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MHOT'OME 0 B 3 X _ONTVLAJBHO
YIIPABIEHUA ¥ [IPOEKTVPOBAHVH.

J.A.PACTPMI'MH, B.C.TPAXTEHBEPT

VHCTUTYT 9MEKTPOHMKA K BHUMCIUTENBHOR Texuuku Jars.CCP
Pura CCCP
OzHOR M3 OCHOBHEX nMpoGieM COBPEMcHHOR aBTOMATHKH

ABNAETCA COafaHue CaMOHACT PAWBAKLMXCA CHCTEM AEDMATHIE-
CROrO ynpéaneﬁus, AIANTUPYOIMXCA K W3MEHAMMUMCH YCIOBUAM
TAK, YTOGH MONKepEMBATH SKCTPEMYM HEKOTOPOrO 38I8HHOIO

i dyuxunoHam (KpuTepua EaUECTB®). 38AYY NpUCHOCOGneHUS
CHCTOMH K MBMOHZOLMMCS YCNOBHAM MOXHO CHODMYMMDOBATL .B=-

LyompM o6paaoM,

llyers dyHruna
S FEHA) W

BHDAra eT SaBUCUMOCTb KDUTODUA KadecTBa CUCTEMH OT Se ymuas-
NAeMHX MarR LEeTPOB, XAPAKTEDU3YEeMHX BEKTODOM S (X,,-..,Yn),
¥ BHEMHMK Y.JOBHR MIM CHUTYyaLMH As (G,,A..,Om ), B ROTOpO#t
fyuruMonupyeT cucrema. (lipexnonaraeTcs, 9TO CHUTYAUAA NOJ-
HoCTbO onucimaeTca /M TACIHMM Q,,.,Qyn ). B cbzex
clyYae 8aBUCUMOCTb (1) MOXET OuTh e (Oopnanu30BaHa.
Mycrs S - iiomecTBO BCEX BOBMOTHX cuTyauuaf A :
a U - MHOBECTBO JOMYyCTHUMHEX yTpazaneHui X . Torza saza-
4 q9a ONTHMATBHOr'O MNPHCNOCOONEHuS CHCTEMH OYLAT Demea, ectu
HABNed aNTODWTM WIR ONepaTOp IT €00Ta30334AA WS —= ', roro-
pufl razoMy BeRTopy A umomecrsa S BoswommX cocros-
HEf CHCTesmH CTaBWT B COOTBETCTBUO BEKTOD X & U ceamn-

HHX NA7AMOTPOB CHCTEMH, SKCTPEOMMSMLYTLEX 8@ KDUTETAUX XaTew
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cma (1), sanvumep, J[X*(A),A] = min . Ta-

KUM oépasou onpep.eaxen'ue sapucumoctd X = X 7 A pe-
maeT 3ajagy ajamrauun (npenmonaraercsd, 4TO 3amaua WOEHTH-
éwmanan curyamm A ‘ yEe peueHa).

Hanbomee yE¥BEpCaJbHHM METOXOM NMPUCHOCOOJEHHg CHCTE=
uMH SBIeTCS NOBCK [ 15 2._] » KOTODHH II03BOASET BKCTDPEMH3WPO-
Ba?hb 3g0aHHHR KpuTepmid (1) myTeM cGopa umbopmauum O moBeme-
HHE OOBEETa C LEelbid OTHCEAHHMA ©I0 ONTHMAJHHOM peaxnquu X z
LIS HGBHX YCiOBH# A .

OxHaEo, ecnn saBucEMocTb (1) He QopMANM30BaHA, HOUCK
HEOOXOXMMO I'DOBOLUTEL B peaxbﬂom.maanmade BPEMe: Y <Henocper—-
CTPEHHO HA O0BERT@, UTO 3HAUMTENBHO CHUEAET SWDEKTMBHOCTD
¥ ONEepaTUBHOCTH npncnoboéneﬂza. OueHp 9aCTO OUCK HA OGBEE-
Te 2aNDSmMEH WiK CYLECTBEHHO OrDaHNYeH N3 TeXHONOTMIECKUX
coofpaseruft. B 9THX ciyuaax 38iayy UPUCHOCOGIEHUS CHCTEMH
LeJNecooGpasHo peuaTh C MPUMEHEeHUeM GECNOUCKOBHX METOL0B.

B rauecTBe ONHOTO K3 TAKMX METONOB AUANTAUHMHM CUCTEMH K EO-
SO# CuUTyalMd MOEEeT OWTh HCNONb30BAHO OOydeHHe Ha pesyiIbTa=
TaX ODENENyMEr0 OIHTA.

lycrs nusa pROA Das3iaWdHEL CUTyanui Ai (1': /,...,,4 )

KaEAM-TO ONperelieHHHM 00T230M NONyJUeHH COOTBETCTBYKLME MM

ONTZALAIbHHE MATaMEeTDH: C s

¥
A, — X,
TRETINERES Fs (2)
©T7 COBCKYIHOCTh COOTBETCTBHIl GYNSl HAZHRATH COYJIanmed no=-

enenosartenbHocTee. CueBynao, 470 (2) uOZHO DECCL2TDUBATL Hak




DEesyNbT2TH HAOMKCASENS HewsBeGTHOA QYHRUMOHANBHOA SaBUCHMO-

X =X*(A) (3)

Torma” 3afpua ONpErelieHHs ONTULMANBHHX NeDAMeTT0B CHCTEMH B He-
EOTODPO# HGBO# CHTyaLlUK Ak+/ CBOLMTCS ODEXHe BCero K BOC-
CTAHOBJE HHK yKG8aHHO¥ 3aBKCWMOCTE (3) MO yRasSaHHHM K sa-
fircmexvaN, 2 SaTeM K NOCHENYyOmLeMy oﬁpe,nenexm SHaueHus X /:
B TOYKE Ak+l < Xl:;r X*(Aku . B TR0l mocTaHOBKE
38724y 0T=O DOUKTh, HANDHMED, C MOMOmbD METON8 NOTEHIHalNB-
HHEX CY=ELEE [ ] , LETOIOB CTOXaCTKHUECKO# ANNpOKCHMALUH [4] ’
K TONCTBEHHOM YXKa3aHHHM MeTO: 2M WTEeDAiHOHHO# mpomenypH [5].
CoHake 8T¥ METOLH O6ecneguBanT YLOBIETBODATEIbHOE

BCCCTZ SCBJExHe HEUSBecTHO#l saBucumccru (3) TombkO OpH Zocra-
TOUEC GONHNONM I¥cle HaGanneHWi. Hpome Tofo, &UPeRTUBEOCTh
30ecCh CYLECTBEHHO SaBHWCHT OT BHOOpA cucTeMH dyuEuui, naHel-
HAf HOMUkHALZE XOTODHX BINPOXCULUDYET HEHSBECTHYD (yHEOHO-
HANBHYD 33BVCILOCTb. oTO OSHaJWAeT, UTO AJA GyHKUMOHWpPOBAHHA
JXASAEHHX NPCHELYD HEOGXOAKMO AMeTh 3H2YKTENbHYD QOPHOPHYR
AEbopNaTHe 0 nopeleuur Qyuxmuu (3). OEHERC B ODaKTHUECKEY.
CKTyauM<?, 0CoBe:H0 B 3anauax ONTAMAZLHOTO NDOERTKPOB2HAL,
gBele A O NOBELEHUM YRASaHHO# PyHKUuM EpRiHE CRYNHH U He
WCTYT 7199k 3 OCHOBY BHOODA CHCTeMx CTYHEUME, MO KOTCPHM [BC®
RusikBe2res {(3). Doxee 7oro, 9meno HaGmcneruil k IIpaKTHIe~
CXx BCETj4 OWEHb MANO, UC0 TAK Ze SATPYLHAeY YR8SaHHwil BH-

afe o
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Hwxe mpennaraeTca M aHaAMBUPYETCA MOTOR, YCJIOBHO Ha-
3BAHHHI METONOM MHOroMepHOR NuHeHof BKCTpAnoONAUUM, C NOMO-
b0 KOTOPOT'0 NKA3HBAETCHA BOSMOMHLM HAXOAUThL LOCTATOWHO 060-
CHOB &HHHO OLEHKM ANA ONTHMAJNbLHHX NapaMeTPOB CHCTEOMH B HOBOA
curyauMy Ha 6ase BeChMA OIPAHMUEHHOrO NpejHAywero omura. B
4acTHOCTH, 4YMCNO HAGQleHv & k MOXOT OHTb MEHbWe pas-

MEpHOCTH NPOCTPAHCTBA CHUTYaUuA:

kK<m (4)

Meron wmrioromepHo# muuednod skcrpanonauur. OueHKH AnA

ONTUMANBHEX NapPAMETPOB CUCTEMH X* B noson CUTyaLuu CO-
PIICHC TpEBTAeMOMy MeTCLY HAXORATCA crefyouym o6pasou [6 ],
Yenes BeKTOpH, BXOLAWmKE B COCTAB ofydaiowel nocienopaTenbHo-
CT# COOTBETCTBEHHO B MpocTpaHcEe cutyauuld S ¥ NDOCTPAH-
CTB3e ONTHMAUTbLHIX pemeHuil U NEOBOLATCA TMNEPnIOCKOCTY
S/ ] U' . OueBunto, no6ol a:reuemA’éS" B Npeunono=-
UM 0 AMHeAHOCTH MpoCTpaHCTBA CUTYyauuR MOTHO MpeLCTaBATH
B OBULE Jiie 2120 KOMOWHAUMK:
k-1
A= AI+_Z/\1'(AI+I°AI) ) -
(=]
rae /{,' SBNAKTCA KOURIMHATAMK A ‘B Gasuce, nocTpoO-
EH0M iD sACKEeHTAX 00y4aiciel 1cChe]03aTeNbHOCTH. EcnuAES/
TO B KAYCCTBE OUEHKW BEXTODA ONTHWAbHHEX NADALETCOB CHCTO-
wH B STOR CHTyaUUR CPeMNifGeTCA NPAHEEb BeETOD X , Ompe-

N2AACIHA BHPACHACM S

X = XI*"' E,/\,-(X,-:’,-X,*) =
L=~/
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T.€, MEENY IUNepruICCKOCTAMU 5 ’~ w /7 ofpasyeres JuHeliHag (
cBAsb. TakuM o6pasom, WCKOMAA (yHKUMOHANbLHASA 8aBKCHMOCTH (3)
:mn-xeapuayé-rcs Ha NOANpPOCT paHCcTBax S “n U ', YTO0 nossonéé*r
onsa moooft curyaumu Ale S’ maxomurs OUEHKY BEKTOp2 ONTH-
MAJIBHHX NapaMeTpoB CHUCTEMH IyTeM JWHeftHoR BSKCTpanoXAuun.
Ecnv HoBaA curyauus A He NpMHANJE:SUT IKIEepniocKo-
cTH S' , TO ee ecTecTBEHHO OTOXNECTBIATh C Onu-alued K
Hell B onpencieHHOM Cutcle EXERX CUTyauueRl, nexaued B S’
lLns eToro B mpocTpascTse cuTyauuit sBBONUTCA MeTpuka,
NnosBoONANLASA Kaxlofl nape CHUTvauui nocraBuTb B COOTBETCTBUE
quend f , onpejelswolce Mepy WX GIMSOCTH, HANpHMeDp, pac-

CTOfiEne Mexny HUMH:
p(AA) = [A-A’]" @)

B artouw cnyqae cuTyauus AeS OyneT OTUXLECTBIATHCH CO

’ LI
CBOecfl OpProroHalbHO# npoexuuch A HA r‘nnepn.uocxoc'rbs .

/
CroxnecTaaeline A=A’ no CYTH Oeya O3HauaeT, uTO cBeicTia
/

noAnpoc TpaHCTBA S pacIpoCTpaHANTCH, WIW SKCTPANOJUDYKTCH
Ha ORpyZAKIYy®© ¥ GIHSKY© B Hefl o61acTb NPOCTPAHCTBA S

ARPOPHTH BRCTpBDOHﬂuMH MOXHO npencTaBnTb B BUue
py: v gl : ¥*
A=A - X = X (8)
s oTOro aNropHTMA HENOCPeLCIBEHHO CIELYMT YCMOBES €ro NpH-

MeuzvocTH. Tak, YRaSaHHH{l METOX LEXecOO6pasHO OCYyweCTBIATH

Jvumb B TOM Ciaywae, €Cld BHIOJEANTCA clenywnue yclOoBvd:

1. Cimers S xSueHeHMs NEpaMeTDOB CHTYALUU 4O-
CTATOWHO MANA,TAK, WTO ANA NONUEPEAHUA KAUECTEA CHCTEMH B




EeIaELHX Npefenax JOCTATOTHO KODDEKTHDOBATh ONTHLANbLEHE Na-
PaNETDH CuUCTeMH (6es WSLeHEHHWS ee CTUYKTYpH).

2. " Umeercs OOHJ ONTVLRAMLHOTP MPUCNOCOCIEHUS CHCTEMH K
HeROTODHM CHTyalHAM S o6;acT® .S , Ha ocHoBaHuMm ROTOPOr0
CTDPOHTCA ofy4ammad NOCIeNoBaTeJIbHOCTD.

3. ieusBeCTHy® JyHRUMOHANbLHY® SSBUCHLOCTEH (3) BOSMOE-

HO C JOCTATOUHO# TOTHOCTHD J¥HEapu30BaThk B 06JaCTH S .

llocnensee ycioeue Opu /(\</77 BOBCE CHHMAETCH, T.K.
ODE OTCYTCTBHE QODAODHHX cBelermit o dymxuuu (3)B 2ToM CcHy=-
aae aucio mogasos K He JNOCTATOYHO [JJIA -O,I['HOSHB‘IHOPO
onpe,ueneum JMHe AHOr'0 nZe 00pasOBaHRd S - U . Bcin xe
JauH2 o6ydqaomeit nocnenonawenmocﬁ Gonblie PASMEPHOCTH IpO-
CTPaHCTBA CHTYaUud, TO noclexHee ycnoiaze OPHMEHKMOCTH MeTOozna
ocra6ngercs: clefyeT OpEANONAraTh,qYTO HEWSBECTHYD (yHEOMO-
HAJBHY 3aBUCHLOCTb (3) MOEHO C JOCTATOY:HO! TOYHOCTHD IUHEG—
DH80BATH B OKDECTHOCTH ? < k touex ( 7\< M ) us ocia-
cte S . B oron ciydae OLEHRa A8 : X * onpenenserca He
[0 BCeL: [RChojaraeiHy HaGONEe:uaAM, a JWub 0O GauxaimmM ?
(B cMHCIe BBENEHHOH METDUER) x'nccne,myeuoa CHTy2OHn.
- BuGOp ONTULANBHOrO NpencTasieHus dyHRUAM ONWSOCTH H
ONTULRIBHOI'O 3HAUSHUSA, ? + MOZeT NDOW3BONUTHCH CHEIYDLUM
nyTeM. 3HODOCHM [ -ul sremeur o6yqaonei nocienoBaTelbHO=

CTH % SKCTDANOJWpYEM pereHue Mo .~ A [ .+ [lomyuensii BerTOp

.
(I

Xa

*
BOOGme [OBODA He COBNAZeT C HMelmMMCH X S Hepss-

AFé'/Xf*- Xz‘:/ i
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onpepensier 2peKTUBHOCTL BHOOP2 (yHEUMH GAMBOCTH H ONMTHUMAIL-
HOCTH ? s lloaroMy omrumANbHHR BHOOp (yHRUuM GAU30CTH B
JONEEH MWHAMUSHDOBATL 8TY HeBSSKY.

TeopeTHIeQK0® HCCIONOBAHHE BIUAHHA COOTHOMEHUSA NIFHH
k ofywaiome# mociemoBaTeNbHOCTH M pasMepHOCTR /77 npo-'
CTPaHCTBA CHTYyaUuil HA BeXWUVHY CpeNHeHHTerpalbHHX NOTEpb d;:
KQuecTsa CHCTEMH N0 OCNACTH €8 BOBMOXHHX COCTOAHHUEZ OHIO MO-
BE4EHO AJIA CIy4aeB IuHeldHOR ¥ HeauHelHoR aaBucumocTH (3).
Oxas3anoch, YTO B 060MX CIydasX MOTEpPH MOHOTOHHO ymeub&xaro'rca
no umepe npuGIMESHUA kK & m . Mpu K >/Mm muued:as
diyHKUMA BOCCTAHABIMBAETCH, €CTeCTBeHHO, 6e30unOuHO, M MoTe-
P¥ [BBHH HyZm®. B crydae HenuzelHo# fyHKuuu B aromd ciydae
OCYeCTBJIAETCA JOKasbHO-NUHEHO8 npubauwzeHue.

LAJ1a craBHeHUs GuIM OnDefeNeHH CpefHeMHTEIPANbHHO No-
TepH d;_.* KayecTBa CHUCTEMH NCM BOCCTAHOBIEHMH TeX me dyix-
ux#t no "accouuaTUBHOMY" METOLY, COTJCHO KOTODOMY HOBad CUTY=-
auMa OTOZLecTBJAeTca ¢ Gnuzattmed, BXomAme# B cocrap o6yga-
omefl nocnreaoBaTeNbHATH. HAK BUIHO W3 pUC.1l, BKCTPANONALHUOH-
HHR MeTOR BOCCTAHOBJIEHUA JxHeld:HoR 3aBucumocTu (3) npusomur
E CYLECTBEHHO MEHENMM MHTErpajbHuM [OTEPAM KagecTsa CHCTENMH.
MeTonu paBHOUEHHH TOJNbKO B TOM CIydae, Korga wuatomwauua o
BOCCTaHaBIuBaeMo iyHrUMM HHUTOEHO Mana ( k( m , z.e.
N= LIV ). AHATOTMYHBA KADTWHA HAGMALAETCH B
cry3Iae Hemwuef#Hof 3apucEmocTd (3). QmHRKO 37ech OTHOCHTENIb-
HO@ NpeEMymecTBO npe,zuxoxezmoro.axc-rpanomuomor'o ueTona
yMeHbIAaeTCHd, NOCKOIbKY IMHEApPHSaUUA IPUBOLHUT K LOMNOJHWTEIb-

HHM DNOTEpHAM RAaYeCTBA CHCTOMH.
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Ouerxru mA ONTHUMANBHHX NapaMeTpPOB CUCTEMH, HalmeHHue
OyTeM S2KCTPanoRALMK, SBAAINTCHA chydaliibMy B CHJIY ChydaliHocTy
NpeCHnymero omura. [IpuBeneHHoe B paboTe [ 7] ucene Ipsaxne
CTaTHCTHUECKUX CEOffCTB BTUX OLIEHOK MO MiOEECTBY OO0ydawmyX
nocyenoBaTenbHocTel noxasano,. YTO AUCNEPCHOCTb OLCHOK YMEHb-
maeTcd MO Mepe yBeluuehusa INJMHH OCygaiueil nocrenosare k-

HOCTH.




M

S

T S ——

T

Hexoropue mMpuMeHesus MeToAa.

Buaxu pactMOTpeHH HEROTOpHE NpPAaKTHIECKHE 3anadd Mo
NpuMeHeHUD NPeLIOXEeHHOT'0 MeTONA MHOT'OMEpHO# JWReitHoit sKCTpa-
MOAA KK .

I. 3azava onTMMAJIBHOTO MpOEKTUPOBAHHA CHCTSMH,

Kak M3BECTHO [B, 9] , CBA33aH3a C TPYAOEMKO# mpoueaypo#t
OTHCKAHUA ONT@MAJNBHUX MAapaMeTpOB, MpPU KOTODHX CHCTEMB HAHR-
JyqmuM 006pa30M §JAOBAETBOPAET BSKOHOMHYECKUM, TEXHUYECKHM M
BpeMeHHHM TpedoBaHMAM. Heunsbezeue H3MeHEHMI OTHAEABHHX AC-
XOIOHHX YCJAOBU{t, X2pakTEePUCTHAK, O'PAHUYEHU! X T.M., BO3HA-
Kapm¥e B TpOUECCE MPOEeKTAPOBAHHUA CHCTEMH, MPUBOAAT Xk Heol-
XOLUMOC TH uuoromparﬂord MOBTOPEHHA YKA3AHHUX TDYZ0eMKHAX
pcYeToB C henbn COOTBOTCTByDNE# KODPEKTUDOBRA OMNTUMAIBHHX
napaMeTpoB CHCTEMH. CJI0ZHOCTH 3TUX pacyeToB U, CJIeN0BATEIb-
HO, BpeMi MpPOSKTHPOBAHUA CHCTEMH MOXHO 3HAYMTEABHO COKPATHATH
€CIH BOCHOJAb3OBATHCA MPERJOREHHHM SKCTPAMOJALMOHHHM METOZOM.
iz aTofo BHAYAJde MPOM3BOAMTCA OMpeAeteHHOe MCXZAHOE KoJu%e-
CTBO KOPPEKTADPOBOK NapaMeTpPOB CHCTEMH ﬁyreu MpuMeHe HUA H3Be-

CTHHX MpAMHX METONOB MHOTOMapaMeTpUIEeCKOR ONTHMH3AUHM. OTH

. pacYerd K o0pa3yp?T o4yYarmyD nocCAen0BaTEXbHOCTH. [locrenyo-

ife KOpPEKTHPOBKR OCYyWECTBAADTCA 2KCTPAMOJIAUMOHHEM MeTOLOM
®a OCHOBAHHM 3TOTO onuTa. CaeayeT NOXTepXHYTh, 4TO 00ydap-
Y0 DOCAeNOBAaTENMBHOOTH MOXKHO q)opunposau TOALKO R3 [e3yAbTa-
#38 on?EMMIAOME CHCTEeMH (QEECEpoBaHAOR cTpyxrypd. (CM. I-oe
¥520BHe ODEMCHAMOCTH MeTOAa). BexTop CATyauURR JoJXeH MOX-
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HOCTHD OnpelleXATh COBOKYMHOCTH YCJIOBHit, AAA KOTOPHX MOXyYEHO
ONTUMAXEHOE peueHKe.

[poBepKy NOoCJAeRHEr0 YCAOBHA NPUMEHMMOCTH 8SKCTpPAMNOAA-
OHOTHOTO MeTOZAa HETPYAHO YCTAHOBHTH MO BEJAMUYHMHE MUHHMMIABHOM
reBisxku (9), xoTopas oTpaxaeT a(feKTHBHOCTH ueTona ¢ ZAA
LaHHO# 3anauu.

2. 3azaua 0 MpeAcKasaHuu nosezeHws (yHRmMu, SsazaHHOH

B /N1 TovYRaXx HHTepBaXa HaGJIDLBRHA, CBORHTCA K nondopy aHa-
JUTHYECKOT'O0 BHD3EEHHA, KOTOpOE B ONpejieXeHHOM OMHCIE HAHXYYRHM
0o6pa3oM annpoKC#MHpyeT ﬂadnbnaeuyn $yurguo. [ycTh, HampHMEp,
M3 NpeiHAymero ONHTA M3IBECTHO, 4TO (yHKUMHM, MOROOHHE HalAD-

zaeuoft, Hauryywum o6pa3oM anMPOKCHMHDYDTCA MOXKHOMAMK cCTele-

Wn /] . npuden

i (19
Kax ®3BEeCTHO, 3azaka O NMPOBEJCHHM MOJMHOMA CTeneHH /I de=-
pes /N < /1 Touek JonyckaeT OGeCHHCIEHHOE MHOEECTBO pemeHHMH.
Heo6xonumo BuGpaTh M3 BCEBO3MOXHWX peleHH# eAMHCTBEHHOE,
KOTOpOe HaHMeHee MPOTMBOpPEYHT pe3yabrTaTaM NpeAHAYMEro ONuTa.
Iig aToro, coriacHo [8] dopuupyeTcAa cxenyomad ofydanmad
nocJenoBaTeABHOCTh. KOMIOHEHTaM# BEKTOpa CHTyauUMH /{,- AB-
JADTCA ‘/ -¢ 3HaYeHRA paHee HadxppaBmelicd QyHKUMM B OT-
MEYEeHHHX TOYKAX MHTepBala HaCXpAeHMA; KOMIOHEHTaM# BEKTODa
ONTUMAXDLHHX MApaMeTPOB JX;;* caysaT 3HaueHHA KoadduuMeH-
TOB MOJHHOMA, HAHIYYDMM O0Cpa3oM aNnnpoKCKMEpyDHEero df =D

¢yarmmo. Tenepb, BOCHOAB30BABUMCH METOZOM MHOT'OMEDHON XM=
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HeftHOft SrCTpamoXAnMH, MOXHO HaflTH omeHKY Ax91 Ko3PfmumeHTOB
HCKOMOT'O MOAMHOMA H DEemMTh 387349y NpeACKAa3aHAA NoBeAeHHA
HaapnaeMmoit QyHROEH.

[Opn aToM HeoOGXOAHMO COCXDAATH cIeaypmee ycXoBme?
({yHKDAHE, BXOZAMME B cOCTaB ofydapmeft mocXez0BaTEABHOCTH H
BHOBb HalXpaaeMue, AOMEHH CHTH CAHSKAMH B TOM CMHCXE, YTO OHH
ONHMCHBADT aHaXOT'HYHHE NpOLECCH, NMpOTeKapmHue ‘B aHaXOT'HYHHX
yCXOBHAX. .

3. Sazava upeHTHOMKANKM ZAMHAMWYECKOr'0O OJHEKTa SaKiD-

9aeTCA B NOCTPOEHHH MAaTEMATHIECKOR MOZeXn, M30MODYHOR OGBLeKTy
no nopeneHHn. CTPyKTypa M napaMeTpH Takoft MoaexM moxGHpanT-
CA H3 ycXOBAA, YTOOH NpH OAMHAKOBHX CHIHaJax Ha BXOABMX
00%eKTa H MOREXHM JOCTHTAXOCh HaWMeHBIEe B ONpEeReXeHHOM CMHC-
Je pacCOrXaoOBaHED MX BHXOAHHX CHIHaXOB. KCIM OTDyRTypa MOZe&#
XH OmpeneXeHa, TO 3amadYa ONTHMAXBHOR HACTPO#KH CBOAHTCA K
HaXOEJleHHD BEKTOpa ONTHMAABHHX NapaMeTpoB, 3KCTPEMMSHDYDHHX
noxasaTeAb pacCorXacOBaHHEA BHXOZHHX CHI'HaJXOB.

OnHaKO, B peaXbHHX yCJAOBHAX CBONCTBA O0TeKTa He OCTaDT-
CA MOCTOAHHHMM BO BpeMeHH. BoO3HHKaeT HeOGXOZMMOCTDH MOCTOAHHOM
RXH NepHOLMIEeCKOR KODPEKTHDOBKH DNTHMAIBHHX NapaMeTDOB MOZEXH .
stasano [iI] » 49TO B CxydYae KBaSHCTANMOHADHOT'O OO0®EKTa
sazavy azanTanHA MOZeXH yAOGHO pemaTh C HCNOXB3OBaHHEM MeTO-
Za MEOroMepHO#t AHReitHOR sKCTpamoXAuMM. ANpHOpHHE CBEeREHHA
06 o0%eKTe Ha 3Tanme OCyYeHAd SERCTPANOXATOpPA MOEHO MOXYYHTH C
moMOMbD MOMCKOBHX METOZOB CaMOHACTPORKE Mozex: [10. IL]~ .

[OpaseHNTEABHO K 3amave. EAeHTA(AKannH Oo0reKTa OoCydapmad
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O00XEeA0BATEABHOCTH AOAKHA JCTAHABAMEATH COOTBETCTBHE MEXAY
HEeKOTOpo#t XxapakTepuCTHKOHR, onpelelADmMER ero Texymee COCTOA-
HHE 4 NMapaMeTpaMH M3TeuMaTHYECKOR Mozedu O0BEKTa B 3TOM CO=-
CTOAHHK. B npomecoe HOpMAJBHOA 9KOMAyaTAaUMM XAaPAKTEPACTUKOR
COCTOAHUA O0BEKTa MOT'YT CAYEUTDH WAM HEMOCPEACTBEHHO 3aMUCH
ero BXOZHOTO M BHXOAHOTO OMTHAXOB, WAH UX CTATHOTHYEOKHe
cBoficTBa. MaBecTHO [m] » 4TO HauboJee MHPOPMBTHUBHOA Xa-
PAKTEPUCTUROR ABAAETCA BIAUMHOKODPENAUMOHHAA QYHRUMA BHXOA-
HOT'O M BXOZAHOTO CHUTHAJIOB 00BCKTa. B OTAGJBHHX caydyadX u3Me-
HEHHE COCTORHUA OCBLCKTA AONYyCKAaeTCA HAaCADAATH MO MIMESHEHHD
aBTOKOpPeMAUUOHHOR (yHKUMM €r0 BHXOWHOTO CHrHajta. lcnoas-
30BaHHC MO0 M3 YMOWAHYTHX JYHKUMA B KayecTBe CHTYaUMH Tpe-
GyeT NpeABApUTEABHOA X MApaMETpM3AUM. JUATHBAA HCKADIUTENb-
HYD TDYAOEMKOCTH OCmENpUAATOr0 Cnocoda MapaMeTpu3auMd KOp-
peNAUMOHHUX GFHKUMHA [ID] , B padoTe [II] OpAHAT Mpo-
crelimuié cmocol npercTaBASHUA PYHKUMA B BHAE BEKTOpa: e€ro
KOMIOHEHTaMM ABJMDTCA HEMOCPEACTBOHHO 3HAYEHHA QyHKIMM, Ha-
npuuep, /(yx (7’,.), COOTBETCTByDHHME ONpEACACHHHM /77 Mo~
MEHTaM HE3aBUCHMOTO nepewekHoro 7, Cisks .,m).
JKCnepUMEHTaAbHOE KCCAEZOBaHME TPONECCA KOPPEXTUPOBKE
ONTHMAXBHLX MAPAMETDOB MOZEXR JXCTPANOARUMORHHM METOLOM GHIO
npoceAcHo Ha [BM A7 xzacca 0012KTOB, HMEDNAX MOHOTOHHYD
NepexolHyD XapaKTepHCTUKY. [oAyYeHHHe pe3yAbTATH ODH CTaTH-
CTHYECKMX ONEHKAX B3aUMHOKOPPEXAQMOHHHX (yHROEA OOATBEpAAXRA

BO3MOXHOCTDb TpPERJOICHHOr'O [OAXOXA X DEMEHAD 3a13%R OfepaTHUBEOTO
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apucnocobaeHud Momeau. HaummeHBmad MOrpemHOCTDH AOCTHIraeTcA

npu nadaonennn Baaflioxoppeasumonnoit dynrumn odsexra.

BHBOJIH :

I. [IlpeaxomeH M HCCJeLOBaH MBETOX GeCMOMCKOBOR azamTauum

CHOEHOR CHCTeMli K HM3MEHeHHAM MHOTOMEDHOR CHTyaUsAH.

2. MeToz OCHOBaH Ha SKCTpPAMOAAUMK NpPEALAYHEro MOBEAEHWA,
HaKOMJEHHOT'O B Mpouecce ONTHMAABHEO# DPaCOTY O0BEKTa NMpA aHaJa0-
THYHHX ycaoBMAX. XapaKTepHO# OCOGEHHOCTHED MeTOAa ABIAETOR
TO, 4TO OH MO3BOXAET NMPUHUMATHL AOCTAaTOYHO OCOCHOBAHAH® peme-
ﬁuﬂ NpH BeChM3 OTPAHHYEHHOM OGHEME aNPHODHHX CBElLEHHi .

3. 3xcnépnuema.nmoe HCCIe0BaHMe METOZA B 3aja¥Yax ONTU-
MAXBHOTO MPOEXTHPOBAHWA, MPEACKA3aHHA, HAeHTHOMKAUMM H ynpaB-
JeHuA noxasaxo 2$PEKTHBHOCTHL PAa3BUTOI'0 MOAXOAA K DEMEHED
§aza4® ananTanmEs.
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MINIMUM VARIANCE ESTIMATION OF PARAMETERS AND

STATES IN NUCLEAR POWER SYSTEMS

L. J. Habegger
Argonne National Laboratory
Argonne, Illinois, U.S.A.

and

R. E. Bailey
Purdue University
Lafayette, Indiana, U.S.A.

INTRODUCTION

Experimental identification of dynamic characteristics of nuclear
reactor systems by current methods, such as l/e period measurements or
transfer function measurements via control rod oscillations or random noise
inputs, are limited by one or more of the following:

' (1) a capability of giving information about only a few isolated
parameters,

(2) a restriction to stationary linear systems,

(3) a need for long experimental running time, and

(4) a need for highly specialized equipment for producing a partic-

ular system input.
In this paper, a minimum variance sequential estimation procedure -
suitable for linear and nonlinear systems - is shown to be capable of
bypassing these limitations. This procedure estimates a system's dynamic
parameters using measurements of the system output from an arbitrary known
input. Results are presented from the agtual experimental application of
the procedure to three reactor systems - the EBWR (Experimental Boiling
Water Reactor) and EBR-II (Experimental Breeder Reactor -~ I1I) power
reactors and the PUR-I (Purdue University Reactor - I) research reactor.

The work reported here was largely motivated by a need for an experi-
mental procedure which is short enough to allow continuous or periodic
determination of changes which frequently occur in the dynamic character-
istics of nuclear reactor systems. The dynamic characteristics of a power
reactor system may change, for example, as a result of changes in coolant
flov rate, temperature, power level, pressure, control rod configuratiom,
isotope buildup, or fuel configuration.

- Applicability to nonlinear systems was also an important consideration
in the development of a parameter estimation procedure since resctor dyunas—

ics are basically nonlinear.!
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The most widely known and used method for ;xpcrilnntllly determining
reactor characteristics involves the excitation of the reactor at various
frequencies with an oscillating control rod to obtain the system's transfer
function.? These experiments are quite lengthy and thus not suited to
frequent redetermination of the system charscteristics. Reactor dynamics
measurements have more recently been sccomplished through the analysis of
output noise resulting from either externally produced input noise or
naturally occurring internal noise. Thia method significantly reduces
experimental running time. However, because of a lack of information on
the nature of the internal noise in power reactors, applications to this
type of system usually require elaborate equipment for externally producing
input noise. Both the noise analysis and rod oscillator experiments are in
general restricted to stationary linear systems. Experimsntal procedures
such as 1l/e period measurements identify isolated parameters but give only
limited information on the system response to an arbitrary input.

The minimum variance estimation procedure used in this paper is an
extension of Kalman's solution to the linear filtering and prediction
pt;oblem.3 Aerospsce applications of this procedure have also been pro-

posed.“»S
NOTATIONAL CONVENTIONS
a: Underlined lower case letters are column vectors.
M Underlined upper case letters are matrices.
L. LH] The superscript (%) represents the transpose operation.
E(v]: Mean value of a random variable v .
611: Kronecker delta function with zero value for i ¢ j and unit
value for 1 = 4§,
6(t): Dirac delta function defined by
t220
J f(t)s(t)dt = £(0) .
tt;s0
ié_fl: Jacobi matrix wich (13)th element 3::(5) .
39X . b}

PKOBLEM FORMULATION AND METHOD OF SOLUTION e

The problem to be solved ﬁere is the estimation of the parameters a

of the system which is described by the state equations

X = £ (x(2),a,t) + r(t) I$H)
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The estimates are to be based on the discrete measursments

& -!1.!(‘1) *!10 1@ 1,2,000,8 . (2)
Here r(t) and ¥, .are; continuous and diecrete random:variables,
respectively, with

El®) = 9, Elw) = 90
E[p(t)z*(1)] = R(t)6(t-1), 3[11‘_'1*] - By, 3)
Elp(edy*) = 0

The system can ba redefined by coneidering Eqn. (1) to be augmented
with the equations ;

4 = 2+ (8)

and using the new definition
F 5
‘Jf; )

plus corresponding redefinitions for f(°), r(t), and M The epproach used

in the procedure presanted is to estimate the entire ui.\cncntcd state vector
& in (5), which includes the parametere 3 . Although the emphasis in this
paper is on tha estimation of the system paremeters, the estimates of the
system statee, which are also given in this approach, could be of value in
a feedback control eystem.

The algoritha for minimum variance sequential estimation of the aug-
mented etate vector _x_(ti) ie given below. The derivation of this procedure
appears elsewhere" S and will thus not be given here. In the algorithm,
the estimate at time ¢, , based on the measurements y;, 1=1,2,°°:,k, is
is denoted by e

Civen (1) the dynamic system in Eqn. (1) (augmented with Eqn. (4) ),
(2) the meesuremente in Eq. (2), and (3) the initial values Z./0 and J Jo®

o.7Y
estinmates of the states L(ti) are given by the recursive relations

By = By tRy Ly - MEy,n) ()
In Bqn. (6), Zi /41 is the solution at time t1 of

LR (CHOTUIE ACWTEREE Wy =
- ’ 1

4 -

By = dyyg MO0 48 &

Liyge1 = Qy3e) Yerys Gy Y )
In Eqm. .(9) !1“_1 is the sclutirn at time t, of the matrix equation




7 3f(x (t),t)
(e,e, ) = 7, (6) LICUNY PRI CSTLS ILB § (10)
- t
_!_,_ - I = g(ti.r)_l_(r)g"(ti,t) drt . (11)
t
1-1
Also,

Ly = Ly "R Y L e
Thgu eatimation procedure has the char;ctcrlltlc that 1f 51-1,1 1 ia
unbiased and has a variance given by 21-1/1-1' and 1f, furthermore, ;(tl)

can be approximated by the solution, at time tl' of the linear relation

. . 2£(x, () ,¢)
B v L(0,0 + =57 GO - x5 () + 50, 3
then X given by Eqn. (6) will have the amalleat variance of all c;tinatol

which are a linear combination of the measurements xj, J=1,2,+¢+,1. Under
these conditions, ;1/1 will be unbiased and will have a variance gili aa
given by Eqn. (12).
The features which make the above procedure attractive for estimating
reactor parameters are:
1. The experimental and computational time required is short. Thus,
frequent reestimation of the system's parameters becomes practical.
Since the procedure is sequential, the computationa can theoreti-
cally be completed simultaneously with the tranaient meaaurementa,
however, the speed of the computer often prohibits this from

occurring. Also, if the initial estimatea, X,/ 8re poor, the

data may have to be used more than once to ob:lin satiafactory
estimates.

2. The technique is applicable to nonlinear systezs and systems with
time varying coefficienta.

3. The type of system input to be used is not specified. Thus the
need for specialized equipment 1is raduéed.

4. If during the transient more than ona syatem atate, or linear
combfnations of states, are meaaured simultsneously, these mea-~
surements can all be used in the eatimation. The -Ecuracy cf the
estimates generally increases with the order of the measurement
vector, 11 »

5. The effects of both measurement noiae and system input noise are

considered i{n the estimation procedure.
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The major restriction in the use of the procedure is that the user must
provide the following & priori information:
(1) the initial estimate Z/0
(2) the form of the model in Eqn. (1) describing the system
dynamics, and

(3) the second order statistics golo’ R(t), and !1

JEXPERIMENTAL APPLICATIONS
Experimental Boiling Water Reactor (EBWR)

The EBWR at Argonne National Laboratory during the period 1956 - 1962
served as a prototype nuclesr power plant using a natural circulation,
pressurized, boiling water reactor in which the steam produced was used
directly to operate a turbine generator.® FProm 1964:to 1967 the EBWR
vas again placed into operation for the primary purpose of plutonium irra-

diation in the Plutonium Recycle Program.’

The experimental data used in
the following analysis of EBWR characteristics was obtained during this
latter period of operation. Figure 1 shows, in block diagram form, the
simplified theoretical model used for-the identification of the EBWR dynam-
ics. In this model, the plant feedback reactivity, ka(t) , is assumed to
result only from void formation in the core. The power voids represent

a change in the void formation rate due to a change in the heat formation
rate. The flashing woids are voids which form as the result of pressure
changes. The boundary voids represent the effect of variations in the
height of the boundary between the boiling and non-boiling regions. A
similar model has praviously been used for the analysis of EBWR transfer
function measurements.?

The zero-power reactor kinetics were assumed to be of the well known

forn® Bk (¢) + ka(t) ]
. -8/t | N+ z ; (14)
i=1
g --f-m-xici,x-l.z.a (15)
wvhere '
N(t): Reactor power level

Ci(t): ‘ Concentration of the 15n delayed neutron precursor

B: Praction of neutrons produced which are delayed
81/63 Fraction of delayed neutrons from the 15& precursor group
Aiz Decay constant for the 1£h precursor group

ch(t): . Control rod reactivity
ka(t)x Plant feedback reactivity-
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L: Prompt neutron 1ifetime

The power output in a boiling water reactor contains non-negligible
random fluctustions which are mainly the result of random boiling void
formation. These rsndom fluctuations were modeled by sssuming the addition
of & random input, r(t), on the right hand side of Eqn. (14).

In the EBWR experiments, the transient used in the estimation waas
obtained by dropping s control rod. Thie input, as a function of the

measured time dependent rod position, h(t), was modeled by

dkc(t) = Ak p(t) (16)
- kc(t) - kc(to)
where
h(e h(e
R [ e an

In Eqn. (16), Ak is the reactivity worth of a fully inserted rod Ind.ll an
unknown parameter to be estimated. The sctive core height is H and t
is the time st which the rod was dropped. The form of Eqn. (17) is derived
from perturbation theory for s thin control rod in sn unreflected, homo-
geneoua reactor.?
Through the use of this model, the transient measurements, aad the
a priori i{nformation X,/0° gv/o
sequential estimation of states and parameters in the EBWR system is

5 !1, and R(t), the minimum variance

possible. However, as will often be the case in experimentsl spplications,
a limited imprecision exists in the specification of the required a priori
informstion. Therefore, prior to the experimental application, the effects
on the estimation resulting from the use of various assumptions for this
information were investigated using computer simulated messurements of

EBWR power transients.

The results of this study, which are given in Reference 10, indicated
that satisfactory parameter estimates can still be obtained i{f the a priori
information used contains inaccuracies of the limited magnitude normally
occurring in the experimental applications. -

In the actual experimental application to the EBWR, the parameter
estimates vere based on simultaneous measurementa of both pressure and
pover during rod drop transients. The sampling interval durlng the tran~
sients vas 0.06 seconds. The parameter estimatfion was repested at six
different power levels, ranging from 15.1 to 69.) megavatts (thermil) to
determine the parameters as a function of power. The parameters estimated

vere 2k, Tb' TPV’ fr' 1, 0, (‘cnv)' (laud)’ (letb)’ and (BK) (see Fig. 1).
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Becauae of the large number of parameters estimated and, at several
power levels, a fairly large discrepancy between the data and the tran-
sients predicted by the initial estimates (see for example Fig. 2), there
wves a possibility of obtaining unsatisfactory estimates during the simul-
taneous estimation of all ten of the unknown parameters. This difficulty
was avoided by taking advantage of several observations concerning the
system transient. First, the major drop in power occurs during the short
period (0.25 seconds) in which the control rod is dropping at the start of
the transient. The magnitude of thiu_initial power change is highly depen-
dent on the control rod worth parameter, .0k, but is only slightly dependent
on the remaining unknown parameters which relate to the relatively slow
feedback effects. Therefore the parameter Ak can be estimated independently
by using only this first portion of the transient. A second observation is
that the four unknown feedback parameters Th' TPV' o, and (Kékv) play the
majoc role in determining the system response after the initial power
change and can therefore be estimated independently using this region of
the measured response. Although this second observation was originally
based on empirical results using different parameters in the model, a
similar conclusion can be obtained by considering the physical processes
of the system. In a boiling water reactor, the principal feedback effect
1e from power voids and, from Fig. 1, this is related to the parameters
Th' TPV' and (KGEV). The pressure change is directly related to the
parapeter © which determines the steaming rate. Using these two
observations, a first coarse esrimate can be made of the parameters lk, Th’
TPV' o, and (Kékv)' follow2d by a more refined simultaneous estimate of
all ten unknowvn parameters. Following this procedure, the parameter esti-
mates in Table 1 were obtained.

Although no true values for the parameters are available for evaluating
the paramster estimates, these estimates display the power dependency
expected from the model. The estimate changes also reflect a dependency
on the changes in other system variables such as boric acid concentration
in the coolant, coolant flow rate, and fuel depletion. The parameter
estimates are also in the general range of values given by rod oscillator
tests. The rod oscillator estimates, however, cannot be used to absolutely
verify the estimates in Table 1 since the oscillator results are baaed on
a linearized model which required much smaller experimental aystem state
variations.

For many applications, such as to adaptive control, any parameter

estimates are satisfactory that give good agreement between predicted and
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experimental trajectories. For both power and pressure, the estimates in
Table 1 resulted in such a desirable agreement. Examples of the theoretical
and experimental trajectories are given in Figures 3 and 4. These figures
also show the trajectories obtained using the initial parameter estimates.
The evaluation of the parameter estimates from the viewpoint of their
physical meaning is limited by the accuracy of the simplified system model
shown in Fig. 1. One shortcoming of fhlu model is the assumption that the
transfer function in each process in the feedback is independent of the
atates of the system. ‘Another approximation in the model is the assumption
of space-independent dynamice. The result of these and other assumptions
is that the parameter estimates may vary from the values associated with
their intended physical definition so that the inexact model will etill
epproximate the ‘system response. *
Purdue University Reactor - I (PUR-I)

In the estimation of the EBWR parsméters it was assumed that the param-
eters in the zero-power reactor kinetics, Eqne. (14) and (15), were those
given by rod-oscillator tests at low power (6kf(t) % 0). However, these
parsmeters could also have becn obtained at this low power using the minimum
variance estimation procedure. This capability was experimentally verified
using a transient power measurement from the Purdue Univeraity low power,
light water moderated, research reactor.!?

Experimental Breeder Reactor - II (EBR-II)
The EBR-11, located &t the National Reactur Testing Station in Idaho,

is a firet generation liquid aodium cooled fest breeder reactor with the

primary purpose of providing information on complete breeder reactor fual
cycles. This reactor also serves as a prototype for larger power planta

of this type., The EBR-11 haa a deaign power level of 62 megawatts (ther-
mal).i!

The minimum variance estimation procedure was applied to this system
using measurements of a power transient provided tc the authors by the
National Reactor Testing Station. This transient was the result of dropping
a control rod at a power level of 45 megawatts (thermal). The system

reactivity input was ra2presented by
6kc(t) = Ak p(t) (19)

where A0k is the contrel rod ﬁorth. as in Eqn. (17), and p(t), the "shape

' waa obtained from a previous experiment.‘o

function,'
The ayatem model in this application was assumed to consist of &he

reactor kinetica in Eqna. (14) and (15} with the feedback reactivit:
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Sk, (t), given by
£ N-N
+U -—N—g (20)
o

dkt - DM!.f

In a fast reactur such as the EBR-II, the principal feedback effect is due
to various core temperature changes. Thus the parameters D and U in
Eqn. (20) can be roughly related to the time constant and gain, respective-~
ly, of a weighted average core temperature change in response to a power
change.

Theoretically, the minimum variance estimation procedure may now be
used directly to obtain estimates of parameters in Eqns. (l4), (15), (19),
and (20), but coamputational problems require a further manipulation of
these equations. In a fast reactor such as the EBR-I1I, the neutron life-
time, 2 , i{s very small. As a result, the individual terms on the right
hand side of Eqn. (14) are very large, although their sum, N , is rela-
tively small. Consequently, the numerical integration time step muat be
made prohibitively small to prevent erroreé in the calculation of N .

To avoid this computational difficulty, the following approximation

was made:
From Eqn. (14), b

(8k () + Sk (t) - 8) X; +Z e.ix“,1 - X (21)

i=1
B 0
aince ¢t is small. In Eqn. (21)
N-N
- -] . EAE =
Xorge= N.n # xlﬂ 3 —51 Ci 1.

The approximate algebraic relation in Eqn. (21) could now be used directly
to eliminate X; . But since X; , the reactor powver, is the measured
variable, the variable Gk‘(t) will be elininated. This is accomplished by
differentiating Eqn. (21) with respect to time and then using Eqn. (20) and
(21) to eliminate ka(t) and 5k£(:) in the resulting equations. The final
aet of equations is

| (x; +1) E 4
Xyo @SS Z etxt(x, - xhl) +(X; +1) 6kc(t)
i=]1
51(‘1+1* 1)
i=1
- p(akc(;) -8) + x,u] - (X3 +1)D (22)
g " (x; - 1141) onlry= 1, .2,23 . (23)
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This approximate form gave a transient which differed from the original by
less than 0.52 at each point while decreasing the required number of inte-
gration steps by a factor of 250.

Although the EBWR model which was used is of higher order, the use of
the EBR-II model in Eﬁns. (22) and (23) provides an additional test of the
estimation procedure because cf the highly nonlinear nature of Eqn. (22).
The capability of the procedure to estimste parameters in this model was
demonstrated using computer simulated noise free data. Using this data,
the parameters 4k, D, and U, which initially had a 202 average error, were
simultaneously estimated to an accuracy of 6 significant figures.

In the application to the EBR-II experiments, the parameters &k, D,
and U wvere estimated by the minimum variance estimation procedure to be

4k = 0.000303, D = -8,755, U = -0.008377.

The measured transient and the transient using the initial and final
parameter estimates are shown in Fig. 4. From this figure, it is seen that
the estimation procedure was again successful in obtaining estimates which

give a very good fit to the data.

CONCLUSIONS
Experimental applications to the boiling water, zero-power, snd fast

breeder nuclear reactor types have demonstrated that a minimum variance
sequential estimation procedure can be a powerful and versatile tool for

the identification of reactor system dynamics. A short experimental running
time, applicability to nonlinear systems, and small requirements for experi-
mental equipment, make the procedure attractive as a replacement or supple-
ment for conventional reactor identification procedures. The simultaneous
estimation of the system states by the procedure, in addition to the
parameter estimation, introduces the possibility of applications to

adaptive feedback control systems.

Although the emphasis in this paper is on the application to nuclear
reactor systems, the procedure is applicable to any system described by
ordinary differential equations with a forward-biased independent variable.
Use uwith systems described by partial differential equatiors is feasible if
the syster equations can be approximated by ordinary differential ecuations
through mcdal or nodal expansions.

In addition to the experimental applications, the minimum variance
estimation procedure may be of value in the optimization of a system design.
For exampie, the procedure may be used Lo estimate the design parzmeters
whichk give the "best fit" of the predicted system response to a known

optimal respomse.
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e 1. Minimum Variance Estimates of EBWR Parameters

;; 15.1 28.5 38.5 49.5 57.0 69.3
0.0142 0.0163 0.0103 0.0080 0.0087 0.0080
9.00 10.52 6.00 8.62 5.24 5.00
0.0164 0.0150 0.0207 0.00945 0.00692 0.00503
13.0 113.0 1.0 11.9 76.9 74.1
0.099 0.099 0.099 0.097 0.111 0.100
20.5 19.4 25.5 45.6 43.8 . 68.6
0.0124 0.0276 0.0144 0.0290 0.0316 0.0321

0.000108 0.000107 0.000102 0.000084 0.000115 0.00011
0.000412 0.000403 0.000397 0.000477 0.000606 0.00061
.237 .238 .192 .282 .769 1.043
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STATE IDENITFICATION OF A CLASS OF LINEAR DISTRIBUTED SYSTEMS

by

G. A. Phillipson* and S. K. Mitter

' Systems Research Center

Case Western Reserve University
Qleveland, Chio 44106

A. Introduction

This paper is concerned with the state identification problem for a
class of linear distributed parameter systems. Since the system is de-
scribed by a partial differential equation, its solution requires knowl-

edge of initial conditions and environmental forcing terms which include -

the boundary conditions. The problem studied here is the following:

Given i) inexact measurements of the initial canditions and envi-
ranmental interactions ii) inexact and possibly incamplete measurements
of the state of the system, determine on the basis of the above data the
true initial and boundary conditions associated with a given partial dif-
ferential equation which is in same sense optimal with respect to the
given data.

The basis for selecting the estimates of the boundary and initial
conditions associated with a given partial differential equation, that
is, the criterion of optimality, is that of "least Bquares". To be more
precise, we mean the following:

Given:
(1) . The measurement data, which we denote here by 2 , and
(2) An (arbitrery) solution of the partial differential
equation, denoted here by Y(v) , where v is an arbi-
trary estimate of the true initial state and boundary
canditions, then
Obtain:
(1) v which etrenizes the error functional

Jw =llz- ywl||? ,

‘Ncu at Shell Developnent Company, Houston, Texas.
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whare ||+||? is same appropriate squared metric.
The identification problem, treated here is thus a variational prob-
- lem—that of characterizing extremals to a given functional, constrained

by a partial differential equation. We obtain a characterization of
these extrepals which is both necessary and sufficient, using the theory
of varistional inequalities.! Two methods for the numerical recovery of
the extremals fram this characterization are presented. One of these is
a Ricatti-like decoupling and the other is a "direct method" involving
conjugate directions of search on a quadratic error surface. Collateral
wdcmybefmmint}nmmtpap@ofﬂahh'ishmnandtjms.z

The identification problem, as introduced, is cus®amarily given a
stochastic treatment. In that context, the error associated with the
measurement data Z is considered to be a randam variable, whose values
are "distributed” in a known way. The state identification or filtering
problem, as it is called in this context, is to determine the a posteri-
ori probability density of the state, given the measurements 2 .

Under special statisti¢al hypothesis on the error processes, namely
that they be purely randam with Gaussian probability density and in addi-
tion, are additive—that is

22y +E

where u is the true "state of nature” and E is the error process,
then if the system state evolution process is also linear, the a posteri-
orl density of the states is also Gaussian. It can be shown3 that the
filtered estimate (given in terms of the sufficient statistics of the
Gaussian distribution of the states, the mgan and variance) coincides
with the "least-squares" estimate. Thus, under these special hypotheses
the variational and stochastic approaches yield identical results. [

We remark that the variaticnal problems arising in distributed opti-
mal comtrol are amenable to the solutian techniques suggested in the se-
qQuel. In particular, optimal boundary controllers are recovered effi-
ciently by the "direct method" already mentioned.
B. Definitions and Mathematical Preliminaries .

let @ be a simply connected, bounded open set in R° . Poimts of
Q are depoted by x = (xlx.‘, ...)&,) . I is the boundary of 9 . Let
t denote times, t€(0,T] . Define the sets:
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£ =rx0,T)] ; Q= ax(0,T)
We adopt a notational convention regarding the functions f :

£(x,1) is a point in R}, (x,t)€Q
f(.,t) 1is an element-of a Hilbert space K(R)
f(+,+) is an element of the Hilbert space L%(0,T; K) ,

where L12(0,T; K) is the space of functions (equivalence classes) which
are square integrable with values in K . When appropriate, we shall .
consider derivatives of f to be taken in the distribution sense, that
is, given a function ¢(.)€ C}(Q) with campact suppcrt in R , then for
f(+)e K(8) , the mapping
.?g_i;‘l: .(x:)-»-[ f-:-:%dx; 15705 2 e
Q
is called the distribution derivative of the function f . Higher order
derivatives are taken in an analogous way.
Define the second order elliptic operator Al°] :

r
Alyl=- ¥ L[a..(x t) 2 (xt)]'*a(xt)ﬁ
i,§=l ;. (1) ’ axj o)

where aij(x,t) y (i,j=1, 2 .. r) are bounded, measurable and exhibit
the coercive property:

ags (6t & & 2atgl + ...+ ¢2) forall E€R', (i21,2..7)

-
'S

i,

i~y

ao(x,t) 200
a>0, (x,t)eQ.
By As[-] we mean the operator A[.] with an additional symmetry
candition:

aij(x,t) = aji(x,t) (i,j=1,2 .. r), for all (x,t)EQ .

The case where the coeficients aij(x,t) = aij(x) > ao(x,t) = ao(x)
leads to the classical Sturm Liouville operator, denoted by Ast 5
We shall be concerned with the properties of solutions to the Sturm
Liouville problem
Ast£"] -pw=0 1)
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with any one of the boundary conditions

(I) w(s) =0 seT
(any sl . ser
av

() 28Dy g(s) w(s) =0 ser; 8(s) >0 forall ser .

Solutions to (1) with any one of (I) (II) (III) are camplete in
L2() . Of special interest are the solutions to

22w

L+ w=0 xe(0,1)
x? 1
w(0) = 0 *
w(l)= 0
namely,
— ! e ]
(/7 sin f.\i X)i.=1,2... R YRR € )

C. The Distributed Systems

We consider in detail identification problems associated with the dis-
tributed system whose evolution equation is linear, parabolic, with inhamo-
geneous boundary conditions of the Dirichlet type:

WOGE) 4 Aly(x, )] = £06t)  (x,9€Q
y(s,t) = u(s,t) (s,9ez )
y(x,0) s \xz(x) X€EQ

Hypothesis on f(x,t) and ul(s,t) A “2(") are:

£(+,+)€ L3(Q)
u (€ L2(1) (3)
w (e L3(a)

For the system (2) with hypothesis (3), 've have the following Lemma:
Lerma 1 (Lions-Magenes)

There exists one and only one solution to (2) with (3) such that
y(+,+)€L3(Q) . In addition,

Y (.,.e12
o (13 ¢LAQ) .

Remark  All our results hold in the case where the boundary conditions
on (2) are Neumann or "Mixed". Moreover, systems whose evolution equation
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is of second order hyperbolic type, naieliy:

AYOGE) 4 p [y(x,t)] = £0x,t)
2 s
at
with any of the three boundary conditions fall within the jurisdiction
of our msults.3
D. Mathematical Statement of the Identification Problem
Given: (i) System evolution process-equation (2).
(ii) Input measurements:

'S
:zl(s,*.:) ul(s,t) + Kl Nl(t)

z= = g (s)
zz(x) uz(x) + K2 Nz(t)

" I ) T . B
where u = [ul(s,t) : “2(")] is the true "state
of nature", and l(1 and K2 are constants.

(iii) Output measurements:

(@ 20x,t) = ylxti) + K N_(0) 6
® 26¢,0 = yod,eu") « ki 5 121,200 Q)
i

where xlen, N_(6),N.(®) N (t) and
Nz(t) are random error processes and K is
a oconstant. ’

Identification Problem: Obtain u , a "refined estimate" of u
based on the data contained in the input and output measurements. The
"refined estimate" is defined as that u in an admigssible set of func-
tions V which extremizes a certain quadratic error functional J(v) .
That is, choose u such that

J() = Inf Jv) ; V= LADxLi(a) .
vev
It is possible to consider a large variety of error functionals

J(v) . This variety is induced by the type of measurememt data avail-
able ((ii) and (iii)). Aoareless choice of functional J(y) can lead
to erranecus results. We postpane a discussion of "well set” functicnals
to Section E. Two specific error functianals considered in thia study
are induced by the two output measurements (iiia) and (iiib). They are:
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(a) J(v) = I ly(x,t;v) - z(x,t))%dx dt + j [vl(s,t)-zl(s,t)lzds at

Q I

+ J lv, () - z, (00 %ax . (8)
. _

T v . .

) I = j T tyod, e - 20,07 [ v, (6,t) - 2, (s,0))%s at

e z

+ J [vz(x) - zz(g()lzdx o (9)
Q

Remarks The output measurement process (iiia) is physically unrealistic
as it is not possible to measure the entire spatial profile. For the

same reason, s0 is the input measurement process :'.2()(7 . The latter
case.can be rationalized however, by asserting that zz(x) is obtained

by computing an initial steady state profile which is in error. Although
not considered in this paper, it is possible to treat other measurement
processes (provided they are appropriately forrilated) by using the methods
of this paper.

For notational convenience, we shall cansider (in detail) the identi-
fication problem associated with (8) and report formally the results for(9).
E. Characterization of Bxtremals

The characterization of extremals to J(v) is affarded by the results
of Lions and Stanpacc)xia.l We first introduce the appropriate framework.

Let a(v,w) be a coercive continuous bilinear form, v,weV = Li(o)
xL2(2)

£(v) be a continuous linear form.
Then, if
J(v) = a(v,v) - 22(v) + ¢ (10)
we have the following thearem:
Thearem 1 (Lims-!?tanpacd\ia):l There exists one and only cne u€vV
such that
J) < J(y) for all veV

and it is characterized by
a(u,v) - 2(v) =0 forall yvevV (080
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Theorem 1 is an appropriate "maxdmm principle” for the purposes of
solving the given identification problem. It is necessary to check
whether J(v) given by (8) (or (9)) has the representation (10). Using
(8), we can define

a(y,v) = J (y(x,t;v) - y(x,t;g)]zdx at + I vl(s,t)zds dt

Q L

+ I v2(x)2dx 12)
Q

y) = -(J (y(x,t;v) - y(x,t;0) I[y(x,t;0) - z(x,t)Idx at

Q

- J vl(s,t) zl(s,t)ds dt - J vz(x) zz(x)dx) (13)
I Q

c =‘I (y(x,t;0) - 2(x,t)1%dx dt + J zl(s,t)zds dt

Q L

+ I z2(x)’dx (1)
Q

Then it is clear that J(v) , g:.ven by (8), can be written:
J(v) = alv,v) - 28(v) + c

with a(v,v) , t(v) and c given by (12), (13) and (14), respectively.
Moreover, the hypothesis on a(v,v) , t(v) and c are satisfied. Hence,
by Theorem 1, the refined estimate u , which minimizes J(v) , is
uniquely characterized by:

J {y(x,t;u) - z(x,t))ly(x,t;¥) - y(x,t;0))dx dt

Q (1)

+ J [ul(s,t) -zl(sx,t)][vl(s,t)]ds dt*[ [“2(") -zz(x)] vz(x)dx =0,
I Q

Equation (15) is not of immediate utility. However, by defining a system
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adjoint to (2), (15) can be manipulated to yield a more workable result.
Thus, define p(x,t) , the adjoint variable to y(x,t) , which evolves
according to:
- ?2(’—;'%2 + Alp(x,t)] = y(x,t3u) - z(x,t) x,teQ
pls,t) = 0 s,t€r (i6)
plx,T) % 0 x €2
It can be smwn3 that (15) is equivalent to:

g ap_(sit) + u (st} - z,(s,t) = 0. s,tet
v a7

p(x,0) + uz(x) - z2(x) 0 xeq

Thus the simultaneous solution of (2), (16) and (17) defines the defined
estimate u and yelds the refined estimate of the state, y(x,t;u) .

Remark  The extremal to the functional J(v) given by (9) is given by
solving (2) and (17) simultaneously with an equation for p(x,*) given by

v 0
- 2068 4 A, = ] yOotiw - 2060)] 60x-x1)  (1=1,2..9)
is

0 : : as)

p(s,t)

p(x,T) = 0

It can be shoun,“ that (16) and (18) have solutions such that —a§ (e,°)6
av

L2(z) , so that (17) makes sense.

We remarked in Section D that it was possible to construct furc-
ticnals J(v) which were not "well set”. By well set, we mean that a
representation for J(v) given by (10) is possible. As an example of a
non well set prodlem, cansider

Jly) = I (y (o, Tsv) - z(x,T))%dx + I [vl(s,t) - zl(s,t)lzds dat
8 I ’
+ [ [v,(x) = z,(x))ax (19)

As before, we can define
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a(v,y) = j Ly(x,T;v) - y(x,T;0))%dx + I vl(s,t)zds dt
Q I

+ ] v, (x)%ax (20)
Q :

Now, a(v,v) is not continuous3 and the representation fails. It
is possible to construct several such ill-posed pml:’lems.z’3 Appropriate
reconstruction can, however, relieve these difficulties.2‘3
F. Recovery of the Extremals

As we announced in Section A, two methods for the recovery of ex-
tremals fram the characterization given by (2), (16) or (18) and (17) can
be proposed. Cansider first a Ricatti-like Decoupling.

F.1l Ricatti-like Decoupling

We note that (2), (16) or (18) and (17} constitutes a two point
(time) boundary-value problem. That is, the "initial" conditions on
y(x,t) and p(x,t) are split. It is possible to determine an equation
for y(x,T) , with which the system of equations (2), (16) or (18) and
(17) can be solved (in principle) as an initial value problem. However,
y(x,T) --that is, y(x,T;u) is the refined state estimate at the termi-
rcl time T , which is fixed, but arbitrary. Thus we shall consider the
identification problem to be solved once having obtained an equation for
y(x,T;u) . We give the result as a theorem:

Theorer 2 Given the system of Equations (2), (16) and (17), then if
P(x,§,1) satisfies :

@ LY A [p0x,E,0)) - APOGEDP- 6(6-x)

+ ] 3PO,2,1) BPLS,608) 45 = 0, (x,£, € RXAX(0,T) (21)
r v ov
s
P(x,s,t) = P(s,E,t) = O (22)
P(x,£,0) = 6(x - &) (23)

® PG, eE@A) , 2 ()0 )€ L) , t€(0,T] ,

(H2(2xq) is the secund Sobolev space) then:
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(i) There exists ane and only ane ¥(+,+)& L2(Q) such that
y(x,T;u) = y(x,T) (2w)

where y(x,t) is the unique solution of the following
linear integral equation of the secand kind

: I P(x,&,t)( 31(—%{—) + ALYCE,0)] - £(E,8)1dE = z(x,t) - y(x,t) (25)
Q
The conditions satisfied by y(x,t) on the closure of
Q are: ’
y(s,t) = z(s,t) (s,t)e:
’ (26)
y(%,0) = z,(x) x e
For a proof of this theorem, see P’hi.ll:'.pscm.3 The numer'icq.l solution
ofgequations (21) through (26) is not trivial. However an approximate
solution is possible, using an eigenvalue expansion.” With the definitions

l.i.m m
P(X)E,t) = Pm(XnE)t) H Pm(’hg't) H : §=lpij(t) wi(x) wj(E)
*
i l.im | - m
y(x,t) = ym(x,,t) : 3 ym(?c,t) z 121 yi(t) w; (%)
where wi(x) and wj(x)‘ satisfy (1), it can be shcma that (21) through
(26) yield the familiar "lumped" results:
& ey + Pl s Al + Pl e - w0 @an
Pl =1 (28)
y(t) . - ; = ) -
+ Ay(t) - £(t) + zl(t) = P () [z() - y(t)] (29)
§0) = z, : (30)
where
P(t) = (Pij(t)):.,jﬂ,'.‘..m
y(t) = (yi(t))i’.sl,z..m

A= diaghilig g m
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il o,
el
ik s W i1,2..m

2)(t) = {23(O)y 0 5 n3 %y ® I z,(8,t) ;—%— ds
SR *

2% Zoidis1 2. m 3 %01 I Zp(x) wyla). dx
0

£(8) & {£,(D)5,) 5 o3 £(0) = j £(x,1) Wy () dx .
Q

In Section G, we repart results using the suggested decoupling and sub-
sequent approximation, for a simulated example., There, we also give
results pertaining to the "discrete measurement” case induced by the
functional (9).
F.2 A Direct Varietional Method

To mcapztulate, ‘the pmblen is to select u€V such that

J(u) = Inf J(v) . (31)
veV

As we have,seen, there is a unique ueV thhthevaperty(al)amit
Lsdumctenzedby

a(y,v) - &(v) = 0 (32)

Equation (32) is the derivative of the functional J(v) evaluated at u.
In terms of the gradient G(u) , (32) is equivalent to:

(6(u) ,1)v

with -G(u) given by (17). The direct method for determining u

mvowes searching on *he quadratic surface J(v) along directions
8 (G) which lead eventually to u. That is,

W e K X gk(g) (33)

Because of the demanstrated efficiency of conjugate directions of search,
we shall employ them here. The algorithm is as follows:
(1) Select uw’eV (Initial guess)
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(i1) BEvaluate G(u°) via (17). If G(®) = 0, then by (32),
u® is the solution. If G(u°) # 0 , then for the (i+l)st
iteration, (i=0,l... ,) proceed as follows:

(i14) gi’l ] ui + ol li b s° g(g°) .

i e il ¢ ol g
(g@’l) » sl*ly,
@ , Gy

in addition, ol . is chosen 60 that

Il = I gd s v ed

ich
It is possible to cbtain an explicit expression for ui 3
. aetuh oaeh  ewdsaly,
s P T 3 .
a(a; ) a(s™ys™)

We review some pmpmies of the algorithm in the following thearems:
Thearem 3 1t Gud) # 0, J*h) <yud

Corollary: The sequence of real numbers J(u) is mootone decreasing
and has a limit in the extended reals:

Unm Jaul) = 3, = Inf Otw) .

i+e™ v
Theorem 4  The sequence (gi} converges weakly to a unique u€V and
the limit u has the property that

J(u) = Inf J(v)

v
that is,
iuea)dy

Lm uw —» ueV (unique)
jee™ 9

and Jw =J_ ..
i

We remark that at each iteration, the evaluation of G(u™) . involves
the numerical solution of (2) forwards in time, then (16) badevards in
time, which are the (numerically) stable directions of solution.

As before, the numerical solution requires an approxdmation of the
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solutions to a set of partjal differential equations. Again, we use the
sigenfunctions of (1) to achieve this approximation. We discuss the
results in the next section.
G. Numerical Results

The system chosen was the following:

et

Byix,0) _ 23068 . 5 (x,t) € (0,1)x(0,T] (34)
X

y(o,t) = u)(o,*} t € (0,T]

y(l,t) = ul(l,t) t ¢ (0,T]

y(x,0) = uz(x) z € (0,1)

Input Measurements

5 a £
zl(o,t) = ul(o,t) + kl Nl(t) 3 ul(o,t) =70 +10sin 2 =t .

# #*
Zl(l,tl = ul(l,t-) + k2 Nz(t) - uz(l,t) = 54,5

* =
22('/.) = u;(x) + k3 3 Uy =70 e 0.25%

ky = 4.2, ky = G, ky = 2.8

3
N,(t) purely random functior with amplitude ¢ 1.0.
Qutput Measurements

*
(@) z(x,t) = y(x,t;u ) + ko No(t)

s 3 . . . v I3
() z(x',t) = yOx',tiu ) + kg N;'(t) 5 & = 0.2, 0.4, 0.6, 0.8).
k; = 8.0, No‘ N; are random telegraph signals with amplitude : 1.0.

The eigernfunctions appropriate to the suggested approximations are those
given by (1):.

The results obtained for our exumple using the method of Section F.1l
are shown in Figures 1, Z 'apd 3. An eight term expansion was adopted,
and several selected variables are shran. It should be stated that the
integration step size necessary to obtain a nurerically stable solution
for the (Pij(t)) was small (0.001) and this resulted in a large campu-
tational effort. The total time for solution was of the order of thwree
minutes. On the other hand, usirg the direct method of Section F.2,
three iterations, (sufficient to recover u such that G(u) # 0) were
accamplished in only 75 seconds. Same selected results are shown in




47

Figures 4, 5, 6, 7, and 8. Note that J(v) is minimized rapidly (Figure

9) and observe that J(v) t (a) €IV t (b) *

We remark that G(gi) given by (17) was approximated by Gm(gi) 2

i Yy awi(s) i
Gp(u) = - ilei(t) T + uy(s,t) - z,(s,1)

m .
i
iglpi(O) Wi (1) + w00 - z,(x) .

We observed that for the example chosen, the last three terms in the
summation were identically zero, that is,
Gm(g) = G(u)
However in general, it is not clear in what sense Gm(g) + G(u) , and we
are attempting to establish an apprupriate result.
H. Sumary and Conclusions
A special variational phrasing of a distributed identification
problén resulted in a frarewark in which solutions were characterized
using the theory of variational inequalities. Numerical techniques
were suggested for recovering extremals to the variational problem, one
of which, the direct method, yielded pramising results. This direct
method is also applicable to the problem of determining optimal boundary
controls for certain distributed optimal control problems.
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MEASUREMENT OPTIMIZATION IN BATCH PROCESS OPTIMAL CONTRCL

Akira Sano and Mitsuru Terao
University of Tokyo
Tokyo, Japan

INTRODUCTION

In order to achieve the efficient computing control systems for baich
processes, it is important to investigate the measurement optimization so
as to minimize the inform;tion handling. The problem is to find the minji-
mum required precision and the optimum timing of the measurements. This
point becomes more important when the measurement is expensive.

Concerning the optimum timing of observations, Kushner! discussed for
the discrete unstable linear process with unknown initial state and without
any disturbances. Meier, Peschon and Dressler2 have formulated the measur-
ing adaptive problem in which control is available over not only the pro-
cess but also the measurement subsystem.

In general, the optimum timing of measurements is strongly influenced
not bnly by the process cohstsnf, the form of the cost function and its pa-
rameter, but alsc by the precision of measurements and the disturbance sig-,
nal to the processes. When the emphasis is put on the transient state of
the 3tart up in batch processes in which the process output reaches to the
specified final value in relatively short time compared with the response
time of the processes, the measurement optimization can be regarded ;ﬁ the
terminal control problem. At the same time, the optimization of relatively
long interval should be also considered putting emphasis on the steady state
after the process output has reached to the specified final value.

This paper discusses the optimum timing of measurements in the case
vhen the control process is a linear time-varying continuous system dis-
turbed by white Gaussian noises and the output measurements are impulsive
modulated with the restriction of the precision and the total number, and
represents the analytical solutions in several special cases.

It will be seen that under some assumptions the optimum control and
the optimum timing of measurements can be determined independently to mini-
mize the cost function with quadratic form so that the timing of measure-
ments can be specified a priori. The measurement optimization can be rep-

resented by the deterministic facter such as process constants and the pa-

——
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rameters of cost functions as well as by the nt‘&isticaltuctorlvhicb are
the ratio of the variance of measurement error end the initial uncertainty
to the variance of external disturbances.

The two types of cost function are considered. The one consists of
quadratic in the control and terminal error, unﬁ iﬁe other consists of qued-
ratic in the control and the steady state error. The steady state optimizm~
tion is especially required in the direct digital control. The minimum re-
quired information gquantity of measurements can be feduced if we allow some
aegredation of the performance (cost function). A cBmputationnl result me-
sented in the final section shows that there is a coﬁp}omise betwveen the mm-

ber and the precision of measurements for various near optimum performances,

PROBLEM STATEMENT

The dynamics of batch processes is generally described by the follow-

102 linear time-~varying noise perturbed differential equation

x(£)=A(t)x(£)+B(t)u(t)+v(t) (1)
vhere x(t) is an n-state vector, u(t) is an r-control vector and v(t) is
n-white Gaussian noise vector with zero mean and covariance

Ev(t)v'(t')=V(t)8(¢-t"), (2)

The state of the process is estimated from a set ﬁf noise corrupted im-

pulsive measurements given by

y(t)=[M(t)x(t)+w(t)]) 8(t-t5), i=1,2,°°¢,k (3)
vhere y(t) is an m-measurement vector and w(t) is the white Gaussian meas-
urement error with zero mean and covariance

Ev(t)v’ (t/)=V(1)8(1-t). (4)

The urncertainty of the initial state is normally distributed with mean
value xo and coveriance matrix P,. For simplicity, the random varia-
bles x(0), v(t) and w(t) are indeéendent of each others.

The number and the precision of possible measurements are usually lim-
ited becsuse of physical or economical constraints so that it is important,
to find the optimum timing of the k measurement pulses which minimizes the

cost function with the following quadratic form

=
J=3E [x'(r)px(r)+§°{ X (£)(t)x(£)+u’ (£)R(H)u(t)fas’ (s)
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vhere P and Q(t) are nxn nonnegative detfinite matrices and R(t) i1s an rxr

positive definite matrix.

EVALUATION OP THE OPTIMUM COST PERFORMANCE

The minimum vslue of the cost function can be evaluated by the use of
the linear estimation theory and stochastic optimization technique.

The problem of minimizing the cost function (5) subject to (1), (2),
(3) and (4) may be decoupled to the problem of determining the minimum var-
iance linear estimate of x(t) and the problem of stochastic optimum control
u®(t), using the conditional expected value X(t) with knowledge of a set of

3,4 vhere

measurements
R(0)=E [x(4) |[y(t1),5(t2) " * ¥ (t5); tyst]. (6)

Therefore, the minimum cost of (5) can be derived by the choice of the

optimum timing of measurements {tj} and the optimum control u®(t) as
=i atp pip [ratp 2] 2
vhere
- T
31=3E [(x(T)-R(M) Px(D)R(T)]+E [ (x(1)R(0)) Q) (x(1)-R(eD)ae],  (8)
3B DD+ { (% (R0’ (IR u(0}at] (9)

The J; of (8), that is the estimation error, is rewritten by denoting covar-
iance matrix of estimation error with P(t)=E(x(t)-x(t))(x(t)-X(t)) as

-
Jy=gtr [n(r)légotr @(t)P(t)]at. (10}

The conditional expected value X(t) and its covariance P(t) are deriv-
ed by the following equations using Kalman's linear estimation theory.5,6,7
If there is no measurement in an interval [t;_l, t;] where t:—l and tj de-
note the instant after the observation at tj.] and before the observation
at ti respectively, then

£(4)=A(£)Z(£)+B()u(), ty_1Stst], (11)
P()=A(t)P(t)+P(£)A" (£)+V(t), 1) stst] (12)

and if there is one measurement and correction about x(t) and P(t) is per-
forwed, then

R(ed)=R(L])+K(%y) [y(£)-F(¢tD] t=ty (13) |

' where 9(t{)=!(ti)i(t{), and
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P(t])=F (1])~K(1, M(14)P(¢]), tety (14)
vhere 5
K{t3)=P(£IM’ (45) [M(5 ) P(L]IM’ (45)4W(15)] T (15)
Combining (11) with (13) for X(t) and (12) with (14) for P(t)
OB E (1) 8(1-42), T (e)
i>(t)=A(t)P(t)+P(t)A’(t)fgx(ti)M(t)P(tI)S(t-q)w(t) (17)

where the third term in (16) is easily shown to be a white rundom variable

with zero mean and covariance
Ez(t;)z’ (t5)=2(t;)8; j=P(t7)M" (t;)K"(41)8; 4. © (18)

Solving for P(t) using the initial condition P(0)=P,, we obtain the
estimation error term (8).

On the other hand, we can obtain the optimum control u®(t) and the op-
+imum performance J3(X(0), 0), regarding (16) as>the noise perturbed contral
process equation with the quadratic performance index (9). fhe dynamic pro:
graumning approach in ‘the stochastic optimal controls'4 leads the Hamilton

Jacobi's equation

J2R(1),t : st n
-8R0, 4. O g [2 [ Zzal(t )é"‘é‘" +H{A(1)Z(1)4B(t)u(t)} L
SR A0(E(4)’ (DR(1)u(B)]] , (19)

vhere zjl(t) is the j,l-element of the covariance matrix Z(t) given by (18)
“=us the optimum control is determined from (19) es

-1 998
o(t)‘ (t)B (t)_‘ﬁ)’ n X (20)

The approach assuming the solution of the form
O A A A
T2(3(1),1)=38 " ()5(1)X(2)+30(t) (21)

vields the following differential equations for S(t) end U(t). Substitut-
ing (20) and (21) into (19), we have

§(4)=-S(£)A(£)-A" (1)5(1)+5(£)B(£)R ™ (£)B’ (£)S(£)-0(¢), (22)
ﬁ(t)mt%é‘;tr [s(t)z(4;)]8(t-15) (23)

vith boundary condition S(T)=F and U(T)=0.

Therefore, the optimum performance Jg is given by
J3(%(0), 0)=—-x S(O)§°+}2-;trfk(ti)M'(t)P(tz)S(t)]S(t—tj). (24)

As a result, the original optimum performance (7) is reduced to the
following, using (10) and (24) and omitting the term which does not affect
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(ti}v

o 1&"‘ 1% ’ =)s( s 2
J _m)[ztr[rp(r)] +3 T IR(4P(1)] atay Zr K (15 )M ($)P(+1)(14)]] (25)
The first and the second terms denote the cost due to the state uncertainty
caused by external disturbances and measurement error, and the third term

denotes the cost of control corrections based on the measurements. The

following sections illustrate several examples in a scalar case.

SOME ILLUSTRATIONS FOR TERMINAL CONTROL PROBLEM
As-an example, the optimum timing of measurements 1is derived for a
scalar linear system with a cost function that is quadratic in the control
and terminal error. Let A(t)=a, B(t)=M(t)=P=1, Q(t)=0, R(t)=r, V(t)=V and
W(t)=V in (1)~(5), then the minimum cost function of (25) in scalar cases

is reduced to

o_ S(t)P (t1)
I pis [§P1T)+§g‘_ I C ream ! 1)) (26)
where S(t) is the solution of the Riccati's differential equation (22) giv-
en by
s(t)= —"22—'55'(—'3 (27)
1+(2ar-1) @ 28T,

1. The case with no disturbances
The case in which there is only an initial uncertainty is discussed.
Normalizing J° of (26) by the variance of the initial uncertainty P, and
menipulating P(t]) using (17), the optimum performance is given as
3° /Po= [ A e28T ., ar 4%t ] )
{ 1} e’-‘ti +A)  171{14(2ar-1)€" 25(1’-”}( ;.re’a" +A )(}'_eznh A)
where A=W/Pg 15 the ratio of the variance of measurement error to the ini-

tial uncertainty. The cost performzance (28) is-to be minimized with re-
spect to tj, i=1,2,...,k. If k=1. the case of a single measurement, the
optimum timing may be easily derived as follows. If a< 0O (stable process
having time constant .of 1/a), the both first and second terms in (28) for
k=1 increase as the t; increnses, and sc the optimum t; is always zero. If
a>0 (unstable process having a pole in right half plane) the optimum t; is
obtained by @ifferent.ating (28) for k=1 with respect to tj. As a result,

t1=0, ag0 (292)
‘t1=-r-2l&1n[‘f2u(1+em/n +1], 0xsT, a>o0, (29b)

In Pig. 1, the optimum timing is shown against the process parameter a
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for various velues of A and r in the case of T=1, It il‘lntorontlng to
know ‘that although the optimum timing for a €0 is alvays the initial time,
the timing for a>0 becomes later and approaches to T/2 for large a, as
indicated by Kﬁlhnorl. Pig. 1 shova that the optitum timing becomes later
as the precision of measurement and the weighting coefficient 'r decrease
and it seems to be consistent with our intuition.

2. The case with disturbances

It is conceivable that the control processes are always perturbed by

external disturbances. We discuss the following case when the measurements
are quite precise or the disturbance is quite large compared with the ini-
tial uncertainty and the measurement error.

If k=1, then the optimum performance of (26) normalized by the vari-
ance of disturbsnces is given calculating P(t7) of (17) subject to disturb-
ances and assuming that the measurement is quite precise, as :
[ - g28t, g2aT y r{(2a7+1)e3%1} ] (30)

sae?t 2{14(2ar-1)g 22T}

vhere 7=Po/V. . Therefore the optimum timing of one measurement pulse may be

J°/v= min
t1

uniquely determined differentiating (30) as

41 = T- b in[5 [2ar({2ar-1+(20041)e24T) -(2ar-1)],  ag0  (31)

The optimum timing obtained analytically by (31) is shown in Pig. 2
against the process parameter a for various weighting coefficient r and
initial uncertainty Q. It is see¢n that for large positive a (very unstable
precess) the optimum timing approaches to the middle of the control inter-
val and for large negative a (stable process having short time constant) it
approaches to the terminal time T asymptotically. Por an ordinary stable
process, if the initial uncertainty is negligible, i.e., 7=0, the timing 18
to be near the terminal time of the control interval as represented by the
solid lines in Pig. 2, hovev;r, if the initial uncertainty is present,
i.e., 7=1, the timing becomes earlier as represented by the dashed lines in
Pig.2. If the initial uncertainty -7 is quite large, the measurement is to
be made at the initial instant of the interval.

Vhen the measurement has arbitrary precision it is not so simple to
derive the optimum timing enalytically since there is not always only one
local optimum. So we obtain the optisum t} for the case numerically. Pig.]
shovs the opti-ﬁ- timing against process constant for several measurement

grades of precision mormalized by the variance of disturbance.
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STEADY- STATE OPTIMIZATION

In this section the cost function is assumed to consist of quadratic
in the control and the steady state error. If the control interval [O,T]
is to be large enough compared with the process parameter a, the steady
state optimization can be achieved. Let A(t)=a, B(t)=M(t)=Q(t)=1, P=0,
R{t)=r, V(t)=V and V(t)=V, then the optimu performance (25) is given by

1T, 1 P2(43) .
J°={.ma (3 SOP(t)dt + 5&%{%)—&&1 8(t-t4)] (32)

vhere S§(t) is the sollution of the Riccati's’'d{fferential equation,
<2p(T-t)
B(t)m — A= - p= '%u? (33)
p-a+(g+a)€ T
If the control optimization interval T is considered to be large enough,
then (33) becomes

Sir(p+a) (34)

1. The case with no disturbances

Ve usually requiire more than one measurements to achieve the steady
state optimization. However, for some a nalytical investigation, it may be
convenient that we consider the case of k=1. Ve can also obtain the opti-~
mum timing for arbitrary k by using the simple hill climbing method since
there is only one local optimum in this case.

Normalizing J° in (36) by Pe we obtain the following for k=1,

3°/Po= min [ ettt et 4\ (e®T) r(B+a)e‘°'t‘] (35)
4a(ePhy)) T (et
where A=W/Po. The optimum timing of ty may be obtained by differentiating
(35) with repect to tjand the result ie

t1=0, g0, (36a)
ty= din [J x!+ . -x],' a>0. (36b)
2a 2u'(p+l)+1
Fig. 4 shows the solution given by (36) against the process parameter
a>0 for various A and T in the case of T=5. Vhen the penalty is paid for
the steady state error more than for the control corrections, that is, the

veighting,c?efﬁeiemb r decreases, the optimum t] approaches
4= -21‘-1n[,jx2+xem-x]. e>0. (37)

Fig. 4 showvs that the optimuim timing does not depend on r so much, but

on the measurement pirecision A. The more precise the measurement is (the
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smaller A), the earlier the measurement should be made.

2. The case with external disturbances

The cost performance (32) subject to external disturbances is rewrit-

ten as

0 /v 1 + 2a(tie~t) 1) 158p2(ti)
J/V-{giy[z{go(w(n)'eé;)(e i+~ _1) r} ?—‘w(ti)ﬂ] (38)

where w(tt):?(t{)/V, 7=P(0%)/V, and E=W/V.

Por arbitrary ) and &, it is too much elaborate to obtain the optimum
{ti} analytically, so that we got numerical solutions by a digital computer.
The results for k=1 are summarized in Pig.5 and for k=5 in Pig.6. Por k=1,
the optimum timing of thé measurement is plotted for various intial uncer-
tainty 7 and measurement precision §. When the controlled process is sta-
ble (a<0), the optimum timing of the measurem?nt depends on the initial un-
certainty rather sensitively and approaches the initial part of the cdntrol
interval as 7 increases. On the other hand for the unstable process (a)OL
the optimum timing approaches the middle of the interval for any 7 and -3
In the steady state optimization, it is considered that there is not so
much the effect of the initial uncertainly but of the external disturbances.
In this case the optimum timing t; is obtained analytically as

ty=3 - 75 In[2ar(p+a)41] (39)

and is approximately the middle of the interval. Por arbitrary k it is re-
cognized that k measurements are to be taken at almost uniform intervals as
shown in Fig.6. L

3. Compromise between the number and the precision of measurements

In the last section we confirmed that the timing of measurements in
the steady state optimization subject to external disturbances has uniform
intervals. In connection with the direct digital control for the process
it is significant to reduce the total required information quantity of mess-
urements as far as specified control performance is satisfied. The infor-
mation quantity which connects with the number agd the precision of measure-
ments can be reduced remarkably if we allow some degradation of the control
performance. Pig.7 and Pig.8 show the control performances for the speci-
fied number and precision of measurements in the case of T=5, for a=l and
a::-1 respectively. The performance of the near optimal systems is normal-
ized by the ideal performance in which measurements are not constrained.

Pig.7 and Pig.8 give a compromise between the number k and the preci-
sion ¢ of measurements for some specified performance. The Jj3 denotes

the ideal performance which is obtained from (38) by kewand 1/&= It is
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noticeable that more informaticn quantity should be required for optimizing
an unstable process. If we specify the cost relation between the number
and the precision, we can determine the optisum k and § by the use of the

diagram shown in Pig.7 and Pig.8.

CONCLUSION

In connection with the computing control, the measurement optimizations
have been discussed in the case where the control process is a linear con-
tinuous system disturbed by noises subject to the specified cost function
which consists of the control cost and the terminal error or steady state
error. For a stable scalar system the optimum timing of measurement is al-
ways the initial part of the control interval if the external disturbances
are absent. In the presence of disturbances, however, the optimum timing
strongly depends on the form of cost function. FPor a considerably unstable
process, the measurements are desired to be made about at uniform intervals
independent of the initial uncertainty, disturbances and the parameter of
the cost function.

The steady state optimization which is especially required in the di-
rect digital control has been discussed representing a compromise between
the number and the precision of measurements for various desired near opti-
mum performance.

These discussions have rather general nature and include not only the
stable controlled process but the unstable one such as fermentation process-
es or nuclear reactors and may be applied to the measurement optimization

for multivariable processes.
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OBSERVABILITY OF LINEAR DYNAMIC MEASURING SYSTEM
AND SOME APPLICATIONS

Takashi Sekiguchi
Yokohama National University

Yokohama, Japan

1 Introduction

A measuring device or system is preferable to have a much wider fre-
quency range than the value to be measured. But if we cannot assume taat
the response speed of a measuring device or system is large enough and the
response time is small enough to be ignored in comparison with the change of
the value to be measured, we must treat this system as tne dynamic msasuring
systems The relation between input and output values of this system is de-
soribed by differential or difference equations with the aid of stats values
of the system (Fig.l). In this paper, observability proolems of the dyrnamic
measuring system are discussed.

On the 1st IFAC (:ongres’s,R.E‘..I{alm:ml discussed state coun%rollability,
state observability and their duality. After that this problem is discussed
by many papers; controllability and observability of the compoaite systems
with distinct roots by E.G. Gilber:’,' the composite sysisms with multiple
roots represented by Jordan form Ly C.T, Chen and C,A. Desoer:: represented by
the general form by C.’I‘.chent output controllability of the continuous-time
systems’ and the discrete-time systems‘ by E.Kreindler and P.E.Sarachik , the
synthesis problem based on controllability, observability and stability by
DeGe Luenbergex'!, n-cbservability by J.D.Gilcnris;t., input observability for
the constant mean values by B.E.Bona'.

Observability of dynamic measuring system is an extension of Kalman's
state observability and equivalent to input observabilitye. This paper stu-
dies input observability, that is, possibility of determination of any in-
itial input values from the measurements of output values over finite time
interval,

2 Cbservability of the discrete-time system

Let us consider the discrete-time dynamic measuring system represented
by the difference equation
; 2/xT) «CZ{ (k-1)T)+FX( (k-1}T)
{Y(k'r)-xf'z(w) g, . @)
where X is rxl vector representing the values to be measured, 2 is mQ vector

representing the state values of tlie measuring system, ¥ is md vectar rep-
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resentzng the staie values cf the measuring system, F is nxr matrix, G is

axn matrix and H ie nw mairix (* denotes conjugate transpose), The problem
is tc ottain the necessary and sufficient conditions fcr determiring any r
initizl values from m valuee measurements. Then we can assume rank of F is r
anc rank of B is me Armd let ua assume rank of G i3 n. Thie system is shown
cn ¥ig.zs In case 2{0) is wumown, it is first desirable te determine Z{0).
So we aiscuss twe casesjin case 1 the determination of X(0) where Z(0) is

kiown and in case 2 the determination of Z(0).

2.1 In case initiel state valuea (Z(0)) of the svetem (1) are known

Definition 1: The discrete-time dynamic measuring system is said to

nave the i-th observability if the minimum rumber of samplings to deter-

mine X(0) is i.
This cefinition shows that X(0) of the i-th observable system cannot be deter-
ﬂ'-l“ei from Y(T)y++s, Y((4-1)T) but car be determined from Y(T),eee,
Y(\a. 1)T) and Y(iT).

Or. each sampling we have = data, but also r unkncwn values. Ther the foliow.
ing equation is necessary for observability of the system (1).

rgasn (2)

Now we consider the i-th obcervable condi“icne ¢ the systemx (G
we can find eaeily that the necessary and sufficient condition of the system
(1) fcr the l-st observability is rank[A*Flafj=r. If rank [H*F]-l,<r, we must
sonsider the next sampling dates From theorem [~II of Appendix!~m, the neces-
sary and sufficient ccndition for the 2-nd observebility is

rank ,““ ]-iz-r%l
{H*GF H*¥

¥
Por example, let us conuder the fcllowving systen

G=[123 F=[Cc 0 H-[. o]
7 iz 01 01
i231] [1 J ooJ

Calculating tHe above eguations, we have £ynl and f; =3=r+ o
If f,¢r+f;, we need more data observed, and the necessary and sufficient con-
dition for the 3-rd observability is
rax[BF 0 © ’rl,-m L
| B*GF  Ee¢F 0 !
[H*G“;" O*GF  HF |
Thus we have the fcllowing thecrem.
Theorem 1t The necessary and sufficient condition for the i-th observa-
Yility of the eystem (1) for X{0) is
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foy <t gy , :

Li=r+ Ly et TR Tt )

where fyerank [H¥F -..... 0 ] (2)
AP ... Hvr

On the k-th sampiing, the first r columns of the matrix in equation (4) are
added, and so se obtain the following corollary.

Corcllary l-13 The neceseary condition for the i-th observability of the
system (1) for X(0) is that rark of the folloying matrix is r

[Feripscer toov iPe(ce)t™ B)
We can also regard that the last m rows of the matrix in equation (4) are
added on the k-th sampling, and so the following corollary.

Corollary 1-2; The neceseary condition for the i-th observability of the

system (1) for X{0) is that rank of the following matrix is r

[E*F iHAGF § o« -iE0GYV F)
The atove coroilary 1-2 shows the necessity of the r new independent infor-
mations among m data of the i-th sampling.

On the other hand, the corollary lel shows the necessity of independence
of the r column vectors which are coefficients of x4(0)y*** ,xp(0). The mate
rix in eguation (4) can be regarded as the set of rxk coefficient column
vectors, and so theorem 1 means that no one column vector among the first r
coefficient column vectors cin be represented by the linear combinations of

the other rxi-1 coefficient colusmm vectorse That is,

Corollary 1l=3%; The necessary and sufficient condition for the i-th
observability of the system (1) for X(0) is for any ¥;(non-zero),¥--¥;

P Ja+(0 G+ ooo+fo Jiwo
fugic1 HaG2 BeF (5)

where A [3;.‘ ““‘ﬂ~°' rzu_[&'c ...;‘c] R A [E‘u 0o u].
If we cennot form the lest, the 2-nd,***, and the i-th otaservability of the

system (1), then from corollary 1-3 there are Y;(non-zere), V;**°*,¥; such as

HF ]m et[0 )7, =[B*F Ty -
oo % A, g (6)
HegH! H*F H*(G*'F+ +FR)| |O

Let us put fy=Flr-« , £:=GYiPr, +**+F¥;s Then f;,°**, fi represent vectors
in the n dizensional spaces As the column vsctors Hy,..., Hm of H are inde-
pendent, they span the m dimensional subspace in the n dimensional 8pACe,

If we demote this m dimensional subspace by S(H)y then equation (€) means
that veotors fy,°**, fi cross S(H) at right angle, i.es f;1S(H) & f,1S(E)
..& BALS{H), Vectors fj,***, fi lie in the n-m dimensional subepace which
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is complement of S(H) (Fig. 3). Now consider fi,3=Gfi+F¥, ;o If fin L S(H)
for some ¥Yir\ , then this system has not the i+l-th observability. Putting,
here, i=n, then from Appendix V f4,, can be represented by the linear combi-
nation of f,,+-.4 fno The vector fy,;lies in the n-m dimensional complementa-
ry subspace and f,,LS(H)s That is, this system has not the n+l-th observ-
ability. Thus the theorem 2, :
Theorem 2: If the system (1) does not have the n-th observability for
X(0), then the system is non-observable, i.e. the order of observability
for X(0) is at most ne )
2,2 In case initiai state values gZSO))of the system (1) are unknown
® It is not always necessary to know 2(0) before determiming X(0), but 1t
is sometimes desirable to determine Z(0) if possible. So the problem of this
section is to obtain necessary and sufficient conditions for obaervébility of
the system (1) for 2(0) from Y(kT) not knowing X((k-1)T) (k=1,2¢°*) precisely.
Definition 23 We say the system (1) is the i-th observable for 2(0),
when i is the minimum number of samplings necessary to determire Z(0)
without knowledge of X(xT).
In this case; if the order of observability for 2(0) is the same as that for X(0)
remgn (7)
The minimum number of neceesary samplings to determine Z(O) is dependent on
wave forms of inputs, and it is attained when zero value inputs. There-
fore sampling rnunoer must be equal to or.larger than n/m.
Now, the coefficient matrix obtained from i samplings is
H*G H*F «ee 0
g : & e
BeGL HeG¥'F o.. HOF
Let us denote rank of matrix (8) by.ﬂa, and we have the following_theorem
similar to theorem 1.
Theorem 3: The neoessary and suffici:nt conditions for the i-th observa-
bility of the syatem (1) for 2(0) is :
{ i R1,2,---y1-1, (9)
£3=n+ L _
Corollary 3-1: The neceasary condition for the i-th observability of the
system {1) for 2z(0) is that rank of following matrix is n
(HiceH: - ... i(c*) 1) : ’
The above corollary 3«1 shows the necessity of indepandence of the first n
column vectors in matrix (8), and theorem 3 is equal io the fact that none of
the first n coluan vectors can be represented by the linear combinations of
the other nerxi-l column vectors in matrix (8), thus the corollary similar to

ccrollary 1-3 follows,
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Corollary 3-2: The necessary and sufficient condition for the i-th
observability of the system (1) for 2z(0) is for any ¥ (non-zero), ¥, .- 1:

H“GY +|H*F M+---+|0 [, %0
: (20)
rGi ! BYF
I LML R AL g L A L LR
From Appendix v1 and the same discussion as that in 2,1, we obtain the fol-
lowing theorem similar to theorem 2 except the order n-l.
Theorem 43 If the system (1) has some non-zero inputs and does not have
the n-1 th observability for Z(0), then the system is non-observable, i.e.
the order of observability for 2(0) is at most n-l.

3 Observability of the continuous-time system

Next we consider the continuous-time dynamic measuring system repre-
sented by the differential equation
Z = A2+ BX
{Y = C*Z

where X is ™1 vector representing the values to be measured, Z is nxl vec=-

(11)

tor representing the state values of the measuring system, Y is mxl vector
representing the output values of the measuring system, B is nxr matrix, A
is nxn matrix and C is nxm matrixe Here we assume the values to be measured
X(t) are continuous and finite, and X(t)20 (or£0) without loss of generality
(see Appendix TIr)e The problem is to determine the mean values X(to) (O<to<T)
of X(t) over small time interval 0<t<T (Fig. 4).
3,1 In case initiml state values (2(0)) of the system (11) are known
From (11) we obtain A
w(t)-Y(t)-C"e“z(O)-C’g e *"VBRX(7)dT
So W(T)acw [T AT BX(T)dr
Since eAT-T) is continuous functiorn
W(T)=CreAl T- SR S:X('z)dr-C'eM'""’BTX(to) (0¢5.8T)
where X(to) is mean value, i.e.
X(to) = (" x(7)az
Let p denote the dee;ree of minimal polynomial of A and o(,l(t) scalar value of

"0

t , and we have
P-

W(T)=C* };o T y(T-%) .x"m((to)-{_i° To(&(T-ia)(B“(A*)‘C,X(to))
where ( 5 ) denotes inner product. Taking the inner product of
Toy(T-5;) and a component of W(T), we obtain

(TotoyW) = [(Tetos Toto) == (Tetyy Top-) | [(B*C, X(t0))

(Toip-3gW)] ({0t s TOKo) = =+ (Topoy 4Tekp-y ) | [(B*(a%F2C, X(t0))
Let us describe the above equ.:tion in brief
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[(Totes )] = [(Tat 1o4) ] [(B*ia-ec, {to))!
Since the o¢(T-5) are linearly independent of each othar, Gram matrix
[(Td*, T, )J is non-singular, and we obtain tho following .
(3* (am)fc, X(t0))=Pq  #-0,c00,p-1  guaxl vactor
From the above equations, x,(0),--4,x{0) can be uniquely solved if and cnly
if rank of the following matrix is r
[BncggiA-c; RS LT¢ A’)’.‘C]
Rank of this matrix is the same ns
[BQC‘:BDAICE.. R A (TS AN 5 U¢ i'.')“'IC]
Next we consider to use data over one more interval Ts4s2T,
From (10) we gt
w( 2’?):.5;‘0{ Toig( zT-jL)(E-(A-‘}’ €, X(t0))+Totg( P-1) (B¢ ae R, X(Tet, ) )}
where 04§, t 4T and
K(Taty)ade PP x(2)at
If the oig(2T-5, aln:l tne ofg{T-§) are lirearly independent, we obtain
[[ g 27-8) w20} )] =7 [ (2N, X(to))] ]
[_[(w 0,2 ] ([teetanite, x(Ter)
o 4 L(’I‘d-f\".-Ja),'i‘d,(?!h),,))] [(To(21-1), To(, m-3))]
([rsa =90 7% (20-00) ] [(rtg7-90 1os(T-5)) ]
Since tpe Sram matrix [0 is non-sifgilar, we have
(sre{anfle, x(40))= By £=0y1,++, p-1
{{‘:'H')‘C, X(Tet ) )= g fgimxl  veetor

whore

Therefore Wi ean nOY get any fore new informations avout X{to). If of(T-1;)
cen be represented by the linear combination of the others, i.e.

Pl % N - 14 .3 7

dilr- $1)12.Copoty (2T= $0)+ e C», dj(T' ;-)

whezree Co3,C1J ar: constants, wWwe ottain

(oa(om-8), w(2m))]] =y [[(se(anfe, (0] s (Br (a0 F 5y X(Tet)) ]
([{T24T=5.), W(2T))] [(Be(ast c.x\T+t.))+C.¢(B'\.~,~“f,x(Tm))]

where [7; i the same as [T without tne terms «:(T-3), Since she Gram matriz
7. in won-sineular, we have® . :
{(a-(;\-)‘" X{20))+Cog{E* (20 C, X{T+t,))= :’ p",s',,-mxz vector
(8+(afic,x{Tet ))+c,,_(s0(A-)‘c X(T+t,)) - B0y ly-e yp=l & £ q:
In this cass we can et no more new informations ascut X(to) as weli. Thus
tae theorexd.
Tneorem 5: The necessary and sufficient condition for observability of
the cystem (11) for X(to) is that the following matrix has rank r
(Bect Brasci. . .. iBs(a®)*'c)
3.2_in case initisl state values {Z(C)) of the system (11) are unknown

The problem is the same as 2,2, From (10) we got
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Y(T)C%e*T 2(0)+CoeAT" ‘°’Bfrx(to)-'ﬁ; {otg(T)c i 2(0) +Totg(T-3) Crat BX( 40}
Taking the inner product, we obtain
[[('JQ(T).Y(T))] [(dc(f).d;('l‘))] [(u‘m;,-m‘,(r-;,))f [[((A’J‘:, 203))
l[(T“ﬂ(T' 8,Y(M]] ([(Taacr-g),00m) [(Toq(r-i,),'r«x;«r-;a)ﬁ; (o ante, xeeal
Since the ol¢(T) and the Tog(T-%) are nll linearly independent, we abtain
((a*)fc, 2(0)) =€ §mxl vector
{(a-(n)‘c, X(to)) =% #=0,1,%"+, p-1

Even if we use data over one more interval T<t$2T, we can not get any more

|

inform~ticas about 2(0)s So the following theorem.
Theorem 6: The naecessary and sufficient condition fc- observability

of the system (11) for 2(0) is that rank of the folluwing matrix is n

4 Observability of the time-varying system

Here we consider only the discrete-time system described by the following

difference equation
{z(x'rlac( (k=1)T)2((k=1)T)+F((k-1)T)X((k-1)T)

Y (k) =H*(kT) 2(kT)  kely2, o - ¢ g
Pron i samplings, we obtain the following coefficient matrix
a+(7)xT,0) H(T)HT,T) F(0) -0
[ﬁ-(i'r)i(ifr.o) H(4T)B(4T,T)F(0) H*(iT)F(1T,2T)P(T) +-- Ke(LT)F(LT,:T)Fs 0T

where $denotes the traisition matrixe Putting as the following
Py (17,0)=[B*(T,0) H(T)}...:3*(1T,0) H{iT))
{p,- (17,0)=(F*(0)%*(T,T)H(T): - .. : F*(0)m*(4'F,T) H(1T)
we get the following corollaries similar to corollary 1-1 and 3-1.
Corollary l-=4: The naecessary condition for the i-in observacility of the
system (12) fox X(0) i3 that rank of P* (iT,0) is r, i.e. the fallowing
Gram matrix is non-singular
M=p* (47,3) P4(47,0)
‘Corollary 3-3: The necessary condition for the i-th observability ef
the system (12) for 2(0) is that rank of B* (iT,0) i:s n, i.e. the follow-
ing Gram matrix is non-singular
r’o "P: (iT,O) Po(iT'O)
5 The application to an open lcop system

The analysis of dynamic behaviour of a non-linear system to an arbitrary
input is in general very difficult, and we can no%t urderstand it without
measurements The problem is to grasp the characteristics of the ncn-linear
systen from measurement through the linear dynamis measuring system (Fig 9).
Let us consider an inductién motor as an exanple of non-linear system, The

" transi sponse, e3pecia ansient e Tegpcnue b sudden change
transient respon e3pecially transient torqu o to a sudden ch

i
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of cperating condition driven by sinusoidal voltage has been studied until
now from the point of design and operationli.” But the speed control of an
induction motor with a variable frequency inverter has been possible because
of the recent semiconductor's advancg:'“ The voltage wave form supplied from
the semiconductor inverter is not sinusoidal, and the new problems: have a-
risen. There are some studies on static characteriaticsu‘”, dynamic and

2> Here we consider the

transient behaviour®™?" and analog simulation.z”

observability problem of dynamic or transient torque of the induction motor,
The motor-load-measuring device system is shown in Fig.6. Putting

6. 6rm2) 4 Bim=22y 72y Tu=X,, T.=X;, K/J, =a)4 E1/J)=by BVAS =C) K/J2=ay,

E2/J;=byy 1/J =c;, we obtain the following state equation of the dynamic

measuring system

¢ & Z)_ | -8y -b O Zz c O :
231 az 0 —bz 23 (0] =Cy

Using the torque meter of strain gage and twd tachometers, the observing

[} z.’l-01 «1)z,)+ [o © x,
Xy

equation of this system is

n)=fr 00 [ZJ
: 0 30 zzJ
Yy 0 0 n )%

Therefore  [BAC | B*A*C | B*(a*}C] -
0 4o O me, =4bic 0 ; -hbgc, U.(b: -a, ) 48,0, ]
[0 0 v c4luc, 0  4byc,)-ubec, -mac; %Y =a))e (23)
This system has cuservability for X(to), From the above matrix, it is eas-

"

ily seen that this system does not lose nbservability without two arbitrary
measuring devices among three. We know observability for 2(0), because

ciaxci(ax)cl=fno 0 !0 -ya, ue;i-p(a,+a;) uad =y8,h
0y O 4 =4b, O |-pb y(bt-a)) ya; (14)
q 1 -3
00 4i-% O =byi ub, va, #(y -a,)

But if we choose state variables as 6y=2,, 6,-z2, 6,=2, 'é)-z" this system
does not have observability for Z(0) any more, without losing observability
for X(to) with only one arbitrary measuring device when bxb, ¢ This means
that the way to choose state variable has an effect on observability for 2(0)
but does not for X{to).

If we put x,@0, then the problem becomes to measure the load or braking
torque behaviour. Putting c;=0 in equation (13), we obtain observability for
X(to) with an drbitray measuring device. The condition c;=0 does not change
the matrix (14) at all. This means that the way to choose input variables
does not have an effect on observabiliiy for Z(0).

x,=0 means the motor is driven with inertia load, Concerning observa-
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bility, this is the same as x;ymO, Put J,=es, and we have the condi tion
with load locked or the condition on starting, Therefore €1=0, Fig.7 shows
the transient torque behaviour of the three phase induction motor (0,2kw,
200v, 4P) with load locked. These have been observed with the torque meter
at the moment of switching-on. This system has J; -6,5x9,8x101[N- m-s'],
K=26x9,8 [N-m/rad].. Let us neglect the friction loss, i.e. E;=0., The natural
angular frequency m-ﬁi]ﬂ =632, When the motor toryue changes slowly or nas nc
harmonics of larger than we, we need not to treat tnis system as dynamic
measuring system, Otherwise J; 6. has an effect on lhe torque measurement.
Fig.8 and Fig.9 show the magnitudes of the influences of J18, in compariscn
with K6,, when the torque changes sinusuidally. Fig.10 shows that J, 8, is
larger than K 6, on sudden changea.
Next we discretize this system".
G=[cos weT ;L,esin..u] F=[] —,}‘(l-cosuT)} H-[}L]
- L, sinur  coswyT 8in veT ’ 0

where T is the sampling period. The coefficient matrix is

BF 0 ]=(&(1-coswer) "

[H*CF H*F] tlf(-(l-éosuw)cosz-th;in‘a;f : & (1-cos w,T)
Choosing the sampling period as T=2rj/ly,, J=1,2,°++, we have not ouserva-
bility of this system. Otherwise we do have (Fig.ll). This shows the clos2
relation between observability and sampling period, and the similarity to the
sampling theorem.
6 The application to A closed loop system

LeIl. fiuzonoer points out the close relationship between contrcllability,
observability and the possibility of describing a model by mithematics'. It
i8 vary useful to construc: a model in order to understand the complex mech-
anism of nature. The dleeper gets our recognition into the nature, the more
precise becomes our model, and conversely we need the wore precise model in
order to understand the deeper nature. The propriety of a mathematicil model
depends on the degree of coincidence between tne results of cilculation and
data of ﬁeasumment. It is, therefore, desirable for a new mithematical model
to possess observability and to be examined by experiment., Here we consider
a mathematical model of the human thermal systems Since a living system has
many closed loops and can not be examined in the state of open locp, we must
study it in the usual sitate of closed loop (Fig.12).

There proposed some mathematical models such as cylinder models of C.H.
Wyndham and A.R. Atkins® or of E.H. wissler” » slab model of R.J.Crostie,
J.D. Hardy and E.Fessenden’, Here we discuss the model proposed by Y.Kawa-
shima,H.Yamumoto and M.Masubuchi ”(Fis.l)). This model consists oi three
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parts, i.e. body shell, body core »nd nervecenter for the thermal regulation.
The thermzl regulations are done in this model by evaporation, shivering und
blood circul=tien. From heat balance, we obtain the following basic rela-
ticn .

Vic, vy ti=cy Y R(ta=t, )+A b (t4= t,)

Vicy ¥ tymc, vy R(t) =tz )+Azha (ty- t,)

Vycy ¥ ty=Azh; (ty=t3 ) +As0) (te=t,) +Ashy (t4=13)-N

t V+°432£4'A|h1(t«'to)‘A4h+(t:'tﬁ)+Q

After the proper operation of dimensionlese and lineearization around a steady

state, we get

A(=1ER R 0 1] Baftys-tis O O 0)Ca[1 © o]
A A m ol Jagts o 0 0f [0 00
i de = R
4 0 4 -qﬁf‘ L ¢] 0 0= 0 0 1

Tris eyetem does not have observability for X(to) because the seoond and the
third rows of the matrix [B*CEB*A*CEB*(A*f C!B(A*) C] are linearly dependent.
Trnis means that we cannot distinguish between evaporation and environment
temperature influerces., Therefore we must adopt one of the following twc methods
for examining this model by experiment, The first is to choose the environmernt
temperature es the basis and constant. This temperature is changed as suddenly
as pcesible like step function, and after that it is held constant. The

cther temperatures rust be measured from this constant one. The data of
shivering and evapcratinn are compared with the resulis of the calculat.ions

of the models The accuracy of this method is not so good because of the
roughnezs of the measurement of shivering and evaporation. It is better tou
use the environment temperature for comparison. The second method is to
cheoose it and shivering as the inputs to be comparede This experiment must

te do.ie in the cold environment where the effect of evaporaticn is negli-
citle.

7 Conclusions

Observability of linear dynamic meesuring system o1 input observability
ie very useful for bhoth measurement of complex system's behaviour ana ¢xam-
ination of a new mathematical model,

On tne theoretical point of view there is cne point made ciear in this
paper, i.e. the difference between discrete-time and continuous-time system.
Thecrem 5 and 6 give necessary and sufficient condition-, but the similar ma-
trices of corollary 1-1 and 3-1 give only necessary conditicns. The necee-
sary conditions of (2) and {7) for the discrete-time syeiems have nane of

the correspondings for the ccntinucus-time systens, 7Tne duriity betwsea
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output contrellability and input observabili*y is proved for continuous-time
systeras but not for discrete-time systems,
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Appendix
1 Let us consider the equation
‘"Q-.'i-f ‘fli X; he=lycccglyoee,m (!‘1)
where rank[q’] -E,ﬂsrsg m. We can assume without lose of generality
oels =0
"fll S | (f’ﬂl (1-2)
Putting Xge) =ofyy oo o9 Xp=0pr, 71«1‘%?”‘,"3"[0 we obtain from (1-1)
é%x =i 9\'\;“.’ - (I-3)

Selving (I-2), we get x,,-- 9 Xp eacn of which is the linear combination of
the wy and the o,
Let us, now, introduce the u;(j=l,-:- ,2) satisfying the following
,,if_,f.,.x,--é B s (1-4)
where rank[p]-f. We can put, for example,fe=f¢» We ponsider this case,
X From (1-3), we get e
x=k[E b - & % Egn) (2-1)
where A;4 ig the cofactor of the coefficient matrix of (I-3) about the j-th
row and the k-th cclumn. x, and &, are combined if and only if %";{A;.ao
Thus the theorem,
Theoreml: xg(#wl,.---,£) and x;.3(3=1y+*+ , ') of {I-1) are combined or
the transformatior. (]-4) if and only if .
?fv % Mg %0 (1-2)
it Among the column vectors of the coefficient matrix of (I-1) only the
£ st { column vectors nare .u*ea“ly independent. Therefore
[ = ";. G| ey if.( (=1, ) (E-1)
R Y N
eeing tnat (,‘._ =-z~_‘ﬁa.&_

R fia,

x v Ag ~2-C :
we hnve l“_l:g S ,‘v‘;-i.’




Therefore x‘v‘éc.,u, --—_ﬁ‘ w A
If we put "(‘H*f:.cu“i
then the transformation.(] -4) is performed.

Thus the theorem.

1 Theorem X3 If we put Ug =Xy + éc“o«,
and P- if" e ("‘
"m b AP

under the conditions (1-2) and (E-1), then the transformation (I -4)

can be. performed. ‘

W Let us consider the system (1) From the above theorems we can put
H*FX=pU , where @ is the set of independent column vectors of H*F and U is
vector whose element is u‘-X‘+£CQN‘ 3
Then W(T) |= [H*P x(o) H*F x(0)
[w(z'r)] [H‘GF H*F [x('x')] [H-GP [U(T)
Since rank of [H»*F 0 ) is equal to rank of [H*F Oland rank(HF 1+, means the
[H'GP H'P] [H’GF p] [}hpj(
‘npossibility of determining X independently from U,we obtain the following.
Theorem B3 The ayatem (1) has the 2-nd observability for X(0) if and only
if rank | H*F .0 -r 4+ 8,
[ H*GF  H*F ]
V  G«K,G*' +..4knl where K,,::, Kn are conatants
o Lag SGE g #F Vg wG ™ F (K ¥y 41040 4GF Koy ¥y #+ Vo) +F(K a1+ Vet )
On the other hand the linear combination of f, ,¢¢3 fa i8 -
Cyfat o 4ol =G 'Fc 7,4+ ¢ +GF(C) Tou., + o0+ +Ca, ¥, Y+F(citn+ s 40a ¥, )

ince rank [{.0 °--0]-n‘, there are c;,+**%cq such that

"IPI‘ 'I
Kn‘ﬁ“'fz = .I‘. 0o c,
K, T+ Vo .Y‘ Yo T é,.
Trnicefore Taev=c, fq+ecetcyf, °

V1 3ince G'-K,G"' +eecet¥al and fa- oG ¥, 4 ccc 4F Va-y
£asG>" (K, YotP¥))diie s L(Ka¥osP Vo)
On tr: other hand the linear combination of f; 4°***,f.., is expressed by
G ' ¥oc + e dG(P Uzt oo+ T Cact )+I(F¥ay C )+ oo sP Y\ any)

Since rank ':’v wou il 0 ‘ =n=1
F“-} ": ';o
Plaa ¥,

there are ¢, geee,Cq.; except the case V¥ =ecm] =0 such that
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1To+F T, 0 cy
mfﬂf‘l’,-u] [F!.-; e r. Quq
Ka¥+FYa Foy - FO) (o
Therefore famc faoyteeedc,\f,
W Since X(t) is continuous and finite, there is some M suoh that
X'(t)=X(t)+#M20 (ors0)
Chooeing .such a proper M, we obtain
{ 21 ()=2()+ §o**~ * BMt
1 (t)-C"Z‘ (t)-Y(t)*-C’S:e‘“") BMde
and { 2'=AZ"'+BX'
Y'aC*2' - .
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ig.l Dyneamic measuring system,

DYNAMIC
A = MEASURING —D Y
SYSTEM
. 2
values to be measured: State values output values

Fig,2 The r inputs, m outputs and the n-th ‘order discrete-time dynamic
measuring system.

+ Zon 0
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" -—T sec 4
.. Delay

I'ige3 Non-observable vactor and subspaces,

Fig.5 An open-loop protlem ,

z
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complementary
[_______.J subspace

Fig.4 Real and equivalent values of the input and the output.

B L .
2-Af+BX —8 Response to x(to)
Y=C 2 Y(t)

) Tt

Fig.€ Motor-load-measuring device system.
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Tacho Mo ;;IL_—%—- Torque Load Tacho-
meter 1 %7 T Meter [ L meter
) 6=T—28 :
Y d E ;K Jy Ea '0
v, M(6,-6,) %6,

J: nmomert of inertia
E: coefficient of frictiou lonss
TM: motor torque

’I‘L: load torgque

K(Q-8): trensmission torque
A.M,1, ¢ the coefficients of measurement
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Fig.7 Transient torque behaviour measured by the torque meter,
Motor rated 0.2kw 200v 4P,
Torque meter rated 0.5x9.8 N-m,

(a) On switching-on of sine voltage (50Mz,130v),

I I O
IRENEX
R

0.25x9.8 N-m

(b) On switching-on of step-wise voltage (30Hz,320v peak to
peak),

T 2.25x9.8 N-m
v
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Fig.8 J, 6. ani KB.of Fig.7-(a),
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Fig.9 Jlk" «’mu/}‘qu to frequency characteristics (Obs,z"ved waves are
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Fig,10 Effect of Jléi on sudden changes.

On swiflching-on of] step-wise |voltage.
(320V |peak to peak)
Motor |rated 0.2kw] 200v 4P,

10 ms
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Fig.1l Relation between sampling pericd and natural freqency.
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ENTIFICATION OF THE PARAMETERS O
TIDAL CHANNDL F R%»l SIMULATIOR Lmru

OTH OACHIS
- by -
shri K.K. Bandyopadhyay *
and

Dr. S. Dasgupta **

Abstract

A tidal river is a large scale nonlinear
physical system with time varying distributed
parameters. This paper discusses the determina-
tion of some of its important parameters for
first order approximation, The identification
has been achieved from (a) analog simulation
(b) phasor diagram as well as (¢) input - oul:put
relationship approaches.

L]

An instrumentation scheme of the analog
set up for the parameter identification has been

giv.ﬂ.
Example has been derived from the River
Hooghly of Endia.
1, datroduction

Identification of River parameters is necessary for
control purposes, which bés a direct bearing on channel
navigability. »

A tidal river is a large scale nonlinear physical

system with d:!.stributed parameters, Since the tidal influx

changes from hour to hour, from 'day to day, from season to

* Senior Scientific Officer, Hydraulic Study Department,
Calcutta Port Commissioners, Calcutta (India).

* Professor, Hlectrical Engineering Department,
Jadavpur University, Calcutta (India).
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season, these parameters are time varying as well, For
exercising proper control, it 1is necessary to have some
quick rough estimate of these parameters. There are methods
in existence, which give estimates of these parameters,
rejuiring unavoidable assumptions and lengthy iterations.

In the present paper new methods have been discussed
for the determination of some importent parameters bpased oa
measurement alone, In these éethods, ths estimation although
is of first order approximation, it does not involve any
assumption or iteration, whether simulated in an analog model
or canpﬁted in a digital computer, A

For the control of navigational channel a priori
knowledze of at leaséfthe following parameters are necessary :-

{(a) Phase and Range of the tide.

(b) System inertia (cross-sectional Area).

(c) System storage (storing widch),.

(d) Roughneéso of the bottom, presence of bends.
bars, obstruction or tralning structures.

(e) The confluence and divergence of principal
current streans,

(r) Shoaling etc,

To maintain anq control the depths of the channel
(1.e. the navigability),-modirication 1s exercised by
dredging and training works,

Therefore, it 1s necessary to id;ntity these parameters
at least approximately from time to time.

The system parameters can be identified through (1)
analog simulation where the differential equations that

describe its dynamic behaviour, i1s the same as that in the
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prototype, (11) the analysis of the phasor diagram of the
system or (1ii) the input - output relationship.

Example of the large scale physical system has bazn
drawn from the tidal river Eooghly of Indiia.
- 2.1¢ Identification from analog simulation

‘The simplified partial differential equations that
describe the tidal motion in an estuary are :-

%% +b %% =0 g
! eeee (1)
ana ~ fh o« gbz""B'% zbzza L0 §
where Q ¢t Discharge
b ¢ Width of the estuary
Z ] Averagé depth of tha river section
g 8 Accelaration due to gravity
h 8 Water surface elevation
c H Chazy's co-efficient
x 3 gigzgnggsfgggngtf input end (source)
t ¢ Time

In tidal rivers,; appreciable energy losses by
dissipative forces, cause attenuation of the tide along the
channel, These are losses,by friction along the bottom,
form of sections, curvature and changing cross-sections in
the channel, Seperate accounting makes the equations rather
intractable, Therefore, all thess losses are emerged into
one equivalent resistance force assumed to bs unifornely

distributed along a reach. The astimation of this parametsr
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again differs from schematisation to schematisation. The value
of this co-efficient not only depends on the sand transport,
salinity and suspended material in the flow but also oa the
depth of the channel, I
Further the term we R renders the equation
c2p2z3
c
quasi-linear. Witkout much loss of accuracy the term may be
represented linearly as 2=
F
"‘"2&22'3 e J7gb

ccz

et g-
or ¥ = czbz2

Equaticn (1) can then be written as 3=

%—Q +b %% =0 i
. 5 oL@
end ) 1 _2aQ 3t
ox* gbz ot T gzt © 8
1 _ 8
where P, = (—gp—le g2 eeee (2a)
c

) and Cn s Discharge amplitude.

2.2 The Tidal Estuary
In most estuaries, the width tapers off exponentialy,
thus

b = boe-qx 4 RN )\3)

where ;
bo 3 the width of the river at the input end

«end N : a constant giving the taper rate.
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Substituting egn, (3) in eqn.(2) the general solution for sinusoidal
input becomes s~

(% - “1)x (% + al)x
Big,t) = € Sin (ot - B,X) + hy€ Sinlot + B;x) ..(4)

where 5
< = o 2
s 1/%__ + ¥

"l : the attenuatlon constant

Bl 3 the phase gonstant
h1 and h2 are the two constants to be evaluated

from the boundary conditiomns,

2 X .
T = 1 -—-L + mz—-—) me
kgboz gpoz °
Clearly, the first part of the equation(4) represents,
the incident wave while tha second part, 1ts reflected. counterpart.

2.2.1 Analogous system

An analogous mathematical mcdel may be observed in
describing the propagaticn of low frequencj elactrical waves
in exponenrtially tapered transmission line. The corresponding

transmission line equations g:ea i

21 3 o
-A-Q-c-a-% 2 Q

ox
+ L %% + Rt =0 a

e

AR (D)
and

sl
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vtere
°(x,t) s the instantaneous voltage at any point.
1(x,t) ¢ the instantaneous current at any point,
c : the capacitance per unit length of line.
L ¢ the inductance per unit length of lire.
R ¢ the resistance per unit length of line,

Coxparing equations (2) and (5) one obtains :-
b, the river storage co-efficient is analogous to C,

the capacitance.

b

Eiz, the river inertial co-efficient’ 1s analogous to L, the

irductance,
F,

—— e
gba

h, the water surface elevation is analogous to e, the voltage.

s tke river friction 1s analogous to R, the resistance.

‘Q, the discharge is aralogous to i, the current,

Thus,considering the exponential taper :-

no

= =-Nx 2, -Nx

b = boe Cc coe i
i = X Lr=pe’™

ED“ gboz it 8 (X XN ) (6)

FL - ¥, enx L R = R e"X i

gz~ &b L et (RN
The corresponding solution for °(x,t) becomes -

@ - =x @+ «x
e = E € Sin(wt-px) + E_© 8in(wt + fx) .ee. (7)
(x, t) 1 2

/92 2
vhere « + JB = "\ [ e +F (7a)
XK 7a

Oyt rrre O

and7? = R, + L)) JuC
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For long tidal channels, the reflected. component 1is negligibly
sma113,
Therefore we may write the correspording electrical

equation as

‘(g' - «)x
.(x,t) ¥ He . Sin. (mt T px) eove (8)
. It 18 easy to derive the expression of current from the

solution (8) and equation (5), with appropriate bourdary
conditions. Thus =~
+ «)x

i = i & % | (
(x,t) j&m{e 8in (ot - Bx - 0) oo (9)

where 5 1, 3
8 = tan” {(;g_rf_)}
2.2.2 Determination ol «
Measurement of amplitudes at points x and x, on the
transmission path from equation (8), is related by :-

E
—B{h.}—l (%—-‘)(H-xl) XXX (10)
Xl

Knowing !2‘- from transmission channel (line) characteristics,

« 1s determined,

2.2.3 Determination of Fl

From (7a) one obtains s-

L C {gg;r— -1 +F3—;———- - 1% 59-212———
« =/\ oo oco v 40 I.oco 0)25

[e] -
5 «.(11)

T ST AT LI T ey
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R
From the values of «,L ,C  and o one obtains I.':"' f.e.F,.
2.2,4 Determination of 8

Again from (7a) one obtains

2
R
mLc[(l-z‘%zv——) (1--7——)2 2
s 4.1. w L")
2 LX)
.B B
Knowing ig_’ B 1s evaluated.
O ! s

2,2,5 Determination of Q
m

From the values of «, B, N, © and co, Im 1s evaluated
from eqn.(9). Again Im E Qm in 1ts analog model scale.
2.2.6 Doteimination of Chezy's co-efficient

From the relationship (2a). The Chezy's friction
co-c¥ficient can be estimated for each section (reach) of the

energy transmitting path.

3. - Identification from the analysis of Phasor Diagram

One of the convenient methods of representation bf

simusoldally time varying quantities 1s to represent them

by Phasor4. For steady state analysis phasor diagram

representation is a common practice in elecfrical engineering,
A large scale physical system transmitting energy,

usually consisting of (1) Inertia, (11) Storage and (11i)

Friction parameters may also be identified separately from

their respective phasor heads.
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where
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In the propagation of waves-in a tidal channel :-

[o) b [e)

h
The head loss due to inertia is given by :-

. d
Ny, =t e

g 3 acceleration due to gravity.
A 3 area of cross-section of the channel,
t s time '
Q : discharge
For a sinusoidel 1input
g = Qedet
vhere Ql s discharge amplitude

=nm- L)
h gA Q cabee (02)

1

1o, the

inertia and frictio

3.3,

given

Head loss due to storage h, = I%ﬁ

where bs breadth of the cl':annel

For a sinusoidal input
" &
- ' Q sece

s
tion h b _of
d sto

The head loss hr due to friction (linearised) is

= My eses (14
tf GZA?_ (14)

s )
where cc s Chezy's co-efficient

Z  :Vetted: average flow depth below Mean Tide Level.

by

A : bZ (the cross-sectional area)
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It will be noticed from eguations (12), (13) and (14)
that :-
(a) the inertial head phasor leads the dischargeAﬁhasor
by 90°,
(b) the storage head phasor lags the discharge phasor
by 90°,
and .(c) the frictional head phasor is in phase with the
discharge phasor,
when a tidal channel is subjected to a tidal input, the
physical system reach by reach, for the first approximation be
represented in the 'm!-mode formation, with one half of total
chamnel storage per reach being lumped at each end of the
section and total friction and inertial head being concentrated
in series. From known gauge and discharge curves of each ends
of a section, thopomplefe phasor diagram could be constructed
for identification of each parameters involved.

4, Identificat]
:glg;;onghn iD

Schonfeld's® 1dea of N-Gate system can be utilised

for the analysis of a non-uniform long tidal channel,

The analysis of a non-uniform large physical system,
can be carried out by dividing it into small sub-sections,
each of which are individually homogenous., The input and
output at the ends of each sub-sectiona-are Trelated by four

constunts generally knoun6

as Ul ‘,B,C,D conﬂtmts'.o “hich
identify the characteristics of the network. In this sort
of identification fho character of the intervening structure

between input and cutput terminals 1s immaterial except in so

far asit determines the input and output conditions,
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_,_SL.A B Aﬁz SRR R =)
. cl nx, ‘.12 :z 2 ,alA" nn“}; :
1 Dafoid G pylo.-.dac  p | R
Pig.l
e Estimation of ‘A,3,C,D, constantsin terms of inrut - outmut

Zsigtionship,
For any section of a tidal reach if the elevatlion and
discharge at the input and output ends be denoted by Hy» Qs and

BR’ QB respectively, Tnoy aTe relitad by7.

By = 4 B, + B Q% g
l [ XX N (15)
2od s 9y & Gflaeh Bflimind
Where,after simplification and approximation one obiains 3=~
Q, [+ yzesz2ly s
g 4l e gl @y 5 L e

; (
= 145
Al: 2 3w 2,2
Cels 5

: - o
B,=-1 % g.qlgl;(‘%l 124521 +3 @ ez )7 }(meol) x
» CLA, a, g4,
s 4 a+loz + 5221 % [1+Goz +Bafh
{ 3r c‘: Ag;va e gh, !

and ch ok ’} {%; Q%‘{h (?—)z'rszah
: 2
Cods 3

afi+dz + G177
-

g4,

} (jbol)(ﬁmbol) X (18)
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‘ For sy=metrical section
A D,

wvhere Q' 1 the discharge at the begining of
each section (input) .

and 2 = ( A )2
&
s tidal elevation at the begining of each
section(input)

a, existing average depth of channel for
that secticn

b_ 2 breadth of the flow channel

by

<)
‘o s area of flow cross®section
c° 2 Chezy's constant.

The equations become soi involved to account for the
distortion of the wave form, the non limnear friction being
mainly responsible for it,

However for the first approximate values, these constants
can be determined from theconsiderations of its electrical

avaleg wheresx-

A=DEF -‘LLj‘EL-‘ esee (19)
E e BBIR

B .Ei —z% oo (2.)
E I 52 ERI

b = Eji—":BE—RT: eees (21)
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Thus, 1t would be convenient to determins tre hydraulic
constants ‘h’ Bh’ Ch and Dh in terms of the electrical analog
counterpart with some limitations.

As already mentioned the system 1s divided into suitable
sub-gsections. Measurements are made at each junction of the
~ consecutive sub-section. In other words, measuremsnts concer-
ning gauge heights H and Discharé;s Q (L.e. voltagey B and
currents I in its elactrical transmission line analcg) are made
avallable. Thess give similar general circuit as per equations
(19) (28) and (21) obtained after replacing, E by H and I by Q.

If an approximates lumped parameter equivalent s assumed
in the ‘#' mode, then

=p= pes
A=D=1+3

B
c

Figure 2 shows such an arproximate network. The

Z
YZ
$ (L =

electrical analog and its hydraulic counterpart has been sheown

in figs. 5 and 6.

Impedancé consisting |

of o)
T Friction and Inertia
Twice the Twice the
total total
storage storage
Reactance Reactancs
c O
Fig.2
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5. PErocedure

The River Eocghly (of India) which is the navigable
waterwey for the Port of Calcutta (Fig.2),has been used as
en exanple for all ‘the three methods of parameter identi-
fication described above, |
8.1 Pirst Methog

The survey data has been used for finding out, the
taper rate ''"M'' (Fig.4). It exhibits two distinct zones of
taper rates 0.C&/n.miles (Sec.A, Fig.4) between seaface (Saugor)
and the first main branching off (Hooghly Point), whereas in
the second zone this rate attains a value 0,0225/n.miles
(Sec.E, Fig.4) ard remains nearly constant till the end of
the tidal comparitment, with a transition zone in between,

The theory has been applied for an average tide
(2704.1955) under ‘the following restraints s=

a) there 1s mo uplané discharge

b) the input tide is sinusoidsl

c) there 1s no sudden change in depth or in width

d) the first harmonic component of the tidel

eievation gauge curves for each station was

used (The wave form was broken up into its
constituent components by 12 ordinate scheme)$

5.2 Second Method™O

A. Exact Method
The gauge and discharge curves were broken up into
1ts constituent components., The first harmonic components of
gauge and discharge values were drawn as Hs'Hn and Qs’ Qr phasors

respectively for eache ends of any section (Fig.7)e
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Referring to Fig.7 the phasor ch = Hs(lgkl) for
half the lumped storage of '‘w'' - mode and is drawn being
at- 90° with H_.

The subtraction of phasor ch from Q' brings out
the phasor Qeq 9 1.e. the effective discharge flowing in the
reach, which encounters series friction as well as inertia,

From phasor tip A of the phasor B’, a line AP 1is
drawn parallel to Qeql and from the line AP another perpendi
cular NB 1s drawn, so that it meets the phasor B, at B,

fhé head .loss AN in 1t§ proper scale, gives the friction
drop (being in phase vitb‘Qeqiland.ﬂB glves the inertial drop
(being -in quadrature with qeql) as already Qoscribed. This
procedure was repeated reach by reach (Fig.8) for identification
and quick assessment of the channel friction., The method
vas aprlied for the same river and under the same restraints
of the preceding method,
By Approximate method

In tidal flow analysis, for all practical purposes,
the discharge for a section is assumed to be mean of the
discharges observed at the ends of the section under study.
Therefore for a first order approximation Qeql may well be
assumed to be mean of Qs and Qr’ w?ich simplifies the phasor
diagram approach further (Fig.9).
5.3 Third Method ®

The ''a,B,C,D constants'! were computed according to the
equation sets, (19), (20) and (21) from the first harmonic

components of the gauge and discharge curves of the respe ve

stationse
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The river length being divided into corresponding
four termmiral network blocks (Fig.l0).
6. Resultg
Ae TabTe I shows, values of Chezy's constant as
obtained by ‘i~

a) Tapered transmission line analog

b) Exact phasor diagram approach

c) Approximate phasor diagram approach

The values have been compared with those obtained
bythe existing methods of s~

a) Iteration
and e) Phase measurement, :
B.  Table II shows, the identification of''A,B,C,D corstants'®
by =

a) Four terminal network concept

b) Hydraulic computation method,

They have been comparpd with the values obtained oy :-

¢) Tapered Transmission line concept

and d) River Geometry analysis.

7. Analoz computation of "A,B‘cib congtants®' and Y.7
parameters in 'or ''T'' mode,

approximate ''w

Flg.ll shows possible simple analog computation scheme
to facilitate the deteminition of the '' A,B,C,D'' constants''
from the input data of gauge (tidal elevation) and discharge
information of the River.
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Analog computation scheme with the help of this power
meter can measure Real or Imaginery components of a product’of
two complex quantities, it is necessary to introduce the
complex conjugate of Ea and 34 80 that complex products are
performed. The synchros are set for the phase angles and
the gain of the amplifiers are set for the respective mag-
nitudes, then the value of B .E, :+ E;.B, 1s obtained in the
form a + Jb measuring ‘.;he Real power and the Imaginary power
by prorerly switching 32 for addition and then flipping switch
51 back and forth for the.real and imaginary components respecti-
vely. I'-lliz 3384 is smila'ly measured by -putting s2 in proper
position, E?_ - E‘2 i1s obtained by setting the same wvalues for
"1 and 82 and for 53 and 84. A set of simple division then
gives the values of " A,B,C,D constants ® from equqtions (19)
(20) and (21). I% is also possible to determine the respective
values of Y and Z for either the '' w " or the ''T'' mode, by ‘

suitably selecting E,,E;4Ey and E;.

8, Conglusion

1) In the first method, the estimation of the greatest
uncertain tidal channel parameter i1.e. Chezy's co-efflcient
is much simpler compared to its existing counterpart.

The results are close to the standard methud at least
for the first order accuracye
2) In the second method the representation gives a clearer
picture of the system and hence clearer identification of the

parameterite

P e —ETR L - e
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Por rapid schematization of a tidal river this method
wvould be a powerful tool.

3. In the third method the identification of '*A,B,C,D
constants'?! - could be achieved in a quick and simple way
evaon without the river survey data.

9. pDiscussion

Even vhen an exact identification 1s necessary, the
initial identification by the above mentioned procedures
should cut down the iengthy procedure c§nsiderab1y.

The tidall wave form becomes more and more distorted
with the progress of the wave into upper tidal compartment,
In that compartment the more realistic representation of the
wave form would need more number of harmoniec components., The
first order' app:mximat§ values Jderived with the help of
* fundamental therefore differs from the actual,

The transfer matrix for composite constants of an
estuary with complex formations can easily be evaluated from
the knowledge of the ''A,B,C,D constants'' of the individual

seétions. Typical formations are given belows-

(a) Y¥hen two channels are placed in tandem

e p——
1 — T, Tea |
Biquivalent four terminal
where rl = ‘1 Bl network corresponding to tha
c, Dl. system where -

Cz b,

and T, = lAz e l‘z‘a"x‘fa ﬁ’zﬁ’z

2
|
I Icl‘z’”fa 8,00, |
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(b) When two channels are piacea in parallel i=

. = Equivalent four terminal network
T2 r corresponding to the sytem

]

where T1= &J. B‘l wherel A]BZ+B] ‘ﬁ B]BZ

B, + B B, ¥ 5,
g | 1
c, Oy
and  T,=|A, B, Teq l (A,-A,)(D_-D,) B.D,+D, B
C.+C, + .‘_fz__ﬁg__g__ L2 12
X 2 Bl + B, B, +B
y2 2

Thus, for tackling problems of tidal channels with
bra:uchings, this metth of identification would be a good tool,
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TABLE - I

Value of Chozy's constant (in ft.%‘sec.) as obtained by different methods,

Batwveen Tapered Interation = Phase Phasor dis :
dgction, Tranamission method, measurement Exact Approximate
line simulation method,
Baugor
and
Gangra 176 14 193 163 1560
Gangra
and
Balari 150 133 124 130 129
Balari and ;
Diamond !
Harbour 133 1356 111 96 100
Moyapur
ana
hikra 196 117 82 92 ia
Akra and 136 93 79 124 140
Gardeu Reach
Garden Reach
aiid Konnagar 101 112 84 87 &
Konnagar
and
Mulajore 108 112 87 82 76
Mulajere
and

Bansberia % 90 77 ; 111 110

g1




TABLE - 11

Comparison of the values of A and B conatants by diffarent methods

“Station Pour terminal By Hydraullc Computation By [ransmisslon By river Geomeiry snaly-:
nggggfk conocapt L Ay Bh Line concept els (electrical equiva-
A B lence concept)(determi-
nation of ZA’ zn of
Fig.2)
A B

P/mem'e Pt.
" to 0.9876+30.0293 3.6T+32.89 0.,9695+30.0464 3.93+32.45 0.9707+J0.0304 ~ 0.9697+J0.02895 2,46+32.57

yapur * j
Moyapar :

0 0.9263+30.0712 4¢35+34.90 0.9386+3J0.1507 11.05+33.53 0.9414+3J0.0585- 0,9346+30.0605 4.21+34.53
Akra
Ara Y
5 nto B 0.9919+3J0,0139 %.25+43J2485 0.9869+J0.0336 6.61+3J2.,55 0.9889+30.0151- 0.9880+3J0.0155 2.78+32.16
oHOL.C0 )

Go.Regch

‘ta 009292+30.1040 16¢15+39¢65 0.9231+3J0.1121 10,74+36.35 0.9266+3J0.1523~ 0.9192+J0.1586 13.79+37.01
Konnagar
Konnagar
.nlto 0977743041284 13.35+437.45 0.9354+30.1104 15.33+37.83 0.9386+3J0.1286~ 0.9346+30.1323 16.,44+)8,12

ajore
lulejore

to 0.9517+30,0899 - 0.9502+430.1566 30.37+39.18 0.9490+J0.1558- 0,9461+30.1612 26.89+39.02

Bansoeria

-
-
o
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MAP OF RIVER HOOGHLY

TIDAL GAUGE LOCATIONS
SCALE =1"= 16 MILES

MULAJORE

KXONNAGAR

GARDEN REACH
ARRA

FISHERMAN'S POINT

OOGHLY POINT
DIAMOND HARBOUR

A0
s ok g
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Fig-8. -
EXACT PHASOR DIAGRAM
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RIVER HOOGRLY
(IN FOUR TERMINAL CONCEPT)
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Schematic diagram of an Analog set-up
for the determination of "\,8,C,D - constants®




