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ОБУЧАЮ.ЦИЕСЯ СИСТDЛЫ УПРАВЛЕНИЯ 

Я .З. !lшiкшi, Г.К. Ке.льманс, Л.Е. Эпштейн 

Институт автоматики и телемеханики /тех­

нической кибернетики/ 

Москва /СССР/ 

Введение 

Обучающиеся автоматические системы характеризуются способ­

ностью улучшать свое функционироваввое поведение, свойства в 
ходе работы. Настоящая статьи посвящена обсуждению прииципа по­

строения обучающихся автоматических систем, внясневию их воз -
можвостей и · особевиостей. 

Необходимосn в испо.nзовав.ии обучающихся автома'!'ИЧе·скп 

систем вознихает в тех сдучаях, когда характеристики вабтDда­

емsх ситуаций /соответствующих свrнаиам; · Подхеzащим ·опозвавию, 

.пибо состояниям упр8В11Яемнх об"еК'l'ов/ 'Заранее веизвествн, т.е. 
коюда априорная информация о нaбJmдaermx- спуациях ма.па. 

Принцнп работы обучающихся автоматичес~ · систем основав 

на алгоритмах обучения массификации на6зmдаемнх ситуаций /об­
разов/. Поэтому в работе CSoJ1ьmoe внимание уде.шrется методу по­
.пучения этих алгоритмов ва основе мив.имизации · фунхциоваиа типа 

среднего риска ошибочной массифiщадии. Этот метод внтехает из 

общей теории адаптации и обучения(!} • 
Показано, что при частmа: видах фунКЦИЙ потерь IIIOI'Y'f бвть 

по.лучены как известные к настоящему времени, так и ноБЬiе ВJIГО­

ритмы обучения и самообучения. 

Полученные алгоритмы приМеневы дJiя построения обучающпся 
систем упр~1ения и обучающегося _ приемника импульсных сигналов. 

Приводятся результата эксnериментального исследования са­

мообучающегося приемвика. 

I . Виды обучеви.t~ , 

В ·основу построения обучающихся -автоматических -·систем ва­

ми положены алгоритмы, массификапии наблюдаемых ситуаций. Раз­

биение ситуаций на к.nассы осуществляется на основе векотороrо 

решающего правила. Метода оп еде.левия этоrо решающего правила 
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существенно ЗSВJICЯ'l' 0'1' об•ема · априорной ивформацп о u&с:с.­

фицируемьа: спуациях. 

При достаrочной вприорноl информации, т.е. когда нам из~ 

вестюr вероятностнsе характеристпи ситуаций, pelllaDЩee прави­

JIО определяется :uaccичecltDIII ·методами теорJШ статистическп 

wшевdf2 ,З). В этом с.пучае обучение отсутствует. НВос:sхоц -
мость в ОС:SучеНJШ возникает - при неполвой, ведостаточной апри­

орной информации, т.е. :когда вероятностнне характеристпи си­

туаций заранее неизвестны. ECJIII .!Dfеется · допОJIНИТе..пьвая в:нф>р­
мация, состоящая в том, что заранее · известна прина.д.1Iехвосn 
ситуаций из ·некой поСJiедоватеJrЬВости :к тому 8JDI иному :uac­
cy, то решающее прави.ло находится ва· основе этой •тренировоч­

ной• поСJiедовательности ·с помощью апrоритмов обучения с поо~ 

рением ( 4• 6 ). . 
Ес.пи :ке и_ такая допо.лнительная информация отсу'!'ствует, . 

то решающее прав~о до.л:кно бнть найдено тоJIЬко на основе на­

блюдаемых сИ'!'уаций с помощью алгоритмов, которые уместно на­

звать алгоритмами самообучения(?.&). Таким образом, мн СТ8.11-
киваемся с .двумя видами обучения: обучения с поощрением и 

обучением без поощрения, или самообучением. 

Решающие правила д.11Я всех перечислевнвх СJiучаев ранее по­

лучались в результате рассмотрения самостоятельных и, ва пер -
вый взгляд, не свяэанвнх между собой задач. Тем не менее все 

известные, а тапе новые решающие правила могут быть п~евы . 
реrулярНЬIМ путем из условий минимума общего критерия качества 

классификации тиnа среднего риска. 

К формулировке критерия оптимальности классификации ситу­

аций и nолучению условий его 11fШШМУМа · мы сейчас и nереlдем. 

2. Критерий классиФикации 

Для nостроения решающего правила необходимо прежде всего 

сформулировать критерий качества массификации, экстремум кото­

рого и до.лжен оnределить это правило ·. 

Предnоложим, что ситуации х из пространства Х поЯВJIЯ -
: ются ё.лучайным образом и каждая возникающая сиуация · относИТся 
к одному из N неизвестНЬIХ нам :классов Х/"1 ~~ •• • 1 х,;. Причем, 
при разных nоявлеви.ях одна и та :ке ситуация х мо:кет быть от­

н~сена к разным классам. 
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Разобьем. простравство спуацd )( ва N oCSJiacтel • бу-
дем ОТВОСИ'l':Ь сиуацu Х € Х;, , ВOЗBIIRВIOIЦYD В Jlllбoй момент 

времени, к к.пассу >(0 
• Задача :uассифпацви -состоит в опти­

мал:ьвом в векотором смысзrе разбиеиu пространства с.пуацd )( 
на о6.1шС'1'и )(, 1 ~~ • •. 1 Хн • 

Введем фyВJЩJLW IIO'l'ep:Ь l=к'"r х, u,J u:J, ···, ин) ( KJ''" •i,2, ... J N) 
где и, 

1 
иJ. 

1 
.•. 1 и"' - некоторые параметрн. Кацая фунlСЦВЯ 

Fи~n ( х, и,, иJ., ... 1 и,.,) оценивает потери, ВОЗВП81)1Ц11е при отнесеиu 

ситуациJI х из кмсса Хко-· к· uaccy х,: IIJПI, иначе, при 
попадаmrи ситуации - из масса Хко в -o6Jia.crr.ь Х,.,., 

Пусть тапе 

Рк - вероятность вас'f"1ШШеВИИ сиуаций uac-
ca )( к0 ; f ( х /к)= рк ( х) - уСJiоввая Шiотност:ь вероятности 
ситуаций к.пасса Хк0 • Тогда средНИЙ риск неправил:ьвой 1t1IВС-

сификации можно представить в CJieдyDJЦeм вв.це : 

"' "' R = L_ L. j f:кт{r1 и,1 иJ.г 1 и"')Rf-к(х)dх /2.1/ 
н-t m-t X'm 

На..и.лучmая класси~ихация соответствует '!'акому внбору параметров 

u ,1 uJ., ... 1 uN и областей Х', 
1 
~ 1 . . . 

1 
Хм , при котором сред-

ний риск /2.1/ wпшма.пен. 

з. УСJiовия мин.имума сре,цнего риска 

СредFШй риск nредставляет собой фувкционал 0'1' границ 4,,/х) 
между соседними областями Хк и Xm и набора векторов 
и, 1 uJ., .. . 1 и и • Для нахождения уСJiовИя 11J1НИМУМ8 среднего риска 

мн, как и в ( 8 ) , используем массические -ме'l'оды варвациевного 
исчисления (91, пр.именив их теперь к более СJiожному функциона­
лу /2.1/. Эти уСJiовия минимума среднего риска могут бsть пред­
ставленьt в такой форме: 

"' "' . L L J 'VutFкт ( x,u,l UJ.1 · .. 1 и"'}Ркf" (х) dJ( =О 1 { l=i,2, ... 1 11} /3.1/ 
1<•1 ,.,.,_, )(''" 

и для всех х , принадлежащих границе А sm между соседни-

ми областями . x's и х'" 
fsm (x,u,,u11 . .. 1u"')= 

= Z { FкsJx,u,Ju1,. .. Ju"')- Fкrn( x,u,,u~, ··· ~ им)}РкРI< (~)=0 /3.2/ _, r· 
Уравнение /3.2/ nредставляет собой поверхность, paЗ;и;eJIJDJIIIYI) 
соседние области Xs . и Хм • Поэтому целесообразно фуВ1ЩD) 

/ 



6 

fsm ( · ) назва:-- раздеJIЯDщей. Знаки раздеJIЯЮщих функций 
при 11 ~Asm д.1IЯ всех s,m ... f,21 °· 0

1 N позволяют различать 
о6Jiаст.и. 

При определенных предположениях(?] решающее правило мож­
но сформулировать следующим образом 

/3.3/ 

д.1Ш всех s -+ т ( s -J.,~ . о о J "') • В частном случае для двух 
классов среДНИЙ риск R , умовия ero минимума и решающие пра-
вила принимают вид: 

R = {F,,{~u,,иJ}P,f,(x}dx + /!;,{ x,u,,u~)~P4.{z)ax + 
х, х, 10 

+ Jt:,~ (x,ицuJP,f1 {x)dx + /f;2 (x1 u,,~)~P,(x)dx 
х~ ~ ,. 

CV'~R = j V~~,{x,u,,ul)P,f1 {x)dx + fvu.l=~(x,u,,uJMP~ (x)dx + , х, r 1° 

+ / Vu,f:,~ ( x,u,,и2).P,f,Mdx + fvu. f;2 (x,u,,uJR_tJ2{x) dx=O 
~ ~ е 10 
)( O'l'HOCИ'l'CJl Х :массу Х'/ , eCJD! f,z ( )(, U,, Uz) <: 0 

}( от~оспсн к массу ~о , если / 12 (~u,,uJ)>O 

/3.4/ 

/3.5/ 

/3.6/ 

Дальнейmая о задача состоит в окончательном определении из 

эти условий решающих правм. 

4 '1 ФоооJI.!)?()ВКИ зад;ачи 

В зависимости от характера априорной и текущей дополни­

тельвой информации возможны разJIИЧНЫе формулировки задач, свя­

занных с определением решающего правма, минимизирующеrо сред­

ний риск /2.I/. 
Задача I. Вероятности R появления сиотуации классов )(0 

и yCJIOB!JЫe мв ПJiотности ~роятности ситуаций jJк(x) в этих 

классах известнн (1<•1,21 .. о 0 1 w) • Извёстн:н также функции потерь 
Fкm(x,u,, ... ,иw)=Fкrn(xj • В этом случае нет необходимости в 
использовании обучения одnя получения решающего правила. 

Задача П. Вероятности Рк и умоввне плотности вероят -
ности ситуаций p~rrxJ известн:н (к~1,21 .. о 1N) • Фующии же 
потерь зада.нн с точностью до параметров и,, ul, · .. 1 uN 
В этом случае уже Бозникает необходимоость использовать для 

оценки параметроБ и,, и2, о о о 1 uN , определяющих решающие пра-
вила. об~ение на основе дополнительной текущей информации о 



7 

привадJiежвости возникающих ситуаций к тем 1Ш11 J1ВВ11 uacc8JI, 
т.е. на основе поощрений и наказаний. 

Задача Па. Вероятности Рк и плотвости веро.R'l'вости 
fк(х) (и-J,21 ... 1 w) веизвестнн. Функции потерь l=иm (x1u,,ul,· ··,u,.) 
заданн с точиостью до параметров u,1 JA,~. 1 • • • J ""' • В nом щ ... 
чае для оценки оптима.пьвых параметров и,1 и,~. 1 • •• 

1 
и~>~ необ­

ходимо восстанавmmа.ть векоторве статистические xapmrrepJIC'l'и­

:ки ситуаций. .ILпя этого нупо, как и ранее, испОJIЪзовгrь JWПОJI­

нительную текущую инфорМ8.ЦIШ о принащепости возНJ11t8DЩП си­

туаций к соответст:вуD~U~М uacc811. 
В перечис.иеmmх :вшпе задачах предпо.пп"аиось, -что сущест­

вует векоторая классификация ситуаций~ И задача состовха в По­

лучении при6.ппения к этой Dассифи:кацп. В с:.иучае отсутствия 

дополнительной текущей информации о ситуациях такая постанов­

ка задачи, естественно, теряет смвс.п. 

С этим связанЫ изменения физической сути .. cooтвeтc·rвyiJDUIX 
составляющих средиего риска /2.1/ в задаче m. 

Задача Ш. Вероятности Рк появления ситуаций из ОС1иастей 

Хк /а не из классов Хк0 , как бшо ранее/, и ус.иоввне 
плотности ве роятвести ситуаций fк ( х) в этп: об.Jiастях, веиз -
вестнн (к::а/121 • • ., w) • 

Функции потерь FкmC :t1 и,1 U~1 · ··J ин)= !=rn (х,и,1 и.~., ... 1 U"') 
/для всех К-=-11 2, ... 1 Л1 /, выражающие теперь mтpai> за отне-

сение ситуаций )( к классу Х,.,., {rn-'~···iм}, за,цавв с "Точностью 
до параv.етров u,1 и.~. ... 1 ""' • При -этих ус.иоВIIЯХ оцепа pe-

J • 

mающего правила . дomma бЫ'l'ь основана TOJIЬKO на обрабопе наСSJm-
даемых ситуаций без использования текущей информации о принад­

лежности ситуаций к соответствующим кпассам. 

Таким образом, в зависимости от степени ПОJIНО'l'Н · априорвой 

информации и наличия дополнительвой текущей информации о ваб.Jiю­

дае~шх ситуациях следует различать распозвававие ·~· киассвфи­

кацию без обучения /задача I/; с обучением при испоJIЬзо-вании 
дополнительной текущей информации - обучением с поощрением /за­
дачи П, Па/; с обучением при отсутствии дополнвтеJIЬВой информа­

ции - обучением без поощрения, или с~ообучевием /задача Ш/. 
Пере r.дем теперь 1r определению ·решающих ·праВИ.Л • .ILпя просто­

ты и обозримости результатов мн в освовном будем рассматривать 

случай двух классов. 
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5. Опререпе реmающеrо правuа без oбпe­
IDUI /за,цача I/ 

.. 

·F,;{ ~,и,, и~)== f:z2 (~u,1 u~,J-o 
F,l ( х,ц,~J· .;. F, ( ~J 

f:21 ( ~,u,,u~J- F2 ( ~~ 

/5.1/ 

Э'!'о озвачае'f, Ч'1'О llp8 вравuъвой uacc~ сиуацu · х по­

'fери раввв вуD, а DO'fepи прв о1118биах I-ro и · 2-ro. рода 38В8СЯ'l' 
от сщацu. Tor.u. усжовве ВВ1111J1В сре.двеrо р8ска /3.4/ вр.ц-
1188'1' вu: . 

.. . 
1,2( ~; . ~.,2 c~JI; (rj -P,p,o(r}/:, (~J-o . /5.2/ 

.u.s всех ..t'E: А,2 • lц{r} JIВ.IJ!IМ'CII paцe.uaqet ·фyiOЩ8el, - по-
этому pe118111Qee правпо n:pn•s''f вц.: 

~Е. Х, , ес.а • J,2 (х/~ о 
, есп {u(r}> О 

/5.3/ 

Решающее правuо IIODO сфорrу.uровать через хоэqфwцЕп правдо-

подобия ..f,{rJ , а 811811110: о 
'f2{r) 

p,(~J 1 ) 
~Е Х, , есп . 1piciJ >n(r 

/5.4/ х€ Х , е~ '/1afx~ ~ h(x) 

rде h ( ~ )= li о~ ( ~) предсоrав.:irяет собой пороr, JtO'fOpd :в .1t8В-
Р, ·F, (rJ 

вом случае заввси от ж • В часоrиок с.пучае , коrда 

F,г ( ~ )= kljz = conslo ,~ ~ (~)- ""'21- consi. 

h ( r) -= h ~ Р2 о Wv = consi о /5.5/ 
Р, · Wi.l 

ИмеР.Во атооr с.пучЗй оdнчво в рассматриваеоrс.а :в статистической 
теории о6наружения(2 , З]. В JП!dом пом с.хучае при вепОJIВой и­
формации реШающее правило может бнть опредеJiево J1И11!Ь с помощью 

а.п:горпмов обучения. 

6. .А.пrоритмы обучения с поощрением 

. Для получения алгоритмов обуче~ с поощрением прео6разу­

ем условия минимума /З.I/, /3.2/ среднего риска R к более 



удобной форме: 

М Фе ( х, u,1 u2 ) -=-d 
1 

х Е)(, 

~Е. )(2 

где 

9 

~ (xJu,,u2} == Vu Fкm ( x,u,,u2) 
е 

/6.1/ 

/6.2/ 

, если ситуация клас­
са Х'/ относится 
к классу X't.n° 

/6.3/ 

Теnерь для определения решающего правила можно воспользовать­

ся итеративными алгоритмами обучения (IJ. 
Вид алгоритмов обучеnия зависит от nолноты: априорной ии­

формации. 

Задача П. Предnоложим, что вероятностНые характеристики 
ситуаций ·иэвестНЬI. Неиз:&естннми ЯВJIЯIIТся параметры и,, U2 

функций nотерь Fi.к (~u,,u2 ) {i:Fкji1 к=t,2) • Rак и ранее, будем 
полагать Fmm {x,u,,ul) ( m -f,2) · равными нyJID. Тогда разде-
ляющая функция J12 ( х) принимает вид: 

h2 ( х J = A.f2 (:x)·F2 , (.r,u,, и2) -P1f 1 (xJ·F
12 
(х,и,,и2) /6.4/ 

Применяя вероятностНЬiе итеративные алгоритмы к /б.I/, по.лучим: 

Ut.[n]= Ut.[n-1]- !, [n]· 'Vut.~12 { x[n]1 u,[n-t]1U2[n-1]}
1 

еспt ~ [ п] - ситуация класса Х,О и 

Fz1 r~.[n}1 U,[rн]1 U1.[n-rl}.Plfz. (x[nl) -F12 { x[n~u,[n:..I]1 Uz[h-tl}P, f 1(x[ nJ) >О 

/6.5/ 
Ue,[n]= Ut[rн]- 0eJ n]· Vue /;1 (~[n]1 u,[n-t}1 u,[n-1))1 
если х [n] - ситуация класса JG 0 

и 

~1 (x[h]1 u,[r.-tl1 ul[rнJ}P2f2 (xlnl}- F,2 ( x[n)1U,[n-1]1 Uz.[n-rl)P,f,{x[rJ)<O 

и, [n) =- Ue. [h-1] . ) 

7 в остапыnа случаях( e':Z 1,2) . . 
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Задача Па. Пусть теперь вероятноствые харахтеристикв си_; 

туадиl неизвестнн. В этом случае тaRJte можно бwro бы воспо.ль-

. зоваться а.пrоритмами обучения, приведенНШ4И вшпе, если бы: в 
процессе обучения удавЗJiось восстанавливать вероятностные ха­

раRТеристикв ситуациl,входящие в выражение для раздеJIЯDщей 

фунхции 

/6.6/ 

· Э'rо можно сделать с помощъю известных алгоритмов восстановле­
ния вероятностей и nхотностеl распределения случайвнх вели -
чин (Э,IО). Однако, в этом нет необходимости. Мы: остановимся 
здесь на ином, более простом способе, основанном на исполsзо­
:ванив, по существу , этих же алгоритмов , но для восстановления 

не составnяющих разделяющей функции, а непосредственно самuй 

разделяющей фуНRЦИИ. Зафпсируем параметра и,, и2 , тогда 

/ 12. ( х, u,,ul.) = 1,2. (х) /6 .7/ 
Будем аппроксимировать функцm f.12. ( х) 
рованного рвда 

отрезком ортонорми-

11 

J(x) = с-т:rр(х) /6 .8/ 

тах, чтобы: функционм 

J (с)= J [ -h~ (xJ- c~y;(x)j~x-
x /6.9/ 

CSwr миаимаJiен. В /6.8/ и /6.9/ знах т означает транспониро-
вание вектора с . Дифреренцируя функцию 1 (с) по с и 
используя свойство ортонормированности компонент вектор-функ-

?UИ 1f ( х J , находим оптима.льнне значения с 

С=МФ(х) 1 
где 

ф(х)= 

, eCJIИ t 

са Х,О . 
eCJIИ х 

са х2.о. 

/6.IO/ 

- ситуация к.лас-

- ситуация к.лас-

/б.П/ . 
Рассматривая JСЛовия /6. IO/ как уравнение регрессии, по­

лучаем на основании вероятностных итеративнsх методов I,II 
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апrоритм: 

c[n)=C[n-:]-l![n]-{ C[n-t]- <p(x[nJ)·F,
2 

(x[nl}/
1 

/6.12/ 
если х [ n J - ситуация масса Х/' 

С [n}- С {n-t}- o(nJ.[ С [n-t)+ lf(X[n))·h1 (x{nJ) JJ 

если х [n] - ситуация масса JG0 
• Применяя для решения 

задачи ПА /6.10/ при произвОJIЪИЬIХ параметрах и,, U 1 , а тапе 
используя /6.1/, поnучим необходимые условия относительно па-
раметров и,, ul, с 

М~ (х,и,.~и2 )=0 1 (l=f,2) 
/6.!3/ 

М Ф{х,и,,и~J- с 
т · 

с ·lf( х) =О для всех х G А 12 , rде фуmщии 

Фе (x,u,, ul) и Ф {x,u,,ul) опредеJlЯЮ'l'ся внражевиямв 
соответственно /6.3/ и /6.II/. 

Из системы уравнений /6.13/ вытекаот следующие алгоритмы 
обучения 

Ut. [11]= Ut_[11-t)- le {11] ·Vut. {:,2 (Х[11}1 U,[h-1} 1Ul[h-t) j 

С [n) = с [rн} - ;{ [11]-{ C[h-t]-lf'(X[nJ)-{:,2 (x[n]1U,{11-1]pl[n-t}}j1 
eCJI.В X[h} -ситуация масса Х,0 , и c7[h-tl-YJ(X{n])>O 

ut Cnl= Ue [n-1}-4([11] ·Vu !=21 ( xcnJ,U1[h-1]1Ul [п-1]} 
t. . 

с [11 ] = C[n-t] _ ~[nJ.[ C[l'l-1] +ЧJ(x{nJ) ·/;1 (x[n]1 U, [tt-й, Ul[h-l] J} 16 .I4/ 

eCJIИ )( [n) - ситуация маоса ](2° , и C 7[11-1l-'f(X{n]}<O 

с [nl= с [n-1}- '![nJ-{ccn-t] + (-.f)~rp(xCnJ)-f:кm(xch},u,[11-tl, и~c"-'J)j 

ecJIИ XCnJ - ситу:щzя масса Х: ( K·>f<tn i к,ГТI = t1.г) 
ut. [11)= ue (1'1-1] 1 (f -.::. 1,2) - в остальных с.пучаях. В наибо-

лее распространенном ~ае, ле~ем в основе статистической 
теории обнаружения (I,2j, 

~2 (x,u,,цl)= w,2 j f;,(x,u,1u2)=w21 /6.!5/ 

При эт~м алгоритм оценки коэф[~евтов с раэделяю~й функ-

ции 1 ( х J = с 7·1f ( )() , минимизирующей средний риск 
R = f Wl1~fl (х) d х + j W,2P, Р1 ( х) d х /6.!6/ 

~ v 1 . -"J 
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будет оетъ CJieдyDQИI вц: 

С [t1] = C[n-t]-~[YI] ·{ C(t1-t) -r.p (X[YIJ) · w,~ J 
1 

е сп: хспз - ситуации uacca Х, о ; 

с [nJ = с (h-1} - (((n) ·{ C(n-t) + <f(X[hJ) · w-~1 J 
. . J 

eCJIВ х Сп1 - спуацu uacca ~о • 

/6.!?/ 

7. A.lroDП& обучения без пoopiDUI /uropИ'l'IIН 
c81100бneвuf 

В этом с.пучае вам веизвествн u вероятвостИне хараитери­

стип спуацd х , ви допОJIВИтеJIЪИаа еформ8Ц1U1 о пр.внаджеа­
вости спуаций к uассам. Иначе говоря, испОJIЪзуются TOJIЪRO 

ва6.пщевия ситуаций, привадпежвостъ которых :к tоем и.u ивнм 

uассам неизвестна. Привимав во виимание обозначение f 4, за­
IIИШем средний риск R при N-2 так: 

2 ' 
Q- L_ J {:к ( XJ u,,ul)Pкfк(x) dx /7.1/ 

K•l Хк 

УСJiовие мивимума пОJiуЧается из /6.1/, /6.2/, /6.3/ замевой 
условия привадпежвости ситуаций к реальным массам Хк0 ва 
условие ( х Е Х к) · привадпежвости спуациJI х в: области 

Хк 

М Ф ( х, и,, иl)=О 
е J 

где 

и 

, eCJIВ F, ( х, и,, и2.)-~ ( х, и,, и2) <о 
, если r::, (x,u11 u2 )-f;(x,u,1 U.L)>O 

/?.2/ 

/?.З/ 

/7.4/ 
Дпя определения алrоритмов обучения, опреде..ляпцп параметра 

и,, U 2 , примевим к /? .2/вероятвостiПlе итеративные 
алгоритмы. Тогда получим: 

Ue[11}= u"{h-1]- ~[") · Vut. h (x["J,и,(h-1)1 u~(h-l))1 
если 

~ (x-l"~ u,[h-1}1 ul.[fнl)- t; (r[nl, u,[n-t~ и~[м-11) <:() 

Ue.{n]._ Uг[n....,J -~[t1] · vu,/; (x[~t)1 u,{n-t}1 U.(,._,J)1 
/7.5/ 
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Эти 8.П'о~пмн, естественно, совпахат с urop.8'1'118М8:, JЮ.~уЧен-
ВID18В( ). . 

в. Чac'l'lme c.vчu uroJ)!!!Oв 

По.жучеввне ввmе urc>pИ'l'IIВ, . ХО'l"Я по вве&еiQ' :вw • от.u­
чаися от ранее nвeC'l'IПIX а.иrО~в-uасс.,._. СИJаца:l, 
тем не менее coxepaa'l' поСJiе.цвие · кaJt ч8С'1'1Пd с.иучаl. Поаем 
ЭТО Д1J1 Задач8 обучевu С ПOOIIфeDeM. 

Будем •с:катъ раз~ фyRJЩDJ в форме 

у-::: U !'f(X} ' /8.1/ 
rде и - веnор неизвес'!'ВП Параме'l'рОВ, 

'f(x} - веlt'l'ор-фувкцu, кoмпoнeR'l'lil :которой' .uвеlво не­

зависимн. Выберем В ОСНОВНОМ ·кprrepd /7.1/ фyRJCЦU ПО'!'ерЪ 
CJieдyDIЦIIМ образом: 

h:l (х1 и)-. F,,(x~иJ=~ {f- u"'rlf(xJ) 

Fz.1 (х,и) == Fz2 (х,и)= ~(-1- и ":lf(X~ /8.2/ 

rде F (- J - векоторая ВШJУ1U18Я фyRJЩU. Тоr.ца 
R = /l=(i- Uт!p(rJP,f.1 (~r)dX + f ~(-f-u!''f(xJ}~fllxJdx + 

х, = { х: tJ'If'l•J .:0 J Х. • l• : U'f!f(JrJ>oJ 

+ /F(-f-Uт'f(rJ)Я.fl(ж)dx + /l=(l-ur!p(xJ}P,f1 (xJdx 
~ ~ . 

Вводя смешанную ПJiотвость распредеJiев.u сиуацd 

fC~J=P,p,(xJ+.Rfz.(x} . 
можно представить средний риск /8.3/ в :виде 
R= /F{y-u!'f(xJ)fMdx = M{;{!I-Uтtp(xJj 

х 
rде , 

/8.3/ 

/8.4/ 

/8.5/ 

, eCJIВ К OТHOCИ'l'CJI Jt UВCCJ х; D У= { -
1
f , eCJIВ к относится Jt uaccy Х/ /8.6/ 

- указания учителя /дополввтеnнаs ввфоf118ЦВJ1/ о ·пр1П18,1t.1епо­
ств возникшей ситуации к тому в.п пому ua«_y. Имевво в '1'&­

хой форЪ~:е и рассматрввапсу, фуR1ЩIIОНВШI в задачах оСSучев.u 

распозн&FЗвию· (4-6). · 
Аnrоритм o6yчeВJUI в Э'l'OII СЖJЧ&е 11111!8'1' ввд: 

и {п}- U[n-t]- ~[n) ·vu!= {1-u1n-iJ1f{ x[n])}J 
ec.u- х ["1 - спуацu uacca _хо ; 
U[hJ- U(h-1) -4[nJ ·Vuf= (-f-Uт(h-4]"YJ(X[n1)) 1 

/8.7/ 
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ес.п.и х (пJ - ситуация масса ~о • Алгоритмы /8 .71 можно 
записать и в более компактной форме, исnользуя /8 .6/, 

U{n) -U[YI-t}-l{(ra } · VuF (y[nl- Uт{11-l)·t.p(x["1}) . 
Такие апrоритмн в работеL51 и были получены непосредственно 
из фующиона.па /8. 5/. 

9. Об опт.Diальных алrоритмах 

Алrоритмы обучения, приведеиные выmе, сходятся nри вы­

полнении определенвнх условий, налагаемых на величины "6[h] 

и функции потерь ( I ) • В тех с..лучэях, когда число наблюдаемых 
ситуаций ограничено, целесообразно подчинить выбор HnJ усло­
вию наилучшего в пекотором смысле использования это й инфор­

мации, т . е . стrзить оптимальные а.пгоритw (12 • IЗJ Здесь есть 
2 возможности ( З] : 

одна из них основана на многократном использовании не­

оптималыmх алгоритмов с относитеJIЬно простым (!' [1-1) типа 

~(h)= ~ при периодическом использовании известной после-
довательности ситуаций ; 

другая - на ср:ециальном выборе lf [n J , wшимизирующем 
пекоторай эмпирический функционал. Так, в частности, для ли­

нейных а.пrоритмов типа /6.!2/, /6.17/ легко показать, напри­
мер, иак это было сделано в (IЗ. 14] , что оптимальное зна-
чение 

1 
~om. [n] = е-1 /9.1/ 

1'1+ v~(o) 
где 6l - дисnерсия )( , V.2(oJ - начальная дисперсия оцен-
ки. Если априорная информация относительно начального значе­

ния дисперсии оденхи отсутствует, то v 2
[o J = ~ и по -

.пучаем 1 
}fonтJh J = r\ · /9 .2/ 

Что касается общих случаев, то определение оптимальных зна­

чений весьма громоздко, и мы здесь этих вопросов касаться не 

будем. 

IO. Об;учаюшиеся системы управления 

Теория оптимальных систем управления дает возможность 

получить закон изменения управляющего воздействия u':l ( i J 

как функцию времени. Что же касается синтеза опти~ального за­

кона уnравления, т .е. целучения зависимости Uy от азовых 
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координат, то эта задача далеltВ. от приемлемого решения :в 

скмь-вибудъ сложmп случаях [ 3 • 15] • .I!Jiя оптимальных по 
быстродействию систем 

Uy ""; 1 1 либо Uv ..... -{ /IO.I/ . 
Поэтому задачу синтеза оптимальной по быстродействию системы 

можно рассматривать RaR задачу массифихации вектора фазовых 

координат X=(x,,xl 1 ••• 1 Км} на две категориn /IO.I/. Предста­
вим неизвестное вам уравнение разделяющей поверхности в виде 

А 

f(x}= uТ.cp(xJ-0 /I0.2/ 
Тогда 

• eCJUI 

, ес.пи /IО.З/ 

По резу~ьтатам определения оптимальных управляющих воздейст­

вий Иопт. ( t) и траектории фазовых :координат · х (-6) при -заданнш начальных условиях х(о) можно составить трениро-

вочную последовательность, т .е. соответ~твие между Хопт. и 

и спт. • Классификация /IO. 3/ осуществляется с помощью 
апгоритмов обучения, приведеиных в · § 6. Таким образом •. :в та ­

ких обучающихся системах управления на сснове тренировочной 

пос.педовате~ности восстанавливается так наз~аемая поверх­

ность переключения. Реализация подобнвх систем на осво~ 

6 ..-L.t6 -адаптивцы:х JIИНейюа э.пемевтов рассматривалась в ра отаr 
181. Допустим, что мы имеем увихалыmй оптимальный по быстро­
действию регулятор , :который в зависимости от · координат 

о6"екта вырабатывм ~J~ оптимальное управление /IO .I/. Этот 
оптимальВЬiй регулятор можно использовать для вастройки пара­

метров "обьrчншс" типовых регуляторов, входящих в состав про­

стых обучающихся систем управления. В процессе · обучевия на­

страиваемые параметры измеНЯ!I'Iтся так, что.бы с течением вре­

мени "обllЧ1ШЙ" регушrrор· ва.илучmим образом /в смнс.пе миниму­
ма ошибочных управляющих воздействий/ выполняли ·бн фун:кции 
дорогостоящего "оптимального• регулятора· [I, IбJ. 

Иные возможности построения обучающихся систем управле­

ния основаны на дискретизации пространства входных СИГВВJIОВ 

системы и оnределении или исследовании уже известmп:rопти- l 
мапышх управлений д.ля каждой из получаемых о6.пастей L19 • 20 
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II. Callooбn8I)ЩIIecs приеМНВЮI 

За.Jtача с~учавцегося приемнпа состоит в КJiассифика-
. цви прпимаемых сиrвапов: В тех с.пучаsх, когда сигналы пpeд­
CT8ВJISII'I'CS cRSJU~pвoit фуВIЩВей времени, мн можем воспользовать­

ся .uя построевu тахого прие11НИК8 апrор.итмами самообучения 

распоз.вававm спуациl~ внося при этом те · упрощения, которые 

обуСJiамnя....ются рассмотрекием одномерного случая. Так, при 

квадраr.8ЧIDIХ фуВ1Щ11JП потерь :критерий качества запишется в ви-

де: . 
R- J,Cи,-x)fC~Jrix+ {(u~,-x/trx)tix /II.I/ 

В этой задаче целесообразнее испопьэовать не дискретные, а вe­

пpepll1UIJI8 urорпмв, IШ'l'Орне " 110rут бнть пОJiуЧены из приведен­

ивх ввше ЖВСКР!ТВВХ цу!ем соответствующего преде~ьвоrо перехо­

да /см. тааеL8) /. В жаввом с.tучае эти апrоритмы самообучеd.IIЯ 
могут б.пь предстамены в такой форме: 

$~' ("') =- ~1 (i} .[ X("'J- U, (-I:J}.f ( X(iJ- .r•j 
. d Ut (-6J = _! (-t:J.f ,r(-111- U1. (-tJ}·J ( .r•- .r(tJ) /II .2/ 

di l 1 
гДе х 0 

- порог, равинl 

:{(2)={~ • eCJUI 

' ес.пи 

/II.З/ 

/II.4/ 
0П'!'ИМ8.1ЬВЫе звачевu ?;, ( 1:) можно представить в та-

КОЙ форме: 1. 
2S' 1 ("" J = "'""'f....:i=-~(-"r"_)-i_(_x_rc._J --X0-(-:-t )-~ a-q;-

0 

1! (-1:) == _,...;!=-------==-:= 
2 {'t1.(i:).j ( l(o(t)- ,r(Т))cl"!" 

где -1: '>Е >О о 

/II.S/ 
/II.б/ 

Структурная схема приемкика представлева на рис. I. Она 
осуществлена на основе элемев~в ЭМУ-8 и специально разрабо­

тавввх С11Iоков /пОлупроводниковые бесконтактвые реле, t - эле­
мент и управляемый потевциоме~р/. Ниже приводятся результаты 

экспериментального исспедования самообучающегося приемкика для 

осуществиевия классификации входных сигналов. В качестве тако­

вых использовались импульсвые сигналы, амnлитуда которых меня­

лась по различным законам, и импульсные сигналы · н~ фоне помех. 
На осциллограмме рис. 2 изображены процессы обучения 6ез до­
поJIВитеJIЬвой информации извне, где о6ознаgево: 
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I - входной сигнал приемника, 

2 - выход сигналов. отвосящихся к I-ому массу х/, 
З - выход сигналов, относящихся ко 2-ому массу xl, 
4 - процесс установления пороrа. О времени обучения можно 

судить по длительности устаномения пороrа. д1Iя рассматриваемых 
случаев процесс обучения ддится З - 7 периодов. Отношение сиг­
нал - помеха /на осЦИJI.Лоrраммах рис. 2,а-с/ имеют порядок 0,85-
0,4. Естественно, . что качество ·работы такоrо . привципа единствен­

во зависит от тоrо, насколько четко раздеJJЯЮТся массифицируемые 

· сиrналы. Подобная схема обучающеrося прие.мника бша использо­
вана для установки параметра сра6атнвания /пороrа/ в макете пи­

нии телетайпной связи с - помехами и обуспечивают минимальное 

число ошибок в принимаемом самообучении при заранее_ неизвест­

ной статистике помех. Подобные приемпики могут найти uримене­

ние и в рюtе друrих областей /те.леупраВJiение, контро.т.~, и т.п./. 

Заключен ие 

В работе развита теория обучающихся автоматических си­

стем. Из условий минимума сре.цнеrо риска ошибочной классифи­

кации ситуаций у помощью вероятностных итер~тивнвх апrорит­

~ов полученн а.пrоритмы массификации ситуаций как-при пoJIRoй, 

так и при недостаточной информации о классифицируемых ситуа­

циях. В последнем случае мы приходим к апоритмам обучения с 

поощрением или без поощрения. Из этих алгоритмов в качестве 

частных случаев следуют известные ранее алrор.итмы обучения и 

самообучения. ПриводЯТся пр~еры примененив алгоритмов обуче­

ния Для построения обучающихся систем управления и самообу­

чающихся приемников . 
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A basic problem within the pattern recognition specialty area is the 

determination of the best sequence in which the measurements of an unknown 

pattern should be taken. This paper presents a method for solving this 

problem in which the best sequence is defined as the one which minimizes 

a performance fUnctional which includes the various costs associated w1 th 

the problem. In particular these costs are the cost incurred as each kind 

of measUl'ellleDt is taken and the cost resulti.Ilg from an incorrect classi­

fication. The first of' these two types of' coats is considered to vary as 

a fUnction of the times when each measurement is taken and the second type 

is also considered to be time - dependent, i.e., premature terminations of a 

process can occur. 

Initial work9,l0 within this specialty ares utilized a concept of a 

patt ern space where each coordinate axis of this space corresponded to a 

different feature of the pattern. Geometric hypersurfaces were ~ed to 

divide this space into the various pattern classes and their locations 

were dependent upon the ranges of the values of each of the features with­

in each pattern class. This t ype of approach however, did not allow the 

application of a sequenti a l procedure since no dec ision could be made 

unti l all mea surements had been taken. Other researchers1• 2 have applied 

the basic sequential decision techniques of Wald11 and Goode
4 

to this type 

of problem. 

The most r ec ent work in the sequential ordering of gathering i nforma­

tion was by Fu, Chien, and .cardillo3. This paper proposed the use of 

dynamic programming in the solution of this basic problem. Their work, 

however, is valid only for the simple noiseless type problem. They con­

jectured that modifications existed to their approach which would make 

it applicable to the more general problem. The present paper includes 

t hese modifica t ions i n utilizing a form of the discrete Pontryagin's 

Maximum Principle in the p roblem solution. 5 



Devel~nt ot the D;ynamical Eguatioa 

The basic cCIIIpODeDta ot this problem are the kinds of meaaureJDents 

which can be taken, the values resulting from the aaeasureaaents, and the 

various classes in which the unknolm pattern could belong. Accordingly 

the follovillg symbols are defined: 

a: a set c~aed of the various classes, i.e. , _a • (s1, a2, •• • , ~~al 

where ai is the i- pattern class and there are a such claaaea. 

u(t): the cootrol variable representing the kind of measureaaent 

taken at tilDe t, e.g., u(t) • ~ vbere k • 1, 2, ••• , or~. 

We further define the set ut as 

t 
u • (u(t), u(t-1), ··· ~u11)) (1~ 

v(t): the value observed when a aaeaaureaaent is taken at tim! t. 

The raJl8e of these values is aSIIUIIII!d to be quantized into 7 k levels where 

the k refers to the kind of aaeaaureaaent taken. It is aaiiUIDed that one baa 

available tor use in the aolutioo of the problem 

(2) 

for J • 1, 2, ••• rk' k • 1, 2, ••• P, i • 1, 2, ••• ,a. Measurement value 

uncertainty, i.e., noise, enters through this probability. The exact 

manner and the significance of considering this noise ia shown in Appendix 

·A. Similar to the above detinitioo vt is defined as 

vt • (v(t), v(t-1), ••• , v(l)) 

9: the 8Uil total ot intor.tioo known about the unknolm pattern 

prior to the taking of an;y meaaureaaents. 

(3) 

Using these s;yllbola, it 1a now pouible to expreaa -the initial prob­

ability that the unknown pattern ·lies within the 1 th pattern claaa as 

P(si, 0 I 9). After t-1 measurements have been taken and the correapoodiDg 

measurement values observed, the prior probability at ti11e t wuld be 

( I t-1 t-1 . ) P si't u ,v ,9 • Similarly the posterior probability wuld be 

I t t P( s i, t u , v , 9) and they are related through Baye 'a theorem. 

I t-1 t-1 J PC I t-1 t-1 J 
I 

t t P[u(t),v(t) s1,u ,v ,e s1,t u ,v ,e 
P(ai,t u ,v ,e) • 

a t-1 t-1 t-1 t-1 
j~lP[u(t),v(t) laj,u ,v ,e]P(aj,t I u ,v ,e] 

(4) 
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Through this equati011 the posterior probability of ooe class si is 

related to the prior probability of each class sj, j • 1,2, ••• ,a. 

such the complete set ot posterior probabilities at time t, 

I
tt 

1
tt Itt P(s,t u ,v ,e) • (P(s1,t u ,v ,e), P(s2,t u ,v ,e), 

I t t 
••• , P(sa,t u ,v ,e)) 

is related to the complete set ot prior_probabilities at time t, 

As 

(5) 

I 
t-1 t-1 } P(s,t u ,v ,e • ( ( I · t-i t-1 > < I t-1 t-1 P s

1
, t u , v. , e , P s

2
, t u , v , e}, 

( I 
t-1 t-1 

·~·· P •a , t u ,v ,e)) (6) 

By considering the s.et in (6)·"ias a point within a probability spacet of 

priors at time t and the set in (5) as a point in a posterior prob&bility 

space at time t, equation (4) can be c0118idered as the equation describing 

the transition from a point in prior space to a point in posterio! space 

caused by taking the measurement u(t} and obserrlng the measurement value 

v(t). 

For any given kind and value ot measurement, .there woUld exist in the 

posterior space a unique point for ever,y given point in the prior space. 

The opposite statement would ·not be valid since many points within the 

- prior space could be transformed with the same kind of measurement and 

measurement value into a single point within the posterior space. 

If these prior and ·posterior probabilities are quantized into 5 

levels, each a dimensional probability space will be divided into ~ small 

regions called bins, where 

~ = 1 .~2(~) 
i=O i+l 

(For a problem containing three pattern classes and each probability 

quantized into eleven levels, the resulting binned probability space 

(7) 

would be as shown in Figure 1). Associated with each of these bins will 

be a set of a probabilities given by the coordinates ot some interior 

point. • 
th 

Designating the set of probabilities associated with the j- posterior 

I t t 
~~~-~=~ as Pj(s,t u ,v ,e), i.e., 

tA probability space is defined such that 'for any po.i.j,t within that 
space (1) every- coordinate is less than or ~qual to . one and greater 
than or equal to zero al'1 (2) the sum of all the coordinates is equal 
to one. 
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I
tt 

1
tt 

1
tt 

Pj(s,t u ,~ ,9) & (Pj(s1,t u ,v , 8), Pj(s2,t u ,v ,9), 
t .. 

••• Pj(sa, t I u ,v\8)) (8) 

th < I t-1 t-1 > and the i- prior space bin as Pi s ,t u ,v ,e , the action or taking 

a measurement u(t) and observing a measurement value v(t) would now cause 

( I t - 1 t-1 
a transition fran a point vi thin a prior space bin, P 

1 
s , t u , v ' 8 ) , 

to a point vi thi:n some posterior space bin, P ( s, t lu \ v \e) • Def ining 

P[Pj(s,t I u\v\e)] as the probability that jih posterior space bin is 

reached after t measurements, it can be expressed in terms of 

[ ( I t-1 t-1 ) l P Pi s,t u ,v ,e by 

t t . ~ ~ 7k 
P( Pj(s,t I u ,v ,8)] .. i~l k~l _f:1 

P[Pj(s,t I u(t).,. 'it,v(t) = v1, ut-l,vt-1,8) I u(t ) = uk 1 v (t ) =. v~ , 

( I t-1 t-pi s,t u ,v · 

P[u(t) ='\I P
1

(s,t I ut-l,vt-l,8 ] (9) 

P(v(t) = vll u(t) • 'it,P
1

(s,t I ut-l,vt-1, 8)] 

( ( I t-1 t - 1 )] P Pi ~~ .t u , v , e 
The conditional probability 

P(Pj(s,t ~u\v\8) I u(t) = 'it• v(t) = vl,Pi(s,t I ut·l, vt·l, e )] 

used in equation (10) is defined in the following manner : 

P(Pj(s,t I u\v\e) I u(t) = 'it• v(t ) = vl,Pi(s , t I ut-l,vt·l,e)] 1 (10) 

if for each s, z = l, ~, ••• a 
z t t • 

Pj(sz,t I u , v ,8) = 

I t -1 t-1 1 < I t- l t-1 P(u(t) = 'it,v(t) =vi. sz, u . ,v ,e Pi sz, t u ,v ,8) 

a t-1 t -1 t-1 t-l 
I: P[u(t) = 'it,v(t) = v1 1 sw'u ,v ,8] Pi(sw' t I u ,v ,8) 

w=l 

i.e., the a values which the right hand side assumes as z = 1,2, ••• a 
th . 

lie within the j- probability bin, equals zero if the u(t) = 'it 
and v(t) = vl does not transform t he state of the system from the 

ith prior bin to the j~ posterior bin. t This definition follows from 

the requirement that Baye's theorem gives the relationship be tween the 

prior and posterior probabilities. 

tsome of the original work in using this expression was developed wi th 
che help of Mr. Jay N. Burns, Columbus Division, North Ameri can Rockwell 
Corpora tion, Columbus, Ohio. 
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This expressiori can be simplified b7 defin1Dg tbe tenaor elements 

mjikl = P[PJ(s,t I u(t) • ~,v(t) • v1,ut-1,vt·l,6) 

I u(t) • ~,v(t) • v
1

, Pi(s,t I ut-l,vt-l,e)) (ll) 

q.iilt(t) = P[v(t) • v1 I u(t) • ~,Pi(s,t I ut-l,vt-l
1

e)) (12) 

rki(t) "'P[u(t) • ~I Pi(s,t I ut-l,vt·l,e)) (13) 

I t t ) xJ(t) • P[PJ(s,t u ,v ,e) 

yi(t) = P[Pi(s,t I ut-l,vt·l,e)) (14) 

If one assumes that no additional intonation is obtained between the 

measurements at times t-l and t, then the prior probability at time t 

equals the posterior probability at time t-1. Using the above definitions 

and assumption equation (9) bec0111es 

(15) 

Suppressing the sUIIIII8tion signs and letting the ·•re· existence of tbe 88IDe 

script appearing on different -levels imply that a summation is to be taken 

over all possible values of that script, equatioo (15) becomes 

(1.6) 

This dynamical equation describes tbe changes in the probability that the 

syste:r. is in each of the ~ possible bins or states. The :PJ'Obl'"m has there­

fore been placed in the format of a stochastic finite state SJ'Btem. 

The Performance Functional 

The selection procedure of determining the best measurement sequence 

is to be based upon a minimization of a performance functional llhich is · 

equal to the ~cted total c011t. For this pr~lea this cost expression 

voul.d be equal to the aua of tbe following te:nu: 

l. The sum over all tille t .. 1,2, ••• tf of the product of tbe cost 

of each measurement at time t and the probability that it vas 

taken at time t, 

2. The product of the cost incurred if an incorrect terminal 

decision is made and the probability that a terminal decision 

will be made, 

3. The sum overt= o, 1, 2, ••• · tf -l of the product of the cost 



incurred i:f a prema-c:..:.;·e decision is made at time t and the 

probabi:llty that an early decision ·is required at time t. 

Tb~ numerical value of these incorrect decision costa can be determ­

ined !roll a loss •trix vbere the IJ term of this •trix, L1J(t), equals 

th~ coat incurred if the decision placed the unknown pattern in class I 

when the actual membership vas in class J and this occurred at time t. 

The expect~d decision coat incurred if the system was in state i at time 
th 

t, i.e., the i-- set of a probabilities has been reached at time t, and 
th the decision vas to place the pattern in the I== pattern class would be 

(17) 

Given that the system vas in stete i at time t, the best decision would be 

to place the pattern in the claaa associated with the minimum expected 

decision cost, i.e., choose the membership to be with the class I *where 

i~l.(t) • min i~l(t) (18) 
I 

Since the set 

I t t I t t (Pi(s1,t u ,v ,e) ••• Pi(s0 , t u ,v ,e)} 
th has been defined, i.e., the i-- bin is composed of a particular set of 

probability values, the fl.Ct) value could be calculated for each bin 

in the apace. The I* for each bin would then correspond to the pattern 

class to which the system in state i should assign the membership of the 

unknown pattern if a decision was to be made. 

The value of ~ .. (t) for t = tf would be the expected terminal loss 

due to an incorrect decision given the system was in state 1. Multiplying 

t his by a desired probability that a terminal dec ision is to be made, 
i p(tf ), the variable e can be defined as 

ei = p(tf) i~l* (tf) (19) 

f:;.(t), for t I tf, is the expected lc;;,s encountered if a premature 

decision is to be made at time t. If the probability of a desired early 
i 

termination is given by p(t), t • 0, 1, ••• tf-1, then the variable d (t) 

can be defined as 

(20) 

· Using these coat expressions and the s~bols de f ined above to indi­

cate the probability state at each instant of time and the measurement 
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used, a mathemati'cal expression o:t the expected total cost would be 
t -1 

. f k i 
J = e~x1 (tf} + ~ [c (t+l} rk (t+l}x1(t} (21) 

+ di(t}x1(t)] 

EXTERDIRi 'l'BE JIAXDIJ( PRINCIPLE 
TO THIS PA'l"l'ER!! RECOONITI~ PROBLEM 

The Maximum Principle ·for a Coefficient Type Controller 

Following the procedures of Jtatz8 
aDd Jordan and Polak6, the Hamil­

tonian for this problem is 

H[A.(t+l}, x(t), r(t+l}] s A.j(t+l}mjiktqj1k(t+l}rk1(t+l)x1(t) 

+ ck(t+l)rki(t+l)xi(t)+di(t)xi(t) (22) 

where A.( t} is a ~ dimensional adjoint vector which varies as 

A.i(t} = ::
1
(t) • A.J(t+l)mjiktq;ik(t+l}rk1(t+l} 

+ ck(t+l)rki(t+l) + di(t) 

The terminal cODBtrsints Oil ~is Yect~r are 

1 .. 1,2, ••• ,~ 

(23} 

(24) 

These authors have proven that in order to minimize the performance fUnc­

tional in equation (21) subject to the dynamical equation constraint, 

(16), one must choose those values of rki(t) at each time step such that 

H[A.(t),x(t-l),r(t)] is minimized. 

Now Kashap7 has proved that the set of allowed value s of rki(t) 

which do satisfy the minimization requirement of the H[A.(t),x(t-l),r(t)) 

are the values zero and one, i.e. 

r·i(t) = ) 1 for k=k* c25 ) 
k to for k#k* 

where k* is the appropriate k which causes H[A.(t),x(t-l),r(t)) to be a 

miniii!UIIl. This means that the optimal solution agrees with a general con­

straint that only one measurement is to be taken at any specific time. 

The solution of the two ~ dimensional difference equations (16} and 

(23) is to be based upon a backward calcula~ion procedure and the optimal 

value of r~i(t) V i,k,t will be found by chciosing those values wbich 

minimize the Hamiltonian at each time step. The specific procedure to 

be used is described in the next subsection. 
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The Procedures for Dete!'llin1Ds the Optilal Sequence 

By det1D1.Dg .the tlmetioD silt(t+l) aa 
. -

silt(t+l) • }..1(t+l)•jwcajilt(t+l) + ek(t+l) 

The lludltcn:1an bee~• 

(26) 

B • silt(t+l) rki(t+l)xi(t) + di(t) xi(t) (27) 

S1Dce laa~p praYed that the optilal values ot r;i(t+l) are zeros and coes, 

the w1n1wm nlue of B 1101114 be obtained it tor each i, i • 1,2, ... ~ 

.i(t+l) jl it It. It* 
rk • to otherwise 

where It* is detiDed traa 

silt* (t+l) • a1n silt(t+l) 
kE"Oli(t) 

(28) 

• min [}..1(t+l) •jwqjilt(t+l) + ek(t+l)l (29)t 
kE"Oli(t) 

and w
1 
(t) is the set of valuea that It, can ass\IIDI! with the system in state 

i at time t. 'l'h1s wi (t) is inc:luded because the values of the mji.IU and 

qjilt can eh&Dse dependins upon the mture of the measurements beins con­

sidered, i.e., is the aeaaurement beins taken for the first, second, or 

~time. 

The basic procedure therefore becomes 

1. Initially calculate }. (tf) trcm 

}.j(tf) • ej 

2. Iteratively calculate for t • tt, tt-1, •• • ,1 

sik*(t) • min [}.j(t)mjwqjilt(t) + ck(t)J 
It. a>i(t) 

.1( ) fl· k•k* 
rk t • 1o k~k* 

~i(t-1) • sik*(t) + di(t) 

i • 1, 2, ••• ~ 

(30) 

(31) 

(32) 

(33) · 

Since the procedure used in detenainins the rki(t) values, If i,lt, t, 

involved a backward calcW:a't"lbn, the true set of measurements available 

---f;~;.;t~cos can arise when the specification of j~t th~ state of the 
system would be insufficient to completely specify the set of available 
It's. In such cases either previous states in which the system was loca­
ted or some other specifications can be used to correctly label the set. 
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at timet, i.e.,ni(t), would have been dependent upon the measurements 

used at all times t ', 1 S: t' < t. As such if one bad previ~JUsly determ­

ined that the meaaurea:nt ~ £ ni (t) vas the one which vas the optimal 

meaaure~~ent if the system vas in state i at time t, the iterative nature 

of the problem solution would require that a reconsideration be made of 

this optia.l measurement if a measurement ~ vas found to be optiml at 

a time t' < t. This reconsideration would be necessary because the set 

of allowed measurements at t would have to be changed, i.e., ni (t) would 

no longer contain ~ but would contain '1t, instead where '1t, indicates 

the next 111easurement of that feature. 

For this example cODBider the case where '1t taken at time t' < t 

vas the first 111easurement of the ~h feature of the unknown pattern. 

Then at time t a first ~~~e&aurement can not be taken of that kth feature 

because a measurement of that feature at t would truly be the second 

measurement of that feature. For this example the set of measurements 

allowed in the recODBideration at time t would be labeled ni(t) and this 

revised set would equal the set ni(t) less the measurement ~(t) plus the 

measurement Uj[, ( t) • 

There are two situations . which can arise in this process of recalcu-
- " - 1\ lation, ei th~r It • It or It , k. For· the fo.rmer case one would need to 

ilt' 1k 
calculate g (t) and compare it with the values of g (t) determined pre-

viously for all the other k's in wi(t1i.e., for alllt£0)i(t), k, k. The 

optimal u. to be used at time t and with the system in state i would be 
K . 1k 

the measurement corresponding to the It* which m1nimized g (t) with 

Jt£0) 'i ( t) : --For the ca-;e vben i i'i no recalculations would be necessary 

fo'!' the problem. This arises because the total cost incurred when a 

second ~~~e&surement is taken is more than or equal that incur~d when the 

first measurement is taken, and since gik(t) vas less than gik(t)_by the 
1k ik' 

original m1nimization criteri2D, g (t) will also be less than g (t). 
ilt' 

Therefore a calculaticn or g (t) would not be needed nor a second com-

parison among the gilt(t) for k£0)'i(t); the optimal measurement for the 

system in state i at time t would remain as '1t• If the problem vas changed 

so that the cost of taking a measurement did vary as to the DUIIIber of times 
ik' 

it bad previously been taken, a recalculation of g (t) ~d recomparison 

among the gik(t), Jt£0)1(t) would always be necessary. 

Ca.!PARISCif WITH K : EXHAUSTIVE SEARCH TECHNIQUE 

The number ' of basic calculations, i.e., addition and multiplication 

operations, required to determine the best sequence via the Pontryagin 
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approach is dependent upon the results of the step by step process. 
ik 1 Recalculation of ·saue of the g (t}'s and II (t}'s could be required under 

certain circumstance~ . As such there would be two extreme cases that 

could arise, the case where no recalculations would be necessary at any 

time, and the case where a recalculation would be required at each time 

one could occur. Defining 1.1 as the probability that a recalculation would 

be required at any given time one could occur, an upper bound on the total 

expected number of basic calculations needed to determine the best sequence 

would be 

fiP,I.l = n~(~rM + ~ + 1} + (l/6}~.t~7M n(n+l}(n-1}(37M + ~ + 1} (34} 

Until the introduction o! optimal techniques to aid in the solutiOll 

of this problem, only an exhaustive search technique was available wherein 

all possible sequences of measurement would be cODSidered and the one 

giving the sllllllest total coat vould be chosen as the best sequence. In 

comparing these two techniques the probabllity apace is assumed to be 

quantized in the same manner and the same cost expression and transition 

equation is used. The number of basic calculations required to carry out 

this procedure would be 

(35) 

It can be shown that NP,I.l is less than ~ for at least all possible 

combinations of the following values of the parameters: 1 < ~ < 500, 

2 < ~ < 10, 2 < n < 13, 1 < 1M< 10. Table 1 gives the values of Np 
- ,ll 

and ~ tor a representative type problem where there are two pattern 

classes, the probability values are quantized into eleven levels, f our 

kinds of measurements can be taken with a maximum of three possible 

measurement values observable for each kind of measurement, and a maxi­

mum of three measurements allowed to be taken. 

CONCWSIONS 

The basic problem of determining a best measurement sequence based 

upon a minimization of a pr escribed cost function has been solved using 

a discrete versiop of ?ontryagin's Maximum Principle. It has been shown 

that by using this technique a significantly smaller number of basic 

arithmetic calculations are required than that nee?ed by a brute force 

rM = ~x rk' n = number of measurements allowed i.e., n = tf 
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approach. · Si nce this basic problem in pett ern r ecognition is common to 

many other areas within general decision theory, thi s new t echnique holds 

much promise in the savings of time and money in solving for th~ best 

selection sequence of gathering information. 

Examples of the types or problems in which this technique can be 

applied are found in a wide range of fields. The decision of which new 

type of consumer item should be ..mdactured would need· to be baaed upon 

an optimal gathering of expensive ~omat1QD~ about the buying public. 

The technique described above would prescribe the 'bea.t. ~Sequential order 

that such info:naation should be obtained. 'l'his technique coUld also be 

applied in a school testing procedure vberein the correct classifies ' ~n 

of a "student" ean be made with a llin.iml expenditure of effort. Another 

direct application of this procedure would be the initial progragU,ng 

of the seq nee of measurements to be taken by a device which would recog­

nize patterns. 

Table 1 

Comparison-Between Approaches 

Number of Arithmetic 
r pproaches calculations 

~ntryagin Maximum Principle 

Wi th no recalculations 1, 353 

With the maximum number ot 3,201 
recalculations 

With recalculations occurring 1,815 
with a probability ~ a 1/~ 

lr Exhaustive Search 36,648 

[ obl em Constants a = 2, 5 ., 11, 
~ - = 4, rM = 3, n = 3 

- APPENDIX A - NOISE CCJmiJERATI<IfS 

The form of the noise considered ia a probability, P(v.t I vj ', ~), 
over the r ange of possible measurement values that could be observed 

given the correct mea~ value and the kind of measurement , 1. e •, 
-=-

I 
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the noise in the aaeasuriDg instrument is considered. It is assumed that 

the probability P(vJ' I ~·si) '118S previously -detennined. 

P[v(t) • v1 I u(t) • ~,si] can therefore be found by 

7k 

j~l P(v1 I vJ ', ~) P(vj' I ~,si) (Al) 

Since real world problema include sueh noise, a useful decision aid­

ing procedure must conaider ita effects. One of those effects ia the 

change in the measurement value probabilities as indicated above. Hov­

ever the 1110st significant effect is the fact that repeated measurements 

can give additional infonation and therefore the capability of re ed 

use of all measurements must also be cODSidered. 
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CXO;llHMOC T:O AJirOPm'MOB OEYl!EHl1H H 
A.ztAIIT Al.UtU1 

S. M. EpaBepuaH, E .• M.JhiTBaKOB 

L'IAT/TK/ 
MocKBa 

CCCP 

ilpouep;yphl Po66HHCa-MoHp0 MeTO.zta CTOXa CTHtJ:eCKOti armpOKCki­

MauHH [Ij ,[2_) , aJirOpHTMH , ITOpOJK,Z{aeMh!e MeTu.ztOM ITuTeHIUiaJI:O -

HblX qJYHKUH~ ITp¥1 peme HHH ariiipOKC I:fM8Ul!OHHhiX 3a.ztaq [ 3-'7] H 

HeKOTUphle MHhle, OJIH3KHe ITO xapaKTepy rrpoue.D;yphl ITpl'!BO.ztHT K 

paCCMOTpeHH~ CJiyqa~HbiX I10CJie.ztOB8T8nDHOCTe~ /.n -Me pHhiX BeK­

TOpOB ~"=(~:· ~:, · · ·-y:.) , orrpe.zteJIHeMhJX peKyppe HTHhiMl'l CO­

OTHOillelillffMl1 BH)J;a 

. Jt'= }/' ~ l, (A(j; X')_; / = tJ.~ · · · · 111 /I/ 

r.zte X"- CJIJ'{ai1Hhlti Be KT?P, IIOH~JIHJOIIIH~CH Ha K8 0:,1t0M ware B 

COOTBeTCTBI1l1 C HeKOTOphlM HeH3BeCTHb!M 3apaHee yC JIOBHb!M pac-

rrpep;eJieHMeM Be pOHTHOCTZ p(JC/j,) , HBH O He 38Bl'!C H!!(MM 

OT n , flc. (X;/j) - HeKOTOphle ,4eTepMV! HHpOB8HH:Oie QYHY.L(liiH , 

a Y, - tJ:JieHbl tiMCJIOBOH ITOCJie ,Z{OBaTeJII>HOCTR . X/ 

KO£IKpe THb!e anropHTMbi, CBO.ztH!!(k!eCH K /I/ 1 OT1il1tJ:8 10TQfl Bvi-

.ztOM qJy HKU:l1W tPi. H ti !1C JIOBOW ITOCJie .ztOBaTe Jib HOC Tl1 (,. • U6blq-

HO B aJirOpl1TM8X Ta KOrO p o.zta r, HeKOTOpaH ITOCJie.ztOBaTeJII>­

HOCT:O H80TPl1U:8TeJI1>HbiX tiHCeJI, y .LJ; OBJieTBOpH!Oll\8H y CJIBHHM 

/2a/ 

x f Ha CBH3I> npor~e.ztyphl Po66HHca- .1oHp o c rrpo ue.ztypglni ;Je To­
.n;a ITOTe HI.{M8Jil>HhiX f.l?YHKI.{ l1W BITe pBhle o6pa THJI BHIU.i 8 Hl1e . 3 . $ m­
Kl1H {8]. UH li:e. IIOK838JI ( 9] , tJ:TO rrpou;e .ztypa THIT2 /I / uo:.r.e T O:IT:O 
HCII01L&30 Ba Ha .L{.Ilff peweHl1H lll ii!po rwro rmacca 3a.ztaq TeopYIM a .IJ:a rrTa ­
Ul1J!I V. 06ytJ:eHHH M8 11JHH. 06mHOCTD MeTO.ztOB .zt OKa 3aTel!:OCTBa CXO.ztM­
UOCT~ npou~.ztyphl P066II!HCa-i.1o H~ l1 rr po u e ,n:yp MeTO.zta ITOT8HUVI3Jib-
HL!X <J!YHKUMM o &ma OTMetJ:e Ha B L10 J . 
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/26/ 

B HeKOTOp~X CR y qaffX,OAHaKO, yCROB~e /26/ MO~eT 6UTD SaMeHeHO 

6onee cna6HM ycnoBzeu 

,_,0 
/eM. ,HanpzMe p , TeopeMY Yll HaCTOHIIleii pa60Thl/. 

EcTecTBeHHO, B03HHKaeT aa~aqa o6 ycTaHOBRe HHH KPHTepzeB cx o-

~HMOC TH c nyqaL1 Hoi1 nocne~oBaTenDHOC TH }; J ~ ... J" no-

poJl(,1J;aeMoii rrpone.ztypo.ii .jij. .· 
B pas.ztene 2 HaCTOHIIlei1 pa60Thl ycTaHaBnHBaiDTCH .ztocTaToqHh!e 

yCROBHff CXO,l(HMOCTH cnyqa~HhiX rrpon;eCCOB, IIpHMeHKMh!e, B qaCT­

HOCTH, K IIpon;e,cype (lj. 3TH ycnOBlUi <lJupMyJizpy!OTCH B cne~ yiD­

Il\HX TepuzHax. BBo.ztnTCH B paccMoTpeHHe nocne.ztoBaTeRDHOCTD .zte­

TepMHHHpOBaHHhlX ~YHKUM~ 

Un( :J~ ); .... J)~o " '/,(,; ~; .. · ... yj~ 0 /8/ 

OT, B006me rOBOpH, roapa·CT8101Il6rO C pOCTOM n 'IHCRa B6 KT0p- . 

HI:JX apryMeHTOB Jl:= (11• tl; -zt") , ffBRfflll!lMXCH pean.v.rsan;H-
Q f J tf&y·~,., . 

HMli cnyttatiHoro npo n;ecca }j l/' .. .. , y• . YcTaHaBnH-

Ba iOTCH TaKHe cooTHomeHMH .ztRH ~yHKn;zi1 Un H V, , BhiiiOR-

Hff!OIIlMecH B C}my cBoi1cTB cnyqai1Horo npon;ecca 1; /1,,2 
... ll" 

KO TOphle r a pa HTHpyiDT CTpeMReHHe K HyRID B TOM MRH HHOM CMhlCRe 

/"no Be pOHTHOCTlll 11
, 

11II01.! TM Ha.BepHOe 11 BRM 11B Cpe,l(H6Y11
/, no 

Kpai1He i1 ue p e, O.ztHOi1 ~a cnyqai1HhiX nocne.ztoBaTeRDHOCTei1 

U,J lL,J" . .. 2/n RM60 V,J ~) .. ·;V,. 
ITpv. MCnORD30Ba iDIM IIORytl:eHHhiX YCJIOBMW CXO,l(HMOCT M B KOHKpeT­

HbJX 3a.ztaqax y,ZJ;aeTC ff nO.zt06paTD <lJy nKLUHl /8/ TaK, 'ITO M3 CXO,l(M­

MOCTM B HeKO TO P01' CMhlCJie O,l(HOM M3 3TMX <lJy HKI.l;HH K Hymo CJl6lJ:Y-

eT CXO;l(MMOCT:b B TOM z e CMhlCJie cny-qati HOrO npon;ecca ,; 1: ... ,,~ 
OmiT ~1C flO RD 30BaHM ff yKaaaHHhiX KPMTepMeB c x o,ZU'IIJOCTH npz pac­

CMOTpeHMH KOHKpe THb!X aa;l(aq fe u., Haiiplime p , [4 -7] I rroKa3h!­

BaeT , T.{ TO !l0~60p T aKUX <jlyHKIJ;11M BO MHOrHX CJiyqaflX He Bbl3b!BaeT 

3 aT p-·~HeHMi1 . Bo Bc ex Te opeuax pa a;l(eJia 2 rrpe,ll;rronaraeTCH, qTO 

rl>Yr.m.uw ; -:..; B c uny c :'Iyqafhl oro rrpon;ecca 'j; j ~ ... j)" Yll.OB-

Jie TBOpfi 'I' CJie~y rogeuy yCJIOBMlO . 
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YcnoB:vre A: :.JaoteMaT.Iii'leCKIIe 0'3.'11~aH¥Ifif/{ l/,(j?}f1{ J4 fj1] 
cyu;ecTBYJOT '11 

M f u.*' { ,:. ···Y"1/f/· ... ,,") ~ (I +.fll,)- Z/,( j,' ... y")-
-:'Y,·V,fy:. .. ;"J.,. J,, n:::~~--- /4/ 

r~e ~>o Hjl1n - rrocne~oBaTeJil>HOCTH , TaRHe, T.JTO -a/ L. Y, = oo 
"" 

6 I !f I f1,f " p<l 
11:, 

a 1, - He.KOTupafl CJiy tiaMHa f! IIOCJie~OBaTeJIDHOCT:&. 
B tDopMy1Ie / 4/ CHMBOJI If{ ... /. .. J 03Ha<IaeT YC1IOBHOe MaTeMa­

THqe c KOe OEH~aHHe. 

C:aofl c TB a cny qaiilHo1i rroc Jie,ZJ,OBaTen:&s:ocTH 1.., '11 q viCJroBo}i 

IIO C:ile~OB8T8 Ji:&HOCTH ~ ~eTai1H3Hpy!OTCH B K8 i.:~,L(O ti VIS TeopeM 

pa a)J,ena 2. B rrpMMe ·:eHHHX Teo peM pas~ena 2 K rrpou e.Z(ype / 1/ 
o · ·as ;;maeTCH, t:tTO !1( 1 "} w /.It"/ rrporropuwuH:J.ill>Ha Y,' . 

J cJIOBUe}IBMeCTe C ,li;eT811H28U>i8J';j CBO tiCTB IIOCJle~O .tlaTe JI:& HOC­
Te t:i '"$, H Yn cocT aBJIHIOT rre pBoe ycnOBHe Bcex Teo peM pas­

~ena 2.. aT}1 T80p8Mbl pa3 JIHtialOTC H, ITO cy~eCTB y, CB0k-1M'11 BTOpbi­

Mli y c:ITOB'11H11JVI , y c Ta H3B1IH BaJ()!I\HMY! ~OIIOJlHHT81I:&H :Oie Tpe6o.E a HHH K 

CBH3.H Je J?.~Y <riYHKIUiHMH U, (j:. .. "JJ") '11 V,{JJ. .. / )'") , 
ICOTOpbi8 BM8C Te C rre pBbllHI y CJIOBHlThUI TeO peM 11 II03B0Jlf!!OT ~O:ta-

3 biBaT:O CXO~li!MOCT:O COOTB8TC 'rByiDliU1X CJiy<J:aWHb!X liOCJI8 )J.OBaTe1I:&­

HOCTe ~"' . 

i3Topbre ycnoBHH Te opeM pas~ena 2 y~aeTcf! cymecT:aeHHO oc­

iid61i!T:O , 8CJIM T8 M !1Jll'I VIH!:iM CiiOCOOOM YCT3HOBJieHa orpa H'11 1.J:8H­

HOC T:O rrocr'!'ll! Bce x pe a nV!s au}r!ii c n yT.Jaiii Horo rrpuu ecca y; ... 'j-" 
/ . 

IT De)J,e JieFJil; . lOC Jie~OBaTe JI:&HOC T:O : yHKU.Iiliil Zfn( 1:-· · y.") 
:! :::. s:;:sae TCH ec ROHe<J:Ho- 6omwo 1 , ecm'! mo6aH rrocne~oBaTe :c:&-

liOCT1 111 fa" , ~ mr KOTO PO:iii rr pe~e JI _&j, 1.1.( lt/1 
• . • tt") tJ ) • . . ) • • . - "~- ~- ~ 

c y ::.:,ecr-:: ~yeT VI ·oHetJ:e l:i , · o rpc. liVII.feHa . 

AT::'! pH,I\a Teope M pas~ena 2 y .ZJ;aeTC ri rror;a sa T:n, 1.!TO rr o<J:TH 

ace > 9. JHI3 .lii!ii i !lJU.a ~: Ho r o rrpo iJ;e cc a Jl: .... f; ". . . ~e!1 -
c'i':.!:'_ :; ;:1~o urpa iili! e r; cr , eG.:m rroc:e,ZJ;o :.:aTem;.ro c T:& ~YI1KI.UIM U, 
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He TOmKO y.i{OB1IeTBOpReT nepBbiM YC1IOBMHM ;:)THX TeopeM, HO Z 

HB1IReTCR 6eCKOHetiHO OOJII,liiO~. MO;ztHc];HIUipOB8HIWe·-_ c.OoTBeTCTBY!O­

mHM o6pa30M TeopeMH 0003HaqaiDTCR B ~eRCTe pa60T~ T~M ~e HO­

MepOM c zH;z{eRCOM "a" /HanpKMep, MOltH~HRanHH TeopeM~ I ®nry~ 
plipyeT B T8RCTe R8K TeOpeMa laj. 

fipe;ztnaraeM~ B HaCTO~e~ pa60Te ITO;z{Xu;z{ K yCT8HOB1IeHHlO 

CXO;z{RMOCTH CJij'l8~HbiX npo~eCCO:B OJIH30I{ IIO H;ztee It IIpRMOMY Me----TOlJ:Y llriiiyHOBa HCCJie.i{OB8HHH yCTcr.dqHlJOCTH ;z{BHl!eHHH. B M8TO;zte 

JlRIIyHOBa ~aRT YCTO~qlUlOC TH YCT8H8BJI;~eTCR, . e_CJIH y;naeTCH 

IIO;zt06paTl• HeROTOpyll ~YnRill1lD (f>a30Bb0:: ROOp,14HH8T : ·j,140B1IeTBOpffl{}­

eyJO ycJIOBHfil4, o6ecrreqJdB8IOlllHM c·TpeMJre!ille ee K Hynro B ~-pouec­
ce B03MymeHHOrO ,1\BHl!eHHH. KaK BH;z{HO H3 ycnOBHH A, 1>YHKUHH 

L/n 11 Y, v;, nrpalilT poJI!. "~YHRIUU! JIHIIYHOB811 I'! "ee IIp0!13-

B0,14HOW B CHJIY rrpouecca". 

CaMa no ce6e H;zteH rrpW4eHeHHH aHanoro:s MeTo;na JIRrryHo:sa 

,1\JIH HCCJie,i{OB8HHH CXOAHMOCTH CTOX8CTHqecKMX IIpouecCOB HCIIOITb-

30B8Jl8Cl> :s neJIOM pH;zte pa6oT /eM. ,HaiipitL'Ifep, ~I - 13] I. Ha­

CTOHmaH pa60T8 OTJIHqaeTCR TeM, qTO yC1IOBHH, H8K1I8,14biBaeMbie 

Ha " ®YHRUHIO JlRIIyHOBa11
, 0 Tpali!810T CIIeUH~HKY c;nyqaJ.t HbiX rrpouec­

COB, rropo~aeMbiX COOTHOllleHHHMZ /I/ l'l /2/ xf. Ws:seCTHHe Teope­

Mb! EnJMa [2] , HCIIOJII>SyeMHe ,1\JIR ,140K838T8Jll>CTB8 CXO;z{MMOCTJ.1 

ITPOL\e;ztyp MeT0,14a CTOX8CTHqecKOiii arrrrpOKC:I-lM8UHH HMeiOT TaKOH :'l!e 

xapaKTep. 

B pas,14ene 3 o6mMe TeopeMb! rrpeAbl.14Ymero pas,14ena MCrro n:os y roT­

cH HeiTOCpe,I\CTBe HHO ;z{JIH YCT8 HOBJie HHH ycJIOBMi1 CXO.i{Y!MOCTH ITp OL\e -

.ZJ;yphl /I/. 8;zteC:D ®opMyJIHpyeTCH TeOpeMa Y, yCJIOBI1H KOTOpOM ITO 

c :soet' <!Jo pMe aHan orwmbl TeopeMaM EnyMa [ 2] • 3Ta Teo peMa , 

!13 KO Topoi' pe3 y JI:DT a Thl EnyMa 11 E .r .rna;ztblwe:sa [rs] cne.ZJ;yiDT 

xf He rrpepi:!BHhlU ,zreTepMHHMpo:a aHHbiM aHanoroM rrpol\ecca / I/, 
/2/ CJiyl!;aT ypaBHeHHH 

~ ~ Y(t) c:P.-(y,,. -- , y,); t . = ~ ... / m 

IT Pl'l y c JIOBHH 
"""' J rftJolt = oo 

" 
J 'f 2(f}df < <><> 

" 
/~J.IH Lim Y(t}= 0/ 

t-0'0 I 
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KaK traCTHhlil CJiytrai1 , Il03BOJIRl!JT yCTaHaBJI!tl:BaT:& CXO;lt!tl:MOCT:& rrpo­

neAyp~ /I/, rrp!tl:ueHHeuow :ttnH pemeH!tl:H ypa:aHeH!tl:w perpecC!tl:!tl: !tl: 
TOrAa, KOrAa He n:&3ff rapaHTHpOBaT:& eAHHC TBeHHOCT:& pemeH!tl:ff 

3THX ypa:a HeHHW. CneAyD~aH Teopeua YI rroa:aonHeT ycTaHaBJIHBaT:& 
CXOAHMOCT:O IlpOUeAyp~ /I/, HCXU;ltff ll3 HHI:>IX CBO}iCTB IIOpOJK){aeMO­
ro npoueAypoi1 /I/ npouecca, He~eJIH Tex, KOTop~e MCrron:&ayiDT­
cH B TeopeMe YI. Kpoue Toro, B aaKJIDtreHHe paaAena 3 rrpHBOAH­
TCH TeopeMa Yll, pacrrpOCTpa HHDmaH peayn:&TaT~ EEyMa R Ha TOT 

cnytraiii , KOrAa rro_cneAOBaTe JibHOCT:O "1', , IPHrypRpyJOl!laH B rrpoue­
Aype / I/, YAOBJieTBOpHeT He ycnOBHJO /26/, a 6onee cna6ouy yc­
no:auJO j2:aj. 

2. UCHOBHble TeopeMb! 0 CXOAHMOCTH 

PacCMOTpHM CJiytraiiiH~ npouecc B AHCKpeTHOM BpeMeHH J2 1 

onpeAeJIHeMhiH ycJIOBHWHI IIJIOTHOCTllll!tl: BepOHTHOCTH /!,.,(,·~~--)11 
IIOHBJieHHff CJiytraHHOt;i BeJIH'tiHHH Jl/1~/ B 1/-# I 

- hliii MOMeHT BpeMeHH Ilp.I'I y CJI0Bl'IH 1 tlTO B MOMeHTN/J~J- --- • h 
CJiytrai1Hble Be mitfHHbl lipHH!dMaJIH SHatreHHH ;; !.1'1 . .. 'J l" COOT­
Be TC TBe HHO. 

~CTaTOtfHble yCJIOBHH CXOAHMOCT!tl: I\ HYJIIO MaTeMaTH~eCKHX 
o:R:~IAa HMt;i H(u,J 1.1: lf{V.] nocneAOBaTeJI:DHOCTH @yHKUMiii /3/, 
saAaHHbiX Ha cnytraiiiHOM rrpo~cce ?:- -- ,""- _. , ycTa­
Ha:BJI.IiBaJOTCH TeopeMaMH I 1.1: n. B CHJIY HeOTPMUaTeJI:&HOCTH BeJIH-

1.f:t1H ~ H v, OTC IOAa CJieAyeT OtleB VI,li;HhiM 06pa3 0M H CXOAH­

MOCTb 3THX BeJIHtfYLH .K HJ.ii iO ITO Be puHTHOCTH. 

Teope~.m I. llyc-r:o aa:tta H cnytraii Hhill: rrpouecc Y/- .. -. ;t~. 11 

liOCJieAOBaTeJIDHOCT:O CKaJIHpHbiX cpyHKUH~ /3/ 1 y ;ttOBJieTBOpH!Ol!\HX 

YC ::10Bt<l'l1M : 
I 0 • ycJIOB!iiRl A, rrpw-ieM_, . . 

~-'*' )", == Oj .f-11(J.,} < oa 

2°. ;;(,: /;;/-- - Jj~ ff+ _f!J:,)- Y,(t~ --- fJ~B ;t, ~ ? .. 
r Ae .Jl .11 8 ._ HeKOTop ~ie KuHC'raHThl , a ?~ ~ 0 - TaKaH 

C ny'!a ·: Hafl flOC JieAOBaTe JI:& HOCT:O 1 .'iTO 

~ 1'1{ 7-J < ,_ 
1 
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Tor,l{a 

&~/1{~]=0 , __ /5/ 

li nocne,l{OBaTeliDHOCT» cnyqaMH~ BenH~HH ~ CTpeM.PITCH K Hy -

JIIO ITO BepOHTHOCT.PI npH fl- e><:> • 

llpH HCCne~OBaHH.PI KOHKpeTH~X npo~eCCOB 0K83~BaeTCH, ~TO 

Benl<I'qHHbl _// B 8 , qmrypzpy10114Me B ycnOBMH 2° TeopeM~ I; 
.ffBJIHIDTCH He KOHCTaHTaM.PI, a HeKOTOpw,m ~YHRUV!HMH J~ ... J'!.; 

.II= A(j/. .. ~), 8 =- 8, ( 7: ... ; J"} 
UP,RaKO, ecn .PI y~aeTCH .PIS K8KHX-JIH60 C006paEeHHM YCT8HOBHTI> 

orpamt~eHHOCTI. ITOCJie~OBaTenDHOCTeM .JI, VI ~~~ .ZUIH ITO~Tl'I 
Bcex peam1sa~w c:nytia iiiHoro npouecca, TO cxo~MMOCT.PI ~ rro 

Be pOHTHOCT.PI K Hyn lD MO::teT 6b!Tl> ,l{OKaSaHa H B STOU cnyqae. 

OrpaHH~eHHOCTI. lite nocne.z~t:>BaTeJIDHOCTe 11 Jl, .PI 8, MOZeT 

cne,l{OB8TI>, B llaCTHOCT.PI, .PI3 OrpanHqeHHOCTH peaJIM38~.PIM cny­

t{8i1Horo npu~ecca. YcnoB.Pie, r apaaT.PIPYIDIUee orpaHH~eHHo"cT:& no-

1.fTH Be ex _ peanHaauHif c n;riaMHoro npou ecca !I;. . . . j.". , 
K8K JY!.e _yKa3hi.B3JIOCI> B pas~ene I, MOryT ~Tl> BhlpaReHhl B g?op­

Me orpaHH1.feHHH Ha Bl'I~ nocne~OBaTeJIDHOCT.PI ~YHKUH~ 

71, ( ;; .... -,-; . VIMeHHO, ,l{OCTaTOt!HO rroTpe6oBaTD, 1.fT06~ 
rroc Jie,l{o:aaTen:&HOCTI> 7/,. 6wra 6ecKOHe~HO 6omwoi'l • 

TeopeMa Ia: llycn ~YHK~~H / 8/ y,noBne TB OPHJO'l' ycnOBimM: 

ycnOBHRJ A, npii~eM .- ", 
2 _.&·, r, = 0 . 2 1'1{ /" 5 <eo>= 

· n-..<?9 I f 

1'1 { v.., I J!/- . )f ~}-:; {t ~ A fJ ; ... !f V} · v, • 8,,(): · .. } "} '/, ~ ?.,_ 

r ,l{e .Jl,{j:. .. y /") II $,(~: .. )''J- (pyHK~HH ,KOTOpb!e ,l{JIH mo-
6o M. orpaHvtt1eHHOii IlOCJie,l{OBaTe Jil>HOC'rl1 J'/ ... J; I J'/~lf(t"-= r .. , n) 

r aii!OpMpyiOTCH KOHCTaHTa MH .JlCe} l1 B(ll) 
CO OTBe TCTBe HHO, a 7, - cny~a ': H aH IT OCJie,l{OB8T8 Til>HOCTI>, Ta­

KaR , ~TO 

'f N(f,) < ~ 
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trHO 60JIDillaff. 

i or,Z{a noc1Ie.1{0BaTemHocn 

Cfi K Hynro no Be pORTHOCTH npH 

CJI ;fl.Ia'lHI:!X BeiiWU!H 

!/ ~ t>tO 

v, ~() 
B @opHy:rrMpOBKe Teopeubl I Tpe6oBaHI{e CX0.1\HMOCT ~I pR,Z\a 

~ 11{ }~J ffBKReTcR cymecTReH~M. ~opuynHpyeMaR HHEe Teope­

Ma il n03BOTtHeT OCH36HT~ 3TO Tpe60BaHHe Sa CtreT cymeCTDeHHO­

ro yCHHeHRH yCHOBHR 2° TeopeMH I. 0TKa3 B ~eopeMe IT OT Tpe6o-

BaHMIR CX0.1\MHOCTH p1.11a . f M(~rt} nosBOHHT B ,1\amHe i;iweu 

/CM. TeopeMy Yil/ OTKa3aT~CH B H8KOTOpUX cnytraRX OT Tpe60BaH.l1ff 

j26j B anropHTMaX CTOXaCTHtreCKOM annpOKCHMai~UH, 3aMeHHB ero 

Tpe60BaaHeY j2Bj. 
B OTJIHtrHe OT TeOpeYb! I B TeOpeMe il YTBepl!!,1{aeTCR CTpeMJre-

HHe K HyJIIO IIOCHe,Z{OBaTeill>HOC TH U.'l , a He \( 

TeooeMa n. ilyc Tll g)yHKL{JI!H /3/ Y.LIOBneTBO PHIOT ycnOBURM: 

I 0 • ycnOBHlO A, npHtreM 

~r .... -=-o k Mr~'LJ.:-o(._~, ei~«'l.=-o 
tt.- oe> t \ II ... o-

20. cymecTByeT TaKaH KOHCTaHTa /1) 0 trTO 

V,_(tr··,('') ~II U~(ifj .. . ,Jt") 
Tor,Z{a 

~!!,{ u'l.} =-o 
H nOCJie ,Zl; OBaTeJIDHOCT~ cnytraMill:IX BeJlH'IJI!H utt.. CTpe!!m TCH K Hy-

JIJO IIO Be pORTHOCT:f npH ~ ._ c;:::.-c:O • 

ilepeH,l\8M Tenep~ K ycTaHOBTi8HHlO ,Z{OCTaTO'iHbiX ycnOBHll CX0-

,1\ HMOCTJI! "notiTH HaBepHoe". C!lJo pMy:-J.MpOBaHHble HH~e Teopeubl Ill , 
!II a :11 IY noRa3 biB8IOT, trTO H~KuTopaH M0.1\HgJit:Kai..{WR ycnOBH fi Teo­

peM I ll il n03BOHReT ycTaHOBHTI> He TOJID KO CXO,l\HMOCT~ no Be­

p OHTHOCTH 1 HO H 11 IIO't!TH HaBepHOe 11
• ilpH 3TOM, O,l\HaKO, II yc­

ilOBHf!X TeOp8Libl . Ill , ill a rapaHTHpyeTCfl CXO,Z{HMOCT~ Ma'reMaTH<l:eC-

!<JI!X ORH,Z{a HHil M{ u~ J JU1lll~ IIPH fi < 1. ' a B ycnoBv!flX 

Teopeu IY, IY a, cxo ]!liMOC TI> uaTeuaTMtieCKHX o;;m,llaHHH Boo6me 

He r apaHTHpy e TCH. 
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'l'eopeua ill . !lye TI> tpyHRl.\1111 / S/ YAOBJieTBO pHIOT yc 310B}UU~ : 

1° . ycJIOBHID A, np~eM 

~~ ~o t' M{ZC:~] < OC) 

2° . Ha nOtlTH nce x 

ROTOpb!X ~ v.._ ::- 0 
peanHSBUHH~ cnyqaMHoro rrpouecca, .n:nR 

ImeeT MeCTO t..i"""- Urt.. = 0 

"'- C>O I'L---
'l'or.n:a rrpH tt.. -+oo no CJie.n;onaTem.HOCT:& 
!HITCH K Hy:rriD ITQqTH HBB8pHOe: 

u.tt. ~· o 
It!, RpOMe TO ro, IT pH JIIIX50M _fJ < f. . 

~M{u!;.,}=O 
n,.. - e>o::::> . 

/ 6/ 

Teopeua ma.llycT:& 4)yHKUHH /3/ y.n;OBJieTBOpff!OT ycJIOBHflM : 

I 0• ycJIOBH~ A, IIPHtleK 

~ rtt-=- o -~, 11{ ~fL,J ~ <=>0 
n.~c:ooo I 

2°. Ha ncex orpcuwt~eHHHX nocne.n;onaTen:&HOCTHX, .n;nfl RO-
Topi::UC t,_·..._ v~ ::- 0 weeT M8CTO &;_...,_ t(.."-= 0 

~~00 ... ~ 

3°. nocne.n;onaTeJI:&HOCT:& IPYHKIU1i1 lA.."' ( v- 'r .. /1~ - C5ecKo­
HeqHo 6om.mafl. 
Tor.n;a npn tt. ._ c>c> .rrocne.n;oBaTem.Hocn cnyqai1Hh!X Be JI:IoiqHH 

CTpeMHTCH K HyJIIO ITOtlTH Hane p_Hoe H, KpoMe Taro, rrpu n!OC5oM f< L 
&~11{u{j =0 
""' _,. c:I'Q 

HcnOJll>3Yfl TeOpeMy Ill , UOli:HO .1J:ORB3BT:& CX0.1i:M!JOCTl> Ii3B8C THOr O 
npouecca A . .ZJ.:BopeuKoro (14] • llp11 3TOM YC 'l'BliOBJieHHe Taro 

•.)aRTB, tiTO liOliHO Bh!OpaT:& g?yHRUViH U."- H Vf\.. , y.n;OBJieT-
BO_pHJ:J!l\He yCJIOBl!Rll Teope Mbl lii , He CBH3BHO C BHBJUI30M paCCMBT­
PHB aeuoro cnyqai'iH_oro npouecca, a TpeC5 yeT muu:o a.Ji reC5pal1tiec­
;ro: npeo6pc:. so:sa:n:t-I<i • . AHaJIYI3 Ee CJIYti~i1 Horo npO L\ecca uemmou 

11 0epe 'l' Ha ce6H 11 TeO peL!a lli . ::3 Teopeue ,4BopeUKOrO, paCCMBT­

Pll .:.JBe TC S cJiy'!a~: ntrii rroouecc .x,' . . . K"'. . . H .n;on:ashmaeTcn 
- - J ,/ 

e PO CX0.1J:l!: ;oc T:O J:-:a:· iiOl.i TI<! Ha:ae p!i08 , TBR H B C pe .n;HeM KBB ,Zipa-
Te , T. e . 
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:x:." ~ 0 
I 

I1p¥1M8H8HHe Teopelibl Ill IIOSBOJHieT ,Z{OKa3aT:& HeCKOJI:&!\0 6onee CJia-

6oe yTBepl't.zteHHe 

/cn:fiati p = 2 coOTBeTCTByeT _;8 ·= I B tPOpu yne /6/ I. 
Cne.ztym~aH Teopeua IY BeC:&Ma 6JIHsKa no CBOHM ycnoBHRM K 

TeopeMe I, HO, B OT~We OT Hee, CO.ztepEHT Tpe60B8 HH6 06 orpa­

HHtleHHH pacTa riOCJie,Z{OBaTen:&HOCTH vk..- /ycnOBHff 2° I He B CMbl­

cne MaTeMaTHtf8CKHX O;m.ztaHHH, a Ha IIOtlTH Kall(,Z{O i1 peaJIH3aU¥H1 . 

8TO H IT03BOJiff.8T yCTaHOBHT:& CXO,Z{HMOC T:& K HYJIID IIOCJI8,Z{ OB8Terr& HO-

CTH V...., IIQ'qTJII HaBepHOe. 

TeopeMa 1Y. llycT:& ' ~yHKllHH /3/ y.ztoBneTBopRIDT ycnoBHffM: 

I 0 • ycnOBHID A, rrpHtreM 
00 

~ r"" -=- o y_ N £ ~n.-3- '" oo 
h.-~~ -t 

2°. ,Z{Jlff. JIIDOrll J';>O Ha~.zteTCff TaKoe MliOEeCTBO p eanH-

sauHH C1IJ1llaMHoro rrpouecca "f ~ ... 1 '!f ~- . . , . Be p OHTHOCT:& KO-

TO pOrO 60JI:&llle I-<f H HaM,Z{y TCH TaK~l~ KOHCT6HT!JI .J{d' ;>0 !1 /3d' ?0 

, tlTO Ha 3TOM MHO~eCTBe peaJIH33UHW BhliiOJIHeHhl He paBe H-

CTBa 

~ 
/7/ 

r .zte 1~-<, - IIOCJie,Z{O BaTeJI:&HOCT:& TaKHX lH'iCeJI, tlTO L ~h... 
-(' 

cxo.ztHTCff.. To r.zta rrpH 11.--~ oo rrocne .l(OBaTen:&HOcT:& c n .yqaf1 HHX 

:Se JIHtlHH J/h... CTpeMHTCff K HyJIIO IIOtrTH H8B8pHOe. 

3. YCJIOBHff CXO,ZU~MOCTH rrpoue.ztyp!:I 

Me TO.zta cToxac THqec KOJ1 arrrroo KCMMa m m 

:a HaCTOff.l!(eM pa 3.ztene pe3 y JI:&TaTw rrpe.ztw.ztyrne ro pa3.ztena HC­

rromsyiOTCff ,Z{Jlff yCT8HOBJI8HHff ,Z{0CT3T0 ({HbiX y c ,OBMiif C ~W.zt - ~~OC T 1! 

rrpo ue,11ypw Po66Imca-MoHpo. KaK M3BecTHO, 3T a rrpoue;:::ypa 3::. : .mo­

qaeTcH B llUCTp08Hl!H IIOCJI8 .ztOB3T6ill>HUCTM B8KTO_DOB -y/. .. , d,~· - ' 
Y.ztOBJie TBOpHIOI!(eH COOTH0lli8 HHID jlj , H rrpe.ztH33HaqaeTCff ,l(JIH pe-
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ill8 HHR Cl1CT8M .. y p aBHe f.HII perpeCC!tll1 

It: {'!?A"'~ ... ,Y11f)}=o /:.~. ··_, m, 191 
r,I\e X - c n yqati HBfl Be ill11:!I1Ea C QJ11KCl1 pO::aaHHO~i , HO !.eE3 38CT­

HOh cllYHKIU18 M /r~:t) p acnpe,Z(eJieHHH Be p CHl.THUCTI'. / 6biTl: MOi::eT, 

3 aBncflmei1 OT "!:!-(~ , ... Ym} , a CMMBOJI .~ {..j 03Ha­

qaeT MBT8M8THqeCK08 Oi:m.z;aH118 IIpH KBiJ:,Zl;OH ciJHKCvipO EBHHOM B8KTO~ 

pe :y = /J;, .. ,,y,) . llpH 3T0;,1 B03HMKaeT 3 a,n;atra yc Ta HvBJieHaR 

CXO,ZlHiJOC Tlil B TO:U: 11Jll1 i'lliOLl CMblCJie C Jiyqatl HOiil IIOC Jie,Zl; OBaTe Jil>HO-

CTH Y,~ .. J." K KOptUUI Y* CiiCTeL!.bl ypaBHeRHik /9/. ,. .. 
llpHBO,Zl;Hm~e HH~e TeOpeUH Y - Yll o6o6ma~T H ,Zl;OITOJIHfliDT H3-

B8CTH.hle pe3ym.Ta TJ» I CM. 6H6nnorpatJ.nuo JJ f:I7J I, ycTaaaJJ nHBatr 

Il!118 yc 1IOBI1fl CXO,Zl;HMO CTPI. TeopeMa Y OXBBTblllaeT pea y .llDTBTbl Eny­

Ma [2] 11 E. r . rJia.l{hlllleJJa [is_] , pacrrpocTpaHflH HX, :a qacT­

aoc Tz, Ha TOT CJiytiaM , KOr,n;a pelli8HHe ypaB HeHHM perpeCCHH MO­

~eT 6b!Tb 11 He 8,Zl;HHCT:B8HHUM. 

TeopeMa Yl TaKJKe ycTBHBB JiMBaeT ycnOBMfl CXO,Zl;lilMOCTH rrpone­

,n;yphl /I/ B CJiytiae, KOr,n;a e~HCTB8HHOC~b pelli8Hnfl CHCT8UH 

JPaBHeHHtl /9/ "He MOlKeT 6J»TD rapaHTHPOJJaHa. 8Ta TeopeMa Mf.!e- . 

eT H8CKuJIDKO HHOM XapaKTep, Helf.emt TeopeMa Y l1 He MOEeT 6b!TD 

rronyqeHa H3 Hee. 

'l'eopeua Yll MO,Zl;!ti tRHUHpyeT yCJIOJJ!Mi T80p8Mhl Y ,Zl;JIH CJiy'!faH, 

KOr,z;a IIOCJI8,Li0JJBT8Jl!>HOCTD rh, , @Mrypv.py PJil!8H JJ / =/, He 

y.n;oBneTBOpHeT ycnoBH D /26/. 
Cne,n;yH EnyMy, BBe.n;eM B pdC;Cl!OTpe hw: ne OTpv.uaTemHyiD, 

.n;Ba;r.,n;bl Herrpeph!BHO .n;rH@e peHUVIpy eMyJG g yHKUIU:l ZI(J} .11 c)?yHK-

,HH Vi'!J 5 - hx {$ i; CJ1(~J')j 
YV 11 Y; = 1 lx ;!'!aX?-- J·-Y . 0 . ..., · /i (.t.Yf/~< (~o,Y u/ ( 'j U r_ ~ ( iJ~;Ji, .... .?'-~ ~- .. JCI)l 1. 

X t_'O~ tJ ~~ '1K •I -.<: ( W:"Jc ~=-y~tJ J;, . 9"!1; !I) 

KOTOphle rrpe.n;rrona raiOT CR cymec TBYK.li!:vn,a; . Bo· Be ex Teopeua.· H2-



CTOH~ero pas~ena npe~nonaraeTcH, ~To BHITOnHeHo cne~yhlmee 

ycJIOBHe. 

Ycno:sue E. Vfc¥) :y 0 PI rrpH ni06oM n ~-I 

~ r yJ ~· a tt (y J -r c vrr J + c 
r~e a,B, C - HeKOTOpCB KOHCTaHTbl •• 

0TM6THU OCHO:BHH6 UOU8HThl HCITOJID30B8HPIH TeopeM rrpe.Zi;hl.l\yme­

ro · paa~ena ~nff AOKasaTerrLCTBa TeopeM YI-Yill. PonD yc no vr.H E 
B Teopeuax HaCTOHmero· paa~ena 38KJIID~a8TCH B TO M, qTO BHITOJI­

H8 HH8 STOI'O JCJIOBHH rapaHTHpyeT, 'liTO CJiyqa~ Hhl~ riOCJI8~0 B8-

T8rrLHOCTH 

B CHny peKyppeHTHOi1 .!IpOU8AYPbl. / I / PI COOTHOill8HHti j2aj, / 26/ 
y.n;o:sneTBopruoT ycJIOlHIIl A pasAena I. Ii,;1H Toro, qT06H i.w:::Ho 
6~no ucno~so:saTD TeopeUH npe~hlAJme ro pasAena, Ha,l.( o em~ 

008 Clle'~UIT:& BblfiOnHeHHe HX OCTaJIDHblX JCTlOB.l!Ill . •",90118 TO rO , na­
,7.(0 rapaHTHpo:aau, liTO us t!JaKTa cTpew eHHH Vty'") r11I¥I Jl{f:} 
/K HY,'JiiD/ a 3TOT {j]a]CT l1I ycTaHaBJIItl:B88TC ff TeopeMaMM rrpe.Zi;hl}.(y!i.\e-

1'0 paa,2lenaj, Clle}.(y8T cxomm oc TD CJiyqaJ:-riOW ITOCJI8 .Zi;0:02.T8 Jl.bHOC ­

TH if~ -· · 1 ¥~- - · K peDieHJ1IID CY!CT8M1I ypaBHeHIDi /9/ . . i:JTFIM UeJIHM 

M CJiyAaT OCT8aDHH8 yCJIOBHH T80p8M Y- YIT • 
.l!Jm Toro, 'IIT06bl. cwopMymrpoBaT:& T ~ ope~ry Y, o6oaHaqmJ qe ­

pes y I"' MROJK8CTBO peme I:Ulli C!1C TeMl:l y paBHe HH::r j 9j i1 0' ,n;eu 

POBOPHT:O , qTQ ¥h. CTP8M}'ITCl'I l\ y;r lip¥! J1,.. ~00 ITO oe-
POHTHOCTH /llOliTH Ha:sepH08/ 

rlt .£;. Y.,. r r >1-~ vr; 
ecm1 

Te o petra Y. ilycT:& ~; ... ,1f~ --- - C:1J 'lia:,.:::..:. : . po ::ecc , orrpe :l e­

JIH8MHi1 c ooTHOllleHHlilHI j lj TA/2-aj, /26/ . :J.y c T::., Aa, e , GYHKI.ll1n 

J .~OBJI8TB 0 pneT ycnOBHffM ~ 



45 

- 0 -JC.il0BMJ0 D ; 

2 • ;IJ,J!fi KaZ\::40'' IT OCJle;D; O:SaTeJ"J>HOC Tll 'if~ · .. ,?':-.. , Ha KOTO-

po.. ?_·H-L ll(r/'}= /J_Oll.liOJJpeMe HHO z t'.:-.. .P<11 ~ yt"J =- o · 
~_,~ (J k.--"oc (/ _, 

8° • .2lJrn KaE;;J;OH TI.OC.il8 ;IJ,OBaT8JI:bHOCTM - ¥~ ... , 'Y ';... , r.a 
.r:::>Topott ~ V{"'I<J = 0 , OlJ.iiOBpeM:eliHO H ~.:..e-- l( { 'lf").= o 

~~~ u ~~~ v 
Tor)la IlpH J1.. ~oa CJiytiaMH.bW1 :aeKTOp ~,_ CTpeMHTCH K y¥-
IIOtiTY! Ha Be pHOe 

th- ~ Y" 
EcJH! J£:8 "' yliltUlllfl Z{(~j eCKOHe~HO 6om;lUaH , TO ycliOBitlfl 2° H 

qO oryT 6hlT~ 3-lleneHH 6onee c a~~ ·cnoD IE . : 
2a0

• ~YH.XUY!H Utlf.! ' OEe T o l!\BTI>~s B :1ym mmr:, B TO~-
ax 113 Y"'" . 

8a0 • .ztnH Ka:;-J(O~ o rpaHU'l8 HBO.· TIOCJI8)lO:B8T81II:>HOCTl-I , Ha R0-

_opot1 --t~V(y ") = o , OJUiOBpeMeHHo VI £'.;,He;.- U{~")=- o 
h,.-,.PC (/ h ?> 00 · 

~OKa3aT8ni>CTBO Te OpeUH Y 0 tpae TCfl Ha TeOpeMH H a rrpe~-

,:n;yme ro p 3 e a. 

TeopeMa YI: ITycn y~ -- - , if': .. - CJ!ytl:-ai1Hilli npouecc, onpe]le­
nReMB~ COOTHOill8HHHMH /I/ K j a/ , /26/ . TiyC TD, ]lanee ,~yH~HH · 

Zl[f} y,4o:aneT:aopHe T ycnoJJI~Hu : 
1°. ycno HIO E ; 
2° . U(¥}- 6 eCKOHe'lEO 6oJII> H @yHKUHH ; 

" 0 • :yHK 'HH V(tf} Herrpe _ .... BHO .llH~e peHUHpyeMa H MOli\eT 

06p !!\ TI>C .H B Wj~I> 

4°. iJ]y KIUHi 

To:n: • '_3 YK-

J,fai'WpHpyeTCR · y .tilill;>-18 W !3{ ~) , 3:8 3aBIJC H"" e fl T fL , Of'-

~a~U!t! 8HHOll B mooo t: orpaRlrtJ:enH011 o6n ~· cT~ '3MeHvHi1H rrepe r;e H-

ao '' "1- =- ( ~ t, .. . , 'Jflh) 
TOO }"" CTP~?!;1 TCH R 

• Tor;lla np11 ft. ~ oo 

y~ ITO B8pOHTHOCTH : 
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p -
.lloKa3aTen:ocT:Bo Teopemr YIT unHpaeTc H Ha TeopeMy" Ia rrpe.ZJ:­

.H.ZJ:y~e ro paa,ZJ;ena. 

'l:eo peMa YII. IIycT:o if~·· . , 'V';'. .. - c nyqafrn01i1 rrpuuecc, orr ­

pe.ZJ:e m=reuhli:i COOTHOfileHHffMH /I/ I~ j2aj, j2B / . IJyc T:o, ,1\aJiee, 

QYHKUHff U(y) y.ZJ:OBJieTBOpHeT yc JIOBI-IffM: 
I 0• ycnoBHIO E; 
2° . ycnoBHIO 2° TeopeMhl YI ; 

3°. V(~) :r 11 urrJ ' r,ZJ;e .11 ;> 0 - HeKuTupaH KoH-

CTaHTa. 
Tor,ZJ;a rrps ,_...,.oo CJI;rialiimlli BeKTOP yH.. CTpeMHTcH K yt- rro 

BepOHTHOCTH ytt- £ y~ 
YcnoBse 3° TeopeMN YII, oqeBH.ZJ:HO, HBnHeTc n cy~eCTBe HHO 6o­

nee CHJIDHWl, He~eJIH COOTBeTCTBYIOI!{ee YCJiuB.H8 Teope tm J. :!ueH­

HO 6Jiaro,ZJ;apff yc~IJieHHIO STOrO yCJIOBHff OKaSHBaeTCff B03?,!0 litHill! 

OTKa3aT:OCH OT Tpe60BaHHH /26/, 3aMeHHB ero 60Jiee cna6~~ Tpe-

60BaHHell /2B/. U){HD.KO, IT pH STOll CXO.ztHMOCT:O Qj!yqaHHOrO rrpo­

uecca ~~ . .. 1 '1':", .. ,ZtOKa3NBaeTCff He 11ITOt:fTH HaBepHOe", a JUllli:O 

ITO BepOHTHOCTH. JloKasaTen:DCTBO TeOpeMN YIT OITHpaeTCH Ha TeC­

peuy II npe.ZJ:N.ZJ:ymero pas.ztena. 
HecuoTpff Ha TO, qTo ycnOBHe 3° TeopeMN YIT HBJifleTcH ,ZJ;oc­

TaTOqHo EeCTi\HM, MOXHO OTM8THT:O U6JThltl PffA CJiyqaeB, KOr,ZJ;a B 

rrpHJIOX8HHffX STO ycJIOBHe BaiiOJIHffeTCH. B KaqecTBe TipMmepa MOE­

HO ITpl1B8CTH npoue){ypy Po66HHCa-MoHpO .L{Jiff orrpe,ZJ; eneHUff Cpe ).(He­

ro 3HaqeHH.H CJiyqaJiHOil Be JIHqHHlll X. • llpH STOM 

1M{ = -rqlf.- + rk, f:x~- ~; . 

Yl , ITOJIOIEHB, U(~)= Vf}}= (~-ff{xJ)'L 

lif3 Teopemr YII saKJIIOtiaeM, qTo iftt- L l'f(:Jc} , ec Jin rro cJie-

.ZJ:OBaTemHOCT:O ct~<- Y.ZJ:OBJieTBOpHeT Tpe60 BaHI1fiM / 2a/, /2B/ . 

JcnoBue 3° TeopeMhl YIT Bo:nonHHeTC H TaKr.;e rrpH gcrronsoBe.­

nMM Ue TO.ZJ;a ITOTe ~JilaJIDHhL'C ~yiiKUMW B He KO TO phiX 3a,ZJ;aqax o6yqe­
Hl'!H /c 1. I8 I. 
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AN ALGORITHM FOR CALCULATING RECOGNITION 
ERRORS IN PATTERN RECOGNITION 

by 

Keinosuke Fukunaga and Thomas F. Kri l e 
School of Electrical Engineering 
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Lafayette , I ndi ana , U.S.A. 

I. Introduction 

The recognition rate of an opti ­

mum Bayes 1 classifier is an important 

parameter for both pattern classifica­

tion and feature selection. Unfor­

tunately, this parameter is very 

difficult to calculate explicitly, 

especially when tr.e distributions of 

t he pattern classes have different 

covariance matrices and high-dimen­

sionality. 

This paper presents an algorithm 

with which to calculate the _recogni:­

tion error rate exactly, where the 

pat tern statistics can have unequal 

covariance matrices and different a 

priori class probabilities. An ap­

proximation algorithm for calculating 

recognition error i s also developed 

which leads to a reducti on L~ calcu­

lations while maintaining good accu-

racy. 

To illustrate an application of 

these algorithms, the rel ationships 

between the number of pattern vector 

components used for classification 

and the recognition rate are examined 

f or the divergence and Bhattacharyya 

criteria, using data first presented 

by lt.ari ll and Green1 . 

II. Recognition Errors 

Th·e discussion of this paper is 

based on the following assumptions: 

(l) Two pattern classes are being 

separated, 

(2) Pattern vectors from each class 

form an n-dimensional Gaussian 

distribution, 

(3) Classification is made by an 

optimum Bayes• classi fier. 

Considering two .pattern classes 

to be separated, recognition errors 

occur in one of two ways: either a 

pattern vector from class 1 is as­

signed to class 2, or a pattern vec­

tor from class 2 is assigned to class 

1. Let P(~) be the a priori proba­

bility of class ~' and p(!/~) be 

the conditional probability density 

of pattern vector I. w:1en it comes 

from class ~· Applying the pattern 

vectors to an Optimum Bayes 1 classi­

fier, the first error case can be 

written as 

e1 = Prob(P(~)p(!(~) (l) 
< P(~)p(!(~)/~c~}P(~), 

and the second error case as 

e2 s Prob{P(~)p(!(~) (2) 
> P(~)p(!(~)f!.cw2 }P(W:2~ 

The total recognition error is then ' 

e = e1 + e2• (3) 

Assuming a multivariate Gaussian 

distribution for each pattern class, 

we have 

p(y~)=N (~,!lt)· (4) 
Without losing generality, we 



assign the origin of the coordinate 

system such that 

~~and~ • ~' (5) 
where m is the difference-of-means 

vector for the two classes being 

considered. 
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To eliminate the problem of work­

ing in a multidimensional space, a 

new one-dimensional variable is intro­

duced as 

U(!_)-!_T ~~-(!_;e/{21(!_~)+C,(p) 
where · 

C•tn(\fl l /lf21J-2tn(P(~)/P(~~4) 

Note that U(X) is nothing more 

than the quadratic discriminant 

function .ssociated with a Bayes• 

classif ier, For the rest of this 

paper, let Uk • U(!_) when~ be­

longs to class ~· 

Now the recognition error for 

the first and second cases can be 

written simply as 

e1-Prob(U1> 0} P(~), (8) 

and 

where only one-dimensional proba­

bility distributions are involved. 

III. Characteristic Function of Uk 

Since the recognition rate is 

now expressed in terms of the one­

dimensional v~iable uk, it can be 

readily calculated if· the proba­

bility distribution of Uk is ob­

tained. Applying a suitable trans- · 

format-ion, uk can be expressed in 

terms of new independent variables. 

Then it becomes easy to calculate 

the characteristic function of uk, 

which include s all information 

concerning the distribution o~ 

Uk. Finally, a process of inverse 

transformations is used to obtain 

the density, and, ultimately, the 

distribution of uk, which is the 

desired goal. 

First let us focus our attention 

on obtaining the independent compo­

nents and characteristic function of 

ul: (~E:~). In order to transform 

the pattern vector !_ into a new · 

vector whose components are inde­

pendent, consid~r then x n trans- , 

formation matrix A which satisfies 

the following rel;tions2 

T T 
~~"' .!. and ~ = f! (10) 

A is a diagonal matrix whose diagonal 

terms, x1, A2 , ••• ).n' are the eigen­

values obtained from the detenninantal 

equation 

lf:r AE1I = 0 • <11 > 

Thus the ith r ow of . A is a normalized 
. t -din t h . th e~genvec or correspon g o t e ~ 

eigenvalue, ).i; where normalization 

is carried out to make ~~T a unit 

matrix, ~· 
The transformation matrix ~ gives 

rise to a new variable 

!. = ~!· , (12) 

and a transformed difference-of-means 

vector 

(13) 

Upon substitution into Eq. ( 6_) with 

!_ t ~' u1 can be written as a func­

tion of the new variable Y as 

ul (!_)=!_TI-(!_-!!:_) T ~-1(!_-~)_; 
n ( 21 2 }-

= . l: F i -c<Y i -~'i ) -.tn).i 2tn[P(~)/P(~) 
:..~1 ~ . 2 

= l: f (1-.l_) (y. -t-..:~~/- ( ~i T trl A· )} 
i =1' Ai ~ ).. - 1 )..-1 ~ 

- 2.zn[P(w,)/P ( un}J .. l (14 ) 



Now we have u
1 

in terms of in­

dependent Gaussian random variables 

yi' each of which has zero mean and 

unit variance with respect to class 

~· 
~emembering that E(!_~ !or !.€GI:J., 
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from Eq. (5) the characteristic func­

tion of u
1 

(!_) can be written as 

. -
M1 (jw}m J· .. Jexp[U1 (!_)jw] 

-..,.. 
N(X,O ,I: 

1
) dx_, ••• , dx • (15) 

--- -~ n 

Using Eq. (~), Ml"(jw) can be expressed 

in terms o! the independent variables 

yi: • 

Ml (jCD)-K(j 111) • ~ f. 
l.•l-

exp[Jm{yt-ii<Yi~)2-tn~}] 
2 . -y 

1 [ i ]~...: -exp--...., 
,!2;T 2 i 

(16) 

where 

K(jCD}-eXp{-2JCD tn(P(~)/P(~))~l7) 
By manipulating the integrand into 

a constant times a Gaussian density, 

the integration can be easily per-
. * formed to pe1d n 

M
1

(jw) • K(jm) n F1i(jCD), (18) 
i•l 

and 1 
~i - 1 - I:" ' (20) 

l. 

b . - ~ (21) 
li ~-1 ' 2 

h
1
i• (~ibli) +tn ki. (22) 

1-~ 

* 2 (3), p. 157. M(jw) for the N(~,a 
case is calculated to illustrate the 
pr ocedure used in general. 

Or, expressing Eqs. (18) and (19 ) 

in terms of a magnitude and angle, 

·Ml (jw) -n {iBliF~(jw) 1} 
[ 

(:<3) 
exp ji~l ~i (w) ' . 

where 

IF li (jw) 1• [1~(2ali w)
2 ]-i 

[-2(~ bll w)
2

] 
exp 2 ' (24) 

1+(2ali w) 
and 

CB_u (cu)- ~tn P(~)/P(~)Mtalt 2aliw 

__ r ~(~buw>2] -..,..hu+ 2 • (25) 
l+ (2aliw) 

Eqs. (18) and (23) indicate that 

the total characteristic function is 

the product o! n independent char­

acteristic functions, which have the 

same functional form and differ only 

in the values of two parameters, 

Ai and J.li. Therefore, the calcula­

_tions for Fli and~ are systematic 

and simple to carry out_. 

The characteristic function of 

U2 for !_£CD i Can be obtained by a 

procedure similar to .. he one used 

for u
1

• This time, a new trans­

formed variable, !• and a transformed 

difference-of -means vector, ~· are 

defined as 

Z • (A~ A) (X-m), and - - - --
~- <t:~~) :e = .6~!.• (26) 

A and A, which are the same matrices - -as defined for the u
1 

case, satisfy 

the following relationships: 

(~-! ~) .EI_ (~~ ~) T • {1, 

<[~~) !2<.6~~/- !. . . (27) 

Substituting Eq. (26) into Eq. (6) 

for!.£ ~: 



Again, we have an expression 

in terms of n independent vari­

ables, zi' each of which has 

zero mean and unit variance. 

Proceeding· just as in the U
1 

case, we find that the charac­

teristic function of u2 has the 

same functional form as the one 

for u
1

• The only change we have 

t o make in Eqs. (18), (19), (23), 

(24), and (25) is to substitute 

M2' F 2i' a2i' b2i' h2i.' and C82i 

f or M1, Fli, ali, bli' hli and 

~i· I nstead of Eqs. (20), 

(21), and (22), a2i' b2i and 

h
2

i are given by 

(29) 

(30) 

(31) 

IV . Inverse Transformation 

Recognizing that the Fourier 

transform of a probability den­

sity is just the characteristic 

f~~ction with -j replacing j, we 

can now proceed to find the dis­

tributions of u
1 

and u2 • In 

particular, we want to find the 

distr ibutions, i . e. the integral 

of t he density funct i on, at U 

and u2 equa l zero , since 
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e1• Prob(U1> 0) P(~) and 

e2= Prob(U2< 0) P(~). 

Denoting the probability den­

sity of Uk by pk(Uk), we can write 

the Fourier transform of this den­

sity as 
... 

Mk(-jw)• J pk(Uk)exp(-jwUk] dUk.(32) 

-Taking the inyerse, 

1 "' . 
pk(Uk)- 2n J Mk(-jw)exp[jwUk]dw -1 ... 
- (RerM ( ··Jw) J 

TT J '-"1< (33) 
0 

cos wUk.....9m[Mk(-jw)] sin wOk} dw, 

where ~(-jw) is given by Eq. (18) 

or (23), replacing j by -j. 

The recognition errors due to 

ul and u2 can both be expressed in 

terms of0the integral 
k 

Dk(Uk)= J pk(U)dU, ~1,2. (34) 

An application of basic transform 

* theorems for integrals yields 
~(0) 1 -t<o> Mk(-jw) 

Dk (Uk) 2 12n s jw xp(jwUk]dw -
Re0\(0)] 1 "' ,JmD\(-jw)] (35) 

2 ;J 1..- w 
0 

Re[~(-jw)] 
cos wUk + w sin wUk}iw. 

Since we are ohly interested in Dk(O), 

that is, the integral of pk(Uk) from 

-•to 0, Eq. (35) reduces to 
Re~(O)) 1 ... dn~(-jw)) 

Dk(O)• 2 ; J w dw 
n 0 _ (36) 

"' ·.U• ()! n ~ + ~ J :J.-l iFki w sin(:·E~(w) ) dw. 
0 w :J.=l 

From Eqs. (8) and (9 ), Dk 1 s are re­

lated to the recognition errors as 

follows: 

* (4 ) , p. 40 . 



Using numerical integration on 

Eq. (36), the recogniti~n error can 

be found exactly in terms of the 

eigenvalues, ~i' of Eq. (11), and 

the components, ~, of the trans­

fo~ed _differ~nce-of-means vector. 

As is seen in Eqs. (23) and (24), 

jFki(jw)l is a monotonically de­

creasing function _of w, and, be­

cause of the multiplication of 
. n 

n IFki(jw)l's,i~liF~(jw)j de-
·creases qUickly with w, especially 

for large n. Also, w appears in 

the denominator of the integrand, 

so the amplitude of the integrand 

de~reases even more quickly with 

increa~ing W• Therefore, the num­

ber of S!lllp],ing points needed · for 

convergence of the integral in 

numerical integration has been 

experienced to be relatively small. 

An example illustrating the appli­

cation of these results will be 

given in the last section. 

V. Approximations of the 
Density of Uk 

The results of the previous 

section provide an exact solution 

for the recognition error, but 

require two numerical integra­

tions by computer, so an approxi­

mation algorithm will be sought. 

5.1 Gaussian ApproxiT<ation 

If fl.=- !2, all ~i 1 s are equal 

to one, and t he densi t y of Uk i s 

Gaussian. Thus recognition error 

can be f ound exactly using normal 

densi ty curves. When fa~ ' but 
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all~ - •s are close to one, the 
~ 

density of Uk may be approximated 

by a Gaussian curve having the mean 

and variance of Uk. 

Although the Gaussian approximation 

gives us a simple algorithm with which 

to calculate ~ecognition rate, it hol ds 

only when all ~i 1 s are close to one, 

This comes mainly from the fact that 

the actual densities of u
1 

and u2 are 

essentially shifted causal functions 

with non-zero skewness, as will be 

discussed in the next parag~aph. 

Since the higher order moments are 

also available from the characteristic 

function of Uk as represented by Eq. 

(18), it is theoretically possible 

to improve the approximation by 

using a series of Hermite poly­

nomials whose coefficients are .... 
functions of the mcments; ' How-

ever, our experience has indicated 

that the convergence of the series 

is very slow and that many higher 

moments are required to reach con­

vergence , ~~ess all ~i's are close 

to one. Since we expect, broad 

range of X. 1s in general, a different 
~ 

density appr oximation will be pro-

posed in t he next paragraph. 

5 .2 Convolut i on of two modified 
gamma distributions: 

Examining Eqs. (1.4) and (28), 

the density function of uk should 

be obtaL~ed by convolving the den-
. 2 

sities orth non-central r variables 

having multiplicative constants, and 

*(4), p. 233 . 

**(6), Fisher discus s~s advantages and 
disadvantages of th~s expansi on. 



adding a shift parameter. 

Separating the Uk density into thr.ee 

parts, 

where ~, bli and ~li are for u1 , 

and given by Eqs. (20), (21) and 

~l:i, • y i; likewise, a2i, bii and 

~2i are for u2, and given by Eqs. 

(29}, (30) and ~i- zi. 

The density function of vkr, 

pkr(U), is the convolution of~ 

densities of squared Gaussian vari­

ables having multiplicative con­

stants. All ~ densities lie above 

the positive U axis with ~ ~ 0. 

Likewise, the density function of 

V , p (U), is the convolution of ks ks 
~s densities of squared Gaussian 

variables with multiplicative con­

stants. All ~s densities lie on 

the negative U axis with ~j < 0. 

Therefore, both pkr(U) and Pks(-U) 

(p (U) reflected to the positive 
ks • 

side) could .Qe reasonab]J" approxi-

m~ted by a general gamma form, 

especial]J" for ~ge ~ and ~s' 
as follows: 

0 for U<O, 
(41) 

where [' is a gamma function . The 

parameters a and S can be determined· 

so that the mean, ~' and the variance, 

a2 , of the true distribution match 

those of the approximation. Fran the 

manent generating function of Uk, the 

true means and variances for ~(U) 

and ~s (U) are obtained .as the Sllllllla­

tion of ~ terms and ~s terms as 

follows: 

~ 2 
~ • I: ~ (l+bki) for pkr(U) (42) 

~>0 

~s ·2 
~s- I:<.O ~/l+bkj) for pks(U) (43') 

~j 
2 ~ 2 2 

<1cr-2 I: ~(1+2bld.)for pkr(U) (44) 
~>0 

2'\s2 2 . 
Oks· I: ~(1+2bkj)for ·~s(U). (45) 

~j<O 
Then, (X and e are obtained fran 

2 2 . 

crH~ and e4J·* (46) 
a 

Thus, the density function of Uk, 

which is our final goal, is the con­

volution of two gamma densities with 

a constant shift: one is distributed 

on the positive side of the U axis, 

and the other is on the negative side. 

Here, ~et us observe what the ·den­

sities of ul and u2 look like. 

(1) The de~~ty of u1 : Since 

~i- (1+), .-rz:an Eq. (20), positive 
i ' ' ' 

au's are all .di'stributed between 0 

and 1 (~•s are alwqs positive}. 

On the other hand, negative ~j's 

could be large negative values with 

small ~i' s. Therefore, unless all 

Ai 's are close to one, plr(U) is a 

relatively sharp density in canpari-­

son r,n th p15 (U). Thus, the convolu-

·:-. (4 ), p. 236. 



tion of plr(U) and p15(U) becomes 
a skewed density. This was the 

reason why we had a poor estima­

tion of recognition rate by assum­

ing ·a Gaussian distribution for u
1

• 

When all ~ 1 s are close to one, 

P1r (U.) and pls (U) became similar 

densities, and their convolution 

approaches a Gaussian density. 

(2) The density of U2 : For u
2

, 

a2i• (>.i-1) from Eq. (29). There­

fore, p2s (U) becomes a relatively 

s?arp density in comparison with 

P2r(U) • . Thus, again the convo­

lution of p2r(U) and p2s(U) is 

skewed, and the skewed direction 

is opposite to the ·One of U
1

• 

In the a,bove discussion, it 

was post~ted that the densi_­

ties of Uk are app~ximated by 

the convolution of two gamma 

densities with a const~t shift. 

However, the convolution is hard 

to obtain in an explicit mathe­

matical expression, because ~ 

is not an integer in general. 

Since a calculating algorithm 

for recognition rate without 

approximation has already been 

established if numerical inte­

gration is allowed; it is use­

less to introduce numerical in­

tegration here for calculating 

the convolution of approxi­

mated distributions. 

In order to get an explicit 

expression for the convolut: :m 

of pkr(U) and pks(U), we pro­

pose ·a modified gamma distribu­

t ion as follows: 
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1 (U-c)Ye ¥ 
g (U)-

05
yt-lr'(yt-l) i or U 2c 

for U <c 
y- 0 or l. 

That is: 

(1) Gamma density curves are 

(47) 

roughly categorized into two types : 
-![ - U 

one is e a, and the other is u e a, 
depending on whether cr obtained by 

Eq. (46) is larger or smaller than 

a threshold value 0.35. 

(2) In addition, the approxima­

tion function is shifted by c along 

the U axis; in order 'to match both 

its mean and variance to those of 

the true distribution. 

The threshold value of a.. given 

here is a compromise value. It was 

chosen in an attempt to match the 

maximum value and location of the 

maximum value of the gamma density 

to the modified gamma approximation. 

(1) Calculate 11 and a of the true 

distribution by Eqs. (42) through 

(45). 

(2) Calculate ~by Eq. (46). 
(3) y • 0 if~ 2 0.35, and y • 1 

if cr < 0.35. 

(4) Calculate 5 and c by the 

following equations. 
2 2 

y+ 1 • in:::£.2: and 6 = ..5L 
a2 1'\rC 

(48) 

Eq. (48) is exactly the same as Eq. 

(46), except for the shift of the 

mean. 

Then, the convolution of p (U) 
* kr 

and pks (U), pk (U) , can be obtained 

a s an explicit expression as f ollo'll• s: 



f Ykr Yks 
~ ( T-C ) ( T-U-c ) 
l kr ks 

-T-Ckr T-U-c 

.) 
ks 

~ ~s dT e 

where 

TO•{ Ckr for t-lJ-(ckr-CkS) ,S 0 

U+ck5for t-lJ-( ckr-cks) ? 0. 

Calculating Eq. (49) and letting 

t=U- ( ckr- cks) , we find 

ykr 

p:(t)=={ ~s ykr+l 

(~+ ~s) . 

(49 ) 

(50) 

) y (51). 
[- ....:L + ( Ykr + Yks ~ J ks 

~s 0kr + ~s 
t 

e 

y +1 
( o + o ) ks 

kr ks 

[ t ( ykr + Yks) 0ks] 
ykr 

-+ 
~r ~+ ~s 

....:L 
okr 

for t ? 0. e 

Defining the distance ~ as 

d = C- (c - c ), 
l< kr ks (5 2) 

* we can find e
1 

by integrating p
1

(t) 

from d1 t6 -r "'' and e2 by int egrating. 
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* p2 (t.) fran - <r:>to d2• The tenn ~ 

brings the shift parameter C back 

into the picture, and also accounts 

for the displacement of the uk ap­

proximations by ckr and cks. In 

general, 

(53 ) 

* where D (~) is the approximation 

for Prob(Uk s 0) . 
Thus the approximated values of 

recognition errors are 

* e1== P(~)(l-D (d
1
)] and 

* e2- P(~)(D (d2 ~) . 

VI. Example of Exact 
and Approximation Algorithms 

(54) 

The exact and approximate error 

calculations will be applied to 

data presented in Marill and Green's 

paper1 . This data arises frcm eight 

te~ts, or pattern vector components, 

used to distinguish between the hand­

written letters A and B. The trans­

formed pattern compo~ents, represented 



by Ai and ~i' will be ordered 

according to two well-known 

separability criteria: the di­

vergence, and Bhattacharyya's 

distance. Then 8 subsets of n 
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best transformed pattern compo­

nents will be formed for n-1,2, ••• ,8, 
and the exact and approximate rec­

ognition rates calculated for each 

·subset. The errors due to_ u
1 

and u2 
in each case will be displayed. The 

results of ordering the transformed 

pattern components, represented by 

the Ai 1 s and ~i 1 s, from most impor­

tant to least important are shown 

in Table I • . 

Best subsets of ~ransformed 

pattern components are obtained 

by taking the first component_ in 

the ordering for tne subset n-1, 

the first two components in the 

ordering for the subset n-2, etc., 

until all components are contained 

in the subset n-8. The values of 

divergence, Di v. , and Bhattacharyya Is 

distance B, for these subsets are 

also shown in Table I, normalized 

with respect to the subset n=8. 

The exact recognition rate for 

each subset, obtained by numerical 

integration of Eq. (36), is shown 

in Table II, along with the recog­

nition rates due to ul and u2. 

Two approximations for uk, one 

by Gaussian distributions and the 

other by modified gamma distribu­

tions, were obtained with the 

same subsets of pattern components, 

and r.ecognition rate results are 

also shown in Table II for campar-

ison with the exact method. The 

results show that the modified 

gamma distributions give a very 

good approximation of the recog­

nition rates (about 1%), although 

the nor.mal distributions give poor 

results (about 9~ ). 

Figure 1 shows the exact den­

sities of p lr (U) and pls (U) and 

their modified gamma approxima­

tions. The exact densities can 

be obtained by Eq. (36), where 

M1 (Jw) should be calculated by 

using ~ F li 1 s and ~s F li' s in 

Eq. (23) instead of using n F1i 1 s. 

The same set of curves for the u2 
case is shown in Fig. 2. In Fig. 3, 
t:1e actual and approximated den­

sities of ul and u2 for the 8 

variable case are displayed to­

gether for comparison. The actual 

density was again obtained by 

taking the inverse Fourier trans­

form of Eq. (36) using numerical 

integration, while the approximated 

densiti es came f rom Eq. (51). 

Fram these curves and the com­

parison of ~ecognition rates, the 

modifi ed gamma distribution pro­

vides a simple and accurate method 

f or approximat ing recognition rate. 

It also gives us a feeling for the 

role t hat individual pattern vector 

components, r epresented by ~~s and 

~~s, play in the overall recogni­

tion r ate. 

VII. Summary 

This paper has present ed an 

algorithm with which to .calculate 

t he r ecognition rate eXactly when 



pattern vectors with Gaussian 

statistics are applied to an 

optimum Bayes' classifier. The 

statistics for each class may 

have different covariance matrices 

and a priori probabilities. The 

procedure is as follows: 

(1) Recognition error is ex­

pressed in terms of the discrimi­

nant function U as a one-dimension­

al variable. 

(2) With the aid of a trans­

formation, the characteristic func­

tion of U is found as the product 

of one-dimensional characteristic 

functions. 

(3) The distribution of U and, 

finally, the recognition error, 

can be obtained from the character­

istic function by an inverse 

Fourier transformation. 

The distributions of U are 

approximated by both the Gaussian 

distribution and a convolution of 

modifi ed gamma distributions with 

a constant shif t. The modified 

gamma distributions gave an ex­

plicit expression for recognition 

error in terms of the A1 S and ~ 's, 
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and also gave good results when 

applied to the data from Marill 

and Green's example. 
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Divergence 
Orderings 

Bhat tach&rn'& 
Distance 

Orderings 

No. of caaponents 
in subset (n) 

).1 
13.1.1 

.... 1 
3.86 
-

).1 
8.41 

.... 1 
J,86 

1 

).2 
l2,o6 

"'2 
J.lO 

).2 
12.o6 

' "'2 
J,lO 

2 

A:3 ).4 
Q,l2 Q,22 

II>) "'4 
0. 84 0.84 

A:3 ).4 
0.12 1.49 

II>) "'4 
0.84 1.64 

J 4 

).5 ).6 A.r A a 
1./i!:l 1.77 Q.35 ~.73 

* .... 5 "'6 ....., ~o~a 

1.64 1.08 0.26 0.01 

).5 ).6 A.r . Ae 
0.22 1.77 0.35 2.73 

· * .... 5 11>6 ....., lola 
0.84. 1.oe; 0.26 0.01 

5 6 7 8 

Divergence of Actual 11.6 21.9 28.2 31,4 33,8 1~ 8 35 . 6 36,1 
· Subset % of Max. 32,1 60 .7 78.1 87.0 9J,6 96.4 98.7 100.0 

B· Distance of Actual 2.6 4.6 6,1 7.2 13.3 ' 8.13 9.1 9.4 
Subset S of Max. 27.7 413,9 64,9 76,6 138 .• 3 93,6 96.13 100.0 

* 2 Since I-Ii alW~q"s appears in the equations as I-Ii, on:cy- absolute Y&luss are tabulated. 

'J'ab1e I, 

Ul 
.0 



4 Div, 
n 1 2 3 _lt!L_ 5 6 7 8 

Exact Prob (U1.s 0) 0.941 0.972 o.m 0.974 0.980 0.983 . 0.984 0.985 0,218 
Recognition Prob (u2~ 0) 0.782 0.907 0,932 0.950 0.969 0.974 0.976 0,918 

0.2~1 

Rate R~(Prob (U1.s 0) 0.861. 0.940 0.953 0.962 0.975 0.978 0.980 0.981 
* 0.968 + Prob (U2~ 0)) 

Approximate Prob (u1.s 0) 0.948 0.972 0.941 0.987 0.987 0,988 0.969 0.972 
0.2~8 

Recognition Rate Prob (U~ 0) 0.833 0.908. 0.929 0.944 0.967 0.977 0.978 0.982 
0;2~6 

for Modified R-i(Prob (U1,S 0) 
()o 

0.966 0 

* 
0.891 0.940 0.935 0.957 0.977 0.983 0.974 0.977 

Gamma Density + Prob (U2~ 0)) 

Approximate Prob (u1.s 0) 0.975 0.995 0.828 0.8~5 0.884 0.891 0,898 0.901 
Recogniti.on Rate 0,855 

for Gaussian Density, Prob (U2,?: 0) 0.793 0.857 0.866 0.874 0.888 0.894 0.896 0.899 0,881 
matching mean R-i[Prob (U1_s 0) 

and variance * 0,884 0.926 0.847 0.870 0.866 0.893 0.897 0.900 + Prob (U~ 0)) 0,868 
·-

* P(~) = P(~ ) ~ ~ 
Table II. 
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LEAST INTERVAL PATTERN RT;:COGNITICN AND ITS ­
APP-LICATION TO CONTROL SYSTEMS 

z. Bubnicki 

Technical University of Wroclaw, Institute of Eogineering 
Cybernetics, Control Processes Department, w.roclaw, Poland. 

I. Introduction 

'i'he pattern recognition problem we shall consider in t.tle work 
is the problem of classifyiog an object represented by a set 
o"f measurements into one of the finite number of clasaes. 
~n the probleme of statistical pattern recognition there are 
many situations in which the underlying joint .distributions 
of the measurements and the true classes are unknown and no · 
assumption can be made as to the form of the underlyiog distri­
butions. These pattern recognition problems are usually called 
nonparametric. 
There exist many noaparametric decision rules I algorithms of 
recognition/ which use the knowledge of a learning sequence, 
i.e. the sequence of the measurements with the known correct 
classification. They are the algori·thms constructed either on 
the basis of certain heuristic arguments or by applying some 

1-T analytical methods /for example·, the methods of stochru:tic 
approximation/. i 

In this work, via the comparison analysis and convergency in­
vestigation of nonparametric recognition algorithms, the 
1 e a s t i n t e r v a l JLI/ algorithm is formulated. In 
the case of stochastical independence of the set of measure­
ments describiog the classified-objects, the least interval 
algorithm has the property of so called absolute asymptotic 
optimality. ~e case of independence is not a typical for 
the character recognition; but occurs quite often in the re­
cognition of technological situations of industrial processes. 
in the second part of the work the presented algorithm is 
applied in certain conception of a learning control system. 
It will be the automatic optimizati~n of an industrial pro­
cess when the measured parameters and disturbances characte-



63 

rizing the technological situation are independent. 

We shall present fira·t the short formulation of the recogni­
tion problem and t.l;le considerations concerniag the learniag 
process convergeocy. 

II. Convergence of recognition and learni¥ -

~t 1, 2, ••• ,M denote the inde%es of the classes into which 
the recognized objects are pl&ced. Let the object be descri­
bed by a set of parameters l .x,a) where .x and a are k- and 
p-dimensional vectors, respectively, and .x denotes the vector 
of measured parameters (the · measurement). Assume that the 

knowledge of .x and a for every object determines the class 
to which the object beloags: 

j ' =~(.x,a), 
j = 1,2, ••• ,. (1) 

In other words, the regions {cx,a):~{x,a>=j} in (k+p>-dimen­
sional space have no common points for different j. 
The determination of the recognition algorithm consists .in 

establishing a relation 
i =lf'(.x), ' i = 1,2, ••• ,11 

(2) 

which assignee an object with measurement x to class i. The 
realization or (2) is usually called a r e c o g n i z e r. 
'ie shall assume that the objects appear (are given) random­
ly from the populations corr~spondiag to 14 specified classes 

and there exist probability distributions 

p1,p2·····Pu } 

f 1(x) ,f2(x), •• .• ,fll(x) 
and (3) 

where p1 denotes the a priori probability of occurreoce and 

the conditional distribution 

denotes the probability density of the measurement x in class 

1. 
Knowi ng t h e distributions ( 3) and introducing some loss fun­
ction L(i,j), we may determine the optimal recognition algo­
rithm (the optimum Bayes' decision rule) • 
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,. 
i =o/00 

minimizing the average risk 

R[o/(·)] ~ E[L(i=W:r:),j)J 
X,) 

., 
=E PjJ L('¥(:r:), j) :fj(:x:J dx 
j:1 X 

(4> 

( 5) 

where X is the measurement space. It is well known that :for 
zero-unit loss function 

LCi,j)={o1 i=j 
i , jt j 

the optimum decision rule is the :following. The object with 
measurements x is assigned to class 
largest a posteriori probability 

pi:fi(X) = pifi(X) 

f(:r:) 

In other words, 

-Ill r pjfj(X) 
j:1 

i which results in the 

Then the average risk denotes the average probability of mis­
recognition which for the recognition algorithm ( 6) has the 
minimum value 

R[Y* (·)] ~ R*. 

Consider now the nocparametric recognition problem with a 
learning process. The distributions ( 3) are then unknown but 
the 1 e a r n i n g s e q u e n c e is given: 

(~,j1),(:r:2,j2), •• ~.,(:r:n,jn) ~ {sn} (7) 

where :x:1 denote the independent measurements and j 1 the re­
sults of the correct classification according to (1>. There­
alization of the algorithm (1) is usually called a teacher. 
The different methods of learning and recognition are reduced 
to the different methods of establishing the algorithm ( 2) on 
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t he basis of .t he k now edge c ?>, and consequently, to the 
different manners of constructing the relation 

A 
i =lf({sn}•x) =Yncx). (8) 

As a basis of comparison of the different algorithms (8) one 
may 

or 

introduce the average probability of 

R
0 
~ E {L(o/({sn},x),jJ} 
{s,}.X,j 

Rr:1= E [R({s
0
})), 

. {.s,} 
where M 

.4,'"""' J R({sr:l}) =L.- pj L('fr:lCX),jjfj(X)dx 
j:1 X 

misrecogrli. tion 

(9) 

(10) 

(11) 

and L(i,j)denotes the zero-unit loss function . 

Since th'e random vectors x1 ,x2, ••• ,x
0 

are independent, then, 
according to ( 10) 

n n . 
R0 = L Tf pjk j. ... . J R({sn}) TJ fjk(xk)dxk (1 2) 

. k::1 X . X k::1 

n 

where summing is distributed for all variations with repeti­
t ions j 1 , j 2, •• • , jr:l constructing from the set of cardinal 
numbers 1,2, ••• ,M (the number of these variations isJ4°)• 
Since the determination of R

0 
requires the knowledge of t he 

distributions (3J, the evaluation of some algorithm (8) and 

comparison with other algorithms may be done by ass uming 
s ome concrete distributions (8). · 
The everage probability of misrecogni tion may also be useful 

. as a basis of the formulation and investigation of asymptotic 
properties of the algori thms ( 3). In the connection with it 

let us introduce the f ollowing definitions. 

Definition 1 
The algorithm (8) is co n v a rgent if the sequence 

R
0 

:. s convergent. Define then 

R =r:~~ R11 

Definition 2 
The algorithm ( 8) is a s y m p t o t i c a 1 1 y o p t i -
m a 1 a. a~ for some distributions( 3 ) if for these distribu-
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. * tiona R = R • Particularly, we may consider the asymptotic 
optimality of · ( 8 l in deterministic case. We -shall call so a 

case in whlch the regions D~ = { x : f l%)-# 0} have no common· 
points for different j. Then 

Y(x) = {>(x) = j 
but the algorithm (1~) is unknown. 

Definition 2 

(1~) 

The algorithm (8) will be- e-alied - a b s o 1 u t e 1 y a.a. 
if it is a.a. for any distributions (3). 

As an axample, consider now two ''heuristic" algorithms<B). 
1 • Nearest Neighbor < NN ) 

Then 

if 
I x- ~U< Ux- xtH, t:1,2, ••• ,p-1,P+1, ••• ,n 
for some norm N·/1 • It was proved8 that the "nearest neighbor" 
rule is convergent and 

" 1f 14 R~ 
R~R-'R(2--) (14) 

)( - 1 
This algorithm is ·not absolutely a. a. ,but it is clear from 
(14) that the algorithm is a.a. in deterministic case ( If:o) 
and if p1 = P.=~ = ••• = 1\r = t, f 1 (:x)=f2(x)=·· ·=fM(x) for 

11 * I! - 1 a X (R =--r-) • 
2. Nearest Mean ( Nl4) 

Then 

if 
~(:X) = i 

11 x- ~i>u < 11 x- i~1>u • 1=1,2, ••• ,i-1,i+1, •• K 

-(1) 
where :xn denotes · the arithmetical means of the measurements 
in the learning sequeoce, classified correctly into class · l. 
Since the mean measurement x~1)converges stochastically to 

-cl> the expected vectors x , . it is easy to show that 

M M 

R = r P;j L 
j:1 i:1 

i4j 

where D~i) ={X : II x-i:(i), < II X- x(1~,14i} 
Hence, the MM algorithm is convergent but, sinve "the region 
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D~1>may be not identical with the region Dxi ={x:fi(X)i:O}, 
the algorithm may oe not a.a. in deterministic case (and 
consequently, it is not absolutely a.a.). 
I n the next section we shall formulate a new algorithm< B ), 

absolutely a.a. when the particular components of the random 
vector x are stochastically independent. 

II I. Least Interval Algorithm ( LI) 

The presented approach consists in the construction of Bayes­
like optimum decision rule < 6) in which the empirical proba­
bility and probability density are used instead of the p1 
and f 1(x), respectively. These empirical· distributions are 

evaluated on the basis of the knowledge of the learning 
sequ:nce. 'l'he convergence of the empirical distributions to 
p1 and f 1(x) implies the absolute asymptotic optimality of 

the presented algorithm. 
We shall present now some manner of establishing the empiri­

cal density. Consider first the onedimens:i,onal case. Let x be 
a continuous random variable with the probability density 

f(x) and x.,, x 2 , ••• ,xn denote the. observed values of x with . 
the increasing ordering. We shall use the . following empirical 

densities: 
1
·(1) { 

·o X~ x
0 

f n ( x)= 
1 

'X:r < X"' ~1' 
(15) 

n(~1-xr) r:0,1, ••• ,n 

0 x> x 11 

where xo = 2x1-x2 • 

2. 0 X~ X1 
(2) 1 'X:r <X ... ~1, 

.(16) 
fn(X)= 

n(~+1..;.xr) r:1,2, ••• ,n+1 

0 x> xn+1 

where xn:1 = 2xn-xn-1 
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(3) (1?) 

t D.(x) = 
r::1,2, •• ,n 

0 
• 

The respective three forms of the empirical distribution ~ · 
ction are shown in Fig.1. In this figure the empirical distri­
bution 

'% ~ %1 (18) 

~ <- x~ xr+1, 
r::1 t 2, ••• 'D. 

is shown also. 
Consider now the recognition problem in the onedimensional 
case. Let 

ClJ (1> Cl) · Cl) . 
xn,1' xn,2' xn ,, •••• , xa. n ( 19) 

' • l 

denote the iooreaslng ordering of the measurements from the 
learning sequeooe which belocg to class 1 and let 

Ll <l}x) = x(l) -x(l) 
n n,r+1 n,r 

denote the length of the interval in which the measurement x 
lies. Therefore, 

Cl) (1) 
xn,r < x ~ xn,r+1 

Then, substituticg the empirical probabilities p 1 n and empi-
' rica! densities f 1 , 0(x) instead of p 1 and ~1(x), respectively, 

we obtain 

The algorithm (6) is now reduced to the following rules. 



1 . 2 . 
~n< x) = i 

if 
Ll ~jJ(:X) < Ll~1h) 

In t he case 1. the sequeooe 
(1) 

the case 2. by :xn, 11+1 • 

3. 

if . 

where 

o/n<:x) = i 

(1 ) n1-1 
tE -n -

69 

( 20) 

l:1,2, ••• ,i-1,i+1, ••• ,M 
(1) 

(19) is expaDded by xn 0 and in 
' 

( 21) 

l=1,2, ••• i-1,i+1, •• M· 

• 

The rule is then the followiog. For each class we determine . 
the length o~ the interval in which x lies and then we classi:­
fy x into the class for which this int erval is the least. Com­
paring the intervals in the case 3. we multiply the lengths by 
by the we~~t _coef.ficieRts ae ~1 ! depending ·on the number of 
measuremeaca !rota particular . class in the learning sequence. 
The rul.aa 1, 2,3 may be coosidered as three modifications of 
the recognition: algorithm which we shall call 1 e a s t 
i n t e r v a 1 algori tbll ( LI ). I f .for some cl.aas 1 the mea· 
surement x lies in an infinite interval then ~Cl}x ~ :oO • It 

Ljll}xJ :oo .for each class t?en LI algorithm does not give the 
decision and may be replaced by some ot her algorithm (.for 
example, NN). The probability of s uch a situation converges 

to zero for n- eo • 
For M:::2 (the rul e 1 ), the Ll recognition procedure is illus­
t rate-d i n Fig. 2. Since t he i nterval in which the point x lies 
in class 2 (the axis b) is le:.:; s than in class 1 (the axis a), 

the point x is classified into class 2. 
The short proof of the absolute asymptotic optimality of the · 

Ll algorithm is presented ir:. .Appe ndix. 
Oonsider now t he mult i dimensional c ase and assume that the 
particular components of the rando~ vector x are independent. 

Then 

1.::1 ,2, ••• ,M 
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(S) S 
where f 1 (x ) , s:1, 2, ••• ,.k: denotes the onedimensional proba-

bility densitY for sth component and 
k (S) S 

fl,n(x) =TT fl,n(x) 
&=1 

The onedimensional densities fi5~(xs) are 
' same way as previously. We obtain then 

where 

(1 ,2) 
P1,n•f1, n (X) 

~ l ~ V(:x) ~ Tr .1 ~ltxs) 
S:1 

established in the 

1 

n 

denotes the volume of the mUltidimensional interval in which 

the pount x lies. Finally, we obtain the following LI algo-
ritbm 

(22) 
de Ci)A (i) V(:x) < ~ <1 )A (l) V(x) , -1 2 1 1 i 1 nL-ln nLJn ,....::,, ••• -,+, .• 

••• ,M where 
in the case 1 and 2 

in the case } 
• 

'l'he L1 procedure is illustrated in Fig. 3 (the rule 1, 162, 
k:2). Since the interval in class 1 is less than in class 2 
and n1:n2 , the point xis classified into class 1. · 
The simplified block diagram of the LI algorithm (the struc­

ture of the recognizer) is shown in Fig.4. 

IV. Application in learning control spten:. 

1'/e shall present now some conception of a static optimization 
system in which the LI algorithm will be used for the recogni- . 

tion of technological situations. eonsider an industrial 
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process described by 
v = F(u,x,a) (23) 

where x is the vector of measured parameters, a is the vec­
tor of unmeasured parameters, u is the control ..,-vector and 
v is a performance index which is to be minimized. Assume 
that for all x F is a ·convex function &nd there exists the 
vector 

;If-• u =!f(x,a) ( 24) 

which minimizes v. Assume also that the controlling system, 
· receiving the measurement x, determines and gives on the ~ro­
cess input one of the 11 possible control vectors u (1) • ua·, 

(M) ~) -
••• , u • Let u Co~ be the nearest vector to u *" in the sense of 

some norm, i.e. 11 lj) · * (ll . 
II u - u H < U u - u I , 1::1,2, ••• ;j-1, j+1, .K. 

Thus, for each pair o£ the vectors(x,a) there exists the res­
pective control vector u(;j~ dafined by the index ;j: 

pcx,a) ·= j • 

The pair (x,a) 1DB.y be called a t e c h n 0 no g 1 c a 1 
s i t u a t i o n of the process, and the action of the con­
trolling system, assigning the index i (and consequently J1'J 
to the measurement x, may be considered as the recognition 
of (x,a) knowing the measurement x. To design such control­
ling system (the recognizer) it is necessary to determine its 
recognition al.gori thm i= ¥ (x ). 

Assume that x and a may change and denote by xn and an their 
values in the recognition moments. Suppose that xn and an 
change randomly and are independent for different n. The pro · · 
bability distributions (independent upon n) are unknown. It 
means that the a priori distributions ( 3) are · unknown. To ob­
tain the learning sequence one may apply the optimizer which 
for t.he particular ( xn, an) reduced the process input to the : 
respective un (if the technological situations change slowly 
and it is assumed they are constant in the time of optimiza­
tion) and then the respective index jn is determined. The 
block diagram of the s ...,.stem is shown in .Fig.5. After ending 
the learning process t ue switch changes the position and the 
proc-ess is controlled via the recognizer. ·or the complete 
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designing of the system it is necessary to determine the al­
gorithms for the particular blocks. 
I. Optimizer 
Establishing the optimizer algorithm one must assure the con­
vergence of the optimization process. Assume that the optimi­
zation algorithm is the following 

( 25) 

where K is 'I x.., matrix with constant coeffic i ents, ~ is the 
input vector in the mth moment of optimization, the sth compo­
nent of Ym is the fo,~owing 

Y.(s)= _P(Um-t«s·,x,a)- F(Um ~,:x:,~ 
m 25 s:1,2, ••• ,.., 

and O(s denotes the vector with zero COII!Ponents except the sth 
component equal to Fi (the value of a trial step) . Denote 

Ym = H(Um 1 :x:,a) = G(Um 1 :x:, a)'1n 

'i'hen t he equation ( 25) takes the fonn 

~+1 = ~[I ":.. KG(~,:x: , a)] • {26) 

9- tz 
aod the convergency condition is the f ollowing • If f or 
some norm U · II and s ome 0 < E < 1 

U I - KG(u, :x:, a )ll <e (~) 

* for all u, then for every u0 ~- u • 
Knowing x and the region of t h e variation of a , we may deter­
mine for some E (arbitrary near to 1) the values of K sat isfy­
ing(~) (the block K inFig . 5) . I t may be Shown that , for 
symetric matrix I - KG(u) the condition ( 2:1 ) may be reduced 

11 to the form 
S=1·,2, •• • • j 

where .A (u) are the eigenva:!.ues of I - KG(u). s . 
II. Recognizer . 

( 28) 

If t he measured ·parameters ( t he components of x) are indepen­
dent, the recognizer may realize the LI algorithm, assuri ng 
in this way the asymptotic optimality of learning process. 
For the measurement :x:, knowing the learning sequence, the 
recognizer computes the volumesdV of the intervals corres-

<1l (2) <r,,{) 
ponding to the control vectors u , u , •••• , u and chooses 
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(i) 
u . such that 

Ci) . (il 1) 
i£ n -~ V(x) < a:nCl~ V(x) ' 

1::1' 2, ••• i-1 'i+1' 
••• ,14 (see 22). 
III. Block B 
The block B establishes- the indexes jn for the technological 
situations (xn,~> on the basis of the result of optimization. 
The algorithm of the block B is the following 

* ~~ jn 

if * c;in> * Cll 
II ~ - u II < II un - u I '1::1 ,2, • • ;jn-1' jn+1' • • 

••• ,M. 

V. Conclusions 

· On the basis of the investigation of convergeocy and optimali-_ 
t;y of the learning process in oooparQetrlc pattern recogni 
tion problem, the least interval recognition algorithm has. 
been formulated in this :-ark. This algorithm is absolutely 
asymptotically (,ptiilal if the particular measured parameters 
are indep~ndent. Presented approach, based on the constructing 
of empirical probability distributions, may be extanded for 
the case in which the components of the measured vector are 
dependent but the obtained algorithm will be much mrre compli­
cated. 
LI algorithm has been applied in some conception of a lear­
ning control system described in the w9rk. T~e algorithms of 
particular blocks in the learning system may be realiz~d by 
separate devices or by one controlling digital computer. 

Afperidix 

IAtt U8 deoote 
Dn = sup I Pn(x) - F(x>l 

--<X<oo 

where Y n(x) is defined by (18). According to the Glivenko' a 
theorem Dn converges to zero with probability 1 ( w.p.1L 

Since 1 
D +- t 

n n 
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l 1 •2 •}l:x) converges to E'Cx) uniformly w.p.1. According to 
n -

the theorem of · Levy and Cramer • the respective sequence o.f 
the characteristic .functions r~· 2·})(t) converges _\ unifor-
mly w.p.1 to pCt) corresponding to F(x). Hence, -

1 r 1 -1'•2•J1x) :; - J e-jt.xf1 • 2•}h>dt- -J e-j~j(t)dt = tCx). 
n 21f-oo n - wp-i 27- -

It is easy to show that this convergecce is uniform. Siace 

fn,l(x) converge uniformly w.p.1 to t 1(x). and p 1 n converge 
to p 1 w.p.1, the LI algorithm ~dxl converges u2.formly to . 
T.r'rx.,. defined by {6) • .Oe.fine 

Rn(x) ~ E [L(~n(xJ, ~j)] • 
{sn},j 

Then * lim ~(X) = R (x), 
n-co 

where B..,.(x) = E[L(¥Cx), j)] 
j 

and the convergence is uniform. Hence, 

limRn = lim J Rn(xJflx)dx = J R*(x).f(x)dx = R*. 

n-ao n~ X X 
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Fig.2. Illustration of LI algorithm for k:1 -
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Fig.3. Illustration of LI algorithm .for k=2, a- class 1, b­
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Fig . 4 . Simplified struc~~re of t~e ~ ec og~zer . 
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Fig.5. Block diagram of the learning system under conside­

ration. 
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THEORETICAL AND EXPERIMENTAL INVESTIGATION 
OF A s;r.RUCTURE - ADAPTIVE PATTERN 

R ECOG NIT ION ALGORITHM 

· J. Bar at and Gy. Muszely 

Research Institute for Automation 

of the Hungarian Academy of Sciences 

Budapest, Hungary 

There a~ a number of well-known pattern recognition methods 
which approximate the discriminant functions in the form: 

m 

L c · f, (~) 
t•i • /1/ 

where the functions 'Pi.~) are given and determine the •structure" 

of _the pattern recognizer. But there is a _profound interest lin lbe­
ingable to minimize the number of terms in. the expression pre­
sented above and to find the significant £unctions from the 

point of view of the task to be solved. Our aim was to deveiop 
a technique for choosing the proper functions from a given class 

based on the Bledsoe-Browning recognition algorithm. 

1. Theoretical investigation of the Bledsoe-Browning algorithm. 

The technique proposed by Bleasoe and Browning1 and widely 

known as n-tuple pattern recognition method can be described as 

follows. 

Let us assume that each pattern to be recognised is represented 

by an N -dimensional vector ~ from N -dimensional vector space 

X . Let us further assume that there are n categories into 
which the patterns should be classified. The coordinates of the 

vectors ~ E :X: are supposed to be binary. 

During the learning phase patterns with a priori known classi­

fication are presented to the algorithm.We shall call them the 

training sequence which is drawn from a finite sample 

S i (i. ·• 11 2 1 • • . 1 5 ) of each of the categories. 
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Let us form p -tuples from the N components of ~ • Let K be 
the nwnber of · p -tuples. Each ·p -tuple has 2 P binary values 
correspOnding to the zP possible binary patterns. 

Forming p-tuples and observing the binary values of this group 
of coordina~es can be interpreted as a transformation performed 
by forming all the possible minterms from the elements of the 
group regarding them· as boolean variables. 

Thus, we can wr.ite 

F ~> • [£1 Co>, f .. ~>, .. . ,f~< t~) }-

·[ 'f~o (~), .. "I 'fu"-4 (~)I 'fz,o(X),. · ., f,,aP-4 (~), .. 'I fK,t'-4 (~)} /21 

where 

/3/ 

where 

· ~ {X if Q( ·1 
[x] = ·x if o<•O 

and 
O(t f'V j i j • o, f, ..• 2p- f «p IXp-4 ... 

are the different binary· values from 0 to 2P-1. 

Let us consider for sake of simplicity the case, when the 
number of categories is two /n ~ 2/. Assume we have the sample 

sets {SA 1 58} from each of the categories A and B • 

Then the Bledsoe-Browning method of learning consists of 
simple accumulation of the transformed by f { !) data received 
from the learning sequence. · 

Denoting f(~) by Y we can write the recur~ive expression: 

~0 2 0 /Q. ,denotes the zero vector/ 

'v:fn •Wn-4 .,.y if ~E~ 

'dn • 'Wn-t- y if ~e !B 
/4/ 
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When the learning phase is completed the decision rule for an 

unknown pattern ! is 

g(o) ·= <~·, f(~)) ~ o ,s, 
where (~ 1 Y) denotes the inner product of vectors ~ and Y. 

Clearly in this case the decision surface is a hyperplane go­

ing through the origin and orthogonal to the straight line 

connecting the weight · vectors of the two categories A and B 

The learning process (3) is a procedure without correction 

and thus there can not be proved anythi~g like the Perceptron's 

convergence theorem2 • But if we consider the normalized cornpe­
nents of the weight vector~·: 

t wtJ- - 1[' ~ ~1. (~()-E 'f.· · txci] { ==1,21 ••• 1 s /6/ .~ 1•8 (.j - 1 
where s is the ·sample size of each SA ~d Sa , and suppos­

ing the f~(~) to ·be independent random variables drawn from 

the same distri~ution then by generalization of Bernoulli's 

theorem the sample mean converges in stochastic 

expectation o'f f .· (~) : 
4 tj ( ) s L 'f .. QS) ::::;> E 'fl,

1
. (X) 

~•A tJ • -

sense to the 

/7/ 

It is easy to show, that once the mean value and variance 

exists for· X the same is true for 'f .. (X) • These arguments 
- y -

and the independence assumption leads us to the assertion, 

that by increasing the sample size s- 00 the process con­

verges in stochastic sense to the solution vector if the 

distributions of the categories are symmetric. Here the "so­

lution vector• means the optimal discriminating hyperplane 

orthogonal t o the straight line connecting the mean vectors 

and going through the origin in the sense of minimal error 

rate. 

As it has been proved3 the class of solvable problems for this. 
cp special kind of 

rnachine4 , is closed 

the vectors ~ e I . 

-functions, as in case of the Perceptron 

under permutation of the coqrdinates of 
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This remarkable p:rope~y o,f th.e bool.ean functions used ~n "l::ne 

Bledsoe-Browning algorithm makes the method to utilize only 

the number of common elements /0 1 s and l 's I among the learning 

patterns and the pattern to be recognized. Therefore, in gene­

ral 1 one can not hope to extract by this method any metric or 

topological . properties of the patterns unless these properties 

occure in the sample by •covering" the same points of the re­

ceptor space /the same coordinates of!/. So the properties 

"noticable• by this method must be invariant to permutations 

of the coordinates of the vector space 1: • 

Strictly speaking the expectation of a single term in the 

discriminant function (4) 1 if the elements of the p -tuples are 

chosen by equal probability densities4 

E[ w,~ · 'f'·· (Y)] = E( L 'f·· (X)· 'f',; (Y}-L 'f.· · {X)·'¥.·· (Y)] • 
.., tJ - !E.A tJ - ., - IE.I tJ - 'J -

[ 
L (m(!,l)) - L_(m (X,Y)) ] · 

• !EA p !«A p 

. l ~) . 
where N - the dimensionality of the space 

P - the lenght of the p -tuple 

m ( ~ 1 'f. ) - · number of common elements for ~ and Y 
/both O's and l's/ 

/8/ 

Although this fact might be rather annoying in cases o·f practic­

al importance the class of functions used here is quite for­

tunate from point of view of the number of homogeneously linear 

dichotomies 5 instrumentable by the help of them. 

Using the well-known result · of T .Cover5 an upper bound of the 

number of homogeneously linear dichotomies achievable by our 

~ -function can be find: 

for N "7' 2." 

/9/ 
for N ~ t.." 
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This equation is correct only if every k ·-element subset of 

transformed by i{Z) vectors are linearly independent for all 
k • 2" . In other cases it provides a useful upper- bound for 
the number in question. 

Following T. Cover's suggestion we can calculate the capacity 

of our '-machine 

C = Z ( M +-1 ) .. 2. (2" .-·n- /10/ 
which · in comparison· with general quadric surface's. 

( C • (n + 1)( n + 2)) ~i ves a sensible improvement even for rela­
ti~ly small n 's. 

2. Theoretical investiqation of the structure adaptation 

technique. 

Let Us consider a given /finite or any infinite/ class of 

functionp 

{ f. (!>J --
t ~~ 

/11/ 

where ~ is an element of the above defined measurement Ire­

ceptor I space I. and I is some index set. We would like to 
choose m functions from this class for our discriminant func­
tion (1) • 

Let define a measure of efficiency of a given function from 

(11} h ( 'fli) which shows how useful this function for our task 

is. For this purpose it is natural to consider the probability 

of the correct decision when it was made only on the basis of 

this function. 

Let assume there exist the following probabilities: 

(

p ( 'f't ( ~) > 0 J _ ~ E A] = p< 

P ( 'Pi(~) ~ 0 J ~ £A] • p~ 

where clearly 

P['f't(~)~o, 

P( 'fi(6) ~ 01 

/12/ 



If we wanted to classify on the basis of the sign of ~i (~) 

then the strategy which provides the minimal error probabili­

ty would be in case of 'fi (~) > 0 to clasify ~ into A or B 
or in case 'Pt (~) ~ 0 into & or A according to which of 

P;. t c;l and Ch + p~ is_ greater. /In case of pi+ 4'i, q,i+p: 
we can decide arbitrary./ We have the probability of correct 

decision: 

h ( 'fi) • max (Pi + ~4 1 'h + P; ) 
where h ( 'Pi) is in the interval [ + , 1] 

/13/ 

This probabilities are unknown and all we can do to estimate 

them from the sample. Suppose we have sample consistng of k -· 
elements then we can form according to the matrix (fZ) the 

relative frequencies: 

[ 
Q· b· r 4. /14/ k 

a~ bi ' T T 

It can be proved that on the basis of the strong law of large 

numbers the expression 

h ( ft) = ~ max ( a i + b ,, b i + ai, ) /15/ 

converges with probability 1 to h ( 'f't) when k - 00 

The selection of efficient functions by mean of the above de­

fined :neasure can be performed as follows .• 

Let be given a threshold value 

t'-c<1 

Then chosing from the class { f i} i~ ~I functions at random and 
calculating the h ('f) value we keep only those for which 

h( 'ft) > C . After finding m function this manner the search is 

completed. Now we can begin the process of estimating the weight 

vector ~ usually considered as the learning phase of the re-
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cognition algorithm. 

We state the followingtbeorern: Providing there exists a probabi­

lity distribution on the index set I of { "f't}~~ and we draw a 
function ft according to this distribution and for this func­
tion h (ft.)> C and we perform the classification only by this 

single function then the probability of correct decision is a 

monotone function of C 

Proof: 
Let be h ('Pi) random variable. given on the index set 1 , with 
distribution function: 

/16/ 

If c ~ t then P (h ('fi) ~c) • i. /17/ 

If c > ! then P (h ('f'i) ~c) • P ( t (a,+ b~) ~c) • 
t /18/ • J ~J~) [ t0 (1-t)~-Cl~~·(1-!)a] dF(t) 

l k 
I 

For a given '¥1. the probability of the correct decision H for 

the condition mentioned above 

P(H/ h(LD)~c)- P(H,h('f',)~c/'fl•) • /19/ 
"i> -r1. . P(R<'14.)~c) 

_ PCH/Ifi)· P(~<lf',) ~c/'fi) _ h('f',) ·P(h(lfi)~cllf1) 
- P(~C'f'1)~c) - P(h('fli)~c) 

The probability of correct decision when selecting the function 

'Pi from our class { 'f'i} t.ii at random: . 
- 1 ! tP~C'f'J ~ cjh('f,)•t) dF(t) 

P(H/h<'f'i) ~c)= 1 
('' ) 

P h C'f't.) ~c 
= /20/ 

1 

J t L (~)[~0 (1-t)lc-a+tlc-o(i'-· !) 0 ]dF(t) 
i f~c 

- l . 

! 
I 

' 



Lemma 1: 

If D(~ ( i • 1 1 2 1 • 
/J;, 
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1 o( i ~ 0 1 f3t ::.. 0) is a monotone decreas -

ing function of i then 

is a monotone dec~easing f~ction of n . 

Proof: 

From _g_ f C when a 1 C ~ ~ 1· b 1 d '> Q 
b - d . follows 

This can be shown as: 
ad~ be 
ad + ab ~ be + ab 

Similarly can be shown the other· side of the inequality. Now 

the proof can be completed by full ' ind~ction on n . 

In order to apply our lemma in (20) we make the substitution 

i • k -a 
/21/ 

k -f-[k!;) = i ·0 
k- i- [kcJ 

L 
i·O 

where [kc] denotes the integer part of k.c 

Clearly decreasing c the number of terms increases without .... 
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surpassing the value [ 21t ]. So we have to show that the expres-
sion 

I /22/ 

. , t( ~) [ti( 1-t)k-i +!lt-i (1-t)i] dF(t) 

t . 

I ( ~) [ti(~-t)k-t +tlt-i(1-t)iJdF(t) 
1 
I 

is a monotone decreasing function of i . Proving this we will 

need the following. 

Lemma 2: 

If for positive t (x) 1 fz (X.) on the interval 0 < x <1 there 
f f t 

exists the integrals [ {1 (~t) dF (x) 1 J fz. (1.) dF (X) 1 { ~ ft (~) df(x), 
1 t i 
J X f (X) dF (x) and ft (x) is monotone decr~asing then 

• • I. ~ (t) 

f t /23/ 

L x f •. (x) dF (x) { x f~. (x) d.f (x) 

t < 
J [ ft(~t)df(x) f& (x) dF (x) 
i 

& 
holds. 

Proof: 

/24/ 
1 f (x) t 

f& (J) 

J 
1 dF ( x) = 

' 
df (x) =1 

4 J f (x) df (~t) 1 f, (x) dF (Jt) 
I 

1 i I. 
1 

so there exists such X for which 

f. (x} 
> 

f, (x) /25/ 
t 1 

[ f (JC) df (x) J f (x) dF (x) 
' I. l f i 

and there mus t be such )( ~~at the opposite inequality holds. 
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Ml(> 
Because of monotonity of f&(r.) · there exists such 0 < p < 1 

that for t <X< p inequality (2.5) holds and for p < X<. t 
the opposite is valid. 

So we obtain: 

j x ( f, (x) 
1 

f1 (x) ) dF (x} > j p (. • f, (X) 

t J f2 (x) dF·(x) { f4 (x) dF (x) l l J f
2 

()(.)dF(x) 
t · i 

·- ' ft Cx) 1 dfCx)+! p [' fa (x) - f,(J<) } dF (!C)• 0 /26/ 

Jf,(x)df(x>J p · Jf
1 
(~t)df(x) /f,Cx)dF(x)J 

f ! l ' 
i Q.E.D. z 

In order to apply our Lemma 2 for proving the monotonity of (22) 

we have to show that 

titf (~-~)k-i-f +~k-i-f (f-!)itf 

M= ti (~-t)k-i -ttk:-i(f-t)t 
is monotone decreasing in i < ~ < f 

/27/ 

_i_ + ( t ) k -li-i 
M ... t-t t- t 

f + ( f :! J k -%i 

/28/ 

substituting x,. __Lt which is monotone 
i -

increasing from I to coo : 

/29/ 

Considering the numerator of the derivative of .M 

f tk-4\-% ( k 2 . l) k-2.i-2 ( 2) -x + . - t-t ·X • 1-x /30/ 
where 4 < X < oo 

and (30) is easily seen t o be negative. 

This completes our proof since M 
tion of X and therefore of t 

is monotone decreasing f unc­

as well. Thus Lemma 2 can be 

applied and after application of Lemma 1 our assertion can be 

proved. 
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We can not state anytiung like our theorem in case when in the 

discriminant function there is more than one term present. 

Furthermore we wil~ show an examp~e when increasing the threshold 

the probability of correct decision decreases . 

The ~se~ce of this exampLe is that although every chosen func­

tion _alone. is efficient but because of their similarity they do 

not increase per-1ai vab-le by their presence the information about 

the problem. 

Let have in each category 30 vectors with a uniform probability 

of occurence. 

Let have the following class of functions { 'fi,}. . 
A ~I 8 

A 
x, XI x, x., _______ 

l(ID Xu XID Xu -------- •10 'xst x., ' .. . ~-- .. . ··········· ··· 

"'· 
--- ... ... ... - f -- ---'- - - i - t . ... ... - f 1--- -- -·-····---·----·- 4 

If, .,.f -f - -1 ... ... ....... -1 1 ·-·-- -- ' t - f ······ · -1 1--- --· -····· .. -· .. ·· ·1 

f, -1 -f - f .. .. .... . ... . -f - f ..... ... -f 'f . .. ... .. f 

"4 f -f -f -f .. ·-- ·- .. -·- -· - -- -·-- - .- · - i . .. . .... . . . . i-

'fs -f -f -t ---- ··-· ··· · .. -· .. .. : ...... -t f .. .. ........ f 

'fl, -f -1 i - . .. ............ . .. .. .... -f f .. .......... f f ...... ............. f 

h('ft) = + if i = 1, 2, 3 and h('f''i)= ~-~ if t= 4, 5, 6. 

Assume the sample is representative enough so that~ ('f't) =h ('f4) 
(i = 1, 2, ••. , 6). Let the discr~nant function (f) have 3 
terms. It can be eas:.ly understood that if+~ C < +a 
then even by choosing the weights W i in an opti.m.:ll way the 

probab~lity of correct decision 

P (H) = 0; 7233 

But if we take _2Q_ < C ~ 30 
21 "To"- the probabi.lity i.il question 

PC H) e 0,70 
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3. Experiment~! investigations. 

The searching method was applied in a modificated way to improve 

the original Bledsoe-Browning method. We selected·· as matter of 

fact not functions but p -tuples' at random which means 2P func-
r (\ -

tions at once and the sum; of n ( 'fi) for these functions were 
compared with a threshold constant. 

This method was applied to recognition of small handwritten cha­

racters in a 8 x 8 receptor space for p = 4 /Fig. 1./. The 
sample volume was 200 characters and the examination was carried 

out by 400 independent characters. We found that until selecting 

'"' 30 ·p -tuplelrthav.ing the threshold c < 0,85 the confidence of 
.1 " ., . ' 

recognition-Dt~increasing function of C . The Figure 2. shows 

this fact where k denotes the number of selected good p-tuples 

and r the rate of correct recognition. When C > 0,85 the rate 

of correct recognition decreases. Selecting more than 30 p­
tuples the rate of recognition increased only when there was an 

" upper threshold as . well(0,75 (h ('Pt.)< 0,85). 

The plausible explanation of this fact is that the functions with 

large h (1n . ) represent the special ~es of the sample not being 
T~ ' 

representative for the problem itself. On the other hand as it 

was shown in the theoretical investigation the efficient func­

tions in assamble carry less information than the less efficient 

ones. 

In order to investigate the original sea ching met hod described 

above we selected the generated at r andom functi ons from the 

class of boolean functions aefined by the Bledsoe-Browning 

method /minterms/. The task was to discriminate between two 

artifically given categories. There were two vectors given in 

the 10-di·mensional measurenient space: 

A 
~ •(0,7; 0,7; 0,7; 0,7; 0,7; 0,7; 0,7; 0,7; 0,7) 

B 
~ •(0,3; 0,3; 0,3; 0,3; 0,3; 0,7; 0,7; 0,7; 0,1) 

which were considered as centers of mass of the two categories 

A and B Adding noise to these vectors we generated the bi na-
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ry elements of the pattern sets. If a coordinate was 0,7 then 

with probability 0,7 we altered this coordinate to 1 and with 

probability 0,3 to 0. If a coordinate happened to be 0,3 the 

procedure was the opposite. These random changes were performed 

independently from each other. The result was that a binary vec­

tor ~o~ld belong to both of the categories and the theoretically 

computed optimal probability of correct decision was only 0,92. 

In our case because of the biasedness of the generated learning 

set this figure was slightly higher: 0,94. 

This task as it might be shown can be solved by a Percep~ron­

type recognizer in the sense we investigated the p -tuple algo­

rithm above. So it can be solved by computing only the number 

of common elements m ( ~ 11) in the learning set and the pattern 

to be classified(&) • 

So here we can not hope to increase the rate of correct recogni­

tion by applying the searching technique and the .only advantage 

we gain is the minimization o£ the number of required functions 

and consequently the number of terms. in the discriminant func­

tions /cf. Figure 3., where k is the number of good functions/. 

Conclusions 

The searching method suggested in this paper has as minimal ad­

_vantage to minimize the required memory capacity by cutting the 

number of terms in the discriminant funct ion. 

If we can manage to set an upper threshold during the function 

selection procedure or to introduce a measure of function-effi­

ciency which takes int o account the dependency between the se­

parate functions as well, the rate of correct decisions clearly 

increases. So we can conclude that t h i s is a successful! way to 

adjust the recognition technique to the specific relevant cha­

racteristics of the task to be solved. 
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