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A NUMERICAL PROCEDURE FOR COMPUTING 
OPTIMAL CONTRO L BY US ING PONTRYAGIN'S 

MAXIMVM PRINCIPLE 
Toshiyuk:i KUNIKAT! and Yoshiyuk:i SAKAWA** 

Introduction 

Pontryagin's maximum principle is 

the powerful theorem available for the 

solution of optimal control problems. 

However, when one .tshes actually to 

compute optimal control by using the 

maximum principle, the initial con­

ditions of t he auxiliary differential 

equations are not- prescribed. Renee, 

it is necessary to ~tend.De the in­

itial conditions of the auxiliary 

variables so that ~ ~ptiu.l tra­

jectory satisfies · ~v.n _ termiDal con­

ditions. 

This paper preeents an iteratiTe 

procedure for solTing such tvo-poiJit 

boundary-Talus problems, 1dwn approxi­

mate initial conditions of the BUX­

i+iary variables are given. Some nu­

merical examples are also shown. 

~ormulation of the problem 

Let us consider control systems 

daschbed by 

..k.. =J (x, u(t)), 
dt 

0.) 

whre X is an n-dimensional state vector 

in ann-dimensional s t ate space, and 

u( t) is anY -dimensional control vec­

tor.· The control vector u( t) is as­

sumed to be constrai ned as 

(2) 

where U is a fixed bounded set in the 

r-dimensional Euclidean space. The 

initial and final states of the system 

(1) are given such as 

x(O) c Xo , at t = 0 , 

x(T) = Xl , at t = T , 
(3) 

where T represents the duration time 

ot the control process and is not 

specified beforehand. The cost to be 

minimized is g1 ven by 

i T • 
J • • J (x, u) dt , (4) 

where r<x. u) is a suitable func­

tion for the cost. ~ defining a new 

state variable x0 as 

dxo • . "'"'Cit •J (x, u), xo(o) c 0, (5) 

xO(T) ·represents the cost J. 
According to the maximum princi-

ple, n + 1 aurlliary variables satis­

fying the differential equations 

(6) 

i = O,l, •••••• ,n 

are defined. In equatimn (6), it is 

clear that df./dt = 0, The condition 

is necessa~ for the optimum, hence we 

put 

1.( t) = -1. (7 ) 

' * Central Research Laboratories, Hitsubishi Electric Corp. , Amagasaki,JAPAN 

** Faculty of Engineering Science, Osaka Univ., Toyonaka, J~AN 



The Hamiltonian H i&defined by 

H =;.t/,(t)ji(x(t), u). (8) 
i.-D 
The optimal control u(t) must 

satisfy the following condition: 

HCY'(t ) , x(t), u(t))= 

N( t''t), x(t)) = 0, (9) 

for almost all t in the interval 

4 

Relation between th& initial 

condition ~ and the final state 

of the system 

Suppose that the initial values 

and time T are gi van. Than the 
T final state of the system, x(T) .-f , 

are determined by solvin8 Eq_s. (1), 

{6), and (10) accordin8 to the flow 
( 0, T) , where diagram given in Figure 1. 

H( f~t), x(t) ) = sup H('f{t),x(t),u). The relation will be described aa 
Ut[J f ll (10) o owe: 

The optimal control u(t) is obtained 

by solving Eqs (1), (6), and (9). 
However the ii.dtial• conditions . cif. :Zq. 

(6 ) 

1i (o) = 1fL· , i = 1,?, .....• ,n (ll) 

are unknown. Eq. (11) caB be written 

in a vector form as 

'f(o) =~. (12) 

If one chooses adequate initial condi­

tions l{(o), the optimal control which 

transfers the initial state Xo to the 

final state xi is obtained. But it 

one chooses inadequate initial con­

ditions, the optimal control fails to 

transfer the state from Xo to Xl· 

Thus, t he proper initial conditions. 

yz (o) ( i = 1,2, . • .• ,n) must be 

found. Setting t = 0 in Eq. (10) ytields 

i·i ('/'(o), x(o) ) 

H (1, Xo ) 

where ii;; (o) = -1. 

0, (13) 

(14) 

i ~ 1,2,.'. •• ,n. 

In linear control systllllll!l, the func­

tions ~ (i ~ 1,2, ••.• ,n) in Eq.(l4) 

can be expressed in an analytic form 

since Eq. (1) is integrable. In non­

linear control system, however, the 

functions ~ can not be specified in 

an analytic form. The existense and 

uniqueness theorem in the theory of 

an ordinary differential equation 

ascertains that Eq• (14) exist in a 

nonlinear case. 

Suppose that the optimal control 

which transfers the state from Xo to 

x1 exists. This optimal control is 
/ " designated as u(t) and the optimal 

trajectory corresponding to ~t) as 

;;" ( t) • The i!rl tial condi tiona for 

Eq. (6) which give ";i( t) and ~ ( t ) 

are called the optimal initial "' 

conditions, which are denoted as 1 · 
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The time when the optimal trajectory 
Al/~. ··· ·· · ~'·/Af, 'dl,/~r 

I . ; 

~ ) ~ x ( t reaches x1 is de~igna ted aa T , 

" "\ ..... 
lrli,. ~( ,1, .... 'n' T) , (15) 

then 
\ : I 

J = sl~fsi,-····JA.,fJt"' ~~Jr (19) 

i = 1,2, ••••• , n. Alf/~ ····· ~,.,/~61. o 
. " is not zero in a neighborhood of ~ . 

A I ~ 
Equation (15) means that the optimal 

traje~tory which is obtained ~ eetting ­

'1 "'1[ and solving Eqs. (1), (6), and 

(10) reaches :11 in timeT • 

_ ~ T , then ve can solve Eq. (18) -

Now put 

, i 2 1,2, .•.. ,n, 
(16) 

A 

T = T + ~ T. 

Substituting Eq. (16) into (14), n define 

the deviation, s ~h , of![ 1 'l from x1i , 

S~i "'~iT_Xli, i=l,2,-••.• ,n. 
(17) 

We call Sf.j = (Sfi 1 , ••••• $fin ) the ter­
minal deviation. Assuming thet the func­

tions hi( i = 1,2, ••••• ,n) and Mare 

with respec.t to $'J and 5 T 

S'tf~·t ~;,i$~+ ..... ·' 
~ .. , 

i • 1,2, ••••••• , n, _(20) 

~T ;l.A;S~+ ........ , 
where Aij (i .. O,l, •••• ,n 

j = 1,2, ••••.•• , n) is some 
"' ,.. constants determined by! and T. 

Iteration I:Jethod 

It is difficult in general to 

calculate ~j and the derivatives 

"61./~~. ~JT, and~M/~" 
in a nonli.Dear case. Ivan in a 

differen~iable with"''.~espect to Jf i and T liDear case it is not easy. 

at 'li = 'i and T = T , we obtain Therefore, ve presents much more 

~s:1 -~ ~ ~ + ~ hi simple iteration method for obtain-
o"\ -L. ~~~.L --~T + . . .... .. , 

1\•t ~ 'l! f"- b ~ ing the optimal in1 tial conditions 

(18) i[. This me~hod is essentially 

i = l ,·2, ••••• , n, based on Iahne'e method to solve 

a two-point boundary-value problem 

of differential equations. By 

neglecting the higher order te:nns 
We assume thetSJt i (i"' 1,2, . ... ,n) and S>l' in Eq. (20), we define 

ere s o SI:IB.ll the t the higher order terms 

in Eq. (18) can be neglected. If t he 

Jacobian defined -by 

- I( 

'{ i .. ,i j~ AijS~ i = 1,2, •. ,n, 

T c T -!. ~; -st;·. (21) 
- ;-: I 

. here J{ i (i% 1,2 , ••• , p) and T 

are modified values, respectively , 
T . 

and ~~;= 1{ i - x1l. (i=l, 2 , ... ,n) . 



= 

( (1) (1) 
Nov let ~ ., T ) , ••••• , 

( (n+l) ( 1 ~ , T n+ ) be n+l ciifferent 

pairs of initial ,ueases for the initial 

condition~ end timeT. hom Eq. (21), 

ve obtain 

~ i • ~ i (k} -t ~J JfJ (k) • 

, f • 1,2, •••• , n; k • 1,2, •. ,n+l , 

Jr. (22) 

i . or(k) -?, !oJ .i~J(k) • 

k- 1,2, ••••• , D+l. 

'!- ----- - --- - ~IL! 
I . • . . . . . . 

• (24) 

A,"' -- -----A~A-~it 
.-wP) ll} _, 

~ 4~1 ---·--;rfJt 
: I 

. . 
I ' ' 
I .:J.nttJ ,.,JJ(;t~ 

I $~1 . ·· · · ·~ljlt 

. . 

~~t---'[:'lf1"'' 
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The first row of the matri~ in the 

left hand side of Eq. (24) repre­

sents the modified values of ~ and 

T. 
For each guess ~ (k) and T(k) 

(k = 1,2, •••• ,n+l) we define 

&.c .. f. I ~~k> I· 6.., l. 

k,. 1,2, ••.• ,n+l. (25) 

Eq. (25) represents the deviation of 

the trajeotory from the given final 

·state. 'ie call Eq. (25) a terminal 

error. 'ie can say that the smaller 

Bk• the nearar ~ (k) to x1• The 

terminal error, i, corresponding to 

the solution of Bq. (24), {"and T, 
is expected to be smaller than any 

of Bk's (k ~ 1,2, •••• ,n+l). 

If n+l peirs of guesses J{_ (k) and 
(k) ( ) T k = 1,2, ••• ,n+l are good 

-'\ "" approxillations for '[and T, the 

solutions of Bq. (24), h and T, are 
( "' ...... 

better approximations for { and T. 

However if some ~r, ~(k') and T(k'), 

among all pairs of ~ (k) and T(k) 

(k a 1,2, •••••• n+l) is a bad ap-

" "' proxiaation for~ and T, it is un-

reasonable to_."assume that Eq. (24) 

holds good as the approximation 

equation. And so ve can not always 

assert that the solution of Eq.(24), 
- -
' and T , is better than a:ny pair 
of guesses '( (k) and T(k) (k = 1, 

2, •••• ,n+l). Thus n+l pairs of 

guesses ~ (k) and T(k) must be 

selected carefully. 



Now let Em 2 m&f (El, E2, · - ···• Bn+l). 

Ve substitute 1 and T _into the ath row 

of the secoDd matrix of the left hand side 

in Eq. (2-,) and the final deviation,#"~, 

corresponding to f and T into the ath row 

of the first matrix of the left hand aide. 

Then the new matrix equation can be ea-

tablished: 

~) ~" I $~, -- --- --~,-.._ 

is~,- -· ··· ·$fi"- ,.. . -- -·· --·A.,.A • ., 
. . H

' ---~ -- ;. T 

: CJrH} ~·) . : . 
/.i~, . ... -~'111. !A, ... ··- -- -~Jl 

~~J -- . · --- .. ····-~~ TltJ 

: ~ ~ 

= ~ - - .. ---.. -~ )l T 
"(I . ; 

• (26) 

: : ' 

1,7t!_'.~- .. --·-. f.;Jfrt+') 
The solution of Eq. (26), ~and T, is 

expected to be better approximation for 

~ and T than ~ row of the matrix in 

the right band side of lq. (26). 
The operation aa stated aboYe ia 

iterated until the terlliDal. error ia 

smaller than a given positive number~. 

The positive number, f , is called an 

admissible error. 

R. Knudsen also presents the i tera­

tive procedure to obtain the tille optilllal 

control of linear syst- baaed on the 

assumption that the Wlla1ovn initial con­

ditions of the auxiliar,r differential 

equation and the duration tille of the 

control process is a function of the 

terminal state. In his procedure, how­

ever, it is necessary to calculate a 

matrix ( 6 hi / ~1j) and its inversion. 

7 

It is difficult to calculate such a 

matrix in a large linear 117stea. 

Coapared vi th his procedure, our 

procedure -Deeds onl.J' an inversion 

calculation of a aatrix and is 

applioable to nonliDear s;rstema. 

Our procedure baa euch a ahort­

coainp that it does not give 

securi t7 for CODTergeDC;y in the 

C&H where n+l initial BUBB&es 

deTi.Bte froa tbe optiaal T&l.ues 
'I A 

~ aDd T • 

JiuMrical lpmple 

We give several JlUileriCal 

exsaples of liDaar and nonlinear 

s;yst... J'1&ure 2 shon a detailed 

flow chart tor the procedure present­

ed aboYe. 

Firat we consider a linear control 

systea described b;y 

~-x2 
dt 

dx2- -x2 + u 
dt 

The constraint for the control 

T&ri.Bble u is given as follon: 

- ju(t)j - ~ 1, 

0 ~ t - ~ T. 

(27) 

(28) 

The initial and ~inal states of the 

s;ysta (27) are given as tollova: 

Xo • {- 2.95, -2.95), at t = 0, 

X1 • {0, 0) , at t a T. 

(29) 
The problea is to obtain a time 

optimal control which transfers ~he 

state of the s;ystea from Xo to Xl· 



Let three pairs of the 1Di tial gueeses 
~ ~ 

toz f and T 'be aa follova: 

, Cl) ( ~ ) fl) l - 1.0, -0.4 ~ , _! . - 2.0, 

t'2) - (1.0, -0.35), ,<2> • 2.0, 

'i''> - (1.0, -0.3}.. !(3) - 2~0. 
(30) 

The terminal error for _thea~ guessed 

values are l1 • 0. 7057, ~ .0.4558, 

and J:5 = 2.0524., reapectinl.,y. ·'rhe 

termiDal error at the filth ite~tion 
results ill I = 0.0034, and the i.Ditial 

condition ~and time T are aa follova: 

~ • · (0.9992, -0.3677), T • 1.998. 

Figure 3 shoYS the convergency of the 

iteretion step. 

Second ve consider Van dar Pol 

equation: 

ur.~ 
dt (31) 

The constraint for the control u is 

given as 

luCt>IS o.5. (32) 

We set f = 0.1. The i.Ditial and 

final states of the system (31) are 

given aa follows: 

Xa .. (1.14, 1.35), x1 = (o, ·o). 

Let three pairs.of the illitial guesses 

f or >t and T be as follows: 

~( 1 ) = (-0.8023, -~.0737). '1'( 1)=6.0, 

?1(2) . ( 2 ) 
l = (-0.7023, -1.2737) , T =6 .1 , 

8 

The termiDal error foz these ~ased 

values · are Jr .0.0291, ~ .0.4796, 

alld J:5 • 0.304·, reapectivel.,y. 

'rhe calcul&tion ia stopped at the airlh 

iteration._ The values of ~ and 'l' &Qd 

-~ terminal error at the fifth iteration 

~-- are aa follovs: 

~ . '• (-0. 7995, -1.0507), T =6.0, 
and 1 . .. 0.0001 • 

.Pigure 4 shoYS the con:vergence of the 

iteration step. 

Third ve consider the sad ·-example 

aa above. We aet the i.Ditial and fillal 

atetes aa folloYS: 

Xg - (o.o, -2.0), xl- (0, o). 

Let three pairs of the 1Di tial guessed 

values for }! and f 'be aa follows: 

~(l) = (o.l, o.9654), t<1 >.o.65, 

, _(2). (0.072, 1.~3). ,<2>-6.7, 

~(3) .. (0.01, 0.924), ,<3)-6.75. 
'rhe ~rmi.Bal errors for these as~d 
values are 81 = 0.3572, E(! ..0.2189, 

and J:5 ..0.0812, respectively. 

The calculation is stopped at the tenth 

iteration. The values of >[.. and T and 

the terminal error at the nillth itera­

tion are found: 

~ -= (-0.0043, 0.2496), T =6.65, 

and E ..0.0026. 

Figure 5 shows the convergence of the 

iteration ;step. 



Conclusion 

:·le treat the optimal_ control pro­

blems 'IIi th unkno~m time, but t he i tera­

tive method stated in t his paper i s 

also applicable to the problems wi th 

fixed time . I n such a case, guessing 

the value of T i s not necessary and the 

al gorithm changes s l ightly . This 

procedure is a local method in nature. 

That i s, we can not obtai n a good r esult 

unless t he gues sed values f or ~ and T 
are i n a nei ghborhood of t he opti mal 

v~lues. 

Xo 

D 

9 

dx£ i 
d t =f ( X I u ) 

x(t) 
...... 

r---v' 

(i = 1,2,···,n) 

lt 
~ 

d'fi __ f. a fd(x,u) '1'. 
dt - a:l axi d 

¥-' ( t) 

(i = 1,2;··,n ) 
I 

U72 . 
I 
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_..... H ( '/'(t), x (t), u) 
~ =M('/' (t),x(t)) 
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~ 
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[ 
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:Ji/0) = ni (k){'MtJ=-1} I 

liZi..~-i af 0 (x,ql 'f. 
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-- ..J I 
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r '''· "'<ff, ")· "'·l ' [ '"'~M n/"T:'j row of tile multiplied as n tn•4 and T f n•2 

I fcs/"1rf§l (2) .. o~, ( 2) n, "'n/'' . n,., ''' T"' ' 
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t '2 I) I l 1J / 
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fig 2 Oetoiled flow chart 



11 

1 0~--.----.----.---.----

5~--4---~--~-----+---~ 

• 

1.0 1-----++----+1 ----t----+-----1 

r --+---• 1\ ·, 

0.5f---~~\ ~---;1 -----"jl 

I I 0 .~, 
~ 0 .1 f-----+---+__l_----J--+---t------, 
'- r 
w 

r 
I 
: 

0.00 10 2 3 4 
f\Jum er of i terat ions 

Fi g. 3 C omputational r es ult for E q. (28) 

5 



10 . 

. -
0 .5 

0 .I 

0.0 5 

~ 

0 
t 0.0 I 
w 

0.005 

0.00 I 

0.0005 

'-

I 
I 

,... 

12 

\ 
\ \ 
\ \ 
I 

~~ 
\ 

\ 

\ 

\ 

2 3 4 • 
Number of iterations £=0.00001 

F ig. 4 C omputa tiona l r e su lt for Eq . {3 2 ) 



10 

5 

1.0 

0.5 

~ 

0 
t 0.1 
w · 

0.05 

0.0 I 

0.005 

1- l 1-

I 

\ 

-

."" I ~ 

I- • I • • .._..... 

1- I 

I 

13 

I 
• I I 

r I 
I 

• 

I 
___, 

I ·~ ~· II 

I 
I II I 

I 

I ~ \ . \ 
I 

I 
I . t I 

I I I I_ 
I I 

5 
-

10 
0.00 0 

Number of i terot ions 

Fig. Com outa t i o=l re s u l t for Eq. 132 ) 



CONJUGATE GRADIENT OPTIMIZATION APPLIED 
TO A COPPER CONVERTE R MODEL 

1.0 INTRODUCTION 

L.K. Nenonen, Cont r ol Systems Labora t ory , 
National Research Council , 
Otta\/a, Canada . 

B. Pagurek, C~leton University , Otta\18, 
Canada. 

Optimal control theory has been the subj ect of a great deal of 

research effort and many techniques have been developed to cope \li th oany 

general t,ypes of problems. The extent to which these techniques have been 

applied in particular industries varies greatly, the number of successful 

applications being generally small. The major emphasis in this paper i s on 

the application of mathematical modelling and optimization methods to eva­

luate possible improvements in the current operating practice of a copper 

converter and to estimate the benefits from proposed changes t o thi s pr ac­

tice. 

1 • 1 OUTLINE OF COPPER 3o{EL TING PROCESSES 

The specific method of smelting sulphide concentrates to be con­

sidered involves three processing units (Figure 1). Flotation concentrat e s 

(typical analyses 25% Cu, 5% Si02, 31% Fe, 31 % S, 9% moisture ) are smelted 

in a reverberatory furnace to produc.e a molten silicate slag and matte, a 

mixture of iron and copper sulphides. The matte is transferred by ladle t o 

a converter \/here oxidation of the sulphides produces blister copper (98% 

Cu) and a slag containing silicates and some copper. To recover t he copper 

f rom the slag, it is returned by ladle to the reverberatory furnace. The 

blister copper fran the cooverter batch process is transferred to an anode 

furnace \/here oxides in the molten .metal are reduced or remaining sulphides 

are oxidized. 

The basic function of the externally heated reverberatory furnace 

is to smelt the concentrates and the flux and to allov them to form in t\/o 

layers, a lighter slag layer containing the gangue and fluxing materials and 

the heavier matte layer containing the sulphides. Fluxing materials are re­

quired to provide silica for the formation of fayali t e (a s l ag componen t ) . 

The converting operation is a two stage bat ch process during \/hich 
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air is blo\IIl through the molten contents to oxidize the sulphides or iron 

and copper. These oxidation reactions are exothendc and auppl.7 all or the 

heat necessary to maintain the temperature or the converter bath at the re­

quired level. Thermodynamic studies8 demonstrate that ~e atfini t:r or ort­

gen for iron is much higher than for copper. Thus, during the initial slag 

stage of the process, the following reaction proceeds 

Fe5 + 312 02 ~ FeO + 502 - 200000 btu/lb mole of FeO ( 1) 

If free silica is present, it oc.abines with the iron oxide (FeO) 

as follovs 

2 FeO + 5i02 -+- 2 FeO. 5i02 - 39600 btu/lb mole or 2FeO.Si~ (2) 

If free silica is not present, the iron oxide reacts witb tbe air 

to produce magnetite as follovs 

(3) 

However, because the production of magnetite is to be avoided, auf­

ficient silica is provided to ensure that reactions ( 1) and ( 2) proceed, 

their combined behaviour being represented b;r 

2 Fe5 + 3 02 + 5i02 -+- 2 Fe0.5i02 + 2 502 - 439600 btu/lb mole 

or 2 Fe0.5i02 (4) 

During a typical slag stage consisting or a series of blowing pe­

riods, 13 ladles of matte are added to the converter and 17 ladles or slag 

are removed. During these periods, air is blO'Wil through the molten bath via 

t uyeres to oxidize the iron sulphide according to (4). At the end or the 

slag stage , the bath is composed of essentiall;r pure white metal (~5) 

which is oxidized during the finish stage to blister copper according to the 

reaction 

~5 + o2 ~ 2 Cu + 502 - 114300 btu/lb mole of 502 

1.2 CONVERTER CONTROL PROBLEMS 

(5) 

Convert er operating practice has evolved over the :re~s from earl:r 

trial-and-error ef f orts followed b;y relativel:r minor modifications based on 

increased oper ating experience and knowledge of the process behaviour. Al­

t hough t he r ecen t advances in control theor:r have provided man:r s;rstematic 

t echni ques f or opt imizing such processes, these methods have not been applied 

to coppe r smelting . One of the re as ons for this lack of application involves 
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the current state o~ process knovledge. Al though a great deal of operating 

experience exists concerning the converter process, basic research concer­

ning reaction kinetics and other fundamental issues has not been emphasized9 • 

The program to be described considers the application of modern optimizati on 

techniques to a current converter control problem and provides some results 

concerning the possible effects of the use of oxygen eroi.ched air on t he 

converter operation. 

During the slag stage of the tvo stage converter batch process, 

iron sulphide is oxidized (eq. 1) and silica nux is added to combine vit h 

the iron oxide to form a silicate slag (eq. 2). The converter operator ex­

ercises control over the rate of flux addition, attempting to control the 

bath ~ature vhile ensuring an adequate supply of silica to s •.isf· the 

process chemistry. Silica flux is also required in the externally heated 

reverberatory furnace. A limited amount of excess si~ic a flux can be added 

to the converter to absorb some of the heat from the exothermic reac t ions 

and, as this excess sili ca would be transferred to the reverberatory furnace 

vith the sldllllled converter slag, a saving in fuel in that unit vould be rea­

lized. From these observations, an optimal control problem can be formulated 

based on the flux additioo rate as a control variable . 

In addition to considering the optimization of current converter 

flux addition practice involving the use of standard air, the effects of the 

use of oxygen enriched air on the smelting pover of the unit vill be consi­

dered. 

Folloving early experiments vi th various levels of oxygen enriched 
10 air for converter operation , the Hitachi Smelter in Japan introduced the 

concept of oxygen smelting on a commercial scale11 • At t he Hitachi Smelter, 

the converter is used to smelt notation concentrates, the necessary heat 

being provided by the use of oxygen enriched !dr vith resulting reduc tions 

in flue gas heat losses and increased rate of heat generation. The signifi­

cant advantages to the use of enriched air include increased production rates, 

minimized r everberatory furnace (or blast furnace) smelting, generati on of 

flue gases richer in so2 for improved production of sulphuric acid, and the 

additional nexibilicy of control to cope vith variable production require­

ments and input materials. In another program 1 concerning the use of oxygen 

enriched converter air, the motivation for the study involved the possibili­

ties of converting high grade mattes and of increasing production rates such 
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that three converters with enriched air could replace four units operating 

vi th standard air. In ~s study, the use of oxygen enri~ed air to in­

crease production rates and to Slllelt e:itcess silica flux or concentrates will 

be considered for various levels or OXTgen enrichment. 

2. 0 F01MtJLATION OF THE OPT!MAL CCJl'l'ROL PRQBI.EM 

To determine the optimum flux addition rate for a complete slag 

stage, it is necessary to determine the optimal rate tor each blowing inter­

'ftl. Therefore, a _mathEJII&tical model 1111st be developed which will represent 

converter behaviour during such intervals and which will accamuodate_ differ~ 

initial and teminal ccmditiona. 

The pertonumce iDdex is specUied in teras or the deviations of 

the bath temperature trca a best value, the heat caatents ot the output ma­

terials, and the weights of excess silica in the slag. If CD7PD enriched 

converter air is used, additional factors involving 02;11811 costs, savings in 

processing ~. and the melting ot notation concentrates JIIUSt be consi­

dered. 

2.1 DeyEIPPtmf'l' OF THE MA'l'!DMmriAL _Mt!l!I· 

Since relative~ little is mow ot the kiDet.ics ot the copper con­

nrsion prgcees, the mathematical model ot the thermal behaviour of the slag 

stage of the process is derived !rom -terial and heat balances based on the 

physical chemistry. Noting that the ~lag stage chad.stry depends aa the pre­

sence or absence ot free silica in the ccxrrerter bath and that operation 

without tree silica is undesirable, the mathe~~~&tical model is based on the as­

surance that tree silica is al~s available. Thus, the control variable u 

is chosen to be the rate or add1 tion ot excess silica nux, the total rate 

being the sum of this excess rate u and the stoichiometric rate defined by 

the process chemistry. From equation (4), the stoichiCIIIletriC rate or flux 

addition (lb.moles/min) is one third of the rate at which o-x;ygen from the in­

put air (lb.moles/min) reacts with iron sulphide. The stoichiometric rate 

depends not only on the oxygen flow rate but also on a parameter known as t~e 

ox;Ygen efficiency. Oxygen efficiency defines the proportion or input oxygen 

which p~ticipa~es in reaction (4) and is an . empiric~ determined factor 

approximating for the . effects of variations in depth of blowing, bath compo­

sition and bath temperature. A more ccmplete model development program is 

underway but, because only preliminary results were available4 , a simplified 
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11athematical model vas developed tor this stuiy based on the use ot the oxy­

~en efficiency tactor. 

Tbe state equations tonling t!ie basis tor the mathematical model 

. 
X., = I: rates ot heat !!dd1 tiop I: rates ot heat loss 

. 
X:z = u 

vbere i:, is the rate ot chaDge ot bath tellperature, 0 R/11in . X:z is the rate ot .clumge ot the IIIIIOUDt ot hee silica in the 

bath, lb.IIOles/ldn. 

u 18 the rate ot addition ot emess silica, lb.IIOles/min. 

c .. , M
11 

are the 110lar beat capacities (btu./lb.IIOle~) aDd 

110lar weights (lb.IIOles) ot the bath constituents 

(includiag X:z) 

( 5) 

(6) 

BT cc-b1n1ng the apressions tor the various heat addition aDd loss 

teru aDd the rates ot chaDge ot bath CCJIIPOsitiOD as the reaction proceeds, 

the to~S ot the tirst state equation beoaaea 

• • 2 J. 4 
X., = co - c,x., - en - CLxl - c4x,1 + Pf- ux, (7) 

d
0 

+ d1t + X:z 

vbere the coetticienta co, c,, c2, c3, c4, p 5' do' and d1 are expressed in 

tenia ot apecitic converter operating ~ters. Since the beat capacity 

ot the .cODverter bath ilr tiM dependent, time appears axpllci tly in equation 

(7). or the converter panMtere, the conduction aDd radiation heat loss co­

efficients and the CD7I8Jl etticiency were adj:uated during a series of model 

calibration runs to obtain a calibrated •thematical model tor the specitic 

CODverter aplCJTed. A tJpical IIOdel calibration l'UD is shown in Figure _2. 

'!'be IIOdel calibration runs vera baaed on data· obtained during a 

series ot converter charge cycleA at the Gaspe Copper Mines Smelter in 

Murdochville, Que. Although IIOdel accuraq is limited b7 the tact that 

equipaent vas not available to measure the weights ot material added or re­

moved vith the crane operated ladles, estimates ot these weights were avai­

lable baaed on average converter throughput. 
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2.2 SPEX:IFICATION ClF AN INDEX CF PERFO!MANCE 

To evaluate current converter flux addition practice vith standard 

air, the following factors IIIUSt be considered in the formulation ot a per­

formance index wbich is to be uximized: 

(.1) Because high bath temperatures duasge the refractory lining 

of the converter and lov bath temperatures reduce the oxygen efficiency, a 

best operating temperature can be ~ied tar the converter bath. 

(2) SOJDe ot the heat f'r0111 the exothermic ct..lverter reactions is 

absorbed by the converter slag wbich is returned to the externall7 heated 

reverberatory furnace • . · It the slag temperature at tJ!d•1ng is as high as 

possible, the heat requirements at the reverberatory furnace and the fuel 

coats wculd be mi.nilll1zed. 

(3) By adding as 11111Ch silica as possible to the converter, equi­

valent reductions in the 8111011!lt of cold nu required at the reverberatory 

furnace could occur resul t1ng in a tuel allYing. 

Based on these faetora, a pertal'II8DCe index can be specified as 

follows: 

V = ~1(T)~(T) + C8K~x1 (T) - Ca J! (x,(t)-TOP)2
dt (S) 

where V is. the value of the perfonumce iDdex at the eDd ot the blowing in­

terval 

¥,(T)~(T) accounts for the value of the heat content of the excess 

silica at t = T 

C
5
M

8
x, (T) accounts for the he!'-t content of the converter slag. Ks is 

the equivalent heat capacity" ot the r~te in terms of lb.moles of 

silica nux 

rT 2 1t.
0

(x1 (t)-'l'OP) dt accounts tor the deviations in bath temperature from 

the best value TOJPR . 

To solve the optimization problem, it is convenient to introduce 

another state variable 

· ~ = (x1 (t)-'l'OP)2 (9) 

Such that the performance index becomes 

(10) 

The relative importance of each term in the index should be based 
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on economic data .but, becaaae such data vas not readil.y llT&ilable, the 

veighting factors c,, Cs md CR 11ere based on certain specific assumptions 

and were later TU'ied to detendne their efi'ects on the final optillal solu­

tions. 

The pertol"'IIIDce indt11 (10) in-.olves Clll7 the thermal behaviour of 

the process and stresses the recover:T ot u ~ heat as possible. To eva­

luate the optimal solutions vitll CD;1I8D eariched air, .factors such as az:~­

gen costs md savings in procesaing tillll sbr:nlld be included in an overall 

stud7. However, u cu;nen 1111elt1Dg is ccx.erci~ feasible 11 , the emphasis 

'11111 remain on the .opti.lltsatiOD of the themal. beha'rlour ot the · process tor 
the o:z;ygen enrichment nma ·and the index (10) v1li be empl07ed. 

3.0 SEI.Ji!{TION at Alf OPTDgZl}!CB T!pBIIP 

In general teru,. . tbe optiabatioa. probl- to be solved is the fol­

lowing: 

Qim! S7stem. Equatioi:aa. i 1(t) = · ti~t), u(t), t), 1 = 1, .~. n (11) 

In1 tial values ot tbe state 'YIIriablea ~ (to) = ~0 i = 1 , • • • n ( 12) 

Control variable 00118trainta o < u < tr ( 13) 
- - III8X 

Fixed Process '11-- T' · 

Index of' PertcmuDCe G(! ( T') ) (14 ) 

PROBLEM Determine the 13011trol trajectory u•(t) in tbe interval t < t < T 
o- -

vhich III&Xi.Dd.ses the index of. perfOl'llallce G~(T')) 1!111bject to the control va-

riable constraints (13). 
To determine the optillal. c011trol u*, one could try to satisfy the 

necessary ccmditione prori.ded b)" the Ma1llall Principle of Pontryagin. More 

explici~, after determiniDg u* = u• (t, x, p) b)" IIIIIXi.mizing the Hamiltonian 
n 

H = H~(t), E(t), u(t)] = J~1 rJ [3(t), u(t), t] pj(t) 

one could try to soln the canonical equations . 
xi = ~ (3(t) E(t), u*(t)) i = 1, n 

opi . 
Pi = -oR (3(t), E(t), ·u•(t)) i = 1, ••• n 

oxi 
wi. th the boundary condi tiona 

xi ( to) = xio ' 1 = 1, ••• n 

( 15) 

( 16 ) 

(17 ) 



pi ( T) = ( ~G ) 
oxi 

T 
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i = 1, •.• n (1 8) 

using a boundary value iteration procedure to solve t he tvo point boundary 

value problem. In this particular application, the state equations are 

linear t)mctions of the control variable u and the Hamiltonian function is 

of the form 

H (~(t), ~(t), u(t)) = I (~(t), ;n(t)) + u F(~(t), p(t)) (19) 

For such problema, the MaxiJIIum Principle seems to indicate a bang­

bang solution of the form 

Umax for F > o 
u = 

o for F < o 
(20) 

However, i!' F(~( t), ~( t)) should turn out to be identically equal 

to zero over a · finite interval of time (as in this application), the optimal 

control cannot be deten:dned by maximizing the Hamiltonian. Such a region is 

called a region of singular control. In general, one cannot predict that 

such singular regions or control will form part of the optimal control trajeo-
-

tory for a given problem. If singular regions of control do exist, boundary 

value iteration methods for solving the tvo point bcnmdary value problem 

fail. 

Solution of the problem ws achieved by apply'ing a gradient method 

in f unction space involving the selection of a nallinal control ii(t) and suc­

cessive adjustments to ·this trajectory to maximize the performance index 

G(~( T) ) . 

Several gradient methods are available, differing in the directions 

in which control . perturbations are made. "nle steepest ascent method of 

Bryson and Denham generates these perturbations in the gradient direction 

gi = ~H • A conjugate gradient method has been developed by Lasdon, Hitter, 
aui 

and 1..Jaren6 and has been extended to bounded control probleu '1:!1 Pagurek and 

~loodside 7• "nl.e significant aC.vantage of the conjugate gradient method rela­

t ive to the steepest ascent approach is a more rapid rate of convergence vith 

a subst antial saving in computer time. Because of its computational simpli­

~ ity and rapid ~onvergence properties, the extended conj ugate gradient method 

for bounded control pr oblems of Pagurek ~~d Woodside ~as selected for this ap-



plication. In general terms, the method proceeds as follow: 

To maximize the quantit,' V(!(t)), the change in V resulting fl'OII a 

small change 6u is given to a first order approximation by the inner pro­

duct 

6V = < H , 6u > = ~tT H 6u dt u J · 0 u (21) 

Consider the situation at the i th iteration in the procedure where 

ui has been obtained 

( 1) Evaluate the .gradient trajectoiY g(ui) = Hu (22) 

(2) Evaluate ai-1 
= < g(ui), g(ui) > = j g

2
{ui)dt 

(23) < g(ui-1)' g(ui-1) > J £2(ui_1)dt 

(J) Detemine the new direction ot search si = g{ui) + ai-1 5i-1 
(24) 

(4) Determine a new control trajectoiY ui+1 = ui + aiSi (25) 

'Where ai is found by a search procedure Vtnch seleeta the ai yielding the 

largest value .for V(!(~)). 

For bounded control probl~ in 'Which saturation constraints ot the 

type 0 :: u :: umax are imposed on ui +1 ( t)' a i-1 is canputed by ani tting the 

saturation regions of the previous control u1 ( t) !rca the integrals forming 

the numerator and denominator of Bi_1• Then Si(t) is canputed .for all t as 

described in step (J) and finally a.f'ter ui+
1
(t) is computed in step {4), it 

is truncated at the upper bound Umax and the lower bound zero. No attempt 

has been made here to explain the reasons behind the modifications made to 

allo1J for the bounded ~ontrol variable. The interested reader may refer to 

reference (7) for a complete develoJIIIent of the procedure with several sim­

ple examples. Note that if t:~1_1 = 0 in (24), the direction ot search Si 

becomes the gradient . direction g(ui) and the method of steepest ascent is 

obtained. In fact, the conjugate gradient procedure is · always started with 

one steepest ascent step and som~times it is convenient to start with two or 

three such steps. 

4. 0 APPLICATION OF THE CONJUGATE GRADIENT MEI'HOD 

Previou~ comparisons of the convergence properties ot the conjugate 

gradient and steepest ascent procedures demonstrated the superiority of the 

former approach. For t his application, a similar comparison can be made. 
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The results are shown in Table 1 IU'Id Figure 6 • .In addition, it vas found 

that by . taking periodic _steepest ascent steps (i.e. setting ~ = 0 periodi­

cal.J.7) during the conjugate gradient procedure a slight increase in the 

ccmvergence rate occmrred. 

P~AGE OF NO. OF EVALUATIONS NO. OF EVIIIJATIONS Al'PR(][IMA'l'E 
, • ...........,DIDEI OF g(ui) = Hu- CF STATE ~ATICtlS CCMPUTER TIME · 

IF Pl!HP'OHMARCE IBM )f;IJ/ 50 

00% = 3204.8 

.90.00 

99.00 

99.90 

99.99 
100.00 

TABLE 1: 

i MINUTES 

00 SA 00 SA 00 SA 

7 12 25 .38 2.7 4.2 

14 34 50 108 5.4 11.8 

30 70 102 252 11.0 26.8 

l:i> 147 198 l:i>5 21.5 62.6 
-

100 232 320 964 )6.0 99.7 

CCJ'WEHmiCE PROPERTIES CIF CCfiJOOA'l'E GRADI!N'l' (.CG) JliD S'IDPIST 

ASC!XT (SA.} PROOEDIJRES 

c, = .()()58 cs = .000272 Ca = 1.0 
INCREASING RAMP (0 to 23 lb.IIOles/lllin in 30 Jlin) AS . . 
lft:MIIIAL C!Jm!OL 

Cclovergence rates depend em the choice of nOIIIIinal ccmtrol ad f'rca 

a practical viewpoint, the optimal 110lution vas reached in a man11!11D of 

forty iterations for 11D7 DCIIIIinal control. Arter fort:r i teratiODS, the gra­

dient Talues IU'Id step sizes were nry small such that the ccmtro~ ~ba­

tions were practically sero (less than ! .005 lb.moles/lllin) oYer tbe singu­

lar region. In addition to a !!lOre rapid convergence r~te based on -the JlUIIl- . 

ber of iterations, the search procedure vas more efficient for tbe ccmjupte 

gradient method resulting in a substantial reduction in computaticm time (l:i>%). 

Optimizaticm runa with radically different initial nc.inal ccmtrol 

inputs yielded the Billie optimal solutions suggesting that the global optimal 

solutions had been found. 

5.0 PISCQSSION OF RESULTS 

Since tbe wighting factors for ~ach term 1n the pertormanee index 
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were determined f~om limited economic data and since, in current practice, 

little apparent emphasis is placed on the addition of excess silica (i.e. 

~ = 0 ) , optimization runs were carried out vi th different sets ot weighting 

factors. In addition, the ef:fects of variations in converter' parameters on 

the optimal trajectories were determined. Referring to Figure 3, with heavy 

weighting on the temperature deviation term (Si = 1.0), the optimal flux ad-
. . 0 

dition rate maintained the bath temperature x
1 

at the best value TOP (2600 R) 

over the majority of the blowing interval. For a smaller weighting (CR = .01) 

on the temperature deviation tem, the optimal bath temperature x
1 

vas lover 

t han the best value iD order to permit the addition ot 110re excess silica 

flux. For each of these cases, the bath temperature va8 allcnftld to decrease 

over · the final rev minutes or the interval in order to IIIIIXilllize the addition 

of excess silica according to the weighting (G_r = ~0058) or its heat content 

in the performance i!dex. When the weighting factor on the heat content ·or 

the excess silica (~) is zero, the temperature deviation term ~aminates 

and the corresponding optimal flux addition rates resemble those cUrrently 

employed (actual u, Figure 3). In fact, as temperature control' is an impor­

tant function or current practice and little emphaais is placed on the smelt­

ing of excess silica, optimization runs with G_r = 0 suggest guidelines for 

current practice. However, it appears that the capaeit,. of the converter 

to smelt excess silica vi th standard air is llmi ted and only marginal im­

provements to current practice appear possible. 

?ARAHETER VARIATIONS VARIATIONS IN PERF<J!MABCE INDEI OOE '1'0 PARAMETER 

FROM ~0!1INAL VAWES VARIATIONS AS PERCmTAGES OF NOMINAL VAIIJES 

RADIATICJr LOSS CCJNDUCTICif LOSS OIIGEN 

COEFFICIENT CRL COPFFICIENT CC EFFICIENCY P 2 

+ 5% - 13.8 / - 55.6 + 67.3 

- 5% + 17.3 + 24.2 -540 

TABLE II. S'EllSITIVI'IY OF PERFORMANCE INDEX TO PARAMETER VARIATi ms 

~ = .0058 c5 = .000272 CR ::: 0 .1 

The current study is based on a simplified mathematicl!l. model of 

the pr ocess, i ts ca!ibr a tion involving adju~tments to certain converter pa­

~ eters . Sinc e the results of Table II indicate that the optimal solutions 
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are very sensitive to such variation, the accuracy of the model i s parti cu­

larly important . The optimal trajectories resulting f rom t hese parameter 

variat i ons are similar in form t o t hose shown in Figure 3 but wit h di ffer ing 

steady levels and t urn- on times. 

Using standard air , the smelting power of the converter i s l imited 

and the flux addi t ion pol icy i s dictated by t he pr~ce ss . chemistry . The 

smelting po\1er can be i ncr eased by the U!!!-e of o:xyge;n enr iched air to in­

cr ease the r ates of reaction and heat generation and t o reduce flue gas 

heat losses . 

Optimizat ion runs were carried out ~~th various levels of oxygen 

enriched air and t he r esults of Fi gure 4 indicate t he incr eases i n the op­

timal r ates of flux addition with i ncr eases in t he level of enrichment. 

Since suff icient exc ess sil ica to sa t isfy the needs of t he r ever ber atory 

furnace can be added to t he conver t er during oper ation at very l ow levels 

of oxygen enric~ent, the excess smelt i ng power at higher enri chment le­

vel s coul d be employed t o smelt flotation concentrates i n the converter. 

From Figure 5, i t i s seen that at an oY.Ygen enrichment l evel of 42%, con­

centr ates could be added at a rate suffi cien t f or continuous oper ati on 

wi t hout further reverberatory matte heat addi t ions . It is i nt erest ing t o 

note that the oxygen enrichment l evels at the Hi t achi Smelter are in the 

ra..11ge 35 t o 39%. The slightly higher val ue predicted by this pr eliminary 

study can pr obabl y be attr ibuted t o the approximations in the calibrated 

mat hematical model a.."'d to differences in t he physical pl ant and the compo­

s itions of the concentr ates at Hit achi and at Gaspe . 

6. 0 SUi•IMARY 

Thi s pr elimi nary study has demonst r ated that pr ac tical results can 

be obt ained from the applicati on of mathemati cal modelling and opt imization 

t echni ques t o i ndustrial pr ocesses . It has been found that for the part i­

cular copper conver ter oper ati on considered, current f lux addition practice 

closely r esembl es t h op i~~ r ecommended practice , t he major ~onstraint 

being the l imi ted smel t i ng power of the unit . However, optimization of con­

ver t er oper ati on h~th various l evels of enri ched oxygen has provided an es­

t imate of t he benef i t s to be expected and an estimat e of the oxygen enrichment 

leve at whi-::h co er ter operation could proceed without r everberatory matt e 

additi ons . An extensi on o~ t his pr eliminary s tudy i s pr oposed involving t wo 
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control variables, the rate of concent~ate addition and the level of oxygen 

enrichment. Additional complications arise due to the variable processing 

time which results and state variable constraints may be imposed to satisfy 

certain other chemical characteristics of the conversion process. 
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OPTIMIZATION STUDIES OF A SLAB R EHEATING 
FURNACE 

H. E. Pike , Jr. 
General Electric Co. 
Schenectady, N. Y. 
U.S.A. 

1. INTRODUCTION 

by 

S. J. Citron 
Purdue University 
Lafayette, Ind iana 
U.S.A. 

Many complex industrial systems are dis t r ibuted parameter systems. 
Modeling them as such usually leads to a l imited amount of useful control 
information, however, because of the extreme mathematical c omplexity of 
distributed parameter systems theory. 

The nature of some distributed parameter systems indicates that they 
may be meaningfully modeled as lumped parameter systems . The recent 
development of numerical techniques for the soluti on of lumped parameter 
dynamic optimization problems suggests that this fo rmulation may indeed b 
a useful approach for a control systems design study. 

In this report we will discuss a modeling and optimization study of the 
slab reheating furnace which was conducted in this manner. The questions 
which we sought to answer were : 

1. Can a useful lumped parameter model of this system be developed? 
2. Can a numerically soluble dynamic optimization problem be formu­

lated for this system which will lead to useful control information? 

Figure 1 shows a typical slab reheating furnace. Typical operating 
data for it shows that at bestJ35o/o of the latent fuel energy g oes into the 
slabs. Thus it is reasonable to seek improvement in current operating 
policies which involve fuel costs on the order of one million dollars per 
year. 

Even if fuel economies are not possible, better quality and/ or in­
creased through-put would be useful results of this study. 

Previous studies of this system consist of exact determination of the 
heat transfer of a heated slabl, 2, or distributed parameter formulations 
such as that by Lerner4 . In the latter case, highly re strictiv e assu m ptions 
limit the meaningfulness of the results. 

The report will consist of a dev elopment of a lumped parameter model 
of the reheat furnace, development of a d ynamics equation fo r the slab 
heating process, for mulation and solution of a dynamic optimization 
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problem for this system, and a discussion of the development of control in­
formati on from these results. 

2. MODELING THE REHEAT FURNACE 

Reheat furna ces have been considered to be distributed parameter in 
nature because T, the temperature distribution within the furnace is a func­
tion of space (x) as well as time (t), i.e. T = T(x, t). The variables avail­
able for controlling this system, however, are the various fuel inputs (u(t)), 
which are a functi on of time alone. Therefore, it is reasonable to search 
for a model in terms of the fuel rates and certain predetermined spatia l 
terms defined b y the furnace characteristics under normal operating condi­
tions ; such a model would have the advantage of being lumped parameter in 
nature. 

We make the following assumptions: 

Little heating is done in the soak zone, so we may formulate this 
problem in terms of delivering slabs to this zone at some required average 
temperature and model only the first four zones of the furnace. 

The upper and lower preheat zones are slaved, as are the upper and 
lower heat zones. In addition the effect of skids is small enough to be 
neglected, so we .may consider a symmetric heating process. 

The furnace is loaded with slabs of a uniform length (pushed sideways) 
so variations across the width of the furnace may be ignored. 

When the furnace is operating in a steady- state manner, the temperature 
profile through it bas a form which changes principally in level as the fir i ng 
rates change. This temperature profile is determined, for some given 
pushing rate and loading, by the fuel input rates for the various zones. Con­
sidering this it is reasonable to seek an expression for T(x, t), the tempera­
ture distribution in the furnace, of the form 

T(x, t) = T(g(x), ~(t)) {2. 1) 

where g = {g 1 (x), ... , gr(x)} is a set of functions determined by the phy s i­
cal characteristics of the furnace, u = { u 1 (t), ... , um(t)} is a lumped param­
eter control vector, and xis the position along the length of ~e furnace. 

Assuming that T(x, t) may be represented b y the product of a function of 
x alone , 7] 2{x), and u

2
(t) the control in the beat zone, the steady-state tempera ­

ture profile in this zone might be given by: 

45 ::S: X ::S: 79 {2. 2) 

where 7] 2 (x) accounts for the spatial variation in the temperature p r ofile, 
and u 2 (t) is the normalized fuel rate f or this zone. 
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The steady-state temperature profile in the preheat zone may be written 
th e same way, with an additional term due to the routing of the exhaust gas 
from the heat :z:one through the preheat zone, where u 1 is the fuel rate for 
the preheat zone. 

0 :S X :S 45 (2. 3) 

The term u 2 (t) 11z(x) accounts for the effect of the carryover f rom the 
heat zone. 

What we have called a steady-state operating regime corresponds to the 
pushing of slabs of a constant-thickness and length into the furnace at a con­
stant rate. H we hold ~ C9n.stant while increasing the thickness of the slabs 
pushed into the furnace the equilibrium temperature profile decreases , be­
cause the increased load in each zone absorbs more heat. Similarly, in­
creasing the push rate while maintaining the same slab thickness increases 
the rate at which thermal energy is carried from the iurnace, thus decreasi ng 
the temperature profile. Since the load in any zone (in tons) i.s directly pro­
portional to the average thickness of the slabs in that zone we define 

w the nominal slab thickness 
0 

wp the average thickness of the slabs in the preheat :z:one 

wH the average thickness of the slabs in the heat zone 

= the normalized deviation from the nominal load in the preheat 
zone 

= the normalized deviation from the nominal load in the heat 
zone 

wp and WH are given by 

wp- w
0 

w 
0 

WH- wo 

w 
0 

(2. 4) 

. Parameters Bp and BH, which will determine the gene r al e xt e nt oi the 
coupling effect due to loading, are introduced b y writing 

0 =1-B w 
H H H (2 . 5 ) 

• 
F o r slabs in the heat z one, the couplin g e ffe ct is introduced b y wri ting 

the temperatur e a s 
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(2. 6) 

In the p r eheat zone the temperature profil e i s influenced b y both control 
variable s and the loading of both zones. In writing equation (2 . 3 ) thi s tem ­
peratur e profile is a ssum ed to be the sum of the effects of the two c ont rols. 
Si nce the p o r tion of the preheat zone temperature profile which is affected by 
the h eat zone cont rol u2 (say T 2 ) is influenced by the preheat zone loading as 
well a s the heat z one loading, Tz i s written 

(2 . 7) 

·A dding to this the effect of the preheat control modifie d b y the preheat 
loading coefficient one obtains 

0 $X $45 (2. 8) 

To i ntroduc t the effect of varying v , the push rate, we define: 

v 
0 

= the nominal push rate 

B v , the push rate weighting factor 

and 

; = 1 - B (v - v )/v 
v 0 0 

(2. 9) 

Then f ollowing the same arguments as discussed above the effect of 
varyi ng v i s introduced by modifying equation (2. 8) to yield 

45 S X S 79 . (2. 10) 

0 S X S 45 . 

Equ a tion (2. 10) will be used to represent our two-zone reheat furnace. 
It is a l ump ed parameter model wit h linearized factors accounting for the 
following e ff ects: a) heat carry-through from heat to preheat zones, b) zone 
load i nteractions with the temperature distribution, and c) pufilh rate inter­
acti ons with the temperature distributi;on. When Bp = BH = Bv = 0, the 
couplin g e ffects do not appear, and equation (2. 10) reduces to equation (2. 3). 

I t now r emains t o select the functions 1} 2 (x) and 111 (x) and the parameters 
w 0 , v 0 , Bp , BH , and Bv which might yield a realistic model of our furn a ce , 
and to examine the properties of this model. 
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t~ 1 and t~2 have· been selected to be of the form: 

11 

711 (x) = L. 
i=O 

i 
a.x 

1 

i 
b . x 

1 
(2. 11) 

where the values found for ai and bi were selected by constructing g raphical 
the desired curves from temperature profile data for nomi nal operating cone 
tiona and then using least squares polynomial fitting techniques to find the 
values of ai and bi which best describe these curves. 

This data was taken in 1964 and early 1965 from a five zone reheat 
furnace at the Spencer works of the Richard, Thomas, and Baldwin Steel 
Company during a study conducted by the International General Electric Co. 

The exact values of Bp, BH, and Bv and more exact forms for 771 (x) an 
77 2 (x) might be determined by a carefully designed experimental program. 
For example, the nature of the temperature profile at the junction of the pre 
heat and heat zones might be more closely determined. Such a prog ram, 
while refining the accuracy of the result, does not affect the validity of this 
feasibility study. 

For the computational work which follows the following values were 
assumed: 

B . 25 
v 

Bp BH = .75 

w = 6. 0 
0 

v = 1. 0 
0 

3. DERIVATION OF DYNAMICS EQUATION 

We will see below (Section 4) that in a lumped parameter dynamic optim 
zation problem the systenis dynamic equation is of the form 

• ~- ~~~ 
dt - f(y, u, t) 

~ ~ 

where y is the state of the system, and u is the control. If we select f, th• 
average temperature of a slab, to be the state variable , we then seek a 
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dynamic equation of the form 

dT - ~ 
dt = f ( T, u , t) 

In Section 2 it wa" shown that it is possible to describe the temperature in 
the furnace by equation (2. 10), which, for any given point x, yields T = 
T (u, t). If we can ·derh-e a differential equation for the heating process such 
that . 

dT ~ -
dt = g (T (u, t), T, t) 

the desired form will be obtained, i. e. 

di= ... - - ... 
dt = g (T (u(t), t) T, t) = f ( 'T, u, t) (3. 1) 

The general nature of the process to be described is that of radiative 
heat transfer. A concise dynamic equation of the form of (3. 1) is difficult 
to develop for this process because of the non-linear radiation boundary con­
dition. Scharbrough and Nichols1 , and El-Wazari2 present typical differen­
tial-differencing solutions of this heat conduction problem. The work ac­
curately describes the particular heat transfer process they consider but 
does not p~ovid~ a dynamic equation of the required form. 

If the temperature distribution through the slab is considered to be uni­
form (T = T(t)), and the specific heat and thermal conductivity of the steel are 
assumed to be constant, the one dimensional heat conduction equation may be 
integrated over its spatial variable and combined with the radiation boundary 
condition to yield 

(3. 2) 

which may be used to describe the dynamics of the slab heating process. 

Lerner
3 

linearizes this equation in his discussion of the reheat furnace. 
Sakawa4 also limits his discussion to the linearized case. Experience has 
shown that this approach is inconsistent with the wide temperature range of 
the slab heating process. · 

Roe 
5 

has developed a method of treating a one-dimensional radiative 
heat transfer problem which may be used to develop a dynamics equation. 
Consider a slab to be in the moving frame x', y', z' as shown in Figure 1. 
Since it is assumed that local cold spots will be removed in the soak zone, 
the slab temperature may •e considered independent of y'. It will also be 
assumed that there is no heat transfer in the x' direction in this frame. The 
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latter assumption is equivalent to neglecting the heat transferred between 
;;eighbor ing slabs. Neglecting this hea t transf er simplifies the modeling 
problem, and is consistent with the goals of this study because this is at 
most a secondary effect, which will be neglected because heat transfer 
between adjacent slabs tends . to draw their temperatures closer together. 
The control problem based upon ignoring this effect is more difficult to 
solve than the problem which includes this heat transfer. If the former can 
be solved numerically, it is reasonable to assume the latter may also be 
solved. 

The differential equation governing the slab-heating process, and an 
express i on for the surface temperature. are derived in Reference 10 in term 
of: 

T = average slab temp (°F + 459) 

W = slab thickness (in) 

C slab heat capacity (BTU/ LB °F) 

K slab thermal conductivity 

T furnace temperature (°F + 459) 

T = slab surface temp (°F + 459) s 

These equations are: 

d T . 99 X l0-l
2 [f 4 

dt = W C(T) T (t) 

T 
s 

T + 17 w 
2 c(7) dT' 

K(T) dt 

-4 -10 W T ( -3)] T (t)) l - . 673 X 10 K(T) (3. 3) 

(3. 4) 

Func tions have been determined which express the material properties 
as segm ented polynomials in T. The result for the specific heat is 

C(T) 

{ 

-4- -6-2 
.1- .7-xlO T+.l41x10 r 

./ 

. -3 - • -8 -2 
l.006-.527x10 T+.919x10 T 

-4-
. 082 + . 4 X 10 T 

0 < T < 1382 

1382 < T' < 1652 

1652 < T 

(3. 5) 

K(r). th e thermal conductivity, is approximated b y the expression 

r -5 - . 0097 7' 7- < l6oo 

K (T) (3. 6) 

l 0. + .005 :r 1600 < T 
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The reheat furnace may now be simulated by integrating equation (3 . 3) 
with T(t) a s specified by equation (2. 10). The results of a typical simula­
tion f or the model are shown in Figure 2. 

4. THE OPTIMIZATION PROBLEM 

It will be shown in this 'chapter that it is possible to formulate the 
problem of controlling a reheat furnace as a lumped parameter dynamic 
optimization problem. Such a problem is of the form: 

Given a system described by the state variables 

; = {y1 , ... , y n} and contrql variables \t = { u 1 , ••• , urn} select i!{t) on [ t 0 , tf] 

such that 

t) dt 

is minimized, subject to the differential constraints 

... 
~- ~ ... 
dt - f(y, u, t) 

and end conditions which might be of the form 

~(to> = ~o 

In addition one might have inequality constraints of the form 

~ ..... 
c(y, u, t) S 0 

...... 
s(y, t) S 0 

To put the problem of optimum control of the reheat fu:rnace into this 
form, consider a sequence of N slabs passing through the furnace at some 
velocity (or push rate) v(t). Associated with the ith slab is its thickness wi, 
and xi(t0 ), its initial position. The position of the ith slab at timet, ~(t), is 
given by 

xi(t) = xi(t
0

} + / v(t')dt' 

to 
(4. 1} 

The temperature which ,he ith slab sees as it passes through the furnace, 
Ti(t), is d etermined by equations (4. l) and (2. 10) for any given control 
{ u 1 (t), u

2
(tl} as 
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45 < x . (t) < 79 
- 1 -

0 < x.(t) < 45 
- 1 

(4. 2) 

Equation (3. 3) is the dynamic equation governing the average tempera­
ture of the ith slab. (For convenience the notation Twill be dropped. Hence ­
forth when we speak of slab temperature we will mean average slab tempera­
tures. ) It is 

dT. 
1 

dt= 

. 99 X 10 -l
2 

[ 4 4 ( 
w . c( T. ) (T i - Ti ) l -

1 1 

0 

-lOwiT:)] 
. 673 X 10 K(T. ) 

1 

0 <X. <79 
- 1 

otherwise 

(4. 3) 

where c( T.) and K( T. ) are the material properties specified in Chapter 3. 
1 1 

The dynamic optiJllization problem is to minimize 

I = tf ... J F(u (f)) dt (4. 4) 

to 
where F(~(t)) is the function which relates the normalized fuel rates { ul (t), 
u 2 (t)} to the actual heating cost. The minimization i s to be carried out 
subject to the dynami c equation (4. 3) with the initial and final conditions on 
Ti (t) specified. In addition the surfac~ melting constrai nt must be met, wi th 
Ts specified by equation (3. 4). 

T 
s . 

1 

2 
c(T. ) dT 

1 i 
Ti+l 7 wi K(T. ) dt 

1 

(4. 5) 

(4. 6) 

When slabs of a constant thickness, w , are pushed into the furnace at a 
constant rate, v, the furnace is defined to be operating in the steady state , 
and the optimum control {u~ , u~} is constant. Each slab is assumed to 
enter the furnace at the same initial temperature T(ti) and is required to 
leave the furnace at the desired final temperature TDES" The stead~ state 
optimum control problem is to select { u 1, u 2} so as to minimize F(u) while 
satisfying the conditions T(tf) = TDES and Ts < Twash· (T5 is the 
maximum surface temperature. ) max max · 
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5. SOLUTION OF THE STEADY -STATE OPTIMIZATION PROBLEM 

In order to gain insight into the nature of the steady- state optimum con­
trol problem we will examine the general nature of curves of constant T(tf). 
Ts and F(u) in th~ u 1 - u2 plane. These curves may be generated as 

max 
follows: 

Since the furnace is operating in the steady state, it is only necessary 
to· follow one slab through it. If the slab is at the entrance of the furnace at 
ti = 0, its position in the furnace is given by 

x = vt 

Then T, the furnace temperature seen by slab, is a function of time 
alone, and is given by equa.tion (2. 10) with x = vt. The average slab tem­
perature T(t) and the surface temperature 'Ts are determined .by equations 
(3. 3) and (3. 4). 

.... ... 2 2 
The form selected for F(u) was F(u) = u 1 + u 2 . This expression was 

used (rather than a linear form) because it penalizes more heavily extreme 
operating conditions in either zone and it does not allow negative fuel rates 
to improve the index of performance. Thus it accounts for, in a limited 
manner, the fact that high firing rates are more expensive to implement as 
well as leading to higher fuel costs. However, it should be noted for future 
generalization that the method developed for solving the steady-state ~ti­
mum control problem is independent of the exact form selected for F(u) . 

.... 
The contours of constant T(tf). T 8 and F(u) may now be generated 

max 
for given values of v and w by selecting some point { u 1, u

2
} in the control 

plane, integrating equation (3. 3) for the furnace temperature profile then 
2 

specified by equation (2. 10) and recording {u1, u 2}. T(tf)• T and u2
1 + u 2 . 

· 8 max 

Figure 3 shows the general features of the control plane. Curve AC 
consists of the points such that the final slab temperature is the constant 
TDES• and curve DE consists of the points which lead to the cons~nt 'faxi­
mum allowable surface temperature. Contours of constant F = u 1 + u~ are 
also shown, as is the direction of decrease of F. The area above DE 1s a 
forbidden operating zone. As a result, if the curves AC and DE intersect at 
some point B = {u1 , u 2B}, then the optimum operating point. {ur. u;} must 
lie on the segment ~C. The steady-state optimum control problem may now 
be divided into two cases: That in which curves AC and DE intersect, and 
that in which they do not. 

The steady- state optimization problem ·is now reduced to the simple one 
of conducting a one-dimensional search along AC for the operating point 
which minimizes F(u) while remaining in the allowable operating zone. Table 
l shows the results of several such searches. 
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Bozarth
6 

gives the melting point of iron as 2800°F. Typical specifica­
tions for various steels give melting. points of 2550°F to 2750°F. Thus 
typical current steady- state operating procedures for the furnace modeled, 
which are represented by cases 1 and 2 in Table 1, are well removed from 
the constraint boJ.llldary. 

6. SOLUTION OF THE DYNAMIC OPTIMIZATION PROBLEM 

It was shown in Section 4 that the problem of optimal control of the re­
heat furnace operating under non- steady- state conditions could be formulated 
as a lumped parameter dynamic optimization problem. 

A number of computational techniques are available for the solution of 
dynamic optimization ,problems of the type stated. A general program, 
DYNOP [DYNamic Optimization Program]. utilizing algorithms discussed 
in References 8 and 10 has been prepared at the General Electric Research 
and Development Center and was used to solve the. dynamic control problem 
for the reheat furnace. 

DYNOP is an iterative computational technique. In such techniques 
computations are started by guessing an initial form of u(t). After the dynami 
equations are integrated using this "nominal control, " expressions are 
developed which determine a modification of u(t) which improves the index of 
performance. This is then repeated until some degree of convergence to the 
optimal control is acliieved. The computational process is assumed to have 
converged when successive iterations do not appreciably change the index of 
performance. 

Dynop itself will not handle as general a problem as was stated in Section 
4 because it does not provide explicitly for specification of final conditions 
(y(tr)) or inequality constraints (c(y, u, t) $ 0). If either of these are present 
they must be handled by the penalty function method. 

Since typical steady-state operating conditions involve operating away 
from the surface melting constraint boundary, we will not include the con­
straint in the optimization problem. Instead, the results will be verified by 
examining the maximum surface temperatures during simulation of the final 
control law. / 

The penalty functions to provide the desired final average slab tempera­
ture are introduced into the index of performance as follows: 

~ t ~ 
= 'i'>(T(tf)) + f f F(u)dt 

(6. 1) 

to 
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where 
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~ 2" 2 (6. 2) 
F(u) = u + u 

1 2 

the final average temperatur e of the ith slab 

TiDES = the desired final average temperature of the ith slab 

liT. 
1 

c . 
1 

Y. 
1 

= the permissible .final temperature deviation for the ith slab 

= an arbitrary weighting factor 

an integer which determines the "sharpness" of the 
penalty function 

The same considerations as those discussed for the steady- state case 
lead to the form selected for ~- · In addition, the quadratic form lends 
itself well to the computational technique used. Typical computational pro­
cedure is to start with liTi fairly large and yi small, increasing yi and de­
creasing liTi as computations proceed. 

For computational purposes ci = 1, >'i = 5, i = 1, .•. , n were used. The 
value liTi = 50 was used fo~ the first six iterations, and liTi = ZO for the last 
six. (Convergence was ~chieved in 12 iterations. ) Figure 4 shows the 
resulting control law for the case of four inch slab s followed by six inch 
slabs. The maximum ~urface temperature attained by any of the slabs was 
2435°F by the seventh slab. 

Pertinent events on the time scale of Figure 4 are: 

t < tA 

t = tA 

tA_s t _s tB 

t = tB 

tB< t <tc 

t = tc 

the entire furnace is full of four inch slabs 

the first six inch slab enters the prehea"t zone 

the thickness discontinuity is in the preheat zone 

the first six inch slab enters the heat zone 

the discontinuity is in the heat zone 

the first six inch slab leaves the furnace 

the furnace is full of six inch slabs . 



Figure 5 shows the Dynop-generated optimal control laws for cases 
of 6 inch slabs followed by 4~ inch slabs. In these cases v = 1. 

The difficult part of the control problem is to heat two adjacent slabs of 
different thicknesses to the same final temperature range. This is evidenced 
by the 200° temperature differenC!' between these slabs for the initial con­
trol. Considering this, the following physical significance may be seen in -
the resultant Dynop control law for t he case of small slabs followed by 
thicker slabs. 

In region 1 u 1 < 0. (The regions referred to are those labeled in Figure 
4.) During this time_;the prebeat zone contains mostly smaller slabs. -TQ re­
duce a later tendency of these slabs to reach a final temperature 7(tf) > T DES 
we reduce their early heating in th~ preheat zone. 

In region 2 the solution yields u 1 > 0. This control provides extra heat 
input to the large slabs which are entering the preheat zone at this time; 

In region 3 the heat zone contains only smaller (four inch) slabs. In this 
region u2 is equal to the optimum steady-state uz for the four inch slabs. 

Region 4 includes the exit of the last small slab from the furnace. To 
make up for heat which could not be put into the large slabs without over­
heating the smaller ones, as the last small slab exits the heat zone u 2 is in­
creased up to, then beyond the optimum steady-state value for the thicker 
slabs. 

In regi~n s. uz settl.es down to its optimum steady-state value, whlch it 
assumes in 'region 6. 

T 

Figure 5 shows the Dynop-generated optimal control laws for thick 
slabs followed by thinner slabs. The physical interpretation of these control 
laws is similar to that for the previous case. In the preheat zone one in­
creases the heating of the thick slabs and retards the heating of the thin slabs 
by changing u· ·appropriately. In the heat zone the value of u 2 ~oes from the 
initial optimal steady-state value to the final optimal steady-state value in a 
manner which provides the necessary fine temperature control for the slabs 
as they leave the heat zone. · 

7. CONTROLLER DESIGN 

When empirical modeling has been done in a control study such as this, 
any proposed control scheme should be developedin an evolutionary manner. 
In this section comments will be made on how this might be accomplished, 
and the possibility of generalizing the Dynop results. 

A controller for the reheat furnace mi rrht be developed in three stages. 
The first stage could be a simple feedforwa. ~d c ontroller which generates a 



control law based upon the given process variables: push rate, slab thick­
ness, and discontinuity location. 

As a second step in._the process of controller design one might use 
measurements of the final slab temperatures to modify the algorithm by 
which the feedforward controller generates control laws. This device might 
be called a terminal feedback controller. 

The thi'rd and final step of the controller design process would cons i st 
of the development of a full state-variable feedback controller. 

It is consistent with the level of our detailed process identification to 
restrict specific discussion to the possibility of developing a feedforward 
controller which will be based upon a ~eneralization of the characteristics of 
the Dynop results discussed in Section 6. The information used to generate • 
the control laws will be the pushing rate v, the magnitude and position of the 
thickness discontinuity in the input stream, the dimensions of the slabs on 
either side of this discontinuity, and the optimum stea dy-state values of u2 
found in Section 5. 

There are many possible approaches to the problem of generating con­
trol laws which resemble the Dynop results. We desire a simple scheme 
which might be readily implemented in an on-line control computer. The 
method ch9sen ~s to 'generate ·the control law i n segments. The general area 
of transition from one segment to the next is determined by the Dynop re­
sults, and the exact point of each transition determined by trial and error. 
The general approach for each segment is to represent the control as some 
perturbation about its optimum steady- state value. These perturbations were 
selected as a polynomial in t. Their magnitude was determined by trial and 
error as a function of the size of the thickness discontinuity, the slab widths, 
and the pushing rate. 

Figure 6 shows the final form selected for the control law for small 
slabs followed by la,rge slabs and Figure 7 the control for large slabs 
followed by small ones. 

The exact form of the control expression used is shown in Reference 10. 
The values of InYNOP• the index of performance for the Dynop results, are 
compared with I, the index of performance for the synthesized feedforward 
control, for several cases: 

WI WF IDYNOP 1
FEEDFORWARD 

6 5 174 180 
6 4 153 164 
7 5 214 230 
7 4 197 213 
5 6 171 179 
4 6 155 164 
5 7 222 227 



The case of.wi = 5, wF = 7 leads to high maximum surface t empera­
tures; in practice discontinuities this extreme would be heated at a much 
lower push rate. 

It is not consistent with the aims of this study t o discuss in detail any 
further development of a controller without doing further process identifica­
tion through experiments on the furnace. It is pertinent, however, to dis­
cuss how the results of such a study might be used to refine the controller. 

It is useful for our purposes to categorize the ·process va~ables in 
terms of known variables (such as wand v) and unknown, but identifiable 
variables (such as the coupling parameters BH, Bp, and Bv). A terminal 
feedback controller might examine the final slab temperatures and the fur­
nace temperature, and, by inferring changes in the identifiable process 
parameters, appropriately adjust the parameters in the feedforward control­
ler. 

The present state of instrumentation technology for reheat furnace 
makes it unrealistic to propose a specific on-line, state-variable feedback 
control scheme for this system. The final result of an extension of this 
study might be an investigation of the benefits possible from such a scheme, 
however, thus motivating development of new measurement techniques. 
Such a controller might be developed in the manner suggested by Breakwell 
et al7 . 

8. DISCUSSION OF RESULTS 

It is useful to think of the results of this study as falling into two 
categories: information about useful tools for systems studies and iniorma­
tion about the reheat furnace system. 

The successful use of Dynop to solve the dynamic optimization problem 
suggests that there may be other cases in which it is reasonable to formu­
late large systems studies in terms of dynamic optimization problems of 
equivalent complexity. An ability to solve optimization problems with a 
fairly large number of state variables indicates that it may be feasible to 
model other distributed parameter systems or continuous processes in a 
mariner similar to the modeling of the reheat furnace . . 

In ~hose cases where state variable feedback is available for control 
purposes, computational techniques based upon the second variation may also 
lead directly to information useful for feedback control design in the manner 
suggested by Merriam8 , McReynolds and Bryson9, and Breakwell et al7 . 

The detailed computational result. of this study cannot be viewed as 
particularly significant. They were produced for two purposes: to show 
that a physically significant optimization problem concerning the reheat 
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furnace could be solved numerically and to inve·stfgate the possible applica­
tions of such results. 

Roe's work5 on the heat transfer process has be~ shown to lead to 
highly accurate expressions for the average slab temperature and slab sur­
face temperature. These expressions are of sufficient accuracy to be used 
in a predictive model-reference -controller. 

The steady-state results indh:ate_that current steady-state operating 
points are well removeci,'from the constraint boundary. Thus it is reasonable 
to conclude that steady--state through-put rates nught be increased without 
the danger of melting slabs. 

Only the u 1 < 0 portion of the optimal control law as determined 'by Dynop 
represents an unusual operating state. This may be due to an overstatement 
of the heat carry-through from the heat zone. The possible usefulness of 
the preheat fuel rate to influence final individual slab temperatures is an 
interesting possibility. 

During a further study a more exact determination of the model param­
eters might be made. For -example, the exact shape of the temperature 
profile near the preheat - heat zone junction might be determined. The 
model is thought to be representative of the fairly sharp temperature transi­
tions which can occur there, ·however. 

An orderly approach to the problem of control design has been developed. 
The initial results (the feedforward control scheme) might be applied on line 
immediately. The next .step, the terminal feedback controller, would re­
quire development of some instrumentation, but only that consistent with 
current technology. This controller might then be developed into a feedback 
control system if it could be proved worthwhile to develop the necessary 
instrumentation. 
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w v ToES TwAsH ul u2 T(tf) (OF) Ts MAX (oF) 

5.0 1.0 2350 2500 0.0 0.8935 2350 2357 
7.0 1.0 2350 2500 0.0 L2774 2349 2421 
7.0 1.0 2350 2400 1.0711 1.2420 2350 2399 
8.0 1.2 2350 2500 0.5117 1.-7148 2349 2501 
8.0 1.4 2350 2500 2.3914 1.8187 2349 2500 

TABLE I OPTIMUM STEADY- STATE OPERATING POINTS. 
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FIGURE I A FIVE -ZONE REHEAT FURNACE. 
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FIGURE 5 DYNOP CONTROL FOR 6 INCH SLABS FOLLOWED BY 4 INCH SLABS. 
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FIGURE 6 FEEOFORWARD CONTROL FOR w1 = 4, WF = 6, V = 1.0. 
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OFF LINE COMPUTATION OF OPTIMUM CONTROLS 
FOR A PLATE DISTI~LATION COLUMN 

1. Introduction 

G.P. Pollard and R.W.H. Sargent 

(Imperial College, London) 

The development of continuously operating processes brought such 

large advantages that it has since been tacitly JB3umed that process plants 

operate most efficiently uoder steady conditions. Thus pn start-up a 

continuous process is brought as quickly as possible to the desired 

operating conditions, and the control problem is then one of maintaining 

these conditions in the face of input disturbances. The process is there-

fore designed to be stable so that the control problem is simplified, and 

in fact most processes tolerate quite crude control techniques. Start-up 

is usually achieved by empirical methods based on experience, an approach 

which is again made possibl~ by the natural stability of the process. 

Some environmental conditions change much faster than the natural 

response time of the process so that they appear as fluctuations which are 

damped out either by the process itself or by t~e action of the control 

system. Other changes, such as in economic conditions, often take place 

on a time~scale much longer than the process response time, and if neces-
- - - . -

sary these can be followed by changing the steady operating conditions of 

the process. It is also to be expected that in some situations the 

process response time will be comparable with t he time-scale of the 

environmental changes; there is reason to believe that such situations 

arise more often than is commonly supposed, and it is then unlikely that 

steady state operation will give optimum performance. There are in 

addition known cases1 •2 where ~ven in a cons~ant ~nviro~n~ significan~ 
improvements over steady state performance can be achieved with periodic 

or oscillatory changes in operating conditions. 

The necessary theory for studying optimum operation of such time­

varying systems exists, and the chemical engineering literature contains a 

number of successful appl icat i !ns 3 •4 , mainly in the field of chemical 

r eactor operation, wher e the process model can be made s i mple enough to 

obtain an analytical solut ion. To s tudy more general systems, efficient 

numerical t~chniques must be dev~loj, ed, and the work reported here was 

Wldertaken with this ir, view. 

It will be noted that the me:hods generate feed-forward control 

policies based on accurate predictions. Additional problems must 



therefore be solved if they are to be used on-line, but at present the 

computational dedands make this out of the question. It is nevertheless 

useful to have a standard against which empirical or sub-optimal on-line 

methods may be compared. 

2. Some Optimum Control Problems in the ·Operation of Dhtillation Columns 

One general problem which arises in the operation of continuous 

distillation coluaos is the determination of the control policy which will 
. . 

take the system as quickly as polsible from a given state to a new desired 

. operating state. In practice it is not necessary to attain the new state 

exactly, since it is usuaily sufficient to achieve the new specifications 
- · - . -

for the products and for the rest approach the new state sufficiently 

closely for the uormal control system to take over. A suitable formula­

tion of the problem is then to find the control . policy which minimizes t~e 

time (tL) to take the syatem 'froa the given initial state (~1) to a final 

state,~(~), which satisfies the condition: 

n 
l a. {x. (~) - ~· }2 ~ 

i•l 1 1 1 
es (1) 

where e is some specitied error and the a., i • 1,2 ••• n, are suitable 
I 1 _ . . 

weights. 'Il:e optima final state will be on the boundary of the region 

in the space of the state variables defined by equation (1) since it will 

not take less time to reach an interior point; thia follows from the 

continuity of the state variables in time. 

The start-up problem itself is a special case of this problem, and 

in general the ~recess will undergo large changes between the initial and 

final states. For thia reason the problem cannot be solved by lineariza­

tion about a suitable operating state and application of linear methods, 

since no linearization holds over the whole operation. On the other hand, 

small random fluctuations do not have a significant effect on the perfor­

mance over this period so that deterministic methods mey be used, and if 

the process model is accurate enough a feed-forward control policy can be 

found which solves the problem. 

It is difficult to solve time-optimum control problems directly, and 

in any case the target region defined by equation (1) is arbitrary so that 

it will be necessary to explore the solution for.various values of e and 
- . - s 

the a .• 
l. 

It is therefore more efficient to find the control policy which 

minimizes the terminal error (e), given by: 
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for a fixed final time -(t1), and repeat thia for aeveral values _ of . t
1

. 

The smallest t 1 for which the correaponding min~ e is ~qual to e
8 

is the 

solution (tL) to the first problem, aaauaing that such a time-optimum 

control exista. 

In theae foraulations of the start-up or cha~-over problea no 

account is taken of coats or -product values during4fie period in question, 

and a _,re realiatic requir~t would be ~o miuiwi1e'.· the nett coat of the 

operation, rather than aillply the change-over t:L.e. lloweftr, unleaa the 

required new state repreaenu ateady _a tate operation which .. ia opti­

under the new conditiOns, a difficulty ariaea in -defining the length of 

the change-over period md it ia then neceaaary to couider the 1110st · 
. . 

profitable policy for the Whole period of operation of the proceaa from 

start-up to abut-down. If this operating ·period ia &lJfficiently long and 

there is indeed an opti.ua fteady atate operating policy, the complete 

opti- control policy rill .reveal mini- coat start-up ad abut-down 
. . 

procedures with an interaediate period of operatiOn ~t the optimum steady 

atate. If no aucb policy ezi.ata, the policy obtained will of course be 

the correct ti•.....,.rying policy which is ·opti- ·tor the aaauaed conditions. 

Unfortunatel~, exa.inatioo of such ca.plete · po~iei~ over re~liatic 

operation periods -ua ellborbitat demands on c0111puting tiM. It there-

fore still ..... useful to study the .are reatri·cted probl- of minimum­

cost change-over froa a siven initial state to a new ateady atate which 

does indeed represent the lioat profitable operation under the new 

condi tiona • Assuming that thia required state ia in fact attainable in 

finite tiM, then ao lOll& as the period considered ia long enouah to be 

certain of aatiafying equation (1) at the end-point, we nov have the 

problem of finding the control policy which ach~evea thia ~ alao _ainiaizea 

a cost integral taken over the period. The integrand of tbia coat 
- -

integral is a function of unit costa, the contr.ola, and . the pr~pertiea _ of 

the product streams only, but special difficultiea arise if _tbe products 

must satisfy certain specificationa. A practical way of dealing with this 

situation is to give off-apecification product a reduced value, and to 

. avoid the intractable problem which ariaea if : the integrand of the coat 

integra·l is discontinuous in one of the state variable• the reduction 111U8t 

be made continuously over a narrow range about the apecified purity. 

Tbe more general problem diacussed above of optimum operation over the 
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complete operating period is a problem of the same type, except that the 

specified state at the end-point is a suitable safe state for the column. 

3. Some Methods of Solving the Optimum Control Problems Considered 

J!.L __ ~ th~_!ic!],_!2_r!!!!latio'n ...£!L th!L_Proble!!! 

It is assumed that the chemical process under consideration is 

cqmpletely described for all instants of time t in the interval 

t
0 
~ t ~ t

1 
by an n-vector of state variables ~(~) .. e En. The process is 

under the external influence of an r-vector of controls ~(t) e Er whos~ 
values can be set accurately on the process. The class of admissible 

controls is the set of piecewise continuous functions of t which assume 

values in a bounded set U .! rl, where U is known in advance and does not 

depend on ~(t) or t. 

In practice there will also be some input variables whose values 

cannot be adjusted and in fact there may only be information of a 

stochastic nature available about the values of these variables, or even 

no information at all. It will be assumed however for the reasons given 

earlier that all the non-adjustable input variables are given in advance 

as . known functions of time and can therefore be absorbed into the model of 

the process. 

The structure of the process is therefore such that the state 

variables are constrained to be solutions of the differential equations: 

tl 

d~ -
dt 

with initial conditions ~(t0) • ~I 

If the problem involves minimization of the cost integral 

(3) 

t ff0 (~, t, ~)dt this can be written in differential form by introducing 
0 

a new variable x0 (t) which is a solution of the differential equation: 

dxo - fo(~, t, ~) 
dt 

(4) 

with initial conditions x0 (t0) • O, so that t, ~)dt. 

The functions fi(~, t, ~), i • O,l •.• ,n are assumed to be absolutely con­

tinuous in ~· t and ~ on Enx [t0 , t 1] x U and satisfy the Lipschitz 

condition 
I I!<~'' t, ~) -E.<~. t, ~)II ~ L(t) II~· - .!. II (5) 

where L(t) is Lebes gue integrable on t 0 ~ t ~ t 1 . If these condi tion.s5 

are satisfied there is a un~que, uniformly bounded, absolutely continuous 
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vector function ~(t) of time which satisfies the differential equations (3) 

and initial conditions for almost all t for which t
0 

~ t ~ t 1 and these 

solutions depend contiquously on u. 

All the optimum control problems which have been c0nsidered above 

may therefore be reduced to one or more solutions of the general problem 

of choosing the control trajectories ~(t), t
0 

~ t ~ t
1

, where u e U 

so as to minimize a function of the final state variables, possibly subject 

to constraints on these. 

Application of Pontryagin 's Maximum Principl~ 6 to this problem 

results in a two-point boundary value problem in the differential equations 

(3) and (4) and an associated set of adjoint equations. This approach 

has the advantage that it deals directly with constraints on the final 

state variables, but after some preliminary work7 it was concluded , in 

common with others, that it is very difficult to solve this boundary , 

value problem because of the extreme sensitivity of the 'final values to 

the estimatei of the initial adjoint variables. In fact this caused 

complete failure of the numerical methods in many cases and this approach 

was therefore abandoned. 

If the control trajectories are approximated by piecewise constant , 
functions as follows: 

~(t) - ~(j) for t
0
+(j-l)oT<t<t

0
+ joT for all j - l, ... ,q (6) 

where t 1-. t
0 

• qoT , then the problem becomes one of finding the control 

values u(J) for all j which minimize a function of the final state 

variables, possibly with constraints on these, and subject to the condition 

that u (j ) e u . 

The final state variables are of course evaluated from the controls 

by integrating the differential equations (3) and (4) and it has previously 

been remarked that these variables will be continuous functions of the 

control values. This is just a non-linear programming problem and it can 

be solved by means of any one of , the standard methods available. A 

difficulty arises however from the fact that q must be large in order to 

get a reasonable approximation to the optimum control trajectory and this 
. (') . . 

evidently results in a large number of independent variables _~ . ] in the 

minimization. This tends to result in slow convergence of the minimiza-
- -

tion methods and an impossibly large number of evaluations of the final 

state from the controls. 

This difficulty can be overcome to a certain extent by calculating 

the derivatives, since methods which make use of these tend to ·work better 
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on problems with a large number of variables. The derivatives of some 

function of the final sta~e variables, F(~(~), x0 (t1)) say, with respect to 
tbe controls can be calculated at .the expense · of· finding the first partial 

derivatives of.!_(~, t, ~), f0 (~, t, ~) with respect to _:: and ~ and the 

integration of a set of adjoint equations associated with the different ial 

equations (3) and (4) as follows. 

Consider the following variation ~1 (t); t 0 " t ~ t 1 of some 

admissible control ~(t) ; t 0 " t" t 1 for which ~(t) is continuous on 

T " t < T+oT and ~(t) + o~ e U for t such that T " t < T+oT :-

t
0 
~ t < T 

~· (t) - ~(t) + ~· oT " t < T + oT 

{ u(<), 

u(t), T + or " t " t 
1 

This control is also an admissible control. 

Set: xi (t) • xi(t) -xi (t) i • 0,1, ••• ,n 

where xi(t) results from ~'(t) then5
:-

ox . (t) • O(oT).o<lloull> 
l. -

i•O,l, ••• ,n 

Differentiating (8) gives:­

d 
~xi(t) • fi(_::'(t), t, ~(t))- fi(.!_(t), t, ~(t)) 

(7) 

(8) 

(9) 

- fi(_::(t), t, ~'(t)) - fi(.!.(t), t, ~(t)) 

n Clfi (_!(t), t, u(t)) 
+ }: - ox . +o<llo.::.<t>ll 2 > 

j-o axj J 
(10) 

Define: . dz. n af.(x(t), t, _u(t)) 
l. r J-

with 

Cit • - . -ol. .....L---=a-x-. --- z · 
J l. 

aF(_!(t
1
), x0 (~)) 
ax. 

l. 
n 

.. ., 1, ••• ,n (11) 

, 1, •.. ,n 

Then the expression I z.(t) oxi(t) i s absolutely continuous since zi (t) 
i•l l. 

and 6xi (t) , i = O,l, • •• ,n are absolutely continuous functions oft for 

It therefore has a· derivati ve almost everywhere on this 

inter val and is r ecovered by integration of the derivative , so that by 

us ing equations (8), (9), QO) and (11) and the fact that 
1) 

L z.(T) ox. (T) = 0 it can easily be shown that the change in · the function F 
i ~O 1 l. 
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of the final state variables due to ou is given by:-

n 

oF(~(t1 ), ~(t1)~ -i~ zi (t1) oxi (t1) + o<l lox(t1) I 12> 

T+oT n 
f l z.(t){f.(x(t),t,u'(t)-f.(x(t),t,u(t))}dt 

T i•l ~ ~ - - ~ - -

+ O(oT2 ).o(jloull 2> (12) 

the derivative of F with respect to- ~j) can be found by letting Hence 

o~j) tend to zero in equation (12): 

aF 
~j) 

n [ af. (x(T), T ,u(T)) fi (!_(T+oT), T+oT ,~(T+oT))) 
i l z. (T) ~ - ~ - + zi (T+.ST) a~ oT 
i-o ~ 

where 

first 

T • t
0 

+ {j-l}oT. Thus the derivatives are approximated by the 

term in equation (13) for a small enough oT. 

(13) 

In the exa~les which follow the set of points U in Er is such that: 

where 

u(min) ~ u ~ u(max) 
(min)- d (maX) u an u are vectors of given constants. 

~~---~~_ric!J_~~ho~~_2f_SoluEio~ 

Direct use of the derivatives is made in the method of steepest 

descent, which can be used to i~rove a given set of control values by 

putting: 
n (j) aF ~J {improved} • ~ - £- • , all j and k 

. . ·~J) 

(14) 

(15) 

where £ is a scalar, chosen to give a reasonable reduction in the value of 

F at each step. The uethod of choosing £ in the present work is given in 

the Appendix . 

Control constraints are dealt with simply by setting any values of 

~j){improved} which violate equation (14) back to the appropriate limiting 

values. Constraints involving functions of. the final state variables, 

~hich are non-linear functions of the controls, can be dealt with by 

Rosen's Gradient Projection Method8 , Zoutendijk's Method of Feasible 

D. . 9 . 10 1 . 1. ll f 
~rect~ons , penalty funct~ons , or Lagran&~ mu t~p ~ers Most o 

these uethods require derivatives of the constraint functions with respect 

to the controls, and these can be evaluated using equations (11) and (13). 

However each constraint gives rise ton adjoint differential equations, so 

that the computation becomes prohibitive for a large number of ·state 

variables. 
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lt is well known that second order methods of the type given by 

ch d .1112 . . h Flet er an Powe g1ve faster convergence t an the method of steepest 

descent. However, for a large number of control values the advantage 

is greatly reduced because of the large ~umber of function and derivative 

evaluations required to generate a reasonable approximation to the inverse 

of the Hessian matrix, which in turn is so large that it -creates storage 

problems in the computer. The method of Fletcher and Re~v~s 13 do~s not 

require storage of the inverse Hessian matrix, but it is known to b"e less 

effective than methods which do generate this matrix, and the number of 

function and derivative evaluations is greatly increased by the necessity 

for fairly accurate determination of the minimum along each search 

direction. 

With these methods, constraints may be dealt with by the use of 

penalty functions 10 or the more recently developed methods using 

1 d 1 f . 14 h . . acce erate pena ty unct1ons or t e pro3ect1on method of Murtagh and 
15 Sargent It should be noted that the use of penalty functions gives 

rise to a steep-sided, curved valley system which constitutes a particu-
. 12 13 larly difficult minimization problem. The conjugate grad1ent methods ' 

require minimization along each search direction, and the initial estimate 

of each minimum obtained from the inverse Hessian matrix is very poor 

in this situation, resulting in an excessive number of function and 

derivative evaluations. It may therefore be preferable to use one of the 
15 methods of Murtagh and Sargent for generating the inverse of the Hessian 

matrix, which do not rely on successive minimizations, in conjunction with 

the method described in the Appendix for choice of step length along each 

direction. Unfortunately these methods were developed too recently for 

use in the present work. 

The second order methods given by Merriam16 
and Jacobson17 use 

direct evaluation of the second partial derivatives of the state 

differential equations with resp~ct to the state and control variables to 

generate the Hessian matrix, and hence achieve very fast convergence. 

However one is again faced with storage problems, and some of the computa­

tional effort tend"s to increase as the square of the number of state 

variables. It will also usually be very difficult, or even impossible, to 

compute the required derivatives for large complex models . 

If the state differential equations are linear in u and equation (14) 

applies, it is possible to show from Pontt·yagin' s maximu: pri nciple 6 that 

the controls will take limiting values only , unless there is a singular 
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control trajectory. It has further been shown18 that for these conditions 

it is possible to get arbitrarily close to a final state resulting from any 

admissible control by means of a policy in which the controls take limiting 

values only. Such a control policy is completely defined by the times at 

which the controls swi t "ch from one extreme value to th~ other, and it can 

be hoped that a reasonably good approximation to the optimum performance 

will be obtained by using a relatively small number of switches. 

The derivative F with respect. to such a switching 

from equation (12) by letting 6T tend to zero: 

time can be fot.md 

(16) 
n af.(x(T), T, u(T)} 

aF 'i' (T} 1 - - { (max} (min) } 
aT • L z1. • -;.,,.i u. - u.. 

i-o - ~"k .· It It 

where T is the time at which ~ switches from ~max} to ~min}. 

If the number of switching times is not too large, it becomes feasible 

to use the various second order methods discussed above to determine them, 

subject if necessary to final state constraints. 

If the model is such that it is impractic3ble to compute even first 

derivatives of f (~, t, ~} and f 0 <!_, t, ~) with re&pect to . .! and .!!.• a small 

number of switching times may make it possible to use a second order 

method with numerical evaluation of the required derivatives ofF, as 

proposed by Stewart19 , or .a method which does not require derivatives such 

as that of Powe1120• 

The disadvantage of the switching time approach is that the number 

and relative locations of the switches is not known in advance. It is " 

therefore necessary to apply a min~mization technique to the control 

values in the first place, and hope that by the time progress becomes slow 

it will be possible to make a reasonable estimate of the optimum switching 

policy. 

When the equations are non-linear in .!!. and a switching policy is not 

appropriate, it may still be possible to app~aximate the optimum policy by 

simple ft.mctions involving relatively few adjustable parameters; the 

values of these can then be obtained by second-order methods, ~th or with-

out determination of derivatives. However, the choice of suitable 

functions will again require _insight and judgement on the part of the 

engineer. 

4. Description of the Distillation Column Model used in the Optimum 

Control Studies 

A very simple model of a plate distillation column separating a 
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binary mixture was used in order to test the numerical methods for optimum 

controls discussed above. 

volatile component gives: 

where: 

The mass balance over plate p for the more 

p - 1, .•. ,n (17) 

x • mole fraction of more volatile component in liquid leaving plate p. 
p 

yp ~mole fraction of more volatile component in vapour leaving plate p. 

~-mole fraction of more volatile component in feed to plate P• 

i • average mole fraction of more volatile component in hold up on plate p. 
p 

C • total molar hold up on plate P· 
p 

PLp• molar flow rate of liquid product leaving plate p. 

pvp• molar flow rate of vapour product leaving plate p. 

L • molar flow rate of liquid leaving plate p . 
p 

V • molar flow rate of vapour leaving plate p. 
p 

F • molar flow rate of feed to plate p. 
p 

The reboiler was taken as plate 1 and the condenser as plate n. 

The following simplifying assumptions were made: 

1. All the material hold up occurs in the liquid phase which is perfectly 

mixed so that i • x • 
p p 

2. The column consists of theoretical plates and the relative volatility 

a, is assumed constant so that the vapour mole fractions are given in 

terms of the liquid mole fractions by the equation: 

y • x /{x (1 - a) + a} (18) 
p p p 

3. Thermal effects and the plate hydrodynamics are neglected and the hold 

ups are assumed to be constant. 

4. .There is a single liquid feed of constant composition ~ at its 

boiling point (introduced on.plate pF). 

5. Liquid products only are taken from the reboiler and condenser only. 

6. The column has three control variables, the bottom product rate P, 

the reflux rateR, and .the feed rate F, which are constrained as 

follows: 0 .; P .; F 

c1 < R < {c2 + P}/c3 - F 

0 ' F ~ c4 

(19) 

where c1 , c2 , c3 and c4 are given positive constants and c
1 

< c
2

Jc
3

- c4 
The fir~t condition is imposed i n order to preve~t negative product 
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flow rates, and the second in order to ensure reasonable hydrodynamic 

operation of the column, namely prevention of flooding or dumping 

conditions . 

7. The state variables are the mole fractions of the more volatile 

co~onent in the liquid on each plate. 

It follows from the above assumptions · that the liquid and vapour 

flow rates and conseque~ .ly the differential equations (17) describing the 

column are linear functions of the control variables as follows: 

FpF • F p - 0 p - 1, ••• p,-1, Pr+l, ..•• _,n p 

PLl - p PLn • p - p ; p - 0 Lp 
p•2, •• ,n-l 

PVp - 0 p • 1, ••• ,n 
(20) 

vo ., • v • L • 0 n n+l 

v • R + F - p p • 1, ••• ,n-1 p 

L • R + F p • 2,. _ •• ,pF p 

L • R p • Pp+l, ••• ,n p 

It is convenient to transform. the control variables as follows: 

F - u3 c4 

p ul F (21) 

R 
{c2 + P 

cl +u2~ - F - cJ 

so that (19) is satisfi·ed for: 

k • 1..2,3 (22) 

which has the S8JDE! form as (14). 

This transformation is well behaved except at the point u
1 

,. u
3 

• 0 where 

it is easy to see that the method of steepest descent on the controi values 

may stop prematurely in some cases. This difficulty can be overcome by 

setting u
1 

equal to unit~ whenever a steepest descent s t ep results in a 

value of u
3 

of zero. The vertices of the polyhedron in the transformed 

control space. given by (22) map into the vertices of the polyhedron in the 

original control space given by (19), so that the optimum control can be 

represented by the transformed c.ontr ol swi tchi ng times. 

A t ypical cost integral for a dis till at ion col\Jlln might be as follows: 

(d
3
F + d4 {~:r F)- dlxn(F-P).S{xn,Xn)- d2 (1-x1)P.S(l-x1 ,~)}dt 

(23) 
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where: 

d1 • value of one mole of more volatile component in top product. 

d2 • value of one mole of less volatile component in bottom product. 

d3 • cost of one mole of feed material. 

d4 • cost of evaporating one mole of liquid in the reboiler. 

Xn • minimum specified value of xn for which top product has any value. 

x1 • minimum specified value of l-x1 for which bottom product has any value. 

S(x, x>. [1. R = ~rl-l (24 ) 

so that: 

lim - S (x' X) • { 0' X < X 
1, X > X 

(25) 

and S(x, X) is therefore a continuous approximation to the required step 

function for large enough m. Note however that the larger the value of m 

the more seve !I! the resulting minimization problem becomes. In practice 

it should be possible to estimate a reasonable value of m based on the 

tolerances on the product speci f ications. The method used here was to 

find the optimum steady control (i.e. the control which minimizes the 

integrand of (23)) for a given value of m and th~n to increase m until no 

further appreciable dDange occurred in the resulting optimum control. 

The relevant data for the distillation column cond i tions used in the 

examples are given in Table 1 of the results. 

5. Discussion of Results and Conclusions 

2!.! _ _!~limin._!EIJ~!8r!! 
Before attempting to solve any of the pr.oblems it is usef11l to know 

in qualitative terms what effect the control variables have on the process. 

It is well known in the case of a distillation column, and it can eas ily be 

demonstrated by a few integrations of the differential equations, that 

total refla~ (u2 s 1, u3 • 0) ca~ses maximum separation of the components 

in the column, that full top product rate (u1 • · 0, u3 .. 1) depletes the 

column of the more volatile component and that full bottom product rate 

(u1 • 1, u3 = 1) depletes the column of the less volatile component. 

If it is assumed that the column is initially full of the feed 

material, the major start up effort is expended in establishing the com-

positions of the liquid in the reboiler and condenser. This is because 

these units contain the bulk of the material in the column and the initial 

compositions are the furthest away from the required steady state values. 

It is in fa~t much more difficult to establish the reboiler composition 
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for t he example considered because t he feed material i s rich in the more 

volatile component and because of the feed plate location. 

In agreement with these considerations, it was found that the 

minimum time (t1 • 45) to establish the top product composition was 

achieved by applying total reflux over the whole peri od, whilst the minimum 

time Ct 1 • 63) to establish the ·bottom product composition ·was achieved by 

applying full reflux rate and top product rate (u
1 

c 0, u2 • 1, u
3 

• 1) 

over the whole period. 

~L_Mini~~t!!:t~J~ 

For the start-up problem the final state must satisfy equation (1), 

which leaves it rather arbitrary unless es is chosen to be zero. The 

general intention is to choose e
8 

and the ai so that satisfactory steady 

state control can continue from the state reached, and a number of simple 

special cases arise. 

If only the top product composition is specified it is sufficient to 

require that ~<;.> ~ ~ , since the compositions will not t hen fall below 

the steady state values if the steady state controls are subsequently 

applied. · This · follows from equation (17), since y is a monotonically 
p 

increasing function of x 
p 

for all p. A similar remark applies if only the 

bottom product has any value. 

In fact, for the example considered here it turns out that it is 

sufficient simply to establish the top product composition alone if on l y 

the top product is of interest, for the steady state controls then ensure 

that this will not subsequently fail below speci f ication. The simple 

total-reflux policy given at the end of Section 5.1 i s thus the optimum 

policy for this case, giving a minimum start-up time of 45. A similar 

situation occurs if only the bottom product is of interest, giving a mini­

mum start up-time of 63. 

The minimum time to establish both product compositions was t
1 

• 66, 

achieved by applying full top product rate until t = 39 and total reflux 

for the remainder of the ·period. The minimization methods converged 

rapidly for this problem, and the resulting control was used as an initial 

esti mate for the following problem • 

For establishing the complete composition profile (withes • 0), it 

was found to be necessarY to weight the errors in equation (2) in favour of 

t he _top and bottom products , as otherwi se convergence is very slow. This 

is logical because these compositions are the most difficult tp establish, 

as discussed in Section 5.1 , and because .the column itself tends to damp 



66 

out errors in intermediate plate compositions in the subsequent operation. 

The minimum start-up time was fotmd to be about 75, and the detailed 

results are given in Taple 2. 

It can be seen that the steepest descent method applied to the control 

values gives a rapid decrease in the terminal error over the first few steps 

and progress then becomes very slow indeed. This is partly due to the 

"~urved valley" form of equation (2), but there is a further difficulty, 
21 noted by Horn , that because a stable process tends to damp out the effect 

of earlier control action the final state tends to be very insensitive to 

the control policy near the _.start of the period; the space of the control 

variables is therefore naturally badly scaled. 

To determine a switching policy, a minimum start-up time and policy 

were estimated from· the steepest descent results and the latter tPen 

improved using Pletcher and Powell 1 s 12 method. It was fotmd to be advis..: 

able to underestimate the start-up time and use the smallest possible 

number of switches, as convergence is otherwise very slow. In addition, 

a larger number of switches increases the number of iterations required to 

generate the inverse of the Hessian matrix and a poor initial guess may 

even converge to an artificial local minimum. Once convergence is 

obtained from the initial guess, extra switches are added and the minimum 

redetermined. This procedure is repeated tmtil no further reduction in 

the minimum is obtained. The whole procedure is then repeated for 

different values of t 1 in the region of the . initial estimate, starting from 

the optimum switching policy fotmd ~or this. The results are given in 

Table 3. 

~. 3 _.J!i.~ID!!!!.J!~~::!:!£..£2!! 
In order to explore start-up costs, two problems were considered. 

In both cases operating and feed costs were ignored (d3· • d4 ~ 0); in one 

case only top product was given a value (d2- 0) and in the _other only 

bottom product (d1 • 0). Following Jackson3 in his work on reactor start­

up, we can take the start-up· cost as the difference in revenue which would 

have been obtained if the optimum steady state were achieved ~nstantaneous l ~ 

this definition has the advantage that the cost is independent of the act ua 

period considered if there is a true optimum steady state operating polic y . 

It was orginally hoped that a complete operating policy over a fix -o 

period, with no constraints on the final~ate, would yield the minimum 

cost start-up procedure without having to consider very long _ periods. Th~ 

longest period studied was limited to 135 by the amount of computation 
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involved and it turns out that this was not sufficient to provide evidenee 

for or against the exi~tence of an intermediate steady state policy. The 

results are given in Tables 4 to 7 under the columns marked A z o, and in 

each case there is clear evidence of an optimum shut-down policy, which 

removes as much of the valuable product as possible from the column before 

the end of the period and so leaves the column in an unsuitable state for 

further operation. 

As a result a constraint on the final state was ~pplied to force it 

to rema i n close to the optimum steady operating state, and this was dealt 

with by using a penalty function without acceleration. The procedure was 

to min imize the expression n 

xo(tl) + A l a·. {x. (tl) - ~i }2 
i•l 1 1 

starting with A • 0 and successively increasing this value. 

A suitable initial estimate for these policies is to use the . simple 

policy which establishes the specified composition of the valuable product 

as quickly as possible, and then switch to the optimcm steady state con­

trol values. As noted in Section 5.2, this produces no off-specification 

product, The cost, as defined above, of these simple policies is 422 when 

the top product is valuable, and 549 when the bottom product is'valuable. 

The corresponding optimum policies yielded costs of 275 and 484 respectively, 

which show an appx, ·~ iable saving in each case. 

For the unconstrained problem (A • 0), the steepest descent method 

worked better than for terminal error minimization, but convergence was 

still slow near the minimum. Fletcher and Powell's method applied to the 

switching times converged rapidly even from a poor initial guess, but the 

closely spaced switches occurring over the last part of the period tended 

to slow down the integrations, due to the small time-step required to deal 

With the transients after a switch. Fortunately it is possible to get 

reasonabl y close to the minimum with a relatively small number of switches. 

For the constrained problem, the steepest descent method worked 

surprisingl y we ll when it is considered that first order methods are not 

usuall y very s uccessful in minimizing sums of squares, Convergence was 

rather s low however, so Fletcher and Powell's method was used to determine 

switching t imes. It ,.;as found to be necessary to increase A slowly or the 

method failed to converge. A significant improvement over the steepest 

descent result was obtained for top product optimization, but none at all 

for bottom product optimiza tion. 

Details of the results are given in Tables 4 to 7. 
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The steepekt descent method applied to the control values tends to 

converge very slowly after an initial rapid decrease, especially from a 

poor initial guess. Fletcher and Powell's12 method cannot be applied 

directly to the control values because of storage and computational prob­

lems; when used to determine switching times it requires a good initial 

guess in most cases in order to converge at all, but if it does converge it 

converges rapidly. The performance of the method deteriorates for a large 

number of switches, partly because of the large number of function evalua­

tions required to generate the inverse of the Hessian matrix , and partly 

because of the increase in the number of integration steps to deal with the 

transients following the switches. Fletcher and Powell's method also 

wastes computation time in searching for a minimum along each direction when 

used on strongly asymmet~ic functions. It would .therefo=e be worth while 

exploring newer methods 15 , possibly coupled with the trial and error method 

used for steepest descent. 

On the basis of the results obtained, and assuming that derivatives 

can be evaluated, a three stage approach is recommended. Effort on a 

preliminary investigation to obtain a good initial estimate of the optimum 

policy is well repaid; and the steepest descent method can then be used to 

improve this estimate. If a switching policy is appropriate, it should 

then be possible to make an estimate of this, and Fletcher and Powell's 

method, coupled with judicious introduction of extra switches, will usually 

result in a further significant improvement. This approach suffers from 

the disadvantage that it cannot be made automatic and requires considerable 

judgement on the part of the user. 

For minimizing the terminal error for a period of approximately 1.5 

process time-constants it required 3 minutes on an I.B.M.7094 to · carry out 

60 steepest descent steps, and a further 1.5 minutes for 20 iterations of 

Fletcher and Powell's method. Fo; minrmizing the start-up cost, over a period 

of approximately 3 process time-constants, it took 2 minutes for 15 steepest 

descent steps and 18 minutes more for 30 iterations of Fletcher and Powell's 

method. 

It is evident that it is quite impracticable to compute optimum con­

trol trajectories on-line by these methods, even for the simplified model 

used. However off-line computation of th~optimum policy can provide a 

standar d against which on-line sub-optimum schemes can be judged, and it 

a lso provides a nominal trajectory for the generation of a linearized 

proce ~s mode l which in turn could form the basis for a linear feed-back 
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controller. Off-line computation at the design stage could also be used . 

to improve the dynamic performance of the process under the expected condi­

tions of operation. 

The examples show that appreciable gains in start-up costs ror 

distillation columns are possible, but the results ~ust not be taken too 

literally in view of the drastic simplifications in the model. The most 

unrealistic assumption is that th!_plate molar hold-up remains constant, 

for it is well known that it varies widely with vapour and liquid rates and 

with the liquid composi_tion, and this may cause serious ~hanges in the con­

trol policies, particularly where closely spaced switches are predicted. 

Vapour hold-up is nearly always negligible as assumed here, but the -assump­

tion of perfect liquid mixing will not be reasonable for large columns and 

the effect will be enhanced if variable hold-up is taken into account. 

Same of the assumptions, such as the neglect of thermal effects and the 

simple form of the equilibrium relation, will not cause greater errors than 

the natural variation between different physical mixtures. It is not 

expected that realistic representation of mass transfer performance or 

inclusion of entrainment and weeping will greatly change the character of 

the optimum policy, and if these were taken into account there would 

. strictly be no need for flooding and dumping limits on the reflux rate. 

For the problems considered here operation is almost always at the flooding 

limit so that accurate representation of it would be important in real 

situations. 

Needless to say, the use of a more realistic model or application to 

multicomponent mixtures would great;.ly increase the computing time required, 

but this is absorbed mainly in the integration of the equations. A 

detailed study7 has been made of this latter aspect of the problem, and 

there is no reason to suppose that there would be repercussions on the 

convergence of the optimizati~ problems discussed here. The real barrier 

to further progress is the almost complete lack of the requisite quanti­

tative information on the dynamic behaviour of real columns, and further 

extensive computations will not be justified until such information is 

forthcoming. 



70 

REFERENCES 

1, HORN, F., and R.A. MAY, . Ind,Eng.Chem.Proc. Design and Development, 

l (1), 61 (1968) and~ (1), 30 (1967), 

2. DOUGLAS, J.M., and D.W.T. RIPPIN, Chem,Eng.Sci., ~. 305 (1966). 

3, JACKSON, R., Chem.Eng.Sci., ~. 241 (1966). 

4. SIEBENTHAL, C.D., and R. ARIS, Chem.Eng.Sci., ~. 729 and 747 (1964). 

5. McSHANE, E.J., "Integration", Princeton University Press. 

6. PONTRYAGIN, L.S., V.G. BOLTYANSKI, R.V. GAMKRELIDZE, E.V. MISHCHENKO, 

"The Mathematical Theory of Optimal Processes", Interscience, 

J. Wiley, 1962. 

7. POLLARD, G.P., Ph.D; Thesis, University of London, 1967. 

8. ROSEN, J.B., J.Soc.Ind.Appl.Maths, ~ (1), 181 (196~ and 1 (4), 514 

(1961). 

9. ZOUTENDIJK, G., J. Royal Statistical Soc.,~ (2), 338 (1959). 

10. FIACCO, A., and G. McCORMICK, Management Science, lQ (2), ·360 (1964). 

11. ARRCM, J .A., L. HURWICZ, and H. UZAWA, "Studies in Linear and Non-

Linear Programming" (Chapter 11) Stanford Univ. Press, 1958. 

12. FLETCHER, R., and M.J.D. POWELL, The Computer Journal, ~. 163 (1963). 

13. FLETCHER, R., and C.M. REEVES," The Computer Journal, l• 149 (1964). 

14. FLETCHER, R., and A.P. McCann, Paper presented at I.M.A.-B.C.S. 

Joint Conference on Optimization, Univ. of Keele (March 1968). 

15. Ml'.:':, fAGH, B.A., and R.W.H. SARGENT, Paper presented at I.M.A.-B.C.S. 

Joint Conference on Optimization, Univ. of Keele (March 1968). 

16. MERRIAM, C.W., ('Optimization Theory and the Design of Feedback 

Controls", McGraw Hill, 1964. 

17. JACOBSON, D.H., Ph.D. Thesis, University of London, 1967. 

18. HERMES, H., and G. HAYNES, J.SIAM Control, Ser.A.~ 1 (2). 

19. STEWART, G.W., J.Assn.Comp:Mach., _!!, 72 (1967). 

20. PCJWELL, M.J.D., The Computer Journa1,z, 155 (1965). 

21. HORN, F. , Dissertation, Tech. Hochschu1e, Wien, 1958. 



71 

APPENDIX 

The Method of Steepest Descent 

In the algorithm given below a "step" consists of the evaluation of 

the derivatives aF/a~j) for the current control policy, followed by 

adjustment of this policy according to equation (15), then computation of 

the corresponding state trajectory and value of the objective function, F. 

Initially one has an estimated control policy, u0 say, the corresponding 

value of the ·objective f~ction, F0 , and a step-length, E. The basis of 

the algorithm is as follows: 

1. Make a step from u0 with the current E: to give u1 and r 1• 

2. 

3. 

4. 

5. 

6. 

1. 

8. 

If F 1 > F 0, replace E by E/4 and return to 1. 

Replace E by E/2 and make a new step from u1 to give u
2 

and F
2

• 

If F 2 > F 1, replace E by E I 4 and u0 by u1, ·then return to 1. 

If (F1 - F2) > (F0 -~1 ), go to 8. 

Replace E by _2E, 

If (F0 - F1}/r < 2(F2 - Fi) < r(F0 - F1), replace E by 2E, 

Replace u0 by u2 , then return to 1. 

Steps 2 and 4 ensure that the ·step-length is small enough to prevent 

an increase in the function. The nett result of steps 3 and 5 is to halve 

the step-length if it is suspected that there is oscillation from side to 

side of a valley. Step 1 doubles the step-length if the derivatives are 

not changing much, and the allowable change is governed by the parameter r. 

Too small a value of r keeps the step-length small, whilst too large a 

value results in frequent increases followed by reductions due to increase 

of the function (step 2 or 4); the val ue of r was 1.5 for the results 

presented. 

This method was arrived at by trial and error, and although it is 

rather crude it requires much less computer time than searching for a 

minimum along each direction, especially for strongly asymmetric functions 

and when the function evaluation requires about the same time as the deriva­

tive evaluations. 
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LIST OF SYMBOLS USED IN THE TABLES OF RESULTS 

I number of iterations for Fletcher and Powell's method. 

N number of successful steepest descent steps. 

S time at which a control switches. 

t
1 

final time. 

T time at start of constant control interval. (Control flow rates are 

given for a few representative constant control intervals only for 

the steepest descent results.) 

u . j•i,2,3 
J 

control values. 

x. 
L 

i-1,2, ••• ,9 plate compositions at time t 1 • 

,\ penalty function multiplier. 

See also pp. 1o-12. 

Distillation Column Data 

n • 9 ; Pp • 5 

a • 0.35 

c1 • 625.0; C
0 

• 320.0; 

TABLE 1 

C • 64.0; p•2, ••• ,n-l 
p 

c
1 

• 5.0 

xpF • 0.55 

c2 • 40.0 ; c 3 • 1.25 

zP<to) • zpF 

c4 • 20.0 

p•l, ••• ,n 

e • 0 
s 

a - 0.1 p 

• 1.0 

m • 100 ; ~ 

dl 1.0 d2 

d1 - o.o d2 

p-2, ••• ,n-l 

- 0.05 x2 • 0.95 

• o.o for top product optimization 

- 1.0 for bottom product optimization 
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TABLE 2 

Minimum terminal error for the complete cOmposition profile using 
steepest descent on the control values 

~ 60 65 70 75 80 

0 - -7.95. -3 8.81, -4 . 1.11, -2 5.66 , - 4 8.55, -3 

1 1.61, -3 8.4-5, -4 1.65, -3 1.17. -4 4 . 45, -3 

3 1.02, -3 3.02, -4 1.25, -3 8.88,, -5 3.38, - 3 

10 8.31, -4 2.76, -4 2.40, -4 3.00, -s 4.72, -4 
' 20 6.60, -4 1.86, -4 1.50, -4 1.34, -5 1.01, -4 

30 6.51, -4 1.63, -4 7.84, -5 1.14, -s 3.26, -5 

60 6.25, -4 1.47. -4 3.07, -5 9.76, -6 1.19, -5 

Resulting final states: 

xl l[2 x3 x4 ~ x6 x7 X8 

Specified 0.0636 0.140 0.258 0.398 0.518 0.641 0.769 0.878 

tl - 60 0.0847 0.144 0.247 0.384 0.510 0.650 0.782 0.875 

1 - 70 0.0662 0.144 0.258 0.393 0.5.14 0 . 643 o. 779 0.883 

tl - 75 0.0633 0.144 0.260 0.396 0.513 0.638 0.773 0.882 

Optimum contro l trajectories: 

T 0 10 20 30 34 35 40 50 59 
0 
-c 

u1 o.oo 0.00 o.oo 0.00 0.00 o.oo o.oo 0.00 0.00 
I 

.... u2 1.00 1.00 1.00 1.00 1.00 1 .. 00 1.00 1.00 1.00 .. 
u3 1.00 0.96 0.87 0.81 0.93 0.15 0.28 0.09 1.00 

x9 

0.953~ 

0.942S 

0. 9509 

o. 9531 

r-- --------------------------------
T 0 10 20 30 35 40 50 60 63 . 66 69 

0 ,._ 
u1 0.00 0.00 o.oo 0. 00 o.oo o.oo 0.00 o.o:; 0.09 0.26 0.64 

I 

.... u2 1.00 1.00 1.00 1.00 0.98 0.98 0.98 0.95 0.90 0.80 0.60 .. 
u3 1.00 1.00 0.99 0.98 0.13 0.1~ 0. 18 0.38 0.57 0.68 1.00 -~ ..__ ______________________________________ 
T 0 10 20 30 35 40 50 60 65 68 71 74 

.,., 
u1 0.01 0.03 0.04 0.06 0 •. 07 0.01 0.02 0.03 0.07 0.15 0.41 0.66 ,._ 

I 
u2 0.98 0.98 0.98 0.98 0.98 0.93 0.93 0.92 0.89 0.84 0.64 0.54 .... .. 1.00 0.99 0.99 0.98 0.98 0.13 0.16 0. 28 0.45 0.73 1.00 0.98 u3 
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TABLE 3 

~ 67 70 72 74 75 76 

0 5.03, -4 8.76, -s 1.01, -4 2.70, -4 7.29, -:-4 1.51, -3 

1 3.66, -4 3.17, -5 . 4.03, -5 6.69, -5 3. '17, -5 1.41, -4, 

5 9.91, -5 2.44, -5 8.20, -6 2.30, -6 8.90, -7 3,.30, -6 

10 7.45, -5 1.79, -5 8.10, -6 1.30, -6 8.40, -7 1·.90, -6 

15 7.39, -5 1.65, -5 1.10, -6 8.10, -7 1.2o-, -6 

20 1.10, -6 8.10, -7 8.60, -7 

Resulting final states: 

xl x2 x3 . x4 x5 x6 x7 xa x9 

SPecified 0.0636 0.140 0.258 . 0.398 0.518 0.641 0.769 0.878 0.9534 

1.· . 60 0.0687 ( 0.148 0.255 0.389 0.510 0.641 0.779 0.882 0.9495 
' 

1 
• 70 0.~53 O.l4l 0.259 0.397 0.511 0.639 0.776 0.881 0.9516 

tl • 75 0.0637 0.138 0.259 0.398 0.518 0.640 0.769 0.879 . 0.9533 

OptiiiiJIII control switching times: 

s 0.00 4.20 37.72 60.12 65.91 66.42 .... 
-o ul - + 
I 

.... u2 + -.... 
u3 - + - + 

s 0.00 1.97 38.56 61.92 67.12 68.07 69.01 69.41 69.99 
0 .... 

u1 - + -
I 

.... u2 + - + .... 
u3 - + - + -
s ~.00 2.01 37.71) 62.81 68.23 70.64 71.62 74.04 74.82 

"' u1 .... - + -
• u2 + - + .... ... 

u3 - + - + -
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TABLE 4 

Minimum start-up cost for top product optimization using 
steepest descent on the control values 

g .... ... u.,-, 
§!:) .... 

I 
» ....... ....... 
"' 

0 

1 

3 

5 

-960.7 

-1038.1 

-1084.2 

-1091.9 

-1097.5 -1071'.6 -1084.2 

-1097.9 -1089.5 -1098.0 

-1098.7 -1091.5 -1101.8 

-1100.4 -1093.2 .-1103.1 

m 10 -lo9s.3 -11os.1 -11o3.6 -1104.2 
~ ' 

-1094.1 

-1103.4 

-1104.2 

-1105.1 

-1105.4 

15 -1106.5 -1106.3 -1107.1 -1106.2 -1106.4 ----- ---·- --------------------------
Minimum start 
__ ug_ cose_ _ _:110o.s __ -111~ .. _2 ___ -_l_lo_9_._6_,_-_l_l_o._7 •• _s ___ -_1_106_.:~-

Final state 
error 

Resulting final states: 

tl • 135 xl x2 

SPECIFIED 
OPTIMUM 0.0636 0.140 
STEADY 

STATE 

A • 0 0.0692 0.136 

A • 106 0.0709 0 .148 

3.9, -3 

X 
3 

0.258 

0.244 

0.267 

Opti mum control trajectories: 

0 T 0 20 30 43 a 
.-< 

2.5. -4 L3, -5 1.1, -8 

x4 xs x6 X., x8 

0.398 0.518 0.641 o. 76"9 0.878 

0.377 0.497 0.612 0.741 0.860 

0 . 406 0.522 0.644 0.770 0.877 

45 50 70 90 110 120 

x9 

0.9534 

0.9510 

0.9534 

130 134 

ul 1.0 1.0 1.0 1.0 0.35 0 . 35 0.36 0.37 0.38 0.38 0.35 0 .• 33 . 
"' ('") u2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 .... 
II .... u3 0.0 Q,002 0.003 0.003 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 ... 

---- -- ----------------------------------~-------------------------------
"' T 0 10 20 43 0 .... 45 50 70 80 110 120 130 134 . 

II 1. 0 1. 0 1. 0 1.0 0 .24 0. 28 0.31 0 . 34 0.43 0.44 0 . 43 0.42 .-< ul . 
"' 1. 0 1. 0 l. .o 1. 0 1.0 1.0 1 .0 1.0 1.0 1.0 1. 0 ('") u2 .... 
II 0. 0 o.o 0.02 0 . 03 1.0 1.0 1.0 1.0 0.99 0.97 .... u3 1.0 1.0 ., 
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TABLE 5 

Minimum start-up .cost for top product optimization using 
Fletcher and Powell's method on the control switching times 

~ 0 2 X 103. 104 3 X 104 1~ 
s:: 0 -1155.5 -1126.5 -1124.9 -1128.5 -1130.8 0 ..... ... 1 -1156.0 -1130 . 6 -1129.8 -1131.9 -1133.3 <J 

§~ 
2 -1156.3 -1135.4 -1131.1 -1132.9 -1133.9 ......... 

>.I 3 -1157.1 -1135.7 -1131.8 -1134.4 -1134.2 ... .... .... ., ... 
5 -1159.4 -1137 .o -1132.5 -1134.8 -1134.4 s:: 

01 

"' 10 -1161.9 -1140.7 -1134 .5 -1135.4 -1134.7 

106 

-1126.1 

-1129.5 

. -1129.6 

-1129.7 

-1130.8 

-1130.8 
-:-- .....,.-- -----------------------------
Min.st:rt -1161.9 -1144.7 -1137.4 -1137.4 -1135.7 -1130.8 
~-.!:~------------- ·-Final state 2.0, -3 2.9, -4 6.6, -5 1.0, -5 o.o 

error 

Resulting final states: . 

tl - 135 xl x2 x3 x4 xs x6 x7 x8 x9 

Spe~ified 
0.140 . 0.769 0.878 0.9534 ~~tl.mum 0 .0636 0.258 0.398 0.518 0.641 

~' dy. st. 
A E 0 0.0766 o.i28 0.219 0.344 0.468 0.574 0.704 0.833 0.9SOC 

A = 106 0.0886 0.154 0.263 0.399 0.528 0.653 0.775 0.880 0.9536 

Optimum control switching times: 

s o.oo 24.34 38.91 46.65 68,00 74.26 
0 .. 

ul - + - + -
I 

u2 + 
.-< - + - • + . . -~L r-----------------------=--..:.... ______ 
"' s 85.20 91.88 99.86 107.14 119.14 125.94 M .... 
I ul + - + - + -

;.... u2 ... 
u3 
s o.oo 19.65 43.19 48.01 68.91 75.38 86.86 

"' ~ ul - + - + - + 
I 

u2 + 
.-< 

-~:L - + - + . --------------------------------------"' s 94.13 lOS .SO 112.85 123.52 129 .27 134.10 M .... 
a ul - + - + -

...... u2 u 
u3 ------ ,_. -- -- - -- ----
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TABLE. 6 

Minimum start-up cost for bottom product optimizat ion 
us ing steepest descent on the control val ues 

I~ 0 103 10
4 

105 
c 
0 

-566.6 -623.s · ..... 0 -63S.l -625.2 ... 
uon 
§ :::! 1 -56S.3 -63S . 2 -633.0 -633.1 
.... 

I 3 - 633.5 -63S.3 -633.6 -636.1 >-;:..;- 5 -637.S - 639.2 -634. 9 -63:Z . 9 as 
c:: 

-638 . 9 Cll 10 -638.9 -639 ~S -639.1 p.. 

15 -63.9~ 7 -641.7 -640 . 9 -640.1 -- -
Min.start -639.7 -643.5 -642.S -640.9 
up cost . 

1--· 
Fi nal state l.S, -3 1.9, -4 o.s, -5 error 

Resulting final states: 

tl • 135 xl x2 x3 x4 x5 x6 

Specified 
optimum 0.0465 0.105 0.206 0.341 0.473 o .5SS 
stdy . s t . 

). - 0 0.0492 0.166 0.225 0.363 0.490 0.604 

). - 106 . 0.0469 0.106 0.205 0.340 0.471 o.5S4 . 

Optimum control trajectories: 

0 
T 20 40 60 67 6S so 90 100 I 0 

""" 

- 106 

-633.0 

-637.2 

-637.9 

-63S.9 

-639.5 

-639.6 

-639.9 

0.2, -6 

x7 xs X . 
9 

0.722 0.846 0.9402 

0.731 o.S46 0.9314 

0 ~ 714 o.S3S 0.9326 

110 120 130 134 

u1 o.o o.o o.o o. o 0.06 0.50 0.50 0.50 0.50 0.49 0.50 0.50 0.51 
"' ..... ..... u2 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 
I ..... ... 

~1 1. 0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 l.Ci 1.0 1.0 

~- -------------------- --
T 0 20 40 60 66 6S. 70 so 100 120 130 134 

I 
0.59 0.5S 0.55 0.49 0.45 """ ul o.o o.o o.o o.o o.o 0.44 0.44 . 

.; u2 LO 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0· ..... ..... 
I u3 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 0.99 ..... ... 
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TABLE 7 

Minimum . sta~t-up : cost . for bottom product optimi zation using 
Fletcher and Powell 1s method on the control switching times 

-

~ 0 2xl03 104 3x104 105 
c:: 
0 

-636.3 -638.6 ..... 0 -597.3 -615.0 -626.8 ... 
u 
§~ 1 -626.2 -623.2 -633.3 -637.8 -639.1 
~ ..... 
:»I 2 -650.0 -627.3 -635.1 -638.4 -639.1 ... .......... 3 -650.4 -634.7 -635.7 -639.1 -639.2 ., ... 
c::. 
QJ 5 -650.9 -637.5 -639.2 -639.7 -639.3 p.. 

·. 
10 -655.5 -641.2 -639 . 8 -639.8 -639.4 

Min.start -655.5 -644.8 -641.6 -640.3 -639.6 
....!!2._£2St 
Final state 1.8, -3 1.8, -4 1. 7. -5 2.0, -6 error 

Resulting final states: 

tl- 135 ~ x2 x3 x4 x5 x6 ~ x8 
Spec1.hed 
optimum 0.0465 O.HJS 0.206 0.341 0.473 0.588 0.722 0.846 
stdy. st. 

A • 0 0.0501 0.147 0.278 0.416 0.529 0.642 0.759 0.856 

A • 106 0.0471 0.100 0.201 0.340 0.472 0.584 0.711 0.830 

Optimum control switching t imes: 

s 0.00 67.36 71.88 79.14 87.73 91.47 93.26 
0 ul - + - + - + -
I u2 + 

.-< u3 + 

lOb 

-637.7 

-638.5 

-638.5 

-638.5 

·-
-638.8 --
3.0, -7 

x9 

0.9402 

0.9182 

0.9274 

101.42 

+ 
) 

-~-- --------:-------------"7------..., 
""' ..... s 108.07 116. 47 121.58 127.43 
I ul - + - + 

.. 
..... u2 ... . 

u3 

"' 
s 0.00 67.50 73.14 78.13 83.91 90 . 12 95.69 102.73 

0 ..... ul - + - + - + - + 
II u2 + 

.-< u3 + i 

- ----------------------------------------:-.--..., 
""' ..... s 108. 41 115 • .+ 2 121.00 12i . 54 132.72 
II ul - + - + -

..... u2 w 

I u3 



LEARNING CONTROL SYSTEM FOR A PILOT 
DISTILLATION COLUMN 

c. Foulard - Laboratoire d'Automati~ue 

Faculte des Sciences - Grenoble - France 

I. Introduction 

a/ Definition of Learning Processes 

Learning has been defined by G..A. Kimble [ 1) the psycho-

logist, as "continuous- relative changes of possible behaviour". 

It is felt that this definiti'on can also be adapted to 

t echnological processes ·in accordance with J. Peschon [2]: 

"In general, a learning system is the system which 

improves its performance in time owing to a better - than 

in conventional systems-utilization of available information 

about its past performance". 

Definition of learning applied to process control in a 

distillation column or, .,.o re general l y to ar;y physical 

processes, should imply sucb a structure of the control 

system which allows to improve gradually the control algorithm . 

T us , learning control systems belong to t he class of adaptive 

systems . 

The a~ove definition i m?lies at least t~o phases of system 

oper~::r;ion : 

- teaching; phase ;-;hie ' me.1ces l ear.:: i :::.r; :possible. This r:ay b(; 

an enernal activit~-- , i::: suet a case we s ay about "trainer'' 
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or internal activity which is based on gradual use of 

formerly obtained results. 

- identification and classification phase,which permits 

to identify the state of the controlled system and to 

classifY inputs and outputs of a learning system in such 

a way that determining controls for new inputs sho~ld be 

possible. 

b/ APPlication of Learning Processes 

Not i on of Learning has been employed in studies of many 

differe. ·t :9roblems and especially in the following ones: 

- ~~22~~~~ic_QE~!~!_f2~trol 

The problem is to optimize control of a system, statP­

variables and parameters of which are measured with ~~ error 

due to noise. In general, in such cases it is assumed that 

both, the form of equations describing the system and 

t he probability distributions of all raridom variables are 

known. Ope optimizes then the expected value of the perfor­

mance index which is a quadratic form. 

These problems were investigated by Kalman ( 3] who 

determined the estimator minimizing the expected value of 

the square of the difference between the present values of 

the system state coordinates and their .predicted future values. 

The measurement of the state coordinates bears an error 

rezulting from noiseb. 

The same problem was also studied by other authors as for 

example Ho [ 4] , Lee [ 5] , Gunckel and Franklin [ 6 J, Joseph 

and .rou [ 7] [a], KwakernaSk (9], Feldbaum [10] [11], .Aoki [1~]. 
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'l'he algorithm for determining the estimator allows to 

estimate, in a general way, the mean values of the measured 

quantities after taking into account initial "information about 

the system and the information about former ~xperiments. 

After that a deterministic control system c~ be applied. 

Although cited authors not always say about learning, above 

definition is applicable here because in the operation of 

the system the uast exnerience is utilized to make better - -.· . . 

use of information about the process as well as f or future 

control. 

'l'he p roblem of patt ern classification /letters, pictures, 

so~ds etc./ is meant here. On the base of measurements of 

some physical features of the object to be classified, 

the codding un~t determines such a set of internal variables 

that patterns belonging to the same class are clustered in 

certain subregions in the hyperspace of these va~ables. 

The subregions are separated from each other by separating 

surfaces, their coefficients being determined during the learning 
is 

phase which carried out by a trainer. 

As the trainer a human being is usually employed. 

Thus t he p roblem of patt ern. recognition by learning is 

now reduced to the classification problem. All this is 

f easible if the number of classes is known, if measurements 

of t e chosen plant pa r ameters can be carried out, if 

a s eparat i ng transfo rmation fo r different classes can be 

realized and firs t of all, i f during the l earni ng phase 

the ~ rainer is able to j udge cor~ectness or incorr ectness 
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of the classification done by the learning system. 

A number of works deals with the problem of finding out 

separating surfaces and in spite of saying about learning 

systems theory the problem reduces to the theory of "classifie 

Basic studies concerning pattern recognition by learning 

were carried out by: Rosenblatt [ 1~], Mattson [ 14] , Wid.row 

[ 15] , [ 16], Selfridg~ [ 17], Aizennan [ 18], [ 19 J, Nilsson [ 20 J, 
Highleyman [ 21], Cost an and Perennou [ 22], [ 23] ~ 

These are devices the activity of which resemble the human 

activity as a result of advance teaching which consists in 

applying a se-ries of reinforcing stimuli. As an example 

the A .L. Samue'l' s 24 chess playing machine can be given. 

The internal local criteria of the machine make possible 

to choose a strategy which leads to the final victory. 

Among the authors working on this line are: M.D. Waltz ( 25], 

R.H. Raible [26], W .K. Taylor ( 27], M. Odo and K. Nakmura (28]. 

The last four were using an extremum-seeking controller as 

a trainer. 

7ne r~sults of trainer's activity were on different ways stored 

1n memory. If an input situation was recognized as already 

knovm from the past, the stored data were utilized. 

The ~uthors were only interested in the static optimization 

of merely static processes. They were trying to reduce 

s earching time and consequently to widen t he spectrum of 

nois es whi9h can be compensated by the system. 

Contrary to the researches mentioned aboye, !JI .p. ~7altz 
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was interested in dynamic optimal control. He studied 

the problem in a deterministic way assuming that t he mathe­

matical model of the system /2nd or 3rd order/ is knovm, 

and the Uilkn.own are the values of parameters. 

Waltz applies a criterion which results in the u = ± 1 

control and searches for ·optimal switching surfaces in 

the state space by learning. /The algorithm makes use of 

local criteria which are --proper to a given problem/. After 

finishing the leanling . process; the state of the system can 

be determined by measuring the state coordinates. A suitable 

optimal control resulting from the learning is provide'd to 

the system. The author admits that the ·problem becomes 

d~fficult to solve and learning time lengthens significantly 

if the control can take . on a greater number of values and 

especially in the case of existing many acceptable controls. . . 

c/ .Limitations of Learning Annroach to Process Control 

A more detailed analysis of the above examples shows 

t hat ·algorithlns and structures of ti:le proposed solutions 

are directly dependent on ·the ·assumptions concerning both , 

the measurable signals and the desired goal. 

Thus, there do not exist entir~ly general solutions. 

There exist, howeve r, still much important limitat ions 

which are: necessity fo r trainer's p resence and fo + 

~acilities in appy i ng a series of i ntensive trials. For 

t '1is purpose local criterie should be ~:nown which assure 

convergence to a des:red goal . 

r.:oreover, if r1e .are i. terested in optimal control in 

-che presence of disturbanc es t here si:lould exist a possibility 
.. 



to measure them j/directly or indirectly/ and they are destred 

to reappear in order that similar situations be repeated many 

times. 

A digital comuter with a great . storage capacity, operating 

in real time should also be accessible. 

A period of time for learning is also required. The learning 

time dep ends first of all on the preliminary knowledge about 

the system. In case of statistical optimal control it is 

assumed that the form of a mathematical model is known and 

that one s houlQ simply determine the mean values of some 

variables or parameters. M.D. ~a!tz assumes that state variables 

are known ·and they can be measured. It is clear that if they 

are unknown the learning time lengthens. 

Learning time also depends on the complexity of the process 

and on the .type of controls. If control can assume just two 

~:alues, learning time is much shorter than in case of continnous 

cont rols. It should not be hidden that the time may be 

indispensibly long but in general it can be cut do?m by gaining 

in the p reliminary knowledge about the system. 

II. Starting Hypothesis and Final Objective of the Suggested 

i:1ethod 

The Control Laboratory 9f t~ Facul~ of Science in Grenoble 

have at t heir disposal a pilot /semitechnical/ distiiation 

vOlUDUl i::J. v:hich separat ion Of tetrachloromethane and toluene 

is ~ arried out. The column serves the purpose of different 

expe riments . In particul ar, investigations has been done 

on s t at i c 09timi zat ion according t ;;-- a p rof it criterion [29] • 
!nvestigations a re cont inued on dynami c optimal control in 
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the presence of disturbances caused by changes of the efficieny 

and concentration of -the input product. 

The problem was studied in a deterministic manner. 

An assumption was made that state variables for the system 

are u,nknown and can not be _ me-~sured whereas disturbances a r 

measurable and changiDg - in~~- di~c~ntiDuous WaY /or under more ...... - . . 
general assumption~ they increase l~earl~/, _particular 

jumps of. the disturbances level "being so .apart in time __ from 

each other that an. ext-remum-seeking controle·r is able to reach 

the statically optimal point during the time interval between 

two consecutive jumps. 

The controls for the column are: heating power QB and 
-

amount of reflux ~· other measured quantities are the distur-

bances /:in our experiments - amount of tl~e ·input product L:FI. 
These quantities are · related with the concentration of 

the input product Xd and with profit per unit time I, by 

f ormulas [25]: 

I = 1000 QB - 125 ~ - 400 

I = -140 QB 

if xd - x 0 ~ -0,04% 

if xd - x
0 

<. -o,04% 

where X
0 

- the assumed concentration of the output product. 

Our purpose is to determine the dynamic quasioptimal 

cont rol _ solely on the base of the hypotheses presented here 

and assuming limited learning time. We wish to maximize 

the performance index 

tf 
J = ! I dt 

t .o 

The hypoteses assumec her e see~ ~o be costraining , howeve r 
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~t should be poited out that they would be necessary /and 

_supplemented by others/ if we wanted to find optimal control 

applying the Pontryagin's Maximum Principle or the dynamic 

programming approach. Indeed, in that method all the state 

coordinates should be measured and disturbances should be known 

at t ime t 0 for the interval t
0

- tf. Moreover, we would have 

• to overcome significant mathematical difficulties since there 

exist some pure time ~elays in the system. 

III. Proposed Solution 

Since our hypotheses differ from ones assumed by the ci~ed 

authors, the structures and algorithms obtained also differ 

in both cases. In particular, impossibility of making use 

of a trainer which would /in the learning time/ determine 

the searched out final optimal solution, exeiudes application 

of pattern recognition methods. These metho4s would not be 

applicable anyway because they require measurements of 

the state coordinates. Moreover, the number of classes /the 

values of the control vector/ is not known a priori and is 

very large. 

The suggested structure for the optimal. learning ~ontrol 

system is shown in Fig.1, where: "process" is the distil~tion 

column, E- disturbance ve?tor ~ in the experiments/, 

variations of which are .AE, ,X- vector of controls /QB and 

~/, C - auxiliary criterion replacing J, !; and r; - optimal 

values of the control vector and the profit per unit time 

in static state, ! - vector of parameters of the adaptive 

dynamic algorithm the optimal-values of which are 1•. 

The lear.nins prooe~ds in two steps [30] : 
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- at the begini ng "le~~-~-~~~~~-~~!!~:~~~~-!21~£~ · 

( 3~ on the base of which an optimal control for the static 

conditions of the process ·is determined. An extremum-seeking 

controller is the trainer. A certain number of values of 

controls and profits which are fUnctions of disturbances 

and have been determined by the controller i.e., relations 

for~ ( !:) and I! { !:} are stored in the memory. Interpolation 

/or approximation/ allows to determine such controls for 

arbitrary values of disturbances. 

A heuristic procedure allowing to determine proper number 

of points, which are to be stored in the memory, and to 

determine the degree of the interpolation polynomia~ has been 

worked out. 

It should be stressed that in practice capacity of the me­

mory need not be very large because the relations for !:.: ( !: ) 
are very simple ones. This fact has been proved for 

t hree investigated examples. In the case of the distilation 

column of t he Control Laboratory in Grenoble about one 

hundred words was sufficient. to store the formulas for~ 

LF, Xp), QBS ( LF' Xp) and Is ( Lp 1 ~) in the memory and 

t o achieve the interpolation accuracy of 1 per cent. 

li!ext , "1~~~i!!~L!!!_~~ic ~~~~~" is carried out, which 

afte r a seri es of trials results in obtaining the optimal 

/ or close t o opt imal/ dynamic controls for transition paths 

fro~ one stat i c stat e to anothe r /after a j ump of !:1· 

Final values of optimal controls are kno~n as a result of 

learning i n static stat es. Therefore, they can be fed to 

the pr oc ess as a j UI!lp obtai ned from an adaptive "function 
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enerator" /dynamical unit in Fig .1/ fo r which the optimal value 

!* of the parameter vector! is searched out. 

Any optimal control X(t) can be def ined as. belonging to 

a metric space of continnous functions C (t
0

, tf] such that: 

X(t
0

) = X
0 

(initial value} 

x(tf) = xf (final value - known at time to 

from learning in static states) 

t 1 and t 2 /Lipschitz conditions/ 

This i s a compact space [32]. Hence, arbitrary function 

X(t) can be approximated by a finite number of exponential 

curves or it can be obtained as a step response from 

a unit of a certain t ransmittance for the step ( xf - xcJ • 

The optimal varue ! of tho transmittance parameters 

should maximize the performance inde:x: . 

. J = J' I dt 

to 

To adjust t hese paramet e rs · an auxiliary criterion C, 

independent on AE_, which will be- defined below, can be 

utilized. 

Let I be the state vector of the distiration col umn. 

The profir per unit time I is a function of J., !, r_. 

Therefore 

-'-

,. = r I ( J., ! , P. ) dt 

t o 
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It i s assumed t hat at the time t~ .th~- ~o~umn is in its 

staticall y optimal s t ate, the variables having-~alues: !, Eo• 
~0 , 1,

0 
• At the time t~ appears the disturbing jump: 

!:=Ro+ ~=~ 

Hence, at t he time t~ ' - ~f ·is known and owing to the 

l earning in steady s t ates the values 4:>! _!;( and If are also 

known . 

Expansion of J gives: 

tf 

J = J Io ( !o' !o' Ro ) dt + 

t o 

+ (2_:__)T 
~~ 

u] dt ·I' ~TQ. Adt +£ 

to 

:"ihere 

f-::: 0 

)2r 

;)f 

A=[H] Q = ~21 

a! ax 

~ 2r 

a!! ~x 

d 2r 

() I T 

A!+ ( ~! ) .q + 

• 

/1/ 

~ 21 

Clx Cl! ~! ~R 

~ 21 () -2r 

CJf ~! C)R 

~ 21 ~ 21 

dl: J; C>t 
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!T in these formulas is the transpose of ~ · e -ecto r ~· 

The vector AY is a function of time. It is as sumed that 

!. (t) = .!0 + AY (t) , and siniila.rly for ! and ~. 

If, for example, the components of t he vectors !. a~ X 

and x1 , ~ - respectively, the expressions 

and matrix 

0 2I 

ox~! 

..h.. 
d I Jy1 

0!. 
= 

() I 

~y2 

have the form of the following vecto r 

() 2I ~ 2I 

() 2I ()y1~x1 ()y1 () ~ 

vx ()! = 
~ 2I C) 2I 

~y2~~ ~y2C) ~ 

Note that all the partial derivatives of · the Expression /1/ 

are calculated at points !
0

, !
0

, ~~ hence, they are cons Gant 

in time interval from t
0 

to tf" 

If we assume that the variation .AP is small, t he col umn 

is considered to be a linear unit as far as the dynamics i s 

concerned, hence 

Denote 
and 

In these expressions Ay, A~1 , ~' Ax and AP are 

vector functions of time, 1 1 , 1 2 - lineare operators. 



91 

It can be proved that 

r [ (_h_)T A!1 ( 0 I ) T A!] dt = 0 + ) d! ! 
to 

As a matter o£ fact, 0 I and .l..L independent are 
() ! 0,! 

on AP and ca_lculated for the points J:o, .!o' ~0 • Thus, it 

can be assumed: AP = 0 and then 

Since AP = 0, the maXimal value of the performance index 

J is equal to J
0 

and it corresponds to the optimal operation 

of the system: 

tf 

Jo =I Io ( !o• .!o•. ~) dt 

to 

Hence 

( ~ I ) T L1 + . ( () I ) T ] l\,! dt ' 0 
C) ! 0 ! • 

This condition should be . satisfied for arbitrary AX. 



Hence 

d I )T] ~ dt = 0 
a ! 

In such a case, for the neighbourhood of the opt imal 

operating point ~ /corresponding to !
0 

and !a/ we can 

write 

J = Jo +~ 4~ + I:J.~T [ J2] AE 

where .!!1 = 
0 I 

L2 + LL. - is independent onAX(t~ 
0 ! of 

[J2] . is a matrix, some coefficients of which are 

functions of AX(t) or they depend on the adjustab1~arameters 

!· Thus, in any region for which the control does not depend 

. on the direction of the vector ~1 as an au.."ti.lia.:cy criterion 

the fol l owing expression can be accepted 

c = 
T 

J - J 0 - .!!1 41: 
= 

u~ u 2 

Such regions can be found and l 1 calculated 

by comparing the f v~lues of J for~= const, for 

diffe rent AP. As a next step ! can be adj usted so as to 

maximize c. It is evident, that examples can be found fo r 

which determination of such regions is practically impossible. 

5 ovrever, it is not so in the case of the distil.:lation column 

fuld "t he considered criterion. In any case, t he criterion J 

can always be employed, as a function of AP. However, 
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the crit erion C may not depend. on A P in t he regi on fo r 

which our hypotheses are val id and t his fact makes possible 

comparat ively fast learning in dj~amic states. 

I V. Results of Experiments 

The control of the pilot distilation column at t he Control 

Laboratory in Grenoble has not been realized so far because 

f or the last couple of months this column is not accessible. 

We are presenting here merely results obtained with a ~athe­

matical model /ALGOL language, IBM 7044 computer/. The results 

obtained from the column will be delivered at the Congress. 

We will not dwe.ll upon learning perfo:med on the model 

in static states. Sucn learning does not create any difficulties 

and , as we have already mentioned, it requires comparatively 

small storage capacity. Therefore, we only present the results 

ref ering to the learning in dynamic states assuming that 

the first step has been done. In order to reduce the computing 

t i me as compared to the time required f or a model of the com­

plete column a simplif ied dynamical model is employed, Fig .2, 

7lbich is valid for the neighbou r hood of an o})erating })Oint. 

The t ime constant s are eX})ress ed i n minutes and t hey represent 

one t hentb part of their real values . 

In t his model :XC. foLows X
0 

mdng to the changes of 

the reflu.."t flov: , SU:)})lied by a predict i ve cont rol ~ t 

<ietermined by lean:inc '.'!. ::.cb ccr.!:len:es ff;i t h L~ . The controls 

arrive at the syste t :n rou-!1 a "transmi ttance generator" which 

is a unit havin§; t he transfer :fu __ ction /c ::.osen f or its simpli-

ci~y/ o: the fo~ 
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1 

1 + T5p 

In this function the constraints for ~(t) are included. 

QB{t) is also obtained by learning starting from Q~ and 

through a "transfer function generator" the transmittance 

Of Vlhich is 

1 

1 + T6p 

In this term the constraints for QB(t) are included. 

The flow of the input product Lp is the measurable 

disturbance acting on the system. We simply mention here 

the final results which are effected by disturbances 

LF = 20 + 2 u (t) where u(t) : ,0 if t { _t
0 

u(t) = 1 

The curves of equal value of the index C /equicritere/ 

in the plane /T5, T6/ are shown in Fig.3. It can be seen 

that in the neighbourhood of the peak, the ' slop~ is very 

large f or decreasing values of T6 • This follows from the 

form of the expression for the profit which gives a large 

loss if Xd- X
0 

<-0;004. In Figs.1 through? the quasi 

o:ptimal relations for QB(t) ~ ~T(t}, (Xd - · xJ (t) and 

I(t) are shown. 

Analogous results have been obtained for other operating 

. points and for other amplitudes of disturbances Lp• 
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v. Sonclusion 

The experimental results obtained with the mode l of 

the pilot · distillation column and with other models show 

that the proposed method gives satisf actory r esults if 

the criterion and t he p rocess a re compat ib~ e . Since this 

method requires little knowle·dg~ . about t il e process /it is 

sufficient to know and be able to measu re cont rols, distur­

bances and the goal of the control/, learning time is 

relat ively long especially for slow ~rocesses. For a com­

pl ete control of the investigated pilot rec.tifying column 

it should be assumed that the learning time is 1000 times 

great er than the time of response t6 a jump. Note, however, 

that this is not necesserily an important limitation because 

t he p roc~ss goes on all the time. None t he less t here exists 

a possibility of reducing the learning .;ime by an increase 

of the initial i nformation. It can be ass umed, for example, 

that · the optimal static states are known /to determine them 

a static model is sufficient/ . This nethod c~ also be 

applied ·if we know a dynamical model of vhe column . Learninb 

/o r at least its initial phase/ can be ca rri ed out rapidly 

with such a model. This v;ay a dyna!!lic quasi-optimal cont rol 

can be found out v~thout necessit to oeasure the state 

coordinat es, of t he column or to sol ve Pontriagin~s_Equations 

or the dynamic p rogre.m:ming equations. 

I would like to e:~..-pre s s here my taa..."lks t o h'i r A .w. Naylor, 

Pr ofesso r of the Michi gan Unive rs ity , for numerous and 

f ru i tfull discussions ani :for clarif ying hints which I have 

received from him . 
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A NONLINEAR DIGI:TAL SIMULATION METHOD 
APPLI'~D TO GAS TURBINE DYNAMiCS 

AUTHOR: C. Dennison, B.Sc. 

Rolls Royce Limited, Brilltol Engine Division, Bristol, Great Britain 

1 • INTRODUCTION 

The object o£ this paper is to describe ~. genei-al digital simulation 

method and show ita application en the probl.em o£ aimulati:lg a gas turbine 

engine. 

2 . THE PROBL:Ell! OF CAUSALITY 

The oonaideration o£ oaus~ettect relations through a system must be 

examined before a detailed digital simulation can be produced. 

Two simple electrical circUit configurations are illuatrated to demon­

strate thill. Figure 1 aho11'8 the first circuit and Figure 2 shows the cause/ 

ef'f'ect relationa present in the system. The equations governing the be­

haviour of the circuit are: 

VL + i. ~ • 0 1. 

and d)./dt • 'Ia. 2. 

where A is the flux ll.nka.ge due to current i. 

Given the initial condition of flux linkage, A , L.. may be found from 

~'" • H l.) and VL from Va. c - J:h · -
The rate o£ change of :flux linkage is found from equ.(2), hence the ti.I:Ie 

solution may be readily computed. Figure 3 shows the second circuit for which 

the equationa V1 : - t, Ro 3 

Va ,. - '-1 R.a 4-

V, • cll.,/dt 5 

Vt • d A.z/cH 6 
?.,, ,. f.(i.o, i.a) 7 

Az,. f&(t• ,c.~) 8 
may be written, where f, and .ti, are functions representing the multi variable 

components. Figure. 5 shows a possible representation of equations (7 & 8). 

Frein equation (3) - (8), the cauae/ef'tect diagram may be drawn, Figure 4 • 

..A..gain given the initial condition of :flux linkage, the problem may be solved 

grapr~cally,· as shown below. 

The initial conditions of A., and Azare !mown. 

) raw a graph of' i., against i.,atl.,•la.and superimpose a second plot of i, 
against ~~ with:;l•ltas in Figure 6. The point at which the two curves inter­

sect gives the values of lo and i.t which satisfy equations ( 7) and ( 8). 
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~he time solution is then found as for Figure 1 . I f the problem is tackled 

analytically, an iterative technique ~ such as the Newton·Raph~on method of 

successive approximation must be employed. This involves the computation of 

th• J~ob•M -:: parti[~dei!M]for the system, ie. 

"'-~ ~h. 'Ha (9) 

Then given ').,and l.~, as initial conditions l.: and \: as first approximations 

to the solution of equations (7) and (8),.A'l..,andA~lmay be calculated by 

evaluating equations (7) and (8) for\.~ 'and t: , where 6'-., .. {1.., 'k>and 
A 'l.t " ( 'l.' - ).1 ) . GNIN C"'-C. 

.,.,.... cou.c.. • 
Second approximations for i, and '-l are found from 

[ ~] = [;] - ~ [ ~ 4 ] [: ~~] 
( 10) 

The procedure is then repeated until a specified accuracy is reached. 

At this point it becomes clear where a digital system simulation will 

d..L."fer from the more conventional analogue· simulation for systems having 

multivariable non-linear elements. 

3. NON-LINE.t\ll. COlJPONEiiT P..EPRESENTATIOli' 

The representation of multivariable non-linear components for an 

analogue simulation involves the development and construction of complicated, 

and probably expensive, items of hardware; it is also the most difficult 

part of a simulation to produce. \~en a digital computer is used to effect 

the simulation o1: such components, full us e of the machine's flexibility 

and accuracy may be employed. The method employed for this work wu that of 

representing the components by analytic equations, the equation being 

evaluated to determine the behaviour of the component. This is, of course, 

quite straight£orr.ard in the case of components where behaviour may be 

predicted from mathematical laws, but immediately raises problems when no 

such laws are known and the component behaviour may only be known from 

practical observations. The problem was overcome by the dev~lopment of a 

multivariable curvilinear regreseion enalysis programme. Use of this pro­

gremme enables t he user to enter pl'actice.l observat ions of a non-linear 

multivariable c~~onent and reoeive as out put a regression equation which 

may be used to repr esent the co~ponent in question. The output also in­

-::l.udez: statistical infor-...ation which may be used to aasesa the ·accuracy an<i 

validity of t h e r esulting eq_"t;.ation. The form of the equation 1'1ill b'.l as 

follon: " 
1'"Ao + LA<li 

i • I 
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where the Zi are each unique functions of the m input independent variables. 

::::ach l will couist of the product of p factors ( I ' P " ""' ) , where each 

f actor is a simple function of one of the input independent variables, viz. 
" -'ft 1/ft _,,.. 

'X 1 X , ,.; , X where n is a positive integer. 

Reduction of the practical observations to an equation of the above 

f orm ful!'ill.s two objectives, the first that evaluation of the equation 

will predict its behaviour for a given . set of input variables , and secondly 

becau.se of the mathematical nature of the equation it may readily be di:N'er­

entiated to produce all or part of the Jacobean matrix described in Section 1, 

enabling a technique such as the Newton-Raph.son method to be applied. . 

4. DERIVATION OF A. GmERAL SIMULATION MErHOD 

The method takes the form of a set of rules which, when applied to a 

system satisfying the following conditions, will result in a simulation of 

t ha t system. 

3.1. · System Specification 

(a) A system showing no direct solution for the instantaneous values 

of the state vector of the system, (discussed in Section 1). 

(b) A system having non-linear multivariable components which behave 

in a quasi static manner, i.e. all such component.s are of zero memory 

type. 

(c) The dynamical behaviour of the system may be predicted from a 

set of first order difterential equations, as distinct from di:N'er­

enti al-dif'ference equations. 

(d) For efficient simulation, all the system time constants should 

be of the same order ot magnitude. 

3.2. System Simulation 

To construct a model of the system, it is first necessary to 

choose the state variables of the system. These will be t he minimum 

number variables which, when observed, will enable the future system 

behaviour to be accurately predicted. 

Given the values of the state variables, or vector, it follows 

that the complete state ·of the system may be calculated. An equal 

number of points in the system are then chosen, at which tests may 

be made to determine the compatibility of the values of the state 

vector. 

This technique may best be shown as an example using the 

electrical circuit of Figure 3. 

The equations of the sys~tm may be written down by inspection, 

equations ( 3) to ( 8). 

If the united c onditions' of A 1 and A1are to be satisfied, the!' 
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the two functions f, and f1 may be used to test the compatibility of ~. 

and '-z •. 
The degree of com:e,atibility may be expressed as 

F (• J_ .. ").._, - ~ .( i, ~~) 
•c 

and F(2] ,. "\! - ~ 1 (C:, 41) 

(11 ) 

( 12) 

To solve the equations and hence produce a model of the system, it is 

possible to use the Newt~-Raphson method as shown below. The partial 

derivatives of each of the error functions rlth respect to each of the state 

variables IIIWit first be calculated. 

i.e. 
,j ... OM I TO 11\ 

~ FAOM I TO 1\ 

where n i.8 the number of state variables cilosen. 

The partial derivatives may then be 

change in the state vector to reduce the 

F(1) - F(n) 

: 

where A consists of elements 

. : Q.~j 
and A-1 •• TNI ,,...,eue 0" A 

used to calculate the required 

values of' the errar function• 

~ '"0111 I "T 0 l\ 

i Fit OM I TO "1\ 

'The calculation of the partial derivatives a( i,j ) is facilitated if' 

( 13) 

the expressions for F(i) may be directly differentiated. ( If' it i s not 

.possible to obtain analytic expressions f rom mathematical consi der ations, 

then if' data is obtainable, it is possible to obtain analytic expressions 

using a programme such as a multivariable curvilinear stepwise regression 

programme). Successive corrections are made to the values of the state 

variables until the permitted tolerance is reached. V'hen this has been 

achieved, the dynamical behaviour may be predicted from the system equations 

directly, and the procedure repeated. The example of the electrical network 

is shown completed to illustrate the above 

A., and A.1are given as initial conditions 

l., and \.1 are found to satisfy equations ( 7) and ( 8) 

Then V1 = -'-• A., from equation (3) 

and V 2 =- .:1 R.t from equat.ion (4) 

V 1 = ,.l,J•t fr om equati on (5) 

or V1 = -.:, R, : ~ approximately, 
6t -

provided that .4t is chosen small enough so t 4s.t : ';' • ~ ~ 1 

to a suf'f'ic~ent degree of approximation determined by the problem. 

Then A 'l., • -At · ~.- lh 

and A '>..1 • - 6 t .· i.a. . A.a. 
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Having calculated6l-,andA'-lthe problem becomes the original problem of 

knoring the ayatem equationa and requirinc the T&luea of i1 and i 2 to aatiaty 

the initial conditions ot ( '>.,+ A)., ) aDd ( ~~ • A'l.~ ). 

5. A.?PLICATION Oli' THE G.EmBAL JmrHOD TO THE SDIULATION Oli' A SINGLE SHAli'T . GAS 

TL'RBINE ENGINE 

Conaider a sincle ebaf't . enpne, aa ehown in block diagram f'r0111 l'i&ur• 7. 
For a given set ot ambient oouditiona, 'ftl'i.ablea, P1o T1 , and Pac and a si.,. 
'{alue ot Fe, the toroin8 T&riable, a unique at~ rtliiDi.D,g point for the 8JII1M 
ia defined. It u initial T&lue ot N ie gin111 110t the tiDal stead,r. T&lue, "tha 
the engizle will aeallllle the tiDal value ot N in a uniquely defined IIIIIDil«i'. 

Furthermore 1 the knowledge ot the intake maas tlO'f 1 pre a sure ratios acQZ!oaa tile 

compressor aDd turbine o0111pletely speoities the state ot mgine~ 
. . 

Since it is 11ot possible to calculate direotl.y the ?Blues at the tbree 

variables, Qo~ Pro aDd Pr.t, which rill be teraed the state T&riables at the 

engine, it ie neoeseary to derive a method ot -.ployin« iteration. 

To aolve for the three unkno'IIJUI, three iDdeperad&t equaticm.a are ·needed. 

These take the fora ot three relationahipa. 

1 • Compresaor Charactcrietio 

2. Turbine Charaotarietio 

3. Nonle Caloulati011 

The compreaaor and turbine characteristics were obtained f'rom teat data, IUI4 

the Multivariable Curvilinear Regreaaion Analyeia Prosr-e waa uaed to . 

derive the following expressions N/lft • f ., (Q,/'e /P. • PAC) ( 14.) 

The nosr.le calculation is e1'teotively Q1 .• fs(P., T., '-'• A.,Ce) 
( 15) 

(16) 

Each of the abon three expresaicm.a ~ be written in a tora to expreaa u 

error 1 namely: 

(predicted ?Blue) • (actual T&lue) = G'l"'r 

Therefore: 

Equation ( 14.) beo0118s . · 
. .f,(•Jt'Jp,, Pn)- ( N/,ff:) • ~01 ( 17) 

Equation ( 15) beo01118s 
· . ft(N/Iil, P.,.) -{Ga/r./1\)~ el)l c1s) 
Equation ( 16) becomes · 

fs(P.,T.,P. I A.c.)-Q, • eCsJ (19) 
Each of equationa (17) - (19) are aftected by variationa in one or more at 
~he three state variables in the following manner. 

r:;gn =~ ~ ~ 
L~E( 3u L~ 1 ~ 

whG'e 6f( 1} lienotes t ne variaole 

•••trix inter a deperiG.enee. · 

X r!~~n . l~xo)j 
in E(1 ) etc., and each 1 of the above 
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It ia, therefore, poasible to solve the three equations empl oying a 

t echnique such aa the Kewton~aphson method, provi ded it is possible to 

calculate the appropriate partial derivatives. 

4..1. ~e Calculation~!¥1.£:.J:~ie.l Derivative E'V=.luatio::~ 

Consider the engine in component form. 

(a) The a:l.r intake. The function ~ this component i.s to cnmse the 

ld.netic energy ~ the oncOiring air into internal energy prior to the entry 

into the engine. 

Given the aircraft speed and the ambient conditiona Va, Fac. and~ one 

can calculate the compreaaor intake pressure and temperature P1 and T 1 for 

a given intake efficiency. 

(b) The engine compresaor. The performance ~ an ·axial flow com­

pressor may be expressed by meana of two characteristics, the first being 

a plot of non-dimensional mass flow, compressor preasure ratio and non­

dimenaione.l rotational speed; the second characteristic is a plot of adiabatic 

efficiency, pressure ratio and non-dimenaional rotational speed. Examples of 

this form of characteristic _!!.re shown in .Pigures (8) and "(9). 

(c) The ccmbuati.on chamber. Reprea&ntaticn ~ this component · 1a 

usually effected by a simple ccmbuation calcUlation, equatiu& the total heat 

before ccmbustion to the· total heat after cOIIIbusticn. 

(d) The turbine. The high preaaure, high ta.perature gas flow from the 

combustion cbam'bel" is fed threu&h the turbille and partially expanded. The 

tmergy obtained t'rolll the expanaicn ia connrted .into mec~cal energy by the 

turbine and is used to power the compressor. 

(e) The final nozsl.e. The gaases exhauatin& from the turbine are used 

to produce the engine ~t b,y a:pand1ng the gas through a nozzle, con- · 

vertin& the interna.l enertg of the gas to ldJietic energy. The change of 

momentum durin& thia process gives riae to the thrust. 

4..2. Computer Implementation 

Subroutinea are written which f'aeilltate the engine thermod,ynamic 

calculation. The subroutines are all baaed on polyn1llllials for the specific 

heat at conatant volume Kva and for stoichometric products of s~dard fuel 

Kva. The polynomials were obtained by fittin& basic data usin& the chebyshev 

method, and may also be used to obtain the 11pecitic heata at conatant pressure, 

Kpa and Kps. 

Subroutine 1. 

Calculates the entholpy change .OG Hp." seo/lb. given the fuel/air ratio and 

the initial and final temperatures. 

Subroutine 5, 

Calculates for an inaentropic proeeas the final temperature t; k given fuel/ 

air ratio, the initial temperature t.j k and the preasure ratio P1/P2, 
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Iteration i~ required. 

Further procadure~ employing the above ~ubroutine~ are u~ed to per­

form ba~ic engine calculation~. 

1. The combu~tion proceaa 

G-iven the entry cond.itio%1,' to the combu~tion chambera, the fuel flow 

Fe, the combu~tion e:f':f'iciency ''o"'a, the procedure calculate a the atate of: 

the gas at exit from the combustion proces~. The principle of' total heat ia 

u~ed, ie. total heat at entry + heat addition = total heat at exit. 

2. Mixing Calculation 

A ~mall amount of air i~ bled at entry to the combuation chamber fo:r 

the purpo~e of cooling the turbine d.i~c. Although thi~ air actually enters 

the ga~ ~tream prio:r to the turbine expan~ion, for the purpo~e of: turbine 

calculation it may be a~sumed that the air i~ not truly mixed until after 

the turbine expan~ion. The procedure oalculatea the effect of: thi.:s mixing 

on the ~tate of the air at the turbine exit plane. 

3. Final Nozzle Calculation 

The procedure will calculate the ma~s flow through a convergent nozzle, 

given the nozzle area, the entry condition~ of' the ga~ ~tream and the 

ambient pressure P • A check i~ made to test if the nozzle ia operating in a 

choked or unchoked mode,and the exhau~t pre~aure and velocity is calculated. 
' The ideal gro~~ thru~t ia calculated from 

~- At. Pa.. v, I 550. A. t, 

and x, • Q, "i/s ,.. ( P&-Pw). A,-
The computer algorithm to calculate the engine state may now be described. 

Given - The engine intake condition~, P1 and T1 
The exhaust ambient pres~ure condition P• 

The fuel flow Fe 

The final nozzle area Aj 

The air ma~s flow ratio of: turbine cooling bleed to intake ma~s 

flow 

The combustion efficiency "')cOHO 

The compressor and turbine characteristics in equation form. 

~~i~ial estimates ,o:f' the values of the state variables must be made. 

The pr ocedure is as follows: 

1 • 

2. 

3. 
4. 

~ · 

~valuate the compressor and t urbine efficiencies. 

? 2 = ? 1 x X(2)' 

':: 2 = T ~ . ..- (SR5 (T 1> X ( 2) ) - T1 )/ eff'. compressor. 

educt the bleed mass flow. 

~ roc edure cal l to evaluate the combustion process . 

P3 = P2 x 0 . 931 ( combus tion pressure loss factor) 

P'+ = Py Z:.( 3) 



8. T4 = T3 - (T3 - SR6 (v, T3, X(3)) x eff. turbine. 

9. Calculate turbine work. 

WT = ~1 (v, T4, T3) x maas flow. 

10, Procedure call to evaluate the effect of mixing the turbine cooling bleed, 

11. Procedure call to evaluate the mass flow through the nozzle and thrust. 

12. Set up the error functions E(1) - E(3) and test if they lie within tolerance, 

If' they do, jump to step 17. 

13. Evaluate system partial derivations. 

14. solve tor AX(•] - ~XOO. 
15. Correct X(1) - :X(3). 

16. Return to step 1. 

17. Calculat-e clii't'erence between compressor and turbine powers and given t he 

time increment, compute t he new engine speed, 

18. Return to step 1. 

6. E7.Pmrmm.AL RES~ 

The engine was represented by regression equations giving the pressure 

ratio, mass tlow, engine -speed characteristics of the compressor, the adiabatic 

efficiency of the compressor, and the turbine mass flow characteristics. 

Constant turbine efficiency was assumed. 

Figure 8 shows how the original data was represented by the regression 

equation, and Figure 9 shows the associated curves of adiabatic efficiency . 

Representation of the turbine was obtained in the same way, the source 

of t he data being a turbine test report by Bristol Siddeley Engines Limited, 

Compressor 'Blow Off'', a device whereby t he first stages of the com­

pr essor are allowed to pass mor·e air than the engine requires, the excess 

being bled of'1' to atmosphere midway through the compressor, was not represent­

ed , The object of this device i s to shift the Bteady running line away f'rom 

t he surge l ine at lower engi ne speeds, thus allowing more rapid acceleration 

fr om t he idling condit ion. The nominal engine speed above which the 'Bl ow Off ' 

valve i s closed is 75% Nn, which coincides with the lowest engine speed 

consi dered, 

Two st eady running lines corresponding to nozzle areas. of 141 square 

inches and 137 square inches, ·ere also shown in Figure 8. Figures ( 10) and ( 11) 

gi ve a. f urther breakdmm of steady stat e performance and comparison i s made 

betTieen the simulation r esUlts and a standard production engine. 

Fi gure 13 -shows exampl es of s imul at ed transients dravm a.s trajectories 

on the compr essor char acteristics, Figure 13 shows l ogarithmic plots of engine 

S?ee f or large steps in f uel flow , and Fi gure 14 shows the variation in 

1 cal time constant fo~ vari ous engine speeds, summarised in Table One. 

7. co;·:~Psrm;& 

C:he ~ir. resw.t of t he invest igation i s tc show t hat a r easonsbl.· 
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accurate simulation of a gas t urb:Ule eng:Ule oen be produced fr om =. kno11ledge 

of t he componen~ characteriatic, employing a generel simulation me"hod. 

Further ~curacy may be obtained by a more detailed ~ine representati:m and. 

calculation, and the production ot a two speed engine simulation may be 

ca.~ied out using the same method. 

2he :netnod is particularly auited to systeJl!S haTing multivariable non­

l i.'learities an:l. operating over a wide range. Use may be mede of the method 

to pr edict t he fina:+ behaviour ot a system from a knowle~e of the behaviour 

of its component parts in the d.eaign and production ot the sy!ltem, or in the 

design of its controlling system. 

The simulation accuracy may be described as tollou: 

The accuracy ia firstly determined by the accuracy with which. the separate 

components ·are represented, and seoOlldly az1 aaaeaament must be made of the 

change in component characteriatios due to the liJild.ng of the components 

together. 

Simulat ion of a complete powerplant ia also possible. Regression 

analysis may be used to include the effect ot variable geometry in the engine 

co~apressor, or in the intake, the dynamical behaviour ot fuel systeo may be 

included, or even the entire control system, each part of t he simulation 

·being produced by fo~owing the basic aimulation method. 

a. .?.:::F:?3KC"' 

" ;. General Nonlimear Digital Simulation Method Applied To Gas Turbine 

J :,mal!!ics'' , 

C. Jennis on, ? h . ) .Thesis, London University- 1968. 
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FIGURE 14 
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СИСТЕМА АВТОМАТИЧЕСКОГО 'ПРАВJIЕНИЯ, 

СIIТИМИЗИРУЮЩАЯ ПРОЦЕСС · ·_БУРЕНИЯ ВЗРЫВНЫХ - СКВАЖИН 

· профессор Г .с. Черворуцкd 

доЦевт· :-в.!·~ Цнrавков 
СССР, r ~ Челибпск 

Технико-экоЕомические показа!fелв процесса шарошечвоrо бу­

рения ~зрыввых с~ажив ва . открытых rорннх разрабо~ках полностью 

оnределяются звачевиики параметро~ ·реzима бурения~ В качест~е 
критерии оптимальвоств .. процесса бур.евви . ваиболее целесообразно 

принить стоимость единицы ДJIИНЬI с~аzпы,.коiШJiексво o_тpazaiOJЦyll . 

как техническую, m:к . . и з:ковокическую сторовн процесса~ Оче~цво, 
что ~ этом схучае за;цача светекн а~томатnескоrо упра:в:аевви 

(САУ) процессом состоит :в том~ чтобы :в усло:вuх случайвоrо из­
менении физико-механических с:воlст:в разбур~аекнх поро;ц обеспе­

чивать минимальную стопость буревин 

Sm~л "'mtл Ф(У, С), _ 
rде lfJ(Y, С) - функции ст«?имости е;цивицы дJ1ИВЫ ск:ваzииы; 

У= (У" ... , !J" );!{ - веза:висИIIЬiе параметры ре:кима буре вив; 
lJ - область ;цоаустимш: значений У ; 
С - постоянные, веза:висящие от реzимо:в бурении. 

Мини:мизацию функции S может осущест~ить мвогокавальвая экс­
тремальная система а~тоuатического упра:влевии, блок-схема кото-

рой nредста:влена на рис~!. В процессе бурении по текущим зваче­
ния:м napaueтpo~ Y, ... Yn режiЩа :вычисляется стоимость 'единицы дли­
ны скважины S ~ По;ц ;цейст:вием :возмущений //1:.). --/mftl , осно:внык 
из которых является случайное изменение физико-механических 

свой ст:в nород, экстрекум стоимости дрейфует случайным образом. 

Логический блок формирования уnравляющих сигнало:в осуществляет 

nо1шк экстре:муuа стоШJости, устана:вли:вая посре;цст:вом соот:ветст­

вующих систе:м а:вто:матического регулиро:вания, оптимальное соотно­

шение ре~имвых nараuетро:в, при котором достигается Минимальная 
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стоикость бурения во встретившейся nороде. При этом долины 

учитываться ограничения lli , накладываемые на область допу­
стимых изменений параметров ]( , определяемые конструктивны 
ми особениостяки бурового оборудования или технологическики 

требованwши~ 
Из практических соображений целесообразно регулировать 

лишь основные параметры У, , ... , У к , ВJiияние хоторых на 
стоимость наиболее существенно~ 

Трудность технической реализации критерии киникума стои­

мости единицы сimажины обуславливается тек., что стоикость бу­

рения может быть определена лишь по результатам законченного 

бурения, в то время как режикНЬiе параметры долины опредехяться . 

и устанавливаться непосредственно в ходе процесса и причек так, 

чтобы по окончании бурения получить минимальную его стоимость. 

Указанное обстоятельство вызывается тек, что непосредствеи­

ная реализация критерия киникальной стоикости бурения предпола­

гает использование оперативной информации о текущек . износе бу­

рового инструмента, что не прехставляетси возкОZИЬIК, поскольку 

устройства, : способJЩе :выдать эту инфоркаТТU>, :в настоящее :вреw 

отсутствуют. 

Учитывая :вышесказанное, целесообразно заранее определить 

оптимальные з~ачения режимных параметров (по критерию киниuал~ 

ной стоикости) для различных физико-механических с:войст:в пород. 

Для достижения киникальной стоDости · бурения основные парамет­
ры режима: осевое усилие на забое F и скорость вращения бу­

рового инструмента n ·- должны изменяться I :в за:виси:ыости 
от крепости разбуриваемой породы J , как показаио на рис.2. 
При использовании этих зависи:ыостей достигается наиболее прос­

тая структура САУ процессом бурения (рис~3). Указаиная САУ яв­
ляется разомкнутой самоиастраи:вающейся с~стекой с · не.пинейИЬIКИ 

комnенсирующими связями по основному возкущению ~,3,4. Точ~ 
ность достижения минимального значения стоимости, оче:видиq, бу­

дет определяться достоверностью априорной информации, исполь -
зуемой для настройки функциональных преобразователей, и точно­

стью оценки физико-механических с:войст:в разбуриваемых пород~ 
Существующие способы оnределения физико-механических 

свойств горных пород основаны на разовых лабораторных испыта­
ниях образцов и, очевидно, для целей автоматического управле­
ния процессом не пригодны, поскольку оценка должна nроиз:водить-
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ся непрерывно и непосредстэенно на рабочей машине, осущестэляю­

щей бурение. Оценка физико-механических свойств горных пород, 

удовлетэоряющая указанным эыше требованиям, может быть осущест­

влена следующим образок. 

На рис.4 предстаэлены обобщенные зависимости механической 

скорости бурения 11 от эеличины осевого усилия на забое F 
при механическом бурении пород различной крепости f({,<f2< !3) • 
На этот ае рисунок нанесек энешнюю характеристику системы по­

дачи инструмента на забой . Пусть эта характеристика такоэа, что 

имеет место кривая r. · точки пересечения внешней характеристики 
с заэисикостЯJIИ . 1/= /fF) характеризует режим бурения Б по­
роде с определенныки физико-механическими свойствами. Очевидно, 

что в породах различной крепости будет устанавливаться различ­

ное осеэое усилие на забое и различная механическая скорость бу­

рения. При крепости . J1 - усилие F8, и скорость vy, , при 
j

1
-/j2 и 1/Yz 11 т.д. . -

Таким образом, можно сделать эывод, что величины устанаэли­

вающегося осевого ;у-силия Гу или устанавливающейся к~ханичес­
кой скорости бурения vу · определяют сопротивляемость горной поро­
ды резрушению при бурении и могут быть использованы Б качестве 

оценок физико-механических сэойств бурикых пород~ Как устанавли­
вающееся осевое усилие на забое, так и устанавливающаяся скорость 

бурения являются интегральными оценками фи~ико-кеханических 

свойств пород и комплексно отражают такие свойстэа пород как 

тэердость, хрупкопластические сэойстэа, трещиноватость и др. Вы­

бор конкретного показателя ( .7/f или fY ) при реализации САУ про­
цессом бурения будет определяться дополнительныuи соображениями, 

такими как nростота и надежность измерения показателя, вид кон­

кретной энешней характеристики системы подачи станка и т.д~ Ес­
ли энешнпю характеристику систеuы настроить соответствующим об­

разок (например, подбором сопротивления Б гидросис~еме станка и 

настройкой редукционного клапана), то устанаэливающиеся усилия 

на забое будут оnтимальными, соответствующими рис.2. 

Для случая, когда оценка nород производится по устанавливаю­

щемуся усилию на забое, блок-схема САУ представлена на рис.5. 

При изменении физико-механических свойств породы j(t) устанавли­
вается новое осевое ус. Jлие на забое Fy , измеряемое и преобра­
зуемое в электрический сигнал llF датчиiсом осевых усилий ~ На­
пряжение UF, rmляющееся оценкой физико-механических свойств 
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породы, подаетсЯ далее на функциональный преобразователь, 

.формирующий на -основании заложенной программы , наnряжение за­
дания L~ сис1еыы . автоыатического регулирования скорости 

вращения инструмента• 

Таким образок, каждой новой горной nороде будет соответ­

ствовать оnтимальное соотношение режимных параметров, nосколь­

ку . устанавливающиеся осевые усилия в различных породах являют­

ся оптимальными благодаря соответствующей настройке внешней ха­

рактеристики систеиы подачи инструмента на забой, а о~ималь­

ная скорость вращения . устанавливается системой регулирования в 

функции физико-ме~нических свойсТЕ разбуриваеыых пород. На 

рис~6 приведсны осциплограккы, иллюстрирующиз работу САУ про­
цессом бурения в промышлениых условиях. При забуривании сква­

жины, по мере прохождения поверхностиого разрушенного слоя, со­

противляемость породы возрастает,_ увеличивается величина осево­

го усилия с 3-4 тони постепенно до 13-14 тони~ Скорость враще­
ния бурового ·инструМента при этом в соответствии с функциональ­

ной завl{спостью уменьшается с 140-145 o6/llИR до 65-70 об/мин 
(рис~ ба) • В процес~е углубления сDапнн физико-меха иические 
свойства породы вновь меииются, так на рис~ 66 зарегистрировав 
процесс бурения при . переходе из породы средней крепости в поро­

ду меньшей крепости. При этом осевое усиЛие на забое уменьшает­
ся с 13-14 тонн до 7-8 тони, а скорость вращения инструмента 

увеличивается с 60-70 об/мин до !20 oб/JIJJf.И~ Процесс буреиия, по­
ррд со схучайво измеиипщиvися с~ойстваки показаи на рис~ 6 в~ 

Как видно, всякий раз при изменении свойств пород происхо­

дит перестройка реZИ~~ВВХ параметров так, что бурение зедется в 

оптиuальном реzике~ Как отмечалось выше, соответствие режима 
овтикальиоку определяется достоверностью функциональных зави-
симостей п- '/, f/) , f9 -lfz (j) · (рис~) и точиостью их 
реализации в системе. Виедредве СА1 обеспечивает еzеrодиый эко­
номический эффект в сумке 5-S тыс~рубжей на 1 ставок. Динаки­
чеекая модежь систекн управпения процессок бурения 5 , построеи­
ная для калых приращеиий »е~кв в соответствующая блок-схеме 

рис.5 предстаВJiеиа иа рис~?, rде: 
dX приращеиие похоzевак плувzера дросселя rидро­

систекы подач• киструквита ва забой; 
АРк - приращеиие давлеиия, раэвиваекоrо каслоиасосом 

систекн по~чк; . 
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L:JOfP - nриращение ~ыходного расхода гидродрос­
селя системы nодачи; 

~ F - nриращение ~ ижущей силы rидроцилиндра ; 
AFt= (А 11) - приращение соnротивляемости породы за 

счет изменения механической скорости бу­

рения на :величину .d l/ ; 
AFI! {.dn) - nриращение_ .qопроти:вляемости породы за 

счет изменения скорости :вращения инстру­

мента на :величину .dn ; 
.d~ - обще~ ~иращение сопротивляемости породы; 

li - плоЩадь· порiпня; 
V - общий объем сzикаемой zидкости; 
} - модуль объеквой упругости жидкости; 

т - масса по~пвых: частей; 

К,,~,К4, Кя,К7}' - коэффициенты, характеризующие rидросисте-

" iJFe ... дF му_ подачи иветрумента; . 
)(~=av'~= але - случайНЬiе коэффициенты~ характеризующие 

изменение сопротивляемости породы при 

изменении соот~етст:венно скорости буренияzr 

и скорости :вращения· инструмента n 
JrF- ' передатоЧНЬIЙ коэффициент датчика осе:вых 

усилий на забое; 

kf - передаточная функция фильтра; 
/+ Р т" кf!St- передаточВЬIЙ коэффициент функционального 

преобразо~ателя; 

Иk~р)- передаточная функция САР - скорос~и :вращения 

инструмента; 

Положим .tJX=O ~Ри•О , что эuивалентно рассмот-
рению свободного состоинии системы. Анализ динамических с:войств 

САУ проведем с использованием методики6 • Передаточная функция 
разомкнутой САУ (рис.В) будет: . 

1 z f .. ]} W(J )-_!_ Кт.+ т+ д f+ Kn K"K,r к" q:J"(p) ' 
р -Kv 71 р Кз.,.Кп-.,.Рf (l+р7ё )(l+pTtp) 

где fPee(fi)= 
1 

1 = 1 передаточная функция замкнутой 
Киr + W«tpJ Кек: Yee(f) следящей системы; 

}(v, ~ - случайные параметры с ~есьма бол~­

шой дисперсией численных значе­

ний (40 + !60 раз5). 
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Характеристическое ура~невие замхнутой CAJ 

· v r Ffr )=fкrp+mf}(Кэ+K!/1'+f:( ){t+kr ){t+T,f )Lf(eк+ У и{ у)]+ 
+112(1+ Тсf ){!+ Ttpf )[кeи+Y«qJ]+A 2KnKFK.q~gK~+ (I) 

.+Kv(КJ+Kgr+fr ){1+ т,i Xt+lipf J[к~+ Ycc(1 J J,.o, 
где у - кори ура~вевии. ,. А 

Построим Д-разбиение ~ координатах паракетро~ ~ • i(~ • 
Условие прохождение кривой Михайлова через нуль ~Ыражаетсв · 

следующим образок: 

F(Ji.JJ=a{ы)+-jD{ы)+iп с+ [dt41)+ je(ыJ]Ky:#O, (2) 
где 

a/tAJ)+jo{kJ)=f;l1+(кrp+jыm}(Кэ+l(gт+j<N ~ )х 
x(f+JЫ Тс Xt+jt.JT,J fl<'cи+ Уи~J]; 
d{ы)+je{lN)={/G+Kgr+j'N; ){l+jыTc }[Кй+ Yи~"G.J)]{I+jUJТ")j 
с =А2 

K'l'kFKlfiiJ·· 

Уравнение (2) раэбиваетсв на ~а 
" " " a(t..J)+KnC+d{41)Kr=O 1 8/ы)+Кvе(ы}•О. 

Полагав, что,.сис~е~ этих уравнений со~кества, решим ее от­

носительно Kv и Кл , получим: 

Kт=-1tj' Kn• j [ dt'1r~f)-a(ы}]. 
Построим для значений коэффициента~ кривые Д-разбиения 

А А 

(рис. 9) ~ Посnе построевив ~ координатах t(y • · Kn пnотвост• 
распределения /{К", Кт} этих паракетр~5 , опредеnик ~ероят­
вость устойчивости С!У 

Р [К., К ... ~t1'J]= Uдк.,К ... JаК.аК ... < ', ( 3J 
где {R) - область устойчивости CAJ. ПоJIВав вероятность 
устойчи~ости CAJ, при данвой плотвости вероятности парамет­

ров бурения, . иожет быть достигнута соответст~упщей коррек­

цией системы. 
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Покажем, что качестЕо САУ бурением может быть определе­

но ТОЛЬКО В верОffТНОСТНОМ СМЫСЛе. 

Представим уравнение (I) в таком Еиде: 
" ~+ ( 2 Tm l}ct+f{Tт+ 7;6 )..t ](l+fТc )(!+ fTtp)+LKn + 

А . (4) 
+А! к ".ft+ rl} )(1+ r rc Jlt+ 1 т~J=о, 
т т т. v 'v- · К.k:' где 1111 =-к;-; _, = -v; . /(4 =п.f +Kgr; о(= 2 1f> 6 

1
; 

. тр )n.s . /1 +K7f/r3 
1 l!zlr., . AJ' . (5) 
~ =~К,. Kf'Y ; L = . (llz+kтp ; 4 ')"км; лf ... 11z +k~ к; · 

Рассмотро случай, когда . тт, 7j << Тс, Т'!' • Buec'fo ( 4) мож-
но прибликенпо приня!• . 

f 1 Tc T~+j(Тc+Ttp)+~+I=O, (6) 

где 

А L А А _ А 

в- LKn = бкп Кп.; К, = Кп . К, Kv (7) 
- I+Nffr. f+Nб~~т~ J 11-lt бА71 J т,.= бltr · 

Уравнение (6) дает прибвиsенвве значении rлаЕных корней систе-
мы: 

. . . 1 :( 1 - 1 ) . 1 f ( 1 1 )2 {1+8) 
f"2 ~- 2 т" + Тс !Vli т, + Те · - Те Ttp (8) 

Колебательный процесс будет при: 

в> Lf 1 Те)=_!_( Те + .!rt. - 2) . . (. Ttp 1( Ttp Те . . (9) 

Уравнение (8) после подстановки з_начений (7) · и (5) ПрИI(еТ 

Кл~ ~кп. = «t{-~ )f9+hK,~ ), (IO) 
r;це безразмерные коэффициенты: 

_ (t+ Ктр К.,') Kq = _f_ ; h= б~гrК,~КС,к = .Afбg . 
9- ,4t к; 6кл Lбкп 6*11 11 .11;- Lбкп 
Нанесем граничную заЕисимость (~О) на плос~ость распределе­

вин случайнш параметров К".,. и К",. (рис~IО). Вероятность ко­
вебательного процесса, очевидно, определяется следующиu обра-

зом: --
Pfл~oJ=P[Kn~ ~кп.] = f f J(Kv~, Kn~t }dКт* dXn* (II) 

--Кл 
Для определения вероятности колSб~тельного процесса с часто-
той больше ЛА получим из ( 8) : 
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. J t+ 8 1 {-. t 1 } z' 
Те Т tp - Т 7ip + Те >Л 11 ' 

кетерое после преобразований приобретает вид: 

B>TcTtpлi+lf{ ~). 
Данное уравнение, учитывая (5) и (7) запишется так: 

Кл~ ~кл, :[Те Ttpл}+lf(~)]fg+hK1Г:t). 
Вероятность ~олебательного nроцесса с частотой больше ЛА 

аналогично (II) ыожет быть оnределена (рис.IО) 
с>о-

Р{л > Лд)= P(Kn,t 7 Km )= f rJ /к.-*' Kлk)dK"*dKnlr. (I2) 
--км · 

Коэффициент затухания nри колебателънок nроцессе зависит от 

постоянн~ вре,ени 7ё и Т~ и не зависит от случайных пара­
метров К1Г и Кп : 1 1 ot =--4--

., 2T'f 2Тс . 
Пр~I апериодическом. nроцессе главное абсолютное значение коэФ­

фициента затухания равно: 

о(.- _f_(_j_ + .L}- J,.--'.....,......( ~-+-, )-2 _-( 1+--:-~ )---.. 
- 2 т"' Те 1f Trp Те Те т" 

Ограничивая это значение предел:ьныы ..t. ~ оtд nолучим: 

л • 2 

B><f(Tc, Ttp~ ol11 )={Tc+Ttp)otд-Тo Trpotд-1 . (I3) 

" 
После подстановки в (I3) значения В из уравнения (7) бу-
деы иметь: 

Kn* :> Кл2 = tp (Те, Т.", ot", }{ (j-+hKr~) · 
Вероятность аnериодического nроцесса с главным коэффи­

циентом затухания ыен:ьше заданной величины ptA , аналогич­

н о выражению (II),может быть о~еделена (рис.IО): 

P{oi<ct", J= Р( кп". >kпz) rr ,cfкv*, Кп~Jdк,.~~- dкл*. 
Если характеристическое уравнёние не приводится ко :второму по- . 
рядку, вероятность заданного качества оnределяется согласно (3), 
где (R) рассматривается к.ак область заданного качества. 
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