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ON-LINE ESTIMATION OF DYNAMIC- MODEL 
PA-RAMETERS F .ROM INPUT-OUTPUT DATA 

·.· · V. Pe:terka a.nd K~ Smuk 

Institute. ot Intonation Theory and Automticm 

Czeehoslovak ACademy ot Sciences 

Pra~, Czechoslovakia 

l. -Introduction 

. <-- The ·paper dea1s ·vi th the identification ot -a linear ~c STStem 
by the. uiput .a.nd output s_ip.l.'lbe output signal ot· most industrial plants 

· is not detei:m:ined only by the _input s1gnal. 8nd. the· · initial state ot tbe 

sys~ but it is also ~1Dtluenced by unmeasurable disturba.nces of a stoc11La­

t1c nature_. The -~· ot descrtpt+on ot such systems · most t'requently used 

a:t present . t~ (though not t.be only one posible.} is represented in n,g. l. • . 

Block-. s ~resents h8re the i<Wt.l deterministic system with an ideal {not 

iden~i!1able ·,-: measUrement) output sismP. · v. Upon this ideal output sig-

. nal .. v -there· is _s~!Jipo~ed noise £ 1 and ·the sum 

. : _ _ X = V + €. {1) 

represents thus the real and measurable output signal of tbe system. This 

mode of descripticm is justitied e5pec1ally in the case of linear ~. 

l{pre the lav of superi.Dposition ·hol.ds, · and the internal noise ~ tbe qa­

tem can. be--transformed to the output. Noise f, also ir.cl.udes posaible um­
_dom. measuring errors. 'l'he problem of the identificaticm of systems vlth 

addltive noise was studied bY~ authors from various aspects aDd ror 
various purposes. · SaDe or them are listed 1n the . enclosed refert!De'H l-9 • 

Other · reterenees can be · totind in survey papers 10-/2 • In respect or 1ibe 

stating of the problem closest to t~s paper are the iJiportallt work ot 
lstr&n snd Bohlin /-3 snd the paper' by Clarke? • Difi.'erently trc. tbese 

papers, ~ur approach permits the simplification ot the ~CJII!>utat1c:m .algo­

rithm_,- removes iterations and the con..'lected problems of convergence. llei.­

ther have ve problems with loce.l extremes 1n minimisation.J.breover,our al­

gorithm provides for the successive reduction of measured data and preser­

ving at the ~ ti!De all the neces;..ary information.Dlta reduction is d<me 

s~Jltaneously with measurement, thAre is no necessity of lo~~~ the me­

morizing of the whole process is not required eitherl ar~ so the app11ea­

tion or the on-line method is m.de ee.sier.Requirements an storage c:apa.clty 
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are cOmparatively snail and inoopendent of tt:.e length f too obser"t-ation 

interval. We also use slightly less demanding s.ssumpti cn concerning t he 

st.a.tiatic eharacteristics of noise.In difference · from 1 t he idf.m~ification 

of the system is sepera.t.ed from that of noise. T.ni s paper deals auy · .... i th 

ti'iol! 1dent11'1cation of the system proper. 

2. Statemen.t of the ProJ1.e.lli 

A singl.e-pe...."'S..lleter,time-independent system vill be c ·ns id"'red 'iLth 

'the aa or determi."li."lg its model suited f or the purposes of digital or im­

pulse cootrol. It is thus assumed tbat input signal y is discrete , end 

t!Ja.t. output. sigJ'JS..l x 1s sampled within the ss . .me sa.mpl :ing -per:lcd., I t i s 

~i ~ that the large class of systems of this tJTe can be described 

'by the d11'ferenee eqUB.tion 
n 

lt{t} + E aiv(t.-i) 
(:1 

n 

r; b; y(t-d-i) 
i =0 

(2) 

~ t is the discrete ·tilne 1 n the order of the sys:ter.:J1 d stands f or 

tJl.e possi.bl.e transport. lag1 · and cc.efficients a i (i = 1 1 2 1 • •• n) ·a."ld 

b-L (i = o,~,2p .. n} are paro!!!-et:ers 'to "tie dete:nnined by experiment .. 

Stquat.i_on (2} contai ns the ideal output signs,l v whieh i s not ~a­

~.e. Available is only output s ignal x which inclu ~s additive noise 

E:. • By substituting (1) :L"'l.t o (2) it follow-s that 
n n n 

~( t} + E a i x{t -i) .. I bt y(t-d-1 ) 
l=1 i,.O 

E ( t) +I; a i c; (t-t) 
i.,. 1 ;.'~' 

(3) 

'lT~ task is nov to estims:t e coefficients 

with e. given final sequ~nce 

&i, ( i = l 1 2 ., ... n) ar.:.d 

of the val ues of inp\.tt 

s igr,;al {y{ t ) } and the corre spouding . :fir.a.l s~quenee , o'f t -~ l.tf.iB..sur-ed ·,.-a .• 

l-ues of output si~ {x(t. )} .. For the solution of t he problem i t i s ne­

ces.ssr.t to make some a.ssU!llptions concerning t he statistical pro:p.artie s of 

na!se e vbieh has to be elimina. ted. m most pract ical ea~?~£ { e «g. c.hel!U­

cel s~ten'lS or t,r.e:rn:..o-tecl"..nologics.l plants) or.J.y var y little i s known in 

aava...~ anu..1t. the .sta.tistical properties of the L'lterne.l noi se of th.:: sys­

'teirl .. ':t-~:for-e1 w s!'.all confine ourselv~s t o the most s'i.mpl,,; ass--·q?tions ,. 

rr measure:me..~t is mde in an open loop system, it can ba assumed 

~t. nr i se is sta;t istieally independent of 'the in~ut signal. , and thus it 

hol.d:s tha: 

{4) 
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for a l v-al ues of t •.dthi.n tl::oe interval of observation. 

In .roeasureJ'l"..ents of real industrial plants cases are frequently en­

cOU.."'lte,..ed where a very lov fi•equency drift is super:1.n"!J?osed on the output 

si~l . Disregard.1ng t he pr esence of drift could lead to grave errors • We 

sheJ.l therefore assU!li:e that the ex-pected zr£an value of noise depends on 

time, and that "i'ithin the observation interval this dependence can be ex­

pr essed by the polynomial 

v 
[e (t) = [ ci ~ i 

i=O 
(5) 

·r:here Ci (i = 0,1,... are unknow coef:icier.ts. In practical case& a pc. -

lyncmial grade of iJ 1 or 2 will normally satisfy. 

For finding the asymptotic pro:perti~ of · est:inations ve sblll 

further need the assun;>tion tta t the random p~ocess · £ ( t) • ££. ( t) is 

ergodic and weakly stationary. No other a prihri knowledge of statistic 

characteristics is required. ) . 

As far as input signa.l y(t) is conce9ed1 it is ass;,.m:ed that the 

s ystem is "sufficiently excitedn by it. This Will be specified in more de­

tall in section 4. 
:Before embe.rking on the solution of the stated problem let us deri­

ve tr~ algorithm for ~r~ successive regression analysis with growing data. 

The algorithm has a. genersJ. significance aud can also .. be used fOr other 

purposes. 

3. fo..lgor ithm for the successive regression analysis with growing data. e.nd 

Let us consider the classical case of a least s~uare lu1ear regres­

sion, s.nd the system of equations 

N 

E rj Yti 
J""' j 

(6) 

wher e L> N, xi and y U are "f-alues obt.'.iined by c~servation, e.nd e is 

8.1":"1 ur.Jmm.-rn randan error.The l atter can b.e interpret-ad as the deviation from 

th~ condition~..l expectation, i.e . 

{7) 

NO'.; t!le task is to find the es tiroo:tes ~i o ~ r egrassion coefficients :J 
cl 
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lllin1mis1na . the sum ot the sq\Bres ot errors 

Q • t ·f (8) 
i•l . 

llelaticma (6) &Dd. (8) can: be written 1D -~1x :torm aa foll.ovs 

(9) 

(10) 

Tbe subscript 1D :the bradteta 1nd1cates t.he d1mensi~s of the respective 

•t.r1x, vbereas superscript T denotes transposit.1ro. 

The c:laaaJiCBl aoluUcm ot tbit g1 ven problem -is (see e.g. 13 

provided ttat. 

fi ~ ( yrvr~ Y~ 

det[YTY]J' o 

(ll) 

(12) 

The numerical expreasicm f4 t~ (ll) by ordinary Dil:trix calcu­

lus (i.e. multiplication amd inversion o:t DBtrices) is cumbersome when · the 

number L ot ·observa.ticma 1a large (e.g. hundreds or thousands); it requi­

res a lar&e capacity o:t lleJDOI"y' end is numerically less stable 14 • Further on 

ve slall derive an algoritbm permitting the solution of the problem with 

substantially reduced del!ands 011 ·tbe memory .ot the computer used. This algo­

ritl:lll is be.sed on orthogoml transfOrDBtiros of the system of linear equa­
tioos JJ,., 1~ f6· and is nUIIIel"icaUy very stable. 

Let us .. arrange the .system ot equations (9) into the form 

where 
·z[Lx(N+l)] r[(N+I)x I] - e [LJC 1] 

Z = [ Y, ~ X] 1 ,-;:- • [~] 
and multiply from the lett by square DBtrix T 
By denoting 

T[LxL] Z[Lx(N+I)]~Z[Lt{N+ 4)] 

T(L•L] e[L)( 1] =e [L)( ~] 

(13) 

(14) 

(15) 

{16} 
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ar u:.r th:i.s t~~nsformtion we ~ve {inst ead or {13)) 

The ett.m of sq_ua'""·es of the rig.lJt s i des of t he transf'onned system or equati­

ons ( 17) will t hen be 

(18) 

I t i s obYiO'.ls tta t the sum of squares has not been chan&ed by thia trans­

fo:n;,st j.on : i. e . Q. = Q1 provided t hat I:Jatrix T is ortho&On&l 

(19) 

Let u·- fu.rt:ter ccns i oer a special type ot this orthogooal ~st-or­

rr£.'1- tion ,,.b r e r.:a.tri x T is a. so called elemenu.ry mU.ix ot rotation 15 • 5y 

re-_,rese:;t:L"1- Ol"~ly tte ncn- zero elemer .. ts ~s !!ttrix etm be writ.ter, as · 

fol l o"t,·s : 

1. 

I 
I 

I 
I 
I 

1 I I c----s---- -- i 
I 1 • I . 
I I 
I ~ I 

-5----..C---­
f 

(20} 

It '!Ul 0 -.. c::.asy to .... scov - t l· " t r;J;.t r ix . (20) vUl be orthogor.al1 8lld the 

s'..l!!'l o~ q , res ;."ill r~ot char;ge 1 provi ded th9.t cond1tkm 11 ~tilled 

(21) 

r"·.~:: J 2l:' c;:.t::.::::l by rt'D.t!."ix {20. .pglie s only t o t.~e !-t h ~~d J•th equations , 

t~::. o~;J, <: : :~· .... :.:::-d.:- 1 ~-;. t:1e ·1~ r! an"' ,; ... th row will cmns.e 1n ~trioes 

N +- !} 
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fOr k .. 1 

z. = cz. + szi,~ 
1 (V !V Jy 

e.=ce - +se · 
L L ) (22) 

tor k • j 

Z =-SZ· + CZ. 
]V lJ/ ]P 

e =-se:+ ce-
. { / (23} 

Coefficients c and s are bound by the cond.i.tion of' ortbogonal.ity (21), 

however 1 one of' them can be selected. Let the selection mke ao that 1 t 

holds tha. t 
,-..../ 

Zy(u - 0 
i.e. accordi.ng to (23) we obtain 

-.sz · -1-CZ · -0 
'# ]f' 

Fran (24) and (21) it follows ~t 

{24) 

- ~iL 5'iv c- 1 $ =, (25) 
V z? + z2: ' V z2. + z2 

I Lft J/k . f# )~ 
In tlu$ •ay 'lote can e.nnul any elel:lent 1n m. trix Z vi thout challgi.ng the sum 

I 
ot squares Q for a.'1.y arbitrarily selected vector r .By the successive appl.1-

ca~ion of this transformation in & suitable sequence the or1g1ral system of' 

eq1ations (13) can be arranged into the form 

while it still holds that 

f -:rr &.ny e...:·b i t re.rily selected r - (J = 1,2, ••• N}. 
j 

(26) 

(27} . 
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/\ 
r j 

min.:nL.sbg (27 ) beco:ncs ~ simple r-,s. ~-:-..ar ~ Froo q_ustion (26) it i s 

o v i ol.!S thB.t y sel ect.on f r (J l 1 2p .. N) it ·· s i::;;; os;;i"ole to i."li'lu­

er:._e the ls.st non - zero ela {:<::nt of the r.:i.z;!t si..,_~ e~+l _= zt+l,N+I , however; 

i · .. is o;;::.ible t o anrrul a l_ th cth,zr elcrr.-e!:.ts e ,* {j ~ 1, 2 , u .N) •The ea.ti-
A .) 

r:ates c·f r -eo-es sion coef f icient- r (j = 11 2 1 .. ... " ) can t t.u ~ f ou.•1' by the 

,;.ol u.ti cn of the system of linea... eq_ua tiv!1S 

-.. (ere 

* I 
z[!YxN] =I 

l 
0 

z~~~J = 0 

>f z = 
[Yxf) 

Q *2 
min 

2
N+ 11 N+! 

* 

1 :!' r 
I zi,N+/ I 
I . 

lz* . I 
I _2,Nt! 'I 
I : * 
I 2N,N-r! l 
L ._j 

{28, 

{29, 30) 

(31 ) 

Since rre.trix Z ( 29 ) is o. tri!3--ng.:.lP..l' or::.e ) th:? sol ution c _ the srste!!! of 

eqt.ations (29 ) is very sim.. le 

Let 

t :Lons !:. ve been :ccduced. int:o a 

2, ••• 5+1; j: ~) 

(32) 

L observa .. 

·i t:. el:z r•;;r: ts z ~ {1 = lJ 
!J 

c'bt "" l !1e<.i. fc .. l.·rdng a f uth"'r 

t~nJ. s r1e~.; r·c"-': c: a. Q_ a_~::'lt.il ·c.'i 'b~ ,~;- c ;z_ <:t~·o:-.;.:). o.p~ ::_nf"jtio:-.:. c·f the ~€scr~be 

-:~rc-.. llsf~:t\,·?~ cr1; ~:nd this s : ,~t<.2. t<;r. c~:·,~~:..:'_:_· ~..:.·::P~l": S t!:~ orrect t - n \-;f tl~e u_p!)er 

, · • r_i"'."'.·-· .~. .~t.e._··-:".• i ,-_. ,-··.~:cc .... c _ "'~:.t "'Lr:! -.:J,- io.acri~~l1 }"" t)~le f ~llO" ;::n:; ~- _:.~~..;..-:_:t ~::t"~ ... ""J_X .._ _ -~ -
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procedure REDUCE ( rr.a tri:< ) new da ta ; ( r o'") order : ( N) ; 

~ N 1 r OW'; a rra v ma trix1 rcyw; L"'rt;eger ~; 

b egi.''l ~ c1 s 1 de j integer i~ ·k ; 

!2£. 1:= l step l ~ N+l do 

.!!, ro>•[i ] f 0 ~ 

begL~ de:= s~rt(row[i] ~ 2 + matrL~(i 1 i]f 2); 

c:= matrL~[i1 1]/de; s := row[i]/de; 

f2!: k:= i step l ~ N+l _££ 
begin de := c x row(k ] .. s x matrix[1 1 k] ; 

matrix (i 1 k] := s x r ow[k] + c x matr~{ [ i 1 k]j 
r CAt[kJ:= de 

end 

end 

~REDUCE; 

The success ive application of this procedure permits t he proces.si.n.g 

of grmnng da.ta. wi thout the necessity t o memorize them.All necessary Lvl.for­

mation on observed pas t history a ccu:mulates L~ the tria..Yl~.ller matrix . 

L-t us now consider h0'..; this unified e.lgorit!l.'!l could also be used 

f ~r pr ocessing the first ri+l r ows of data in n:atrix Z (14). !t i s obvious 

rat the s um of sqU?.res (10} ¥Till not cr..a."lge ) if the rr:atrix L~ (13) is ex­

ter!ded by a z,ero matrix of d.ir"..ensions ( N+l )x(N+l) 

I • '[(N+ f)x 1] 
r o] r-' 

Lz UL•N•1)x(N+t)] = [:1L+N+1)xt] 
This zero n:a tri x :!lore exactly J its upper triar.g-!.lla r por tion ) can t hus be 

considered as the 1.'11 tie.J. tate of rne.trix Z * 1 when i t dces not contain 

y-et any inf1?\:' :;a tion on t ha pro~eas. Thi s a pproach per_mi t s the use of the 

1.mifie algorith1l for all the p r()Cessed data (i= l 1 2 1 .uL) .. 

Tri angular p.;s, -t;,rix ( 29) is non .. sin&r~Jla.r r if reduction vas applied 

to N l::.naa.rly indipendent data r evs a.t l east . Begi.!i...'11ng f rom th s insta"lt 

equations {32 ) can oe used for co:'1pu~iiing in any arbi rary step e:;tin:ates 

~ ( j = 1 , 2 , .,., o.N ) which are opti.11nl in t le sense of l east sq_u_res t: r the 

!.,., 'l"ne sol •J.tion 

Let us now rever t 
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case of no transport lag, d. = 0 • Any possible lag can be considered by a 

s~le shifting of the values of input signal. by d. sampling periods. Let 

n 

ortJ =e(tJ+ Eaic.(t-iJ 
L. =I 

(33} 

appearing on the rig..l-lt hand side of equa. tion ( 3} 
n n 

x(t)+ ~a; x (t-i )- '[: ~J (f-i}=cJ(t) 
[ : I t =0 

{~) 

\<.'bat do we lr.ncv about tfl.e statistical properties of this randan variable 

0 ( t) f Ho more and no less than about the statistical.' properties of the 

noise c (t) : 

If the noise e>..-pectatio.l'l (drift) can be expressed by polynomial 

( 5 ) .t ft:)r variable cf ( t) 1 t holds tlJ:l:t 
"V . 

[6(t} = ~~-t i (35} 
L·;,o 

l.r.;stead of l 'l.n\.{nO'.m coefficients c. i (io 01 1 1 2 1 ••• 1 ")]} We thus have the &8.2 

number of un.lmc;w-n coe!ficie:'"lts di (i= 0 11 1 2 1 •• -r V). The relationship be-

tween these coeff~cients is 
'V . n . 

di= J;(/}c; Lak{-kj-' <36> 
. J=l k~O 

I I ) 

'-''here ( j J a.re bino~)· coef:f'ic~ents .~ua. tion (36) holds good for all values 

of i i:f %'e put. l 0 = l _; 0 = l • For instance, for .a 2 

d0 = C0 E ak - c1 E kak E k
2
ak 

k k k 

~ =c1 Lal:. -2c2 E kak 
k k 
"\' 

ci2 = c2 Lak 
k 

(37) 

lts origire.J.ly assumed, noise 6 ( t) is independent of input signal 

y{t} ; t:t-e s.r~ propert~ i s also ascribed to random variable O{t) int.rodu­

~e t.: relat ion {33 \ . This means t hat. in the linear re~ession model 
· N -1 

£/J/1 )/y(f } y(t - i), ... 
1 
v(f - !V+ I )l=£ tf(t )+ r; '7 Y (t -i) (38) 

1-- , ·f V · 11 " 1 , .J , • .- c=O 
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Apart from the fcr:rt of t he relationshil? {35' ~<?r noise e>:;?ec ;:ati J."l (cxift ); 

this i s t he oo.ly statistical cr~<R!'aCte:r .l.stic i<::1own in ad.ve..r:ce ·w'· "C~! fc.!.lc•.;~ 

t'rom tht~ a.ssum.pticns rrade in aeotio!~ 2!J 

4.1 1::'1~ 0rinciple of tl1"" !i\~t. OC:. 

Our apprcach 'i.T:l.ll be based on ~:1e .s. pl'iori k:K:>: "'03,: of r~g;<e-sic~ 

ents equal ze1."'0 J s i..>1.ce noise E. ( t) a .... d. ~h\,;.5 a_lso .!.'311-0!11 var::.a ... 1e o (t,) ; 

c.:re _n ""·:;pe!~dent of L'1;?Ut s:i.gne.l y(t ) .*) 
I..e-t tLS divi de the s01~!.1tion of th3 g1\'e-r. pro~~'.~:n ~:1tto t.vo s..._e.:·s: 

a ) I.. ~2-w f irst st<>p let us fi.'ld tl:e ur.: ·::;::.!.l-s~d. st~L r o. ·'-:;2 ·•-::·"tor 

si on eo 

/\ r F l a 
J \ 

~o ~· jus. t.Lf~~arl "'"r.a t tl1~ ::~ .. ·~r:r.r~n t 

i.e . t!:a· est:l.:m.te f "~L.11 -.~ 'us 

m:!!i.ber o-:. 

N = 2n + l 1 the co:r:.d.:!. ticn c·f r r = 0 cc-:..16. !;-;; 

(40) 

a i s C i 

"·t".l t hO\( . ..:t~:r.~ors . !n t.h.is w~1y· t;e ~CAild o:rt i.n 2n + l t::':\dlt:.o!:1~ fc:-: t,i:e esti • 

:<E~-t·25 •. :< 0 i s.r.-1 tb'i . vf :prln:s.ry ii7~'tar~.:n:. ·ill he t:~~ :.: ,,z.., of 2~ > Z.-n + l. 

In. S\.l(l)1 p_ C0.3•3 )' hovre;ver ; ... t i s _..'lOtl zel1el~l2.:..r P"S i ... l~ 
A 

~Y cm:di·:;.Jo:!'~ oet:we ~n r end ~!le rea:.l V. , ~.le r "" 
'.Jy th 

N - 1 
A f 

L A 2 /\ 
f) r =- r r v:r z 

i -= 0 

-*) c ..... ,.., -,..,... .. ,.-.,.":.1·· +,'h.-.'). ;;~ T"r£: -c ... .r~edllT'8 COtf.ld a15() ~r2 ,~sed 
i ~· ..... ~ ........... '1 ....... ; v.. ... - .... -... 

c~,..;·~·r~:-.:.~J:·'r; .. : ;..f· .. : pr·{J':l!.~leC~. the~.., ~.~~::: t: ;-,..~·::-:.tn :L .. ... ~er~~ ~y!·~ 

.: . .r:f.': 

{ 4.,: 
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a _e thus d~te~in~d by the minimisation 

e _ogicall::r pcsed no-w i.s : Eow to _select 

of (41). 

:'l re:pre-

se::1ti::.[ .. he ~u--nl."'er c:: ":.he esti..rm.ted regreEsic·n coefficients~ '-'rncn the order 

r: o~ 1:.:.~ yzt,::om :Ls l~1c.:m in adYance, the question is ·not a crutial one 1 and 

~atisfa tory result~ car, H = 2n + 1 or slightly _arger. 

1n practical sitmt1c!~ the ord.er n of the dyr..ar.;ic tr,odel (2 ) is nornnlly 

not knoY-T. i.:.l -!:"..d.vance F..nd t. e best su::.. ted a proxina t.iv!1 must b~ found. In 

5 uc. ca:5c ~·l ::nust b. s~lected sufficiently large .. so t . .at regress.ion rn.odel 

'_ 8) houl con win, as f.s.r as. possible) all r...e.st Values of input y{ t-i) 

-,:i1.i h are c .. pab::.e of r..arkedly il.:fluenc:LT'lg the ot:.tput of the system within 

?he d :rived algorithm also pernuts t!'le s im .. tane>:us investigatior.. 

vf fo.l. ca.se"' ./f n ~ :1 MaX · •here :1 max i:> the ~imu1 orc~r of mo.iel (2) 

irr~erderi. ~o · .,_ cc-2.1side:red. .:..-::, s.hO'Iotli by rasul t .s described i n section 6 the 

cl aes ut cri ter-' on ( 41) ea.:. be well used in the sel ection of a sui table 

et us find •he estims:tes of regression coeffic i er,ts r
1
· ( i=­

;1, 2 1-.~l~ -1) • ...et u~ ;;;ub.st:!..tut-e 

[ [ J { t) I y (t) I y ( i -1 ) I ... I y ( { -N + 1)] 
·n'to {_B) -'1 at the s~me til'!'.e also substit· ' te (35) 

-y N-1 

L; d -i i + L r. y ( t -i) = rf(t ) 1- e {t) 
. 0 { . D ' {_ :: l = 

r .r::e 1.,mbias"'d e sti.r.:z.t.e of regTf!ss_o: coeff icients r 
1
· s.nd. d. i cs.n be o'bte.in-

~.:·4 ~, t 'lc ,ini rdsation of the st;m of squar~s 
L 

o· 
e 

(42 ) 

~-:1ere L re.p ·esent-s tb"' inter-f3.1 of o.s l:"'n:..t r.n . E .:-ever; the ree.J.isatic,n 

o:: r •:c.:m v..,~·iable 0 ( t ) i s .ot avai....15.blr.a .!. .crefor: et <.,b substitute for 

...(' (~· ': • :-.,. f~ .B"';: ...,~, ,., ~.f"' ·~>. :to l3i~L ·J '\. .... ,/ ~ • .; ·- • .,. ~ .s..-- Q t_ ..... - '" , . n 
v 1'1-1 n ,~ 

-0o d/ ' 2
-L r; y (1-i ) - ,<; (t) - [;a, X (t-i )+ ~o~y(l -i)= e(t) ( 4;) 
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of 

z{Lx (N+v+n+2)] ~N+J.) + n +2 ) x1) = e{L x1) 

r I , 1 
l1 1 ... 1 :y(1) y (O) . . . y(-N+2) lx(1) ix{O) ... x(-n+1) j 

z _/1 2. 2'' i y(2) y( 1) . y(-N +3) !x(2) ix(1) x{-n + 2) I 
{Lx(NtV+n+23 ·1 3. ~v:y(3) y(2) .. y(-N+4 ) lx (3) lx(2) ... x(-n-+3) 

( 44) 

i : : : ~ : ~ l ; ; : : 
/ 1 L. . . L17 :y(L) y(L-1) .. . y(L-Nt1) :x(L) lx(L-1) ... x(L-N) y~5 
L ~ 

;,_._);:no-;.m coefficients 

... l f: I b . ' . I 11 -, 
V[rN+V+n+2)x1] = coLL do d1 ... . d]) f ro + 0 I .. J m +l]n I rn-t-11" '/ 'N-11- :-a1 ... -qnj 

I 46 ) 

~y 'EL:p:;,:;lyin.g the 11rocedura d.e.scri'!>-~v. i.1:. section 3 these data can be re-

;.:.; c'c' .'::::;:·<·::..oed i.'l sec+.i.o-:."1 - tr...i reduction can ":ie zir'lf.le success:!.vel'· 'Iith 

ffr'CJW.:.:·:;; ,:;;,.to, "'i'ithout 'the necessity o.f memoriz:inc past "'W"' lnstea.-i 0f ( 
1
' ) 

!!. :r·.;;:Lc ;:i ::;vstem of eq·.Js.tlor.s _z ·~btai.'led 
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J: -e~ -
[(N+n+v+~)x1]- [{N+n+_V+2) ·d] (48) 

Let us bear L'l'l mind t hs. t t he sum of sq,UB.I·es ( 42) ~ has not been cl:>..a.nged by 

this raduction, i~e. it holds t hat 

T'ne f irst s t ep in the s olution of our :problem is the estinBtion of coef­

f i cienta ri {i = O_, l, 2, ••• N-l) e.nd d ( (i = O,l, •• 1v). In other words; 

t hese coef f ici ents rAve to be dete~tned so t nat the sum of squares (49) 

is w..inimum1 and assu.!:lir~ for this instru:.t tr..a t coefficients a and b are 

known. m:'1e minh11isati on can be :performed in t :be following w.y. 

Lat us di Yi de I!E.trix Z*and vector ?J as sh9wn,in {47) and {46). 

d[{vt1)x1] 

~(N+n+>>+2)11] ~ ~[N x1] 
-1 
a[nd] 

'B:1e defirrit:!::>!l of newly intr oduced matrices 

ses ... nto hrea systeD:S f i nee.-r equati ons 

(51) 

end vectors can be seen -from 
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P
1
d * Jt. -x if * ~ 'b 

11 a ed + xd d 

* ;t ;(- * };_ 'b - Xr - Xr a eY> 
I 

' -! \) 

-x- * e* -xe -Xe a e 
It i .S ObViOUS t }ls.t by the Selection 0 r C\!"l,Q d it j_-:- ~:p~s::;i"cle t.v "YJ ­

fluence e; 1 h O'W"!Ye!'1 v-ectors eJ a."'ld e: C~.n be c ::r,_ .LeteJ.~.r ar>..n1.:.3..;;!:. by "';.;1· :; 

selection . Consequently; 

o e;r-T e * (56J 
emln = e e 

is tire i''>!llf.t.llest attainabl e su.m of squ:tres: 9Dd -t;,: 
fou!'ld by so v:L.:.g equa. tions (55 ) &.'"1 { 51l-) by se'jti6 

in th>;se equations . 

+M l b [(n+1).d] 
u [Nx1] [Nxn] a[nx1] - L 0 J 

~-here vec ·· .:- U a..."ld mat rix W c,re def t '1ed by re ation-):r~ .• 

"";r h ngular :r.atri.x rra!(es the co,1put· _ ::t .... ~:. of' ' 5 J. ) v...:::-:;· easy 9 

~~0.trh: Yr~ contains only re:d:uced. in::~ ttt ;;:;ata . For .._::.a e •i.:;tcr:c· o_ 

its inversion this r:'fl.trix nmst not be a sing.· -Rl' one . 'ET" inp"t sl ;;.-r ... l CGT!~ 

pl ying with t hi s condition '\\>a;:; dG .sis:na t ed ir;. i:>,jcti c•1l 2 a.s ., ... ,_~::t ' ci<l.;tl·' ::x~ 

citillB" . For :tnsta.nceJ this conditic·:-~ i s !10t i'ulfille~ 'Jy "" -peric.ji~:l :;;~ c-

nal >;i th a. :p .,!'iod s!!llller tran N. 

Fo:u ult:t (57) yield.e 

gressi on c o.efficlent3 ( 40). 

Re b) 

57) . it :!. 
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minimisation of tr.e sum of squares { 41). The procedure d.escri~ed in section 

:r, .,r_,J_l 'be used a.ga.in. Let us arrange equa. tion {51) into the form 

~ ~ S Lb[(n+1)~1~] 
'(N-1] [Nx(2n+2U • ~[n x1] .. . · 

r;here 

(59) 

S ~ jllln+1)x(nt1)]j ~ . I U J . 
[Nx(2nt 2)] LO l [!~~ n]! [N x 1~ _ 

After dividing matrix W a.nd vecto~ ~. U into 
4two narts 

(60) 

[Nx(2nt2)] I 0 ' I W, I U 
S =IIRN+1)x(n+1)]/Wb[(n+1)xn] :ub[(nt1))C1]. J 

L . · 1 a~N-n-1)~11] l aRN-n:1)x1] · 
it can be seen that for reducing .rra.trix S into tria:ng'.dar form it wlll 

suf'fice to reduce into the uppe:"' triangular ro!'!r: only matrix \J0 together 

,.,ith vector Yet. After this reduction we obt.,a,in bstead of (59) 

t
l[(n+1Jx(n+1)] Wbgn.,.1JxnJ ub[n+1)x1]~~bgnt1 ) x1J] 

/\f - o . wt jf . 

Tc2n+Q)x1]- · a[nxn] L1a[n1(1] a.[nx1] 

. · 0 0 u; L 1 

(61} 

The last row ( 2n+2) ~onte.1..'1s ot'..ly the last . elen:.-ent u; ,and for any arbi tra~ 
r"J a and b the sum of' aqua.res (41) . 

N-1 Rn+f 

Qr = E ~-2 =I; ~*2 (62) 
i ~0 l l.:.() L 

' ' 

ren1aL'1s unchs.nzed. The szrallest value of Q r atta.inaole by the selection 

of 0 and /o is thus 

Esti:rr.ates Cl are obta1ne1. from equation 

the solution · of \Thich is ver y s~le 'because 

For esti1mte ~ it follows f'r<El { 61) that 

w* a 

(6~) 

(64) 

is a triangular matrix. 

{65) 
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The solution of our problem is th<lS completed~ The as:ymptotic properties of 

the estimates will be given in section 5. 
•"'·s far as the drif't.1 eli.'rnina ted. in the ·course of co;nputa:tion, i s con­

cerned, it can be deterndned in the following way . .Frcm equati~s (53) and 

(54), where we put e ~ ... e;; = 0; let us compu"te est.i.nate d, and, usizlg 

relations (36) or (37) 1 the estizmtes of coefficients c;'(i = 0,1,. .. 
1
1/) of 

2ol;ynorni al ( 5). 

CTr..illg t o the limited scope of this ar-ticle a.l.l nurnerical details 

canr..not be discussed here. _Let us bear i.."'l mind, however, thlt the described 

a.lgori thm is arranged so tlE.t a. small number of ad.ditior...al numerical opera­

tions :permits the sirnul teneous co.rnput.a. tion of all variants for the lower 

orders of dynamic model (2). 

5. Tne aszmptotic prgpert1es of the estimate 

The representation of the lov-:f"requency drift by polynomial · ( 5) ma­

kes sense only for a finite inter.fa.l of observation. For this reason t.."IJ.e 

asymptotic eproperties 
- 't-1 . t.E{ ~. ;= c 

0 
w:1ere c 0 

of the estir.e.te were studied only for . the case of 

is an 1.mk."'1own ·constant. The follm;ing theorem holds: 

TI1eorem 1 '?ihen the follov'...i.llg assu.>"~!ptions are fulfilled: 

(.A J Input signal y( t) is -persistently and sufficiently exciting, 

i .e. the fopow·ihg limit.s exist witJ'I~robability me 

Lt·mf Lyft) 
1 

· ft'm -f- LY(Oy{ftrc) 
L?oo f,.f L-.oa t=1 - y*-1 a,nd inverse ms.trix r in (58) also exists, 

[.B] noise C. ( t) is weakly st.a.tior..ary and ergcdic 1 

(C) the dyn?~'!lic system can be described by d.i.ffera."lce equ..<ttion {2) 

~hose order n is fiPJte and kno~~~ 

[D] t he cr.l.8l"S.cteristic polynomials of t he left and right sides of 

eoua tion have no common root; 
- A ~ . 

then est irr.at.es a and . b computed :from eqllB. tions { 64) and { 65) 

a re strongly consis tent, i .e. it holds tffl.t 
'I 

=b)= 1_ 
it ~,.;ould be possible to determine 

only a reduced. mod;: :::.ot contai.:n:tn <;> the corn:mon root f a ctor .F.mrever 1 f o:::- the 

this type of model i s entirely sat isfactory. 

J 4 ~~ ~ n 1 r f nr 1:.-~ (,t.L o. ·The vali dit ·,; 
.t.S g.l.V~J. ... .L.4• - ·- - vvJ 

pur.9oses of a ut omatic control 

o.f the theorem for· the case of [ £ ( t) = c 0 f 0 can be :proved i n a very 
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6. Experimental results 

The algari thm described in sections .} and 4 vas written in AI.GOL-6o 
and the method tes~_d an a ELLIO'l'l' 4100 cauputer!) Input. data ~ the pro­

gramne: 1) the nax1mum order n rnax~ the dynamic IIIOdel considered, 2) order 

ot pol.ynanial (5) respecting the dritt ~ the output, 3) the number .1 ot 
regression coefficients cCilSidered., 4) the sequence ot the input-output 

:pairs y( :t) ,x( t) ot the investisi te~ .. system which are gradlally read traD 

a punched tape (or can be directly Obtailied troaa the system by -.na ~ aa 
. A ~ 

&DUog-to-digi tal converter). 1he computer prints tbit estiDates Q 8Jld b ot 
' A 

the coefficients ~ ·the ~model, the estiDBtes C ot the coefficients 

ot the pol;ynomial. drittl &nd the nspeotive m1n1lal values Qe (~) 8Dd Q,. 

(57) ot the sUm ot squares. These results are s1JIIIJltaoeoual.y obtai.Ded tor 

all orders n~ nmax ~ the model as shown in the computer print in r1s.2. 
The caupe.rison ot the Q values permits the estiDation. ot ,the order ~ the 

dynamic model, or the selection ~ the suitable · approxiDatian. CD request 

the results are printed by the ccaputer . atter the processing ot each ,o 
:pairs ot input and output data ot the system• Tbis permitS the tollov-up ~ · 

the gradual.ly increasing accuracy ot estiDates vitb, -tbe. growing length ot 
observation. The modified versian ~ the prognu~~~~e . as also compUed tor 
the :frequently occuring case when it is known in advance tlat b

0 
• o. 

. For testing -the method the punched tape containing the input--output 

pairs ot the system was genera~ by a special separate prosr8DIII8 simula• 

ting the real system vith noise and drift inclusive. ·Ra.ndall and not-randca 

input signals were applied. PseudorandaD binary sipal proved to 1te 1oba ben 

suited. 'l'ba Ga.ussian white noise vas approxiDately obtained as the SUil ot 
12 random nu."!llbers with a uniform distribution.Correlated noise with a. selec­

ted auto-correlation tunction was obtained trom uncorrelated noise by .aDS 

ot a discrete tU ter F{ z) ot the type ot ratioDBl. tractian tuncti011. 

Figs. }9. and .}b show the 1dentit1cation curves ot a seoc:md order 

system.sa.'llpl.es ot input, ideal output and applied noise are shown in F1g.4. 
The sum ot ideal output and noise were used tor identification. lD the caae 

shovn. 1n Fig. ~ uncorrelated noise with linear dritt ~a used the aample 

ot which is designated (a) in Fig. 4. 'rbe ratio ot the ettee~ive value ot 
this noise (without dritt) to the effective value ot tbe 'ideal output is 

c5e, I 6v • 1. 

*) The complete program tor pJ;"actical applications is avaUable a.t the Insti­

tute of _ Inf'orrt:ation Theory Ei,nd Automtion ot Czecboalovak Ae&demT ot Scien­

ces, Vysebradska 49, Pra.gue 2. 
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In tbe case shown 1n Fig. 3b e.uo:.ocorrelat-ed nois-e va.s· used btained 

~om uncorreated noise by e ans of filter F(z) = z/( z ..., o .. 6}c ln th:La ca-

se the ratio GC'/' v • 0.5. . 

Fig.5 shows the compariso.'l of t lie impulse respo:l<'~es o'f th~ o1.• j,gim.l 

and of the models obtained as t..~e results of i dentification ii.1 case {a} 

(Fig.3a) for L • 44001 and in case (b) ( Fig. )b ) f0r L = lOOO ~ 

Fig. 6a shows the identification curve or a third order s~rstem~ I n 

thia case t.he noise was uncorrele.t ed and the ratio c;C' / t5 V ::::. Oe32 ~Th~ drift 

we.a also linear. Fig. 6b shovs the identification of t he sa-":1!' th!r:i order 

system, however 1 the model was considered to be o.'lly of seccrid o ·C.er .. T.hi! 

result• shown in Figs. 6e. and 6b were simulta.r~cusly obtained by a sin.gJ..e 

cauputation. The impuls response ot the third order or1g1."1l'i'J. are com-; s.r ed 

in. Fis. 7 with the impulse responses of the third a.-·'ld se~ond o ... .:.a_r m...~ls 

obtained. 
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FIG. 1. 

LBII<ml OF O!SBRVA'l'ICif L • 500 

Jltl.mR: -o. 000492 
DEN(»{: 1.000000 
DRIJ"l': 25. 0012o6 

0.187857 1.961858 
~0.722175 -0.839585 
0.249985 . 

' Qr. 4.~o6 

Qa. 5.~00 

3.304158 1.521789 
0.883417 -0.253558 

IUMER: -0.000510 0.188462 1.761883 1.432370 
DENOM: 1.000000 •1.784605 1.056370 -0.2}8767 
~: 24.991964 0.250093 

BUMER: -o.065485 o.l20247 1.692743 
Dlmat: 1.000000 -1. 751~764 0.820709 
DRIFT: 27.195239 0.216817 

Qr • 1. 780c»01 

JU.~ER: o.067n8 0.280492 
DENCM: 1.000000 -0.993374 
DRIFT: -11.183293 o.t;s&S81. 

FIG.2. 

Qe • 8.161..:»02 
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n=2 v=1 N=15 b=O a a b b 
I 1 

I 0 1 2 1 2 C1 C2 

True parameters : - 0.974 0.223 1.548 0.939 -5.0 0.020 
Estimates ( L =4 400) -0.976 0.239 1.542 1.018 -4.7 0.019 
Input signal : pseudorandom binary (period 67) 
Noise: uncorrelated 6t f6v = 1 

I ~ 
1+ --------------------------------

! 

1 
o l ~·· .~ I · roo 1 . 

I : : I 
2000 

:. : 
3(1)() 

~ L(Length of observation) 

I 
4000 

I ~ _J ---- ~ .... ~~~~ ............... ...;_,_a.,:......._ 
FIG. Ja . 

n= 2 v=1 N=15 b =0 
1 ' 1 o a

4 
a 2 b

1 
b

2 
c1 c 

2 
True parameters : -o.974 0.223 1.548 0.939 - ,5.0 0.020 
Estimates(L=1COO) : -0.971 0.216 1.476 0.929 -4.9 0.020 
Input signal : pseudorandom binary (1Jeriod 31) 
No;se autocorrelated F(z) = z/(z-0.6) 

1 
6t/6v =0.5 

"2: : 
250 500 750 voo 

--
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+1 11 11 1111 I I - 1 I I Ill llll I I 11 I 1111 11 iilll 1111 I I 111 
I ' Ill I I 

input 

(a) 

-5 

-10 

0 ~--~----~------------------~~--~~~-s~e~~~o/o 
-5 l ,lr I ~~lt •I a.1 rf~ ) ~ autocorrelated (b) 

t• I • ..-:, f'~ 
rt -----

drift 

FIG. 4 

2 
PULSE - RESPCXVSE 

• original 

+ (a) noise 100 9&, L ... 4 1,00 

0 (b) nmse 50 o/o, L -1000 
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n=3 , v =11 z25
1 

b
0
=0 

~ ~ a3 b1 b2 b3 eO C., 

True paramelers : - 1.110 0.355 -0.030 1.309 -0.092 0.248 2.00 0.050 
Estimates (L =1500): -Q814 0.009 0.111 1.280 0.213 0.094 2.02 0.050 

I 
Input signal : pseudoranciom binary (period 67) 

. oise uncorrelaled G£/ov = 0,32 . 
I 

1 l "---
! 

~ 
I 

I 

I --: b3 

I --
l 
I 
I 

I 
· 1 + FIG . 6a. 

n=3 ·
1 

v=1
1 

=25
1 

b
0

=0 

Approximation n = 2 °1 °2 ~ b2 
Estimates (L =1500) -1.321 0.414 1.276 -0.368 
Input signal : pseudorandom binary ( period 67) 

I 
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ON INPUT SIG NA L SYNTHESIS IN 
PARAMETER IDENTIFICATION 

by 

Masanao Aoki* and R. M. Staley** 

1. Introduction 

Department of _Engineering 
University of California 

Los Angeles 

This paper considers the off-line identification of a 

system described by a kth order scalar difference equation, 

with Gaussian additive noise on the observations of the 

output. The identification problem is that of ~stimating 

the unknown system parameters from the noisy observations. 

The input signal synthesis problem is that of choosing a 

sequence of input signals to minimize a measure of the 

estimation errors, subject to an energy constraint on the 

input or output o.f the system. 

Past work in the area . of input signal synthesis 

includes brief discussions of the problem in References 1-3. 

Reference 4 gives a solution to the problem for the case 

that the parameter variations are small enough to permit 

linearization of the ?utput with respect to parameter 

deviations. In this situation one can employ linear estimation 

theory, which simplifies the problem considerably. In general 

however, identification is a much more complex non-linear 

estimation problem. 

Reference 5 discusses the problem of choosing the input 

to m_inimize the probability of a decision error· when the 

inputs and possible parameter values are members of a finite 

set. 

i n part by AFOSR Grant 1328-67 and NSF Grant GK-2032. 
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Reference 6 gives a solu~ion numerically to the one 
_arameter problem in the .case t hat t he paramete r i s t reate d 

a s a random variable with known statistics. In that paper 

the s equence o f i nputs is chosen to minimize t he lower bound 

on estimation error, as given by t he trace of t he Fisher 

i nfo r mation matrix which appears in the Cramer-Rao inequalit y 

for unbiased estimators7, B for t he general k-parameter case 

l eading to an open-loop controls.. The relevance of Fisher 

information matrix in the system parameter estiwation problem 

has been noted, for example, in Reference 9 and 10. 

In the main body of this paper the unknown parameters 

are treated as constants rather than randorr. variables. Both 
the input constrained and output constrained cases ar~ con­

sidered. The closed form analytic solutions are presented for 

t he simpler one parameter problem. - A useful approximate 

procedure is developed using the Toeplitz matrix. 12 The type 

o f analysis presented in this paper is a necessary preliminary 

step to discuss the input signal synthesis problem where the 

system pa~ameters · are random variables with known probability 

distribution function. Extension to this latter problem 

i ncluding open-loop feedback controls and feedback controls 

c an be made as in Reference 6, and are briefly indicated at 

the end of this paper. 

II. Problem Statement and System Representation 

Consider a scalar difference equation 

i =O,l, ... 

-.'lhere the parameters a 1 , ... ,ak are assumed to be unknown 

constants . . The system state variable at time i is xi and 

~ he input variable is ui. Assume for simplicity, that the 

init ial conditions are all zero, i.e., 

x-k+l = 0 

( l ) 
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It is more convenient for our purpose to re-write ( 1 ) as 

where 

X - n 

and where the superscript T denotes transposition. 

( 2 ) 

A convenient representation for the matrix Gn in (2) is 

given in terms of its inverse, i . e., 

1 , 0 ... . 
-al' • 1 , o, 

G- 1 . 
n -ak , -a. 

1 ' 

0 , ••• ,' -ak , 

0 

0 

... ' 1 , o ... 0 

. 
... , -al, 1 

:nxn matrix 

(3) 

namel y is a lower triangular matrix with non-zero elements n 
- a1 , - a 2 , - ak on the first, second ... and the kth lower 

eo-diagonal lines respectively, the elements on the diagonal 

line being all ones. 

The state variables are observed through noise 

(4 ) 

where the noises are assumed to be Gaussian with 

2 
E <n 1 n j ) = a o ij 

Define 

and 
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n er -..he above assumption , ';he Fisher ·information matrix 

c ' defined as 

Me ~p(ln i ~ ) ~~ ln p(ln i ~ ) [ ~~ ln p{ln i ~)] Td ln {5) 

tihere the integration i s over the space of all possible obser­

Tation vect0r ~n' and where 

a 

J 
~ 

1/a ~ a 
a~2 

a 
aak 

i s easily seen to be the (kxk) matrix 

:1 =~(11 T 
(1/ a ~ ) (6) 

c (J §:. ~n ) 

·11here 

(~ 
~ 

) 
aak 

va~ 

axn ax n 
aa1 aak 

3 iven any unbiased condi tional estimator Yc ( ~n ) of§:_, it is 

xnown that a lower bound of its covariance matrix is given by 

the so-called Cramer-Rao inequalityS* 

( 7) 

i·Ihere 

( 8 ) 

* If B and C are two ( LxL ) matri ces then the notation B>C 
rn 

r:1e ar: 2 ~~ (B- C) x> 1:) fo::::" all ~ E: RL . 
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This paper investigates tne dependence of Me on the 

~n vector. This will be done for the case of known· ~' 

leading to an open-loop control for the system which maximizes 

a function of the characteristic values of Me, namely tr Me·** 

Thus , the question of constructing unbiased conditional 

estimators Ye such that their error covariance matrices 

.approach Mc - 1 asymptotically is not discussed. 

III. Input Constrained Case 

III.l General Discussions 

Define the performance index, J, to be the . trace of the 

Fisher information matrix, which from (2) and (6) is 

J ~ tr (M ) = ~ k c.Un.. T 
c cr i~ 1 'a ai ) 

( 9) 

where 

1< i< k (10) 

It is desired to maximize J subject to the constraint 

~nT ~n -d 1. It is convenient to introduce an (nxn) shift 

matrix, Si' l~i~n-1, as the (nxn) matrix with elements all zero 

except on the i-th eo-diagonal line below the main diagonal 

line where the elements are all one's, i.e., 

all other elements are zero. 

In terms of the shift matrices, Gn-l of (3) can be written as 

** At the end of this paper, the input signal synthesis problem 
is briefly discussed under the assumption that a is a random 
vector with known a priori probability density function p 0 (~). 
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Sin ce 

S S S S T_~or i +J'< n- 1 
i j = j i 

( see Ap pendix 1 ) Gn - 1 commutes \.,. i th Si , l< i n - .L . - · mi larly 

·.:Jn corrunutes •,.,ri th Si. 

?ro.u ( _ ) 

and ( 9) 

r .l 
l T 2 T 

= ~~ ( n 

+ S . G 2
u 

l n - n 

s .­
l n 

2 (1 _ ) 

-~ 1~ easy to see t hat 2 is a lo er t r' angular mat rix and n 
: .. at 

·: .. 'h-r -~ 

w er 1 

e ~::.ne 

S G 2 
1 n 

o l a -------·-1 

I 

la 
I 
I 

is the (n- l ) X(n- 1) main submatrix 

2 
rn 

and A3 are both non- singular lower 

Dk I + s1 
T 

s 1 + + 8k- 1 8 k- 1 ... 

2 

r ang · ar m a rices . 
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Write 

where Ek is the (n-l)x(n-1) matrix Ek 

k-2, ... ,2,1) 

Then 

where 

u T 
-n-1 G!!.n-1 

6 T 
G = A1 Ek A1 : (n-l)x(n-1) 

(12) 

diag(k, •.. ,k,k-1, 

Thus the constrained optimization problem will be solved if 

un is set to zero and ~-l is chosen to ·be the eigenvector 

corresponding to the largest eigenvalue of G~ 

It is more convenient to work with the inverse of G; 

Then ~n-l is to be chosen as the eigenvector ·corresponding 

to the smallest eigenvalue of G-1 . 

Now 

G-1 =Al-l Ek-l(Al-l)T (13) 

-1 (l l -L _1_ l 1) 
where Ek = diag k' ... k' k-l' k- 2 , ..• ,2, T and 

where A1-l is the (n-l)x(n-1) main submatrix of Gn-2 since Gn2 is 

lower triangul ar. Thus 

(lLi) 

where S'i's are (n-l)X(n-1) shift matrices defined analogously 

to (nXn) shift matrices. For examples with k=3~ n>6 

-1 2 ( A1 = In-l - 2a1 s• 1 + (a1 - 2a2 ) s• 2 + 2a1 a 2 -

2a
3

) s •
3 

+ ( a 2
2 + 2a1a

3
) S' 4 + 2a2a

3
s' 5 + a 3

2 s• 6 
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Thus , -1 . A1 1s a lower triangular m trix wi th one's on the 

diagonal line , and elements on the eo- diagonal lines below 

the main di agonal line are respectively the scalars multiplying 

S ' l ' S ' 2 ' . . . ' S' 6 matrices , or 

a.l - 2a1 

a.2 (al 2 - 2a2 ) 

etc 

Some numerical solutions for the optimal u vector are 

shown in Figures (1) through ( 3) for the case s K = 1 , 2 , 3 . 

III . 2 Ca se k=l 

-1 he mat r ix G takes a specially simple form when k=l . 

'de take the dimension of G- l to be nxn. 

·,rhere 

vJh ere 

Thus 

G - 1 
n 

Al 
- 1 

a l 

a. 2 

G - 1 n 

Al - l(Al - l)T 

I + a.1 sl + a.2 s2 n 

-2a 

2 a 

( 15 ) 
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where 

= [~a -2a J Gll 2x2 

1+4a2 

=(::(l+a2), 
0 o, ··] G12 2x(n-2) 

2 o, a ' ... 

and 

G22 (ci-j) : (n-2)X(n-2) 

where 

CO 1 + 4a2 + 4 a 

cl c -1 -2a(l+a2) 

c2 c -2 
a2 

a l l other c's are zero. 

The matrix o22 is therefore (n-2)x(n-2) Toeplitz matrix. 10 

The matrix G-1 can also be written as 

G2 
-1 

c 2 D2D2 
T 

where 

c2 is the nxn Toeplitz 

as specified above and where 

T [-2a, D = 2 . 
2 a , 

2 
a ' 

o, 

matrix with eo' c±l' c±2 

0 •• J ·. 2xn 

0 ••• 

The analyt ic solution of this pro~lem is discussed in .. 
more det a i l in Appendix (3 ) . 

(15)' 



IV. Output Constrained Case 

IV.l General Discussions 
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I n this section, the output vector ~ is obtained which 

maximizes a function of Mc . This problem ma y b e o f intere s t 

i n its own right in some situations. I t is s h own in the ne xt 

section that an approximate method o f sol v ing the input 

constrained case also leads to the study of th i s -ase . From ( 9) 

a 2J f (:~) 
T C!n) i=1 aai 

where 

a~ aGn 
-1 

aai l1n aai ~ 

Therefore 

~ k S T G T cr2J ( l: Gn 
i=1 i n 

Since si and Gn commute 

T ,.,., 
S T S T cr2J Gn 

J. (I + X ' -n 1 1 

X T S 
-n-1 !n-1 

where 

where B1 is (n-1)x(n-l) matrix 

G 
n 

0 

+ GnSi~ 

. 
Si) X -n 

T 
s1 + + s k-1 sk- 1 ) · ... 
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and where Ek has been defined in connection with (1:)'. I~ 

is now desired to maximize J sub ject to t he constraint 

x T x ~ l. This problem is so l ved if x = 0 and x 
1 

is an - n -~ n -n-_ 
e igenvector of the matrix S corres ponding to its largest 

eigenvalue. Again it is more convenient t o find the maximum 

eigenvalue of s and its corresponding eigenvect or by ob taining 

the smal lest eigenvalue of S-l and its cor responding eigen­

vector, where 

Some numerical solutions for the optimal ~ vector are shown 

in Figure 4, the cases k=l. 

IV .2 Case K=l 

When k=l, S-l takes a particularly simple form 

(n-l)x (n-1 ) 

where 

311 1 s12 = [-a o o .• ] • lx(n-2) 

3 22 ( ci-j) (n-2)x(n-2) 

c 1 + a2 
0 

cl c_1 = -a 

all other c's are zero. An alternate expression for s-l is 

where 
C is the (n-l)x(n-1) Toeplitz matrix with only 

non-zero elements being c
0

, c1 and c_1 mentioned above, and 

where 
T 

. D = sl2 
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As shown in Appendix ( 2) ·, i t is poss ibl~ to obtain the 

characteristic values a~d vect ors of (nxn) s-1 explicitly 

in the case k=l. The characteristic va lues are 

k=l, 2 , ... ,n 

where e x are the solutions of 

sin (n+l)e 

sin = a ne 

The characteristic vectors are given as 

xk = A sin (n+l-k)e 1 

where A .is a constant of normalization, where e1 corresponds 

t o the smallest eigenvalue. Thus for k=l , the output constrained 

problem has been solved exactly . From (2) 

.:.. . e .' 

X -n 

A[-a sin (n+2-i)E1 + sin(n+l-i)~] O<i<n-1 

IV . 3 Approximation 

where 

~ewrite (10) as 

a~ 
- ...,-- = + GnSi-nx aai 

!::J. 
X= [S1 ~n ' s2 ~n' . .. , Sk ~] : (nXk) matrix 

ue ote the smallest and the largest eigenvalues of GnT Gn by 

~mi. and ~max res pectively. 
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Then 
T XTX (16) J.lmin X X <<fM < - c_ J.lmax 

whe re 

> 1 
J.lmin 

(1 + f I ail )2 
i=l 

and 
J.lmax < 1 

(1 - k I ail 
,2 

E I 

i=l 

k I ail 1* provided Ei=l < 

by arguments similar to those of establishing ·Gersgorin's 

disks9. Therefore, as an approximation, one might try 

maximizing trXTX rather than tr M directly with the inputs c -
constraint u T -nu = 1. -n 
Let 

J' tr XTX 

Then 

T k T J' X ( E si . si) ~ -n i=l 

T G T 
k 

S T UT u ( E Si) G u s ~-1 -n n i=l i n -n -n-1 

Thus the problem reduces to that of the output constrained 

case discussed previously in IV.2. 

V. Approximation by the Toeplitz Matrix 

In the input constrained problem of Sectioniii 

it has been shown that the optimal ~-1 is the eigenvector 

,, 
*~n case Ei~l !ail>l but the system is stable, then 

~ max ~jgiDtoo where {gi } is the weighting sequence of the system (1 ) . 

/ 
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corresponding to the smallest eigenvalue of the ( n-l)X(n-1 ) 

ma ~ rix 

~hile in the output constrained prob lem , it has been shown 

that the optimal ~-l is the eigenvector corresponding to the 

smallest eigenvalue of the ( n-l)x(n-1) matrix 

S - l = B -1 -1 ( -l)T 
1 Ek Bl 

where Ek is the ( n-l)x(n-1) matrix defined in connection with 

(1 2). 
-1 - 1 Since both A1 and B1 are lower triangular matrices of 

the general form* 

an approximation technique is developed here in a general way 

wh ich can apply to either the input constrained or output con­

st rained c ase. Hence, in this section, we consider the pro­

b lem of findi ng t"he . eigenvector corresponding to the smallest 

e igenva lue of the matrix 

E = Q E -l QT (17) 
k 

-1 -1 where Q is either A1 or B1 • 

:Jote th a t 

when F ~the ( k -l)X (k-1 ) matrix g iven by F 

l 2 k-1 w 'k-2' ... ,-1-). 

(18) 

diag ( 



Therefore 

where 

and where 

H = .l [ Q QT + T] 
k 

Q = [~; ~- ~~J 

41 

where Q1 is (n-k)X(n-k) and Q
3 

is (k-1)X(k-1) . 

The matrix Q
3 

is of the form 

1 0 0 0 

al 1 0 

Q3 a2 '\ 1 

ak-2 al 1 

As in ( 15) I J 

QQT = c - DR. D T 
t 

where c is the (n-l)x(n-1) Toeplitz matrix with elements 

cij = c li-J I given by 

i 

CO 1 + r a2 
i=l i 

cl = Ctl +. Ctl a2 + ... Ctt-1 Ct i 

c2 = a2 + Ctl Ct3 + ... Ct£.-2 Ct.Q, 

(19 ) 

(20) 
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with cl i-jl = 0 for I i-JI>~, and where the ~x(n- 1) matrix 

D~ is des cri bed by 

D~ T = [R~ 0] 

where R~ is the ~X~ matrix 

a~ 
The elements 

equality 

g(z} 

where 

p(z) = 

1 
p(z) p(~ 

t 
1 + E 

i=l 

0 

(li zi 

It is known that the minimimum 

A. m in = min XT H X 

X 11~11' 

are generated by the 

eigenvalue of H is g iven 

and that the minimizing ~ i s the corres ponding eigenvec tor~ 

F~om (19) and (20) 

by 

x Hx _ 1 x c.x T [ T 

1 · 1~11 2 - k 11~11~ 
(2 1 ) 

If the (n- 1) d imensional ve ct or ~ is partitioned as 

~=m 
v.fhere u is txl, '!!.. is ( k - l)xl , and~ is (n -k - ~- )xl , from (2 1 ) 
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1 

[ 

T . TR T R x ex u u 
=- ~-- .& .&-

k I I ~I I 2 I I ~I I 2 

where 

I I ~I I 2 
= I I ~I I 2 + I I ~I I 2 + I I ~I I 2 

-r t he normalizat ion of x is chosen as 

l i m 1 
n -+CX> n 11 ~11 2 = M such that I xi I ~ L for all i 

where M and L are some constants, t hen 

l i m 1 l in 
; !lwll2 0 n- 1 1 ~11 2 = n-+CX> n+oo 

Thus , under t he ab ove conditions 

l i m xTHx 1 ~Tc~ 
n-+o:> 

11 X 11 2 k 11 X 11 2 

The r efore , the choice of x to be an eigenvector corresponding 

to the smallest eigenvalue of the Toeplitz matrix C is a good 

approx i mation for large n qf the eigenvector of H. 
The Toeplitz matrix has many interesting properties which 

make it a desirable approximation. In the case that n is 

inf inite the eigenvalues of C coincide with the set of values 

g ( z) a s s umes on t he unit circle lzl = 1, where 

and whe re the coefficients are the numbers constituting the 

elements of C. If they are all zero for i>.& then the above 

function reduce s t o 

.& 
c

0 
+ 2 r ci cos ie 

i=l 
(22) 

If n is finite then the eigenvalues still take values 

given by ( 2 2) but now e is restricted t o t ake on n discrete 

a l ues in [0 , 2 n] . 
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VI . Ext ensions 

I . l System with Random System Parameters 

~ihen ~ is r egarded as a random vector with known a priori 

prob ability dens i ty fun ct ion p ( a ) , given any unbiased uncon-
o - 8 

ditional estimator y (ln ) , i t is known that 

where 

and ;.Jhe re 

.:,~~ ' ~ 
[ y (ln) - ~] [y(ln ) - ~JT ~M-1 

M 

E . (a) a -

Jfpo(~) p(lnj~)[~a ln po(~) p(lnj~)]• 

[ Va l n p 0 ( ~) p(lni~)]T d ln d ~ 

In the case of Gaussian noises assumed here, it is easy to 
see that 

where 

y, a ~ [ Va ln p 0 ( ~) ] [Va ln p,0 (~)]T - -

Since f.1 a. depends only on p
0 

( ~) and not on ~, a measure of _ 

error may be taken to be again t r Ea (Mc) . With this criterion 

function , results fo r the single parameter output signal con­

strained case are summarized here. Obvious extensions t .o open­

loop feedba ck control laws can be made as in Reference 6 . The · 

detail 1il_ be the subject of a separate paper. 

From Appendix 2 and IV.2, t he smallest eigenvalue of 
: x'· matrix E ( S- l ) is given by 

a 

'tihe re 

E (a ) 
a 
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- 'IT [ e ~N 1 - N(l m ) + 1] - 1 

To obtain the corresponding eigenvector, the recursion 

equation (2.6) of Appendix 2 is now replaced by 

-where lJ = cos ~ 

Proceeding analogously as in Appendix 2, 

VI.2 Non-zero Initial Conditions 

It is straightforward to extend the analysis presented in 

this paper to the case with non-zero initial conditions. Some 

of the results in this paper can also be extended to the system 

with the dynamic equation given by 

k m 
xi+l + E aj xi-j E bj ui-j 

j=l j=O 

where b's as well as a's are unknowns. These extensions will 

be presented in Reference (11). 

VI.3 Identifiability Conditions 

Equation (16) can be used to define several types of 
11 identifiabi l ity" and/or give the criteria of identifiability. 

For example, us i ng the concept of complete 1dentifiability3, 

i ts necessary and sufficient conditions under suitably regularity 
. T 

condi ti ons on p(~lln) are that all the eigenvalues of X X-+oc 

as n -+oo, 

The con cep t of weak identifiability may be defined to be 

t hat the Fi s her informat ion matrix is positive definite for 

s ome n , qui t e analogous ly to t he concept of weak observab i li t y12 

t he ne ces sary condit i on of weak i dentifiability is ,that n> k 

b.ere k i s the numbe r of unknown parameters. The detailed 

ace un~ of these topics wi ll be found i n Re f erence 11 . 
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---r. and Conclu.sions 

T .. e probler.1 ~ y ntnesizin0 input s i gnal in off - _ · ne · 

sy st.e . :.dentificati proble has been ~ · scusse~ by maxi -

w'zing the trace oft e Fisher information mat rix . : t has 

ee .. s~ •,m -hat t:-!-= pro· lem re- ces t that ~~ findi!1 0 the 

a~ges ei 0 en• val e of a e~tai n matrix a~d its st ructure 

has been in vestigated . 

For etails of t, e case wit · r.on - zerc init.:..al con-

' itions and the problem wit h .ore generc. l linear di fe r --

enc e e qua t ion than ( 1 ) , see Ref . 13 . 

Some computationc._ aspects of the input signal 

synthesi s roblem has been resented in Re f . 15 . 

Some Propert ies of Shift Matrices 

':he ( nx . shi_t mat~ x s
1 

i s defined ~o be 

~ : ot er elements zero . 

nno-'-her -~· ay f defining si is in te rms of elementary co lumn 

ve ctors 
T e k ' • I • ' 

?or example 

It i e3. s o eri~y ha 

' . s . 
J 

or S T 

i +j < 

i +j>n 
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APPENDIX 2 

Comput ation of the CharQcteristic Values 
and the Characteristic Vectors of s-1 for k=l 

- 1 Given the nxn matrix Sn 

where 
B -l = :r; - as

1 1 n 

consider its characteristic equation 

IAI - s -l, n n 

Expanding fin (A) by the last row, it satisfies .the difference 

equat ion 

( 2. 1) 

where 
6 a2 s 1 + 

6 
0 

(A ) 1 

6
1 

(A) A - 1 

Int roduce the notation 

A - s = - 2a cos 6 

Then (2 . 1) becomes 

- 2a cos 6fln_1 (S-2a cos 6) - a2 fl n_ 2cs 
- 2a cos 6) (2.2) 

Assuming a solution of the form 

fln (S - 2a cos 6) = Ap n 

equation ( 2 . 2 is solved by obtaining the roots of 

or 

p
2 + 2a cos 6p + a 2 = 0 

p ±i6 - ae 
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Thus 

. (2.3 ) 

where A and B are constants to be determined by the initial 

conditions in (2,1), or 

i .e., 

A + B = 1 

-a(Aeie + Be-ie) = f3-2a cos e- 1 

A 

B 

(-a + eie)/(eie 

(a _ e-ie)/(eie 

Substituting these expressions in (2.3) 

6 (f3- 2a cos e) = (-a)n sin(n+l)e - a sin ne 
n sin e 

The n eigenvalues of s~1are then given as the zeros of !.ln' 

i.e.~ 

k=l, •.• ,n 

where ek are the values satisfying 

sin(n+l)e = a sin ne 

(2.4 ) 

( 2. 5) 

Nex t the eigenvector corresponding to the smallest eigenvalue 

will be derived. 

From the above discussion we know that Amin is of the 

f or m 

2 
1 + a - 2all 

whe r~ 

ll 
\..1 = cos e

1 e ~z [1 -
1 J 1 n (1-a)n-1 

The equation 

gives a set of simultaneous equations 
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X = 2 

2< i< n-1 

A ~ sum · ng a solu ion of t he form xk = Apk , we see that t he 

midd l e equat ion will be satisfied if 

0 which has the solutions p = e ±ie l 

The components of the eigenvector are expressib le as 

X· . = 

where A and B mus t s a tisfy the boundary conditions 

and 

ne o f the condi~ions gives the rat i o A/B and the other 

condit ion reproduces (2.5). The result is 

1< k< n 

wher e A is the constant of normalization. 

An alte rnate express ion for xk is 

( 2 . 6) 

( 2. 7) 

where A1 and A2 is dete r mined from the normalization condition 

such as 

or 

2 

£ l xkl 
k=l 

n 2 
i: I xkl 

k=l 

= const. 

proport ional to n 

This latter normalization corresponds to the constant power 

(ene r gy per unit t ime) requirement while t he former corresponds 

tA the c ons tan~ otal energy conditio 
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APPE W I X 3 

Computation of the Characterist ic Values 
and the Characteristic Vectors of G-I for k=l 

I t was shown earl i e r that for k=l 

G -1 A - 1 (~ - l) T :nXn 
n 1 1 

A -1 
1 

-2a 

Assuming that A has the same form as the A. of the Toeplitz 

sub-matrix a22 , we can write that 

A = c
0 

+ 2cl cos 6 + 2c 2 COS 2 6 

where 
1 + 4a2 + 4 

c a 
0 

cl -2a ( 1 + a 2 ) 

2 
c2 a 

The matrix equation for the e i genvector ~ ' i . e ., t' e 

equa tion 
G -1 = X~ N X 

can tnus be written as the set of difference equatione, 

c 2x
3 

- 2ax 2 + x1 = Ax 1 
( 3 . 1) 

c 2x4 + c 1x
3 

+ (1+4a2 )x 2 - 2ax 1 = Ax 2 
( 3 . 2 ) 

/,.X 
3 

( 3 . 3) 
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AX 
n 

The differ en ce equation ( 3 . 3) can be w ri tte~ a~ 

(3 . 4) 

(3 . 5) 

cl( xk+4 + xk +2) + c2 (xk+5 + xk+l ) = 2 (clcose + c2cos 2e )· 

xl-:+3 

Assu ing a solution of the form 

X, = Apj 
J 

w~ see t hat p must satisfy the equation 

~ learly, two of the solutions are 

D = e± ie 

After dividing ( 3.6) by (p -e16 ) (p-e-i6 ), the other two 

so lution is given as the r oots of 

er where 

e r 

p = 

c1 + 2c 2 cose_ ~-
- 2cos h a: 

cos e + co.sh ex = (~ + a ) a 

0 (3.6 ) 

Hence , the compon 3nts o f the eigenvector will be of the 

form 

xk = (3.6) 

The coefficients A, 3 , C, and e can be determined by 

lpp l ying the boundary conditions descr i bed i n eq uations 

d . l) - (3 . 5 ) . 
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In the case of nxn Toeplitz matrix, 

Aeine B 

APPENDIX 4 
Asymptotic Distribution of the Characteristic Values 

of the Toeplitz Matrix 

£ 
g(6) = C

0 
+21: Cj COS j6 

j=l 

Then c
0

, c 1 , ... , c
1 

are the Fourier coefficients of g(e) 

haracteristic values of c
1 

and 

g( _ iT + 2vn) 
n+l v=l, 2, ... ,n 

are equally dis tri buted as n~oo in the sense of Reference (10 ). 
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ON-LINE ESTIMATION .OF TH·E · PROCESS 
PARAMETERS AND ITS APPLICATION TO 

AN ADAPTIVE <;:ONTROL SYSTEM 

M. Nishimura, K. Fujii and Y. Suzuki 
Faculty of Engineering, Osaka ·university 

Osa)ca, Japan 

1. Introduction 
In the optimizing or adaptive control, it is an important 

aspect to obtain a description of the dynamical behaviour 
(mathematical model) of a process from the knowledge of the 
observed data. When the process is in norm~l operation and 
assumed to be satisfactorily approximated to be linear, it is 
recommended to introduce a conceptual model represented by a 
linear algebraic equation where the sampled values of the inpu t 
and output are related. The coefficients of the algebraic 
equation (process param~ters) are easily estimated by using the 
method of least-squares. 

KalmaJ proposes an algebraic model corresponding to the 
pulse transfer function of the process. Although this charac­
terization offers many advantages, the applicability is limited 
by the reasons that the topology of the process is assumed to 
be known and the estimates are biased seriously when the ob­
served output is corrupted by additive noisl. The characteri­
zation using the impulse respo~se coefficients shown by LeviJ, 
by contrast, has advantages that it involves the minimum number 
of the assumptions concerning the specific structure of the 
model and the .estimates are unbiased as far as additive noise 
is· independent of the input. 

The method de.scribed here aims to estimate the impulse re­
sponse coefficients by on-l1ne data processing,where the concept 
of weighted least-squar~s suggested by Kalman is introduced. It 
is pointed out that the method of weighted least-squares poses 
the estimation process for the low-pass filter. A concept of 
equivalent data length is introduced and the problem to esti­
mate the slowly time varying parameter is discussed. 

2. Principle 

A linear and time-invariant process can be expressed in a 
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convoluti on integral 

~Ct) =it 9 (f-'C) X("t") ~!' + h(t) 
-oo 

( 1) 

wh e r e fdC() is the impulse response of the pr.ocess, XCt) is the 

inpu t at time r, and ~~) is the observed ou~put at timet . In 

orde r to be re a listic , it is assume d that XCt) is an arbitrary 

s i gna l as one in normal operating condition and ~(t) is corrupt ­
ed by add it ive noise net) of zero mean. 

Under the assumption that a proper sampling period is 
chosen, t he process will be approximated to its sampled data 

equ i valent ~ 

'/Cit) = L llh(i-1) X( l> + hUt) ( 2) 
h-oo 

where ,.<t+f-)T 
t::.h(J>-= J.. 9Ct) Jt 

(1-~)T 
(1•0,1,2."·····), 

~(/I)= '/(ltT), X(.)•XC.+T), 17(A')• n(j.T) > 

where T is the sampling interval of the input and output. An<J) 
i s the increment of the inditial response for a sampling inter­

val and, t herefore, /lh(Q)/T is approximately equal to the im­

pulse response coefficient. For a while, we assume that ~~~0 

f or 2>P~t, then Eq.(2) can be written as 

where 

~(k) = ~(k)tJ.J + nCit) 

t::.h = ( llh(O) llh(O • · · · 6},( P-1) )' , 

~(k)=( XC_.,) X'C~-1) .. • • X{w-P+~)): 
whe r e dash denotes th~ transpose. 

(3) 

The conventional method of least-squares .selects as esti­

mates , l::lb't , thos e values of llb which minimize the sum of 

s quared dev i a t i ons 

( 4) . 

where N+l is t he number of t he observations (s ampled da_ta) of the 

output . The est i mates are given by t he set of simultaneous 

linear equa tions (the so -called nor ma l equa t i ons ) 

/!? "' -« ~ 
2:: (!.(~ ) ~(Q ) flb = [ ~(R ) I.J( U). ( 5 ) 

h k- N 9= /t - W 

Usuall) Eq . (S) i s sol v d di r ectly by usi~g a comput er 

where a bat ch of the input - ou tpu t da t a is process ed at a time, 
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bu t t his approach is out ~£ the present discussion on the on­

l i ne estimat i on. Alternative method to decide 6b~ is to use 

the re curs ive equation~. However, it is not practical to appl y 
this proc edure to the on- l ine estimation by the reasons that 

obse rved data are equally weighted and useless· past data are 

accumu lated . Consequently, the estimates never follow the var­

ia t i on of parameters, even if they vary quite slowly with _time. 

I n order to remove the useless past data automatically at 

the on -line estimation, we assign the different relative_ weight 

to the i nput - output data of different age. For the convenience 

of the practical computation, it is preferable to select such 
s um ·of the weighted squares as 

. "'i 

• . 2 ~ 
j(~») =,~ { Cj(/)-f!,(l)~ J w (6) 

where 1U' is the weight restricted by O< ~< 1. Here it is no­

t i ced that the lower limit of ~ is negative infinite, but the 

numbe r of considerable data is changed according to the amount 

of the weight. 

The least-squares estimates are given by 

( 1::0,1.2. -·;P-1). 

From Eq :(7 ), we can easily derive 

~(~) l:l~ = f2CIP) 

\·:here 
A(lt): .f. u.(l) ucgf w-lt-l 
- 1·-oo - -

is a PtP ma tr ix whose c'j th element is given by 

a,·;(k)= f_ X( i-t,') X( i.-() 1~/t-l 
1:--1/10 

:md 

b(k)-= t it(i) ~(i) iJ}IP-i 
- f~-1/10 

~s a P d i men s ional vector wh ose i t h element is given by 
k 

b,·( fc> ) = L X( 9.-t') <t<£)11.}/t-1. 
i::-00 

(7) 

(8) 

(9) 

(10) 

( 11) 

(1 2) 

:;·,\C· recu rsive equa tions sui ted for the on - lillfle estimation ar e 

~ e rivcd f r om Eq.( 8). 
! he simila r eq ua tions are derived by using a we i gh tin g 

:; .. 1 t ·c ix·'. HO\\·e'.·er, t he r e exists one d iff icu lty that the rank of 
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the weighting matrix is not determined since its elements are 
lost in some cases depending on the amount of th~ weight. 

3. Algorithm of the .on-line estimation 
To derive the recursive equations we notice the latest 

data, ~<•> and VC/t) , in Eq.(8) and put them out of the summa­
tions. Then Eq.(8) becames 

~ ffllt)JJ.Citl t 'W'_A<•-l>!Ab .= ~CA'l~CAr) +:'JIJ-9CA>-1). (13) 

Defining the previous estimates at t•(jo-1)'T as 

t -· 6[!0•-1) = A<a.-1) fl C•-1) 

and writing 6~ in Eq. (13) as 4b~) accordingly, Eq. (13) is 
transformed to a set of recursive equations 

(14) 

A .A , -1 -1 -1 1 1\ 

AIJC~l • Ab(j..l)+( W+ W~>~C"-1) ~<.,] ACI!-1) S.C<k>[V~>-~U.)4bCAr-t>) (15) 

~(;)~I ~(Ar-i) -( 1U-t ~t~>~<•-•>' kt(A')j'~~·>~~)U(A>) ~~)'j»1• ( 16) 

The necessary derivations from Eq.(13) to Eq.(lS) and (16) are 
shown in Appendix. Table 1. gives . the computer program to solve 
Eq.(lS) .and (16), where further modification is done to avoid 
the useless duplication of .matrix operations and generali~ed 
inver;e

7
is introduced to assure the solution in the redundant 

case. 

4. Statistical properties of the estimates 
We investigate some statistical properties .of the esti­

mates for the case :where the noise is independent of the input. 
First, the unbiasness of the estima'tes is shown. The estimates 

A~ are given by - . . 
6b(IP). A(k)~(j.) =~CA·):~ .... (6(1) 'I( V) 'Ill;' ( 17) 

Taking the .expectation of Eq.(l7), we have 

~ -•* ~t E 6b • ~(Ar) 1~ ~t.t) E yet) V 

where E. denotes the expectation. 
From Eq.(3) 

(18) 

(19) 
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Therefo re, it is clear that 

1\ -f ~ I 11 J -1 
E tJb =~CA>) ,too f6(R)fd.(gyw- ab = ~ (k) ~(k) Ll6 llb. . c 2 0 ) 

"" The covariance ma tr ix of ~b is given b, 

, !ultip lying E . (19) by f:!,(R) and tak ing the weighted -sum we 

obtain 

(2 ) 

f rom ivh ich 
( 2 3 ) 

S b s t it ut in g E q . (l 7 ) and ( 2 3 ) into E q . ( 2 1 ) , \v e have 

/\ { -1 ll . * c.' , , 1.>; -I } 
Co,. tJb = E 1 d(k) X ~(t')n({')1JJ-- ?: ~(J)n(j) U)" - /JCk) 

c ~-to J: - fll' 

-1 ~~ ' ~-i- I -1 
= ~(k) . ?= E f nCt)nC6) ~ ~(c'J ~cd) w- 'd ~(b) ( 2 4) 

f,J :-10 

'irtue of the relation lj(~)- E 'j(R) = n £..) . If the noi e i 

white and has the variance of o;,~ Eq . (24) is reduced to 

c 2 5) 

· He re we consider the physical me aning of the weight 'U} . 

For an illustrati ve exampl , a~(~) , the c~ th element of ma­

~rix 6Ck), is noticed. Eq . ( 10 ) is rei ritten in a f irst order 

d1ff erence e~uation 

( 26 ) 

Refering o the sampled-data s ystem theory, Q,··(k ) is r garded 

as the output of a linea r system with the pul~e transfer func ­

t 'on 1/(1-Wl-1
), \oJh os e inp t consists of the produ t of X.(k -t.' ) 

an X. ( f< -i). 

~1 en ~ is close to unity, an approx imate relation is 

Q ''i ( k ) = 1 : w- ~;r: ( /- ; ) ( 2 7) 

whe r Ce')(cc.'-i) = ~"[<<'-j)TJ is the au to -correlation funct ion 
between X(~-i) and X(P-j) Then, t e matrices in Eq . (2 5) are 
writt en approx · ma tely as 

(28) 
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and 
-£ t..!(I)~(Jl111'2CIP-I)= _t_ (c. (,._ ' )) ,__.. 1 _ ~ .-.rlC I 

wher~ ( ~Xltc,'-i)) denotes PJC P matrix whose •. , th element is 
-~10(( c'-;) . ' 
Substituting Eq.(28) and (29) into Eq.(25), we have 

C "' :l 1 - 'W' ( _, 
OV' ~b = G"n 1 ~ W' <1'1CC(t'- j) J . 

(29) 

(30) 

On the other hand, it is known that the estimates given by Eq. 
(5) have the covariance matrix _, 

C ov 6b* z (f: /'/! t .( ~( c '-i)) ( 31) 

under the same situation. Comparing Eq.(30) and (31) we may 
define 

1 -t 1CJ'- = Ne 
1-lU-

(32) 

as "the equivalent data leng~h" in the sense that conventional 
least-squares estimates are expected to have the same covari­
ance, if the number of the observed data is equal to Ne . 

5. Extension for the non-regulatory process 
Up to the present' · it is assumed that the impulse response 

of the process tends to zero after ·enough time elapses. Here 
we consider the case where the impulse response approaches to a 
non-zero constant value. In this case, the parameters in Eq.(3) 
have the property that /l},(f)= const. for f > P . 

If we take the differen~e of the succeedingly sampled 
values of the output, 

VCA>)- 'lll-1) = /Jh(O)X(i)+ (tJr(t)-c11J(O)) 'X(~-1) 

+ ( M(2)- 4hC1)) X(j.-2) + 
(33) 

the coefficient !J,{f)- d/,(1-1) oecomes zero for l > P • 

fore, by rewritting 

There-

VCA>)- V<A>-1) • IJ'ICit>, IJhCt> -t:JI(l-11 s tlhCI), ncj>- n(A>-_1)·· 6:nC,t.),. (34) 

we have a new equation 

(35) 

which has the same form as Eq.(3) from a viewpoint of. the est­
mation. Some non-regulatory processes can be simply identifi-
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ab le by ta king the difference of the output. Pra c tically suf 

J.. i ci ent h ig h pass fi ltering will be necessar y a t t he Gla ta pro­

ce ssing, since the powe r of the high- f requenc e nois e is i n-

r eased consid e rably . 

6 . Estimati on of process pa rame t ers varying sl o' l y with time 

In the preceding sect ion we clarified that t he method of 

weighted least-squares poses the es t ima tion process f or t1 e lo1· 

pass f ilter. If process parameters vary so sl owly with time 

that the significant variation does not take place du ring the 

es timation, the time behaviour of the estimates is approxima ted 

as (1-W")/ ( 1- wz-1) where the coefficient 1-lli\ in the numera­

tor i s introduced to ·be coincident with the unbiasnes s of the 

e s tima tes. Using this approximation, the amount of the es tima­

tion e rrors (bias) may be analyzed qualitativel y . 

Here, we study the case where process parameters change 

linearly with time . Assuming the rate of the change of the 

pa rameters as ( J %of nominal value)/(sampling interval ) , its 

samp led data form becomes '1'£.-'/ ( t- ~-I )2. Th~n the steady 

state e rro r of the e stimates, d , is · estimated as 

1- W' li-1 
d.. = :~1 C ~ -1 )( 1- 1-W"'l-1 ) l 1- z-•)5 

= rw-/c t-W) (36) 

by applying the final -value theorem. 

Seve ra l experi ,1ental runs are made on the computer to as­

certain whether or not . the est imates perform as expected . The 

resul t s shown in Fig . l a re typical examples. The simul a ted 

·ysteh is a unity f eedback system including the process wi th 

the transfer functi on K / s( 2 S + 1) in the for~ard path. The 

i nput signal, r ct ) ' t o the system is the low-p ass f i lte r ed 

r ndom si gnal with the b and ~ idth about 0 . 2 rad/ sec. Assuming 

the gain i - varyi ng as K:O.l(l+0.01t) t he inditia l re;s· ons e of 

the recess is est i a t ed f rom the obs erved data wh ich ar ob ­

taine d by sampling Xct) and 'JCt ) with the interva l of T = 1 sec. 

I t is noti ced t. at the interesting proce ss is a unr gulatory 

one , and there f ore, th e stimation mu st be performed by using 

t ' e p·ocedure men ioned in t e sectio 5. The est · mat~d indi­

ti 1 r c s pon es are shown in Fi g . l(b), w1 re t e 'cig t upon th 0 
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data is chosen to be W'= o.q6. They are easily calculated by 
us i ng the equation 

r. 9 I t' 
h(9) = ,'E 6hCt') = t L" !J,hCJ > • 

c•t t'=1. ;~1 

In Fig.l(c), the estimates of a representative parameter, 6~h(2), 
are shown. Using Eq.(36), the predicted bias becomes 24 % and 
this is shown by the dotted . line. 

7. An example of the adaptive control s ystem 
The observation of the preceding section gives the sugges­

tion that the slowly varying _pr.oce.ss is identifiable by using 

the method of weigh~ed least-squares. Many schemes for the re­
alization of the adaptive control have been proposed in the · 

literatures, ~ut few of them are realizable without some priori 
knowledges about the process. 

The adaptive control sy"stem described here needs no know­

ledge about the process except that it is approximated to be 

linear. The block diagram ·of the ·system is shown in Fig .·2. A 

computer i_s _used for the identifier, . .processor, simulator and 
optimizer. The ide~tifier of the process estimates its dynam­

ics suc~~ssivel~ ~ith time. The processor which is not always 
provided analyzes the input signal and feeds the necessary in­
f ormation· to the simulator. This arrangement gives the system 

the dual c-haracteristics of the signal and process adaptive. 

As mentioned above we assume that no priori knowledge is 
available, the most reliable method to ·make the ·system optimum 

seems to be the trial "error approach such as expremalizing an 

assigned index of performance by using optimization techniques. 

But this approach .is seldom applied to the actual systems, 
since th~ convergence is rather slow, mainly because of the 

process dynamics. To avoid this difficulty the simulator is 

provided, where the correspondence of the adjusta?le parameters 
to the index of performance (hereafter abbreviated IP) is exam ­

ined in a fast time scale. 
For finding the set of parameters which gives the extrem· m 

values, it is usefu l to measure the surface slope of the IP. 

Although there is no assurance that t .he value obtained is not 
relative extremum, the probability of the failure is very sma ll 

i n the case where t he pa r ame te r s a r e not s o far apart from t:~~ 
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optimum values. The optimizer plays the role of the above. 

A definite plan of the adaptive control is illustrated on 

the simplest example. We assume that: 

1 . The input to the system is the random signal, denoted by 
rck). 

2. The process is a regulatory .one where input XCk) and 

output ~(~) is related as 

Cj(k)= Ml(O);((k) + llhC1)'AU~-1) + -- · + l:JI(P-l)X(~-P+ 1). (38) 

3. The compensator is an integrator with gain K . 
We take the weighted sum of squared error, denoted by eCk), as 

IP . Then, IP is written as 
lt 'l ,_, 

IP = E e(l) -w- • (39) 
t:-oo 

If the transfer characteristics from the input to the er­

ror is represented by a set of parameters, denoted by~ , where 

~ = [ OC(O) 0<'(1) ····IX( H-i) J/, 
the er ror can be predicted as 

ec•> = rcki ~ 
where 

[(~)= [ r(k) r(.(o-1) - ·- · rO•-M+1) )'. 

Substituting Eq.(41) into Eq.(39), we have 

I P -= 0/8(/t) ~ 
whe r e 

11 

BC~.>)= l;._IIO !'(PJ rcn' 11.1'"-~ 

is a ffJ<M mat rix whose t/ th element is given by , 
r;'i(k) =(ld-

110 
r( £-i) re i-i) w-"-1

• 

(40) 

(41) 

(42) 

( 4 3 ) 

(44) 

Th is element is easily cal~ulated by using the r ecursive equa­

ti on similar to Eq.( 26). The remaining parameters, ~ , are 

approximately determined as the coe ff icients of the quotient of 

the polynom inal 

&,p:z) = 1 
( 4 5) 

1 + TC:rrcCl)CJrp(Z) 

h here 
Grc( Z) = K 

t- z-l 



67 

is the pulse trans f er function of t he compensator and 

~pC~>= llh(O)+M(1)~-t+ · · · · + llh<P-1)~-P-+-1.. · ( 4 6) 

I n Fig . it is s hown in wha t place the ~ e equat ions are 

computed. The parameters ~ , wh ich descr ib e t he dynami cs of 

he system, vary with every change of the adjustable parameters 

wh i ch f ollo~ on the i nstructions f rom t he optimizer. At t his 

step most of ~ (accordingly assigned values of the adjustable 

parameters ) are rejected by refering to I P ab out the system 

such as the settling time, overshoot etc, without computing Eq . 
( 4 2 ) . 

The choice of IP and sear~hing procedure are the problem 

of the future work together with the compar ~ son wit other con­

trol s ystems. 

8 . Conclusion 

The method of weighted least-squares is applied to the 

e stimation of the impulse response coefficients (precisely, in­
crements of t he indi tial response for every sampling inte"rval) 

of the proces s . There is no necessity for limiting the process 

t o t he r .egula tory one . 
The use of weight upon the data makes way for the identi­

f icat i on of slowl y varying process, and the result of simula­

ti on study provides considerable insight into the properties of 

t he est imat ion procedure. An adaptive control sy stem applied 

t h i s proce dure is suggested . 
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Appendix Derivation of the recursive equations 

In Eq·. (13) 
/ 

/j(k)= w-~(k-1)1" ~(/.P)~(k). 

Postmultiplying by ~(K-1}~(k) 
-1 / -1 

f.(k)~(l.--1) !!-(k) = ?.lif,!.(k) + ~Cit)(J(k) ~(lf-1) (J(k), 

Premul tip lying by ~C~tr' 
_, _, / . _, 

~(k·-1) IJ(k) = ~(k) ~(*) ( 'W'+ ~(k') ~(1'-1) ~(k) J 

from which, we have 
_, / . -1 / 

~~(k~1) ~(k)f.l(/t) = ~(k-1) ~(lt)Y.(k) 
where . / _, . _, 

fJ,. r w- + ~(w>~<A'-1) (&(k) J . 

Substituting the relation 

~Ckf~Ck)~CA'{ = 1-~(i)~[~(i)~~;)fd<k)J: 1-~(k)!w-.~Ck-1) 
into Eq. (A2) . and post multiplying ~(~-1)1 , we get 

P~<k-i)~<~>CJ<k)~c~t-t)'= ~<i-1f~ .W~c~tf~ . · 
Therefore 

. (Al ) 

(A2 ) 

(A3) 

~~r'-= r ~ck-1)~,s~ck-tf~ctr)~(~)'t'<~-t)'Jw--~ . ci"6 ) 

From Eq . (13) 

~~) = ~(IP)1 
( -ur t 12Cit-t Y-L!Ck) YCk)J... (A4 ) 

Substituting Eq.(l6) into Eq.(A4) 

llp Ck-1)~ ~c~t-1f~cr-t> t- w--·~c~t-tf'"ck) V<k) 

-:-w--',e~Ck-l)~<k) [ W~Ckf~(~-tf 1~(k-1) (AS ) 

- 'W'"_tj(l<) + 7JJ-lj(k)- ~(k)~(k-1)10(b) ~tk) J .. 
Substituting Eq.(l4) ~nd Eq.(A3) into Eq.(AS), we have 

t1J (k) ~ llb (k-1) + ?Q-- 1~ (~J)-f(&(k) ~(k) . 
I <!'\ · l · -1 . 

-+ f1 ~ Ck-1) ~Ck) [ 'i(k) -~Ck} tJ6 Ck-1))- vF~ (tt-'? ~(k) 'dCi!). 

Therefore 
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Table 1 Computer program 

ESTIMATION OF PROCESS PARAMETERS BY US I ' G THE . METHOD OF 
WEIG HTED LEAST-SQUARES 

USEAGE _ 
CALL ESTION (N,X,Y,SOL,WE,AA~AB) 

JESCRIPTION OF PARAMETERS 
N-NUMBER OF· PARAMETERS 
X~VECTOR OF LENGTH N CONTAINING TIME SERIES OF INPUT DATA 
V-OUTPUT DATA 
SOL-VECTOR OF· LENGTH N CONTAINING ESTIMATES 
WE-WEIGHT UPON DATA RESTRICTED BY 0. 0,1.0 
AA-WORK MATRIX(NXN) 
A~-WORK ' MATRIX(NX~) . 

REMARK 
SOL,AA,AB MUST BE CLEARED AT INITIALIZATION 

·suBROUTINE 'ESTION 
DO 10 J=1 ,N 

·o(J)=o.o 
120 AA(J,I)~AA(l,J) 
1 30 ·s=o. o 

[)0 1 0 I= 1 , N 
10 D(J)=D(J)+AA(J,I)*X'I) 

P=Q.O · . 
DO 20 

20 P=.P+X('I )*D( I) 
P=.WE +P . ~ 

D040J=1,N 
C(J)=O.O · 
DO 30 I= 1 , N . 

. 30 C(J)=C(J)+X(I)*AB(I,J) 
40 C(J)=X(J)-C(J) 

140 

150 

DO 50 I=1,N 
IF(ABS(C(l)).GT.0.001) GO TO 80 

50 CONTINUE . 
DO 60 I=1 ,N · 

60 B(I)=D(I)/P · 
DO 7·0 J= 1 , N 
DO 70 I=J,N 
AA(I,J)=(AA(I,~)-B(I)*D(J))/WE 

7 0 AA ( J , I ) =AA (I , J) . 
GO TO 1 30 . 

80 S=O.O. 
DO 90 I=1 ,N 

90 S=S+C(I}'*C(I) 
DO 100 1=1 ,N 
B(I)=C(I)/S 
DO 110 J=1~N 

lOO 

11 0 

DO 110 I=J,N 
A.B ( I , J ) =AB ( I , J ) + B (I ) * C ( J ) 
AB(J,I)=AB(I,J) 
D0120J=1,N 

DO 140 .I=1 ,N 
S=S+X( I )*SOL( I) . 
S=Y-S -
DO 150 I=1 ,N 
SOL(I)=SOL(I)+S*B(I) 
RETURN 
END · 

DO 120 I=J, N ·· 
AA (.I , J ) = (AA ( I , J}- B ( I ) *D.(~) - D ( I ) * B ( J) + P * B (I ) * B ( J) ) I WE 
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ADAPTIVE ALGORITHMS FOR IDENT-IFICATION 
PROBLEM 

Introduction 

K. G. Oza and E. I. Jury 
Electrical Engineering and Computer Sciences 

and the Electronics Research Laboratory 
University of California 

Ber.keley , California 

The problem of identifying an unknown system among a class is very important 

for the adaptive control of the system. More generally, the identification problem 

u. rises whenever, from any experimental data, it is desired to describe quantitatively 

a physical phenomenon in terms of a mathematical model and, as such, this problem 

is common to many branches of science and enginee~ing, . e. g. biology, process control, 

aerospace. It ':"ill be assumed that the class .tn wh it: h !h~ u~!:~~·:;-:: system belongs is 

characterized by certain parameters and this paper concerns itself with determining 

or e sti m at ing these parameters on the basis of the noise-corrupted input-output data. 

Recently, much attention ~s being given to iterative procedures for identification. 

Since the problem of identification occurs primarily in adaptive systems where a 

computer performs the control task, ''on-line" procedures are much useful in which 

the estimates are updated as soon as new -data becomes available. Moreover, by ·the 

very nature of the adaptive systems, any practical on-line procedure is supposed to 

assume very little or no knowledge about the probabilistic structure of the input, 

output and noise processes. These requirements have led the control system theorists 

to methods of stochastic approximation and other iterative procedures which do not 

require much a priori knowledge. The principle of random contraction mappings has 

been us e d to this end. l, 
2 

For estimating the impulse response of a discrete system, 

Kushner
3 

describes a simple iterative procedure and Nagumo and Noda 
4 

have proposed 

a so-called 11learning method'' with a random input and noise-free measurements. 

Recently, Oza 
5 

has shown that the latter. method is identical to Kushner's and also 

~hat the convergence can be obtained using the random contraction principle. ·A 
. . 6 

procedure based on stochastic approximation was first dtscussed by Ho and Whalen 

and later studied in much detail by Ho and Lee. 
7 

Stochastic approximation is also 
8 

used for the nonlinear identification problem by Kirvaitis and Fu and for general 

adaptive systems by Tsypkin. 9 

In the pr e sent paper, the authors propose on-line adaptive algorithms for i.denti ­

ficat io of a linear discrete system and extend the same to the case where the linear 
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s y ste m is preceded by a power-series type nonlinearity . The degree to w h i c h the 

te r m " adaptive' ' ~s justified in any iterative procedure depends upon the amount of 

p r obabilistic informat ion presumed known. Our algorithms warrant the quali fication 

becaus e they adjust th e parameters in a well-defined manner as mor e information 

become s available and t heir convergence can be established with a very little a pri ori 

know ledge. The stochastic approximation algorithms are al3o adaptive, bu t these 

r e quire conditional independence of the observ ation s . This requirement seem s t o 

be too restrictive to be satisfied in many dynamical systems. Recently Sakrison
10 

ha s proposed a stochastic approximation algorithm for identification problem where 

th e requirement of conditional independence is replaced by an equivalent condition 

on the prediction error of the processes involved. In the present paper , the pro­

cesses are required to be wide-sense stationary up to erder four and a finite-time 
. 1 

dependence of observations is allowed by the proposed algonthm. 

Only the main results are presented due to space limitation and reference 2 should 

be consulted for details. 

Formulation of the Problem 

In the present course of discussion, we assume that the unknown system belongs 

t o the class SL desc : ibed as follows: 

(1) The input {u(k)} and output {x(k)} of a s ystemS E ~ L are discrete-parameter 

stochastic processes, and 

( 2) They are related by a stable, linear, CO{lstant-coefficient stochastic difference 

e quation 

x(k) + t a1x(k - i) 
i=l 

n 

~ aj+n+lu(k - j) 
j=O 

Cl early , the s y stemS E CL is characte rized b y a ( 2n + I)-dimensional vector 

(1) 

~ = (al, a2, ••. ,an' a n+l' ••• , a2n+l) (2) 

a nd so it is appr opriate to d e n ote t he s y s t e m b y S(~)· Further assumptions w ill be made 

in the s e quel about th e probability structur e o f t h e processes { u{k)} and {x(k)} . 

If t he system under ide ntification i s c harac te r ized by the e q Jation 
n n 
\ \ 

x (k ) + L e.1x(k - i) L aj+n+lu(k - j) (3) 
i~l j=O 
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then the problem of identification con·sists in determining or estimating the vector 

~ = (~, a2, ···~ an' an+l' ••• , a2n+l)' 

Let us define a vector process _g(k) by 

(4} 

g(k) = (x(k - 1), •.• , x(k - n), - u(k), ... , -u{k - n})' ( 5) 

Then ( 3) can be rewritten as 

x(k) = - ( g (k), a) (6) 

Let v(k) and y{k) be the noise-corrupted input and output data, respectively, i.e. , 

v(k} = u(k) + n
1
(k) (7) 

y(k) = x(k) + n
2

(k) (8) 

where {~{k)} and {n
2

(k)} are noise processes. These need not be either independent 

or Gaussian; nevertheless, in order to simplify certain algebraic manipulations, we 

shall assume that {u(k)}, {~(k)} and {n
2

(k)} are mutually uncorrelated, zero-mean 

processes with finite variances. Define a vector process E (k) analogous to i (k): 

_E(k) = (y(k '- 1), ... , y(k - n), - v{k), .. . , - v(k - n)}' "(9) 

Clearly, when observations are noise-free, we have 

£(k) = g(k)' (10) 

and 

y{k) = x(k) . (11) 

L e t us assume that the gi;.,.en system is S(~) with the input { v(k)} where a is 

ge neric at present. T h e output sequence {T'\ {k)} of the systemS{~) will be given b y 

t he e quation n n 

TJ(k) . + I a 1 TJ(k - i) = L aj+n+l v(k - j) 

i=l j::O 

Definition : The e xplicit error e e (k) is defin e d as the d ifference 

betwe e n the obs e rved output y(k) and th e computed output T'\ (k), i.e., 

(12) 

ee (k) :..: y(k) - T'\ (k) . (13) 
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Sin ce the sys tem S{~) uses its own past output to compute the present output 11 {k) 

and sin ce it looks in the past as far back as n instants of time, we are motivated to 

define t he virtual or implicit error e
1
(k) as the weighted sum of the explicit errors 

e e (k - j ) , j = 0 , l, •.. , n . The weights in this sum are chosen such that eventually a 

positi ve definite quadratic form J{j~) with a unique minimum is obtained, where ~is the 

~dentification error d e:"'ned as the difference between the vectors ~ and ~· i.e., 

~ = ~- ~ (14 ) 

Definition~ The implicit error ei{k) is d~fined as 

n 

e. (k) c e (k) + ,..-,) a
1

e (k - 1) 
~ e ----' e 

i=.l 

where a
1
, ... , an are first n components of~· 

(15) 

From Equations (7), (8), (12), (13) and (15) and from the definition of the system 

5(~), we have 

and consequently we get 

where 

and 

ei(k) = (~- ~) 1~(k) + n 2(k) + ~1n(k) 

= (~- ~) 1£_(k) + n 2(k) + ~ 1 n(k) 

E{e~(k)} = (!!- ~)'Rs.(~- ~) + m1(~) + m2(~) 
n 2 

ml(.~) =E{[ L o:j+n+lnl(k- j)J} 
j=O 

n 2 

m2(~) = E { [n2(k) + r a1n2(k - i) J } 
i=l 

Denoting th~ first quadratic form in (18) by J(~), we have 

2 
J(~) = E{ei (k)} - m1(~) - m2 (~) 

and th e following lemma: 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 
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Lemma 1: If the spectral density of the process {u(k)} is non-zero at least ori a 

set of positive measure in (-rr, rr), the matrix R is positive definite and consequently s. 
J(~) has a unique minimum at ~ = ~ or ~ = ~· 

The minimum of J(~) can be found by taking the gradient of J with respect to!!. and 

equating it to zero. Assuming that the gradient of e~(k} w. r. t. a exists, an interchange 
1 -

of the order of differentiation and expectation becomes possible and we obtain 

V~J(~) = E(grad~ e~{k))- grad~ (m1 (~) + m2(£)) = 0 (22) 

Expanding expressions (19) and (20) , we get 

= a'R a + 2r'a + R (0) 
- !! """!! n2 

(23) ::' 

and hence 

(24) 

Now using equation (17), we find that 

= 2ei(k)g(k). (25) 

Now substitution of (24) and (25) in (22) yields 

t.:Rn = E{!:_(k)!:_(k) 1 } = E{(g(k)-g_(k)) (£(k)-g_(k}) 1
} 
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(2 6) 

Upon us ing the d efinition of S (~) and carrying out some s implification a fter sub s tituting 

( 7) into (2 6), we get 

{R - R )a + r - r = 0 • 
E. !: - -:E. -n 

( 27) t 

The soluti on of equatior. (2 7) is clearly!!=~· Sinc e th ~ covariance mat rix R 
p 

and t he covariance vector r in (27)"depend on the unk.·10wn vector a and also on the 
~ -

probability distrib ution of the process { u(k)}, solving that equation for !! is not a routine 

m att er. This motivates us to look for an iterative scheme to solve (27) using sample 

c o variance functions. 

Finally we assume that the autocorrelation functions of the noise-processes 

{~(k)} and {n
2

(k)} are known. This implies that Rn and .En a r e known quantities. It is 

in o r der to mention here that the assumption about r~(k)} ~nd {n2(k)} being uncorrelated 

can be eliminated if their cross-correlation functions are assumed to be known. This 

will only change the form of the matrix Rn and the vector En and will not affect any of 

the tier ived r e sults. 

tR = E{p(k)p(k)' } , r = E{y(k)p(k)}. 
R """F. ·-



78 

Alg o rit hms 

Observations on { v(k)} and { y(k)} for k = 1, ••• , N will b e us e d to esti m a te e l e ments 

of R and r . Let 91 (N) b e the estimate of R at time N whos e jth c olumn i s · 
£ - £_ £ £ 

N 
- ( 28 ) (29) 

~ I y(k - i)y( k - l) 
k=n 

k=n 

N 
N 

1 I 
1 I v(k - j 1 )y(k - n) 

N 
y(k - j)y(k - n) - 'N 

k=n and k=n 

N N 
l I - i y(k - j)v(k) l I v(k - j1)v(k) 'N 

k=n k=n 

N 

- 1 I y(k - j)v(k - n) ! N 1 k=n N v(k - j 1)v{k - n) 

k=n 

f o r j = l , 2, . . . ' n 

for j = n t l, . .. , 2n + 1 w i th jl = j - n - 1. Similarly let 
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N 

~ I y(k)y(k - 1). 

k=n 

)i 

~ I y(k}y(k - n) 
k=n (30) 

-~ !. y(k)v(k) 

k=n 

N -~ I y(k}v(k - n) 

k=n 

be the estimate of r at time N. It should be noted that replacing N in the denominator 
-:e. 

of the estimates in (28), (29) and (30) by (N - n + l) will yield unbiased estimates and 

we shall do this when neces!'ary. 

Now we state assumptions .on the processes { u(k)}. {~(k)} and {n
2

(k)} and on the 

systemS(~) and some of their immediate consequences. Certain strengthenings will 

be made as the need arises. Our immediate interest lies in the strong consistency of 

the estimates just mentioned. 

Assumptions: 

(1.) The input and noise processes are wide sense stationary through order four, i.e., 

for all t = 0, .± 1, .± 2, 

(31) 

and 

(32) 

a re all independent oft, where s = u, n
1

, n
2 

and k, ~· k
2

, k
3 

range over all positive and 

n e gative intege rs. 
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2 
(2} The ..,-ariances crs = Rs(O} , s = u, . n

1
, n

2 
ar e f i nit e . 

( 3} All fourth-order cumulant and. cross -cumulant functions of { u (k ) }, { n (k}} a nd 
l 

{ n
2

(k ) } are finite. 

( 4) T he covariance seque nces ( 31) a n d the f ourth - order cumula n t iunction ( 32} arc 

s umma ble , i.. e . , 
CO 

I IRS(k) l <CO (33) 

k=-«> 

anq 

(34) 

w here s = u, ~· n
2 

and the latter sum extends o ve r all negative a n d po siti ve integ r a l 

values of~· k
2

, k
3

. 

( 5) Let {hk} be the impulse-response seque nce for the syst emS(~)- T he r e exi sts 

a finite positive constant C such that co 

I 1~1 ~ c <CO. 
k=-«> . 

(35) 

· The output process {x(k)} also satisfies Assumptions (1)-(4) if t he i nput proc e ss 

{ u (k)} does so and if Assumption ( 5) holds. Then, under Assumptions (1)- ( 5), the 

e sti mates in (28), (29) and (30) converge to their corresponding correlation f unctions 
ll' 12 

w ith p r obability one . We conclude this property of the strong consiste nc y in the 

f ollow ing lemma: 

L emma 2: Unde r A ssumpti ons (1}-( 5}, we have 

p r lim II!R (N) - R 11 = o] 
~N~co E £ 

1 (36j 

a nd 

P [ lim liP (N) - .r) = o] = 1 
N~ E -

(37) 

N ow we us e estimates of correlation functio n s in conne c ti o n w ith the t e c hnique of 

succes si v e substitutions to stochastically approx ima t e t he ve cto r ~defin ing th e s ystem 

S (~) . T o b egi n , th e mappin g 

To(-a) =_a- v((R - R )a+ (r - r ) ] 
1. £ !!- -£ -_!! 

(38) 
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Zn+l. · lf h h · · · f rom E mto 1tse as t e untque f1xed po1nt !:.• for any real number y f. 0, by virtue 

of Equation (27). If y is chosen such that 

UI - y(R - R ) 11 :! c < 1 
~ .!! (39) 

where C is arbitrary otherwise, then T 
0 

is a contraction mapping. Let J..
1 

and "- zn+l 

be the minimum and maximum eigenvalues of R ; then the condition 
5! 

O<jl-y>.1 1<C<l, O<jl-y>.2n+li<C<l (4<>) 

i s equivalent to the condition (39). 

Since the exact form of the mapping T 
0 

is not available partly because of the unknown 

vector!:. and partly because of the unknown probability distribution of the process 

{ u(k)}, we cannot use the usual contraction algorithm 

~Il+l = To(~li) 

· · · 1· db b " · Zn+l h" h 1n1tla 1ze y an ar 1tra::-y po1nt ~ E E , w 1c converges to !:. as N ... eo. Hence, we 

are led to consider the following sequence of random mappings: 

(41) 

for N = n, n + 1, . . • . Again with y satisfying ( 39) or ( 40), consider the iterative 

algorithm 

~N+l = ~(~) {42) 

where the initializing point~ is arbitrary. The sequence {~} generated by (42) is a 

sequence .of random vectors and the following theorem establishes its convergence 

with probability one. 

Theorem 1: If Condition ( 39) or ( 40) is satisfied, . then, under Assumptions (l) -( 5), 

the sequence of random vectors {~} generated by the algorithm (42), i.e., 

converges to the vector !:. with probability one. 

The proof of Theorem 1 is given in the Appendix. 

The algorithm ( 43) is adaptive in the sense that the estimate~ is being updated 

to ~N +l on the basis of new information available at the Nth instant of time. But the 

ga in coefficient y has to satisfy condition ( 39) or ( 40) which calls for some a priori 
H 

knowl edge . The algorithm can be made more adaptive by replacing y by N where H 

i.s an arbitrary positive real number: 
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(44) 

We have t h e foll owing theorem for t he algorithm (44) . 

Theorem 2: If the proc e ss e s {v(k)} and {y(k)} poss ess moments of all orders, then, 

un.d er Assumptions (1) -( 5), the algorithm ( 44) converges to~ with probability one. 
2 

ThP. algorit h ms ( 43} and (44) are both computationally simple. Additional 

computat io al simplicity is offered b y the following recursive relationships for 

(N) and (. ')
2

: 
E. E. 

\(N) ,. ~' ~Jf -

p (N) = p (N --p_ -g 

1 ) + ~ [_R(N)_p(N)' - ) (n - 1) J 
1) + ~ [(y(N)~(N)- £~(N- l)J 

for N = n l , n + 2, . . . . Thus we can eliminate the need to store all the data up to 

i me . · and require to store only the current values of the quantities y(N ), E,(N), 

(45) 

(46) 

.£::> (- · - 1) a nd ~p(N - l) for t he adaptive algorithms. It is shown in Referenc~ (2) that 

( -5) and ( 4 6) represent stochastic approx imation procedures under certain alternate, but 

equi ale nt condi tions o n the random processes i nvolved. 

Application to A Class of Nonlinear S ystems 

The adaptive algorithms (4 3) a nd (44) are , in fact, applicable to many situations 

-..•;he re the pa rame ters to be estimated satis fy a set of re gression equations such as 

( 27 • In particular, an immediate extension is straight-forward for the problem of. 

i d entifying a system among a class of nonlinear s ys tems. 

We cons ider a class/N of s y stems each of which consists of a zero-memory 

nonlinearity f[ • ] f ollowed by .a linear time - inva riant s y stem whose impluse response 

i s h (t) [ Fi g . 1]. Many nonlinear control systems bel ong to this class. The identifi-
. 12 

cation problem among this class has b een constdered by Narendra and Gallman who 

propose an interesting i.terative method and show the convergenc e in specific examples, 

but i the ir p blication do not offer any t heoretical proof of convergence. Let H(z) 

be h e z -t ransform of the impulse 

form: 

H( z) 

r e s ponse h( t) and suppose that H(z) is o f the following 
n "' 
\ - j 
L aj+n+l z 
j =O 

-i 
a .z 
~ 

(47 ) 
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A ssuming th a t th e zero-memory 1 01 1nearity f[ • ] is a power-s e r i e s type, the output 

of the nonlinea r pa rt is given b y 
/, 

f(u( k )) I (48) 
i=l 

The i dentification proble m n ow con s i s t s in det e r m i n i n g (or e s t i m a ting) the pa r a meter 

vectors 

(49) 

and 

(50) 

f r om the observat ions on th e s y stem input and output. 

W e assume t hat the input u(k) i s a discrete-parameter random proc e ss which is 

observabl e without being corrupted by any noise. The output x{k) is observable only 

throu gh an additive noise n(k) [Fig. 2] so that a process 

y(k) = x(k) + n(k) ( 51) 

is available for computation. With reference to Fig. 2, we can write the following 

' r e lationship: 

x(k) + I I 
/, 

I (52) 
i=l J=O rs:l 

Denoting generic values of the estimates of a . and b. by a. and j3 . , respectively, for 
l J 1 J 

i = 1, 2, ... , 2n+l and j = 1, 2, .. , ,1, the estimated output y(k) will be given by equation 

(53): 

n 

'l(k) + I a111(k- i) 

i=l 

n 

L aj+n+l 
j=O 

J, 

I (53) 

r=l 

Defining b . =a. 
1
b and j3 . = a . 

1
13 , a systemS£ .f.N described by the input-

r, J J tn + r r , J J +n + r 
output relation (52) is characterized by a vector ~ defined as 

~ = (~ an blO bln b/,0 . b.tn)' (54) 

and the classof"N C<:Ln be identified with a generic vector y: 

l = (al an ~10 Pln ~~0 · (55) 

Redefine the vectors .s_(k), .E_(k) and ~(k) as follows: 
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;!(k) = (x(k-1) x(k-n) - u(k) ... •u(k-n) ... -u
1 

(k) .. · . -u
1 

(k-n)) (56) 

:e(k) = (y(k-1) y(k-m) - u(k) ••. -u(k-n) ..• -u
1 

(k) -u
1 

(k-n)) (57) 

and 

!:(k) = (n(k-1) ... n(k-n) 0 ••. 0 ••. 0 •.. 0} (58) 

Then, repeating the steps of deriving (27), we can obtain 

(R -R ) y_ + (r -r ) = 0 
E !: -:E.~ -

(59) 

where R and R are correlation matrices of (57) and (58). respectively, and r and 
E !: -:E. 

En are corresponding correlation vectors. 

Again observations on {u(k)} and {y(k)} fork= 1, N can be used to estimate 

elements of R and r , but these estimates will be apparently more complicated than 
E --.e 

those for the linear case. Specifically, jth column of the estimate ~ (N) will be of the .e 
following form: 

B 
l \' i ~ y(k - j)y(k - l) 

k=n 

B 

~ L y(k - j )y(k - n) 

k=n 

B 
l \ N ~ y(k - j)u(k) 

k=n 

N 

~ L y(k - j )u(k - n) 

k=n 

N . -~ I y{k ~ j)u2(k) 

k=n 

-: · ~ ·.•. 
B -~ L y(k - j )u~(k - n) 

k=n 

N -~ I y(k - j)uJ(k) 

k=n 

N 

1 \ y(k - j)u:t(k - n) 
- N L 

k=n 

(60) 
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N 

-~ I u(lt - jl)y(k - l) 
lt=n 

Ii 

-~ I u(lt - jl)y(lt - n) 
k=n 

If . 

~ I u(lt - jl )u(k) 
lt=n · 

• • 

~ L u(k - jl}u2(1t) 

k=n 

i 
~ L u(k - j 1)u-'(k) 

lt=n 

(61) 
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for j = n+l, .. . , 2n+l with j
1 

= j - n - l. . Let ..e. (N ) be t.h estimate of :. and ..e. ( f) can 
E. - £ E 

be obtained from (60) by s ubstituting j = 0. 

If the pr o c esses { u(k)} and { y(k)} are e rgodic , t hen eac h elemen of 'R ( -) and 
E 

..e_p( ) converges with probaoility one to the corresponding element of RP and ~p · 

A-;; tually , suc h con vergence requir e s less stringent conditions than e rgod ic ity :"""' 

nam ely, Assumptions (1) - (4) be satisfied fors = u
2

, u
3

, . . . , u£. T he :1, ( 36) and ( 37 ) 

hold for this case also. The algorithms corre s ponding to ( 43) and (44) are give n b y 

the following: 
_t(N+l) = _r(n ) - y[ (:R (N) - R ).r(N) + (£ ( i) - r ) J 

. P 1! .2 -r: 
and 

:t(N+l) = :t(N) - _NH [ ( svn (N) - R!!,' v(N) l 
.;.;. .J.. + (£n(N) - r ) 

.;.;. ""'!! 
where '{ has to satisfy the condition 

UI - y(R - R )U < 1 
.2 E 

H is a ny pos iti ve con s tant, and Rn1 !:..n are give n b y (65) and (66), 

19(0) 19(1) • cp(n-1) 0 0 

19(1) cp(O) • • • 19(n-2) 0 •• 0 

cp(n-1) cp(O) 0 ••• 0 
R = !! 0 0 0 •• . . . . 0 

0 0 0 ••••• 0 

and 

(62) 

(63) 

(64) 

(65) 
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'P(l) 

0 (66) 

0 

and ll' (k) = E( n(t)n(t + k)). 

The sequences of random vectors generated by ( 6Z) and ( 63) converge to ~with 

probability one. The recursive relationships ( 45) and ( 46) remain valid for this case 

also. The rate of convergence of the algorithms (63) and (46) depend on the gain 

constant Hand the fac;test rate
2 

is 1/N. 

Computer Results 

The results of computer studies are given in the following e~amples. The computer 

studies were made on IBM 7090/7094. The input process { u(k)} and the noise processes , 

{n
1
(k)}, {n

2
(k)} and {n(k)} were generated by a subroutine "$IB~P DEV11 which is 

available -in the Computer Center Library of the University of California, Berkeley, and 

which yields independent, normal deviates with zero mean and er z variance whenever 

* the function subprogram er RANDEV ( ) appears iJ:I. the main program. The 

covariance function of the processes involved were determined by varying values cr. 

Example 1: 

Consider the first-order, linear, time-invariant discrete system 

x(k) + 0. 5x(k - 1) = u(k) • (67) 

The parameter vector 
.! = (- 0.5) 

1.0 (68) 

completely characterizes the system (67), if the initial state and the input are 

specified; so the identification problem consists in estimating the vector~· In this 

case, we have 
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_q{k) 
x(k - ~)) 

u{k) 
(69) 

and 

(70) 

a nd 

y(k) = x(k) + n
2

(k) . (71) 

The values of er for generating u(k), ~ (k) and n
2

(k) were, respectively, 1. 00, 0.1 and 

0.1. Hence the matrix Rn is given b y 

and the vector r is zero. 
-n 

R = 
~ ·. _.!'! (

0.01 0 \ 

0 0.01) 
The algorithm (44) takes the following form in this case: 

(72) 

a1{N + 1) = a1(N) - ~ [p11(N)a1{N) + p12(N)a2(N) - 0.01 a1{N) + P1(N)] (73) 

a2(N + 1) = a2(N) - ~ lp2l(N)a1(N) + p22(N)a2(N) - 0.01 a2(N) + p2(N) J (74} 

where p .. 1 s a re components of ~ (N) and p.'s are components of J>._(N), 

lJ E. ( pl:(N) pl2(N)) ~ 
~ (N) = 

£ . p21(N) P22(N) 

i.e. • 

(75) 

and 

(76) 

The r e cur sive r elati o n shi ps f or ( 75) a n d (76) t a k e t h e follow ing for m s: 
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(ll(N+l) 
p21(N+l) 

pl2(N+l)) 

P22(N+1) 

{ll(N) 
p2l(N) 

pl2(B)) 
p22(N) 

[ (p~(X) p:(B)p2(B)) -(pll(N) pl2(ft))] 
+! 

N pl(N)p2(N) p2(N) p2l(N) p22(N) 

(TI) 

and 

The simulation of the system (67) and of the- algorithms (73), (74), (77) and (78) was 

carried out in the same program, thus imitating the situation of real-time identification. 

Initial val~es a
1 

(1) a~d a
2

(1) are taken quite arbitrary and far from the actual values a
1 

and a
2

; nevertheless; the distance of ~(lOO) from~ is found to be approximately 0. 0022 

when H is 3. 5. The results for H = 3. 5, a
1 

(1) = 0. 5 and a
2

(1) = - 1. 00 are given 

graphically in Figs. 3a and 3b. 

Fig. 4 shows the results with H = 3. 5, ~(1) = 0. 5 and a
2

(1) = - 1. 00, but the noise is 

not present. This plot does not considerably differ from the plot in Fig. 3; thus the 

algorithm (44) has so-called noise-immunity if the noise-variance is known. 

Example 2: 

Next consider the fourth-order linear difference equation 

x(k) - x(k: - 1) + 0.18x(k -2) - 0. 784x(k - 3) + 0. 656x(k - 4) ~ u(k) (79) 

which. represents a sampled-data booster control system' having the z-transfer function 
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4 
H(z) = z 2 2 . 

(z - 1.8z :+ o.82)(z + o.8z + o.8) 
(8o) 

A similar example has been considered in Reference 7 wher e Kalman filtering theory is 

used for the identification. 

We have 

.!= (81) 

and 

_E(k) = (82) 

The algorithm ( 44) takes the following form in this case: 

(83) 

where · 

(84) 

and 

(85) 

i, j, k = 1, 2, 3, 4, 5. 

'' . ,~/ 

i · 
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In i nput process was generated with the value cr = 0.5. Figures 4 and 5 

i llus trate th e vari ations in the estimates when H = 7.0 and the. noise variance 

i s 0.04. 

For a comparison with a similar approach 
7

, we define the normalized 

e rror of estimation as follows: 

error 
11 ~- ~(N) 11

2 

11~ -~ (1) 11 2 

With the same initial estimates as in Ref. 7, we found that the error, after 

600 iterations, is 0.0003 which is considerably less than the minimum normal­

ized error 0.001 obtained there. 

E x ample 3: 

N ext consider a system shown in Fig. 2 with n = 2, J. = 3 a nd a.. = 0 for j = 3, 5 and 
J 

b. = 0 for i = 1, 2. Then, let. the input-output relationship of the complete system be 
1 

describ e d by the following nonlinear difference equation 

x(k) - 0.272x(k - 1) + 0.0185x(k· - 2) = 0.544u3(k - 1) {87) 

Here we have 

- 0.2720 

0.0185 

o.oooo· 
!= 0.0000 (88) 

0.0000 

0.0000 

0.0000 

0.5440 
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y(lt - 1) 

y(k - 2) 

- u(k) 

- u{k - 1) 

- u2(k) 

- u2(1t - 1) 

- u3(k) 

- u3(k - 1) 

(89) 

Table 1 presents the results of using the algorithm (63) for different values of the 

gain parameter H when there is no output noise and Table 2 presents the same results 

when there is putput noise with a variance 0. 01. Again a very good convergence is 

obtained in both cases. 

:onclusion 

The identification of parameters of a linear discrete system is considered in this 

paper. The identification problem is shown to be reduced to solving a set of linear 

regression equations. Iterative procedures (algorithms) are presented to solve these 

equations by successive approximation. The principle of random construction mapping 

is used to establish the convergence of the algorithms. Some recursive relationships 

are established in order to reduce the required computer capacity for these algorithms. 

Extension of the identification procedure to certain nonlinear discrete systems are 

also presented. Several examples studied in the computer are given to illustrate the 

identification procedure and to show convergence. 
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APPENDIX 

Proof of Theorem. 1: Since almost uniform convergenc e a nd convergence with 

probability one are equivalent with respec t to a probability measur e , i t suffice s to shov. 

that, for arbitrary e > 0 , 8 > 0 the re ex i sts a s e t A with 

PA < o (A -1) 

such that 

!@N- ~~~ < E (A-2) 

c 
h olds for every w e A 

8 
a nd for all N exceeding some finite positive integer N

1 
which 

is independent of w. 

Let us choose e so small that e + e 
2 

< 1- C. Condition (39 ) makes this possible. 

From Egoroff 1s theorem and Theorem 1, for a ny positive numbers e 
1

, e 
2 

·and 8, there 

exi s ~ s a set A e t( satisfying (A-1) such that 

(A-3) 

c -both hold for every w eA 
8 

and for all N exceeding some finite index N
2 

independent 

of w. Choosing e 
1 

and e 
2 

small such that 

(A -4) 

we can say that 

II Y(~ (N) - R ) i < E
2 

E £ (A-5) 

and 

Jly[{Sl (N) - R )a + (n (N) - r ) J!l < E.
2 

£ R- ~E -.E (A-6) 

c 
both hold for every w e A 

8 
and for all N exceeding N

2
. 

Now subtracting~ from both sides of (4 3) and using the identity 



. 5 

y[(R - R )a+ (r - r )) = a , 
.12 ~ - -.12 -_£ -

w e get 

~+1 (I- y(m (N) - R )]S + ~ (a) .12 . .!! 9~ - tl -

where 

~=~-! . 

and 

~(!) = y[(R.l2- ~(N))! + (~- .e..e(N_))J • 

Assume that, for every integer N 2:: N 
2

, 

In particular, for some integer K > N
2

, we have 

u~K+l u ~ u1 - y(~ CK> - R.a> u • 1mKu-+ lliK<!> u 

~ (c + t.2)1JiKII + t.2 

~ (c + t.2 + t.)l@ 11 
K 

(A-7) 

(A- 8) 

(A-9) 

(A-10) 

(A-ll) 

(A-12) 

where the second inequal~ty is obtained by using { 39) and (A- 5). Since E 
2 + E < l - C, 

upon iterating (A-12), we can find an integer f.L such that 

(A-13) 

This contradicts the hypothesis {A-ll); hence there must exist at least one integer 

N
3 

> N
2 

such that 

(A-14) 
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But then using the second inequality of (A-12) 

(A-15) 

and similar 1 y 

(A-16) 

c 
Since (A-3) and consequently (A-5) and (A-6) hold for every w £ A 

0 
, (A-16) also 

holds for every w £ A~. Furthermore, N 
3 

does not depend on w because neither N 
2 

" . nor C, E do. So ~ converges to zero almost unlformly. 

Q.E.D. 
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Table 1 

IDENTIFICATION OF A NONLINEAR SYSTEM OF ClASS t BY RANDOM CONTRACTI01 
ALGORITHM •••••••••••••••••••••••••••••••••••••••• U. ••••••••••••••••• ••• •••••• • •• 

ACTUAL VALUES OF PARAMETERS 
LINEAR PAR Al A2 A3 

-0.2720 0 .0185 0 .5440 
NONLINEAR PART Bl B2 B3 

0 .0000 0.0000 1.0000 

ESTI};!.ATED VALUES OF PARAMETERS 

H=5.0 
Al(N) A2(N) BlO (N) Bll(N) B20 (N) B2l (N) B30(N) B3l(N) 

0 .0000 0 . 0000 0 .0000 0.0000 0 .0000 0 .0000 0 .0000 0.0000 
100 -0 .2724 0 .0185 -0.0269 0 .0882 o .oo48 -0.0063 0. 0082 0 .5254 
200 -0 .2714 0.0182 -0.0110 0.0305 0.0003 -0 .0009 0 .0025 0 . 5369 
300 -0 .2717 0.0182 -O.Or:h7 0 .0167 0.0005 -0.0007 0 .0016 0.5400 
400 -0.2718 0 .0184 -0.0047 0.0109 0.0002 -0 .0004 O.OOll 0.5413 
500 -0.2719 0 .0185 -0.0034 0.0078 0.0001 -0.0002 0.0008 0.5422 

H=7. 0 
N 1\l.(N) A2(N) BlO(N) Bll(N) B20(N) B2l(N) B30(N) B3l(N) 
1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

lOO -0.2722 0.0185 -0.0156 0.0444 0.0028 -0.0035 o.oo46 0.5346 
200 -0.2718 0.018' -0.0042 0.0099 0.0001 -0.0003 0.0010 0.5417 
300 -0.2719 0 .0184 -0.0020 O.Oo42 0.0001 -0.0002 0.0005 0.5430 
400 -0 .2719 0 .0185 -0.0012 0.0023 0.0000 -0.0001 0.0003 0.5434 
500 -0. 2720 0 .0185 -o.ooo8 0 .0015 0.0000 -0.0000 0.0002 0.5437 

H=9 .0 
N Al(N) A2(N) BlO(N) Bll( ) B20(N) B2l.(N} B30(N) B3l(N) 

0.0000 0 .0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
lOO -0 .2721 0.0185 -0.0074 0.0176 0.0012 -0.0015 0.0021 0.5403 
200 -0.2719 0 .0185 -0.0012 0.0025 0.0000 -0.0001 0.0003 0.5434 
300 -0.2720 0.0185 -0.0005 o.ooo8 0.0000 -0.0000 0.0001 0.5438 
400 -0.2720 0.0185 -0.0002 0.0004 0.0000 -0.0000 0.0001 0.5439 
500 -0.2720 0 .0185 -0.0001 0.0002 0.0000 -0.0000 0.0000 0.5440 

H=11. 0 
N . .U (N) A2(H) BlO( N) Bll ( 'J) B20( ) B2l(N) B30(N) B31(N) 

0 .0000 0 .0000 0 .0000 0 .0000 0.0000 0.0000 0.0000 0.0000 
100 -0.2720 0 .0185 -0.0019 0.0050 o.ooo4 -o.ooo4 0.0002 0.5432 
200 -0.2720 0 .0185 -0 .0002 0.00 4 0.0000 -0.0000 0.0000 0.5439 
300 -0.2720 0.0185 -0.0000 0 .0001 0.0000 -0.0000 0.0000 0.5440 
400 -0.2720 0.0185 -0 . 0000 o . c~oo -0.0000 -0 .0000 0.0000 0.5440 
500 -0.2720 0 .0185 0 .0000 0 .0000 -0 .000 0 .0000 -0.0000 0.5440 

H=13.0 
A1( ) A2(N) B10( ) Bll( ) B20( ) B21(N) B30(N) B31(N) 
0.0000 0 .0000 0 .0000 o.oooo 0. 0000 0 .0000 o.oooo 0.0000 

100 -0.2770 0 .0279 0 .0 99 -0 . 0454 0 .0009 0 .0218 0.0178 0.3961 
200 -0.2720 0 .0185 0 .0003 -0 .0005 -0 . 0000 0 .0000 -0.0001 0.5441 
300 -0.2720 0.0185 0 .0001 -0. 0001 -0.0000 0 .0000 -0.0000 0.544o 
400 -0.2720 0.0185 0 .0000 -0. 0001 -0.0000 o.oooo -0.~ 0.5440 
500 -0 .2720 0 .0185 0 .00 -0 .0000 -0 .0000 0.0000 -0.0000 0.5440 
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Table 2 

IDENTIFICATION OF A NONLINEAR SYSID-1 OF ClASS f BY R.J\.NDOM CONTRACTION · 
AWORITID.f IN FRESE~E OF OUTPUT NOISE n 
WHITE GAUSSL<\1~ NOISE HAS A VARIANCE EQUAL TO 0 .01 

ACTUAL VALUES OF PARAMETERS 
LlllEA.R PART Al A2 A3 

-0.2720 0.0185 0.5440 
NONLINEAR PART Bl B2 B3 

0 .0000 o.oooo 1.0000 

ESTIMATED VALUES OF PARAHETERS 
H=5.00 

N Al(N) A2 (N) BlO(N) Bll(N) B20(N) B2l(N) B30(N) B3l(N) 
0.0000 0.0000 0.0000 0.0000 0.0000 o.oooo 0 .0000 0 .0000 

lOO -0 .2736 0.0197 -O.o430 0 .0835 0.0031 -o. oo6o 0.0115 0. 5268 
200 -0.2714 0.0210 -0.0201 0 .0277 0.0039 -0 .0008 0.0035 0 . 5364 
300 -0.2740 0.0191 -0.0170 0.0128 o .oo6o -0.0035 0 .0048 o . 5389 
400 -0.2759 0.0188 -0.0137 0 .0073 o.oo6o -O.oo40 0.0051 0. 5405 
500 -0.275~ 0.0181 -0.0116 0.0052 0 .0045 -0.0034 0.0037 0 . 5423 

H=7. 0 
N Al(N) A2(N) BlO(N) Bll(N) B20(N) B2l(N) B30( r) B3l(N) 

0.0000 o.oooo o.oooo 0 .0000 o .oooo 0.0000 0 .0000 o.oooo 
lOO -0 .2734 0. 0197 -0.0367 0 .0379 0.0016 -0.0034 0.0088 0. 5364 
200 -0.2718 0.0211 -0.0129 O.Oo61 0.0038 -0.0005 0 .001-3 0 . 5413 
300 -0.2742 0,0195 -0 .0124 -0.0005 0.0059 -0.0032 0.0038 0 . 5421 
400 -0 .2762 0 .0189 -0.0000 -0.0019 0.0058 -0 .0038 0.0043 0 . 5428 
500 -0.2752 0 .0180 -0.0083 -0 . 0011+ 0.0042 -0. 0030 0.0029 0. 5439 

H=9. 0 
N Al (N) A2 (N) BlO(N) Bll(N) B20( N) E21(N) B30(N) B3l(N) 

0.0000 0.0000 0.0000 0 .0000 0.0000 0.0000 0.0000 0 .0000 
lOO -0 .2732 0. 0198 -0.0303 0. 0082 0. 0003 -0 .0013 o.oo64 0.5426 
200 -0 .2720 0.0212 -0.0088 -o . o,..~o 0.0036 -0.0004 0.0008 0. 5431 
300 -0 .2743 0.0197 -0 .0107 -O. O~...o-+3 0.0059 -0 . 0031 0.0034 0. 5430 
400 -0.2763 0.0189 -0 .0085 -0 .0041 0 .0057 -0 .0038 0.0040 0.5433 
500 -0 .2752 0.0180 -0.0071 .:.o .0025 o .oo41 -0 .0029 0. 0026 0 . 5442 

H=ll.O 
N Al(N) A2 (N) BlO(N) Bll(N) B20 (N) B21(N) B30(N) B3l(N) 

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
lOO -0.2730 0. 0196 -0.0248 -O . Oo65 -0 .0005 -o .ooo6 0.0031 0 . 5502 
200 -0.2721 0.0213 -o .oo68 -0 .0043 0.0035 -0 .0005 0 .0003 0 . 5437 
300 -0 .2744 0.0198 -0.0103 -0 .0052 o .oo6o -0 .0032 0.0033 0. 5432 
4oo -0.2763 0 .0190 -0 .0080 -o . oo4l~ 0.0056 -0 .003£:. 0 .0039 0 .54311 
500 -0.2751 0 .0180 -O.Oo67 -0.002Li 0 .0040 -0.0028 0 .0025 0 . 5442 

H-13.0 
N Al(H) A2(N) BlO(N) Bll(N) B20(N) B21(N ) B30(N) B31(''l) 

0 .0000 o.oooo o.oooo 0 .0000 0.0000 0 .0000 0 .0000 o .oooo 
100 -0.2700 0.0132 -0 .0261t -0 .0012 -0 .0009 -0 .0137 -0.021 ~ 0.6554 
200 -0.2721 0.0213 -0 .0059 -0 .0056 0.0035 -0.0005 0.0001 0 .51.~ 39 
300 -0 .24'44 0.0199 -0. OlOlt -o . oosl~ O. Oo61 -0. 0032 0 .0034 0.5432 
4oo -0 .2763 0.0190 -0. 0077 -O .OOl.fi.. 0 .0055 -0 .0038 0 .0038 0 . 5434 
500 -0. 2751 O. OlsO -o .oo6lt -0 .0022 0 .0039 -o.oo2C 0 .0021~ 0. 54112 
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u(k) f [.] t[u(k)] 
h (.) x(k) 

Zero-memory 
non linearity 

Linear time- invariant 
system 

10 The type of nonlinear systems considered in this paper o 

t 0 

I biu' (k) 
i =I 

,___.,. 

n z-J 
.
\ 0· 
L J+n+l 

J=O + 
n . 

I+ I ai z-1 x(k) 

i =I 

20 Input u(k) is an observable discrete-parameter random process; 

output y (k) is also a discrete-parameter random process corrupted 

by an additive noise n(k)o 
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A COMPARISON OF S011E PROCESS PARAMETER 
ES TINlA TING SCHEMES 

Summary 

A.J.W. van den Boom and J.H.A.M. Melis 

Department of Electrical Engineering 

Technological University 

Eindhoven, Netherlands 

In this paper some principal problems in the field of process parameter 

estimation ar , discussed, especially with resi>ect to the uncertainty in 

t he est i mation, caused by additive noise and approximated· model structures. 

Two basic approaches, i.e. the instrumentation of explicit mathematical 

relations and the model matching· technique, are compared theoretically with 

respect to the accuracy as a function of the observation interval. 

In some situations both methods, each requiring matrix inversion, can 

sufficiently be approximated by the use of a non-orthogonal estimating 

scheme without matrix inversion. 

A summarizing· discussion is given on additional errors due to the 

approximation of· the ideal estimating procedure. 

Contents 

I. Introduction 

2. Estimation schemes 

a) the explicit method with matrix inversion 

b) the implicit method with matrix inversion 

c) the explicit method without matrix inversion 

d) the implicit method without matrix inversion 

3. Some remarks on other types of errors in a practical situation. 

4. Conclusions 
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I . Introduction 

In many modern applications of con t r ol systems, it is a mat ter of i m­

portance to obtain the required information of the process to be controlled , 

in order to aim at an optimal action or correct adaptation of the system, 

In optimal, self-optimizing and adaptive systems the quali ty of the control 

greatly depends on the amount of knowledge supplied to the controller. 

Besides, computers are increasingly used as control elements for com­

plicated processes, 

The growing demands concerning speed and quality of the contro l and 

consequently the insight in to relevant process parameters justify an 

extension of the computer's task to process input and outp ut data in order 

to obtain a better knowledge of the proces. 

In an effort to determine the characteristics of a process on the basis 

of input and output data, we are searching for a dynamic operator which, 

acting on the input signal, results it\ the "best" estimate of the output 

signal. 

The numerieal values of the estimates of the process parameters can b 

obtained from a model. The difference e(t) between process and model out­

put can be used as a measure for the error in the estimate, cf. fig. ], 

Minimization of some function or functional of the error yields as model 

parameters ~ estimates which are optimal with respect to the criterion 

chosen. Minimization of a quadratic type of criterion yields the least 

squares estimate. 

Aceually fig. I does not represent the most general situation. Bayes and 

maximum likelihood estimation may take into account more a priori know­

ledge that may be avail~ble [t]. Fig. I, however, r~present by far •the 

most important estimation situation. Moreover it is easily shown that the 

maximum likelihood estimation method reduces to the (generalized) least 

squares method if the additive noise is Gaussian. As thes e least squares 

methods represent a great majot·ity of parameter estimation cases , this 

paper is devoted to a closer investigation of their propert ies. 

With respect to the instrumentation we distinct t wo cl asses {z] 
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1) the explicit method 

the parameters are determined by instrumentation of the · 

mathematical relations resulting from the minimization of the 

criterion; 

2) t he implicit method 

the parameters are determined by adjustment of a model. 

Many publications deal with different approaches to the problem of parameter 

estimation, some of them discussing a specific process .• A comparison of 

properties of the different types of instrumentation hardly ever occurs. 

Therefore, it is desirable ·to ~ompare explicit and implicit methods for 

the case of models,. which are linear in the parameters. 

In principle the estimation of process parameters can·be done both on analog 

and digital computers. Especially with respect to the' simulation the digital 

machine has the following important .advantages: 

1) the memory of the digital machine is well suited for the simulation 

of processes with long response times or processes with delay times; 

2) the error less repeating generation of identical test and disturbing 

signals is apart from being throughout possible also of great im-

portance where the influence of relatively short measuring intervals 

is studied in relation to noise effects. 

With respect to the instrumentation of the estimation mechanism, the digital 

computer has the following practical advantages: 

1) an intermittent measuring and model adjusting procedure can easily 

be instrumented; 

. 2) fundamental mathematical manipulations such as matrix calculations 

and statistical computations over a certain amount of estimates 

can proceed accurately and be easily programmed. 

Our investigations mainly concentrated toward an instrume~tation using digital 

techniques, leading to a way of description of the estimation procedure as given 

below. 

If the data are derived from analog processes, one has to count with 

additional errors caused by imperfect analog-digital conversion, e.g. due 

to quantization errors. In order to avoid this type of errors we only 

consider discrete processes. 
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As t he exa~ple to be discussed we take a linear system, the i moulse 
T • 

r esponse of \vhich is repres ented by the vec tor_!: (h(l), ,h (2), ... ,h (p) ) 

f r3 c. • L • This can be simu la ted by means of a delay l ine, cf. fig. 2. 

. Fo ~~e desc r iption of the explicit method we de fine: 

T 
X 
-l 

(x(l) ,x(2) , . ... . ,x(1),0 ..• ,0 ) ve ctor of inputs 

T 
~2 (O,x(l) , .•••. • • • ••••• , x( i ),O , • • •• , O) 

T 
X. (y(l) , y( 2), ..... ,y( 1+p-1)) vector of outputs 

T 
(n(i) ,n (2) , .. • . . ,n(l+p- 1)) ve ctor of additive noise 

I 
'rtl (w(J), w(2 ) , . .... , w(_+p- l)) vector of model ou tput s 
~T ( S( I), (2 ) , ..... , (p)) parameter vector of the model 
~T 
n (h ( l ) ' h ( 2) ' • • • .. ' h ( p) ) parameter vector of the process 

x ( l ) 0 •• •• .••• ••• 0 

x(2 ) x (J) 

X ( I) 
x ( l.) 

0 x ( ) 

L 0 0 .. ........ x (i) 

~his yiel s: 

z = r + .t.:. 

\v = X 3 

e "' z- w 

X h+n 

:1"' length of the observa t ion sequence is 2. 

tne des cripcion of t e i plicit method \ve will con~ider the j th ob­

servft•ion i n terva ; each in t erval h v ing a length 1~ . 

uring thi s observation time t e mode l vector is kept constant ( = . 1) -r 
? ·io,- ::o .. he adj ustment fron S . 

1 
to B. ( intermittent adjustment 

-J- J 

(I) 

(2) 

proc dure;. !• or t e i put and outr.ut quan t ' ties of this interval t e ~rite : 

T 
(z . (j-I H " } ' .. ... ' z ,r j "' }) t:. - +I 

-J 

(e ( (j -1 h ili r •o ;t; . ) 
· -j 

+I t * c .4 I ) e l J .. (3) 

T 
.<a~_ 1 CI) , ••••• , 3.; _ ,(p)) = 

J 



X. 
J 

X { (j -1 ) i * + 1 } 

x{(j-1) R- *+2 } 
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x{ (j-1) g_ * } ....... x{(j-1) i~-p+2 } 

X { j i. } • • • . . • • • • • . • • • • • . • • . . • • • • • . • • X { j R. . -p~ I } 

This yields: 

X. h+n. 
J - -J 

x. e. 
1 J -J- (4) 

In all cases we will suppose that the output noise has zero mean and is 

independent of the input signal, i.e. 

The criterion R to be minimized is 

The choice of ~ is gui~ed by the available a priori knowledge. 

The explicit method yields an estimate 6 of ~ according to 

i = (XT~X)-1 XT~~ 

under the following conditions: 

(5) 

(6) 

(7) 

a) the numerical value ' of the impulse response h(i) must be constant 

after a given i; 

b) at the beginning of the observation the model must have reached 

a state identical to that of the process, if no disturbances affect 

the process; i.e. either x(i) • 0 i<O 

or, in the case the test signal constituting a part .of a continuous 

sequence, only those measured outputs ~ appearing after i•p are 

taken into account; 

c) the matrix XT~X must not be singular and must have an inverse. 

Under the s ame conditions, the implicit method yields an estimate e . 
. -J 

after j adjus t ments according to 



e. ,. s - g; 
-J -j-1 2 
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·r;; R. 
B. I J -r 

.. 

(8) 

where g. is a factor governing the adjusting speed and rv
13 

denotes the gradient 

with re;pect to e. ,. -j-l -r 

The least squares estimate is that estimate where no a priori knowledge is 

available, i.e. ~ = I, I being the identity matrix. The input signal X is 

measurable. Its bandwidth is assumed large compared to the bandwidth of 'the 

process ("white" input signal). 

Both explicit and implicit techniques request matrix inversion, which of 

course is a very expensive operation, but ~~ich has the advantage that 

arbitrary stochastic testsignals can be used. 

A variant of the above technique is frequently used and can be instrumented 

i n a simple way, because the matrix inversion can be avoided. A restriction 

inherent to this method is the fact that only a "white" input signal should 

be used as test signal. 

For the explicit method the estimate without matrix inversion follows from 

B (j) 
~xy (j,, i ) 

1/Jxx(O, t ) 

i 
L x(i)y(j+i) 

i=l 
(9 ) 

A general insight into the estimates (7) and (9) can be obtained by 

considering that h(i) can be written explicitly in the two following ways 

if a "white" test signal is used. 

a) 

b) 
~ (i, .t) 

h(i) = .... x...~.y __ 

~xx(O,t) 

( 10) 

[
{h(i+l)+h(i-1) } ~xx(l,t-I)+ ••••••• J 

1/lxx(O,t) j 
compensating terms 

The procedure without matrix inversion neglects t he compensating terms. 

For t he implicit method the estimate without matri x i nversion follows from 

) -I X~ e. 
XX (Q } J -J ( I I ) 
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The neglection of the compensating terms causes an additional error. 

This error is called the "truncation error", which means in terms of 

model structure that the model has a shorter impulse , response than that 

of the process, which means that condition a) is not fulfilled. If the con­

ditions a), b) and c) are fulfilled, the uncertainty in the estimate is only 

caused by the disturbing noise. 

2. Estimation schemes 

a) the explicit method with matrix inversion 

For the explicit method we found 

! • (XTX)-1 XT.! 

Taking the expectation of ! yields 

E[!] • E[(XTX) -
1 

XT.!] • ~ 
The estimate ! is unbiased. 

The noise error is written as follows 

T -1 T 
~B • !-_!! • (X X) X (z_+~)-!! • 

(I 2) 

(13) 

(14) 

From a statistical point of view the standard deviation of ~8 is a useful 

measure for the error in the estimate. This can be found by calculating 

the covariance matrix of 8 

- [ - -T J T -1 T [ Tl T 1 cov! = E ~.~8 z (X X) X E ~·~jX(X X)-

For "white" additive noise n 

wnn(i) being the autocorrelation function of n. This yields for the 

covariance 

cov 8 • w (0) (XTX)- 1 
nn 

For large R. and "white" input noise: 
- tp (0) 

cov 8 : nn I 
- .twxx(O) 

For the standard deviation o in each parameter we find: 

(IS) 

(I 6) 

(17) 

(18) 

(19) 
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List ing the propertie s of t he exp l ici t method wi t h ma tr ix i nve rs ion, we 

come to the following specif ica t ions: 

a ) the estimate i s lin ear: B = Q z; 

b) the estimate is W1 bi ased : E[i J= ~; 
c ) lim cov B = 0 I· 

' 
£. _., 

d) the method is suited for all types of i npu t signals, provided all 

process modes are excited; 

e) the method is suited for all types of addi tive noise; 

f) the instrumentation requires matrix i nvers i on, ma trix- matr i x 

multiplication and two matrix-vector multipl i ca t ions . 

b) the implicit method wit h matrix inversion 

For the implicit method we foWld: 

_a • _a - .!i_ (X~X . )-I 'V
0 

R. 
j j-l 2 ] J !:j-1 J 

or 

T - 1 T 
f J· = f J· -I + g.(X.X.) x.e. 

J ] J J-J 

Taking the expectation of 8 . we find : 
-J 

E[!j] = gj h + (1-gj) E[!j-IJ 

leading to 

Ers. J = h i g. 1f (1-gk) + !o rr o-si ) 
l-J - i=l 1 k=i+l i=l 

(20) 

( 21) 

(22) 

where iQ is the initial model guess (a priori knowledge) . ~~ere a priori 

. information is lacking, ~ can be chosen arbitrary e.g. ~ = Q. 
Considering first 

s. - E[s.] = ( 1-g.) ( B. I - E[s. J ) + g. (X~X.)-I X~ n. (23) 
-] -] ] -]- . -J- ] J J ] -J 

we derive 

2 2 ( X~X.) -I X~ E~ !:TJ T -1 cov s. = (1-g . ) cov l j-1 + g. X. (X. X.) 
-J ] J ] J J J J ] 

(24) 

If n is 11 't-1hite" noise (24) can bP. re written as a vari-linear difference 

equation: 
2 

2 g . 
( I -g . ) t::J:. ov B. - g (g . - 2) cov B . = _J_ 

J - J j J - J • 
(0) 

nr 
- I 

(25 ) x. 
J 



where 

and 

i:,cov 13 . 
-J 

\JI 
·x. 

J 
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cov e. - cov e. 
1 - J -J-

x:x. 
J J 

Now we can distinguish the following cases: 

1) g ! 
J 

2) g 
j 

~) 

I /j 

constan t 

g . = I /j 
J 

"stochastic approximation", 

"parameter tracking" 

The algori~hm is: 

s. = s. + 1/j cx:x.)- 1 x:e. 
-J .-J-1 J J J-J 

Considering that in this particular case 

f g. n ( 1-gk) = I 
i=1 

1 
k=i+ I 

lim 

j--

1T 

i= a 

0 

0 

it follows from equation (22) that 

Ere.J=h L-J -

a ~ 1 

(26 ) 

(27) 

(28) 

(29) 

(30) 

This method of model matching yields an unbiased estimate for all j, 

irrespective of the initial model guess! 

Equation (25) becomes 

(j -J)
2 ~ COV e. + (2j-J) COV S. 

-J -J =---• i 

-1 
'fx. 

J 

(31) 

If the observation interval i ¥ is large enou~h and if X. is "white" noise 
-1 J 

the following approximation can be used for ~X. 

-I 
'l'x. 

J 

I 

lji~(O) 

Equa t i on (26) then becomes 

(j -1 
2 

6cov ~j + (2 j- l) cov - j 

J 

(32) 

(33) 
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with the solution 
Wnn (0) ljlnn (0) 

cov a. a I • I 
-J jt*ljlxx(O) tljlxx(O) 

(34) 

where i is the equivalent observation length used in the explicit method. 

In fig. 3 the diagonal elements of cov s. are plotted as a function of 
-J 

j R.. *. 

For relatively small t* the approximation of eq. (32) is not longer 

valid: experimental results show a shift (dotted lines) towards greater 

variances. 

Recapulating the properties of the adjustment procedure with matrix inversion 

and g. • 1/j, we come to the following specificatio~: 
J 

a) the adjustment is unbiased for all j; 

b) lim cov a. • 0 I fort* large enough 
-J . 

j....,., 

c) the method is suited for all types of input noise; 

d) the method is suited for all types of additive noise; 

e) the method requires for every interval a matrix inversion, a 

matrix-matrix multiplication and two matrix-vector multiplications; 

f) the method yields intermediate results. 
g) the method is not suited for parameter tracking. 

~) g. • constant 
J 

The algorithm now is 
6. ;. a. I + c (X~X.)-I X~ e. 
-J -J- J J J -J 

Substitution of 

in 

i g. ! (1-gk) • I - (1-c)j 
i•l l k•i+l 

eq. (22) and considering 

lim - (1-c)j • I 

} j....,., 

O<C <2 

lim ( 1-c )j 
- 0 

j....,., 

yields 

(lS)· 

(36) 

(37) 

(38) 
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For the covariance we find 

= (
1
-c)2 2 ljlnn{O) cov e . cov e . 1 + c 

-J -J- R.. 
-1 

'x. 
J 

or written as a difference equation 

2 
~cov B. - c(c-2) cov B. "' c 

-I 
'i'x. -J -J 

If i lJ is large enough and if a "white" 

6cov 6. - c(c-2) cov 6 . • 
-J -J 

The asymptotic solution is: 

lim 
c ljlnn(O) 

cov B. =-- I 
-J 2-:- c R.•ljlxx(O) j-+<» 

J 

input signal .is 
2 ljlnn{O) 

c --- I 
R, . lji (0) 

XX 

used: 

(39) 

(40) 

(41) 

(42) 

This method of model matching yields even after an infinite observation 

interval an estimate ~ with a variance greater than zero. This version 

of the adjustment algorithm is important for the identification of pro­

cesses with slowly varying parameters (parameter tracking). 

c) the explicit method vithout matrix inversion 

As already p·ointed out above, the algorithm for the explicit estimation 

without matrix inversion is 

(43) 

where X is a "white"input .signal. 

I~ eq. _ (10) it can be seen that in this situation a truncation occurs: 

B ~ h + 66 + 66 . 
- -trunc --no1se 

66 . --no1sc 

Considering an arbi -:: rary "white" input matrix X, we obtain: 

+ t!B 
-trunc 

where ~trunc depends on the matrix X. 

The algorithm (43) yields a biased estimate. 

(44) 

(45) 

(46) 



Taking 

we get in t t e 

cov ~ -n 
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case of 11 v7hite" additive noise 

nn (0) XTX 

2~ 2 (0 2.) 
2. XX ' 

I 

deviation for each parameter 

Recapitulating t he properties of the explicit method without matrix 

inversion we find: 

a) the est i mate is linear 8 = Q z; 
. . . - -I T 

b) the est1mate 1s b1ased because I X X 

however the following holds 

l im E[i ] = h 

(4 7 ) 

(4 8) 

(49) 

(50 } 

EX E[i J = !;_, whe re EX denotes the expectation with respect to X. 

c) the me t hod is only suited for "white" input noise; 

d) the me thod i s suited for all types of output noise; 

e) t he i nstrumentat ion only requires a multiplication of a 

(HP-I ) x p matrix by a ~+ p-1 vector, 

c) the impl icit method without matrix inversion 

In equation (20) we can approximate the matrix invers i on in the case of 

a "•Nhite" input signal: 

I ( 51 ) 

This yields for the algorithm: 

S. = S +g. ( 2. * (0)) - l x: e. 
-J - j - I J XX J - J 

(52 ) 
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Equation (52) i s an interesting result as the total of four operations 

per iteration (matrix inversion, matrix-matrix multiplication and two 

matrix-vector multiplications) is reduced to one single operation 

(matrix-vector product) only. 

Taking the expectation of 8 . yields 
-J 

Ers . J =g. ( t * · (0))-
1 X~X.h + {I-g. ( t t< ljJ (0)- 1 X~X. } Er_eJ._)

1 t~'J J XX J J- J XX J J t j 
(53) 

'he input signal in the j th iteration influences E[!J: the 

ldjustment is biased. For sufficiently large £~ equation (53) leads to 

(54) 

Je can take the expectation of eq. (53) with respect to the input signals 

~n all preceding intervals 

E E . • . E Efe. ]= h i g . TT (1-gk) + ~ ~ (1-g .) (55) 
xl x2 xj fJ - i=I l. k=i+I i=1 · 1 

The expression for the covariance is given by 

cov 8. E ~ 8 .-E fe.J) (8.-Efe.])TJ 
- J L-J f'J -J L.:...J 

{I-g . ( t ~ ljJ (0))-1 X~X. } cov 8 . 
1
{1-g. (t* ljJ ( 0) )-l X~X.} 

J XX J J -J - J XX J J 

n * 2 T + g7 (t 1jJ (0))- 1jJ (0) x.x. 
J XX nn J J 

(56) 

In order to get some insight, this expression is instrumented. The results 

are briefly summarized as follows: 

I) g. = 1/j 

I~ fig. 4 cov 8 . is plotted against j1~ . 
-J 

For large j t * this diagram shows that cov e. has reached approxi­
-J 

mately the same value as in the adjustment with matrix inversion. 

Only for small jt• a deviation from the line 
'41 (0) 

cov 8 . ~I 
-J J. .. (0 

"' ljJ X.X ) 

can be observed . 

2) g. = constant 
J 

For relatively large f. * (56) can be approximated by 

cov s.= (1 -c) 2 
0 8 - J CV -j- J 

JP (0 ) 
+c~ .. 

£ ljl (0 ) 
:-....x 

I (57) 
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yielding as asymptotic solut1on the same expression as in the case 

of adjustment with matrix inversion: 
c 1jlnn (O) 

COV!, D --

2-c R.il1jl (0) 
XX 

3. Some remarks on other types of errors in a practical situation, 

(58) 

Considering the noise error we assumed that certain conditions were ful­

filled. This, however, will mostly not be the case. It is therefore useful 

to indicate some additional errors that occur when these conditions are 

not satisfied. 

Truncation error. 

The delay lir ~n our mathematical model will often be too Shlall, which 

then causes the phenomenon known as truncation error. The existence of 

this kind of error may be considered in an analogous way as was done with 

the noise error, namely as if it was caused by additive correlated noise 

added to the output of the process, cf. fig. 5. 

The e~plicit expression of the truncation error vector ~B is 

(59) 

U is a partial matrix of X satisfying 

(60) 

The truncation error doe s not affect the unbiasedness of the estimation 

when the input signal is "white" noise, as appears from: 

T ~ T T T <u u) ~ = u z = u r + u E 

E ~TU} E ~} E ~Tl} E ~T!:] = 

E GTu}; • E ~T!: J 
T U r appears to be: 

(61) 

( 62) 
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k-p i :J>-v+l 
I { h I xixi+p+v-1 } 

v=l p+v i•I 

k:P t :P-v+2 
I { h I x.x. 2 } 

v=l p+v i•I 1 1+p+v-

UTr • 

k:P 
I { h 

v=l p+v 

i-v 
I 

i•t 

If the input is "white" noise it is easy to see that 

E ~T.!: J • 0 

so E[~ J .. ~· 
Hence, also ~ -+ 0 for i-+"". 

(63) 

In contrast with the noise error, the truncation error is independent 

of the power of the test signal. 

Even in processes with "infinite memory" the truncation error need not 

cause predominantly bad estimates, because always in an actual estimation 

procedure only a finit e number (i+p-1) of values of the impulse response 

is calculated with. It is even p~ssible to estimate without errors by 

joining an integrator to the end of the model's delay line, which is 

assumed to be sufficiently large. 

I~ some publications, cf. [3), the integrator is placed in front of the 

delay line but this i mplies that the e·stimates will have to be provided 

with a correction factor afterwards. 

In the case of e stimating a process of "infinite memory" without the 

use of an integr at or the estimates, through unbiased, will even for 

i -+"" remain uncerta in with a f i nite variance. This is caused by the fact 

that the as s umpt i ons required for ergodicity do not match. The variance 

is equal in both cases of ins t r umentation with or without matrix inversion. 

It is reasurir.g that in a practi cal situation t he truncation errors in the 

seve ral es t i ated par aw.ters for l arge 9. are as good as equal in value and 

pol ari t , sir> e t he compo e nts i n t he error ve et or ~ are strongly 

c re ed. Hen ce we ma· conclude that in a sing l e estimat ion "'e indeed 

ge ~ a lather cod idea of the sha of t he impulse response , al t hough i t 

is uncercair: o ~-h:ot: extent o er estimated value deviate s f rom the 
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corresponding value of the impulse respor.se. So eve.ry es tia:ated value 

can be corrected, if a priori knowledge about at lea~t one value oi t ~ 

i mp ul se r espon e i s available, e.g . when the amplification factor is 

known . 

Obse rvation error. 

Obse rvation errors appear if the a3sumption b) t urns ou t to oe unj ·l.!sti­

·ied . ,.;e can avoid this kind of errors in ur es timates by ,-..~glecting 

the first and last p measured output va lues . Hm·1ever , t ,;' en it. is only 

possible t o obse::-ve for a very short time, a ll output value <> ha e to b~ 

used in the calculations and the errors nave to be weighted in a ; ro per 

w-ay, cf. [ s] 

4. Conclusions. 

Yne described explicit and implicit methods appear to yiel equal results 

with re s ect to the uncer tainty in the estimate caused by add itive noi ~e. 

Likewise, this uncertainty (no ise error) appears to be independent of 

ins tr mentation \vi th or \.Ji thout matrix inversion. This offers the experimenter 

considerable fr eedom to select a method satisfying his needs and be ing ~s 

s imple as possible. 

Fundamentally , the instrumentation withou t matrix inversion caus es some 

uncertainty due to truncati on errors. In a practical sit,Jation, hor..;rever, 

for s ufficiently large 1. the truncation error does not predominantly 

influence the total uncertainty i the e s timate. Besides, such an in­

fluence can of ten be reco nized easily. 
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AN· IKSTRUMENTAL VARIABLE METHOD FOR 
REAL- TIME IDENTIFICATiON OF A NOISY 

PROCESS 

Peter C. Ym.mg* 

Naval Weapons Center 
Olina Lake, California, United States of America 

INTROOOCI'ICN 

The problem of real-time process parameter est imation from normal oper­
ating data has received considerable attention in recent years. 1 The various 
techniques developed range f rom largely deterministic procedures2 t o sophis­
ticated statistical methods based on the results of optimal estimation theo­
ry.3 The Instrumental Variable (I.V.) technique outlined in this paper is 
intended as a compromise between these two extrerres; it has a basis in clas­
sical statistical estimati on theory, but does not require a priori infor­
mation on the signal and noise statistics. 

The complete identification scheme requires hybrid instrumentation; the 
estimation procedure itself takes the form of a computati~nally efficient 
recursive algorithm. The basically simple approach represents a logical de-

. velopment of earlier estimation schemes used by the author4
• 

5
• 

6 and is in­
tended to be a widely applicable method for estimating differential equation 
model parameters of single input-single output processes . Hm.,.ever, the al­
gorithm can be extended for use with certain nultivariable problems and with 
difference equation models if desired. 7 

'IHE PROBLEM 

Consider a single input-single output dynamic process that can be de­
scribed by a linear differential equation model 

N . M 

~a t:fx=u +~b J'lu (1) 
~ n dtn ~ m dtm 
n=O m=l 

where u = u(t) is the input command signal and x • x(t) is the process out­
put response to u ( t) • The parameters an and b m are a set of M+N+ 1 unknown 

coefficients which may have time variations that are slow in comparison with 
the respgnse time of the process. If x , n=fJ+N and u , m=O+M are used to 

denote J1-x and J'lu respec--:ively, then (~) can be writ~en 
dt" dtm 

tan xn •uo• tbm "m 
n=O m=l 

lihich can be converted into the alternative vec~or equation 

T 
xAa = u0 

*This paper provides a brief resume of research carried out beb.,.een 
1965 .. and 196 7 in the Department of Engineering, University of Cambridge, 
England. The researc..~ Has supported b · the Whitwort.i Foundation. 

(2) 

(3) 
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where • 
T = [xo u11] ZA xl XN Ul Uz ••• 
T = [ao bl - b 2 . .. - b m J a al aN -

(4) 

Details of unmeasurable di sturbances or measurement noise that may af­
fect the process are not supplied by (3), nor does i t provi de a pi cture of 
the process as seen by an external observer. It will be assumed her e that 
these details can be included by adj oining the observation equations. 

(5) 

t6) 

Here, B is a j x (M+N+l) matrix (j 2_ M+N+l ) with unity or zero element s re­

lating the observed j vector, y = [Yo y 1 • •• yj - l ]T, with t he augmented 

state vector, xA' The symbol t is a j random vector denoting the noise 

present on the observations. By t he principle of superposi tion for linear 
systems, it can be assumed that t represents the combined effects of all 
unmeasurable disturbances and measurement noise affecting t he process . The 
observed input signal, v, is· contaminated b measuremen t noise , n , which 
does not enter the process. 

The overall s ignal topology of the system as descri ed by (3) , (5) , anc 
(6) is shown in Fig. l(a). Identifying t his process dur ing nonnal ope ra­
tions i s a problem of statistical par amet er estimation . To solve such a 
problem, it is necessary to choose a method for ut il i zing t he observed data , 
y and v, to derive an estimate a of a , whereby t he resulting estimated rode ' 
\vill adequately describe the dynamic charact eris t i cs of t he process . 

GF...N"ERALI ZED EOUATI . ERROR 1ETI !OD 

Previous publ icati ons by the author describe a l imi t ed solution t o t . e 
estimat i on problem posed in the last section whi ch can be used wi t h either 
continuous~ ' 5 or discrete 4

' 6 da t a . This approach is based on the efini t i on 
of an "estimation model" that obeys a similar di fferential equation l a"' t o 
that of the basic process , but whi ch does not include pure t . e der ivat i ves 
of the process input and output signal s . This est i mation model i o tained 
by operating on each of t he terms appearing in the di fferent ial equation ( 1) 
,.,i th a linear time i nvariant f ilt er , D i , whe re in general 

( 7) 

and Pi (s) ; Qi(s ) are constant coefficient polynomials in le Laplace oper-

a tor, s, wit h orders I and J . If a and b are assumed con t 1 t, then i t is n m 
poss i ble to \vri t e t he fo llowing i denti t i es: 

Di {an . xn ( t) } an Di xn(t) 

D. ~b eu (t )} b D. u (t) 
1- \ m m 1- m 

= an[(xn)]oi l 
bm [(urn)]vi 

where t he terms [ (Xn )]v. and [Cum)] D . can be considered 
'!- '!-

ph,'sically 

(8) 

as t he 

outputs of t he f i lte r Di (s) , Hhose input s are xn and un; respectivel : 
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Equation (8) states that because the process is linear and the param­
eters an and bm are time invariant, then the operator, Di' commutes with 
the functions a • :r: and b • u . If this is the case, then it has been 

n n m m 
shown'+, 6 that the parameters an and bm can be relate~ by t},e estimation 
model 

M 

[(uo )]vi + ~ bm[( um)]vi (9) 

This relationship is valid for all time, t, subsequent to an initial small 
interval of time, £, following the initiation of the filtration at t = t 0 
provided that:(a) the form of Di(s) is such that any initial conditions on 

the process variables at t = t 0 have i significant effec~ on the filter out­

puts [( :r:n)]vi and [(um)]vi for all tim..:., t > t 0 + £; and (b) the frequency 

bandwidth of the filter Di(s) approximately encompasses the frequency band 

covered by the differential equation model of the process-in other words, 
the frequency band of interest in the identification. 

The significance of (9) is that it provides a relationship between the 
unknown parameters an and bm that is capable of replacing the original dif-

ferential equation (2) for identification purposes. The practical utility 
of the estimation model becomes clearer if the commutation carried out in 
(8) is taken one step further, i.e., 

and 

[(:r:n)]vi = [(:r:o)]vin 

[(um)]vi = [(uo)]vim 

where D. (s) = snD(s) ; D. (s) = smD(s). It is now clear that the esti-
~n ~m 

mation model can be written in the alternative form 

(10) 

(11) 

in which the variables [(.x0)]v. and [(u0)]D. are obtained as the outputs of 
~n ~m 

the "state variable filters" D. <md D. (a term used by Hofrnann, et al. 8
), 

~n ~m 

'vhose inputs are simply the process output, .x0 , and input, u0 , respectively. 

These f ilters can be made physicall' realizable provided the order J of Qi(s) 

i s selected so pure differentiation , 1'lith all its attendant practical limi­
tations, is not specified. This requires that J should be made greater than 
or equal to the total sum of the order I of Pi(s) and the order of the max-

imum dif{erential coefficient appearing in the model of the process. Since 
f or most physical processes N > fl, t his condition is usually of the form 
J > I+N. -

Probably the simplest examp le of a physically realizable set of state 
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variable filters is obtained by cascading first order low- and high-pass 
filters as described in Ref. s. Other related but more subtle approaches 
are the method of Kohr9 and the method of multiple filters~• 6

• A more 
detailed discussion regarding the choice of particular state variable filter 
configurations and the general philosophy of the state variable filter ap-
proach is given in Ref. 7. · 

In any practical situation (see (b) of Fig. 1), the process output, z0 , 
and input, u0 , are not directly measurable and must be replaced by their 

observed values, y0 and v, respectively. Consequently, the estimation rodel 

(11) has to be rodified as shown in (12). 

N M 

~ an[(Yo)]vin • [(v)]viO + ~ bm[(v)]vim (12) 

1bis can be written in the alternative vector form 

T (13) 

where 

Note 
also 

T 
3 = 

w = 

• a • w 

T • • 

w • 

that by the principle of superposition, the follmiing relationships are 
true (see (b) of Fig. 1): 

zA; + ~ .. [[( zo)]vi0 • · · [ ( uo )]viM]+ [[( to)]viO · • · [( n )]viM] 

uv + "v = [(uo)]viO + [(n)]viO 
(14) 

Referring to (13), it is now possible to define a generalized equation 
error function, e, at an arbitrary ith instant of time by the relationship 

e. 6 .~ a .. !.c}. (15) 
'f..- 'f.. 'f.. 

Here, a represents an estimate of the parameter vector, a, and the suffix, 
i,. denotes values applying at the ith instant. The estimate, a, now can be 
obtained by minimizing some positive definite-criterion function in the gen­
eralized equation error. 

If the parameters are assumed time invariant, a useful criterion func­
tion is the sum of the squares over the observation interval, J 2• For a set 

of k observations, J 2 takes the form 

J2 = t [z~ a - w.J2 
(16) 

i=l 'f.. 'f.. 

The e timRtes , a, t hat minimize t his filllC ion can be obtained y differen­
tiating Hi th respect to the a and equating to zero; i.e. , 



125 

"· 

The solution of the M+N+ 1 linear sirul taneous algebr aic equations, which are 
similar to the normal equations of linear regression analysis, is given by 

a = -1 
(17) k Ck Bk = pk 8k 

where 
k 

Pi/ • ck ~ ~ T •••• 1,. 1,. 

and i•l 

k 
Bk = ~ 8 i ""'i 

i•l 

In {17), a can be obtained by direct matrix inversion, or by using a 
gradient technique, such as the JOOthod of conjugate gradients. 7• 10 However, 
an alternative approach more suitable for real-tiJOO application is avail­
able, ,,rhich also avoids matrix inversion. This technique uses the well 
known recursive solution of linear least squares problems·. of this type, in 
l.fllich the parameter estimate is updated as new data is received. The deri­
vation nf this solution is straightfon~ard; it is merely a stepwise solution 
of the fixed sample length problem. 7

• 
11 In the resulting recursive algo­

rithm, (17) is replaced by 

~ ak-1 - Pk-1 •k [•% Pk-1 8 k + 1]-
1 

f •% ~-1 - IJk l 
or 

~ • ~-1 - pk l·k ·%-~-1 - ·k IJk I 
"rhere Pk is given by a second recursive relationship in the form 

p-1 • p-1 + 8 k aTk 
k k-1 

or 

(18) 

(19) 

Using this approach, the estimate at the kth instant is obtained by the re­
peated application of (18) and (19) from assumed initial conditions ao and 
P 0• The selection of these initial conditions is not critical. 7• 

11 
· 

JOISE CQ~SI DEAATIONS-THE I STRIJ.-IENTAL VARIABLE (I.V.) ALCDRITI-Ir-1 

If there is noise pres nt on t.~e observed signals, the generalized equa­
tion error estimate discussed in the previous section is asymptotically biased 
to a degree Hhich is dependent upon the nois~/signal ratio. This tmfortu­
nate d1aracteristic Clrises because the vector; a, is composed of elements 
su j ected to noise contamination . 11•erefore, (13) is an example of a "struc­
turar' rather than a "regression" model. 12 

The reason fo r t e estiJP.c1.tion b:i as becomes apparent if stationary sta-
tistical properties ~ re assum d and the e:x"}Jected va lue of the matrix · 
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[ ;ulJ is. examined.. The following is obtained f rom (14) : 

E[a:l] = E RzAD ~ ~D) (::AD+ ~D)T ] 

Hmvever, since zAD and ~D are uncorrelated, this becomes 

E[aaTJ == E[zAD zA;l+ E [~D ~] (20) 

\vhere the noise induced term E [~D ~J is identically zero only when there is 

no noise on the observed data. It ~an be shmvn 6 
• 

7 that the presence of this 
noise induced term introduces the asymptotic bias on the ~arameter estimates. 

One approach to the above problem that does not require a priori knowl­
ed~e of the noise statistics has its foundation in statistical estimation 
theory where it has been termed the Instrumental lariable (I , \ , ) me t hod . 13 

The asymptotic bias is removed by modifying the solution ?iven hy (17) in t he 
following manner 

a = pk Bk (21) 

where 

;-1 k 
T ) L: %. a. 

k 1- 1-

i=l 

and 
k 

~ 
Bk L: %. w. ) 1- 1-

i=l 

(22) 

Here, z is an I.V. vector composed of elements chosen to be highly correlat­
ed with unobservable noise-f~ee process variables, zAD' but totally un-

correlated with the various additive noise components that corrupt these 

signals. As a result, the matrix [zaTJ, which now replaces the J'T'atrix [zzT], 
of the uncompensated algorithm, has the expected value 

E[nT] = E[z zA;J f. 0 

Furthermore, it is clear that 

E[z zA;]-+- ~[::AD ::A;] as z -+- ZAD (23) 

In ti1e long term, therefore, the inclusion of the I.V. vector, %, e liminates 

the troub lesome noise tem, E[~D ~;]., while preserving the basic structure 

and exi s tence of the solution. In this way , the asymptotic bias is removed 
from the estimates, ensuring only small bias for fini te s ampl e len rr ths. Lm ­
fortunately, the elimination of bias in the Jbove manner is usuall_ accom­
panied by certain loss of efficiency in t he statistical sense . 1 3 f!mvever, as 
mi ght be expected from (23), the greater the correlation het\veen z and t he 
noise - free signals, t he smaller the estimation variance. In fact , a s i mpl e 
theoretical analysis shmvs that the asymptotic variance should app roach zero 
i f z ea be made equal to zAD' 7 

111c f!1aj or problem Hi th the I. V. approach i s the generation of the in -
stnL"1ent' 1 var· ahles, t hemselves. 1e method su gested i 1 ne • 6 is a de-
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velopment of an analog tedmique used by Levadi. 1 
'+ Levadi' s technique is a· 

developrrent of earlier procedures for the estimation of diffe.rence equation 
model parameters suggested by Joseph, et al.., 15 and .Andeen and Shipley·. 16 

The procedure for the rore general case, where the process is contained with­
in a noisy feedback loop, is shown in Fig. 2. The b~sic philosophy of this 
approach is that by prefiltering the input corranand, . u* ., by an "auxiliary 
model" of the process, it is possible to generate an I. V. vector,. ~. which 
is highly correlated with the noise-free process vector,. zAD• In addition, 

the elements of ~ \vill be tmcorrelated \vith any other noise in the s.vstem 
provided the input corranan.d is noise-free. In -practice, lmv- levels of input 
noise (< 5%) can be tolerated without introducing noticeable bias. 

Two approachec, to the problem of selecting- the auxiliary JrOdel param­
eters are suggestecl in Ref. 7. The first. approach is· an off-line iterative 
routine. The model parameters are initially selected on the basis of either 
a priori information, or previous tmcornpensated (i.e., biased) estimates of 
the process parrureters l.Yhich are then updated by a series of I.. V. ·rtms. The 
second approac~ (initially outlined by the author 17

) is based ·on a. recursive 
solution to the problem and can be used· in real-time·.· .The; method of deriving 
this recursive algorithm (which is similar to that t~ed in the tmcompensated 
case) is given in Appendix A. The main equations are repeated below for con­
venience. 

(24) 

(25) 

\vith the help of this algorithm, it is possible to develop a fully adaptive 
approach; : the estimates are low-pass filtered to avoid rapid transients, and 
~1en are used to update the auxiliary model on a continuous basis. In both 
of the above cases, convergence can be argued. 7 However, because of equip­
ment problems, practical verification has been possible for the iterative 
rre thod only. 

IDENTI FIAB I LITI 

It h~s been noted that the equation error approach is closely related 
to the procedures of linear regression analysis. One important and often 
overlooked feature of regression analysis is that t he ~eg~ssors should be 
linearly independent if accurate low variance estimation is to be possible. 12 

In the equation erroT procedures described here, the place of the regressors 
is taken by the elements of the vector, .z.. Since these elements are depen­
dent upon both the process input signals and the nature of the assumed model, 
it is clear that both factors have an important bearing on the iden tifiabil-ity 
of the process.' 

Choice of Input Signals 

To ensure satisfactory identification, t heoretical considerations indi­
cate that the input signal should be sufficientl-y exciting in that (a) 

k 

Lu~ > 0 ; lvhere ui = (u0}i 
i =l 

and (b) t he number of discrete frequency components i n an~ periodic signal 
should exceed d where 



d > (M+N+l)/2 
- (M+N+2)/2 

H28 

M+N+l even 
M+N+l odd 

• 

These conditions are a theoretical guide and shoul d rerely be considered as 
minimum requirements. Practical experiments suggest that i/ input signals 
can be selected, a random noise-type signal usually gives excellent resul ts. 7•S.9 

Nature of the Mathematical t-fodel 

The choice of a sufficiently exciting input signal does not guarantee 
low variance estimation. There usually will be some Treasure of partial lin­
ear dependence'• 18 benveen the elements of the augn nted state vector ar ising 
because of the model structure. In the present differential equation case, 
problems of this sort arise when the assumed model has input derivative terms. 
A simple but interesting example demonstrating the kind of results obtained J' 
in such situations is discussed later. 

One method of checking the results of a pure regroession experiment to 
test for linear dependence is multiple aororelation analysis. 19 The same ap­
proach can be used to good effect in the low-noise, .tmcompensated equation 
error case also; hmvever, it rust be used Ni th caution since it is well knm-m. 
that cor1~lation coefficients can be biased by errors in observations, 19 The 
special properties of the adaptive I. V, method are rather useful in this re­
spect since they enable the development of a pseudo multiple correlat ion 
analysis 7

• 18 that appears to give good qualitative results and may have quan­
titative significance . 

Controllabil i ty 

One final point that should be mentioned is the implication of controol­
Zability20 on the identification of the process. Theoretically, if the pro-
cess is uncontrollable in that a pole-zero cancellation is present, it is not 
i dentifiable. This is confirmed by experimental resul ts,shrnving that identi­
fication is particularly poor if exact cancellation is present. As such a 
situation rarely occurs in the real world, it will not normally cause problems. ' 

DETECfiNG PAIWfi:lER VAlUATION 

Since the acCUJll.llated square-type criterion function weights all data 
equally over the observation interval, it contains an impl icit assumption 
that the parameters are constant over this period. If slO\v parameter varia­
tion is possible , precautions must be taken to ensure that outdated estimates 
are not obtained. A particularly simple approach to this problem is weighting 
the data exponentially into the past to gradually remove information as it 
becores obsolete. An analog method of exponential Neighting by low-pass av­
eraring filters has been described. 5 A discrete data equivalent of this pro­
cedure can be developed quite easily,' and has been used to detect the non­
stationary characteristics of both simulated'• 16 and practical21 processes. 

A more attractive general approach to the problem of parameter variation · 
can be developed by referring to the equivalent pure regression situation.'• 11 

Here, a nonstationary version of the recursive least-squares equations is ob­
tained by considering a stochastic interpretation of the problem, then intro-
ducing the statistical model of the parameter variations 1 

(26) 

where 4>(k, k-1) is an assumed known (M+N+l) x (M+N+l) transition matrix, and 
the (!~N+l) random disturbance vector, qk-l' has zero mean value and covari-

'>, . 
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ance matrix E (qrq~) = Qors (o is the Kronecker· delta function). The vector 
provides a statistical degree of freedom for the equation._ The resulting 
prediction-correction algorithm is a form of the optimal discrete filter-esti­
mation equations suggested by Kalman. 22 

By using a purely heuristic argument based on the similarity benveen the 
equation error method and ·the linear regression analysis, it is possible to 
construct a dynamia equation error algorithm. The algorithm is of very lim­
ited practical utility as it stands because it requires Jmowledge of the 
parameter transition matrix, ~(k, k-1). Fortunately, it is a straightfonvard 
matter to simpli~r the algorithm by letting ~(k, k-1) equal I for al l k, 
implying that any parameter variation is due to small random perturbations 
benveen samples (a random walk process). In this case, the I. V. algorithm can 
be written 

" [T" ]l{T I ~ ak-1 - Pk/k-1 ik •k Pklk-1 ik • 1 - •k ~-1 - UJk r (27) 

pk/k-1 = pk-1 + D (28) 

(29) 

The only difference between this procedure and the stationary parar. ~ter pro­
cedure given by (24) and (25) is the inclusion of (28). According to the 
heuristic argument, D in this equation is analogous to the covariru ce matrix 
of the parameter variations, Q, in the pure regression case. As a result, 
the choice of D proves to be fairly straightfonvard, since it can )e selected. 
by reference to the expected rates of parameter variation between samples. 

TI1e physical effect cf introducing the D matrix is to limit the lower 
bound on the P matrix elements, preventing the elements from beconing too 
small and allmving for continuous correction of the parareter estimates as 
time progresses. Since D is a matrix, it is possible to limit individual 
elements to different degrees. In this way, different expected rates of 
parameter variation can be specified on the elements of a (see Experimental 
Results). 

The major disadvantage of the type of algorithm described above is its 
inability to differentiate bet,.,reen actual parameter variations and indicated 
parameter variations caused by noise on the data. As a result, the approach 
only proves satisfactOl)' for the estimation of parameter variations larger 
than tl1e residual estimation variance due to noise. 

In general, t he dynamic equation error algorithm--although not optimal 
in any sense-is t o be pref erred to the alternative data weighting approach. 
The inclus i on of t he par ar-'eter variation model means that the algorithm has 
much great er inherent fle. -ibili ty. For instance, the choice of a random 
walk model for the par amet er variations is arbitrary; in ·certain situations 
it may be more realistic to specify other models, such as an exponentially 
correlated r andom variation, or a random ramp change. The virtue of the 
model approach simp ly is that it allrnvs this type of a priori information to 
be used direct ly in the estimation al gorithm if it is available. It also 
provides t he possibility of a more sophisticated procedure in which the pa­
r ameter variation model , i t self , is updated by ·a ·secondary "learning" scheme. 

_EXPERI ·!ENTAL RE~ULTS 

A number of eA~eriments des i gned t o test t he pract ical utility of the 
techniques discussed in this aper were ade wit h the experimental equipment 
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shown in Fi g. 3. The process and the a~~iliarf rrcdel 'vere simulated on an 
analog corrputer, which also was used t o synthesize the track-s tore devices 
and filters required by the method of multiple filters.~' 6 

When the parameter, a
3

, of the second order process shown in Fig. 3 L 

knmvn, the process is clearly identifiable. In this situation, the esti­
mation results obtained with the above equipment were excellent. 2 3 However, 
when all four parrureters \vere assured unknO\-m, the results were not so satis ­
factory--with particularly high variance on, the estimates a

1 
and a

3
• A 

table of the estimates obtained for various levels of noise contamination i s 
shO\m below. 

Parameter Estimates After 170 Samples 

Noise/Signal Estimated Parameter Values 
Ratios, 6 ao al a2 a3 

0.269 0.955 1.056 0.677 1.069 

0.359 1.055 2.038 1.600 2.233 

0.538 0.964 1.091 0.748 1.099 

0.897 1.104 1.800 1.212 1.515 

Actual Param-
eter Values 1.000 1.400 1.000 1.500 

These estimation results were obtained using the I.V. algorithm given by (24) 
and (25), with the process activated by a pseudo random-step input and fil­
tered white-noise disturbanc~s (Fig. 4). Although they look rather poor at 
first sight, the results tend to be misleading since the step, initial con­
dition, and frequency responses for the estimated model (as given in Figs. 5 
and 6) show good agreement with the actual process responses. Thus, if the 
object of an identification experiment is to predict process output response 
to input activation, the estimation results may be considered satisfactory. 

The kind of results described above can be explained by the high degree 
of partial linear dependence existing bebveen the elements of the vector %AD 

due to the presence of the input derivative term. This fact becomes apparent 
if a multiple correlation analysis (see Identifiability) is perforned on the 
measurement data: With a

3 
assumed knO\m, the multiple correlation coefficient _ 

are small compared with the total correlation coefficient; with a
3 

tmknown, 

they assume much higher values, indicating strong linear relationships between 
certain of ~1e elements of %AD• A physical explanation of this peculiar 

phenomenon is that the sensitivity of the process response to changes in cer­
tain parameters is small. Consequently, the estimation error does not pos­
sess a clearly defined mininum and the estimates tend to "drift," thus pro­
ducing high variance. 

Figure 7 sho,vs the results obtained when the algorithm given by (27), 
(28), and (29), was used to identify a process in which the parameters, a], 
a2, and a~ were time-invariant, and the a0 parameter was varied s inusoi­
dally. It should be stressed that Fig. 7 illt~trates optimum performance in 
the sense that the auxi liary model parame ter was varied in accordance with 
~1e actual process parameter variation. This approach was necessary because 
equipment delays re ent cd fu ll hybrid operation. When tho arameters ' ere 
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varied siJTUltaneously, similar results were obtained (Fig. 8). The results 
shown in Figs. 7 and 8 were obtained with a 3 assurred known (in other \vords, 
with the process clearly identifiable). · 

Appendix A 

DERIVATHJ'.J OF TI-lE RECURSIVE INSTRUf\1ENTAL VARIABLE ALOORITI-~1 

Matrix Inversion Lemma 
A 

The matrix Pk is related to the matrix Pk_ 1 by 

A ["'-1 T]-1 pk = pk-1 + zk 3 k (A-1) 

. Estimation Algoritlun 

From (21), the estimate ak at the kth instant is given by 

~ == pk 8k (A-3) 

Now Bk is related to Bk_ 1 _by 

..... ,., 
Bk == Bk-1 + zk wk (A-4) 

Substituting (A-2) and (A-4) into (A-3) gives 

[
,.. A ( T " -1 T " J r" J ~ = pk-1- pk-1 ik 3 k Pk-1 ik + 1) 3 k Pk-1 8k-l + ik wk 
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" _ 1 " l T I 
"k - ~-1 - I Pk-1 ~ "k ak-1 - z k '"'k J 

where fl is the scalar quantity defined by ( zr p k-1 z k + 1 ). 
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Fig. 2. InstruMental variable method for identifying a process \vithin a 
closed loop--the auxiliary model approach (F and K are knrnvn control 
system elements • 
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MODELING AND IDE NTIFICATIO OF AQUIFER 
SYSTEMS OF HIGH DI~1E NSION 

D. A . \-iismcr- , R. L. P~L-i.l c , Y. Y. Hail 1e s 
D-·_t.lartm "' 1t of E n gi..J.l " el 'i!lg, -nl\·er ity o f Califor_ i2. 

Los Ange}£>s , Cabfor nia, U. S. A . 

INTR OD0 T ION 

The di r ec t detcrmina . io n o f s s cm p r oper ies di ffic tlt for me>.ny 

physical sys tem s. These systems , s uch as the underg .. : ound a quif rs o · 

re s erv oirs c or.sidered in t he p resent study, lend themselves to st 1cy b.; 

system ide ntifi cation methods . Beca use he pr ope rties to be determ ::1ed 

vary 'v idel .... - throughout the system, problems with high dime nsionali y 

result. Thus both fonnulation of a ystem model and of an op-~imi.za io 

procedure a r c Lm portant t o success ful solution of the overall probJe 

In the prese nt paper t-vvo moderate · c omplex mode,s of an unde r­

ground reservoir are fo rmulated. Decomposition methods, toget her 

with m odel s e _,_ection, redu ce dimensionality so as to make the · d-...ntifica­

tion problem tractable . Results obt ained show the solution methods to 

be effective in represent ing syst em response while reduc i ng computa -. 

tional requirem.ents. 

SYSTEM MODELS AND DUVIENSI0 1 ALITY 

The basic flow· e quations which characte rize the sys tem model a re 

well established.
1 

Darcy ' s Law desc ribe s the slO '.\ flow of a comp ·e s s ­

ible fluid through the porous medium . Usually t he gradients involved 

a 1·e small, and when continuity is imposed on a confined aquifer or res­

ervoir system , linearizat ion can be employ ed. 
2 

The re sult, then, i 

that the transient pre ssure re s ponse of t he system is de scribed by the 

diffu sion e qu2.t ion. 

Ord y t wo spa ·c dir.:ensio!1S ar_ considered because with typicc-,1 s:·::-~ems 

vert~ a l fl.o\ · s :.dom is impm' tcm . Pressure is de no~ed by P, and C 

r l l' "' SCn. s a SQ_l"( ·n trcnc '1 (pl ·ndurbon t' a·c rcr mit area ) . Th e C:l-



1-43 

the system . T he storage functj on. S(x, -,;, 1s a measure of system 

capacity . · Both are distribute d parameters . 

At this point appropriate boundary conditions, including production 

rates, and values for T and S must be spe cified to be able to predict 

future system response . A difficulty, or" course, i s that detailed knowl·­

edge of the variation of T(x, y ) aml S( x. y) is noi. available. On the other 

hand, pressure and time data, P and t respectively, can be obtc:.ined by 

observing the system at specified locations. Thereby an inverse problem 

in reservoir description is created: given some function F(P b d -
o serve 

P(T, S) 
1 1 

t d), how must T and S be chosen so that F is minimized ? ea cu a e · · 
A solution to the inverse problem enables one to accurately predict sys·-

tem response to future modes of operation. 

Thus it is assumed that a useful description of the system is given 

by specifying a number of transmissibility and storage values: '!:i · and 

§i. The interpretation of each ~s that it represents the effective or aver­

age parameter value within a spatial region. Each region then can be 

treated mathematically as being homogeneous. Thus the problem to be 

solved reduce$ to that of finding the optimal choice of vectors !i and §i 

which will minimize an appropriate criterion function. 

Straightforward discretization methods could be utilized for the flow 

problem. However, the work of J ahns 
3 

has sh~wn how this leads either 

to excess dimensionality ~ or to very large computational requirements, 

or both. The present study will use integral solutions to the flow problem 

together with decomposition to minimize these difficulties. 

Model One Formulation 

Consider the characterist ics of a typic.alla.rge aq';lifer or reservoir. 

Quite ofte Yl fluids are produced through ::1 cluster of wells located near its 

center. Starting from a ny stabilized il1itia l condition, over reasonably 

large period s ortiJ 11..:: no efkct of sysLm tountlarie s is likely to be felt. 

The c:~rstcm i:- very ]arg i . area] extent compared to its vertical dimen ­

. jons , nr s 1 .~2 n 1 .c ·~ _prcs--: nted as -_n infinite two -dirnensional s y s tem 

coni...,iniJ ~ ~ c u. tcr of,,. , s ir ~c _ 1o o primary in r!rC st. 
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'v\ hen each \·ell is producing, "boundaries"- with zero potential 

gradient s (no flow) must exist between wells. I•luid on opposit e sides o f 

the se "boundaries" flows to opposite wells. just as if the line of separa­

tion were imper ncable. Thus a convenient approximation in modeling the 

system is to separate one - \vell regions by straight -line boundaries. A 

pair of boundary lines on opposite sides of one \Vell will intersect to form 

a wedge. As a result the model for a cluster of N wells ~n a large reser­

voir is obtained by dividing the system into I wedge -shaped homogeneous 

regions. each radiating out from a single selected origin and enclosing a 

single well; well i at azimuth 8 i. The regions are separated by N 

straight, impermeable boundaries also radiating from the origin at azi-
. . 

muths· a .• (8. <a.< 8.+
1

). The identification scheme will determine 
1 1 1 1 

optimal values of the boundaries ai as well as Si and T i. Thus the ge-

ometry of the model is actually determined by system behavior. Model 

geometry is illustrated in Figure 1. 

As was noted earlier, the transient flow equation for the system 

considered lC'ads to a diffusion equation which can be more conveniently 

written in another coordinate system as follows 

T [.! ~ (r ~ )] = S ~ 
r ar ar at 

(1) 

where cp denotes the model computed pres5u re to distinguish it from 

observed values, and r represents radial distance from the well. The 

initial and boundary conditions for the partial differential equation are 

the followL 2
• 

4 

li f(r,t) lim cb{r,t) = P
1
, a constant 

t-o r-"" 

~~ r (~;) 2; T, a constant 

(2a) 

(2b) 

The positive con s t ant production rate is given by q. These conditions 

define s;o'.'.' laminar floy; of a slightly com pressible fluid in an infinite, 

horizuntc::.l , r a dial isotropic sy s tem of uniform thickness . 

E q u at ic.Jn ( 1) is tra nsfonnc cl int o a n or di n2..ry differe ntial C'qu~tion 

usiJJi,; the BoFzm:::. ;~n traM:fnrrn~:. t ion : ;t = (Sr
2 

/ 4Tt ) . The new c qu n.tion i s: 

d
2 ~· ' cl (, 

A ~~- .2 • ( ! .; >.J Ci:\ = 0 (3) 
QA 

Wif.h l;O!Jfl r:a_ r>- CO~Jrii. ti nl"::-:: 



lim (>(A)= P
1

; lim 2A M = __ <L_ 
A- oo A-0 211 T 

(4a, b) 

The solution io this equation is obt ained in terms of the exponential 

integral; Ei(u): 

(5) 

Since Ei( -u} is negative, the pressure will decrease as production occurs. 

The use of images for extensiOJ?. of the solution to problem.s in a 

b d d d ha d h . . . l ~ 1, 4 oun e , we ge -s pe , omogeneous regwn 1s stra1g 1borward. 

Suppose the ith actual wedge includes an angle of 21T /m . radians, be -
. '1 

tween azimuths a. and a. 
1

, where m. is an even integer. The image 
1 1- 1 

system ~hen contains mi wedges. filling the whole 'plane. Each '"e?ge· 

has the same origin, and contains a well which is the mirror irn.age of 

the actual well and/or image wells across each of its adjacent boundaries. 

The angle between the ith well with azimuth 8. and its kth image is 
1 . 

given by 2~ ik where 

tile= [i] (ai - 8 i) ~ [k; 
1 

] (oi- ai-l+ 211 6u) 

i = 1, 2, ... ; N 

' 
k = 1,2, ... ,m . 

1 

'(6) 

and o .. is the Kronecker delta. The notation[k/2] and [{k-1)/2] de-
1J 

notes that these quantities are truncated to integer values. The ai 

define wedge boundaries. 

Thus the pressure -computed at the ith well and jth time is conven­

iently denoted by q, . . , which in the bounded system res~.lts from produc­
lJ 

· tion at a rate qi. It is computed by superposition of the pressure e'ffects 

caused by all m. image we!ls, for each of N actual wells. The com-
1 

puted pressure response for model one for a given set ofT .• S. can be 
. -1 -1 

determined from dmple geometric relationships as: 

~ ( a . 2 ) qi ~mi . s{i sm tik 
~ " P ~ - u E1 - ----- - -

ij . 1 411'T k =l Tit j 
('i) 

where r. is the r adia] distanc" from the o/igin to the ith·well and 
1 . 

r. sin ~ .
1 

is defined to be r the bore hole raciil;lS for the . .ith well. 
1 1 • . wi' 
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1\Iodcl T'.\'O Foc·;-;mlation 

Th8 second basic system model to be utilized takes particltlar 

advantage of t he fact that pressure response is more strongly influence d 

by near -well p r operties than by those further away. In addition, early 

respon::; c is cont rolled sol e ly by nea r -source properties, and as time 

goes on prope r tie s further out are reflected \\ith gradually diminishing 

importanc e . Thus a useful conceptual model starts by specifying annular 

r egions concentric with each well, such that constant effective parameter 

values can b e used within each region. An external region, outside the 

last defined l'ing around any well, must extend to the system boundaries 

(or to infinity). This external region is common to all wells. Thus at · 

some distance from any one well a set of uniform system properties, 

common to all .subsystems, is assumed. This model geometry is illus­

trated in Figure 2. 

Another important characteristic becomes apparent when f1uid is 

removed at a constant rate. At any time there is a radial distance out 

from each well beyond \Vhich measurable reduction in pressure has not 

yet occurred. And over most of the region out to this point pressures 

faJl alm ost uniformly with time, after an initial transient period. 

Making the convenient substitution: R = r 2
, ( 1) becomes: 

T -~ (n ~ ) o ~ !0. ( 8) an aH 4 at 
Initial and bocmda ry conditions correspond to (2). The flow rate at any 

radia l distance corresponding to R, according to Darcy' s Law, is given 

by: 

q(R, t) o -!;; TR ~ (9) 

(q is posi t ive for production from the well.) Substituting in (8) gives : 

;; s ~-0 
C l 

Intc g1·ai ing f1·om t he \ '/ C: J1, (R =: r
2 

q = q ) to a radius of disturba nc e 
~ \'/ I VI ) 

(R :-:D) at v:h ich q(D) =- 0; that is, beyond which no pressure rcdttci.ion 

- . ' ~ •) ( J l) 
~ (_! ; . : · - I I>. < .-



ow m ake the simplii~ ing assum ption that the time derivat.i e in 

(8) can b replaced by Hs a verage between the well and the radius of 

disturbance . Also, note that for all practical times D( t) >> r
2 

. Subs i­
w 

tuting (11) int o (8) gives: 

a l' ao ) qw 
T oR R aR = - 4;r D (12) 

Int egrating 1. \'.ice, s ince the independent variables in (12) are now sep ­

aratecl, yields a model consisting of M annular rings concentric with 

the well, and with constant effective prope rties within each annular 

region. Computed transient p ressure response at some radius r is 

given by: 

q w ( D dR qw r D dR 
o<R.t> = Pl- 471 J R 'fR ~ 4JTD j R T" (1 3a) 

or m asured at the well itself: 

(13b) 

Equation ( 11) can be written in terms of the pressure drop below 

the or iginal pressure at any point in the system: b.~ = (P 
1

- ~). Since 

also: 

A,P - 0 at R = D (14) 

and r
2 

a nd S are constants, (11) becomes: 
V.' 

qw d SD 
- =- 2 (SAQ)dR 

rr dl r 
w 

(15) 

Now rewriti ng ( 13) in terms of ~ cf> and substituting int o (15) gives: 

(" 6 ) 

The paramete r D for the VI concentric ring model, which is the radius 

of distur ba11c e , is defined as a function of time by (17), obtained by 

integration of ( 16). 

1 I k :,n r sk nskRk (Rk~~] 
t(D ~ T 2, l-;-:- (R, . . -R •. )( 2TJ-R - R ,l - -- £n --· 

.,D k = 2 J k •. ~, " k , J k Tk Rk 

... n-1 S m -R m=n [l -~ .zn (Hm~}) - ~ (H -P. )1l 
kf;:'l k k-1 km ;:i"l Tm km Tm m " l m 

( 17) 

For v' · !C'm of s cvr r a l weJL it now i . nece <> al~Y· only t o cam b~l,C 

p r sure clr< p:-· c ~~ to L1\ · ':'\ SC.Jlll'C , , g i ·ing r• rd !.ion fl r expected 
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system behavior of the form : • 
. lt=N · 

fi .z Pl- ~ A~k (18) 
. J k=l 

Pressure t/> . . ' is computed for the ith well and the jth time due to pro­
lJ 

duction from all sources, k = 1, 2 •... , N, Appropriate limits on the in-

~egration represented by. ~q,k must be specified. 

One point deserves special mention. Concentric rings around any 

one Well, with defined effective properties, also form a part of the ex­

ternal region surrounding the outer ring of any other one well. Thus, to 

the extent that each ring contributes a measure to the overall effective 

average properties of the system, the parameter values obtained are not 

single -valued. In other words, with this model any one well 11 sees 11 the 

detailed variation in properties immediately surrounding a second well 

only as a part of the distant, system -average properties. The subsystems 

represented by individual wells again are related in a simple way. In 

this instance they ·are linked by ·the common external region, and its 

com!llon · set of prope.rties. 

One advantage of this model is that it can be reduced to a simple 

algebraic formulation, for which the !lumber of parameters is reasonable 

consider ing the complexity of the overall problem. 

IDENTIFICATION VIA DECOMPOSITION 

The identification problem posed in the previous sections now will 

be formulated as a nonlinear programming problem for each of the two .· 

models discussed. In order to keep the problem tractable as the number 

of wells, N, becomes large, decomposition techniques will be em.ployed. 

These techniques5•
6 allow ·sep~ration of the original problem into sever.al 

subproblems which are treated inde pendently. The subproblem so}.utions 

then are modifie d and the subprobJerns are resolved . The m odification 

of subproblems wiJl be referred to as a sec:ond -level control. This 

method proceeds iteratively a11d is known to conve rge unde r appropriate 

1
. . G 

cone lhOn ". 

~-



Identificat ion of Model One 

The formulation of a decomposed nonlinear programming problem 

using model one proceeds as follows: 
N K 

2 
min ~ ~ (~ . . - P . .l · i•l,2, .. . ,J\· 

T
1
,si,oi i=I j•I lJ lJ 

subject to the constraints given previot.4s~y in { 6) and ( 7). 

where 

and 

i = 1, 2, ... , N 

mi(oi- cri·1' • 21r., 

8i < 0 i < 8i+l • 

Ti> o, 

si> o, 

where: 

k = 1,2, ... ,mi . 

i,. 1, 2, ... , N 

i"' 1, 2, ... , N 

1 • 1, 2, ... , N 

1 • 1, 2, ...• N · 

mi ~ even integer. 

(19) 

(7) 

G) 

(20) 
(21) 
(22) 
(23) 

For ease in apr>lying kriown nonlinear programining algorithm-s (21) to . 

(23) are rewritten as: 

cri ~ 9.1-+1 - (i' i r 1, 2, ••• , N 

. cri~ 01 + £i' i • 1, 2, ..• , N 

Ti ~ JJi • i • 1, 2, ... , N 

s1 ~ , 1, 1 = 1, 2, •.. , N 

wher-e t:: •• f3 ., -y. are arbitrarily sm.all constants to be. specified. 
. 1 1 1 

(24) 
(25) 
(26) 
(27) 

On substitution of (7) into ( 19) a nonline~r programming problem results 

having 4N inequality constraints and 3N variables. Since at most 3N of 

the constraints may he act1ve ·at one time, the problem is not overcon­

straincd. 

Because of the very complex natt1re oi the objective function, cOf•­

vexi.ty cannot _b" g'!3 rantecd; hence convergence is not guaranteed by 
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a ny of ~.hE: usuaJ minim izinrr algodtnul " . In ad, it · ori, as becomes 

la1·ge , the clirnensiona lity of the computat i.o 1 becomes prohil itive. For 

these practical reasons a decomposii.io 1 1·ocedu e was employed i 1 the 

solut ion . 

is on enient to regard each wedge - sho.pcd 1·egion containing on 

well a a su s ·stem. Since indi ·i ua subsystew s arc coupled onl by 

(6), it is pos sible to regard these sub y tems as · naepcnde~1t a fter making 

a s imple cha nge of ariables. Thas ih"' decomposed nonlinear program-

ming problem can be \Tit. ten in the ...:'ollowing or m: 

)I K [ q . mi ( S.r~ sin2 ~ . k~ ] 2 
min f ~ J. L P ... - 1

- )' 1:' i - ~-1-_1_· _ p 
S 1·71 J· = l 1 -!r.Tl. k71 . Tl. tJ. ij 

i ' i' 0 i ' 
0

i 
(2 8) 

whcr 
r k .,J ) ,- k - ~ ., ~ ) ~ 1. ,.= 1 -2 C(l. - al. I) - v - 2rr 0 

~ .• 2 J i i i J (29) 

(30) 

(31) 

NoY, (2 8) is separable a nd can be written: 

(32) 

Regarding o·. as a kno >.'n paraJ.ne t er in the ith subsystem, one sees that 
1 

the Sl bsysten s a e uncoup cd. Henc each subsystem optimization is 

performe d by: 

~ ~n fi(~i ; a1 l 
-1 

s ubjc ·t o th- c nsi r ct. i L s ( 30). This is a stand2.rd p r obl m in non] in car 

programm ng . 

I order t assure the min im iz :J.tion of tl c; prol.... lcw ~ 2 8) f r N 

well s, i t rcl.YJ"~i ns o n.1y o s a ti s y the consi'rCJin s (''1). Ddini.ng a L;; 

gra11g · '=' 1 fu rw U <J~ 1: 

' o . , Jt ) 
1 • ( ~.J ) 
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F i = · fi(~ i'~i; a i )-! < ~i . _9 i(!_'i) > • p}'\-cri +1) 

~ = (~1' ~2' ''. ' ~NJ 
~ = N 6d im ensional vector of Lagr a ngc ~ultipliers 

_oN+ ! = o1 

<~ . ~> = inne r product of ?5 and ~. 

Assuming that the Kuhn -Tu cker c onstraint qualification holds, t he nee-
7 

essary conditions for a m inimum of ea ch subsystem are: 

(34) 

(35) 

(36) 

The solution of (34) to (36) proceeds for giv.en values of the p~rameters 

cri' ui+ 1' and '\ by any of the standard nonlinear programming algo­

rithms. It rem ain s to determine these parameter values by satisfying 

the remaining necessary conditions for a minimum of (33); namely: 

V F = a . - a~ = 0 i = 1, 2, ••• , N 
lli 1 HI ' 

(37) 

(38) 

Thus the solution proceeds ite r atively by solving (34) to (36) for given 

values of u(k) 
1 

Jl(k) and then using (37) and (38) to determine new values 
(k+1) - (k+1) st . . 

of£' and ~ for the (k + 1) 1terahon. The solution continues 

until: 

(39) 

and 

l~(k+ l)_~(k)l ~ ~2 (40) 

where ~1 ~ ~2 are spe cified vectors . Thi s computation proce dure is as 

follows: 

1. • Estimate 0!
4 

and J.\~ i = 1, 2, 3, ... , N and set j = 1. 

2. De t ermin"' u . and J..l . from (37) and (38) using la t est 
J J 

inform atio.n. 

3. Determine T .. S ., 0! A . from ( 31) - ( 36 ) using latest 
r J T J 

informo.tion. 

Is = N? 

No S t j _, j -1 1 a nd £ 0 t o 2 . 

YC' !" - Is ·oJ!\'C' ·rc nc-0 ."'tta~nc>d () rc ordinr; to ( 39), ( 4 0 ) ? 

• 
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No - Set j = 1 and go to 2. 

Yes - Stop. 

Convergence '<Vas found to be rapid for a 4 -·vell example to be ·described in a 

a foilowing ·sect ion. 

Identification of Model Two 

Consider now the question of formulating the i~entl fication of param­

eters using model two as a decomposed no~inear. ptogramming problem. 

In this case, the form of the problem is such that we"'wish to: 
N K . 

min L ~ w.[t .. (D . . )- t~} i' 1,2 ... N (41) 
!i'~i i:l j : l 1 lJ lJ lJ 

where T., S . are M. -dimensional vectors to be determined .. (This change 
. -1 -1 1 . 

in the criterion function is . easily justified because variance.s in P and t 0 

are of the same order of magnitude.) The model value of t .. is dependent 
1J . 

on D . . as well as on S. and T. . It is assumed throughout the optimization 
1J -1 ~.J. 

that t he values of D . . are 'known in terms of values of S. and T. computed 
. 1J ' -1 . -1 

previously, and in terms of observed values . of pressure, P.. Since the 

t . . : . d . . l . th l 1 t· f D(k) 
1
J(S(k-1) .op nn1zahon procee s 1terat1ve v, e ea cu a 10n o . . . , 

. "' . 1J -1 

T~k- 1 )) by (13), for which tb(R
1

, t?.) D. P .. , during the ktn iteration imposes 
-1 1J = 1J 
an additional step in the computation. This computation is by no means 

trivia l. 

It is convenient for this problem to reformulate ( 17) in vector -matrix 

not a tion. Thus ( 17) can be written: 

(42). 

where C .. i s the M. x M. -dimensional lower triangular matrix having the 
1J 1 1 I kkt . . 

foll ov, ing ~iagonal elements ~ij J: · 

kk 1 11 . \- ' kl~l C ij = w-:-:- 2 (Ri, ki!- Rik)( 20i( Ri, kH + Rik)- DijRik.tn ~ 
~ . . ~ 

Oif ~diagonal elem ents given .by lc~kl• k <m, are: 
. ~ 

In addit ion; a lransformation of-variables: 

?- i '_[ZT Z i2 ' .. . zi , n •. J. 2 ik"" llTi ,_ 
'il 

(43a) 

"(43b) 

(44) 
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has bee n performed which does not affect the results. 

The· following nonlinear program can now be posed: 

N K 2 
min L L w. [< Z . , C . . S. >- t

0
. ) i=l , 2 ... N 

~i ' ~i i=l j=l 1 - 1 1]-1 1J 

such that : 

and: 

si,Mi = sj, Mj, 

zi, Mi = zj, Mj' 

(all i, j) 

(all i , j) 

In order to satisfy (47) it is necessary and sufficient that : 

si, Mi = s i-l , Mi- 1 , 

zi, Mi = z i-1 , Mi-1 

z ~ z 
o N 

i = 1, 2 ••• N 

i = 1, 2 .. ·~ 

(45) 

(4C) 

(47a) 

(47b) 

(48a) 

(48b} 

In the above relations M . is the number of concentric rings for the · ith 
1 

well and hence the dimension of_§i and ~i. The number of independent 

variables is then: 
N 

Q = 2 .L Mi 
- 1=1 (49) 

In the problem posed by { 45) to-{ 48), the wells considered as subsystems 

are indepe ndent except for { 48), a relation which gu~rantees that all 

wells will have common average properties in ~he outermost ring. 

·If we temporarily considt:;:r ~i- 1 and ~i- 1 as fixed parameters in 

the ith subsystem, 'Ne ea~ define a Lagrangian: 

N 

F(~.~·~·~· ~) = _L Fi(~i'~i' ~i; ~i-1' vi,,..i) 
1= I 

where: 

. and: 
T 6 0 0 0 1] .. r M £ i = ! • ' . . . ' , Olm - i ~ i 

l~ 13~ ~~ i- .?il 
.9/~i'~i) = S . • -f. ~ O 

- 1 -l 

u = i\-1 . - d im rn s ion :;. l unit n:c:u r 
- i 1 

~ = 1? :·?·2' .. ·Z:..'i l 

-- = [ ~ 1 · :?:t ' . . -~!\] 

~i' vi ' 11 i ~:~~ \-~~:- 3;~~:1'~,';:~:~~!;~ : -.; of d in• · nsion 

(50) 

{51) 
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Assuming that the I hn -Tuc_ker constraint qualific.:ation holds, the 

necessary condit ions for each independent subsystem arc gi en by: 

(52) 

(53) 

( 54) 

(55) 

For F. give n by ( 51) , c onditions (52) and (5 3) can be solved explicitly 
1 

for ~i and §i' respectively. Thus: 

·where 

or 

6 1 2 1 2 
~1. - (~1 . • ~1. ], dtm A. = dim A. = i\1 . 

~-= 9(~i' ~:; vi) 

'}. 
~i = ·(~ i'~i ; j.J . ) 

- 1 - 1 1 

(56) 

(57) 

T he r maining nec.essa ry conditi ons t o insure the coupling between 

subsystems are: 

Vz F = 
-i-1 

F = 0 
~i - 1 

wher p (58 c) becomes 

(58a) 

(58b) 

(58 c) 

( 59a) 

( 59b) 

The optimization alculation p r oceeds e "'scn ially as with mode l one 

except t hat t he ubsy ste m problem s ar ;ach of dimension 21\\ instc ::- .: of 

din1ension ". In clcliti 'n, the D . . ca lcuJ a tion is required. The question 
. l J 

. of conve rgc rt c 1(.H' i.hi 3 ;w ocedure u si ng m ode! two bas not been examined. 

The SL.L•.S ) .· .. c .1 opti rni::...ation .o c e1.crm h 1c S~ k) 
- 1 

nd /', ~k) for th 
- 1 

iteration n 1G'- b0 !"in'lll'\.'lnt c ~' s i cr 1s · .z m odel '.'.'O i)c ca se each vcct r 
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and (57) , l!owev~r , still m u st be obta ined iteratively. T he iterativ e 

proce dure is analogous to t hat di s cuss e d previously fo r model 1. Using 
. (0) (0) . . 

model one require s i nit ial est imates of a
4 

and J.l. , 1 = l , 2, 3, 4; how -
(0) (0} 1 

ev e r, when model two is use d only J.ll and v
1 

m ust be estjmated 

initially . 

Computational Example 

An example problem has been solve d using model one with !our 

wells and seve n pre s sure observations for each well. Thus t he numbe r 

of varia?les in t he optimization is 12 ; 3 for e ach subsystem . T he aqui fe r 

data and pre ssure observations are summarized in Tables 1 a_nd 2 . A 

direct s e arc h technique was used for the subsystem optimization. A 

coar s e grid was fi r s t employed and then refine d until suitable c onve rgence 

resulted. This proc edure was fast, requi ring only 8 seconds of IBM 

360/75 computer time per iteration, and produced globally optimal result s. 

By com parison, straightforward discretization 
3 

might require an order of 

magnitude greater time for similar results. 

The· overall procedure for all four wells converged in 6 iterations 

to the values given in Table 3. The rate of convergence for a typical 

well is illustrated in Figure 3 and the monotonic decrease in the objective 

function is shown in Figure 4. 

CONCLUSIONS 

In obta ining optimal solutions to physical problems, one is faced 

with two challenge s ; modeling and optimi7:ation. These ca n not be con ­

side red indepe nde ntly because the former greatly affects the latter . 

For p r oblems of high dimensionality model complexity generally 

must .incre <: s e in o .:- der to obta in increasf·d accuracy. A highly a ccure>te 

model m ay r e quir c ompl e xit y and d im ensionality of the optimiza t ion 

problem suc h as t o mak e p roblem solu tion ~nrcalistk, if not impossible . 

In this paper t wo fa i rly complex m o d ls for a rese rvoir s ystem 

ha.vc bee n fo r mu a terl, ill a ·!1 ca s e anti c~ pating problem s whi c h ~rise 

with opi.im iz ~-!.L io!l proLlcr .. 1s o f hi crh dim e n s jon . A de c ompos ition 
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proceclu r was used to limit the magnitude of the computational burden 

regar dles s of the number of wells considered. This result requires an . 

iterat ive s olution whic h may still be form idable. The met hod was tested 

by a n examPle and fou nd to have r apid convergence . Computation speed 

was incr c.a eel by the fact that no computation of response sur face deriv­

at ives wa required . 
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TABLE 1 - FIELD DATA 

Well1 Well2 Well3 Well4 

p
1 
(psi) 3000 3000 3000 3000 

r.(ft) 1000 2000 2000 3000 
1 

r .(ft) 
W1 

1 1 1 

8 .(degrees} 22.5 112.5 157.5 292 . 5 
1 

q.(gal/ day) 42000 126000 42000 252000 
1 

TABLE 2 -PRESSURE OBSERVATION DATA 

T . (days) 
J 

P lj (psi} P 
2

j (psi) P 
3

j (psi)" P , . (psi} 
-.!:J 

30 2798 2810 2859 2811 

45 2776 2804 2850 2805" 

60 2758 2798 2843 2802 

90 2733 2789 2829 2798 

180 2687 2769 2"800 2786 

360 2640 2743 2763 2774 

720 2591 2712 2721 2760 

TABLE 3 - OPTDVIAL AQUIFER PARAMETERS 

Well 1 Well 2 Well 3 Well4 

T* 42 95 48 366 
1 

s~< 0.004 0.010 0.002 0.00001 
1 
··-a~ 42 132 177 357 
1 
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.CALCULATED PRESSURE: I 5 t ITERATION - ~---

200 

2nd ITERATION-·-·-

5th ITERATION---

--- ~---~ 

400 

t (DAYS) 

-~----------

.600 

Figure 3 Convergence of Calculated Pressure Toward Observed 
Pressure 

N 

(/) 
Cl. 

·----
2 3 4 5 

NUMBER OF ITERATIONS 

Figure ' Objec..Uve Function Conve rgence 

6 



• 


	img001
	img002
	img003
	img004
	img005
	img006
	img007
	img008
	img009
	img010
	img011
	img012
	img013
	img014
	img015
	img016
	img017
	img018
	img019
	img020
	img021
	img022
	img023
	img024
	img025
	img026
	img027
	img028
	img029
	img030
	img031
	img032
	img033
	img034
	img035
	img036
	img037
	img038
	img039
	img040
	img041
	img042
	img043
	img044
	img045
	img046
	img047
	img048
	img049
	img050
	img051
	img052
	img053
	img054
	img055
	img056
	img057
	img058
	img059
	img060
	img061
	img062
	img063
	img064
	img065
	img066
	img067
	img068
	img069
	img070
	img071
	img072
	img073
	img074
	img075
	img076
	img077
	img078
	img079
	img080
	img081
	img082
	img083
	img084
	img085
	img086
	img087
	img088
	img089
	img090
	img091
	img092
	img093
	img094
	img095
	img096
	img097
	img098
	img099
	img100
	img101
	img102
	img103
	img104
	img105
	img106
	img107
	img108
	img109
	img110
	img111
	img112
	img113
	img114
	img115
	img116
	img117
	img118
	img119
	img120
	img121
	img122
	img123
	img124
	img125
	img126
	img127
	img128
	img129
	img130
	img131
	img132
	img133
	img134
	img135
	img136
	img137
	img138
	img139
	img140
	img141
	img142
	img143
	img144
	img145
	img146
	img147
	img148
	img149
	img150
	img151
	img152
	img153
	img154
	img155
	img156
	img157
	img158
	img159
	img160
	img161
	img162

