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DELAYED ACTION CONTROL PROBLEMS
D. H. Chyung** and E. B. Lee**#

**Department of Electrical Engineering, University of Iowa
Iowa City, Iowa, U.S.A.
**#Center for Control Sciences, University of Minnesota

Minneapolis, Minnesota, U.S.A.

1. Introduction
In this paper we indicate modifications to be made in the

theory of optimal control when the controlled system model has
dependence on both the previous history of state type variables
and control variables. Optimal control pzoblems for models

with time delays have been extensively studied and a number of

L=Snlnl® indicate a theory similar to that

when the model has no such delays. More recently paperll'lo

recent publications

have appeared in which the model considered contained terms
which were dependent on the previous history of the control
actions.

To indicate the modifications we consider as the basic
model for the controlled system the linear functional

differential equation

x(t) -J9 Ao(t,l)x(t+l)dl + i Ai(t)x(t—hi)

-1 i=0
o
P f L
+J B(t.s)u(t+s)ds + Bi(t)u(t hi)
-T i=0
with continuous initial function x(t) = ®(t) on [to-r,toj. Here
(i) x(t) is an (n x 1) state vector ¥
(i4) u(t) is an (m x 1) measurable vector (control)

function, and u(t)en for all t

*This research was supported in part by the Air FPorce Office
of Scientific Research, Office of Aerospace Research, United
States Air Force Grant No. AFP-AFOSR=6B8-1502.
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(1i4) QCR™ (R™ is the m-dimensional real number space)

is a compact convex controller restraint set

(iv) T > 0 is a constant
(v) O= h° < h1 < P: € eee < h& < T are constants and
¢ is a positive integer
(vi) a_(t,s) defined for t 2t , -® <8 < @, is an
n x n matrix continuous in t uniformly with respect
tos, -t £8 <0. Each olcﬁent of Ao(t,-) is
integrabld with respect tos, -1 < s < 0. Ai(t).
i=20,1,.4.,¢, are n x n continuous matrices in
t 2t
(vi%) B(t,s) defined for t > to' -00 € 8 < 00, is an‘
n x m matrix continuous in t uniformly with respect
tos, -T <8 <0. Each element of B(t,s) is
integrable with respect to s, -T < s < 0.
Bi(t)' i=20,1,...,4, are n x m continuous matrices
in t > to.
For the sake of brevity let A(t,s) be the n x n matrix

defined for t > ty *® <8 < @, such that
o T

A(t,s) Jx(ten) _Jf' A (t 8)x(t+n)ds +- i A () x(t-h))
-T i=0
Here the left hand side integral is in the sense of Lebesgue-

-
Ju
-T

Stieltjes. Then the equation of the system becomes
o o

x(t) -‘f{d.h(t.a)}x(t+i) +.r B(t,s)u(t+s)ds + t Bi(t)u(c-hﬂ

-T -T 1i=0 (l)
In addition to Bg. (1) consider the following two scalar

differentjial equations

e - ixw o + rPwe .o, M) w0 (2)
*2(0) = £2(x(1).8) + hi(a(D), b)), xMz(to) ‘-0 (3)

where fl(x.t) and tzkx.t) are c1 real non-negative convex
func-ions in xeR™ for all t and are piecewise continuous in t,
and hl(u,t) and hz(u.t) are non-negative real continuous func-

tions in ueR® for each t and are piecewise continuous in t.



5

Let x(t.®) be the solution of the homogeneous equation
o

. r 3
%) = | {a (e, a)x(t+s)
-7
with the initial function x(t) = @(t) on [to-r.tO]. and let
TS
Y(s,t) be the n x n matrix solution of

s+0(s)
Y(s, t) +‘F Y(o,t)A(c,8-0)do = I
s
‘dispe T it ¢ Agj; <. t-t
A(s) = { O :
t-s if t-t<s <t

and't is the n ¥ n identity matrix. Then for any given
measurable function u(t)cQ on LT <sc< t there exists an
absolutely continuous solution (response) of Eq. (1), and it

can be written as:
t o

x(t) = x(t,o) +Jr Y'.-,t){Jra(l.a) u(s+c)do + f Bi(') u(l-hi)}d'
to -T i=0 (4)

In what follows the Eqs. (2) and (3) will be associated
with the: cost of control and a possible side contraint or with
a multiple cost of conﬁrol problem.

In the remaining sections of this paper we discuss first
the geometric properéie- of the set of attainability which has
proved so useful in the development of necessary and sufficient
conditions for optimal control and in establishment of
existence results. We then consider optimal control problems
when the cost functional ll convex with possible convex type
side constraints. Systems with time varying delays are also
considered.

2. ets ttainabilit

The results for optimal control are obtained later in this
paper by studying the geometric properties of various sets of
attainability. We now investigate these properties.

Define n + 1 and n + 2 dimensional vectors X and R by

adding xp+1 and xn+2. defined by Eqs. (2) and (3) rescectively.



n+1)' n+1'xn+2).

and @ = (x,x

Define the sets of attainability KcRn. ?cnn+1 and ﬁcan+2 at

to the n vector x, that is, X = {x,x

t = t. of the system (1) together with Eqs. (2) and (3) to be

the cillectionl of all response endpoints x(t ). X(t ) and
x(t ) respectively for all admissible controllera u(t) A
controller u(t) is called admissible if it is a measurable
function and u(t) e for n11 tc[t =T, t1] Allo define the sat-

uration sets K_and R' of X and to be the netl of all points

X = (x.xn+1) in Rn+1 and Q - (x.xn+1,xn+2) in Rn+2 such that
~ n+1l n+l n+2

there exist points y = (y,y ~) and 9 = (y,y LY ' ¢) in K and

ﬁ respectively with y = x, yn+1 < xn+1 and yn+2 < xn+2.

Since xn+1(t) and xn+2(t) are non-negative for all t,
xn+1 2> 0 and xn+2 > 0 for all points x¢K and ReR. Also, from
the definitions, ici' and Rcﬁ.. Furthermore K is the orthogonal

projeition of ﬁ on the plane xn+2 = 0 in Rn+2 and K is the

orthogonal projection of X on the plane xn+1 = 0 in Rn+1
Throughout this paper it will be assumed that x and R
have nonempty interiors in R P and R pvre relpectivoly. If they
have empty interiors then similar results can be obtained in
the subspaces spanned by i. and ﬁ..
_ The following theorems summarize some of the mcre important
properties of the sets of attainability.

Theorem 1. The set K is compact and convex in Rn.

Theorem 2. The set i. is convex and closed in Rn+1. The set
K is bounded in Rn+1.
n+2

Theorem 3. The set R is convex and closed in R . The set
R is boundéd in Rn+2..

The essential steps of the proofs can be found in
reference 4 for the case without delays in the control action..
3. Convex Cost Punctionals

Consider the system given by Eq. (1) together with Eq. (2).
Let GCRn be a given closed convex target set and tl > to be a
given finite final time. Let g(x) be a C1 convex function in
x<R". The control problem is as follecws: Find an admissible

controller u(t) on [to-T'tE that steers the corresponding



response x(t) from the given initial function o(t) on [to-f,toj

to the target set G at t = tl and minimizes the cost functional

cla) = g(x(e)) + x™ (e
L5
- gx(e.)) + [ {elix(e),e) + nlqu(e).e) ae (s)
g9 1 J { x 0 u(e), )}

t
(o]

If an admissible control function satisfies the above conditions
then wa call it an optimal controller. From theorems 1 and 2
one can obtain the following existence result.

Theorem 4. If there exists an admissible controller which
steers the correspomnding response of (1) to G at t = tl' then

there exists an optimal controller.
Let G = GxRICRn+1. Then an admissible controller is an
optimal controller if and only if the correcponding response

) is in G and the cost func-

endpoint x(t.) = (x(t ),xn+1(t
1 1
n+l

)
1
tional at that point C(u) = g(x(tl)) + x

(tl) is minimum £or
n+l

all pcints X = (x,x ) in GnK. It can be shown, from the

convexity and closedness of i’ and G, that this point is a
boundary point of is' that is, ;(tl):aks.
Define an admissible controller u*(t) on [to-f‘tlj with
J

corresponding response X*(t) = (x'(t),xn+1’(t)) to be a
5 in case there exists a nontrivial
(n+l) dimensional vector solution T(t) = (n(t),qn+1(t))
(ncRn.nn*lcal) of the equation

maximal controller in Rn+

nn+1(t) mi, = constant < 0

t+a(t) t
nlt) + r (s)A(s,t-s)ds + r Qﬁi (x*(s),s)ds = constant
J K e ) g "+l ax ’
t tl
(8)
if <t <t -7
o = 1

such that



t+T t+T
o r
’ n(s)B(s, t-8)ds ju*(t) = max n(s)B(s,t-s8)ds}u
iJ } ueQ {J }
)

almost everywhere on [tO-T.to-h&]
t+7T

{Jf‘ n(s)B(s. t-s)ds + i n(t+h1)Bi(t+hi)}u*(t)
£, i=k -
t+T

= max {J n(s)B(s,t—;)da + i n(t+hi)Bi(t+hi)}u
uef t A imk 1 =
o : (7

almost everywhere on [éo-hk'to-hk-lj' k=1,2...,2
t+T o
{] nernts e-nyan + i n(e+h B, (e+h) Jar(8) + bl (us(0),0)
t i=0 -

t+‘t

= max {J n(s)B(s,t-8)ds + Z n(t+hi)B (t+h1)}u + nn+1h (u,t)

uefl i=0

almost everywhere on[to.to-TJ

t
1 A
{J‘ n(s)B(s, t-s)ds + Z n(t+hi)81(t+hi)}u*(t) + ﬂp*lhllg*ip),t)
t i=0
tl
= :\2; {J n(s)B(s, t-s)ds + i n(t+hi)Bi(t+hi)}u + nmlhl..ln.t)

i=0
almost everywhere on [tl—T'tl-hcj
- nl k-1
{} n(e)B(s, t-8)as + Z n(t+h )B (t+hi)}u*(t) £, h (u*(t) . t)
t i=0
by | x=1
= max { f n(s)B(s, t-s)ds + z n(t+hi)8 (t+hi)Ju + men h (u.ﬂ

J
ueQ i=0

r =
almost everywhere on L 1" k'tl hk 1] k 1,2, ....4

Theorem 5. An admissible controller u(t) steers the response

®(t) = (x(t).x"*1(t)) to the boundary of K att=t, i,
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E(tl)caﬁ;nﬁ if and only if it is a maximal controller in Rn+1,
purthermore in this case the corresponding ﬁ(tl) is an exterior
pormal vector to R; at ;(tl)'

Since an optimal controller steers the response to the
koundary of K‘, by the above theorem, it must be a maximal
gontroller. Also if a controller is maximal and certain end-
point conditions are satisfied then by studying the geometry
of the set i. one can conclude that it is an optimal controller.
The following theorem summarizes the results.

Theorem 6. (A) Suppose G = R" (free endpoint problem). A
controller u(t) on [to-T,t1] is an optimal controller if and

B and the corresponding

only if it is a maximal controller in R
solution ﬁ(tl) = (n(tl),nn+1) of (6) satisfies the transversality
condition n(tl) - Smey :::d g(x(tl)), Ny < 0. (B) Suppose
g(x) = 0, i.e., C(u) = x (tl). Then a control function u(t)
is an optimal control function if and only if it is a maximal
controller in Rn+1 and either x(tl)cG, "n+1 < 0, n(tl) =0
or x(tl)cac, i) = 0, n(tl) interior normal to G at x(tl).
4. Multiple Cost Functionals
Often an optiﬁal controller obtained in the proceeding
section is not unique, that is, there are many optimal control
functions. 1In this case it is rather natural to introduce a
second cost functional C‘’(u) and then to choose among the
optimal control functions the one that minimizes the second
cost functional. We examine this problem in this section.
Consider the same problem as in section 2. Assume that
there are more than one admissible control functions which
minimize the given cost functional C(u). Define a second

coat functionil c*(u) by Eq. (3)
t

1
c'(u) = xn+2(t1) -Jr {fz(x(t),t) + hz(u(t),t)}dt

t
o

The new optimal control problem is .now to find an admissible
control function u(t) such that
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(i) it steers the response x(t) from the initial function

o(t) on [to.“to] to the target set G at t = t1

(ii1) it minimizes the cost functional C(u) for all
admissible control functions which satisfy (i)
(i1i) it minimizes the second cost functional C®(u) for
all admissible control functions which satisfy (i)
= (i1).
If a control function satisfies the above conditions then it is

called an optimal controller in this section. J
Let e = Gxalxal<an+2. Then an admissible control function

u(t) .with corresponding response Q(t) = (x(t), xn+1(t).xn+2(t))

is an optimal controller if c(u) = g(x(tl)) + x (tl).ll

minimum for all X = (x,xn+1 n+2) in enﬁ and C*'(u) = xn+2(t1)

is minimum for all X in & R with x™* ™ xn+1(t1). Furthermore if

such a point exists in Rne then there exists an optimal control-

n+l

ler. BY Theorems 1 and 3 the following existence theorem can
be established:
Theorem 7. If there exists an admissible controller which

steers the response to G-at t = t_, then there exists an optimal

1
controller.
As in the previous section define an admissible control
A nel* n+2¢
function u#*(t) with response x*(t) = (x®(t),x (v),x (t))
to be a maximal controller in Rn+2 if and only if there exists
n+2 dinensional nont:ivial vector solution f!t) = (x(t),xn+1(t),
2
*20e)), ar™. a1, 2™2k!, of

+1(t) - ln+1 = constant < 0

An+2(:) = ln+2 = constant < O
t+A(t) t 2
it r Y
A(E)+ [ Ats,t-u)ds + | {‘ml e (x'(l).s) 2, (x-(s),-)}ds
t Y
1
= constant
T if ¢ < tc<eu-t
att) { o . 1
t.-t if Fl-T <tc< tl
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such that
r,+-r t+T

{ A(s)B(s, t-l)da}u'(t) = max {r A(s)B(s. t-s)ds}
J ael o
S
almost everywhere on [t -T,t -hl._]

teT
{Jl‘ A(8)B(s, t-8)ds + z A(t+h,)B, (t+hi)}u'(t)
t teT i=k
= max {Jr A(s)B(s, t-g)ds + ix(uhi)ai(td»hi)}u
uel to 1=k 9
almost everywhere on [to-hk,to-hk_lj, k=1,2...,4.
t+1
{j“"ls‘s't-s)ds + t A(t+h)B, (teh ) Jus(©)4r , h' (ue(0), )
t i=0
T WL (LT TS
r.+-r
- nax{J A(s)B(s, t-l)ds-&i A(t+h )B (t+hi%u+\ h (u,t)+\ h (u, t)
uen 1=0

almost everywhere on [to' to-rj

t
1
{JI‘ A(s)B(s, t-8) ds+ i \(t+h1)Bi(t+h1)}u'(t)+\n+1h1(u'(t) ,t)
t 1=0
+a M (et (0,0
1
- ::; {Jr A(s)B(s, t-s) de+ t ““hi)ai(uhi)}“ﬂmlhl(“'t)
=0

+ A hz(u.t)

n+2

almost everywhere on [tl-t.tl-h‘]

©

k=1
{“fxx(.)a<..t-.)a.+ T atesn ), (eon Jus (e o, bt (et (0,00
t i=0
+ \“Qh (u'(l’.) t)

- ::; {f A(s)B(a, t~8) de+ z A(ten )B (t+h )}uﬂ hl(u.t)
i=0

+ xn‘,zh (u, t)
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almost everywhere on [tl-hk'tl'hk-lj' k=1,2,...,4.
Theorem 8. An admissible control function u(t) steers the

corresponding response Q(t) - (x(t),xn+1(t).xn+2(t)) to the

that is, Q(tl)eaﬁ' if and only if
n+2
] in R .

Furthermore in this case the corresponding i(tl) is an exterior

normal vector to ﬁ. at Q(tl) in Rn+2.

Theorem 9. (A) Suppose G = R". Then an optimal control func-

tion is a maximal controller in both Rn*l and Rn+2 (i.e., the

boundary of ﬁ' at t = tl'
u(t) is a maximal control function on [to.t

control satisfies BEqgs. (7) and (9)) with endpoint conditions

grad g(x(t.)).

M+l = xn+1 g xn+2 £ 0, n(tl’ 2 x("'1) = "Thel nh

conversely if u(t) is a maximal control function in both R
and Rn+2 with the above endpoint conditions and ln+2 ¥ 0, then
it is an optimal controller. (B) Suppose g(x) = 0. Then an
optimal control function is a maximal control function in both
Rn+1 and Rn+2 with either x(tl)eG, el ™ xn+1 <0, xn+2 <0,
q(tl) = x(tl) = qur x(tl)caG. YL N A o, Xn+2 <0,
n(tl) - x(tl) interior normal to G at x(t.). Conversely a
maximal controller in both Rn+1 and Rn+2 with' the above end-
point conditions and 1n+1 ¥ 0, lﬂ+2 ¥ 0, is an optimal control.
The condition that an optimal control function must be a

n+l

maximal control function in R follows from section 2 because

it minimizes the cost functional C(u) s and the requirement that

it must be a maximal control function in nn+2 follows from the

fact that the corresponding response endpoint‘f(ci)yngst be a
boundary point of Q'. The sufficiency part can be established
by examining the endpoint conditions togsther with the condition
%(t.) ok ., R(t.)eaR and ¥ and R convex in R"*! ana Rn+2

1 8’ 1 s 8 s 3
respectively. .

S. Side Constraints

Consider the optimal control problem of section 2. 1In
some cases there are additional constraints imposed on the
system. A limit on the available fuel for operation of a
controlled system is an example. This problem can often be

handled by introducing a side constraint of the form
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t
1 .
xn*z(t ) T {fz(X(t).t) + hz(u(t),t)}dt <d
o | J
G
o
for a given positive constant d.
The problem now is to find an admissible control function

which steers the response to the target G at t = t., minimizes

1
the cost functional C(u) = g(x(tl)) + xn+1(t1) and satisfies

the side constraint xn+2(t1) < d. This problem can be solved
by examining the sets ﬁ and ﬁ "in much the same manner as in ,
section 3. If we let & = {Q = (x,xn+1,xn+2)|xcG,xn+1cR1,xn+25d}
then it is obvious that the optimal response endpoint
fe) = (x(tl),xn+1(t1),xn+2(t1)) is a point in RA& with minimum
xn+1 for % in ﬁne. It can also be shown that the endpoint Q(tl)
is a boundary point of ﬁ‘. i.e., Q(tl)caﬁ‘nﬁ.
Thus the following results are easily obtained.

Theorem 10. If there exists an admissible control function
which steers the response to G at t = tl and satisfies the side
" constraint in+2(t1) sid ther. there exists an optimal controller.
Theorem 11. Suppose G = R™. Then an optimal control function
is a maximal coniroller in Rn+2 with endpoint conditions either
bay S0 dpag < O () =dora,; <0, 2, - 0.
x (tl) < d. Conversely a maximal controller in R with the
above endpoint conditions and xn+1 ¥ 0 is an optimal controller.
If G is not the whole space R™ in the above theorem then the
endpoint conditions should be modified as in Theorem 9(B).
6. Remarks and Other Extensions

~ Throughout this paper it was assumed that one can sel;ct
the initial control segment u(t) on [to-r,tOJ. If the initial
control function is given on the initial time interval, then
the results in the paper are still applicable except that the
given initial control function should be used instead of the
maximal control function on the initial interval.

The right hand side of Eq. (1) is such that certain -

dependence ori time varyirg delayed history is covered. However

because of the assumed continuity of A(t,s) with respect to t
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it is not readily apparent how terms of the form x(w(t)) could
be handled. We therefore treat this special case by adding to
the right hand side these terms to indicate what changes have
to be made. It is sufficient to consider the equation

%(t) = A(t)x(t) + B(t)x(w(t)) + C(t)a(t) + D(B)u(c(t)). * (10)
with continuous initial function x(t) = @(t) on m(to) <tc to.
It is assumed that the n x n matrices A(t) and B(t) and the

-n x m matrices C(t) and D(t) have integrable functions as their
elements. To insure that certain inverse functions exist
assume that

w(t) = t - 9(t), O(t) > 0, in class cl, and a, < é < a, <1
¢(t) = t = y(t), y(t) 30, in class cl, ana a3 £ vsa, <1

Then both w(t) and c(t) are strictly increasing and r = w'l,

p = c-l exist and are cl.
let x(t.®) be the solution of the homogeneous equation as
in section 1 and let y(s.t) t < t, t,<s<tbe then xn

matrix solation of
-gf (s,t) = - y(s,t)A(s), ©(t) =t -~ 0(t) <s <t
= - y(s,t)A(s) - y(r(s),t)B(r(s))E(s), t <8< o(t)

with y(t,t) = I. Then given any measurable function u(t)c the

response of (10) can be odbtained from
t

x(t) = x(t,0) ¢j' y(s.t) {c(s)u(s) + D(s)u(c(s))}as.
to L
Therefore certain time varying delay type terms can be included
in the theory of section 2-4. !

If D is not compact as was assumed throughout this paper
it 1is necessary to put other restrictions on the control func-
tions to be con.tdcfcd. ror ezample, one can require that a(t)"
be incegrable and y ||nl|° dt < @ so that u(t) belongs to
Lz(to. tl) . The ptoglo- of optimal coatrol with such restric-
tions was considered in reference 3 for the problem with time
delays and the results are easily extended to the functional

differential equation (1).
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OPTIMUM CONTROL Gr LINEAR TIME-LAG
PROCESSES WITH QUADRATIC PERFORMANCE
INDEXES

by
Andrzej Manitius

Chair af Automatic Control
Technical Umiversity of Warsaw, Foland

1. Introduction

The aim of this paper is8 to give an analytic solution to
to the optimum control problem for processes described by sys-
tems of linear differential-difference equations of retarded
type. The performance index considered is a quadratic function-
al of the state and control variables. The problem is a gener-
alized version of the so-called "Iinear state regulator prob-
lem", solved by R.E. Ealman and others in 1960-1968 1*2+3, De-
lays‘ existing in process equations raise a number of difficul-
.ties, 80 that - to the author’s knowledge - the problem con-
sidered has had no full and adequate amalytic solution -~ 10,

In this paper, a new solution based ¢n- the miximum prin -
ciple and Fredholm integral equations is présefited. Main re-
sults are given by lemmas and theorems. Less important® proofs
are omitted, but they may be found in .

Notation. Standard vector-matrix notation is used. Vectors
will be designated by underlined lower case letters, matrices
by underlined capitals, scalars by not underlined characters.
Pripe denotes matrix transposition, O means zero matrix, I -
unit matrix. B> 0 (or R O) means that matrix R is posi-
tive definite (or semidefinite).

2, Btatement of the Problem

2.1. We are dealing with c.pntrol processes described by the

equations m

Z(6) = ) A (D)X(t - hy) + B(6)u(t) (2.1)
1=0

where: xX(t) - n x 1 vectors _g(t) - p x 1 vector; O = h°< h1<

er & hy - constant delays (real numbers) .

The above equation is a general form of the system of 1lin-
ear differential-differenoce equations of retarded type.

Ve shall call: :i(t) - gtate variables, x(t) - instantane-
ous state, or stace, at time ¢t .
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Definition. A c'omplete state at time T of the process de——
scribed by eq. (2.1) is a system of n functions ‘(k(s). se€
€[T- h:j +t]s k=1, ..., n, where h is the maximum de-
lay appeafing in the argument of xk(t) .'t.n eq. (2.1).

The complete statec 1s then a system of n initial functions
for the eq. (2.1) at time T , and is an element of an infi-
nite dimensional space. In this paper we skall deal with con-
tinuous initial functions.

2.2. Two fixed values, to and t, , t & t; ’ specyfying
the interval [to’ tf] are given.

2.3. The complete state at time to is given.

2.4. The terminal state x(t,) is not specified. )

2.5. Admissible control u(t) is any vector-valued, piece-
~Wise continuous function with a finite numdber of discontinui-
ties of the first kind, and satysfying the cdndition

e
f a’(t) g(t) at <. oo
t70
No other cemstraints on the:.control u(t) are assumed.
2.6. Performance index-has the tomx

3@ =1 x°(6p)zx(te) + 3 f [z wratzce) +
+u (t)R(t)u(t)J at (2.2)

where 2, 8, B - quadratic, real, symmestric matrices of di-
mensions nxn, nxn and p X p , respectively
Q(t), B(t) are continuous V¢t [to. th

230, 90> 0, Bt > 0 ¥re [t

2.7: The prodblem 1s to find an adimssible comtrol bringing
‘the process from given complete inttial state to unspecified
termingl state along a trajectory that minimizes functionali
(2.2). .More precisely, we wich to determine the optimum con~
trol _q°(t), assuming the lmowledge of process history up to
time V¢ t, 1i.e. assuming the knowledge of vector function
x(6), Vee [to - hn,"l;] *_ The following special cases are

* Note see page 3.
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included in this formulation:

(a) i T = t,, then determining control uot) Ve [to,tf]
we find the so-called "open-loop™ controlj

(b) 12 T= t Vte [t » tg] , then at each time t we
f£ind control u (t) based on knowledge of the complete state
at time t , i.e. we construct am operator A

uo(t) = afx(e )] cet - n, t]

that implements the optimum control in "closed-loop" system;

(c) if T=t + h, then we determine the anticipated opti-
mum control.
3. Maximum Principle and Fredholm Integral Equations

An existence theorem for the optimum solution was given in
work of Chyung and Lee " « Basing upon the maximum 'principle
for processes with delayed states = q.' we obtain the follow-
ing necessary conditions of optimality -

(1) there exists a continuous vector-valued function p(t)
satisfying the adjoint canonical equation:

m
B(6) = - ) A{(t + BR(t + by) - QIIX(E) 3.1)
i=0
with terminal condition-
2 x(t) for ¢t = Ty
2(%) = (3.2)
o for t) t,

(i1) the optimum control u®(t) is a hamiltonian-minimiz-
ing control; in the problem considered, hamiltonian‘s minimom
is absolute and unique and is reached for

a¥(t) = -7 (£)B°(©)R(H) (3.3)

As ghown by Chyung and Lee 1 , the above conditions are
also sufficient in our case. Hence u°- u"i .

Substituting (3.3) to (2. 1) and denoting

H(%) = B(t)E(£)B (%) (3.3)

we have

* As we shall see the optimum sclution obtained in the se-
quel will allow to reject the information about the function
x(s) for se [t -b, t-h], at least for a determin-

istic prodlem, but this cannot be assumed at this point.

ﬂ"'-ve use here "minimum principle"™ in-lieu of "maxiwum prin-
ciple”™.
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(t) = 2 A (D)X(t - By) - E(HR(E) (3.5)
=°

Eq. (3.5) with initial condition at time to defined by the
complete initial state, together with (3.1) and (3.2) forms
the system of canonical equations; their solution p(t) deter-
mines the optimum control go(t). Unfortunately, we have no
formula for a general solution of such a system of differenti-
al equations, because eq. (3.5) is of retarded type, while eq.
(3.1) is of advanced type. Hence, to f£ind a relation between
p(t) and x(t) is a difficult task.

To overcome this difficulty we can transform the system of
canonical equations (in view of their linearity),into an equi-
valent - system of linear integral equations.Assuming the knowl-
edge of the complete state at time T ,and integrating eq. (3.5)
in the forward direction of time, from T to t , and equa-
tion (3.1 in the backward direction, from tt to t , we have

T
m
Z(t) = X(,T)HX(T) + Z f X(ty & + hy)A (& + b )x(< )AL
=1 T-hy
t
-[ X(t, & )H(& )p( 6 )a6 for te [r. tr] (3.6)

T

t .
(%) = X'(tpy £)ZX(t,) +r X°(s, ) Q(8)x(s)ds, te€ [’U. tf]
t (3.7)

where X(t,T ) - the resolvent kernel of homogeneous equation
(see Halanay 15 and Manitius “).

Substituting (3.6) into (3.7) and changing the order of in-
tegration (which is permitted due to continuity of X(t, ),we
obtain the following integral equation with unknown vector val-
ued function p(t):

t
B(t) = q(t) +af ¢k, 6)p(6)a8  tor te [T, <3.8)
‘ T
where A = -1, ;
4 T
G06) = MCE, TIE(T) + ) [ M5, &+ AL + BOI(< )AL

=1 T-ny (3.9)
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de fe
B(t, €)= X (tpet)Z X(tpy6) + f X°(s,%)2(8)X(s, 6 )ds
@ (3.107)
w= max (t, )

B(¢,6) = M(t,6) H(S) (3-11)

Eq. (3.8) represents a system of linear Fredholm integral
equhtions of the second kind, with respezt to unlmown funo-
tions pi(t), i=1 ..., n. Basic properties c¢f the integral
equation (3.8) are summarized below:

Lexma 1. The kernel MN(t,s ) defined by relation (3.10) is
continuous V t,6 ¢ (e tf]. Te |t ty| and %B piece-
-wise continuously differentiable with respect to t and 6 in
the rectangle T, tes 7% tf] » except for the line +t =6 ,
t=t, - hk’ o= tf - hkl1 k=1, cesy Mo

Proof: see Manitius section 6.3.

By lemma 1 and relation (3.11), the kernel N(t, ) is con-
tinuovs in the given range and is piece-wise continuously dif-
ferentiable with respsct to t Ve [-r,, tf] ;

Lewma 2. The integral equation (%.8) and the system of can-
onical equations (3.1), (3.5), with 4its boundary conditions,
are mutually equivalent, i.e. every continuous and piece-wise.
continuously differentiable vector-valued function p(t) sat-.
isfying the canonical system VYVt € [:T,tf], satisfies also
the intepral equation (3.6) and vice-ver=sa,

Proof: see Manitius sections 6.2 and 6.4,

Theorem 1. If: (a) assumptions of sections 2.1 and 2.2 on
continuity cf matrices Ay, B, 2, R, YVt e [to,tf],i = Openay
.oy m, hold; (B) Z3 0, A(E) Y O, B(8) > O “ V-t € [t.t]s
then = -1 1is not an eigenvalue of kermel (3.11)

Proof. Since R(t)>0, V&% ¢ {to,tf] , it can be written
as R(t) = T(t)T°(t), where T(t) - p x p nonsingular matrix.
Next, by change of variable p(t) into ¥(t) = T B’ p(t) eq.
(3.8) can be transformed into an integral equation with symme-
tric kernel

t
¥(t) = 2°(t) B°(t) q(¥) +1Jt T°(£)B"(6)M(t,8)B(3)T(s) v(8)ds
1 ﬁ: -1 (3012)
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(Symmetry follows from symmetry of the kernel - M(t,6 )).
In addition we have , y
2%(t) = -I(t) ¥(%) (3.13)
Now, we examine the kernel of the above equation. To this
effect consider a nonnegative functional:

s
Fu) = X'(tp)Z X(tg) + [ T xmaeaas (3.1%)
(4
on a trajectory x(t) corresponding to zero complete state at
time T and any admissible control satisfying the relation
u(t) = =I(t) z(t) (3.15)
where 2z(t) is any p x 1 vector-valued function. square in-
tegrablg 12 the irterval [ T, tf] . We have then:

£ (L
F(u) =J J 2°(8)2"(s)B"(s)M(t, 8 )B(6 )I( 5 )z(6 )dsds %0
(3.16)

T 7 G

Last inequality shows that the kernel of eq. (3.12) is p2os-~
itive 16, so it caa have only positive eigenvalues,and ) = -1
is not its eigenvalue. On the basis cf second Fredholm theorem
we can say immediately that for 3(t) =0 Yt « [T,tf] the
equation (3.12) has unique sclution y(t) = O, whicbhb dy (3.13)
invelves _go(t) = O and - by canonical systzm - p(t) = O
V.t e»-['t" ’ tf]. -I_t follows, that a homogeneous equation cor-
responding to eq. (3.8) has only trivial solution, hence )=
===1 i3 not an eigenvalue of the kernel I.{t,5 ), Q.E.D.

From the theorem 1 it follows nowx:

Corollary 1.1. Prom the first Fredholm theorem it <fol-
lows that for .A = -1 there exists a resolvent kernel of the
eq. (3.8), 1.8.  R(t,&,T3)) l;\= 4 = R(t,2,7) satisty-
ing integral equations

16

b
R(t, &,T) = B(t,9) + j R(t,6 )R(6 ,0,T)A6 =
: 4 tf
=!(tn3‘) + jg(toeft)!(so&)de- (3~17)

where =z -1, T <
Moreover, in view of continuity of kernel _N_(t,f)') the ker -
nel R(t,¥,T) is continuous V¢, e [T, tr].
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Corollaery 1.2. From the first Fredhcim theorem again eq.
(3.8) has for A = -1 unique, ccntinuous solution p(t) de-

fined by g

3
P(t) = q(¥) +2 f R(t, 8,7 )q(s)ds (3.18)
T A= -1

Corollary 1.3. By substitution of (3.8) to (3.18) and denot-

?
af
B(t,T,T) = ML, 8) -[ R(t,6,T )¥(6 ,7)ac (3.19)
s 4
we obtain
D(t) = B(t, &, T )x(7) +
o *
+ Z B(t, & + By, T A (& + hy)x(L YAk (3.20)
i=1 T—hi

The states, that the function g(t) for t >7T , satisfying
eq. (3.2), i.e. satisfying the canonical system with its bound-
ary conditions is uniquely determined by some linear operator
on process complete state at time T . We have then a full ana-
logy to the "etate regulator problem" for linear  processes
without delays where the relation p(t) = P(t)x(t) holéds 17.

Conbining (3,3) &and (3.20) we have immediately:

Theorem 2. (Solution to the optimum control problem). If a
linear process with delays of state variables, represented by
~eg. (2.1), and a quadratic Zunctional (2.2), both satisfy the
assumptions listed in sec. 2.1, 2.7, then, for given complete
state at time Te [to, tf] the optimel control u°(t) exists
is unique and for t 27T is uniguely determined by

w(t) = E(t,7 ,T)X(T) +
(3

m
. E(ty of + by, TIA, (o + BOX(L)AL  (3.21)
i=1 t“bi
'here d.f
E(6,0,7) = - B (OB (6L, B,T) (3.22)
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This theorem implies now: g

Corollary 2.1. The optimum control _u_°(t) for t >T 1is
linear with respect to the complete state at time T , i.e. for
fixed t each scalar control ui(t). i=1, .eey Py i8 a lin-
ear functional of complete state at time T < t.

Corollary 2.2. The linear aperator determining the optimum
control is a sum of m + 1 operatorsy first of them is a ma-
trix depending on t and T , and the m remaining are in-
tegral operators. Moreover, all of ®m + 1 operators are de-
termined by one matrix kermel P(t,8 ,T ).

Corollary 2.,3. To obtain an effective solution it is neces-
sary to determine the matrix kernel P(t,®,T ) at least in a
two-dimensional domain in the space t, &,T, i.e. either for
T=t, 0c [t, 6+ ] orfor T=t,, O [ty t,+n] ,
for closed loop or open loop control, respectively. This dif-
22rs essentially from the case without delays, where we have
T =B =t for closed loop control.

The matrix kernel P(t, {r,T ) is therefore a key to solu-
tion of the problem, and will be called the resolvent kermel.
4. Properties of the Resolvent Kermel P(t,0 ,T)

(1) The following relation between the resolvent kernels
P and R 1is valid:

B(t, 0, T)HE(®) = B(t, 0,T) (4.1)

(i1)(Lemma 3). The kernel P(t,5,T ) satisfies integral e-
quations:

te

Ect.ﬂ’."') = M(t,0) - B(t,6,T)E(5 )¥(5,6)d6 (5.2)

t

b 4
Pt,0,T) = Mt,0) -j M(t, 6 )E(6)E(6 ,0,T)d6 (4.3)

T

(111) The kernel P(t,0 ,T ) 1s symmetric with respect to

argoments t and & , i.e.: .
2'(90 t,T) =2(tv&ot) ("“4)

Proof of (i) - (iii) is given in the Appendix.

(iv) The kernel P(t, & ,T ) is continuous with respect- to
its arguments in respective intervals t,0 ¢ ( Ry tf] y TE
€ [to. tf]; poreover it is piece-wise continuosly differenti-
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able with respect to T s giving:

B
e
Proof: see Manitius section 7.4.

These properties imply that the kermel 2(t,Q ,T ) may be
fcund as a solution of Fredholm integral eqs. (4.2) or (4.3).
For the closed-loop control problem these equations become Vol-
terra equations ( T = t). Therefore a numerical solution to the
problem can be obtained by standard numerical procedures for
solving integral equations 18. Some difficulties appear,howev-
er, in the computation of kernel M(t,0 ).

For open-loop coatrol computation the irtegral eq. (?;.12)
together with the relation (3.13) can be used.The vector w(t)
has the dimension pf control vector u(t), which is often much
lower than the dimension of the vector X(t) .Thus, solving- the
integral eq. (3.12) seems to be an advantageous way compared
to solving the canonical systemn,

. In the casec where Q(t) =0 Vte [t ,t,] ("terminal con-
trol™) the kermel M(%,D) and N(t,0) become separable
kernels . This allows to find the resolvent kernel P(t ,.6 , )
explicitly: -1

B(t,04T) =X (tf,t)ZLI + W(t, r.)g] X(tes? ) (4.6)
where t

W(tesT ) =r X(t,,8)H(8)X (t,,8)ds (4.7)
T

P(t,0,T) = B(t, 0, T)H(T)IB(T,¥,T) (4.5
4

and the matrix inverse in (4.6) elways exists g o

From (4.6) we many draw an interesting conclusion on the na-
ture of optimum control for Q= 0 . To do it let us denote:

E(tplT) = I(tpe ¥ )Z(T) +
m t

+ Z f I(ty, 8 + by)hy(s + hy)x€s)ds (4.8)
i=1 .
Ty

The vector 2(tf!") is equal (see (3.6)) to the term{nal
state corresponding to free motion of system (2.1), given com-
plete state at time T . Substituting now (4.6) to (3.22) and

to (3:21) and deno ng -1
G(t, T 3te) = B (t)B (t)X (t,,t)Z[I + W(ts, T )Z] (4.9)
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we obtain
8%(t) = 6(t, T 3t)E(t,] T ) (4.10)

Now we can state the following: In the case of terminal con-
trol (Q = 0) the optimum control at any time t & [t,tf] con-
sists in a linear counteraction (negative sign in eq. (4.10))
to the anticipated terminal state 2(tf|’c ), which would re-
sult Jrom free motion in the interval ['t,tf] s &lven complete
state at time T .

This generalizes several similar well known results > ’19.

5. Riccati Differential Equation for PE(t, t, t)

By making use of lemma 1 and propertvy 4.(iv) stated previ-
ously the formulas for partial derivatives of P(t, 0,7 ) with
respect to t and 0 can be derived from eqs. (4.1) asnd (4.3).
Together with property 4(iii) it leads to the following differ-
ential equation (m = 1 for simplicity of notation):

t B(t, ty ) = -AJ(EIB(t, T, °5) = B(ts &, ©)A(H) — Q(E)

+ P(t,t,t)E(E)B(t,tyt) - AJ(t+h)B(t+h,t,t) - B(t,t+h,t)A,(t+h)

5.1

with boundary conditions: "
z(tft tf’ tf) - l

P(t, ,t) =0 for t>t, or 6> te (5.2)

- Proofy pee lanitius rd o

Eﬁuat_iqn {5.1) is a matrix &ifferential equation of Riccati
type with respect to matrix 2P(t, t, t). Matrix P(t + h, t, t)
and its transpose play the role of forcing terms and are iden-
tically zero for te (tf = h, tr] (see (5.2)). Por _4.1 = 0 we
have exactly the well known Riccati equation for processes
without deleays.

Por t ¢ (ty - b, tf] equation (5.1) can be solved exactly
as it was in the case without .delays.This,with an appropriate

equaticn for —a-%- P(t, O, t), can furnish the kernel P(t,0 ,t).

But for t & tt - h +thls procedure becomes extensively com-
plicated due to the presence of nonzero P(t + h, t, t) term,
described by another Riccati differential equation involving
Ett+ b, t + r, t), .nich in turns involves other terms appear=
ing succesively as time ¢t goes back from tf. - h, ty - 2,
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etc. Thus the total dimensionality of Riccati equation is
growing with the number of delay intervals remaining to the
terminal time (for more details see Manitius " sec 7.6). We
can conclude therefore that the presented equation does not
seem to indicate a practical way to solve the problem numeric
ally. It demo strates, however, the dependence of the struc-
ture of kernel P(t,0 , t) upon the control interval [t - f]
relative to process delay h .
6. Optimal Performance Functional 4

Rernel P(t, 0 ,T) appears to be closely related to the
value of performance functional evaluated along an optimal
trajectory. In fact we have:

Theorem 3. Given assumptions 2.1 - 2.6 and any L complete
state at time to » the performance functional evaluated along
an optimal trajectory is equal to:

Yo

n m tO .
J(®) = :12- Zo yz;) f f _x_'(a)_g;'l(s + by) x
=T tymhy toby .
x P(s + hj,t}+ by t0) A (O + b )x(6) dsdp (6.1)

Proof. Substituting (3.6) into (2.2), changing the order of
integration, and reducing terms by making use of optimality
conditions supplied by integral egs. (3.12) and (4.2) along
with (3.13), we obtain eq. (6.1) after some elementary  but
lengthy calculations.

Conmment. The right hand side of eq. (6.1) can be interpret-
ed a3 a quadratic form of an infi ite number of variables
which arc the values of functions defining the“imitial com-
plcte atate.

It ie interesting to note elso, .that the method presented
allows to obtain the minimal performaunce functional without
the aid of dyanamic progremming concepts, which have been gen-
erally used for this purpose >-10, 1
7. Concluding Remarks

The results presented appear to be analogous to those ob-
tained by Kalman for processes without delays 1'3. The 1line-
arity of optimum controsl with respect to the complete state,
the existence of nmatrix kernel P(t, & ,T ), the differential
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equation of Riccati type and the form of optimum performance
functional may be -interpreted as the extensions of Kalman re-
sults.Moreover, an unifjed method for threating these problems
upon the basis of maximum principle is given. :

Several related topics yet remain unsolved however. These
are for example: the existence of optimum stationary control
law (for infinite control interval), optimum control for pro-
cesses with multiple input-delays, and estimation of state-var-
iables for processes with time delay and random perturbations.
8. Appendix .

Proof of properties & (i) - (4ii): Multiplying both sides
of eq. (3.19) by the matrix H(G) and recalling eq. (3.11)
we f£ind: t

B(t, &, T)E(D) = (t,6) - | R(t,6,T)E(6,0)d6 (8.1)
T
Comparing this with (3.17) we obtain:
B(t,%,T)E(0) = B(t,6,T) (8.2)

which proves property (i). By substitution of (8.2)imto’ (3.19)
we obtain the first integral equation fdar kermel E(t, & ,T )
('#.2). Transposing the arguments t and §- and recalling the
symmetry property of M(t,0 ) and eq. (3.11), ve bhave
t
4
(0, 6 T) = Mt ) -f H(t, 6)R(&, &,T)as  (8.3)
4 !

which i an integral equation with N(t,5 ) es a kernel and
P’(B, t4T) as an unknown function.By Fredholm first theorem
the solution is:

L
2'(60 t,T) '!(to") 'r g(tocot)!(co&)d’ (8'“)
T
Comparison of (8.3) with €3.19) and substitution of (8.2)
into (8.4) completes the prodf of property ({ii) and lemma 3.,
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ON BOUNDS OF PERFORMANCE MEASURE AND
MIN-MAX CONTROLLERS IN TIME-LAG SYSTEMS*

% *#
A. J. Koivo S. Je Kahne H. N. Koivo
Purdue University University of Minnesota
Lafayette, Indiana Minneapolis, Minnesota
Introduction

Many aerospace and industrial applications have mathematical models
specified by differential-difference equations of retarded typel. Such
systems are commonly called time-lag systems.

In general, our mcthematical models only approximate the dynamics
of physical systems. The mathematical description is usually written for
the nominal values of parameters for the purpose of design. Often scme
tolerances (bounds) for the nominal values can be determined or estimated.
In studying the behavior of the system, the error in the system deserip-
tion can then be considéred as an internal disturbance whose bounds are
knowne - A systecm may also be subject to external bounded disturtances; for
example, wind gusts acting on a space vehicle. It appears apprcpriate,
therefore, to investigate the influence of internal and/or external btounded
disturbances within the same framework. Such a study is zn application of
the optimun control theoryz. Bounded disturbances cause variations in the
value of the chosen performance measure. Its upper and lower bounds can
be camputed frcm necessary conditions cbtained from the maximum principle.
Then the range of the perforwance index (PI) can serve as a useful measure
in evaluating the behavior of the system.

In many practical spplications, the task of the designer is then to
riinimize the effect of the disturbances on the PI.. Such a problem can be
viewed as a game between nature (disturbance) and the designer. Since the
bounds of the distwbances can be approximated in many cases, the designer
can campute the worst effect of nature on the PI. In order to minimice
this worst effect, the designer can determine the optimal input to the
system or an optimal feedback controller so as to minimize the worst value
of the PI. In some problems it may be desirable to force the maximm

»
This work was supported in part by National Science Foundation Grani
No. GK-1960 and NASA Grant NGR~-005-063 Froject 3k,
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deviation of the PI (or the difference between the upper and lower bounds)
to a minirum.

The design of systems described by ordinary differential equations
has been investigated fram a theoretic vievpoint3’ 2%, For prodblems in
which the PI i8 minimized and maximized over function spaces specified by
admissible controls and disturbances, the determination of the optimal
solution often appears quite camplicated to be practicel, at least at the
present. For problems in which the PI 18 maximized over a function space
and minimized over a parametric space, the determination of the optimal
sclution by means of camputational methods hes been proposed s Investiga-
tions of problems in which the min-max of the PI is performed over para-
metric spaces have also been rvepor'ted7’ 8‘9. This paper studies the influ-

" ence of deterministic disturbanceg on the PI in time=lag systems,

Also, the design of min-max controllers for time-lsg systems is inves-
tigated. Perticularly, a good measure of the influence of bounded distur-
bances is determined by computing the upper and lower bounds of the PI.
The former comspondsAto antagonistic disturbances and the latter to co-
operative ones, By taking a conservative viewvpoint, the designer may
want to minimize the effect of the antagonistic disturbances by introduc-
ing a min-max controiler in the system. This paper presents the dedlgn
of such min-max controllers for tine‘-i'ag systems.

Mathematical Description of the System

The state transition in e dynamical system is governed by a set of

differential-difference equations
3% = £lt,2°(t), x%(t-5(2)), u(t), o(t),0], (<) = afat T (1)

vhere x°(t), an n-vector in E°, is the state of the system at time t.
x°(t-7(t)) 1s the delayed state at time t-7(t), where Z(t) is & non- °
negative ¢! function of time satisfylng d, z2(t) £ 4, <2 (d dzsnl)
all time tj tian te=Utg) >t -7(t.), vhere t_ is the initial time and
t, is the final time of the process. u(t), an m-vector ir an admissible
set U, 1s a knovn imput to the system. a(t) is & parameter vector of
dimension s. f£(*] is a vector-valued fimction which belongs to C2 « The
superscript signifies the ncminal values of the variables. The initial
function for system (1) is

2°(t) = g(t) for t-t(t)ctct, (2)

where g(t) is a continucus vector-valued fumction of t.
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The performance of system (1) is measured by J{x°, u,0,a], which is
a continuous functional in x°(t), u(t), w(t), and a(t), and the suporscripi
indlcates tha absencs of disturbaoces,

Suppose that system (1) now moves under the influence of the input
u(t) € U and a bounded disturbance w(t) € W The evolution of the states
with time is now govermed by

x = £lt,x(t)s x(t-T(t)), u(t),a(t), w(t)] 3)

where f, u(t) and t(t) are the same as in equation (1); a(t) signifies
the naminal value of the parameter vector; w(t), an r-vector, is a disiur-
bance at time t in an admissible set W of bounded disturbtances. The state
vector at time t is x(t); x(t) = x°(t) if w(t) = 0, ¥ t. The behavior of
system (3) is measured by a well-defined PI, J[x,v,w,a].

It is noted that w(t) € W represents both internal and/or external
bounded disturbances. The description for the system subject to internal
disturbances is obtained from equation (1) by replacing a(t) by a(t) + w(t),
where w(t) is admissible. Such disturbances may be generated by the param-
eters in plant and/or control matrix. External disturbances can often be
included in the system description. For example, the Zlesigner may approxi-
matesor determine fram the steed profiles of the wind the upper bound of
forces acting as bounded disturbances on a large flexible booster.

Determdnation of Bounds for Ferfcrmance Measure

Disturbances acting on the system can be static or dynanic¢c in natur=.
Disturbances caused by inaccurate information about the initial function
(or initial condition) or about the initial time of the proccss are termed
statice On the other hand, disturbances appearing explicitly in the dvnam-
ical equations of the system are dynamicz. If the constraints on admissi-
ble disturbances usre known, the bounds of the FI can be obtained. The
determination of tlLe upper and lower bounds of the PI are studied in this
sect: on first for the static case and then for the dynamic case.

(A) sStatic Case ;

The approach for camputing the upper and lower bounds of the PI in
the presence of a static disturbance ir time-lag systers is llluatrated
by an exarple, -

Exarple 13 ;

1Te state transition in a time-lag system evolves {a time according
to




5| 0o 1|[x/(¢) 5 0 o [x(t-0.5) g 0 | u(t)

X 1| | x,(t-0.5) 1

) t € {0,5])

or x = Ax(t) + Bx(t-0.5) + Tu(t) with obvious definitions. The initial
function of the system is governed by
ll(t )‘ cos(t-t o-0° 5)
xz(t) ’ sin(t-to-o.s)
The naminal value ¢:>f t, is known tobe 1.0 with an accuracy of At = 0. Se

The problem is first to compute the unrestricted optimal control
*
u (t) so as to minimize

, t € [-0.5,0) (5)

" |
w0 ) = 50 W)+ 3 [+ Ge o) at (6)

Then the upper and lower bounds of the PI about the nominal value of the
PI'is to be determined.

| Necessary conditions for optimality can be written by means of the
muximm principle for time-lag systmm (see equations (6)}-(10)). The
optimal solution can then be camputed, for example, by a-second-order
variational method 2, It yields the nominal value of the PE: J[x’, u*, o,
1.0] rs 062335 . Then the bounds of the PI in the presence of an opposing
and co-operative disturbance Ato can be camputed in a straightfor-ward

manner. The results are:

J[x*, U’) At% 005] (-] 007053 H J[x*,u*, Atom, 1-5] Ry °¢1232

Thus, the bounds of the optimal value of the PI have been established when
the system is subject to a bounded static disturbance (Ato).

(B) Dymamic case

The nominal trajectory xo(t) end the corresponding naminal value of
the PT J(x°,v,0,a] are obtained from equation (1) (disturbance absent).
Then the bonds for the performance measure are determined by camputing
trajectories and the corresponding values of the PI fram eguation (2)
(with antagonistic disturbance wM(t) present, and then witk co-operative
d:sturbance wm(t) Tresent).

Necessary conditions for the determination of the rarge of the PI
are written from the maximum principle for time lag systemsu. Suppose
the PI s expressed in the Mzyer form:
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Ilx,u,%w] = Glw(t,),t,] (7

where G[*) 1s smooth non-negative scalar function of x(tf) and t, (the formar
frae and the latter fixed . for convenience). Define the H-fumction of the
system by

H(t,x,u, 0 w) = p’(t)2lt,x(t), x(t-7(t)), u(t), 2(t),%(t)) (8)

vhere p(t) = col[pl(t),...,pn(t)]. and the superscript indicates the trans-
position. Necessary conditions for the extremnm are as follows:

x= £t, x(t), x(t-7(t)), u(t), a(t),w(t)), t € ["-oo tf] (3)

~B(t%) - '(t')(a_rH) " P'("l(t'))(' az:E"l‘it”)tsT (tl)thch(;t : (9)

vheré t = 7,(t’) 1s cbtained by inverting t-7(t) = t'; t’ € [t t,-7(t))

30 = o' ER]) . e tene ey (20)
Max H(t,x, u,0,u) determines v'(t) (co-operative) (1Y)
w(t)e W : : n
Min H(t,x,u,qu) determines v;(t) (antagonistic) (n*)
w(t)e W
Cx(eg) = x(tp) } (2%)
x(t) = g(t) , t€ltw(t),t,) (1)
P[tf"r(tf)'] = p[tf"‘(tr)"] 3 (13')

BG[' S V)
P(tt) mb' (23)

where 3f[*]/ax signifies the Jacobian matrix of £{+] relative to x (with
proper arguments); similarly, 3G[*]/ax. The subscript in equation (9)
indicates that t is replaced by < (t'), in case of constant 1', 1 = BT
and £[¢) ‘Becames flt+, x(tn),x(t),u(ur),a(ﬁr),w(uf)]. v (t) denotes
the admissible disturbance that minimizes G[°], wherzas w (t) is the
admissible disturbance that maximizes G[*]. Equations (12’) ane® (13°)
specify the boundary conditions for the state x(t) and the costate p(t).
Equations (12°) and (13’) express the continuity conditions for x(t) at
time t,, and for p(t) at time tf-f(tr). (The ~ or + signs in the arguments
indicate the limiting value when the time is approacbed fram the left or
fram the right, respectively.) i
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If the admissible set W for the disturbances is closed and bounded,
e.g., W= (w(t); |w(t)] <1, #t], and if w(t) appears only linearly in
Al*], then equation (11’) implies that

wa(t) = asp’() %};}] | (1k)

where 3r{*)/aw 18 the Jacobian of £[*) relative to w(t); sgn 2 = collsgn z),
esey 88N zr] and sgn [zi], 1=, se0,T 15 a scalar function which 1: equal to
1i4f z, >0 and -1 if z; <O, and undetermined if z, = O. For vM(t), equa«
tion (14) 1s “aken with the opposite sign.

Equations (3) and (9)-(13”) furnish necessary conditions for determin-
ing the least upper and greatest lower bound of the PI. The solution to
the split boundary value problem must, in seneral, be obtained by means of

a digital computer.

Computing the Solutions

The upper bound and the lower bound for the PI can now be camputed by
determining candidates for the solution of the boundary value problem posed
by the necescary conditions (equation (3) and (9)-(13°)). Algoritmms for
solving optimum control problems in time-lag systems have been propoaed?"lz
Beth algoritima treat only unconstrained cases, Difficulties on the con-
vergence of the algorithms are likely to arise when the inputs (distur-
bances) are bounded.

Since the disturbances in this study are usually bounded, a gradient
method in the function space based on first order variations is-applied,
The disturbances are changed in the direction of the gradient of PI so
that the PI will converge towards the optimal value. Whenever the values
exceed the constraint set, appropriate boundary values are used. A good
exposition of the metiod has been presentedlS-. ;

It is noted that the determination of the range of the PI requires
solutions to two independent two-point boundary velue problems.

Example ?: .

The state-transition in a time-lag system is governed by

0 1 0 -0, 0
4. n] o x(e-0.5)] | [ I“(‘)
x, -2-w(t) -1 [ [ x,(¢t) -1 0] [%,(t-0.5) 1 (15)
or x(t) = A(w)x(t) + Bx(t-0.5) + Tu(t) with obvious definitions. w(t) -

represents an internal djsturbance due to the variation of a parameter;
it 1s constrained by |w(t)| € 0.5, #t. x(t) = col[xl(t),xz(t)] and u(t)
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is ‘a‘unit step function 1(t) applied at t = 0. The initial function for
the system is xl(t) = 1.0 ang x,(t) = 0 for -0.5< t 0. To determine

the bounds for the performance measure, the influence of w(t) on the PI

is studled:

Ix(te)2(6hw -2) = F0(e,) - 1%+ 222 (2,) (26)

vhere the terminal time is specified by t, = 6 sec.

The naminal value of the PI is to be camputed when w(t) =0, 0 <t < 6.
Also, the range of the PI-is to be determined by minimizing J(*] and then
maximizing J(+] relative to adnissible disturbances.

Necessary conditions for a solution became now

5] [o aw(t) ] [n ()] [o 1] [m(tro.5)

Sl = + » 0<t €55

P, {-1 1 -_pz(t)‘ 00 pz(‘bf'o.S) a7
n)| [o 2w®)] [r)

.- for 5.5 <t € 6.0 (ar)
L’z L'l 9 3 ng(.t)‘

The boundary conditicns are
Py(ty) = x (£,)5 py(t,) = x5(t,); p(5.5-) = p(5.5+) (18)
The antagonistic disturdance is specified by
wy(t) = 0.5 sgnlp,(t)x, ()] (29)
and the co-operative disturbance by
v;(t) = -0.5 sgalp,(t) x, (t)) (20)
The naminal value (v(t) = 0) of the PI is J[x(t,),1(t),0,-2] s 0o3UBL .
Tbe application of the gradient method yields the upper ‘bound J’[x(t ) 1(t),

vN, =2) as 0.5233 and the lower bound J[x(t ),l(t),wu, -2) & 0,158 . Hence,
the range of the PI is

0,198 < J[x(t,),1(t),w -2] < 05233

Design of Min-Max Controllers

'i'he application of necessery conditians for optimulity of time-lag
systems resilts in an open-1lo0p optimal control which is dependent upan
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time and initial function. Fram the viewvpoint of the engineers, it is
desireble to obtain an optimal feedback control which is a function of
the current state variables and possibly of time. Hovever, a realizable
optimal feedback control in time-lag systems can be determined only in
very special cases (it is possible even for the general case of linear
plant-quadratic criterion). Moreover, its implementation may not even
be feasible. '

A possible approach to the problem is then to introduce a controller
v _in the gystem with known input-ocutput relation. This controller cperates
on the available state and/cr delayed state varisbles to gensrate a
control that results in an appraximately optimal system. It is accom-
plished by determining tho paramsters of the controller im an optimal
manper., Since the optimal values of the parameters depend upon the
initial conditions, ome possibility 1s to determine the best paramater’s
50 as to ninimize the maximum degradation (relative to adnmissible initial
conditions) of the PI from the optimsl value?s815, Such a min-max con-
troller 1sAotten called a specific optimal concrollera. Another possibility
is to use a performance index that is independent of the initial condi-
tions. For example, ona can assume a probability distribution for the

initial conditions and then use the expected value of the PI]J‘Q
The min-mex controller to be used here for time-leg systems is essen-

tially a specific optimal controller; its structure is prespecified within
adjustadle parameters. Since the -use of the min-mex controller results
in a deterioration of the PI, and since the best parameters depend upon
the porameters specifying the initial function, the goal in the design is
to maximize the degradation of the PI (from the nominal vulué)' relative
to the parameters of the initial function and minimize the same degrada--
tion relative to the feedback coefficients of the controller. An sdditional
requirerient on the initial functions is that they have to be continuous.

To forrulate the problem, let W signify the class of bounded antagoe
nistic disturbances (static and dynamic), and Q is the class of co-cperative
controla, The problem 1s then to determins

Min Max DJ
(7] L]

whera DJ denotes the performance measure chosen, It is noted that the
cle=s ¥ may consist of initial conditions (functions), initial (final)
tize, wod/or external (internal) disturbunces, and that Q may include the
control input, peramsters of the feedback controller, and/or initial
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(final) time. The choice of DJ is determined by the goals of the design.
It can be, for example, the degradation of the PI fram the nominal value
due to the use of a suboptimal feedback controller in the system.
The procedure to design suboptimal feedback controllers for time-lag
systems on the basis of min-max criterion is illustrated by examples.
Example 3:
} Su;:pose that system (4) of Example 1 employs a suboptimal feedback
controller specified by

u,[t,x(£-0.5)] = 4 x xl(t-o’."'s) (21)

i »
vhere k is the feedback gains The best value k of k in 0= {k;0 <k < 1}
is to be determined 8o that

: 5
o wes{se x| P07 3 (I ™ o 22
a % (o]

is attained. The superscript in expression (22) refers to the ideally
optimal solution obtained by the application of necessary conditions to
system (4) and x(t) is obtained when the suboptimal controller specified
by equation (21) is employed. When expression (22) is used for DJ, the
designer attempts to "match” the value of the PI associated with the sub-
optimal system with that of the PI obtained for the ideally optimal system.

The behavior of the solution is illustrated in Figure 1 by displaying
DJ vs. to using k as a pax"ameter. The application of a standard gradient
method to the problem yields:

k’lu 0,60 , t:~ 2.y , DJ & 0.1158

wvhere k' and t:' provide the min-max solution. The degradation, DJ, of the
PI froo the ideally cptimal velue of the PI is appraximstely 1li.k%.

Bxample 4 :

The system studied in Example 2 is to be so designed that the worst
influence of the intertal disturbance (parameter variation) on the PI
specified by equation (16) is minimized. It is accamplished by determining
the constant coefficient @) of xl(t) in equation (15) so as to attain

% { [&L(tf) i 1+1<x1f . 1:(;{)} (23)

Min  Max
q €0 veEwa

The soluticn to the problem can be determined by the aprraximate
gradient nethodz’ « For every specified value of al’ the worst disture



bance v*(t) € W is camputed. Then the value of @, is changed to @) * 8%
50 as 1o decrease the maximm of the PI. It can be accamplished by means
of writing the first-order differential for DJ (the expression in the
braces):

aDJG v ,AG] ~[é~l(t )- 1+al)(&lai:f)

L) exy(t,) acli ]uzl (24)
(1)
vhere xl(t ) and x,(t ) are evaluatea for @, and the worst disturbance
¥ (t) € W and 80 sign."iel a change in o. The value of 8, is determined
so that ADJ[) beccnel negative. It is noted that aﬁ(tf)/aal and
axz(t o /301 cen be camputed fram the perturbation equations.

The solutic: Iz farniriel v

a;~ Lh.C2 o C.7821

It is emphasized that the solution is local. Other solutions may be
found by starting fram a different initial value. In many practical
problems the parameter al is constrained to lie in a closed and bounded
set, In such cases, globel solutiona can be deterc=ined.

Conclusions

When a system is subject to bounded disturbances, the value of the
PI deviates fram the naminal one. The upper and lower bounds of the PI
for time-lag systems can be determined by the application of the _optimm
control theory. 6Such bounds establish a good measure of the influence of
possibla disturbances acting on the system. Since the optimal feedback
control ceg rarely be determined for time-lag systems, an upproz.mstely
optimal controller that cperates on the current state and/or delsy
state variables offers a practical solution. Such controllers can be
desigred on the basis of mii.-mar criterion. A pnocedure for such a design
is presented. The presentation is {1lustrsted by examples,
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INTRODUCTION

In recent years, there has been a growing interest.in the area of
system optimization. Necessary conditions for optimality, the Maximum
Principle, were derived by Pmtrynginl for systems described by differential
equations with piecewise continu;ms control. This work was extended by
Kha.rntishvillia to the optimal control of systems described by differential-
difference equations containing a constant delay.

Ragg3 used the calculus of variations to find necessary conditioms for
the optimal piecewise continuous control of time lag systems with time-
varying delays. The delay was considered to be a function of time, state,
and the time derivative of the state but an error in the derivationu
restricted the range of applicability of hie: results.

The synthesis of the optimal control often necessitates a means of
carrying on many accurate camputations in a short time. The digital
camputer, while providing such a means, gives ocutput in the form of discrete
values. Jordan and 1’:>1Ak5 found local né¢essary conditions for tiré optima-
1lity of systems described by differential equations with piecewise constant
control. A maximum principle was for:mulated by Becker and I.oprestis for
the optimal piecewise constant control of linear time lag systems containing
a single constant delay in state. In &nother psper7, the authors extended
the above results to include time lag systems with multiple constant delays
in- state and control. -

-In this paper, consideration ie -given to the aptiﬁnl piecewise
constant control of time-lag systems with time-varying delays. A
“Hamiltonian type functional and a costate system are defined which include
e time depéndence- of ‘the delay in state. Local necessary conditions are
found fér-the optimal control of systems which are not necessarily linear
and & maximum prineiple is found for linear systems with a quadratic index
of performante, TFinally, an analytiic example is given for a particular
forn of the time-varying delay.

e et %
#This work was supportéd-in part by tbe United States Atomic Energy Commission.
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TIME-VARYING DELAY IN STATES
Formulation of the Problem -

State System Equation. Consider a system described by the differential-

difference equation

H(t) = T((), %(t), ule),t), b, <t < ty, ()
with the initial condition ]
x(t) =(t), t, -08(t ) St <, (2)

where % € E" is a column vector with components Ayt etsXy representing the

state of the system, u € U (a given subset of Er) is a column vector with

components u ",ur representing the system controller, and T is a vector A

’
function witrj; each compcuent fl,"',fn of class Cl over E" x U. ‘
The delay 6 (t) is a given function of time satisfying (the reason 1
for trcse restrictions will become clear later)
e(t)30mdogé(t)< lfort <St<t,
and the delayed state is reprcsented by 'ie(t.) x(t-0 (t)) The initial
function @(t) is specified for the state for LA S_(to) <t <t so that
& unique solution to the system (1) is obtained. The process runs from
a given fixed initial time t‘o to a glven fixed final time t‘K‘
Admissible Controls. ILect U be a given subset of ET with the propertiessz
(1) for everyv € U there exigts ut leust one v € ET, év # 0, and a
conctant B(v, &v) > O such that (v + € 6v) € U for all 0 < € < B(v, 8v)
(ii) the set of all v for a given v € U satisfying (i) is a convex cone J\ .
Let the sampling instants tl,---,tK_l _
such that t'o < tl <€ vee £ tx-l < f‘K for some fixed positive integer K. Let
V be the get of all vectors v = (vo,-",vK_l) € £'X such that vy €U,
i =0,°*,K-1. Then for any v € V let the piecewise constant controller
u(t;v) be defined by
u(t;v) = v
u(tx;\l) =V

w

be given fixed instants of time

ke1? tkog SE< by K= Lyeee, K

K-1?

which is denoted by u(t), t € t < tg. All such piecewdse demstant .
controllers will be referred to as admissible. 1
Terminal. State. On the interval to <t< t‘K ‘
'i(t;q-),to,u), denoted by x(t) and referred to as the trajectory of the

the system (1) has a solution

system, which corresponds to the controller u(t). The final state i(tx)
is constrained to lie in some given set S. For simplicity the set S 1is
chcsen here to be En, that is, the endpoint is free.
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The choice of the terminal constraint set S does not alter the basic
results of this work; the specific form of S determines a transversality
conditionb.

Index of Performance. To each admissible controller u(t), t, St g ty, vith

the corresponding trajectory x(t), t St < ty, is assigned a "cost"
according to the index of performance J{u] with

tK
I(u) =ft £, (x(t), ult), t)at (%)
o

where the scalar function fo is continuous and continuously differentiable
with respect to X and'u over En.x u.
Define a new variable X, which satisfies the differential equation

x,(t) = £ (X(t), u(t), t), t,; <t < ty, (5)
with the initial candition
i x,(t) = 0. (6)

Then it is clear that -xo(tx;u) = J{u] represents the "cost" of
transition between the initial state 'ic(to) and the final state X(t,).
Statement of the Problem. For the system (1) with initial function (2)
and the index of performance (4), it is required to find among all admissible
controllers u(t;v), v € v, t, <t < ty, which yield 'i(tx) € S, a control
u*(t) = u(t;vx), v* €V, t, < t < ty, such that xo(tK;u*) < xo(tx;u).

Such a control u*(t), t S t < ty, will be called an optimal control and
the corresponding trajectory X*(t) = 'i(t;&'),to,u*) will be called an

optimal trajectory. °*
Necessary Conditions for an Optimal Control
Augmented System Equation. For notational convenience, the cost variable x,

and the state variables x "',xn are combined into the column vector x

ll
with components XosXys® X 3 similarly the column vector funectlon f is
defined to have components fo,fl,---,fn. The augmented system is described

by the differential-difference equation

x(t) = £(X(e), F(t), u(t),t), t St S by (7)
with the initial conditions
x(t) = @(t), t - 0(t ) <t <ty (8)

where the initial function 9 is a column vector with components O, Pysce e
Time ILead Function. The advance function p(-) is introduced to take into
account the functional dependence of the delay 6(:) on time. If
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s=t-08(t), t St<ty (9a)
can be solved for t, then p(s) is defined by
tes + pﬁ(l). (s0)

For example, in the case of a linear time-varying delay 8(t) = at +.b
where a and b are constants, it follows that

e p(s) = u+b

=, (10)

Note for the case of a constant delay (a = 0) the equations (10) become
t=s+b, p(s) =b, (ux

that is, the advance is equal to the delay.

Costate System Equation. Let the costate p, a column vector with campo-

nmta-po,pl 3" 3P be the solution to the differential-difference;

equation

T T p,(t)
. af af "
p(t) = - [H(t)l p(t) - [a—,%("-*p(t))] \ i—_-g%my »to St St - 0(ty)

3 (12)
p(6) = - [E0)] o), b -8l gty
where P, (t) » p(t+p(t)), the (n+l) x (n+1) matrices 3 (t), bf (t+p(t))

4 f
have J, k—. elenents a :"e and are evaluated for the control and
K
tragectory at the times t, t+p (t) respectively. The superscript T
denotes the matrix transpose. : 3
The Hamiltonian. For the arbitrary times t’ and t° (t < t's ¢f < t)
define a Hamiltonian type functiomal for the system (7) by
n(xtxonppp'p l“lt‘ ,t') = PT(Q')M(Q' 'tl) +
P, ( ) ar 5 ¥
o oy T [ (o sxtaetas ()

where Ax(s,t’), the difference im the slate at time s and time ¢’ .e-nb.
written
ba(s,t’) v x(s) - x(t') = f £(2€),5, (2),u(6) 3) a8,
Also, for reesons to be Geen later, make the definitica
[2Ewo@)] 80 tor wote) 2 v )

Theorem 1: General Necessary Cooditions. If u®*(t) = u(t;ve),

Ve = (vo" 2TV 1*) € V¥ is an optimzal control with corresponding optimal

trejectory x*(t) = x(tﬁ,to,u*) for t < t < ty, then there exists a non-
zero function p*(t), t, < t< ty, satisfying the costate equation (12)
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along the opiipal control apd optimal trajectory, such .thct

(1) the Ramiltcnian (13) evaluated for successive.sampling instants is
either stationary or a local maximm with relp?ct te the control along the
optimal trajectory x*(t), t, < t < ty, and the costate trajectory p*(t),

toStS ty

(11) p *(tg) < 0;
(111) the transversality ccadition p,*(tg) = 0, 1 = 1, -+, n is satisfied.
As discussed earlier, the endpoint condition cn the s;ate determines the
transversality condition (1ii). Then if

(1) the terminal state is a fixed point, there is no constraint on §'(tK),

(2) the terminal state is required to lie on a manifold 8, i'(tx) mst obey
7*T(ty) @ = 0 where G 1s any vector in the piane tangent to S at T*(tg).

The derivations of these conditions are similar to Jordan amd Polak”.
Perturbations in the Control and Trajectory. Assume the existence of an
optimal control u*(t) -’u(t;vl'), V¥ = (vo*,u-,vx_l*) €Ev, t; St ty,
and correspanding optimal trajectory x*(t) = x(t;&,to,u*), t, St <ty
Cansider the variation in the control 6v = (évo,---,bvx_l) vhere 8v €A(vi’),
1 = 0,°°°,K-1, then for an ¢ > O sufficlently amll, (Vv* + ebv) € V.

" let u(tse) denote the coatrol u(t;v* + ¢bv) and x(t;e) denote the

trajectory. 2(td,t °A,u(t;c)) . The variation in the trajectory 8x(t;e)

18 defined by 8x(t;¢) = x(tjc) - x*(t). for t, < t < ty. Consider the
particular perturbation of the optimal control such that 6vi = 0,1 =0,°°",
K-1, 1 # k-1. It follows tbat

3 bvppr by St<t,
(g?um.)) * (15)
e=0 .
1] s otharvise

and if x(t;e) is expandad in a Taylor series about € = O, the first term
y(t) = (?«;c)' satisfies the linsar differemtial-differwmre equatise

36 = [ v0) + [& 0] s(ea00) +

of . . :
« (B, B0, ozt
with the initial condition y(t) = 0, t, - 8(t ) S t < t . The notation | ]

is used to denote those matrices which are evaluated for the optimal
control along the optimal ‘srajectary.

(16)
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It can be sho'»m8 that an equation of the form (16) has the solution

y(t) =fty(s’t)[2_§(s)l. (g—:(s;e))e = ds, t, St by '(17)
" -

where the (n+l) x (n+l) matrix Y(s,t) satisfies the adjoint equation

:—SY(S,'&) = - Y(s,t)lg—i(S)L = ’l%f—g-fpf%;;ll%? (s*ﬂ(s))]-, t, <8<t - 0(t)
) (18)
g;Y(s,t) = - Y(s t)l (s)] t-0(t)<s<t

with the initial condition Y(t,t) = I, the (n+l) X (n+l) identity matrix.
Substituting the variation in control (15) invoc the selution for y(t) -of
equation (17)

J(t)f s 2| Ee) v,y s, (29)

aii the variation in the optimal trajectory at time tK becames

6x(tyse) = ey(ty) + 0(c?) (20)

where 0(62) is a column vector with components Oo(ee),'--',on.(ea)

Oi(ea)

€

satisfying g,_j'.:a = 0,i = 0,°-*,n.

The Terminal Ccne. Let C be the set of all vectors x*(tx) + ey(tx) where

y(tK) is given by (19). Since y(tK) is linear in the control perturbation,

it is clear that C is a convex cone with vertex at the terminal point x*(tx).

By hypothesis the control u*(t), t, St < ty, is optimal and must give
the minimum cost, therefore all points in C (formed by the use of perturbed
controls) have a cost component xo(tx) which is greater than the optimal
cost x * (tK). Thus C must be disjoint of the halfspace G = [x]xo < xo*(tK)].
The plunc F = [x|x =X *(t )} must separate the cone C from the halfspace
G. A vector in G that is transverse tc F is a with components a 50y0°¢,0
where a_ < 0. Then the inequality a y(t ) < O tust hold where y(tx) is
given by (19). Let po*(tl() =a <0and pi*(tx) = 0,4 = 1,°**,n, then

p* (6 )y(t,) < 0. (21)

£ Telation Between the Costate System and Variations in the Trajectory.

Since (21) gives a relation between the costate and trajectory at the final
time, it is desired to relate this inequality to other instants of time. To
achieve this end, consider the quantity Ak where
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tx

A, = P*T(t:,:))'(t:,;) -[3( )—m[ag(sm(sj)l.y(s) as -

-4p*(t>y(t)ftk “)—zﬁgar (s#9(s))] v(s) as

which can be written in the form

(22)

"4l Wi
8y ‘,[k EE(P* (s)y(s) +fs e(s)ma w(v))l‘y(v) dy {ds. (23)

Carrying out the indicated dit‘t‘erentiation in (23), substituting the
differential-difference equations (12) and (16) for p*(t) and y(t)
respectively, and noting that the variation in control is zero over the

interval of integration

K
b, = f m axa (SW(S))] y(s) ds. (24)

K- a \k
It follows as a ccr‘sequence of the definition (14) that A, siven by

equation (24) is equal to zero If it cax be shown that

s +0(s) 2 8, (25a)
for

§2 5 - e(:x). (25b)
By adding p(s) to beth sidas of (25b), it is evident that
s +p(s) > ty - e(?,,{) + p(s). Assuming from physical considerations that

3(t) 20, t St < ty, (26)
inequality (29a) will be satisfied for the condition of (25b) if
8(ty) < pl(s). (27)
Evaluating at tire t = t, the. equations (9a) and (9b) which define the

advance function, p(:K-Q(nK))= G(uK), then in order for (27) to be sattistied,
it i1s sufficient that

L r
B(s) 2 0. (28)

Differentiating (9a) and (9b) with respect to t and s respectively yields
G do 9
T IO G, (29)

' (30)

and (28) will hold if | L
0<O(E) <L, t <t g by
Surmarizing, in order thet s +p(s) > ty for s>t - ﬂ(t ) it is
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sufficient to require 8(t) > ¢ and 0 < 6(t) < 1 for t St < te. This is
*he reason for originally imposing these conditions on the time-varying
delay. Thus the expression for Ak in equation (2L) is equal to zero. If
the above considefations are. applied to equation (22),

AR (s (0)] ¥(e)es. (30

Tt )y(t,) = p*P(t,) <1$)+ftk

Derivation of the Necessary Condiﬁ;o_x_g. Since the right hand side of equa-
tior (31) has the same basic form a8 the Hamiltonian (13), it is desired ‘to
relate the variation in the trajectory y(s) to the difference in states

Ax(s,t

Now y(s) can be written

v = oo R S0, - | (32)

And since x* (tk_l) is indepencert of u,

k-l) J

ox*
So(tey) = 0. (33)

It is clear that
a*(t, 1) + axR(s,ty ), B <ty

x(8) = (34)

<
x*(tk-l) + Ax(a,tk_l) s Yo SsSty

because the control and trajectory are assumed optimal for s < tk-l' Then

-]
3% Ax(s,tk_l) s bvp.1s tp SE< Y,

(o] , otherwise.

y(e) = (35)

The first line of (35) will be used in what follows; if the first
argument ever becames smaller than the second argument of Ax, the partial
derivative is zero as indicated in the second line of (35). Equation (35)
is combined with (31) and the terminal inequality (21) to yield

WPt )5 (et 1)|u,u* k-1t

Y *(s)
3 ;
E(t ) - 9(8*9 (s) a_’% sﬂ)(s))]. 2u Ax(a’tk-l) usui-bvk'l AEep. (66

Applying the definition of the Hamiltonian (13), inequality (36)
becomes g
d
Sul (%% * P%, 0 su¥sty 0t )0V ) < 0. (37)



The integer k was not restricted to any specific k = 1,-+-,K, then
(37) must hold for each k = 1,---,K. This is a precise statement of the
necessary condition that along the optimal trajectory and costate trajectory,
the Hamiltonian, evaluated for successive sampling instants, is either
stationary or a local maximum with respect to the optimal caomtrol.
A Maximum Principle for Linear Systems with a atic Index of
Performance.
System and Cost Equations. Consider a particular form of the system (1)
which is described by a linear nonstationary differential-difference
equation e .
%(t) = A(V)E(t) + A (D)X(t-0(t) + B(thu(t), t <t <ty  (38)

with the initial function X(t) = (t) for £, - B(to) <t <t and the
matrices Ao, Al’ B with dimensions n X n, nx-n, and n X r respecti\'rel,v.
The time-varying delay 6(t) is assumed to satisfy 6(t) > 0 and 0< 8(t) <1
for to <t< tK'

Consider also the particular form of the cost function (5) which is
described by a nonstaticnary differential equation

x5(6) = ZT(BP(6)X(8) + uT(£)Q(E)u(t) (39)
with the initial condition xo(to) = 0 and the positive semidefinite matrix
P and positive definite matrix Q with dimensions n X nand r X r
respectively.

Theorem 2: A Maximun Principle. Consider the problem stated earlier in
this paper for the linear system (38) and the quadratic cost function (39).
If u*(t), to 5 t _<_ tK’ is an optimal control with the corresponding
optimal trajectory x*(t), t° <t< tK’ then there exists a nonzero function
p*(t), t, < t < t, satisfying the costate equation (12) such that

K
(1) the Hamiltonian (13) evaluated for successive sampling instants is a

global maximum with respect to the optimal control on the optimal

trajectory x*(t) and costate trajectary p*(t);

(14) p *(ty) < O;

(141) the transversality condition pi*(tx) =0, 2=1, *+-,.n.is satisfied.
Necessary conditions (ii) and (iii) follow immediately as a

consequence of Theorem 1. The candidates for the optimal control are tiose

cantrols which render the Hamiltonian either a local lxmxinnun or staticnary.

If it can be shown that the Hamiltonian is downward convex with respect to

the caontrol, then there can be' oh]ij one local maximum or stationary point.

It is therefore required to show for any O < A < 1 that the following



inequality 1s satisfied

H(xu(l) + (1-x)u(2)) >\ H(u(l)) N (1-x)n(u("')) (40)
where u(l) and u(a) are any admissible controls. From the properties of
a linear system
x(ku(l) + (l-k)u(a)) = Xx(u(l)) + (1-0)x (u(z)) (41)
and by an argument similar to Cng
xo(Xu(l) + (l-x)u(a)) < Xxo(u(l)) + (l-X)xo (u(z)) (42)

Suba.tituting these relations (41) and (42) into the definition of the
Hamiltonian, inequality (40) follows.

The convexity of the Hamiltonian requires that the optimal control
mist yleld

H(x*,xa*,p*,pp*,u*,tk_l,tk) > H(x*,xa*,p*,pp*,u,tk-l,tk) © o (43)
for each k = 1,°°*,K and all admissible controls u. This is a precise
statement of the necessary conditiun that the Hamiltonian is a global
maximum with respect to the optimal control. It is clear that if the
control set U is unbounded, the global maximum must occur at the stationary

point in which case
alu H(x*,xg*,p*,pp‘,u*,tk_l,tk) =0 (uk)
for each k = 1,--- K,
TDME-VARYING DELAY IN STATE AND CONTROL
Although the theorems developed have been concerned with systems
containing a time-varying delay in state alone, the results can easily be

extended to also include a time-varying delay in control. The system is
descrited By a differential-difference equation of the form
%(e) = 2(x(t), Fy(e), u(t), u (t), t)
waere the delayed control is given by u,r(t) s u(t-r(t)). An advance
function u(-) 1is defined for the delay in control 7(*) by
t -1(t) =8, 8 +w(s)=t, t, St < by
For a system which 18 not necessarily iinear, the general condition-
(1) of Theorem 1 becomes: the Hamiltonian 1s either a local maximum or sta-
vionary "with respect to the control" along the optimal trajectories, i.e.,

%S% Bty 0 t) * 3% B, g + 0ty 1))ty + ‘"(tk))i ey E10

for k = 1,:°*,m,
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d 3 . !
5= B¥(t, 1 0t,) + T H*(tk_l +u(t, ), tK) bv, ;<0
for k= m+ 1, and .

a L

"a'i n*(tk_l,tk)}avk_l <0
for k =m + 2,°°°,K
where m is the integer 1 < m < K such that
to+ w(tm) <tebut t o+ w(tml) > ty-

For a linear system described by
E(t) = A(L)(2) + A (6)3g (6] + B (t)u(t) + B, (t)y, (t)
and a quadratic index of performance, the maximum principle, necessary
condition (i) of Theorem 2 becomes:
the Hamiltonian is a global maximum "with respect to the control" along the
optimal trajectories, that is,
Blur,u *,t, ,t,) + Hutu %t o +wlt, ), ¢, +olt,)) 2
> H(u,u *,t, ,t,) + H(“*’“r"x-l oty 1)ty + w(t,))
for k = 1,¢°¢,m,
Hlu%,u*,ty 5ty) + Hlu*,u s, )+ 0ty )ty )2
2 H(u’%*,tk-l’tk) + n(u*’“.r ’tk-l + w(tk-l) )tK )
for k = m + 1, and
H(u*’“r*’tk-l’tk) Z H(u’u.r*!tk_l’tk)
for ke m + 2,+++,K

where m is the integer 1< m < K such that tp +w(t)) <ty but

Yol * w(tm+1) z T

EXAMPLE

A simple analytic example is now presented to illustrate the fore-
going theory. 1t is a fixed endpoint problem in which the system is
described by a linear differential-difference equation with a time-varying
delay. The delay 6(t) is chosen to have a linear dependence on time, t.
It is required to find the appropriately beouunded piecewise constant control
which minimizes the control energy needed to drive the state from the
origin to the fixed endpoint.
Statement of the Problem

Consider the system
x(t) = - x(t) - x(t-8(t)) + u(t)
between the initial time t°= 0 and the terminal time t2 = 2 with the



52

initial condition x(t) = O, -éﬁ t < 0. The time-varying delay is given by
8(t) = 3(t41),

and the index of performance is chosen to be

I.P. -f§ w3 (t) at.
()

For this problem an admissible piecewise constant control u(t),
0< t <2, with the sampling instant ‘1 = 1, i8 to have the form

v, 0<t<1l
. u(t) -{v:’ l<t<2
where the control amplitudes must satisfy |v°| < 1land |vl| < 1.
Find the admissible control which brings the system to the terminal
state
x(2) = R
with a minimum index of performance.
Solution

The system 1s integrated forward in time to find the trajectory
x(t) = (1-e'°)v°, o<t<l,

- (2e‘5(t‘1)-e't-1)vo . (l-e‘“'l))vl. 1<t<2,

and therefore the terminal state ;onstra.int 18 expressed by
- -2 -1
x(2) =R » (2e -e -].')vo + (l-e )vl.
The cost equation, io(t) - iug(t), has the solution
2
xo(t) - gevo , 0<t<1,
- gvo‘ + é(z-t)vlz, 1<t<a.

The codtates po"(t) and p*(t) for 0 < t < 2 must satisfy (12) with
the advance functlon given by p(s) = s + 1, then

Pr(t) = 0" y 0Sts2
p*(t) = p*(t) + 2p*(ztsl), O0< t < ¥,
= p*(t) » d<ct<c2
which have the solutions
po’(t) = constant . ,0<tc?2
p*(t) = Y’e(t-z) (1+2e(‘+n-2e3/2), 0o<t<),
- y'e(z-a) , 3 <tg?

vhere the constant y* represents the terminal costate p*(2),

P o

iz
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Using the definition of the Hamiltonian

K(0,1) = po(1)ax (1,0) + p(1)ax(1,0) -f% %‘lég- ax(s,0)ds
“o

- Po(l)évoz + p(l)(l-e-l)vo -£é2p(2s+l)(l-e's)vods.

Applying the maximmm principle of Theorem 2, the optimal control
arplitude v o’ must satisfy .

-§v°*2 + p*(1) (l-e'l)vo* -féep’(au-l) (l-e")vo*da >

2 v ? + pr(1) (e,

-f; 2p*(28+1)(1-e"")v, ds
which reduces to
(vo*'-(2e'5-«'2-1)wr")2 < (vo-(20'5-e'2-l)v*)2
for all v such that |v°| <1
Similar calculations find that the optimal control amplitude vl’ ust
satisfy

(vl’-(l-e’l)Y’)z g (Vl-(l-ﬂ'l)v*)z
for all v, such that |v,| < 1.

For convenience, let C_ = 20'*-0'2-1 and C, - i-e". Since the
constant y* 1s not specified by a tranaversai.tvy condition, the following
cagses must be considered: 4

(a) lcy*l <1, leyv*l<1,  (8) ley*l <1, cyy*> 1,

() lcgy*l <1, cyvw <4, (d) o> >1, |cyv| <,

(e) ‘Coy* <-1, |oyy*l <1, (f) cy* >1, Cv* >1,

(g) Cy* <-1, C,y» <4
When case (a) occurs, choose A Coy’ and T olf <. C,¥*. By the endpoln:
condition with these controls, y* = R/(co2 + Cla) and tc determine ror
which values of R these amplitudes are valid, solve the inequa.ities

1

RC RC
5 2 3|1S 1 and |—5 1 5| < 1. Considering also cases (b) tharough
- I Co ¢y
(g) the foilowing optimal control amplitudes result
R<C c 2c.2 .
e » 2= crclc ), *1
o 18 AgesaE =] 10
RC c 24,2 c 22 RC
Pl [ Ol <R< 2 1 1 4 PP
Yo 2.2° c P A 1
P ‘cl * e €
ReC, ¢ 2«c,?
A e e L SRS TeT e 3
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Note that tlere is no admissible cantrol which can meet the endpoint
conditicn for R > (C°+Cl) and R < - (C°+Cl), hence there is no optimal
solution.

It can be seen fram this example that the solutions to optimal control
problems involving even simple forms for the time-varying delay are diffi-
cult to obtain. More complex exazples would require the assistance of
a digital or analog computer to carry out the optimization procedure.
CCNCLUSION

The optimal piecewise constant control of time lag systems with time-
varying delays in state and control has becn considered. The definition of
an edvance function was used to develop local necessery cenditions for
eystems which are not necesserily linear and a maximum principle for linear
systems with a quadratic index of. performance.

The problem of synthesizing the optimal coatrol for ti:me lag systems
is generally very difficult since there usually results a two-point
boundary value problem involving differential-difference equations. The
techniques which have been developed ‘for systems without time lags and
tin.ze lag systems with a constant delay should be investigated for possible
application to the optimization of systems with a time-varying delay.
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K TECGPKH ONTWMANEHCIO YIIPABIEHNS [TPY OIPAHM YR HHEHNX
DA30BHX KCC?SiHHATAX OBHEKTA '

A. B. KypzaBcrai, 0. Co UCHITOB
CBEDZNOBCKOS OTI2JeHAe uareMaTUYECKOr0 MHCTUTYTA uM.B.A.CTexrons
CBepJI0OBCK

cccCcP

§ 1. SBemerue, B JORJIafZe HA OCHOBEe pasSBMTOX B 1,2 Te-
OpM¥ DacCMATDUBAXICA SAfAUX YNpABNEHUA JHMHEfHHMM OGbeATAME
C OorpaRmu~yHEHMM (a30BEHME KOOpDAMHATAMM, & TaRXe HeKOTOpPHe
POLCTBeHHHe 33ajauM C OeCKOHeYHOMepHHMH OCOCUeHHOCTAMH. 38 =
Jaum JREHHOTO Klacca B BechMa OSHeft MOCT2HOBRe M C pas;my -
HEX MO3UIWt DACCUATDMBAILICH, HAIpAMep, B 9 o Ina muHed -
HOT'O CIIyuad HeOCXO[MMEe YCJIOBKA ONTHMAaNbLHOCTH NOJyuYeHH U3
oomrx. PyERIMOHAN bES X oSpazeHuft B 10 » OOHaKRO, CBO#CTBAa
xHOXNTeNeft JlarpaHza ( ABI40MAXCA 8JeCh 3JeMEHTAMM COOTBeT-
creyraquX GyRROMOHANEUEX TPOCTPAHCTB ) U JeTaubHad CTPyKTy-
P2 peweHMR He OOCYXJaAUTh.

Becrma Baxgaa 0coSeIdOCTH paccMaTpUBaeMHX 83jgad CocC -
TOUT B TOM, 9T0 NaZe NpM U9BECTHHX MHOXUTeRAx Jlarpagkza npo-
OeCC BHWICHeHMA ONTUMANBHNX VIDABJeBMRt U3 yCIXOB/A NrUHOEANA
MarcuMyMa TpeCyeT HA HeROTOpHX MHTepBanrax BpedeHs ( Tex,
Ile TpPaeRTOpPHA OObeATA ENet OO 8aXaHHOMYy OrpaEMUeHNn ) OpH-
BReYeRMa [Ori.AdXTeNbENT COOOpaReHui, BTO OJHACHAETCH TeM,
YTO yCJOBMe NPHEIWIAE X 2KCHMMYMA HA YIOMAHEYTHX NpOMSXyTXax
BHpOZRaeTCA. b

[lpaMeHEHHEe NONXOL3 152 g HACTOATEM JOKIane UMeeT Ielbd
M8yWRTHh ALA paccMaTpuBaeMNY 84739 HeKOTODHEe CBORCTRa MHOXA-
Tene® JlarpaEza, £a28aTh CNOCCY WCCleXOBAHMA ITMX 3a%ad Ny-
TeM ANMPOKCHEMANRMRE MIM CBegedls X K COOTBETCTBYDOUM XKOHeg-
HOMepHHM SafayaM X HaMeTHTh NyTh K BHWUCIEHUD ONTAMANBE: Y
yOpaBJeBHR Ha BCeM NpOMeXyTRe BpeMeMH IBMZcHHAH,
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§ 2. 3anmega 06 ynpaBieHMM OPM OTPAEMYEHEWX HASOBHX
ROOpIVHATAX,

1. JlocragoBRa sanawd. 3afaH IMHeHfHH ynpaBasgeMHif 00b-
exT, cnucHBaeMuft MubepeHIMANLHEM YDABHEeHKEeM

%‘A(t)x + Bitw + wety @1

3eCh X -N -MepHH{t BeKTOop $asoBHX ROOpJMHAT, U = T -
MepHER BEKTOp ynpaBleHud, A(t) ’ B(t) - HenpepHBHHe Mar-
priH COOTBeTCTBYDWMX FasMepHOCTeff, (O (¥) - msBecTHAZ n
- BerTOopHaA PyHROMA,OsHavapmas BHeWHee BosMymeuye.[lpelno-
naraeTcs, YTO 8&NaHN HayampHoe cocrosmme X (t “)- X, ,BHOYR-

J0e TepMMHANEBHEOE MEOrooopasue » OTPaHNYEeHESE
wuell | xe Lt @:2)
Ha MPHOBeHEHe SHayeHMa BeqmquH x (t) ® w(t) -.Muozecrsa
] 1‘ - BEOYRIHE M 8aMRHYTHeE, COfepEauye HyaeBHe

8lieMeHTH B KayecTBe BHYTPEHUUX TOYeK, MHOXeCTBO (t) (rax
QyHRIDiA BpeMeHM) npejlmojaraeTcs NONyEeNpepsBHEEM CBepXy no
BRJI DU HM .

3agaya 2.1. Cpeau ynpaBmenu# 1w (t) ,DepeBoifsmuX cucTe-
¥y (2.1) us cocroasma x(t ,)=X Ha mioroocpasue (x, =
=X (t )G./u) HaiTH onTMManbHOE no CHCTPOLeACTBUD ympasne -
Ere ‘u. (t) ,oCecreuuBanmee yCIOBME tp t, =min .

2. YcnoBua paspemuMocTH. [IpuHimn uaxcnxyua. I'chrb {t.}
~ MIOZECTBO TOUeK Buma t + p(N')(’tp t)- Pl , The p<2
(N.-1,,,,. . J.ot0 hmoaecrso - Bcbmr nnorRoe B [t tﬂ] !
3anaua 2. 1 Moxer OHTh CBeZeHa K CYeTHOJi mpoGieMe uouearon

ta
S h&(t 'T)u(T)dT=Ci +x(t)
ty P P y (2.3)
ts

S ot myurodr=c + 2

t, & L % i

3nech

xkyedl; 2 m{‘l,...,ln_}er(ti)',u(t)eu,t‘stttp (2.4)

'BeJMYMHH 'h*(t ,T) cyTh { -He ROMIIOHEHTH N -BeRTOpa
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foct,T) =Bt S(z,b)
¥ (2.5)
(5 Sth--SrtHAm , St p=F)

npuuen fl. (t T)=o,ect T=>t . (B (2.5),kax u Besme B
na:xweumeu, suax /  osHayaeT TpaHCIOHMpOBaHWe),Yucina Cq.

¥ [
onpenensanrcsa Kak {< —He KOMIOHEHTH BeKTopa

i 2.6
ct)y= E‘ S(r,tpwiode + S t t)x, *_Cp: c (’tl,) =y
BBejnex oGosHaueHHS
ta ’ u /
9r¥uss y cheondt | Y1ch=mmxuﬂ u  uett
A td ( 2.7)

Y, £l =manc_ Ux x el ytth'mwxx%'x ,xer(’c)

Mycrs t fuxcupopaso, HeoGxomiMHe M JOCTATOUYHHE YyC-
J0BUA paapeumuocm npoGnemyd (2.3), (2.4) usBecTHH B (PyHKIH-
OHANBHOM aHaJse .OnHaKo, (¥ 3TO Hauconee CymeCTBEHHO B
JaHHOM MYHKTe) McnoJp8oBaHMe chelydsiveckoro XA JaHHOft sa-
nauw cBojtcrBa byEkmmzt h (t,T) -uX HenpepHBHOCTM- NMOSBONA-
er ycnoeua (2.3), (2.4) npeicTasuTh B Bufe COOTHOwWeHUA

4 8 4
Sn).&(tmt) + St(t)ﬁ('c,t)cl.’c 1 - XNc¢ -
t (2.8)

&, ty
-S Ve ctydt + S yttlcmdk, *Y‘;‘“ >0
ta &

KOTOpOe JONZHO BHIONHATHCA NpPH NOGOM h - BEKTOpe X\ -{x
o g o ¥ XOGOfl cyMMMpyeMOff ¢ KBAGPaToM N - BeKTOp-
Ho#t cpynmm ty={Ly, .. e b} .

Yenoman (2.8) woryr o’un SammCcaEN B MHOMN, HO 9KBUBaye-
mrwo#! (opwe, Burexarmest M8 (2.5)-(2.8): ML paspewiinocTy
npodaemn (2.3), (2.4) npy RoHeurnoM PUMKCHPOBaHHOM th He -
OCXOJMMO ¥ AOCTATOYHO; YTOOH OpM XOOM N -BEKTOope ) I
aoGor n -Bexropuoit pyskwmk L (L), cPecHeRHHX ycioBMeM

tp
Y+ S U)trdt <1

L



t

[ Y
Vi ’ 7
:ni’ {m iu(t)B Hsct)dt + 3 t)x, +

) (2.9)
+ § wt)st)dt + Syttl(melt + y‘ts&r\l};o
& L

3necr 3(4) ecThr pemeide CONPAXEHHOR CHCTEMH
S da/dt =-Aa) ¢ Lty | s8N (2:10)

Ycnopre (2.9) ABnAAeTCA 8HANOrM HMSBECTHOR B TeOpMHM BhH-
nyRAOTro ngorpmmponaxua safav® o cepnoso#t Toure ¢yBExIgm
Jiarpanza 8 . Y

BpeueHeM onTHManbHOro CHCTpOAEefCTBMA OyAeT HaMmMeHblee
#8 wicen tn'td. » TpH KOTOpHX CooTHOmeHMe (2.9) BHNONRAeTCA
CO 3HAKOM paBeHCTBa., CymeCTBEHHO NPH aTOM NOAYEPRHYTH, UTO
ind B (2.9) npu t,=t, nRocruraerca wa HeHyieBOM sleweHte

[ ] (]
(3,, L)) .

Ia cxasaHHOro puTeRaeT, YTO ONTMMAnbHOe ydpaBieHHe W
HeO00XOAMMO YAOBJeTBODAET NPUHIMNY MaKCHMyYMa

e 3 te ;
mox | wiBwewdt - ( wBanwdt o4y
uel t, ta 2 ) [
RIM WHave A r B 3
mac wtHB)s't) = uPeh)Btrsce) (2.12)

rie ( B Tepuumomorux 2 ) 8°(t) ecTs MUMEMANLHOS ABEZEENe
cucreruy (2.10), a MMeBHO TO, ROTOpOe AOCTABAAET MAHMMYM Bl-
paseEnn

t
Wes, L= § Y'tBl(t)s(t)]di + 8, +
d

(2.13)

tp £y
. §._s'<t)m(t)d.t + Uy clandt oy e 90
\

a :

nPH
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tp ’
nspu‘ +« Satontdt s (2.14)
% ' :
CumBox U=l osnaqaer‘eammnoay HOpMy BeKTOopa X .
Cyuruponan WV (35 < ‘HeOTPULATEINBAN{, BHIYRIBLE.
[IpumMeyanue. I'chrb uuor'ooopaaue fBNfieTCA IHUNepnIo-
CKOCTBD X (i )=, , k=1,.,l . Torma wHomECHE® BCeX TOYEK X=

- {x,,. ,-xt} ,y,uoaneraopnnmu {2.33) npu apoHx 3, ,l({:) .
crecnemmx (2.14),00pasyer oGnacTs JotTUzMMOCTM (mO mep -
BuM L  KoopmuHaram) cucremn (2.1) us cocromuua x(t)) x
MOMEHTY t=t npu orpaHuyeHuax (2.2).

§3. Hexoropne CBOjiCcTBa pemeHM.

1. Mummensuas Gynrmma. [ycTs HaiieHo pemenue b =B's°
samauwm (2.13), (2.14).060sHauuu uepes ¢ (t) onTMMANEBHYL
rpaekTopup cucrems (2.1).Ms cBoitcTB pemeumit mpodaems (2.13)
(2.14) Bureraer,uro L°(t)=0 ram M TONBKO TaM,rge Tpaek-
TOpUA x°(t) He BHXOMMT Ha dasoBoe orpaHuueHue.Ecim KoM -
naHeHTH h.' $yHRIpA & t) uoryT odpauaTsca B HYJb JUIb
Ha moxecrae HYyJIeBOit MepH, TO u.(t‘) oupefensercd YyCJOBMEM
(2.12).CyuecTBeHHa, OfHAKO, ¥HAA CUTyaIMs.Orpaxnad cedd oT
pasdopa Haucosee HepelyJIAPHHX CAYdYaeB,NPEeLnoNONM, YTO
(% ( t) moryr oGpamarsca B Hynb Jumb HA KOHEYHOM WHCIe M
amayrux orpeskoB [T, » 'l'& 1 (k=4,..,m ) ocu t ,cymmap-
Haa Mepa KOTOPHX ueabme.ueu t t .[IpennosoxumM Taxxe,
4yro cucrema (2.1) BHoJNHe ynpaBJmeMa B yCHIEHHOM. CMHC-
ne 2 u uro ee TpaeKTOpuH, yNOBXeTBOpAbIME (2.12) rlpufu.f
20 »MOTYT NepeceKaThcss C IPaHMlel ) auas ua
MHOZeCTBe Mepbl HyJb. Torga dyHrIM odpamamca B HYJb IpH
BHxOZe cucremMd (2.1) HA OrpaHMYeHMe M TOJNBKO AMmH TOTAA.
Taxum 00pasoM, MOMEHTH BHXOJHAa ‘x'(t) Ha IpaHuIy MHOXeCcT-~

(t) u cxona c Hee coBnauapr Sfech C MHOXECTBOM i'tk}
Saueruu, YTO TOMKM Ty, ONPeleNdorTcA @BTOMATUYECKM U8 ye-
nosus (2.13),r.e. des OCWYHOI'O JIA BapMAalMOHHOI'O MCUUC -
JeHMs1 oCpalleHud K ycuoBuMAM Tuna Beitepurpacca-3dpiaMaHa.

2. 0 BHUUMCHEHuHM MAHUMANBHOK PyHKIpM. lltak, nis Haxo-
xOeHus MHOFUTesel ’s; y L) HamresuT peunTs Bapu AMOHHY 0

sa.ixatxy (2.13), (2.14) MuHuMISAUMK q)ynxmonanallj npu Bh-
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OyRIEx Xe orparmdeEMax (2.14). PemeHue ROHKDeTHOR sajawm
(2.123), (2.14) moxHO, OnHAKO, ympocTuTh. [loscEAA cka3aHHOe,
npefnonoxmnd, uro cucrema (2.1) - cramMoHapHasd, BOOJHE yO -
paBiseMas CKaJADHHM BOSfiefiCTBMEM M TPAeKTOpHA €e BHXOIMT
Ha rpaHuly $asoBOro orpaHMyeEMs JuMmb OJMH pas, Ha orpeske
(T,,T,]; npeznoxOE4M, YTO OrpauuyeHa Jumb OfHA KOOpJMHATA:
Ixisfct) . Iheen

A .
ON YO FCROR § ok (tpyde =0 (3.1)

BocnonpsyeMca Teneps etie OfHyM (Gosee CUIBHHM) CBORCTBOM
byurpu %.(-z:,t) » B JaHHOM ciyuae ee AudpepeHImPyeMOCTHD.
Nocneposarensio aubpepeHimpysa (3.1) ¥ BHNONHAA HeKOTOPHe
OpeoCpasSOBaHMS MOoJaydaeM, 4TO Q'(’t) YyAOBJNEeTBOPAET ONHOPOJ-
HOMY ,umq@epemma.nwouy ypa.aﬂeumo (n-1) nop:uuza

/n-4 . et 3 "‘")‘“J. ! i+ ’)‘“*“ d.
s{ATE ; > [e0'A —;; iy 'Z(- dzi]} =0 (3.2)

rie Letr= (ei¢vr,0,...0} - n - Bemoxmaa byurmLA, o
(}=0,.,n-1 ) - xoa(ixpmmeﬂm paanoxeﬂua BeXTOpa Y )
Gaaucy {L A“ k=o,. n-1}- LE™ - Z dy [,A"‘

Ycnosue RenpephHBHOCTH (yHKIMN i‘(t) n ee NpoMsBOJHHX ,
cnpaBa,B TOyke T, Jawr n-{ KpaeBoe yClOBMe; KOTO -
pwe OCpasywr ClCTeMy anrefpandeCrax ypaBHeHmll, CBASHBAD -
mx T, 4 T, c 3 . Pemas ypapaenue (3.2) c yuwe-
TOM xpaeaux YCIOBU{t  [TOXYTAM !. @)= f (t;7,,T,) s; "
rge §(t;T) - N - BerropHas (byunmm, nemeﬂuo saBucaman
or ¥, u T, . Mogcrapaaz L] B (2.13) moxywmu ,
uyro npu PUKCMPOBAHHNX T, , Ty VHP"’ 12 ¢ (3;%,5)
ABJNICTCA BHOYRIAOR pynrigeit 0P 3 o Orpasmyemme (2,1 43
npeospasyeTcst Tenepp K BRAY -u-(s NN AT R B » TIDBYEM
A3 LUKCHDOB 8HHEX Ty 0 Ty cooraouene 'U'(&F T, T )=C
eCTs, ypaBHeHMe NOBepXHOCTH 3Amncomga. Takuu odpasom, pe -
merue 3agaym (2.13) MOXHO NOAYUMTH MUMHUMMGHMDYA NpU Raxmolt
dmrcupoBanHOR nape (GYHRIRD qr(‘i,,;t"t )y mo 3, ( (3,1, 584 ),
a 8aTeMm omnpejensia Ty fapy 'c‘ ’t; y ANA Roropox Henuue it~
HaA. QYHKIHA (30T, ) T, ,Ty) NpyHIMaeT HalneHbliee
adayeHye. ECiu onrm.‘wxwaa Tpaerropm BLXORUT HA OrpaHuye-
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Hie Ha M ymacTEax [T, T, 1 (k=1, ),
To L;(+) yResmersOpser ybasEemun (3.2) ma xax.aou uS HUX.
Torga dynrma ¢ (‘slh‘c,1 g Colt euy ""T"i "m, By ) =
BHIOYRJI&A NO 4‘, M HeJMHetHaA uo T, . Hycu HS -
BeCTHA OLEHRA CBepxy uMcia M . BuuucieHue ('_’ (t) ciueny -
eT TOrja BecTH, mojaras BHayaje M ={ , sareM m-:~ "
T.AS, BOAOTH RO yCROmMA Y (34, T, Ty, T, , T, ) =0

YpaBHeHue, anasoruyHoe (3.2) (uo, ecrecraemio, gosee
TPOMOSJIROE) MOXeT OHTH BHIECAHO K B OCIEM Clyyae Ssaflaum
(2.1). Ommaxo maspums A (¢t) , B (t) poaxun ours Hyamoe
wucio pas suppepeHIMpyeMH. '

3. AnnpoxcuMaima pemeHmit, OrMeTMM ONHO naxﬂoe caoitcTBO
dyHRIpoHANA W('x ) B aommansaon pysxmm f(t) 12 . Ieuso,
norpedyeM, YTOOH orpaﬁnqeune (2.2) Ha KOOpIMHATH BHMNOARAJIOCH
He Bedfe, & IMmb B JMCKpeTHNe MOMeHTH BDeMeHH t; (L =1,

2 ) . B pesyarrare BHecTo (2.3), (2.4), momyuum xoaeqno-
Mepnyn npodlieMy MOMEHTOB, paspelMMyP B TOM M TOALKO TOM CIy-
yae, ecjJ®m HepaBeHCTBO

mon % t t)) 20
3,,(8) G 15 (3.3)

BHOOJNHAETCA HA BCeX pelleHMAX & N(&.) CONPAREHHO! CHCTeMH
ds, /dt --A’cm £ R0
WL BN JL, )= Zut )Sct i)

po I. =4
CTEeCHEHHNX YCAOBReM 5’p p . X 5: ¢ i ) k) =4
of
DyaRIRE % (%) npegnonaraprcs Benpepusmmm cnpasa,
Ommoe yopaBlieHue u B HMCEpeTHOH 2afage YAOB-
xes'nopner npm!mm MaKcHMyMa

tow e
manc Su (&)B({Ys @)dt = S u.;' (i)B?t}s;(t)&t
uell ¢, ty
Ha mEsantHo dysxmm h () = B'ty. 35 (&) yeaosusa
(3.8). nocne,noamemaocu 3y (V) uoxer Ogrs BHOpaHa T a,
¥TOCH BNHIIONHARCSH upenume COOTHOGmEHMAS
o = th |, WAl 15,1 — Weosg U (3.4)

8 () 3% (%) , %, (t) > x"(t) pabHorepmo no t e t"-*,t";ﬂ
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‘BA8 APGGro € » O
u,;(_t)-—v u’(t) (B cuucne cnacoit cxomumocTu) (3.5)

§4. Bmc.ue:me ONTUMANBHHX yYUpaBaeHUii. Onpefenesne
dyHRIpDm W (t) ¥s NpuHIMNA MakCEMyMa Ha yyacTKex t't* 't 1.
rge ho (’c) 0O ,TpeCyer anBJxeqetma JONONHHUT eJl bHHX, c006 -
paxemm. Iiii HaxXOXNeHud u.(t) Ha 3TUX YYACTKEX MOXeT DHT b
MCIoNBSOBaHO cooTHomeHue (3.5),T.K.byHKIpH ﬁ (t)aoJmmb

Ha m{oxecrse HYJeBOt MepH. no,uqepnneu s,uecs,tu-o QAA onTu-
MaNBEHOCTH W (t) JOCTaTOYHO, YTOOH u’ noayvajgocps nyreM
npeneaBHOTO nepexo,na (3.5).

Ynpaeneuusa ux ,BOOCme IOBOpA, PASPHBHH, C- Bospacman-
@iy (npu N-= oo ) umMciOM TOUER paspHBa, K CXOIATCHA K W’
JMmb B CJla0oM cMHcie.BHuuchenune mpegena (3. 5) B o0meM
caydae saTpymEMTeRBHO.[lponlecc BHUMCHEHMA W’ MOXHO, OJIHAKO,
perynﬂpmampoaarb. BBelia B pgccuomperme dyHE LM
u, (t)-é Lm Su. (t+Mds (4.1)
DYHKIMU u.s (t) - Henoepumme " cxomrca (npu d~0 ) pa-
SHOMEDHO K ONTMMENBHOMY ympasieHun W’ (t) .

lIooteaypa (4.1) ocHOBaHa HA HemoCpeACTBEHHOM MCIOJb-
soBanWu npefeNbHOro nepexofa us §3. ByHRIMD W) xenarens-
HO HAXOIMTh, MMHYA 8TOT nepexof. [lycTh yxe MSBecTHH 3. ,
t° uU®t)20 wna umomecrse S = U cT,,,Ty,) -Paso-
GbeM Ha xouetmoe wicio Henepecexaxonmxca orpesxos BU~
za T’ T+€), T e .Paccmorpum sapmauy 2.1, korga or-
paunqeime (2.2) Ha KOODLVHATH MMEEeT MecTO BCOAY, KDOMe OT-
pe3ka t‘c’,'c‘+ £) .Hycmb tu.'(ﬂ] -pemeRMe Takoi sajaws I

u (b=t S [uctu dt | TstsTee
Nycre utct) - ynpameame,onpeneneaaoe npu T'st <T+E us
OpiHIMIA MaRCUMyMa
u/(t) ffct)= monc u ‘it

rie ke(t)-B <£)5 ) » M82 (0 ompejlieNseTcsa U8 ycio-
BUA nmummsa.um 26 1\’ ’ )"- dyurpmonana ¥ us (2.13)
NpU OT'paHUYEHUM i ’



4.%‘/dt --A({i)st 4[:(1:) + X’S(t-‘c’) +

Q )
+ N9 t-T-0) , G P
a t°ct) |t Ecx’,T'eE)
L. o tecT T
) ,T +€)
T‘ot

O+ () - S ) Hdt

£

Mpmseu oGosmauerme w°(t)= ¢~}. Su (T + 21ds

CnpaBe BN ycnoamlu (t) u; ('c)l-vo lu ('c) w(t)—o (£»0)
Taruu oOpasom, QyuRIpa u°° uoxer c:xytwrs annporcuMalue 4
ONTHMANEHOTO ympaenerus W° . [Ipy MSBeCTHHX &; U@

BuuncesEe u*® TpeGyeT HA KARfOM mare JIMHY € -
HENR A GyHROMM JBYX NepeMeHHHX.
§ 5. Mpuuep.

Paccuorpuu MoflenbHHft npamep , HA KOTOPOM, OFHAKO, XOpO-
B0 NpoclexMBADIGCA BCe OCHOBEME oOnepaguil, COCTABIADMEE CYTh
H3JIOXSHHOI'O Mogxona ( X KOTOPNA MOXHO, pasyMmeeTcsd, DemMTh
M8 NpocTHX UsUIECKUX cooCpaxexwdl). Cucrema (2.1) mseer
BRI

dx,/dt =x, , dx, /dt =-x, +u
Tpegyercss nocTpouTs yupamleuue u’(t), nepesofiimee ee 8a
RaNMeHLDee BOSMOXHOe BpeMA t ma x (o) = {0 0} 3
x(ip)sia. O} mpE ycroBu&x (2.2) BAfA

lwurl s2 , 13X,
COcmzo-en- (2.13) (2 14) npunmlam' dopuy

l'ru{t{ Slx un (t-t) +) 228, -t) +i£(-c)m(1: t)dx|dt -

(5.1)
-k,-ZfS Itdldt 20 npu ). +x +S!molt$f<

[ ]

k=4 (VT3 -3)/15 |
Pememme (5.1) pocrenmnxe nenn-lx-z,x~ -\/a W5 ; =0
npu 06t<11,t‘$£‘£’,[ =-2/W1% M Teter,

4”
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" T,=F/6 + W5 4VT -4 E =T, + aUSRU/N), h'et)=o npu T,stet,
( SaMemm, 4T o ypasnetme (3.2), ¢ nomompp uoroporo 6511&
Hajilena ynrma (°(t), vmeer szecs mpocroit Bux: dt/dt =o ,
a KpaeBOe YCJOBMe Jd HEero - JMHeRHOe ),
lpwmeennn nponeaypy § 4 Buuucienms w’(¥) , nomyuaem

° = < . = = '.E- P y* B L
ww znfw, Ost ST u (1)=2-VF F t R Tt <T, LW anlut'tlsiét'_
§ 6. 0 sanayax ynpamreERA LM CHCTEM C SanasfiHBaHUEM.

[lycrs ynpaBlsieMHff OGbEKT CONEDEUT JNEMEHT 27 as,nnnaam“’
¥ omuCHBaeTCA ypaBHeHMEM :

%-Ax + Gx(t-tv + Bu T 20 6.1)

C NOCTOSHAHMM KOpbdMIMEHTaMyu .

3anava 6.1. 3anaH npoMexyTOR BpeMeHM t, <t st
HayanbHO2 eoCTOdHME OUbeKTa X A(&) ,(-t<€¥<0) u orpamm -
yeHrA (2.2) #a ynpaejesMe M KOOpA¥WHATH. TpeCyercs BHOpaTh
yupanaspree Boageftctsue W’  Tak, YTOGH

;_-P cxtp(&)l + nxﬁl =mun, =g

2EeCh CIMBOJB P £ x (1, BV OSEAYANT COOTBETCTBEHHO He=
KOTOpHEe HOpMH B NpPOCTPaHCTBE N -BeKTOpHHX QyBKIW} M
B KOHEYHOMEPHOM €eBKJMIOBOM IpOCTPaHCTBE,

Vsnozensnft Bume B § 2 nomeon R pemeuup samaux 2.1
1OXHO NpUMEeHNTH (pasymeercd, nocje CuOTBeTCTBypmelt Momabu-
Kaipmyu) M A uccijefoBamms safaum 6.1. B pesyinsrare nomy -
gaeM, 4YTO UCROMOE YNPABACHRE W’ (4) HeoOxOpMO YHNOBRETBO -
pAeT NPUHIEDYV MARCAMyMa

tF t” °
§ ' dt =max (47 umyda 6:2)
1, uwell ta £

rie h°t) =B (t)8°(t) ® 8°(4) ecrs pemeEEe conpszen -
HOit CECTEMH '

da/dt =-A's - G'actsryolety | b, etot -7 ; :
ds/dt=-As + ptt) | tpTet sty ; (6.3)

A URTE I TR

ocecneuBapmee MAHAMYM

VOGP -min ¥ sy, p,l =0 (6.4
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'HEOTPUIATENIEHOMY, BHIYRJIOMY QYHKIMOHAILY

% A -T
V(",.P,‘) . St:Y‘, tBt)s(tyrdt :S yttta))elt +
X

+f<1 S)'CP(‘I:)‘J +&a-;ﬂ5pl* + 5;_"*(*;) A ©6.5)
ty : .

+§ xct)Gsc{:n)cL-t ka0 k.30
t - ? 1 " LR

anecs nant m [ cP(h'J CyTh HOpMH, CONpAXeHHHe K Hx1 ,
9::"@"]‘

3mayeEMe & onpejfielfercs KaR CyMMa wmceXd {( +§' ;
npM KOTOphX BHOOMHAerca (644).

Janpueftmmit XOR pemeHMA NOBTOpAET B OCNEX YepTEX CO
OTBeTCTBYDOYD NPOLEAYPY A12 sajaul 2.1. OrMeTmM TOJBRO,
YTO JHCEpPETHYD aunporcHMMamap sajau® 6.1 yZOOHO noayuars ,
samedan cucreMy 6,1 KOHeUHOMEpDHOR cHCTeMof

dy’/dt =Av" + Gy*™ + Bu

X pi Al = (6.6)
d'g(l.)/dt K % (gtt-ﬂ- g(u) ; (i.‘1 ,...,m) !

oo cxeMe paGoTH e [locnefree oOBACHAETCA, B YACTHOCTH,
TeM, YTO NpH M —» oo ni-tzQ-t peumenue o,n50pogmovo ypaB -
Hegua 6.1 MOzHO npnd:maun pemeHMIME Y (t) ~ox -
%Opi),na?go ypaBEeHUA 6.6 paBHOMEPHO HA BCeM o:rpeaxe ct-T,

§ 7. Mummmsamua “"veObmeBCROro"™ (pyHRIpMOHana.

HsnoxeHHL BHWNE NOAXOX MOXET OHTH ngmaenex H R saya-
ye O MAHMMyME MARCHMANBHONO OTKJOHEHMA

3agava 7.1. [py 8afauHEX KpaeBHX YCIOBMAX X (t,)=
x (k)= xl.. u orpanuueHMM |u, (W)l sC - maftry yo-
paBnerne w® , wrocH :

Mo, |, (D] = Min, (7.1)

PemenmeM safavm OyZyT MHOZuTe M JarpaEza "l: NAYCOE
.{z:(k) ,o,_,,o}. ONTUMANBHOS ympaBieHMe 1L° M NMOCTOSHHAR
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k’:nthlx:(t)l , ROCTaBIALIME CEJJNOBYK TOURY PYHRING

t
o / / ’

Ln {m wt)Brshrdt + 8, x, -3 x4+
qip {moge ) Wi RN
+kS 1L, ctHrdt =0
rge 8(4) ecTh pemexme (conpazenHoft cucremn) 2.10),

npu ycaoeux (2.14).
AHaNoruyHoO pewaeTcsa M 3afaya O MUHIRM3AIMA NpOM3XaA'
xorja B, ycnosuax sajgaum 7.1 BMecTO (7.]1) BaOpaH RpuUTeDZn

maoct o (B =mun, = &

a xomel Tpaexropuu x(t) nmpu t=t
Hed JiWhk HEepPaBEHCTBY uacpu < k° .
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HAXOKAEHUE HAYAILHHX 3HAYEHWA BCLOMATATEALHHX [IEPFMEHHBX
OQHOIO KJNACCA JI/IHEMP&X C lCTEM TIPY VD( ONTiMAJIBHON TIO

........

.n.llneranon
HHCTHTYT NO TexHMYecKa KuOepHEeTHKa
Cogna-13, H.P.Bonrapus

§ 1. Beezenue
Ilpy ncnons3oBaHny NPUHUNMNA MAKCHMYyMa ANA ONpeAENEeHUs ONTH-

M2NBHOTO N0 OHMCTPOAEHCTBMN ynpaBaeHWA 00LEKTauMn, ABHKEHHE KOTO-
pux onucuBaeTcA caexyomuuu AuddepeHUNanbHHMY ypPaBHEHWAMH B BEK-—
TODHOM BHJE 1;

¥ -Ax+ B (1.1)
BcriouaraTenbHue nepeueHHre ¥ (t) ¥(t) .. K ¥a(t) BBOZATCA NpH NOMO-
¥ BEKTODHOrO ypaBHEHHA:

- b —om

y.-AV (1.2)
a ycnobue DKCTPEMANBHOCTM YNDPEBIACHWR MOXEO 3anucaTh CHEeAynmLuM
oGpa3ou:

¥it) Biz (t) - max $1t1 Bt : (1.3)
uel i

B (1.1) x(t/ sasnneTca BekTopoM (;a30BONG NPOCTPAHCTBA Xn
¢ i{) ~BeRTOPON, NpUHaANexakuM o6nacty U- {u’:-fs wlt1st, i-12,. .,rj
NpOCTPAHCTBA AOHYCTAMHX ynpasneHwn, A ‘/ag/} -uaTpuneft
N0pAika nNxn C peanbHHMM HENONOZMTENBHHMN COOCTBOHHHMY
anasenzsww *1 B:(8,;]  -warpuuell nopamka N xr a

Aa (12) - TpaHCNOHWpoBalHOM! uaTpuueit A

u;mcp #1t) oupenenen npu nowomu (1.2) ¢ TOuHOCTEM A0 7
RC#eTIHT ¥4 .. ¥%°  (KXOOpAWHAaTH HavansHoro sHadefiun ¥l ).
%3 oror0 cnewe't 90 paBsHcTBa (1.3) onperexanT 0CecKoHeqHoe '
¥HOZCCTBe BKCT[peuanbHuX ynpaeneBuld (4, C U R :

ars.

21 310 ycauBMe HeCymecTBeHHO®
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Oycrs B (1.1) HaknazuBaeTCR ZOMONHMTENLHOE OTPAHMYEHAE -
(d(t) € Uext = < 3T0 03HaY@eT, YTO PUKCHPOBAHHOMY HayanbHOMY
COCTOREMN X° - (X% Xs$ .. . ,Xn°/ §3 06NacTH ynpaBRACMOCTH .Q
npu nomomn (1.1) conacraBaseTcs FOeCKOHEUHOE MHOKECTBO (D..§*~ &
TPAaeKTOPHH, OAHO3HAYHO ONpeZeNeHHHX anemeHTamm Uex:i . Jisu-
ZeHUe N0 STHM TDPAEKTODUAM, cornacuo 7I0CTaTO GHOMY YCJNOBA® OOT2-
MaNBHOCTY N0 OHcTpogefticTBub (1. d) "y OCYUECTBNAETCA C MAHUMANB—
HHMA MOTEpAMY BPEMEBU M NO3TOMY uen_ecoodpaam Ha3BaTh 3JEMEHTH

Q)L?"J 9KCTpeManbHHMKY Npalieccauy.

3 TeopeM cymecTBOBAaHMA ¥ €AMHCTBEHOCTH ONTHMANBHOIO yApaB-
JeHUa ~*° cnexyeTr, UTO CymECTBYeT €ARWHCTBEHHHN 3KCTpeMaNshNit
npouecc, KOTOPHW NMPOXOAXMT 4Yepea Hayalo KoopauHaT. K coxazneHuw,
O7IHAKO, 8TH TeopeMH He ZapT OTBET Ha BONPOC, KAK MOCTLOMTS Bex-
mop V/io/ , koTopuit onpeAenser Zoar(¥ ., 3T0 NpUBOZMT K HEoG-
XOZMMOCTH MCKATH pemeHMA clexyiuel aagaum:

[lpy Npou3BONBHOM i°e Q naiith BEKTODH ¥ (o/ , Takke, YTO
€ClIM OHu ABNANTCA HAYaNBHHMM 3HaueHWsiuy (1.2) TO paBeHCTBO
(1.3) onpezenner Jert/t/ , Npu KOTODOM CO0TBETCTBYNIUMA dxcTLE-
uanbHufl npollecc MPOXOAMT Yepe3 HAYANO KOODAMHAT, T.8. cdert/¥:opr’y

9T0 ozHA U3 OCHOBHHX, HO BCE €m0 HEpemEeHHHX NPOCHEM TEOoDui
ONTHMaNBHOLO yMpaBjeHUA. B auTeparype M3BECTHH DA3NUYHHE Npa~
CmMEeHHNEe MeTOAH, YMCIEHHONO pemeHud 3ToH 3ozau, xo'ropue,
OZHAKO, HEe ZAnT TOYHO{l 38BUCIHMOCTH MEXXy <° M ¥’ v

B HacTosAmell paGoTe naeTca NOnNROE pSueHRe paccyaTpiiBacuolf
3azam™s ozHOE Gonee yakol, Ho BaxHoM ANA MpaKTuKK KAacCe M-
He#{HHX 00BEKTOB:

B o oo i il
By yBhs o ot il
A: s
&4, 8 ra ity w1
8 & QL _Qrd
Qn an an . an

o oRHomepHoR odxacrsn U { Iu!tlfif'
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B CcymiocTy 3T0 KRACC BCEX YnP3BLA2s .7 GOBEHTOB, BHOH ABM-
EERBXS KOTCDuX 28NMKCHBAETCH C NUMOMLE CJeIywMENG JyHERHGTO And—

hepeHU#BNHOM0 YPLBHERUA C MOCTORHHEMY KO3GINUMEHTZMGHS

a"x s ?
07?-.-—,.,+:.’777-4 ,_{-ﬂ- v =L s pex=0ult! (1-4)
at 25E d
o
§& 2. Pe3renerye 7 -MEGDHOIO INIPOCTDBECTBS 7" s N0Zo0N8CTH 4
¥ {o/ , CCOTEETCIBYNIHAB IKCTpE-

colepismne TS HB8USIBHH
U8 bdNe VIIPEEJIEHVS HOTODHX PMEKNT CZVHSKCEOS WICNO TO4UEK

pespusa {NepeXInYSERA)

PsccuaTpuBaeuuo QGBREKTH WMBKT CHO ynpaBlenue: -7 < U f¢/=1
# 3KcTpemanspHne paBeHcTBa (1.3) woxno #anucaTh cnelyrurM 00pe-

3ou:
Uext(t!=5ign Yalt/ (2.1)
B BEBACHMOCYM, OT TJI0, €CTH I¥ Y MaTPuUk A Hyrc:o.o colco-
BEHHOE 3Ra4YeHue, MAK HeT, B peuzerm:x NURBLRETCA WEESCLUHGE pas-
rrune. ORHG8HO OHC Ke EBHECET wuf‘m“‘n‘paccunemﬂ B NOSTOMYy F8c-

CMOTDMN TONBKG CIyyail korzna:
CoGcTBoRHLE BHAYEHKA NATDHOH A NMPEJACTAENAKT DPEaNBEHE YMCNE
TEeTCTByulme# KpaTkoCTED
1

A<z < me<d co coeT
Ko, Hz, o B (K s He s -+ Km =n)
s -Ait
Ues: fs/an{--‘ C, iz, ,,]E } (2.2)
KoHeTaETH y;/?“,'j © ™) ONpeZ6AANTCA OXHO3HaUHOXE
2 cHcTeMy AL
. Tz weby1) 1} _}
Vi<t 5 ,., an [ e ( it AE A (2.3)

T Ay DN n-f

o m Z 3

‘/’n‘ :-Z é C?
iz1 ?'

kcap 4, oOcsneqaer onpezneinTenb KO9PPHUMEHTOB NEPEUEHHHX

2
Zcms A - coOCTSE5HOE BraueHue BT Pyilk pro-A-
co6CTBeHROE B3HS5Y2HME MATpiLH - A

¥£2
OnpeneanTen: x03)pdMUMEHTOB NepeMeHHHX C; He paBeH

Eyan
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ks l
L,g ;,’f ’"} B (2.3), a d;: - MMHOD , COOTBETCT-
Bymiuil aneueﬂ'ry B 4 'y HaxoZRomitca 8 s —oft cTpoke ¥
Ki* Ko, +K. r9rscroaldlie, TO

C¢=_4_ Z /-4//(,”',»-. b Kpeg $ 39S
¢ A{§T7

QYHKUMA 5 ¥nf¢) MenreT CBOX 3HAK TUNBKO ApY TeX 3HAYEHMAX C
“cIQPHe MpPeicIaBIANT KODHW HEYETHON KPaTHOCTM 7 ypa3HERAH

d;: W =12, migitl. LK

¥Ynit! = C (255

ypasae}me (2.5) onpenenseT 0XHO3IHAYHO NA00My dadanbHOMY
BEKTO DY S#/o/ CYETHOE MHOXECTBO 7(¥/o/] Tex 3HAUSHAM ¢ ;
KOTODHE ABNANTCA €0 KODHAMW HeyeTHOW KpaTHocTu. Tak kak (2.5)
CBA38HO C pealbHHM npolieccoM, NpuHuMaeM ¢ 20 . .

U3 Jemdu cneayer, 9T0 MEOXecCTBO 7. ¥ (o] KoHeY-
HO€e W 9NCcI0 ero 3neMeHToB N7s¢r0y HE NnpeBHmaer 77-7 rxed
JTOT BaXHH{t pe3ynrTaT AaeT BO3MOKHOCTH Pa3fieNUTh ) -4EepHoe
BEKTODHOE NpPOCTPAHCTB0 HAUaNBbHHX BEKTOPOB 2% 2+2) 7 °Ha »
B3AMUHO HeMpeceKANNAXCA nonoonacreﬂ K7 (€612, ... 71Ta0cRICA
BCE BEKTODH /o) , naxme, uro 7L ¥ror] cozepauT NreFiay =€
3NEeUEeHTOB.,

Teopema 1: Muozecrza 7% asnacreA ¢  -mapawaTpukcc-
KMMM CHCTEMaMy MOAMHO®ECT3 7 ° , KaxZ0€ W3 XOTOPHX eCTh
oCbeINHEHWe M3 KOHEHHOro 4Yucna NUHeHHHX NOANDOCTPAHCTB. [ipw
3TOM B 3T4 NOANDOCTPAHCTBA HE BXOAAT WX ceusdua ¢ ¢  xalep-
NNOCKOCTAMA. ECAM M/n,€] 0C03HAYAET YACNO BCEX HaGopoB ¢ -
HEYeTHHX HEOTpuLaTEeJBHHX 4YNCeN, LYMMa8 KOTOPEX HE NpeBHu3BT /7-7
To o00neAnkeHne, CO0T3eTCTBybmee inCoMy Hadasy 3uayeHuh € -
napaMeTpoB OAHO3HAYyHO ONMpeneNeHo ¥ cozepxaT ~rn €/  RoZMHO-

®5 Neuya: liyers As Az - - Am - ZefleTBuTeaniue GORADHO
pa3nuyHLe uucna, afrit) Lelt]. fof- quorouseun c AEACTBRTeNAR-
TCT8EHRKD

HHM KO3(UTUEeHTaMu, WMEXUMMH CTCNEHMA ArAz.. 4™ CQCT 3eTaED
Toraa §/ukuua

P ) 4
Bt s Lea At ! +.1'77/~‘/£7ﬁm 2.6)
nMee ‘ange 4su Aowhpt. - FHAmeM-1  TRCTBUTSRLEEX KOLHEY.
. 3
21 amens1sg (2.5) §yvrmun Wn/fS wQRHC 34MCATL 3

BHES (Ln ;o
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ZeCTB.
Joxa3aTenpCcTBO:
COBOKYNHOCTS 77  COCTOMT W3 BCEX BEKTOPOB ¥/o) RNA KOTO-
pnx ypanueaue. ’ .
E (- mem 4~lr;¢f.s+¢d W][g_é:]fh‘zﬂ
v rrdo] g5 VSlss ! , . (2.7)

HMeeT £ Ppa3lnnYHHX nopxen C HeyeTHOH KpaTHOCTEHN.
NycTs %.%2.. - -. te CYTh NPOM3BONBHHE HEOTpuNaTeNbHHE 3Ha—
QeHMA ¢ , JAOBJIETBOPADEWE KepABGHCTBAM O<L,<&Lx<...cofe y

B TOXe BpeMf ﬂmxmomue%ﬁ -0 PHAMY ypaBHeH#a (2.7) c HeYeTHHMH
] r.e. ecan 0003HaYnu

KPaTHOCTAMN , coognewa ""z,- 3
, 8 yYepes -,!, re) Y- RPOM3BOA-

uepea A, /¢!: 52, o
AONXHH YAOBNETBOPATH ycnonuﬂu.

HyD, Wels g
Lo KesHat. . $ Mg 9 54Q o o .
EEB e g it
Z & Kookt ... #Hig #S+Z
szléf- :-4/’/ : dl‘f’]ﬁ fzj/ =0

------------------------

m A 2 ?
ZZ[Z (-41 KevHet . -+ Nigt S ", ‘,U/./ {t,-}_-o

[344 ; K24
5 Kor et - - *K'-'*J'fg u /IV/
-, ¥
et ’Z[é/ ' 9‘ '/'{7 /t/#O
Taknu oOpasoM onpezeneHHOMy Ha00py HEYETHHX UMCEN yZAOBE=.

.F TN ¥ onpezeneHHOMY

TBOPADDMX YCNOBHD Z,* 72+ -
e 74

duicupoBaHHOMy HaGopy 3HaYeHHM#t napameTpoB %y, Zr,.
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> (1) s /,’7’/&/]_ 1" %°# 0

m A ;(',”‘,;...1;/(,4*? Y, /‘/

o [ n PR Ry Y 2
[ (-1 dgsta /tz/]/-f/ % %0

a Kot Mgt ..  +HKig# "
e Z (-4 9d;,-7£’;, /ta/]/-'l/"% F0

Yucno ypaBHeHuit (2.8) corznacEO UuTHpoBaHO# B 3063 JIelme He
npesumaer /7-/ , Tak Y70 ZGHCTBUTENHHO BCe BEKTOPH & (o) -
pemeHus MepBHX Z,+Z,~. . .+#? ypaBHeHWR oGpasynr nuHeRHOe
NOANPOCTPAaHCTBO B 7 ° . U8 8TOr0 NMHEUHOro MOANPOCTpAHCTBAE
MCKNDYADTICA BCe BEeKTOPH - pemeHus IuHeHAHO# cucTemu:

m A Ky + Ay > Hr/.qr;

B

Ss4 [X] g+ =4

dg 25 ] (-0*e° = 0

Py & R A . iy
é [‘24 ;4 (-1/ dy ,e;, (] -0°%°< 0
n ¢ 'Ki;lf.*- . *’fl -4 ? '
oA ’Z 11" dg 45 e /j/// ¥ =0
Yucao BOSMOXHHX HaGOpOB HEeWeTHWX 4ucea 7, 7;-- .7  paB-

Haerca /MCn:ej o

CnenoBaTenbHO, €CXM 0CO8HAYNTH COBOKYNHOCTH BCEX BEKTODOB
¥ (o) , yroBuerBopanmyx (2.8) Yepes 7}; [tnts,. - e, 1%, ... %]
TO U8 NpuBeReHHHX poccyxAeHuft AcHo, 4T0

Mrn:e)
7' ={£{‘ el <t¢] {y! ’1;’ [t’ t‘ Wi T, 2y 7’]}

llnonec:no 7— TaKxs onuoanaqno onpeneneuo, nocm:mty:
Lvis Too u

§ 8. Nlapauerpuueckoe n cranneune ONYyCTHMHX SKCTPE-
MaJIBHHX NPOLECCOoB @;r X*)

COBOKYNHOCTH AOMYCTHMHX SKCTPEManbHHX RpoueccoB(d [ FJoano-
SHAYHO ONpefesieHa C MOMOEBY BeKTOpHOro AuddeperuuansrHoOro
yPaBHEHHAS Z

x # A')?-I' BUex't Ié’ (3.1)

B (8e1)ltore ¢/ xycoﬁuuo!%- OCToRHHNG yHKuAy (cM.§ 2), T8K

Yrolert (¢! ‘iONHOCTED 38KA6TOR 46Pes( » Leri O/ MOMOHTH O<i,<...<le
(é= n-1) paspuBa. lna 3Hadermd t +¢, ¢, . ...t

L]
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6 s 6CIM Os<t < t,
Uext(t): {1-1/'G , ecam t; <£ < tyre (3.2)
: (-1)¢6 , ecau ¢,<t §F
PaBeHcTBa (3.2) nokaauBawr, 920 AnA ¢ # &, fe,. . ., Le

anddeperunansHoe ypanueuue (3.1) aABAAETCA HEORHOPORHHM Gunelt-
HHM nu'qxbepeauuanwuu ypaBHEHHeM.

Pemeuur (3.1) ANA ¢ £¢,.¢q, . . ., L2 MOKHO 3anKcaTh B
cneaynuiedM BEKTODHOM BUAE:

”m A/ :
7 v 8 7 ;
:—? 7%' D; (o] Xg (t) + ——&:Ta”—(;el; , A O0st<ty
Riahs {0 B 5 pi 1) %4 61+ (412 GE . gantrst<tan
il i gl a.a eGP pe, 5 00
-':" <* -
Z, Z, Dy (s) Ryt + /-f/'m-".cae g1 te<t

07 (s) . $:012. . .8 NpOU3BOJNbLHNE KOHCTEHTH COQTBETCTByWIUE
S -ToMy nurepnany,

e ;. At ;=f ) ”/
Xg (t] 1Za fl,-z ]é’ rae, ecnn Ag-t (6, e, fy-ve, ,m.,u/
1"/ [ X] —m
T0 5?14-4 6’.1'~ Pl /’, [é (e,Pj ”‘2_3..--,“.
g @ed400, 14500 N - wepruRt Bekrop ©.
Jemma 1. 3kcTpeuaasiue npouecc De,s{ X°] HENPEPHBHN W B
TOYKBX pa3pLB&s COOTBETOTBYDENX Wext /{/ .

LoK338T€NLCTBO
Jleusa 1 HenocpeacTBEHHO cClexyeT ¥3 RPEeACTaBIACHHMA JaKCTpe—

8.1 bHUX npoleccoB B cnezwnneil BexropHolt daopue:
X[t - Z S",/H[X + f‘f, (x) Uext (x) dx] ‘.
rne 4spea w" oGoanavena ) ~ras xounomrai"’tp“

ienpe puBHOCTH JKCTPEMANBHHX NPALECCOB ¥ B MQUOHTH pa2puBa

b b fe COOTBOTCTBYDUAX Uext/¢/ NOAHOCTHN ONpezeiner
4

koictauty Dg #s), S:012.. € 1:42, ../mg.1{ & uepe3

£,° 0. i Xng© ute,ts ,ts .

3 Tpenoxcive 1 NOACHAETCA K8K BHWBOAATCA CleAyrisde OpMYIH
aoe 957 0s) s
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:‘-4 Aitu
Dg Is) = '/70’ X }‘I"[w’“{x' X‘, Sl Xn 6)*"‘)/” ("/ a.a"q. AKg“/S) ]

CumBoNH v/’/x.,x,, ) ,x.ﬁ/al,’- onpexeAuTend KoTopue AaHHH B [pu-
N0XGHNMN I.
§ 4. Haxoxzienne HawanbHHX 3HAYGHWR BCNOMAraTOABHHX HEu3-
BECTHHX, ZIIA KOTODHX COOTBETCTByMIlee EKCTDEMaNbHA®
YnpaBieHue ABARETCH ONTHMANBHHM

NlooTaBnenHas B § { 8azava NONHOCTHED pemaeTCA AOKA838TEABCT~
oM llemun 8 m Teopeun 2.

Joeuua 8. Ecan cOGCTBEHHNO 3HAYGHMA MATDHON A peaibHHEe WMC~
28 Ao e, ..., Am © COOTBOTOTBYDMER XPaTHOCTHD X, Az,... . Am
(Kot Kes. . -+ Km=m/ B yAOBROTBODADT ycaoBuew .</z <. . .
...<Am<070 %8 2n TpEHCUGHAGHTHENX chcrem 6t

” v A *
L7 M2 W llas,.. . AnG)s 1004 e AL < o}

t:1e,. .., m, Q<18 .. K (401)
/'ﬁ "% Q.a o« . Ly 3 PEAL SRits £
R0 =2 W (T .Xn,@}*z'.z. (11 Boy lEg™ /,/A,(ta/(
ide,... .M, ;:4.2,...,A’l '
TONBRO OXES NMoeT pomenme &7, ...t t" Koropoe yaoBueTBopaDT
JONOBED O<{,<t:< .. <tyct” i 543

' pemeHHG ABAAGTCA OZWHCTBEHHNM,
OKBSATENHCTBO $

DpnBenenuas B %3 JeMmua NO8BOASET PASAGAUTH COBOKYyMHOCTH
SKCTPOMBALHIX NpOLECCOB @ext [X*] na nenpeoekanuecs NOAC3BOKyN=
uootu Qoe[7°) (p:0,42,. . -.N-4) B 3aBHCHMOCTH 0T UMCAE TOYOK
paspuBa ONpezeNADMMX uwulﬂ . CornacEo Teopeue G CymeCTBOBa-
HUM, oymecTByeT Takofl ONTHMaXbLHOM npollecc, KOTOPOR NpPOXOAHT
Yepes Havan0 KOOPAWHATE B NPMHAZNORAT OZHOMy B8 MHOXSCTB
QLX) (P:012,. N9}

Ecaw aTor excrpemansHuil npolled NpHEAANGEMT ¢e;t[ A”J s 70
COrzaoH0 NapaMeTpuuHOMy paBeHcTBy (8.8), 8aTo Gyzer ToT mpomecc,

. BAR KOTOPOIO cymecTsyer ¢ >0 s 78K 4703

1
D.l.AETOMOHOB, B 5 noaywma- nooaezuwn eHcTeMy (4.1)
MR NACTHOIO CIyvam /m=n, KesKzs ... =hn=d
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z Z o,"/p/[zo % ’]e"‘ 111 556 0

é 7%1 D 11/p/[z- f:,// é:.‘/‘/'?//—;{/](ﬂit:'o

(4.2)
Ko kS, A4 D g '

Cucrewmsi (4.2) nuneltHH no oTHowemmM # J7‘/0/ u TOre Xe Tuma.
4YTOW CHCTEMH M3 KOTOPHX ONpeAeafanTCA -Dg /o) B Npunoxerun I.
OHY OTAMYADNTCA JMOB CBOCOAHLMY YJNEHAMN.

9To no3BoZAeT ¥ 37eCh MCNOJB30BAaThH BHBesieHHHe B IlpezanoxeHun
I onpenenuTeashie 0Go3HaYeHNA .A; rt) T.Ce

-7
‘.KJ
# ,Ai L p-1 b 5
mz/n :

B nesolt cropoHe papexcrBa (4.2 ) HaxoAATCA yXe onpefeleH-
uee dopuynolt (3.8)%/0/ . Buux 6 ‘ut, b, ....2p t¥* 0603-
Ha8YEeHH TOYKH paapuna Uonr (¢) o Oqenunuo. YT0 O<#y <é, <

.<tp<t ¥ L -

llonyueHHue nocle 3aueneHus J'Jg”/p/ aaBucuuocty (4.2°)
BCYMHOCTM NpPEACTABAADT coGofft ~» —~ ypaBHeHWA P -0t TpaHCUEHAGHT-
Kot cucrexn B (4.1). A e :

Beazy Toro, 4yro HeuaBecTHo k kako#t 9Q.f*7oTHocuTcs onTuManB~
HHlt npeuec, Kpome Toro, He uasecTHo G , TO cHayano ANA BCAKOIG
B2 0,4, 2500 e, Firet ikt Ot cocrasnaprca 20 - clcTews
(4.1) » onpezenserca Ta, AR KOTODWX OH OAHO pemeHse % Zs,....¢pZ"
yAOBICTBOpAET ycnoBum O<ty< .... <tp<t™ « EnmHcrBeHoCTH
aTo# cucTeun W ee pemeHus 00ycn@BanBaeTCHA Teopemolt eAuHCTBEB-
HOCTU Wonr (E)

fiycTe coGeTeeHHHE 3HayeHua A, Ji.. - . /m warpuuu A B (1.1)
HUELT CUUTBETCTBYWLY - KPATHOCTD Ay Hz,. . ., Hm ’
(Kither -+ Kmno=n) W A</es< ... <jm<0

lIycTs ANA NpouaBONBKO BUGCPAHHONO M GMKCHPOBAHHOrO COCTOA=
#ua x°€ Xn cucreua °

(4.3)
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I.K ]
(-4/7'2” ‘il "’ﬂau/, (X2 ... X 6/sz rof dttelt™ +/-4/§,;‘/t*/e”'"": 0 } (4.3)
£:42,...,m ; g-tz LK
fiBnfeTCA OZHOR M3 Tpex rpaﬂcueuneumux cucreM (4.1), MeERy peme-
HUAMY KOTOpo#f cymecTByeT pemeuue Cota,.. tpt % i
T8K 4T0 0 <, <fz< - .. <tp<t” -
Nycrs #¢ 72, .. . ,7p ecTh Npou3BOABHOE coYeTaHue LelIHX,
HEUeTHNX § HEOTPUIATENBHNX YWCEN, yAOBAETBOPADIX HEPABEHCTBY

Te+T2+. . . *IPD=EN-1 (4.4)
C duKCHpOBaHEEM 7Z. 7z ... ,Tp pemeHns (4.3) OZHO3HAYHO omnpe-
ReNANT MHOZECTBO Torr[7*; 7,%2, % ] € 75" ‘W3 BCex Hauans-
HHX BEKTOpoB ¥ /o/ s+« KOROPpHE ABAADTCA pPELEHHWEM CHCTEMH:
sign ¥n -6 =0
S=4 )-1 F 224 1

&' by 111" %7 < 0
m & 1+ AP, . - 2 ) ;0
Tz 4/” g A 1185 = 0

l“ L’I-l ’ll

e ....o ,'_- ; :n' ./’Z;-I/ ; o ; o
Jrf[l 17 ,ﬁ’( 1/x Kl‘ . ’*gd 7(’/' /tl/j/‘//!s‘/;: I,

J"[g Z /I/lfvﬁl’l+.:,44’r-"gdﬁ/j/ /{,o///-// W= [ (4.5)
2 B g

” 4"
['7. 5" x ;(,»lu. .. F L’:.;¢} . 5" 0
ELL_’ 3.4 (-1 7{7 /1:./]/ 7/ #

m & Korhar...+M1pQ

Z Z (1)

‘Z_'[ZZ/””"“" . w;;*?dg 7§//rli'/tp/]/.,/ w,° ;:-0]

ls1 ’ !
B (4.5) c #giltlutzilt)n 0603HaYeHH COOTBETHO (yHKUMA
(St e m V-@%  ux npow3soaHas. BoavomANe

coqeiamm U3 O HeoTpuUaTEeNBHHX, HEUeTHHX 4HCeNl %,7...7TP yAOBIE-
7BOPANiIME PaBEHCTBO (4 4) ABNANTCA KOHEUHHM YMCIOM M(n,,o] .

Teopema 2

MHO®OCTBO {,‘q‘ 20} ﬁnr[x (T, T TR] COZEpINT BCe
HauanbHHEe BEKTOpa, KOTOpHE ONpenensnr Lear (¢/ . uepe3 paBeHCT-
BoM (2.1).

Jloxa3aTenbCTBO TEOpPEuH HenocpeAcTBeHHO caexyeT w3 Teopeumu 1,
Tlemam 2 u AocraTo4qHocTH ycnaoBms (2.1).
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Ipnuep:
Pemyu nocrasnenmyn B § 1 3aza%y A%A 00BEKTa, 38KOH ABUXEHMA
KOTOPOr'd ONMCHBAETCA Anj{epSHUNaNbEEM yPaBHEHUEM BALS;

2 ) =ultl
v <3 = +2x s U

3nech Aoz -2, A1 Qo:2. Qusd, Qe <1 Y
llycTs 3a Ha8YANBHOE COCTOfAHKE X" BuOpaHa TO%Ka (z »0).
Tpaﬂcueﬂnenrme cucreud (4.1) AnA BHOPAHHOIO X* HuenT BER:

4 - @=-1
- é" = YRS ff/’é"
411 !" - -'4-5/-1/:
ot . f‘ : *
il 2(-1] e’:/:/e 0 Z-Z/-//'l" retes
= -/-’} e /l/e ’ 5 _1‘,_1/ el‘v 4/,/!

Oxasuzsercs, Y10 Zng G=-7 m  S=1 C00TBETCTBYDIAR
cucreMa mieeT pemedue £ :3 u €t cdme O<bH3 st < bnt . t?
LA BHODAHEWX A, :-2w As:=-1 cucreMa (4.4) sanucuBaerTcs

OZHMM DBBEHCTBOM ¥ AByMA Ht panencrsalm.
¥ ‘coO

L. =YY%+ 59° =0
~20¥°+ 11%° %0
PemeHNA KOTOLHX JIeXB8T H8 yTONMSHHOM uvacTm npaMoft £ (oM.
pur.1).
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§ S. Npunoxenue I
HenpepuBHOCTH 3KCTpPeMANbHMX TPAeKTOPHE W B TOYKAX pa3pHBa

tote..  ..tell<sn-1) Uest /t) TPEGyeT cornacoBa-
HUA NOCTORHHHX J5'fS) . S:0.42.....,€ AEA TOrO WT0 OH Guaw
cnpaBexauBH pasBeHcTBa (8.3) B ANA aHayeHui#

t,ts....te o HenpepuBHOCTEH Tpaekropuit B Z.f« .. ..fe noaponser B
(3.3) ana noGoro s HanucaTh COOTBETCTBYDEHEe PABEHCTBO B BEK-—
TODHOM BuZES

2 (3550 - 0 ts-11]% teas 200" 6 2, . (5.1)

‘zf ’nl
OnpezenuTens nepef HeuaBecTHHMA

7 7" RN N Y 7 )
Dg s} ‘09/.!-4/ ’ 7}‘2” K
ecTs onpexenurens Bponukoro W /ts) , u3 dysnaueHTanproft cuc-
TeMH pemeHus OAHOPOAHOrO AupdepeHUNBNBLHOINO YPABHEHHA:

% Y :-AX 1 Q1A Lsts ;
-5 “sadx T8K 470

//fq*h’;# .ot Km =n/

W/lts) = Wros € °

S4 06uaHayeH cnex uaTpHUH A, TAK YTO Sy = -/K, A+ HeAr+. . .#4mdm)
Aerxo gQoxaaams. 4mo ks

K
W) = [74 (4 -J)‘-}K‘ !

m24>s
3roT peayapTar 103BINAET Ranucarp fopuyay:
m

Wil =[] 1 -2:0%" €
cs1 i ’
Tak KaK Ana awdoro &5, Whs oY, 10 Dg rs)- Dg'[s-1)  opHo-
3HaYHO onpepenswTCA U3 (5.1) nocpezctsou dopuyn:
&
i en- pid (1) 7‘:" *3 - N Aits
D’ s/ '09 (s-1) —W/ -1/ 26 defftlg (502)

'Z I(y/'i t-l

A., ts) odoauaqeuu onpenenurenu, K0Tg pHe nonytxanrca U3 XONONHK-
TeNRHOIQ MHHOPE 3aeMeHTOB o lés)=(< =g B
neppof#t crpowe W /4/ , mocme TOro Kax 3 CTONGLOB OyZyT BNHece-
HH 38 CKoGkw akcnoueHts £7'7

Ecnu B (5.2) BuecTo %s nocraBaTh Li-« fi-s ..., Er
M NONYYEHHHO DBBEHCTBA NPOCYMADYEM Nusiy UM AR D5 78! clary-
nEge JopMyaH:
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7t
i “ r-1) " g, 8 & . pdity
ﬂg /J'/=03/0/*—,—,$—m- ~1/ 26MﬁA'ﬁ (tvl ¢ -
L'f (508)
mejri .

7° ,
Docrosrune Jg /o) aABRAeTCA NMHeNHWUN QyHKOUAMA X3, X2, . -

...xn" O . Mx roqaﬂﬂ BUA onpezensercA JuHefiHO# cucremoft:
.ZfZD,/a/+6 =x° |
o-q o |
1 g1 [ﬂ‘ Z / .’]‘Di/O/; 42 ¥
K=2 ,J, SRR
nocpeacTsoM gopryn: : ) /

Da (o] - We SR 5. &)
: 17,47
2 mz (>
W7‘/x"o ¥e°. . xmo/monydaetes myTew moZCTAHOBKE WHCEX X, " .

g B ¢ - 1yo rpymy W/o] .
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