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DELAYED ACTION CONTROL PROBLEMS 

D. H. Chyung** and E • .B. Lee*** 

**Department of Electrical Engineering, Univeraity of Iowa 

Iowa City, Iowa, U .S .A,. 

***Center for Control Sciences, University of Minnesota 

Minneapolis, Minnesota, U.S.A. 

1. Introduction 

In this paper we indicate modifications to be made in the 

theory of optimal control when the controlled system model has 

dependence on both the previous history of state type variables 

and control variables. Optimal control p�oblems for models 

with time' delays have been extensively studied and a number of 
1-5 7-10 recent publications ' indicate a theory s·imilar to that 

1,10 when the lllodel has no such delays. More reeently papers 

have appeared in which the model considered contained terms 

which were dependent on the previous history of the control 

actions. 

To indicate the modifications we consider as the basic 

aodel for the controlled system the linear functional 

differential equation 

x(t). I Ao(t,s)x(t+s)ds + I Ai(t)x(t-hi) 

-T i•O 
0 

+ S B(t,s)u(t+s)ds + t a1(t)u(t-hi) 

with continuous initial function x(t) • �(t) on [t0-T,t
0J . Here 

(i) x(t) is an (n x 1) state vector 

(ii) u(t) is an (m x 1) measurable vector (control) 

function, and u(t)tO for all t 

*This research was supp�r�ed in part by the Air Force Office 

of Scientific �esearch, pffice bf Aerospace Research, united 

States Air Force Grant No. AF-AFOSR�6�1502. 



(iii) oca• (a• is the �dimensional real number space) 
is a compact convex controller restraint set 

(iv) � > 0 is a constant 
(v) 0 • h 0 < h1 < �2 < ••• < ht � T are constants and 

� is a positive integer 
(vi) A0 ( t, e) defined for t -� t0, -m < • < m, is an 

n x n matrix continuous in t uniformly witlf respect 
to s, -� � s � 0. Bach element of A0(t,e) is 
integrabl• with respect to a, -� � • � 0. Ai(t), 
i • 0, 1, •· ••• �. are n. x n continuous aatricee in 
t � t0 

(vii) B(t,e) detined for t � t0, -oo < • < oo, is an 
n x • matrix continuous in t uniformly with respect 
to s, -� � • � 0� Each element of B(t,e) is 
integrable with respect to a, -� � • � 0. 
Bi(t), i • 0,1, ••• ,,, are n x • continuous.matricee 
in t.> t • - 0 

Por the sake of brevity let A(t,e) be .the n x-n matrix 
defined for t > t , •ao < • < ao, such that 

0 - 0 0 ., 
S {d8A(t,s)}x(t+s) • S ·A0(t,a)x(t+e)da + · t� Ad!!)x(·t-h1) 

-� - T i.O 
Here the left hand aide integral i�·in the sense of Lebesgue­
Stieltjea� Then the equation of t�e system become• 

0 0 
x(t) •J{d8A(t,a>}x(t+a) + s B(t,e)u(t+e)da + t Bi(t)u(t-hi) 

_,. _,. 1.0 (1) 
In addition -to eq. (l) coneider the following two scalar 

differential equations 

xn+l(t) 
,cn+2(t) • 

1 • f (x ( 119, t) 
2 f (x( t), t) 

+ h1(u(t),t), 

+ h 2 ( U ( t) 1 t) ' 
1 :r 1 where f (x,t) and f· (x,t) are c �eal non-negative convex 

(2) 

(3) 

n functions in x�R for all t and are·piecewise continuous in t, 
1 2 . 

and h (u,t) and h (a,t) are non�negative real continuous func-
tion» in ucR• for each t and are piec.-iee continuoue in t. 
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Let x(t,cp) be the solution of the homogeneous equation 
0 

x<t> • S {d8A(t,
.
s)lx(t+e) 

-'t 

with the initial function x(t) • !l'(t) on [ t0-T, t0} and· let 

Y(e,t) be the n x n matr� solution of 
··�<·> 

where 

Y(s, t) + r Y(a, t)A.(a, s-a) da • I J 
• 
T if t <··a <. t-T 

{t-• 
0-. -

�(s) -
if t-T !i 8 !i t 

and 1 is the n X ·n identity matrix. Then tor any given;· 
meaWQtable function u(t)CO on t -T < s < t"t6ere exists an 0 - -
absolut•ly continuous solution (response) of Eq. (1), and it 
can be written asa 

t 0 

x(t) • x(t,ll') + J Y(s, t>.{J B(e,a)u(s+a)da 
t -T 0 

+I Bi(s)u(e-hi)}ds 

i.O (4) 
In what follows the Eqs. (2) altd (3) will be#auoeiated 

wfth the'cost of control and a possible side contraint or with 
a multiple cost of control problem. 

In the remaining sections of this paper we discuss first 

the gea-etric properties of the set of attainability which has 
pro·ved so useful in the development of necessary and sufficient 
conditions for optimal control and in establishment of 

existence results. We then consider optimal control problems 
when the cost func-tional is convex with possible convex type 
side constraints. Systems with tt.e varying delays are also 
considered. 
2. Sets.of Atta\nability 

!he resQlts for optt.&l control are obtained later in this 

paper by stQdying the gea.etric properties of various sets of 
attainability. we now investigate these properties. 

Define n + 1 and 1\ + l dt.el\Sional vectors x and � by 

' adding xD+l and xn+l, defined by Bqs. (2) and (3) respectively, 
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to the n vector x, that ia, x • (x,xn+l), and � • (x,xn+l,xn+2). 
. n - n+l A n+2 Define the sets of attainabil�ty KcR , K<R and KC R at 

t • t1 of the system (1) together with Eqs. (2) and (3) to be 

the collections of all 
_
response endpointe x(tl), x(tl) and 

A 
x(t1) respectively for all admissible controllers u(t). A 

controller u(t) ia called admissible if it is a measurable 

function and u ( t) c:O for ·-�ii tc:[ t -�, t1} Alao de tine the sat­

uration aeta. i and � of K and � to be the �eta of all points 
- n+l 8 n+l s A n+l n+2 n+2 x • (x,x ) in R and x • (x,x ,x ) in R auch that 

- n+l � n+l n+2 � there exist points y • (y,y ) and y • (y,y ,y ) in � and 
A Ml Ml M2 M2 K respectively with y • x, y � x and y � x 

n+l n+2 
Since x (t) and x (t) a·re non-negative for all t, 

n+ 1 n+2 - - A A 
· 

x � 0 and x � 0 for all points xc:K and Xc:K. Also, fro. 

the definitions, KCK and �c� • Furthermore K is the orthogonal 
A s 8n+2 n+2 projection of K on the plane x • 0 in R and K is the I - n+l n+l orthog9nal projection of K on the plane x • 0 in R • . I 

Throu9hout thia paper it will be assumed that K and � 
n+l n+2 . 8 8 

have nonempty interiors in R and R reapect1v•ly. If they 

have empty interiors then similar results can be obtained in 

the subspacea spanned by K and � • • • 
The following theorems summarize some of the m re important 

properties of the seta of attainability. 

Theorem 1. The aet K ia compact and convex in Rn. 

Theorem 2. The aet K ia convex and closed in Rn+l. The 'aet • 
K is bounded in Rn+l

, 
Theorem 3. The set � is convex and closed in Rn+2• The set 

• 
� is bounded in Rn+2

• 

The essential atepa of the proofs can be found in 

reference 4 for the case without' delays in the control action. _ 

3. convex Cost Functionals 

consider the system given by Eq. (1) together with Eq. (2). 
n Let GCR be a given closed convex target set and t1 > t0 be a 

given finite final time. Let g(x) be a c
1 

convex function in 
XiR

n. The control problem is as follo�ss Find an admissible 

controller a(t) on [t0-T,t� that steers the correapondin9 
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response x(t) from the given in�ti�l function �(t) on [ t0-�,t0] 
to the t�rget set G at t • t1 and minimizes the cost functional 

n+l �(u) • g(x(t1)) + x ( t1) 

tl 
• g(x(t1)) + S {f1(x(t),t) + h1(u(t),t)}dt (5) 

t 0 

If an admissible control function satisfies the above conditions 

then we call it an optimal controller. From theorems 1 and 2 

one can obtain the following existence result. 

Theorem·4. If there exists an admissible controller which 

steers the correspoP4ing response of (1) to G at t • t1, then 

�ere exists an op timal controller. 

Let G • Gxa1�an+l. Then an admissible controller is an 

optimal controller·if and only if the correcponding response 
- n+l 

endpoint x(t1) • (x(t1),x (t1)) is in G and the coat func-

tional at that point C(u) • g(x(t1)) + xn+l(t1) is minimum for 

all points x • (x,xn+l) in GIIK. It can be shown, frora the 

convexity and closedness of K and G, that this poi�t is a • 
boundary point of is' that is, x(t1)coK5• 

Define an admissible controller u*(t) on [t0-T,t1J with 
- n+l* corresponding response x*(t) • (x*(t),x (t)) to be a 

aaximal controller in Rn+l in case there �xiats a nontrivial 
n+l (n+l) dt.enaional vector solution �(t) • (�(t),� (t)) 

n n+l 1 (�eR .� eR ) of the equation 

n+l � (t) • �l • constant ! 0 

t+6(t) t 
r r of1 

�(t) +J �(a)A(s,t-a)da + �n+l ox (x*(s),s)da • constant .J 
t tl 

6(t) - { 
aacb that 

,. 

t -t 1 if 

t0 � t � t1-,. 

t1-T � t � t1 

( 6) 
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t+'r t+'r 

{J TJ(B)B(s,t-s)da}u* (t) 

t 
•.lma:c. 

utO 
{j fl(&)B(a, t-s) da }IJ 
to 0 

t+'r 

{J TJ(B)B (s, t-s}ds + I TJ(t+<)B1 (t+h1) }u�(t) 
t 0 

• J!I!BX 
utO 

i•k 
t+'r 

{j TJ(B) B (s: ;1f) ds + � TJ( t+hi) Bi ( t+h1)Ju 

't i•k 
0 

almost everywhere on [t0-hk,to-�-�J· k • 1,2, • • •• � 

(7) 

�,. � 
{J TJ(B)B(s,t-s)ds + � TJ(t+h1)B1(t+h1)}Q*(t) + "'n+lh1

(u* (t),t) 

� i•O 
t+'r . � . 

• max {J TJ(B)B(a , t- s)ds + I TJ(t+h1)B1(t+h1)}u + 
utO t i•O . 

almost everywhere on[t0,t0-1"] 
t . 1 

{J Tl (s) B (s, t-s) ds 
t i•O 

1 
"n+lh (u, t) 

• max {f1
TJ(B)B(s , t-s)ds + ·� TJ(t+h1)B1(t+h1)}u + Tln+lh1JI),,·��) 

UtO t i•O 
almost everywhere on [t1-1,t1-h�J 

rl k-1 1 t TJ(B )B(s,t-s)ds + I TJ(t+hi)B1(t+h1)}u*(t) + T'ln+lh (u*(t),t) 
t 

c. max 
U£0 

i=O 
tl k-1 

{J T'l(s)B(s,t-s)ds + I T'l(t+h1)B1(t+h1)}u + T'ln+lh
1

(u,t)
. 

t i�O 

almost everywhere on [t1-hk,tl-hk_1J. k = 1,2, • • •• � . 

Theorem 5. An admissible controller u(t) steers the response 
- n+l -x(t) .. (x(t) ,x (t)) to the boundary of K9 at t = t1, i.e., 
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.(t1) ci'Ksi\K if and only if it is a maximal controller in Rn+l. 
�rthermore in this case the corresponding �(t1) is an exterior 

(I!Jr111Al vector tO Ks at x(tl). 
Since an optimal controller steers the response to the 

ppundary of i8, by the above theorem, it 1111st be a maximal 

gontroller. Also if a controller is maximal and certain end­
point conditions are satisfied then by studying the geometry 
of the set i one can conclude that it is an optimal controller. s 
The following theorem sa.marizes the results. 
Theorem 6. (A) Suppose G • Rn (free endpoint problem). A 
controller u(t) on [t0-T,t1J is an optimal controller if and 

n+l only if it is a maximal controller in R and the corresponding 
solution �(t1) • (�(t1),�+l) of (6) satisfies the transversality 
condition �(t1) • -�D+l ::�d g(x(t1)), �n+l < 0. (B) Suppose _ 
g(x) • 0, i.e., C(a) • x (t1). Then a control function u(t) 

· ia an optimal control function if and only if it is a maximal 
n+l controller in R and either x(t1)cG, �n+l < O, �(t1) • 0 

or x(t1)caG, �+l � 0, �(t1) interior normal to G at x(t1). 
4. Multiple Cost Functional• 

Often an optimal controller obtained in the proceeding 
section is not unique, that is, there are many optimal control 
functions. In this case it is rather natural to introduce a 
second cost functional C'(u) and then to choose among the 
optimal control functions the one that ainimizes the second 
cost functional. We examine ·this problem in this section. 

Consider the same problem as in section 2. Assume that 
there are more than one admissible control functions which 
minimize the given cost functional C(u). Define a second 
o�t· flltlction�l. c• (u) by Eq . (3) 

tl 
c'(u) • xn+2(t1) • J {f2(x(t), t) + h2(u(t), t) }dt 

t .o 
The new optimal control problem ia.now to find an admissible 
control function u(t) such that 
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(i) it steers the respona• x(t) froa the initial function 

�(t) on [t0-�.t0] to the target set G at t • t1 
(ii) it ainimizes'the C08t functional C(u) for all 

adaissible control functions which satisfy (i) 

(iii) it ainiaizes the second cost functional C'(u) for 

all adaissible control functions which satisfy (i) 

(ii). 

If a control function satisfies the above conditions then it ia 
called an optt.&l controller in this section. 

Let e • GXR1xR1CRn+2• Then an adaissible control function 
11. n+l n+2 u(t) .vith correspondinCJ response x(t) • (x(t) , x  (t) , x  (t)) 

n+l • 
is an optt.al controller if C(u) • g(x(t1)) + x (t1) ia 

11. n+l n+2 A A n+2 miniaum for all x • (x,x , x  ) in GAR and C'(u) • x (t1) 
1\ A 11 n+l n+l is miniawa for all x in G K vith x • x (t1) • Furthermore if 

such a point exists in �,.8 thftD there exists an optimal cont·rol­

ler. By Theore .. 1 and 3 the following existence theorem can 

be established, 

Theorem 7. If there exists an admissible controller which 

steers the response to G·at t • t1, then there exists an optimal 

controller. 

As in the previous section define an adalasible control 
1\ n+l* n+2• function u•(t) vith response x•(t) • (x•(t) ,x (t) ,x (t)) 

n+2 to be a maximal controller in R if and only if there exists 

n+2 dimensional nont�ivial vector solution tCt) • (�(t),�n+l(t), 
�n+2(t)) , ltRn. ln+ltR1, �n+2tR1, of 

�n+l(t) • ).n+l 
constant� 0 

n+2 ). (�) �.,..2 • constant � 0 

t+ll(t) t 

).(t)+ JA(a,t-a)da + J 
t tl 
• conauat 

'f 
�(t) { 

tl-t 

if 

if 

to� t � t:l-� 

.
tl-'t � t � tl 



BllCh that 
t+T t+T 

{f >.(a)B(s,t-a)ds}u*(t) • max {J >.(a)B(a,t-a)ds}u 
ll£0 t to o 

almost everywhere on [t0-T,t0-ht] 
t+T 

{f ).(s)B(a,t-s)ds + f ).(t+h1)Bi(t+h1)}u*(t) 

t t+T i•k 
0 

• max tS >.(a)B(a, t-s) d& + t l(t+hi)B1 (t+h1) }u 
ucO t i•k (9) 

almost e�erywhere on tt0-hk, t0-�_1J. k • 1,2, • • •  ,t. 
t+T 

{J >.(•).B(s,t-s)ds + t >.(t+h1)a1(t+h1> }u*(t)+>.n+lh1
(u*(t),t) 

t i..O 
+ 1n+2h2(u*(t), t) 

t+T 

• lll&x{J 1 (a) B(•, t-a) ds+t >. ( t+h1) a1 ( t+hi �u+).n+lh1 
(u, t) +>.n+2h2 (u, t) 

U£0 t i..O 
almost everywhere on [t0,t0-T] 

tl � {J >.(a)B(a, t-a) da+ 2.., >.(t+h1)a1 ( t+h1) }u*(t)+1n+1h1
(u*(t), t) 

t i•O 
+ ). 2h 2 ( ll* ( t) • t) n+ 

t . 

• .ax {J 
1 

>.(a)B(a, t-a) de+ f 1( t+h1) a1 ( t+h1) }u+>.n+1
h

1
(u, t) 

ucQ t 

t-o 
2 

+ 1n+2h (a, t) 

al.-oa-t ·everywhere on [ t1->t, tch'-
J 

ti 

. 
k-1 

-{J '1·(•)--B.(a,t-•)da+ L 1(t+h1)a1(t+b1)}u*(t)Hn+lb
1

(a•_(t),t) 

:t '2 . i.O 
+ �b (a•(t), t) 

. fl k-1 . 

• -x {
J 

>.(•)•(a,·t-a)de+ L 1(t+b1)a1 't+b1) }a+>.n+1b
1

(a, t) 
ll£0 t i..O . 

2 + >.n+:2h (a, t) 

• 
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almost everywhere on [t1-�,t1_�_1J. k • 1,2, · · ·• ' · 
Theorem 8 .  An admissible control function u(t) steers the . " n+l n+2 corresponding response x(t) • (x(t),x (t),x (t)) to the 
boundary of �s at t • t1, that is, �(t1)ca�s if and only if 
u(t) is a maximal control function on [t0,t

l
] in a

n+2 

Furthermore in this case the corresponding �(t1) is an exteri•t 
A · " n+2 no�l vector to Ks at x(t1) in R • 

Theorem 9. (A)· Suppose G • Rn. Then an optilaal control func• 
tion is a maximal controller.· in both Rn+l and Rn+2 (i.e., the 
control satisfies Eqs. (7) and (9)) with endpoint conditions 
�n+l·· �n+l < 0, �n+2 � 0, �(t1) • �(t1) • -�n+l grad g(x(t*

)). 
Conversely if u(t) is a maximal control function in both Rn 1 

and Rn+2 with the above endpoint conditions and A 2 � 0, thert n+ 
it is an optimal controller. (B) Suppose g(x) • 0. Then an 
optimal control function is a maximal control function in both 
n+l n+2 R and R with either x(t1)cG , � 1 • � 1 < 0, � 2 < 0, n+ n+ n+ 

�(t1) • �(t1) • �or x(t1)caG , �+l • An+l � O, �n+2 � 0, 
�(t1) • �(t1) interior normal to G at x(t1). conversely a 
maximal controllar in bo�h .Rn+l and Rn+2 with' the above end­
point conditions and �n+l � 0, ��2 � 0, is an. optimal control. 

The condition that an optt.al control function must be a 
maximal control function in Rn+l follows fr�section 2 because 
it minimizes the cost functional C(u)r and the require .. nt that 

n+2 it must be a maxi .. l.control fllllction in R f'o-l.liows from the 
fact that the corresponding response endpotnt· g(e-1J ,•JIMSt be ... 
boundary point of Q . The sufficiency part can be established s 
by examining the endpoint conditions togatber with the condition 
- - 1\ A - A n+l D+2 x(t1)toKs' x(t1)caKs and Ks an4 K8 convex in. R and a 
respectively. 
5. Side Constraints· 

consider the optimal control problem e� ·section 2� In 
some cases there are additional constraints imposed on the 
system. A limit on the available fuel for operation of a 
controlled system is an example. This problem can often be 
handled by introducing ·a side constraint of the form 
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tl � 
xn�2(t1) • J {�(x(t),t) + h2(u(t),t)}dt� d 

t 0 
for a given positive constant d. 

The problem now is to find an admissible control function 
• 

Which steers the response to the target G at t • t1, minimizes 
n+l the cost functional C(u) • g(x(t1)) + x (t1) and satisfies 

n+2 the •ide constraint x (t1) � d. This problem can be solved 
by examining ·the sets � and � ·in much the sa- manner as in 

f. J ll. 
s n+l n+2 n+l 1 n+2 section 3. If we let G • lx • (x,x ,x ) l xcG,x eR ,x �d} 

then it is obvious that the optimal response endpoint 
11. n+l n+2 A.A x(t1) • (x(t1),x (t1),x (t1)) is a point in KnG with minimum 
n+I 11. A fl.  11. x for x in KI\G. It can also be shown that the endpoint x(t1) 

is a boundary point of i , i.e., �(t1) ea� n�. s s 
Thus the following results are easily obtained. 

Theorem 10. If there exists an admissible control function 
which steers the response to G a·� t • t1 and satisfies the side --n+2 . 
constraint¥ (t1) �.d �1er. ther' exists an optimal controller. 

. n Theorem 11. Suppose G • R • Then an optimal control function 
is a maximal' cont�ol ... er tn Rn+2 with endpoint conditions either 

n+2 �Rt} � 0, ��.2 
< 0, x (t1) • d or �n+l � 0, �n+2 • 0, 

x (t1) � .�. Conversely a maximal controller in Rn+2 with the 
above endpoint conditions and �n+l � 0 is an optimal controller. 
If G is not the whole space Rn in the above theorem then the 
endpoint conditions should be modified as in Theorem 9(8). 
6. Remarks and Other EXtensions 

Throughout this paper it -s assWII8d that one can select 
the initial contr�l segment u(l) on [t0-T,t0J. If the initial 
control function is given on the initial time interval, then 
the results in the paper are still applicable except that the 
given initial control function should be used instead of the 
�imal control function on the initial interval. · The right band side of Bq. (1) ia such that certain 
dependence on time varying delayed history is covered. However ·-· 
because of the assumed continuity of A(t,£) with respect to t 



it is not readily apparent how terma of the form x(m(t)) could 

be handled. We therefore treat this special case by adding to 

the right hand aide th ese terms to indicate what changes have 

to be·made. It is sufficient to con sider the equation 

x(t) • A(t)x(t) + B(t)x(m(t)) + C(t)ll(t) + D(th(C(t)) • .  (10) 

with continuous initial function·x(t) • •<t) on m(t0) � t � t
0

• 

It is asaWDed that the n x n mat rices A(t) and B(t) and the· 

-n x m .atrices C(� and D(t) have integrable fanctiona as t heir 

elements.· 'l'o inaare that certain inverse functions exist 

assume that 

w(t) • t - 8(t), 8(t) � 0, in class c1
, and a1 � 4 � a2 < 1 

. 1 • 
C(t) • t - y(t), y(t) � 0, in class C ,  and a3 � y 5 a4 < 1 

-1 
Then both m( t) and C ( t) are a tr ictly increaa in9 and r • m , 

-1 1 
� • C exist and are c • 

Let x(t,f4') be the solution of the hom09eneoua eqaation •• 

in section 1 and let y(a,t) t
0 

� t, t
0 �a� t be the n x n 

.atrix solation of 

� (s,t) • - y(a,t)A(a), m(t) • t- 8(t) � • � t 

• - y(a,t)A(a) - y(r(a),t)B(r(a))f(a),· t
0 

� s � CD(t) 

with y(t, t) • I. Then given any ���eaaurable fanction ll(t)cn the 

reaponae of (10) can be obtained from 
t 

x(t) • x(t,f4') + J y(s,t){c(a)u(a) + D(s)ll(C�s))}d•. 

to 
'l'herefore certain time varying delay type teras can be included 

in the theory of section 2-4. 
lf D la not �et as� asaa .. d throagboat this paper 

it la necessary to pat other 'restrietioaa on the control flllle­
tions to a. eoaaidered. Por exa.ple, one can require that a(t) · 

r"l 2 be inc,..nble aDd Jt ll•llu dt < CD so that a(t) belonp to 
. 0 L2 (t

0
, t1). The ptobl- of opt�l conUol vltb aaeb restric-

tions was considered in reference 3 for the ,_..1_ with U.. 
delays and the rea11lta ar, easily extended to the functional 

differential eqaation (1) ·• 
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OPT!MUM CONTROL G.t' LINEAR TIME-LAG 

PROCESSES WITH QUADRATIC PERFORMANCE 
INDEXES 

b7 
Andrzej Mamtius 

Chair at Automatic Control 
!recbnical Uai'tersity of Warsaw, Polll!ld 

1. Introduction 
The aim of this paper 1a to give an �ic solution to 

to the optimum control problem for processes described b7 s;rs­
tems of linear differential-difference equations · of retarded 
t,pe .  The performance index considered is a quadratic function­
al of the state and control variables. The problem is a gener­
alized version of the so-called •ttnear state regulator prob­
lem"'� solved b7 R.E. Kai1riab and oth� in 1960-1964 1•2•'. De-

1818 \existing in process equations raise a number of dif'ticu.l-
. ties, so that - to the author· a Jt:Dowledge - the problem con­
sidered has had no full and adequate aD&l7tic sol�tion 5-10• 

In this paper, a new solution base« 6li' .w.� �!IRJm prin -
ciple and Predholm integral equations is ptte-Hiite-4": ll&iA. � 
sults are si ven b7 lemmas and theorems. Leu ii�Portan1:'� �oofs 
are omitted, but the7 � be found in 

4• 
Notation •. Standard vector-matrix notation is used. fectora 

will be designated b7 underlinsd lower case lettera, u.triceri 
b7 underlined capitals, scalars b7 not underlined characters. 
Prime denotes matrix transposition, .Q means zero matrix, .! -
unit matrix. ! ') .Q (or ! � .Q) means that matrix J is posi­
t! ve definite (or seiDidefini te) • 
2. Statement of the Problem 

2.1. We are dealing with c_ontrol processes described b7 the 
eqaationa m 

ict> .. L: Ai, (t)3(t - �, + !(t)ll(t) 
1-0 

(2.1) 
where a 3(t) - n x 1 vector; s(t) - p x 1 vector; 0 = he<. h1< • • •  < 12m- constant del.qe (real nwabers). 

!he above equation is , a gensral form of the 878tem of lin­
ear ditterential-ditferenoe equations of retarded t,pe .  

We ahall callr �(1;) - state variables, 3(t) - instantana­
oaa state, or sta-'-e, at . time t • 
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Definition. A complete state at time 't' of the process de­
scribed by eq.- (�.1) is a system ot n f�ctions Yk(s), S£ 
E [ 1: - hj , t] , k = 1, •• • , n, where hjk 

is the l!laXimum de-
l�Q" appe�ing in the- argument of· Xlc(t) in eq. (2.1). . 

The complete stato is then a system of n initial functions 
tor the eq. (2.1) at time T , and is an element of an infi­
nite dimensional space. In this paper we shall_ deal with con­
tinuous initial functions. 

2.2. Two fixed values, t0 and tt , t0 � �t , specytyi.Dg 
the interval [ t0, tt] � given. 

2.3. The c·omplete state at i>.i.J!Ie, t-0 1a given. 
2·.4. The terminal state.- _J(-tf'). izs not specif'ied •. · 
2.5. Admissible control u(t) is any vector-v�ued, piece-- ' 

-wise continuous function with a finite number of discontinui-
ties of the first kind, and satyst)ing the condition 

t
t f _g'(t) .!!(t) dt <. 00 

to 
-

No oth�r· cP.straints on the�·c:ontrol .!!(t) are assumed. 
2.6. PeX"r<maanee indt%:-bas the forma ... t 

J(.!!). = i �"<tr)ZX(tr> + � Jt [�'(t).Q(t)�(t) + 
to + .!! • (t)!{t)_y(t� dt (2.2) 

Where _!, .Q, .! - quadratic, real, &yll88tric matrices ot. di­
lilensfon.S n x n, n x n an4 p x p , respectively 

• �(t), _!(t) are continuous V t [to-• tt] 

;. � .Q, .Q(t) .) ...Q, .!(t) > .Q y t- € eo?: �� 

2.7� � problem 1a to· t'!Da an ad!Jissible Ooirtrol bringing 
·1:� process from given complete .i.oitial state to· unspecif'ied 
·te� state along a trajeoto%7 that minimizes tuncti� 
(2�2); ...1101'8 .Precisely, we wich to determine -the optimum con­
trol u0(t), iissuming the knowledge � process hist0%7 - ur to - ' -
time ,., t, i. e. assuming the kno1rledge ot vector -function 
�< o >. V� c; (t0 - �·�J •. The tollowing sp�cial cases are 

• Bote see page '' 
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included in this formulation: 
(a) if t" = t

0
, then determining control �0(t) V tE [t0,tr] 

we find the so-called "open-loop" control; 
(b) if 't' = t Vtc [t0, t:rl , then at each time t we 

find �o�trol �0(t) based on knowledge or the complete state 
at time t , i.e. we construct en operator A 

�0(t) = A�( 6 )] 6E(t - �� t] 
that implements the optimum control in "closed-loop" system; 

(c) if 't" = t + h, then we determine the anticipated opti-:. 
mum control. 
3. Maximum Principle and Fredholm Integral Equations 

An existence· theorem for the optimum solution was given in 
work of Chyung and Lee 11 • Basing upon the maximum 'principle 
tor processes with del�d states 11-14, we obtain the follow­
ing necessary conditions of optimalit7 � : 

(i) there exists a continuous vector-valued function R(t) 
satisfying the adjoint canonical equation: 

Ill 
�(t) = - � !i(t + hi)R(t + hi) - 9(t)�( t) 

1=0 
with terminal condition· 

tor 
R(t) = 2 for t > t.t 

(3.1) 

(3.2) 
{A �<t> 

(ii) the optimum control �0(t) is a ham1lt9nian-min1miz­
ing control; 1n the problem considered, hamiltonian's minimum 
is absolute and unique and is reached for 

!:!*(t) = -!-1 (t)]( {t)R(t) (3. 3) 
As shown by ChJ".mg and Lee 11 , the above conditions are 

. 0 'A also sufficient in our case. Hence !! • _g • 
Substituting (3.3) to (2.1) and denoting 

,!!(t) .. ,!{t)!-1(t),!"(t) (3.4) 
we have 

� As we shall see the optimum &elution obtained 1n the se­
quel will allow to reject the information about the function 
x(s) for sE ( t

0 
- hm' 't- hm) 1 at least for a determin-

istic problem, but this cannot be assumed at this point. 
iBf We use here "mi.nimum principle" in-lieu of "maximum prin­

ciple". 
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Ill 
i(t) = � !i(t)�(t - hi) - li(t)R(t) 

Eq. (3.5) with initial condition at time t0 defined b,r the 
complete initial state, together with (3.1) and (3.2) forms 
the system of canonical equations; their·solution R(t) deter­
mines the optimum control ,!!0 (t). Uilfortunatel:r, we have no 
formula for a general solution of such a system of differenti­
al equations, because eq. (3.5) is of retarded t,ype ,  while eq. 
(3.1) is of advanced type .  Hence, to find a relation between 
R(t) and �(t) is a difticult task. 

To overcome this difficulty we can transform the system. o� 
canonical equations (in view ot their linearity) ,into an equi­
valent· system ot linear integral equations.Assum.ing the knowl­
edge ot the complete state at time �,and integrating eq. (3.5) 
in the �orward direction ot time, from 't' to t , and eqaa­
tion (3.1 in the backward �ction, from tt t? t , we have 

�(t) = !(t, 't' )�( 't') + � J !(t, t£ + h1)!i( .£. + �)�(.c )M 
f;1 't"-h1 t 

-J X(t, � )H( � )p( IS )d!i tor t c [ 'l", tt] (3.6) 
't' t . 

t)�(tt) + r ,l"(s, t) ,i(s)�(s)ds, 

t 

where X(t,t) -the resolvent kernel ot homogeneous equation 
(see Hala.ruq 15 and Manitius 4) .  

Substituting (3.6) into (3.?) and changing the order ot in­
tegration (which is permitted due to continuity ot !(t, ) ,we 
obtain the following integral equation with unknown vector val­
ued function R(t)t 

tt 
R(t) = ,g(t) + � j !f(t, fi ),E( � )d� tor t � [ � ,tt] (3.8) 

't 
where � = -1, 

'r 

set> = !et. -r >�< -r > + L J M<t, rl. + hi>!< r£ i=1 T -� 
+ hi)�( d. )deL 

(3.9) 



!'(s, t).Q(s)!(s, 6 )ds 
"" 

(o) = III8X (t, ) 
!(t, 6 ) = ,M(t, 11 ) !!( 6 ) 

(3.10 ',) 

Eq. (3.8) represents a system of linear Fredholm integral 
equations of the second kind, with respeot to unknown func­
tions pi(t), i = 1, • • •  , n. Basic properties of the integral. 
equation (3.8) are summarized below: 

Lemna 1. The kernel N(t,8 ) defined by relation (3.10) is 
continuous V t, fi € [ 't , tf] , t � ( t0, tf] and �s piece-
-wise continuously differentiable with respect to t and 15 in 
the rectangle [ 't, t!; t", tfJ , except for the line t = 6 , 
t = tf' - bk' o = tf - �· k = 1, • • •  , m. 

Proof': see Manitius 4 section 6.3. 

By lemma 1 and relation . .(�.11), the kernd !!(t, ) is con­
t1nuous in the given range and :1� piece-wise continuously dif­
ferentiable with respect to t ·'!/ ·:t € .[ T ., tfJ • 

Lemma 2. The inteeral equation (3.8) and the system of' 9an­
onical equations (3.1),·(3.5), with its boundary conditions, 
are mutually equivalent, i.e. every continuous �d piece-�ise .. 
continuously differentiable vector-valued functio� �(t) sat-� 
isfying the canonical system V t " [ t' , tf J, satisfies also 
the inteeral equation (3.6) and vice-versa. 

Proof: see:Uanitius 4 sections 6.2 and 6.4. 

The�rem 1. It·: Ca) assumptions of' sections 2.1 and 2.2 on 
continuity of' matrices · Ai' !t g, �. 'v' t 6 [ �0, t:r] ,i = O, • • •. , 
• · .• •  , m, hold; (b) � � .Q, g(t)} .Q, �(t) > .Q,· · V·· t ,_E J �9,tt] t 
then ). = -1 is not an eigenvalue o! ke�el (3.11) 

Proof. Since �(t)> 9._,' 'j' � {t0,t!] '� it c_u 'be written 
as ,B(t) = ·1(t)T'(t), wbe:Jte T(t) - p x p _p.o�ingular matru. 
Hext, by c�e of' variabie .-R(t) into ,!(t) • # !' R(t) 'eq. 
(3.8) can be transtor�!l _into an intesral equation with symme­
tric kernel t 
.Y<t> = .!'<t> �'et> s<t> +lf .!'<t>�'<t>�ct,s>�<s)_!(a).!<s)ds 

't � = -1 ".12) 



(S:J'liUilet%7 follows froa s;ymmetr;r of the kernel · !(t,' ) ) . 
In addition we have 

�
0

(t) a -�(t) �(t) (3.13) 
lfow, we examine the kernel of the above equation. To this 

�ffeet consider a nonnegative runctional: 
+ 
"f 

F(�) = x•(tf)� �(tf) + J �·(t)g(t)2f(t)dt (3.14) 

'l' 
on a trajectory 2f(t) corresponding to zero complete state at 
time t' and any admissible control satisfying the relation 

�(t� = -!(t) �(t) (3.15) 

where �(t) is any p x 1 vector-valued function. square in­
tegrable in the interval [t, t:r] • We have then: 

tf' tf 
F(!!) = J J �·(s)1•(s)]((s)}!(t, IJ ),!!( fi )!( 6' ),!( 5 )dsdt) �0 

(3.16) 
'l; 't 

Last inequality s�ows that the kernel of eq. (3.12) is�-
� ��. so it can have only positive eigenvalues,and ) = -1 
is not its eigenvalue. On the basis of second Fredholm theorem 
we can say immediately that f'or 3(t) = Q V t .; [ 1:, tf' J the 
equati�� (3.12) has unique solution y(t) =: 0, which by (3.13) 

0 . -
invp1v.es � (t) =: 0 and - by canonical system - l!(t) = Q 
\l(. t. �- [ t" , tf]. It follows, that a homogeneous equation cor­

.r.j3spo-nding to eq. (3.8) has only trivial solution, hence :\ = 
�-1 is not an ejgenvalue of the kernel li(t, � ) 1 Q.E.D. 

From the theorem 1 it follows now: 
Corollary 1.1. From the first Fredholm theorem 16 it fol­

lows that for . � = -1 there exi sts a re.solve.a.t kernel of the 
eq. (.3.8), i.e. J!(t,.,_ •r; :l) ��= _1 = J!(t, � ,t-) satisfy­
ing intee;ral equations 

!(t, & , 't) = !(t, & ) + 

= !(t, :>-) + 

where .. -1. 

tf . J !(t, 6' )!( 6., � ,-r )do = 

T t! J set, o, 't >!!C o , 3- )do 

t" 

(3.1?) 

Moreover, in view of continuity of kernel J!(t, 3-) the ker -
nel J!(t, :} , 't') is continuous 't t, 6- 6 ( 't' , tf']. 
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Corollary 1.2. From the i'irst Fredholm theorem again eq . 
(3.8) has for � = -1 unique, continuous solution g(t) de-
i'ined by 

ti' 
g(t) = _g(t) +?. J ,!!(t, s, T )_!!(s)ds 

't ·� = -1 

Corollary 1 . 3 .  B:r substitution of' (3 . 8) t o  (3.18) and denot­
ing 

d:f 
£:(t,,.' -r). = !( t, &-) 

tr - J !Ct, 6 ,-r )1:!(5 ·"")do 

we obtain 

_E(t) =�et, rr,-r)�(" > + 
ID. 

·2: 
i=1 

't 

f �( t I cC. + �, 't )Ai ( d. 
't-� 

(3.19) 

( 3 . 20) 

The states, that the function £(t) i'or t � "t' , satisi';ying 
eq. ( 3 . 2), i . e. satisfying the canonical system with its bound­
a.� conditions is uniquely determined by some linear operator 
on process complete state at time � • We have then a i'ull ana­

logy to the "state regulator problem" for linear processes 
without delays where the relation _E(t) = E(t)�(t) holds 17. 

Combining (313) and (3.20) we have immediately: 
Theorem 2 .  (Solution to the optimum control problem). It a 

linear process with delays of state variables, represented by 
eq. (2.1}, and a quadratic [u ctional ( 2 . 2), both satisfy the 

' assumptions listed in sec. 2.1, 2.7, then, for given complete 
state at time 't"£ [t0, ti'] the optimal control u0(t) exi:.its 
is unique and i'or t � 't is uniquely determined by 

_!:!0( t) = !(t,t ,t )�('t) + 

where 

� J !(t, rl + �· 't )!i( ol. + hi)�(.C )do(. 
t-� 

dt 
!Ct, & , t- > = - _g-1(t)�·ct>E<t, 17 ,'t' > 

( ; . 21) 

(3.22) 
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This ·theorem implies nows 
Corollar;y 2.1. The optimwa control �0(t) �or t � t- is 

linear with respect to the complete state at time 1: , i.e. �or 
�ixed t each scalar control u1(t), 1 = 1, • • •  , p, is a lin­
ear �unctional o� complete state at time t" � t. 

Corollar;y 2.2. The linear nperator determining the optimum 
control is a sum � m + 1 operator•• �irst ot them is a ma­
trix depending on t and 1' , and the • remaining are in­
tegral operators. Moreover; all o� • + 1 operators are de­
termined b)" one matrix kernel· l(t, &-, � ) • 

Corollary 2.3. To obtain an et�ective solution it is neces­
S&r7 to determine the matrix kernel l(t, & , 't) at least in a 
two-dimensional domain in the space t, �, 't", i.e. either tor 
'l:':o; t, &- � [ t, t + �] or �or � = t0, (} E [t0, t0 + �] 

�or closed loop or open loop control, respectively. This dif­
!�rs essentially �rom the case without delays, where we have 
� = & = t �or closed loop control. 

The matrix kernel E(t, tt', �) is there�ore a key to solu­
tion o� the problem, and will be called the resolvent kernel. 
4. Properties o� the Resolvent Kernel l(t, �, 't) 

{1) The �ollowing relation between the resolvent kernels 
P and R is v&lld: 

E(t, �,'t)J!( �> = !(t,�,1:") (4.1) 

(ii)(Lemma 3). The kernel !(t,&, 't") satisfies integral e-
quations: 

l(t, &'"' 't') ::r !(t, lt-) 

!< t. & • 't ) = !( t. � ) 

t� 
j !:(t, � , 't )l!( 5 l!!( 5 ,IT >•• ( 4.2) 

t� -J !(t, 6 )!!( 6 >E< 6' , �, t' )dG" (4.3) 

't 
(lli) fhe kernel E(t, & , 't') is symmetric with respect to 

arguments t and & , i.e.: 
l'"(6', t,t) =E(t,6','t') (4.4) 

Froo� � (1) - (iii) is given in the Appendix. 

{iv) 'fhe kernel _E(t, &-, 't') is continuous with respect· to 

its arguments in respect! ve intervals t, tr G ( '1:' , tt ] , 1: � 
"' ( t0, ttJ ; moreover it is piece-wise continuosl;r diff'eranti-



'I 

24 

able with respect to t , giving: 
� � ECt ,  tr , 't  > = ECt , o- ; r  )l!('t >E< -r , � ,  't' > 

Proof : see Manitius 4 section ? . 4. 
These properties imply that the kernel f( t ,  � , i: ) 

found as a solution of ?redholm integral c qs .  (4. 2) or 

(4.5) 

For the closed-loop control problem these equations become Vol­
te::-ra equations ( L" = t) . Therefore a numerical solution to the 
problem can be obtained by standard numerical procedures for 
solving integral equations 18• Some difficulties appear, howev­
er, in the computation of kernel !( t , �  ) .  

For 
.. 
.open-).oop control computation the integral eq. . q.•.12). 

together with tbe relation (3. 13) can be used.The vector . ,!:{t) 
has the dimens16h .Pf control vector �(t) , which is often · m�ch 
lower than thi alm���on of the vector �(t) . Thus , solvfng� the 
integral eq. (3. 12) see� to be an advantageous wa;y com� 
to sol rtng the eanoni eal· ·s;T.stem • 
. m' the c ase where _g(t) � � V t � �t0, tf] ("terminal con-· 
trol•) the kernel M(t ,  0' )  an� !C t , l} ) become separabl-e 
kernels • This allows to find the resolvent kernel li('t ,.�' ,tt:: }. 
cxplic1 tl.y: t .1 -1 �(t , O'  , 't' )  ... ,!".(!r,t)�{:! + !Ctf ,t- -)� X(tf , G' )  (4.6) 
where ·r

t 
W(tf'  't' ) = !(t� , s),!!(s)!" Ct..tls)da (4.7) 

't 
and the matrix inverse in (4. 6) e.lwa;ys exi5ts 4 • 

!'".L'oa (4.6) we ma;y draw an interesting conelu.sion on the na� 
I , 

ture of optimum control for ,S :  .Q • To do it let us denote: 
j(tf l t ) = !Ctf'  't >�C -r  > + 

m � 

+ � 1 !(tf' 8 + �)A.1 (s + h1)�fat4B (4. 8) 
1=1 "C -� ' 

The vector iCtf ! t ) is equal ( see (3.6) )  to the term!nal 
sta.te corresponding to free motion ot system (2.1) , given com­
plete state at time 't . Substituting now (4.6) to ( 3 . 22) and 
to (3� 21 ) and c!e:noting -1 

�(t , t  ;tf) = .!f\ t)] '(t)�'<t:r, t>�[I + !Ctt , 't >!] (4. 9) 



25 

we obtain 
,!!0(t) = -!!(t , 'l ;tt>i<ttl 't ) (4. 10) 

Now we can state the tollowi.Dga In the case ot terminal con­
trol .<,g � .Q) the optimum. control at � tille t 6 [ 't' , tt] con­
sists in a linear counteraction (negative sign in eq. (4. 10) ) 
to the anticipated . terminal state i< tt I 't ) , which would re­
A!!!! :roa tree motion in the interval [t , tf J , g1 ven complete 
state at time t • 

This generalizes several similar well known results 5 ,19.  
5. Riccati Ditterential Equation tor .f('t, t , t) 

B.y making use ot lemma 1 end properV, 4. (iv) stated previ­
oual;r the formulas tor partial derivatives ot E(t , & , t ) with 
respect to t and f)- can be derived troa eqs. (4.1 )  and (4.3) . 
'together with propem 4(111) it leads to the following differ­
ential equation (m = 1 tor simplicit;r ot notation) a 
!_ P(t , t , t) • -•�(t)l(t,  ·t, ·t) - !(t , t , t)•-Ct' - Q(t) 
� - � . � . 
+ �t ,t,t)!(t)!(t ,t ,t) - �(t+h)!(t+h,t,t) - !(t ,t+h,t)� {t+h) 

with bo� conditiOJU$t 
. !(ti", tt ' tt> .s ! 

�t, , t) = 0 -�err ·t �-�t or 
4 . ��\ "' l!ani.tius • 

(5.1) 

(5 .2) 

Eq�t�� (5.1) is a .matrix aifterential equation ot Riccati 
t;rp, with respect tl> &a.'trix g(t, t,  t) . Matrix ,l(t + h, t, t) 
and its transpose ¥1� the :role ot forcing terms end are iden­
tical� zero for t � ( tt - h, tt] ( see (5.2) ) .  J'or � :: .Q we 
have exactl7 the well known Riccati equation tor processes 
without �ela;rs. 

J'or t c (tt - h,  ttJ equation (5.1)' can be solved exact� 
as it was in the case without .del� �Th�s ,with an appro.pr.ta�e. 

�quatic.n tor
. 
b� !( t, it' ,  t) , can .furnish the kerne� !(t , lt'  ,t) . 

But tor t � tt - h this procedure becomes ertensi vely com­
plicate-d rlue to the pre�•nce ot nonzero !�t + hp t ,  t) te� 
deseri�d �Y another Biccati differential equation inv�1vfp,c 
!:(t+ h, t + I' ,  t) , Jdch in turns involves other terms appe� 
ing aucces'1vely as nme t goes back trom tt - h, tt - 2h, 
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etc . Thus the total dime�sionalit7 ot· Riccati equation is 
growing with the number ot delay �tervals remaining to the 
terminal time (tor more details see Manitius 4 sec 7 . 6) .  We 
can conclude therefore that the presented equation does not 
seem to indicate a practical way to ·solve the problem numer�Q­
ally. It demonstrates , however , the dependence ot the st��­
ture ot kernel E(t , er .  t) upon the control interval Lt � � : �t.] 
relative to process delay h • · - ·· • · 
6 .  Optimal Performance Functional 

Kernel E( t ,  l)" ,  t' )  appears .t o;  be,: closely related 
value ot performance functional evaluated along an 
trajectory . In fact we have: 

to the 
optimal 

�1eorem �. G iven asnumptions 2 . 1  - 2 . 6  and any complete 
state at time t0 , the performance functional evaluated along 
an optimal trajec tory is equal to: 

t t 

J(_!!
o

) = � I f. fo f o 
� '{ s)!j ( s  � hj ) x 

j:O k:O h t h.. to- j o-Jt 

x E(s + hj ,  IT + �� t0) !k( � + �),!( &- )  ds d17 ( 6 . 1 )  

Proof . Substituting ( 3 . 6) into {2 . 2) , chang�g the order of 

i nte gration , and reducing terms by making use of opt!mality 
conditi ons supp� i�d �y �ntegral eqs .  ( 3 . 12) and (4.2) along 
with ( 3 . 13) , we obta� eq... (6� 1 )  after some elementary but 
le�ethy calculations . 

Comment . The rieht hand side of eq. ( 6 . 1 )  can be �terpret­
ed as a quadratic form of nn infinite number of variables 
which arc the values of functions detini:Dg tlie'J..iDJ.tial com­
plc"te ntnte . 

It ie interest ing to note elso , . that - t� methOd presented 
allows to obtain the minimal perto�.e.· functional without 
the aid or dyaamic programming concepts , 
erally used tor this purpose 5-10 , 17 . 
z. Conelud�g Rem�r�� 

which have been gen-

The results presented appear. to be analogous to those ob­
tained by KalmhD for proce sses without delays 

1-3 . The line­
arity of optimum contr?l with respect to +.he completo state , 
the exis tence of IWltri:.c kern�l P(t ,  &- , 't ) , the differential 



27 

equation of Riccati type and the f�rm of optimum performance 
functioDal �-be - �t�eted as t�e extensions of Kalman re­
sults.Moreo���� � unified metho4" to� ��ating these problems 
upon the basis of max,.mnm princ�ple is given. 

Several related topics 7et remain unsolved however. These 
are for example& the existence of optimum station&r7 control 
law (for infinite control interval) ,  optimum control for pro­
cesses with multiple input-del&78 , and estimation of state-var­
iables for processes with time del&7 and random perturbations . 
8. Appendix 

Proot of properties 4 (1) - (111) & Mult1pl71Dg both aides 
ot eq. (3.19) b7 the matrix 1!( &- )  and recalling eq. (3.11) 
w ti.D4a t 

l<.; & . ... )!!( & )  • !!<·· � )  _ r !!<·· 6 • T l!!( • •  � ) . .  (8.1) 
't 

Oo��par!Dg this with (� 17) we obtains 

,l(t , � . 't )1!( 0" ) • J(t, e- .  't )  (8.2) 

which prone propert;r ( 1) . B7 substitution � (-8-� 2� i:ilto· CJ.•19) 
we obtain the tiret integral equation 1!011" kernel j{t, &- ,;'t' ) 
("4.2,) • Tr8D8posing the arguments t and e- and recalliris the 

.,._'t17 propert;r ot J(t, &- )  and eq. (3.11) , n han 
tt 

l'C o-, t, t >  • J(t, t > -j !<t, e- >:-c e- ,  t ,  t >d• (8.3) 
't' 

�eh �· an integral equation with !(t,is' ) as a kernel and 

l' ( &- , "'t,. 't ) as an unknown tunction..·B7 Predholm first theorea 
the .ol.utiton iea 

. . t 

:-c e- .  t , 't )  • !(t , t- )  -r J(t , 0' .  't ).!( lr .  � )dlt (8.4) 
't" 

ComparisOn bt (8.4) With· ('�19) and substitution ot (8.2) 
into (8.4) coiapletes the probt ot propert;r �!11:)" an4 le1111118. . 3-... · 
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Introduction 

Many aerospace and industrial applications bave mathematical models 
specified by differential-difference. equations of retarded type1• Such 
systems are commonly called time-lag systems. 

In general, our mctbematical models only approximate the dyn ics 
of physical systems. The matheMat ical description is usually written for 
the naninal values of para.eters for the purpose of design. Often some 
tvlerances (bounds } for the nominal values can be determined or e:;tirnated. 
In studying the behavi or of the systeM, the error in the system des�rip­
tion can then be considered as an internal disturbance whose bounds are 
knowni .' A system may also lie subject to external bounded disturbances ; for 
example, wind gusts acting on a space vehicle. It appears appropriete, 
therefore, to investigate ·. the influence of internal and/ or external bouncled 
disturbances within the sa�e framework. Such a study is an application of 
the optimum control · theory2• Bounded disturbances cause variations in the 
value of the chosen performance measure. Its upper and lo�er bounds can 
be computed from necessary conditions obtained from the m��irnum princ iple. 
Then the range of the perfo1�ance index (PI) can serve as a usefQl meas�e 

in evaluating the behavior of the system. 
In many practical applications, the task of the designer is the, to 

ninimize the effect of the disturbances on the PI. Such a problem can be 
v!.ewed aa a game between nature (disturbance} and the designer. Since '!'.he 
bounds of the diGtiU'bances can be approximated in 1nany cases, the designer 
can canpute the worst effect of nature on t'l_le PI. In order to minimir.e 
this worst effect, the designer can determine the optimal input to th� 
system or an optimal feedback controller so as ·to minimize the worst value 
or the PI. In some problems it may be desirable to force the maxim= 

* Thia work vas supported in part by National Science Foundation Grant 
No. GK-1960 and NASA Grant NGR-005-0SJ Project )4 • 

.. 
Formerly Koivuniemi . 
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de\�ation of the PI (or the difference between the upper and lower bounds) 

to a minimum. 

The design of systet:lll described by ordinary differential equations 

h a  B been investigated tran a theoretic viewpoint3• 5• 6• For problems in 
'Which the PI is minimized and maximized over function spaces specified by 

ddmissible controlz and disturbances, the determination of the optimal 

solution o:rten appears quite canplicated to be practical, at least at the 

present. For problems in which the PI is maximized over a function space 
and minimized over a parametric apace, the determination of the optimal . 4 solutiOn by means of canputati.Jnal methods hu been proposed • Il%\'estiga-
tions of problems in wbich the min-inax ot the PI is performed over para­
metric spaces have also been repotted 7' 8, 9. This paper studies the infiu-

. ence ot detem.inistic disturbance• i:i1 the PI in tiAa-l.Ai eyateu. 
Also, the design of min-max controllers tor tw-lag systems is ilmla­
tigated. Particularly, a good measure ot the innuence of bounded distur­
bances is detem.ined ey computing the upper and lower bounds of the PI. 

'!'he former corresponds to antagonistic disturbances and the latter to co­
operative ones. By taking a conservatin viewpoint, the deaisner may 
want to minimize the effect of the antagoni'atfc di1tu:iobances b;y 1ritrodue­
i� a min-max controller iii- tlie' ,Y.tein. · 1'h!. paper pNa�Dt• t� l!eUgn 
ot 1811Ch min-IIIIIX controller� for time·-·Ug !lyltema. 

Mathematical Desc�ption of the System 

The state transition in a �ell. s)'ltem is 1overned by a .. t or 
ditrerential-:ditrerence equations 

• o  o o ( 1 x • t[t, x  (t), x (t-T(t ) ), u  t), �(t), OJt (• ) • 4/dt . 

where x0(t), .an n-vector in if, is the state ot the &)'Item at time t. 
x0(t-T(t ) )  is the del.aied state at tillle t-T(t), where 't'(t) 1a a non• . 
negative r?- fwlct1on o! tillle aat1B!ying dl � i(t) � � � 1 (d��·Jll) 

(1) 

all time tf tt.en tt•thr) � t0-T(t0), where t0 11 the initial time an4 
tt ia the t1nal time cf the proeeaa. u(t), an m-vector 11' an admil81ble 
set t1, ia a known inpUt to the system. a( t) ia a parameter· vector ot 
dimension •· f[ • ) il a nctcr-va.l.ued function wbich belongs to �. The 
superscript 1ign1�es the n�al values et the variablel. The initial 
function for system (l) 11 

x0(t) • g(t) tor t0-T(t0) � t � t0 (2) 
where g(t) ia a continuoua vector-valued function of t. 
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The pert'onnance ot system {1) is measured by J( x0, � o,a], which is 
a continuous turJctional in x0{t), u(t), w(t), and a(t) , and tha superscript 
in:l!c.'ltos the absonco ot dieturroocee. 

SUppose that system {1) now moves under the influence or the input 

u{t) E U and a bounded disturbance w(t) E w. The ewl�\ion qr the states 
with time is now governed by 

i = r(t, x{t), xft-T{t)), u{t),a(t), Y(t) ) {3 ) 

where f 1 u(t) and T{t) are the· same � in equation ( 1 ) ;  a(t) signifies , 

the nominal value or the parameter vector; w(t), an r-vector, is a distur­
bance at time t in an admissible set W of bounded disturbances. The state 

vector at time t is x (t ) ;  x(t ) e x0(t) it w(t) a 0, ¥ t. The behavior or 

system (3)  is measured by a well-defined PI, J[x, u, w, a] .  

I t  is noted that w(t) E W represents both internal and/or external 

bounded disturbances. The description tor the system subject to internal 

disturbances is obtained from equation (1) by replacing a(t) by a(t) + u(t), 
where w(t) is admissible� Such disturbances may be generated by the param­

eters in plant and/or control 1!\Btrix,� Elctemal disturbances can orten be 

included in the system description. For example, the designer may approxi-

1!\Bte•or determine from the speed profiles of the wind the upper bound of 

forces acting as bounded disturbances on a large flexible booster. 

De-:er.nination of Bounds for Performa!'ce Hea9ure 

Disturbances acting on the system can be static or dynamic in nature. 

Diaturban�es caused by inaccurate information about the initial function 

(or initial condition) or about the initial t�e of the process are termed 

static. On the other ban1, disturbances appearing explicitly in the d,vna.m-2 ical equations of the system are dynamic • If the constraints on admissi-

ble disturbances Qre kn� the bounds of the PI can be obtained. The 

determination of the upper and lover bounds of the PI are ctud!ed in this 

seet�on first for the static case and then for the dynamic case. 

(A) Static Case 

The approach tor canp'L.-ting the upper and lover bounds of the PI in 
the presence of a stat ic di�tturbo.nce in time-lag systems is lllu.rt.rated 

by an 8Xal:!ple. 

ExDJ!'.ple 1 :  
l�e state transition i n  a timc-lag system evolves i4 t1mo according 

to 



[�] [ 
0 1

] r�(t)
J [ 0 0] [� (t-0. 5� [O] u(t) • ., . + ·· + t E [ o, 5] 

� -3 -1 �(t)  ..:1 -1 � (t-o. 5) 1 (If ) 

or ;; "' Ax(t) + Bx(t-0. 5l + ru(t) ·wi�h obvious definitions. The init ial 
i'unction of the system ,is govemiid b7 

[�(t )l • [eos(t-t0-o. 5}1 
� (t) s1D(t-t0-0. 5) 

, t E [-0.5, 0] (5 )  

The naninal value of t0 is  known t o  be 1, 0 with an aeeuraey of t.t0 • O, 5· 
The problem is first to eaDpute the unrestricted optimal control 

u*(t) so as to minimize 

� 2. 1 r5 2 2 2 J(x, u, O, t0) • 50 11'"(5) !1 + 2 0 {� + Xz + u ) dt (6) 

Then the upper and lower bounds of the PI about the naDinal value of the 
Pr \is to be determined, 

\ Necessary conditions for optimal.ity ean. be written by means ot the 
lllliXimum principle for time-1ag systema10 {see equations (6}-(10)),  The 
optimal solution can then be eanputed, tor example, by 'a •aeebnd-order 

12 ... . r * * variational method , It yields the naDinal value ot the 'Pia J ·x , u , o, 
1, 0) � 0.233S • Then the bounds ot the PI in the presence ot an opposing 
a."ld eo-operative disturbanl!e t.t0 can be eanputed in a atraightfo�"W&rd 
manner. The results are :  

* * * * 
J[x , u , At� 0. 5) .... 0.70Sl ; J[x , u  , AtDm' l.5) ""' 0.12)2' 

Thus, the boun<!a of the optimal value of the PI have been established when 
the system is subject to a bounded: static disturbance (t.t0). 

{B) pyn&mie Case 
The naDinal trajectory x0(t) and the corresponding naDinal value of 

the PI J(x0, u, O, a) are obtained from equation (1) (disturbance absent). 
Then the bO'.mds for the pertonnanee measure are detenn.l.ned by· canputing 
trajectories and the corresponding values of the PI tram equation (2 ) 
(with antagonistic disturbance wM(t) present, and then with eo-operative 
disturbance wm(t) present) .  

Necessary conditions tor the determination or the rar�e of the PI 
are written tran the maximum principle for tiJr,e lag systems11• Suppose 
the PI ".s expressed in the Mayer forn:: 
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(7) . .  
were G[• ] ia IIIIIOOth DOD-negative scalar f'lmctioo or x(tr) and tr (� t� 
J:ree aJld the latter fixed . for convenience)� Def'ine the H-f'lmctioo of the 
aya:t;em bJ 

B[t, x, u,a,w] • p'(t)r[t,x(t), x(t-T(t)), u(t), a(t};w(t)] (8) 
were p(t) • col.[ 'D.. (t), • • •  , p  (t)], aDd the superscript 1Ddicatea the trana--J. n • 

. position. Beceaaar,r conditions for the extremum are aa follava: 

i • r[t, x(t), x(t-'l'(t)), u(t), a(t),w(t)], t E [';o' tt] (3) · dT (t ') 
· c  '> ' C  '>(ar�·J) '< < '> >( ,d·� ) 1 c > ,� t • p t � t t;.t,+ p Tl t . � t•T t}) t-T (t') dt' 9 

. . l 
were t 8 T1(t1) 1a obtained by inverting t--r(t) • t1;  t 1  E [to' tt•T(t}) 

-i(t) . p'(t)(:!��i) , t e [tr·T(tr>, trl (10) 

Max H[ t, :1ro u, a, u] 
w(t)E W 

M1n B[ t, x, u, a, u] 
w(t)E W . 

x(t -) • x(t + )  0 0 

x(t) • g(t) , 

* 
dete:rminea w11(t) 

dete:rminea w:(t) 

t e [t0--r(t ), t  J . 0 0 

p[tr·-r(tr)-J . p[tr·-r(tr)+ l 

� p(tr> • r 

(co-operative) (ll') 

(antagonistic) (ll' ) 

(12') 
(12' ) 
(13') 

(13' ) 

where at[ • ]/'a% signifies the Jacobian matrix of t( • )  relative to X (with 

proper arguments} ;  simU�rly, aG[ • J/aX. . The subscript in equation (9) 
indicates that t is replaced by -r1 ( t' ) ;  in cue ot constant -r, T1 .. tu 

and t[;·J 'Secanea f[t+T, x(t+- -r), x(t), u(tH), a(tu); 1t(t+- T)]. w*{t) denotes . ' •  . 11 
the admiasible disturbance that minimizes G[• ], wher�aa wM{t)

_ 
is the 

admi.;sible dist.urbance that maximizes G[ • ]. Equations (12' ) anlt (13' ) 
speci:f'y the �ar;v conditions for the state x(t) and the eostate p(t). 
Equations (121) � (131)  expre�i _the continuity conditions tor x(t) at 
ttme t0 and for p(t} at time tt-�Ctr>· . (The - or + signs in the argume®a 
indicate the limitins Wl.ue �eil the t1me 1a a�roached frail the lett or 
tran the right, respectiVe-lY� ) 



If the admissible set W for the disturbances is closed and bOUDd� 
e.g., W .. {v(t ) ;  lv(t ) l  � 1, ¥ t}, and if v(t ) appears only linear� in 

H[ • ), then equation (ll ') implies that 

v:(t) a s�p ' (t) �tilJ (14) 

where ar[ • )/� is the Jacobian or r[• J relative to v(t ) ; sgn z c col [ sgn zl, 
· · ·� sgn z )  and sgn [zi ), i"l, • • •  , r  i s  a scalar function which is equal to r * 
1 if zi > 0 and -1 if zi < 0, and undetermined it ·zi a 0. For vM(t), equa• 
tion (14 ) is �en with the opposite sign. 

Equations (3) and (9)-(13' ) furnish necessary conditions for determin• 
ing the leaat upper and greatest lower bound of the PI. The solution to 
the s"plit boundary value problem must, in eneral, be obtained b� means of 
a digital computer. 

CornputinP, the Solutions 
The upper bound and the lower bound for the PI Cl!oll nov be canputed y 

detemining candidates for the oolution of the boundary value problem polled 
by the neceacary conditiona (equation (3)  and (9)- (13' ) ) .  Algorithms for 

11 12  solving optimum control problems in time-lag systems have _been proposed; ' 
Both algorithms treat only unconstrained cases. Difficulties- on the con­
vergence of the algorithms are likely to arise when the inputs - (distur­
bancea ) are bounded. 

Since the di sturbances in this study a:e usu� bounde� � gradient 
methO'i in the function space based on first order variadona !-_._. applied.. 
The disturbo.ncea are changed in the direction o.f the gre .. cU�nt of PI so 
that the PI v1ll converge towards the optimal value. Whenever the valuea 
exceed the constraint set, appropriate bour.dary . �uea are used. A good 

13 ... exposition of the metnod has been presented · • 
It i s noted that the determination of the range of the PI requirea 

oolutions to two independent two-point boundary value prOblem.. 
ExMJ?le ?. ;  

The state-transition in a time-la« ayatem ia gcmtrned b7 

[ �] [_,_:(t ) _: ] [ �::: ] • [_: 0 ] ["l. (t-0. 5)] [0 ] 
0 � (t-0. 5 )  + 1 u(t) (l5) 

or �(t) • A (w)x(t) + Bx(t-0. 5) + ru(t) vith obvious definitions. v(t) · 
repreaent3 an internal di sturbance due to the variation �r a parameter ;  
i t  1• conatrained by fv(t ) f  � o. �, ¥ t .  x(t ) • col[ll],(t), � ( t ) ]  and u(t) 
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il ·a 'Unit step function l(t) applied at t • o. The initial function tor 
the system is � ( t) • 1. o anli Xc! ( t) • 0 ror -o. 5.-� t � o. To determine 
the boundli tor the performance lllf:asure, the ·influence ot v{t) on the PI 
1a studied: 

(16) 

where the terminal time is specified bf tr • 6 sec. 
The ncm1nal va.lue or the PI 1s to· be caaputed Yben w(t) • o, 0 � t � 6. 

Also, the ·range or the --PJ:·: is to- be . determined bJ minim1zing J[. ] and then 
maximizillg J[ • ]  relative to �sa1ble disturbances. 

:Recessar,y cond1tiona tor a solution becaae now 

[�l - [ 
0 2+-w(t) ] [11. (t)] + [0 1 

J 
[11. (1*0. 5'� 

� •l 1 · . �(t) 0 0 � (1*0o 5)J 

[11.
·
· 1 ·  

L 

0 2+-v(t) l [11. (t)l 
1 1 .tor '5· "5 :s t :s 6.0 

»2 -1 o r2 (t )� 

'!'he &Dt&gon1at1c disturbance 1a �pacified bJ 

and the co-operat1Te disturbance bJ 
* 

wm(t) • -0. 5 acn[�(t) Xi(t)] 

1 0 < t < 5o 5 
- - (17'') 

(17' ) 

(19) 

(20) 

The nCIIIinal value (v(t) � 0) or the PI 11 J[x(tr), l(t), o, -2] .. 0.31184 • 
The application ot the gradient method )'ieldi the upper bound J[x(tr), l(t), 

* * 
wM' -2] ., 0. 5233 and the lower bound J[x(tr), l(t),vm' -2) ., 0.19� . Hence, 
the zoaDP ot the PI is 

0.1984 .S J[x( tr), 1( t ), v, -2 J .s O.S2JJ 

Deaign or Min-Max Controllera 

'!'he application ot neceaiL'7 eond1t1cma tor opt1ma.11ty of time-lac 
ayatema ren.V.ta in an open-loop optimal control wbich 11 dependent upon 
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time and initial fUnction. FraD the viewpoint or the engineers, it ia 

desirable to obtain an opt1mal. teedbaclt control which is a function ot 

the current state variables and poaaib� or time. Hoveve·r, a realizable 

opt1mal. feedback control in time-l.ag ayatema can be detenrdned only in 
ftr7 special caaea (it is possible even tor the general cue or linear 

plant-quadratic criterion). Moreover, ita implementation· may not even 

be feasible. 

A possible approach to the problem ia then to introduce a controller 

in the Q'lltem with known input-output relation. This controller operates 
on tbe aftilable state U¥J/ar delqed state variables to renerate a 
control that results in an appraxiaateq optimal systea. It is accc:a­
pllsbed b7 detel'llliDing tbo parU�eters ot the controller iD an optiaal 

maDDer. S!Dce the optiJIIal values ot the pa.r81118ters depend upon tbe 

iDitial coilditions� one possibillt¥ is to detel'llliDe the best parameter's 
so as to a1nimize thlt III&Xilllum degradation (relative to admissible initial 

conditions) or the PI t.rom the optimal •alue7,8,1S. Such a ftin� con-. 8 troller is often 1:.11led a spec1t1c optilllal controller • Another possibilit¥ 

is to use a per!omance index that is independent ot tho initial condi­

t.ions. For eY.J1JIIple1 one can essume a probability distribution tor the 

1n1t1al conditions and then use the expectod nlue of the PI�. 
The min-lllll.X controller to be used here tor time-lag systems is essen-

tial1y a specific optimal controller; its structure ia prespecitied within 

adjustable parameters. Since the use or the lllin-lllll.X controller reaulta 

in a deteri oration or the PI, and since the beat parameters depend upon 

the parameters specifying the initial function, the goal in the design 1a 

to ��:aximhe the dejp'ad&tion or the PI (frCIII the ncmdn&l val�) '  �i&tive-

to the··'JIIU'ametera or the initial function &n4 minimize the same degrada:..-· 

tion relati-ve to the feedback . eoett1e1enta ot the controller. An e.d.dition&l 
require�Oflt.- '011 the initial functions is that they have to be continuous. 

To !omul.ate the problem, let W signifY the cla .. ot bounded antago­
nistic di sturbances (static and dynamic), and 0 ia the cl&a1 ot eo-operative 
ccmtrola. The problem ia then to detendne 

M1n Mu: DJ 
0 w 

v'ber0 D1-- denotes the perfomanee meuUl"e choae.:a. It le DOted that the 

d�• ·w. r.at eondat of initial eonditiona (functions), Wtial (tinal.) 
time, end/or enornal (1atern&l) 4!at:urbeeea, and tbat n .,. include the 
control input, pe.N�r.etera or the teedbwk controller, w./or initial 
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(tin&l) time. The choice ot DJ 1a dete:rmined by the goals ot the design. 
It can be, tor example, the degradation ot the PI trom the nanin&l. nJ.ue 
dua to the use ot a subapt:lmal. feedback controller in the system. 

The procedure to design subopt:lmal. teedbaclt controllers for time-1!18 
systems on the basis ot miD-max criterion is illustrated by examples. 

J:xample 3: 
suWose that system (4) ot Example 1 employs a subapti.mal. teedbaclt 

controll!r specified by 
us[t,x(t-o.5)]  • + k �(t�;�) (21) 

* where k 11 the feedback gain. The best nJ.ue k of k in C1 • {k;O !: k !: 1} 
is to be dete:rmined io tha� 

. MiD �5{!1x(t) !12-l!x*(5) l!2] + � s1nx(t) !12- \!x
*

(t) !12+u!-uit2] dt (22') 
� E O � o 

is attained. The superscript in expression (22 ) refers to the ideal.ly 
optimal solution obtained by the application ot necessary conditions to 
Sj·�- (4) and x(t) 1a obtaill8d when the suboptimal controller apecitie-i 
by equation (21) is empl,oyed. When expression (22 ) is used tor DJ, the 
designer attempts to "match" the nJ.ue or the PI associated with the sub­
opt:lmal. system with that ot the PI obtained tor title ideal.ly optimal system. 

The behavior ot the solution is illustrated in Figure l by displaying 
DJ vs. t0 using k as a parameter. The application ot a standard gradient 
method to the problem yields : 

k
*

,., 0.60 , t: - 2."-b , DJ - 0.1168 . 
* * where k 1.1'14 t0. provide the min-max solution. The degradation, DJ, ot the 

PI trom _the ldeal.ly optimal value ot the PI is approximately lh.4� 
l!umple fa :  
The system studied in Example 2 is to be so designed that the worst 

intluence ot the internal disturb&nce (panuneter variation) on the PI 
epecitied by equation (16) la minimized. It is accomplished by determining 
the ooutant coefficient '\ or � (t) in equation (15) ao u to attain 

MiD Max r � {  [�<tr> - 1•1a.J + �<��>} (23 ) 
� E n w E W ')_  � • 

The 10luticm to the problem can be determined by the approximate 
2 5 gradient m.ethod ' • Fer every 11pecitied V&1•.1e ot 111, th'J "''Orst distur-
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* 
b&nce v ( t) E W 1a eaaputed. Then the value of ')_ 1a ct.anged to a1 >- A� 
so as to decrease the JIIIIJd.mum of the PI. It csn be accauplished by means 

or vrititlg the :N.rst-order differential for DJ (the expression in the 

braces ) :  

where � (tf) Uld �(tf) are evaluated for ')_ Uld the worst disturbance 
* 

w ( t )  E W and /Pl aignifies a change in ')_. The value of rP1 is detendned 

so that bDJ[ • ] becc:aes negative. It is noted that � ( t r) /!CI1 and 

� ( t r) /(I')_ c&.."l be ca11p1.1t�:d frail the perturbation equations. 

The soluticn :� :: turn!r._.,,.,;_ i:;·: 

It 1a emphasised that the solution is local. Other solutions � be 

found by starting :t'rall a different initial value. In ���&ey practical 

problema tbe parameter '\ 1a constrained to lie in a closed and bounded 

.set. In such c&!�•• global a�utiona can be determined. 

Concluaiona 

When a system is subjaet to bounded diaturbancu, the value of the 

PI deviates tran the DalliDal one. The upper and lCMtr bOUDda of the PI 
tor time-lag .ystema can be determined b;r the application of the·

_
opt:lmum 

control the017. Such bounda establiah a Boo4 measure or the 1nfluence or 

posaibla disturbances aetin8 on the system. Since the opt1mal tee4baclt 

control cq rare::.Y be detendned tor t11De-lag .ystema, an approx1lll&tely
_ 

. 
optiliaJ. coniroll.er that oPez-ates on the current. state Ud/Or de�ed 
state n.riables oURs a pnct.ieal. aolution. &ucb controllers can be 
dasienad on the basis o! lli! . ..az criterion. .l p110c:edure !or aucb a desiezl 
1a F•Mnted. 1'be F888Dtat10D 1.8 Uluatrated b)' uuples. 
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In recent years , there has been a growing 1nterd� :.in th.e :area of 
system optimization. Necessary conditions tor optima+ity, the Maximum 
Principle , were derived by PoatZ?aaiD1 fer systema described by ditterentie.l. 
equations with piecewise cont1nUDUB coatrol. i'hiB work wu extended by 
Kbaratishv1ll12 to the opt1mal coatrol ot eyetema described by dif'terentie.l.­
ditterence equatioas coataiDing a cODitant delq. 

Ragg3 uaed the calc:u1UI ot �iatione to find necessary conctlticms tor 
the opti.Dal piecewise coatinuoua coatrol ot t� lag systema with tillle­
varyin& delqs . 1'he delq vas coneidered to be a tunctioa ot time, state , 
and the time derivative at the state but an �or 1D the derivatioa4 
restricted the range ot ipplicabiUty ot h�· results. 

i'he sirithesis ot the optimal cODtrol otten necessitates a meane ot 
carrying on many aceurate coaputatioas in a short time. i'he digite.l. 
computer, while providing such a meane , gives output in the form ot di�CRte 

.. values . Jordan and Polalt5 found local n�e11ary coaditicms tor thl! optillla­
llty of systems described by ditterential equations with piecewiae c00stant 

. . 6 control. A IIIILX1mum principle was formulated by Jleclter and Lopruti fer 
the opt1mal pie·cewiae constant control ·of linear time lag systems containing 
a single cODBtant delq 1D state. In =another paper7, the authors extended 
the above results to include time lag- systema with multiple constent dela;ys 
in· state and control. 

-·In this p·aper , consfderaMon is ·given to the opti.Dal piecewise 
constant control of t:llne· ·lag systems with time-varying dela;ys . A 

·B&miltonian type funetione.l. and a costate system are defined which include 
tht d :s.iDe dependence- or: the del.zl.y in state . Loce.l. necessary conditions are 
found t�· tbe optimal control of systems which are not necessarily linear 
and a maximum prlnelple is found for linear systems with a quadratic index 
of perl'ormant:e-. ·hbally , an analytic exam,ple 1a given tor a particular 
form pt the ti.M·i..varying dela;y. 

*This work ·.·as supported- in pa-rt by the United States Atomic Energy Goaaisaion. 



TIHE-VARYING DElAY IN STATE 
Formulation of the Problem 
State System Equation�: ��qnsider a system described by �he differential­
difference equation . 

i(t) = T (i(t ) , Xa (t) ,  u(t ) ,t ) ,  t0 � t � tK' 
with the initial condition 

i(t)  � �(t) , t0 - � (t0) i t � �o ' 

(1) 

(2 ) 

where x E En is a column vector with components x1 , ·  • • ,xn reprcsentine the 
state of the system, u E U (a given subset of Er) is a column vector with 
components u

1
, · · · ,ur representing the system controller , and f is a vector 

function with each compouent f1 , · · · ,fn of class c1 over En X U. 
The delay e (t )  is a given function of time satisfyin� {the reason 

for these restrictions will become clear later) 
9 (t ) � 0 and 0 'S_ 9 (t) < 1 for t0 � t � tK' 

and the delayed state is reprcaented by 'Y'{j (t) "' x (t-9 (t) ) .  The initial 
function iji(t)  i:; specified for the state for to - a (to) � t � to so that 
a unique solution to the system (1) is obtained. The p�ocess runs from 
a alven fixed. initial time t0 to a given fixed final time tK. 
Awoi s3 ible Controls.  Let U be a given subset of Er with the properties5 

(i)  for cverJ V  E U there exipts at .least one 6v E Er , 6v f 0, and a 
con3tunt f! (v ,  6v) > 0 such that (v + t 6v) E U for all 0 � t � f! {v ,  6 v) 
{ i i )  the set of all 6•1 for a given v E U satisfying (i )  is a convex cone ./1.. • 

Let the sampling instants t1 , · · · , tK-l be given fixed instants of time 
such that t0 < t1 < • • • < tlt-l < tK for some fixed positive integer K . Let 
·V be the Get of all vectors v m (v0, . . • ,vK_1) E �K such that vi E U ,  
i = O , · · · ,K-1 .  Then fa� any v E V let the p iecewise constant controller 
u{t ;v ) be defined by 

u(t ;v)  = vk-l ' tk-l � t < tk' k • 1 , ·  . .  , K 
u{tK;v) " vK-1'  

which is denoted by  u(t) , t0 'S_ t 'S_ tit. All such piecey).l\e: qq�B.il.t ·. 
controllers wfll be referred to as admissible.  
Ter:minal State. On the interval t0 � t � tK the syste� (1, 'has a solution 
i("t;(P,t0..'u) ,. dtir10ted by i(t) and referred to as the trajectory of the 
system, which corresponds to the controller u(t) . The final state i (tK) 
is constrained to lie in some given set S. For s implicity the set S ls 
chosen here to be En , that is ,  the endpoi.nt is free . 



The choice of the terminal constraint set S does not alter the basic 
results of this work; the specific form of S determines a transversality 
condition5• 1 

Index of Performance . To each admissible controller u(t) , t0 � t � tK' with 
the correspondinf trajectory i (t) , t0 � t � tK' is assigned a "cost" 
according to the index of performance J(uJ with 

tK 
J(u) " �  f0 (x (t) , u(t) , t) dt (4) 

o . 
where the scalar function f

0 
is continuous and continuously differentiable 

with respect to x an\1. ' -u over E0 X U. 

Define a new variable x0 which satisfies the differential equation 

�0(t) - -r0(x(t) , u(t) , t) , t0 � t � tK' 
with the initial · c<ndition 

x0(t0) • o.  
Then i t  is clear that -·�e0(tK;u) ,• J(u] represents the "cost" of 

transition between the init ial state x(t0) and the final state i(tK) .  
Statement of the Problem. For the system (1) with initial function (2) 

(5) 

(6) 

and the index of performance (4) ,  it is required to find among all admissible 
controllers u(t ;v ) , v E V, t0 � t � tK' which yield i(tK) E S, a control 
u* (t) & u(t ;v*) , v* E V, t0 � t � tK' such that x0

(tK;u*) � x0(tK;u) . 
Such a control u*(t) , t0 ·� t � tK' will be called an optimal control and 
the c9rresponding trajectory i*(t) a i(t iP 1t0,u*) �ill be called an 
optimal trajectory. 
!1ecessary Conditions for an Optimal Control 
AugmentS$ System Equat ion. For notational convenience , the cost variable x0 
and. the state variables x1, · · · ,xn are combined into the column vector x 
with components x0 ,x1 , · · · ,xn ; similarly the column vector func•iPn f is 
defined to have components f0,r1 , · · · ,fn' The augmented system' is described 
by the differential-difference equation 

i (t) • t(i{t)'• Xa (t) , u (t )  ,t ) , t0 � t � tK' (7) 

·w-ith .the initial condit1aa · 
x(t) • �p(t) , t - e (t ) < t < t (8) 0 0 - - 0 

where the initial function q1 is a col,\CIIIl vectC>r with cODponents O, Cl'l ' ' " oCPn · 
Time Lel!,d ·Funcdon. The advance tunetiqq, p ( • ) is introd�ced to_ take into 
account the functional dependence of the clela¥ e'( . )  011. tilDe. If 



a • t - 8 (t) , t0 � t � tll: 
can be solved tor t ,  then p (a) ia 4et1Decl bf 

t • •  + R,(•> · 
Por example , 1D the cue ot a 11Dear time-vaey:Lns clel.a.y 8 (t) • at + . b 
where a and b are ccaatanta, it follows that 

s+b ( ) . u+b t • r:&• p • • 1 .. . 

lot; tor. the case. ot a constant 4el.q (a • 0) the equationa (lD) becc.e 
t • s + b ,  p (a)  • b ,  

that 11,  the advance i a  equal t o  tbe clel.q. 
Costate System Equation. Let the coatate p, a colUIID vector with c�o­
nf!l'lts·p0,p1 , • • • ,pn ' be the solution to the ditterential-ditferenc� 
equation 

(9&) 

(9b) 

(lD) 

(11). 

lar IT ( ar ) T P (t) 
:P Ct> • - ax<t> p(t) - a'\l (t-+9 Ct>)  . 1 - A1

.
t�(t)) , t0 � t � � - e ct,) 

• rat ] T p(t> · - ax<t> p(t) , . t!{ - e <t!{> �· t � tK, 

where p
p (t) • p (t-+9 (t)) , the (n+l) X (n+l) matrices :!(t) , �t (t� (t)) 

th · � ar1 � 
h113.e j ,  Jt-. elements �· � and .. are evaluated tor the control and 

lt . . 
tra.jectory at the tilllu t ,  t-+9 (t) -respectively. The superscript T 
denotes the matrix transpose . 
The Hamiltonian. ror the arbitr� t'--• t 1 and. t" (t0 �-t�1 � tl � � .  
detine a Haailtoniu type t\IDcti� tor the •YIIt• (T) bJ 

B(x, .. ,p,pp •••t1 ,t" ) • pT(t"�(t" ,t1 )  + 

rt" �
'<•> [ at J 1 

+ "t"-e(t") 1- •..,(•ij � (•�(•)) .U(a,t )da 

(12) 

(13) 
vber. tuc(l , t ' ) , tile ditfenMe 1a *- ..._. M t.._ 1 ud. t.._ � · ,  oua be 
vritt-

b(a ,t') • x(t) - z(t')  • (. t(i.)t\(&),�c.:).a)41, 
.U.o, tor nuooa to M .... la'-, --. the MtiJiltioa 

��(•49 (•>)) � 0 tor 1149 (11) -� � 
'l'beoftm 1: General lfecua&rY Cooditiona . U u*{t) • u{t;vtt) , 

(1 .. ) 

v• • (v0•, · · · ,v1_1•) E V ia an optizal control with corresponding optimal 

trajeetoey X*(t) • x(t � ,t0,u*) tor t < t < tK' then there exiat1 a non-· o - -
zero hnction p*(t) , t0 � i � �· sa�i

-
atyi.n8 the co1tate equation (12) 
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. .., 

aJ..cxl& the op\.� contro� aDd optW&l t�ajectory, -:uch that 
(i) tbe Haailtoni&D (13) evalua� tor succe��-i,l(!t .. a&llpli.Ds wtanta is 
either atatioll&l'J' or a local -n.. with reapect - te the control along the 
opta.l tre,1ectoey x*(t) , t0 � t � t�� and � -�.���e trajectoey P*(t) , 
t0 � t � tit; 

(11) p0*(tlt) � 0; 

(iii) the trannersallty CCDdit ion pi*(tlt) • o ,  i • +., • • • ,  n i s  satisfied. 
M diacuaaed earlier, the eDdpotnt c_oodition on the &,late determines the • 
tranaveraality coDditioD (i11) . Then _it · 
(1) the termillal state ia a fixed point , there u no constraint on P*(tK) , 
(2) the termillal state :18 required to lie on a manit'old s, p*(tlt) IIIWit obey 

p.T(tlt) Q. • 0 where Q. is aey vector in the plane tangent to S at ilt(�) . 
The der1Yat1ona ot these . cODditions are si.milar to Jordan am Polalt5 . 

Perturbations in the Contt ol and 'h'a.1ector:y. MIIUIII8 the ed��ence ot an 

opt1mal control u*(t) • u(t;V*) , v* • (v * , • • • ,v., 1•) E V, t < t < t..._, 0 .... 0 - - -� 
and correapOIIIllns opt� trajectory xtt(t) • z(t;$,t ,u*) , t < t < t..,. 0 0 - - ... 
Coua1der the variation in the cOiitrol w · · (6v0 , · · · ,6vlt-l) where 6'11 E A (vi*) , 
i • O, • • • ,K-1, then tor � c > 0 sutticientl.¥ IIIIBll, (v* + &6'11) E V. 
Let u(t ;c )  �note the control u(t;v* + c6'11) and x(t;c)  denote the 
trajecto�. ¥ (t�,t0,u(t;c ) ) . The variatiOQ in the trajectory 6z(t ;c) 
is ��ln.i by 6z(t ;c )  • z(t ;c ) ..; x*(t). tor t0 � t � tit. Consider the. 
�icular perturbation ot the optilllal control such tbat 6v i • 0 ,i • 0 ,  • • • ,  
lt-1, i � k-1. It tollowa tb&t 

· .  (!i<t ;c )). .; -{ 6vk l' �-1 � t < tk 

C•O O "j otllerv1R 
and it' z(t ;c ) is upuUd. in a �lor aeriea t.bcluS c • o, · the tint te ... 

(15) 

y(t) • (fEt;•>)..o -*1at1M tbe u-r �Sal� ........ 

y(t) • le<��. ;r(\) + [� (t)l
. 
:r(t�(t)) + 

(16) 
+ [�t\. (f<t;c>lc

.o 
• · ,o � t � � 

with the initial cODditioD y(t) • O, t - 8 (t ) < t < t • 'l!le notation 1 1  . o o - - o  • 
is uaecl to denote tbon -.tricea which are evaluated tor the opti:M.l 
control along the opt� �tary. 
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It can be shown8 that an equation of the form { 16) has the solution 

y (t) ={ Y(s , t ) ���(s )J . (�(s ;E: )t =O ds ,  t0 � t � tK (l'f) 
where the {n+l) x (n+l ) matrix Y(s , t )  satisfies the adjoint equation 

o ( ) ( > ! er< >] Y( s-tp(s�,t) ! Cif ( ( > l] "( ) 0 s'f S 1 t - Y S , t OX S 0 - l-e ( S-tp S) ) (1<'6 S-I£ S 0 , t 0 � S � t - 6 t 

c;0/(s ,t) - Y ( s , t ) I�; ( s ) \. , t -. e ( t) � s � t (lS)  

with the initial condition Y(t ,t ) = I ,  the (n+l) X (n+l) identity matrix. 

Substituting the variation �1 control (15) in�o the solution for y(t) ·of 
equation {17 ) 

y (t�) =I\ Y(s ,tK) I:�(s )J.ovk-l ds ; (19) 
tk-1 

at.:l the variation in the optimal trajectory at time tK becomes 

2 6x (tK;E:) = ty (tK) + O (t ) (20 ) 

where O(t2) is a column vector with components 0 (e:2) , · · ··,o .(t2) o n 

0. (e:2) 
sat isfying Lim _J. __ • O, i  = 0, • • • ,n.  t-t O t 

.e Terminal Cone . Let C be the set e>f all vectors x*(tK) + ty(tK) where 

y (tK) is given by (19) . Since y(tK) is linear in the control perturbation, 

it is clear ·thnt C is a convex cone with vertex at the terminal point x* (tK) .  

� hypothesis the control u*(t) , t0 � t � tK' is optimal and must give 

the minimum cost , therefore all points in C (formed 'by the use of perturbed 

controls ) have a cost component x0(tK) which is greater than the optimal 

cost x * (tK) . Thus C must be disjoint of the h&lfspace G • {x l x < x *(tK) } .  0 '\. 0 0 The pl�ne F = (x lx0 = x0*(tK) }  must separate the cone C from the halfspace 

G .  A vector in G that is transverse tc F is a with components a ,O, · · · ,O I T 0 
where a0 � 0. Then the inequality a y (tK) � 0 must hold where y{tK) is 

given by (19) . Let p0*(tK) • a0 � 0 and pi*(tK) � O,i  • l, · · · ,n ,  then 

T .· 
p* (tK)y(tK) � 0. (21) 

A �elation Between the Costate 8ystem and Variations in the Trajectory. 

Since {21) gives a relation between the costate and trajectory at the final . 

time ,  it is desired to relate this inequality to �ther instants of time. To 

achieve this end, consider th� quantity bk where 



J,7 

which can be vr�tten in the form 

•• -(X:, �T (:)y(• ) +f. (• )1 li��;; Jd:�(Y'1> (y i)J.,(y) ·+• '  

Carr,ying out the indicated differentiation in (23 ) , subst ituting the 
differential-dii'ference equations (12) and (16) for p* ( t )  and y(t)  
respectively , and noting that the variation in control is zero over the 
interval of integration 

.. T 
f "K Po * (s )  lilf J 6k = ' 1� (S+p·(s)) o� (s � ( s ) ) /(s) ds . 

tK-a \ tK) 
It follo;;s as a ccn sequence of the definition (14) that t.·k given by 

eq�tion (24) is equal to zero tf it cru1 be shown that 

for 

(22) 

(23 ) 

(24) 

( 5a) 

s :: tiC - 8 (tK) . (25b )  

B.y adding p (s )  t o  both sid_s o f  (25b) , i t  is evident that 
s + p (s)  � tK - 8 (tK) + p (s ) .  Assuming from physical cons iderations that 

6 (t )  � o, t0 � t � tK' (26) 

inequality (25a) �ill be sa+. isfied for the condition of (25b) if 
(27) 

Evaluating at ti:r.e t = tK the. equations (9a) and (9b) which define the 
advance function, p ( tK-9 ( tK)) = 6 (tK) ,  then in order for (27) to be sat isr'ie , 
it is sufficient that 

dd.) (s) > 0 .  s - (28) 
Differentibting (9n) and (9b) with respect to t and s respectively y�elds 

and (2e) will hold if 

......1...._ = l + � ( s )  l� (t) ds (29) 

0 � O (t) < l, t0 � t � tK. (30 ) 
·ur�arizing , ir. ordP. r thet s + p (s )  � tK for s ::  tK - � (tK) it is  



sufficient to require e (t) � c and 0 � e (t) < l for to � t � tit. This is 
the reason for or�inally imposing these conditions on the tille-varying 
delay. Thus the expression for t.lt in equation (24) is equal to zero. It 
the ab C7."e consideri.tioos are.-applied to equation (22) , 

T T . ·  (\_ P *T(s ) f3t ] . p* (tK)y(tK) • P* (tlt)y(tk) '!-J�-e (tk) 1�1s-+p (s )l •"'e ( s"9 (•)) • y(s)ds . (31) 

Derivation of the Necessary Conditions . Since the right hand side of equa­
tion (31) has the same b&&ic form &B the H&llliltoilian (l3) ,  it is desired -to 
relate the var!ation in the trajecti:lry Y{s ) to tlle difference in state's · 
�x (s ,tk_1) . Bow y(s) can be written 

y(s) c �(s ;f: ) le-o [-J��(s)L�:(s ;t )L-o· 
And &ince x* (tlt_1) is independent of u., 

ox* ) ru<tk-1 • o. 
It is  clear that 

because the 
I 

x*(tlt-l) + llx*(s ,tk-l) , . s < tk-1 
x(s) • 

x*(tk-1) + t.x(s ,tlt-1) ' tlt-1 � s � tK 
control an

0
d trajectory are ass umed optimal for s < tlt_1• 

I ;;-- t.x(s ,t.,. 1) I 6vk-l> tit 1 < s < "tit y(s ) • o U A- u•u* - -
0 , otherwise . 

. (32) 

(33) 

(34) 

Then 
-{35) 

The first line of (35) will be used in what follows ; it the first 
argument ever beccmes smaller than the second argument of t.x, the partial 
derivative is zero as indicated in the second line of (35) . Equation (35) 

is c�ined with (31) and the terminal inequality (21) to yield 
P*T(tk):u. t.x(tk,tk-l) lu•u*6vk-l + 

•/1t Pl
*T(a ) jar ] o � -

tk-e (tk) 1-8 s-+p (s)) o:xa ( •"9 (•)) . au t.x(s ,tk-l) u-u*6vk-1 ds � o.  (36) 

Applying the definition of the Hamiltonian (13 ) , inequality (36) 
becomes 

(37) 



The integer k was not restricted to any specific k • l , · · · ,K, then 
(37) IIIU.It hold for each lt • 1, • • • ,JC. This is a precise statement ot the 
necessary condition tbat along the optimal trajectory and costate trajectory , 
the Hamiltonian, evaluated tor successive sampling instants, is either 
stationary or a local maximum with respect to the optimal control. 
A Maximum Principle for Linear Systems with a Qua4ratic Index of 
Performance . 
System and Cost Equations . Cona14er a particular form ot the system (1) 

which is described by a linear nonstationary 41tferential-difterence 
equation 

i(t) • A0(t)i(t) + �(t)i (t-e (t)) + B(t)u(t ) , t0 � t � tJC' (38) 

with the initial function i(t) . • f (t) tor �to - e (to) � t � to and the 
matrices A0 , �· B with dime.naiona n X n, . n x . n, aDd n X r respecti�l,y .  
The time-varying de la.Y  e (t )  i s  auumed *0 satisfy e (t) � 0 and 0 � 8 (t) < 1 
for t0 � t � tK. 

Consider alll'o the p lll"ticular form of the coat function (5) which is 
described by a nonstationary differential equation 

�0(t) • iT (t)P(t)i(t) + uT(t)Q(t)u(t) (39) 

with the initial coodition -x0(t0) • 0 and the posit ive semidefinite matrix 
P and positive definite matrix Q with dimensions n x n and r x r 
respectively. 
Theorem 2:  A Maximlw Principle .  Consider the problem stated earlier in 
this paper for the linear system (38) and the quadratic cost function (39) . 
If u*(t) ,  t0 � t � tK' is an optimal control with the corresponding 
optimal trajectory x*(t) , t0 � t � tK' then there exists a nonzero function 
p*(t) , t0 � t � tK, satisfYing the costate equation (12) such that 
( i )  the Hamiltonian (13) evaluated tor succealive sampling instants is a 
global maximum with respect to the optimal control on the optimal 
trajectory x*(t) and costate traje�tory p*(t) ; 
( ii) p0*·(tK�·

-
� o; 

(iii)  the transversality c.::>ndition pi *(tK) • O ,  i • 1, · • · ,\ n.  is satisfied. 
Ne�essary conditions {ii) and (iii) follow immediately as a 

consequence of Theorem l .  Th e  candidates for the optimal control are ti1ose .. . I 
c ontrols which render the Hamiltonian either a . l� maximum or stationary . 
If ·it can be shown that the Hamiltonian iR datinward c oovex with respect to 
the control, then there can bo' b� one loca-'1' maximum or stationary point • 

. : I' . ,  � . � . .  I t  is therefore required to show for· any ·o -::_ >.. -::_ 1 that the following 
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inequality is satisfied 

H (�u(l) .+ (l-�)u(2 )) ::::, A. H (u(l)) + (l-A. )H(u(2)} 

where u(l) and u(2 ) are any admissible controls . From the proper.ties of 
a linear system 

x(A.u(l) + (l-k)u(2 ) } • kx (u(l) ) + (l-A.)x (u(2)) 

and by an argument similar to Chyung9 
x0 (A.u(l) + (l-k)u(2 )} � u0 (u(l)) + (l-A.)x0 (u<2 >) 

(4o) 

(41) 

(42) 

Substituting these relations (41) and (42 ) into the definition of the 
Hamiltonian , inequality (4o) follows . 

The convexity of the Hamiltonian requires that the optimal control 
must yield 

H(x*,xa*,p*,pp*,u*,tk-l'tk) ::::. H (x*,Xg*,p* ,pp*,u ,tk-l'tk) (43) 
for each k • l , · · · ,K and all admissible controls u. This is a precise 
statement of the necessary conditiun that the Hamiltonian is a global 
� lmum with respect to the optimal control . It is clear that if the 
control set U is unbounded , the global maximum must occur at the stationary 
point in which case 

a
a
u H(x*,xe*,p*,p

p
* ,u*,tk-l 'tk) . o 

for each k • l , · · · ,K. 
TD-lE-VARYI.NG DELAY IN STATE AND COfiTROL 

(44) 

Althouv.)l the theore'ma developed have been concerned with systems 
containir1g a time-VIIr'.fing delAy in state alone , the results can ea'sily be 
extended to also include a time-varying delay in control. The system is 
described by a differential-difference equation of the form 

i (t) · "l(x(t ) , ia (t) ,  u(t) ,  u,. (t) ,  t ) 
wbere the delAyed control is given by ".r (t)  • u(t-'T' (t ) ) .  An advance 
/unct lon •11( · ) is defined for the delay in control T ( · )  by 

t - T (t ) • a ,  a + w{s)  • t ,  t0 � t � tK. 

For a system lffiich is not necenarily linear ,  the general condition · 
( l )  of Theorem 1 becomes�  the Hamiltonian 11 either a local �Z��UCimum or lt&­
tlonary "vitb respect to the control" along tbe optimal traJectories , L '! . , 

l a� H*(t&-l '  t&) + 3� a•(tk-l + w{�-l) , tk + w(tk>}j 6vk-l � 0 
for k • l , · • • ,a,  
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for k • m + 1 , and 

for k • m + 2 , · · · ,K 
where m ia the integer l � m � K such that 

t� + w(tm) < tK but tm+l + w(tm+1) � tK. 
Far a linear ayatem described b;y 

i(t) • A0(t )i(t) � � (t )ie (t ) + B0(t )u(t) +. B1(t )� (t) 

and a quadratic index of performance , the maximum principle, neceaaar;y 
condition (i) of Theorem 2 becomes: 
the Hamiltonian ia a global maximum "with respect to the control" along the 
opt�l trajectories , that ia , 

B(� .�* ,tk-l 'tk) + H(u*,�*,tk-l + w(tk_1) ,  tk + w(tk)) > 

� H(u,�*,tk-l 'tk) + H {u*,� ,tk_1 + w(tk_1) ,  tk + w(tk))  

for k • l, · · · ,m, 
H(u*,�*,tk-l'tk) + H (u*,�*,tk-l + .w(tk_1) ,tK ) �  
� H(u,�* ,tk-l'tk) + B (�,u1 ,tk-l + w(tk_1) ,tK ) 

for k • m + l, and 
H(u* ,�* ,tk-l'tk) � H(u,u1*, tk-l 'tk) 

for k • m + 2 , • • • ,K 
where m is the integer 1 � m �  K such that tm + w(tm) < tK but 

tm+l + w(tm+1) � �· 
EXAMPLE 

A simple_ analytic example is now presented to illustrate the fore­
going theory . It i s  a fixed endpoint problem in which the system ia 
4es�ribed by a linear differential -difference equation with a time-varying 
delay . The delay 9 (t) is chosen to have a linear dependence on time , t .  
It i s  r.equired t o  find the appropriate:cy bouuded piecewise constant control 

· which minimizes the cont'rol energy needed to drive the state frcm the 
origin to. the fixed endpoint . 
Statement of the Problem 
Consider the system 

x(t ) = - x (t) - x (t-9 (t) ) + u(t) 
between the initial time t0 = 0 and the terminal time t2 = 2 with the 
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initial condition x(t)  • O,  -i � t � 0.  'l'be time-varying del� 1a given br 
9 (t) • i(t+l) J 

and the index ot pertor-.nce is chosen to be 

I.P. • {t u2 (t) dt • . 0 
Por thia problem an admissible pi�cewise constant control u(t) , 

0 � t � 2 ,  with the aampling inlt1111t t1 • 1 1 11 to have the form 
� '  O < t < l u(t) • o 1 ; t < 2 l' - -

where the control amplitudes muat aatiaty l v01 � l and l v11 � l .  
Find. the admisaible control which brings the system to  the terminal 

state 
x(2) • R 

with a minimum index of performance. 
Solution 

The system 11 integrated forward in time to find the trajectory 
x (t)  • (1-e-t)Y , 0 < t < l ,  0 - -

• (2e·t(t·lt,-t_l)v0 + (l·e· (t-l) )v1, l � t � 2 ,  
and therefore the terminal state COftatraint i s  expressed by 

x(2) • R • (2e-i_e�-�)v0 + ( 1-e-1)v1 . 
The coat equation , xo(t) • tu�(t) , has the solution 

x0(t) • !tv02 , o � t � 1 ,  
<! 2 !v0 + i(2-t)v1 , l � t � 2 .  

The coatatca p0*(t) and P*(t) tor 0 � t � 2 mus t  satisfy (12) with 
the advance function given u,y p (a )  • a + 1 1  then 

p0* (t) • 0
. • , 0 � t � 2 

p*(t) • p*(t) + 2p*(,t+l) , 0 � t � ; • 

which h&ve tbe solutions 
• p*(t) , ; � t � 2 

p0 *(t) • COillt&nt , 0 < t < 2 
p*(t) • Y*e(t-2) (1+2e (t+ll_2e3/2) ,  0 � t !  !� 

• Y*e (t-2) • i � t !._:2 . 
where tke ccnatant Y* repreaent1 the terminal coatate p*(2) ,  
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Using the definit ion ot the ·� ltonian 

ft P (s) · H(O,l) • p0(l)6x0(l,O) + p(l)6x(l,O) - � ax(s,O)ds 
. 0 \ ... -�, 

• p0(l)!v02 
+ p (l) (l-e-1)v0 -j[t2p (2s+l) (l-e-8)v0ds . 

0 
Applyinc the maximum principle ot "'heorem 2 , the optiD:al control 

amplltude · v0* 11111st satisty 

-!v •2 + p*(l) (l-e-1)v * -�2p*(2s+l) (l-e-s)v *ds > 

> -iv02 + P*(l) (l-e-1}v 
0 

- -�2p*(2s+l) (l-e -s )v0 ds -
- o o J0"' o 

which reduces to 
(v0�-(2e-te-2-l)Y*) 2 � (v0- (2e-te-2-l)y*)2 

tar r.U v0 such that l v0 1 � l. 
Similar calculations t1Dd that the optimal control amplitude v 1 * must 

aa.tisty 

(vl*-(l-e�l)y•f � (vl-(1-e-l)y•f 
tor all v1 such that l v11 � l. 

For convenience , let ·c • 2•-i-e-2-l and C, • l·e"1•  Since the 0 • 
constant Y* is nat specitied. by .a transversal�w condition , the tollowir.g 
cases muat be con s idered: . .  

(a.) IC0v*l � 1, lc1v*l � 1, 
(c) l c0v*l � l, c1v• < -i ,  
(e) · C0v* <-1, le 1 Y*l � 1, 
(g) C0y* <-l,  C1y* < -i 

(b) l c0y*J  � 1 ,  
(d) 00'(*' > l ,  
(t) C 0"(* > l ,  

c1y* > l, 
lc1v• I � 1, 
C1Y* > l, 

When case (a) occurs , choose v * • C y* u4 v >t • c1y•. By the enc.ipolnt 
0 0 2 l 2 

condition with these controls , Y* • R/(C0 + c1 ) a.nd to determine !'or 
which values ot R these amplitudes are valid, solve the inequalit ies I�� l and I :l 2 1 � l. Considering also cases (b) t'!lrough 
Co'+Cl'l CO +Cl 

(g) the tollowlng opt� control amplitudes result 
R-cl co2+Cl2 . ( ) c- • ---c- � R � Co-+Cl ' 0 l 
1.: c 2+C 2 c 2+e 2 

v * •  --0- - �  < R < � 0 2 2 '  c - - c , 
C0 +Cl l l 

c 2+C '  0 l . < R <--c • - - l 

+ l 

. l 



Note �hat tt1ere is no admissible ca1trol which can meet the endpoint 
condition for R > {C0+<:1) and R < - {C0+<:1) ,  hence there is no optimal 
solution. 

It can be seen from this example that the solutions to optimal control 
probJ.ems involving even simple forms for the time-varying delay ar.e diffi­
cult to obtain. More complex examples would require the assistL�ce of 
a digital or analog computer to carry· out the optimization procedure . 
COR:WSION 

The opt�.� p�ecewise constant control of time lag systems with time­
varying del.eys in .state and control has been considered. The definition of 
an advance functi on was used to develop local necess�ry conditions for 
f!ystems which are not neces,e.rily linear and a maxilllua principle for linear 
systems with a quadratic index of. performance . 

The problem of synthesizing the opt:1lllal ca:�trol for time l&g systems 
is generally very difficult since there usually results a two-point 
boundary value problem involving differential-difference equations . The 
techniques which have been developed �or systems without time lags and 
tiiye lag systems with a constant delay should be investigated for possible 
application to the optilni.za.tion of systems with a time-varying delay� 
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К ТЕ<FИИ ОПТУRw1АЛlН ..... О УПРАВЛЕFW..Я ПРИ OГPAHИ"'Efftfь!X 

ФЛЗОIЬIХ КОСРДV.!НАТАХ ОБJ:ЕКТА 

А. Б.КурzавсRий, Ю.С.uсипов 
СвердлоDское от�еление �атематического института им.В.А.Стеклова 

СверДJ[овс:а 

с с с р 

§ 1. Зведение; В докл�е ва основе развитой в 1,2 те­
ории рассматриваюrси задачи управления линейными объеRтаuи 
с оrраииqеюm:ыи фаэоВШоП� :координатами, а таRае не:аоторые 
родствевкые задачк с бесаовечваыерRЫUИ особенностями� За -
дачи давиого а�асса в весьма общей постановке и с раалич -
ша позиций рассы�рива.Jшсь, например, в з-g ;= Д.UЯ линей

· 
.. 

воr� случал не обходш�е условия оптимальности попучены ив 

o.бtQRx .. фуmщиональ"Юjх ::: � браsений в 1° , одваRо, свОйства 
ыноuжелей Jiarpaвa { в.:I.Яющихся здесь элементами соответ­
сжвующи.х фувкциовальаых цространств ) и детальная структу­
ра. решенИй не обсуz,ца.uись .-

Весьыа ва.Еая особеааость рассматриваемых задач сос -
тои!!! в ток, �о даа при известных wоателях Лагравzа. про­
цесс �числения оптиыальных уnравлеНИЙ из условия принципа 
максикума требует на некоторых интервалах времени ( тех, 
rде траектория объе кта вдее по заданному ограничению ) при­
в.:��ечеВИSI доr. лнителы:w-� соображений�· Э'lо ооъясня:ется тем, 
что условие прmщипа �;.�сiО.!уыа на упокянутых пpO..e"iY'J!KU 
вырождается: 

Применекие подхода. i •2 в вастаящем домаде m.teeж це.пью 
ивучить дда рассыажриваеыых задач некоторые свойства ыноzи­
теJiей Jiarpaвц,. JКа.важь сnосо б  исследовании э�и.х задач пу­
�ем аппроксимации ИJIX сведеаяя их Е соответствующим вонеч­
вокерiП:АI задачам 11 вакети�ь путь в вычисдению оп�имЗJiьr, .. :Т 
управлевиа ва всем промежутке вреыеки два:аен.аа. 
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§ 2. задача об управлении при оrравиченных фазовых 
координата."t. 

1. Пос!l'авовка задачи. задан JIИВейвнй ynpaвJIЯellf:iй объ­
еУ.х, сnиснваеЫЬJй ДЙф}lеревциальвнк уравнением 

��- д (t)x + .Bct)u + оо ct> (2.1) 

Здесь х -n.-мерннй вектор фазовнх J.tОор.цива�, u - "l.­
мерный век!l'ор управления, А ( i:.) , ] ( t )} � вепрернвнне мат­
рицы С001'Ве!l'СТВуJ)ЩИХ раз мерностей, ().) (t )' - IIЗBeC!l'BaJI n 
- векторвея функция,оавачающаs в нешвее возмущение.Предпо­
лагаетСJi, Ч!l'О ааданн начальное состояние X(i: )• :r 1 ВНПУR-. 11 &: J. 
лое терминальное мноrообР.ааие ...и. 1 оrраничениа 

u � U , х � X:ct> 
· 

<2�21· 

н а  мrновеввне значения велиqин х (t) и·u.Ct) . .•. Мноаес!l'Ба U и Х - BЫDy1UIНe и аамкв�ые, со.цераащие :-ну.u�вне 
эЛементы в к ачестве внутренних точек.Мноаество Jrct} (как 
функция времени) предnОJiаrается ПОJiувепрернвНШI свер::ху no 
включению. 

Задача 2.1. Среди управлений u.(t) 1 переводящих систе­
му (2.1) IiЗ состояt:mя 'X(t") .. XJ. на многообразие 1J.. ( х� = 

•'Х. <t,..нli) наЙ!'и о птимальное по быстродейст вию ynpasлe -
ние u•ct) ,обесr.еtmвающее условие i:f\-t"•tn.Ln. • 

2. Условия раз решимости. ПринЦип максимума. Пус1' ь { t.} 
- ыноаество точек вида'\:"+ p(}f)(i:f'-tcL) · z-.)( • где p�:l){ L ( )f.1, ... ,m.,::. ) . это множест во - в сюду плотвое в rtd., t�J • 
Задача 2.1 моает быть сведена к сче!l'ной nроблеме моментов 

Зде�ь 

t� 
� -h (t "t)U (-r)d:r =с + :х: ct.) 
taL ft �, .. fc� r- (2.3) 
t� 
) f1. Ct. ,-r)tt(-r)d.'t =с + 1 
taL t L f<1. .fct 

X{tpнJl; :l.C\."J=P··�.····.iiLi.} Е r (\_)·, tt(t)f и. t.t..st'tf\ '2•4> 

величины -h ( t: <t:) суrь .ft -не комnоненты n. -век!l'ора,. 
ft ? 
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t ct;r> -в'сt> Sc't,t) 
( ft S ('t:,t)·- Scт,t)A<�>, Sct,t) ·Е) 

(2�5) 

причем t..,.ct,'t:)!!o,eCJIИ 't:'�t . ( В  (2.5),км и везде в 
дальнейшем, энм 1 означает транспонирование). Ч:и:сла cfo:. 
определятся· км f< -ые компоненты вектора '" 

tt ) cct.> .. S Sc-r,t.)w('t)d:t +S ct� .t.)x .... , c ... =c<t,J '2•6 
L t._ L . - 1. 1- ,. 

Введем обозначения 
� , и fct] .. � 'f,rt.(�))c!i , y1rf1•tn.a/Xu. f u. ,u.e 

• t.d. ( 2 •. 7) 
" rf1 •mOIX t'x х eJl. ·, "' ctз-mOJX t'x х е Х ct) 11. � ) 1 t х. 1 

Пусть t 1' фиксировано. Необхо.циwе и достатоЧНЬJе ус­
ловия разрешимости проблеМЬJ (2.-З)", (2.4) известНЬJ в фун:кци­

ональном анализе 12 • Одна:ко, (и э!l'О наиболее существенно в 
данном пункi'е) -испОJiьзование специqgческого дпя данной за­
дачи свойства фун:кций .ft. с i: rc) -их непрерЬJВности- позвопя-' -
ет уСJiовия (2. 3), (2. 4) представить в виде соотношения 

t., . 
fc >:k<t",t) + S t'c't>k('t,t)d:c] -{с -

t (2.8) 
�. . t.,. - S t'<t>c<t.)d.t + S ytctct.))d.\. + r1c�1 �о 
t.oA. t.�, 

KO!l'opoe .цо.пжно внпажият ься при JIIIOoм n. - векторе ).. = \ � 1 , • • . , >. tL \ и жl)бой суммируемой с ква.цратом n - ве:к!l'ор-
вой Функции t < t) = { t, < t. > , ... , f ... а> J 

7�08ВJI (2�8) 110� �ъ .-савн в иной, во эквивапе­
•rаое: форме;выrеаа-.а •• (2.5)-(2.8) : .цпя раэреmиwости 
пp&CfJieiiЬI (2. зj; (2. 4) при •онечном фиисироваиноw i:.� не -

обхо.цимо и .цоста!'очно; Ч!'обы при .JIIIOoм n.. -векторе ). и 
жюбой � -век!'DрВОI ФУкацки t(t),сrесневНЬIХ условием 

t.� 
' 

{}. ... � t' ct.)t(t:)d.t � 1 , 
-�:.�.. 



... 

ццесь � (t) ес�ь ре•еиие conpa.weнвotit сис�емн 

..,_ d.� fd..t =-A'ct.>-\Ct.> + tc�> , -\(-\;">·��->. (2�10) 
JCJioвxe (2.9) яВJIJJe�ca авапоrсu извес�воа в !rеории вн­

пук.поrо проrракмирования задачи о ceДJIOВOtit �очке фувкцllи 
Лаrраваа 1 3 • 1 

Бреыенем оп!rимапьноrо dыс�родеаствия буде� наименьшее 
Jt8 ЧИСеJI t.l'- t.&. 1 ПрИ ltOТ�X COOTHOIIIeНИe (2. 9) BIШOJIВSe�CJI 
со энахом равенства. Сущес!rвенво при атом по.цчеркв�ь, что Ll\.t в (2. 9) при tra = t.; · досткrае�ся на венулевом э.пемевте · c�;,ect.)) • 

• · Иэ схааанноrо вытекает, что оп�ималъвое �ав.пепе u. 
веобходиыо удовпетворnе� пр�нципу максимума 

t. �р 
m.CVJC � u'<t:>B'<t.>�·ct.)c:lt. • � u.•'ct.>B'ct.>� <t>dt 1нU t.,. Ч 

.(2�11) 

xnx иначе , , 
. rn.a:x u'<i:>B<t>�·ct.> • u.•'ct)B(i:)\(t.) (2.12) . �,и . 

r.це ( в тepмквOJIOI'IUI 2 ) �· ct.) есть IОППDiа.пьвое .дnае1188 
свстеt..-u (2.10) , а именно �о, аоторое дocт&ВJISie� IIIIIIПDIJМ вн­
р�zеuо 

�,. 'i с� ... ,t1 • � ��:B'ct.)-\Ci>1d.i 
·- t t 

. tL 

�,. 
+ s .. -\'(t.)Co)(t:)d.t 

t.,. 

(2�t8) 
� . . 

+ �,. 'lt с fct>1t!t .. Уа. С�<�>1 �о 
� 
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а. �s- �. н�• + 1 tc�)ll cU. � i (2.14) 
t� 

Сим.воп u х q означаеr eBIUDIДOBY норму векrора х • 
ФунiЩИОНаJI 'о/ ( -\р • t) � "- , lf��!!!рИц-и::nьНЬJй, BI:.ШYRJIН2. 
Примечание. Пусть woroo-opaaиe lL Dмlетса I'Иперппо-

скосты> xf<<� )•X-k·k·t •... ,t. Тогда WН?iitc�в '9 всех точек :Х:• 
·�x1, ... 1Xi.} Р ,удовпетворяющих '(2.1i3) при JIDбЬJX � .. ,tc-t:> , 

стесненных (2.t4),обраsует обпасть досrи.имосrи (по пер·-
.вым l координатам) системы (2.1) из состояния x(t�> ж 
моменту t = tl't при ограничениях (2.2). 

§3. Некоторые свойства решений. . , 
1. МИнимапьнм функция. Пу-еть най.цено решение fi ·В !.0 

задачи (2.13) , (2.14). Обоsна:чиы черев з:· (t) оптимапьную 
траекторию систем� (2.t) .Иэ свойств реш�ний пробЛемы (2.13) 
t2. 14) вытекает, что t• (t)s о так -и топько там, где траек­
тория "X8(t) не выходит на фазовое ограничение.ЕСJIИ ком -
паненты -Ja,� функции tt: (t) мог� обращаться в нуль лишь L о . 
на множестве нулевой меры, :то u (ti' опредемется условием 
(2.12). Существенна, одва.кО<tин-ая ситуация •. ОI"раждая себя от 
разбора наИболее иереrулярннх сцучаев,щредположим,что k:Ci;.) могут обраща'!'ься в нуль .лишь на Irонечном числе m 
ЭШПtНУТЬJХ отрезков rт ... ,т .. _ 1 (k•i, ... ,rtt ) оси t. , cywap-

. ,.1 .. ,. • ная мера которых :меньше, чем t:l' -t.... .Предположим также, 
что система (2. t ) вполне управляема t 4 .в _усюrенно:м. смыс­
ле 2 И ЧТО ее тpaeRTOp�lii-..YДOJЗJieTBOpЯDЩRe {2,..22) ppи·:ft.: f 
1 о , могут пересекаться с гр�нпцей I ('t:) лиii!Ъ н� 
множестве меры нуль. Тогда функци� обращаются в нуль при 
выходе систе� (2.t) на ограничение и только .лишь тогда. 
Таким образом, моменты вЬJХода х •{t) на ::грани-цу множест­
ва Х (t) и сх�да с нее совпадают здесь с множеством {"t'��:&J· 
Заметим, что то'IRИ rr-c.� оnредеп:я-ютса sвтом�ически из ус­
ловия (2.13), т�· е. без ооычного для :вцриаци�нного исчис -
ления обращения к условиям типа Вейерштр�са-Эрдмана. 

2. О вычисле ни�t ),!Инимапьной функции. Итак, для нахо­
ждения нно:штелей �;,. t•ct.) надлеmт реши�ь в�иационную 

задачу (2. 13), (2. 14) минимизации фунi<ционап� lf. nри вы-
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пуклых R ограничениях (2;·14) .  РеiJение ROНRpemoa зв,цачи 
(2�13), (2�14) можно, одиаао, упростить. Поясняя сказанное, 

пре.цполо!IШ(, Ч!rО система (2� 1) - стационарная, вполне уп -
равляемая скалярным воздействием и траектория �е выходи� 
на границу фS.зового ограничевия лишь один раз, на O'.l!pe sкe 

C<t:1 , -,;2.] ; предположим, что ограничена лишь одна координата: 
\;)Ct(t)l�f<.-\:) • Имеем 

ii' . 
t,0(t>•.t'�·(t)•"!!� �(tp,i:) + S t�(.,;)t,1(-r>t)d.-r =:о (3.1) 

. � 

Воспользуемся теперь еще одвиы (более силЬным) свойством 
функции t. (<t:,t) , в данноы случае ее диФРеренцируемостью. 
Посл едовательно дифференцируя (З;1) и выполнял некоторые 
преобразования получаем, что �:("С} удовлетворяет однород­
ному дmf.ференциальноыу уравнению (rt- 1) nорядка 

'I A'"'-t• �t[ �д"'·-(j+t)J.it• � i.+tA'j-(i.+oJ."t•1} 
L l t + 2- (·1) . d;i +.1.. L (-1)' -т-i. ':;о (3;2) J•t Q.� А i.•o а. "t: 

о о 
где 1 ("t) .. �t,4 (rc) ,о, ... ,о} - n - вектор��- фуu�: 

J.. 
( \ ... о ... ·n.-1 ) - коэф:рициенты раэлоаения 11еRтора &� n. J по 

4 • ) ' . 11.- 1 
базису tL'А ;f<-co, ... ,n.--t}-: :(({"'. �· � •. ·L'A'f4 

к•о • �· 
Условие непрерывности функции t-,• <t> и ее производных • 

справа,в точке -r1 ДSDl n.-t краевое условие,• аото -
рые обра эуш сJtстему 8.111'ебраичесJtП уравнеНИй, смвываю -

щих '"С 1 и �2. с �Р • Ре11ал ураввеuе (�2) с )"че-
�оы краевых условий,пQЦуЧ��U t; Н)= f'(t,.'t1,-r,_) -\; • 

где f ( t�'t) - n.- векторвал фун�, неJJИВейSо зависящая 
, от -r 1 и �,. • Пoдcтaв.IUIJI t1 в (2.-1 3) DaayчJIII , 

что лри фиксированных �1 , �� 't' t�;.t•J • � <'t:;�1.'ta,) 
явлнется IщпyJUJoй фующаеl � �.. .- OrpUJI'Cie81ie (2.-14J 
npr: oCi'fJD.эyeтcn теперь к виду 1t (i\;. ,-r1, "t�)" 1 ; upliчeк 
для фиксированных '1:1 , �а COOI'BOIIeвиe V' (-51' ;�1,-r,.)sC 
есть урnвнеиие поверхнос�• ЭJШJSпoosrдa. Tuиu образом, ре -

шеиие задачи (2. 1 З) кожи о попучить мивиииэируа при каждой 
!fа•сировавнОI паре фунiЩИD <tг<�p;t:,;t�> по-\" ( U"(�p.<t,,T,.)$t ), 
а · затек определм ту пару '1;1• 't • , для Itоторои нелине й-

' ,. 
ная. функция o/(�l'('t't;t'1.> ,"t1 ,-r1.) принимает на11меньшее 
значение. Если оптимальная траектория вuходит на ограниче-
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це ва m. YJ{@C'lЩ t't:._ "t:. 1 ( �-i, ... , "'- }, "'1' ... а. 
то t; ( -t;) уд�же-:вориет уравнению (3�2) ва каждом из них. 

тоrдц ф)'URЦISJI о/ ( �") 't:1t , ."t,1 , ... , т .,...,1:"i ... , 't:"'' .�"'& ) -

выпуRJiан по �, и велинеЙНЗJI по "t" • Пуст ь из -L • 
вества оценка с верху числа m • Вычисл-ение t, <Ч следу -
ет .тоrд а вести, полагая вначале т •1 , э�ем м. •1 и 

'l�Д�!' ВПЛО'!Ь ДО ус.по.вия '( {�;, 1:i•.,т,�, ... ,'t:.:.1 ,rc,:._)""O 
уРавнение, ана.пОl'ИЧное (3.�2) � н о, есоrественно, Gо.пее 

rpoмo8,Цltoe) моае2 мь Bl:ШJIC8НO • в об�м евучае задачи 
· (2�1). Одн ако ма�рицн А <i) 

. ; В (t} до.ла:ны быть Rf3Нoe 
число раз дифреренцируеuы� 

3�· АдпрОКСИМ&ЦИJ! решеНИй. ()rмеТИМ ОДНО DSJ!Нoe СВОЙСТВО 

функцианала 't' (�p,t) и минима.пьной функции -h• <t) 15 • Именно, 

ПО'lребуем, чтобы оrраничепие (2.2) на коордива'rы выnо.пнялось 

ц� ве.:де, ·а JIИIIIЬ в диск ре'fвые моыенты вРе.меп *-ty (\.х:: t , 
. . • � · ) • В резуJiьтате вмее2о (2. 3), (2. 4), получим конечно­' . wepвyn проб.пему ма.енто в, paзpeiiiИМyn в тоы: и тоиыrо том слу-. . -чае, ecJIИ неравевство 

тЩ V (� t <t))�o 
� <t.) J\){ ) ·" )( . 

(3.3) 

сопряженпай систеМЬJ 

ci�.N'/d..t =-д'c-t:>�)l + t"H). 
2� 

-\ .. ..,•-\ н ... ), t .. H>· L: tct. )�<t�t- ) ,.". .)1 1"' .. • _. LJf ".W 
а." ... а'�� 

�eCIIeiDIIIX ус•овае• �'r.x ��.w + �-)( �- t' <tt.w) t <tt,.) •1 � �х<�) предnо.паrашси вeпpepi:IВRI:AIИ справа. 
Ов:аuъвое JDP&ВJiesвe u;, в ,.eк�l'atll аа;ца• yдoв-

JIWВOpiiИ .DP� K&КCIDIJIIA • t:,.." . t "" . 
m.CJ�JC S u' a�.,(�VJ· ct)di • � u•' <!>B�н.;Et)di. 
\Lt и t.,_ )l � -t.,.. н . . 

• ь' • }18 IIJIIDDol&.пЪВOЙ фуаJЩU "'-x(t.} а D (�}·\_" (-t_) �� (З�З). ПOCJieДOBMUWI�Ъ �� (�) МОЕ� М5 BII(J'paнa TU, 
'II'OC1ы ВЫПОJIВЯ.ПИСЬ �.wlllle COO�И08eRIIII: 

t;H- t� "\У[�;� ,t:(t)J � '\t'C-\� ,t"(!)]; (3.4) 
.�!.; <t >- �· (t) , -х_.: (-\:)- х.• (t) равномерно по t: .: с t�, t"�E] 
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·ДJIЯ JIIOC50ГO Е > о 
u: (1:)--. u.•(t) (в cuыCJie СJiабой сходимости) (3�5) )( . 

§4. ВвчиСJiевие оптимальных: уnравлений. Определекие функции u.•ct) из принциnа MaRCJDiy)(a на участках c-r. 't1_ ) , · 
о "1<1' ... а, 

где h:. <�>=о , требует привлечения допоJIНИтельных. сооб .... 
L Пw� · � . ражевий. f'f'l.4 нахождения u. (�) на этих yчac�RSf может �ыт ь 

исnользовано соотношение (3.5), т.к.фунRЦИИ "'-i.х<t)-опишь 
н а множестве нулевой меры.Подчеркнем здесь,что дхя опти-• � . 

�о:а.льности u. (�) достаточно, чтобы u. получало сь путем 
nредельного перехода (3.5). 

J'ЬравJiевия 'U.� , вообще говоря, разрЫВкы, -с· возраста��>­
�:�.: (nри .)(- оо ) числом точек разрыва,. ·• аодя!си к u.• 
.лишь· в СJiабом сuысле. Вычисление nредела ( 3. 5) в об� ем 
случае sатруднительно.Процесс вычиСJiения ·u.·· · моано, однаRо, 
регуляриэировать,введя в рассмотрение фунRции 

\ u.; ( t). i t.m. s \1.. ( i: + �) сlз. ( 4. 1 ) 
\ ��- о N �унRции u.; (-\::) - неnрерывные и сходятся (nри � -r о ) ра-

вномерно к оnтимальному уnравлению u.• ( i:) 
Проце.цура (4.1) основана на неnосредственвок исполь­

зовании nредельного nерехода из §3.�кцию tl0(i:)аелатель­
но находить, минуя э тот переход. Пусть уж.е известны �; , 
t • и t"(i:)� О на множестве Я • U r'ttc ,'t'IC 1 ."Раэо-

J1 1( 1 а. 
бьем на конечное число н�пересекающихся отрезков ви-
да t 't•, "t;'+ f), -r' Е .Q. .Рассмотрим задачу 2. t, :когда ог­
раничение (2.2) на :координаты имеет место вс�,кроме от­
резка C"t' �'+ f) .Пусть t:u."(t}]f -решение ТаRОЙ задачи И ' "t''+E ' 

u.; (t) • t s [ \L•(t)]Ed± ' -с' � t � 't'' + ( 
ПустЬ ·ut<i:) - упр�вление,оnределенное при "t'$-t.<<t:'+E из 
nринципа максимума 

u.E�" (t).tfct>• тмс u.'' c-t> t.t c-t> 
ft В' utU 

где n. (t)::: <i:H0 (t) , и -!."О:.) оnределяется из yCJio-
t Е 111 ви.я минимизаци:и по }.. • , л'- фунRI�онала т из (2.1�) 

при ограничении · 
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cL�,/d.t --д'с�>�1 +t;н> + >.'rc�--c,> + 

+ )..а. i (-i.-"t'-E.) ) ��� =�; ; 

• { СН> ". t i c·e,"t'+E.) 
ta Н>=- о , � Е с. т'. -с'+Е) 

т'+t 
(>.•)а. + (>..1)�- � · t•'ct>t\t)di 

т• 1 & riщшем обозначение u.€°Ct)a t.-t. �U.1("t1+3-)ciЭ. 
Ci .,. , . ,  • • • •  праведmrвв ycnoвJDI u. с� >-u, rc )1-о 1u <�)- u. с-т:' а-о (� .. 0) 

to ' t • ТuИк оdрааом., функЦИJI u. моzе� сnуаи1'ь аппроксимацией 
• • t• .1. ОП'fИКапьноrо управпенм· u • При извес!'RЫХ -\1' , С.:> 

вычиспевие u.10 
!rребуе1' на каидсu еге .цпинн f ыи -

НIINИsации функции двух переменвых. 
· § 5�· Прикер. 
Рассм�рик модеJJьвый пример , на JtO!'opoм, однако, хоро-

80 npocJJe .. в�Q� �се основные оnерацки, сос1'авпяющве суть 
88JIO&eHHOI'O ПОДХОДа ( И ltO!'OpVй MOZRO, разумее!'СЛ, ре8ИТЬ 

иа прос!'ш: фllзкческn сообраJаекd). Система (2.1) нмее!' 
BJIД ��. /d.t • Xi_ , c:l-xJ./ J..t •- �t + U 
Тpt�JeJCR ПОС!'ров�ь упр8.В.11е811е u.• (-t), перевоДRщее ее ва 
JUI,IIМeHJ.Ee вовмоаое врема t; из х (о) • t о , о} в 
'Х (\р) � \ 2., О} ПрИ )'CJIOBИIIX (2;2) вида 

. tu.<�>t �а. , '-х,.с�н � 1 
СООПС81188 (2�tЗ), (2;14) прив•аm форму 

� . . � . � { � l>..м<4:,.-i:>+>.�.�<"=p-t) + ( ' t<"t>too\("t-t)cl"ttcLt-
�. • .! t t• ,_, ,_ r� (5 1 > ->.{1 + � 1 tC�)IcU. �о "f''L >.1 +>.s. + � t1C�)J.t ��, • 

• 

1:. 't ('fli" +ff- �)/t 5' • 
Ре•- аs�н AOCН8МIIr ... 7 >:.·t .>.�·-t/tfl"; t• =-0 
"f.a&. о 't <'t1, �' �'!.; i t• •• 2./'lff' tuUL 1: ,t<"t · т.4, . -, . 1 '· 1 1 t) 



• -rz. ="1'- +m +'13 -ч 'to,. =-ra. + a.�-WL<"'Ч); t,• Ct)!OO "r'"' -r1 s.i:. �"Са. 
( заметим, что уравнение (3.2), с nомощью которого была 
ваtk.дена функция to (�), икеет здесь nростОй вид: d..t/d.t •О , 
а краевое условие Для нег.р' .. : линейаое ). 

Примення проце.цуру1 J 4 вычислевИR u.• (-\:) , riOJiyчaex 
u·(�) .. ;t ruщ 06t.<"t1;U:<t>•:t-'J'3:..E ... t Nш "tft<"t ·U:<t.>•-:t n.rщ-r,ut;• 1 6 1 1 t• 1 а. ... 

§ 6. О задачах управленйл ДдЯ систем с запаздыванием. 
Пуст ь у пра.влиекнй объект содерЖIП элемент з.·u:нiздывания"6 

и описываетсн уравнением 

d.x Д - · :х: cU:. (6�1) 

с постоянными коэффициентами • 

Задача 6� 1. Задан промежуток времени t� "t. � t ,. 
начальное воетаяние о11ъекта х ... (,Э.) (--r�-3-�o) и оrрани-�ol. • 
чения (2�2) на управJiевие и координаты. Требуе�а выбр8!1'ь 
упраD.Ля�ее J3Оэдействие \.L0 так, чтобы 

t. .. .f cxto�<З.>J + •�PI .m.tn\1. ·е.· 
Здесь сииволы j> r х <�>J , D -x:u оавачаm соответствен но ве-. 
ко торые нормы в пространстве n -вект орных функцИй й 
в конечномерном евклидовоы пространстве. 

ИзложеВВЬ1й вюпе в § 2 подход к решеНJП) задачи 2. t 
можно примени!l'ь (разумеется, после соо тветствующей модифи­
кации) и ДJIЯ исСJiедов8НИSi sа,цачи 6. t. В результате ПOJiy -

чаем, что иск<*ое управ.-ена u•<t.> неоt1.х:ОДЮ4О удоВJiетво -

ряет принципv IIUCRXyll& i:,. . - . t,. � i..• <t)u• (�)clt .. щ.о.ж � i..• (�)U(!) сЦ. (6��) 
t.,.· 'U..t и t.t.. . 

где t•(t) •J"<t..)-\0(!) м \•(t) есть ре11епе сопрааев­
НОЙ CJICt'eКН 

d.-\/cLt ·-А',- G1-\(t+�> + f(t) t., �t� t -� t .. ,. 
d..">/d:t·-A's. + р(-4:), t�-"t�t -t,.; <6.3> 

s) (��)· -\r ' \ <i •• .) ----4.1..-t 

обесnе�iвающее минимум 

'i' ( -\; 'р0,�0) = l"n.i,V�, v ('�� р r) =о 
IJ�l,p,t ) ) (6.4) 
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·� • � t .. , . 
+ х1 у с р < ')1 + -к1-:а �Р• + \ioL· х c-t:.,.> + 

t.,_ . 
+ S х'<�> G'�c�+-r>cl-t= · � ... о ' 

• 1 .,.. ,х .. "о t.,_-'r . . • • 

(6.5) 

�есь u-\ u • и .f•c р<�\з суть ворuн, сопряzеввне и 1 х 1 
j>CX(�U. 

. эвачевие t. • опредеме!!ся иu сумка чисеJI � • + fc • , 
при ио�ор� выпопвяе�са (6;4). • � 

ДапьнеЙШJIЙ ход peшeiiJIJI поморsе!! в обЩих чер!!ах со -
о�ве�с�вующуl) проце.цуру дм вадачи 2; t. Onae�иu: �OJIЬR01 
�о дисаре�вуо аппроксиuациl) ва,цачи б. t УдОбво поJiучеь , 

аамевм сис�еку 6.�1 иовечвсuервоа сис�мОI 

ct�·jci.t • A'J• + G-�см• + Bu 
(б�б) 

по схеме раСS�н t 7 • Пос.педвее оСSъясце�ся, в час�нос�и, 
� ev, ч�о при m- оо и\-t�1-r решение однородного урав -

. Cll. • ( ..... веви•- 6.1 моsо приб.ливи�ь решенИIDIИ � (t) •... , � (t)од -
вородного уравненiUI б�б равнсuерно на всем �ревие сt-т, 
-t J 18 � 

§ 7� МИникивациs "че�всиого• фувициона.па. 
ИВJiоженный выше подход моае� �ь прикевен и R зцда­

че о минимуме маисимальноrо ОfRJiонении 19 • 
за,цача 7� 1. При заданных ираевых усJiовиях х ( �.L)., �4. 

'Х <-ip) с х� и огранич�нии 1 ufc <�Н $с ·-ваати уп-
равление u • , �оон 

(7�1) 
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• fc.0 =m.at.k: I:C0(t)l , ДОСi'авляющие седлевую т очку фующии t. 1 i; 
{ S� 1 , , nu.n. mмс u'<i>B <*=)�(t)c:Lt + �.�.х.�.- �Р�� +. 

�,.t \1.{ и t& ' 
tl' 

+ 'k- s 1 t 1 ( t) \ clt } = о 
t.,. . 

где �(t) есть решение (сопряженн ой с истеъ.w) 2.10). 
при условии (2.1 4). 

Аналог ично решаеi'ся и задача 
Rогда �услови ях задачи 7.1 вместо 

mo.tX 11 -х С t.) 11 = tn.i..n : k о t: u. 

о шrнимизации nромеха20
, 

(7�1) выбран критерv.и 

а конец траектори и -х (t) nри t = -l� свободен и п одчи -
нен лишь_ не равенству 11 :JCI\ 1 � f< о 
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-�МРЖА!iНИЕ НАЧАЛЬНЫХ ЗНАЧЕНИИ ВСIЮМАГАТЕJlЫiЫХ ПЕРF..МЕННЬIХ 
O.flHOfO КJIACCA ЛИНЕИНЫХ СИСТЕМ ПРИ ИХ ОПТИМАЛЬНОМ ПО 

БЫСТРОДЕйСТ���.�Ц���ЕНИИ 
и.п.цветаиов 

Институт по техкичеока кибернетика 
Софии-1З, Н.Р.Бопrарми 

§ 1. Введение 
ПрИ исnользовании nрииципа максииума для определении оnти­

uального _по быстродействию управления об�ктаwи ,· движение. кото­
рt� оnисывается следующиuи дифференциальными уравненияии в век­
торном виде 1; 

х .Ах-+ в и (1.1) 
вспомагателыше лереuеиные Y'tftJ. 111ft) • . . . • YbltJ вводятся при nоыо.;. 
щи векторного уравнения: . 

if. -A'if (1.2) 
а уело вие экстреuальности уnравления uожно зал,исать следующим 
образок: 

'fitl Buftl·max �m8i7"ftl (1.Э) 
Шu . 

в (1.1) хш я.влнется ве-ктором фазового пространства Хп 
u т -ве;Itтоf.<>м, принадле!'.ашим

_ области U, {u .- -f � u,ft1� f, i, 1.2,. .,гj 
пространства допустимых управлении, А· fa,;J -матрицей 
л о рндха n х n с реальными неположительныuи собственными 
Зlla'seиv..fнtи �1 , B,f61)l -vатрицеА порядка пхг а 
'А' 6 11.2) - транспонироваиноlt матрицей А • 

U;ктор Y,ftl OllpeдeлeH·IIpи DOUOIUI (1.2) С ТОЧИОС'fЬll ДО n 
кснсты-1т 't':. 'fz 0, . • •  'fn • (координаты. иaчanъlioro значейия 'PtoJ ) • 

У.з &тGro слоr�ет что :равенства (1.Э) оrлреАеnиют обескоиечиое· 
ино;z:ество экстреuапьных управповиl U"t с U • 

· 

xi Это 1с�uвие весу�ствеввое 
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Пусть в (1.1) накладывается дополаительное ограничение -

iJ (l/ е Uext · ; &ro означает, что фиксировааноuу начальноиу 

состоRВвю хо :(х.�,х�� . . . ,x""J из области управляеыости 12 
при ПOIIOЩJI (1. 1) .сопоставляетси#бесконечное uноJtес тво Q"Jx•J 
траектории, однозначно определенных эпементаки Uext • Дзи­
Jtеиие по этим траехжорияu,_соrласно достаточному условию оnт�-

. uапьности по Оыстродействию (1.�)�, осущес твляется с миниыаль­
иыuи потерями времени и позто� ·цел�сообразво назвать эле�енты 
ф {l"•J экстрекальНШОJ про цессаuи. 

екt 
Из теорем существования и е динс твености оптиuалъноrо управ-

лении 1•2 следует, что существует единственный экстремалышИ 
процесс, который проходит через начало координат. К сожалению, 

однако, эти теореаш не дают ответ на вопрос, как построить ве:-;-
тор if fol , который определяет Йом (f:J • Это nриводит к необ-
ходимости искать решения сЛе�ющей задачи: 

При произвольвам х;е· D. найти векторы iP fof , такие, что 
если они являются иачапьныuи значенияuи (1.2) то равенство 

� (1.3) определяет Uexi (tJ , при котором соответствующи� экстре-
мапыiый процесс nроходит через начало координат, т.e.<Zrt �I:Uмri�l 

Это одна иэ основных, но все епр нереmеНiшх проблеи теории 
оптиuальноrо управления. В литературе известны различные nри­
ближенные методы, численного решения этоn задачи, которые1 
однако , не дают точноlrt зависимости между -х� и (j)" 3,4,8-!3 

В настоящей работе дается полное решение рассматривае!Аой 
А"' го а задачи � одн� более узко�, но ва�ноu для практики �1ассе ли-

нейных объектов: 

о 1 о о 

(: () о 1 о 

А: 1 8: f : 
1 о о о . 1 

ао а, az Gn·! l :� -а"- an- а" . . . . --ап • 

о одномериоl ocJJiac�ЪD U. { /utt/�1} 

. . 
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В сущно ти это .IU!acc всех уnравлР.:>� .·-: объе�·т�.а, - акон дви­
жения ко'l'о ых заnисывается с nомо�ю с ��·ющего r...ине� ого диф­

ференциал:оного уравнения с лостоянi:WW1 коэффициен'Iеми
.
: 

d"x d,., .• х d)( Or; -f.n +О -1--+ · · · +0. -- т Gox::6u(tl (1.4) d а.r.·-н dt 
�· 2. Разделею.. r:' -мерного nростран ства rfo не nодобласт11� 

90дер�ещие те начальные � о! , соответствующие экстре-

м:а.:.ыше чи ело точек 

Рессwатривае\Ше oбъeh-<rbl имеют Oi" о уf)равпение: - �и ft!-= 
и экстремальные равенства (1.Э) uохьо ааписатъ следу шиы обра­

з v: 

llul/ti=Sig17 lfnftl (G.1) 
� завиен ос�и, от roro, есть ли s матрицы А ну�t�-- со с:­

венное ана ение, или нет, в решениях nоя :r.яется и- .ве-·::ное pвз­
.l:tQEP� 11ичие. Однако оно не внесет Ю� t: о го· в рассужде!U1я м nоэтому рас-

смотрим только случай когда: 

Сооствевные значения матрицы А .едставляют реальные числе 

/1,-с Л2 с -. _;; m <о со соответстВ'ующей краТ!i с ты> 

К1, Kz, ... , Km !к� <-K.t1- · · · + Krn � n) "•�'� 

{ � 11 • г,-( tr] .A'i] • .s1o17 -� г.. с: Lz. n е- · v с# fj•f , r�( . 

Консrанты...,
' ( izU. ·· ·.т) о�деnяются одноаначноЮЕ2 'i 'j:f.2. , , . '1(, ••rv 

., сие ем:; 

(2.2) 

'" "'' ; {:'/ а; [ ,.� (К+е-;-1} .f } � } r� z {Т; �77 cfJ ;;-,Оп :ь· к-j-., )/ fi/'1 (2.3) · ·/(: f.2 . . . JE_n -f. 
m 1 L 'fln =- -.:€. Со i:f 9"' , 

Есnв д. обоэкачает оnределитеnъ
.
козффициентов nереuенкых 

D ) �спи fi - сооствеsное вr.ачение uаrрицы А ro -J< -
собствениое значение uатр�цы - А' 

!9'.2 . 
Опредепител:t !СОэффициеитов nереwеинш: с; не равен 

JiJ.iliO 6 : 
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с; (;:;}·.':.:Г::} в (2.3), а d!;� - минор 1 соответст-
вующий элеУенту в дt ·, ваходящиИся в s -ой строке и 
Kt .;. к2 + . +1<, . .,-·t;•s столбце, то 

i 1 � J((+Jt,.,.. · . ..J. к,.,+.;.,s -�i с" = -;;- L __ (--t/ d9, 'f.', /, =1.2 . . . . . m; 9.�1.2 . . .. ,Xi 
'-' / � 

Функци я st-. ,. lflпfO меняет свой знак только лри тех значениях t: 
:.; !орые лре с:rавляют корни нечетной кратности т; уравнении 

lfn ( tl = О (2.5) 
Уравнение (2.5) оnределяет одно.эначно люооvу наqальноЫJ 

вектору lfrol счетное множество TCi(oiJ тех значении t . , 
которые являются его корняuи нечетной кратности. Так как {2.5) 

с вязано с реальнъш лроцессоu, лриииuаеu t :z о • 
Из Jiешш 2 пЭ следует, что мно::Jtество T['l'toJ] конеч-

ное и qисло его элементов Krcv:-ro;J не nревышает n-1 ц4 
Этот вааиыИ результат дает возможность разделить n -мерное 
векторное nространст во начальиых векторов §' � 1'"о на п 

вэаИilИО непресекающихся riодобластей.f(1'/ (е� 0.1.2. · · · . .'7-1/относится 

все в�кторы у; fo/ , такие, что T['irol] содер:� т ..f'l'тc:ft·,J�f! 
элементов. 

Теорема 1: Множ:ес�за -teo f!ВЛЯЮТСЯ е -парам.этричсс-
киыи системами подмноRест в �о , каждое из которых есть 
объединение из конечного числа линейных nодnространств. ри 
этом в эти nодпространства не входят их сечения с е хиnер­
nлос.костями. Если Nсп ;(} обозначает число всех наборов е 
нечетных неотрицательных чисел, �умыа которых не прев�шает n-1 

то объединение, соответствующее mcбoJ.G на6 ?У значений е 
nараметров однозначно опре!lелено и содерлшт Ncn:t/ лодыно-

!t.'!В Леwа: Пусть Д�Jlz.· · .,)rn - действи . с ...... ные nопарно 

различные 11Исла1 а/, ru ./,rt!, ... .lnitJ- uно ro ч.'!еаы с действитель-
НШ1И коэффициентами 1 имеющиuи стеnени к,_кt . .. 
Тогда :fНIЩИЯ 

. .'JtJt).t-tlr.'cl e.,t·t+ . . . +imf /tfl"'t 

Xm rс.. •t:f1kC'I сост веию 

(2. ) 
иыее: 1• 

и.�>. 
�олее чзw к,.,.;,�t · · · tKт-.m-1 действ;IТ'.r!;,sъ:х корне:'. 

f. ·,аве:-zлва (2.5) t,.' <'!ЩИЮ 'fn!tl •.ююю з. ':1 �ать 3 
видэ ( .-. ; • 



а:ес�в. 
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СовокупвоСТJ? тео состоит из всех векторов WroJ дmi кото­

. pia уравнение: 
�- . ,� t:J z_ L.g r-11к.�к.� . . .  •кн �.J+fl. d.,� ��[z. Г1 e-.)•t. 0 1•" '}•1 Szf · � 'JS : Г1tJ • . 

имеет е рвзuчинх корвеl с нечетной кратносtью. 
(2.7) 

Пусть t.. t.z . . . · • te суть nроизв�JJiьине неотрица'lеn:ьвне зна-
чения t , удометворяJIШИе керавенетвам о<-�<-�<. .. ·� t, 1 
в тоае время· ЯВJIЯIIЩИеся t;opиfDOI уравнения (2. 7) с иечетиыuв ст&5"110 · крвтиостя101, со·ответ• г,.га, . . . , re т.е. если оаозвачик 
через lr;;ш =ft:.: i,• j е -��t , а через -1,{'1 ftJ 'i- npo извод-

.ную, числа t; долаиы удовлетворять усnовияи: 
J:_l._ [l.. f-'f} K,+K.r+ . . .  +Kiof •�+lf d". �-).1..,(1"-/•Q 
,., '1'1 :S.1 " ''1 

i_.f: Гl_(-f}X.+Kz+ . . . .,.к,_..,.s-+fj ,, o7J!tf t -,., 9,1 L:и . 
. с111 Y.: Jry"f.'/1 -О 

. . . . . . . . . . . . . . . . . . . . ·. · . .  
:;} �- (:} K�+Kzf> · · .  + Кн-1J+'/ ,1 о] 1 [f,··f/ ) ..с.._ ..L- LL f-.fJ d1r � }'tf;, (f.j :0 

t� ,� �, . 2_ 1 [ lf-1/K�+K.r• . . . +Ki�+J+�;: 'l'/)4�tj/ftJJ :fO 
/•( '1'' J•f 

Таким uбразом.опредеnенному набору нечетиых. чисеn удовnе-. 
творяющих условию 'l, + 'r1 + • · . + 'Ч � n-1 1 опре;�tеnевному 
фиксированному набору значений nараметров i.,, i.L • . . .  , .ц · 
однозначно сопоставляется линейная система из условия: i.[l. .i f-t/'f/fL+ . . . +Kн+'Jd;:-4;'ri.,dt-1/'f.. =о �(-"' i:.1 ,.( .i [11. f·-f/ Kt+KI+-· . .  +K;.,�'J d;:1;:l fuijt-1/'fJ• = 0 

.S.·f \ '"' 1'' .. • • • о • • • •  

(2.8) 

.. 
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. 5- [  fl 4L ·
1(., � � � - . . � K; . ., t-t; .,; /t�l r 7  .s . о � '7.-i Т� (·11 d9sf1; {t,/J f-1/ fs :t=O 

Чвоnо уравнекий (2. 8) соrхаово цитиро ваиой в � Лекuе не 
превНвlает П · 1 , так ч!d действнтеш.но все . векторы 'Рrо/­
реmевиа первнх z, .,. 'l� .,... . . .,. 11 ураввениlt образуи хинеlвое 
подпространство в 1' " • Из зтоrо · хинеlноrо подпространства 
искхючаю!ся все векторы - решевин пивейвоlt системы: 

n ·r т к, � + К, �о  . . . f- lfl-4 �"'/ ti ] s 

;;;. � � (-1/ ' . d, !f�1 ftl/ {-1/ �о = о 
n [ ", к, �r" �КI "' ·  . .  -1- K;. , + 'J  •i �� , /  L. z. у (-f/ cltl /tli (t,/; (-1/'fs о : о 

1•4 l-&4 � 1' , 
. . . . ' . . . . . . . . . . . 

i{J.. f f -· 1/ I(., +Jrl + · · . о�  кн -1 fl di'".f;'lll(t,ijr-t/'f'/ �о S•.f iz f 1•f · 
Чвсnо возмоаннх наборов нечетвше чисеn 't.,, 'lz, · · · .  7' рав-

наеtса 1'1cn : tJ • 

Сnедоватепьво , есnи обозначить совокупность всех векторов 
V: {о/ , удовnеtворJШJЦИХ (2.8) через 'tгр [t,, t1 • . . . . k, т •. 'ft • . . . . 'll} 
то из приведеиных россsадевий ясно , что 

f'f(n:t] 
r/ = {И, •. t 1 {u 1;; [�. t� . . . . . tt ; т�.тt. · . . . 1�1} о� � ... 1:' . .  · < ' , • ., 

llвo.ectвo' t •  оrак.е однозвачво определено , поскохьку: . . "...., 1:0 = ''ttJ \ и 1; .  о l•f ' 
§ 8. Па uет ическое n отавхение оп стиuнх зкст е-

uахьных n 
·

е сов Гх•J 
Совокуnность допусrиuых зкс�реuал.ьных nроцессов<4.хtf;•Jодно­

значво определена о nouo�D векторноrо дифферевцнаnьиоrо 
ураввеввя: . . Х � А х + Bиt!xt ftl (З.1) 

В (8.1)u.t. h/ x,rooЧIZ - Ио&;ояввые ф,вкции (ск. §. 2) , так 
чtolkrf f�J ··noaнocтЪII auaetoa череаб .. Ue .... foJ• моменты o <'t. < . . .  < t, 

{ts. п-1) разрыва. llu внаЧев11 t ::p t,, t, , . . . . tt 



7.4 

· { 6  • ecu os.t <" t., 
� ••i (tJ :  ' ·(-1J1б , ее в �: ;/. � .��;f (-f}t'f!:j 8CJIИ t., < t 

Равенстве (3.2) показываm , 'nO ДJlfl t 1: �. ll, . . . , it 

(3.2) 

� 
дифферевциаn»иое уравнение (3. 1) ивпиетсR иеоднородиым dинеl-

ным дифференци альным уравнением. 

Реше нии (З.1) дпи t =1= t,, t,, . . . , tt 
спедуnщем векторном виде : 

можно записать в 

6 �-- G e, :' , ""R O s  t < f.,  Оо .о" c:r• 

9A R t •  < �  < t_.,., ' J• -f.!l, . . . , i'·1 

,..., · . 
.._,, {<> t •  -ю } J�• t . -м { ''' fl/ т 1 Х9  (f./ : f;o т.! h9 -t { ГДО t 8CJIИ h1- 't : �,, . • ,�, IJ1_· 0.1, . . . , n1·r, и 

т ,  ' . 
,, 1 1 (i 1 ... f [ �-- ".. " 1 о;.--то nij·" . �  : 1 ,  Пij· t,l( , ) ;  t.o (t / j,l K• I, J, . · · · �� -

- ) б а е, = l ". tJ. O, . . . , о  n - uервый векто р • 
Лe!D.ta 1. Экстре.а���ные процессы фе,t[х•] неnрерывны 1 в 

то ч ках раэрuва соответоt�·юuх u�,иu • 
, До r.аэ а':'еnьс'!'во · л�има 1 не nосредст �нио сnедует из nредставnевJи экстре­

u�л ьних лроцессо в в cneд).юJteR нnopвo lt форме: 

X{t / = f.. i,ro[x : + ] tV',"'txJ u� (xJ dx]· . 
1 • 1  • 1 7 ... 

где через '+'," обозна чена 1 -!&11 xo1010n'n• '· v: �  
i:t:n ре рuвность ЭКС'l'р8118J! ЬНЫХ п�цеос��: . 1 чqu�M!tf р��ыва 

l, � . . l� соот ветст вую�ЦifХ u • •  �: li� родносtьа р,nр�деnие� 
"• 1 1 .. •  ,J •• • • • •  

KO ifCTa!ITU JJ9 IS ) ,  S '  О. ·f. � • . . . , t .  1 : ". 2,, . . .  !7'J.'j• '{ . .r1 Через 
х , •, х ; . . . . .  .х ;, . 6 и t ,, /. 1  . . . , ts • 

3 Г. f;<.:юzсиие I nо ясняется как выводятся следух:L.Ие форuулы 
.[) " ! , ft.l!?. 'j s, 
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[),'itsl : .f Г.•' 'i( • • • ��· ,.,_ _Ll.J;!:!:w_e·#иj , [!, I.A -J,J"I '"L WJ х • . х, , . . . , х " .б ) ".ИJ (- t/ ;m-0.a"..• J\В.З) ,;,,;:/" о( 
СвuвоJIЫ w 1 tх.�к� � · . . . x .. ",бju J1-, опреде��еu которые данин в Dри-
поuкии I. 

§ 4. Нахо�девие качапькых зиачеииl вспоuаrатепьных иеиз­
вестиых, Ц!R которых соответствхющее екстрвuапьиое 
хправпеиие ивииет�я оптнuапьикu 

Dоотавиевва• 1 1 1 аадача попИосrьD решается докаааrе�ьст­
аоu Jeuuu 8 1  Теореuн ·2. 

Je1018 а. Вежи ообсrвевкые авачеu• ua'lpвiUI 1 реuькые Чl с-
аа ,А,, J,, , . .  , jl т О COOfB8fOTВJD11881 lф8'lКОС!ЬD k •. kz , . . . , Кт 

10 (К, � К• • · . · • Krn: -n/ I JДOIUTIOpJIИ JCDOBI- J1, <fl.t < . . . 
• • . � .fim < о. то 11 2 n травсцецевткых cиcnu JНВВЕ� 

Hl � 'r f-tJ НJ Q•0" lv. .. ,". •х. • . х • G)' 1· 11 ' �·' tt•'/• -.A;t*: Ь J . 
--,- f liol, 1, · : . "· . � "  � (4.1) t :-1, 11 . , , 1 17') , � tr (111 . , . , К1 . . 

TAJ *". . . . , . ,. J.. . • t ] F-1)1'1 (--1/ , а;а" w1"rx.: .r,: . . . ";;"вl�l�/-f/"·�:; ltц/t�i""'+/-f/J;'ft*lt '"'� o 
t: '.� • . . .  , rn , f. 1t .f. t., . . . , Kt . 

tоnъко одна nеет реев1е t., fl, . . . ;f.J. i * которое Jдo виerвopllll'f 
JCJIOIID 0 <:  i. < t, < . . . < �J < t • 1 8'f0 
р880Вiе RВIR8TCR еДJКСТiеКННUе 

llока8атещr во :  
Прмведеккан а � leuмa по8аоnнет раздеnвrь совокупкость 

aкcrpeuau�U�X процессо 1 Ф�[х-} на кепреоокаJОЩИося подсо ао куn­
иоотв ф�[х•J ( p : o , 4, l, . · · . rн J 1 8&110IIIIo·c�• ot чисАа tочек 
разрн18 опреде.и�х п U.d /+1 • Соrиасво теореме о су•есrао ва­
кви , оу11есtвует такоl оптвuаnвоl процесс ,  кotopol проходвт 
черва вача.ио коорцвам 1 npJвaueu'l одному 18 uво асtв 
Ф;� сх-; (P• O.I.2, . . ,'f1-fJ 

Ecu &'fO'l екстреuаnькыl про цео првввдаеа'l ф�[х•] , 'fO 
cornaoкo параuетр1чво� равенсrв.r (8.8) , aro CSyner rot процес с ,  

. � котороrо CJ.,craye'f � ·)"о , �ак чrо :  

DD1 . . . ю. r.Авtомоно в ,  В S ПО.IJЧI.И· пооnеда,в снежему (4. 1) 
д.1R часrвоrо с.аучаа m & n, kt• к�-z: · · · r k"�. f 
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(4.2) 

Систеuн (4.2) nинейны по отношеввр к. �j'fp/ н тоrо ze типа. 
чтои систеl.IЫ из которых определится JJi' fp/ в Приnо:аевии I. 
Они отJIИЧ'аются .пишь свободвЬlМ14 членами . 

Это позвопяет и здесь использовать выведеиные в Dремоаеиив 
f( . 

I определи тельные обозначения .А'1 fi/ 
l·f 

р Кi  ti (-.1 / #�, ti * ); t* P·f 

/)� (pj:  ff/fl.· ·)J) "JKI f-1/ .!J,, ft7 t  . {·1/ 
,.. � 

т . е .  

d '""'а=-о""=а=-п-6 
(4.2 '> "" 2/ 7i ' В левой стороне равенства (4.2 ) находятся у:ае оnределен-

ные фориулой (3.3) llj'/p/ • В икх б 'и t., � . . . . .  tp, t "  обоз­
начены то чки разрыва uo"r (# • Очевидно , что O < t" < 1:� < . · · # . 
. . . < tp < t • . 

# 1 1 
Полу ченные после заuещеиия /J'J (р зависиuости (4.2 ) 

всущиости nредставnят собой n - уравнения р -ой траисцеliдевт-
иой СИСТеШI В (4 . 1 ) .  IJ -

. 

Ввиду того , что неиз вестно к какой QDwf к' относится оптиuапь-· 
ныА n�цес � кроuе того , не известно б , то сначало ця ·.асяюn. 
р: о, 1, z, . . . n- 1 и б -= z 1 составляются !:n - o4ic\'euы . .. ( 4.1 )  и оnрадеnяется та , AJit ко'l'орых бы одно реШеиве t.. ft, . . . •  ер, i 

удо влетворяет усло вию О<:f.ч <�- . • . .  < tp ....- t * • :&ДВиственость 
этой сиетеми и е е  решения обуславливается теоремой еАИнствев­
ности U o111 ftJ • 

Iiустъ собственные зна чения .fl •. .ftz . . . .  , 1l m матрицы А в (1. 1) 
�ще ют CU(IT BeTCTB,Y IDLJ.:/ 11- K{-'aTИOCTЬ Kt, K.t, . · · , Кт 
{Ko Nt + · · ·  � Krn � пf 1 } <.Jlt .< . . . < .J1 rn. < O 

Пуст� для произ вольио вuбраииоrо в фиксироваиноrо состоя-
ИИ R х" � .Л' п  систеuа ' • 

(4.З) 
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(-1/J.:� f-1! ;"' а;а_,. бw;'rx.� x,� . .
.
. ,х"��/+2� r-"/1�rцJt.;'�f-1J':i;'rt"Je·.;r,.i: o}(lf.JJ 

t : f. �  • . .. . , m , CJ - 1. 2  • . . . , k, 
является одной из трех трансцендентных сиетек (4. 1 ) ,  между реш�­
нияuи которой существует решение t,, с, , . . . , ip, t " 
так что· O < t, < tz <: · · · < tp < t *  

Пуст:ь '!� Tz , . . . , 7р ест:ь произвоn:ьное сочетание це11ЬIХ, 
вечетннх и неотрицатех:ышх чисеп, удовхет.воряющих неравенству . 

Т1 + 'Z.t � . . . ..,. 'lp s n - 1  (4.4) 
С фиксиро ванием '"'•· тz . . . .  , 'lp .решения  (4.3) однозначно опре-

делят wozec�вo Ji:Т[f•: z,, 't.t, . . . , 'l,D  J с 1,оо · из всех начал:ь-
ннх векторо в lfl roJ ,� морне- явхяются решением систеuн: s·;s"n YJ; -б = О  l " [ "., Ki к., �Jfl'"· . . +II'J·.,�'f· i ' 7 ftr ·� f.; Н/ 11; ry; ff:,Jj/-1/1 'fl/ : О  
;. ( :Р. $} f K,� lfl +  . . . + A'I-f+l) fl ,1/f/ ·jf /Jw o  -'<;.":� L.. •1 J da 'f''ll fi •1. -f т J .: О .z-cf '•" 1• ' .. r r 

1l"2 f_·;·1J�'ф�� ." . . : к,..: ��d"�1;;.,(;,, 1 ;.,> 'ff= ; Jr( 1./' ��� . .� ' . j .. _,. . . . . . . . . . . . . . . . . . . . . . . . z-{z z /·l) .-... кн . . ... к; . .--1-сt."/р (i,o!} (-!/У-1 •:о (4.5) 
.r., ,. , ':/  . 'f . . . 
· 4-[. � .

. J!. · · к,� к;� . . :.,. к;.� .,. �· · ;� р ./Tp :'l . � . ! о 
· �, � � (-f} cfq · 'f"QI 1t"/ (·1 � :  0 .. "7 ,.-� 1., , r ,." 

� ( � . � I M Ku · • - �  ;.,,:.�+., ji.J..!.t'�. ),] J.tш • 0 � L.t;;.. .c.. f-11 '-<tl "l'f' lr:.•'J(-f TJ * 
J•J 1• 1 1•"' r 

f.J � f, ;_,; .. .  � . •  ·. ·�:;·-1 �;�,;,� ;.;!};,/·У;: ;о 
В ( 4. 5) с /-7; fO" {f;f-tJ• обозначенн соответно функции [� :.·je ·.l; t 8 � - aR их производная. ВозыожНЪiе 

со четания из р неотрицаtельных, нечетных чисел -e,;r.t, . . . -rp удо вле­
'!ВОРЯII!iU'е равенство (4.4) ЯВJIJWTCЯ ко не чным чиолоu 11с"iР1 

Теорема 2 · . ,  

Uноzество ( U J 1:л�[х•; -r,, т1 · · · • rpJ содер:tИт все 
t.. т,, . . . . -ер 

начах:ьвне вектора , которые определяи "'"" fil . через равенст-

вом (2 .1) . 
Док&Эатехьство теореuы неnосредственно следует из Теоремы 1 ,  

!ellllbl 2 8 ДОСТ8ТО ЧНОСТI YCJIOBJIЯ (2 .1) .  
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Dpиuep: 

Решиu nоставлевиую в § 1 задачу АnЯ объекта , закон движения 
котороrа оnисывается АИффер6нциальныu ураnиеииеu вида; 

d�.x � 3 . dx о� 2 х :: " /t l  ci t J  dt . 
Эдесь А. = -2, r.., :-1. а • . 2 .  йt.·= .J. а.� · " ·  8r 1 . 
Пусть за Н8Ч8J!ЬНО8 СОСТО ЯНИе х• ·выбрана .,!ОЧКа (t , 0 ) .  

Трансцендентные систеuн ( 4. 1) ;JtЛR выбравноrо х ·  ·иuеют вид : 

.s .o { 1·"/�:·::о � = o{· · 2�t-�[�e,,�:;*o 
f!·tl ez =О - 1 - .ff-fl!  = О  

Окаэы ваетсн, что Ю!Я б .:: - 1  1 s = 1 соответствуюuя � t-систеuа Иll86'1' р81118НИ8 f : .5 и f t: '1 т г_ 0� !'" 3 • t� < !п� а t -#  
Дnя выбранных ,J!., . -2 и ;. = _ ., система (4. 4) sаnисываетси 

o ;�UU�u ревеветвак 1 двуu в, J.IВвенстваuи : 
�·с о ! 

.t.. : - 111/ 'f/. о+ 5 1f.t  • •  о 
- zo'f,• + f1 �· -:FO 

ре11евия котоvых nеат иа утолщенной част• пряuоl .1, (cu. 
фиr. 1) . 
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§ s .  Прихоеин 1 
Непрерывиос�ь зкстреuальвых �раектормl 1 в точках разрыва 
t... t. . . . . .  l, f е s: n -1/ Ut�zt ftJ �ребуи соrласо ва-

,. ИIIR ПОС!ОRВНЫХ /J; (SJ • S z 0, /. 2, . . .  , е  lWI !01'0 'm) бы бкJur 
справедmtвн равенства (8.З) • JPIR аначеИIII 
t.t. f� . . . . •  f1 • Непрерывность !раеК'fОриl в t •. t1 . . . . .  tt позюляе� в 
(Э.Э) для любоrо ts вапмсать соответствующее равенство в век­
торвом виде: 

Определитель перед неизвествнuи 
JJ 't t..sl - n"· fJ ... / , · t • 1. 2, . . .  , m  ( к 1 а ua. ., к., � Kr <� • • • 1- т = n , 7 'J � "'- 2� . . . , к  ' :. 

(5.1) 

есть определвтель Вронuиqrо VV(ts/ , из фундаuевтАльиоl. сис­
темы решения однородноrо дифференциаnьиоrо уравнения:  

ts F z А Х 1 g�.R f а ls • S S# dX Wfts/ "' Wrol е • . 
1'8R Ч!О 

SA обозначен след uатрицы А,  так �о SA : - {к. ;I • ., KIIIJ + ·  . .  +Kлulm ) 
1\ еrко gокаэаmь. что m 

W fo )  = П fJ�·-Ji t l кiк' ,,., . mzi > i  
Этот результат nозволяет написать форuулу : 

п'" х; к. -z. к,л, t.s  w rt.,J = ( ;1; - ;1 t J , е 
, . ., . 

,."�·�� " r{ 
Так ак для nrJбo ro ts , W /Ы-rо , то lJ'I щ - JJ1 fs -,J 

эначво оnределяются И 3  (5.1) nосредством форuул: 
,_, .2: 1<. ' 

,, ., {-1/ Р " ,.., б ,, .".,,и D� /s/ -./)'1 (J- 1) -= lf'pj·)t / кiR; f-1// 2б Qg(]n A1/tslt 
i• 

одно-

(5.2) 

•• m �j > l  . 
.А,, lt.s/ обозначеньi оnределители ,· котрыв по1_1уЧВDТСR из доnолни-; 1 { .  t.t�}!  -JI; tJ тех:ьиоrо минора зхе.,.е ито в w�'� ts/-= t:o Т! в 
перюl стро ке W lt.sl , пасхе тоrо как из столбцо в будут вынесе­
ин за скобки эксnоненты !,;4' -ц • 

Если в (5 . 2) выесто fs поставить tJ-�. t J ·l • . . .  , t., 
и nолу че нныо равенства nросуыируеы П\JJiy tШ �.& для д;· fJ/ с • чу ­
ющие формулы: 
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1'' 'J •i ,, (-11 · ..., б � ,,. 0 -J i tt Б� fs/ : lJ� foJ� ", к: кJ/1 2б a�an .L. 1J,,; (t r l t: 
П f.tl· -}i ) � i•1 r 
i•1 1 

m:zi�� {5.8) . 
.Dосfоя�нне IJi'roJ являеtся линейИШIИ функцияuи х�, x.t ,  · · · 

. .  Xn °, 6 • Их точНЬ!Й вид определяется JIИВейноl систеvой : 

посредсtвок фориул: 
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