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ON THE NUMERICAL CONSTRUCTTON 
OF LIAPU NOV FIJ NCTIONS 

G.Arienti, C.Sutti, G.~~S~gtl 

Uni versi ta ·.di Milano 

Milano, Italy 

::!:ntroduction 

In this paper we shall present a me+.hod for the numeri­

cal construction of Liapunov functions (1, 2, 3) V= <f(x), 

which characterize completely the stability properti es 

of the equilibrium point ~=o of the different ial equations 

1 • 1 x = f .(x), f(o) =o. 

This method is not based upon the classical stability 

theory of Liap~~ov, but on t~e recent theory of extension 

deYeloped ':Jy N.P.Bhatia, G.P.Szeg~ and G.Treccar:.i [3 ,1,1 6] 

and in particular on the local extension theorem (2. 5) . 

In this new theory it is not required to a . .11alyze the 

geometrical properti es of the surfaces f(x) =cons t and tho­

se of t he surface tf (x) c: const which is· tangent to the 

surface '\' (x)=o, v1here 'f(X)=~rad <f (x),f(x)) ,as it is 

required in the classical theory. 

The interest of the method that we propose lies in ~he 

fact that it allow to make the best possible stimate of 

the region of a symptotic stability of the point x=o:A ({o}), 

by means of nonhomogeneous polyno1nial forms of order m 

fer system of de gree n. In addition it allows to identify 

the case in whic.h A ( { o}) is compact from the case in which 

A ({o}) is not compact and from the case in which A (loJ) 

is the whole space (i.e. x = o is globally asymptotically 

stabl~).In addition the computation gives as a byproduct 

two parameters which 13.llow an eany approximate estimate 

of the geometrical prope:..-ties ()f' A ( { o}). 



The problem of the numerical construction of Liapunov fun­

ctions has been investigated by many authors(4-8).For in­

sta~ce, .1argoli s and Vogt [ tl), followine the 2ubov' s theory 

[9], have reali zed a numerical program of eenerat ing Liapunov 

function for t he second order system: 

1.2 

where f1(x,,x2} an f2(x ,x2} are polinomial forms, r,(o,o)= 

f 2 (o,o} = o and the poiJt x=o is locally asymptotically 

stable. . 

By the Zubov's theory, in order to estirnat~ the stability 

regi on, it is sufficient to integrate the followine linear 

pa rti a l differenti a l equation 
C><p ~cp [ ) ] 

1,3 ;)x~ r,<x1,x2)+ ;,))(2 f2(x,,x2) = .&l(x1,x2) ct><x1,x2 -1 

Vlhere -S-(x
1

, x
2

) is on arbitrary positive definite quadratic 

form &nd f
1

, f
2 

ore defined by the system (1.2}.A correspon­

d in~~ pro cedure c:m be b a sed upon the more gcneral, t heor::t 

devel oped by ~z c~H r ~ J, whe r e insted of cqua tion(1;j} ihe 

equ;;.tion : 

f!lU~t be :.;olvf.!d, •:~h ere S(x} in a rc c.i posi tl.ve definite function 

c lonr~ the ~;olut i on of the fixed equation andp(Cf):R.
1
-R

1 

i s a r e<•l funct ion for v1hi ch the · inteeral 

ex ir;tn . 

In 1.9(,2 Rod ':i.(!n [ 6) by fol~o'lline the Zubov' s 'theory i;.gain, 

r cnlH!Ie s t he ;,Ja r e;oli s 's and Vo et 's paper, Md improved the 

numeri cal c npect s . He ussur.i <e n as Lir:punov fu:'l~tion n poli­

no r.-.i;,l f or·m of m:..d.e£~;re c«f~(:r.}. '!'he H!l2lyni s is devel.oppeci . 

t hrough three st~ps : 
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" a) Research of the.& surface on which (grad <f~(x), f(x))= o 

and q>~ ( x) changes sign. 
" ~ 

b) determination of the points: of tangency between v=<f~(x) 

and~ .. and search of the corrisp_onding value c• =d) (x* ) 
m 'I:l 

c) Analysis of the surface ~m(x) = c* 
. • m 

These works by r.~argolis and Vogt and by Redden have 

some shortcoming: they all follow the Zubov's clas sical 

theory, thus all proposed me thods depend upon the choice 

of the arbitrary function .9'-(x) and they are '"ignificant 
' only in the case n=2 • 

The paper by _Weissenberg (7] overcomes some of the 

difficulties of the works by Marcolis a<1.d Vogt and by 

Redden. He studies the asympotic s~ability regi on of the 

point x o for discontinuous syst ems in wi:ich the Zubov 's 

.theory is not available. He is the first to present the 

problem o_f construction Liapunov fw1ction as the one of 

the best pussible polr.nomial es timnte of the r egion of 

attraction. G.Geiss[S] finally inp~~ves the me thod of 

'!leissenberger in a work on the bes-c es timate of a reeion 

of asymptotic stability by means of quadrati c forms.This 

procedure is based upon the maximizatio~ over the elements 
2 

of the· positive definite matrix H of the hype rvolume r' 

defined by the level surface of a _qundratic fo rm x'Hx, 

tangent to the set 'P(x)=o. This is a · max-min problem 

i.e.the search or 
~ . 

max r . (min() x• H x) 
ti>O · 'i' :X: =0 

Notice that ~(x) =<grad (x'Hx), f(x)~. ln t his c~se the 
. 2 . 

hypervolu.r_nc C' can be explici tely related to the c_oefficie:ns 

of the matri~ H. This method of Geiss is not general i zable 

to the case ·of polynomial fonas TI'"'(x) of degree m>2, since 
m . 

. in this case the hypervnlurne r cannot. be explici tely . 



related t o ohe coefficients po~ynom~al form lTrn( x) and 

there do not exi st ways of test i ng i f a pol;ynomial f or:n 

TI~x ) i s positi ve definit e are not , 

The local ext ension theorem 2.6 allows us to overcome 

this di ddicul ty s..-:.d V..."1der the very r e<:. aonable hypothesis 

that the equilibriuw poi nt x=o of the equation (1,1) 

l.S (locaJ:¥) asymptot:.c aJ1y , s tabl e or (locally) comple1;ely 

tl.:ls t able, to ident ity m;:nerically r egion in w} ic'!.-; those 

s~ability properti es held. 

2 . The Ext ension Theorems , 

In this section the theoretical fo~~dations of the 

ext ension thery will be given .For semplicity only the 

case of the st~bility properties of equilibrium points 

will be considered . The same result s hold for the more ge- · 

:.er al ase of invaria."lt sets, with compact neighborhoods. 

In tne sequel, when ne t otherwise stated, capital 

Roman l etters will denote matri ces or' sets, sJ:all Roman ··:· 

let ters -vectors (notable exceptions t =time, k, h, v and 

w whi ch ar·e scalars), Srr!all greek letters scalars.In what 

follows Rn denotes the euclidean n-spa ce. 

I f Mc.Rn is a set, we shall denote with M, 'e r.! , 'dM and r.l 
i ts clusure, complement boundary and interior r espectively. 

s[x,S), s (x,$ )and H(x,S)will denote, the closed sphere, 

the open sphere and . the -spherical hyper surface with 

cent er x and radius $ > o. 

The extension theorems can be presented in various 

· frameworks: for the flow defined by abstract dyna:nical sy­

s t ems in suitable spaces,' as well as for the case of or­

dinary differential equations satisfying suitable conditions. 

In t~is work we shall present the results for the case cf 

the ordinary differential -equation (1.1) 
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where f: Rn~Rn is such that conditions for global existen­

ce and uniqueness of solutions of the equation 1.1 are 

sat isfied, or in other word equation 1.1 defines a dJ~amical 

syst ems. It must be pointed out that with a suitable, r a ther 

heavy, mathematical mashinery~5)the same extension theorems 

hold for the mode general case in which equation 1.1 has 

global existence of solutions, but not ~ec~ssarely uniqueness 

(16]. 

·2 .1 Global extension theorem. 

I.e t v = <p (x) and w = 'j'(x) be real valued fun c ~ions cefined 
n 

on the spa ce R .Let 

i) v=~(x ) e-~ 1 

ii) <f (c) =o 

iii) '\" 1 x) =(g.cad cp(x ), f(x) > 
iv) for all sequences fxnj~ nn , if 'j'(xn)-c,then xn- o 

v) the differential equation~= f(x), f(o) =0 cefine s a 

dJ~amical systems. 

Then whatever the local stability properties of x =O m2.y 

be, they are global . 

Proof. We shall prove this theorem for the pa rticular case 

in which x = o is (locally) asymptotically stable. :he proof 

for the other cases is similar. To fix ·the ideas let then 

'f'(x)<o . for x j. o. 

Let A ({o}) be the region of att r action of t he critical 

point X· = o. It is well knol'm (2]that A (\ o }) is an open 

invariant set and such that there exists a re al number . 

S,.:) such t hat s({o},S}A ( ( o }) 

l'ie vtant to prove that A ({ol) 

~A (fo}) = t5 
Let 

n R , .or equivelently th~ t 

2.2 v = mi n { 4' ( x) x£:~s({o},.q} 
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We claim that for a.ll x~~ ({oJ), ~(xhl1.In fact,from the 

hypothesi.s made on '\>(x) .it foliows that cp(x(x 0 ,t)) is a 

strictly decreasing function of t for all x 0 ~ o ·~ Now, if 

for some yE ~A({o}) it weref(y~a'it would be possible to 

find· a.'l xo~ A ({o)), xo;s ({o} , ~)such that q'(xo)<.-.I.As 

x 0 E-A ({o})'\ s[fo},I],there is a't>.o such that x(x0 ,'t')&H[{oJ,.\). 

Then · V!Cf>(x(xo,"t))<f{xo)<Vfor tf(x(xo,t)) is stric:tly 

decreasing. This is absurd. 

Since cp(x)lo,for x~~h({o}), we have by (v) that 'f'Cx) .c. 0 

for x~~A ({o}) • 

Let 

2.3 -}A-= sup{ 'J'(x) : x f: A {ro})}. 

By (iv)}'->0 since C>A ({o}) is bounded away from {o}. Let 

now xo~~A ({o}) ,then x (x0 ,t)E~A({o}) for t~O, since 

~A ({o}), is invariant.Then 

~ 

2.4 cp(x(xo,t))= cp(xo) + I 'f'(x(xo ,'l:'))d~''f(xo) 
.r~ ~ . 
-;:a~ =f(xo) . - f'(t-t 0 ) · 

t. 
which shows that lim <p (x(x 0 ,-i)) = --,which is absurd, 

1: ..... 
since we have proved that for all x~~A ({o}),cp(x)~~.This 

contrarliction shows that ~A ([o}) = ;1 and proves the theorem. 

2.5 Remark 

Condition (iv) of theorem 2.1 is equivalent to saying. 

that . :the fm-:t-c :: ions w = f (x) (positive or negative) defi­

nite in the space Rn 

2.6 · Local extension theorem · 

Let X :.: f(x) be a dynamical systems.Let V .= Cf(x) and w = 'J'(x), 

be 

i) 

ii) 

n .. 
real valued function3 d.e!ined in R . such that · 

~ (x) E ~ 
er· (o) = 0 



iii) 'f(x) = <grad Cf(x), f(x)> 

iv) xcE Rnu[..c-},x f o, such that 

v) #(f-)= { x Rn: <f(x) ~~} 

9 

c 
grad . qp<x ) = o 

vi) N,(f)the component of JJ(JL) which contains x = o 

vii) P~>o .. is a real number such that x'E: ';J/{(j/). 
( 

viii) '\'(xj f o for xf: tl.,(p')\{oJ 

ix) forlxn}c f.',(p'), f (xn)-+ o implies xr:. ~N.:.<l> 
x) x = o is (locally} asymptotically stable. 

Then 

2. 7 fJ, C,.') C. A ((o }) 

In addition if 

xi) '\' (x) f o · for xl::";JI{(l), 

then 

2.8 

Proof. From the hypothesis x) it follows that there exists 

a real number 5 :> o, such t!1a t for all x f o with Uxl<~ it is 

(to fix the ideas) 

2.9 q>(x)>o and'\'(x}<.o. 

Let now 

2.10 V=min~cp(x): Uxn =.fJ, 

then there exist a component Ne. ('''12 ) of N("Y/l) which i s 

compact and such that N,("/2)c:S({o} .~}.IfJP:-i,then JJ,(p) 

will contain »c('"/a). 

Clearly for octcllthe set IJ,( £ ) is bounded. -Jo'rom the hypothesis made it follows that N.,(J) is a positively 

invariant set for p<;s c. 

We shall nov1 p:..·ove that for j3 <pc , the set Ne.(}') is compact. 

Let 

2.11 -k = sup ~(x) for xE.N.,(J )' Nc.<')l/~) 

From the hypothesis (viii) and (2.9) it follows tha t 

2.12 k > 0 • 

Let now xo E dNc. (p). It follows thar. 



2.13 Cf (x(xo, t)) = <f(xo )+ 

==f(xo)- k 

Let now 

fO 

. ~ . ~ 

l'f(x(x 0 .. "t)) d'l:~~(xo)-J kd't = 
• c . • 

t < .P -kt • 

't = ( .Pc - v;l) ;k. 
For t:t."t all trajectori~arting from all points x~;)J.L( 1) · 
belong to Ne(~) since Nc(.P) is positively invariant.Suppose 

now that ~We(1} is not comp~ct, and consider a sequence 
n n · 

{x 1c ~Nc<P> ;llx 1-+-, such that no subsequence off xnJis 

convergent.On the other hand let 

yn = x(xn,T) E Ne( )I). 

Since the subsequence { ynj is contained · in the QQl!IP,_a~t 

set N~~it contains a convergent subsequence, which, for 

~emplicl. ty ·sake we as~e to coincide with £ ynJ.Let now 
n o-

Y -Y E t-l,(v) • 

L.et 

where n n 
y (y t 0) = y • 

Since the given system x = f(x).is a ~rnamical systems, 

then y (yn, .)-+y(yo,.) uniformly, on each compact intervall. 

Then it is, in particolar, y (yn, -"'t) = xn- y(yo, --r) 

Thus it cannot be Uxnll-+...,. Then for_.P"J'cboth ~N,(Jl) and 

N, . ~) are . compact. 

Let .new x 0 E tJ,(,') .Let c:p (x 0 ) =P for x 0&We( p). Since Nc(1) 

is ,positively ·invariant and compact, it is /\+(x 0 )" o. 

In addition /\+(x 0 ) = {o), ~ince i~ yE:/\•(x), 'f(y) = o [3) 
"Then N, (pc.) c A ( f o l ) . 

Assume now that, in addition, condition (xi) is satisfied. 

We notice that this does not rule out that there exist a . . 
seq_uence {ynjc )..,,et> t such that ~(yn)- 0 as n ynu .. + 00 
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We shall prove that in this case Ne (pc) c A ( {o J), while 

~ A({o})n~tV.t> = p 
Let ~A ({o})O ~N, <t> /= 0 and let Yl: )A({o})O~JJ,(pc). 

Then the positive semitrajectory J•(y) through y is such 

that t<Y)~ ~A ({o})O N, (p')~Now, from what has been seen 

t~:·o re it cannot exist"t">o such that .y<T eN,(p'), thus~•(y) 

<.~A : })0 N, (''). 

Now <f(x) =;p' for x ~ ~Nc(JI'), then for all x 6 y+(y) it would 

be C\'(x)!p'and hence 'l'(y)eo for a:!.l xE: ((y)c: ~ N,(p'), which 

is against the hypothesis xi). 

2 .10 ' Remark 

The . global extension theorem 2.1 and t he local extension 

theorem 2.6 .do not cover the whole spectrum of situations; 

for i~ ~tance it is not clear what is the behaviour of the 

flo~ ~~d of the level lines of the real-valued function 

v = <f(x), in the case· in whicho the condition ( iv) of theorem 

2.6 is not satisfied, · but there does not exist any point 
c n c c 

x E-R , x I= o, such that grad <f(X )=o. It is clear that 

this condition alone is not enough to conclude global asymptotic .. 
stability. 

§ 3 Numerical method for generating Liapunov functions. 

The numerical method that it has been developed has 

t he following features: 

i) it allows 'to distingush between the case of global 

and that of local asymptotic stability 

ii) it allows, in the case of local asymptotic ~tability 

to make a distintion between the case in which the closure 

of the region of asymtotic stability A ((o}) is not 

compact and the case in which A ((o~) may be compact. 
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iii.) it allows to fi:qd the best possible estimate of the 

set A ({o}) by means of non-homogeneous polynomial 

forms of arbitrary high order 

iv) it is valid for systems of order. n. · 

v) it is based upon the local extension theorem 2.9 and 

therefore it does not require an analysis of the geome­

trical properties of the function v = ~ (x). 

v i)in the case it which x=o is not globally asymptoticclly 

stable, it given two parameters which are very useful 

to characterize the set A ({o}), i.e.,the radiuses of 

the "spheres which are inscribed and circumscribed to 

the set N,(p')cA {(ol). 

The construction of the Liapunov function in the regular 

case {wheD x=o is not a critical case) starts with the qua­

dratic form 

3. 1 V = 'f (x) = X 1 H X 

2 

which may be obtained, for instance, for the system of 

linear approximation 

3.2 
. 
X = J X 

obtained from the given system 1.1, where J is the Jacobian 

matrix of f(x) computed in the neighbourhood of x =o and 

therefore with constant coefficients. 

The total time derivative of 3.1 with respect to the system 

3.2 .is 

3.3 
Let 

3.4 

{x) = x' {J'H +HJ) x 

J' H + H J = - C 

where C an arbitrary positive definite matrix. From it is 

possible to compute H. 

Since x = o is local ly asymptotically stable H is positi­

•;e definite. 
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Compute now 'f (x) with respect to the equation 1.1 

3. 5 'I' 2 ( x) = f 1 
( x) Hx + x 1 H f ( x) • 

This function, is such that the point x=o is an isolated 

point of the set 

3.6 P2 = \·x (: Rn: 'f2(x) = o} 

We have now two situations either P 
2 

= { oJ and then x =O 

is globally asymptotically stable or Q2 =P2\to3F p .In 

this latter case ·one consider the set ~<(pc) defined in 

theorem 2.6, i.e. the set 

3. 7 min f Ne (Jl) : x E: Q2 } 

One considers then the sphere Si~scribed . in ~~(p') with 

center in x = o and changes the coefficients of H in such 

a way as to maximize the radius of S . • After this maximization 
l. 

one considerS again ·p2' if p2 = {cl (i.e. if the radius of 

Si_is infinite), the problem is solved (i.e. X=O is globally 

asymptotically .stable), if not, one repeats the procedure 

considering now the function : 

3.8 
i.e. the no~omogeneous polynomial form of furth order. 

One goes on in this fashion by considering nonhomogcneous 

polynomial of increasing even order until either Pm =.(o}, 

or the increment of the radius is less then a given quantity 

l,.. o. 

In this case one .can conclude that (numerically) x=o is 

not globally asymtotically stable. In this case by using 

the coefficients of 1T ... , which have been computed one can 

construct the se1; N,(p .. )cA ({ol), i.e. · che set min N .. (J') :x E~, 
where ~ = Pm'{o}. The set .,,(pc) is the best estimate . 

of A ({ol) • 

Next it is desired to analyse"~the properties of ~,(pc) 

in order to distinguish between the case in which A (lol) -. is not compact ( Ne. (pc) , is not compact) and the case in 



wh~ ({o}) is compact in the chasen numerical ap~roximation 

( Ne C,') is compact). 

For that. the radius of the _sphere Se: ,with center in x=o, 

circumscribed to the set ~N,(pc) is maximized ove-fi the 

coefficients of the polynomial form. If this maximization 

problem does not have a solution, then we shall conclude 

that A ((o}) is not compact, while in the apposite case 

that N c. (pc) c. A ({o}) is compact. Notice that in the whole 

procedure the use of polynomial forms allows us to conclude 

that N,(p') is al~ays compact set without having to enalize 

the behaviour of f(x) nt infinity. 

The analytical problem of the maximization of the radius 

~~ of the sphere Si((o }1 t},which is inscribed in the set 

~t.J, t .. '), which is tanecnt to the set Q as the.sninimization . ~ m 
on the space RH"' of the N coefficients of the nonhom'ogeneous 

m ~ 
polynomial form of m the order lT = CP(A ;x), A c.R" "',-m I m m 
where 

).9 
"' (n- 1 + r)! 

Nm = fr(n 1) ! r ! 

functional · . ['I'(Am,x>]' 2 

-min{UxH +k2 (cp(Am,x) -m~n(Cf(Am,x)_+k 1 PxU >]} 
of the 

3.10 

where k
1 

and k2 are penalization constants • 

. 'l'he ·e.nnlytical problem of the rneximization of the ralus 

fc of the sphere Sc:({o }, ~,)circumscribed to;HJ,(1') is 

on the other hand reduced to the minimization on the ~ace 

RN~ of the functional 

).11 

4. TTumerical epects 

In this section we shall analy•e the numerical problems 

involved Y'li th the minimization of the functional {3.10) 
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the same conclusions hold also for func.t{ one.l . ( 3. 11). 

Let x =O be locally asymptotica}l~ stable equilibr~um 

point of the system (1.1) 

First of all we have to find the smallest set <f (x)=/ >O 

wich has a point o£ conta-ct with the surface er (x)= 0 .. 

The problem is that of computing 

4.1 min lO(A,x) =p', subject to <f'(A,x) = o. 
x•Wl 1 

Tlle numerical solution of this constrained miz;limum pro'blem 

i.~ obtained by solving the unconstrained problem: 
. 1 

t. . ~(A k) . ri9(A ) k ['t'(A,x)] J ! = mln 1 'x, 1 = min L '1 'x + 1 . · · Dx 8 
4.~ 

wh~:17~ ;Jx fl is introduced to avoid the trivial solution, and 

. the penality constant k 1 is chosen to assume satisfaction 

to a prescribed accuracy of the constraint ~(~x) = o (Courant 

~2)).Next we have to rind the radius f of the sphere in-
c 

scribed in the set '(A,x) =)' and with center in x=o, that 

is we have to compute .. 
4.3 min D xD = min ~,x1 ) 2 , subject to cp(A,x) -,?'= o 

x•Rn x•Rn 1 = 

Again the constrained minimum problem is solved as the 

following unconstrained problem: 2 
4.4 min,tlxll + K2[<f(A,x) -p'] 

-~R 

where k
2 

1-:s ·.the ~P~- .t~t:ion constant. 

For the ·s·earch of the re.dius R of the sphere circumscribed 

to the set ~Nc<.J'') . and with cent er in x = o, we compute in­

stead : 

4 • 5 ~ili" fJxl - K2 [cf(A, x) - .P'] 
2 = 
2 

-min{-lxl+ kJCf(A,x) -pc]. 
Xt-R"' · 
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Finally we modify the coefficients of the Liapunov function 

in order to increase the radi us of the inscribed sphere, 

that is we solve the followin,~ max min problem: 
? 

4.6 max.,{min.,{~xiJ +K2(<p(A,x) -.P'T}}=· 
A~R "'x~H. 

= - min ft;r minJixll + v2(q>(A,x) - y<]2 }l 
A~ R "' XE R 

By solving the max-min problem 4.6 

blem of the stability region is solved. 

and 4.2, the pro-

The computa tional procedure will then be as follows: 

a) choose A 

b) calculate p.':via (4.2) 

c) calculate the r adius y of the inscribed sphere via 4.4 

d) modify A in di r ect i on of larger radius of the inscripted 

sphere.· 

e) return to b 

Thio procedure is ·re pen. t ed an the de gree m of Liapunov 

function incr~~ses. 

5 • Humericvl renu~~ 

Alone the lines presen ted i n the previous section. e. programm 

in FOH'f RA:! IV has been ·1·1r it ten.This program is valid for 

systems of order n and a rbit rar y hi gh polynomial approxi­

mation. \'ie shall next give some simple numerical results 

obta ined with this program on the second order system~ 

5.1 

Tlhere 

X = BX+ f(x) 

X = (x
1

, x
2
), B =e, ~,) ,f = 

for which the search has been stopped at the second order 

approximation 
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The function ~(x) corrisponding to 5.1 and 5.2 becomes: 

5.) 

In the problem 4.2 and 4.4 we have programmed the Fletcher• 

and Powe11• method 10 • In our opinion, this algorithm 

is the moot powerful for minimizing functions, of which 

the analytical gradient is kno•.vn. 

On the other h~~d for searching the opt~mnl coefficients 

of the Li apunov's function, it has bean used the Powell's 

method [111 which minimizes a function by modifying one 

variable at the time. 

In both methods the minimum is searched (in all in t erations) 

along suitable directions. 

The e "fic~ency of the algorithm depends upon the accuracy 

of the on~dimensional search program which has been used. 

The improve this nccuracy it has been adopted the method 

of the "golden section" together with an automatic search 

of the mini.mwn along a fixed direction. In progra.mrJ1ing ve 

hns to carefully avoid to fall into the i solated point 

x =o E ·p = { x E: Rn; 'f' (x) = o J. '.Ve have assumed as initial 

value of the coefficients of the Liapunov function: 

r = ).o $ = 1.0 ()' =2. 0 

for which f = ).44'5 

The complete :.iteractions have been five (that is fifteen 

i teraticn of the coefficients r' ~ 't;' ) and the computational 

time has been 24 minutes with e.n IBl'.:I 7040 digital cooputer. 

The results have been the following 

1st iteration l( =1.900 s= 1.)8), 6" =1 .400, f 4 . 272 

2nd iteration t =1.800 S= 1 . 489' (j =1 • 100, V 4.330 

)rd iteration: ~ =1. 700 $= 1.489 fj =<).943 , \' = 4.354 



4th i:t~ration 

5th iteration 

§ 6 Conclusions. 

' 18 

'{ =1.600 ., ~ =i .457 , "=0.848 

(( =1.574 s =1 .482 , G' =0.848 

f =4.370 

:p =4 .373 

This method that we pro~ose for the numerical construction 

of Liapunov functions, based upon the extension theorems 

provides,_ in principle, the complete solution of the stabi­

lity problem of the equilibrium point x=o of the system 1.1. 

~he method is non been extended to a more complete analysis 

of the set dA({o}) in the case in which A ({o3) is compact. 

The method proposed has of course, to pay something for 

its generality, and this something is essentially the ra-
\ 

thtr long computation time. If one is interested one in 
i 

quadratic approxi~ations, for which it is possible an explicit 

computation of the volume the solution of the problem would 

be much faster. Our actual research now purely numerical 

and it is aiming to reduce the computation time, by testing 

different one-dimensional search procedures, by an ' exaluation 

of the effect of the precision of-the onedimensional search 

and its speed of solution of the complete max-min problem. 
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FINITE TIME STABILITY 
IN CONTROL SYSTEM SYNTHESIS>F 

W. L. Garrard 
Department of Aeronautics and Engineering Mech,nics 

University of Minnesota 
Minneapolis, Minnesota, USA 

1. Introduction 

This study is concerned with the application of the concept 
of finite-time stability to control system synthesis. The 
results developed are applicable to dynamical systems governed 
by the set of vector differential equations** 

_(1) 

where x , the state, is a n-vector, and u , the control, is a 
m-vector. B is an~ constant matrix, f(x,t) is an-vector such 
that the norm of f(x,t) is bounded in the domain of the state 
space and in the time interval of interest, and x

0 
is the initial 

state. 
Numerous studies concerning the application of classical 

Liapunov stability theory to the selection of u for systems · 
described by (l) have appeared in recent years. 1- 7 In general, the 
techniques presented in these studies result in the selection of 
a u such that (1) is asymptotically stable. That is, all solu­
tions of (1) eventually belong to an arbitrary small neighborhood 

·containing the origin provided the initial state belongs to some 
domain which also contains t h · origin. 

Less restrictive results are often required. For example, 
in many cases of practical interest it is· only necessary to select 
u in such a way as to guarantee that x belongs to 

* This work was supported by National Science Foundation Grant 
GK-3273. 

** It is a ssumed, as usual, that unique continuous solutions of 
(1) e xist. 
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soro~ given set during a finite interval of time (e.g. the 
problem of maintaining a rocket within a given neighborhood 
of some nominal trajectory during transfer of the rocket from 
a neighborhood of a point A to a neighborhood of another 
point B). Recently Weiss and Infante8 •9 developed a quali­
tative theory of finite-time stability for systems described 
by (1). Precise definitions were formulated and sufficient 
conditions were gi-ven for various types of finite-time stability. 
The approach taken by Weiss and Infante was one of analysis 
rather than synthesis, and the norm of Bu was assumed to be 
less than or equal to some given value over the time interval 
of interest. 

the present work is focused on the problem synthesizing 
systems which exhibit finite-time stability. Given that x

0 
belongs to a specific set, conditions are established which 
are sufficient to guarantee that x(t) belongs to some given 
set for a specified interval of time. The control u may then . 
be selected in such a way as to satisfy these conditions. Thus 
the theorems developed appear to be of practical use in control 
system synthesis. Illustrative examples are presented. 

2. Notation, Definitions, and Problem Formulation 

If X is the state space for (1), then let uxn denote 
the Euclidean norm of .x and let 

B(a) = [xc X; ux·u <a} , ~(a) • [xc X; UxH ~ a) , 

. 1 
and T = (t

0
, t

0
+ T) where t

0
, T!R. Also V(U~II) is a 

continuous scalar function which has continuous first partial . 
derivatives with respect to x , and v4 • V( 11 x 11 • a) • Fur­
thermore, ~ s V m< Vx, X> where vx- grad V( IIXJI) and 
x is given by (1).* · 

Definition 1: System (1) is stable with respect to the 

The symbol < y, z > denotes the scalar product of the 
vectors y and z 
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set (a, 13, t
0

, T, 11• 11), a< 13 if for any x(t), 
U x

0 
11 < a implies 11 x(t) 11 !!:: 13 for all t E.,. • 

The numbers a, 13, t
0

, and T are specified a priori 
in a given problem. 

Definition 2: System (1) is guasi-contractively stable 
with respect to (a, 13, y, t

0
, T, 11 ·11) , a< 13 < y 

if for any x(t), 11 x
0 

11 < a implies system (1) is stable 
in the sense of Definition 1 with respect to (a, y, t

0
, 

T, 11· 11) and there exists a t 2 £'1' such that llx(t)U!!:: 13 
for all te (t2 , t

0 
+ T) • 

Definition 3: System (1) is contractively stable with 
respect to (a, a, y, t

0
, T, 11 • 11 ) , a < a < y if · for 

any x(t), 11 x
0

11 <a implies system (1) is stable in the 
sense of Definition 1 with respect to (a, y, t

0
, T, 11 • 11) 

and there exists a t2~ T ~uch that 11 x(t) 11 !!:: 13 for all 
te (t2 , t

0 
+ T) 

Definition 4: System 
(a, a, t

0
, T, 11 • 11) , 

{B(a) -~(a)) implies 

that a !!:: 11 x(tl) 11 • 

(1) is unstable with respect to 

a < a if for any x(t) , xo ~ 
the existence of a t 1e,. such 

The definitions presented above are very similar to those of · 
Weiss and Infante. 9 

The problem considered in this paper is that of establishing 
conditions which guarantee stability (quasi-contractive stability, 
contrac.tive stability, instability) of system (1). As demon­
strated in the illustrative examples, these conditions can be 
used in the selection of a u which guarantees the proper 
variety of finite-time stability or instability. 

3. Theorems on Finite-Time Stability 

Theorem 1: 

if for all 
System (1) is stable in the sense of Definition 1 

t t T and all x e {"'D(a) - B(a)) 



(a) 
v~ - va 

<V,f>+<V,Bu>S: T 
X X 

. (b) Va > vb , 11 a 11 :l!! ll b 11 for all a, b £ {B(y) - B(a)) • 

Proof: Let x(t) be an arbitrary trajectory of (1) su h that 
11 x(t

0
)/l <a and assume there exists a t2e -r such that 

11 x(t2)11 ~ and a t 1 e -r s uch that If x(t1)11 = a ·* Then 
t 

V( 11 x(t) 11 ) = va + Jt (< Vx,f > + < Vx,Bu >)da . (2) 
1 

From condition (a) 

( Va + Jt2 ( V~ - va )dt • v llx(t2)11) ~ tl T (3) 

and since t 2 - t 1 < T , 

V ( 11 x ( t 2) 11 ) < V~ • ( 4) 

From condition (b), (4) implies 11 x(t2) 11 < ~ This contra'-
dicts the original hypothesis that 11 x(t2) 11 = f! Thus, there 
does not exist a t 2 t:. r such that 11 x(t 2) 11 = ~ , and the refore 

11 x(t) 11 < ~ for all t C T 

Theorem 2: 
all t l r 

(a) 

(b) 

(c) 

System (1) is quasi-contractively stable if for 
and all x [. (B(y) - B(a)} 

< V ,f > + < v ,Bu > s: vY - va 
X X T 

Va"" Vb, Jlall"". llbl\ for all a, be.(B(y)- B(a)} 

(VS - V6)(VY - Va) 
< Vx,f > + < Vx,Bu > ~ KT (Vy - V6) 

f or t l ( tl' t2) where 0 < K s: 1 B ~ 6 < y • tl .. 

( 
v6 va 

)T + t
0 

, and 
vt> va + K(VY V6) 

}T + to , . t = ( v·r - va 2 vY - va 

(d) < Vx,f > + < Vx,Bu > ~ 0 ' te.Ct2 , t
0 

+ T) 

~ If suc h a t 1 does not exist, no control is needed. 
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Proof: Since a < a < y , 

conditions (a) and (b) guarantee stability from Theorem 1. Let 

x(t) be an arbitrary trajectory of (1) such that 11 x(t
0

)11 < a 

and assume there exists a t't:. T such that 1/x(t')l! =a where 

t' < t 1 . Then 

V(llx(tl)ll) s: V( llx(t')ll) +I~~ ( vY ~ ~ )dt (5) 

or 

since t s: t' , and if the value of t 1 given in condition (c) 
0 6 

is substituted into (6), it can be seen that V( llx(t1) ij) s: V 

Furthermore 

( I ( ) I ) s: ~( 11 x(tl) 11 ) + Itt2 (Va - Vo) (vY - Va) dt (7) 
V I x t2 I 1 KT (Vy - V6) 

and 

(8) 

If the value of t2 given in condition (c) is substituted into 

(8), it can be seen that V( 11 x(t2) 11) s: Va This implies 

11 x(tz) 11 s: a . Finally from condition (d) 

t 
V( 11 x(t) 11 ) = V( )lx(t2) \1 ) - It bda , t£:. [t2 , t

0 
+ T) (9) 

2 

where 0 < b ; thus 

v( Jlx(t) 11 ) :s; va - b(t -:- t2 ~ (10) 

which implies llx(t) 11 s a for t t (t2 , t
0 

+ T) Therefore 

conditions (a), (b), (c), and (d) guarantee quasi-contractive 

stability for system (1). 

Theorem 3: System (1) is contractively stable if for all t e,. 
and all xt;-{B(y)- B(a)) the conditions of Theorem 2 are 

satisfied. 
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Proof: The pro~ is identical to that of Theorem 2 but in this 
se fl < a • 

-. heor ~;n 4: System (1) is unstable if for all tC'I" 

vfl .- va 
(a) (< Vx,f > + < Vx,Bu >) > T 

{b) ~::.:vb, Jlaii::.:Ubll forall a,be{X-B(a)}. 

vll a 
Proof: ,_ V( 11 x(t) 11 ) > V( I! x(t

0
)JI ) + T V (t - t

0
) , and 

for .. t "'. =to-.+ :t - ~ V{ 11 x{t
0 

+ T) 11 ) > vfl which implies the 
existence .q_f: a tt1 t: 'I" such that 11 x(t1)11::.: fl • 

As w~~h most synthesis techniques based upon classical 
Liapun~v sfability theory, th~ problem of determining a u 
which sat~~fies any of the above theorems over the d~~~ Qf 
interest is not trivial and may often tax the ingenuity o~ 
the i~vestigator. A suggested procedure is to assume 

u • g(w(t), x, t) (11) 

where w(t) is a p-dimensional vector, p ~ n , whic~ is to 
be selected in such a way as to satisfy the copd,it;ion,s,: specified 
in the theorem of interest. If w(t) belongs to . ~ compa~t 

set 0 in RP , the problem of selecting w(t) ~~ld be 
considered as a problem in nonlinear programmini. 10· Tha~ i,s, 
select w(t) in such a ~ay that 

min { max (< Vx,f > + < Vx,g >)} s C(~) (12) 
wco asuxu~e, 

t
0 
<t<t

0
+T 

where C(t) is a piecewise constant function spe,9;ified by tl)~ 

conditions of the theorem of interest. Of course f~r a specific 
g there is no guarantee that a w which satisfies (12) e~st~·· 

4. Illustrative Examples 

Two illustrative examples are considered. 
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Exai'lp.le .J~ · k . linear system 

Cdiidder the system governed by 

. 
x .. A(t)x + Iu , 

u = P(t)x 

where A is a n x n matrix, I is the identity matrix, and 
P is a n x n matrix to be determined in such a way as to 

insure the stability of (13) in the sense of Definition 1. 
Furthermore, let V= < x,x > and (a/a) 2 = k ~ 1 

From Theorem 1, P must be selecte~ such that 

(13) 

~·(A + P]~ :!: ~· (l ztl/k] I~. {14). 

where < ~.~ > = a2 Inequality (14) is satisfied if 

p = - A+ (1 ZTl/k] I • 

From (15), it can easily be seen that 

x'(A + P]x:!: x' [l- l/k] Ix 
- 2T -

(15) 

for ali < x,x > :!: a2· Therefore from Theorem 1, the control 
u = Px where P is given by (15) stabilizes (13) over the 

interval (t
0

, t
0 

+ T) . This may easily be verified for 
k ~ e by taking the derivative of < x,x > and using (13) 

·and {15). 

Example II: . Van der Pol's equation 

Consider a second-order system geverned by 

{16) 

and let a • 1, a = 2, t
0 

= 0, and T = 2 By n~~erical 
integration it can be shown that for u = O, (x1(t*) + x2 (t*))~ > 2 
where t* < 2 for certain initial conditions (e.g. x1(0) :a 1 , 
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0) • For stability, Theorem 1 yields 

2 2 (2. - 0.5x1 )x2 + ux2 ~ 0.75 (17) 

for V = < x,x > • If. u = ax
2 

, it can be seen that a 
- 1.81 satisfies (17) over the domain of interest. 

For quasi-contractive stability where a= 1, a = 6 = 1.1, 
Y 2, K = .5, t

0 
• 0, T"" 2 . Theorem 2 yield~ 

2 2 (2. - 0.5x1 )x2 + ux2 s 0.75 (18) 

for 0 s t < 0.14 , and 

2 2 (2. - 0.5x1 )x2 + ux2 s 0 (19) 

for .14 ~ t < 2. If u = a(t)x2 it can be seen that a(t) = 
- 1.81 for 0 s t < 0.14 and a(t) - - 2 for 0.14 s t < 2 

satisfies (18) and (19) over the domain of interest. 
it should also be noted that for u • a(t)x2 it is im­

possible to obtain an a(t) which satisfies Theorem 3 for 
contractive stability. Typical unstable, stable, and quasi­
contractively stable trajectories for Example II are presented 
in Fig. 1, and the variation . of the norms with time are pre­
sented in Fig. 2. 

5. Conclusions 

The theorems developed in this paper appear to be of 
practical use in the synthesis of control laws which guarantee 
finite-time stability for dynamical systems governed by ·ordinary 
differential equations in which the control enters linearly. 
The results obtained are much less restrictive than those given 
by classical Liapunov stability theory. Furthermore, the theorems 
for finite time-stability presented herein can be applied more 
easi~y than those given elsewhere in that very simple Liapunov 
functions may be used (e.g. in both examples the Euclidean 
norm was used as a Liapunov function). 

As with other techniques based on Liapunov stability theory,· 
the problem of selectin~ a co~trol ~hich satisfies the theor~ms 
developed is non-trivial and is an open area for further 
research. 
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STABILITY O F RELAY CONTROL SYSTEMS 
A.T. Fuller 

Enzineerin;; Departmmt1 Cawri<ige University', England. 

1. Intr oduction 

A traditional type of controller for relay control systems is one 

which generates a linear c01rhination of state coordinates at the input to 

the relay. Such a controller can often be adjusted to zivc nearly opti~~l 

performance, in the sense of minicuzinz ti1e expected integral-square-error 

for an enscd>le of disturbances of lhrl.ted :r~r;nitude4 • ll01-:ever in scnre 

cases ti1e response to a large dis turl>ance Eay be poor 1 and ti1e sys telil may 

even J:. O unstable, The present paper investigates the in-tile-laq;e stabil­

i t:y of such a system. 

For sitr.p licity attention is restrir.ted to plants consisting of n 

pure integrators . For n = 1 the problc~ is trivial; tile system can 

re:~dily be sholm to be stable in-the-large if -~ feedback is negative. 

For n = 2 it is knolm 4 t hat · ti•e system can -be -made stable in-tiu!-latge. 

rne case n a 3 will be treated in the present paper; it will be founa 

that in-thc-laq;e s tal>ili ty cannot be obt:~ined \·Ti th a linear svi tchit\t 

function. 

Andronov and Bautin1 treated a slightly t:10re &eneral third-order 

plant and gave a ienr;thy topological inve:aication of the state trajector­

ies. Eccause of its increased zenerali~; their treatR~nt is involved and 

tedious to follow. Horcovcr it s eer.IS inaorrplete since 1r~y of its argu­

ments are curtailed. In the present paper the restriction to pure integra­

tor plan ts enables the s tability question to be decided relatively sioply. 

2. rnc !':ys tcrr. 

Fig.l sho~·:s the relay control system. lhe plant satiafies 

d 3x/dt3 
u~a (a • eonst. > 0) (1) 

where u is tite plant input, X is the plant output, and t is tim. 

The relay has input z and output u and satisfies 

u - s~ . z (z f. 0) (2) 

rnc r e l ay input is a linear co"~ination of plant state coordinates, with 

cor~t~nt co~fficicn t5 , 

(3) 



where :: dx/dt • 

A set of necessury and sufficient conditions for (in-the-s~ll) 

asy~totic stability of the origin is2 • 3 

(4) 

(5) 

Thus in s eekine values of k
1

, k
2 

,k
3 

which yield in-the-laq;e stability 'lio"e 

restrict attention to case (5). u then satisfies 

U a - sgn(k
1
x

1 
+ k

2
x

2 
+ k

3
x

3
) a - sgn(x1 + c

1
x

2 
+ c

2
x

3
) (6) 

~rhere c1 . • kz'k1 • c2 . .. k3/k1 (7) 

with > 0 > 0 • a > 0 (9) 

3. Definition of trajectories. 

The set of state points satisfying 

z - - (xl + c1:'2 + c2x3) > 0 (10) 

is called the P-rc r. ion, The set of points satisfying 

z - - (xl + clx2 + c2x3) < 0 (11) 

is called the i\-re :)ion. A system trajectory in the P-re:;ion is called 

• a P-trajectOS' • A system trajectory in the N-region is called an 

l\'-traject£!:l• 

?-trajectories e:;.:..;c only on or.e side of tit~ switching surface.. 

and are properties of tha control system as a whole, 1-!e can also consicrer 

trajectories described by the plant alone \·then its input \! is helci 

constant at +1; we call such trajectorie;; !:,Paths, In contrast to 

?-trajectories, P-paths exist throuchout the state space. Si.o.ilarly a 

trajectory described by the plant alone when its input u is held 

constant at -1 is called an ~-yath, 

The equations of a P-pa~l are readily found by intecratin& (1) 

with u = 1, and are 

{ 
x

3
(t) . . x

3
(o) + t/a 

x2(t) . a x
2

(o) + tx3(0) -!- t 2 /(2a)' 
2 + t

3/(6a} :'1 ( t) a x
1 

(O) + tx
2

(0) + t x
3

(0)/2 
I. 

(12) 



4. SliclinB motion 

If, at a point of the s~Titching surface, the directions of motion 

along the trajectories on each side of the switching surface are not a1-1ay 

from the switchinn surface, slidinc ~otion occurs. Sliding n~tion is 

idealized as motion in the s~·Titching surface (c.g. 4), i.e. is defined as 

satisfying 

= 0 (13) x
1
(t) + c

1
x

2
(t) + c2x3(t) 

Differe~tiation of (13) and use of (8) shows 

the linear differential equations 

that the slidinc cotion obeys 

. - (14) 

A trajectory described during sliding is called an S-trajectory• 

The sliding region can be found as fol101~s. n1e switching surface . 

is represented by 

where 
\ 

= -

(15) 

(16) 

In the P-region and near the s1~itching surface z is positive. Hence the 
I 

trajectory there approaches or is parallel to the s1ntching surface if 

dz/dt ~ 0 (17) 

i.e. if 

fr~ (8) and (16). Sioilarly, in the !~region and near the switch~ng 

surface, the trajectory approaches (or is parallel to) the switching 

surface if 

(18) 

x
2 

+ c
1
x

3 
- c/a ,; 0 (19) 

Thus the slidin& region consists of the points of the switching surface 

where (18) and (19) hold simultaneously, i.e. wheTe 

lx2 + c1x31 ~ c2/a (20) 

In other words the sliding region is the strip of the switching plane 

between the pair of parallel planes 

(2la,b) 

S. PerioLic motion without slidinA 

To establish that system (8) is unstable in-the-large it suffices 

to show that the system trajectories possess a cy.cle, i.e. a closed loop 

(e.g. a licit-cycle). The simplest type of cycle w:1ich right exist is a 

ayc:-.ctrica l n n conslsting of a P-trajec:tory ::tnd an U-trajectory. l-ie call 
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such. a cycle a Ptr-cycle, and we beg:Ln by seeking the values 'of e
1 

and 

~2 ~or whicia a Plf-cycle exists. A Pi·r-cycle exists if there i!s ·,a point 

(x
1
,x

2
,x

3
) on the switchin:; plena such that 

(i) there i:J a P-pnth from (Xl'x
2
,x3) to the syu:retrically opposite 

point (-Xl'-:t2 ,-x3), 

(ii) there is an 41-pnth from (-x
1
,-x

2
,-x

3
) to (Xl'x

2
,x

3
), 

(iii) the P-path in (i) is a P-trajcctory (as defined in §3), 

(iv) tile 1·:-patit in (ii) is an 1\-trajectory. 

5.1 r:xis ten cc of the P-path and the 1{-pnth 

Let us find when condition (i) is sati~fied. Froo (12), the P-path 

startinz; at (Xl'x
2

,x
3

) eocs through (-Xl'-x
2
,-x

3
) at time t • T > 0 

if 

{ 

-xl .. xl + T".iC2 + T2X3/2 + T3 /(6a) 

-x2 • x2 + 'D:3 + r/(2a) 

-x3 • x3 + T/a 

Also, sinct: (X
1
,x

2
,x

3
) is on the Sl~itching plane 

x1 + c 1x2 + e2x3 • o 

Solvi.n:; (22) and (23) we 'find 

ar.d 

x1 . ~ ~/a , x2 . - o 

T • 2 ./3c2 

(22) 

(23) 

(24) 

(2S) 

Thus condition (i) is satisfied when the switch point ("..<l'x
2
,x

3
) is given 

by (21•). Ily SyL"lll'.ctry condition (ii) is also satisfied then. 

5.2 Existence of C.:tc P-trajcctory and the ~l-trajcctorv 

Let us find when conditions (i) and (iii) arc both satisfied. This 

is so if the ?-path described by (12) witi1 initial conditions (24) is in 

the P-region for all 0 < t < T: i.e. if 

(0 < t < T) {26) 

(12), {16), (24) and (25) yield, efter some al~ebra, 

z(x
1 

{t),-::
2
(t),x

3
(t)) . • t(T - t)(6c

1 
- T + 2t)/(12a) (27) 

Throu.;hout 0 < t < T the first tl·to factors on the richt of (27) a re 

positive, ~~d the third f~ctor is positive if 

6c
1 

- T ~ 0 (28) 
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i.e. (26) is satisfied if (2E) is . (28) is equivalent to 
2 c2 ~ 3c1 

(29) 

in view of (25}. Thus when (29) holds, conditions (i) and (iii) are 

satisfied by point (24); and by symrre try (ii) and (iv) are also satisfied. 

5.3 Existence of the PN-cvcle 

lie have found that when the controller coefficients satisfy 

inequalit:y (29) there exists a Pi'l-cycle, with s1-1itch 

an.d (-Xl'-X2,-X3) given by (24 ) and half-period T 

wen (29) holds the syster.1 is unstable in-the-large. 

6. Periodic 100ticn ~·Tith s lidin3 

Let us investieatc the remainin3 case 
2 c

2 
> 3c1 

points (Xl, X2,X3) 

given by (25). Thus 

(30) 

In this case the point with coordinates (24) is inside the sliding strip 

{as follows on substituting values (24) in (20}) 1 and so can no loneer be a 

svitch point of a PN-cycle. H01~ever there might exist instead a cycle 

involvin& sliding. T'ne simplest type of such a cycle \o7ould be a S)'llllmtri­

cal one cor~isting of a P-trajectory, an S-trajectory1 an ~~trajectory, and 

an s-trajectory. We call the latter a PS HS-cycle. Our aim is to find 

vilether a PSKS-cycle e:ds ts when (30) holds. 

Fie.2 shc:Ms the projection of the sliding region in the (x
2

,x
3

) 

plaae. the left edge of the strip is represented by the straight line L, 

wich is siven by (2la), and the rieht edee by line R1 given by (2lb). 

the P-trajectory of a PSNS-cycle can begin only on the left edge, since 

there the P-trajectory is parallel to the suitching plane, l:hereas at 

other points in the slidin~ region the P-trajectory is t01~ards the sliding 

region. Thus a PSi~-cycle exists if there is a point U on the left edge 

such thai 

(i) the P-path from point U meets the switching plane at a point V, 

and V is in the sliding region, 

(ii) the P-patb in (l) is a P-trajectory1 

( iii) th2 S-trajectory fro m point V meets t he rieht edg~ of the sliding 

rer;ion at a point H1 

(iv) the point W is s yrenetrically opposite the point U, i.e. ·the co­

ordinates (~il' w2 , 1 ·13) of H equal oinus the coordinates (u1,u2 ,u3) 

of ~ 
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Indeed if (i)-(iv) hold. vlilnt WC may call a PS-trajectory exists from.:. u 

to VT. and by syn~try an ilS-trnjectory edsts from tJ back to U. The 

PS- and NS-trajectorics then form a PSHS-cycle. 

6.1 Ex istence of tll P-trojecto.EY 

Let us find when condition (i} is sati'sfied. Since U is o~rthe 

s1vi tchinr; plnue and on the left edge (2la) 

u1 + c
1
u2 + c

2
u

3 
= 0 and u

2 
+ c

1
u

3 
+ c/a . ,.· 0 (31} 

From (12) • the P-path from starting point U reaches a point V at time 

t .. y > 0 if 

{ 

v
1

. • u
1 

+ YU2 + Y~312 + Y3/(6a) 

v
2 

. .. u
2 

+ '.YU
3 

+ Y2/(2a) 

v
3 

. .. u
3 

+' Yla 

If V is on the &\·li tching plane 

vl +. clv2 + c2~3 . • 0 

Eli~ination of u
1
.u2.v

1
.v

2
.v

3 
from (31)-(33} yields 

3 2 
Y + 3(aU

3 
+ c

1
}Y . .. 0 

Thus the P-path has only two points in the S\vitching planeHnar.lCly at 

tir~s Y ~ 0 (corresponding to ~ the starting point U) and · 

y 

' (~~.), -ir.1plies that if 

au
3 

+ c
1 

< 0 

(32} 

(33} 

(34) 

(35) 

(36) 

the P-pa th . returns to the s1vitching plane after leavin~ U; ·Le. if (36) 

holds • poin.~ -v exists • 

. Let us· find when V is in tile sliding strip. From (3I)~., (32) and 

(35). poin.t .V .s .atisfies 

{ 

v2 • (3/2)au; + sc1u 3 + 

v
3

. ,. - 2U
3

- 3c1/a 

V is in the sliding strip if V satisfies (20} • i.e. if 

!v2 + c1v3! E c2/a 

Equa t i ons (37) sit~lify (3S) to 
2 (au

3
. + c

1
) E (4/3)c2 

lnequali ties (36) and (39) hold sit:ul taneously if 

- 2 .f cz! 3 ' aU 3 + c 1 < 0 

(37) 

(38) 

(39) 

( 4{' 
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Thus if (40) holds, V exists and is in the $ll( i n.; st r ip , i.e. condition 

(i) is satisfied. ~tore over, co;:J ition (ii) is then satisfied bec<lU~e V, 

being in the sliding strip, is appronci•c <l !Jy ,, • -t ~ a j cc,u ry , Hi1ich tilere-:­

fore coincides with the P-path l·:h i ch appronches V, 

6,2 Existence of the 5-tr<!jectordv ':? tite striJ> eclp.c:_ 

Let U3 find ~lit en condition (iii) is s<1tisfied. lilC charactcris tic 

equation of the slidinc motion (l11) is 
2 

c2p + clp + 1 a 0 

and~ because of (9) and (30) 1 hali conplcx charactel"is tic root::; 11ith 

ne~;ativc real parts, ilence the S-trajectorics have a s table focus. at the 

oriein. 

In Fiz.2 one of the spiral S-tr<~jcctorie::; touches the line 1:, 

l'nis is confirr.·cd al~;ebraically in Appendix l., t-thc r e it is slao~m tl{at the 

point of tangency A ha::; coordin<ttes 

(42) 

l'he ~-trajectory traced bnck1,•ards frota A Dce t s line L at som point G 

(Fi~.2), as shmm in A:>pencli;.: 2. Tile field of ~-t r .:!jectoric:; auove 

Lrnjectory GA LllSt t:"C<:t line P., s i.nce t he trnjcctories spiral cl oc!:Hi s e 

and t!o not cross one a:lother. Therefore, if \·le can s illl'.·l thnt V is i.n 

this fiel•l, cond ition (Hi.) ~1ill be estaulishcd, 

Fro~1 (37) 1 11:1cn u
3 

varies in the ranr;c (41), V describes a 

par<1h olic locu.:; from poi nt ll • 11ith coordina tes 

to r-oint il 'Wilh coordin:~ti!S 

Titis locus ~s reprc:;ented i>y the d:J.S~ed line I:i> in Fi&.2• 11 and D 

arc on line s i l and L respectively, as t:.ay be che cl:ed froc (43) and 

(M:) • 

H~ have to silo;: t :tat at leas·t part o f tile locus BJ is in the 

(43) 

(44) 

fiel d of ~-trzj cctories a~ova G~. Tnus it -..ri 11 suffice to shO"..t that B 

is zbovc "• i.e. 

i:ut !ro~! (~0)1 ( 1;2),(1:3), inerru ;,lity (t1:;) docs 1.nc!ccd hold. Tnus if u
3 

S ::! ti ~ ~ i.c:s ( .'. DJ, co r.<~ it:o:l (ii i ) is S.J tisfied. 

(45) 
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6.3 Existence of syrraretrically O'>posite points U and H 

It remains to fincl witen condition (iv) is satisfied. l-lhen u
3 

increases in range (40), U traces the segment FD of line L, where 

D and F have ordinates 

(46) 

V then traces locus tD. Let C be the first point at which locus IlD 

crosses trajectory GA {Fig.2. n1at llD does cross GA is conftrued in 

Appen<lix 2,) Let U then be at point E in the se~nt FD. Thus when 

U traces FE, V traces DC and H traces BA. 

Let us den1onstrate the continuity of the move~nt of W from B 

to A as U traces FE. As. U varies, the move~mnt of V from B 

to C is continuous, in view of {37). TI1us the S-trajecto~ from V 

chanzes location continuously. Also, because trajectories froo nei&lbour­

inG points re~~in close, the S-trajectories from nei&tbouring points V 

cut line R in nei&1bouring points ti. {It is assuood here that the S­

trajectories are not tant;ential to R except at A. This assumption is 

justified in Appendix 1.) llence li moves continuously from B to A as 

U traces FE. 

Let U* be the reflection of U in the origin, i.e. let U* 

have coordinates (-u
1
,-u

2
,-u

3
). lbe reflection of the segment EF 

traced by U is the segment E*F* traced by U* on R (Fig.2) ~ Se&roont 

E*l~* is inside segrent AB, as is shown in Appendix 3. Also, when U 

traces FJ;, U* traces F•'•E* continuously and, as we saw above, to/ 

moves contiiUJously from n to A. Therefore at so~re st~ge \-1 passes 

U*. H is then synurotrically opposite u, so that condition (iv) is 

satisfied, 

6.4 Existence of the PS NS-cycle 

Conditions {i)-(iv) have now been shcr.m satisfied when (30) holds. 

Thus 'lo'hen the controller coefficients satisfy inequality (30) the systc:u · 

h.as a PSNS-cycle and Is consequently unstable in-the-large. 

J..:.. Conclusior.s 

We have found that a relay control system with a triple-integrator 

plant cmmot be made stable in-the-large with a linear suitc.'ling fu:1ction. 

It is conjecture!! that the s&:e is true when the plant consists of n 

pure integrators \•ith n ~ 3, ancl '·~hen tile relay is replaced by a 
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saturator. In such cases one can pcrhap:. .ol>tain a sin:ple near-optimal 

controller l>y usinz a s~ri telling function ,~;1icl1 is linear near the origin 

\·rhere the state point is us ually to !>e' found , ;:md nonlinear else\lhere so 

as to ~ield stable re:;pon:;e to occasional large disturbances4 • 

8. J,ppenc!b: 1. E:ds tencC! of point A 

Frota (2la) the slo?e of line R is 

Frou (14) the slope of the $-trajectory is 

dx3/dx2 . • - (x2· + c1x3)/(c2x3) (48) 

Solvin3 (2la), (l17) and (t,3), ~re find ti1at an S-trajectory touches •P.. at 

and only at a point A civen l>y 
2 

x
2 

(c
2 

- c
1
)/a , 

~pendiz 2. ~xistenc:e of !!Oi.nts G nnd C 

Fror.t (21) t he quan tity y c.lerined by 

y 

(49) 

'(50) 

rr.casures the c.li. sp l<.ce;o~nt of (x
2

,x
3

) fro r.t t he line pa rallel to L anc! R 

and titrou;:.;!1 tile ori~;in, . y(t) alon3 an S-trajcctor)' is re ad ily calculated 

by solving (14), and for startin~ point A is 

y(t) (51) 

11hcrc a 1 j B (a < o, (l > 0) . arc the roots of (41). It is casiiy sho:m 

that H!tcn t <lccrecsc:; fron zero, C;{pression (S 1) at first decreases to a 

n!ini r.:u t:t value 

y(- r. / B) . < (52) 

rnus for ~o~.c valua of t < 0 0 y(t) ~ - c
2
/a, i.e. the S-trajectory 

traced bad:· .. rards fro n A cuts L at sor.c point G. 

Si :-1 larl:,·, the S-trajectory traccC: fonrarc!s fron D does not cut 
., 
'" J:cncc D is belou S-traj ectory et .. Since B is above G.\ (see 

§6.2) at leas t o r.c point of locu.; IlD i3 on GA. This is point c. 

10 . f.. :->:1 CI~ti i:~ 3. Loc2tion of s c;-r.cn t £:':F f: 

Si r.cc ;:: is belo•-1 D, [fc is above D1< (11h ich is the reflection 

of D). LU i; co inc ic(; S ui t h "· !j i :-tcc ]) is s;."-:: .r. trica lly oppos ite 

A. !:!'!nee i~ above A. Al so , fro;.1 ( !,3). (lJ6) ~nd (30) 
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B3 - F3 . • 2(- ~ + .rc;r'S>Ia > o {53) 

so .that F"' is be1ot·7 B, Hence Ei•F* is inside ~. 
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Introduction·. 

We consider nonlinear systems with an equilibrium point, . 

the stability in the small of which is known. A precise 

·determination of the stability domain B• w~en possible, almost 

always implies hard co~putational problems. On the contrary, 

the domain R can easily be approxima ted from below by a 

subset~ bo:nded by a Liapunov hypersurface(l): such an 

approximation appears to be of interest in most of practical 

cases. Wegrzyn et ai •. <2 > suggested the use of Liapunov 

functions of the type " a quadratic form plus an integral of 

the nonlinearity". Here we propose a simple method, that uses 

these liapunov functions and is applied to a wide class of 

systems with one nonlinear element( 3 ). 

Determination of the region s 

Let us consider the autonomous system, with one nonlinear 

element 

% = Az + By 

'6 = f(a) 

a= Cz 

where ~ is the state vector, and z, z are the scalar output 

and input variables of the nonlinear element. B is a col~ 

matrix, C a row matri~; all the eigenvalues of the square 



.matrix! are ~upposed to have · a negative real part, except one 

that is allo~~d to be identically zero( 4 ). The characteristic 

f(.!) of the nonlinear element is supposed to be single-valued 

and piecewise continuous, We suppose, mo;:-eover, to be verified 
... 

the existence and the uniqueness of the solution of (1), 
starting from any initial condition, at least in a region 

surrounding the origin. 

Let us assume now that the characteristic f(_~) lies 

within an absolute stability sector for the system (1), 

{o,]£)'~ 5 ), for ~very .! contained in an interval including the 

origin; and leaves the sector somev1here else (fig. 1): 

f(O) = 0 

0 < fftl . ~ 1C + 1•1 < •o .. (2) 

:3 1•1 ~ •.0 : f(a) < 0 . -
These formulae replace the well-known Lur'e condition for the 

absolute stability: 

f(OJ = 0 

and the whole problem might be regarded, under this point of 

view, as an extension of the absolute stability problem. 

Let now 

Y(:J = :.L= + S"F(z) (3) 

where 
F(z) = J.z f(t) d t 

0 

be a Liapunov function for t~e system (1) and for every 

characteri~tic f(.!) contained in the sector (o,E>· If the 

characteristic leaves the sector (o,E) so as to satisfy the 

condition (2), y(~) is still a Lie.punov function for the whole 
I 

region of the state space in which: 



(4) 

Let us cons i der a hypersurface 

V(::) = h (5) 

such that every point .inside satisfies ( 4) • Such a hypersurface 

is Liapunov for the system (1): therefore it bounds a region 

s. Among ~ the regions, that are obtained f or different values 

of h, ve must find the widest one, for which (4) holds. Such a - . ' 
region is the required approximation of the stability domain. 

Wegrzyn showed that for a .!. o the hypersurfaces (5) are 

equipotential, and h has the meaning of a ge~eraliz~d 

potential. The reader will see through the expositi<m, that 

the same holds even fora< o; then ve have ·to find tie largest 

value of h• for which (4) is satisfied. The equation· 

(6 ) . 

represents a couple of hyperplanes in the state space; and the 

condition (4) has -~he geometrical meaning, that the hyper­

surface (5) must not interse6t either of them. 

:~t must b"e .noted that the region £ ·is no.t the widest 

region, that is obtainable as suggested by Wegrzyn. This is 

because the condition (4) does not supply the maximum h• such 

that the hypersurface (5) is Liapunov for the given system. 

The ·fact. looks to be counterbalanced by the practical aspect 
-

of .the method~ that implies a fast routine c~mputation on a 

mediUm-size computer, a t least when the order of the system 

is not too . high. 

The procedure to determine the oatrix L anc the coefficient 
. . . . (6) 

8 of (3) is \Vell-knovm • Also the limit value of :!£ results 

from it. Then h is obtained, in practice, by the condition 

that the hypersurface (5) b'e tangent to one of the hyperplanes 

(6}. We look for the condit i on , V(:) ' : h to be tangent 



to the hyperplane Cz=+z
0

• A hyperpla~e 'tangent to (5) 

at a generic point ~0 is represented by the equation: 

arad v] • 
~0 

[2 L ~O + SCTf(C=
0

J] • (z - z 0J = 0 

In order that this hyperplane may be coincident wi't'li c£ = ll,j , 

the following linear system must be solved: 

cz0 = z 0 

where a is a still indeterminate · normalizing ·;~oefficieht. By 

solving for a one obtains 

det L 1 
a= z 0 "ife'"tU + 2 B :ffz 0J 

where rli is the matrix of the system, with the :13·tructure· 

M = 

· We have then 

and by substitution 

where 

and also 

y • 

I 
0 I C 

I 
I -----r---

-CT L 

y = det L 
det H 

clet L 

llote t hat y does not depend upon the nonlinear characteristic • 

Then (5) t akes the gene ral for~: 
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(7) 

where is, as known: 

a = C::: 

F(z) = La f(t) d t 

Properties of the hypersurface (7) 

It is well to point out here some fundamental p~perties 

of the hypersurface defined by (7). 

(a) Point of tangency wi~h the hyPerplane 
.'.w.. . 

a=a the equation (7) is red~~ed to: 0 . , , 

% : • Lz .= T a
0 

-
I 

Cz=+a 0 • For 

(8) 

then all the hypersurfaces (7), that are obtainedfor :d'i:fferent 

non~j,nee.r characteristics, are tangent to Cz = z
0 

a:;t .the same 

P9in1! ~o· -

(b) Intersection with the hyperplanes parallel to Cz = z
0

• 

-C'z = a (9) 

-bi the equation of the hyperplane, with -~0<! <+~0 • The 

system ~-f (7) and_ {9) must be BQlved: then (.7) itself is 

reduced to e. second degree equation, and we obtain a 

generalized elli--ose .( 1. e_. a icy-persUrrace of order ,!!-2) in the 

state space. The O.:r.i~n.tatioii. of fts axes, and the rate of 

the~r length (that .meane: the ~bsition and the shape of the 

ellt])se) do not -depend on the ftohlihear chan.cteristic; the 

length itself, i.e. the extension of the ellipse, dtpend~ on 

the function of z: 



r f•
0

J - FfiJ 

that is represented. by the shaded area in fig. 2. The 

extension of the ellypse inc eases with the area if 8 is 

posit-ive. 

(c) Let now y = f(z) _be an odd fUnction of z and be 

included, for I z I < a
0 

, between two straight lines , 

~ ¥ = k 2z. ~y substitutin~ ~l~ and ~2~ for f(~) in 

generalized ellipsoids are obta ined: 
· 1 T 1 2 

V1 (z)=:c. (L+j 11 k 1 C C) ·.z = (y + z 11 k 1J •
0 

11 = k a 1 

(7), two 

· 1 T 1 2 v2 r:cJ=:c. fL+j 11 k2 c d) = = (f + 2 s k2J •
0 

(10 ) 

They are tangent to the hyperplane C:c = a 
0 

at the point ~0 ~ 

Let .be, for instance, 8 k 1 < 11 k 2: then the second ellipsoid 

is contained in the first. As f(~) is odd, then K(~) is even 

and the hypersurface (7) is symmetric with respect to the 

01~gin. Under this condition it results immediately from (b) 

that the hypcrsurfa ce (7) is completely contained in the first 

ellipsoid and contains the second one. 

(d) ~et h be increased. The ellipses, that are d~sc~ibed 

in (b), expand, and therefore the whole hypersurface (7) is 

expanded. This happens whatever be the sign of· s. This meUls 

that the Liapunov hypersurfaces V(:) = h are equipotential 

even if 8 is negative; 

Regions S bounded by ellipsoids 

Let be 8• o in (3), and consequently in (7). Then we 

obtain a value of the absolute stability limit, that is 

generally ecaller then~; as a consequence, the limit value 

~~. beyond which the characteri s tic leaves the absOlute 



49 

a new coef fi ci ent Y a re obt ained. The equation (7) is !'ed'..tced 

to the same form of (8): 

:.L':: = y' .z' 2 
0 

Then t he botL~darJ of t he r egion ~ is reduced to an 

ellipsoid, t he shape of which does not depend on t he nonlinear 

charac ter~ stic. It is clear tha t such a region~ i s a wors e 

appr oximation of t he ·domain R, then t~e r egion obtai nble by 
' -

as~uming 11-l 0, i.e. by taki ng in to a c ~ ou.r-t the nonlinear 

charac t eristic . 

R<.:>~Sions T 

Until now we dealt wi t h the subs ets S of the do!!tai n ~ . 

that are boUnded by a Liapunov hypersurface: they a r e 

characteriz.ed by the fact tha"t a trajectory of the syst em (1), 

sta r ting f r or:1 ar;. internal point, can not leav e them. i.!ore 

generally, we indica te now as ! any set in t he s tate s pace , 

from the elements of which the trajectories of the system are 

asymptoticall] stable: a trajector~ sta r t ine from a set! may 

belons .not entirely "to it. 

A region of the state space, t hat ·is fully contained in a 

region~. is of course a region!· A particular case ha 3 

already been found: f r om the property (c) of the hypersurface 

(7) it appears that the ellipsoid (10) bound.s a region .!_ for 

the system ( l). This means that whenever we lmo;v that f ( z } i s 

odd(?), and is bounded by a straight line (frorrt upper ~r­
below, depending on the sign of p ) , we are e.ble to approximate 

the stability boundary by an ellips oid, even if the nonH:1ear 

cha rac t eris tic is not ent irely known. 

I n par t icular , i f p i s ~ositive , t he ellipsoi d (8) : 
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:s: • L :r: = y a0 
2 

that is oB-tained from (10) when 'the line y = 1C
2

z coincides 

with the axis of the ascissas, boUnds a region! for all 

systems (1), the nonlinear characteristic of which is odd and 

satisfies ' (2). If (3 is negative, such a region ! is bounded by 

··the ellipsoid 

·=. ( L + l B 7C eT C J 
2 :r: = 1 "t: 2 

(y + - B 'K..) z 2 . p 

This type of approxima tion of ! by an ellipsoid, bounding 

a region .§. or !, ·is still of interest because it is s~me kind 

of extension of the basic idea of absolute stabilty to syste~ 

that are locally stable: it gives a stabi lity region, that is 

independent of_ the particular shape of the · nonlinear 

character-istic. 

First example: a second order £Ystem 

The case of a _second order system, although very 

particular, makes it possible to perform a very accurate 

analysis of the result~, that is much more difficult for 

systems of a more complicated structure. ~'le consider the 

system ·of fi_g ... 3: by a sui table choice of the state variables 

the equations (1) are obtained, with 

-1 0 1 

A = B = 
0 1 

The system is absolutely stable in the sector (O,oo) with any 

·Valuep ~ 1; it is easy to see that the area of every region.§. 

for such a system reaches a maximum for s=2 , whatever the 

nonlj_near characteristic may be. We consider the class of 

nonlinear characteristics of fig. 4: for s = 2 the Yclue o~ 

!(!) is supposed large enough, that the stabjltty boundary is 
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approximately the same as for f(z) =oo. 

The Lfapunov hypersurfaces (7) are ellipses: 

1 2 1 . 2 2 1 
2 =z + 2 ~2 + k (:1 - =a~ . = 4 + k (11) 

such ellipses, as obtained for some values of· ~. are compa r ed 

.·in fig. 5 with. the stability boundary. The ratio .9. between the 

area of the regfon 1l"defined by (11), and the a rea of the 

correspon~ing ~ region E• may be taken as a quality index. It is 

eh •;m in fig. 6 as a function o:f ~· 

The nonlinear characteristics of fig. 7 have been also 

considered. The c~rresponding hypersurfaces (7), as shown in 

fig. 8, .. are . no longer ellipses. They have been compared one to 

a;r:tother :foe equal values of the intersection with the axis of 

the aecissas~ :.~o = 1, ~~d for equal values of the area included 

between the char-acteristic and the axis of the ascissas: with 

a very good approximation, the same values of .9. have been 

obtained. 

Regions T: the ellipse (11) bounds a region ! for all the 

systems of fig. 3, the nonlinear characteristic of which is 

odd and has the property 

f(a) < 
a k V I a I <z 

In particular the C'ircle 
2 2 

= i zl + =a 

bound~ a t"egion! for the systems, the characteristic of w~:i ch 

lies in the sector (O,oo) for lal<l. It may be easily no t ed 

that the same circle bounds the region ~. that is obtained by 

supposing s = o. In this case the absolute stability sector is 

reduced to (0,1]. 
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Second examnle: third order sys.t em 

'l'he same system as in fig. 3, but with a "third O ! '.:; er 

transfer f~~ction of the linear part, is cor.s i d~ re d. It i s 

represented by 

A = 
I' -1 

I ~ 
0 

-1 

1 

0 

0 

-1 

B = 
1-1 
I ~ 

c = 0 

It is a.o solutely stable in the sector [0,8), with e = 1; for 

such a value two matrices L. are ·obtained. We consider 

nonlinear characteristics of the same type of ~ig. 4, with 

0.$'.!£<8. The Liapunov hypersurfces are "the ellipsoids 

1 2 2 1 2 
4 ~1 + z2 + 2 k z~ = .! k 

2 

~ 2 2 1 k) 2 4 • 4 + 1 k 
2 :

1 
+2 : 2 +(4~ : 3 -z1 z 2+2 z 1 : 3- z 2 z 3 - 3 2 

(12) 

(13) 
The ' ellipsoid (12) has the ·larger. volume for .!£ 8/3. As an 

example, in fig. 9 the intersection of (12) with the 

coordinate planes (computed for a value of~ very close to 8) 

is compared with the corresponding intersection of the dotnainJi .. 

In particular the ellipsoid 0.3), computed for !E = 0, 

bounds a region ! for all the systems, the n~nlinear 

characteristic of which is odd and belongs to the sector (o,8) 
for lzl<l. If we suppose B = o the stability sector is reduced 

to (0,4], and we get two ellipsoids, the second of which 

=j 2 +3,618: 2 2 +4,000x3 2 -J,236z 1 : 2 +3,23~: 1~ 3 -6,472: 2: 3=1 
has the !arger volune. It is used to bound a region S for all 

the. Eystems, the nonlinear characteristic of which lies in the 

sector [0,4] for lzl< 1. 

The same system has beelL examined for differ~nt values o! 

k and differently· ~haped nonlinear cha:ractP.ristics. The 

reoul tin.!f ratio ·betwe en the volumes of · the regions .§. and .B.. i$ 
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approximat ely constant; pr·ovided that th~ · cparncteristic . 

leaves the st~bility s ector qui ckly enough : this is because a 

smoothed characteristic in the region ~ =-~0 produces a v1ider 

region _!!, and therefore .the qua li t;r of the approximation 

becomes ·worse. 

In other words, ~~ least for the present class of third 

order systems, the extension of the stability domain appears t ·o 

depend more on the way how the nonlinear characteristic leaves 

the stability sector, and le sa on its behaviour in the :·. 

interior of the sec t or i .t s elf. 

Conclusion 

A practical method has been shown, that follows directly 

from the concept of absolute stabilityr The main computati ona l 

problem, that it involves, is to determine the matrix~: this 

requires, as known, to solve ~n a digital computer a set of 

simultaneous algebraic equations! The quality of the results 

is often satisfactory, as shown in the exo.o ples. 
'-I 

(1} S-ee, e .. g.' J .LaSalle, g .Lefschetz , Stability by Liam.mov Is 
>di.rect _:method, Academic Pr~ s s, New York, 1961, chapter 2. 

-(2 ) S. \Vegrzyn, .J.C.Gille, Q.Paulinski, P.Vidal, The stability 
domai ::-1 \\'i -'.;'h res-pect to j_ni tial conditions, Proc. )rd IFAC 
Conference, London 1966 

(3 ~ A sho:r.t ·time after writing thi s paper, the author .beca'!le 
·acquainctea with a com.TJ1un1ca~ion by S . •Meissenberger, Au­
pli,c.ation of re sults from the absolute s ta"oili tv urohle:n 
~he \Conrout <ltion of fi~_Lte s t'"'bili t_,y: dona ins (IEEE Trans. 
Vol. m;;J..3, p. 124, 1968 ) .· ·. the same subj ect, but 
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concer.ning with the particular case,where a quadratic form 
is used as a Liapunov function. This assumption, a~ ~hown 
in the text, leads to more restrictive andless.approximate 
resul,ts. · 

(4) Under restrictive conditions, other cases may-be considered, 
where some of the eiBenvalues of A have a zero real part: 
see l4.A.Aizeman, F _.R.Gantmacher, Absolute stability of 
regulator systems, Holden-Day, San Francisco, 1964, 
chapter 4. 

(5) '!:he lower limit may be included if A is nonsingular; also 
tqe upper·limit is often included in the interval, 
depending on the way followed to determine k. 

(6) M.A.Aizeman, F.R.Gantmacher, op.cit. 

(7) This condition, f(~) to be odd, may be easily removed: it 
is sufficient, in order to do this, to detemine the 
hyperplane Cx = -~1• that is tangent to (7) on the 
opposite side of Cx=~o with respect to. the origin. This 
means to solve ! or z1 the equation 

2 2 ya 1 + 8 F fz 1J = y z 0 + 8 F (z 0J 

Then it is easy to prove that the hypersurface ( 10), .wf th 
~0 replaced by ~1• bounds a region !• 

• 
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Fig. 1 - Nonlin.ear characteristic, satisfying 

the condition (1) 

Fig. 2 - Value of the function F(a
0

) - F(a) 

J(1+ J) 

!ia. ~ - First ezampZe 
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~ig . 4 - Firct example : non lineqr charaote riatia 

Fig . 5 - Fir ct e = a"~l e : s tabil it y Fcgion a , 

[ o f' Y. = 1 and k =5 
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Fig. 6 - QuaZity inde= 

Fig. 7 - Co mparison between nonlin e ar characte r ispic$ 
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•• 

•I •I 

•I 

Fig. 8 - Comparison between nonlinear characteristics 

stability regions 

•• • • .. 

·• 

•I 

•• 
Fig. 9 - Second e~ampl e . k=~8: in tersec tion s with 

tkc ~ordinate planes 

•• 
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ON THE CONSTRUCTION AND USE OF LIAPUNOV 
FUNCTIONALS 

P.C. Parks, A.J. Pritchnrd 

Institute of Engineering Control, 

Unive rsity of i-lar.dck , Cow~ntry , England. 

Introduction 

There is a growin g interes t in distributed parameter systems, i.e. 

~~amical ~ystems. governed by partial differential equations and their 

analys i s by direc t methods as oppol:ed to finite difference models. Wang1 

has r ece tly published a bibliography of papers in this field concerned 

wi th optimal control .and stability, 

In this po.pc r ve use the l.iapunov rnethod· suitably extended to 

distributed parameter systerns , examining gcner methods of constructing 

Li.apuno•t ftmctionala and the use of such functionals in designing feedback 

l oops f or control sys t ems. It is found that the Liapunov method can gi ve 

some in teres tirag results for linear distributed parameter systems , the 

stability analysis bein g much simpler in some cases than the classical 

analysis usinG Laplace Transform theory. T"ne Linpunov method can be 

extended to c over partial differential equations with space dep~ndent 

coefficients for which t he Laplace Trans form ~cthod becomes much more 

difficult or impossible, 

Four examples of the technique are given and comparisons with 

clas sical techniques are made. Topics for further research are ~uggeEted, 

l, Basic Concepts end Stability Theorem 

The definitions and theorems given in this section are essentially 

those or Movchan2•3 although we •ill !"ollmr more closely the interpretation 
. 4 

&l ven by Knops and Wilkes • 

A specific system is considered, and it is assumed that t~e variables 

zl (x, t), z2 (x, t) •••• represent measurable values of the physical 

quantities at time t, and x in the spatial coordinate vector. The state 

or the ystem is specified by the set (z
1

, z2 , ••• , t) which will be 

written (c, t). Ir we associate a metric,p, with this set we rnay r~pres cnt 

the motion or the dyna;:rical system as a path in a metric space. One such 

Path, denoted by the points (c0
, t) will be taken as the unperturbed path 

and all othe r possible paths vill be referred to as perturbed paths. >he 

et ric, o oay then be t a.l< en as a sui table measure of the "distance" of a 

? 
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point in the perturbed path from a point in the unperturbed path. A 

~wber metric, p
0 

vill also be introduced, such that the metrics p and 

p are zero for c == r.0 • Tne metric p will serve as a generalized measure 
0 0 

of the initial disturbance and p will serve as a measure of the disturbance 

at subseque~t times t. 

te:"inition of Stability 

The perturbed path ori ginating at the point (C , t ) is compered 
0 0 

with all other possible paths originating in a neighbourhood of this initial 

point, and it is said to be stable with respect to the metrics p and p
0 

if 

(i) the metric p( z;, t) is a continuous function of t for any 

non-degenerate path , 

(ii) ~iven any c1 > o, a number 6
1

('1_, t
0

)(> 0) can be found such 

~hat for any perturbed path at initial instant t 0 , the 

.inequality p( d t ) , t ) < t:1 is satisfied provided that 
. 0 0 

.P-o(c(t
0

), t
0

) < ~ if' also satisfied. 

(iii) Given any number c
2 

> o, a number 6
2

( t
2

, t
0

)( > 0) can be found 

such that for any perturbed path p( c, t) <_ c
2 

for all t, 

provided that at the instant t p ( c( t ) , t ) < 6
2

• 
0 0 0 0 

If ~and 62 are independent of any initial instant t
1

, the system 

is said to be uniformly stable, and if p + 0 as t + 0 the unperturbed path 

is said to. be asymptotically stable. 

Liauunov Stability Theorem 

'lbe unperturbed path will be uniformly asymptotically stable with 

ree-oect to the metrics p 1 p if 
. 0 

(i) p is a continuous function of t for any non-degenerate path, 

(ii) p(c, t) tends to zero as p
0

(r;, t) tends to zero, i.e. given 

£ > 0 1 there exists 6 such that p < £ whenever p
0 

< 6. 

(iii) Ch the subspace cons.isting of those points -..·d ch satisfy 

p(c, t) < R, where R is a real positive number, there exists 

a functional V( Cot) corresponding to a real number at each 

point ( c. t_) with the following properties: 

(a) 'lbere exists a non-decreasing function y( p) such that 

E,! ~ -Y( P) < O. 
dt 

(b) There exists non-decreasing functions a(p), 8(p) such that 

8(p) ~V( ~;:,t) :,. a(p) > 0. 

(c) The functional V(r;, t) · is continuous with respect to the metric 

p on the set of initial instant a . t · • If p li p we ma;r sa;r 
0 0 -- 0 

U.at the system i s uni formly asymptotically stable with ·respect to a single 

..,. Ti c p .. 

• 
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Movchan has also ext~n .ed Chetaev's Instability Theorem to continuous 

systems, details of which may be found in references2 •3 •4• -

2. Construction of Liapunov Functional& 

It has been shown in the previous section that in order ~~ apply 

Liapunov's Stability Theorem it is necessary to construct sui tabl:oe Liapunov 

functionals. An obvious choice for such !1- functional is the energy of a 

dynamic system. Leray5 , Garding
6 

and Peyser7 by using energy integrals 

and inequalities have obtained estimates for the solution o~ the Cauchy 

problem of hyperbolic equations of several variables. 'llleir- work is closely 

related to the field of stability and the energy in1(egrals ~ey generate 

may be taken as Liapunov functional&. We first reytew theil' me;thods, which 

have been established rigorously for h;yperboli~ tq~ations end then use 

similar methods to generate functionals for a wider -class, of operators. 

(i) Method of I.era;r and Garding 

Let L be a hyperbolic operator of order m-. We multi-ply this 

operator by en operator, N, o·f order m-1, end express the product Lu Nu as : 

a gradient q(u) plus a quadratic form Q(u) in derivatives or order less 

th&n m. If G is a lens shaped domain, bounded by apace-like hypersurfaceiJ.'!" 

B, we have 

11 Nu Lu ~ dx2 
G 

dx0 dt "' /B q(u) ~ dx2 ••• dxn 

·~ # Q(u) dx
1 

dx
2 ·a 

dx dt. 
n 

Leray and Garding5•6 show that it is ~ossible to choos e /B q(u) dx
1 

dx
2 

••• 

to be positive ~efinite if N is chosen so that its characteristic surfaces 

separate t~o~e of L. 

Let N(·tJ, N( t) be the characteristic forms of L end N end x a 

direction vnic~ is space-likeS for the operator L. Then we choose 

B.(H • ~~ L(t + ~x) l~=o 
We nw take /B q(u) dx

1 
dx

2 
••• as the Liapunov functional, V ,and since 

Lu • 0, we have 

V .. / · . q(u) dxl dx2 • • ~ • dxn • - If q(u) dx
1 

dx
2 

••• dx dt. 
l\ G n 

dV< 
~ ":' J Q(u) ~ dx2 ••• dx at B 

n 
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(ii) Method of ~eyser 

Consider a hyperbolic operator L(u) of orde r m f r a func ti on u( x , 

of tvo variables x, t and a solution u of L( u ) = 0 i n c. Il l ab l: : (1 ~ t $ 1' 

and assume u has in l: compact support, We choose an o pe r ator N(u) fror.~ 

L(u) by formally differentiating the e xpr e ssion L(u) with respect to the 
Cl 

symbol at' 

Peyser7 shows that 

ffl: tl (u) L(u) dx dt = l(q(u, •r )- q(u, o)) dx + ff l: Q(u ) dx dt 

where Q(u) is a positive defini te quadratic form . 

the Liapunov functional, 

He t~<.kc l q ( u ) d.x liS 

The me thods outline above may now b e gene r al i s e d to o lhe r ope rators . 

We shall r e f e r to the method as t he P- l'.ethod M d it vill consis t o f multi ­

plyin g t he ope r ator L by a suitab l e ope r at o r N and in te er~.tin g by parts t o 

obtain t he Liapunov funct i on al , T'ne C'pc r ator N mc.y be chos e n by eithe r 

t he met hod o f Peyse r or Lc r ay and Gnr d.ing . For s y st.ern:.> ;; overned by hype r-

bolic ope r ators t he r es ultin g Lio.puno v func t iono.l vill be os iti ve definite , 

howeve r fo r mo r e ,;ene ral systems the functional \Ti ll only be posit i ve 

definite i 1' some o f the puraJYltters of t he s ystem a r c sui t'l.bly bounded . 

This leads , by maki ng use of i ntr, gral i ne(JU'l.lit i cs , t o c r itcdn for s tability . 

Some o f t he more us e f ul o f t hese i nequW. i tics wi l l be r c vi e o: C'd i n t he ne xt 

section, but first v e il lus t rat e the me t hods f o r a sin r;le , on e di mens ion'J.l 

par abolic equ ation, and a pair o f e qua ti ons whi ch eove rn the vi brat i ons of 

a damped ro fati n g shaft: ,. 

Diffus i on r:c;,uat ion 

He cons i de r t h '! t: quati on 

L ( ~ ) = Tt - kTXX 2 0 vhe r e T = 0 a t x = 0 1 1 

and '.i.'t' Tx denote par~ ial derivatives of 'l' •Jith r e s pect to t .md x. The 

ope r ator tl is eas ily found b y t he P - l'.e t hod , We have !I = T , so that 
1 

If r: ( T ) L( T ) dx dt = I T
2 

dx k If TTXX dx dt 

01 
T2 If T 

2 .. ; I dx + k dx dt 
X 

01 

·l dx Tnc Li apunov fun c t ional V 
, 

I .. 2 

01 
an d dV = - k l T 2 dx 

ci t X 
0 

: ·ne Lia-w ov f u:1 c t i onel. is th ~ e:~erw of the s ys t'!c and 'J.lthou5J1 " 
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have only considered a r elatively simple example he~ 1 ~he extension to 
. ' 

more gene r al systems of parabolic equations is easily carried through. 

'A~f,9 and llsu10 have carried out a stability analysis of .such s;~te~ by 

using t he ene r gy as the Liapunov 1'unctional. 

Vibrations of a damped rotating sha ft 

· u 
Tne relevant equations are shown by Bishop to be 

. Vtt - o2
v - 2!lut + kl VXXXX + k 2vt - !lk3u • 0 

2 
utt- n u + ~lvt + xluxxxx + k2ut + tlk 3v . 0 

(1) 

(2) 

where u 1 v are the de flection components with respect to moving axes and 

0 1 lt11 k 21 k
3 

are telten to ~e posit!.ve constants. 'lhe ~ove .equations 

will be discussed in more. deteil in section 41 Example 1 where stability 

criteria will be obtained. Here we make use or tbe equations to illustrate 

techniques involved in constructing Liapunov flmetionals. \le consider the 

case or pinned eDda 1 when 

U • T • U • V • 0 at X D 0 
XX XX 

By using the P-1-'ethod ve easily find that the operator If is composed or 
2vt + k 2V- 21'hl and 2ut + Jt

2
u + 2i'lv, MultiplyiDg equations (1) and (2) by 

the components of ·the operator lf 1 adding and •integrating by parts owr the 

slab 0 ~ x ~ 1 1 t
0 

' t ~. T1 we obtain 

l T 
2 ' 

I 1((2vt + k
2
T- 21'hl)( y tt - n v- 20ut + 1t1vxxxx + k 2vt- rut

3
u))dx dt 

o t 0 

l T 2 + I 1((2ut + k
2

u + 2nv').(utt - n u + 2rlvt + ltluxxxx + k2~t- rut
3
v))dx dt 

oto 

• 

+ k1k 2 (uxx
2 +ex/~'!' 2~at3(utv- uvt)) dx dt. 

We ha-.. for the Liap\UOT tuDctional 1 V 

V• 
1 e 2 . 22 2 1{'\ -+ '\ .. • la(vut - uvt) + k2(uut • vvt) + Q (u + v ) 

0 ' 
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e.nd ~ = Jllik ( 2 + 2) 2 2(k k ) ( 2 2) + k k (u 2 + v 2) dt · - ~ 2 Ut Vt + Q 3 - 2 U + V 1 2 XX XX 
0 

The above examples illustrate the P-Method of gener ating Liapunov functional&, 

~le have also used the method to regenerate many of the functional& which 

have beeh used in the published stability analyses of continuous systems by 

the Liapunov Hethod. The method seems applicable in fields varying from 

aeroelasticity12•13 to hydrodynamics14
• 

( iii) . Other Methods 

other methods of constructing functionals have been suggested 
. . 15 . 16 recently by S~razetdinov and Bu1s and Vogt 

3. Inequalities 

In order to obtain stability criteria and rela.te the chosen func­

tion ala and rnetrics it will be necessarJ to use integral inequalities: In 

this section we review those inequalities which prove to be most useful_ to 

the examples which follow in Section 4, A mor~ detailed treatment m~ · b~ 

found in referenees5 ' 17 

Schwarz's Inequality 

b 2 b . b 
I . x

2
(t) dt r· y

2(t) dt 1 x(t) y(t) dt} ~ 
a a a 

where e., b me;J be finite or inrini te. 

Use of the Calculus of Variations 

A typical problem of variational calculus is to rind & =inimWII of 

1 
J(y) ~ f F{x, y, ~x' yxx) dx 

0 

for e.ll functions y(x) which _satisfy certain boundary conditions. The 

E,'e:lere.l theory tells U8 that if such a mnimizing ·function exists it JW.ltt 

satis!'J Euler's equation: 

As an exacple, we consider 

2 
f = Yxl< 
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together with a variety of boundary conditions 

(i) '1 • o, Yxx .. 0 at X '" 0 1 l 

(ii) y. o, Yx 
,. 0 at x = o, l 

(Hi) y .. 0 at X • 0 1 l yx = 0 at X a 0 1 yxx = 0 at X= 1 

(iv) yxx • o, Yxxx "'0 at x = o, Y = Yxx 0 at x=l 

t • • '4 Euler s EquatJ.on 1s y xxxx - " y ., 0 

The eigenvalues .\
4 are easily computed for the various boundarJ conditions 

and are all positive and real, For each eigenfunction Y(x) we have 

J(Y) • 0 

1 2 4 1 2 • I y dx~.\ I 1 dx 
''o xx mo 

where .\m is the miniml.llll eigen value, 

Corresponding to bound&rf condition ( i) we find .\m .. '1', 

4. Example I 

(ii) " .\m .. 4.73. 

(Hi) 

(iv) 
" 
" 

.\m = 3.927. 

;1. = 2.365, 
m 

Consider a damped, vibrating circular shaft shown in figure 

The equations of motion are !.J. 

v - a2
v • 2aut + ~ vxxxx + k2Vt - ak3u = 0 tt 

0
2

u + utt- 2Qvt + ~uxxxx + k2ut + Qk
3
v'" 0 

where EI b + b. b 

ltl k2 • 
e 1 

k3 
e ·- ·-Ap Ap Ap 

n is the imposed angular velocity of the shaft, A the cross-section area, 

c the density, bi ia the internal viscous damping, be the external viscous 

damping, EI the fiexural rigidity, and u and v are the denection components. 

'Ihe conditions of support of the bearings may correspond to clamped, pinned, 

free or sliding endl • 

Ve consider the functional, derived in Section 2 
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'l'he l78tell ie therefore atehle vith reapect to the -tric p it y > 0 

i.e. 

0 
>.2~ 
a{-1 

'!'hie ia a reault obtained b7 Biahop11 uaing a principal 1110de anal)O&b. 

'Jhe n.l.uea ot "• correapooding to 
(i) pinned, piDDed ode ia 

(ii) clamped, clamped " 

{_~i~) eliding, piDDed 

(iT) tree, piDDed 
" 
• 

>. .... 
Ill 

>. • 4.73. 
Ill 

>.Ill. 3.927. 
>. • 2.365.· 
Ill 

Eu.III,Ple 2: Temperature ccntrol in a ··unitorm insulated bar 

Cauider the temperature control problem ahovn in tigure 2. The 

uniform inaulated bar or unit croaa-aection ia to be heated to a gi-nm 

temperature Ti b7 aeana ot a heating element at the end x • 0. 'lbe heat 

input, h 1 ia to be controlled b7 a auitable error actuated loop uaing the 

te:lper~ture ~aurei at a auitehle point in the bar. 

'lhe tel:lperature T(x, t { aatiatieli the partial differential equation 
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-IC T I • h • J[ being the thermal con ducti Ti t;r, 
X z-0 

Let us consider tint the LiapunOY tlmctiooal 

' 2 I (T-Ti) dx. 
x-0 

V• 

'lhia functional 111&7 be found tormall;r b;r the method of Peyaer OD multiplying 

the partial differential equation tor T b;y T and integrating vith respect to 

t IDd Xo 

lov dV 1 1 
-dt • 2 I (T- Ti) Tt 4x • 2 I (T- Ti) k 'l'ww 4x 

z-0 . X~ -

' • ~ (T - Ti) I h - 2k I (T )
2 

dx 
x•O x•O x 

OD integrating b;r parts and using the boundary conditions. 'l'he form or 
dV dt auggeata at Ollce that 

(i) the teaperatUl'e should be measured at x • o. 
(ii) that h should be proportional to -(T - Ti) I 

X~ dY 
B;r adding to V the additional tem l{(T- Ti)j }2 ~ ia toUild to 

have the additional tel'lll 2l{(T - Ti) I } Tt I v'.li~·iuggesta an altem.,_ 

tive form tor h with a derivative tefi•O x-o 

h • -G(T - Ti) lx•O - l~ Tt lx-o • 

In both cases b;r uae ot the Schvan inequality it ~ be ahovn that 
dV 'it ~ - yV where Y > 0 aci that the a;ratea is as)'lllptotically stable iD terma 

or the nol'll ., , when ., 2 • v. 

It lligbt be argued that a better measure or the initial disturbance 

at t • 0 lli!Pit be Sup (T- T. )2• 'l'hia is adaissable as &.metric p
0 

since 
2 V ocx'' 1 

P • ' Po'· 
. Cccaider DOll' the classical Laplace transform analysis of the tirat 

acheae in which h • -G(T - Ti) I . 'lhe at ability anal:yais inTOlves 

consideration or the block di~;g containing a transcendental transfer 

function in a as shovn in Fig.3. We apply- the Nyquiat criterion to the open 
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loop transfer function by considering a contour consisting of the imaginary 

axis indented at the -origin and completed by a large semi-circle in the 

right-hand half plane. We are concerned essentially with the behaviour of 

~ cot h IS as s traverses this contour. there being no poles of the func-
s 

tion inside. This b~haviour is shown in Fig.4 and it• can be seen that the 

(-1, 0) point Yi"l not be encircled even if G is increased. This analysis 

is considerably more involved however than the Liapunov method used above. 

Exm:!Ple 3(i): A.TJgular position control of a uniform shaft flexible in torsion 

The wave equation is another familiar type of partill-1 differential 

equation and is involved in the following feedback control prQblem which is . .,, .. 
illustrated in Fig.5. 

The equation of motion of an element of the shaft yiel~ the one 

dimensional wave equation for angular displacement e (x, t) 

(G J e ) x = GJ e 
X XX· 

vhere I is the moment of inertia per unit length and GJ the torsion stiffnes.a 

of the s haft. 'lhe boundary conditions are 

T = -GJexlo• exit= o. 
A suitable Liapunov functional 

L 
V = ~ ! I(et)

2 
dx + ~ 

is the total energy 
L 
J GJ( ex )2 dx. 

X"'O xao 

V can also be found by the method Of Peyser, 

for which dV L 

J et GJ exx + GJ ex etx dx 
lC""O 

_ .. 
dt 

• (GJ et ex .. ol L,. et I T. 
x=o x-o 

'Ihis suggests that T should be proportional to - et j • However we 

require for closed loop control that e (x, t) + eD e.."l.~o ve add to V an 
addi . al h ( I )2 . . . dV . . tl.On term 2"l BD - 6 x•o • Thl.S yl.elds l.n dt the addl.tl.onal term 

}.l(eD- elx•o)(- et! ). If now 

then 

L 
e = { f 

lC""O 

Now considering the no:nn 



and using the Schwarz inequality to give 

.t 
I 
0 

a .. min 

e '" max 

t 
I {e - ej )2 

dx 
o x=o 

~} • 0 < £2 < l. 

dV dt t Ounless et I = 0 in which case e = eD everyvhere. 
x•o 

The analysis suggests measuring e end its time ·derivative at x "' 0 

and making the torque proportional to the position error plus velocity 

damping. ThUI delays due to torsional waves travelling along the shaft 

are avoided. 

The classical Laplace trens form analysis once again is quite 

involved. The closed loop appears as in Fig.6. The transcendental 

transfer function looka superficially similar to the previous example, but 

with the important different that .fS is here replaced by s. '!his change& 

the pole pattern and we have to consider a _s:ontour a.S before but indented 
r11· 

not only at 1 • 0 but also at s • ~51~ , ~ • 1, 2, 3 ••• The essential 

b h . . d t t d b 1 + s th . t" . h . Fi" 7 Th e &V1our 1s emons ra e y --s- eo s w1 _. .s =1111 s own 1n g. • e 

branches are connected by large semi-circles to the right so that the point 

{-1, 0) is not in fact encircled. If the Laplace analysis is persued 

further to investigate feedback Of 8 and S from any point Other than X • 0 

it will be found that such an arrangement will be unstable. 

Exam-ole 3{ii): Extension to a non-uniform shaft 

The Laplace transform analysis becomes difficult or impossible if I 

and GJ vary vi th x. The Liapunov. analysis however still holds. We use 

the same functional, but ve modifY the definition or Cl and e to be 

a. min <o ::~' 1 ~ ·[ 0 ,~n, 1 j GJ]- '1' :~.a :1 }, 

e • max {0 max • ~ • 
$X ~ ., ;.; 

0 < • < lllin 1 GJ 
~1 0 ~ X ' 11 

' 

0 < c., < 1. 
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Example lu Ncmaal acceleratiOD control loop in a unitor11 nexible piaaile. 

Let ua aow c011aider a unito:na aiaaile nexible in bending and 

contrplled eaaentially by pUtting an anale ot ineidence or tina located at 

the centre or grari ty. 'lhia ia an Ueit.l'iitat ion or certai~ typea or 

antiaircratt aiaaile end ia illustrated in Fig·.-s-. "fr y(x, t) ia the bend-

ing displacement or the Jliaaile then t"'be eq\iat.iOil Ot' JIIOtiOD for &D element 

ia 

(EI 7 ) •- m 7 
XX XX tt 

where El ia the bending atirtneaa and a the line density. 

'lhe boundary cODditiona are that it ·~xx • (EI yu)x • 0 at x • -a and x • a. 

y, 7 , y continuoua at x • O, iufd ·that L • r(EI y ) "JO+ where L ia the 
X• - U , ( U~ 

normal toree· due to tin incidence,~. 

Taking aa a tentative LiapunoT functional 

a 2 2 2 
V • , l I EI (y ) dx + m.(yt) cix : P xa-a x.x 

ve baTe 

a o a 
• I . EI y tt dx + I 7t(-EI 7 ) dx + ..!.

0
7t(-EI 7 •• )-

x--a U XX X- XX XX -- - --

• 

• 7tl L 
xao 

This auggeata that L ahould be proportional to - yt..l ~ It a ~beck 

loop vi tb accelerometer teadback ia to be uaed ttlia ~·~• that the 

accelerometer be placed at x • 0 and the output i.Ategrated with reapeet to 

time to tor11 ytl , thua leading to the loop abowa in P'ig.9. !be LiapunOY 

anal;raia ·~ be f"aii!¥ extended to a nOD-UDito:na ·ai .. ile in the ~~aDDer or 

Example 3( ii) uaing the aaae tiiDctiODal V. 

While an exact LB01lace tran•fo:na analyaia could ooce again be 

a:pplied ve nov exllllline another CCIIIIIIODly uaed technique, that or normal modea. 
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If ye ~ tbe aotiOD ia JU4e "Up of a finite DuSer Of DO:raal mdea vitb 

aode abapea t. (x), h'equnci" .,.. IDd paeraliaed ~oi-diaatee a. thn 
1 . 1 ~ 

Lagranp'• equatioaa !Vr the eircuit of ris.9 vitb ~ • 0 ~ ot the !Vra 

Ybere 
2 Bi 

.,.1 • ~ • Coaaideriq the LiapaoY t'lactica 

D 2 2 
Y • J: i ~~ + J Bi~ 

i•l 

'Die re would be ao etteeti w 4allpi.Ds b7 L ot a aoc!e hams a aode at x • o, 
but Hi tber woalcl L uci te aucla a aode. 

lbe aqpated poaiticaiDs of the aeeeleraaeter at the poiDt -;here 

L. &eta appean to be. aev ad cootruta atroosl7 vi tb the eo-. praetiee of 

flaeiDs tbe aeceleroMter at or_ aear lloc!e• of tbe lower hequeaq aodea. 

CoDaidezjas a approximate open loop trequeac7 reapoaae of Fis.9 uaiD~ the 

n no~ ~· ve obtain the opea ioop tr·aria_ter t'UDctica 

2 
D fi 

'1~2·~ t 2 } . 
. i~l ~· + Bi 

lndentins a eootour u before in the a-plae iDdented at th~ polea a • •iwi 

ve obtain tbe R7quiat diasr• indicated iD Fig.lO. It aome d-piDg bad 

been ineluded to modifY tbe den~minatora to ·\•
2 + Cia + Bi the diagram would 

tllte the more t.!Uar torm ot Fig.ll. 'Dlia abova that tor a accelero­

meter plaeed a~h• aame poidt that the force L ia applied tbe circle• or 

'paraai tic loops' all lie in the right-had halt plane and cannot there tore 

encirele (-1, 0). It tbe accelerometer vere plaeed at a node of tbe 

fundamental mode thia particular loop would be eliminated but other paruitic 

loops vould Ue in the left hand halt plane, u ab~ iD Fig.l2 which 

correapcmda to tbe · tranater t'UDctiOD 
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where gi is the displacement in the ith mode at the accelerometer position 

chosen so that gi • o, but implying that for certain higher frequency modes 

"fi gi <. o. 

Conclusions 

'l'his pape_r has surveyed the theorems and construction methods of 

the Liapbnov functionRl technique for partial differential equations. A 

number ·bf linear problems have been tackled, and it has turned out here that 

the Liapunov method is not only simpler than the classical Laplace transfoi'!II 

analisis, but can lead to new design principles - for example, the accelero­

meter positioning in flexible missiles explained in example 4, The 

Liapunqv method is particularly valuable for linear non-unifoi'III problems 

illustrated by example 3(ii). 

It is in non-linear problems involving partial differential 

equations that the method promises to be of greatest value and indeed certain 

non-line~r problems have been tackled - for example, non-linear hysteretie 

damping in (13) and full non-linear form of the Navier-Stokes equati'ona of 

hydrodynamics in (14). !1any such problems involve the search for st~~obility 
conditions on certain parameters, and the Liapunov method usually yields 

sufficient but not necessary conditions deduced from::. Sharp criteria 

include efficient use of the calculus of variations to -establish inequalitiea 

between integrals. 

There is a need to examine 

(i) what problems, old and new, are lll!len·able to ·ti.apilao'V 

functional analysis, 

(ii) develop new construction methods for functionals, 

(iii) devise methods which lead to sharp stability. criteria. 

The method of Liapunov applied to partial differential equations is still 

in its inf~.cy, but when one considers the progress in its application to 

ordinary differential equa~ions in the last ten years one feels confident 

that much progress towards (i) (ii) and (iii) above will come in the next 

decade. 
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FIG. 5. ANGULAR CONTROL OF SHAFT. 
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REMARKS ABOUT A .METHOD OF -ASSOCIATED 
LINEAR SYSTEMS · 

O. PALUSINSKI - A. LAURANS - M. GAUVlUT 

Research Center for Automation 

Cite Fournier - 78 - Velizy - Villacoublay 

The idea of an associated linear system introduced in 3 and 

developed in 1,2 appears to be higr~ attractive. This is 

in the analysis of nonlinear systems stability, due to the sim­

plicity of a stability ,_ criterion which can be form'1:4lated for 

certain classes of nonlinear systems. 

We recall that the given system is described by the equation 

where ~ is a vector and f/x/ is a quadratic nxn matrix 

f/x/ 1:. o when ~ ~ o. 

/1/ 

~~ associated linear system /A.L.S~/ releve~t to the system 

/1/ at the point ~ = ~ 0 may be described e.s foll.owsc 

The hypothesis of the A.L.s. method is based on an assumption 

that the sufficient condition for. global asymptotic stability 

of the syste:n /1/ is f'ul.fille(J, when all A.L.S~ are asympto -

ti~ally sta~le, for all poinus ~ = ~0 • 

There is ~~~~ assumed that the differential equ~tions fUlf!ll 

t he Lipsehit$ qonditions. 

Generally this hypothesis is not true. However, it is inte -

resting to define certain numher of classes of nonlinear 
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syst.~ms, whose J~t~billt.;, mfly be invest igated using this me­

thod. This subjec~ has already been discussed in a number of 

papers. 

In this paper, the author..s .. give results with regard to certain 

classes of control sy~tems containing a linear plant and non­

linear controller, and indicate how to apply· a line~· qtabili­

zation method to certain nonlinear systems. Next, they· present 

a new, fairly general class Q{ systems contajning several 

nonlinearities. 

1. CLASS OF ONE - DIMENSIONAL SYSTEMS 

The results p~~ented . below apply to the class of control ~ -

stems contajning a linear plant. The last is defined by . the 

differential equation L/p/s = ku, where p is the derivative 

operator, L/p/ - n-th degree polynomi£1 of p, u - out put of 

the controller with nonhysteresis characteristic contained in 

the first and third quadrant /see Fig.1 and 2/. 

This ma:y be describeda u a:: f/x/x. 

1.1. The case ~en L/p/ = p /Wp/ I 1 p~f.S M/p/ ~$ a polyn~~al 

of p, of /,~-1/-th degree /velooi~-controlled system/~ . ---· . 

Equation of th~ ~ystam may be written asa 

x'"'~ a./"'-t1
t .. . . . ... + a.. ... _1 Xw+ k.f(x)X :;;Q 

Let~ be a vector of c~mponents x, x(1/• ••• 
neer combination of components of ~· 

Applying the Lurye-type Liapunov tunctiona 

. v(~):.X.rB~+"-J:f(u)uclu 

xfn-1/, ~ be a ll-. 

/2/ 
/vmerea B is a positive .definite matrix, the elements of which 
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depend on the c.oe:fficients of M/p/, A is a po~itive number/, 

it has been proved 5,7 that the method of A~L~S. was valid 

for n = 1, 2, ~. 

Accordillgly to 6 it oan be sht.w.n that such a Liapun.ov 

:function does . not give the stabil1t1 conditions for n .> 5~ 

It seams to be posSible to obtain these for n = 4. 

It is worth wbil~ to mention that for n = ~ the method of 

A.L~S~ is valid for differential equations of the following 

type& 
x ... + a..l-tf1(x") x' + 0./ =0 

x"' + f (x') x" +a. x' +a, x = 0 
1 z. J 

/see ref 7 I 

/see ref 41 

The above can be shown b;,y using the Liapun.ov fUnction of the 

typ8 mentioned above. 

It is interesting to study as an example the problEm of 

sta?illzing a third-order system which belong to the class 

described above. 

in the case the nonllnear characteristic may be arbitrary , 

provided it is of a no.nb;ysteresis type.,d:ncluded in the 

first and third quadrant~ 

The phase lead element may be introduced for stabiliz~ the 

system,, similarly as for linear systems. This is shoWn !liY 
fig~ ~. 

Thus the equation of the system is& 

x'"+ C\.,x''+ [a.,+« K f (x +d. x·~ x ~ + K. f (>C +o( x) >< = 0 

The ~oblem arises how to find a sufficient condition for 

stability of the s,ystem whenever f/u/u is restriotod to the 

1-st and ~rd quadrant and of a nonbysteresis type. 
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Fo~this let us consider the Liapunov fUnction 

V= { B ~ +21.1.,K'1JJ(z)zd.z 

l~ ·] [ 2. 0..10-2 ct l where X=- ,.... o.. 2. z 
- !(" a.11.d B= ~a.1 0..1 '1,+et.z.(ot.'1,a.~-1) a..;z 

. a.1 ()., /1, o(.. ~a. .. "L is a fixed parametar. 

The derivative \1 along the trajectory is: 

with. 

So, the following conditions may be obtained& 

CL
1
>0 a.2>0 

o< Kf(6)~ E- Lla.j_t-1) 

where E is a real, positive, arbitrarily large number, since 

1t is an arbitrary number satysf:Ying 1£, )1. 

It is worth while ~o note that the same condition o( > 1/Q.
1
is 

received when applying the Hurwitz criterion to the linear · 

S"Jstem, obtained by substitution of ( f/z/ = k' , if it is 

required that this system is to be globally as,ymptotically 

stable for each value of k'. 
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r\1 

1~2. Case o~ L/p/ • 'J[Jr+CllJ with o<;. > 0 • Equation 

o~ the system ma;y be written in the ~orma 

<"'> (M.+-tl . . '"> r f :1 -o X -t _Gl1 X + · · · ··· ·+et"'_.,')( + LCl.,..+ K ()()j X-

UsiDg the Popov's theorem 9, it ma;y be proved that the method 

o~ A~L~S. is adequate ~or n ~ 5. 

In the partioul.ar case when all CX; i were equal, it was al.so 

shown that the method is valid ~or tm:f value o~ n. 

It is also possible to prove that the control 

co~~ervative plants described bt.a 
(M.) f (~~.-~) (~~o-.2) f (11.-l) -

~ +Q. X · -tO.X +Q.. X -+-·· ·--+=0 
1 t J 

where f f( (-t) (M.-4) t) 
: )(,X' ........ ,X I 

tulfill the A~L~S~ hypothesis 8 · 
• 

systems w1 th a 

'T • T 
The proot is based on . a total energy tormulaa V -= tt P ~ -t ~ R <t 
as a Liapunov fUnction tor a s,ystem represented by the follow­

ing matrix expression& 

where P, D, R, are quadratic matrices, and q is a veotor. For 

example 1:t n • 2 m 1 q is m ~ dimensional vector o:r elements 

Xt -z/2/ t • • e X fD,-2/~ 

2~ CLASS o:r SECOND ORDER, IIAT.RIX SYSTEMS 

Let ua atucQ- the stability ~ the systems de~ined by a matrix 

equation 

/3/ 

where ~ P aa well as R are ."quadratic, 
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symmetric matrices of dimension m, with constant ott-cliagonal 

elements, while the diagonal elements P 11 and rii Jll.fQ' be 

tundtiona of certain components of the vectors q and q, i~e~t 

P..=P..(o.J 
&.&. &.&. """ 

/4/ 

/SI 

··;~- elements ~j · ar a matrix D can also nonllnear :tunotiona 
. J. ~ • 
Of ·~ TeOtora q and q components I 

/6/ 

It is also asiJUDled that the Lipsohitz conditiona are :tal:tilled 

for nt. 
Theorem 

If the matrices P, R, D are positive definite, the a,.stem ot 

equations nt has got a globally asymptotically stable 

equilibrium point at the origin. 

Therefore it belongs to the class of a,.stems for ~eh the 

~~L~S. method is valid~ 

The proof utilizes Liapunov•s second method; with the Liapunov 

fUnction having an analogous :torm to the total eners;;r ot the 

system.. 



83 

where A and B 8l."e quadratic m x m matrices with respective 

element as 

Cl.· = ".1 

fot i. ·j 
Jet .;. ~j 

Let A/i/ and R/i./ be the principal minors o't i-th 

associated to the matrices A and R respectively. 

UsiDg results proved in the Appendi%, we obtains 

/8/ 

/9/ 

order , 

(i.) 1 l~I<t1'k t (i.) d. et A = z ~ 1 . cl e R u. u. • ........ u..d.u. cLu. ... clu. er Q q- • • "' " z. i. 
"• Y2. .. . .. VC. o o . o /lOi 

Similar relations can be obtained 'tor the ~ors B/1/ and p/i/ 
I I • 

of the matrices B and P, by replacing ~ by ~ in /10/~ 

According to the Sylvester's criterion it follows that if the 

matrices R and P are positive definite, the function V is also 

positive definite. 

Let us 'tind a derivative o't the function V along the system's 

trajectories. From the mathematical m~pulations developed in 

Appendix, 'follows thata 

V=~Rc\.+<tP~ 
or, consideri.Dg /3/ 1 

• • T • 

V= --<t D <t 
0 

Hence, U the matrix D is positive sem1.definite the :function V 
. . 

is negative semide'tinite. This proves that the origin is stable. 



In faot,.1 usi.Dg the Barbashin & Xrasovakii theorem it is easy 

to ~ that the s;rst• is asymptotically stable 1:t D is a 

positive defi.nite matrix, s1nce no solution of the system /'}/ 
• does satis:t:Y q = 0, except o:t the origin. 

Eddent~ q = 0 iaplles Rq = o, hence q = 0 because R is 

DODZ'8gul.ar ma~ 

J.ppUcationa see p~ 4 and 4 bis, § 1, 2 

_In the case when each matrix P, D, R is a scalar, 

the following d:l.:tferential equation mq be obtaineda 

f1 (x') x"1-f, (x ,x')x' -t-f3 (x)X = 0 
'llher8~ f 1 , f 2 , f'} are the arbitrar,y f'lmctions f'ulfilli.Dg the · 

Lipschi tz conditions~ 

UaiDg the preceeding theorem, the following su:tficient stabillV 

COD41tions mq be developed: 

f .. (x)>O, f1(><1'i)>O, f,/IC)>O 
:rt is worth while to note that it ie impossible to generallze 

the A.L.s. method :tor s;rstema with f 1 or f'} bei.Dg f'unctions 

of X and i:. 
Thi.s -is shown in the example below. 

:r..t us consider a s;rst• described b;y the di:t:terential ewuation 

x + x ... [~+ (,c~x)'Jx ~o Ill/ 

The f'unctions f1' f2 and f'} are strict:cy- positive, but the 

s.Yst• is still not global:cy- ·stable. It can be proved that there 

ensts an unstable Umit o,'cle~ . It is 1ntu1tive:cy- obvious that.· 
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the system teDds to diverge ~ its 1nitial,. .oondi.tions a:a 

placed eu:t:tio1en1;~ :tar :trom the origin. 

This ma;y be seen :tram_ equation !ri/ re~tten ·in the :to:tl:owing 

f01'1ll '-

.;<. -t x ( i + x x -2 x') + ( -t + x.l),·X .=.o ·- ~ 

beoause the dam;piDg mq .troDg:q D8fati:re~ . .. ... 

The above shows tha1o the ~theaea a~;.;!ae_.tcma o:t the 
• .~ .L. •C· ' 

coe:t:tioients P u. 8D4 r 11 o:t system f¥ :~•- J~!pessar,r ~ the 

.A.L.s,. lle.th.od is to be ue4~ 

Conolusion .-
The app-lication O:t the total en.ergy cone~ ffJF ~OODd order, 

matrix systeaa eD&bles to generalise :tor hi~J' der Q"stema 

of p~oular t;ype the intereatiDg properti,.~ .oono81"Jli.Dg the 

stab11i9, Bownr,. it seems to be 41ftioult to ezpeot to 

:tin4 a D'Qlllbe' o:t other su:t':ticient~ general olasaee o:t systems 

that oan bo ~sed ~ the method o:t assooiate4 liJ:war 

system. 



J.PP:SliDI% 

I. Proof o~ relation n.ot 

The principal minor . o~ i-th order o~ the matrix B is in 

the ~orma 

Let us ~ind the correaponding determinant 

~~ ~ denotes a sum taken over all permutations of the 

sequence k1, ~' ki' K denotes a number o~ i.J::l.yersiOJlB ~ the 

above sequence. · 

We note that ~ is constant for p -F ~ 

The above relation can be rewritten asa 

1'-) ! ' I(J.J.~ ~'flf.:. d. et B ;:f.~ ~l LJ.d .... 't. (u.rc ... (14) ... :r. ... (uju. u ... «· ... -41<. ...... " ...... 1 l .. 
• • . .. 0 0 0 .. 4. . 

clu-.cLu,
1 

. . .. cLu,._ =Q·~~~ . 0~1<t1CJt'.j. 'lti[l(-t)\4 1C (1L.)tliC (U~) ... . 'tt.ec· 
.... a .... 0 (1 0 • 1 " 

( '\A. . ) {A, u.. ...... ..... t4, . d. u. d. \A. • • .. • . ol t(. .] 
"tl .. t 1 ~ 

which proves relation /10/. 
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II. We ban to prove the relation 

c!~ [iB't]:i~~ 
+­

Let ua calculate a derivative o:t the quadratic ~ ~ B'\t 
ft [iB~]=~B<t1-~~~~iB~ =Z~B~~ ~~~, _. 

. -
·the elements b~ o:t B oan ~ eUflt obt'81De4, .. , 

Benoe, the :tollo'ld.Dg :relation :resul~ea 

-------------------- · 
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~-o X EJ ((x)x k s 
- u L(p) 

f(x)x 

.. 

. k 5 


