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ON THE NUMERICAL CONSTRUCTION
OF LIAPUNOV FUNCTICNS

G.Arienti, C.Sutti, G.P.Szeg8

Universita di Milano

Milano, Italy

Introduction

In this paper we shall present a method for the numeri-
cel construction of Liapunov functions[1,2,3] v= P(x), :
which characterize completely the stability properties
of the equilibrium point x=0 of the differential equations
1.1 x = £{x), £(o) =
This method is not based upon the classical stability
theory of Liapuncv, but on the recent theory of extension
developed by N.P.,Bhatia, G.P.Szegh end G. Tzeccan‘[},1 1:]
and in particular on the local extension theorem (2.6).

In this new theory it is not reguired to analyge the
geometrical properties of the surfeaces ?(x) =const and tho-
se of the surface qﬂx) = const which is tangent to the
surface Y (x)=0, where q(x):(grad cg(x),f(x)) ,as it is
required in the classical theory.

The interest of the method that we propose lies in une
fact that it a2llow to make the best p0351ble stimate of
the region of asymptotic stability of the point x=0:4 Ko},
by means of nonhomcogeneous polynomial forms of order m
fer system of degree n., In addition it allows to identify
the case in whiqh‘I~Ti;T) is compact from the case in which
K—TE;;3 is not compact and from the case in which & ({o})
is the whole space (i.e. x = o is globally asymptoticelly
stable).In eddition the computation gives as a byproduct
two parameters which =ilow an easy approximate cstimate

of the geometrical properties of A ({o}).
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The problem of the numerical conétruction of Liapunov fun-
ctions has been investigated by many zuthors[4-8).For in-
stance, llargolis and Vogt[4), following the Zubov's theory
[9], have realized a numerical program of generating Liapunov
function for the second order system:

X = P x.,. %) ,
55 £° 3\ %y
x, = f2(x1,x2)

where f1(x1,x2) an fz(x ,x2) are polinomial forms, f1(o,o)=
f2(o,o) = o0 and the poiAt x=0 is locally asymptotically
stable.

By the Zubov's theory, in order to estimate the stability
region, it is sufficient to integrate the following linear
partizl differential equation '

29
s £,(x5,x,) = €(x,,x,) [c‘)(x1,x2)—1] x

]
153 == f1(x1,x2)+ e
2

X,

vhere 6*(x1,x2) is an arbitrury positive definite quadra£ic
form #nd f1,f2 are defined by the system (1.2).A correspon-
dings procedure can be based upon the more general theory
developed by Szepl [3], where insted of equation(1:§) the
equations:
Cared @Ux),f (1) = O (x) - p(@(x))

muet be solved, where-$(x) is a reel positive definite function
zlornz the solution of the fixed equation and)3(¢?):ﬁ?—’R1
is a pexl function for which the integral

Jq de’

J - ped

: °
exists,

In 1942 Rodden[5)dy following the thov'p theory 2gain,
resunes the largolis's and Vogt's paper, and improved the
numerical zspects, He assumcs as Licpunov fungtion a poli-
romizl form of m=degreeq, (x). The anzlysis is developped,

throvgh three csteps:
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a) Research of the 8" surface on which {grad t‘)m(x),f(x))= )
and Qm(x) changes sign.
b) determination of the p01nts of tengency between v—qkn(x)
and 9 and search of the corrisponding value c =t? (x*)
¢) Analysis of the surfage q%(x) =

These works by lMargolis and Vogt and by Rodden havas
some shortoqmiﬁg: they ali follow the Zubov's classical
theory; thus all proposed methods depend upon the choice
of the arbitrary function ¥(x) and they are significant
6n1y in the case n=2 ,

The paper by Weissenberg [7] overcomes ‘some of the
difficulties of the works by Margsclis and Vogt and by
Rodden. He studies the asympotic stability region of the
point x = o.for discontinuous systems in which the Zubov's
theory is not available, He is the first to present the
problem of construction Liapunov function as the one of
the best pussible polynomial estimate of the region of
attraction. G.Geiss[S] finally impruves the method of
Weissenberger in a work on the best estimate of a region
of asymptotic stability by means of quadratic forms.This
procedure ié based upon the maximization over the elements
of the positive definite matrix H of the hypervolume r‘2
defined by the level surface of a quadratic form x'Hx,
tangent to the set q)(x)=o. This is 2 max-min problem
i.e.the search of

ﬂax r‘ (mﬂﬁ(X)=o x' H x)

Notice that ly(x) ={grad (x'Hx), f£(x)>.In this case the
- hypervolume r2 can be explicitely related to the coefficienis
of the matrix H. This method of Geiss is not generalizable
to the case of polynomial forms TI (x) of degree m»2, since
in this case the hypervolume r‘m cennot be explicitely"

-~
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related to the coefficients polynomial form Tn“(x) and
there do not exist ways of testing if a polynomizl form
M,(x) is positive definite are not.

The leccal extension thecrem 2.6 allows us to overcome
this diddiculty snd under the very reasonable hypothesis
that the eguilibrium point x=oc of the equation (1.1)

15 (lecaly) asymptotically, steble or {locally) completely
wnstable, to identity numericelly region in which those

stability properties hcld.

2. The Extension Theorems, '

In this section the thecretical foundations of the
extension thery will be given .For semplicity only the
case of the stebility properties of equilibrium points
will be considered.The same results hold for the more ge--

v o
erau

cese of invarient sets, with compact neighborhoods.

In the seguel, when nct otherwise stated, capitel
Roman letters will denote matrices or sets, small Roman+
letiers vectors {(nctable exceptions ti=time, k, h, v and
w which are scalars), small greek letters scalars.In what
follows Rn denotes the euclidean n-space.

If MR is a set, we shall dendte with 1, €M, 9M and I
its clusure, complement boundary and interior respectively.
sx,8], s (x, § )and H(x,§)will denote, the closed sphere,
the open sphere and.the -spherical hyper surface with
center x and radius § > o.

The extension theorems cen be presented in various
‘frameworks: for the flow defined by abstract.dynamical sy-
stems in suitable spaces, as well as for the case of or-
dinary differential eguations satisfying suitable conditions.
In this work we shall present the results for the case of

the ordinary differential equation (1.1)
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where T @ er_, Rn is such that conditions for global existen-
ce and unigqueness of solutions of the equation 1.1 are
satisfied, or in other word equation 1.1 defines a dynamical
systems, It must be pointed out that with a suitable, rather
heavy, mat_hematical mashinery [1S]the same extension theorems
hold for the mode general case in which equation 1.1 has

global existence of solutions, but not necessarely uniqueness
r ~
L“O].

2.1 lobal extension thecrem,

Let v =(p(x) and w = \}’(x) be real valued funciiocnz defined
on the spzce Rn.Let

i) v=9 (x)ef’

Cii) @ (e) = o0

iii) ¢{x) =<gred @(x), £(x)>

iv) for all sequences{xn}CRn, if q)(xn)—oc,then X0

v) the differential equation x = f(x), f(o) =0 definec =2
dy'na;mical systems, ;

Then whatever the local stability properties of x =0 mey
be, they are global,

Proof. We shell prove this theorem for the particular case
in which x = o is (locally) asymptotically stable. The proof
for the other cases is similar, To fix the ideas let then
¥ (x)<o for x £ o.

Tet A (fo}) be the region of attraction of the critical
point x = o. It is well known[2]thet A ({o}) is &an open
invariant set and such that there exists a real number,
$»5 such that S[{o},S]SA (Lo} .

We want to prove that A ({o}) = Rn, or egquivalently that
4 (fo}) = 4 . ‘

Let

2 ¥ = min {tp(x) : Xe 83[{0},5]}
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We claim that for all xedA ({o}), q'(x);v.In fact,from the
hypothesis made on @(x) it follows that @(x(x°,t)) is a
stfictly decreasing function of t for ell x° #£ o, Now, if
for some yeé DA({O}) it were@(y)v it would be possible to
find an x°é 4 (fo3), x°¢S ({o} , § )such that @(x°)<v.As
X0 € A ({o])\ S[{o},S],there is aT>_o such thet x(x",‘r)eH[{o},S].
Then »<£Q(x(x°,t))<P(x°)<Vfor q(x(x°,t)) is strictly
decreasing. This is absurd.

Since @ (x)y»for xeaA({o}), we heve by (v) that $(x)<0
for x¢3A ({o}) .
Let ¥
2.3 -p=supf¢(x) : xea ({o})}.
By (iv)pa>0 since dA ({o}) is bounded away from {o}. Let
now x°€dA ({o}) ,then x (x°,t)€ dA({o}) for t20, since
2A ({o}), is invarient.Then

, t
2.4 P (x(x°,t))=P(x°) + | P(x(x° 7))ar&P(x°) ~
t

¢ vl P
—j,wdt =@(x°) - p(t=t,) -
:
which shows thet lim ?(x(i",f)) = -~ which is absurgd,
T X2

since we have proved that for a3l xedA ({o}), (x)»».This
contradiction shows that 8A ({o}) = £ and proves the theorem.

2.5 Remerk
Condition (iv) of theorem 2.1 is equivalent to seying
thet zthe functions w = w.,l(x) (positive or negative) defi-

nite in the space Rn

2.6  Local extension theorem’

Let x = f(x) be a dynamicel systems.let v =@(x) end w =q/(x)_
be real velued functions defined in R* such that’

i) Pe€

$1) P (0) =0



iii) \y(x) = {grad ¢(x), f(x)>

iv) xe RnU[ab},x # o, such that grad Q(xc) =0
v) N(f‘)={x R": t(’(x)<,“}

vi) N.(p) the component of N (p) which contains x = o
vii.) ﬁ¢>o'i's a 'real number such that x e Qﬂ‘_(ﬁc).
viii) \Y(x) £ o for xe Ne(g)\[o}

ix) for{xn}ci’:(;"), \P(xn)—»o implies xEs)I\L(]‘)
x) x = o0 is (locally) esymptotically stable.
Then

2.7 N.(g) < A (Lo}

In addition if

xi) Y(x) £o for xeDNC(f‘),

then

2.8 N.GgS) € A (fo}) .

Proof. From the hypothesis x) it follows that there exists
a real number S>o0, such that for all x # o with|xi<$it is
(to fix the ideas) f

2.9 cp(x))o andy(x) <o .

Let now

2.10 v=mingq>(x): Hxn =S},

then there exist a component Nc (%) of AN (Y;) which is
compact and such that N‘("/z)cS[{o} ,S].If;»,g,then N (p)
will contain N (V).

Clearly for o<e<vthe set A (£ ) is bounded.

From the hypothesis made it follows that m is a positively

invariant set for)ﬁ<}‘ .

——

We shall now prove that for)a <,G‘ ,the set N<()) is compact.
Let y

2.11 -k = sup \-Il(x) for xehT‘(_j;—)\ N.(¥/3)

From the hypothesis (viii) and (2.9 ) it follows that

2.12 kK >0

Let now x° € 9N, (]3). It follows thabk
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2,13 @ (x(x,1)) = @(x0)+ f\‘l(x(x° 7)) areq(x0)- j' Kt =
=Y(x°) - X t<)3 -kt .

Let now

o O ﬁ‘ -Y2) /k.
For t»T all trajectories starting from 21l points xeaN( )
belong to N.(») since N‘Tp-s is positively invariant,.Suppose
now that 3&(?5 is not comperct, and consider a seguence
{xn}c ch(f);llxnﬂ-owt;,such that no subsequence of {xn}is
convergent.On the other hand let

| v = x(x",7) € Ne(»).
Since the subsequence {yn} is conteined in the gompaet
set mit conteins a convergent subsequence, which, for
éempliczty sa.ke we assume to coincide with {y ].Let now
yiey e N(») .
Let p
Yy E) = x (XNt + )

e y o) =y,
Since the given system x = f(x) is a dynemical systems,
then y (y°,.)=y(y°,.) uniformly, on each compact intervall,
Then it is, in particolar, ¥ (yn, 3 = x e y(y°, =)
Thus it cannot be P Il-0+¢° Then for p<p‘both ON.(p) end

Ve (g () are compact.
Let now x°¢ N‘(; ).Let q>(x°) =p for x°ei"(—_ﬂ). Since Fj;)
is positively invariant and compact, it is /\'(x°);é 0.
In sddition A'(x°) = {o}, since if y eAlx), Y(y) =0 [3] .
Then N (p*)<cA ({o}). :

Assume now that, in addition, condition (xi) is satisfied.
We notice that this does not rule out that there exi's_t a

sequence {yn}c 5”<(y‘). such that \y(yn)-.o as |l ynll-o+°e .
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——

We shall prove that in thls case N (p YA ({o}),while
JA({e)NINGS) = 4 . :

Let 29A ({o})n IN. () # 0 and let ye dA({o})N3ANL 8°).

Then the positive semitrajectory jYy) through y is such

that ¥*(y)c 3A ({o})N BT(;?).NOW, from what has been seen
bsore it .cannot exist T >o such that y v € N.(§), thus x’(y)
<A 751N N (p9).

Now ¢ (x) ..;3 for x € INe(p€), then for all x ey *y) it would

be Q(x)ap and hence tlf(y)‘:'o for ail xe ¥ (y)c P N‘(p ), which

is against the hypothesis xi).

2.10° Remark

The global extension theorem 2.1 and the local extension
theorem 2.6 do not cover the whole spectrum of situations;

for instance it is not clear what is the behaviour of the

flow ‘and of the level lines of the real-valued function

v = ?(x), in the case in which the condition (iv) of theorem
2.6 is not satisfied, - but there does not exist any point
xce»Rn, xcﬁ 0, such that grad cP(xc)=o. It is clear that

this condition alone is not enough to conclude global asymptotic
stability. ;

§ 3 FKumerical method for generating Liapunov functions.

The numerical method that it has been developed has
the following features: : :
i) it allows to distingush between the case of global
eand that of local asymptotic stability
ii) it allows, in the case of local asymptotic stability

to make 2 distintion between the case in which the closure

of the region of asymtotic stability A ({o}) is not
compact and the case in which A ({o}) mey be compact.
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iii) it allows to find the best possible estimate of the
set A ({o}) by means of non-homogeneous polynomizal
forms of erbitrary high order

iv) it is valid for systéms of order n.

v) it is based upon the local extension theorem 2.9 and
therefore it does not require an analysis of the geome-
trical properties of the function v = q’(x).

v i)in the case it which x=o0 is not globally asymptoticdly
stable, it given two parameters which are very useful
to characterize the set A ({o}), i.e.,the radiuses of
the spheres which are inseribed and circumscribed to
the set N () cA (fo3) .

The construction of the Liapunov function in the regular
case (when x=o0 is not a éritical case) starts with the qua-
dratic form

3.1 v=¢ (x)=x"Hx
2

which may be obtained, for instance, for the system of
linear approximation

3.2 X=Jdx

obtained from the given system 1.1, where J is the Jacobian
matrix of f(x) computed in the neighbourhood of x =0 and
therefore with constant coefficients.

The totel time derivative of 3.1 with respect to the system

3.2 is

3.3 (x) = x' (J'H +HJ) x .
Let ; .

3.4 J*H+HJI ==0C

where C an arbitrary positive definite matrix, From it is

rossible to compute H.
Since x = o is locally asymptotically stable H is positi-

ve definite.
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Compute now W (x) with respect to the equation 1.1
3.5 \yz(x) = £*x)Hx + x*H £(x).
This function, is such that the point x=o0 is an isolated
point of the set
n 2
3.6 P2={~xeR: lf‘(x):o}

We have now two situations either P, = {o] and then x =0

is globally asymptotically stable oi Q, =P2\{o},é g .In
this latter case one consider the set N, (§) defined in
theorem 2.6, i.e. the set 3
3.7 min { Ne(p) : x € QZ}
One considers then the sphere Si }nscribed'in IN.(p€) with
center in x = o and changes the coefficients of H in such
a way as to maximize the radius of Si.}.fter this maximization
one considers agein P,, if P, = {c} (i.e. if the radius of
Si_is infinite), the problem is solved (i.e. x=0 is globally
asymptotically stable), if not, one repeats the procedure
considering now the function :
3.8 v=@,(x) + @5(x) +@,(x) =T ,(x)
i.e. the nonhomogeneous polynomial form of furth order.
One goes on in this fashionm by considering nonhomogeneous
rolynomial of increasing even order until either Pm ={o},
or the increment of the radius is less then a given quantity
£> o.
In this case one can conclude that (numerically) x=o is
not globally asymtotically stable. In this case by using
the coefficients of T, ,which have been computed one can
construet the set N (g“)c A ({ol), i.e. che set min N.(p) 1x €Q,
where Q = Pm\{o}. The set Nc(p®) is the best estimate
of A ({o}) .

Next it is desired to analyse:.the properties of Ne(g®)
in order to distinguish between the case in which A ({o})

~is not compact ( Nc(p®) is not compact) and the case in
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which A (fo0}) is compact in the chasen numerical approximation
¢ §°) is compact).

For that the radius of the sphere S. ,with center in x=o,

circumscribed to the set AN (p®) is maximized over the

coefficients of the polynomial form., If this maximization

problem does not have a solution, then we shall conclude

that .r(_[o—}) is not compact, while in the apposite case :

that Kl:_(;‘—) < A({o3}) is compact. Notice that in the whole

procedure the use of polynomial forms allows us to conclude

that N‘(p) is always compact set without having to analize

the behaviour of Y(x) at infinity.

The analytical problem of the maximization of the radius

@, of the sphere S ({o },£), which is inscribed in the set
AN (9, whlch 1s tangent to the set Q as the minimization

on the space R Yon of the N coefficients of the nonhomogeneous

polynomial form of m the orderTT <F(A ;x), A cRI""-

vihere m (n-14+7)!
3.9 . Ny =§r(n - 1)tr!
of the functional [‘Y(Ava)]

3.10 -min{Wxll +k, [q»('Am,x) -m’i‘n(q(Am,x)_J,k TR ] }

where k1 and k2 are penalization constants.
- The enalytical problem of the maximization of the raius

¢, of the sphere S ({o }, §.) circumscribed to IN(p©) is
on the other hand reduced to the minimization on the sace

RN"' of the functional
(4(Am, X)l'
3.11 —max{l x))-% z[qP(A yX) -min (Q(A »X) +k ) )}

4, lumerical apects

. In this section we shall analyse the numerical problems

involved with the minimization of the functionzl (3.10)
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the same conclusions hold &lso for functionel (3.71)%

Let x =0 be 1oéally asymptotically stable equilibrium
pbint of the system (1.1)

First of all we have to find the smellest set c‘?(x):} >0
wich has a point of contact with the surface ¢ (x)= o.

The problem is that of computing
4,1 min (P(A,x) =p‘, subject to ¢(A,x) = o.

xeR™

The numerical solution of this constrained minimum problem
is obtained by solving the unconstrained problem:

2
4.2 f‘= min ‘g(A,x,k1)= min [‘f({\,x) + K, [y(a,x)] ]

X

where ;,]xil is introduced to avoid the trivial solution, and
the penality constant k1 is chosen to assume satisfaction

to a prescribed accuracy of the constraint $(R{x) = o (Courant
[12]).Next we have to find the radius P of the sphere in-
scribed in the set Q(A,x) =f‘ and with center in x=o, that
is we have to compute :

4.3 min_|J| x]| = min
XeR xeR

, subject to ¢(A,x) -f": 0

Again the constrained minimum problem is solved as the
following unconstrained problem: 2
4.4 min_Q¥xil + X [@(A,x) -p<]

x&R"{ 2 ‘?(

where k2 is the penzTF>zation constant.

For the search of the radius R of the sphere circumscribed
to the set IN(p) ‘and with center in x = o, we compute in-
stead : :

4.5 maxs {lxu - Kz[?(A. x) -ﬁ‘]z =
-min {-ﬂxl+ kZ[q?(A,x) -‘F"-_']2
xeR" -
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Finally we modify the coefficients of the Liapunov function
in order to increase the radius of the inscribed sphere,

that is we solve the following max min problem:

4.6 mex {mln {ixu +, DP(A x) 5;‘}}}_

AeR xer"
= — min {N— min {lxll + ¥ [?(A,x) —ﬁ]?}}
Ae R'™ xer"

By solving the max-min problem 4.6 and 4.2, the pro-
blem of the stability region is solved.

The computational procedure will then be as follows:

a) choose A
b) calculate p‘via (4.2)
¢) calculate the radius 9 of the inscribed sphere via 4.4
d) modify A in direction of larger radius of the inscripted
A sphere. :
e) return to b
This procedure is repeated as the degree m of Liapunov

function increases.

5 . Numericzl results

Along the lines presented in the previous section & programm
in FORTHAI IV hes heen writien.This program is valid for
syétems of order n and arbitrary high polynomial approxi-
mation, ‘e shall next give some simple numerical results
obtzined with this program on the second order system,

Bx+.f(x) e ) 0 :
(xy,%;), B =(—1 -1 e (0,04 s S

for which the search has been stopped at the second order

5.1 x

vhere x

n

epproximation @

5.2 @) = yx', +Sxx, + 6%, .
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The function Q(x) corrisponding to 5.1 and 5.2 becomes:

5.3 Y(x) =0,04 Sx41+ 0,08 6 x31 ;2 —$x12 + (2y -26 -S)x1x2

« (§-2¢) x22.

In the problem 4;2 and 4:4 we have programmed the Fletcher®
end Powell® method 10 . In our opinion, this algorithm

is the most powerful for minimizing functions, of which

the analytical gradient is known,

On the other hand for searching the optimal cbefficients

of the Liapunov's function, it has bean used the Powell's
method[11] which minimizes a function by modifying one
variable at the time,

In both methods the minimum is searched (in all interations)
along suitable directions.

The efficiency of the algorithm depends upon the accuracy
of the onedimensional search program which has been used.
The improve this accuracy it has been adopted the method
of the "golden section" together with an automatic search
of the minimum along a fixed direction.In programming we
has to carefully avoid to fall into the isolated point

X =0€ P = {x € Rn; Y(x) = o}. We have assumed as initial

" value of the coefficients of the Liapunov function:

E=30 , ©=10 , €=2.0
for which P - 3.445 '
The complete :iteractions have been five (that is fifteen
iteration of the coefficients ¥, S',b') and the computational
time has been 24 minutes with an IBM 7040 digital computer.
The results have been the following ;
st iteration : ¥ =1.900 , $= 1.383,6=1.400, @ = 4.272
2nd iteration : y =1.800 , S=1.489,6=1.100, Q = 4.330
3rd iteration: ¥ =1.700 , $=1.489 € =0.943, Q= 4.354
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4th iteration : ¥ =1.600 , §=1.457 , €=0.848 , @ =4.370
5th iteration : y =1.574 , §=1.482 ,6'=0.848 , P =4.373

§ 6 Conclusions.

This m;thod that we propose for the numerical construction
of Liapunov functions, based upon the extension theorems
provides, in principle,the complete solution of the stabi-
lity problem of the equilibrium point x=o0 of the system 1.1.
The method is non been extended to a more complete analysis
of the set dA({o}) in the case in which A ({o3}) is compact.
The method proposed has of course, to paj something for
its generality, and this something is essentially the ra-

th%r long computation time. If one is interested one in
quédratic approximations, for which it is possible an explicit
computation of the volume the solution of the problem would
be much faster. Our actual research now purely numerical

and it is aiming to reduce the computation time, by testing
different one-dimensional search procedures, by en exaluation
of the effect of the precision of “the onedimensional search

and its speed of solution of the complete max-min problem.
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FINITE TIME STABILITY¥
IN CONTROL SYSTEM SYNTHESIS*

W. L. Garrard
Department of Aeronautics and Engineering Mechanics
University of Minnesota
Minneapolis, Minnesota, USA

: 8 Introduction

This study is concerned with the application of the concept
of finite-time stability to control system synthesis. The
results developed are applicable to dynamical systems governed
by the set of vector differential equations**

L= x=£(x,t) +Bu, x(t) =x, Q)
where x , the state, is a n-vector, and u , the control, is a
m-vector. B 1is a nxm constant matrix, f(x,t) is a n-vector such
that the norm of £(x,t) is bounded in the domain of the state
space and in the time interval of interest, and X, is the initial
state,

Numerous studies concerning the application of classical
Liapunov stability theory to the selection of u for systems
described by (1) have appeared in recent yeats.1'7 In general, the
techniques presented in these studies result in the selection of
a u such that (1) is asymptotically stable. That is, all solu-
tions of (1) eventually belong to an arbitrary small neighborhood
‘containing the origin provided the initial state belongs to some
domain which also contains th: origin.

Less restrictive results are often required. For example,
in many cases of practical interest it is only necessary to select
u in such a way as to guarantee that x belongs to

by This work was supported by National Science Foundation Grant
GK-3273.

It is assumed, as usual, that unique continuous solutions of
(1) exist,
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somé given set during a finite interval of time (e.g. the
problem of maintaining a rocket within a given neighborhood
of some nominal trajectory during transfer of the rocket from
a neighborhood of a point A to a neighborhood of another
point B ). Recently Weiss and Infantea’9 developed a quali-
tative theory of finite-time stability for systems described

by (1). Precise definitions were formulated and sufficient
conditions were given for various types of finite-time stability.
The approach taken by Weiss and Infante was one of analysis
rather than synthesis, and the norm of Bu was assumed to be
less than or equal to some given value over the time interval

of interest.

The present work is focused on the problem synthesizing
systems which exhibit finite-time stability. Given that X,
belongs to a specific set, conditions are established which
are sufficient to guarantee that x(t) belongs to some given
set for a specified interval of time. The control u may then
be selected in such a way as to satisfy these conditions. Thus
the theorems developed appear to be of practical use in control
system synthesis. Illustrative examples are presented.

2. Notation, Definitions, and Problem Formulation

If X 1s the state séace for (1), then let nxun denote
the Euclidean norm of x and let

B(a) = {xeX; nxu < a} , B(a) = {xeX; UxHh < a} ,

and T = [to, t, + T) where té’ Te:Rl. Also V(nxi) 1is a
continuous scalar function which has continuous first partial
derivatives with respect to x , and v = v(nxn=a) . Fur-
thermore, %% =y =< Voo x > where v, = grad V(nxn) and

x 1is given by (1).¥ -

Definition 1: System (1) is stable with respect to the

* The symbol < y, z > denotes the scalar product of the
vectors y and z .
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set (a, B, tos T,H-H#) , a<p 1if for any x(t),
1|xoll< a implies Hx(t)ll < B for all teT .

The numbers «, B, tos and T are specified a priori
in a given problem.

Definition 2: System (1) is quasi-contractively stable
with respect to (a, B, Y, ty» T,W-1), a<B<y

if for any x(t),llxou < a implies system (1) is stable
in the sense of Definition 1 with respect to (e, v, to’
T, !l- ) and there exists a tyeT such that |(x(t)i=< B
for all t¢ (tz, t, + T)-<

Definition 3: System (1) is contractively stable with
respect to (a, B, v, t,, T, 0 -ll) , B <a<y if for

any x(t),llxoll< a implies system (1) is stable in :he
sense of Definition 1 with respect to (e, Y, t,, T, <)

and there exists a tzc T such that Il x(t)|] = B for all
te (tz, t, + T) .

Definition 4: System (1) is unstable with respect to
(a, B, t, T,0 ) , a<pB if for any x(t) , X, €
{B(B) - B(a)} implies the existence of a t,& T such
that B =<l x(t))ll .

The definitions presented above are very similar to those of -
Weiss and Infante.’

The problem considered in this paper is that of establishing
conditions which guarantee stability (quasi-contractive stability,
contractive stability, instability) of system (1). As demon-
strated in the illustrative examples, these conditions can be
used in the selection of a u which guarantees the proper
variety of finite-~time stability or instability.

3. Theorems on Finite-Time Stability

Theorem 1: System (1) is stable in the sense of Definition 1
if for all teT and all x&{B(B) - B(a)l
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vB _ @

(a) < vxsf At S Vx,Bu 25 T

() V¥ >VvP , jay=z=ubll for all a, be(B(y) - B(®)]} .

Proof: Let x(t) be an arbitrary trajectory of (1) such that
llx(to)H < @ and assume there exists a LT such that
llx(tz)H =B and a t;£T such that llx(tl)ﬂ = a .* Then

t .
vinx(e)n ) = v® 4+ Jtl (< vx,f >+ <V,,Bu >)do . (2)

From condition (a)

t B o
VOGN ) = v+ [2 (Y e, €))
and since t, - & . Ties
VOnx(edn) < v . O)
From condition (b), (4) implies l(x(tz)H < B . This contra-
dicts the original hypothesis that jlx(tz)” = B . Thus, there
does not exist a Lty such that Hx(tz)ﬂ = B , and therefore

lx(t) )} < B for all t€rt .

Theorem 2: System (1) is quasi-contractively stable if for
all tg7T and all x e{B(y) - B(a)}

Y o
£ >y < Vx’B“ > < !__%_!_

(b) v% = vb , Nanz21ubit for all a, be{B(y) - B(a)}

8 5 Y a
() <V,f>+ <V ,Bu>5s . -V )V w75t

KT (VF - V)

(a) < th

for "t [tl, t,) where 0 <K = R ek e T i

] o . 5 a Y 6
v° - Vv s (V. -~V +KNV' -V)
( ;T_T_;a )T + t, » and t, = ( o )T + ts >

(d) SV ,£>+ <V Bu>505 tc[tz, Rk

If such a t; does not exist, no control is needed.
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Ay ,
U YUMo YR LA o

Proof: Since a <B <y , %
KT (V¥ - V)

conditions (a) and (b) guarantee stability from Theorem 1. Let
x(t) be an arbitrary trajectory of (1) such that le(to)u <a

and assume there exists a t'€ T such that [|x(t')ll = a where
t! < t; - Then

t
VO ) < VIRt ) + [ F (Y5 e (5)

or

Y a0 Y _ gy

venxed ) s v+ sV (e - o) s v+ L2 () - £ (8
since t, < t', and if the value of t given in condition (c)

is substituted into (6), it can be seen that V(]lx(tl)u ) = V5 .
Furthermore

t B ) Y o
VO x(ED N ) = VCIx(E N ) + Iti v = ‘(’V3 @ Vg)" ) ae ()

and

: B 8y /oY a
5 VvV -V’ -v
Vinx(ey))n) = v + ( e (V\)((- 5 b) (g5 - £7) . (8)

If the value of t, éiven in condition (c) is substituted into
(8), it can be seen that V(llx(cz)ll) < VB . This implies
I x(ty) Il < B . Finally from condition (d)

t
VO 1) = v ix(e) i) - Jtzbdo v o cag Ue, e T)salee)
where 0 < b , thus
VOxN ) = v - b(e - £y) (10)

which implies nx(t)li < B for t¢ [tz, t,+ T) . Therefore
conditions (a), (b), (¢), and (d) guarantee quasi-contractive
stability for system (1). '

Theorem 3: System (1) is contractively stable if for all terT
and all x¢&{B(y) - B(8)} the conditions of Theorem 2 are
satisfied.
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Proof: The preof is identical to that of Theorem 2 but in this
~ase B < a.

Iheorem 4: System (1) is unstable if for all terT

vP . v®

(a) (< Vx,f >4+ < Vx,Bu >) > =

(®) v®=2v®, jan=uby for all a, be{X - B(a)) .
8
Proof: V(Ix(E)N ) > V(Ix(e)l ) + Lg¥™ (¢ - £) , and

for. t = £, + T, v x(to + Tl ) > VB which implies the
existence of a £ 6T such that le(tl)H 2B :

As with most synthesis techniques based upon classical
Liapunov stability theory, the problem of determining a u
which satiéfies any of the above theorems over the domain of
interest is not trivial and may often tax the ingenuity of
the i~vestigator. A suggested procedure is to assume

u= g(u(t), x, t) (11)

where w(t) is a p-dimensional vector, p < n , which is to

be selected in such a way as to satisfy the conditions. specified
in the theorem of interest. If w(t) belongs to a compact

set 0 in RP , the problem of selecting w(t) could be
considered as a problem in nonlinear programming. 0 That is,
select w(t) in such a way that

min max (V ,£E>+<V_,g>)pr s C(t) (12)
wel { o= |IxIISB, " o }
t <t<t +T

where C(t) 1is a piecewise constant function specified by the
conditions of the theorem of interest. Of course for a specific
g there is no guarantee that a ® which satisfies (12) exists.

4, Illustrative Examples

Two illustrative examples are considered.
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Example ¥¢ A linear system

Consider the system governed by

x = A(t)x + Iu ,
(13)
u = P(t)x
where A is a n x n matrix, I is the identity matrix, and
P is a n x n matrix to be determined in such a way as to
insure the stability of (13) in the sense of Definition 1.
Furthermore, let V = < x,x > and (B/a)2 =k >1"
From Theorem 1, P must be selected such that

x'(A + Plx < x' LlhiTlLEl Ix (14).

where < x,x > = 82 . Inequality (14) is satisfied if
P=-A+ Li_iTlLEl T (15)
From (15), it can easily be seen that

%x'[A + Plx < x' L]ﬁT'];‘/—l('l Ix

for all < x,x > < 82'. Therefore from Theorem 1, the control
u=Px where P 1is given by (15) stabilizes (13) over the
interval (t_, t + T) . This may easily be verified for
k > e by taking the derivative of < x,x > and using (13)
‘and (15).

Example II: Van der Pol's equation

Consider a second-order system governed by

X = X, ,

3 2 (16)

Xy = 2 - 0.5x; )x2 - % +u :

and let a«=1,8=2,t =0, and T=2. By numerical
integration it can be shown that for u = 0, [xl(t*) + xz(t*)]% > 2
where t* < 2 for certain initial conditions (e.g. xl(O) =3 .
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x2(0) = 0) . For stability, Theorem 1 yields
2412
(2. - 0.5x1 )x2 + ux, < 0.75 (17)
for V= < x.x >, "1f n= ax, , it can be seen that a =

- 1.81 satisfies (17) over the domain of interest.
For quasi-contractive stability where a =1, B =6 = 1.1,
Yy=2, K=.5, N 0, T= 2 . Theorem 2 yields

(s O.lez)xzz + ux, £ 0.75 (18)
for 0 =t <0.14 , and
(2% o.5x12)x22 + ux, £ 0 (19)

for d4=<st < 2, If u-= a(t)x2 » it can be seen that a(t) =
- 1.81 for 0 =t <0.14 and a(t) = - 2 for 0.14 =t <2
satisfies (18) and (19) over the domain of interest.

It should also be noted that for u = a(t)x2 it is im-
possible to obtain an a(t) which satisfies Theorem 3 for
contractive stability. Typical unstable, stable, and quasi-
contractively stable trajectories for Example II are presented
in Fig. 1, and the variation-.of the norms with time are pre-
sented in Fig. 2.

5. Conclusions 2

The theorems developed in this paper appear to be of
practical use in the synthesis of control laws which guarantee
finite~-time stability for dynamical systems governed by ordinary
differential equations in which the control enters linearly.

The results obtained are much less restrictive than those given
by classical Liapunov stability theory. Furthermore, the theorems
for finite time-stability presented herein can be applied more
easily than those given elsewhere in that very simple Liapunov
functions may be used (e.g. in both examples the Euclidean

norm was used as a Liapunov function).

As with other techniques based on Liapunov stability theory,’
the problem of selecting a control which satisfies the theorems
developad is non-trivial and is an open area for further
research.
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STABILITY OF RELAY CONTROL SYSTEMS
A.T, Fuller

Engineering Department, Cambridge University, England,

1. Introduction

A traditional type of controller for relay control systems is one
waich generates a linear combination of state coordinates at the input to
the relay. Such a controller can often be adjusted to give nearly optiral
performance, in the sense of minimizing the expected integral-square-error
for an cnserble cof disturbances of limited n'agnitude‘. However in some
cases the response to a large disturbance may be poor, and the system may
even ;o unstable, The present paper investigates the in-the-large stabil-
ity of such a system.

For simplicit& attention is restricted to plants consisting of n
pure integrators. For n =1 the problem is trivial; the system can
readily be shown to be stable in-the-large if the feedback is negative.
For n =2 it is known" that the system can be made stable in-the-large.
The case n = 3 will be treated in the present paper; it will be found
that in-the-large stability camnot be obtained with a linear switching
function.

Andronov and Bautinl treated a slightly more general third-order
plant and gave a lengthy topological investigation of the state trajector-
ies. Decause of its increased gencrality their treatment is involved and
tedious to follow. loreover it seens incomplete since many of its argu—
rents are curtailed. In the present paper the restriction to pure integra-

tor plants enables the stability question to be decided relatively sicply.

2. The system : L
Fig.l shows the relay control system. The plant satisfies

a0 = u/a (a = const. > 0) . @

where u is the plant input, x is the plant output, and ¢t is time.
The relay has input z and output u and satisfies

u = sz (z £0) (2)
Tne relay input is a linear corbination of plant state coordinates, with
constant cocificients,

z = - (klxl + kzxz + k3x3) (&)}
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where X ¥ ox, X, = dx/dt , %y = dledtz %)
A set of necessary and sufficient condxtlons for (in—the-small)
asyn:ptonc stability of the origin 132'3
k1>0, k2>0, k3>0 )

Thus in seeking values of k which yield in-the-large stability we

1' 2’
restrict attention to case (5). u then satisfies
u = - sgn(k X+ k Xy + k x3) = - sgn(x1 tex, + c2x3) (6)
vhere ¢ . = kzlkl s cy . = k3/k1 (@)

Thus no generality is lost in treating the system

dx./dt = x ax,/dt. = x
1 21 2 M
@)
dx3/dt: = = sgn(x1 +oogx, + c2x3)/a (x1 +Cx, + X, # 0)
with ¢, >0, e, >0, a > 0 )
3. Definition of trajectories
The set of state points satisfying
zZ £ = (xl + €%, + c2x3) > 0 . (10)
is called the P-region. The set of points satisfying
% SVt (xl +egx, + c2x3) < 0 (11)

is called the K-region. A system trajectory in the P-region is called

a P-trajectory. A system trajectory in the N-region is called an
N-trajectory.

P-trajectories exist only on ore side of the switching surface,
and are properties of the control system as a whole. We can also comsider
trajectories described by the plant alone wien its input v is held
constant at +1; we call such trajectories P-paths, In contrast to
P-trajectories, P-paths exist throughout the state space. Similarly a
trajectory described by the plant alone when its input u is keld
constant at =1 is called an i-path, :

The equations of a P-path are readily found by integrating (1)
with u 2 1, and are

x,(8) = x,(0) + t/a
xz(t) il (0) + tx (0) =t /(24) (12)
::l(t) = 1(0) + tx, (0) + t X (O)/2 +t /(Ba)



&, Sliding motion

1f, af: a point of the switching surface, the directions of motion
along the trajectories on each side of the switching surface are not away
from the switching surface, sliding wotion occurs. Sliding motion is
idealized as motion in the switching surface (c.g.l'), i.e. is defined as

satisfying

xl(t) + clxz(t) + c2x3(t) 0 (13)

Differentiation of (13) and use of (8) shows that the sliding motion obeys

the linear differential equations
dx,/dt = x,, dxg/dt = = (x, + c;x))/c, ¢ ))

A trajectory described during sliding is called an S-trajectory.
The sliding region can be found as follows., The switching surface
is represented by
2(%),%,,%5) = O (15)

where ; z(xl,xz,x3) E - (x1 +ex, 4 c2x3) (16)
In ‘the P-region and near the switching surface 2z is positive. HKence the
trajectory there approaches or is parallel to the switching surface if
dz/dt ¢ O Q7
i.e, if Xy + cyx, + czla 2 0 (18)
from (8) and (16). Similarly, in the N¥-region and near the switching
surface, the trajectory approaches (or is parallel to) the switching

surface if

X, + €%, = czla £ 0 (19)

Thus the sliding region consists of the points of the switching surface
where (18) and (19) hold simultaneously, i.e. where
Ix, + eyxs| 5 e,y/a (20)
In other words the sliding region is the strip of the switching plane
between the pair of parallel planes $
X, + ¢ xg +c,/a = 0, X +exy-c)fa =0 (21a,b)

5. Periocic motion without slidinz

To establish that system (8) is unstable in-the-large it suffices
to show that the system trajectories possess a cycle, i.e. a closed loop
(e.z. a limit-cycle). The simplest type of cycle waich might exist is a

syrretrical sno consisting of a P-trajectory and an li-trajectory. Ve call
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such a cycle a Pilcycle, and we begin by seeking the values of <

€2

(xl,xz,x3) on the switching plane such that

and

for whicih a Picycle exists. A Pilcycle exists if there is-a point

(i) there is a P-path from (xl,xz,xs) to the symmetrically opposite

point: (-Xl,-}iz,-2{3),
(ii) there is an iFpath from (-xl,-xz,-xa) to (xl,xz,xs),
(iii) the P-path in (i) is a P-trajectory (as defined in §3),

(iv) the lL-path in (ii) is an K-trajectory.

5.1 Existence of the P-path and the H-path

Let us find when condition (i) is sati.fied. From (12), the P-path

starting at (X
if

18k
X, = X, +TX, + sz3/2 + r3l(6a)
-x2 = x2 + 'D:3 + ’rzl(Za)
-X3 = X3 + T/a
Also, since (:\'1,7{2,){3) is on the switching plane
xl + cl}(2 + c2x3 = 0
Solving (22) and (23) we ‘find
v e 3 3 Wi
X v 3czla 3 X, =0, X, ,/3c2/a
and T = 23,

Thus condition (i) is satisfied when the switch point Cxl,xz,xs) is

by (24). By symmetry condition (ii) is also satisfied then.

5.2 Existence of the P-trajectory and the li-trajectory

Let us find when conditions (i) and (iii) arc both satisfied.
is so if the P-path described by (12) witi initial conditions (24) is
the P-region for all 0 < t < T; i.e. if

z(xl(:),xz(t),xa(t)) > 0 (O <t<T)
(12), (16), (24) and (25) yield, 2fter some algebra,
z(xl(t),xz(t),xs(t))_ = t(T - t)(6c1 - T + 2t)/(12a)
Throughout 0 < t < T the first two factors on the right of (27) are
positive, and the third factor is positive if
6c1 -T 3.0

) goes through (-xl,-xz,-x3) at time t =T >0

(22)

(23)

(24)
(25)

given

Tais
in

(26)

(62)]

(28)
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i.e. (26) is satisfied if (28) is. (28) is equivalent to

¢ 32 (29)

2 1

in view of (25). Thus vwhen (29) holds, conditions (i) and (iii) are

c

satisfied by point (24); and by symmetry (ii) and (iv) are also satisfied,

5.3 Existence of the Pl-cycle

We have found that when the controller coefficients satisfy
inmequality (29) there exists a Pi~cycle, with switch points (X ')“2’ 3)
and (Xl, Ky 3)
when (29) holds the system is unstable in-the-large.

given by (24) and half-period T given by (25). Thus

6. Periodic motion with slidina

Let us investigate the remaining case

¢, > 3c§ _ (30

In this case the point with coordinates (24) is inside the sliding strip
{(as follows on substituting values (24) in (20)), and so can no longer be a
switch point of a Pi¥~cycle, However there might exist instead a cycle
involving sliding. The simplest type of such a cycle would be a symmetri-
cal one consisting of a P-trajectory, an S-trajectory, an l~trajectory, and
an S-trajectory. We call the latter a PSiS-cycle. Our aim is to find
whether a PSKS-cycle exists when (30) holds. )
Fig.2 shows the projection of the sliding region in the (xz,xs)
plane. The left edge of the strip is represented by the straight line L,
which is given by (21a), and the right edge by line R, given by (21b).
The P-trajectory of a PSNS-cycle can begin only on the left edge, since
there the P-trajectory is parallel to the switching plane, vhereas at
other points in the sliding region the P-trajectory is towards the sliding
region. Thus a PSKS-cycle exists if there is a point U on the left edge
such that
{i) the P-path from point U meets the switching plane at a point V,
anéd V is in the sliding region,
{ii) the P-path in (i) is a P-trajectory,
(iii) the S~-trajectory from point V meets the right edge of the sliding
region at a point V),
{(iv) the point W is symmetrically opposite the point U, i.e. the co-
ordinates ('i '.J.,1.3 of W equal minus the coordinates (UI’UZ'US)
of T
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Indeed if (i)-(iv) hold, what we may call a PS-trajectory exists from. U
to W, and by symmetry an liS-trajectory exists from W back to U. The

PS~ and NS-trajectories then form a PSHS-cycle.

6.1 Existence of the P-trajectory

Let us find when condition (i) is satisfied. Since U is omithe
switching plane and on the left edge (21la) °

Ul + c1U2 + c203 = 0 and U2 + c1U3 + c2/a = 0 (31)

From (12), the P-path from starting point U reaches a point V at time
t=Y>0 if

V1~ = 'U1 + YU2
V2 = U, +.YU3
L P +Y/a

+ YU, /2 + ¥/ (6a) :
+ Y2/ (2a) (32)

If V 1is on the switching plane

V1 +. clvz + c2V3V = 0 (33)

Elirination of UpaUpaVy,V5,V,  from (31)-(33) yields
3

Y2+ 3, + e )Y = 0 (34)
Thus the P-path has only two points in the switching plane, namely at

tires Y = 0 (corresponding to: the starting point U) and

» Y = 73(3113-4- cl) (35)
(35) :impliecs that if
alg+ec < 0 : (36)

the P-path returns to the switching plane after leaving U; ‘i.e. if (36)
holds, point V exists,
.Let us find when V is in the sliding strip. From (3I),. (32) and
(35), point V .satisfies g
{ ¥, = (3/2)aU§ +5¢U, + (9/2)ci/a - c,/a (37)
V3 L) ZU3 - 3c1/a

V is in the sliding strip if V satisfies (20), i.e, if

v, + e V5] 5 c,/a : (38)
Equations (37) simplify (35) to
@, +ep? s (3, 39

Inequalities (36) and (39) hold sirmltaneously if
- z/c273 ¢ aly+c, <0 . (4
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Thus if (40) holds, V exists and is in the sliding sciip, i.e. condition
(i) is satisfied. Morcover, coidlition (ii) is then satisfied because V,
being in the sliding strip, is approached by o T-trajectory, which there-

fore coincides with the P-path which approaches V.

6.2 Existence of the S-trajectory to the strip edpe

Let us find when condition (iii) is satisfied. Tae characteristic
equation of the sliding motion (14) is
c2p2 +cop+ 1 =0 ‘ (41)
and, because of (9) and (30), has complex characteristic roots with
nega}ivc real parts. ilence thc S-trajectorics have a stable focus at the
origin, ,
In Fig.2 one of the spiral S-trajcctories touches the line R,
This is confirred algebraically in Appendix 1, where it is shown that the
point of tangency A has coordinates
Az = (c2 - ci)/a ’ A3 = clla . (42)
The S-trajectory traced backwards from A meets line L at sore point G
(Fiz.2), as shown in Appendiz 2., The field of S-trajectories above
trajectory CA twust meet line R, since the trajectories spiral clockwise
and do not cross one another. Therefore, if we can show that V is in
this field, condition (ifi) will be established,
From (37), waen U3 varies in the range (40), V describes a

parabolic locus from point DB, with coordinates
2
= - 4 = - &4
Bz (c1 ey Jc273 + cz)/a 5 23 ( c, + 4 Jc2/3)/a (43)

to point D with coordinates

D, = (cf—cz)/a BRI e 4ty

Tais locus is represented by the dashed line DD in Fig.2. B and D
are on linres R and L fespcctivcly, as ray be checked from (43) ard
(). '
Ve have to show that at least part of the locus B) 1is in the
ficld of S-trajectories above GA., Thus it will suffice to show that B
is zbove A, 1i.e.
E, > A (45)

Lut from (;C%(l;zz(LB), inequality (43) dees indeed hold., Thus if U3

satisfics (40), condition (iii) is satisfied.
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6.3 Ixistence of svmmetrically ooposite points U and W

It remains to find when condition (iv) is satisfied. Vhen 03
increases in range (40), U traces the segment FD of line L, where

D and F have ordinates
D, = - clla . By, == (c1 +2 \/c273)la (46)

V then traces locus LD, Let C be the first point at vhich locus DD

crosses trajectory GA (Fig.2. That BD does cross GA is confirmed in
Appendix 2,) Let U then be at point E in the segment FD. Thus when
U traces FE, V traces BC and W traces BA,

Let us demonstrate the continuity of the movement of W from B
to A as U traces FE. As U varies, the movement of V from B
to C is continuous, in view of (37). Thus the S-ttajectoi'y from V
changes location continuously. Also, because trajectories from neighbour—
ing points remain close, the S-trajectories from neighbouring points V
cut line R in neighbouring points W. (It is assumed here that the S-
trajectories are not tangential to R except at A, This assumption is
justified in Appendix 1,) llence W moves continuously from B to A as
U traces FE. ' :

Let U* be the reflection of U in the origin, i.e. let U=%
have coordinates (-Ul,-Uz,-Ua). The reflection of the segrent EF
traced by U is the segment E*F* traced by U* on R (Fig.2). Segment
E*F* is inside segment AB, as is shown in Appendix 3. Also, when U
traces F&, U* traces F*E* continuously and, as we saw above, W
moves continuously from B to A. Therefore at some stage W passes
U%, W is then symmetrically opposite U, so that condition (iv) is

satisfied,

6.4 Existence of the PSNS-cycle

Conditions (i)-(iv) have now been showm satisfied when (30) holds.
Thus when the controller coefficients satisfy inequality (30) the systen

has a PSkS-cycle and is consequently unstable in-the-large.

7. _Conclusions

We have found that a relay control system with a triple-integrator
plant camot be made stable in-the-large with a linear switching function.
It is conjectured that the sare is true when the plant consists of n

pure integrators with =n 2 3, and vhen the relay is replaced by a
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saturator. In such cases one can perhaps obtain a sinple ncar-optimal
controller by using a switching function waich is linear near the origin
where the state point is usually to be found, and nonlinear elsevhere so

as to yield stable response to occasional large disturbanccsA.

8. Appendix 1. Existence of point A

From (21a) the slope of line R is
= - l
dx,/dx, e, (47)
Fron (14) the slope of the S~trajectory is
dx3/dx2 = - (x2»+ c1x3)/(c2x3) (43)
Solving (21a), (47) and (43), we find that an S-trajectory touches R at
and only at a point A given by

X (cz-ci)/a 3 Xy = clla (49)

9. Appendiz 2, iIxzistence of noints G and C

From (21) the quantity y defincd by

N = %, + e %, (50)

reasures the displaceiwnt of (x ,x3) from the line parallel to L and R

2
and throuzh the origin. y(t) along an S-trajectory is readily calculated
by solving (14), and for starting point A 1is

y(t) = (czla)cxp(ut) [cos(et) - (u/B)sin(@t)] (51)

viere « ¢t j8 (a <0, £ >0) are the roots of (41). It is easily shown
that vhen t decrcases fron zero, expression (51) at first decreases to a
rinirun value

y- 5l8) = = (cyla)enp(= 1a/B) <« =e,fa (52)

Tous for some valuz of t <0, y(t) == czla, i.e, the S~trajectory
traced backwards from A cuts L at sore point G.

Sirmilarly, the S—irajectory traced forwards from D does not cut
R, tence D is below S-trajectory GA. Since B 1is above GA (see

§6.2) at least one point of locus BD is on GA. This is point C.

10. Annendiz 3., Location of serrent ESF%

Since £ 1is below D, L* is above D% (vhich is the reflection

of D). ©Dut D* coincices with A, since D 1is syr=etrically opposite

A. lience % is above A. Also, frou (43), (46) and (30)
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By~ F = 2-¢ +V,/N/a > 0 3)

so that F* is below B, Hence E*F* is inside AD,
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APPROXIMATE DETERMINATION OF THE STABILITY
DOMAIN FOR NONLINEAR SYSTEMS

by ‘Eugenio S=rti
Centro Calcoli e Servomeccanismi, Facoltd di Ingegneria,
Universitid di Bologna, Italy

Introduction

We consider nonlinear systems with an equilibrium point,
the stability in the small of which is known. A precise
determination of the stability domain R, when possible, almost
always implies hard computational problems. On the contrary,
the démain R can easily be approximated from below by a
subset S btounded by a Liapunov hypersurface(l): such an
approximation‘appears to be of interest in most of practical

. (2)

cases. Wegrzyn et al., suggested the use of Liapunov
functions of the type " a quadratic form plus an integral of
the nonlinearity". iHere we propose a simple method, that uses
_ these liapunov functions and is applied to a wide class of

(3)

systems with one nonlinear element

Determination of the region S

Let us consider the autonomous system, with one nonlinear

element

Az + By
f(z) ' (71)

= Cz

N = He
]

Where x is the state vector, and y, z are the scalar output
and input variables of the nonlinear element. B is a column

matrix, C a row matrix; all the eigenvalues of the square
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.matrix A are supposed to have a negative real part, except one

that is allowed to be identically zero(4). The characteristic

£(z) of the nonlinear element is supposed to be single-valued
and piecewise continuous, We suppose, moreover, to be verified
the existence and the uniqueness of the solution of (1),
starting from any initial condition, at least in a region

surrounding the origin.

Let us assume now that the characteristic f(z) lies

within an absolute stability sector for the system (1),

(O,ET(S), for every 2z contained in an interval including the

origin; and leaves the sector somewhere else (fig. 1):

f(o) =0
(z) »
o tElek A el <, A

These formulae replace the well-known Lur'e condition for the
absolute stability: j

f(0)=0. : 0<f—‘{-ﬂ.<72

and the whole problem might be regarded, under this point of

view, as an extension of the absolute stability problem.

Let now
V(iz) = z.Lz + B F(z) : (3)

where

z
F(z) -'-'_/; fle)d g

be a Liapunov function for the system (1) and for every
characteristic £/z) contained in the sector (0,k). If the
characteristic leaves the sector (O,E) so as to satisfy the
condition (2), V(x) is still a Lispunov function for the whole

region of the state épace in which:
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jc z| < 2y (4)
Let us consider a ﬁypersurface
Viz) = k ' (5)

such that every point inside satisfies (;)- Such a hypersurface
is Liapunov for the system (1): therefore it bounds a region
S. Among the regions, that are obtained for different values
of‘g, ve_must‘find the widest one, for which (4) holds. Such a

region is the required approximation of the stability domain.

Wegrzyn showed that for 8 > ¢ the hypersurfaces (5) are
equipotential, and h has the meaning of a generalized
potential. The reader will see through the exposition, that

the same holds even forpg < 0; then ve have-to find the largest
value of h, for which (4) is satisfied. The equation

Cz = + ‘0 (6)_

represents a couple of hyperplanes in the state space; and the
condition (4) has the geometr1ca1 meaning, that the hyper-
surface (5) must not intersect either of them.

It must be noted thet the region S -is not the widest
region, that is obtainable as suggested by Wegrzyn. This is
because the condition (4) dces not supply the maximum h, such
that the hypersurface (5) is Liapunov for the given system.
The fact looks to be counterbalanced by the practical aspect
of the method, thet implies a fast rout1ne computation on a
pedium-size computer, 2%t least when the order of the system
is not too high.

The procedure to.determine the natrix L anc the coefficient
8 of (3) is well—known(s). Also the limit value of E results
from it. Then h is.obtained, in practice, by the condition
that the hypersurface (5) be tangent fo one of the hyperplanes
(6). We look for the condition, V(z) = & to be tangent -

-~
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to the hyperplane (z=+z,. A hyperplane tangent to (5)
at a generic point x, is represented by the eguation:

grad VJ: . (:-zo) =0
o

i.e.
[2 ¢ z, * sCrf(C:a)] « (= -z,) =0

In order that this hyperplane may be coincident with s = 3,,

the following linear system must be solved:

1 T
Lz,+%8Cfl(zp) =ca

where o is a still indeterminate normelizing eeefficient. By
solving for a one obtains
. det L 1
s SXoTacw T E BAI%Y

where i is the matrix of the system, with the structure

g 4

1
M = ----..;-_--
]
'
'
'

c

GRS
We have then

h = wzo') =z,.Lz, +8 Fl(zy) '

and by substitution

h =y 2"+ 8 F (zo)
where
Rl T
Y = dech
and also
det [

det (L +CTC) - det L

Note that y does not depend upon the nonlinear characteristic.

Then (5) takes the generzl form:
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2

z.Lz + BF(z) = vz~ + BF(3,) (7)

where is, as known:
z = C=z .

z
F(z) :f f(g) d &
o

Properties of the hypersurfaée (7)

It is well to point out here some fundamental properties
of the hypersurface defined by (7).

(2) Point of tangency with the hyperplé.ne Cz=+z_. For

2=z  the equation (7) is redﬁc_éd to:

2

z.Lz:Tlo . / (8)

then all the hypersurfaces (7), that are obtained for different
nonlinear characteristics, are tangent to ¢z = z a at the same
point x .

(b) Intersection with the hyperplanes parzllel to Cxz = 3.

Let

L

€z =3 ; (9)

“be the equation of the hyperplane, with -z,< Z<+z,. The
system of (7) and (9) must be solved: then (7) itself is
reduced to 2 second degree equation, and we obtain a
generalized ellipse (i.e. & hypersurface of order n-2) in the
state space. The orientation 6f its axes, and the rate of
their length (that means: the position and the shape of the
ellipse) do not depend on the nonlinear characteristic; the

length itself, i.e. the extension of the ellipse, depends on
the function of z: ;



48
P (z,) - F(z)

that is represented by the shaded area in fig. 2. The
extension of the ellypse increases with the area if B is

positive.

(c) Let now y = f(z) . be an odd function of z and be

included, Ffor |z| < z,, between two straight lines, y = klz

z for £(z) in (7), two

12 and k

generalized ellipsoids are obta&ined:

and y = kzz. By substituting k 2

vl(z)=z.(z4§ Bk, cTc)iz = (y+ 58 k) zoz
2
~ (10)

They are tangent to the hyperplane Cx = z, at the point x,.

tol tolm

Vy(z)=z. (L+g B k, CTC) z = (¢ +

8 kz) 2

Let be, for instance, 8 k; < 8 k,: then the second ellipsoid

is contained in the first. As £(z) is odd, then F(z) is even
end the hypersurface (7) is symmetric with respect to the
origin. Under this condition it results immediately from (b)
that the hypersurface (7) is completely contained in the first

ellipsoid and contains the second one.

(d) Tet h be increased. The ellipses, that are described
in (b), expand, and therefore the whole hypersurface (7) is
expanded. This happens whatever be the sign of 8. This means

that the Liapunov hypersurfaces V(z) = h are equipotential

even if g is negative:

Regions S bounded by ellipsoids

Let be 8= 0 in (3), and consequently in (7). Then we
obtain a value of the absolute stability limit, that is
generally smaller then k; as a consequence, the limit value

2y, beyond which the characteristic leaves the absolute
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a new coefficient Y are obtained. The eguation (7) is reduced
to the same form of (8):
Sp epiaiute @
z.l'z = y' 3!

Then the boundary of the region S 1is reduced to an
ellipsoid, the shape of which does not depend on the nonlinear
characteristic. It is clear that such a region § is a worse
approximation of the domain R, then the region obtainble by
assuming p# 0, i.e. by taking into aczount the nonlinear

characteristice.

Regions T

Until now we dealt with the subsets § of the domain R,
that are bounded by a Liapunov hypersurface: they are
characterized by the fact that a trajectory of the system (1),
starting from an internal point, can not leave them. ilore
generally, we indicate now as T any set in the state space,
from the elements of which the trajectories of the system are
asymptotically stable: a trajectory stariing from a set T may

belong net entirely to it.

A region of the state space, that -is fully contained in a
region S, is of course a region T. A particular case has
already been found: from the property (c) of the hypersurface
(7) it appears that the ellipsoid (10) bounds a region . P for
the system (1). This means that whenever we know that £(z) is
odd(7), and is bounded by a straight line (from upper or
below, depending on the sign of p), we are able to approximate
the stability boundary by an ellipsoid, even if the nonlinear

characteristic is not entirely know

In particular, if P is positive, the ellipsoid (&):
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2 b s ¥ z,
that is obtained from (10) when the line y = kzs coincides
with the axis of the ascissas, bounds a region T for all
.systems (1), the nonlineér characteristic of which is odd and
satisfies (2). If £ is negative, such a region T is bounded by

“the ellipsoid

1 2

‘=.(L t3 B k CTC) z = (y + % B8 k) zo

This type of approximation of R by an ellipsoid, bounding
a region S or T, is still of interest because it is seme kind
of extension of the basic idea of absolute stabilty to systems

that are locally stable: it gives a stability region, that is

independent of the particular shape of the'nonlinear

characteristic.

First example: & second order cvstem

The case of a second order system, although very
particular, makes it possible toperform a very accurate
analysis of the resulté, that is much more difficult for
systems of a more complicated structure. We consider the
system of fig. 3: by a suitable cioice of the state variables
the equations (1) are obtained, with

-1 0 1

0 9 1
The system is absolutely stable in the sector (0,ec) with any
-value s 2 1; it is easy to see that the area of every region S
for such a system reaches a haximum for g=2 , whatever the .
nonlinear charazcteristic may be. We consider the class of

nonlinear characteristics of fig. 4: for g = 2 the vzlue of
f(z) is supposed large enough, that the stability boundary is
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approximately the same as for f(z) =co.

The Liapunov hypersurfaces (7) are ellipses:

ot B B B > 2.1
3 % et B k (z, xzi 7tk (11)

Such ellipses, as obtained for some values of k, are compared
-in fig. 5 with the stability boundary. The ratiog between the
area of the region S defined by (11), and the area of the
corresponding region R, may be taken as a quality index. It is

shovm in fig. 6 as a function of k.

The nonlinear characteristics of fig. 7 have been also
considered. The cbrresponding hypersurfaces (7), as shown in
fig. 8, are.no loﬁger ellipses. They have been compared one to
another for equal values oftheintersectioﬁ with the axis of
the ascissas, z,=1, and for equal values of the area included
between the ;haracteristic and the axis of the ascissas: with
a very good approximation, the same values of g have been
obtained.

Regions T: the ellipse (11) bounds a region T for all the
systems of fig. 3, the nonlinear characteristic of which is

odd and has the property
L) <k *f |a] <1

2
In particular the circle

bounds a vegion T for the systems, the charaéteiistic of wiiich
lies in the sector (0,00) for |z|<z. It may be easily noted
that the same circle bounds the region S, that is obtained by
Supposing 3 = 0. In this case the absolute stability sector is
reduced to (0,1].
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Second example: third crder system
The same system as in fig. 3, but with a2 third orizsr
transfer function of the linear part, is consid=sred. It is

represented by

o | 0 0 =2
l o 2 wxd

It is apcsolutely stable in the sector [0,8), with 8 = 15 for
such a value two matrices L are obtained. We consider
nonlinear characteristics of the same type of fig. 4, with

0< k <8. The Liapunov hypersurfces are the ellipsoids

1_2 I T
v DB U P TEELE B (12)
bty 2 1 g = h) -

5 T, #2 Tyt k) zTmzg Tt Ty xamd Ty T 5 4G k (13)

The ellipsoid (12) has the larger volume for k 8/3. As an
example, in fig. 9 the intersection of (12) with the
coordinate planes (computed for a value of k very close to 8)

is compared with the corresponding intersection of the domain R.

In particular the ellipsoid (13), computed for k=0,
bounds a region T for all the sys:cems, the nonlinear
characteristic of which is odd and belongs to the sector (0,8)
for |z|<l1. If we suppose g = ¢ the stability sector is reduced
to [0,4], and we get two el'lipsoids, the second of which

2

2 2 ' L
z,°+3,6182,°+4,0002,°-3, 23622 ,+3,236x 12,-6,47 22,2 ;=1

-

has the larger volume. It is used to bound a region S for all
the esystems, the nonlinear characteristic of which lies in the
sector [0,41 for |z]|<1.

The same system has beeun examined for different values of
k and differently shaped nonlinear characteristics. The

resulting ratio between the volumes of the regions S and Ris

SRR S
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approximately constant, provided that the chardecteristic

leaves the stability sector guickly encugh: this is because a

smoothed characteristic in the region z=~z, produces a wider
region R, and therefore the quality of the approximation

becomes worse.

In other words, a% least for the present class of third
order systiems, the extension of the stability domain appears to
depend more on the way how the nonlinegr characteristic leavés
the stability sector, and less on its behaviour in the .

interior of the sector.itself.

Conclusion

A practical method has been shown, ﬁhat follows directly
from the concept of absolute stability. The main computational
problem, that it involves, is to determine the matrix L: this
requires, as known, t§ soive on a digital computer a set of
sinmultaneous algebraic eéuations. The gquality of the results

is often satisfactory, as shown in the examples.
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concerning with the particular case,where a quadratic form
is used as a Liapunov function. This assumption, as shown
in the text, leads to more restrictive and Iess.approximate
results. :

Under restrictive conditions, other cases maybe considered,

where some of the eigenvalues of A have a zero real part:
see M.A.Aizerman, F.R.Gantmacher, Absolute stability of
regulator systems, Holden-Day, San Franc1sco, 1964,
chapter 4.

The lower limit may be included if A is nonsingular; also
the upper*limit is often included in the interval,
depending on the way followed to determine k.

M.A.Aizerman, F.R.Gantmacher, op.cit.

This condition, f(z) to be odd, may be easily removed: it
is sufficient, in order to do this, to determine the
hyperplane Cx = -z, that is tangent to (7) on the .
opposite side of Cx=z, with respect to the origin. This
means to solve Ior z; the equation

va,? ¢ 8 F (2) =y 3, 48 F (2

Then it is easy to prove that the hypersurface (10), with
2z, replaced by zj, bounds a region T.
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ON THE CONSTRUCTION AND USE OF LIAPUNOV
FUNCTIONALS

P.C. Parks, A.J. Pritchard
Institute of Engineering Control,

University of Warwick, Coventry, England.

Introduction

There is & growing interest in distributed parsmeter systems, i.e.
dynanical éystems. governed by partial differential equations and their
analysis by direct methods as oppoced to finite difference models, Wangl
has recently published a bibliography of papers in this field concernmed

with optimal control and stability.

In this poper we use the Liapunov method suitably extended to
distributed paremeter systems, examining peneral methods of constructing
Liapuncv functionals and the use of such functionsals in designing feedback
loops for control systems. . It is found that the Liapunov method can give
some interesting results for linear distributed parameter systems, the
stability analysis being much simpler in scme cases than the classical
enalysis using Laplace Transform theory. The Liapunov method can be
extended to cover partial differential equations with space dependent
coefficients for which the'Laplace Trens form method becomes much nore

difficult or impossible.

Four examples of the technique are given and comparisons with

classical techniques are mede, Topics for further research are tuggected,

1, Basic Concepts end Stability Theorem

The definitions and theorems given in this section are essentially
those of Movchana’3 although we will follow more closely the interpretation

glven by Knops and wilkelu.

A specific system is considered, and it is assumed that the variables
z, (x, t), za(x. t) .... represent measurable values of the physical
qQuantities at time t, and x in the spatial coordinete vector. The state
of the system is specified by the set (zl, Ty eee s t) which will be
written (g, t)., If we associate a metric,p, with this set we may represent
the notion of the dynamical system as a path in a metric space. One such
Path, denoted by the points ((o, t) will be teken as the unperturbed path
and all other possible paths will be referred to as perturbed paths. The

netric,» may then be taken as a suitable measure of the "distance" of a
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'point in the perturbed path from a point in the unperturbed path. A
further metric, o, will elso be introduced, such that the metrics p end

p, 8re zero for ¢ = i;°. Tne metric P will serve as a generalized measure

of the initial disturbance and p will serve as a measure of the disturbance

at subsequent times t.

Definition of Stability

The perturbed path originating at the point (co, to) is compared

with ell other possible paths originating in a neighbourhocod of this initial

point, end it
(i)

(ii)

(iii)

is said to be stable with respect to the metrics p end ° if
the metric p(z, t) is a continuous function of t for any
non-degenerate path,

Given any ¢, > O, a number Gl(r'.l.' to)(> 0) can be found such

: |
that for any perturbed path at initial instant t,, the

inequality p((,(to). to) <5 is satisfied provided that

‘po(C(to)' to) < § is also satisfied.

Given any number g, > O, & number 62(e2. to)(> 0) can be found

2
such that for any perturbed path p(z, t) < & for all t,

provided thet at the instant t, p (z(t ), t) < &0

ir 61 and 62 are independent of any initial instant tl, the system

is szid to be

uniformly steble, and if p - O as t -+ O the unperturbed path

is said to be asymptotically stsable.

Liapunov Stebility Theorem

The unperturbed path will be uniformly asymptotically stable with

resnect to the metrics PP, if

(i)
(ii)

(iii)

(a)

(v)

(c)

p is & continuous function of t for any non-degenerate path,
p(g, t) tends to zero as po(C. t) tends to zero, i.e. given
€ > 0, there exists & such that p < ¢ whenever Py < 8.

On the subspace consisting of those points wiich satisfy
p(zs t) <R, where R is a real positive number, there exists
a functional V(,t) corresponding to a real number at each
point (g, t) with the following properties:

There exists a non-decreasing function y(p) such that

L <-x(p) <o.
There exists non-decreasing functions a(p), B(p) such that
8(p) » V(g,t) > alp) > 0.

The functional V(g, t) is continuous with respect to the metric

Pp OB the set of initial instants t’o. If p = P, Ve may say

that the system is uniformly asymptotically stable with respect to a single

motvic a.

4
|
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Movchan has also extgnced Cheteev's Instability Theorem to continuous

systems, deteils of which may be found in referencesz’g"h.

2. Construction of Liapunov Functicnals

It has been shown in the previous section that in order to apply
Liepunov's Stability Theorem it is necessary to construct suitsblie Liapunov
functionals. An obvious choice for such a functional is the energy of a
dynamic system. Lerays. Ga.rding6 and Peyser7 by using energy integrals
and inequalities have obteined estimates for the solution of the Cauchy
problem of hyperbolic equations of several variables, Their work is closely
related to the field of stability and the energy integrals they generate
mey be teken as Lispunov functionals. We first review their methods, which
have been established rigorously for hyperbolic qqt&atioﬁs and then use
similar methods to generate functionals for a wider class of operators.

(i) _Method of Ieray end Garding

Let L be a hyperbolic operator of order m. We multiply this
operator by an operator, N, of order m-1, and express the product Lu Nu as:
a gradient q(u) plus & quadratic form Q(u) in derivatives of order less
than m. If G is a lens shaped domain, bounded by space-like hypersurfaces®
B, we have

J/ Nu Lu dxl dx2 ees dx At = S q(u) d.xl dxa ees dx
G B

* s Qu) ax) dx, ... ax dt.
G

Leray and (}a.rd:l'.ngs'6 show that it is possible to choose IB q(u) dx, dx, ...
to be positive definite if N is chosen so that its characteristic surfaces

separate those of L.,

Let N(&), N(£) be the characteristic forms of L and N and x &
direction which is space-like8 for the operator L. Then we choose

Q) = g, LOE+ ) |50

We now take IB q(u) dx) dx, ... es the Liepunov functional, V,and since

Lu = 0, we have

V= / q(“)dxldx
B

& -7 Q(u) ax, ax, ... dx
B

o evee dxn = - IIG Q(u) dxl dxz see dxn dt,

dat
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(ii) Method of leyser

Consider a hyperbolic operator L(u) of order m for a function u(x, t)
of two variables x, t and a solution u of L{u) = 0 in = slab £: O ¢ t < T
and assume u has in I compact support. We choose an operator N(u) from
L(u) by formally differentiating the expression L(u) with respect to the,
3

symbol Tt*

l’e}'s¢ex"r

shows that
s7; H(u) Llu) dx at = r(alu, 1) = q(u, 0))dx + /1y alu) dx at

where Q(u) is a positive definite quadratic form. We tuke fq(u) dx as

the Liapunov functional.

. The methods outline zbove may now be generalised to other overators.
We shall refer to the method es the P-Method and it will consist of multi-
plying the operator L by a suitable operator N and integrating by parts to
obtein the Liapunov functional. The cperator N mey be chosen by either
the method of Peyser or Leray and Garding. For systems zoverned by hyper-
bolic operators the resulting Liapunov functional will be positive definite,
however for more general systems the functional will only be positive
definite if some of the parameters of the system are suitably bounded.
This leads, by making use of integral inequelities, to criteria for stapility.
Some of the more useful of these inequelities will be reviewed in the next
section, but first we illustrate the methods for a single, one dimensional
parebolic equation, 4nd a pair of equations which povern the vibrations of

a danped rotating shaft.

Diffusion Eguaticn

We consider the equation
L(T)=Tt-kTu=0vhereT=0at.x=0,l

and Tt' Tx denote partial derivatives of T with respect to t and x. The

operetor N is easily found by the P - Method. ¥We have N = T, so that

1
77 u(T) L(T) ax at = 3 f Tzdx-k.r['I‘rxxd.xdt
i 2
il | PR ax + k [/ T ° éx at

b |
The Liapunov functional V = 3} f 12 dx
o

b -
av 2
and 3t = -k:: Tx dx

Tne Liapunov functionel is the energy of the system and although v




63

have only considered a relatively simple example here, the extension to
more general systems of parabolic equations is easily carried through.
‘r.'mg9 and lisulo have carried out a stability analysis of such systems by

using the energy as the Liapunov functioneal.

Vibrations of & demped rotasting shaft

The relevant equations esre shown by Bi.sho;::l"l to be

2

B B 2.Qut + l:lvx + kavt - nk3u =0 (1)
2

U, -Qu+ 2mrt + kluxx + kyu, + nk3: =0 (2)

vhere u, v are the deflection components with respect to moving axes and

8 kl' k2. k3 are teken to be positive constants. The gbove equations

will be discussed in more deteil in section I, Example 1 where stsbility
criteria will be obtained. Here we make use of the equations to illustrate
techniques involved in constructing Liapunov functionals. We consider the
cese of pinned ends, when

u-v-u“ﬂvnt()atxao

By using the P-Method we easily find that the opernfor N is composed of
zvt + kav - 20u and 2“1. + kzu + 20v. Multiplying equations (1) and (2) by
the components of the operator N, adding and'integrating by parts over the

slab 0 ¢ x ¢ 1, t stz T, ve obtain

1T X
i ti[(2v + kv - 20u)(vy, - 0y - 20u S kv + kv, - (kou)]ax at
B g
+ - 2 -
! f[(zu +kyu 4 20v)(uy, - 2%+ 20w, vk o+ ko - 9kov))ax at
2
= [[v -Znuv +2Qvu +k2(w +uu)+ﬂ(n #v)+k(xx xx)

1T
+ kaz(n2 + '?)]:' ]dx + 1 [kz(n B 2) + (2ﬂzk - o )(\x2 + v2)
o ot t t 3 2
(3
2 2 3
+kk,(u ®ve )+ 2m(uy - uvt)] dx dt.
We have for the Liapunov functional, V

1
2 2 2, 2 2
V= of[vt +u° n(“‘t = ‘_“t) * kz(““t + "t) +q (u" +vY)

2
k
2 2 2y @ 2
SRR, AW, S le ¥ s
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1
av 2 2 2 2 2 2 2
end gr = -g fey(u,” + v,%) + 20 (kg = k)" + v°) + Kk (u © + v 5)

+ 2m3(u,°v e uvt)] dax.

The ebove examples illustrate the P-Method of generating Liapunov functionals,
We have elso used the method to regenerate many of the functioneals which

nave been used in the published stability analyses of continuous systems by
the Liapunov Method. The method seems applicable in fields varying from

12,13

geroelasticity to hydrodyna.micslh =

(iii) . Other Methods

Other methods of constructing functionals have been suggested

reécently by Sira:zet;dn'.novl5 end Buis and Vogtl6

3. Inequalities

In order to obtain stability criteria and relate the chosen func-~
tionals end metrics it will be necessary to use integrel inequalities. 1In
this section we review those inequalities which prove to be most useful to
the examples which follow in Section 4. A more detailed treatment may be

found in referenceas’ 17'

Schwarz's Inequality

b 2 L ¥,
(r x(t) y(t) at} ¢ s x°(t) at 5 y°(t) at
a ’ a a

where 2, b may be finite or infinite,

Use of the Calculus of Variations

A typicel problem of variational calculus is to find e minimum of

1
Hy) = 1 Flx, ¥y, ¥pa v, ) &
o

for ell functions y(x) which satisfy certain boundary conditions. The
general theory tells us that if such a minimizing function exists it must
satisfy Euler's equation:

2
et &+ @ =0
Y ax® Vx

As an example, we consider

2 b2
F=yxX -1y
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together with a variety of boundary conditions ‘

(i) y=0, Y T at x =0, 1
(ii) y=o0, v, =0 at x = 0, 1
(iii) 'y =0 at x=0,1 y,=0atx=0, V=08t x=1
(iv)yxxﬂo. Tux 1 % at x=0, y=y_ =0atx=1

Euler's Equation is y - Ah y=0

The eigenvalues Xh are easily computed for the various boundary conditions

and are all positive and real, For each eigenfunction Y(x) we have

J(Y) =0
1 1
b
bl ruzdxnm r yPax
o ]

where Ap is the minimum eigen value.

Corresponding to boundary condition (i) we find A =T,

m
{iix= & N, = b.78
(iii) " Am = 3,927.
(iv) - Am = 2.365.

L, Example I

Consider a damped, vibrating circular shaft shown in figure

hi
The equations of motion a.re'l

- 2
Vm-navsamti-ﬁv +kv-qk3u=o
ut-ﬂu+2nvt#k1u +k2u +gkv=0
vhere EI b+ b, b
k-—'k-_——.k;_

1 & 2 Ap Ap

Q is the imposed angular velocity of the shart‘, A the cross-section area,

¢ the density, bi is the internal viscous damping, be the external viscous
damping, EI the flexural rigidity, and u and v are the deflection components.
The conditions of support of the bearings may correspond to cla.mped. pinned,
free or sliding ends.

\

We consider the functional, derived in Section 2

1
v 2 2 & g ipc D
= g[vt *u, +29(vut uvt) +k2(uut+vvt)‘+n (u” + v°)
2
k
2 2 2 2 2
+xy(u 4 v )+ (° + )] ax,

1
and the metrics pQ2 = 02 = f (u2 + v2) dx




66

X g
av 2 2 2 g 2 2
M?t'"i(kz(“t +7,°) + 2%k, - k)W 4 V) sk (u T4 v )

+ aksl(utv - uvt)] ax
1 .
Bow V= [ [i[\at + (kau + nv)]2 + l['t. + (kzv - nu)]2 + “'t - tlu)2
° .
+ ““t + 07)2 + kl(vnz + una)] dx
then V3 k x: o*
; : <k 2 2
\'OMN%S-: [kz [utﬁ%v] +k, ['t'-n;s“] +
2
k
o(aozka - 0%, - a2 % + 1;11;21\_")(112 . 72)] ax

» 4dv 2
veag STV *
k
A 2 h
vhere 7-202k3-02k2-ﬂ ;a:- skt
The system is therefore stable with respect to the metric p ify > 0 ‘j
‘..30 v 9
o PRIy
n
+ b
10.0 e .i. > ]

b 2
L -
This is a result obtained by Bilhopn' using & principal mode anelysis.
The values of L corresponding to 3

(i) opinned, pinned ends is A=,

m
(ii) clemped, clampea " - k.73,
(iii) sliding, pinned » A, = 3.927.
(iv) free, pinned . R, - 2.365.

Example 2: Temperature control in a-uniform insulated bar

Consider the temperature control problem shown in figure 2. The
uniform insulated bar of unit cross-section is to be heated to a given
temperature Ti by means of a heating element at the end x = O, The heat
input, h, is to be controlled by a suiteble error actuated loop using the
tenpersture reasured at a suitable point in the bar.

The termperature T(x, t) satisfies the partial differentisl equation
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T, =k T ., vhere k is the diffusivity) and the boundary conditiomns

are
=K T l = h, K being the thermal conductivity,
x
x=0
and
T = 0,
% lx-!.

Let us consider first the Liapunov functional

Vs ; (T - 71)2
x=0
This functional may be found formally by the method of Peyser on multiplying

the partial differential equation for T by T and integrating with reapect to

t and x. ;

¥ av L >

il & "2, (Pem)T ax=2/ (PT-T)kT &
x=0 x-o

= Z(r-1)| n-2x : (r)? ax
x=0 x=0
on integrating by parts and using the boundary conditions. The form of
av :
@ suggests at once that

(i) the temperature should be measured at x = O,
(ii) thet h should be proportional to =(T = Ti

By adding to V the additional temm A(('r -7 )Jj —- is found to
"

have the additional term 2A{(T - 'ri) } Ty wai ggestl an alterna~

tive form for h with a derivative te X tx-O
AK
h=aG(T=T,) - e T .
i’ |x=0 k tl x=0

‘Iln both cases by use of the Schwarz inequality it may be shown that

\4 B il

ol YV vhere ¥ > O and that the system is asymptotically stable in terms
of the norm ¢, vhere 0> = V,

It might be argued that a better measure of the initial disturbance
'; t = 0 might bo Snp (T - T ) . This is admissable as a metric Po since
P =Vsgopt. ¢

Oansidnr now the classicel Laplace transform analysis of the first
scheme in which h = =G(T = 1'1) . ‘The stability analysis involves
consideration of the block di :g containing a transcendental transfer
function in s as shown in Fig.3. We apply the Nyquist criterion to the open
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loop transfer function by considering a contour consisting of the imaginary
exis indented at the origin and completed by & large semi-circle in the

right-hand half plene, We are concerned essentially with the behaviour of
'/sl cot h /5 as s traverses this contour, there being no poles of the func-
tion inside. This btehaviour is shown in Fig.4 and it can be seen that the
(-1, 0) point will not be encircled even if G is incressed. This analysis

is considerably more involved however than the Liapunov method used sbove.

Example 3(i): Anguler position control of a uniform shaft flexible in torsion

The wave equation is ancther familiar type of partial differential
ecguation and is involved in the following feedback control problem which is
illustrated in Fig.5.

The eguation of motion of en element of the shaft yields the one

dimensional wave equation for angular displacement €(x, t)

10, * (GJ ex) x=06Je

vhere I is the moment of inertia per unit length and GJ the torsion stiffness

of the ghaft, The boundary conditions are
- T=-\:Jex|°, exh= c.

A suiteble Liapunov functional is the total energy

L F 3
Vel s 1e) ex+3 s ci(e)?

x=0 X=0
V can also be found by the method of Peyser,
for which av 3 .
Ry J etGJBxx-tGJexetxdx
x=0
=[ve, 0, _J'=¢| =
*=0 x=0
Tnis suggests that T should be proportional to = e . However we
require for closed loop control that 6(x, t) + ey and so we add to V an
2 av
additional term lll(eD - elx-o) . This yields in 5 the edditional term
2 (6 -8 )-8 )o If now
1''D lxto ‘lx-:o
T=x(e, -8 ) =28
1D 'x-o 2 tlx-o
then
&= aye, $2z
dat x-o . Now considering the norm

3
=(f (612 + (e )2 ¢(e - €)% ax)
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end using the Schwarz inequality to give

L 2

;)P ax> 2 re-¢ Pa
X 2

o L c x=0

we have noa € Vs 692 vhere

1 . i
a = min {E' iGJ-cl,-l—z. ET-}.0<¢1< } 6J,
A l-c¢
Bamax{-g-.%,-z—l}/min(ez, laz,i),o<52<l.
av = : .
4 7 Ounless et 2 0 in which case 6 = eD everyvhere.
x=0

The enalysis suggests measuring © and its time -derivative at x = 0
end making the torque proportional to the position error plus velocity
damping. Thus deleys due to torsionsal waves travelling along the shaft

are avoided.

The classical Laplace transform analysis once again is gquite
involved. The closed loop appears as in Fig.6. The transcendental
transfer function looks superficially similar to the previous example, but
with the important different that /s is here replaced by s. This changes
the pole pattern and we have to consider a contour as before b;xt indented

not only at 8 = O but also at s = + ,_r;i r=1, 2, 3 «ee The essential

GJ

 RE coth s with 8 =iw shown in Fig.T7. The

behaviour is demonstrated by =

branches are connected by large semi-circles to the right so that the point
(-1, 0) is not in fact encircled. If the Laplace enalysis is persued
further to investigate feedback of € end 8 from any point other than x = o
it will be found that such an arrangement will be unstable,

Example 3(ii): Extension to a non-uniform shaft

The Laplace trensform analysis becomes difficult or impossible if I
end GJ vary with x. The Liapunov analysis however still holds. We use
the same functional, but we modify the definition of o and B to be

4 5 € A
5 min 1 min : 8 3
e=mia {, x¢c2 5'[0cxsl;w] el’le'al h
. min
<
VEn 0«:‘!.3“'
A l-¢
max I oy By Slod s 2
B-mu{o.sxs!. 2° 05:5’.2'2:/"“,“2'?"2'“

C<e, <1,
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Example k: Normal acceleration control loop in a uniform flexible missile.

Let us now consider a uniform missile flexible in bending and
controlled essentially by putting an angle of incidence of fins located at
the centre of gravity. This is an idealisation of certain types of
antisircraft missile end is illustreted in Fig.8. If y(x, t) is the bend-
ing displacement of the missile then the equation of motion for an element
is

(BT ¥ )py = = B g

vhere EI il the bending stiffness and m the line density.

The boundary conditions are that EI ¥ * (EI Ees ) =0at x=-aeand x = &,
Vs Yo Vpy continuous at x = 0, amd %hat L -[(EI Y );: vhere L is the
normal force due to fin incidence, 3.

Taking a8 a tentative Liapunov functional

a
2 -
Ve d [ EI(y ) a&x+m(y) axzp

we have
a

g'n. ] EI Y yt

+mny vy,
dt il xx “txx t tt.

e ] 2 a
= [ EI Yex Yoxx & ¢ I yt(-EI yn)xx ax + J/ yt(-EI ’xx)xx

X==8 Pt ¥ x=0
a s
= SRy ¥ +(Ely ) y,dx+y L
Fnan xx “txx xx‘x “xt t'x-o
=y L

t::-o

This suggests that L should be proportional to = - « If a feedback
loop with accelerometer feedback is to be used this ﬂggutl that the
accelerometer be placed at x = O and the output integrated Vith respect to °
time to form A » thus leading to the loop showm in Fig.9. The Lispunov
mily extended to & non-uniform missile in the manner of
Example 3(ii) using the same functional V,

analysis may be

While an exact Laplace transform analysis could once again be

applied we now examine another commonly used technique, that of normsl modes.
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If ve u;;me the motion is made up of a finite number of normal modes with
mode shapes fi(x). frequencies w; and generalised co-ordinates 9y then
Lagrange's equations for the circuit of Fig.9 with n, = 0 are of the form

Ai'q'i + Byq = =K K,(f,(0)q + £,(0)q, + ... + 4 (0)q,)¢;(0)
wvhere B
.12 = -Af . Considering the Liapunov function

o . 2 2
Ve BodANg ot iy ;
yields

s : A‘qiqi + B = : -:lxz(rl(o)&1 Fialle 4,(0)q,)z; (0)g;

- K, (151 £,(00g)%.

There would be no effective damping by L of a mode having a node at x = 0,
but neither would L excite such a mode.

The suggested positioning of the accelercmeter at the point where
L acts appears to be new and contrasts strongly with the common practice of
plccing the accelerometer at or near unodes of the lower frequency modes,
Considering an approximate open loop frequency response of Fig.9 uung the
o normal modes we obtain the open loop tnnlfer function

2.2

llle{ " }.

i=] Aa.' + B

Indenting & contour as before in the s-plane indented at the poles s = :iui
ve obtain the Nyquist diagram indicated in Fig.10. If some damping had
been included to modify the denominators to Aisz + Cil + Bi the diagram would
take the more familiar form of Fig.ll. This shows that for an accelero-
meter placed at-the same point that the force L is applied the circles or
'parasitic loops' all lie in the right-hand half plane and cannot therefore
encircle (-1, 0). If the accelerometer were placed at a node of the
fundemental mode this particular loop would be eliminated but other parasitic
loops would lie in the left hand half plane, as shown in Fig.l2 which
corresponds to the transfer fumction

nlg

e (3 2

5 }
1=] Ail +Cil+Bi
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where 8; is the displacement in the ith mode at the accelerometer position
chosen so that g; = 0, but implying that for certain higher frequency modes
figi <. 0.

Conclusions

This peper has surveyed the theorems and construction methods of
the Liapunov functional technique for partial differential equations. A
number of linear problems have been tackled, and it has turned out here that
the Liapunov method is not only simpler than the classical Laplace transform
anaijsis, but cen lead to new design principles - for example, the accelero-
meter positioning in flexible missiles explained in example 4. The
Liapunqv method is particularly valusble for linear non-uniform problems
illustrated by example 3(ii).

It is in non-linear problems involving partial differential
equations that the method promises to be of greatest value and indeed certain
non-linear problems have been tackled - for example, non-linear hysteretic
damping in [13] and full non-linear form of the Navier-Stokes equati.ons of
hydrodynamics in [lh]. Many such problems involve the search for stgbility
conditions on certain parameters, and the Liapunov method usually yields
sufficient but not necessary conditions deduced from %:—:—. Sharp criteria
include efficient use of the calculus of variations to establish inequelities
between integrals,

There is & need to examine
(i) what problems, old and new, are aménesble to ‘Liapumov
functional shalysis,

(ii) develop new construction methods for functioaals,

(iii) devise methods which lead to sharp stability. criteria.
The method of Liapunov epplied to partial differential equations is still
in its infarcy, but when cne considers the progress in its application to
ordinary differential equa't.ionu in the last ten years cne feels confident
that much progress towards (i) (ii) and (iii) esbove will come in the next
decade.
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REMARKS ABOUT A METHOD OF ASSOCIATED
LINEAR SYSTEMS

O, PALUSINSEI - A, LAURANS -~ M, GAUVRIT

Research Center for Automation

Cité Fournier - 78 = Velizy - Villacoublay

The idea of an associated linear system introduced in 3 and
developed in 1,2 appears to be highly attractive., This is

in the analysis of nonlinear systems stability, due to the sim-
plicity of a stability c¢riterion which can be formulated for
certain classes of nonlinear systems.

We recall that the given system is described by the equation

x={()x "/
where x is a vector and £/x/ is a quadratic nxm matrix
£/x/ # o when x # O,

The associated linear system /A.L.S./ relevent to the system
/1/ at the point x = X o may be described as follows:

x=flxo)x

The hypothesis of the A.,L.S. method is based on an assumption
that the sufficient condition for global asymptotic stability
of the system /1/ is fulfilled, when all A.L.S, are asympto -
tically stable, for all points x = Xy
There is also assumed that the differential equautions fulfill
the Lipsehitz conditions,

Generally this hypothesis is not true., However, it is inte -

resting to define certasin numher of c¢classes of nonlinear
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systems, whose stability may be investigated using this me-
thod. This subject has already been discussed in a number of
papers., :

In this paper, the authors give results with regard to certain
classes of control systems containing a linear plant and non-
1inear_controller, and indicate how to apply a linear gtabili- l
zation method to certain nonlinear systems. Next, they present

a new, fairly general class of systems containing several
nonlinearities.,

1. CLASS OF ONE - DIMENSIONAL SYSTEMS

The results presented below apply to the class of control ay
stems containing a linear plant, The last is defined by . the |
differential equation L/p/s = ku, where p is the derivative
operator, L/p/ - n-th degree polynomizl of p, u - out put of
the controller with nonhysteresis characteristic contained in
the first and third quadrant /see Fig.1 aud 2/,

This may be described: u = £/x/x.

1¢1. The case when L/p/ = p /M/p//} where M/p/ is a polynomial
of p, of /n-1/-th degree /velocity-controlled system/,

Equation of the system may be wﬂt’cen ass

R +o,. X"+ kfx)x =0

Let x be a vector of comfponents X, 2/1/, coo x/n-1/, 8 be a li-.

neer combination of components of x.
Applying the Lurye-type Liapunov functions

8
v(x)=x Bx+A[ fyudu .
/where: B is a positive definite matrix, the elements of which
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depend on the coefficients of M/p/, A 1is a positive number/,
it has been proved 2!/ that the method of A.L.S. was valid
forn=1, 2, 3

Accordingly to 6 it can be shown %that such a Iiapunov
function does not give the stability conditions for n = 5.
It seems to be possible to obtain these for n = 4,

It is worth whil® to mention that for n = 3 the method of
A.L.,S, is valid for differential equations of the following

typﬁl ] L " '
x"+a X' +,(x) K +a,x =0 PR

x" +{z(x') x'+0,X+0.x=0 AowaEg,
The above can be shown by using the Iiapunov function of the
type mentioned above,

It is interesting to study as an example the problem of
stabilizing a third-order system which belong to the class
described above.

In the case the nonlinear characteristic may be arbitrary ,
provided it is of a nonhysteresis type,:Jncluded in the
first and third quadrant,

The phase lead element may be introduced for stabilizing the
system, similarly as for linear systems, This is shown im’
fig. 3.

Thus the equation of the system iss

gy OL,X"*- [o,‘w( K{ (x+o X'ﬂx4 + Kf (x +& X') X=0

The problem arises how to find a sufficient condition for
stability of the system whenever f£/u/u is restricted to the
1-st and 3-rd quadrent and of a nonhysteresis type.
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For this let us consider the Liapunov function

8
V=XBX +20’1K"1J.f (z)zdz
X Q

where X=|X' G': a';_a'z 2 B
= p L and B= e, am+ al(o(vLa.,-i) a.vz
s V) Ana,

M is a fixed parameter,

The derivative \/ along the trajectory is:

. :. —Za,zx{(z)w(a.zkf(@) o
AV Ax with  A=|-aaxf@©)-200,(-1) 0
t 0 o -2aya,-1)

So, the following conditions may be obtained:
@, >0 @,>0

% _ 4a.fn-4)
a>4 0< Kf@)< B~ 223

where E 1s a real, positive, arbitrarily large number, since
4, is ap erbitrary number satysfying ) D1.

It is worth while to note that the seme condition o> 1/(2.113
received when applying the Hurwitz criterion to the linear -
system, obtained by substitution of f £/z/ = k' , if it is

required that this system is to be globally asymptotically
stable for each value of k’,
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"
1.2. Case of L/p/ sjr 19*’“:) witho(; >0 , Equation
v
of the system may be written in the form:

(u#ll) (‘) L
x(“-)_r a, X i T ...+a_n-4x +[a'|~+ Kf(’()]x"o

Using the Popov?’s theorem 9, it may be proved that the method
of A,L.S., is adequate for n < 5,

In the particular case when all o j were equal, it was also
shown that the method is valid for any value of n,

It is also possible to prove that the control systems with a
cosservative plants described bys .

g 2 (n-2) ;
<™, a,fX‘ ), alx‘“ . %fx F st s +=0
2 () (w-1)
where f:f(x,x A | ,‘L)

£ul£i1l the A.L.S. hypothesis O,

. F o
The proof is based on-a total energy formulas V= Qpp$ +$ Rq'
as a Liapunov function for a system represented by the follow-

Pa b4 +Rqs0

where P, D, R, are quadratic matrices, and q is a vector. For

ing matrix expressions

example if n =2 m § q is m - dimensional vector of elements
Xy 1/2/, see X Mo :

2, CLASS OF SECOND ORDER, MATRIX SYSTEMS

Let us study the stability of the systems defined by a matrix
equation . . : ‘ ,
P$ + ng-r R$ - O
, : : /3/
‘
where q = LV. gndPaawellasRare.guadratic,

5
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symmetric matrices of dimension m, with constant off-diagonal
elements, while the diagonal elements P 44 @d vy, may be
functions of certain components of the vectors qQ and q, i.e.t

P.=R(Q) y

i Lai.(%) . /5/
The elements did‘ of a matrix D can also nonlinear fumctions
of “he vectors q and g components 3

cad..(a,C /6/
dij=dij(9:9)
It is also assumed that the lipschitz conditions are fulfilled
Zor /3/.
Theorem
If the matrices P, R, D are positive definite, the system of
equations /3/ has got a globally asymptotically steble

equilibrium point at the origin,
Therefore it belongs to the class of systems for which the

A,L.S, method is valid.

Proof

The proof utilizes Iiapunov’s second method, with the ILiapunov
function having an analogous form to the total energy of the
system,

V=qAg+q Bg | 7
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where A and B are quadratic m x m matrices with respective

elementss 2 09
: ; /8/
J % l’J fo; s *J’
. -z i" :
b S q'.‘, " P‘-J (u,)ud,u, foz L3
J .;_ Ptj [ 79/

Let A’Y/ ana B/Y/ ve the principal minors of i-th order ,
associated to the matrices A and R respectively.
Using results proved in the Appendix, we obtains

- $‘ q’z ‘k -
det A(")z e R on f f f d et R )u.uz........u;_d.u.‘d.ul‘.. cl.u,é
14%1.””%5 N /10/

Similar relations can be obtained for the minors B/Y/ ana p/1/
of the matrices B 'and.P,.by replacing q; by qi in /10/.
According to the Sylvester’s criterion it follows that if the
matrices R and P are positive definite, the function V is also
positive definite,

Let us find a derivative of the function V along the system’s
trajectories, From the mathematical manipulations developed in
Appendix, follows that: '

rR ° 'T oo
= +q P
i g
° =T N
V=-9 bg
Hence, if the matrix D is positive semidefinite the function V
is negative semidefinite. This proves that the origin is stable.

or, considering /3/ 3
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In fast, using the Barbashin & Krasovskii theorem it is easy
to prove that the system is asymptotically stable if D is a
positive definite matrix, since no solution of the system /3/
does satisfy <.1.=_ 0, except of the origin,

Fvidently q = 0 implies RqQq = 0, hence q = O because R is
nonregular matrix,

Applications see p. 4 and 4 bis, § 1, 2

Notes

In the case when each matrix P, D, R is a scalar,
the following differential equation may be obtained:

‘ f, (x) """fg(" Xx) x'-rf,(x)x=0
uhare; L1 Lo 13 ere the arbitrary functions fulfilling the
Lipschitz conditions.
Using the preceeding theorem, the following suffiecient stability
conditions mey be developed:

x>0, f,(x%)>0, f,00>0

It is worth while to note that it ig impossible to generalize
the A,L,S., method for systems with 21 or :t; being functions
of x and x.
This is shown in the example below,
Let us consider a system described by the differential ewuation

%+ % +[1+ (x-%)]x =0 e
The functions t,,, :ta and 13 are strioctly positive, but the

system is still not globally stable, It can be proved that there
exists an unstable limit oycle;_ It is intuitively obvious that
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the system tends to diverge if its initial conditions awme
placed sufficiently far from the origin,
This may be seen from equation /11/ rewritten in the folZowing

forms o
XX (4+x%-2x')+(4+X)X=0
e W /12/

because the damping may ltronsla nagatiro.

The above shows that the hypotheses abg};ttho form of the
coefficients Pu and vy, of system /3/ ;_j.u‘-ggcessary if the
4,L,S, method is to be used.

Conolusion

The application of the total energy concept for gecond order,
matrix systems enables to generalize for higher order systems
of particular type the interesting properties soncerning the

‘ stability, However, it seems to be difficult to expect to
find a numbex» of other sufficiently general classes o:f. systems
that can be enalysed by the method of assoclated linear
systen, '



APPENDIX

I, Proof of relation /10

The principal minor of i-th order of the matrix B is in
the forms ,

9 4 s :
jq:f to(wudu gte L
o
3 tu %;fa"‘cu(u)udu.....-‘ztu
i & iEJ%
L" ' 9.9 v (wWudw

Let us £ind the corresponding determinant _
xpd, q, G
oletB“Laﬁi’z:@. > ) f o () udu, f ‘é‘l(u‘)u‘dw‘uf v, () udu.
B A ° 07 1o & y

where 2 denotes a sum taken over all permutations of the
sequence k,], ko, ki' K denotes a number of inversions in the
above sequence, .

We note that Rpkp is constant for p # kp

The above relation can be rewritten ass

: i ?\iz Y.
det B ’=€1‘—i, S [ [ [ T, K‘(u.‘)"cl “‘(u,) Ty ;(u) U ..U,

ciw‘cbw‘....d«w;=mi J; a':/a-a"..‘{ 1"'[2(.1)"1,.“(0.‘)'(,“&(%) Ty

() w,wy o ududu .o olu]

<

which proves relation /10/,
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II, We have to prove the relation

at [%qu] 97 !

Let us calculate a derivative of the quadratj_c m %Bol/
d.t[%Bgv] %BV%BV%BQ, Zo,Bg/»cq'Boy

the elements bi:l of B can be easily obtainedy

¢

b ={:Z%jo &(u)uduf—?v—- "'u(‘}) foe < =j

The form §B$ cen be therefore rewritten as %'.C% R
where 0 is & matrix of elements O,y defined byi

C { &'J' u)ud,u*'t“(QV) fou i<}
J 0 fw. V2]

Hence, the following relation results:

e gk dinyt
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