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DIFFERENTIAL DYNAMIC PROGRAMMING 

l. Introduct ion 

D. H. JACOBSONM and D. Q. Hayne 

Cen~re f or Comput ing and Automation, 

Imperial College , London. 

Consider the following control problem :crrnuuation : 

v (x ;t ) 
0 0 

x f(x u·t) • x(t ) x 
' ' J 0 0 

tf S L(x ,u; t )dt + F (x( t f)) 
t 

0 

g( u; t) ~ 0 

+ Cx(tf)) 0 

(1) 

(2 ) 

(3) 
( 4) 

x i s an n--dimensional state vector, u an m--dimensioanl control vector . 

f is a11 n--dimensional non-l inear vector func tion, \·lhilst L and F 

are non-linear scalar functions. g is a p ~ m-dimensional non-linear 

vector function and t i s an s ~n--dimensional non- l i near vector func­

tion . The object of t he cont rol probl em is t o choose u ( t); t e.[t
0
,tf] 

such that (3) and (4) are sati sfied and V, given by (2), i s minimized. 

Her riam1 , Hi tter 2 and HcReynolds and Bryson3 are some ~1ho have 

developed second-vari ation type a l gorithms f or uccessi vely improving a 

nominal , guessed , control func t ion. More recently Mayne 4 ha s developed 

a second-order a l gorithm using Dynamic Progr amming. (Di fferent ial Dynamic 

Pror;rw.ming) f.!cReynolds5 has , i ndependently , obtained equivalentresults. 

Jacobson6•7 ,B, 9 , l O has fur t her developed the notion of D.D. P. and has sh01·m7 

that the second- varia t i on algorithms2 •3 are only approximations to Mayne 's 

second-order algorithm. J acobson6•8•9 , lO has demonstr a ted that i f instead 

of allowing only small changes ir.. control t each iteration, large or 

global changes in control are permitt ed , then the D. D.P. algorithms which 

result are applicable t c a much l a r ger class of problems th~ existing 

algorithms. In par t icular , control inequ<U.i ty constrained problems can 

be sol ved . I t i s the purpose of t~s paper to report some of the new 

res earch r esults ment i oned ~bove, and to describe recent work on the appli­

c~tion of D.D . P. to stochastic bang-bang problems . 

D.n. J acobson i s no~1 ~lith t he Divis ion of Engineering and Applied Physics , 

Harva rd Univers i t , Cambridge, Mass . 02138 , U.S. A. 



2. Differential Dynamic Programming 

Consider first the case where constraints (3) and (4) are absent. 

The optimal cost V0 (x;t) satisfies the follo~dng P.D.E. 

- ~~
0 

(x;t) = min ( L(x,u;t) + (V~ (x;t), f(x,u;t))] (5) 
u 

Assume that the optimal contrul u0 (t); t ~(t0 ,tf] is unkno~m but that a 

nominal control u(t); t £.[to,tJ is available. On application of this 

nominal control, a nominal state trajectory x(t); t c.[to,tf] and nominal 

cost V(x
0
;t

0
) are produced by (1) and (2), respectively. Equations .(1), (2) 

and (5) may be written in terms of these nominal values by setting 

x = x + lix, u = ii + 1iu1 

V(x ;t ) = V(x ;t ) + a(x ;t ) 
0 0 0 0 0 0 

(6) 

where lix and liu are the state and control variables, respectively, measured 

with respect to the nominal quantities i, u; they are not necessarily small 

quantities. a(x
0
;t

0
) is the change in cost caused by using control 

u = u + liu, instead of u = u. 
Equations (1), (2) and (5) b~come: 

~t (i + lix;t) = f(x + lix, u + liu;t) ; i(~0 ) + 1ix(t
0

) = x
0 

(?) 

V(x ·t ) = V(x ·t ) + a(x ·t ) = sf L(x + lix, u + liu;t)dt + F(x(tf) o' o o' o o' o t 

oV0 

-at (x + lix;t) =min 
1i u 

0 

L(x + lix, u + liu;t) 

+ <v 0 (x + lix;t), f(x + lix; u + liu;t)) (9) 
X . 

Assume now that the cost is smooth enough and lix is small enough to all01t 

for a power series expansion for the cost, about x, only up to second­

order in lix: (Hethods for keeping lix small are discussed later) 

· V(x + lix;t) = v (~;t) + (V , lix) + ~ <lix, V lix) 
X XX 

(10) 

= ii + a + (V , lix) + ~ (1ix 1 V lix) 
X XX 

(11) 

All quantities in (ll) evaluated at x;t. 

V (x + ox·,t) = V +V ox 
X X :a: (12) 

The subscript 0 on 'V quantiti es ' in Equations (10)-(12) has been dropped 

for the f ol lo1'ling reasor: : !!odelling the cos t surface , l ocally , by a 

second-order expansion is made possible by keeping ox smal l. So the cost 

descri ed b (11) i s optinal subject to t he proviso that ox remains small . 
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Substituti ng (11)-(12) into (9): 

av oii oa av x ----- <-at ot at ox) - ~ (ox, a~ ox) 

min [ L(x + ox , u + ou;t) + 
ou 

V + V ox, f(x + ox, u + ou;t)] 
X XX 

Now V (~ + a) , Vx and V are functions of X and t 
XX 

av 
= atx + Vxx f(i,u;t) 

d • av 
-(V ) =V =~ dt XX XX at 

since higher order terms in V have been truncated. Also . 
- f = L(i,ii;t) 

Equations (13)-(16) 11ill be used to develop algorithms for successively 

improving the nominal con tro1 ii ( t); t ~ [ t 
0

, t f] • 

3. 1-iayne's Second-Order Algorithm 

(13) 

(14) 

(15) 

(16) 

Define H(x,u,Vx;t) = L(x,u;t) + (v~, f(x,\l;t)) · (17) 

Expanding the right hand side of (13), about i, u, to second-order in ox 

and ou and using (17)' ve obtain: 

m: ( H +. (Hx + vxx ·f, ox) + (Hu' ou) · + (l>u, (Hux + f~T Vxx)ox) 

+ . ~ (ox, (H + f T V . +V f )ox), 
XX XXX XXX] 

(18) 

In order to minimize, assuming H · (i, ii, V ;t) to be positive definite, 
UU X 

we differentiate with respect to ou and equate to zero; this yields: 

ou = - H -l [ H +(f T V + H ) ox] (19) 
UU U U XX UX 

ou given by (19) may be so large that it invalidates .the expansion, to 

second-order, in (18), so t. ; 0 < £. ~ 1 is introduced to limit the 

size of ou and ox. Equation (19) becomes: 

ou = - H -l ( £ H + (H + f T V )ox ) (20) 
UU U UX U XX 

I f (20) is subs t i tuted back into (18), an expression consisting of constant 

te~s , t er ms in ox , and t erms in ox2 , is obtained. Since the lef t hand 

side of (13) equals t he exp::-essi on for all ox, coefficients of like po~1ers 

of ox may be equa ted t o obtain eh~ressions for 
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Using these expressions and equations (14)-(16), the follo~~g differ_n­

tial equations are obtained: 

- a (Hu,H-l H) uu u 

-V 
X 

- V = H + f T V + V fx - (H + f T V )T H -l (H + ~· T V ) 
XX XX X XX XX UX U XX UU U.X U XX 

where - H -l (H + i T V ) 
UU U.X U XX 

These differential equations may be integrated backwards f rom tf 

using boundary conditions: 

a(tf) = o, vx(tf) = Fx(x(tf)), V (tf) = F (x(~f)) 
XX XX 

(21) 

(22 ) 

(23) 

If the new control u(t) = u(t) + ou(t) is applied to t he system, then a 

reduction in cost is obtained, for e sufficiently small. (a (x
0
;t), the 

predic ted change in cos t, is negative if Hu~l is positive-definite. For£ 

suffi ciently small, the second-order expansions are valid.) 

The above algorithm requires t he integration of n less di fferen t i al 

equations than the second-variation method. Jacobson7, us ing a detailed 

analysis, has shown that the sec::md- variation methods are only approx:i.ra­

t ions to Nayne 1 s algorithm; the D.D.P. algori thm is a simpler, more accurate 

method. 
-1(- - ) A serious disadvantage of all t hese methods i s that Huu x ,u ,Vx ; t 

must be positive- definite. The next section describes an algor ithm ~·1hich 

does not suffer from this dralvback. 

4. Jacobson's Second-Order Al gorithm8 

Considering ox set equal to zero in (13), i.e. consider sta te 
-x x at t ime t 

av oa -ar -ar min H(x, u + &u, Vx;t) 
0 u 

(24) 

Now, instead of making small changes in control, let us minimi ze H ·rith 

respect to &u. (The minimization may be done analytically or, if nece sa~; , 

nu.::::eric:lll y. ) 

u 

Bquati on (2Lf) becomes: 

u + ou ,. 

av aa --at-ar H(x,u ~ V ·t) 
. x ' 

(26) 



No,.· vJe r e-intr oduce 
av oii aa ( x - at - at - at 

7 

the variation ox · in x: 
av 

' ox) - ~ (ox , a~ ox) 

= min (H(x +ox, u Jf + ou, V ; t ) 
OU X 

+ (vxx ox , f(x + ox, u Jf + ou; t ) ) J (2?) 

1iu i s now measured with respect to u Jf• 

Expanding the right hand side of (2?), about x, u * the same expression 

as (18) i s obtained except that all ouantities ar e evaluated at x,u ~ and 

not x ,u. The equation relating ou to ox is f ound to be: 

ou -1 
- H uu 

(H . + f T V )ox = ~ox 
UX U XX 

(28) 

( 
, _ M ) . Jf c- • ) ) Hu\x ,u , Vx;t = 0 because u minimizes H x,u , Vx;t 

All quantities evaluated at i,u M 

Equation (28) requires that H -l(x,u '\ V ;t) be positive-definite; this uu x_
1 

__ 
is far less restrictive than requiring H (x,u,V ;t) to be positive-uu X 

definite as in Section 3. 
Employing the same approach as described in Section 3, t he following 

di fferential equations are obtained: 

- a H - H(i,u,v ;t) 
X 

-V * H + V (f - f(x,u;t)) 
X X XX 

-V 
XX 

- (H + f T V )T H -l (H + ~ T ) 
UX U XX UU UX - U XX 

Unless othe ,Jise stated , all quantities are evaluated a t x ,u M 

The D.·,- control t o be ap:9l ied is given by: 

u = u + ou M + ~ox 
.!! u + ~ox 

Thi s contr ol may pr oduce ox ' s ;Jhich are ' too large ' , owi ng to 

t hat 1iu M !!li ght be very lar t:;e. One cannot, bovJevP.r, pl ace f. • 
' 

(29) 

(30) 

the fact 

0 < E. ~ 1 

in f r ont of ou!! a~ 1-1es done in Section 3, t o l imit the s i ze of ox , because 

u" u + cult is imbedded i::: t he r ever s e di f fer ential equations (29 ) which 

h ve alr ead · been i ntegrated.. The next section des cribes a ne1·1 met hod f or 

lirll t i ne tne s ize of Ox . 
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5. •.A: New 'St~p...Size Adj ustment Hethod'B 

This method is described in detail elsewhere8; here, only a brief 

description is given. 

When integrating ~he reverse differential equations (29), note the time 

te.ff at which a(x;t) becomes different from zero (a(i;t) = 0 is a 

neces~ condition of optimality. a(i;t) is always ~ 0 because uJf mini­

mizes f,l .) 

On the forwards run, try applying u = u:ll! + ~ox for t f [t
0

, tfJ • If 

a reduction in cost is obtained, then proceed to the next it~~tion. If no 

reduction in cost is obtained, run along the old n~ninal x(t) trajectory 

for a time [t
0
,t

1
] whe~: 

~ · = + t 
0 

(31) 

and then apply u = u• + ~6x on the time interval [ t
1

, tf] • If still no 

reduction in cost is obtained, set: 

~ 
teff - tol 

= 2 

and repeat. In general: 

t - t 
t ' eff or 

= 2 1 

Hhere r = 0, 1 ••• and t
00 

= t
0 

+ tol = 

+ t = or 

to2 

tor+l 

(32) 

(33) 

(34) 

Ultimately a t 1 , sufficiently close to teff' wiD. be found such that _the 

o:r.:' s produced on the time ·interval [ ~, tf~ wiD. be small en?ugh, and a 

reduction in cost \dll be achieved. (The 6x's produced on the time inter­

Yal [tl,tf] are due to the fact that u)f (t) F u(t); tt[tl,tefrl· 

Fort f(teff,tf], uw (t) = ii(t).) As optimality is approached, so teff- t
0

• 

6. Illustrative Example 

Consider the scalar control problem: 

i = - •2x + 10 !anh u 

Choose u( t); t t [o, ·5] to minimize: 

V =- J"
5 2 2 - 2 

(lOx + u )dt + lOx (tf) 
1:) 

r.~e problem, t~ough simple, is a good illustrative one because, along 

certain non-o9tirnal trajectories H -l (i,ii,V ;t) is not positive. 
UU X 

H(x ,u,V ;t) = 10x2 + u2 
+V (- ·2x -.-10 Tallh u) 

X X . 

H 2u + -lD V (1 - Taru/ u) 
u x· 

(35) 

(36) 

(37) 

(38) 
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,. 
r: (39) 

It i s clear tP2t t her e is no guarantee that Huu will be ?Ositive f or all 

nomi nal t ra jectories x,u, i . e . there is no guar antee that the method of 

Section 3 or the second - variation methods will be successf~l. 

At u u we have, f rom (38) , that: 

l Tan.h2 !! 2u* 
V # 0 - u - I'5V"" X 

X 

1 V 0 (40) 
X 

Using (40) in (39): ; 

2 + 4u * Tanh u * ( 41 ) 

From ( 41), since u * ·Tanh u M ~ 0 for a l l u Jf ·- c- ¥.V t) > 0 ? -'uu x , u ' x; 
regardless of t he nominal trajectory. The ne1·1 algorithm if Section 4 

should, t heref or e , net fail to solve this probl em. 

Using a nominal contr ol : 

ii(t) = + 1 t t- [ 0 , ·5] (42 ) 

H
11
u(x,u,Vx;t ) turned out to be negative on t he 1vhole time interval and 

so t he algorithm of Sec tion 3, and the second- variation methods, 1-1ere 

unabl e to improve the trajectory . Starting from t he same nominal, the new 

algorithm converged t o the optimal trajectory (optimal cost 41.6) in 4 
iterations. A f ourth- order Runge- Kutta integraticn r outi ne was used. The 

interva l [ 0 , • 5 ] was divided into lOO steps. Fig. 1 shows the nominal 

and optimal controls . Further comoutational experience with the ne ' algor­

ithm is described elsewhere8•10• 

7. ConstraL~ed Problems 

Control problems ~cith constra ints (3) and ( h) have been consideredG, B, 9 , lO 

and t he algorit~~ of Section 4 has been ge~eral:sed to solve t hese probl ems . 

In t he next section an a l gorithm for special class of constrainPd 

problems i s descri bed . 

8. :or Solving Banr-Bang Control, Fr ee 

End - Point 

Consider the contr ol problem formulotion of Sec t ion 1 , where : 

f( x , u; t) r1 (x ;t) + r2 (x ; t)~ 

L(x , u ; t) L(x;t) 

g (u;t) is of foro a b 
u ~ u ~ u 

(43 ) 

u i s a s calar control variable (the algorithn i s extendibl e t o t he case 

of a vector cont r ol variable9. ) and ua a~d ub ar e constant s . 
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Constraints (4) are assumed to be absent. (End-Point constrained bang­

bang control problems are treated in Refs. 6•9•10.) 

It is ea~ to show6•9,lO that, between switch points of the control 

u M' the following differential equations hold: 

- a H - H(x,u,vx;t) 

-V H + V (f - f(x,u;t)) (44) 
X X XX 

- Vnt= Hxx + fxT Vxx + Vxx fx 

All quantities evaluated at - lll x,u 

u is given by: 
!ll a 

if f T V > 0 u u 2 X 

b 
if f TV < 0 u 2 X 

(45) 

The e(!uations (44) can be integrated backwards from the usual boundary 

conditions, (23), until a switch point of u !ll' t say , is reached. s 
At t = ts , it is found that: 

l) a is continuous across a switch point 

2) V " " " " 11 " X 

3) V experiences a jmp, at tx' given by: 
XX 

~vxx = - vxt •Vtx/Vtt (46) 
s s s s 

\\'her e vxt H H + + vxx(f- - f+) 
X X s 

v t t Ht 
- ~ + (H -, (f- - f+) > (47) = - lit - X s s 

+ < f -, (H - - H +)) + (f-- f+, vxx(f-- f+) ) 
X X 

(Recently , and independently, McReynolds11 has obtained similar results. ) 

Subscript s - and + denote that the quantities are evaluated at the control 

u 

.-/here 

just before, and just after the switch point ts' respectively. 

4) Variations in the switch time t ar e related to variations 
s 

in t he state x, by the linear feedback controller: 

lit <p, lix) s 
-1 p = - vt t vxt 

s s s 

8. 1 Computational Procedure 

(48) 

( 49) 

Equations (44) are integrated baclcwards in time until a switch point 

:s is reached; here, Vxx is calculated, and the integration of (44) 

l~ :::-eswned , using boundar-J conditions a t ts of: 
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= V ( t +) +l:l.V 
XX S XX 

1h~re superscript + in (50) denotes time immediately after t • s 

(50) 

Any finite number of switch times, 

(p., ox( t )> 
ns , may be handled in tr..is '~ay : 

i 
J. s. 

J. 

1 ••• n 
s (51) 

The new control function, which yields a new i mproved trajector') is 

calculated in the following way: 

The new control is set as: 

u(t) u )f ( t) (52) 

When a switch time t of u M s. 
usinl (51) • if calculate lit 

si 

is reached, measure ox( t ) and 

lit > 0, hold u(t) =51 
u *(t -) for 

s i s i 
t he time interval lit 

si 
after this, once again use (52) and continue. 

amount lit 
si 

u x ( t +) for 
s. 

J. 

lit < 0, then back-space the integration routine by the 
si 

and, starting at this time t - lit , set u(t) = 
si si 

t - lit ' t <. t s. s. .... s. and integrate forwards again. 
J. J. . J. 

\fuen t s . i s reached once again use (52) and continue. 
J. 

The above procedure implements the local, linear feedback controller 

(51) , directly. Applying the new control function on the whole t ime 

i nterval f t
0
,tf] may produce ox's which are too large (i.e. a reduction 

in cos t is not achieved). The 'step-size adjustment me thod' of Section 5 

must then be used to limit the size of the ox's. 

9. Illustrative Example 

Consider t he follo ·dng 4th orde r control syste~12 • 

y1. - ·5~ + 5x2 ~(o) 10 

x2 - 5~ - •5x2 + u x2(o) 10 

(53) 

~ - •6x + 
3 

10x
4 

x
3

(o) = 10 

x4 - lOx_ 
) 

· 6x4 + x
4
(o) 10 

I u I ~ l 

Hinimi ze V = ( x(tf) , x(tr )> t
1 

= 4. 2 secs. (55 ) 

A Runge-Kutta, fourth-order integration routine ~ras used. T'ne t ime 

interval [ O, 4.2] ~1as divided into 300 steps. A nominal control 

ii( t ) + 1 t E-[0 , 4.2] (56) 

~ras used and this produced a cost of 4.12 units . The s econd-order 



algorithm reduced this cost to the minimum value of .996 in two iterations. 

Figure 2 shows the cost- as a !unction of iteration number, and Figure 3 

shows the nominal,optimal controls. Note the marked difference between 

these controls. 

10. Stochastic Control Problems 

A feature of D.D.P. is that it yields an approx:imation to the cost 

curve V(x, t) in the neighbourhood of x whatever the subsequent policy 

u (defined by uCr) = h(x;"t), 'tt (t,tf]) is. Let f'(x;'t) = f(x,h 

(x;'t);'t) and let x("t) denote the solution of equation (1) with initial 

condition x(t) at ti.llle t .in response to a nominal control u("t), u(t;tf]. 

Then, if either [t.tf] is sufficiently small or u('t)- u("t), 'tt[t,tf] , 

is sufficiently Blllall, the parameters a( t), V ( t), V ( t) which define 
X XX 

V(x;t) in the neighbourhood of x (equation (11)) are solutions of the 

following differential equations: 

- V = H ' + V (f' - f(x u· t)) 
':X X XX ' ' 

- V = H • + (f ')'l V + V f I 
XX · XX X XX XXX 

with boundary conditions given in equation (23). 

~e unspecified arguments are x and t , and . 

H'(x V ·t) ~ H(x,h(x;t), Vx;t) • x' 

Consider now a stochastic system: . 
x = f(x,u;t) + w , x(t

0
) = X 

0 

where w is piecewise constant (over intervals ll 

v(t) = vi ill ~ t < (i+l)t. 

(57) 

(58) 

(59) 

(60) 

(61) 

t - t 
f 0) 

N 

(62) 

and w = w
1

· •••• vN is a sequence of independent random variables 

(simulation of a stochastic system necessitates a 'physical' disturbance). 

The cost of an individual realisatio11 (w = w., say) vith initial condition 
J 

x(t) and policy 1t 

V(x,w.;t) 
J 

is: 

= 

tf 

S L(x,u, t)dt + F(x( tf)) 
t 

where x("t) = x(w.;'t) is the solution at 't of equation (61), with 
J - "(; 

initial condition x( t) = x, policy_{ and w specified by wj. The cost 

of the process with initial condition x(t) = x is: 

(63) 

V (x; t) E V(x,w;.t) (64) 
a 
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(E(•) denote expectation with respect to the distribution of~) and the 

a~erage cost of the process over ( t, tf ] is · 

J{(t) E V (x(t);t) (65) 
x(t) a 

Equations (57)-(59) may be integrated along each realisation to yield 

the random variables V (x,w;t) and V (x,~;t). Under certain regularity 
X XX 

conditions: 
av <i; t) a 

ot E · [ oV('¥,w;t) J 
li(t)=i ot 

Using the procedure of Section 4 ~ields: 
av <i;t) [ a (--ot E _ H - H x,u,Vx;t) 

IX( t)=x 

+ ox~xx(! - f(i,u;t)) 

+ rr ox + r ou + -t oxT H ox 
X U XX 

+ ouT H ox + i ouT H ou 
ux uu 

(66) 

+ oxTV (! ox +! ou)] (67) 
XX X U 

vhare the unspecified arguments are x, u &, t, and ox = x - i, 
E 

bu = u- u · K, and u K nrtniwjses - R(i,u,V ;t) Hence: 
IX( t)=x . X 

(1) .!he control u Kat t lrinimises the cost of the process given 

x(t) = i an:d policy 1t for T t (t,tf] • Also E_ Hu(i,uK, 
V ;t) = o. lx(t)=x 

X 

(2) !he control u ll + ~ox at t minimises the cost of the process given 

x(t) = i +ox and polic~ 1t forT ~(t,tf] where: 

~ - -[ E- (H ) J -l r E_ (H + f T V ) ] (68) 
- tx(t)=x uu Jx(t)=x ux u xx 

(3) Let u0 minimise E H(x(t),u,V ;t) Then u0 mini..lllises p(t), 
• X 

given policy 1t for T • (t,tf] i.e. u0 is the optimal open loop control 

at t. Also EH (x(t), u0
, V ;t) = 0. 

U X 

As a corollary the optimal a;, ~ in the parametrised control law u( t) 

=a;(t) + ~(t) x(t) satisfy: 

E H (x(t),u~V ;t) 
U X = 0 E H (x(t),u0 V ;t) xT (t) 

U X 
0 

where u
0 = a;

0 
+ ~0 x(t) • u( t) is a scalar. 

Naive Mox:.te Carlo simulation may be used to estimate the .various 

quantities required to obtain u K, ~,u0 , a;0 , ~0 etc. The antithetic variate 
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method (appli ed first to control problems in Ref . 13) and t he contr ol 

varia t e method14 (using a linear model obtained by s t ati stical linearis -

t ion) e1ay be used to r educe s.-.mpling variance . In fact it c n be shovm 

(if p(u!) is symmetric and h(x;-r) i s linear i n x , T f( t , t.J ) t h01t: 
I 

(l ) For the L.Q.P. problem naive Monte Carlo yi el ds zero veri?~ c e 

estimates of ~ 

(2) ?or t he L.Q.P. problem the antithetic variate method yi elds zer o 

·r?.r i a."l.ce estimates of E [ V x] , :S [ H], 
fx(t) = x lx(t) = x 

z r<1. 
lx ( t)= x u E [v] , 

X 

estimates of u M and 0 
u 

E [ H ) 
u 

and ence zer o ver i ance 

(3) ?or the L. Q.P. problem the control vari ate method yi l ds zero 

sampl ing variance for all the above ~uanti tie s and also quanti ­

ies such as E rHU xT] ' and therefore ' a
0

' p0 
• 

7ne consequential algorithm for determining optimal open l oop 

'::ln~rol (or parametrised feedback control) i s s imilar to tl~e de tert1i ­

~i,~ic al gorithm, by J trajectories (realisation), given x( t
0

) = x
0 

:: e " sed . Zero sampling variance f or estimating E [v t l and .!> [v t t J 
s s s 

r e _uired for opt imal open- l oop bang- bang control, can also be obtai ned for 

the L.Q. P. t i me - invariant problem using t he antithe t i c vari~te method . 
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THE OPTIMIZATION OF DYNAMICAL SYSTEMS 
SERGIO DE JULIO 

Istituto di Elettrotecnica , Universita' di Roma 

Rome, Italy 

1. PROBLEM STATEMENT. 

Much effort has been devoted in recent years to finding suitable 

algorithms for the computation of optimal controls. All these algorithms re­

quire the knowledge of the solution of the differential equation governing 

the behavior of the system to be optimized in terms of the input (control) 

function . While for finite-dimensional linear time-invariant systems the ex­

plicit form of the solution is easily obtained, this is not in general the 

case if the restriction of finite dimensionality and/or linearity and/or 

time invariance are relaxed. 

In the case where an explicit expressioB for the solution of the 

system equation _is not available and an iterative method of solution for 

the optimization problem is being used, at each iteration step there is the 

need for the computer to solve the differential equation of the system. As 

a result the computer memory requirements as well as the amount of comput­

ing time may turn out to be prohibitive. 

In this paper we suggest to bypass these difficulties by using a · 
1 2 sort of penalty function • to account for the dynamics of the system. More 

specifically, suppose that the optimization problem is that of determining · 

a control function u(•)£Xl minimizing the functional J(u;x) where x(·)£X2 
satisfies the differential equation 

:X z f(x;u(t);t) (1) 

the dot denoting partial differentiation with respect to time, X1 and ~ 

Banach spaces. We propose to get rid of~he constraint (1) by considering a 

new cost function J£(u;x) giveri by 

J £ (u;x) = J(u;x) + f P(x-f(x;u;t)) (2) 

and to carry out the minimization of J£ over a suitable domain. To this 

new problem we shall refer to as the £-problem. 

We shall show that by appropriately choosing the functional p 
... 

the solut ion of t he £-problem exists and can be made arbitrarily close to 

the solution of the original problem with an £ sufficiently small . 

In this work we shall confine ourselves to the study of infinite 
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dimensional linear syste!llS using the convenient framework of f lbert spaces. 

The ·results will be illustrated by a computational example. 

In the case of infinite dimensional linear systems. the state of 

the system x(t) is for each t an element of an abstract linear vector 

space, which we assume to be a Hilbert space B1 • For the sake of defini­

tiou we also assume that ~ is a function spac~, namely the space L
2

(n} 

of square integrable functions f defined over an open domain n of the n­

dimensional Euclidean space R0 and normed by 

The relation between the state x and- tne control u wil l be ex­

pressed by means of a linear (partial differen~ial) equation. 

2. DISTRIBUTED CONTROL, DISTRIBUTED OBSERVATION. 

In this and in the follcwing paragraph we shall consider the case 

where the control is distributed. We take as mathemat.ical model of the sys­

tem the following 

-i(t) ,., Ax(t) + Bu(t) x(O) ,., 0 (3) 

where for each t the control u is an element of a Hilbert. space Hz , A 

is the generator of a strongly continuous· sem::i:group of linear bounded trans ­

formations ~(t) , mapping H
1 

into itself, :S fs, a bounded linear trans­

formation mapp·ing a
2 

into D(A} , the domain of 11. • Under these as:sump­

tions (3) always admits a unique solution3 given il)' 

x(t) • It ~(t-T)Bu(T j dr 
0 

(4) 

~ithout loss of generalL~ we assume that H1 cafacides with H2. 

Moreover we assume that ~ is a linear differential operator of the form 

A • i: aj(O n5 
jj j.s_k 

where the aj's are sufficiently s~cth and 

oj ,., 3\11.n 
d!;J r ;;,;Jn 

1 n 

A satisfft.es dlie eond'itions for b·eing the generator of a strongly contfl'l'tr­

ous semi-groop of linear bounded transfo·rma:tians4• 

We are also given the following cost functional 
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J(u;x) • {T llx(t)-xd(t)j l 2 dt + A{T I lu(t)l l 2dt (5) 

In order for this functional to make sense we require that both u and x 

belong to the Hilbert space L2 (Q) , Q•[O,T]xn , normed by 

Also xd (the desired evolution) belongs to L2 (Q) • The class of admissi­

ble controls is characterized by a closed convex subset U of L2 (Q) • 

such that 

The optimization problem is that of determining u 0 £U 

Inf J(u;x) 
ue:U 

x£L2 (Q) • 

subject to (3) 

The £-problem associated with it will be that of minimizing the functional 

J£(u;x) • J(u;x) +t {T I li(t)-Ax(t)-Bu(t)ll 2dt (6) 

where we have chosen the functional P of (2) to be the norm over L2 (Q). 

It remains to be specified the domain over which the minimization of J£ is 

to be carried out. As far as u is concerned it will be constrained to the 

class of admissible controls U • As far as x is concerned it is natural 

to restrict it to the domain of the operator S 

which is defined in an obvious manner: 

D(S) = {fe:L2 (Q) : f is- cont.diff.in t, f(·;O)=O, f(•;t)e:D(A) a.e.te: [O,T], 

Sfe:L2 (Q)} 

We notice that the operator S is closable5 and shall denote by S its 

closure. 

blem. 

We are now ~eady to prove the existence of solution to the £-pro-

Inf J£(u;x) 
ue:U 

xe:D(S) 

The proof of theorem 1 can be found in S. De Julio6 noticing that 

the strict convexity of J £ accounts for the uniqueness of the soluti on. 
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We pass now to prove the convergence of ue and xe to the op­

timal control and trajectory, u , x 0 
, whose existence and uniqueness 

has been proved by A. V. Balakrishnan3 (when the solution of (3) is taken 

in the strong sense) and by the author
6 

(when the solution of (3) is taken 

in the weak sense). 

12~~~~ Let {en} be a sequence of positive numbers tending to zero. 

Then we have 

~ It has been shown6 that there exist subsequences 

such that 

0 
- u • 

First of ail we note that 

lim Je (ue ;xe) a J(u 0 ;x0
) 

m- m m m 

lim [!T llx~ (t)-xd(t) ll 2 dt + "Al llu (t) ll 2 dt + 1 JT Jjsx~ (t)-Bu~ (t) ll 2dt] 
ur+<"' o '""m o em E o '""m '""m 

and the weak lower semi-continuity of the norm imply the strong convergence 

of u~ to u0 
, and of x to x 0 

, and of Sx -Bu to zero. Moreo-
o:.m Em Em Em 

ver from the uniqueness of the optimal control we infer that we need not 

t ake subsequences. Indeed suppose we do need, and take {uEm} in such a 

way that the subsequence left, call it {u } , does not have u0 as a 
El 

cluster point. Then the application of the first part of the theorem would 

lead to a contradiction. 

Also by contradiction we prove that x 0 is in fact the strong so­

lution of (3) corresponding to u0 • Indeed suppose not and let ~0 (it ex­

ist!) satisfy 

Then for all <jle D(S*) we would have 

and 

whence 
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Vq>e:D(S*) 

Now, with the hypotheses on A , we have that the range o f S* i s dense i n 

L2 (Q) • Hence the above equality implies 

It is probably worth noting that having taken the initial condi­

tion in (3) to be zero is not a restriction at all, since we can a lways re­

duce ourselves to this case by means of the following artifice. Let the in­

itial condition be 

and define a new state variable w 

Differentiating with respect to t and taking (3} into account we get 

or 

w • i • Ax + Bu 

w•Aw+Bu+Ax 
0 

w(O} = 0 

Being Ax
0 

in the . ci'omain of A , th.e addition of the m>ew f or·cing term does 

not raise any diffi culty. 

3. DISTRIBUTED CONTROL, FINAL OBSERWAY!Olil . 

Let (3) be the system equation and let the same hypo-theses· C1J,fi t he 

previous sect i on bold. ImJs,e-ead of (5) we here consi dere the following cost 

functional 

(7) 

where now xd belongs to L2 (Q) . 

As in (6) we. defi.ue the fune t::limnal Je: as follows 

J· (u;x} ., Jl(u;;.x) + 1 P lli(t)-Ax(t)-Bu(t) ll 2 dt e: e: 0 

With the new def'iDiU.CJIIII ef the c:l!ls:1t functional theo'li" ems 1 and 2 

still apply verbatim, b.ut t he prOQ•fs need' scme more wo~rk. W'e shall here 

give in full the proof of theorem• 1. 
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In order not to make the proof to cumbersome we first prove the 

following lem:na. 

~~~ Given the differential equation 

i(t) • Ax(t) + Bu(t) + z(t) x(O)-o (8) 

where A and B satisfy the conditions stated above, then its weak solu­

tion x is such that the mapping . (u,z)+x (L2 (Q)xL2 (Q)+L 2 (Q)) as well as 

the mapping (u,z)+x(T) (L 2 (Q)xL2 (Q)+L2 (0)) are both continuous. 

~ Equation (8) does not necessarily admit t a strong solution since 

z(t) is not assumed to lie in the domain of A ; but it will always have a 

weak solution satisfying 

Sx(t) • Bu(t) + z(t) x(O)•O 

given by 

(9) 

In particular we have 

~(T) • IT ~(T-T)Bu(T)dT + IT ~(T-T)z(T)dT 
0 0 

(10) 

and both the mappings (u,z)+x and (u,z)+x(T) defined by (9) and (10) 

are continuous. 

Proof of theorem 1. Let {u ,x } be a sequence minimizing Je: 
n n 

Je:(un;xn) • je: • · Inf 
ue:U 

xe:D(S) 

z = Sx - Bu 
n n n 

J (u;x) e: . 

There obviously exist constants c
1 

, c 2 , c3 such that 

IT llun(t) ll
2
dt ~- cl 

0 

p I lzn<t>l l 2 dt ~ c 2 0 

JT I lsx
0

(t>ll 2dt ~ c 3 0 

Therefore, there exist subsequences {u } • 
m 

{z } such that 
m 
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w-lim u = u e:U 
m-+<"' 

m E 

w-lim Sx • Ye: EL 2 (Q) 
~ 

m 

w-lim z .. z EL 2 (Q) 
m e: 

m-+<"' 

AppJ.ying t .be previous l emma we also have 

where 

w-lim x 
m-+<"' m 

• X 
£ 

w-lim xm(T) • xe: (T) 
m-+o:> 

sat isfies 

SxE(t) .. BuE(t) + zE(t) 

It can also be shown6 that 

Applying now the weak lower semi-continuity of JE , we get 

for which only equality can hold. 

In much the same way we can extend the proof of theorem 2 to the 

present case. 

4. BO~~ARY CONTROL. 

We now consider t he case where the control u i s on the bounda­

ry. Namely we consider systems describe<} by an equation of the type 

x ( t) = Ax(t) x(O )=O 

( 11) 

where Z=IX [O,T] , f being the boundary of n . So far we have not made . 
any ass~ption on r . Here we assume t hat i s bounded and "smooth". 

The· constrain t set U f or t he contro l i s no<M a closed convex sub­

set of Lz. {:') 
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We denote by V(Q) the space of functions fEL 2 (Q) norced by 

It is known 7 that V is a Hilbert space. We assume that V is algebraical­

ly and topologically contained in H1 (Q) (the Sobolev space of order 1). 

Let y be the trace operator defined by 

Then, with the above assumptions, y is continuous as a mapping froa V(Q) 

into L 2 (I:) 
8

• 

Referring to the case of distributed observation, we take as cost 

functional the following 

where 11·11 1 denotes the norm of L2 (I:) • The functional JE associated 

with the E-problem will then be 

JE(u;x) = J(u;x) + 1 IT I ji(t)-Ax(t)j j 2dt 
E o 

We no~~ pass to prove theorems 3 and 4 which are the counterparts 

of theorems 1 and 2. 

~Let {u ,x }EUxD(S) 
n n (u =x j'") 

n n " 

In£ JE(u;x) 
uEU 

xED(S) 

be a minimizing sequence, i.e. 

subject to xlr=u 

Then there exist constants c
1 

, c
2 

, c
3 

such that 

{T llxn(t) jj 2 dt ~ C 2 
t i1 Sx

0
{t) ll 2 d t ~ c3 

Therefore there exist subsequences such that 

w-lim u • u EU 
.....,. m E 
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W-lim X • X EL2 (Q) 
ur- m E 

w-limSxm • yE EL 2 (Q) 
m--

It can be shown6 that 

Now, since 

we also have 

X 
n 

and 

converges weakly in V , by the continuity of the mappi ng y 

X I = u 
E E E 

Exploiting the weak lower semi-continuity of JE we get 

JE = lim JE(um;xm) ~ JE(uE;xE) 
nr- . 

for which only equality can hold. 

Theorem 4. Let {E } be a sequence of positive numb~rs tendi ng t o zero . 
=.:ea=~== n 
Then we have 

where u0 and x 0 are the optimal control and trajectory. 

Proof~ Taking again into account the continuity of the mapping y and t he 

pr oof of theorem 2, this theorem can be easily demonstrated. 

We note t hat the remark on the vanishing of t he i nitial condition 

made at t he end of section 2 applies also to this case. Moreover t he pres ­

ence of a forcing term in (11) would not affect the proofs of theorems 3 

and 4 either. 

Finally we observe that also the case of f i nal observation could 

oe eas ily carried out. 

5 . A COMPUTATIONAL 'EXAMPLE. 

The computat i onal technique proposed has been appli ed to a partic-
9 ula r example of dis tributed parameter system~ We have consider~the pro-

f>lem of de t ermining che :ninimal norm contro l for the system 
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x(O;t) • x(l;t) • 0 (12) 

x(~;O) • x0 (~) x(~;5) = x1 (~) 

The initial and final state, x
0 

and x1 are given ~n figl. The numerical 

value of a is · az.0033 • 

TheE-problem associated. with this case is that of minimizing the 

functional JE given by 

J (u;x) - J 5dt J 1 u2 (~;t)d~ + l ! 5 dt/ 1 (x(~·t)- 02x(~·t)-u (~; t )) 1d t 
E 0 0 . •· , E 0 0 . ' o~ 2 ' 

(13) 

This probl~ slightly differs from the one presented in paragraph 

2 for the absenc~ of the te;m involving the desired state. But it can be 

easily shown that, because of the continuity of the mapping defined by (4), 

theorems 1 and 2 still hold. 

In order to solve the problem on a digital computer we have dis­

cretized both space and time variable. Let ~~ and ~t be the discretiza­

tion intervals, with 

1 M.t:.t .. 5 

and denote 

u(j~~;Mt) 
i=O, ••• ,M j•O, ••• ,Jl 

xij x(j~~;Mt) 

The discrete version of (13) will then be 

M-1 N-1 M-1 
~~t I: I: u~ + ~t;M I: 

i=O j=l ~j E i=O 
(xi+l,rxii 

~t 

where we have used the forward difference and the second central difference 

approximation for the first and second order derivatives respectively. 

The minimizing values of uij and xij are determined by impos­

ing that the gradient of JE with respect to u and x vanishes. Explic­

itly we have 

a Xi¥a~~- 2Xij+xi,j+l - U ) • Q (15) 
~2 ij 

i=O, .•• ,M-1 , j=l, ••• ,N-1 
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E a~E ~ 1 (Xfi-Xi-l,j- _ a Xi-l,j-l-2xiel,j+xi-l,j+l _ ) 
~ ~ M At M> ui-l,j 

+ (~- 1 ) (xi+~~-Xij _ a xi.1-l-2xi1+xi,1+1 - u ) 
f.F;, 1rr ll~ ij 

(16) 

- U (Xf+1,j+1-Xi,j+l Xij-2Xi!j+l+xi,j+2 - U ) 
f.F;,z lit - a . ll~ i ,j+l 

_ u <~+1.1-r~i.i-1 _ a xi,J-2- 2xi11-l+xi1 - u ) • o 
AF;,z L\ llt . i,j-1 

i•1, ••• ,N-l , j•2, ••• ,N-2 

u 
~ "'tf!:. • ~ (Xil-Xf-1,1 _ a Xi-l,o-2Xi-l,l+xi-1,2 - ui-l l) 

ll H h ~2 I 

+ {~- 1 ) (Xi+l,l-xil _ a xio-2xil+xi2 _ u ) 
AF;, 1!'£ At ll~2 il 

(16') 

_ _a_ (Xi+1,2-Xf2 _ a Xi!-2xi2+xiJ - u ) • 0 
~T n~ Atz i2 

i•l, ••• ,N-1 

E 3JE • 1 (xi,N-1-Xi~~-1 _ a xi-l,N-2-2xi-l,N-l-xi-l,N _ ) 
'lmJi£ ~~1 M tit L\~t ui-l,N-1 

+ (JII _ .!_) (Xf+l.N-rxi,N-1 _ a xi,N-2-2Xf~N-l+xiN - u ) (16") 
A(z ~ ht At i , N-1 

i•l, ••• ,N-1 

Bow, since (15) can easily be solved for uij: 

u • 1 (Xi+ll;rxij - a xi,1-r2xi1+xi,1+1) (17) 
ij ~ • ll~ . 

wbere a sC-6), (16') • (16") are of "less eas y solution, we have chosen an i t­

e:rative procedure according to the following steps : 

1 . x b initially guessed. 

2. u is computed by ~eans of (17). 

• The gra~~lt technique is applied to determine the minimizing value of x 

for t he computed u • 

St:ep 2 and are repeated alternately until he global minimum is reached. 
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In fig.2 the flow chart for• the program implemented on a digital 

computer is shown. This flow chart is self-explanatory. 

In the final program t hat was run on the computer, we have actual­

ly decided to abolish cycle number 2, due to · the fact that, through computa­

tional experience, we have noticed that nothing is gained by computing the 

minimizing value of x for each u , but it sufficed to determine the adn­

imizing value of x in the direction of the gradient. In fact the computing 

time was considerably reduced in this way. 

Figures 3 and 4 show the results of the numerical solution of the 

£-problem with £•.01 • Also the exact solution x corresponding to the uE 

plotted in fig.3 was computed. The relative diagram has not been plotted 

because the difference from the x£ shown in fig.4 could not be appreciated. 

In fact the maximum difference between x and x£ was less than 2%. 

6. CONCLUSIONS. 

The computational technique that we have proposed seems to be very 

powerful. In this work we have shown its applicability to a particular class 

of linear systems described by partial differential equations, with a par­

ticular class of cost functional&, namel y quadratic criteria. 

If we are willing to accept weak convergence of the sol ution of 

the £-problem to the opt imal solution, instead of strong convergence, a 
6 more general type of cost f unctionals can be handled by this t echnique 

Moreover the method seems t o be powerful also from a t heor e tical standpoi nt. 

Balakrishnan1 has shown t hat an easy proof of the Maximum Principle can be 

given and t he author 6 has actually -pr oved the exis~ence of optimal controls 

for a broad cl ass of infini t e dimensional l inear sys tems. 

If we turn t o non-linear systems we s ee t hat in order f or the 
1 

t echnique to apply we have to considerably restrict the clas s of systems 

We hope tha t further research wil l enable us to relax such rcstric t l O('S . 

This research was porti nll.J sup1wr.ted 'by AFOSR unde r Grant 68-1408 
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A STATISTICAL APPROACH TO THE OPTIMIZATION 
OF THE CONTROL SYSTEMS WITH MULTI-PEAK 

PERFORMANCE INDEX. 
Fujio NISHIDA and Seiichi MIZUNO 

Faculty of Engineering, Shizuoka University 
Hamamatsu, Japan 

1. Introduction 
In the optimization of the poorly defined system with multi-peak perform­

ance index (PI), the global optimum point cannot be found only by the gradi­
ent method which is very effective for the local optimization. (The optimum 
value and the suboptimum value will be assumed to be the largest value and the 
second peak value of PI respectively hereafter in this paper.) In these cases , 
a global exploration over all the regions of the controllable input variable, 
such as the exploration by scanning, is necessary. In addition, the optimum 
point thus obtained doesn't generally remain at the same location. Let us 
suppose the static characteristics of PI be given by the following stationary 

mode 1 : _ ( ) ( ) y-f x
1
,···,xn,u1 ,···,ui 1 

where x
1

, ... ,xn are controllable input variables,u
1
,···,ui are directly un­

measurable disturbances such as the variation of percentage impurity ratio 
or that of heat conductivity. In Fig.l, though the point A is the global op­
timum point at a certain instant, it will be possible that the vicinity of A 
becomes only locally optimum and that of Band C is ·globally optimum after -a 
certain interval of time. Therefore the exploration cost of some kinds is a­
gain required. Some efficient methods which reduce the cost required for the 
global search have been proposed by several authors~• 2 • 3 In this case, how­
ever, if some correlations between the values of PI, the input variables or 
others at the optimum point and those at the suboptimum point are found from 
the previous data, some learning methods, which optimize the system without 
prosecuting the global search at the final stage ( though the global search 
is sometimes required ), can be ~eveloped. 

Using the above properties, this paper proposes a method predicting the 
optimum point from the operating point in the optimum or suboptimum state by 
the minimax sequential probability-ratio test, where the power of test is so 
determined as to minimize the expectation of the loss composed of the cost of 
the global exploration and the risk due to the incorrect decision. 

According to the above mentioned procedures, simulation was performed 
with a computer. The results of the simulation coincide fairly well with 
the analytical result, showing that the expectation of the loss can be much 
reduced if any correlation is available . 
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2. The possibility of the existence of correlation 
Let us consider the possibility of the existence of the correlation 

between the values of PI or the input variable at the opposite optimum point 
and those at the operating point which is assumed to be locally optimum. The 

opposite optimum point means the optimum point in all the other regions 
except the operating point. If the PI function is expressed by a stationary 
model such as given by Eq.(l) which j s differentiable over the range of con­
trollable input variables and if the maximum value of PI is not at the bound­
ary of controllable input variables, the extremity of PI yields the follow­
ing condition . 

af/axj lx-xe,(O j=l,2,· · • ,n (2) -

Accordingly, for the ith extremum, Eq.(2) gives; 

Xei,j•fi,j(U!,•••,Ut) 

Ye1 =f(xe1 ,l··~·,Xe1 , n•Ul•····Ut) 
(3) 

where n denotes the number of controllable input variables and 1 that of 
disturbances. 

Furthermore, assuming that there exist some measurable quantities v8 

that are independent of the value of PI as well as of each other, namely: 
v8 =t8 (x{.···,X ,u1 , ... ,u1 ) (4) 

n 
szl,2·, •.. ,1'-1 

it can be seen from Eqs.(3) and (4) that if 
t'+~ (5) 

the optimum value of PI corresponds generally to the suboptimum value with 
the correlation coefficient of unity. Though in the case where t'+n<t there 
is no one-to-one correspondence between the optimum and suboptimum value, it 
can be expected that some correlation may still exist between them. 

To make the description simpler it will be assumed till section 8 that 
only one conditional variable such as the value of PI at the operating point 
is considered, though the procedures using many conditional variabl~ are 

quite similar. The procedures for one conditional variable would be particu­
larly effective, if the most part of influence of disturbances to -the PI 
function is expressible by one vari~ble, that is 

y=f(x1 , ... ,-xn, t (u1 , ... ,u1 )) (6) 
3. The globai exploration 

In order to obtain sufficient data refering to the pairs of the optimum 
and the suboptimum point, a certain efficient global exploration is required 
to be performed. At the end of each gTobal exploration in a certain state of 
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the plant, the PI value and the input variable at the optimum and those at 
the suboptimum point are recorded in relation to the classified value of PI 
at the suboptimum and that at the optimum point respectively , and then the 
value of Z is calculated from Eq.(27) which will be shown later. Thereafter 
the system operates at the optimum point. He e the classification is neces-

sary to restri ct the number of classes of the conditiona l probability densi­
ty fu nction to an appropriate magnitude, and this classified value is used 
as the condi t i onal value for the probability. After. a certa i n interval of 
t ime Ts ( sampl ing interval ), or in the case where any change of the pl ant 
state is detected from the var i ations of some quantities at the operating 
point, the new global exploration is again initi ated. In the next parag raph 
some methods of the exploration will be considered. 
3. 1 Explorati on by a scanni ng 

Thi s met hod , in pri nci ple, is the one t o scan over all the range of the 
cont rol l able i nput va r iable , and i·t is necessary for t he state of the pl ant 
to remain almost unchanged until the end of t he scann ing. Therefore, in 
order t o i ncrease the exploration speed , the coorpera tion with some other 
effi cient procedures such as a polynomi al approxi mat ion of the PI funct i on 
wi l l be preferable. 
3.2 The expl orati on by an estimati on 

The explorati on by t he above method requires much time if t here are num­
bers of the cont rol lable i nput vari ables. Here , an exploration method by an 
esti mation wi ll be discussed. Let us devide all t he region of the cont rol i ­
abl e i nput variables into the subdoma i ns of a proper s ize. The system 
explores the PI values of the unknown subdoma i n by means of the est imation 
or t he measurement based on the optimum point tha t has been already known. 
3.2. 1 The estimation of PI value in the unknown subdomai n near t he known one 

We shan assume that after obtaining the measured PI value Yi of a cer­
tain subdomain in a state of t he plant, the absolute difference of PI J6y J= 
!Yi-Yjl and the distanced are ca l culated f rom the measured values Yj and 
Xj in the known subdomain in the ·neighbourhood and then the average value 
of J6y J as well as the dispersion versus the distance d is recorded. In 
order to estimate the PI value in the unknown subdomain, the following re­
lation is examined by us i ng the PI value y

0 
in the nearest known subdomain : 

p (y< y'} >y 
r u m 1 

y~=ym- 6 
(7) 

where Yu corresponds to the upper bound of the unknown PI value, Ym is the 
optimum value that has already been found in the present state, c is a 
positive constant, and the probability density function Pr is assumed to 
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.be .normal . The value of 'Utt: 1:hreshold -r1 is desired to be determined so as 
to minimize the loss due to the estimation, and the loss will be approxi­
mately minimi:Led if o is small and if the value of -r1 is taken so that the 
expectation of the loss due to measuring in spite of Y<Ym equals that due 
to the neglection of measuring in spite of Y~m; that is 

(l-y 1 )(y Dl8X-ym I )=y 1 cm 

(8) 
y 1 y -y '+C 

max m m 

where y is the maximum value of PI that has been known throughout all the max 
states and Cm the cost of the measurement. Now, if the relation (7) holds, 
the exploration for the oth·er u·nknown subdomains is i nitiated without meas­
urew~nts. Otherwise. the following estimation is to be performed. 
3.2.2 Estimation of the range governed by a PI hill 

As can be seen in Fig .2, the PI value of the subdomain C and D located 
near the peak A orB, respectively, will be· comparable with that of the sub­
domain A or s; but the former will, in most cases, be less than the latter 
because the local · optimization is performed near the peak, and hence no meas­
urement in the ·unkno~ subdomain near .the.~ak will be prefer~ble. Based on 
the above consideration, it is assumed. that for every time when any non 
trivial peaks such as the optimum or suboptimum ones are recorded, the aver­
age distanced between a nearest pair of peaks as well as the dispersion is 
calculated and that d/2 is the mean value of the radius of the region gov­
erned by ·each ·peak. 

Now, let"s suppose an unknown subdomain separated by r from a certain 
known peak having the unknown radius x of the governing region. If the 
relation 

P (r<x) >y (9) 
r 2 

is satisfied , the expl orati on of the other unknown subdomain is in iti ated 
without measurement. This will here be cal l ed the beginning procedure. 
Otherwise, the system measure the unknown PI val ue y and if y<<ym the sys­
tem returns to the above beginning procedure. On the other hand, if Y=Ym or 
y>ym, the corresponding 1 oca 1 optimum point ·is searched by the 1 oca 1 optimi­
zation method and the data as well as the value of Z will be recorded, and 
thereafter the system retu rns to the beginning procedure. The threshold 
value of y2 can be determined in a simi lar way as y

1 
in Eq.(8). 

4. The applicati on procedures of the sequential probability ratio test 
Now, let's show the procedures of the statistical decision. It is here 

assumed that the opposite optimum value of PI y has a conditional probabili-
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ty density distribution function f(y,eJy*), where y* denotes the classified 
~I value of the operating point which is assumed to be locally optimum and 
a is the mean value of y. Adopting the null hypothesis 

eg' (y'~*) (10) 

this problem is reduced to be that of the hypothesis test. The test of this 
compOsite hypothesis, as is well known, becomes to that of the simple n·ull 
hypothesis 

9me
0
-y'-d (10') 

d; a proper positive constant 
for the alternative 

9•91-y'+d (11) 

In this problem, it will be suitable to take y' and d as follOWS 

y'==y*+ez 
d"c2 

. (-11') 

where c2 is the local optimization cost. The above procedures would examine 
their relative magnitude of likelihood rather than the validity of the pro-
position 9-e or e-e

1
. 

0 . 

Now, let us assume that a form of the risk due to the incorrect decision 
e-90 where e-e

1 
is true as is shown in the following equation: 

w10zm1{f;*yf(y,e1 Jy*)dy-y*} {12) 

where m1 is the expected number that this incorrect decision is adopted with­
out correction, and is proportional to the duration ·Ta. {See Fig.3.) Similar­
ly, let us assume that the following simplified equation may denote the risk 
due to the incorrect decision e=e1 when e=e

0 
is true, though it may be more· 

complicated in the actual plant: 
y* 

w01~[c2+k{y*-f_wY£(y,e0 IY*)dy}J {13) 

O<k<l 
11here c2 is the locally exploring cost near the opposite optimum point, 
which is generally less than the global ~xploration cost c1, and m2 is the 
expected number of this incorrect decision-applying, where the incorrect 
decision can be corrected by continuing the measurement and the test,accord­
ingly, m2 will generally be less than m1. 

Now, the procedures of testing the simple null hypothesis for the alter­
native is treated by the following algorithm . If the apriori probability dis­
tribution A={p , l-p) for e=e 1 (i=O,l) belongs to the set where the loss is 

'-

less than that due to any decision through one measurement at least, the 
decis ion e=e1 {i=O,l) is immediately made without measurement. Otherwise, 
us ing- the measured values y=y1, ... ,yk and the properly chosen constants A, B 
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(A>B>O), 
if 
if 
if 

where 

plk/Pok~A. 

plk/Pok~B. 

A>P1k/Pok>B, 

e=e.1 is decided; decision de=~ 
e=e0 is decided; decision de=do 
measurement is to be continued in order to 
obtain more measured data; decision de=dz 

P1k=f(y1 ,el IY*)···f(yk,el iy*) 
P0k=f(y1 ,e0 ly*)···f(yk,e0 iy*) 

( 14) 

( 15) 

Let the expectation of loss due to the decision e=ej where e=e1 be R1 (j~i. 

i=O,l), the probability of the incorrect decision e=ej be a and s, the 
average number of global exploration necessary to the decision for e=e1 be 
n1 , and the global exploration cost be c1 . Then ·the expectation of the loss 
resulted from the decision due to the sequential probability ratio test is 

R=pRo+(l-p)R1 (16) 
where 

Ro=aWol+ClnO 
Rl= f5WlO+Clnl 

(17) 

( 18) 
The sequential probability ratio test is, as is well known, the sequential 
test that minimizes R, and the decision procedures are called the Bays' solu­
tion for the apriori probability distribution ).. Now, if the value of p is 
known in Eq.(16), the value of A and B minimizing R can be determined. In 
most cases, however, the value of p is unknown. Accordingly the application 
of the minimax strategy, in which the maximum of R for the value of p is 
minimized, is considered. In order to obtain the minimax decision rule, we 
equate R0and R1 as is known in the decision theory. On the basis of the 
above relation, the optimum. threshold values A and B that minimize R0(=R1) 

can be determined. Here a, e, n0 and n1 are, as is well known, approximate­
ly given as follows; 

ao:(l-B)/(A-8) 
~o:B(A-1)/(A-B) (19) 

or Ao:(l-e)/a 
Bo:e/(1-a) 
n0o:{alogA+(l-a)logB}/E 

eo 
n1o:{(l-e)logA+elogB}/E 

el 
Z=log{f(y,eliY*)/f(y,e 0 IY*)} 

(20) 

(21) 

(22) 

where E9 . is the expectation of z for e=e
1 

(~=0,1). Thus, if the sequential 
probabillty ratio reaches t ·,e threshold value A or B, the decision whether 
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to accept or to rej ect the hypothesi s of 6=60 is made and then the system 

operates at the optimum point . 
In the next sampling du ration Ts, the value of PI at the operating point 

is measured and t he system exami nes whether or not a decision regard ing the 
cl ass has already been made. If the decision belongs to the accepting, in 
other words, if the operati ng point is probably optimum , the system is kept 
near the present operating poin t with the local optimization. On the contra ry , 
if the dec ision bel ongs to the rejecting , the operati ng poi nt would jump t o 
the probable opt imum point whose coordinate will be gi ven by the average val ­
ue correspond ing to the input variable, and then the optimum poi nt will be 
searched locally. On t he ot her hand, when a deci sion is not made, the system 
expl ores globally as mentioned above. These decision-applying procedures are 

carri ed out dur ing the period Ta· 
Now, if the recalculati on of Z is performed after the decision de= d1 

when the operating point moves to t he opposite optimum subdomain , it can be 
examined whether or not the same decision is ma de . Accordingly, at t he re­

calculation cost of Z, the risk due to the decision de=d1 can be reduced. 
Furthermore, by the estimation of the stationary characteristic variation 
detected from the recalculation results of Z for the decis ion de=dl , the 
system can aga i n enter the globa l expl orati on peri od, if desired. Therefore 
t he predetermined decisi on-applying peri od Ta can be i ncreased if the recal­
culati on of Z is perfo rmed. 
5. The min imax numerical solution 

If f (y ,el y*) is given bf the following nornial probability density 
function with the mean value e and the di spe.rsion o2: 

f(y, e)=(2rro2 )-t £-(y- e)
2 /(Zo2) 

then, from Eq.(22) 

Z={2( el -e0 )y+e 0
2- e1

2 }/(2o2) 
Hence , the expectation E60 and E6 1 for e=e0 and e=e 1 respectively are 
expressed as follows 

(23) 

(24) 

2 . 2 
Ee0 =-E61 =- (So- el) /(2o ) (25) 

Putting 

d= e1-y '=y' -e0 · 

Z becomes 
Z=2d(y-y' )/o2 

Defining 

(26) 

(24') 

( 27 I) 
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the conditions of Eq.(l4) are replaced . by 

if S~logA, e=a1 is decided; decision de=d1 
if S~logB, a=a0 is decided; decision de=d0 

if logA>S>logB, measurement is to be coutinued ; 
decision de=d2 

Normalizing R1, w01 and w10 as follows 
r=R1/(C1/E91 ) 

w0 =W0/(C/Ea1) 

u=WlO/WOl 

the minimax condition R0=R1, from Eqs.(l7) and (18 ), yields 
B(A-l)uw0 -(l-B)w0 +(l+A)(l-B)logA+(l+B)(A-l)logB=O 

and 

(27) 

(28) 

(29) 

r= {(l-B)w0 -(l-B)logA-(A-l)logB}/(A-B) (30) 
Equation (29) is solvable in the case of u=l and the solution is 

B=l/A (31) 
hence , from Eq.(l9) 

8=a 
and from Eq . (30), r is 

r= {w0 +(A-l)logA}/(A+l ) 

(32) 

(33) 
Figure 4a shows the minimum value of r and the corresponding value of A 
versus w0 in the case of u=l. From Fig.4a it is evident that, the larger 
w0 ( ~w;c 1 ) is, the larger A (=1/B) becomes. In other words, the probability 
of error becomes smaller. The broken lines show the th reshold value A where 
r is larger than its minimum value by 20%, while the chain line shows the 
value of r in the case where the value of A deviates rom the optimum value 
by ±20%. Therefore, ~lith the variation of A, it i s seen that the value of r 
does not change muc h near its opti mum va ue . Furthermore, though r becomes 
larger with w0 , the increment of r i s muc h less t han that of w0 , where w0 

is proportional to t he du ra ti on of the dec ~ sion-applying period Ta. 
Accordingly, it will also be realized that t he longer this duration becomes, 
the less the expectation of the tota l loss becomes. In fact, however, this 
duration will be limited to a certain ma gni tude in order to check the neces­
sity of t he renewal of t he decision based upon the slow variation of the 
probabi lity density function. When u;l in Eq.(29), B cannot explicitely be 
expressed by A. Then, the solu tion of A and B obt ai ned by numerical calcu­
l ation are shown in Fi gs .4b and 4c in the case of u=O.l and 10. Mow, as i t 
can be seen from Eq.(28), t he ris k w10 in the case of u=O.l is less than 
that in the case of u=l (in Fig.4a) for t he same value of w

0
. It could 

generally be said that, the less the risk due to a decision becomes, the 
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larger error probability can be taken for the same expectati on of the total 
loss. Hence the la rger value of s i n the former case can be taken than that 
in the latter case. Thus it may be understood from Eq .{20) that the value 
of B in Fig.4b is larger than that in Fig.4a and conve rsely the value of A 
in Fig.4b is smaller than that in Fig.4a. Similarly the characteristics of 
A in Fig.4c to that i n Fig .4a can be expla ined . When the incorrect decision 
can be corrected as mentioned above, the graph u=w10;w01>1 will be usefu l. 
6. Simulation 

In order to simplify the simulat ion procedures , the follol'tin g is assumed. 
{1) The operating point is to be al ways at the opt imum or suboptimum point 
by means of the local opt imization . 
(2 ) The difference between the PI of the opti mum point and that of the sub­

optimum point is unity f or each of n cla sses (n=l, · · ·, 10 ) . 
{3) The distribution function of PI samples is a normal one ha ving the same 
known dispersion o 2 for each class. 
(4) y' and d is given by 

y'=y*+d, d= le
1
-e

0
l/2 

(5) The risk due to incorrect decision is 
w01 =w10=2dm 

The s imulation procedures is, 

(34) 

(35) 

1(1) the class number J of the operating point is detennined by generating 
the uniform random number, and thereby the classified value of I Yj* is 
determined.Next, the table of e at the opposi te opt ' mum point is looked up, 
and then the PI sample Yj at the opposite opt imum point is determined as 
follOI~S; 

y· 
v=F(Yjl=f_~J f(y, e)dy (36 ) 

~1here v is a uniform random number 0.5..V.5..l and f(y , e) i s given by Eq. ( 23) . 
Thereafter go to (2) . 
(2 ) (a)If the decision for the jth class has already been made , go to (3). 

(b)If the decision for the jth class has not yet been made, add the 

global exploration cost c1 to sc1 (sc 1 +c 1 ~sc 1 ), calcula te zj by using 

the value of Yi· and 
(i ) if the value of Zj ' belongs to the domain for which a decision has 
not yet been made, go to {1). 
(ii) if t he value of Zj belongs to the domai n for ·whi ch a decis ion has 
already been made, and 

(a ) if the decision is incorrect, SVI+ Ie 1 - e 0 1x~SW and go to (1) . 
(s) if the de cision i s correct, go immediately to (1). 
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(3 (a) In the application of the decision, if no loss yields, go to (1). 
(b) In the application of the decision, if any loss yields, and 
(i) if this l oss i:; based on an i ncorrect decis ion, SWA+L .... SWA and gr. 

to ( l) 
(ii) if this is due to the dispersion, though the decision itself is 
correct, SDA+L .... SDA and go to (1). 

Here sc1 and SW are t he cumulative loss due to the global exploration and 
the incorrect decision respectively. Simila;·ly S\o/A and SDA are both the 
cumulative los s due to the incorrect decision be ing applied . 

Figures 5a and 5b show, in relation to time, the average cumulative loss 
based on dec i sions made over 60 .-examples resulted from the simulation. The 
procedures of the simulation is almos t the same as the above, and the number 
of decis ion-applyi ng ·is taken to be m= l OO . It can be seen that the average 
number of inspection (globa l exploration ) and the va lue of sc1 both increase 
with the value of A, wh ile the risk SW due to the incorrect deci sion is re ­
duced . 

The opti mum value of A minimizing the total loss sc1+SW and the corre­
sponding mi nimum loss rare theoretically obta inabl e from Eq.(28) and Fi g. 
4a: A= l9 .2, r=3.96, (w

0
=25) when o2 =1 and A=3.9, r=2.1, (w

0
=6. 25) ~1hen 

o2 =4. These resul ts coincide qualitatively with those of the above simul a­
t ion, where A=20, (sc 1 +S\~)/E6 /c1 =4. 7 when a2 =1 and A=5. 0, (sc1 +SW)/E

6
/c1 

=2.5 ~1hen o2=4. Figure 6, in relation to time, shows a simulation result of 
the average cumul at i ve l oss over 60 examples due to the decision -applying . 
The r is k SH due t o the decision-making (for m=lOO) is expect ed to be equal 
to the loss SWA due to the lOO incorrect decisions being applied. Corre­
spondingly, the qualitative coincidence of both the quantities is shown 'in 
Table 1. 

It can also be seen from Table 1 that the theoreti cal va lues of average 
inspection number and error probability obtained from Eqs.(21) and (19) eo-
i ncide qualitatively with the simulation results . Now, when the opti mum 
point is always searched by the global exploration without using the above 
decision procedures , the expectation of the loss resulted in the case where 
the opposite PI val ue is less than that of the operating point will probably 
be C1 •m/2 (=2•100/2), since the number of the classes having larger mean 
value of PI than that of the opposite optimum point and the number of class­
es hav ing the smal le r value of PI would i~ many cases equal to each othe r. 
On t he other ha nd , when the above decision procedures are applied the expect­
ed loss can be seen from Fig.4a rc1;E =1 5. 8 orovided that o2=l, A=l9.2 and 

61 . 
that the loss due to the dispersion is negl ected. The difference between 



their losses increases with c1 and m1, · and the application of decision 
procedures becomes mbre advantageous. This will also be true i n the case 
where the PI value at the opposite optimum point is larger than that at the 
operating point, because the expectation of the opposite location has been 
recorded and hence only the local exploration cost c2 which is much less than 
c
1 

is, in most cases, required. 
7. The loss due to the dispersion 

Though the decision is correct in the above procedures, the loss SDA 
due to the dispersion of PI samples yields in the decision-applying . Now, 
when the decision de=d

0 
is correct, the expected loss due to the dispersion 

in one exploration i s 

L =(/:f.;o)-lf~ (y-el )e-(y-eo) 2/(2o2)dy 
o e1 
=(o//:f.;)e-(e l - eo) 2/(2o2)_{(el-eo)/2}{1-(2//;)fciel - eo )/(/:fo) e-yz dy} 

(37) 
Similarly, when the decision de=d1 is correct, and if only the 
difference between their PI values is considered, the loss due to the 
dispersion in one exploration is 

L =(/2-rro)-lfeo (eo-Y) E-(y-el ) 2/(2o2)dyzl (38) 
1 -- 0 

Since L0=L1, the optimum values of A and B that minimize the maximum value of 
the sum of R0 and L0 or R1 and L1 remain the same as the above. Though th i s 
doesn't strictly hold in the general case where L1 has to be evaluated. in . 
some more compl i cated forms from a pract i cal viewpoint , th is will approxi ­
mately hold provi ded t ha t t he va lue of o is smal l or the local optimizat ion 
cos t is much les s than t he val ue je 1-e 0 j . 

Now, t he va l ue of Lis gi ven by Eq.(37 ): L=0.08 for o=l and L=0. 39 for 
o=2 respectively, provi ded that e1-e 0 =1 ; They corres pond qualitatively to 
the simul at i on resul t in Fig .6 where the incremental rate of SDA is L~0 .08 

for o=l and L~0.31 for o=2 respectively. 
8. Sel ecti on of characteristic parameters 

In the preceding sections, the parameters characterizing the PI value at 
the opti mum opposi t e point was only one parameter such as the PI value at the 

operating point and its kind was predetermined beforhand . Howe ver, it would 
be necessary to adopt more parameters as conditional values of the condition­
al probabi li ty in accordance wi th the increasing numbe of independent dis­
turbances, and i t i s very important to choose the appropriate characteristic 
parameters from the many available ones. The average mutual entropy, as is 
well known, is a useful measure for choosing the characteristic parameter, 
but it wil l rathe r be an indirect one with respect to the discrimination 



45 

rate and t he loss. Here a method of choos i ng the character i stic parameters 
through the dispersion of the condi t1onal probabil i t y i s simply examined. 

Let us choose X; (i=l ,2, · · · ) the ith cha t act eristic parameter from meas­

urable quantities at the operating point . And X; is assumed to be classified 
into N. classes. Denoting by fj 

1 
. . the frequency in the class to which 

1 , X ••• X1 

the opposite PI value y . belongs for the cond i tional value x1 ,···,x . the 
J 1 

average of yj is 

. = J f j , xl · .. xi y j 
Yxl· • •xi f 

J j ,xl. . .. xi 
The di spersion is 

0 xl · ··xi
2 

• Jfj,xl· · ·xi(yj-yxl···xi )/Jfj, xl··· xi 
Putt i ng . 

fxl .. ·xs =Jfj,xl .. ·xi 

the expectation of the dispersion i s 

(39) 

(40) 

(41) 

2 - ( - ) 2 (42) 0 i -~l··· xi J fj,xl···xi yj-yxl· ·· xi / *l···xi fxl· · ·xi 

Now, it will be seen from Eqs.(25), (28) and (37) that the expectation of 
the loss in decision becomes smaller as the value of o ; 2 decreases. There­

fore the characteristic parameter xi should be sequenti al ly chosen so that 
t he val ue of oi 2 is as small as poss i ble . Let us su ppose t hat the charac­
t erist i c paramet ers up to t he ith are dete rmi ned t o be adopted as the con­
dit i ona l value . If the (i+l )t h charact eris t ic paramet er is furthermore 
chosen properly and adopted as t he condi t ional value , the di spersion will 

become small er and generall y o ; 2 fo i+l 2~1. On t he other hand, the inspec­

t i on number necessary to deci de all classes will become roug hly Ni+l t imes 
larger. Then, as a s imp l e cri t er i on regardi ng t he adopt "on of the ('+l )th 

characterist ic pa rameter, the fol l owi ng wi l l be consi de red: 
If 

r i 2f o i+l 2> Ni+l (43) 

the (i +l) th characte r istic parame t er is to be ado· : ~d . Otherwise , i t i s not 

to be adopt ed. 
9. Conclusion 

Since the opti mi za ti on problem of the control system wi t h mult i -pea k 
performance index con tains the var ious comp l i cat ed factor s to be sol ved, 

it is very difficult at the present stage t o solve the whole of the problem 
sys t ematica l ly and furthermore optimally. This paper discusses mainly the 

appl i cat i on of the mi nima: sequential probability ratio t est t o t he es tima­

tion of the oppos i t e optimum point from the data at the operating poi nt. 
Tnougn the t heory of the sequential probability rati o test is comparatively 
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sys temat ic and almost completed , the sys tematic optimization in the pract i­
cal problems will be difficult because it includes various unknown factors 
such as the form of pro abi lity density function, the di spersion and the 
value of d 'n Eq.(ll}. However, the deviat ion f rom the optimum due to the 
incorrect estimation of the above factOI'S will not be so serious a matter 
from a pract i cal viewpoint since the i nc rement of loss due t o the deviation · 
from the optimum value is generall y small as is already described in section 
5. 

The other important aspects of the problem to be solved at·~ the efficient 
global expl orat i on method and the selection of the characte r istic parameters . 
The considerations in section 3 and 8 are only heul'istic and a ki nd of a 
trial. r~ore effi cient and systematic ·procedu res are expected t o be devel oped. 
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Table 1. Comparison of tHe theoretical values (in parenthesis) 
and the results of simulati on. 

~ 
in case of o2=1 

5 20 

the average 3.567 6.133 
inspection number (2.146} (5.421) 

the error probability 0. 13 0. 066 
(0.17) (0.048} 

the loss due to 14 .0 7.5 
incorrect deci s ion 13 .3 6.7 

In the co lumn of the loss, SWA: the upper 
Sl-J : the 1 o~1er 

in case of o2=4 

50 5 40 

8.132 11.95 32.60 
(7.500 } (8.58) (28.07) 

0.033 0.1 8 0.033 
(0.020) (0.17) (o .024) 
3·.3 22 .3 3.50 
3.3 18.0 3.33 
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A RVEY OF SOME RECENT ITERATIVE 
TECHt IQ ES FOR COMPUTING OPTIMAL CONTROL 

INTRODUCTIOI\ 
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Ir. reco?r:;; years , t~!o po~erful iterative techniques have been devel ­

.:lped for :n : n:..ni zing f unctions of N variables. The conjugate gr adi ent rr.ethoci , 

~hich ~as or iginally developed for solvi ng systems of linear equat i ons1
, has 

been extended to the minimization of non-quadratic functions2 and function­

als defined on a ~eal Hilbert space3• Application of this method to control 
4 5 problems has also appeared ' . 

The other technique,as originally formulated by Davidon6 and later 

r e!'.:>rmulnted by Fletcher and Po~ell ~ ~as for the minimizat ion of functions 

.:Jf a f in::.i<' number of variables. Various properties of this method have 
. . 

been derived for the case of quadratic functionals, on both tinite dimen-

sional7•8 and real Hilbert spaces9 . H~ever, the application. of these 

method s to optimal control problems has been limite~essentially, to para-

. · t· 10 •11 d · 1 h d. r · u1 f · 1 t· meter opt1m1za 10n , ue ma1n y to t e 1f 1c ty o 1mp emen 1ng cer-

tain operator~ ~hich are required. 

This paper ~ill discuss and summarize these two methods together 

with their application to control problems. 

SUMIIJ.AR"::' 0:<' TliE ITERATIVE TECHNIQUES 

Consider the problem of minimizing a functional J[x) defined on a 

Hilbert space x. The gradient of J at the element ~ £ x, _denoted by 

~ (~) £ x, is defined by the relation 

(1) 

where < ' denotes the inner product. It is assumed that the gradient 

e: ~mer.t ~(x) as defined above exists for all elements x £ X· 

':'hi s re ~:ea.rc i·, "'o.s sponsored in part by the Air Force Office of Sci.:-ntific 
Re: ~;ea.rc t-~ , O:""f~ c:e o"!'" Aerospa~e Re5earcil ~ Uni t:.ed St.ates Air Forc e, un .:!er 
AFOS:: G~~~t A"Y)f::\-7~7 - 66 e 

·!·?rese:.t:ly at Bell ':'elephone Le.boratori es, Whippany, New Jersey, U.S. A. 
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Denote by~* the element that minimizes J. Then in gener~- t he 

. h t t t d {!i} iterat1on se eme~ a temp o pro uce a sequence _ which converges to 

x* by using the iteration rule 
n+l n n 

X X + a S n ~ 

An initial element ~0 £ x is chosen arbitrarily. At each subsequent step 

a descent direction sn is chosen (the way this is done defines the method 

used) and a step size an is determined such that 

J[~n + an ~n] ~ J[~n + ~ ~n] 

for all A. This leads to the condition 

vhere lin 

a. 

b . 

c. 

d. 

e . 

J[~n+l] ~ J[~n] ~ ••. ~ J[~o]. 
In Davidon's method the descent direction is chosen as 

sn -If ~'n 
is an operator defined by 

If lf-1 + Cn-1 .... Bn-1 

n-1 n-1 n-1 n-1 
Bn-1 

H l ><H y: 
n-l!f-1 n-1 

<l' l > 

cn-1 
n-1 n-1 

2: ><IJ: 
n-1 n-1 

< <;! 
' 

l > 

n-l, n n-1 r e 6 

0 n-l n-1 a n-1 s 

The dyadi c notation for operators, as defined in references 12 and 13 

has been used, and the initial value of th~ H operator is chosen to be 

any strongly pos i tive, _bounded,linear, self adjoint operator in X· 

In the conjugate gradient method, sn is generated using the 

iterat i on 
n n 

+ 11n-l:! 
n-1 with 0 0 s -6 s -s ' 

where I f~nll 2 

ll (2) 11n-l = llg~-1 11 2 ' 

Vari ouG properties of these schemes, along with convergence proofs, when 

J i s a quadratic and strongly positive functional can be found in refer-

enc.,53 and 9 ~ In particular, for quadratic functionals the Davidon 

method tT,ive s 9 

n s 
(3) 
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<si A sj> = 0 and <gi, H
0 gj > = 0 fori 1 j, 

and t. h P conju~ate gradient method gives 3 

L' n-1 

n n-1 
<~ , As > 

n-1 n-1 
<~ , A~ > 

n 

<~i, A sj> = 0 and <~i ~j> 
·where A is de~ined by the relation 

Ah 

0 for i .; j, 

(4) 

i.e. A is the second derivative operator of J at X and is independent of~ 

for quadratic functionals . Note that for quadratic J 

n-1 1 ( n n-1) ( n } 
As = ;{ ~ ~ +c~ - ~ ~ ) 

wh~rc•as the• relation ic approximately true for small c when J is nonquadrat i c. 

•: ;1:..s S E
0 

is chosen as the identity operator, then for quadratic functionals 

tl:c• ,1avidon· and conjugate gradieni; met'Q9ds are identical. . 
Note that (4) suggests a generalization of the conjugate gra-

dient method ror non-quadratic functionals which reduces to (2) in the 

quadratic case. Tnis generalization is discussed in reference5 while 

the form given in (2) is discussed in reference.2,4 Similarly (3) suggerts 

an alternate iteration method which reduces to the Davidon Method for qua­

_dr_!!.tic functions. That is. the descent directions could be generated via 

where 

'!.'hen it turns out that 

n 
s 

n o n n-1 
s -H ~ + y n-l s ( 5) 

n-1 o n-1 
<~ , H § > 

n 
n Ho n . <; 

-< t? , ~ > L. i 0 i 
i=O <~J: , H g > 

:on;i i t r't'llows that for quadratic functiona1s the descent directions sn 

:t re ;.•:·v;.•0rtinnal to those given by the Davidon method. This iteration 

md.hoJ :.n:; i n fact been prlsented as a generalization of the original con­

jU;!,ntc ._:r:ullen'L mcthod.
1 

AP?L:-CA':'J:Oi\:3 '1'0 PR03J:.~.:s OF O?TD'tJ!.L CONTROL 

Consider t h e foll ovinF uroblera of find ing the u* v:1i ch mi nimizes 
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:::c ~\.1st (which is assumed to have a minimwn) 

tm 
f f0 (~(t), ~(t),t) dt 
to 

subject to the side constraint 

!.. = f.(~(t)' ~(t)' t) 

(6 ) 

(7 ) 

with ~(t 0 )=3c• ~and t
0 

given and tm eit'her fixed or f'ree. Here ~(t) is 

an n-vector and ~(t) is a~ r-vector. By introducing an n-vec~or of La­

p:nt:t 1~e mult ipliers (or adjoint variables) _E,(t), one may show that the 

1T :1di c'IIL of J with respect to u, denoted by 'i/ J,is given by14 
- \;! 

T 3f. _aro 
'i/ J =E. - +- (8) 

u ~ .!) .~ 

wher<' .L_(t ) sat isfi es the differential equation 

E_(t) (9) 

with E,( t~ )=O, and ~(t) satisfies equation (7). Thus , for the case when 

the terrr.inal time tm is fixed, an iterative solution might proceed as 

fol lO\rlB: 

1. For n = 0 guess an initial control u0 

2. Integrate (T) forward to obtain xn . 

3. Inte~rate (9) back-war d to obtain l?n and at the same time cal­

~ulate ('il J)n a s given in (8 ). 
u 

l1. Operate on ( 'il J)n to obtain a descent direction sn as discussed 
~ 

<'nrlier. 

5. Form 
!!- = un + a sn 

and search for an. such that j[un+a sn] ~ J(1t+as_n]. 
- n -

6. n+l n n 
Set u = u + a s 

n 

7. c~ to step 2 and continue with n=n+l. 

The case of a variable terminal time i s ' handled by using the 

r.radient o f J with respect to tm. This is given by 

f 0 (x(t ) , u(t· .) , tm'-
- m -m 

T 
·r :tw: , by ,·on::idering ~ = [,~ ,tm] one may iterate on ~ t o obtain the min-

i m i z in:·~ t ·: \;tnent z * ~ i . e . , 

z n + a s 11 

n-
(JO) 
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Sin;:e un and ~ .r are both defined over the time interval [ t , 
0 

· n+ i b · ( 10) ' lS '::1 y equat1·on . But during the same iteration t n 
m 

t n] then so 
m 

is updated to 

tn+l • and if tn+l > tn then ·'::ln+l is not defined over the 
m m m time interval 

[tg, t~+l). , A procedure U5Ually adopted to handle this cifficulty is to 

b ... . 1 t n+l( ) n+l( n) n n+l ar l vran. y se ~ t = ~ . tm , tm .:::_ t ~ tm • The herati ve sol ution 

~ouJ d t hen proceed as follows 

1. For n = 0 guess an initial u0 and t 0 

- m 
2. Integrate (7) f orwayd to obtain x n and (Vt J)n. 

3. Integrate (9) backwards to 

4. Operate on ~ 
n [un • tn) to = - m 

di scussed previously. 

5. For m 

z = 

obtain -p 

obtain 

n 
+ a s 

m n and (V J )n given as u 

a _descent direction ~ 

in (8 ). 

n as 

end search for a such that J[zn+a sn) < J[zn+asn), arbitrarily 
n - n- ~ - -

setting ~(t) = ~(-t:;D for tiJ ~ t ~ t.m <rhcn tm > t~. 

6. Set zn+l zn +0. sn. 
n-

7. Go to step 2 and continue with n = n+l. 

Anot her rrocedure for the variable terminal time problem can be developed as 

f0llows: Instead of guessing an initial ~ and it-er~ting on t m and u si­

mult ~neol4sly until J is minimized witll r espect to '::1 and tm• one may attempt 

to choose tm at every iteration to-sat isfy J['::ln,t~] ~ -J['::ln•tmJ for all tm . 

This is done in step 2 where the forward integration is no« terminated at a 

time t:;i such that Vtm J = 0, orith a check to see that J is minimized with r e­

spect to ~ for '::1 = un. Note that using the condition VtmJ = 0 to define t~ 

is not sufficient-since this may result in choos ing t~ .such that J['::ln,t~) is 

a maxi mum or saddle value. In steps 4-6, ~ is then used instead of ~· 

A third procedure for the free terminal time case is to solve a se­

quence of fixed terminal time problems . This is done by setting tm tot~, 

solving t he fixed' terminal time problem for~~ and~~· and then updating the 

t o?rmi na l t.in:e usiD& a descent 'method and- 'ilt J[u*
0

, tn]. 
· m - m 

A cl i ffercn t approa.cll can al so be . utilized to solve the control 

pt·o>bi<'m " t.at.P<.i . :-.uppo:'e that, in addition t o t he differ<'ntial s ide con­

::t.ra i nt .:: J!_ ;v.-u i n ('(}, u(t) i s r r qu i r ed t o be a pi. ecewiso' cons tant time 
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~(t) = !!.j for t < t < tj' j-1 -
j=l, ... ,m (11) 

~here the amplitudes ~j and switching times tj . are to be chosen to mini­

mize J subject to the condition 

j=l, ••• ,m (12) 

Thus, when m is a fixed finite number, the original problem is reduced to 

one of minimizing a fun~tion of a fini~e number of v~iables. In other words, 

J [~;tm] = J (~1' • • · • !!m;\ • · · · • tm) 
m tj 

= L J f
0

(!:(t) '~j ,t)dt 
j=l tj-1 

'l'o solve this problem iteratively, a penalty function terr.1 is introduced 

int.0 J to eliminate the inequality constraints (12) on the tj 's. Let 

· •·her~ 

the kj ~ ] are 

i1ow consider 

foj = f
0

(!:(t) '~j ,t) 

£.j = £.(!:(t) '~J ,t) 
f1 

l(tj-tj-1) sgn ( f oj) qj -kj 

l(t)= {0 for t < 0} 
1 for t > 0 ' 

predetermined penalty constants 

sgn(f) = r~ for f < 0 } 
for f > 0 • 

l(tj-1-tj) 

and 

A m t 
J(~l' ····~;tl, .•• ,tm) = L f j 

j=l tj-1 

It i s s een that when tj >Atj-1. for all j, we have J = J. Conversely, if 

t.J < t,l-l fc>r nny ,l •. thcn J .::_ J for a suitable choice of the .penalty 

C<'ll>' t:lllt::. 'l'hun the problem to be considered is that of minimiz i ng J, 

'o'it.h ar. appn,printc choice of penalty constants, subject to the given 

tliffc-reutial side constraints and initial conditions. 

It can be shown that the gradient of J with respect to _Ej and 

tj i ~ e: i vcn by 
tj afoJ T ~ 

'lh J f {qj ah + E. ab 1 dt (13) 
-j tj-1 -j -j 

j = 1, ••• ,m 

'lt 
T (14) J fojqj - foj+lqj+l + E. [£.j-£.j+ll 

j 
t=tj, j=l , •.. , m-1 

V 
t J f ora~ for t=t 

m 
(15) 

m 
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ic(tl = !.J 

x(t ) = ~ 
- 0 ' 
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t J-l < t < t j, j=l, ... . , m 

·T aroJ T ~ 
E. ( t) = -qj il!_ - E. il!. 

and E_( tm ) = .Q_ . 

Thus a computational sol~tion might ~roceed as follovs: 

1. 

2. 

3. 

4. 

Guess an initial set or amplitudes and svitching times 

~~ • · · • • ~-.~~ • • •• • t~-1· If' tm is speci ied, set ~ to 

the specif'ied value. 

Integrate eqU&tion (16). forward to obta~n x0
. 

Integrate equation · (17) backward to ;btain £n· 
• n • n Calculate (Vh J) , (Vt J) for j=l, •.. , m, rrom equations 

(16) 

(17) 

~ j 
(13) - (15). Set (Vt J)

0 
.0 if the terminal time is speci fied so 

. . m o 

5. 
that ~ is. held fixed at tm. 

Operate on.K = [vh _j,.,,,vh j, vt j, ... ,vt J) 
-1 -111 1 m 

to obtain a new descent direction ~n and step size Q as dis­
n 

cussed earlier. 

6. Update 

by 
n+l n n 

l.. = l.. + Q? 

7. Go to step 2 and continue with n = n+l. 

Note that there is no theoretical difficult y encountered for the free 

terminal time case in this procedure. 

A computational technique, based on this procedure, for gener­

n.tin~ optimal pil:'cewise constant control signals may thus be formulated 

ror the control problem ntated in equations (6) and (7). Here we may 

sC'ek out an optimal piec wise constant control signal vith onlr a fev 

svi tchi ll t~ t imcs and use this as an · i ni tial guess for a piecewise constant 

c..'nt~·vl ::i,~nal with no re switching times . thereafter repeating the proc­

ess unt il little improvement i s obtained. This technique has been ap-
11 plied to several ex~mples 
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~~o examples illustrating t~t previously discussed technioues are 

next presented. 

Exwnple 1 

Here a control sigr.al that minimizes a quadrat ic cost over a 

fixed time interval is to be found,where the system equations are non­

linear. Specifically 

snd 

x
1

(o) = 

5 
J fo 2 2 2 [x1 + x2 + u ]dt 

?he sol ut ic, n to this example is given by Merr:M15 . The 5 , 10 and 20 

~tep ortimal piecewise constant control signals have been computed us ing 

the vavi don method as defined in equations (a)-(e) with H0 taken as the iden­

tity operator, and are plotted along with Merriwn's s olution in Figure 1. 

The cost obt~ined by Merriam (here assumed t o be the opt i mal 

cost) is 2.8670 while.the costs obtained using the 5, 10 and 20 step solu­

tions are 2.9848, 2.8893 and 2.8732. The percent deviati ons bet\Jeen these 

and the optimal cost, defined as 

% deviation cost - optimal cost x 100 optimal cost 

are 4 .1088%, .7782% and . 2163% respectively, while the number of i tera­

tions required are 26, 22 and 17. Since the percent deviation for t he 20 

step ease is qui te small it did not seem necessary to continue t he itera­

tions usin~ a piecewise constant control signal with more se'gments. 

~~e i nitial guess used in obtaining the 5 step solution was an 

identically zer.o contr~l zignal with switching t i mes at 1, 2 , 3 and 4 

s econds. The .5 ztep solution wap then used as the initial guess for the 

10 st<!I' solution and the 10 step solution was then used as the init ial 

guess for t he 20 step solution. 

~or a compar ison of convergence rates , the exa~ple was also run 

u s: t:g: t:-.e con jugate gradient meth0d. with ai chosen us ing ( 2}. Figure 2 

su.-tL':Iar::: zcs the convergence rates for the 20 step iterations. 
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Fx:t."!rt'.l'' Z 

Ir. this example, a mi~imum time problem is considered. Here we 

x
1 

x
3
sin(u) 

x2 x
3
cos(u) 

x3 32sin(u) 

xi (0) = ' 0 i 

x1 (tm) = 32 

J = t .. m 

1,2,3 

The solution to this problem is given in reference16 and is 

u(t) =· 1.5108- .88622t 

tm 1.1125 

0 < t < t 
- m 

In order to put this problem into the form of equations (6) and 

(7), the t erminal constraint on x1 is eliminated by introducing a penalty 

func tion term in J. The cost functional now considered is 

J = t 
m 

+ lsK(x (t )-32]2 · 1 m 

t 
= J~:[l+~ d~ (x1-32)2]dt + ~(32)2 

t 

f0m(l+K(x
1

-32)x
3
sin(u)]dt + 512K 

The modified problem was solved using Davidon's method as de­

f ineci in equations (a) - (e) with H0 taken as the identity operator, 

and a 5 step piecevrise constant control signal. The initial control 

s~gnal was assumed identically zero with switching times at .4, .8, 1.2, 

a nd 1. 0 seconds . A terminal time of 2 seconds was also assumed initially. 

1'h<! solution wus found by iterating on the penalty con~tant for K = 10 

and .~ll . F\'r K = ?0 the terminal vuluc of x1 vas 32.000, the terminal 

Lime wn,, l. ~)~, lJO a nd the total number of iterations required was 12. The 

'''1lut.ion is ,;hewn in Flgure 3 along with the optimal control . 

Cl1NC !,US i: l1i'! 

This pape r has presented two powerful iterative techniques for 

min i mi::aLiou . Various properties which have been derived elsevhere were 

disc l; ss,•.:. ruHi the appli cation of these methods to problems of optimal con­

trol :1us been indicaced . 1vo examples were included to illustrate these 
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Further discussion of these methods, aa to coaputer storage, rel~­

•ive computation ~ime and numerical roundoff, may be fou.,d in References 5 

and 10. It should be noted that one may use approximating curves for ~(t) 

other than the piecewise constant time functions considered in equation 

( 11). r'or example, in problems w~ose control is continuous, it would be 

reaonsable to approximate using piecewise linear segements with continuity 

imposed. Such a procedure would result in only ooe .ore parameter than 

the one uning piecewise constant se~!!!lt~-
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CONVERGENCE PROOFS FOR A DYNAMIC -
-PROGRAMMING SUCCESSIVE-APPROXIMATIONS 

TECHNIQUE 
A. J. Korsak and R. E. Larson 

Stanford Research Institute 
Menlo Park, California, U.S.A . 

I INTRODtX:TIOli 
1 2 

Dynamic programming ' has long been recogniz<.d as an extremely power-

ful optimization technique. HOwever, its application has been limited by 

the computational difficulties that occur in high-dimensional problems. 

The dynamic-programming successive-approximations technique (henceforth 
' 1 2 

referred to as IPSA) suggested by Bellman ' reduces the solution of a 

problem with m control variables and n state variables to the solution 

of a sequence of subproblems, each having one control variable and less 

than n state variables; in the case where m ~ n , each subproblem has a 

single state variable. Because the computational requirements of dynamic 

programming increase exponentially with the number of state variables, 

great reductions in computational difficulty can be obtained. In Refs. 3 

and 4, examples are cited in which problems having as many as 100 state 

variables •7e solved. 

In this paper the question of convergence of the DPSA technique is 
1,2 

examined. It is easy to show that monotonic convergence is obtained. 

However, there are no published results on conditions for convergence to a 

true optimum. This paper presents three cases of practical interest where 

this convergence is obtained. In addition, some recent applications of the 

DPSA method are discussed. 

In this paper attention is restricted to discrete-time optimal control 

problems in which m~ n (i.e., where the subproblems have a single state 

variable). Without loss of generality it can be assumed that m= n and 

that the relationship between the con"rols and states in the system equa­

tion is invertible in the sense defined ir. Sec. IV. Assuming that the 

given optimal control problem does have a solution, the following three 

fundamenta l questions arise pertaining to convergence of the DPSA method. 

Let JN 
(1) 

(2) 

be the cost after N 1-dimensional dynamic programs. 

If JN .... 

Assuming 

(N) K 
(uk }k:l 

J~, is J~ the optimal cost? 

JN .... J~, do the corresponding controi sequences 

converge to an optimal control sequence? 

(3) Assuming that at some iteration JN+l = JN (i.e., the method can 

no longer reduce the cost at all), is .JN optimal? 
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These questions are certainly not trivial, as it is easy to exhibit 

counter-examples .. of "one-variable-at-a-time" methods of optimization that 

do not converge to the true optiiiiUID. This paper answers the above ques­

tions in the affirmative for the three following classes of d i screte 

optimal control problems: 

(1) States are bounded, controls are unbounded, and the elimination 

of controls (by virtue of the invertibility of the dependence of 

states on controls, as described in Sec. IV) results in a convex 

objective function of states only. 

(2) Controls are bounded, states are unbounded, and the elimination 

of states results in a convex objective function of controls (~nd 

initial state). 

(3) Both states and controls are bounded, and the objective function 

is quadratic. 

Some related results in successive optiaization are found in Ref . 5 

for convex prognu.ing and in Refs. 6 and 7 for quadratic progr&lllllling. Our 

search for a proof of convergence of the DPSA method for the control prob­

lem case was motivated by these results. In fact, in each of the three 

cases treated here, convergence will he proved by relating the control 

problem to a certain convex or qnadratic progra..ing problem. 

II FORIIULATIO!f OF <Pl'IIIAL CONTROL PB<IILEE SUITABLE lQt DYRAIIIC 
PROGBAIIIIING 

The formulation of optimal control problems assumed here (with slight 

changes in notation) is sa.ewhat less general than in Ref. 3. The objec­

tive function to he optiaized is a cost (to he minimized) 

][ 

J = 1: .(.k(~, uk} 
Jr.() 

where the minillization is over all trajectory and control sequences, 

K-1 
{uk)Jr.O satisfyiag certain" constraints: 

(1) The systea equations (nonlinear, in general) 

(2) 

~1 = g(~, uk) 

* Control bowlds 

y~ ~ u: ~ u! 

k = 0, •• • , K-1 

1 1, ••• , D k = 0, • •• , K-1 

(1} 

(2) 

(3) 

*The methods of proof bere do not appear t o be extendibl e to more general 
constraints on states and controls as in Ref. 3. 
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i = 1, .•• , n k O, ••• , K (4) 

Ill DETAILS OF THE IPSA T:JOCHNIQUE 

In order to prove convergence of this technique, _we must review in 

detail the way it functions. The technique proceeds as follows: 
i 

(1) The states ~ are quantized, resulting in a finite set of 

allowable values for each .state. The controls are not quantized 

to avoid the need for interpolation in the dynamic programs. 

(2) Initial feasible control and trajectory sequences 

{3) 

K 
( (0)} 
~ k--0 

are selected, such that they satisfy Eqs. (2) to (4), with the 
{O)i, 
~ s assuming only the quantized values. 

One state component index--say, i--is selected. ~· 
j .i i, 

All states 
(O)j 
~ . k = 0, • · •• , K are kept fixed at tbe values It 

is then desired to miniaize i 
J over all_ ~·s, k • 0, ••• , K. 

This 1-dimensional program proceeds in the usual way, except that 

here there are n controls to vary at each time stage, subject 

to the n-1 states ~· j .i 1 being fixed, thereby leaving one 

degree of freedom in the controls to allow varying ~· For this 

purpose, it must be assumed that the mapping from the controls 

u~ onto the states ~· j s 1, ••• , n in the control law 

Eq. {2), is invertible. 

{4) When the optimal control -and trajectory have been derived using 

state component xi, the method proceeds with Step (3) for another 

state component xj, unti~ all the components for- i = 1, ••• , n 

have been treated once. 

(5) The method proceeds to repeat Steps {3) and {4) until either 

insignificantly small reductions in J occur, or no reduction in 

J occurs at all. At this stage, the process is terminated, and 

either the last or any recent suitable control sequence is taken 

as the optimal solution. 

IV PROOF OF CONVERGENCE .WHEN ~y STATES ARE BOUNDED 

t 
Fixed initial 
lower bounds; 
here. Note: 
fixed initial 

or terminal states are representable by collapsed upper and 
for free states at any time k, we allow infinite bounds 
this is slightly more general than in Ref. 3, where only a 
state was considered. 
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A. The Class of Problems 

The proof of convergence for a restricted class of problems of 

the type given by Eqs. (1) to (4) will now be obtained by showing that 

the DPSA method lowers the cost J at least as fast as a certain con­

vex programming procedure that is known to be convergent. 

Class I of such problems shall be defined by the following prop­

erties (which are related to the assumptions made in Ref. 5): 

I.l The vector functions gk(~, uk) in Eq. (2) satisfy an 

"implicit function theorem" with respect to uk--i.e., there are 

(vector) functions hk(~, vk) such that if for some v, 

v = gk(~, uk) 

then 

i.e., . hk satisfies 

gk[xk, hk(~, v)] = v 

This is the "invertibility" property alluded to in Secs. I and Ill. 

1.2 The cost function obtained by substitution of ~'s for 

(5) 

where 

is convex (although not necessarily strictly convex) and attains a 
i 

unique minimum for xk between its bounds given by Eq. (4) (if it has 

any) when all other xi's are fixed. (This is D'Esopo's definition 

of "convex 
1

" in Ref. 5). has continuous partial deriva-

tives with respect to each 

!.3 Either all the state bounds in Eq. (4) are f~nite, or for 

each finite number r the set of states x satisfying Eq. (4) and 

J(x) ~ r is bounded. 

A particular subclass of Class I problems of practical interest 

is the case where 

~k(xk, uk) = ![x~ Qk xk + u~ Rk uk] + Ak xk + Bk uk 

k = 0, ••• , K-1 

~K(xK) = ! x~ QK xK + AK xK 

with the Qk's all positive semi-definite, except that ~O is 

positive definite (unless the i nitial state is fixed , in whi ch case 

(6) 

(7) 
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there is no Q0), the Rk's all positive definite, and 

kaO, ••• ,K-1 (8) 

with the fk•s all invertible. It is easily verified that Eqs. (6) 

to (8) imply properties 1.1, 1.2, and 1.3. 

B. The Successive Optindzation lletliod 

Consider the following method (which we shall refer to as the SO 

method) for solving the problem of minimizing the cost J in Eq. (5) 

subject Eq. (4): 

(1) 

(2) 

(3) 

(4) 

Pick an initial point 

Start with the indices 

(0) 
x satisfying Eq. (4). 

i = 1 a~ k = K for i 
~· 
i 

xk, subject Minimize J(x) over all quantized levels for 

to all other variables xi fixed. 
Define x(l) by using the newly obtained value of i 

fo>J, 
X.(. S. (which may equal the previous value) and the other 

(5) Repeat (2) for k decreased by 1, unless k is 1, in 

which case go on to Step (3) with the next higher value of 

i, and set k = K, unless i = n, in which case go back to 

Step (2). 

(6) Keep repeating the above Steps (2) to (5) until either 

(a) a vector x = (x~lk .. 0, .•• , K, _ i = 1, ••• , n) is 

reached for which the cost J cannot be reduced at all, or 

(b) the cost J [x(N)] is converging to a finite limiting 

value. 

Lemma 1: If the DPSA and SO methods begin with the same initial trajectory 

sequence {x~O)i}, then after · N !-dimensional dynamic programs the 

{ ) J[x (N), u(N)) DPSA method for problem 1) to (4 attains a value at 

least as low as the value J[x(NK)] of the NKth iteration of the SO 

method for the problem defined by Eqs. (4) and (5). 

Proof: This lemma follows trivially from the equivalence of problems 

defined by Eqs. (1) to (4) and the problem defined by Eqs. (4) and (5), 

and the fact that minimizing J(x, u) over all k .=O, ••• ,K 

{for a fixed i) can . certainly do no worse than minimizing J{x, u) 

over all xi's one at a time as k goes from K to 0 (assuming the 
k 

!-dimensional dynamic programs in the •DPSA method are the "backward" 

type) . 

Lemma 2 : For continuous s ;ates 
i 

xk the SO method for problem defined by 

Eqs. (4) and (5) converges to a true optimum solution under assumptions 
- ( {N) ) I .l t o 1.3--i. e . , t he cost s J x converge to the optimal cost 
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J , and there 
( (N) }cxo w.ith 

X N=l' 
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(cxo) 
is at least one limit point x 

J[ x (cxo) ] = J cxo Furthermore, if 

convex in x, then there is only one limit point 

the unique optimal solution. 

of the sequence 

J(x) is strictly 
(ex>) 

x , and this is 

Proof: This result is a restatement of some of the conclusions in the 

Theorem of Ref. 5, whose assumptions include properties I.l to 1.3 as 

a special case. 

Lemma 3: If the quantization levels in problem defined by Eqs. (4) and (5) 

are suitably arranged and sufficiently small, the SO metho1 will con-
(ex>) 

verge to a quantized vector x having the lowest possible cost, in 

a finite number of iterations, and this cost can be brought as close 

as desired to the optimal cost of the unquantized problem. 

Proof: Given our assumptions I.l to 1.3, we know by Lemma 2 that the 

method converges to an optimal solution when the unique ~ optimum 

is obtained at each iteration with respect to one variable at a time. 

When the states xi are quantized, it may happen that the optimum 

with respect to x! occurs at !!£ quantized values. Under continuous 
i 

variation of ~· our assumption 1.2 requires that there he only ~ 

minimum. Thus we can simply assume that the quantized level has been 

perturbed ever s~ slightly, such that there is only one minimum here 

without having disturbed the minimality at any previous iteration. 

Now, the continuous problem has an optimum; hence, the cost in the 

quantized case is bounded below. But there is only a finite number of 
i 

possible quantized state-level combinations for all the ~·s. Since, 

at any given iteration, the above level perturbations produce a strictly 
i 

decreasing cost, or else no change in xk occurs at that iteration, it 

follows that either the optimal quantized cost is attained in a finite 
i number of iterations, or the iterations stop changing the ~·s after 

some finite number of iterations, and the quantized cost attained is 

E£! optimal among the quantized costs obtainable. · (The latter situa­

tion can occur--for example; as in Fig. 1--where the continuous 

problem's convex cost function has a very narrow valley relative to the 

quantization levels, and the SO method for the quantized problem can in 

fact stop at a non-optimal point). However, in the latter case one can 

merely increase the number of quantized states until a definite change 

in state is forced at each iteration, up to any desired number of 

iterations. Consequently, we conclude that if the quantized states 

are made sufficiently fine, the method must attain the lowest (quan­

tized) cost, and of course, as the quantization is made smaller and 
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smaller, due to continuity of the convex function J(x), the quantized 

opti- IIIWJt convel'le to the true. optiiiUIIl, 

Combiniuc Lemmas 1 and 3, we obtain 'the following conclusion regarding 

the DPSA met~ for problem defined by Bqs. (1) to (4): 

Theorem: Suppose that an optimal control problem given by Eqs. (1), (2), 

and (4) satisfies properties 1.1 to 1.3. Then, for a suitable quan­

tization of state variables, the II'SA ·method will converge to an 

optiMl solution of the quant1zed problem. As the quantization incre­

ments approach zero, the quantized problem's solutions converge to an 

opt1Ml solation of .tbe contiDUous problem; 

V PROOF OP OO!f\IBRGBKCB WilD' OHLY COIITROLS ARE BOUNDED 

In the case where there are DO bounds on states, except possibly on 

x0 , a re&alt si~~ar to that in Sec. IV is obtainable by elimination of the 
i 

states xk, & • 1, ••• , K, 1 • 1; ••• , n from the set of optimization 

variables, thereby leaving x01 . U11 ••• , ~-l as independent vectors 

subject only to Bq, (3) and ttie part of Eq. (4) pertaining to x
0

• 

Let Claaa II be tbe IIUJ)clal!s of OJ,Itim&l control problems 1 • character­

ized by Bqs. (1) to (4), for which the bounds in Eq. (4) do not exist (i.e., 

may be regarded u infinite) 1 exce~ possibly the ones on the initial 

state and haviDC the following properties: 

II.l S... aa ·z • .l (this is needed to · be able to apply the DPSA method). 

11.2 Tbe coat function J(x0 , u1 , ••• , ~-1>, obtained by eliminating 

the ftl'iablea ~, k = 1 , ••• , K, by means of Bq. (lli) in teraa 

of and the ~·s, k = 0, ••• , K-1, is convex and possesses 
i i 

x0 , ~· i = 1, ... , n 1 a unique minimum with respect to each 

k '"'o, ... , K-1. 

II.3 The control bounds, Eq. (2)' and bounds on xo are all finite, 

or at least the set of (xo• ul, ... , ~-1> satisfying Bq. (3) 

and the bounds on xo, for which J(xo, ul' ... ' ~-1> ~ r, is 

bounded for every finite number r. 

It can easily be checked that linear control laws Eq. (8) ~ith quad­

ratic costs Eq. (6) and (7), in whi~h the rk•s are invertible and Q0 
and the Rk are positive definite, while the remaining Qi's are positive 

seaidefinite, do in fact'satisfy II.l to 11.3. (Note: This is the same 

class of control problems that was said to satisfy 1.1 to 1.3, except that 

now the states are unbounded instead of the controls,) 

Here, we may use the same result
5 

as in Sec. IV to obtain exactly the 

same conclusion as in the theorem of Sec. IV, with conditions I.l to 1.3 
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replaced by conditions II.l to II.3. 

VI PROOF OF CONVERGENCE IN THE GENERAL CASE WITH BOl'H STATES AND CONTROLS 
BOUNDED 

When both states and controls are bounded by constraints of the form 

given by Eqs. (3) and (4), it is not possible to eliminate controls or 

states to derive an equivalent optimization problem without equality con­

straints for which convergence is known. The reason is that any attempt to 

eliminate equality constraints would lead to additional inequality con­

straints on the remaining variables, which would not be of the simple form 

given by Eq. (3) or (4), and convergence proofs for one-variable-at-a-time 
5-7 

methods are known only for these simple types of constraints. In fact , 

it is very easy to exhibit counterexamples where one-at-a-time methods fail 

for general constraints. 

Tbus we shall take another approach, by generalizing another of the 
6 

known proofs of convergence, to the case where equality constraints exist. 

In this case the optimal control problem will need to be more restricted. 

Let Class III of the optimal control problems described by Eqs. (1) to 

(4) be characterized by the following properties: 

III.l The control law Eq. (2) is linear, as in Eq, (8), with the 

f 's all invertible. (Note : Tbis fact will be needed in the 
k 

proof to follow and not just to guarantee t ·he DPSA method to 

work, as was the case in the two earli~r sections.) . 

III,2 Tbe cost function Eq, (1) is as given by Eqs. (5) and (6), with 

the matrices Qk, k = 0, .•• , K, and Rk, k = 0, • •• , K-1, 

all positive definite. 

III.3 Either the bounds Eqs, (3) and (4) are all finite, or the set 

{<x, u) I J(x, u) s r, (x, u) satisfies Eqs. (3) and (4)} is 

bounded for each finite number r. 

For Class III we obtain exactly the same conclusion as in the theorem 

of Sec, IV, by the same approach as in Sec. IV. In this case, however, we 

cannot rely upon a known convergence proof for quadratic programming, as we 

did for the convex programming situation in earlier sections, since there 

appear to be no proofs of convergence for successive optimization methods 

in quadratic programming with general linear constraints. The results in 

Refs. 6 and 7 do consider general constraints of the form 

Ax ~ b 

or 

Ax = b, . X~ 0, 

but the proofs of convergence given there (incidentally , the proof in Ref. 7 
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is incorrect for the semidefinite case) are for the ~ quadratic program 

(i.e., one solves the dual problem by a convergent method and then uses the 

answer to derive a solution for the primal problem). The dual problem in 

Refs. 6 and 7, however, has only the simple constraint x ~ 0; consequently 

the result is of no use here. The idea introduced there, of passing to the 

dual problem, is a very interesting one and we shall use it to prove con­

vergence in the present case. 

Lemma 4: Suppose that { }K - { }K-1 
~ k..o and uk k....-Q are a trajectory and control 

for a problem in Class III for which the DPSA method cannot decrease 

the cost any further (assuming no quantization--i.e., continuous 

variation of the state variables). Then the method has attained the 

true (unique) optimum for the given control problem. 

Proof: We can assume (without loss of generality) that the linear • erms in 

Eqs. (6) and (7) have been eliminated by suitable choice of coordinates 

in control and state space. Let Lagrange multiplier vectors Ak' 

k ~ 0, ••• , K-1 be associated with the Eq. (2), which are Eq. (8) in 

this case, and v , ~ with the inequalities given by Eqs. (3) and (4) 
k k i -i 

respectively. Interpret vk as associated with the upper bound uk 

when it is positive and the lower bound when it is negative (similarly 

for i 
IJ.k}. Writing the L.agrangian in the form 

K-1 

! J +i: Ak(~l- tk ~- fk uk) 

k=O 

K 

" + ) [~ (x -
L k k xk> - ~ (x - x )] k k -k 

k=O 

K-1 

+ L [::; (u -k k lik> - v (u - u )] 
-k k -k 

k=O 

and using the Kuhn-Tucker Theorem (which yields necessary and suffi-

cient conditions for an optimum in the case of linear constraints and 

a convex quadratic objective f unction) , we obtain the following 

criteria for optimality: 

The sequences of vect ors {xkJ!=<> and {u }K-1 
k k=O 

are the optimal 

t rajectory and control if and only if there exist A 
k ' IJ.k' and vk, 

such that 

fT A Rk uk + V 
k '" k k 

k o, ... ' K-1 (9) 

t T A A + Qk xk + IJ.k k 0, ••• J K (10) 
k k k-1 
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i·{:: Ilk 

= 0 

if i -1 
xk xk 

if i i 
xk • !k 

otherwise 

1 ·.1, ... ,n 

k = O, ••• , K-1 (11) 

"~ {:: if i _i 
uk uk 

if 
i 

uk ~k ... ' K-1 (12) 

i • 1, , , . , D 

k .. o,_ 

otherwise 

The additional vectors A_1 , AK introduced in Eq. (10) are taken to 

be the 0 vector. 

We shall now prove optimality for the given trajectory and control 

reached by the DPSA method by showing that Lagrange multipliers 

satisfying Eqs. (9) to (11) exist. For termination of the DPSA method, 

we know that the given control and trajectory provide an optimum for 
i 

the restricted problem where only the ~·s are varied for some i 

while all other xj's are fixed. For each fixed i the Kuhn-Tucker 
k 

conditions for the optimum (which also are necessary and sufficient 

for the same reason) are precisely the same, except that Eqs. (10) and 

(11) bold only for tha ith component--i.e., there are Lagrange multi­

plier vectors A~i), v~i), and scalars ll; satisfying Eqs. (9), (12) 

T 
(ti) A (1) .. A (i)i + Qi + i 

k k k-1 k xk Ilk k = 0, ••• , K 

and Eq. (lli), which is (11) for that i only (where Ai denotes the 

ith row of matrix A), and Eq. (lOi). We shall show that the vectors 

A~i) are in fact the same for all i, from wbicb it will immediately 

follow from Eq. (9) that the v~i),s are independent of i, and from 

Eq. (10) that the lli's comprise the components of appropriate 
k 

vectors Ilk' which together satisfy Eqs. (9), (10), (11), and (12) , 

thereby proving optimality for the global optimal control problem. 

We f-irst derive the uniqueness of the Ak's for the global 

program by the following: 

Lemma 5: The Lagrange multipliers for a quadratic optimal control 

problem with linear constraints satisfying conditions III.l to 

111.3 are unique. 

Remark: Actually we will not need this result, but an analogous 

result for the A(i), will follow Lemma 5. k s 

Proof: The ideas in this proof come from Ref. 6. 

Combining Eqs. (9), (10) with Eqs. (2), (8), we may eliminate the 
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and uk's to obtain the relations 
-1 1T ~ + I Q-1 ~ 

Qk+l k+l k+l k k k-1 

- [Q-1 + t Q-1 IT + r R-1 rT] ~k 
k+l k k k k k k 

-1 t -1 -1 
- ~1 llk+l + k Qk Ilk + r k ~ vk • 0 

k .. 0, ••• , K-1 (13) 

for the Lagrange multipliers alone. But Eqs. (11), (12), and (13) 

may be interpreted (by inspection) as the Kuhn-Tucker conditions 

for the quadratic programming problem (called the ~ problem) : 

K-1 

= m~n I [~ ~! {Q;!l 
kk.O 

min J (~) 

T -1 T ] 
- ~k Qk+l 1k+l ~k+l (14) 

k•O, ••• ,K (15) 

k • 0, ••• , K-1 (16) 

where ~·s and vk's are the Lagrangian vectors associated with 

Eqs. (15) and (16), respectively. [To check this, note that the 

first three terms in Eq. (13) arise from differentiating Eq. (14) 

with respect to ~k' and the remaining terms by differentiating 

the terms in the Lagrangian for Eqs. (15) and {16).] How, it is 

easy to determine whether the matrices 

,..1 + t Q-l IT + f R-l rT -1 tT 
Qk+l k k k k k k -Qk+l k+l 

- tk+l 
-1 

Qk+l 
-1 

Qk+2 + tk+l 
T 

Qk+l 
T 

tk+l + r k+l 
-1 

Rk+l 
rT 

k+l 

are positive definite. But these appear as the largest principal 

submatrices for the large matrix- obtained when the ~k's are 

arranged in sequence in writing J as a quadratic form of the 

type 

and it is easy to check that positive definiteness of these 

assures positive definiteness of J as a function of variables 

},i. Thus J, being a strictly convex _function, attains a unique 
k 
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minimum over the convex set determined by Eqs. (15) and (16) • . This 

proves Lemma 5 for the global problem. 

The same conclusion holds for each subproblem of the DPsA method, 

where aJl ~'s are held fixed, j ~ i, for some i . This is seen as 

follows: If we have Eqs. (lOi) and (11) for i only, we can still use 

Eq. _(lO) to eliminate the ~·s by interpreting 

= Q-1 [tT 11. (i) _ (i)J 
xk k k k-1 ~k 

as 

where 
(i) 

~k is defined by Eq. (10), and therefore has its eo m-

ponent equal to 

that now .,(i)j 
'"k , 

i 
J.J.k. This leads to Eq. (13), just as before, except 

j ~ i, no longer has necessarily the right sign 

according to Eq. (11) , Thus we obtain the interpretation Eqs. (14}, 

(15i), and (16), where Eq. (l5i) is Eq. (15), with the inequalities 

reversed wherever necessary so that ~~i)j has the r i ght sign, j ~ i. 

This results in a quadratic program which is dual to the original 

problem modified i n the direction of its inequalities Eq. (4) (with 

respect to the attained values of ~· j ~ i, inst ead of the actual 
- j j 

constra i nts xk, !k). Nevertheless, the same conclusion results--

is attained. This proves the i.e., that a unique optimum for J 
uniqueness Of the A~i)'s. 

The proof of Lemma 4 now follows easily: If for some i, ~k (i)j 
[defined by (10) as previously discussed] has the right signs f or 

_L ( ) ' (i) ' \1 ( i) f j ~ i , i = 1, 2, ••• , n, according to 11 , then the Ak s, k s, 

and ~~i),s would constitute a set of multipliers for the global 

problem. Thus, suppose no ~(i),s have the right signs in all their 
k 

components for any fixed i . If the A~i),s were independent oi i , 

then by virtue of Eq. (lOi}, relations (10) and (11) would be satisf i ed 
i (i)i 

by the vectors ~k comprised by the components ~k = ~k , and agai n 

we would have multipliers for the global problem. Thus the only 
(i) 

remaining possibility is . that there are distinct vectors Ak (for 
(i) ./ 

s ome k) , and the corresponding . ~k 's do not have the right signs 

in a ll of thei r components. We now obtain a 

linear combinations ' Ak = ai A(i) +a A(j) 
k j k 

contradiction . Taking 

of two distinct A(i) , s 
k 

wi th a + a = 1 ai, aj > 0 certainly yields a 
i j , (i)j (j)i 

\lk by Eq• (9) t hat 

satisfies Eq. (12). Now if J.J.k and/or ~k 

then the vector J.J. k defined by (10) using A~i) 

had the wrong sign, 

a nd A( j) being 
k-1' 

( i) ( ., -
l i nea r in ~k a nd ~kJ , wou l d still have the r ight s i gn i n the 

component Ui f o r s uf f ici_ntly small a > 0, thereby cont radicting 
k j 

A(i ) A(j) for their 
k ' k 

the - ~t n.Lqueness of t he Lagrange multi(lliers 
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respective subprob~ems in the DPSA method. Thus, in fact, both ~(i)j 
(j}i k 

and ~k must have been zero. Since this is true for any i, j, k, 

the final conclusion is that the A~i),s and the v•s and ~·s com­

prise a set of multipliers for the global problem; hence, {~}!=0 
and { } K-l ti 1 Th ~k k=O are op ma • is completes the proof of Lemma 4. 

Using Lemma 4, precisely the same convergence conclusions as in 

Secs. IV and V result for the DPSA m~thod applied to problems in Class III. 

VII APPLICATIONS 

One area to which extensive applications of the DPSA technique have 

been made is the optimization of multipurpose water reservoir systems. A 

typical problem, which is discussed in Larson and Keckler,8 is shown in 

Fig . 2. The four-reservoir system is to be operated over a 24-hour period 

such that benefits from power generation and irrigation are maximized, 

subject to constraints for flood control and recreational use. The system 

equations assume a transport delay between releases at an upstream reser­

voir and inflow into a downstream r eservoir. For this problem the system 

equations, performance criteria, and constraints were linear. Convergence 

to the true optimum was obtained in 30 seconds on the B-5500 computer. 

Optimum yearly operetion of the six reservoirs on the Missouri River 
. 4 

main stem has been studied by Larson. Actual data was used in this appli-

cation.9 Other studies of opt imum reservoir operation have been made by 
10 11 12 

Fukao and Nureki, Bernholt z et al., and Anstine and Ringlee. 

A related area is the optimal planning of additions t o power transmission 

subsystems. This application i s considered by Peschon, Kalt enbach , et a1.
13 

A modified version of the DPSA technique was used in an airline 

scheduling algorithm developed by Larson.
3 

The object i ve in this case i s 

to operate a given fleet of aircraft over a fixed s ystem of routes so as to 

maximize profit. One stat e var iable is r equired for each aircraft. For 

t he airline syst em shown in Fig. 3, solutions have beea obt ained f or problems 

involving as many as 100 aircraft " 

Another area where t he method can be used is in t he computat ion of the 

discrete-time Ricatti equations .
14 

These equat i o ns occur i n the solution 

of optimization problems with linear syotem equations , a quadratic per­

forma nce crit erion , aud no const raints ; t hus, t he DPSA e~;nique is guar­

anteed t o conve r ge (se e Secs. l V to VI) . For the case ~ere m = n, the 

n-dimensional Ricatti equat on , which requi s invers i on on the n X n 

matri x at each t i me instant , can be broken down i nto a sequer.ce o one­

dimens i onal recursive relati ons. The-opt i ma l cont rol a d minimum cost 
I · 

function take t he form 
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i i i i 
where scalar recursive equations can be written for Ak, ak, Bk, bk, and 

i 
ck. The computational advantag(ls of this· approach in high-dimensional 

. 14-15 
linear control and estimations problems can be very great indeed. 

VIII CONCLUSIONS 

This paper has presented proofs that the DPSA technique converges to 

the true optimum solution in three important classes of problems. The 

conditions under which the proofs are valid provide guidelines for deter~ 

mining whether or not convergence will be obtained in a •particular example. 

Thus, applications in the areas discussed in Sec. VII as well as entirely 

new problems can be attacked by this method on a mathematically sound 

basis. 
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