable (I.V.) technique outlined in this paper is
intended as a compromlse between these two extremes; it has a basis in clas-
sical statistical estimation theory, but does not require a priori infor-
mation on the signal and noise statistics.

The complete identification scheme requires hybrid instrumentation; the
estimation procedure itself takes the form of a computationally efficient
recursive algorithm, The basically simple approach represents a logical de-

" velopment of earlier estimation schemes used by the author® % ® and is in-
tended to be a widely applicable method for estimating differential equation
model parameters of single input—single output processes. However, the al-
gorithm can be extended for use with certam multivariable problems "and with
difference equation models if desired.’

THE PROBLEM

Consider a single input—sihgle output dynamic process that can be de-
scribed by a linear differential equation model

a—- Zb ‘{"“ (1)

n=0

where u = u(t) is the input command signal and x = x(t) is the process out-
put response to u(t). The parameters a, and b, are a set of M+N+1 unknown

coefficients which may have time variations that are slow in comparison with
the response time of the process, If z,, n=0"N and u s m=0+M are used to

denote —7 and —- respec -ively, then (1) can be written
dt at"
N M g
E a, x, =ug+ E b, u, 2)
n=0 m=1
which can be converted into the alternative vector equation
7
z,a = uy 3)

*This paper provides a brief resumé of research carried out between
1965_and 1967 in the Department of Engineering, University of Cambridge,
England. The research was supported by the Whitworth Foundation.
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where
T
zA=[zo .'Cl ese Nul u2... uM]
T : 4
a = [ao Aq vee ay = bl = by een - bm] l
Details of unmeasurable disturbances or measurement noise that may af-
fect the process are not supplied by (3), nor does it provide a picture of

the process as seen by an external observer. It will be assumed here that
these details can be included by adjoining the obsetrvation equations.

y =8z, +§ (5)
v=uytn €6)

Here, # is a j x (M#N+1) matrix (j < M#N+1) with unity or zero elements re-
lating the observed j vector, y = [yo Yp e yj_l]T, with the augmented
state vector, x,. The symbol £ is a j random vector denoting the noise

present on the observations. By the principle of superposition for linear
systems, it can be assumed that £ represents the combined effects of all
unmeasurable disturbances and measurement noise affecting the process. The
observed input signal, v, is contaminated by measurement noise, n, which
does not enter the process.

The overall signal topology of the system as described by (3}, (5), and
(6) is shown in Fig, 1(a). Identifying this process during normal opera-
tions is a problem of statistical parameter estimation. To solve such a
problem, it is necessary to choose a method for utilizing the observed data,
y and v, to derive an estimate & of a, whereby the resulting estimated model
will adequately describe the dynamic characteristics of the process.

GENERALIZED EQUATION ERROR METHCD

Previous publications by the author describe a limited solution to the
estimation problem posed in the last section which can be used with either
continuous*’® or discrete® ® data. This approach is based on the definition
of an "estimation model' that obeys a similar differential equation law to
that of the basic process, but which does not include pure time derivatives
of the process input and output signals, This estimation model is obtained
by operating on each of the terms appearing in the differential equation (1)
with a linear time invariant filter, Dy where in general

D, () = P;(6)/2;(s) ™

and Pi(s); Qi(e) are constant coefficient polynomials in the Laplace oper-
ator, s, with orders I and J. If a, and b_ are assumed constant, then it is

possible to write the following identities:
Di {an.xh(t)} =a D, xn(t) = an[(mn)]Di l

D‘l: {bm.um(t)} k bm D‘l: um(t) i bm[(u”’)]D' ‘
1

where the terms [(x")]pi and [(um)JDi can be considered physically as the

(8)

outputs of the filter Di(g)’ whose inputs are z, and u, respectively.,
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Equation (8) states that because the process is linear and the param-
eters a and bm are time invariant, then the operator, D,, commtes with

the functions a *x and bm tu. If this is the case, then it has been

shown"> ® that the parameters a, and b_ can be related by the estimation
model &

Z %, [(xn)]Di ¥ [(uo )]D ¥ E bm[( um)]Di ®)

n=0 i ml
This relationship is valid for all time, ¢, subsequent to an initial small
interval of time, €, following the initiation of the filtration at ¢ = ty
provided that:(a) the form of Di(e) is such that any initial conditions on
the process variables at t = ¢, have insignificant effect on the filter out-
puts [( xn)]D and [(um)]v for all time, ¢ > t; + €; and (b) the frequency
7 T
bandwidth of the filter Di(s) approximately encompasses the frequency band

covered by the differential equation model of the process—in other words,
the frequency band of interest in the identification.

The significance of (9) is that it provides a relationship between the
unknown parameters a, and bm that is capable of replacing the original dif-

ferential equation (2) for identification purposes. The practical utility
of the estimation model becomes clearer if the commutation carried out in
(8) is taken one step further, i.e.,

[("n)]vi 5 [(’”o )]Din

" el [l

where Din(s) = "p(s) y Dim(s) = ¢™(s). It is now clear that the esti-
mation model can be written in the alternative form

5 izl * (Colloy, * 2 ], an

in which the variables [( xO)]Din and [(uo)] p. are obtained as the outputs of
the "'state variable filters" Din and Dim (a i’gm used by Hofmann, et ity
whose inputs are simply the process output, z and input, Uy, respectively,
These filters can be made physicallv realizable provided the order J of Q; (s)
is selected so pure differentiation, with all its attendant practical limi-

tations, is not specified. This requires that J should be made greater than
or equal to the total sum of the order I of Pi(s) and the order of the max-

imum differential coefficient appearing in the model of the process. Since
for most physical processes ¥ > ¥, this condition is usually of the form
J > I+N,

Probably the simplest example of a physically realizable set of state
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variable filters is obtained by cascading first order low- and high-pass
filters as described in Ref, 5. Other related but more subtle approaches
are the method of Kohr® and the method of multiple filters* ®, A more
detailed discussion regarding the choice of particular state variable filter
configurations and the general philosophy of the state variable filter ap-
proach is given in Ref, 7.

In any practical situation (see (b) of Fig. 1), the process output, z0,
and input, 4y, are not directly measurable and must be replaced by their

observed values, Y and v, respectively. Consequently, the estimation modell

(11) has to be modified as shown in (12).
N M
n=0

This can be written in the alternative vector form

sTa =y (13)

& {[‘ yi”]»m [0 ) 0 e ()99
e (") D

Note that by the principle of superposition, the following relationships are
also true (see (b) of Fig. 1):

ey [[(“0)]%() [( “o )]Dm] 3 [[(EO)]DiO [( r )]Di”]
ik e 4 [(uo)]% . [( n)]Dio (14)

Referring to (13), it is now possible to define a generalized equation
error function, e, at an arbitrary <th instant of time by the relationship

g
e; A 3, a - W, (15)

where

Here, & represents an estimate of the parameter vector, a, and the suffix,
1, denotes values applying at the <th instant. The estimate, &, now can be
obtained by minimizing some positive definite-criterion function in the gen-
eralized equation error.

If the parameters are assumed time invariant, a useful criterion func-
tion is the sum of the squares over the observation interval, ']2' For a set

of % observations, 7, takes the form
: 2
T
Jy = i§=1: [zi a - wi] (16)

The estimates, &, that minimize this function can be obtained by differen-
tiating with respect to the & and equating to zero; i.e.,

e o

2 an[(yo)]Din : [(v)]pio + §1 bm[(v)]Dim ‘e .
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k r k
z.z.|l8- z.w.l=0
2: i, - A

=1 i=1

The solution of the M+§+1 linear simultaneous algebraic equations, which are
similar to the normal equations of linear regression analysis, is given by

~ -1
St e Wb an
where
k
T
Ck = E 2 3
anid =1
k
B, = 2 5, v,
=1

In (17), @ can be obtained by direct matrix inversion, or by using a
gradient techmque, such as the method of conjugate gradients.™ '° However,
an alternative approach more suitable for real-time application is avail-
able, which also avoids matrix inversion. This technique uses the well
known recursive solution of linear least squares problems of this type, in
which the parameter estimate is updated as new data is received. The deri-
vation of this solution is straightforward; it is merely a stepw15e solution
of the fixed sample length problem. 7 !! In the resulting recursive algo-
rithm, (17) is replaced by

i z =15 P

L R R [‘k Pl % * 1] :'k & g - v (18)
i T

%, - kg'k'kak-l"k"’k:

where Pk is given by a second recursive relationship in the form

-1, gl 7
A *ha*%%
or ;
2 7 17
Py =Py~ P & [“k Pt % * 1] 5 P 19

Using this approach, the estimate at the kth instant is obtained by the re-
peated appllcatmn of (18) and (19) from assumed initial conditions & and
Py. The selection of these initial conditions is not critical. hiedd

NOISE CONSIDERATIONS—THE INSTRUMENTAL VARIABLE (I.V.) ALGORITHM

If there is noise present on the observed signals, the generalized equa-
tion error estimate discussed in the previous section is asymptotically biased
to a degree which is dependent upon the nois_e/signal ratio, This unfortu-
nate characteristic arises because the vector, z, is composed of elements
subjected to noise contamination., 'l’herefore (13) is an example of a "'struc-
tural” rather than a '‘regression' model.’?

The reason for the estimation bias becomes apparent if stationary sta-
tistical properties are assumed and the expected value of the matrix
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[zaT] is examined. The following is.obtained from (14):

E[“T] o [(zAD g ED) (xAD . ED)T]

However, since z and ED are uncorrelated, this becomes

E’[azT]‘ = E'[::AD xAg] + E’[ED E;g] (20)

where the noise induced term E[ED Eg] is identically zero only when there is

no noise on the observed data. It can be shown® 7 that the presence of this

noise induced term introduces the asymptotic bias on the parameter estimates.

One approach to the above problem that does not require a priori knowl-
edge of the noise statistics has its foundation in statistical estimation
theory where it has been termed the Instrumental Variable (I.V.) method.'?®
The asymptotic bias is removed by modifying the solution given by (17) in the
following manner

a-= % By (21)
where
% k
-1 _ T
5y * E 2, a;
=1 | :
and \ (22)
x k |
B, = ;‘.i W, )
=1 J

Here, 2 is an I.V. vector composed of elements chosen to be highly correlat-

ed with unobservable noise-free process variables, Z,0 but totally un-

correlated with the various additive noise components that corrupt these

signals., As a result, the matrix [&zT], which now replaces the matrix [zzT],
of the uncompensated algorithm, has the expected value

E[esT] = E[e zAg] £0
Furthermore, it is clear that
Ly & a ;
E[& zAD] -> E‘[:cAD zAD] as &z, (23)

In the long term, therefore, the inclusion of the I.V, vector, &, eliminates
the troublesome noise term, E[ED E,'g], while preserving the basic structure

and existence of the solution. In this way, the asymptotic bias is removed
from the estimates, ensuring only small bias for finite sample lengths., Un-
fortunately, the elimination of bias in the uabove manner is usually accom-
panied by certain loss of efficiency in the statistical sense.'!'® [lowever, as
might be expected from (23), the greater the correlation between & and the
noise-free signals, the smaller the estimation variance, In fact, a simple
theoretical analysis shows that the asymptotic variance should approach zero
if & can be made equal to z, . %

The major problem with the I.V. approach is the generation of the in-
strumental variables, themselves. The method suggested in Ref, 6 is a de-
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velopment of an analog technique used by Levadi.!* Levadi's technique is a
development of earlier procedures for the estimation of difference equation
model parameters suggested by Joseph, et al.,'® and Andeen and Shipley.'®
The procedure for the more general case, where the process is contained with-
in a noisy feedback loop, is shown in Fig, 2. The basic philosophy of this
approach is that by prefiltering the input command, u*, by an "auxiliary
model" of the process, it is possible to generate an I.V, vector, £, which
is highly correlated with the noise-free process vector,. Z, In addition,

the elements of 2 will be uncorrelated with any other noise in the system
provided the input command is noise-free. In practice, low levels of input
noise (< 5%) can be tolerated without introducing noticeable bias.

Two approaches to the problem of selecting the auxiliary model param-
eters are suggested in Ref, 7, The first approach is an off-line iterative
routine, The model parameters are initially selected on the basis of either
a priori information, or previous uncompensated (i.e., biased) estimates of
the process parameters which are then updated by a series of I.V. runs. The
second approach (initially outlined by the author!'’) is based on a recursive
solution to the problem and can be used in real-time,  The method of deriving
this recursive algorithm (which is similar to that used in the uncompensated
case) is given in Appendix A, The main equations are repeated below for con-
venience.

RN a e A o A
= -B 8 [R5 8 17 e 2y - §)
L g s e 08 W ["k Py ® * 1] % Priy (25)

With the help of this algorithm, it is possible to develop a fully adaptive
approach;- the estimates are low-pass filtered to avoid rapid transients, and
then are used to update the auxiliary model on a continuous basis, In both
of the above cases, convergence can be argued.’ However, because of equip-
ment problems, practical verification has been possible for the iterative
method only,

IDENTIFIABILITY

It has been noted that the equation error approach is closely related
to the procedures of linear regression analysis., One important and often
overlooked feature of regression analysis is that the regressors should be
linearly independent if accurate low variance estimation is to be possible,!?
In the equation error procedures described here, the place of the regressors
is taken by the elements of the vector, z. Since these elements are depen-
dent upon both the process input signals and the nature of the assumed model,
it is clear that both factors have an important bearing on the identifiability
of the process.’

Choice of Input Signals

To ensure satisfactory identification, theoretical considerations indi-
cate that the input signal should be sufficiently execiting in that (a)

k
Zuf > 0 ; where u, = (uo)i
=1

and (b) the number of discrete frequency components in any periodic signal
should exceed d where
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d > (M+m+1)/2 ; M+N+1 even
- (M+N+2)/2 ; M+N+1 odd

These conditions are a theoretical guide and should merely be considered as
minimum requirements., Practical experiments suggest that if input signals
can be selected, a random noise-type signal usually gives excellent results.’®?

Nature of the Mathematical Model

The choice of a sufficiently exciting input signal does not guarantee
low variance estimation. There usually will be some measure of partial lin-
ear dependence’” !® between the elements of the augmented state vector arising
because of the model structure. In the present differential equation case,
problems of this sort arise when the assumed model has input derivative terms.
A simple but interesting example demonstrating the kind of results obtained
in such situations is discussed later,

One method of checking the results of a pure regression experiment to
test for linear dependence is multiple correlation analysis.'® The same ap-
proach can be used to good effect in the low-noise, .ncompensated equation
error case also; however, it must be used with caution since it is well known
that correlation coefficients can be biased by errors in observations.!® The
special properties of the adaptive I.V. method are rather useful in this re-
spect since they enable the development of a pseudo multiple correlation
analysis’* '? that appears to give good qualitative results and may have quan-
titative significance.

Controllability

One final point that should be mentioned is the implication of controi-
lability®® on the identification of the process. Theoretically, if the pro-
cess is uncontrollable in that a pole-zero cancellation is present, it is not
identifiable., This is confirmed by experimental results, showing that identi-
fication is particularly poor if exact cancellation is present, As such a
situation rarely occurs in the real world, it will not normally cause problems,

DETECTING PARAMETER VARIATION

Since the accumulated square-type criterion function weights all data
equally over the observation interval, it contains an implicit assumption
that the parameters are constant over this period. If slow parameter varia-
tion is possible, precautions must be taken to ensure that outdated estimates
are not obtained. A particularly simple approach to this problem is weighting
the data exponentially into the past to gradually remove information as it
becomes obsolete. An analog method of exponential weighting by low-pass av-
eraring filters has been described.® A discrete data equivalent of this pro-
cedure can be developed quite easily,’ and has been used to detect the non-
stationary characteristics of both simulated” '® and practical?! processes.

A more attractive general approach to the problem of parameter variation
can be developed by referring to the equivalent pure regression situation.”>!!
Here, a nonstationary version of the recursive least-squares equations is ob-
tained by considering a stochastic interpretation of the problem, then intro-
ducing the statistical model of the parameter variations

a = ¢(k, k=1)ay_q *+ a5_; (26)

where &(k, k-1) is an assumed known (M+#+1) x (M+N+1) transition matrix, and
the (M+N+1) random disturbance vector, 951> has zero mean value and covari-
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ance matrix E‘(qrqg) = @6,; (8 is the Kronecker delta flinctim). The vector

provides a statistical degree of freedom for the equation. The resulting
prediction-correction algorithm is a form of the optimal discrete filter-esti-
mation equations suggested by Kalman, 22

By using a purely heuristic argument based on the similarity between the
equation error method and ‘the linear regression analysis, it is possible to
construct a dynamic equation error algorithm, The algorithm is of very lim-
ited practical utility as it stands because it requires knowledge of the
parameter transition matrix, &(k, k-1). Fortunately, it is a straightforward
matter to simplify the algorithm by letting &(k, k-1) equal I for all k,
implying that any parameter variation is due to small random perturbations
between samples (a random walk process). In this case, the I.V, algorithm can
be written

g 2 T3 1T A |
=g ) - P d [‘k Pl & * 1] f'k &1 - Vi @n
By ey v P (28)
-G~ % e e
P = Pl = Prme1 B [‘k Prsi-1 B * 1] 2 Pr/r-1 (29

The only difference between this procedure and the stationary parar zter pro-
cedure given by (24) and (25) is the inclusion of (28). According to the
heuristic argument, D in this equation is analogous to the covaria ce matrix
of the parameter variations, @, in the pure regression case. As a result,

the choice of D proves to be fairly straightforward, since it can je selected.
by reference to the expected rates of parameter variation between samples., i

The physical effect cf introducing the D matrix is to limit the lower
bound on the P matrix elements, preventing the elements from beconing too
small and allowing for continuous correction of the parameter estimates as
time progresses., Since D is a matrix, it is possible to limit individual
elements to different degrees. In this way, different expected rates of
parameter variation can be specified on the elements of a (see Experimental
Results).

The major disadvantage of the type of algorithm described above is its
inability to differentiate between actual parameter variations and indicated
parameter variations caused by noise on the data., As a result, the approach
only proves satisfactory for the estimation of parameter variations larger
than the residual estimation variance due to noise.

In general, the dynamic equation error algorithm—although not optimal
in any sense—is to be preferred to the alternative data weighting approach.
The inclusion of the parareter variation model means that the algorithm has
much greater inherent flexibility. For instance, the choice of a random
walk model for the parameter variations is arbitrary; in ccertain situations
it may be more realistic to specify other models, such as an exponentially
correlated random variation, or a random ramp change. The virtue of the
model approach simply is that it allows this type of a priori information to
be used directly in the estimation algorithm if it is available. It also
provides the possibility of a more sophisticated procedure in which the pa-
rameter variation model, itself, is updated by a secondary "learning'" scheme,

EXPERIMENTAL RESULTS

A number of experiments designed to test the practical utility of'the
techniques discussed in this paper were made with the experimental equipment
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shown in Fig. 3. The process and the auxiliary model were simulated on an
analog computer, which also was used to synthesize the track-store devices
and filters required by the method of multiple filters." ®

When the parameter, as, of the second order process shown in Fig, 3 i:

known, the process is clearly identifiable, In this situation, the esti-
mation results obtained with the above equipment were excellent.??® However,
when all four parameters were assumed unknown, the results were not so satis-
factory—with particularly high variance on the estimates 31 and 63. A

table of the estimates obtained for various levels of noise contamination is
shown below,

Parameter Estimates After 170 Samples

Noise/Signal Estimated Parameter Values
Ratios, & &0 &1 az &3
0.269 0.955 1.056 0.677 1.069
0.359 1.055 2.038 1,600 2.233
0.538 0,964 1,091 0.748 1.099
0.897 1.104 1.800 15212 1,515

Actual Param-
eter Values 1,000 1.400 1,000 1,500

These estimation results were obtained using the I.V, algorithm given by (24)
and (25), with the process activated by a pseudo random-step input and fil-
tered white-noise disturbances (Fig. 4). Although they look rather poor at
first sight, the results tend to be misleading since the step, initial con-
dition, and frequency responses for theestimated model (as given in Figs. 5
and 6) show good agreement with the actual process responses, Thus, if the
object of an identification experiment is to predict process output response
to input activation, the estimation results may be considered satisfactory.

The kind of results described above can be explained by the high degree
of partial linear dependence existing between the elements of the vector z,,

due to the presence of the input derivative term. This fact becomes apparent
if a multiple correlation analysis (see Identifiability) is performed on the
measurement data: With asz assuméd known, the multiple correlation coefficient:

are small compared with the total correlation coefficient; with as unknown

they assume much higher values, indicating strong linear relationships between

certain of the elements of z 0 A physical explanation of this peculiar

phenomenon is that the sensitivity of the process response to changes in cer-
tain parameters is small, Consequently, the estimation error does not pos-
sess a clearly defined minimum and the estimates tend to "drift,' thus pro-
ducing high variance,

Figure 7 shows the results obtained when the algorithm given by (27),
(28), and (29), was used to identify a process in which the parameters, a,,
a,, and a, were time-invariant, and the a, parameter was varied sinusoi-
ddlly, I% should be stressed that Fig., 7 illustrates optimum performance in
the sense that the auxiliary model parameter was varied in accordance with
the actual process parameter variation, This approach was necessary because
equipment delays prevented full hybrid operation., When two parameters were
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varied simultaneously, simiiar results were obtained (Fig. 8). The results
shown in Figs. 7 and 8 were obtained with az assumed known (in other words,
with the process clearly identifiable).
Appendix A
DERIVATION OF THE RECURSIVE INSTRUMENTAL VARIABLE ALGORITHM
Matrix Inversion Lemm
The matrix Pk is related to the matrix Pk 1 by

X irka i
P [kl+e'] : =
which can be expressed
5.1 rie £ A -1.73 3
Pk"Pk-l‘Pk-13k(’k o T R 1) % Fr-1 (A-2)

Proof by Direct Multiplication:
ot [Ak 1*8 3 ][;k-l Byt (g 2y 8 1)t s i,;k-l]
Sreg s B -8 ("i;k-lek+1)1'£ %-1
B P B ('i P "1)-1 R
IR A, - (?’k'k i 5 )(k k1£k+1)1‘{;k-l
=T+ £k 'k P’,"l Sk 'k W i Q.E.D.
- Estimation Algorithm
From (21), the estimate &k at the kth instant is given by
a, =P, B, (A-3)
Now B, is related to B, ; by

MR (A-4)
Substituting (A-Z) and (A-4) into (A-3) gives
& [Pk 1P & (R By 8017 5 Pk-l][”k- * e "’k]

“& 'Pk-l"‘k("k klik 1) & vy
-;‘ z l)lzT; Z w

k-1 %k kkl”k k “k=1 Tx Y
S ag i s (T‘ % )
P11 % (‘k P ¥t 1) 13 &1 = 5% Pre1 & * Yy

TA
MR "’k:

T,
"k“kl*"kl

j: ak-l
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. P T o -1 .7 |
ot =By P ('k kel 5" 1) L RN (A-5)

or, more simply

= q o ek 7 "y
RS LR MR L

~

where A is the scalar quantity defined by (z;: P4 ék 2 1).
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MODELING AND IDENTIFICATION OF AQUIFER
SYSTEMS OF HIGH DIMENSION

D.A. Wismer, R.L. Perrine, Y,Y. Haimes
Deparitment of Engineering, University of California
Los Angeles, California, U, S, A.

INTRODUCTION

The direct determination of system properties . difficult for maiy
physical systems. These systems, such as the underg.ound aquifers or
reservoirs considered in the present study, lend themselves to study by
system identification methods. Because the properties to be determined
vary widely throughout the system, problems with high dimensionality
result. Thus both formulation of a system model and of an ofnimization

procedure arc important to successful solution of the overall problem.

In the present paper two moderately complex models of an under-
ground reservoir are formulated. Decomposition methods, together
with model selection, reduce dimensionality so as to make the identifica-
tion problem tractable. Results obtained show the solution methods to
be effective in representing system response while reducing computa-

tional requirements.
SYSTEM MODELS AND DIMENSIONALITY

The basic flow equations which characterize the system model are
well established.1 Darcy' s Law describes the slow flow of a compress -
ible fluid through the porous medium. Usually the gradients involved
are small, and when continuity is imposed on a confined aquifer or res-
ervoir system, linearization ean be employed.2 The result, then, is

that the transient pressure response of the system is described by the
diffusion equation.

2 (p28), 2 (p28) 20,
ax ax 'By(Tay T

Only two space dimensions are considered because with typical systems
vertical flow seldom is imporiant. Pressurc is denoted by P, and Q

represents a source strength {production rate per unit area). The co-

equation ciwaracierize the porous medium. Transmiss

efficients ir

1 RS B EIReRAe P8 of the ease with which fluid moves throuch
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the system. The storage function, S(x,y;, 1s a measure of system

capacity. Both are distribuied parameters.

At this point appropriate boundary conditions, including production
rates, and values for T and S must be specified to Be able to predict
future system responsc. A difficulty, of course, is thai detailed knowl-
edge of the variation of T(x, y) and S(x, y) is not available. On the other
hand, pressure and time data, P and t respectively, can be obtained by
observing the system at specified locations. Ther;aby an inverse problem
in reservoir description is created: given some functicn F(P

P, S)calcu]ated
A solution to the inverse problem enables one to accurately predict sys-

observed
), how must T and S be chosen so that F is minimized?

tem response to future modes of opération.

Thus it is assumed that a useful description of the system is given
by specifying a number of transmissibility and storage values: Ii and
§i' The interpretation of each is that it represents the effective or aver-
age parameter value within a spatial region. Each region then can be
treated mathematically as being homogeneous. Thus the problem to be
solved reduces to that of finding the optimal choice of vectors Ii and _S_i

which will minimize an appropriate criterion function.

Straightforward discretization methods could be utilized for the flow
problem. However, the work of Jahns3 has shown how this leads either
to excess dimensionality, or to vefy large computational requirements,
or both. The present study will use integral solutions to the flow problem

together with decomposition to minimize these difficulties.

Model One Formulation

Consider the characteristics of a typic.al large aquifer or reservoir.
Quite often fluids are produced through a cluster of wells located near its
center. Starting from any stabilized initial condition, over reasonably
large periods of'tiine no effect of systern boundaries is 1iké1y to be fell.
The system is very large in areal extent compared to its vertical dimen-
sions, and so can he represented as an infinite two-dimensional system

conlaining a cluster of wells in a region of primary interest.
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When each well is preducing, "boundaries" with zero potential
gradients (no flow) must exist between wells. Fluid on opposiie sides of
these "boundaries' flows to opposite wells, just as if the line of separa -
tion were impermeable., Thus a convenient approximation in modeling the
system is to separate one-well regions by straight -line boundaries. A
pair of boundary lines on opposite sides of one well will intersect to form
a wedge. As a result the model for a cluster of N wells .in a large reser-
voir is obtained by dividing the system into N wedge -shapéd homogeneous
regions, each radiating out from a single selected origin and enclosing a
single well; well i at azimuth Gi. The regions are separated by N
straight, impermeable boundaries also radiating from the origin at azij
muths @ (Bi < @ < 9i+1)' The identification scheme will det'ermine
optimal values of the boundaries o as well as Si and Ti' Thus the ge-
ometry of the model is actually determined by system behavior. Model

geometry is illustrated in Figure 1.

As was noted earlier, the transient flow equation for the system
considered leads to a diffusion equation which can be more conveniently

written in another coordinate system as follows

1 2 ) 38
T[? 3 (r a—f)] S5 (1

where ¢ denotes the model computed pressure to distinguish it from

observed values, and r represents radial distance from the well. The

initial and boundary conditions for the partial differential equation are

y 4
the followi: .2'
i $(r,t) = lim ¢(r,t) = Pl‘ a constant (28.)
t-0 r- o
04 apy- 9 X
l:_.n:)r (ar) = constant (Zb)

The positive constant production rate is given by q. These conditions
define slow laminar flow of a slightly compressible fluid in an infinite,

horizontal, radial isotropic system of uniform thickness.

Equaiion (1) is transforimed into an ordinary differential equatior:
using the Boltzmann transformation: X = (Sr”/47Tt). The new equation is:

2
19;’ -(11)\}:; =0 ¢ (3)

aa

with boundary conditiopz:
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lim ¢(0) = P, ; lim 2299 . (4a, b)
A o e S Ek

The solution io this equation is obiained in terms of the exponential

integral; Ei(u):
u=o

é=P . 1 Mdu-?# _a_ (-i) (5)

47T 1 47T 4Tt

Since Ei(-u) is negative, the pressure will decrease as production occurs.

The use of images for extension of the soluti_on to problems in a
bounded, wedge -shaped, homogeneous region is straightfor_ward.l’ &
Suppose the ith actual wedge includes an angle of 21r/nr_1i radians, be-
tween azimuths @ and % _q where m, is an even integer. The image
system then contains m, wedges, filling the whole plane. Each wedgé
has the same origin, and contains a well which is the mirror image of
the actual well and/or image wells across each of its adjacent boundaries.
The angle between the ith well with azimuth Bi and its kth image is

given by zgik where i

‘ik=[lzi]('ai-8i);l ](o se tom b ) ‘ (6)

P 1 TN sk e Sed 1
< } i

and 6ij is the Kronecker delta. The notation [k/2] and [(k-1)/2] de-

notes that these quantities are truncated to integer values. The a;

define wedge boundaries.

Thus the pressure computed at the ith well and jth time is conven-
iently denoted by ¢ij’ which in the bounded system results from produc-
tion at a rate q;- It is computed by superposition of the pressure effects
caused by all m, image wells, for each of N actual wells. The com-
puted pressure response for model one for a given set of Ii’ §i can be
determined from cimple geometric relationships as:

‘ 2
q. m; <r sin” ¢
1 o) LA
TN S A A 5 Ei(- i ,I:;Tj’—') Y (‘)

i} e | «lek-;l

where ry is the radial distance from the origin to the ith‘well and

;th

r, sin §i1 is defined to be T the bore hole radius for the i*" well.
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Model Two Formulation

The second basic system model to be utilized takes particular
advéntagc of the fact that pressure response is more strongly influcnced
by near-well properties than by those further away. In addition, early
responsc is controlled solely by ncar-source properties, and as time
goes on properiies further out are reflected with gradually diminishing
importance. Thus a useful conceptual model starts by specifying annular
regions concentric with each well, such that constant effective parameter
values can be used within each region. An external region, outside the
lasi defined ring around any well, must extend to the system boundaries
(or to infinity). This external region is common to all wells. Thus at"
some distance from any one well a set of uniform systérn properties,
commen to all subsystems, is assumed. This model geometry is illus-

trated in Figure 2.

Another important characteristic becomes apparent when fluid is
removed at a constant rate. At any time there is a radial distance out
from each well beyond which measurable reduction in pressure has not
yet occurred. And over most of the region out to this point pressures
fall almost uniformly with time, after an initial transient period.

Making the convenient substitution: R = rz, (1) becomes:

S fne) B8 (8)

EJETE

1 aR/ 4 ot

Initial and boundary conditions correspond to (2). The flow rate at any _
radial distance corrcsponding to R, according to Darcy' s Law, is given
by:

a(R,1) - 47 TR g—?{ v (9)

(q is positive for production from the well.) Substituting in (8) gives:

LT - 1
iR T8 5 (*0)
S ¢ Lrvava Ehe vwie] 5 .2 - 3! & aalds 2 b O
Integrating from the well, (R = r..,4°4d,), toa radius of disturbancc
]
(R = D) at which ¢(D) = 0; that is, beyond which no pressure reduction
has been felt and no production of fluid has occurred:

PR - (11)
2Ry -~ ¢ § D -
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Now make the simplifying assumption that the time derivative in
(8) can be replaced by its average between the well and the radius of
disturbance. Also, note that for all practical times D(t) >> r‘z’v. Substi -
tuting (11) into (8) gives:

3 (- 2 Ay
wkE) w5 (12)

Integrating twice, since the independent variables in (12) are now sep-
arated, yields a model consisting of M annular rings concentric with
the well, and with constant effective properties within each annular
region. Computed transient pressure response at some radius r is

given by:

a. D d :
PEIIIES BR = S B (132)

or measured at the well itself:

q,. k=mR_ __-R -Dén(R, ./R)
R0 = P+ 4:D 5 k+1 Tk - k+1' "k (13b)
k=1 k
2
> =r R =, JL=mE M.
where Rl w Bni1 5 ' n =

Equation (11) can be written in terms of the pressure drop below
the origiz?al pressure at any point in the system: A¢ = (Pl- ¢). Since
also:

A¢ -0 at R=D (14)

and ri’ and S are constants, (11) becomes:

q

W d 2
X2 S;L, (SA¢)AR (15)
w

Now rewriting (13) in terms of A¢ and substituting into (15) gives:

&3 R ) o)

The parametier D for the M concentric ring model, which is the radius

q

of disturbance, is defined as a function of time by (17), obtained by

integration of (16).

k=nf § DS R R

= bl i el e SR, N2D- YR, - ek T ke
U] [21‘ T e Tk A g
=1 k k

(17)

n\;] m\in [ D <Rm “ 1 ]l

il SpiR, L SR == In ——--) - (R, R )

K1 41 K ket 1m Rm Tm m+l m I

For a system of geveral wells it now is necessary only to combine

pressure drops duc to the N sources, giving a relation for expected

B



system behavior of the form:
. k=N -
T '3}1 Aty (18)
Pressure éi.' is computed for the ith well and the jﬂ’1 time due to pro-
duction from all sources, k = 1,2,..., N, Appropriate limits on the in-

tegration represented by A¢k must be specified.

One point deserves special mention. Conceniric rihgs around any

" one Well, with defined effective properties, also form a part of the ex-
ternal region surrounding the outer ring of any other one well, Thus, to
the extent that each ring contributes a measure to the overall effective
average properties of the system, the parameter values obtained are not
single -valued. In other words, with this model any one well "sees" the
detailed variaiion in properties immediately surrounding a second well
only as a part of the distant, system -average properties. The subsystems
represented by individual wells again are related in a simple way. In

this instance they are linked by the common external region, and its

cornmon set of properties.

One advantage of this model is that it can be reduced to a simple
" algebraic formulation, for which the number of parameters is reasonable

considering the complexity of the overall problem.
IDENTIFICATION VIA DECOMPOSITION

The identification problem posed in the previous sections now will :
be formulated as a nonlinear programming problem for each of the two
models discussed. In order to keep the problem tractable as the number
of wells, N, becomes large, dfacomposition techniquefs will be employed.
These techniques5'6 allow separation of the original problem into several
subproblems which are trecated independently. The subproblem solutions
then are modified and the subproblems are resolved. The modification
of subproblems will be referred to as a second-level control. This
method procceds iteratively and is known to converge under appropriate

S 6
conditions,
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Identification of Model One

The formulation of a decomposed nonlinear programming problem

using model one proceeds as follows:
min (6. - P, )" i=1,2,... N
T .S.e im1 40 9 U ! (19)

subject to the constraints given previous:y in (6) and (7).

% i
q m; S.x; sin ¢,
1 o2 ii ik
Py Ei-———————-) 09
157 F17 T L) < T
where
k] . k-1 Y, i
ik [EJ ("‘i ~8g) i_ 2 } (ai DRRE AR \6)
i=1,23, ,N. k=12, mi
and
m(a- e ) = 27, 180, 2, 000N (20)
6 <a <0, . 1=1,2,....N - (21)
T,>0, 1=1,2,...,N (22)
5,>0, ' 1=1,2,...,N " (23)
where:

ao__e_ aN-21T. 9N+1291

m, A even integer.

For ease in applying known nonlinear programming algorithmsy (21) to

(23) are rewritten as:

ek U TUTRR R N (24)
a‘!Ol #(i, 1=9,2,..5, 8 (25)
T, 28, RN DO (26)
sz, i=1,2,...,N y ; (27)

where ei, Bi, ] are arbitrarily small constants to be specified.

On substitution of (7) into (19) a nonlinear programming problem results
having 4N inequality constraints and 3N variables. Since at most 3N of
the constrainis may be active at onc time, th? problem is‘.not overcon-

strained.

Because of the very complex nature of the objective funciion, con-

vexity cannot be guaranteed; hence convergence is not guarantced by
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any of the usual minimizing algor xtum~ In addition, as N becomes
large, the dimensionality of the computation becomes prohibitive. For
these practical reasons a decomposition procedure was employed in the

solution.

It is convenient to regard each wedge ~-shaped region containing one
well as a subsystem. Since individual subsystemns are coupled only by
(6), it is possible to regard these subsystems as independeat afier making
a simple change of variables. Thus the decorﬁposed nonlinear program -

ming problem can be wriiten in the following form:
S -1

28
N K q. my Sz, 8in L. 12
min f = ) 7[P+ da iy m(——‘—‘a—“‘)-P..J
T..S.la 0 i=1 =il 1 T 1y 55 i - (28)
1 O S g 3
where
k] o[k ?
gik'LZJ L2 (6;- oy +2ms,) (29)
and such that:
6i+1 - El -a
o ‘] ~€i
gi(ai.Ti.Si) = Ti _,i =0 (30)
5. v
5 : i A -
and:
A= Bpdge n a2y (31)
Now (28) is separable and can be written:
v fX;0) = ;f(\ sy BT (T, Spue), X =iX X000 1X) (32)

Regarding o, asa known parameter in the ith subsystem, one sees that
the subsystems are uncoupled. Hence each subsystem optimization is
performed by:

min t'i(l(i; c;)
X i

=1

subject to the constiraints (30). This is a standard problem in nonlinear

prograinin ng.

In order to assure the minimization of the problem (28) for N
wells, it remains only to satisfy the constraints (31). Defining a La -

srangizn function:
o

N
F(S, L0, 5 3 FuX., i o )
"(f o 2,0, u4) Py xi(:\i':d' (x-l'ci'“A' (nn)

i=1
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where:
Fy=fiXp2, 5 00+ <2, GUX) > +ple-o,
D C SR YRR

# = N-dimensional vector of Lagrange i'nulliphers

N1 :
<X,Y> = inner product of Xand Y.

!

Assuming that the Kuhn-Tucker constraint qualification holds, the nec-

Lol Ty 7
essary conditions for a minimum of each subsystem are:

*® *
%, FlX0dy 50503, pomy) = 0 (34)
* * *
< ; =
VB e Jo ke (35)
*
xij= ?, 1= 52, .0, '1¥1,2,8.4 (36)

The solution of (34) to (36) proceeds for given values of the parameters

., O
L L
rithms. It remains to determine these parameter values by satis{ying

and My by any of the standard nonlinear programming algo-

the remaining necessary conditions for a minimum of (33); namely:

Vo F=Vofi-#{1=0, i=1,2,...,N4 (37)
PPt ol s0, 1:18,..N (38)
Thus the solution proceeds iteratively by solving (34) to (36) for given
values of g(k), ;_z(k) and then using (37) and (38) to determine new values
(k+1) (k+1) st : 3 ;
of o and for the (k+1)~" iteration. The solution continues
until:
'g(k-fl)_ g(k)l 8, X (39)
and 4 :
e L BT (40)
where § éz are specified vectors. This computation procedure is as

1
follows:
1. Estimate oy and My i=1,2,3,..,,Nand set j=1.
2. Determine aj and “j from (37) and (38) using latest
information.
3. Determine Tj’ Sj' nj, Xj from (34? - (36) using )gtest
information.
4. 18 j.= N2
No - Set j— j+1 and goto 2.

Yes - Is convergence attained according to (39), (40)?
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No - Set j =1 and go to 2.
Yes - Stop.
Convergence was found to be rapid for a 4-well example to be described in a

a following section.

Identification of Model T'wo

Consider now the question of formulating the identification of param -
eters using model two as a decomposed nonlinear.programming problem.

" In this case, the form of the problem is such that we-wish to:

g {\ 0.2
nu; P r;lwi{t"(D“) - :ij] i A (41)

—i g
where T S are M -dimensional vectors to be determined.. (This change

in the crltemon functmn is easily justified because variances in P and t©
are of the same order of magnitude.) The model value of tij is dependent
on Di' as well as on §i and Ii' It is assumed throughout the optimization

that the values of DJ are known in terms of values of S and Ii computed

previously and in terms of observed values. of pressure, Pij Since the
k-1
optimization proceeds iteratively, the calculation of D(k) (_i )

(k 1)) by (13), for which ¢(R1, tij) A Pij‘ durmg the ktn iteration imposes

an add1t10na1 step in the computation. This computation is by no means

trivial,

It is convenient for this problem to reformulate (17) in vector -matrix

notation. Thus (17) can be written:

ty T <2pCyS;> (42)

where Ci' is the ]\/Ii X Mi—dimensionél lower triangular matrix having.the
follow ing diagonal elements Cli(;( :

kk 1
gt S
ij quj

1 ) § i, k+1
3B " RyIED-R, 4R ) Di]Rik‘nCzRik (43a)

Off -diagonal elements given by {Cri?k , k<m, are:

cm'%!—(p PO 7 AR (& /4D (431
i 01 e Tl Pt TR 1,641 R0 By ™R ij (43b)

In addition; o (ransformation of variables:

~

2212020 2 T 2yt VT (44)
i * .
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has been performed which does not affect the results.

The following nonlinear program can now be posed:

§ K a2
pioc s Lomingpagr . eusmia | (45)
et s !
such that:
5 8 & >
ﬂi - Zy 200 Sik v 2 0 (4¢)
and:
S ” Sj:Mj . (alli, ¥ (47a)
Zulime i a1
i, M; ].Mj (47b)

In order to satisfy (47) it is necessary and sufficient that:

" Ll e e (48a)
Sim; Sesteaniy ¢ ;
Bl 1B o o S IR B (48b)
where:
A A
s =8 2 =2

o N’ o N
In the above relations Mi is the number of concentric rings for the ith
well and hence the dimension of _S_i and éi . The number of independent
variables is then:
N

bl b (49)
In the problem posed by (45) to (48), the wells considered as subsystems
are independent except for (48), a relation which guarantees that all

wells will have common average properties in the outermost ring.

-If we temporarily consider Si 1 and Zi 1 @8 fixed parameters in
the ith subsystem, we can define a Lagrangian:
5’!
F(Z,S.2, v,u) - iglFi(Z‘iéi'li P Sy vieHy) (50)
where:
§ 0% e c >4 p[<T,2>
i jZIlwiK ZpCiSp 45l TS 20 WSS 2y
4 - 21 t
SEfe By PV < B B2 oSE 08 21 : (51)

.and:

T A & A
I, =10.0,...0,1] , dim[L =M

[87%s, - 2,
SiZp8P  fs -4 |E°

i

G = il 4
-
= Ml—di:m-nsinnal unit vecior

e LTSI Ve

,1‘i, I ultipliers of dimension
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Assuming that the Kuhn-Tucker constraint qualification holds, the

necessary conditions for each independent subsystem are given by:

= * ¥
s . " >
V2 FilZ1-Spdy ¢ Sg o vpu) =0 (52)
aaa |
FAZLSh AL S, 1 v,u) =0
vgi SRR S e U U (53)
e &
Va K122 Ay 5 By ge Mpkg 3> = 0 (54)
%
< e »
)\ij=0, j= 1,209 i=13,2..R (55)

For Fi given by (51), conditions (52) and (53) can be solved explicitly
for —Z-i and §1., respectively. Thus:

-1 K
T Tt
2= Zcu-1>< —S-xcq} 2 iJClJ S+ 3 —-(A = ) (56)
E 5’5 o T 1,2
8. = cTz>< zc, G2 —— Q. 4. T)
1 i1 ij Hab=l 2w, 1 Chesd (57)
where
2ala%),  dim 2 edmatem,
=i 1T o | ot i
or

Ly
2= 9(Sp2 3 vy

2
S, = UZurom)
Trie remaining necessary conditions to insure the coupling between

subsystems are:

= 58a
Yo F Sum " SeLm 8 (58a)
vv‘F 3 Zi.Mi Zyaim ), 00 (58b)
v, F=V. F=0 (58¢c)
L Eee

where (58c) becomes

% 59a
v 28 B Vg Frail " i
~y=1
P v F, > g
i si-1, U§;, il (59b)

The optimization calculation proceeds essentidlly as with model one
except that the subsystem problems are 2ach of dimension 2]\‘[i insteal of
dimension 3. In additio’nq the Dij calculation is required. . The question

of convergence for this procedure using model two has not been examined.

k) (k)

ysiem optimization to defermine S. and A

v

for the kih

The sukb
iteration may be somewhat easier using model two because each vector

)

can be expressed cxplicitly in terms of the other. The solution of (56)
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and (57), however, still must be obtained iteratively. The iterative

procedure is analogous to that discussed previously for model 1. Using

model one requires initial estimates of a(o) and p(io), i=1,2,3,4; how-
ever, when model two is used only #(10) and V(lo) must be estimated

initially.

Computaticnal Example

An example problem has been solved using model one with four
wells and seven pressure observations for each well. Thus the number
of variables in the optimization is 12; 3 for each subsystem. The aquifer
data and pressure observations are summarized in Tables 1 and 2. A
direct search technique was used for the subsystem optimization. A
coarse grid was first employed and then refined until suitable convergence
resulted. This procedure was fast, requiring only 8 seconds of IBM
360/75 computer time per iteration, and produced globally optimal' results.
By comparison, straightforward discretization3 might require an order of

magnitude greater time for similar results.

The: overall procedure for all four wells converged in 6 iterations
to the values given in Table 3. The rate of convergence for a typical
well is illustrated in Figure 3 and the monotonic decrease in the objective

function is shown in Figure 4.
CONCLUSIONS

In obtaining optimal solutions to physical problems, one is faced
with two challenges; modeling and optimization. These can not be con-

sidered independently because the former greatly affects the latter.

For problems of high dimensionality model complexity generally
must increz se in order to obtain increascd accu'racy. A highly accurate
model may require complexity and dimensionality of the optimization

problem such as to make problem solution unrealistic, if not impossible.
In this papcr two fairly complex models for a reservoir system
have been formulated, in each case anticipating problems which arise

with optimization problems of high dimension. A decomposition
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procedure was used to limit the magnitude of the computational burden

regardless of the number of wells considered. This result requires an

iterative solution which may still be formidable. The method was tested

by an example and found to have rapid convergence. Computation speed

was increased by the fact that no computation of response surface deriv -

atives was required.

-
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TABLE 1 - FIELD DATA

Well 1 Well 2 Well 3 Well 4
p,(psi) 3000 3000 3000 3000
r (1) 1000 2000 2000 3000
rwi(ft) 1 1 1 1
6 (degrees) 22.5 112.5 157.5 292.5
qégal/day) 42000 126000 42000 252000
TABLE 2 - PRESSURE OBSERVATION DATA
T. (days) P. . (psi) P.. (psi) P.. (psi)’ P (psi
§ieny 1 ‘P 25 P 35 (P :J(p )
30 2798 2810 2859 2811
45 2776 2804 2850 2805
60 2758 2798 2843 2802
90 2733 2789 2829 2798
180 2687 2769 2800 2786
360 2640 2743 2763 2774
720 2591 2712 2721 21760
TABLE 3 - OPTIMAL AQUIFER PARAMETERS
Well 1 Well 2 Well 3 Well 4
Tf 42 95 48 366
sf 0.004 0.010 0.002 0.00001
o 42 132 177 357
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OBSERVED PRESSURE DATA
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