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OBYUARUMECA CUCTEVH YIIPABIEHWA
4.3, Osmeee, I'.K. Keasmasc, I.E. dmureis

VHCTATYT aBTOMATHKE E TEIEMEXZHEKH /TeX-
HEYeCKO# KEGepHeTHKE/
Mocksa /CCCP/

Brenenme

OCysapmaecs aBTOMATHYECKHEe CHCTEMH XapaKTepHESYDTCA CHOCOG-
HOCTED yAyumarh CBOE (yEKIEOHEDOBASHHOE NOBEIEHEE, CBONCTBA B
Xone padoTH. EacTosmas CTaThs NOCBAmEEA OGCYRICHED HDEENZNS INO-
CTPOSHES OCydYapmEXCcs aBTOMATHYECKHX CHCTEM, BHACHEHAD HX BO3 -
MOXHOCTE# E OCOOeHHOCTEi.

HeoOX0nuMOCTE B MCHONB30BaHEE OCYYaDMAXCH SBTOMATEYECKEX
CHCTEM BO3HHKEET B TeX CJaydYasX, KOTNa XapakTepHCTHRR Halmoxa-
eMHX CETyanE# /COOTBETCTBYDNMX CHTEANaM, TOIJEXamuM ONO3HAHHD,
AuG0 COCTOSHHEAM yUpaBJISEeMHX OG"exToB/ 3apaHee HEH3BECTHH, T.€.
' KODZ2 anpuopHas EHGODMANAS O HACIDNSeMHX CHTYSIEAX Mala.

OpzeEuzn paCoTH OCyYapmEXCS AaBTOMATHYECKAX CHCTEM OCHOBaH
Ha arropETMax OoCyueHAS KIAaCCE{UKaUMM HaCIDNaeMux cHTyammk /oG-
pasos/. [osToMy B paGoTe GOABIOE BEEMAHEE YHAEJIAETCS METONYy HO-
Jy49eHAsA 9TUX AITOPETMOB HA OCHOBE MPEEME3aNMM (QYERUMOHaNa THOA
CPeIHero pHECKA OMAGOYEO# KiacCEfEEAmuy. 3TOT METON BHTEK3EeT H3
ofme# TeOpHE azauTanuE X odynennn[l} .

lloxasano, WTO OpE YacTHHX BERaX (yHxuEit mOTeph MOTYT OHTH
OOJYyYEHH K2k H3BeCTHHE K HACTOSMEMy BpeMeHH, TAK I HOBHE airo-
PHTME OOyuYeHES E CaMoOOyueHE:d.

[onyveHHHe aNTOPHTMH NpZMEHEHH A NOCTPOEHEA OCyJYanmmXCH
CHCTEM yIOpamieHHA E odyyapmerocd OPAEMHFKE AMIOYJBCHHX CHI'HAJIOB.

[pABORATCA pPE3yALTATH IKCNEPHMEHTAIBHOI'O HCCIeXOBSHHS Ca-
MOOOy9apnmerocs DPHEMARKA.

1. BEzH odyvemze

B 'OCHOBY MOCTDOSHES OCyYEDIMXCHA SBTOMATHYECKHX CHCTEM Ha-
ME NONOXSHH &ITODATMH, KJAGCCEPIRANNE HACIDIAeMHX cuTyanmi. Pas-
OmeEse CETyaurii E2 KIaCCH OCYIEeCTRIAEeTCS Ha OCHOEE HEROTODOTO
pemapmero OpaBmia. MeToms ompensJeEEs STOTO Delapmero IpaBAia



CYmEeCTBEHHO 3aBMCAT OT 0G"eMa ampHOpHO# HHPODMANEE O KIaCCHE-
GUOApyeMHX CHTYAaIMaX.

IIpr mocrarouHO# EmpEOpHO# HEOpMAnMm, T.e. KOT'Na HaM H3=-
BECTHY BEpPOATHOCTHHE XapaKkTEeDHCTHEH CHTyamnmit, pelapmee OpaBé-—
JO OmpeleJdeTCA KJIACCHYECKEME METONAMH TEODHE CTATHECTHYECKHX
pememiz'sl. B arom cryuae ofyueHEe OTCyTCTEyeT. HEOGXORE -
NOCTH B OCyYEHHH BO3SHHKSeT OpH HeNOJHO#, HeZOCTATOYHOH# anph-
OpHO#t ERfopManmé, T.e. EOTXA BEePOATHOCTHHE XaDAKTEDHCTHRA CH-
Tyauui# 3apaHee HeH3BeCTHH. ECaE MMeeTCA INONOJHATENBHAs HHEOD-
Manug, COCTOfmadg B TOM, 4YTO 3apaEee H3BEeCTHA NPHHAIJIEXHOCTD
cETyanHil B3 HEeKO# MOCIeNOBATENBHOCTH K TOMy WIM HHOMY KIac-
Cy, TO pemapmee MOPABAIO HAXONETCA HA OCHOBE 3TO# "TPEeHAPOBOY-
HO#" HOCJIEeNOBATENBHOCTH C NOMOMBD JITOPETMOB OGYYEeHHA C MHOOMm-
pe.\men[4

Ecne xe H Tarad NONOJNHETENEBHAA WHOpMANES o'rcy'rcmer.

TO pemapmee npa.an,uo IOJNEHO OHTH HailleHO TOJBKO Ha OCHOBE Ha-
OnpXaeMHX CHTyanui# ¢ IOMOmBD anrOpPATMOB, KOTODHE YMECTHO Ha-
3BaTh AITOpATMAMHA camoooyvem['?' "4, Taxmm o6pa3oMm, MH CTal-
KEBaeMCH C ABYMA BHIaM# OOyueHHsS: oCyueHHd C DOOMpPEHHEEM X
o6yduerEeM Ge3 HOOOMpEHHS, HIX CaMOOCydeHHEM.

Pemapm@e OpaBana LI BCeX NepevYHCJEeHHHX CJIy4YaeB paHee Io-
JY9aJIACk B pe3yALTATE DACCMOTPEHHSA CaMOCTOATEJNBHHX H, Ha Oep -
BHif B3TJIAN, HE CBA3QHHHX MEEINy codoff 3amaw. Tem He MeHee BCe
M3BECTHHE, & TAKXe HOBHE pelapmme OpaBANa MOTYT CHTH HOJNYYEHH
PETYAADHHM OYTEM H3 YCJOBE# MHHEMYMA OOMETO KDATEpHSA KadvecTBa
KIaccrfrrangd THOS CpeIHETO DHCKa.

K fopMynEpOBEKe KpDHTEpHS ONTEMANBHOCTE KIaCCHPERAIMA CHTY-
anzii ¥ DOJYyYeHWMD YCAOBE} ero MUHEMyMa MH cejfuac m Depeinem.

2. Kparepuil KIaCCHPHRAIAR

IIs DOoCTpOeHHES peliapmero OpaBmia HeOGXONEMO OpeXNe BCETO
cdopMynApOBaTH KpATEDRH KadecTBa KJIACCHPHRANEE, IKCTPEMYM KOTO-
POTO ¥ LOJXEH OOpeleNHTh STO HDABIO.

[lpeNONOREM, 9UTO CHTyamus x H3 mpocTpaEcTsa X NOABAA -
‘PTCHA CAyY2iHHM 06pa3oM E Kaxnasd BO3HMKapmas CHETyamus OTHOCHETCH
K ONHOMy Z3 N HEHE3BECTHHX HaM KJIAcCoB ,°, X)) Xy + Tpmaen,
Op¥ pasEHEX NOSBJSHEAX OfHA H TA Xe CATyanas x MOxeT OHTh OT-
HeceHa K Da3HHM EIacCaM.
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PasoGsem mpocrpaEcTBo cEryamE# X Ha A/ olnacreft m Gy-
ZeM OTHOCHTH CETYyaEE X & X » BO3HEKZDNYD B JOCOY MOMEHT
BpeMeHH, K KIaccy X,._" . 3amaga xnacCHQEEANEM COCTOET B ONTH-
MAJBHOM B HEKOTODOM CMHCIE DasCHeHHH NDOCTDAHCTEA cHTyanmlt X
Ha OCHACTE X, X3 ... , X, -«

Beefie QyHKIME DOTeDS £, (U, Uy, ., Uy) (Km=12.. N) ,
rIe 4 ,u,,...,4, - HEKOTOpHE HapameTpH. Kaxmas fymxmus
Fim (%4, 4y,-, Uy, ) OIEENBaET NOTEPH, BOSHEKADNEE IODH OTHECEHHEH
CHTyauuE x H3 kiacca X, K Exaccy x.° ®IE, EHave, OpH
OONaNaHdy CATyalMs &3 Kaacca X,° B o6iacts X, .

Oycrs Taxze

£ - BepOSTHOCTH HACTYIJIEHES CHATYaIEH EIac-
ca Xi i pP()= Px(x) - yeAOBHAA IIOTHOCTH BePOHTHOCTH
curyaum#t Kracca X, . Torma cpemEmil PECK EeUOpaBEABHOK Xrac-
cufEKanAy MOXHO ODEICTABATH B CACIAyDEEM BHEIE:

N N

o /’me (x, Uy, -y U‘V)*Dx/)k (x)d x /2.1/
K| i=| Xm

Hawryumad ki1accHZKAmEs COOTBETCTBYET TAKOMY BHGODY IapaMeTpoB

U Uy, -+ , Uy B OCnacTeit X,) Xz, ey D , IDE KOTODOM Cpeli-
Huii puck /2.1/ v#HAMaNeH.

3. Jcroszda MWHEMYMa CpDeIHET'0 DHCKa

Cpenrmii pEck OpejacTaRadgeT colo#t @yHROHMOHAN OT I'paHMLN /1,‘,,,('/
MEXLY COCeIEEMH OCIaCTSAME ,G X X,, & Hadopa BEKTODOB
Uy, Uy, Uy . JUIA HAXORUEHMA YCAOBES MEHAMYMA CDENHETO DHCKA
MH, K@K H B 8] , HCHOJb3yeM KJIACCHYECKHe METONH BapHEIMOHHOTO
HCYZCIEHHS (s , OPEMEHAB HX Teleph K Coxee CHOXHOMY (yHRIHOHS-
Iy /2.1/. 3TE ycioBAA MEHEMyMa CpDeIHEr0 DHCKAa MOTYT OHTH Ipel-
CTaBleHH B Tako# dopme:

N ;
Z ZN /Vull:km(X,U,luz,..-, U:u)R( x(')d"'=o, ((=112:"'/fl) /3.1/

K={ =i xln
H LN BCeX X , OpEHajdexammx rpammne Ag,, — Mexny cocenHH-
ME ofnacTaME . Xg K X .

fsm ("'Ju"uz,“‘/uu)=

2/
b 5 [FKS("'U'; Yy UN) = Fam (%14, Uy, u“)]px w(x)=0 .

Ypasrenme /3.2/ OpeICTaBIAET coBoi IIOBEPXHOCTH, DPas3meanmyDn
cocefiHAe OOJacTH ~ )(s 2 X,, . losroMy menecooGpasHo (yHKIED



Fin (-] HasBaT: pasfeispmeil. SHaKE pasmessmomEX GyHEKTHE
mpr x € /] LA BCEX S,M=14,2,..., N HO3BOJANT Da3JdIaTh
o6xacTtH.

Ilpr ompeneleHHHX IPEeANOJOXSHHEAX (7 pemapmee OPABAIO MOX-
BO cfopMyaEpoBaThH CJEIYDIEM 06pa3oM

Sm

xe X, (m-l,g,...,»/)l ecru S, (qu,ly,.,u,) <O /3.3/

ILng BCeX S#m (S=42---,M) . B wacTHOM crygae mIs ABYX
KIACCOB CDefHER DECK /A , YCNOBEA €r0 MEHAMYMA ¥ DEMapmue opa-
BAJA ODEHEMADT BENS

R= /E,(*'%Ua}f’ﬁ(ﬂdx +//-3/( Uy Uz) R p, (x)dx +
Fo (% u,,u,ij,(z}dx + / (X,U,,u,}e/za(x)dx

/3.4/

Xz
U¢R jv u(xlurlua)p/’/(l)dX +/v {x,u,,u,}?fe(x}dx+
+ JUFia ety + /v  Faalty ) By () =0
x OTHOCHTCH K KIacCy X’ , €CHE £, (X, Uy Uy) <O /3.6/
X OTHOCHTCH K KIaccy X,° , eCl® £, (xu,u,)>0
JansHefimas 3amaga COCTOET B OKOHYATENBHOM ONpeENCHHX A3
S9THX yCJOBR# pemapmux IOpaBAI.

/3.5/

47 POpMYJNHDOBKE 33NavH

B 3aBECEMOCTE OT XaparTepa ampHOPHOK ¥ TeKyue# ZOmOIHE-
TenbHOR WRPOPMANME BO3MOXHH Da3jdYHNe POPMYJHPOBRZ 33134, CBA-
SaHHHX C OmpefieJIeHAEM Demapmer0 NpaBAla, MAHAMASADPYOUSTO Cpel-
HEi puck /2.1/.

Bagasa I. BepoATHOCTE L) TNOARMEHEA CATyammdm E1accos X,
H YCJIOBHHE BE® ILIOTHOCTH ngoa'rnoc'rn_cx'ryaunﬁ Pul(x) B BTEX
Kiaccax HSBECTHH (K=/2,--- ,N) ., U3BeCTHH Tarkge {YHKUHZ OOTEDH
Furn (%t Un) = Fxm(x) . B 3TOM ciygae HeT HEOGXOLEMOCTE B
HCIOJB30BaHEE OCYYEHHA LIS NOAYYEHAA Demanmero OpaBaia.

3amava [I. BeposTHOCTE L) ¥ YJCJIOBHHE IIOTHOCTH BEDOST -
HOCTH CUTyaumh p.(x/  HSBECTHH (K=/2,-- ,N) . QyHRIZN Xe

OOTeph 38JlaHH C TOYHOCTED IO IapamMeTpoB Ui, U, --- ,Un 5
B 3TOM ciy4Yae y®e BO3HHKAET HEOOXONMMOCTH HCIONB30BATh IIA
ONEHKH IapamMeTpoB U, U,,..., Uy , ODpeIeafAnmAX pemapmpe Opa-

BWIa, OOy4eHHe HA OCHOBe NONOJHATEeNBHO# Teryme# mafopMania® o



OPEHAJACXHOCTE BO3HMKADNEX CATyanuit K TeM HIM HHHM KIaccaM,
T.€. H2 OCHOBe HOOHpEHH# H Hara3aHmZ.

3azada lla. BepoaTHOCTE /£, H IIOTHOCTE BEPOATHOCTH
Pr(x) (K=4,2,...,n) BEHSBECTHH. OYHEUHME MOTEDS Ky, (¥, u, s, )
3alaRH C TOYHOCTHD N0 DapaMeTpoB U, &, ---, 4y . B 9TOM Cay-
Jae IJA ONCHKE ONTAMANBHHX NApaMETPOB U, U, ..., Uy HEoG-
XOIEMO BOCCTAHABIWBATH HEROTODHE CTATHCTHYECKHe X2DaRTepHCTE-
KE cATyanmi. JU1g 3TOTO HYXHO, KaK M paHee, HCHONB30BaTh NONOJ-
HATEJBHYD TEKYIyD HAHEQOpMANAD O OPAHAJNIEXHOCTH BOSHEKADIHEX CH-
Tyan#i# K COOTBETCTEBYDHEM KIACCaM.

B mepedscleHHHX BHNE 3afaYax OpeAUNoOAaraioch, 4YTO CYmMECT-
ByeT HeKOTopad KiaccEfMranmd curyammii. M 3amava cocromna B mo-
JyueHRE NPHCJIEEEHAS K 3TOX KmaccE(ERanwE. B caywae oTcCyTCcTBRES
JONOJNHATEABHO! Tekyme# HEfOpMADEE O CHTYyamMAX TAKad NOCTaHOB-—
Ka 3anay#, eCTeCTBeHHO, TEepHEeT CMHCI.

C STEM CBA3aEH H3MEHEHHS (PE3EYeCcKOft CYTH COOTBETCTBYDIHEX
COCTARIANIAX CpelEero packa /2.I/ B 3amaue .

Samaua ll. BeposTHOCTE L) DOABNEHHS CATyammit s oGzacreft

X, /a Ee #3 RmaccoB X, , KaR OHao paEee/, B YCIOBHHE
IUIOTHOCTHE BEPOSTHOCTH CHTyaumii f"‘ (x) B 3TEX 00JacTaX, HEH3 -
BECTHH (Kk=/,2,---,N] .

CYHKIEE TOTePd Fyp, (%)t s, Uni) = Fry, (XU Uy, - ,Uns)

/Ins BCeX K=1,2,.-,N /, BHpaEapmpe Temephr mTpad 3a OTHE-
cemue cmryamm#t x K Rnacey X, (m=1.2-,1), 38TBHH C TOYHOCTED
7O DapaveTpoB U, U, ..., Uyx Ilpm THEX YCJIOBHAX OUEHKA pe-
[Dapilero npaBmia JONXHA OHTH OCHOBaHA TOJIBKO HA 00pacoTERe Halmm-
JaevHX CHTyan@if Ge3 HCIOJAb30BaHAA Tekyumei# EEfopMan#E O IpHEHAN-
JIERHOCTH CHTyalZ# K COOTBETCTBYDMEM KIacCaM.

Taxmm oGpasoM, B 3aBHCEMOCTH OT CTENEeHE HOXHOTH ampHODPHOM
HEGODMANUE ¥ Hajnvdusg NONOJHATENLHOE TeKymel EHPOpManmE O Halap-
JaeMHEX CHTyanssax cJeiyeT pas3jJuyarTh pacHOSHaBaHME HIH KIacCHE-
Kaupn Ges oSydeHma /3amava I/ ; ¢ o6ydeHEmEeM IODH HCIONB30OBaHHE
IONOJHATENBHOK Texyme#t mEbOpManum - OCyYeHHeM C IOOMpeHHEeM /3a-
Iaum O, Ha/; ¢ oGyueHEem OpH OTCYTCTBAE NONONHETENBHOR HEPOpMa-
maE - ofyyeEHeM Ge3 NOOMpeRMs, WM camooGydeHdeM /3agmada II/.

lepefnem Temepsr ¥ onpele]eHED pellapUMX NpaBmi. Iisg mpocTo-
TH I 0CO3pPHMOCTE DE3YALTATOB MH B OCHOBHOM OyleM DaccMaTpHBaTh
cayua IBYX KJIACCOB.



Do HEE ero Hmpasmaa G6e3 odyde-

Hosoxmu
~F”(x,u,,uz} =Faz (*Gll:,ug)-=0
Fi2 ('l“llua} =F (x] . : /5.1/
(x,u,,u,}:pz (=) :
310 03HavaeT, uYTO OpH npﬁamaoﬁ ENaCCZPEKANAN CHMTYaOEE X IO-
TEpH DaBHH HyJO, a DOTepH OpE OmECERaX I-To B 2-T0 DOXa 3aBHECAT
oT cETyamme. TOrZa yCIOBHE MEHEMyMA CpeJHETO pHCKA /3.4/ mpmER-
Maer BEX:
$ia (%)= Pspy (1, () = Bopi(a)Fi (x) =0 - 2/
Zas Beex x€ A, #2(x) sBaserca pasmexswmed dysxmmest, mo-
3TOMy pemavimee NPABENO npnnaerm
XEX, , ecam -!n(XIZo
X, ,ecam fa(x)>0

Pemanmee npaBmno0 MOXHO cHOpMyJAEpOBaTH Yepes xosmx'r IpaBHo-
nopoCnsg -ﬂi"— , @ HMEHHO:

/5.3/

Pa(x)
xe X, , ECIE ﬁ'—[(:,— >h(x)
xeX; ,ecam ﬁ—f’;—, <h(x) .
e /:(x} gz_’pf-l_(g. OpeJcTaBafeT co6oli mopor, KOTOPHZ B Nas-

HOM ciyuae SaBHCET OT X . B vacrHOM caygae, KOTZA
F,(x)= w, =const. , R (x)= wy=const
hix)=h = gz.wm:cms{. ' ; e
Wi

HverHO 3TOT Cayuaii odmo H paccMaTpHBaeTCs B CTATHCTHYECKOH
TEOpHHA oéxapyxem[ » ©J, B mooM EHOM CJaydae OpE HemoJHO# ME-
fopmanEu pelapmee NPABANO MOXeT OHTH ONpeNeeHO JEIS ¢ HOMONED
aNTopATMOB ocyqem

6. ArropuTmMH OCydYeHHS C HNOOMpPeHHEM

Ing riomem aITODATMOB O6yJeHHs ¢ NOOmpeHmeM mpeolpasy-
em ycaoBms mmEmMyma /3.1/, /3.2/ cpemero packa R K Coxee



yzooHo# dopme :

Mq_)e{x,u.,uz)=ro') . 8
x€ X, v ecan A, (nu,u) <o
x € Xs , ecnm £, (xu,u;)>0 e
roe :
cbe(x,u,,uzj = VueFxm (x,un,u;) , GCJE CHTyamps KJIac-

ca X, orTHOCHTCH
K RIacCy X,.°

/6.3/

Temeps A OnpeliesleHAS Demapmero IpaBMia MORHO BOCHOJIB30BAThH-
CA HTeDaTHBHHME QITOPETMAME OCydYeHES

Bun airopETMOB OCydYeHMs SABHUCHT OT HDOJHOTH aNpHOPHO# HH-
$opmanua.

3amava [I. [Ipenmosoxmm, 4TO BEePOATHOCTHHE XapaKTepPHCTHKH
cuTyanaf M3BeCTHH. HEHSESCTHHME ABIADTCA DApameTpH U, U,
byuxuait moreps f, (4 u,u,) (i#k;ik=42j . Rak ® panee, GyIeM
noxarars fp,,, (xu,u,) (m=v2)  paBHEME HyiD. Torna pasme-
asonas dysknEs £, (x) OpHHAVEST BHJ:

{12 (x}= plloz (x}'FZI (I,U,' u&)'_plf/ (‘}.FIZ (xlul/ui) /6’4/

IpEvMeHss BepOATHOCTHHE HTepaTHBHHE aITODETMH K /6.I/, momydms:

(Klel n =112)

Ypln]=U,[n-1]- g, [n] VueFlz (x[n], uln-1, UJ"-IJ),

ecar x[n] - curyamms xnacca X,° &
Fa( x[n] U, [n-1], U [n-) P, /02 (x(n]) - F, (x[n]uLn-i] el n-1)1 P (x(n1)>0

/6.5/
Upln]l=U,(n-1]~ A’e (n] vue F;, (x[n], u,[n—1, u,_[n-l])l

eCIE X[n] - caryanua Rracca X, — H
F, (xth, w4, (r-), s (n-i7) £, Pa(xtn1) = Fy (xnd,un (- e [n—l])p,-lo, (x(r3)<0
Ug[n] = Uy [n-1]

- B OCTAIBHHX Caysasx(f=1,2).
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3anaga [la. [IycTek Temepk BEPOATHOCTHHE XAapARTEDHUCTHKE CH-
TyanE# HEM3BECTHH. B 3TOM CIyuae Taxkke MOXHO GHIO GH BOCIONB—
_ 30BaTHCA ANTODATMAME OCYYeHHS, NPHBEJEHENME BENE, €CIH OH B
mponecce OCydYeHHA yEaBaJOCh BOCCTAHARIABATEH BEDPOATHOCTHHE X&-
PaKTepHCTHRHE CHTyan®i,BXONAmHEe B BHpDaXeHAe IS pasjessnmei
GysrOAE

sz("lu':ul) =F, (% Uyt )P, p, (x) - F. (% Uuu!)gf: (x) /6.6/

ITO MOERHO CHEJaTh C HOMONBN H3BECTHHX ANT'OPHTMOB BOCCTaHOBIE-
HAA BepoATHOCTe# E IJAOTHOCTER pacupelleNeHHA CAydalHEX BeJH -
9HH [9'101. Ongarko, B 3TOM HET HEOOXOMMMOCTE. M ocramoBmMCH
sfech Ha HHOM, 0oJee mPOCTOM CHOCOGE, OCHOBAHAOM HA HCIONB30-
BAHEMHE, [0 CYMECTBY, 3THX K& AITOPATMOB, HO IS BOCCTaHOBISHHAS
HE COCTSRIADMEX pasfeasome# QyHRUME, & HENOCPEIXCTBEHHO camult
paspensome# fymxum#. 3afExcEpyeM napameTpE U, U, , TOTIa

{,z(’:UI,Uz)= 7‘]2(‘) . /6'7/

ByzeM anmpoKCEMEpoBaThs GyHrmER £, (¥)  OTpPe3ROM OPTORODME-
POBAREOTO pazia

F(x) = cTp(x) /6.8/
TaK, 9T00H QyHKIEOHAN 2 '
_/‘('c}=X/[{,2 (x) =ce(x)] dx | o

6w mMEHEMazeH. B /6.8/ ® /6.9/ 3Ragk T 03HAYaeT TPAHCIOHEDPO-
panme Bexropa C . Jubdepermmpys fymrnmo J(c/ mo ¢ =&
HECHIOAB3YA CBOACTBO OPTOHOPMEDOBAHHOCTH KOMITOHEHT BEKTODP-{yHE-
mEE (p(x) , HAXOWM ONTEMAJIBHHE 3HAYEHMA C

RN ' /6.10/
e
p(x)F, (x) , CIE X - CHTyamms Kmac-
o ca X.’.
c,b(x)_. e ()o(x)./_'n(x} ; ecyHm 'x - CHTyal®s RIac-
ca X, .
18,0157,

PaccmarpeBas ycxoses /6.10/ Kak ypapHeEHe DerpecCHE, OO-
Jyd9aeM HS OCHOBEHHE BEDOATHOCTHHX HTEDATHRHHX METOIOB '
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QITOPATM:

cLrl=Ctn-i1 - &(n)-{ ctn-0~p(xiny) £, (x1r))f,  f6.12/
ecie x[n] - cmryans Emacca X,

clnl=C(n-1]1— A’[n]~{C[h—I]+ P(xLnl)-F, [X[n]}]l

ecim  X(n] - cETyamEs miacca X, . IpEMeHss nnA pemeHEs
3anaud A /6.10/ mpE DpOMSBOZBHHX OapameTpax &, 4, , & TaKEe
Bcnons3ys /6.I/, DOXydIEM HEOOXOIEMHE YCIOBES OTHOCHTENHHO Na-
paMeTpoB U, U,,C %

MQ(XIUIJU2}=O ] (e=I12}
M ¢(xiullu2}"c

Cr-lp(t)=0 s Beex xe/, , TEe §yHRnEE
P, (x,u,U;) B @(qu,u;) ONpeleNsapTCH BHPAKeHHAME
coorsercreerno /6.3/ m /6.11/.
W3 cmcTems ypapHeHEd /6.I13/ BHTeKanT CIELYDNEE ANIODETMH
O0yueRHs
Up [n]= Upn=1]1 =G (n1-Vy, F,; (x L1, u,(n-11 s (n-1])

Clnl= Cln-] = X[h]-/ cln-1]-p(xtnl)F,, (X[nJ,U,[n-l],uz[n-l])})
ecim «x(n] - ceEryauus kxacca X,° , B C'[h-11p(x[n])>0
Uy (n]= Uy [n~]— &y [n]- Y, £y, (X002, U, (11, Uy (n-i7)

/6.13/

C(n]= C[n-i]— ¥[n) { cln-11+¢ (xm]) oy (x0rd,u, n-13, Uy (n=i2) f /6.14/
ecmE x(n)] - cEryanmEs knacca X, , B CIn-11p(x(n))<O
Clnl=c(n-]— x[n]-[ clh-11+ (-1 )'-‘(p(x[h]}l-',(m (xCnd,u, (-], U;[h-ll);)

ecnm x(n] - cmryamas kxmacca X (K#m, km=12)

Uy [n]=Ug tn-1] , (€=1,2) - B OCTalBHHX cIyvYasxX., B HamGo-
zIee pacnpoc-rpaaeaaou ae, JexaieM B OCHOBE CTaTHCTHYECKOH
TEODHH oonapyxem I.2

Fp (U th)=w;, ; /sz("'“':U2/=Wz/ /6.15/

Ipz a'rom a.nropnm ONeHKE KOPFMIEEHETOB C  paspenspme# QyHR-
mar  f(x)=c y)(x/ , MEHEME3EpyomEe# CpeXHEH DHCK

/Wz,QIp,(x)dx -+ /W,ap,/a,(x)a’x /6.16/
" X%
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6yner HMETh CASHYDIHE BHEX:

Cln]l = Cln-}=¥[n)-{ cln-1 - (x[n))-w, ' '
eCIE x(n) - CHTyanEs Kxacca X;° ; /6.17/

Cn)= Cln=1) =¥(n)-[Cin-0+P(x(n))-wy } :
ecrt® x(n) - cETyamma kmacca X3° .

7._AnropuTMi olydeHms 6eS HOOMpEHRES [axrom
camoodyvenns/ |

B aTOM CIyYae HaM HEM3BECTHH HE BEPOATHOCTHHE XapaxTepH-
CTHRE cATyanmii x , HE NONOJEETeJBbHaAA HEPopManEa O NpHHALIEE-
HOCTH CHTyan®i# K RiuaccaMm. MHage roBsops, HCOOJB3YDTCH TOIBKO
HalIpneHHs CHTyaudii, NpRHALICXHOCTH KOTODHX K TEM HIH HHHM
RAaccaM HeWs3BecTHA. [IpmHEWMas BO BHEMaHBe 0CO3HaveHme § 4,3a-
nEmeM CpeXHE# DECK R OpE N=2 Tak:

R= 22 f/—',‘ (x, U:,Uz}PKIDK(x) dx ;m.1/

K=| X,
Ycxosue mkmyua noxysaerca &3 /6.1/, /6.2/, /6.3/ sameroi

JCJOBAR NpEHAIIEXHOCTH CHTyanu#i K peaibHEM KraccaM X, Ha
yenosge (X € Xi) OpEHAZNEXHOCTH CHTYaOnEE X K 0GXacT®

Xu
M sz(x,u,,uz)=0} /7.2/
rxXe
¢e (x[ul'uz) = VU‘FK(XIU'IUZ) 9 eCcan X € XK /7.3/
(K e}=1.2)
. .
xe X, ,ecmm F (nu,t)-F(xuu:)<o
XGX2 » €cad F; (X;Uuuz)"/:z(xluuu&)>o /7.4/
Jlns ompeleneHES AJTOPETMOB OCYYEeHHS, ONpENEJNADMEX IapameTpH
U, u; , OpEMeHEM K /7.2/BepOATHOCTHHE HTEDATHBHHE
aaropaT™i. Torga DOXYYEM:
Up[n]= Uy [n=1] = §[1]-Fy, F (x[n], Uln-1, s Cn~1),
eCcaH
F, (xtnd u,n-11 Uy (n-1)) — F, (X Lnd, u, bn-1, Uy (n—1]) <O .5/

Up(n] = Ugln—+] "3["]'7%/-2 (xtn, U.[h-«],u.[h—d}'
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ecx® £, (xn] u,Ln),u, n~1)-F, (x["]/ U Ln-13, Uy [n—3)>0

SrE a.urogm. eCTECTBEHHO, COBIANADT C AATOPHTMAME, NOXYYeH-
mna B L

8. U e an B

[loxygeHHHe BHNE QITODHTMH, XOTH OO BHEMHEMY BHAY X OTIE-
9apTCA OT paHee NSBECTHHX ANTODETMOB KiacCcEimkanum carysnd,
TEeM He MeHee CONepxaT NOoCJIeNHHe Kak JacTHHE cayuaft. [oxaxem
3T0 NI SaNaYH OCyYeHHS C NOOWDEHHEM. :

Byzem Hckars pasgexsvayp QyHEIED B dopme

g=uTp(x) /8.1/
rme u - BeKTOD HEH3BECTHHX IapameTpoB,

(x) - BexTOp-$yHEKUMS, KOMIOHEHTH KOTOPO# XEHe#HO He-
3aBECEMH. BuEGepeM B OCHOBHOM KpmTepmlt /7.1/ fyExuEm moreps
caenyommM o6pasoM:

Fia (x,u}:- FII("UI=F({— UT’O(X//
F, (nu)=F, (xu)=F(-1-uTpx) /8.2/

r.ne ~ (-] - seroropasa Bumykaas (yErmEa. Torma

= JFU-upmbpxiox + [F(-1-upt))Bpy s +

T Ao={x unpte)<of Xp = {x:uTp(x)>0f /8.3/
+ /F (~1-uTp) B p,(x)dx + /F-' (1-uTp(x)) Bp, (x)dx

Bnonx CMETaEEYD n.no'raocrs pacnpefieJleHEsS CHETyammit

PeI=Fpi+ Bp, (x) /8.4/

MOXHO NpeJCTABHTH CpeNHE#l pECK /8.3/ B BEIe

R= [F(y-upmjpeadx = M[(Y~-u"px) /8.5/
g

rne
o
y_{ { , ecnE X OTHOCHTCH K Emaccy X{

-{ , ecIE X OTHOCHTCA E KEaccy X /8.6/

- JR238EEA yuuTens /NONOAHETEXbHAH MEPopMAanEs/ O TNpHEAIIEXHO-
CTE BO3HEKNe} CHTyarms K TOMy EIE EHOMy KIaccy. VMeHHO B Ta-
Kofi fopMe E paccMaTpEBANECh PYHENMOHAIH B 38hd4ax OCyYeHHS
PacnosHaBaHAD 0],

AnropuTM OGyueHES B 3TOM CIydJae HMeeT BEX:
Uln] = Uln—11=¥n] -, F~ (1-uTn-1p(xLn]),
ecar x(n] - cEryamms Kxacca X,° /8.7/
uln] =utn-]-x(n)-g, F (-1- u'[nq]»sa(x[n]))’
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ecIE X[n] - cATyauds Kracca X,° . Arropurvz /8.7/ MORHO

sanmcarTs E B Gosee xommaxTHOR dopme, Hcmomsays /8.6/,
Ulnl=wln-] = X(n]-Vy F (YIn]— uTn-i]p(xtnl)).

Tarwe amropaTMH B8 padoTe I OHJIA DOJNY4YEeHH HeNOCpeICTBEHHO

#3 Jynromonana /8.5/.

9. 06 OUTHMANHENX AITODPETMAX

ANTOpETMH OOyYeHHA, OpEBENEHHHE BHIE, CXONATCH IPE BH-
NOJHEeHAE ONpeleNieHHHX YCJOBHI, HAJNAraeMuX Ha BeNAYEEH ¥ (A)]
B QyEROMR DOTEDh . B Tex cayvadX, KOINA 9ACAO HAGIDA2EMHX
CETyaU¥i Or'paHEYeHO, NEeJEeCOOCDPa3HO HONYMHHTE BHOOP X[h) yCJao-
BED HEBHAYYWEro B HEKOTODOM CMHCJE HCHOONB30BaHAA 3T0# uEdOp-
ManuE, T.€. CTPOHTH ONTHEMAIBHHE AIT'OPATMH Iz, s 3mecs ecTh

2 BO3MOXHOCTE ]:
ONlHA H3 HEX OCHOBaHA HA MHOT'OKDATHOM ECIONG30BaHMHE He-

ONTEMANLEHX QITODATMOB C OTHOCHTEJBHO OpocTHM ¥[n] THEOa
¥(nl= -,?,— OpH UepHONAYECEOM HCHOJB30BAHAE H3BECTHOH mocie-
IOBATENBHOCTE CHTYAIH# ;

Ipyras - Ha COENHAABHOM BHOOpPE Y (n] , MEHAMHZADYOIEM
HeKOTOpHA oMumpmyeckrE# ¢ymxmmoran. Tak, ¥ YacTHOCTH, Lif JH-
HefiEux axropuTMoB THHa /6.12/, /6.17/ ;merxo nokasars, Hampu-
Mep, EaK 370 OHIO CIeJaHO B 13' 14 , 9TO ONTEMATBHOE 3Ha-
YEeHHe

e »
fenlri =L /5.1/

roe 6% - JMcOepcEs x , v%lo] - Havamsmam JACOEDCHS OneH-
k#. Ecam ampropHas HEPOpMAn@s OTHOCHTENHHO HAYAIBHOI'O 3HaZe-
HAR NACIOEDCHE OLNEHER OTCYTCTBYET, TO V [o] === A OO -

Iyg9aem
Yoree[n] = == . : /9.2/

9T0 KacaeTCs OOCMEX CAy4daeB, TO ONpelescHAe ONTHMANLHHX 3Ha-
ueHE#t BeckMa T'DOMOBIRO, H MH 3JeCh BTHX BOODOCOB KacaTbCA He

6ynem.

I0. Odyuapmpecs CHCTeMH VIDABICHES

Teopus onTHMATBHEX CHCTEM YOPamleAdAd NaeT BO3MOXHOCTD
OONYYHTH 38KOH H3MEHEHES YNpPaBIARMEro BO3HeACTBEA Uy (t)
KaKk QyHkmumo BpemeHHE. YTO Xe XacaeTCdA CHHTE3a ONTAMAIBHOTO 32-
KOHA yOnpaBieHds, T.e. HONy4YeHHA 3aBACEMOCTE U,  OT DAZOBHX
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KOODIMHAT, TO 3Ta 3ajaya Jajera OT IPHeMIEMOr'0 pemeHAs B
CROJNB-BHCYAb CJHOEHHX CJay3adx Lv? . g onTEMANBEHX DO
OHCTPOZEHCTBAD CHCTEM

- uy=14 nr60 Uy=~-1 /10.1/

[losToMy 38mady CHHTE3a ONTEMANBHOH MO GHCTPOAEHCTBED CHCTEMH
MOXHO DACCMaTpHBATh RaK 3aNayy KiacCHPARANME BeKTOpa $asoBeX
KOODIMHAT X =(X;,%,---, Xm) Ha IBe kareropur /I0.I/. Hpemcra-
BEM HEM3BECTHOE HAM YDaBHEHME pasjensnme’ NOBEPXHOCTE B BHIE

A
£(x)= uT@p(x)=0 /10.2/
Torma G
o { , ecmm  £(x/ >0
e e , ecamm f(x)<0 /10.3/
Io pesyxpTaraM OEpeleNeHEs ONTEMANBHHX YOPABIASDIEX BO3meficr-
BElt Up,, (£) E TpaekrToph# PasoBHX KOODIAHAT ’o‘,fb) pA

3aJiaHHHX HAYaJbHHX YCJIOBUAX x(0) MOEHO COCTaBHTH TDEHEDO-
BOYHYD MOCAEHOBATENBHOCTH, T.8. COOTBETCTBHE MEXNY X, H
lorr. . Knaccufmranus /I10.3/ oCymecTBISETCA C DOMOMED

8ATODETMOB OCy4YeHHd, NpEBeleHREX B § 6. TarumM oGpasom, B Ta -
KEX ofydapmmXxcd CHECTEMaX yIpaBieHHs Ha CCHOBE TDEHADOBOYHOH
NOCJNEeOBaTeNbHOCTA BOCCTaHABIEBASTCA TaX Ha3HBaeMas NOBEpX-
HOCTh NepeKAnYeHHA. PeanEsanus NOXOCHEX CHECTEM H& OCHO
aJlanTHBHHX JHHEXHHX 3JIEMEHTOB paccMaTpEBanach B pacorax ok
18]. JomycTEM, 9TO MH HEMEeM YHEXQIBEHN ONTHEMATBEHA N0 OHCTDO-
Ie#iCTBAD PET'YAATOP, KOTODHE B 3aBHCAMOCTE OT KOOPIMHAT
06"exTa BHpadaTuBer i onTEManbHOe ympamienme /I0.I/. 3ror
ONTEMANBHH) DEryAATOP WMOXHO HCHOONH30BETH IJAA HACTDOWKE mapa-
METPOB "OCHUYHHWX" THUOBHX PETYJIATODOB, BXONAWAX B COCTaB HOpO-
CTHX O0yJanmEXCs CHCTEeM yOpaBleHds. B mpouecce OCyJYeHHS Ha-
CTDaWBAaEMHE [ApaMETDH E3MEHANTCH Tak, YTOOH ¢ TEYEeHHEM Bpe-
MEHE "OGHUHNI" peryasTop HAWIydmaM o0pasoM /B CMHCJE MEHEMY-
M2 OmMMGOYHHX yIpaBLAOMEX Bo3Nef#cTBE#/ BHIONHAMM OH PyHKIME
ZOpOToCTOAmETO "ONTHMANBEHOIO"™ peryiasropa (L, 16].

ViEne BOSMOXHOCTE TMOCTPOSHESA OCYYanmEXCH CHCTEM yupasie-
HES OCHOBaHH HA JACKPETH3AIEE IPOCTPAHCTBA BXONHHX CHI'HAJOB
CHCTEMH H OUDEIENeHME WIM KCCTeIOBaHAM yXe H3BECTHHX ONTHE-
MaNBEHX yOpaBiesuf IS KaXHOl 43 MOIYJaESMHX odnacreﬁ[Ig' 201
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II. Camoodyuamwmgecs IDHEMHHEKH

Sagmava camoolyvyapnmerocs IpPAEMHEKA COCTOMT B KIAcCHPHKa-
.IAE NpEHAMASMHX CHET'HAIOB. B TeX cuayvasx, KOTIA CHTHANH Opef-
CTABIARTCA CRaxgapHO# JyHRIMEe# BpeMEHH, MH MOXEM BOCIOJL30BATh-~
CcA LA NDOCTPOEHES TAKOT0 NPHEMHEKA AIT'OPATMAMHE CAMOOGYJYeHHS
pacnosHaBaHED CHTyanu#, BHOCSH IOpPH STOM Te YOPOmMEHHA, KOTODHE
odycaaBnIEBanTCA PACCMOTDEHHEM ONHOMEpHOro ciaydasd. Tak, OpH
KBaIpaTHYENX (YHRUHEAX OOTEPh KpETEepHil KaveCTBa 3anmmeTcs B BH-
ze:

R = ){(u— x)/o(xjdx+[(u¢-x) peax /11.1/
B aroit sanaqe nexecoodpas’Hee HCHOONB30BAThH He NACKDETHHE, a He-
ONpepHBHHE AATODETMH, KOTOPHE MOI'YT OHTH DOJNYYEHH H3 NpHABENCH-
HHX BHIIé NECKDETHHX HOYTEM COOTBETCTBYDIET'O HOpeNeJBHOTO Hepexo-
Ia /cM., Tarze 8] /. B HaHHOM cAydYae 3TH AJNTODPATMH CaMOOGYdeHHA
MOT'yT OHTH IpeincTaBNeEH B Taro#f gopwe:

%%dﬂg —5 @) [ X -utl]f () -x°)

dta (W) o, (4] [xC81- Uy (6] (x°- xct), /11.2/
rie x° - mopor, pasHH#
xO . ul *uz- /II.B/
2
"
i ,ecmm 220
1(2)={0 , ecam 2 <0 /11.4/
Omremansiue 3maveEEs X, (t) & &, (*¥) wmo=mo mpescTaBuTh B Ta-
Ko dopme: 1
& (-H= ?;‘(-r)-;[(xl"l')—x”(f})d‘r /11.5/
Hwer /11.6/

8, ()= (3T)-4 (x°t)— x (TNAT
THe ¢ >£>0 i -

CTpykTypHas cxema IpHEMEZKA OpelcTaBleHa Ha puc. I. OHa
OCymecTBIEHa Ha OCHOBe 3JeMeHTOB IMY-8 E cnenmanbEo pa3pacdo-
TAHAHX GJOKOB /MOJNYNPOBOJHEKOBHE OECKOHTaKTHHE peJe, J - aie-
MeHT ® ynopaBiasemuit morTemnmomerp/. HExe OpEBONATCA PEe3YABTATH
SKCIOEePAMEHTANBHOT'0 HCCAENOBaHAA CcamMoodydJapmerocd OpEEMHAKA IS
OCYmMECTBIEHHAA KJIACCHEPHKAlMM BXOIHHX CHUTHaZOB. B KayecTBe TaKo-
BHX HCHOONB30BANACH AMOYJBCHHE CHETHANH, aMILIATYAAa KOTOPHX MEHd-
n1ach OO DA3NMYEHM 38KOHAM, M MMIYJbCHHE CHTHAIH Ha QoHe moMex.
Ha ocmmwuiorpamMme pHC. 2 H306paxkeHH OPOLECCH o0ydeHus 0e3 Io-
nosgxTenbHON EHGOpMALUE H3BHE, e 0CO3HAYeHO:
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I - BxXomHO# CHI'HAN HPHEMHMEZ,

2 - BHXOJ CHTHANOB, OTHOCAmEXCH X I-omy maccy X/,

3 - BHXOJ CHT'HANOB, OTHOCSIEXCA KO 2-OMy Kiaccy ~/ ,

4 - mpouecc ycTaHOBAeHEA mopora. 0 BpemeREN OGYYEHHS MOXHO
CYI4TH OO LNUTENBHOCTH YCTAHORIEHES Hopora. IS paccMaTpHBaEMHX
ciyyaeB Oponecc OoO0ydYeHHs IARTCH 3 - 7 mepHojoB. OTHOWNERHWE CHI-
Hal - OOMexa /Ha OCIELIOrDaMMaX pAC. 2,a8~c/ EMEDT HOpSmoK 0,85-
0,4. EcTeCTBeHHO, YTO KaYeCTBO paGOTH TAKOTO ODPUHIKNA EIUHCTBEH-
HO 3aBHCHT OT TOr'0, HACKOJHKO YETKO DAa3NeNAnTCH KiIacCHiAUEpyeMmue

curHams, [omoGHas cxema o0yvYanmerocs OpAeMHERA CHI& HCOOJNH30-
BaHa A YCTAHOBKH IapamMeTpa CpadaTHBamud /nopora/ B MareTe JF-
HEN TeJieTalilao# CBA3K C NOMEXaM:A E OCyCHEYNBADT MEHAMAIRHOE
9ACNO0 OmUCOK B OPHHMMASMOM CamMOOCYJEHHE IDZ 3apaHee HeE3BECT-
HOli cTar¥cTEKe nomex. [omoCHHE OPEEMREKA MOTYT HalTH UpEMEHEe-
EEe W B pAle NPYTEX obiacredl /rereynpaBiesme, KOHTDPO.  # T.10./.

aRIDUYEHHEE

B paGoTe pasBATa TEODEA OOYYapMEXCH 2BTOMATHYSCKUX CH-
cTeM. M3 ycaoBuit MEHEMyMa CpeIHErC DECKa omuCovHO# wiacchdu-
Ranpy CATyaruy ¢ DOMOMBD BePOATHOCTHHX HTEpaTHBHHEX ANITODHT-
OB NOJYYEHH ANTOPATMH KIACCHQURAUMA CHTyanui KexUpE IONHOM,
TaK ¥ OpE EEeJNOCTATOYHO# MHGOpMANA® O KASCCEQMIMDYEMHX CHTy&a-
OAAX. B mocrefHeM caygae MH OPAXOIVM K 2MTOPATMAM OCyYSHEA C
noompesneM mim Ge3 MOOMpeR¥s. Vi3 STHX 2ITODUTMOB B KadYecTse
9aCTHEX CIyJa2eB CIELyDT H3BEeCTHHE paHee AJITODHTMH OCYYeHHA H
camooCyuerZsi. [IpHBONATCA NPUMEPH ODMMEHEHHS AJTODPHTMOB OGydIe-
HES IS NOCTPOSHAS OCyJePUEXCH CHCTEM yIpasnieHEs # camooly-
YEDIAXCH NPHEMHAKOB.

JrTepaTypa

I. unkme 7.3., Azantanus ¥ oSyYes¥e B @BTOMATHYECKEX CHCTE-
vax. "Hayxa", M. I968.

2. Mammrrom ., BeezcHHe B CTATHCTHYECKYD TEODHD CBHSH,
r. I,0. Hsg-Bo "Cos.pammo™, I962.

3. ®eapndaym A.A., OCHOBH TEODHM ONTHMAJIBHHX @BTOMATHYECREX
cacrem. "Hayra", I96.

4-ny603zq B.A., Hexoropre ofmue TEOpETHYECKHE NDHAHIWIH OO-—
CTPOSHES ofyYaeMuX OmO3Hapmux chAcTeM I. BHUECHETENBHAR

x/ IpE BOSIEHiCTBER CHTHANOB MeHADmefics amIBTymH /pEc.2/
BHXOJIHHE CATHANE B3ATH HODMEDOBAHHHME.
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TeXHEKA H BOODOCH NpOrpaMMHpOBAHEA, BHO. 4, E3fanme JIV,
1965. g 3

5. A#tsepmar M.A., BpaBepmar 3.M., Posomosp I.H., BeposrmOoCT-
Had 3amava 00 OCyYeHEH aBTOMATOB DACIO3HABAHED RJISCCOB K
MeTX NOTeENHaNBHHX PyHRnmi. ABTOMATHKA H TeJeMEXaHHKA,
1966, XXy, ® I.

6. Jleparepuros H.I., Ipomo# A.H., lsmrme f.3., 0 pexyppeET-
HHX aJTOpETMaX OCY4YeHES DacNnO3HABAHED 00Da30B. ABTOMATH-
Ka H Tejemexammka, 1967, XXVII, % I.

7. BpaBepmar 3.M., Merox moreEmmansEHX (yHERUEZ B 3amave ody-
YeHHS MEMANH DACHOSHABAHMD O6pa3oB 6e3 yuHmTeld. ABTOMATH-
Ka E TenreMexamEra, 1966, XXVRH, k¢ IO.

8. [unker f.3., Keasmasc I'.K., PeRyppeHATHHe SNTODHTMH CaMmoO-
o6yuenra. NsB. AH CCCP, Texmmueckag KmGepHeTHKa, 1967, X5.

9. Tenspann N.M., Pommu C.B., BapmanmomHOe wucumcicHue , M,
IS6I.

I0. Ounrer f.3., OpEMeHeHHEe METOXa CTOXACTHIECKOH aINIpOKCHMA-
IEE K ONEeHKe HEHW3BeCTHOZ IINOTHOCTH pacimpeleNeHHs mo Hafmo-—.
IeHEAM. ABTOMATHKA E TeleMexaHmERa, 1966, XXVI, ¥ 3.

II. [uoxer 1.3., 06 asropETMax OLEHKE IAOTHOCTH pacHpelejieBHs
B EX MOMEHTOB N0 BHaCIpIeHEAM. ABTOMATHAKA H TeJeMeXaHHKa,
1967, % 7. ‘

I2. Crparomosmu P.l., CymecTByeT JH TeOpHA CHHTE3a ONTHMANE-
HHX QUEanTHBHHX CaMooCy4yanmuXCs E CaMOHACTDAWBADMEXCSH CH-—
‘ﬁc‘ggﬁ _Agrouarnxa H TexeMmexanmra, 1968, k I,

I3. e Xe CYmeCTBYeT JH TeOpHS CHHETe3a ONTHMANBHHX alal-
THBHHX CHECTeM? ABTOMATHRA M TeJeMexaHmEa, 1968, k I.

I4.Nicolic 2z.7., Pu K.S,, A mathematical model of learning
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INTRODUCTION

" A basic problem within the pattern recognition specialty area is the
determination of the best sequence in which the measurements of an unknown
pattern should be taken. This paper presents a method for solving this
problem in which the best sequence is defined as the one which minimizes
a performance functional which includes the various costs associated with
the problem. In particular these costs are the cost incurred as each kind
of measurement is taken and the cost resulting from an incorrect classi-
fication. The first of these two types of costs is considered to vary as
a function of the times when each measurement is taken and the second type
is also considered to be time dependent, i.e., premature terminations of a
Process can occur.

Initial erQ,lO within this specialty area utilized a concept of a
pattern space where each coordinate axis of this space corresponded to a
different feature of the pattern. Geometric hypersurfaces were :sed to
divide this space into the various pattern classes and their locations
were dependent upon the ranges of the values of each of the features with-
in each pattern class. This type of approach however, did not allow the
application of a sequential procedure since no decision could be made
until all measurements had been taken. Other researchersl’ 2 have applied
the basic sequential decision techniques of Waldll and Goodeh to this type
of problem.

The most recent work in the sequential ordering of gathering informa-
tion was by Fu, Chien, and.cardillo3. This paper proposed the use of
dynamic programming in the solution of this basic problem. Their work,
however, is valid only for the simple noiseless type problem. They con-
Jectured that modifications existed to their ;pproach which would make
it applicable to the more general problem. The present paper includes
these modifications in utilizing a form of the discrete Pontryagin's
Maximum Principle in the problem solution.5
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THE DYNAMICAL EQUATION AND THE
PERFORMANCE FUNCTIONAL

Development of the Dynamical Equation

The basic components of this problem are the kinds of measurements
‘which can be taken, the values resulting from the measurements, and the
various classes in which the unknown pattern could belong. Accordingly

the following symbols are defined:

8: a set composed of the various classes, i.e., s = [sl, 82,-.-,80)

where 8 is the :I.ﬂ pattern class and there are @ such classes.

u(t): the control variable representing the kind of measurement
taken at time t, e.g., u(t) = w, where k = 1, 2, ..., or B.
We further define the set ut as .
u® = (u(t), u(t-1), ... u(1)) ®
v(t): the value observed when a measurement is taken at time t.
The range of these values is assumed to be quantized into 7k levels where

the k refers to the kind of measurement taken. It is assumed that one has
available for use in the solution of the problem

P(v(t) = v, |u(t) = u, s,) (2)
for 4 =1, 2, eeeyer k=1 2, «eeB, 1 =1, 2, ...,8. Measurement value
uncertainty, i.e., noise, enters through this probability. The exact
manner and the significance of considering this noise is shown in Appendix

A. Similar to the above definition vt is defined as

Vt = (v(t), v(t-l), ecoy V(l)] (3)

6: the sum total of information known about the unknown pattern
prior to the taking of any measurements.

Using these symbols, it is now possible to express -the initial prob-
ability that the unknown pattern-lies within the 125 pattern class as
P(s;, O | ). After t-1 measurements have been taken and the corresponding
measurement values observed, the prior probability at time t would be
P(s,,t | u®%,v*",0). similarly the posterior probability would be
P(si,t | ut,vt,e) and they are related through Baye's theorem.

Plu(e), v(t) | 5,,u",v*"L,0] pls,,t | u*L,v* L 00

t-1
N

P(si,t | ut,vt,a) =
o]

EaPlu(e),v(e) | g, vt 00pts 6 | 0, a3
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Through this equation the posterior probability of ome class 5y is
related to the prior probability of each class sj, Jd =1,2,ee4,0. As
such the complete set of posterior probabilities at time t,

t_t t . t | S
P(s,t I u,v,0) = [P(Bl,t I u,v,0), P(Baxtl u,v,0),

cees Blsgut | u%,v5,0)) (5)

is related to the complete set of prior probabilities at time t,

t-1 _t-1 -1  t-1 L =
P(s,t I T,y ,0) = (P(slxt ! o, v ,8), P(saat | u l:Vt 1:9);

PR P e e )

By considering the set in (6) as a point within a probability space’ of
priors at time t and the set in (5) as a point in a posterior probability
space at time t, equation (4) can be considered as the equation describing
the transition from a point in prior space to a point in posterior space
caused by taking the measurement u(t) and observing the measurement value
v(t).

For any given kind and value of measurement, there would exist in the
posterior space a unique point for every given point in the prior space.
The opposite statement would not be valid since many points within the
prior space could be transformed with the same kind of measurement and
measurement value into a single point within the posterior space.

If these prior and posterior probubilities are quantized into ©
levels, each @ dimensional probability space will be divided into £ small
regions called bins, where

=2 ¢
ik R <1ﬁ;_1> (7
1=0

(For a problem containing three pattern classes and each probability
quantized into eleven levels, the resulting binned probability space
would be as shown in Figure 1). Associated with each of these bins will
be a set of @ probabilities given by the coordinates of some interior
point. e

Designating the set of probabilities associated with the ;jg posterior

'A probability space is defined such that for any point within that
space (1) every coordinate is less than or equal to.one and greater
than or equal to zero ard (2) the sum of all the coordinates is equal
to one.
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. £t t t
PJ(S’t ' u,v,8) = (PJ(‘l’t! u,v, 8), Pj(sz:t i wsv ,0),

cee By(ag, t]u",v%,0)) G)

and the 12 prior space bin as Pi(s,t | ut'l,vt'l,e ), the action of taking

a measurement u(t) and observing a measurement value v(t) would now cause
a transition from a point within a prior space bin, P, (s t]u® l,vt'l’e),
to a point with:i.n some posterior space bin, P.(s,t h ,v ,8). Defining
P[PJ(S:t | u Vv ,9)] as the probability that jiB posterior space bin is
reached after t measurements, it can be expressed in terms of
PRy (st [ 0", v h0)] vy
i wi g | A
Pl Py(s,t | uyv'0)] = (2 E )

P[PJ(B,t l u(t) = 'llk,V(t) =, Vs ut-lxvt-l,a) l u(t) = uk,Y(t) = Ay

By (s,t | ut-l, wers

Plu(t) = u | (st | u*L,v* 20 ) (9)

Plv(t) = v, | u(t) = u,, (s, | u*,v",0)]

P[Pi(s,z,t I “t-l’ "t.lne)]

The conditional probab'iuw
P[P (s,t ] ot ,v ,8) | u(t) = L v(t) = v 2Py (s,t | ut'l,vt'l,e)]
used in equation (10) is defined in the rouowing manner:

t-1 t 1
PP (5.t | u®,v5,0) | u(t) = uy v(t) = v, By (st | 0", v"H0)] = 1 (10)
if for each 5_, 2 = 1,2,,..0
PJ(sz,t | ut,vt,e) 2
=1 t-l t-1 t-1
Plu(t) = uk,v(t) =v, | U,V 6] Py (s tlu v, 8)
a
t-l t- t-1 t-1
z P[u(t)suk,v(t)=v‘|sw, v 0] Py(s, i )

w=l
i.e., the @ values which the right band side assumes us L8 1,2, o v
lie within the J— probability bin, and, equals zero if the u(t) = w
and v(t) = v, does not transform the state of the system from the
12 prior bin to the FL posterior bin.T This definition follows from
the requirement that Baye's theorem gives the relationship between the
prior and posterior probabilities. -

tSome of the original work in using this expression was developed with
the help of Mr. Jay N. Burns, Columbus Division, North American Rockwell
Corporation, Columbus, Ohio,
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This expression can be simplified by defining the tensor elements

msm = PPy(s,t | u(t) = wv(t) = v vt L)
lu(t) =, v(t) = v, 1(a,tlu“'l 1) (1)
(1) = plv(t) = v, | u(t) = u, B (st | w¥L,vtL,0)) (12)
ri(e) = Plu(t) = u | By (s,t | u*2,v"0)) (13)
x,(t) = PLPy(s,t | ut,v%,0)]
y,(t) = PLR (5,8 | u*L,v"d,0)] ()

If one assumes that no additional information is obtained between the
measurements at times t-1 and t, then the prior probability at time t
equals the posterior probability at time t-l1l. Using the above definitions
and assumption equation (9) becomes

T
xy(0) = 2\ E 8 i) x ) (15)

Suppressing the summation signs and letting the ‘mere existence of the same
script appearing on different -levels imply that a summation is to be taken
over all possible values of that script, equation (15) becomes

x,(6) = m3™a; ey (e)x, (*1) (16)
This dynamical equation describes the changes in the probability that the
system is in each of the £ possible bins or states. The problcm has there-
fore been placed in the format of a stochastic finite state system.

The Performance Functional

The selection procedure of determining the best measurement sequence
is to be based upon a minimization of a performance functional which is
equal to the expected total cost. For this problem this cost expression
would be equal to the sum of the following terms:

1. The sum over all time t = 1,2,.00t, Of the product of the cost
of each measurement at time t and the probability that it was
taken at time t,

2. The product of the cost incurred if an incorrect terminal
decision is made and the probability that a terminal decision
will be made,

3. The sumover t =0, 1, 2, ... t, -1 of the product of the cost

f
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incurred if a prematice decision is made at time t and the
probability that an early decision-is required at time t.

The numerical value of these incorrect decision costs can be determ-
ined from a loss matrix where the £J term of this matrix, I.”(t), equals
the cost incurred if the decision placed the unknown pattern in class £
when the actual membership was in class j and this occurred at time t.

The expected decision cost incurred if the system was in state i at time

t, i.e., the 1.E set of @ probabilities has been reached at time t, and

the decision was to place the pattern in the !t—h pattern class would be
a

1°r'l(t) = Lyy(e) Bylsyt] ut,v%,6) (17)
Given that the system was in state i at time t, the best decision would be
to place the pattern in the class associated with the minimum expected
decision cost, i.e., choose the membership to be with the class £ * where

o) s mn L) (18)

Since the set
t _ t t
(P, (s),t B el P(sy t | ut,v%,0))

has been defined, i.e., the :I.E-l-l- bin is composed of a particular set of

probability values, the j‘,z'l'l(t) value could be calculated for each bin
in the space. The ¥ for each bin would then correspond to the pattern
class to which the system in state i should assign the membership of the

unknown pattern if a decision was to be made.

The value of :f:i*(t) for t = t, would be the expected terminal loss
due to an incorrect decision given the system was in state i. Multiplying
this by a desired probability that a terminal decision is to be made,
p(tf), the variable et can be defined as

i L
e =p(t,) L, (t,) (29)

i’zi*(t)’ for t # to, 1s the expected 108s encountered if a premature
decision is to be made at time t. If the probability of a desired early
termination is given by p(t), t =0, 1, ... tf-l, then the variable di(t)
can be defined as

i

() = Ly (t) B(t) (20)

Using these cost expressions and the symbols defined above to indi-
cate the probability state at each instant of time and the measurement
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used, a mathematical expression of the expected total cost would be
i s i
J=e xi(tf) + tEO [e™(t+1) r{t (t+l)xi(t) (21)
+ a(t)x (v))
EXTENDING THE MAXIMUM PRINCIPLE

TO THIS PATTERN RECOGNITION PROBLEM
The Maximum Principle for a Coefficient Type Controller

Following the procedures of Katza and Jordan and Pohk6, the Hamil-

tonian for this problem is

HIMt41), x(8), r(6+1)] = A (ean)my ™ a; o (ean) oyt (1), (8)

+ F(ean)rpt (ba)x, (8)+ad (£)x, (£) (22)

where A(t) is a ¢ dimensional adjoint vector which varies as

a(t) « %(?7 - 7\J(t+1)m3mq2n(t+1)rii(t#l)

+ ck(t+1)r;‘1(t+l) + a(t) (23)

The terminal constraints on this vector are

& Tng ko Doy (21)

)\1(1'.1,) =e ‘
These authors have proven that in order to minimize the performance func-
tional in equation (21) subject to the dynamical equation constraint,
(16), one must choose those values of rl'(i(t) at each time step such that
H{A(t),x(t-1),r(t)] is minimized.

Now Kashap7 has proved that the set of allowed values of r"‘i(t)

which do satisfy the minimization requirement of the H[A(t),x(t-1),r(t)]
are the values zero and one, i.e.

S e (25)

0 for kfk*
where k* is the appropriate k which causes H[A(t),x(t-1),r(t)] to be a
minimum. This means that the optimal solution agrees with a general con-
straint that only one measurement is to be taken at any specific time.

The solution of the two £ dimensional difference equations (16) and
(23) is to be based upon a backward calculation procedure and the optimal
value of ri'(i(t) ¥ i,k,t will be found by choosing those values which
minimize the Hamiltonian at each time step. The specific procedure to
be used is described in the next subsection.
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The Procedures for Determining the Optimal Sequence
By defining the function g *(t+l) as
¢E(ta1) = »’(m)-'”“ 5 (e41) + E(ea) (26)

The Hamiltonian becomes
H = gi%(te1) n (t+1)xi(t) + at(t) xi(t) (27)

Since Kashyap proved that the optimal values of r (t+1) are zeros and omes,
the minimum value of H would be obtained if for each i, 1 =1,2,...¢

a4 §
Ty (t42) = {cl> o Skt (28)

where k* is defined from

A" (441) = min gi5(t+1)

keni(t)
=min  [A(t41) n‘““ q; (t41) + (t41)] (29)7
kemi(t)
mi(t) is the set of values that k can assume with the system in state

1 st time t. This o,(t) is included because the values of the msm and
q;ik can change depending upon the nature of the measurements being con-
sidered, i.e., is the measurement being taken for the first, second, or

nt—h time.

The basic procedure therefore becomes
1. Initially calculate A (tf) from

M(t,) = & (30)
2. Iteratively calculate for t = tf, tf-l,...,l
AK*(t) = min [ (e)m3 g ¥ (t) + (1)) (31)
k= mi(t)
rit) = {(1, -y ‘ (32)
At(e-1) = () + a*(e) : (33)

i= 1,2, aoog

Since the procedure used in determining the r (t) values, ¥V i,k,t,
involved a backward calct&atlbn, the tme set of measurements available

fSItmtions can arise when the speciﬁ.cation of just the state of the
system would be insufficient to completely specify the set of available
k's. In such cases either previous states in which the system was loca-
ted or some other specifications can be used to correctly label the set.
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at time t, i.e., ﬂi(t) » would have been dependent upon the measurements
used at all times t°, 1< t" < t. As such if one had previously determ-
ined that the measurement up € ﬂi(t) was the one which was the optimal
measurement if the system was in state i at time t, the iterative nature
of the problem solution would require that a reconsideration be made of
this optimal measurement if a measurement u was found to be optimal at
a time t° < t. This reconsideration would be necessary because the set
of allowed measurements at t would have to be changed, i.e., Qi(t) would
no longer contain u but would contain \:E. instead where ""E’ indicates
the next measurement of that feature.

For this example consider the case where wu:- taken at time t°< %
was the first measurement of the Xl feature of the unknown pattern.
Then at time t a first measurement can not be taken of that k-2 feature
because a measurement of that feature at t would truly be the second
measurement of that feature. For this example the set of measurements
allowed in the reconsideration at time t would be labeled ﬂi(t) and this
revised set would equal the set Qi(t) less the measurement \tﬁ(t) plus the

measurement \:E,(t).

There are two situatims'which can arise in this process of recalcu--
lation, eithgr X=Kork#HK. Forthe former case one would need to
calculate g (t) and compare it with the values of g (t) determined pre-
viously for all the other k's in mi(t), i.e,, for all kemi(t), k # k. The
optimal w to be used at time t and with the system in state i would be
the measurement corresponding to the k* which minimized g (t) with
kew i(t). For the case when k # k no recalculations would be necessary
for the problem. This arises because the total cost incurred when a
second measurement is taken is more than or equal that 1ncurred when the
first measurement is taken, and since g (t) was less than g (t) by the
original minimization criterigm, g (t) will also be less than g (t)
Therefore a calculation of gn (t) would not be needed nor a second com-
parison among the gn(t) for kew”’ 1(t); the optimal measurement for the
system in state 1 at time t would remain as . If the problem was changed
so that the cost of taking a measurement did vary as to the number of times
it had prenously been taken, a recalculation of gik (t) and recomparison
among the g (t), kemi(t) would always be necessary.

COMPARISON WITH A”' EXHAUSTIVE SEARCH TECHNIQUE

The number of basic calculations, i.e., addition and multiplication
operations, required to determine the best sequence via the Pontryagin
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approach is dependent upon the results of the step by step process.
Recalculation of -some of the gik(t)’s and ?\i(t) 's could be required under
certain circumstances. As such there would be two extreme cases that
could arise, the case where no recalculations would be necessary at any
time, and the case where a recalculation would be required at each time

one could occur. Defining u as the probability that a recalculation would
be required at any given time one could occur, an upper bound on the total
expected number of basic calculations needed to determine the best sequence
would be

np’u = n§(357u +B +1) + (1/6)!457M n(n-o-l)(n-l)(37M +8 +1) (34)

Until the introduction of optimal techniques to aid in the solution
of this problem, only an exhaustive search technique was available wherein
all possible sequences of measurement would be considered and the one
giving the smallest total cost would be chosen as the best sequence. 1In
comparing these two techniques the probability space is assumed to be
quantized in the same manner and the same cost expression and transition
equation is used. The number of basic calculations required to carry out
this procedure would be

Ny = B7[2(n+1) (§+41)-1 +nE (€ + 7)) (35)

It can be shown that NP " is less than NE for at least all possible
b
combinations of the following values of the parameters: 1< £ < 500,

2<Bp<10,2<n<B, 1< 7M< 10. Table 1 gives the values of NPH
» ’

and NE for a representative type problem where there are two pattern
classes, the probability values are quantized into eleven levels, four
kinds of measurements can be taken with a maximum of three possible
measurement values observable for each kind of measurement, and a maxi-

mum of three measurements allowed to be taken.

CONCLUSIONS

The basic problem of determining a best measurement sequence based :
upon a minimization of a prescribed cost function has been solved using
a discrete version of Pontryagin's Maximum Principle. It has been shown
that by using this technique a significantly smaller number of basic
arithmetic calculations are required than that needed by a brute force

7M = max 7k’ n = number of measurements allowed i.e., n = tf



approach. Since this basic problem in pesttern recognition is common to
many other areas within general decision theory, this new technique holds
much promise in the savings of time and money in solving for the best
selection sequence of gathering information.

Examples of the types of problems in which this technique can be
applied are found in a wide range of fields. The decision of which new
type of consumer item should be manufactured would need to be based upon
an optimal gathering of expensive information about the buying public.
The technique described above would prescribe the best sequential order
that such information should be obtained. This technique could also be
applied in a school testing procedure wherein the correct classifics  on
of a "student" can be made with a minimal expenditure of effort. Another
direct application of this procedure would be the initial programming
of the seq@nce of measurements to be taken by a device which would recog-
nize patterns.

Table 1
Comparison- Between Approaches

| ; Rumber of Arithmetic
E(\ppx-mcl'u‘:s Calculations

|
Pontryagin Maximum Principle

With no recalculations 1,353

With the maximum number of X 3,201
recalculations

With recalculations occurring 1,815
with a probability u = 1/B

Exhaustive Search 36,6u8

Problem Constants @

=2, 5=1,
| B=h,7M=3,n=
e

3

" APPENDIX A - NOISE CONSIDERATIONS

The form of the noise considered is a probability, P(v‘ | v.?, “’k) 3
over the range of possible measurement values that could be observed
given the correct measurem=nt value and the kind of measurement, i.e.,
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the noise in the measuring instrument is considered. It is assumed that
the probability P(v, ‘| "k"i) was previously -determined.
Plv(t) = v, | u(t) = u.,8,] can therefore be found by

Plv(t) = v, | u(t) = u,s,] =

4%
& RO lvys w) Plvy luy,s)) (a1)
Since real world problems include such noise, a useful decision aid-
ing procedure must consider its effects. One of those effects is the .
change in the measurement value probabilities as indicated above. How-
ever the most significant effect is the fact that repeated measurements
can give additional information and therefore the capability of repésted
use of all measurements must also be considered.
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CXOZMMOCTD ANT'OPMTMOB OBYYEHMA U
AZATITALN

J.M, BpaBepuan, B.M.JluTBakos
HAT/TK/
Mocxsa
Ccccp

I.BBexnennme

[Iponezypn Po66mHCca-i0HPO METOZA CTOXACTHUECKO ANIPOKCU-
Maunun [I] ,[2) s QITCODUTMH, MMOPOEZ3EMHE METUZOM MUTEHIValb—
HEX QyHKUME NIpM pSUEEMN aNNpOKCHUMADHOHHHX 3akay [ 8—'?] u
HEKOTUpHE HHHE, ONU3KKe II0 XapaKTepy MPOMEeZypPH NPUBOAAT X
P3ICCHOTPEHUR CIHyJYaiHHX NOCAEZOBATSABHOCTE# M7 —MESDHHX BEK-
TODOB }"-:(y,';'?,", 7;) , ONMpeZeNAeMHX DEKyppeHTH:HMU CO-
OTHONEHMUAMM BHZA

¢ oy (k¢ 757 MU0 s Rl

rame X" - cayualiuuit BekTOp, MOABAALUMICA HA KaxZOM Ware B
COOTBETCTBYN C HEKOTODHM HEM3BECTHHM 32paHEE JCIOBHHM pac-
npeZeneHNeM BEDPOATHOCTH p(X'/ ") , fIBHO HE 3aBUCAINM
or n, % (x} 5 ) - HEKOTODHE LETEPMUHMDOBAEHSE (FHKULN,
a Y, - UleHH YMCHOBOH MOCIHE]0BATSTBHOCTH. ™

HKoHKpeTHHE anropuTiH, cBOZAumeca ¥ /I/, OTAMYAKTCH BH-
ZoM Qyskumii ¥ M 4ucu;OBOl MOCIEZ0BATE IBHOCTH Yo . UGHuU-
EO B aICODUTMAX TaKOro poZa ¥  HEKOTODad MOCHEZOBATENB-
HOCTh HEOTDPMUATENBHHX YuUCEeN, YZOBJIETBODAKNAA YCIIBUAL

PR e /2a/

x/ Ha cBs3® mpouezyps Pod6urca-iloHpo ¢ mpouexypauu MeTO-
Ja MOTCHUUAABHHX UYHKUMY BNEDBHE OODaTHUN BHHMAHUE 1.,0.LHI-
kud [8). UH ze moxasan [9) ,uro npomeaypa Tums /L/ uoueT GuThH
MCIONb30BaHa A DEleHyMd WLMPOKOPC KjAacca 334ay Teopuy azanra-
oun % o0yvuesnd MauumH., OCEHOCTH METOZOB ZOK33aTENBCTBA CXOJU-
MOCTH NpouezypH PoOGOGMHCa-iioEpo i NpomeZyp MeToZa MOTSHILAIL—
HUX QyHEUu# OHlIa OTMEUEHA B %IO] .
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PR AR /26/

B HEeKOTODHX CIy4afiX,04HaKO, ycnoBme /26/ MOXeT GuTH 3aMEHEHO
6onee CJa0HM yCJIOBHEM

Iim §,=0 /28/

n —o

/cu. ,Hanpuuep, TeopeMy Yil macroameli padoT/.

EcrecTBeHHO, BOBHMKAET 334aya 00 yCTAHOBIEHMM KPUTEPUER CXO-
IVMOCTH CIAy4YaiiHOil TMOCcIeZOoBaTENbHOCTH ;}’ ;f % ;0 , TMo-
pozzaemoit mponezypoii /1/.

B paszene 2 macTonmell paGOTH yCTAaHABIMBAKTCA ZOCTATOUHHE
JCIOBYMA CXOXMMOCTM CIyyailHHX NpOLECCOB, MPMMEHNMHE, B YacT—
HOCTH, K Nponezype /I/. 3ty ycnoBus QupMyIMDYRTCH B ClEAyl~
INX TeDMMHAX. BBOZNTCH B pacCMOTpEHME NOCIHEZOBATEIHHOCTH Ze-
Te PMIHMPOBAHHHX (Y HKIKik

U S - 320 Ly v y)20 /5

oT, BOOGIE TOBOpPH, BO3pacTapmero ¢ pocrom /2 umcia BEKTOD-

HEX apryMeHTOB y‘.-: ( ?; P y;)' },'; .y ABIADIMXCH peanusalu-

fME CIy4aiiHOrO Iponecca 5: L a . JcTaHaBIN~
AT e

BaKTCA TAKHE COOTHOWEHHA AJf ‘&)ymcunﬁ Un u Va  BHIOJ-

HANUZECH B CHIYy CBOIHCTB cilyuaiiHOro mpouecca ’;a":-" % 3
KOTOpHE TapaHTUPYLT CTPEMACHME K HYJD B TOM MIM MHOM CMHCIE
/"no BeposiTEOCTE", "HmOuUTH HaBepHOe" miy "B cpexHeMm"/, mO
Kpaiine#l mMepe, OZHO# M3 cayyaliiHHX MOCJEZOBATENBHOCTEH
U, u,.. U oo Vi, o). 1o J

[py mcnomp30BaHuK MOJYYEHHHX YCNOBMII CXOAMMOCTM B KOHKpET-
HHX 32Zayax yZaeTcf® MOZOOpaTh Qy:kuuu /3/ Tak, uUTO M3 CXOZAU-
MOCTH B HEKOTODOM CIMHCJE OZHO¥ M3 3TUX QYHKLUMA K HyJD clexy-
eT CXOZMMOCTH B TOML X€ CMHCHE CIyvaliHoro mponecca yjy)‘ )}‘,’
OnuT uCHONE30BRENS YKABGHHHX KDUTEPMEB CXOZMMOCTH IIDH pac-
CMOTDEHNN KOHKDETHHX 3aZay /CM., HANpHUMED, [4 —'7] / TOKa3H-
3aeT, YTO NMOZOOD TaKNX QYHRUYE BO MHOTMX CAyYyafX HE BH3HBAET
saTpyiHeEnii. Bo Bcex Teopemax paszena 2 NpeANoNaraeTcs, YTo
Qyuzuun /3/ 3 cumy cuyyalizoro mpouecca }/’ ;f ;I” y710B-

e TBOPSANT CHELYPLEMY YCIOBKD.

td
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Jenopme A: .ateMaTuueckue OZuZAHMS M{ ”f( iﬂ_}} M[ W {}')}
CYLECTBYRT u
MU (8. YN o FI (A ) Unly . )~
‘)‘,M,(%’}")-‘ 70/ W= & .. . /4)
rae );>0~u_/'4n - [OCHIeZOBATENBHOCTH , TAXHE, UTO

a/ é; Y. 2 oo
of -Z/ftf<=

a ‘}n - HexoTupas CiyuaiiHad NOCIEZ0BATENbHOCTE.
B fopuyne /4/ cmMBOX ”{ _} 03HayaeT YCICBHOE MaTeMa-
TUUYECKOE OZUZAHKE.

CaoiicTBa ciyualiH0u MOCIEZ0BATEIBHOCTH 7, 1 YHCJ0BOi
[0CISZ0BATEHBHOCTH X, JeTajiu3npywTCa B HauZOW U3 TEOpeM
paszena 2. B mpumereHUSX TeopeM pasZenia 2 K Ipouexnype /Ll/
ozasuBaercs, w0 Mf §af m /M»/ mpomopunvrizpEE  JF .

Jcnozsuejﬁsmecme C ZeTanmzaiueid CBOHCTB NOCIEN0S3aTEIBHOC—
reit y B Y» COCTSBISKT I€DBOE JCJHOBHE BCEX TEOpeM pas-
Zena Z. JTH TEOpeMH pa3MyanTCH, [0 CYyLEeCT3y, CBOMMH BTODH-
MU YCHIOBUAMY, yCTAHABANBAKLUMH ZOMONHNTEIBH:E TPEOOZ2HUA K
CBSBYM MEELY QyHKIUAMUA Zl.(},’....,}") i Va(},’ ./}"’) p
HOTODLIE BMECTE C MEepPBHMY YCHOBUAMH TEODEM ¥ NO3BOJAANT ZoXa-
3HBATH CXOAMMOCTE COOTBETCTBYLHMX CAydYalHHX MOCHIEZ0BATENb-
HOCTEN o

3TopHe YCHIOBMA TEOpeM pasZena 2 yAaeTCH CYLECTBEHHO 0C-
1a0UTH, SCHH TEM UNM HHHM CIOCOOOM JCTAHOBIEHA OLDaHMYEH-
HOCTH IIOUTH BCeX peanusauui ciaydvaliHoro mpouuecca },’ ?”

: -
Unpezenenme. locnezo0zaTelbHOCTS JyHKIMiL Z/,,(},( - ,7’7
Ha3:B85TCH OSCKOHSUHO-COABWOY, ecaM /Nk0ad NOCIEZOBATENb-
- ¥ N
, LIS XOTOPO# mpeZel ft_/’»ﬂ%(}/'}}
O CP2ENYEHA.
37en3 2 yIZaeTcHd NOK23aTh, YTO MOUTH
ainoro mpozecca ¥J.... %" .. agi-

eClill NMOCIEZNOEATEHBHOCTD {YHKINU Z{n
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He TOJBKO yAOBIETBODAET NEDBHM YCHAOBUAM STHX TEODEM, HO X
ABNAeTCA OECKOHEYHO OOJBILOi. MOAM@HHMPOBaHﬁHe\COOTBGTCTByMP
EMM 00pas3OM TEeopeMs 0003HAUAKTCA B TEKCTE DAOOTH TEM & HO-
uepou ¢ uAZeKcoM "a" /mampuuep, noZmdmrauus TeopeMy I Jury-
pupyeT B TeKcTe Kak Teopema la/.

Upeznaraemu B Hacrosmeidl paG0oTe MOZXuZ K YCTAHOBIEHUE
CXOZMMOCTH CIyYailHHX NMPOHECCOB GIMB0K N0 MAEE X MPAMOMY le-
rozy lsnyHoBa WCCIEZOBAHAA jCToﬁquzqqmn IBUEEHNA., B MeTOZE
lIany#soBa QaKkT ycTORUMBOC TH ycwanannnzée&cﬂ, ecim yraeTcH
N0ZOGpaTh HEKOTOPYD PyHKOuD $a30BHX KOODAMHAT, yAOBIETEODS-
LyDH yCUOBUAM, OGECHEUMBAKUMYM CTDEMICHHE €€ K HyID B NpONEC—
ce BO3MYLEHHOrOo ZBuEeHMA. Kax BuzHO M3 ycioBua A, QyHKLMH

U, n ); Vo  mrpant poms "oyexuun Janyeosa" z "ee mpous-
BOZHOII B cuIy npouecca'.

Cama mo cefe mzefl NMpuUMEHEHWA aHAJOroB MerToZa JAmyHOBa
A7A HCCIEZOBAHUA CXOZMMOCTH CTOXACTUUYECKUX NPOLECCOB MUCIONb-
30Bajack B [eiOu pfAZe paloT /cu.,aanpumep,l?l - I3 /. Ha-
crofAmas padoTa OTIMYAETCH TeM, UYTO yCAOBHA, HAKIAZHBAEMHE
Ha "Qyskuup JAamyzosa", 0TpaxanT CHENEQUKY CAydalHHX mpouec-
COB, MOpPOXZaeMux cooTHomemmamu /I/ u /2/ %/, WaBectHwe Teope-
un Bayua [2_] , UCHONB3yeMHe ZAf ZOK33aTEeIABCTBA CXOZUMOCTU
IponeAyp MeTOZa CTOXAaCTMUYECKO# allPOKCHMAUUE MMEKT TaKoil e
XapaKTep.

B paszene 3 oOlme TeOpeM: NpeZHAYLErO pas3zela KCHOJb3 yrT—
CA HEMOCPEICTBEHHO AJNA YCTAHOBASHMS YCIOBKH CXOZMMOCTH IIDOLE-
Zypa /1/. 3zmeck dopmynupyercs Teopema J, yCIOBMA KOTOPOH NG
CROEil opMe QHANOUHYEH TeopeMam Bryma [2_]. dra TeopeuMa,
n3 xcropoil pesynpraTH Bryma u E.I'.Tnazumesa IS] CIeZynT

%/ HempepuBHHM ZeTeDMMEMPOBAHHNM aHanorou npouecca /L1/,
/2/ chysaT ypaBHEHUA

o Y- e
:{'g{: )//1‘}‘75"(%--':?“)/ 1-://___//)7
IpU yCIOBHY

o Y()olt = o
Syt <= famy Cim YI=0O

g
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KaK YacTHHA clyyail, N03BOAANT yCTAHABAMBATH CXOAMMOCTE IpO-
nezypu /I/, npmMenseMoli Zis DelieHNA ypaBHeHW! pDerpeccum u
TOrja, KOrZa Heab3f [apaHTHPOBATH €ZMHCTBEHHOCTH pelleHUA
3THX ypaBEeHMid. Cirezypmas Teopema YI mO3BOAsET yCTAHABAMBATEH
CXOZMMOCTH Npouezypu /I/, UMCXuZA M3 MHHX CBOilCTB NMOpOEZaeuO-
ro mpouexypoit /I/ npouecca, HeEEN¥ TeX, KOTODHE MCHONB3YHT-
ca B Teopeme YI. HKpome TOro, B 3akilueHme pasZela 3 NPUBOZH-
rca Teopema JII, pacmpocTpaHAnmad pe3yabTaTH bayuMa u Ha TOT
clyuaili, KOrJZa MOCIEZOBATE IHHOCTH 36} , Qurypupybuas B IOpoue-
zype /1/, yzZoBmerBopseT He ycnoBuw /26/, a Gozee cnadouy yc-
noBub /28/.

2. UCHOBHHE TEOPEMH O CXOZAMMOCTH

PaccuoTpuy ciyuaifHuit mponecc B AMWCKPETHOM BpeMeru /2 ,

onpexensieusii ycnosHsM nioTHOCTAMM BepostHocTu fow (¥l %7)

noABIeHEA cayuaiinoit semmuumn ¥77 B #+7/
-uil MOMEHT BpEMEHM INDH y CAOBUM, YTO B MOMEHT i‘L-'-—- 2
clyuvaiiHbe BE/MYMHH IPUHUMAIM 3HAYEHUA 7}’ /}", s e 7" cooT-
BETCTBEHHO.

ZocTaTOuHHE YCIOBMS CXOZMMOCTH K HYAD MaTEeMaTHYECKLX
oxyZa Ui ”{ l/,,} i /'/f V:} mOCIeZ0BaTe bHOCTH QyHRUMi /3/,
3aZaHHHX HA CIAyYaliiHOM I[IpOIecce 55(.”,521_. , ycra-
HaBinBapTcH Teopemamu L u [l. B cully HEOTpULATENBHOCTM BEIN-
ung U, v Vs  oTCHZs cleAyeT OveBZHEM OGPazOM U CXOZU-

MOCTH 9THX BEJIMUYVWH.K HyJAW IO BEDUATHOCTH.
n

Teopena I. Ilyors 3aza® chyvailxedl mpomecc y,'.. s % it
NOClieZ0BATEABHOCTE CHAIApHHEX QyHKuu#t /3/, y#OBIETBOPARLIX
yCIOBHAM : :

I°. ycnommp A, mpumueM

Low'ts =05 2 M Jaf £ 57

n —» Qe

20, M i /;,’.../j’géoﬁ%)%@,f-.}7*5’%*?.

rze ﬂ i B = HEKOTODUE KUHGTAHTH, a é, 20 - Taxad
clyyaiHad NMOCHEZOBATENBHOCTH, YTO

Smhy <
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Toraa
il v}=0

i NOCJEZO0BAaTeNBHOCTD CAy4YalEHX BeAUYMH Vn CTPEMUTCA K Hy-
70 00 BEPOATHOCTH mpm /7 —= =< .,

Ipr uCCHeZOBaHMM KOHKPETHHX IDOIECCOB OKA3:BAETCH, UYTO
BEJINUMHH j 4 s DUCYDHPYKUNE B yCIOBHY 20 TeopeMy I,
ABNADTCA HE KOHCTAHTAMM, & HEKOTOPHMU OYHKLiAMMA 7;. &F 7,",;

5 4 ”

Jﬁ:ﬂ//;?y) B=5./7,.--,})

U7HaKO, €CJH yZA3eTCA U3 KAKuX-In60 COOOpaxEeHnil ycTaHOBUTH
OPPAaHNYEHHOCTH MOCIHE ZOBATE IBHOCTEl /0 n Ba ans noutn:
BCEX peaznm3anuii ciayuailizoro mpouecca, TO CXOZUMOCTH \4 1o
BEDOATHOCTM K HYIR MOZEeT OHTH ZOKA3aHA ¥ B 2TOM CIyuae.
OrpaENYEHHOCTH E€ MOCJE0BaTE bHOCTER .ﬁn u B, uozer
CIeZoBaTh, B YACTHOCTH, M3 OCPAsMUYEHHOCTM peaxmsauuit ciay-
yaliHoro mpunecca. JCiOBUE, [apadTUPyLUee Ol DaHMYEHHOCTH MO-
YTy BCEX peaaMsanmi ¢ ayuaikHoro npoueccaO}/', Y -
KaK yike yKasuBaXochk B pasjene I, MoryT OHTH BHpaxeHH B {HOp-
e OrpPAHMYEHWA HA BUZ NOCICSAOBATENBHOCTH QyHKLU

Z{, ( },’ TR 37 . llMeHEO, ZOCTATOYHO NMOTPe60BATH, UYTOOH
N0CiIEeZ0BaTEABHOCTE %, Ouna OEeCKOHEYHO OOIBLOLE .

Teopema la: Iycts Qyrkumuyu /3/ yZOBAETBOPAKLT YCHOBMAM:
I°, ycmosmp A, nmpmueM

’&.mx' '-':0/ ;M{ 7”}<oo

VR ad

w0, Wiyl y)< e Ay YRV B gV
rze A (/’/") v B, (},’... }7 - QVHKUUE ,KOTODHE ZAMS k-

Coif OrpaHMUEHHOI MOCHEZOBATEIBHOCTH }/’_,._}; /]-/46’{&;,,_/»)

1QXOPAPYRTCH KOHCTAHTAME _ﬂk) n B(R)
COOTBETCTBEHHO, & 7, - CcIyuailHas nocieZ0BATEIBHOCTH, Ta-
Kaf, 4TO

SMib] <=

3, NocnezosaTepE0CTE (yHEIN Z/,, /;,’ A }") - OGECKOHE-
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yHo Ooibuaf.
1orZa mnocfieZ0BaTEABHOCTE CAVYAliHHY BeaudnH V; CTpeMNT—
CHA K HYJI®N O BEePOATHOCTU IIpH H —> o=

P
Ve —=0
B gopuymuposke TeopeMw I TpeGoBarME CXOZMMOCTH DAZa

ad

%; ’7{ }nj ABIAETCA CylieCTReHHNM. PopMynmpyeMas HuZe Teope-
ua [I mossoageT 0CIAGHTH 3TO TPeGOBaLWE 3a CUET CYyWeCTBEHHO-
ro0 yCUAEHHS YCAOBUA 2° reopemu I. Orxas B msopeme I 0T TpeGo-
BaHMA CXOZMHMOCTH [HAQ ,$Eﬁ1ﬂth) M03BOJMUT B ZaibHeilueu
/cu. TeopeMy JiI/ 0THazaThCA B HEKOTOPHX CIyuYadX OT TPeGOBAHASA
/26/ B anropuTMax CTOXaCTUUECKO: ANMPOKCUMAIlMK, 33MEHWB €0
TpedoBadneM /28/.

B orimuune oT Teopemu I B Teopeme [I yTBepmzaeTca CTpeMie-

HIE K HyaID IOCAeZ0BATEIBHOC TH 6(1 , a He ML A

Teopema II. lycTs QymxuuM /3/ yZOBAETBOPAKT YCHOBMAM:
I°. yczoBmw A, mpuuem

€Et::£5::(7 " A{{%:ku;:rcxlaav ‘fi?::gg_=£7
29, cyuecTsyeT Takasd KOHCTaHTa /))0 P L s
Valgh-08") 2 A (s, 8"
Cim M[u.L} =0

N = oo
1 NOCJEezr05aTeilbHOCTH cnyqaﬁﬁmc BEJIAYUH u'& CTpeMuITCA K HY-

1D 10 BEPOATHOCTH HpH h — <<=,

{lepeitzlen Temeps K yCTEHOBJIEHWE JAOCTATOYHHX YCJAOBHU CXO-
4UMOCTM "mouTu HaBepHoe". Cgopuy:mposaHHue Hmxe Teopemy L,
I a u IY mokasuBawT, UTO HEKuTOpasd MOZubuKauuf yCcIOBuI TEO-
peu I u II mo3BoaseT yCTAHOBZMTH HE TONBKO CXOZMMOCTE MO BE-
poATHOCTA , HO M "mouTu HaBepHoe". [Ipm aTOoM, OZHAKO, B yC-
nosuAx Teopend U, Il a rapaHTmpyeTcs CXOZUMOCTR MATEMaTHIEC-
KUX OXuZaHui M{ L{f auuws npu B < { , a B ycnomufAX
reoper 1Y, I a, CXCZMMOCT MATEMATHIECKUX OxuZaHME BoOOHe
He PapaHTHp/eTCH.

lrorza
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teopeda I, MycTs Qyrruur /5/ yZOBIETBODPAKT YCAOBUAK:
I°. ycuosmm A, Ipmueu
Cim S
e S )2 2
n—-=> oo ¢ n

2%, Ha mouT: BeeX pealM3aAUUAX cuyvallHoro mpoinecca, Zus

KOTODHX &;.M_Vm_- O mueer uec0 Liwy (L, =0
noe oo N o
lorza OpH N ->oo 10 CHEZO0BATENBHOCTE CllyualiiiX BEANULH CTDC-
UHTCH K HyID MOUYTH HABEPHOE:
n. 4.
LAy 20
u, KpoMe TOr0, NpH JHOOM /b<1

born M Wy t=0 /6/

Teopeua lla.llycrs ¢ynxmuu /S/ yZOBIeTBODARNT YCHOBMAM :
I°, ycnosup A, mpmuem

ﬁfi\—%’—’O, f”{tn’}< o

20, Ha BCei OrpAHNUEHHHX NOCAEZ0BATEHBEOCTAX, AIA KO-
ropx  lm V=0 mieer wecro Cime U= O
o

30, nocleZ0BaTEIbHOCTD QPyEKIuil u (# (o ; ) - GECHO-
HEYHO OOJblaf.
lorza npE b = o= NoCAeZ0BATENbHOCTH ClyYyallHHX BEIMYUH
CTPEeMUTCS K HyND NOYTH HABEDHOE M, KPOME TOrO, IpPH JIHOOM ﬁ<

Cim M{UE

n—>agp

licmompays Teopemy I, MO®HO ZOKa3aTh CXOZMLOCTD K3BECTHOIO
npounecca A.llBopenxoro [14] Ilpy aToM ycranoBlieHUE TOrO
()aKTa, 4TO MOZHO BHOPaTh QYHKUIHN L{, ) V,L s YZOBIET-
op Toupe yeaoBlsM Teopemy I, He cB3aHO C aHAAW30M paccMaT-
nHEaenoro cayualisoro mpoiiecca, a TpeOyeT IuWb aiaredpanuec-—
REX Npso0pasosanli. AHANN3 Xe CAYURAHOrO IpoLEecca LemKoM
"GepeT Ha cels" meopeua L. B T°opeue IBopeunxoro, paccuarT-
bussercs cayualisu? mpouecc JC, . ..,:(" .. U JOKa3sxBaeTCH

2"

[0 CXOZII0CTH Kax MOUTH Ha&BEpsOEe, TaK M B CpeJHEM KBaZpa-

=
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~X?2;z62 G p1é(/42ﬁd?: 0 ap Bt
n- oo
Mpurerenns Teopems U mo3BomAeT Z0OKA3aTh HECKONBXO GOJNee Cla-
6oe yTBEpxAeHHE
\xh’ n.K ﬂllﬁ, /11[/1&//3} %) npu 1042
N roo

/enyvait p = 2 coomsercmnyem‘/5'= I B Gopuyme /6/ /.

Cnezynomas Teopema IV BechMa ONM3Ka MO CBOUM JCIOBHMAM X
reopeMe 1, HO, B OTiIMYNE OT Hee, COZEDPEMT TpedoBaigme vl Orpa-
HUYEHHMN POCTA MOCIEZOBATENBHOCTH 4. /ycuosus 2°/ me B cum-
Cle MaTEeMaTHYECKUX OxMZaHMi, a HA MOYTH KaxZoil DeaNM3alui.
370 ¥ MO3BOASET JCTAHOBUTH CXOZMMOCTH X HYAW IMOCHIEZ0BATE IHHO-
cTM )f,_ 1OouTH HaBepHOE.

Teopema LY. UycTs JyExumm /3/ yAOBAETBOPALT yCIOBMAM:
I°. ycmosuw A, mpuuem

Lime Y=o Z;:”/"/{gm}éoo

h —> 00

29, ans apéora J'>0 HaliZeTcs TaKoe MHOXECTBO peald-
3aunit cryvaiizoro mponecca yf, ‘," - BEPOATHOCTH HO-
roporo Gomsue I-6 u maiizyres TaKH?ROHCTaHTH Ap 29 nBp20

, UYTO Ha 3TOM MHORECTBE peaimM3alnuil BHIOIHEHH HEpaBeH-
cTBa
Ve S (1 Ap e Wi +Biffn + 70 7/
o2

rZe {w — NOCHeZO0BATENBHOCTH TAKWX YKCEN, 9YTO fofkb

cxozurca. Torza opn Aa—>o< HOCJIG,.{OBGTGJII:HOCTB CliyuaiiHuY
3C€JNYHH Vh, CTPEMUTCA K HYJID IIOYTH HaBepﬂOG.

S. JcnoBmA CXOZMMOCTM Npouezypr PodouHca-iozn
Me TOZa CTOXaCTHYECKOil ammpoxeumanyn

B HacTOAWEM pa3Zelde DPe3yAbTATH NpPeAHAYLErO pasfela Iic-
MONMB3YWTCH ZJIA YCTAHOBACHMA ZOCTATOYHHX YJCIOBUl CXOAUMOCTH
npouezype Pocounca-llonpo. Hak mssecTrHo, 372 nooue;Jo 33
U3eTCHA B MUCTPOEHMH NOCACAO0BATEIBHUCTE BEKTODOB ?; y'
yZosncrsopsbpuelt coorromenub /I/ , u mpeArasHavaeTch INA ;e
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LEHUA CHCTEM: ypaBHEER! DerpecCHE

e { B2, 8 9 F0 it

rzze X - cryvaliHad BeaMuYMEA C (JUKCHDOBEEHOW, HO Hel32ecT-—

HO¥ GysEKmueit H/X/yj paclpezeNeHus BePUSTHUCTY /OHTE MOZET,
sapucamel or ¥=/% ... %,) ,acmson A, {.§ osia-
yaeT MAaTEeMaTHUYECKOe ORUZAHNE IIPK KaxA0M (QUKCUDOEEHHON BSKTO-
re¥=/Y,....Yn) - lpu 30 FOBHRKAST BAaYA yCTa HOBIGHNA
CXOZMMOCTH B TOM MIN NHOM CMHCHE CiyualiHoil IOCIez0BaTeiIbHO-
CTH ,’,.. j}’,‘: K xopasM Y* cucreus ypaBHeEwmit /9/.

HpHBOZIMﬁHE Hnze Teopem J - VI o6Go0makT ¥ ZOMONHSNT M3-
BECTHHE pEeSyABTATH /CM. OUOIMOrpadul B [ 17_7 /s yCTaHABIMEBAK-
mye yCHOBMA CXOZMMOCTH. leopema ¥ oxBaTuBAaeT pe3yaAbTaTH bBiy-
ua [2]14 E.l'.Taazzmena [IS_] , DacmpocTpaHff MX, B YaCT-
HOCTH, Ha TOT clIyuail, KOrAa peliekMe ypaBLeHM{! PErPECCHHM MO-
@eT OHNTH M HE €ZMHCTBCHHLM.

Teopena Y1 Tax®c ycraHaBAMBAET YCHOBHA CXOZWMOCTH Mpome-
Zypu /I/ B ciyuae, KOUZa €ZKHCTBEHHOCTH pelie HMF CIHCTEMH
jpaBHemuit /9/ He MOEeT GHTH PapaHTMDPOBaHA. JTa TEODEMa Mie-
eT HEeCKuJIbKO MHO# XapakTep, HexeiaM TeopeMa ¥ u HE MOXET OHTB
noNIyueHa U3 Hee.

Teopeua VI mogumumpyeT ycmoBus TeopeMu ¥ ZAf clyuad,
KOPZe OOCHEeZ0BaTENbHOCTD /h. , durypupypmas B /-/, He
JZOBIETBOPAET ycIOBUME /2G/. _

Crexys BayMy, BBEZEM B D2GCHOTPEEN: HEOTPULATEIBHYD,
ZBaEAH HENpEDHBHO IN(epeHINpyeuyn (QYHEKIND Z//J/ u QyHK-

i Vi) =- M, {;”” é)—;/ %J/}//]/}
Wi (5) = . {5 55552 T

E=y+0f 7%, 57

KOTODHE MPEZNOJEIlaRT CA CYLECTIBYKILNNI. 3o Beex TeopeMax Ha-
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cTOAmero pasZella NMPEANOIAraeTCd, UTO BHMONHEHO CASIyRLES
yCIOBHE . ; ,
Ycnosue E. V{y) 20 n npn aeéom A >7

Wo(y) <a Uly)+ 6 Viy)+C
rze a,B, C — HEKOTODEE KOHCTAHTH,.

UrMeTHM OCHOBHHE MOMEHTH MCHOJB30BAHMA TEODPEM IIPEZHIY!
ro ‘pasjena AIs AOKasaTeibcTsa Teopem JI-YI. Poms ycmosus
B TE0pSMax HACTOAWEro pasZenNa 3aKANYaeTCHA B TOM, UYTO BHIOI-
HEHHMEe JTOr0 yCIOBMA PApaETUPYET, UTC CAyuallHwe MOCIeZOBa-

TeIBHOCTH .
U= Ul , vi= Vg

B CHIy pexyppexTHONl upouezypu /i1/ wm coormomesmii /2a/, /20/
yZOBEETBODAKT ycaoBub A paszena I. [adg TOro, uTOGH MOEHO
GHXO MCHOIB30BATH TEOPEMH NPEZHIYLEro Das3Zena, HAZ0 eus
oc0ecnevyuTs BHIOOAHSHME MX OCTAIBHHX yCiOBHil., <pome TOro, Ha-
70 PapaHTHPOBaTH, UTO W3 faxTa crpewiicEHa LL( "7 gl V‘/}f‘/
/& Hyin/ a 3ToT PaKT u yeTAHABIUBACTCA Teopemami npeZugyue—
o paazxena/ s CIEZAYET CXOZAMMOCTH CAYUaLHOX MOCHEZOBATENBHOC-
TR 7, ---,6{‘7-.. K pelieHMD CyCTeMHd ypaBHeHml /9/. ST uenau
7 CAyxaT OCTaibHHE yeaoBug Teopem J-JI.

dna Toro, uTOGH cOOpMyIMPOBATH Ts0peuy J, 0003HAUMM Ue-
pes Y* MHOXECTBO pémeam?z cucTeMH ypaBEeHu® /9/ u Ovaeu
POBOPUTE, UTO crpemmres x Yf Ipil #u —>o°0 00 2e-
POATHOCTH /NOYTH HaBEpHOE/

e fr )Y

B
<

11
g
-
2

ecam :
Iy YY) = sty %0 (plyY) o)
ye L il .
Teopeua J. iycts yf ,}/'} - cxyuaiizul Ipomecc, Ompene-
aReMul coorHouerumuu I/ u/2-2/, /ZU/. Ijets, azee, (yHmmms

u(y} YI0BIETBOPAET JCIOBMAMS
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. ycaoBuw 5
! ,mﬁ KaEZ0ll IOCIEZ0BaTEiBHOCTH yf y," -y Ha KOTO-
poii  rne V/f) O OLEOBpEMEEHO B fice pry*, Y*)-0 ;

70
>0

h T oo "f"O’
2°, Ine xaxzol MOCASZOBATENBHOCTH AP el
z-:zf:-c_aoﬁ s V[y‘? O , OZHOBDEMEHHO X -Zm z({;,y-
wo—7 02

orZa NpE M —>oe  chyualimnil 3eRTOp y queleTCH R
nouTy HABEDHOE
h, h - )/f
—=

Ecim && PyEKnEsA "([37‘} GeckoHeuHO G0mBmas, To yenosus 2° ¥
g0 uorys OuTE 32ueHEHH GONEe CIAGHUY YCHOBHAMM:

2a°, Cymxums Z{[y MOEST OCpamaTscd B HYAB IMND B TOY-
EAX B8 N .

3a°. Ina xaxzoffl OrpaEMNEHECH NOCHEZOBETEABHOCTH, HA KO-

ropoit ’&wy[y"’/ o , OZHOBDEMEHHO X {.;_32/77:0

h—=ec0
A0KasaTeABCTBO TeopeMy J onupaeTcs Ha Teopemuy I m lla mpezn-

IyUero paszgena.

Teopewa YI. Oycws ¥ .., %, .- ciysaltusii mpomecc, ompere-
nsemuit coornomerusMm fI/ n /2a/, /26/. QOycrs, zanee ,QyHKINA -
Z([y/ JAOBIE TBODAE T YCAOBMHM:
g ycaoeup E
o Z([y}— GECKOHEYEC GOXbmas QyHKNESA §
8%, gysxuma V(y) menpepusno AmfGepeHuMpYeMa M MOWET
o6pamaThcA B Hyah Iuub B Tourax x3  Y¥
49, Gynmums '

B.(4) =", 2 (P gay 3
R } -y 60my

w:.xopnpyemcs Py zrnue i 6[ ) s BE 3aBucfmedt or A, OD-

H q0fi B AWOOL OI"paHWI"th oCiaC TV MSMESHEHUA e peneH-
oIl y:(y ' "') . Torga npu #~ >o° cryuaiisul BeE-
70D y“ c'zp,zz:mcf-' K Y' 0 BEDOSTHOCTH:

l(_1
oY)
f4¢]
[
=
o
[
&
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T

JoxasaTensc TBO Teopeuu JII ommpaeTcs Ha Teopexy la mpen-
uzyrero paszeila.

teopema Jil. lycTs 74/---/ b"fv - cayuaiizuit mponecc, on-
pelensemuit coorHomenuamn /I/ n /2a/, /28/. lycts, Zazee,
QyHKLHA 2((3} JZOBIETBOPAET YCAOBUAM:S

I°, ycaosuw B;

2°, ycmosup 2° Teopems JI ;

89, V(?) ;ﬂz/(y/ , 0Ie />0 - HekuTupas HoH-
cTaHTa.
1orZia MpR A—>o9 CcayuaiiHHi BEKTOPD y“' crperures & YT mo
BEPOATHOCTH by _e, Yf

Jcaosue 3° reopemt JII, oueBUZAHO, ABAAETCH CYLeCTBEHHO 00—
Jee CHIBHHM, HEEEIN COOTBETCTBYKUEE yCIuBie TeopeM J. leH-
HO GIaroZapf yCIISHMD 3TOr'0 YCJOBUA OKA3HBASTCH BO310EHHM
OTKa3aThCA OT TpeGoBakus /20/, 3aMeHUB ero Gojee ciaaliM Tpe-
GoBanmeM /28/. UZHAKO, IIDM 3TOM CXOZMMOCTH CiyuailHOrO mpo-
recca f...,rfi.. ZOKa3HBaeTCA He "IIOUTM H3BEpHOe", a Inub
0 BepOfATHOCTU. JOKasaTeabcTBO Teopemu JII ommpaercsa Ha TEO-
peuy II mpezuzymero paszena.

HecmoTps ©a TO, UTO ycuIOBME 30 reopemu JII ABnfercs zmoc-
TATOYHO ZECTKNM, MOXHO OTMETHTP Leiu# paAx ciay4yaeB, xorza B
NDUAOXEHUAX 3TO YCIAOBME BHIONHAETCH. B KauecTBe Ipuuepa MOZ-
HO NMpUBECTM NpoueZypy PoGGuHca-ioHDO ZNA OMpezeneHUs CpezHe-
ro 3HaueHMa cnyuvaliHoii Beimuymna Xx . [pm arou

?MI :?”’4—)’» /‘z“'_g“j.
#, MONOEUB, Z([y)= V[?) = (3 ~F1(x})1

u3 Teopeuy JI 3akmouaeM, yYTO = —"—79 /‘/(x} s €CIM HOocle-

Z03aTelbHOCTH 3’,., yZoBneTBOpAeT TpeGoBaxuau /2a/, /23/.
7cnosue 3° TeopeMs JII BENONHASTCA TaKke NIPYM HCMONB3032-

HIM METOZa NOTeHINaJBHHX JYHKIMI B HSKOTODHX 3a7ayax 00yus-

nue fou. I8 " /.
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AN ALGORITHM FOR CALCULATING RECOGNITION
ERRORS IN PATTERN RECOGNITION

by

Keinosuke Fukunaga and Thomas F. Krile
School of Electrical Engineering
Purdue University
Lafayette, Indiana, U.S.A.

I. Introduction
~ The recognition rate of an opti-
mum Bayes' classifier is an important
parameter for both pattern classifica-
Unfor-
tunately, this parameter is very
difficult to calculate explicitly,
especially when the distributions of

the pattern classes have different

tion and feature selection.

covariance matrices and high-dimen-
sionality.

This paper presents an algorithm
with which to calculate the Pecogni_—
tion error rate exactly, where the
pattern statistics can have unequal
covariance matrices and different a
priori class probabilities. An ap-
proximation algorithm for calculating
recognition error is also developed
which leads to a reduction in calcu-
lations while maintaining good accu-
racy.

To illustrate an application of
these algorithms, the relationships
between the number of pattern vector
components used for classification
and the recognition rate are examined
for the divergence and Bhattacharyya
criteria, using data first presented
by Marill and C-reer:l.

II. Recognition Errors
The discussion of this paper is

based on the following assumptions:

(1) Two pattern classes are being

separated,

(2) Pattern vectors from each class

form an n-dimensional Gaussian

distribution,

(3) Classification is made by an

optimum Bayes!' classifier.

Considering two pattern classes
to be separated, recognition errors
occur in one of two ways: either a
pattern vector from class 1 is as-
signed to class 2, or a pattern vec-
tor from class 2 is assigned to class
1. . Tet P("’k) be the a priori proba-
bility of class @ and p(yu;k) be
the conditional probability density
of pattern vector X wiien it comes
from class Wy Applying the pattern
vectors to an optimum Bayes' classi-
fier, the first error case can be
written as
o = Petltel i ey ) ()

< P(“é)p(y%)/&“’l}]’(“’l)’

and the second error case as

e, = Prob{P(w )p(X/w,) 6

> P(uy)p (X ,)/Kew, 1P (wy :
The total recognition error is then -
e=e +e,. 3)

Assuming a multivariate Gaussian
distribution for each pattern class,
we have

P(X/w )=N(m, .5, ). (&)

Without losing generality, we



assign the origin of the coordinate
system such that

m,=0 and m, =m, (5)
where m is the difference-of-means
vector~for the two classes being
considered.

To eliminate the problem of work-
ing in a multidimensional space, a
new one-dimensional variable is intro-
duced as

v=x" £ x--m)” 22 )} (X-m)+C, (6)
where
C=m[ |El|/i_§|]‘2m[P(wl)/P(mzz;3

Note that U(X) is nothing more
than the qua.dra:ic discriminant
function associated with a Bayes'
classifier, For the rest of this
paper, let U = U({) when X be-
longs to class W . p

Now the recognition error for
the first and second cases can be

written simply as

e,=Prob{U;> 0} P(w,), (8)
and
e,=Prob{U,< 0} P(w,), (9)

where only one-dimensional proba-
bility distributions are involved.
III. Characteristic Function of Uk
Since the recognition rate is
now expressed in terms of the one-
dimensional variable Uk’ it can be
readily calculated if the proba-
bility distribution of Uk is ob-
tained. Applying a suitable trans-:
formation, U

k
terms of new independent variables.

can be expressed in

Then it becomes easy to calculate
the characteristic function of Uk,

which includes all information

concerning the distribution of
Uk'
transformations is used to obtain
the density, and, ultimately, the
distribution of Uk , which is the
desired goal.

Finally, a process of inverse

First let us focus our attention
on obtaining the independent campo-
nents and characteristic function of
Ul: (icwl)-

the pattern vector X into a new

~

In order to transform

vector whose components are inde-
pendent, consider the n x n trans- .
formation matrix é which satisfies
the following relation52:

AT, A"= I and A§2AT=

A is a diagonal matrix whose diagonal

(10)

terms, )‘1’ )‘2’ An, are the eigen-
values obtained from the deteminantal
equation
|Z5 AZ,]=0. (11)

Thus the if'h row of A is a normalized
eigenvector correspondlng to the 1th
eigenvalue, >‘ , Where nomallzatlon
is carried out to make AzlA a unit
matrix, £

The transformation matrix A gives

rise to a new variable

ImAL, (12)
and a transformed dlfference-of-means
vector
B = _l_\‘ m, (13)
Upon substitution into Eq. (6) with
2.8

tion of the new va.rlable Y as
u (Y)=x Y-(Y-u) (Y-&m

Ul can be written as a func-

=5 [ __L By o_( My 5
1=t : A;) (yl*l_) (X_- 1 o )}
-2mP(w, )/P(w,)T - = (14)
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Now we have Ul in terms of in-
dependent Gaussian random variables
Yo each of which has zero mean and
unit variance with respect to class
S e

Remembering that E({)—g for £""’1’
from Eq. (5) the characteristic func-
tion of Ul(g) can be written as

i, (o= T-.. fexpll; (X)3e]
N(E,0,Z,) 0y, ovs dx,. (15)
Using Eq. (14), Hl(jm) can be expressed
in terms of the independent variables
¥y® ®
¥, (Jw)=K(Jw) % j_

exp[J “'{75."_(’1‘“1) -mxi}]
[""‘] 5

K(Jm)ﬂe@{-zjm AP (o) )/P(sy) 1}(27)
By manipulating the integrand into
a constant times a Gaussian density,

(16)

the integration can be easily per-
formed to yield :
(18)

M, (o) = K(Jm)inl Fp;(Gw),
where
Fl; Gu)= d-'-éq;:
[2(2‘11"11“” - Jaby; ) 19)
l—jZauw
o ay=1- -Al; ; (20)
Vi 11
Pu TN, i
hyy= $823P1s)” Rk Ao (22)
T layy

* 2
(3), p. 157. M(jw) for the N(y,o")
case is calculated to illustrate the
procedure used in general.

Vtions for Fli

Or, expressing Eqs. (18) and (19)
in terms of a magnitude and angle,

n
¥y (o) = (i |Fy; Go) |} i
where
1714 (Jo) = [3+(2)30) 294

-2(a,.b w) )
,:,q,[_;‘gg_ (21)
l+(2aliw)
qi(m)- 2ar Py )/P(ay) it 20,50
(22,0, ;0)
B .31_1_2&_12_1_;”_} (25)
1+ (2811(»)

Egs. (18) and (23) indicate that
the total characteristic function is
the product of n independent char-
acteristic functions, which have the
same functional form and differ only
in the values of two parameters,
Therefore, the calcula-
and Qu are systematic
and simple to carry out.

The characteristic function of
112 for Ec w, can be obtained by a
procedure similar to che one used
for Ul'
formed variable, Z,’ and a transformed

Ai and By e

This time, a new trans-

difference-of-means vector, ,, are
defined as
2= (A%4) Xn), and
= (2w = iy il
A -and A, which are the same matrices
as defined for the Ul case, satisfy
the following relationships:
Aiie ot ol
(K8 A" = 4
W) T -1, (27)
Substituting Eq. (26) into Eq. (6)
for X € 02:



r:z(z)-(zw)T A (Zry)-2 25

ElL)‘l(z W ) i —.,m)‘i}
-2 m[P(ml)/P(wz)]
n I

-2 mmwl)/P(sz (28)

Again, we have an expression
in terms of n independent vari-
ables, Zss each of which has
zero mean and unit variance.

Proceeding just as in the U1
case, we find that the charac-
teristic function of U2 has the
same functional form as the one
for Ul' The only change we have
to make in Egs. (18), (19), (23),
(24), and (25) is to substitute
Mys Fays 8n55 boys h2i’ and @i

for l« Fh, ah, 142 hli and
®.. Instead of Egs. (20),
(Ei), and (22), a,., b,. and

212 721
hz-’. are given by

ay= M- 1, (29)

s
b, - (30)
2i A.=-1’

i 2

-(a3:55;)

hy = T |, (31)

IV. Inverse Transformation

Recognizing that the Fourier -
transform of a probability den-
sity is just the characteristic
function with -j replacing j, we
can now proceed to find the dis-
tributions of U; and Up. In
particular, we want to find the
distributions, i.e. the integral
of the density function, at Ul

and 732 equal zero, since

2
bl
Aifi) '(2_-1’”"“.)}

&= Prob(Ul> 0) P(‘”l) and
e,= Prob(U2< 0) P(ué).

Denoting the probability den-
sity of U, by pk(Uk)’ we can write
the Fourier transform of this den-

sity as
My (-Ju)= g T P (0, Jexol-3u, ] dU, .(32)

Taking the inyerse,
P (U )= 5= [ ¥, (~jw)expljull, 1w

1% .
= . [Rel (-Jo) ] (33)

0
cos wk-"mmk(-jm)] sin "'Uk} dl”,
where Mk(-jm) is given by Eq. (18)
or (23), replacing j by -j.

The recognition errors due to
Ul and U2 can both be expressed in
terms ofuthe integral

k

D (U )= [ p, (U)dU, ¥=1,2. (34)

o
An application of basic transform

theorems for integrals yields*
D (U5 [ —o—owliul Ka

Re[Mk(O)] f '&mmk(-.‘)m)] (35)

Re[M-k(—Jm)]

cos M AT “’Uk
Since we are onJy interested in Dk(o),
that is, the integral of pk(Uk) from

-~oto O ( §35) reduces(to :
0)] ; =¥ (-jw)]
D, (0)= [M" Sy g e PN
% g g~ a8
=3 +% “r- #F ()] sin(-i:@]d(w)> digs
0 w i=1 i

From Egs. (8) and (9), Dk's are re-
lated to the recognition errors as

follows:

* \ 3y
(L), p. 40.
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e;=P(wy )[1-0,(0)], and 5P (o) 0).

Using numerical integration on
Eq. (36), the recognition error can
be found exactly in terms of the
eigenvalues, A, of Eg. (11), and
the components, Byo of the trans-
formed difference-of-means vector.
As is seen in Egs. (23) and (24),
{Fki(jm” is a monotonically de-
creasing function of g, and, be-
cause of the multiplication of
n [Fy (Gu)|'s, B |Fy; (o) | de-
creases quickly with g, especially
for large n. Also, @ appears in
the denominator of the integrand,
so the amplitude of the integrand
decreases even more quickly with
increasing . Therefore, the num-
ber of sampling points needed for
convergence of the integral in
numerical integration has been
experienced to be relatively small.
An example illustrating the appli-
cation of these results will be
given in the last section.

V. Approximations of the

Density of Uk

The results of the previous
section provide an exact solution
for the recognition error, but
require two numerical integra-
tions by computer, so an approxi-
mation algorithm will be sought.

5.1 Gaussian Approximation

If 5= 5 all )\i‘s are egual

to one, and the density of Uy is

Gaussian., Thus recognition error
can be found exactly using normal

density curves, When t’}f&’ but

all .).i's are close to one, the
density of Uk may be approximated
by a Gaussian curve having the mean
and variance of Uk'

Although the Gaussian approximation
gives us a simple algorithm with which
to calculate recognition rate, it holds
only when all ).i's are close to one,
This comes mainly from the fact that
the actual densities of Ul
essentially shifted causal functions

with non-zero skewness, as will be

and 02 are

discussed in the next paragraph.

Since the higher order moments are
also available from the characteristic
function of Uk as represented by Eq.
(18), it is theoretically possible

to improve the approximation by

using a series of Hermite poly-
nomials whose coefficients are
functions of the mments.'*’** How-
ever, our experience has indicated
that the convergence of the series
is very slow and that many higher
moments are required to reach con-
vergence, unless all xi's are close
to one. Since we expect, broad
.range of A.'s in general, a different
density ap;rozdmation will be pro-
posed in the next paragraph.

5.2 Convolution of two modified
gamma distributions:

Examining Eqs. (14) and (28),
the density function of Uk should
be obtained by convolving the den-
sities offh non-central X varisbles

having multiplicative constants, and

*(4), p. 233.

33
(6), Fisher discusses advantages and
disadvantages of this expansion.
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a.dding a shift parameter,
Separating the Uk density into three
parts,

e 2
L a,(g,o..)" for a .>0(38)

Vkr"
852 0
By 3
Vks-akJE Oakj(gkj*bkj) for a‘kj<0 (39)
n u§ P(ml)
g-E (.ﬁ’lkl.A -" )&%I%S) (LO)
(o=n, o+ o)

where ai bli and g4 are for Ul,
and given by Egs. (20), (21) and
gli- ¥is likewise, ays bZi and

gy are for 02 , and given by Egs.
(29), (30) and g,;= 3,.

The density function of Vh_ ¥
pkr(u)’ is the convolution of 0
densities of squared Gaussian vari-
ables having multiplicative con-
stants, All o densities lie above
the positive U axis with a2 0.
Likewise, the density function of
vks 5 pks(U)’ is the convolution of
L densities of squared Gaussian
variables with multiplicative con-
stants., All neo densities lie on
the negative U axis with a,
Therefore, both pkr(U) and pks(-U)
(pks(u) reflected to the positiv?
side) could be reasonably approxi-
mated by a general gamma form,
especially for large n .. and Nes?

as follows:

< 0.

.

U
e
g(u) = %L for U>0
87 "(el)
0 s for U<Q

where [' is a gamma function,

(£1)

The

parameters ¢ and 8 can be determined

so that the mean, 7, and the variance,
02, of the true distribution match
those of the approximation. From the
moment generating function of Uk’ the
true means and variances for pkr(u)
and ka(U) are obtained .as the summa-
tion of e terms and no terms as
follows:
er 2
M T 2, (#by;) for p (V) (42)
44>0 o

ks

nks-akzﬁ&kj (l-t-bij) for pks(U)
J

(43)

(k)

(85)

Then, ga.nd B a;e obtained from
arl-’\_z and a-ﬂi.* (46)

Thus, the density function of N
which is our final goal, is the con-
volution of two gamma densities with
a constant shift: one is distributed
on the positive side of the U axis,
and the other is on the negative side.

Here, let us observe what the ‘den-
sities of Ul and U2 look like,

(1) The density of U,: Since

s
;4= (1-%;), 'ijan Eq. (20), positive

a);'s are all distributed between O
and 1 (11'3 are always positive),

On the other hand, neggtive a, j's
could be large negative values with
small ).i's. Therefore, unless all

A 's are close to one, plr(U) is a
relatively sharp density in compari—

son with p,s(U). Thus, the convolu-

*), p. 6.



tion of plr(u) and pls(U) becomes
a skewed density. This was the
reason why we had a poor estima-
tion of recognition rate by assum-
ing ‘a Gaussian distribution for Ul'
When all L‘.L's are close to one,
plr(U-) and pls(u) become similar
densities, and their convolution
approaches a Gaussian density.

(2) The density of Uz: For Uz 5
ay;= (A;-1) from Eq. (29). There-
fore, sz(U) becomes a relatively
sharp density in comparison with
pzr(U). Thus, again the convo-
lution of pzr(U) and sz(U) is
skewed, and the skewed direction
is opposite to the one of Ul'

In the above discussion, it
was postulated that the densi-
ties of Uk are appi-ox:i.mated by
the convolution of two gamma
densities with a constant shift.
However, the convolution is hard
to obtain in an explicit mathe-
matical expression, because a
is not an integer in general.
Since a calculating algorithm
for recognition rate without
approximation has already been
established if mumerical inte-
gration is allowed, it is use-
less to introduce numerical in-
tegration here for calculating
the convolution of approxi-
mated distributions.

In order to get an explicit
expression for the convolut: on
of pkr(u) and pks(U), we pro-
pose ‘a modified gamma distribu-

tion as follows:

£
; (U=c)Ye 8
U 1 1
el ayrinay for Bae iy
0 for U<c

y=0orl.
That is:

(1) Gamma density curves are

roughly categorized into two types:

U U
one is e S’ and the other is U e B,
depending on whether « obtained by
Eq. (46) is larger or smaller than
a threshold value 0.35.

(2) In addition, the approxima-
tion function is shifted by c along
the U axis, in order to match both
its mean and variance to those of
the true distribution.

The threshold value of a. given
here is a compromise value. It was
chosen in an attempt to match the
maximum value and location of the
maximum value of the gamma density
to the modified gamma approximation.

(1) Calculate 7 and ¢ of the true
distribution by Eqs. (42) through
(45).

(2) Calculate o by Eq. (46).

(3) y=04if @ > 0.35, and y =1
if a < 0.35.

(4) Calculate § and ¢ by the
following equations,

2 2
y+l=£I5£)—and5=Wa_€ (ue)
g

Eq. (L8) is exactly the same as Eq.
(46), except for the shift of the
mean.
Then, the convolution of pkr(U)
* s
and p}'s(U)’ pk(U), can be obtained

as an explicit expression as follows:



* +o=
pK(U)=-£ Pkr(T)sz(U—T)dT

l T

s o I
6krkr 51:];5 r (1) £ (Vks*l)

{ (r-c) ¥ (retioe ) 0
)

--r-ckr r-U=-c

b s

e dr ,

ks

where

TR e for t-U-(ckr-cks) <0
(50)

U+cksfor t=U-(c 0.

e 0
Calculating Eq. (49) and letting
t=U-(ckr—

Yir
BT GRS ST,
{

vh.*"l

(it 8cq?
i T st Yks)ékr] ks

[- bs Ser *
St

cks)’ we find

(51)
6ks

LY g
ks
(81t Bys)

v
(Ykr+ Yks)éks:l ke

Sr ¥ s
e for t > 0.

Defining the distance dk as
)s

. . *
by integrating pl(t)

(52)

= f - -
e Tt

we can find e
from dl to +o, and 25

by integrating
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p;(t.) fram -oto d2. The term <1k
brings the shift parameter ¢ back
into the picture, and also accounts
for the displacement of the Uk ap-
in

proximations by Cler and c

ks*
general,

o) = [ oy

E{(w 5s) vksnh.]

6h+ Ss

*(t)de=
chr+1

(53)
e°ks, 4 <0;
Yks+l
1 - (#)
6]7 et
Yy TY;
[ kr +ks 6l(s]
R, Gt
3
¥, 4, 20;
where D*(dk) is the approximation
for Prob(U, < 0).
Thus the approximated values of
recognition errors are
*
e, = P(wl)[l-D (dl)] and
3¢
o,= Play)[D (4,)].

VI. Example of Exact
and Approximation Algorithms

(54)

The exact and approximate error
calculations will be applied to
data presented in Marill and Green's
pa.perl. This data arises from eight
tests, or pattern vector components,
used to distinguish between the hand-
written letters A and B. The trans-

formed pattern canpoﬁents, represented
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by Ay and s, Will be ordered
according to two well-known
separability criteria: the di-
vergence, and Bha.ttachéryya's
distance., Then 8 subsets of n

best transformed pattern compo-
nents will be formed for n=1,2,...,8,
and the exact and approximate rec-
ognition rates calculated for each
The errors due to U1 and U2
in each case will be displayed. The
results of ordering the transformed

pattern components, represented by

subset.

the Ai's and “‘i's’ from most impor-
tant to least important are shown
in Table I.

Best subsets of transformed
pattern camponents are obtained
by taking the first component in
the ordering for the subset n;l,
the first two components in the
ordering for the subset n=2, etc.,
until all components are contained
in the subset n=8, The values of

divergence, Div,, and Bhattacharyya's

distance B, for these subsets are °
so shown in Table I, normzlized
with respect to the subset n=8.
The exact recognition rate for
each subset, obtained by numerical
integration of Eq. (36), is shown
in Table II, along with the recog-
nition rates due to U1 and UZ'

Two approximations for Uk , one
by Gaussian distributions and the
other by modified gamma distribu-
tions, were obtained with the
same subsets of pattern components,
and recognition rate results are

also shown in Table II for compar-

ison with the exact method. The
results show that the modified
gamma distributions give a very
good approximation of the recog-
nition rates (about 1%), although
the normal distributions give poor
results (about G%).

Figure 1 shows the exact den-
sities of plr(U) and pls(U) and
their modified gamma approxima-
tions, The exact densities can
be obtained by Eq. (36), where
Kl(jm) should be calculated by
using n . Fli's and no Fu's in
Eq. (23) instead of using n Fli’s
The same set of curves for the U2
case is shown in Fig. 2. In Fig. 3,
the actual and approximated den-
sities of Ul and 02 for the 8
variable case are displayed to-
gether for comparison., The actual
density was again obtained by
taking the inverse Fourier trans-
form of Eq. (36) using numerical
integration, while the approximated
densities came from Egq. (51).

~ From these curves and the com-
parison of recognition rates, the
modified gamma distribution pro-
vides a simple and accurate method
for approximating recognition rate.
It also gives us a feeling for the
role that individual pattern vector
components, represented by A's and
u's, play in the overall recogni-
tion rate,
VIL,

This paper has presented an

algorithm with which to calculate

the recognition rate exactly when

Summary



pattern vectors with Gaussian
statistics are applied to an
optimum Bayes' classifier, The
statistics for each class may
have different covariance matrices
and a priori _probabilities. The
procedure is as follows:

- (1) Recognition error is ex-
pressed in terms of the discrimi-
nant function U as a one-dimension-
al variable.

(2) With the aid of a trans-
formation, the characteristic func-
tion of U is found as the product
of one-dimensional characteristic
functions, -

(3) The distribution of U andy
finally, the recognition error,
can be obtained from the character-
istic function by an inverse
Fourier transformation.

The distributions of U are
approximated by both the Gaussian
distribution and a convolution of
modified gamma distributions with
The modified

gamma distributions gave an ex-

a constant shift.

plicit expression for recognition

error in terms of the A's and ,'s,
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and also gave good results when
applied to the data from Marill
and Green's example,

(1)

)

(3)

(&)
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M ‘2 M Ny As 3 M Mg
Divergence _Q‘LI__IZ..S&_,._QJZ___Q.ZZ__LLLIL.QM 2.1
Orderings ; o

» 1] 6] /A bs bg Il', kg

3.86 3.10 0.84 0.84 1.64 1.08 0.26 0.01

YL S TR "W PR VA VA

Bhattacharyya 8.41 12,06 0.12 1.49 0.22 1.77 0.35 2,73
Distance . *

Orderings k1 h2 ot W, b5 wg kg

3.86 3.10 0.84 1,64 0.84 1,08/ 0.26 0.01

No. of components ;

in subset (n) % : 3 b £ __5_ = (_) - 7 s
Divergence of Actual 1,6 21,9 28,2 31,4 33,8 348 356 36,1
—Subset % of Max, 32.1 60.7 78.1 87.0 93.6  96.4 98.7 _ 100.0

B Distance of

Actual 2.6
— Subset. =~ = FofMax. = 27.7

S T B Y SN [ TR SC B8 930 9k
_48.9  6L.9

76,6883 _93.6 96,8 100.0

*
Since 1% always appears in the equations as ,.i, only absolute values are tabulated,

Table I,

6S



n

4 Div,

3 & 5 6 7 8
Exact Prob (U<0)  0.941 0.972 0.973 J'07C 0.980 0.983. 0.98% 0.985
Recognition Prob (Uzg 0) 0.782 0.907 0.932 8:322 0.969 0.974 0.976 0.978
Rate RedlProb (< 0) | o861, o.40 0.953 392 o0.975 o0.78 0.980 0.981
+ Prob (UZZ 0)] . 5
Approximate Prob (U<0)  0.948 0.972 0.9 2% 0.987 0.988 0.969 0.972
Recognition Rate ' Prob (U,> 0)  0.833 0.908- 0,929 8;3‘5‘2 0.967 0.977 0.978 0.982
for Modified =
= RedfProb (U,S0) | o891 0.0 0.935 0085 0.9m om0 0.7
Gamma Density + Prob (UZZ 0)]
Approxiate Prob (U;<0)  0.975 0.995 0.828 g:ggg 0.88, 0.891 0.898 0.901
Recognition Rate i
for Gaussian Density, Prob (Uzg 0) 0.793 0.857 0.866 0:881 0.888 0.894, 0.896 0.899
matching mean R-Q[Prbb (U.< 0)
) 15 0.870
and variance + Prob (UZZ 0)]* 0.884, 0.926 0.847 0.868 0.866 0.893 0.897 0.900

*Pw)) = Pluy) = 4

Table II.
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p(u)
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0.01
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FIG. 3.
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LEAST INTERVAL PATTERN RECOGNITICN AND ITS -
APPLICATION TO CONTROL SYSTEMS

Z. Bubnicki

Technical University of Wroclaw, Institute of Engineering
Cybernetics, Control Processes Department, Wroclaw, Poland.

I. Introduction

‘the pattern recognition problem we shall consider in the work
is the problem of classifying an object represented by a set
of measurements into one of the finite number of classes.

in the problems of statistical pattern recognition there are
many situations in which the underlying joint distributions
of the measurements and the true classes are unknown and no’
assumption can be made as to the form of the underlying distri-
butions. These pattern recognition problems are usually called
nonparametric.

There exist many nonparametric decision rules /algorithms of
recognition/ which use the knowledge of a learning sequence,
i.e. the sequence of the measurements with the known correct
classification. They are the algorithms constructed either on
the basis of certain heuristic arguments or by applying some
analytical methods’ ’/for example, the methods of stochastic
approximation/.

In this work, via the comparison analysis and convergency in-
vestigation of nonparametric recognition algorithms, the
least interval/LI/ algorithm is formulated. In
the case of stochastical independence of the set of measure-
ments describing the classified objects, the least interval
algorithm has the property‘of so called absolute asymptotic
optimality. The case of independence is not a typical for

the character recognition, but occurs quite often in the re-
cognition of technological situations of industrial processes.
In the second part of the work the presented algorithm is
aprlied in certain conception of a learning control system.

It will be the automatic optimizatibn of an industrial pro-
cess when the measured parameters and disturbances characte-
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rizing the technological situation are independent.

We shall present first the short formulation of the recogni-
tion problem and the considerations concerning the learning
process : convergency.

II. _Convergence of recognition and learning

Let 1,2,.+.,M denote the indexes of the classes into which
the recognized objects are placed. Let the object be descri-
bed by a set of parameters (x,a) where x and a are k- and
p-dimensional vectors, respectively, and x denotes the vector
of measured parameters (the measurement). Assume that the
knowledge of x and a for every object determines the class

to which the object belongs:

3.=@(xsa)o j= 1,2,...,1. 1)

In other words, the regions {(x,a):@(x,a):;j} in (k+p)~dimen-
sional space have no common points for different j.

The determination of the recognition algorithm consists in
establishing a relation

i =?(x)’ ' i = 1,2,-..,“ @)

which assignes an object with measurement x to class i. The
realization of (2) is usually calleda recognizer,
We shall assume that the objects appear (are given ) random-
ly from the populations corresponding to M specified classes
and there exist probability distributions

P19P23'°':Pﬁ
and (3)
f,](x),fz(x),...,fn(x)
where py denotes the a priori probability of occurrence and
the conditional distribution

£,(x) = £(x/1)

denotes the probability density of the measurement x in class
: :

Enowing the distributions (3) and introducing some loss fun-
ction L(i,j), we may determine the optimal recognition algo-
rithm (the optimum Bayes' decision rule)
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p & =EP'?X) (4)

minimizing the average risk
M
A
R[¥C)] = B[L(=¥@,3)] X PifL v, e max (5
X:J =1 X 3

where X is the measurement space. It is well known that for
zero-unit loss function

0 i="]
L(i,3) =
(e P

the optimum decision rule is the following. The object with

measurements x is assigned to class i which results in the
largest a posteriori probability
pyfi(x) = py£4(X)

£(x) Z p;jrj(x)
=1

Pi(x) =

In other words,
(&)
’ ]:1,2,.0.1‘1,1“’1’..,“.

if

.‘F?x)=i }

P25 (x) > pyfy(x)

Then the average risk denotes the average probability of mis-
recognition which for the recognition algorithm (6) has the
minimum value .

R[Y")]2 B,
Consider now the nonparametric recognition problem with a
learning process. The distributions (3) are then unknown but
the leagrning se é uence is given:

; 4
(11’31),(12“32))"'."(xnojn) = {Sn} (7)

where Xy denote the independent measurements and jl the re-
sults of the correct classification according to (1). The re=-
alization of the algorithm (1) is usually called a teacher.
The different methods of learning and recognition are reduced
to the different methods of establishing the algorithm (2) on
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the basis of the knmowledge of (7), and consequently, to the
different manners of constructing the relation

i=¥({shx) Sy (@, (8)

As a basis of comparison of the different algorithms (8) one
may introduce the average probability of misrecognition

R 2B {i[vids },x),31} €9)
2 R T 5 T
: R, = E [R({s })], (10)
{5}
where ¥
R({s,}) £)_ pjfL[Yn(x),a']fd(x)dx 11)
=1 X

and L(i,j)denotes the zero-unit loss function.
Since the random vectors XqsXpy eee, Xy BTE independent, then,
according to (10)
n : n
D T v [ [ 2T Sy, 02
X o k=1

k=1

n

where summing is distributed for all variations with repeti-
tions 31,32,...,jn constructing from the set of cardinal
mumbers 1,2,+.+,M (the number of these variations is M®)*
Since the determination of Rn requires the knowledge of the
distributions (3), the evaluation of some algorithm (8} and
comparison with other algorithms may be done by assuming
some concrete distributions (8).

The everage probability of misrecognition may also be useful
as a basis of the formulation and investigation of asymptotic
properties of the algorithms (3). In the connection with it
let us introduce the following definitions.

Definition 1

The algorithm (8) is convargent if the sequence
Rn is convergent. Define then

E:,lii: R s

———D C‘
Definition 2
The algorithm (8) is asymptotically opti-
mal a.a. for some distributions(3) if for these distribu-
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tions R = R*. Particularly, we may consider the asymptotic
optimality of (8) in deterministic case. We shall call so a
case in which the regions D;j {x : a(x);e 0} have no common
points for different j. Then

Yex) = dex) = 13)
but the algorithm (13) is unknown.
Definition 3
The algorithm (8) will be eglled ab so lutely a.a.
if it is a.a. for any distributions (3).

As an example, consider now two "heuristic" algorithms(8).

1. Nearest Neighbor (NN)

Then :
Yn(x)= jp: - §

if

i x - < ﬂx-xtu * t=1 2,...,p—1,p+’l,...,n

for some norm f-ll . It was proved that the "nearest neighbor"
rule is convergent and

R € RER(2 -

*
= 14)
M-1 £ :

This algorithm is ‘not absolutely a.a.,but it is clear from
*

(14 ) that the algorithm is a.a. in deterministic case ( R=0)

and 1€ pg = Bg = :ee = By = T, £4(D) =t (@)=, =y (x) for

all x (R = ) .

o T
2. Nearest Mean (NM)

Then
if tg«’:) 3 oH)
hx =2 0< X=X s 321,2,...,1-1,i41, .M

where 'i;n denotes the arithmetical means of the measurements
in the learning sequence, ¢lassified correctly into class 1l.
Since the mean measurement x(l) converges stochastically to
the expected vectors X 1 L1t is easy to show that

R Py Z ;A £4(x)ax

;:1 i=1 )
i#3 Ox

where DY) ={x : Jxxy < tx- T 181}
Hence, the MM algorithm is convergent but, sinve the region
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D;i)may be not identical with the region T)xi ={x:£i(x) ;-O} .
the algorithm may be not a.a. in deterministic case (and
consequently, it is not absolutely a.a.).
In the next section we shall formulate a new algorithm( 8),
absolutely a.a. when the particular components of the random
vector x are stochastically independent.

ITI, Teast Interval Algorithm (IT)

The presented approach consists in the construction of Bayes-
like optimum decision rule (6) in which the empirical proba-
bility and probability density are used instead of the Py
and fl(x), respectively. These empirical distributions are
evaluated on the basis of the knowledge of the learning
sequence. ‘'he convergence of the empirical distributions to
p; and £;(x) implies the absolute asymptotic optimality of
the presented algorithm.

Wle shall present now some manner of establishing the empiri-
cal density. Consider first the onedimensional case. Let x be
a continuous random variable with the probability density
£(x) and Xgs XppeeeyX) denote the observed values of x with
the increasing ordering. We shall use the following empirical
densities:

G 4 0 : x< x,
Mo - T, < X Xy i
n B(X,, 4~Xn.) ' r=0,1,¢00e,0

0 x> x,

where x, = &1-::2 .

2e 0 X { x1
(2) 1 (16)
£.6x)= Tp < X € X0 '
i n(x, 4=X.) ' r=1,2,000,0¢1
0 x> Xne1
where X 4= kn-xn_,‘ .



Je 0 x(x,}
3) : , 17)
£ (@ = 1 = TR e
(=) (2, 1~%1) 1,2, .0, 0
0 x> x, :

The respective three forms of the empirical distribution fun-
ction are shown in Fig.1. In this figure the empirical distri-
bution

x<x, c18)

X < XL Xy

Fn(x) =
I=1,25c00,00

o plk ©

x> x,

is shown also.
Consider now the recosnition problem in the onedimensional
case. Let
1) Q 1) 1) *
xn 10 xn 29 xn,}""" xn,nl (19)
denote the increasing ordering of the measurements from the
learning sequence which belong to class 1 and let '
1) €3 L€X)
An (x) = X, 41 xm,:r.'
denote the length of the interval in which the measurement x
lies. Therefore,

(W]

ll)
< xS xn r+1

Then, substituting the empirical probabilities Pi,n and empi=-

rical densities fl (x) instead of p, and £,(x), respectively,
we obtain

1,2) oy 1

Pi,n t1 o) === n, AST) .
(3) o] 1
e MR s oAl
4%y .

The algorithm (6 ) is now reduced to the followins rules.
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'vl .20 Y (x) -
if (20)
D (@) =
Aaex) A7) 5 aq,2,..0,01,01, 0.0 0
In the case 1. the sequence (19) is expanded by xl)o and in
the case 2. by xn,m-'l .
3e ‘
Yax)=1
e i) (1) A (D) il
2,00y "’<z DX 1 o im0,k
where
Ioh n1-1
x = X
|

The rule is then the following. For each class we determine
the length of the interval in which x lies and then we classi-~
fy x into the class for which this interval is the least. Com-
paring the intervals in the case 3. we multiply the lengths by
by the weight coefficients & A 3 depending -on the number of
neasurements from particular class in the learning sequence.
The rules 1,2,3 may be considered as three modifications of
the recognition algorithm which we shall call leas t
interval algorithm (LI). If for some class 1 the mea
surement x lies in an infinite interval then A(l)(x“- =o0 , If
A% x) =0 for each class then LI algorithm Goes not give the
decision and may be replaced by some other slgorithm (for
example, NN). The probability of such a situation converges

to zero for n-—> = ,

For =2 (the rule 1), the LI recognition procedure is illus-
trated in Fig.2. Since the intervel in which the point x lies
in class 2 (the axis b) is less than in class 1 (the axis a),
the point x is classified into class 2,

The short proof of the absolute asymptotic optimality of the
LI elgorithm is presented in Appendix.

Consider now the multidimensional case and assume that the
particular components of the random vector x are independent.

Then
“) €))] (k)
),

fl(x) % (x)fl (x).....ofl( 1_:1,2,...,“
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(8)
where fl (xs), 8=1,2,+¢.,k denotes the onedimensional proba-

bility demsity for sth component and

k (8) &
fl,n(x) =-’T fl,n(x )
8=1 .
The onedimensional densities f£i°)(x®)sre established in the
]
same way as previously. We obtain then

“,2) By o
- — ’
(3) Ny 1

£ i
P1,n°f1,a® & (n1.1)EAn!I‘;(x)

k
8=1

where

denotes the volume of the multidimensional interval in which
the pount x lies. Finally, we obtain the following LI algo-

rithm
’i]n(x ) =1

if P . aed
2 VA Dy < 2048 Vv , 121,2,000841,141, .,

LE N ] ’M Where

in the case 1 and 2 (1 e
xn )= nl{ 1 ’
(a,-1%
in the case 3 IS0) 1
& n = - .
1

The LI procedure is illustrated in Fig. 3 (the rule 1, M=2,

k=2). Since the interval in class 1 is less than in class 2

and n,=n,, the point x is classified into class 1.

The simplified block diagram of the LI algorithm (the struc-
ture of the recognizer) is shown in Fig.4.

1V. Application in learning control system

We shall present now some conception of a static optimization
system in which the LI algorithm will be used for the recogni-.
tion of technological situations. Consider an industrial
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process described by
v = F(u,x,8) (23)

where x is the vector of measured parameters, a is the vec-
tor of unmeasured parameters, u is the control Y-vector and
v is a performance index which is to be minimized. Assume
that for all x F is a convex function and there exists the
vector

+ o =p(x,a) ca)

which minimizes v. Assume also that the controlling system,
receiving the measurement x, determines and gives on the( 0=
Z
cess input one of the M possible control vectors W el
svey u“'Z ILet ufj)be the nearest vector to u® in the sense of
some norm, i.e. * . ‘&1 ;
’ fu = 60 < fuf - a¥l, 221,2, 00031, 3+1,.M.
Thus, for each pair of the vectors(x,a) there exists the res-
pective control vector u'9) defined by the index j:

Pcx,a)=§
The pair (x,a) may be calleda t echnomgical
situgtion of the process, and the action of the con-
trolling system, assigning the index i (and consequently \ii’)
to the measurement x, may be considered as the recognition
of (x,a) knowing the measurement x. To design such control-
ling system (the recognizer) it is necessery to determine its
recognition algorithm i=Y¥(x).
Assume that x and a may change and denote by x, and a, their
values in the recognition moments. Suppose that X, and a,
change randomly and are independent for different n. The pro:
bability distributions (independent upon n) are unknown. 1t
means that the a priori distributions (3) are unknown. To ob-
tain the learning sequence one may apply the optimizer which
for the particular (xu,an) reduced the process input to the
respective u, (if the technological situations change slowly
and it is assumed they are constant in the time of optimiza-
tion) and then the respective index j, is determined. The
block diagram of the svstem is shown in Fig.5. After ending
the learning process tuLe switch changes the position and the
process is controlled via the recognizer. ¥or the complete
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designing of the system it is necessary to determine the al-
gorithms for the particular blocks.

s Optimizer

Establishing the optimizer algorithm one must assure the con-
vergence of the optimization process. Assume that the optimi-
zation algorithm is the following

Y = U - Ko 3y (25
where K is Y x?Y matrix with constant coefficients, w is the
input vector in the mth moment of optimization, the sth compo-
nent of y, is the following '

!(um-ids',x,a) - F(um -«B,x,a)’
28 81,2, 00,7

7 ¥a

and & denotes the vector with zero components except the sth
component equal to & (the value of a trial step). Denote

Ip = B(um,x,a) = G(lﬁn,zl:,a)um .
Then the equation (25) takes the form

W, 4= fI -:KG(un,x,a)J ik (26)
and the convergency condition is the following o IX*fOr
some norm l-fl and some 0 <& < 1

I I - Kequ,x,a>ll <& 27y

for all u, then for every u, u —> e

Knowing x and the region of the variation of a, we may deter-
mine for some & (arbitrary near to 1) the values of K satisfy-
ing (27) (the block K in Fig.5). It may be shown that, for
symetric mat:'rix 1 - EG(u) the condition (27) may be reduced
b it Agwil< &, 8=1,2,00.09 et
where As(u) are the eigenvalues of I - KG(u).
II. Recogniier t |
If the measured perameters (the components of x ) are indepen~ |
dent, the recognizer may realize the LI algorithm, assuring |
in this way the asymptotic optimality of learning process. ‘
For the measurement x, knowing the learning sequence, the
recognizer computes the volumes AV of the intervals corres-

[{"8)
ponding to the control vectors 151), 62),...., ull and chooses




73

u(‘j’ such that
1), (@ Inl
a"_A“ < wAY vy, 1=1,2, o0 o i=1, 441,

ees M (see 22).
III, Block B
The block B establishes the indexes Jp for the technological
situations (x,,a,) on the basis of the result of optimization.
The algorithm of the block B is the following

%*

Uy, > dn
if % (jn) * (1 .
lup = ™) < fluf - oY 11=1,2, 0031, #1000
eooylle

V. Conclusions

On the basis of the investigation of convergency and optimali-
ty of the learning process in nonparametric pattern recogni
tion problem, the least interval recognition algorithm has
been formulated in this work. This algorithm is absolutely
asymptotically optimal if the particular measured parameters
are independent. Presented approach, based on the constructing
of empirical probability distributions, may be extanded for
the case in which the components of the measured vector are
dependent but the obtained algorithm will be much mrre compli-
cated. -

II algorithm has been applied in some conception of a lear-
ning control system described in the work. The algorithms of
particular blocks in the learning system may be realized by
Aseparate devices or by one controlling digital computer.

Appendix
Let us denote

D, = sup |R (x) - F(o|l
~o{X<lco

where F (x) is defined by (18). According to the Glivenko’ s
theoren , Dn converges to zero with probability 1 (wepe1):

Since ; % 1
|F"l‘1’2'5’(x) - )< D, + —: 4
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Fﬁ 2'5(::) converges to F(x) uniformly w.p.1. According to
the theorem of Levy and Cramer , the respective sequence of
the characteristic functions?“ 223 ) converges unifor-
nly w.p.1 to $(t) corresponding to F(x). Bence, ¥

028y - -—-T‘j"‘y” 2,3 (hrag — -—fe = gtrat = 2ex).

It is easy to show that this convergence is uniform. Since
(x) converge uniformly w.p.1 to £ (x) and p converge
n 1 1 1,n
to Pl WeDe1, the LI algorithm Y,Sx) converges un:[.fomly to .
Wix) defined by (6). Define

- L 3, 33k,
R (x) {sﬁ},j[ (Y(x3, 3§

Then *
lim R (x) = R(x),
n-—>ao
where R(x) = ?[L(Y?!). i

and the convergence is uniform. Hence,
LmR = ln [R(Ofnax = [ Bi0axa =

e e .2
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THEORETICAL AND EXPERIMENTAL INVESTIGATION
OF A STRUCTURE - ADAPTIVE PATTERN
RECOGNITION ALGORITHM

J. Barat and Gy. Muszély

Research Institute for Automation
of the Hungarian Academy of Sciences
Budapest, Hungary

There are a number of well-known patf;ern recognition methods
which approximate the discriminant functions in the form:

& o 1l

where the functions V;(X) are given and determine the "structure"
of the pattern recognizer. But there is a profound interest!.\.nibe—
ingable to minimize the number of terms in the expression pre-
sented above and to find the significant functions from the

point of view of the task to be solved. Our aim was to deveilop

a technique for choosing the proper functions from a given class
based on the Bledsoe-Browning recognition algorithm.

1. Theoretical investigation of the Bledsoe-Browning algorithm.

The technique proposed by Bledsoe and Bz‘owningl and widely

known as n-tuple pattern recognition method can be described as
follows.

Let us assume that each pattern to be recognised is represented
by an N -dimensional vector X from N -dimensional vector space
X . Let us further assume that there are N categories into
which the patterns should be classified. The coordinates of the
vectors X €X are supposed to be binary.

During the learning phase patterns with a priori known classi-
fication are presented to the algorithm.We shall call them the
training sequence which is drawn from a finite sample
5;(i=1,2,...,8) of each of the categories.
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Let us form p -tuples from the N components of X . Let K be
the number of “p-tuples. Each P -tuple has 2” binary values
corresponding to the ZP possible binary patterns.

Forming p-tuples and observing the binary values of this group
of coordinates can be interpreted as a transformation performed
by forming all the possible minterms from the eleménts of the
group regarding them as booléan variables.

Thus, we can write

FOO={f, (), &), fc 0] =
[P0 B g 0, o) By g By By o O] 21

where

FLCR £ L P90 R OO Y P Y

where 3
- A - =1
x]" =% if x=0
and . ;
op Opad ~ne O N j=0,1,...2°-1

are the different binary values from O to 2P-1.

Let us consider for sake of simplicity the case, when the
number of categories is two /n = 2/. Assume we have the sample
sets {SA ) SB} from each of the categories A and B .

Then the Bledsoe-Browning method of learning consists of
simple accumulation of the transformed by E ( X) data received
from the learning sequence.’

Denoting F(X) by Y we can write the recursive expression:

W =0 /0 denotes the zero vector/

Wn *WaatY  1f  XeQA

; 14/
Wn *Woy-Y  if  XeB
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When the learning phase is completed the decision rule for an
unknown pattern X is

g = (W* FX)2 0 /sl

where ()_(,Z) denotes the inner product of vectors X and Y .

Clearly in this case the decision surface is a hyperplane go-
ing through the origin and orthogonal to the straight line
connecting the weight vectors of the two categories A and B .

The learning process (3) is a procedure without correction

and thus there can not be proved anything like the Perceptron’s
convergence theoremz. But if we consider the normalized compe-
nents of the weight vector \l_\/*:

where $§ is the sample size of each SA and 55 , and suppos-
ing the ‘P‘j(X) to be independent random variables drawn from
the same distribution then by generalization of Bernoulli’s
theorem the sample mean converges in stochastic sense to the
expectation of ‘P X :

'§Z X =>E (¢, (X)) 171

It is easy to show, that once the mean value and variance
exists for X the same is true for ‘fq (_)9 . These arguments
and the independence assumption leads us to the assertion,
that by increasing the sample size S—— °° the process con-
verges in stéchastic sense to the solution vector if the
distributions of the categories are symmetric. Here the "so-
lution vector" means the optimal discriminating hyperplane
orthogonal to the straight line connecting the mean vectors
and going through the origin in the sense of minimal error

rate.

As it has been proved3 the class of solvable problems for this
special kind of 4’ -functions, as in case of the Perceptron
machine4, is closed under permutation of the coordinates of
the vectors X€X .



82

This remarkable property of the boolean functions used 1in tne
Bledsoe-Browning algorithm makes the method to utilize only
the number of common elements /O’s and 1’s/ among the learning
patterns and the pattern to be recognized. Therefore, in gene-
ral, one can not hope to extract by this method any metric or
topological properties of the patterns unless these properties
occure in the sample by "covering" the same points of the re-
ceptor space [the same coordinates of X /. So the properties
"noticable" by this method must be invariant to permutations
of the coordinates of the vector space I .

Strictly speaking the expectation of a single term in the
discriminant function (4), if the elements of the p -tuples are

chosen by equal probability densj.’cies4

E[w g DT=E[Z, 95 (0 - g (D= 9, 09 N

= | _XeA P ) gni P ) )
(%)
-Lp .
where N - the dimensionality of the spac
P - the lenght of the p -tuple
m()_(;!) --number of common elements for X and Y
/both O0’s and 1’'s/

18/

Although this fact might be rather annoying in cases of practic-
al importance the class of functions used here is quite for-
tunate from point of view of the number of homogeneously linear
dichotomies5 instrumentable by the help of them.

Using the well-known result of T.Cover® an upper bound of the

number of homogeneously linear dichotomies achievable by our
¢ -function can be find:

22("&.1) for N>2"
d(NM) =L(N,27) = |28 . 9
ZN for N £2"
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This equation is correct only if every k -element subset of
transformed by (2) vectors are linearly indepehdent for all
k%« 2" . In other cases it provides a useful upper bound for
the number in gquestion.

Following T. Cover’s suggestion we can calculate the capacity
of our ¢-—machj.ne

C=2(M+1)=2(2"+1) /10/
which- in comparison'with general quadric surfaces
(C-(n+1)(n+2)) gives a sensible improvement even for rela-
tively small n'’s.

2. Theoretical investigation of the structure adaptation
technique.

Let us consider a given /finite or any infinite/ class of

RGNS ®},, e

where X is an element of the above defined measurement /re-
ceptor/ space X and I is some index set. We would like to
choose m functions from this class for our discriminant func-
tion (1) .

Let define a measure of efficiency of a given function from

() h (\P‘._) which shows how useful this function for our task
is. For this purpose it is natural to consider the probability
of the correct decision when it was made only on the basis of

this function.

Let assume there exist the following probabilities:
Plg,(X)>0, XeA]=p, Plg (X) >0, XeB] =g, 112/

Py (X)£0, XeA]=p Ple(X) 40, XeB]=g,

where clearly Pt pl+q,+ g, =T.
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If we wanted to classify on the basis of the sign of . ()_()
then the strategy which provides the minimal error probabili-
ty would be in case of \P (X)>0 to clasify X into A orB ,
or in case \P (X) £ 0 into B or A according to which of

p, + q‘ and @, + pl is greater. [In case of Pt q‘ qt"Pi)
we can decide arbitrary./ We have the probability of correct

decision:
h(g) = max (p, +q, , g, *+p;) 113/
where h(y;) is in the interval [% ’ 1] :

This probabilities are unknown and all we can do to estimate
them from the sample. Suppose we have sample consistng of k-
elements then we can form according to the matrix (12) the
relative frequencies:

a; bi
-R-" 5r 114/
a; bi
* k

It can be proved that on the basis of the strong law of large -
numbers the expression

h(xp) rnax(a +b! , b;+qa;') 115/
converges with probability 1 to h(\&) when k—— e |

The selection of efficient functions by mean of the above de-
fined measure can be performed as follows.

Let be given a threshold value
% €c <

Then chosing from the class {1’1} uI functions at random and
calculating the h (up) value we keep only those for which

h(\ﬂ) >C . After finding M function this manner the search is
completed. Now we can begin the process of estimating the weight
vector W usually considered as the learning phase of the re-
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cognition algorithm.

We state the followingtheorem: Providing there exists a probabi-
lity distribution on the index set [ of {\P‘h R and we draw a
function ¢; according to this distribution and for this func-
tion h (¢) >C and we perform the classification only by this
single function then the probability of correct decision is a
monotone function of C

Proof:

Let be h(y;) random variable given on the index set I , with
distribution function:

F(t) = P(hig) <t) 3 £t4d /6]
IE ) cik % then F’(ﬁ (g 2¢) =1. 117/
c> % then P (R (g) c) =P(F(a;+b)) 3¢c) =

f £ [t"u DY - t)"]dF(t)

/18/

For a given \Pi the probability of the correct decision H for
the condition mentioned above

P (H;g(‘h) 2 c/y;)

P(H/‘fi)?‘("&)éc) Sl T T e d s
_PCH/9) - P(Rced 2cled) _ h(gy) - P (hg) 2c/y)
P(hg)2¢) P(h(¢) 2¢)

The probability of correct decision when selecting the function
Y; from our class {"?i}igl at random:

PR 2 ofh(g=t) dF (V)
P(h (g 2c)
(S[c-n et (1-1) ] dF ()
C

120/

P(H/ﬁ(‘f{)aC) =
[e3
e f P

/ > (8) [ -4 (-0 dF B
; B
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Lemma 1l:

1f %%("_- 1 2, ok j X2 O’ﬂl>0) is a monotone decreas-

ing function of { then

L%

Mo

-
[
o

is a monotone decreasing fungtion of n .

™M

Bi
Proof: 1=0
From—g-—é% when G,C;Q,' b,d >0 follows
a £ atc ¢ ¢
b b+sd d
This can be shown as:
ad £ bc

ad +ab € bc +ab

a g a8
b b+d

Similarly can be shown the other side of the inequality. Now

the proof can be completed by full induction on n .

In order to apply our lemma in (20) we make the substitution
t=k-a :

121/
k-i-Lke] | (2 73 ; :
2 [tQ)[a-07 #E<U-0] dF (1)
k-{-[ke] ¢ . _ - . :
I B G ] BRI R A CRON L)
-0 3

where[kcl denotes the integer part of k.C .

Clearly decreasing € the number of terms increases without
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surpassing the value [-;—] . So we have to show that the expres-
sion
122/

[t(f] [ (-0 et (i Tar)
( f) [ti(4-t)""+t""(1-t)‘]dF(t)

is a monotone decreasing function of { . Proving this we will
need the following.

N*g.ﬂ_.

Lemma 2:

If for positive ﬁ(x) {z (x) on the interval 0<x<1 there

exists the integrals { f, (x) dF (x), j )(z (x) dF (X)/ { f, (x) dF(x),

[ { () dF () ana —ﬂ—(?— is monotone decreasing then

M.

£
9 1 123}
{xf,(x)dF(x) { x f, (x) dF (x)
- <
[ f @ dF [ f (0 dF (0
holds.‘
Proof:
124/

{ (x)

1 1
oy dF (x) = [ dF (x) =1
1 !f‘(x)dF (0 3 {fz(x)dF(X)

so there exists such X for which
: f, () > = f, & 125/
[ f & [, W@
z z

and there must be such x that the opposite inequality holds.
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f, ()

Because of monotonity of .f—(—)— - there exists such 0 <p< 1

that for § <Xx<p inequality (25) holds and for p< X< 1—
the opposite is valid.

So we obtain:

' L (x) .

fx[‘ RO A0 ]dF(x)>jp(—«—f‘-(ﬁ—‘

RV EACL 0 { f, 0 dF (0 1 {{g(x)dF(x)
z

.0 ]dme[ L& f00 JdF(x)-O jas
. (x)dF(x) j{ (x) dF () j; (N dF ()

QE.D. 2
In order to apply our Lemma 2 for proving the monotonity of (22)

we have to show that

g it (1-£) %4t ppk-iet (l—t)“”

Me—— . : - 27
tl(‘_t)k'( +tk_—((‘_t)l l I
is monotone decreasing in 7‘ <t<i
k-2i-1
M = i (i~t ) 128/

A (WJ k-2%

substituting x= 7 tt which is monotone increasing from { to oo :

k-24-1
k-24

M= X +X 129/

{+x

Considering the numerator of the derivative of M :

- .- - > ._z
1-x 2% 4i-2 +(k-—21—4)~xk s -(1-x2) /30/
where {< x < oo .

and (30) is easily seen to be negative.

This completes our proof since M  is monotone decreasing func-
tion of x and therefore of t as well. Thus Lemma 2 can be
applied and after application of Lemma 1 our assertion can be

proved.
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We can not state anything like our theorem in case when in the
discriminant function there is more than one term present.
Furthermore we will show an example when increasing the threshold
the probability of correct decision decreases.

The essence of this example is that although every chosen func-
tion alo};e is efficient but because of their similarity they do
not increase perceivable by their presence the information about
the problem. .

Let have in each category 30 vectors with a uniform probability
of occurence.

Let have the following class of functions { \fi]_ g
te

A B

= —A i U i N

¥ x' xg x.‘ xg ....... xn x" ......... Xw xu........‘m x“ ..............'w
%] 1. 4 1 ) i T Y T (90 SESORERY N O {
B |-t -t -1 =1 1 § e i -4 |4 1
1; = e e e FAY RO -1 TR S {
4‘ { -{ o fm g 51 .......... 4
\fs -{ { TR T et O e i14 :
\'6 . 4 bt o it sl gsniz A « ps ‘1 ............ T R NS e
h(¢,) =—§— if é=1,2,3 andh(¥)= _g(l’_ if i=4, 5, 6.

Assume the sample is representative enough so that ﬁ(‘&) =h(‘fi) ;
(i =1, 2, ..., 6) . Let the discriminant function (f) have 3
terms. It can be easily understood that if —;— £ c< 20

then even by choosing the weights W{ in an optimal way the
probability of correct decision

P(H) = 0,7233

But if we take —a0- <€ € —3=- the probability in guestion

P(H)=0,70 -
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3 Experimentelﬁinvestigations.

The searching method was applied in a modificated way to improve
the original Bledsoe-Browning method. We selected as matter of
fact not functions but p —tuples at random which means Zp func-
tions at once and the sum of Q(\ft) for these functions were
compared with a threshold constant.

This method was applied to recognition of small handwritten cha-
racters in a 8 x 8 receptor space for p = 4 /Fig. 1./. The
sample volume was 200 characters and the examination was carried
out by 400 independent characters. We found that until selecting
30p —tuples having the threshold ¢ < 0,85 the confidence of
recognltion is increasing function of ¢ . The Figure 2. shows
this fact where k denotes the number of selected good p-tuples
and r the rate of correct recognition. When C > 0,85 the rate
of correct recognition decreases. Selecting more than 30 p-
tuples the rate of recognition increased only when there was an
upper threshold as.well ( 0,75 € ﬁ (Wt) < 0,85)..

The plausible explanation of this fact is that the functions with
large h (\pt) represent the special bmses of the sample not being
representative for the problem itself. On the other hand as it
was shown in the theoretical investigation the efficient func-
tions in assamble carry less information than the less efficient

ones.

In order to investigate the original searching method described
above we selected the generated at random functions from the
class of boolean functions defined by the Bledsoe-Browning
method /minterms/. The task was to discriminate between two
artifically given categories. There were two vectors given in

the lO-dimensional measurement space:

x*=(0,7; 0,7; 0,7; 0,7; 0,7; 0,7; 0,7; 0,7; 0,7)

8
X '(0,3; 0;32 0,33 0,37 0,33 .0,7:70,7: Q,73 0,7)

which were considered as centers of mass of the two categories
A ana B . Adding noise to these vectors we generated the bina-
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ry elements of the pattern sets. If a coordinate was 0,7 then
with probability 0,7 we altered this coordinate to 1 and with
probability 0,3 to O. If a coordinate happened to be 0,3 the
procedure was the opposite. These random changes were performed
independently from each other. The result was that a binary vec-
tor could belong to both of the categories and the theoretically
compﬁted optimal probability of correct decision was only 0,92.

In our case because of the biasedness of the generated learning
set this figure was slightly higher: 0,94.

This task as it might be shown can be solved by a Perceptron-
type recognizer in the sense we investigated the p -tuple algo-
rithm above. So it can be solved by computing only the number
of common elements m(X,Y) in the learning set and the pattern
to be classified (8) .

So here we can not hope to increase the rate of correct recogni-
tion by applying the searching technique and the only advantage
we gain is the minimization of the number of required functions
and consequently the number of terms in the discriminant func-
tions /cf. Figure 3., where k is the number of good functions/.

Conclusions

The searching method suggested in this paper has as minimal ad-
vantage to minimize the required memory capacity by cutting the
number of terms in the discriminant function.

If we can manage to set an upper threshold during the function

selection procedure'or to introduce a measure of function-effi-
ciency which takes into account the dependency between the se-

parate functions as well, the rate of correct decisions clearly
increases. So we can conclude that this is a successfull way to
adjust the recognition technique to the specific relevant cha-

racteristics of the task to be solved.



References:

N Bledsoe, W.W. and Browning, I.: Pattern Recognition and Read-

2.

3. Barat, J. and

4.

Novikoff, A.:

Petrov, A.P.:

. Cover, T.M.:

ing by Machine
Proceedings of the Eastern Joint Computer Con-
ference, December 1959.

On Convergence Proofs for Perceptrons Proceed-
ings of the Symposium on Mathematical Theory
of Automata, New York, April 1962.

Polytechnic Press, Brooklyn, N.Y., 1963.

Muszély, Gy.: A Pattern Recognition Algorithm
with Searching Method

Acta -Technica Academiae Scientiarium Hungaricae,
Tomus 59 /3-4/ 1967.

Possibilities of the Perceptron /in Russian/
Technical Cybernetics, No.6. 1964.

Geometrical and Statistical Properties of Linear
Threshold Devices

Stanford Electronics Laboratories Technical Re-
port 6107-1. May, 1964.




