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МНОГОМ!РНАЯ ЭKC(fPAПOJIЯUИfi В ЗАдАqдХ ОПТИМАЛЬНОГО 
УцРАВЛЕНИЯ И ПРОЕШИРОВАНИЯ. 
Л.А.РАа!'РИГИН, В.С.ТРАХТЕНБЕРГ 

Институт зхектроники • вычиохителънои техники Латв.ССР 
Риrа СССР 

Одной из о сновнwс nроблек современной ав томатпn 

явме'l"СJI соэдание самонаст раиващихся систем а:вюматиче­

сRОrо управления, адзnтирующихс� к иэмен�мся условиям 

так, чтобs nоддерживать экстремуи некоторого заданного 

функционала.(критерия качества) . �чу nрисnособления 
сист�w к иэuеняющиuся условиям можно сформулировать � лэ­

дующиu образом. 

Пусть функция 
(1) 

выре.Fает зависимость критерия качества сtfстемы от ее уnрав­
ляемых nщ:а �о;етро в, харв.ктериэуемых: векторсы Х = (х,, · .. , У11\ 
и внешних условий или ситуаци и А= (а" . .. ,�), в котороИ 

функционирует система. (Предnолагается, что оитуациа nо�-
ностыо ОПИСЫ:ВЗеТСЛ ffl ЧИCJICiWИ Q1 1 • • •  > 0117 ) • 8 обще� 
случае эависимость (1) может быть не формализована. 

Пусть S - · а.tНожество всех воз мо::!'ni:iХ ситуаций А , 

а И - uно:ес'f'ВО доnустиwх уnравлений Х . Тогда эада­

ча onтиi.Wiьнoro nрисnособnения системы будет решеr:.а, ес.ла 

нае&де:о� алгори'l'к или оператор ц:еобраэовачия S-- U , RОJ.О­

рый RаЖДому веитору А множества S . воэможndХ состоя­

ний скстеын С'l'ав� в соО'rветсnие веитор Х •е U с,rrи:.'iаль­

ннх nap1weorpoв систекы, экС'rрем-изируищих ее кри<rери� каqе-



csma (1), на nример, .:J { Х *{А), А} - т in . Та-
ким ооразоы оnределение зависимости Х "* =- Х *(А} pe­

mae'f задачу адаnтации (nредполагается, что задача иденти-

фииацки ситуации А уже решена) • 
Наиболее универсалънаы методом присnосооления сиете­

Е я:вuетсs nоиск [ 1, 2] , кО торнй позво.пяет экстремизиро­

ваrь �аннd криерий (1) nутем сбора инфо�ции о nоведе­

нии объек'fа с цеJIЬю отыскания -его оnтимальной реаiЩии Х * 

д.пя нсsвх условий А 
Qдвахо, если зависимость (1) не формализована, nоиск 

необходимо q>оводить в реальном �СJnтабе вр3ме;-;и ·.непосред­

ственно ва о6ъек·rе, что значительно снижает эфi>ективность 

и оnеративность присnособления. Очень Часто поиск на объек­

'fе запрещен или сущест венно ограничен из технологическ�х 

соображений. В этих случаях а.адачу приспособления систеЩ;I 
.. 

целесооGразно реgать с применением бесnоисковых методов. 

В качестве одного из таких метьдав адаnтации системы к r-·о­

вой ситуации может быть лсполъэовано обучение на результа­
тах nредндушрго оnыта. 

Пусть для ряда различных сИтуаций А i ( i = � - .. } k } 
каким-то оnределенню.� образом nолучены соответствующие им 

ОI1'1!ИШаJтыше nараметрв:: 

(2; 

'"''1!J с oq ость соответствий будем называть о учаю ей rю-

с -доват�!Ьно �ъ -� Очевадно, �то (2) можно рассматривать ка� 
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ревультаты наблюдения неиsвестной функциональной зависимо­

сти 

Х* =:Х*(А) (3) 
Тогда- sадачВ определения nnтимальных параметров системы в не­

:которой новой ситуации А k+l сводится nрщце всего к вос-

становm ни укаванпой завискмости {3) по указаннам k на-

блюде::ит.л, а :затем к последующеuу ощ;еделению sначения xk� 
Б ТОЧF.е Ak+f : xlc:,=- X"(Ak.,_,). в !QROЙ постановке

.,., 

задачу r.:ож:.-ю решить, например, с помощью мет�да nотеFЩиазm­

ных срун� .:1 [3 J , методов- СС!ОУ..астической аппроксимации [4}, 
или родственной указанным мет �ам ятерационной nроцедуры {5J. 

Однако эти методв обесnечивают удовлетворительное 

всеста :-;ов ление неиsвестной зависимости (3) только nри доста­

точно большом числе наблюд�ний. Кроые того, �:ктивность 
эдесь сущес'I'Венно зависит от ввбора система функций, линей­

на.я о vltlнauия: которнх: аппроксимирует неиsвестную функцио­

нальнуу эавис·н.юстъ. Это оsначает, что для фушщионирования 

укаsа��нх про�дур необходимо иметь sначит�ьную априорную 

ю:фор : .. цv.ю о поведе:аии функции (З). Однако в nрактических 
ситуация::, особе : но в задачах оnтимального прое:nтирования, 

�веде��я о поведеRии укаsанной функции крайне скудна и не 

могут � ечъ в основу выбора системы функций, по _которым JВ с-.. 

КЛЭДЫВ'-' �'i:С:Я {3) е Более ого, ЧИСЗ!О набтсдений k �рактиче­

ск� все �а ченъ мало, что так --:е эатру,.\няет у:каsанн--ий вы­

,_j·ор. 



Ниже предлагается и анализируется метод, условно на­
званный методом многомерной линеИНой екстраnопяции, с помо­

щью которого лкаэывается возможным находить достаточно обо­

снов анные оце нки для оптимальных па�метров системы в ново А 
си·гуации на базе весьма ограниченного предыдущего ОПЫ'rа. В 
частнос�и, число наблюдениl k мо:же1' быть меньше рае­

мерности nространства ситуа� А :  

(4) 

Метод многомерной линейной экс·граnоляuии. Оценки ДJi.Я 

оnтиа.а.лышх napattteтpoв системы Х * в новой ситуации co­

ГJL'.l с но предлагаемому методу находятся следующим образом [б]. 
Чеnез векторы, входящие в состав обучающей последова1'ельно-

сти соответственно в пространс'lВ ситуаций S И ПрОСТ{:ВН" 
стае оnти �ьних решений lf проводятся гиперллоскости 

s/ и U' . Очевидно, любой элемент А "'€ S"' в nредполо-

:!:С!!ИИ о линейности пространС'l'ва ситуаций можно nредставить 

в IЗ"ll�J лине й1�ой комбинации: 

(5) 
) А"' rдс л i являются координатэ.ыи в базисе, noc·rpo-

:н :01.1 ikl элсмектах. о6уча�еu..ей nоследо�ательнос'fи. Если А€ $"' 
о в ·ач ·c·r е оценки вектоrя оnтиыальнwс па .аа-Iе�ров cиc-re-

i.�·, в эт А ситуации n.РQдлз rается nрi!Н8Ь в е nор Х , оnре-

с.1Я �.мй анра:�ениеы: 

� k-1 ( "lr • ) х == х, + ?- л,. Х;4>,- х, ; 
L •/ 

(б) 
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т. е. мщцу гиnерnлоскостяuи S' � и v� об�эуетея �инейиая ( 

свяэь. Таким обраэом, иско.ая �нкциональная вависимость {3) 

линеариву�тся на nодnространствах S / и U �, что nо эво��т 
· А� s� для JiiOOoй ситуации Е находить оценку вектора оnти-

мальных параметров системы nутем ли нейной экстраnоляции. 

Если новая ситуация А не nринадлеii\ИТ гиnерnлоско­

сти S' , то ее естественно отощцествля'I·Ь с бли:'айшей к 

ней в оnределенном смысле ИDD ситуацией, �ежащей в S' 
Для етого в nространстве ситуаций вводится метрика, 

nозволяю�я к�ой nape ситуаций nоставить в соответствие 

ЧИСJ10 f , оnределяющее меру их близости, например, plC-
стояние ые>!ЩУ ними: 

{?) 

В этом случае СИ'!'J'ация А е- ·s будет ото �ествляться со 

своей ортогональной проекцией А' на гиnерnлоскость S '• · 
Оrо!Ществ�ение А а А� no сути дела означает, что свойстоо 

nодnространства S 1 распространяются, или экстра nолируются 

на окружающую и блиэкую в ней область nространства � 
Алгоритм экстраnоляции можно nредставить в виде 

А Е А � .:.;...,_ х ·-== х * (8) 

Из этого мгоритыа неnосредС'l'венно следуют условия его nри­

менимости. Так, указанный мето� целесообразно осуществлять 

ЛИШЬ В ТОМ случае, если ВНnОЛНЯЮ'l'СЯ СЛедующие усЛОВИЯ: 

1. ..Q(5JJacть S изыене�я nвраыетров ситуации до­

статочно Ш.118"та� что дЗIЯ nодцержания качества систеw в 



8 

жеJJВемъtХ nределах достаточно корректировать оnтиlа!8Льные па­

раыбтрн систеls (беs изменения ее структуры). 

2. - Имеется ons ОШИЪЦlЛЬНОrр nрисnособления СИСТеМЫ В: 

некоторны сИтуациям ив области S , на основании которого 

строится обучающая nосn�овательность . 

3. Нвизве�ную функциональную sависимость (З) возмож­
но с достаточной точностью линеаризовать в области � 

Посn�нее условие при ·k �т . вовсе сни!t!ается, т.к. 

при О'fСутС'fВии априорных сведений о функции (3)в этом слу- . 

чае число показов k не достаточно д� однозначного 

опРеделения линейного _n;e образования · S ...... [/ . Есnи же 

длина обучаюп;.ей последовательности больше рвемерности про-
. 

странства ситуаций, то последнее условие пршrенимости метода 

ослабляется:. следует nредnолагать�что неиЗВестную функцио-
, нальную ЭаБИСИl.:iОСТЬ (3) МОЖНО С ДОСТаТОЧНОЙ ТОЧНОСТЬЮ ЛИНе&-. 

риаовать в окрестное�� CZ < k точек � 9. � т ) из осu­

сти S . В этом случае оценка для Х * оnрЕЩеnяется не 

по всеr.: IR сnолаг�емым наблюдеЕ�яы, а лишь по ближайmD CZ . 

(в смЬlсле·введенной метрики ) в: исследуемой ситуации. 
Выбор оптимального nредставления �ции близости и 

оптимального значения, 9 .. мовет п:;юиэводиться следующим 
путем. Внбросим i -ый элеы�нт обучаю�ей nосле довательно­

сти и экстраполируем pellieниe no /А i . ПолучеwrШЙ в.еRТор 
. * 

xi� вообще говоря не совnа,L�ет с име!ОIЩiМСЯ х i • Н
евяз

-
ка 

д_= 1/ х.*_ х.* / 
i== 1 

r z а (9) 
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оnредеJIЯет аqфекти вность выбора функции близости и оrr.rиw�.пь­

ности 9 .• Ноэтоuу оnти_.аJIЬннА выбор фуюсции бnизооrи и 

до.пжен uиниuизирова'l'Ь B'fY Кt��.ааку. 

Теоретичеокое исследовани� в.ли�иs соо'l'нашениs дn� 

А( обучающей посn�овательности и раамернос'l'И t.n про­

странаrва ситуаций ш величину среднеинтегралы� nотерь о;. 
качества сисrемы по oбliЗCT'f е� воэuожншс состояний бi:Ш9 npo.� 

вед ено для случаев лине йной и н���нейной эависиыос�и (3). 
Оказалось, что в обоих случаях nотери монотонно уменьшаются 

no мере nриближения k к т . При k � т линейная 
функция восстанавливается, естественно, безошибочно, и nоте­

ри IRBНii нулю. В случае нелинейной функции в этом,6 случае 

осущеqтвляется локальн?-линейное nриближение. 

Для ср1вн ения были оn�делены среднеинте гральные nо­

тери о; . качества системы nри восстановлении тех же функ­

ций no "а�социативноыу" методу, согА1сно которому новая ситу­

ация отождествляется с ближайшей, входящей в состав обуча­

ющей nоследовательн�и. Иак в�но из рис.l, экс?раnоляцион­

ный метод восстановления линейной завис иыос'l'и (3) nриводит 
х сушеств енно менъmиы инт егральным nотерям качества с истемы. 

Методы равноценны только в тои случае, когда иiф)рыация о 

вос�анав.nваеuой функции ничтожно uaJia ( k: � т , 'l'.e. 
т . 

Н== k � оо } • АнаJiогичная картина наблюдается в 

спуч.ае неJIИнейноR зависВJIОсти (3}. Qцнако эдесь относитель­

ное nреимущеС'l'во nре.цз�оженного экс·ri8nо;ищ11онного метода 

уменьшается, nоскоnьку пинеаризация ириводит к доnолнителъ­

вык n�терам качества свете� 
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Оценки щш оптимальных nа�метров системы, най,хuэннне 

nутем экстраnоляции, являются случайi.ЫМИ в си лу случайности 

nредццущего оnыта. Приведеиное в работе [?] иссле�вание 

статистических свойств eтvJ( оценок по �ожеству обучающ�х 

nоследовательностей nокаэало,. что дисперсность оценок уыень­

шается no мере увеличейИя длины обучающей nоследователь­

ности. 
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Некоторые применения uетода. 

Быжи расЬuотрены некоторые практические задачи по 

приuенению преДАоженноrо метода uиоrоuерной линейной экстра­

по.vt Цllll . 

I. Задач;а оптимального nроектирования системы, 

как известно Dв, 9], связ ана с рудоеwкой п роцедурой 

отыскания опта��льных параuетров, при которых систеuа наи­

лучmиu образом удовлетворяв� эковоuическим, техническим и 

вреuенныu требованиям. Неизбеиные изменения отдельных ис­

ходных условий, характеристик, ограничений и т.п., возни­

кающие в процессе проектирования системы, приводят к веоб­

ходиuости f.liоrож:ратного повторения указанных трудоеwсих 

рсчетов с целью соответствующей корректировки оптимальных 
параuетров системы. Сложность этих расчетов и, следователь­

во, вреuя nроектировавия систеuы МО$ВО значи те�ьно сократить, 

ес.1и восnользоВliТЬСЯ предложенным экстрапомционныы uетодоu. 

д.11Я э�оrо ввача�ке производится оrтределеиное исхадное коАиче­
ство коррект�овок параметров системы аутеu применения изве­

стных пряuых методов uногопараuетрической оптиыиэации. Э:и 

. расче�н 11 образую'r оd1чащую nocJieдoвa те.rьность. Пoc.Jieдyю­

CIIe хоррехтиров1� осrществжяю�я акстраполяционныu методом 

• основакии Э'f()ГО опы'l"а. CJieдye-r nо1fчеркнуть, что обучаю­

о ПОС.Iедова�JIЫIОС'l'Ь IЮИВО форWiрОВЗТЪ 'l'O.IЬKO ИЗ реЗJJ(ЬТа-

8 опttnтэациа сис!еаш фпсировавноа C'fPJX�ypы. (Cu. I-oe 
.аов11е пр��еньос�• wе�ода ) . Вехтор сит1ацик до.оев п0.1-
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вестью оnредежять совожуnность условий, д� хо�орых пожучено 

оптиuа.хьвое решени-е. 

Проверху последнего условия nриuениuости эжстраnожя­

аио�tвого uетода петрудно установить по веJJичине uиниuа.иьной 

не :вязки (9), жаторая отражае'l' э�ктивноё'l'ь uетода t JJ..�Я 

данной задачи .. 

2 •. �1ча о предсказании nоведения фунхции, заданвой 

в т точках интерваJiа ваб.пюдваия • своJ.итоЯ 1t по.nбору ава­

.иитического выражения, которое в оnреАежевноu оuыо.ие ваижjчsиu 

образом annpoJtcиuиpyeт вабадаеuую функцию. Пусть, например, 

из nредыдущего оnыта известно, что Ф,Унжции, подобные наблю­

даемой, наи.лучшиu образоu аnnроксимируются noJJинouauи отепе-

ни n nричеu 

n�m 
Как известно, задача о nроведении nолинома стеnени 

(fв) 
n че-

рез т$ n точек доnускает бесчисленное множество решений. 

Необходиuо выбрать из всевозuожных решений е.Цивсnеввое, 

которое наименее nротиворечит резу.пь'l'атаu предыдущего опыта • 
.д.ля этого, согJiасно [ 8 J форwируе'l'сЯ с.хе.nующая обучаоцая 

nоследовател
.
ьвость. Коunовентаwи вектора ситуаци и  А1· яв­

�ются j -е значения ранее ваблюдавmейся фувжции в от­

меченных точках ив'l'ервала наб�дения; коunонентаuи век'l'орs 

оnтима.пьных �араuетров )(/� с.иужат значения Jtоэффициев-

тов по.пиноыа, наи.пучшиы образом аnпроксиuирупщеrо � � 
функцию. Теnе:рь, воспользовавшись ue'l'oдou uноrоuервой .аи-
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нейной экс!рапо�цив, моано найtи оценку � коэффициентов 

векомого по�ивоuа в решить эахачу преАскаэавИЯ поведевВ� 

набuдаемой ФfнJщвв. 

При этом необходимо соб��ать о�дующее уо�овве! 

фувJщи и, вхо�JЦие в оостав обJЧающей поо�едовате�ьвооти в 

вновь наб.и�аеuнеt, доаны быть б�взкиuв в том смысле, что они 

описывают ана�огвчные процеосы, протекао.ие ава�огичвых 

)'C�OBIVIX. 

3. За,цача пентиФикации динаuичеокого объе:кта з8ltll>-

чаетоя в построении матеuатической моде�и, изоморфной объекту 

по поведению. C'lpyк'l'ypa и параметры таttой uоде.1и подбираю'!'­

ся из ус.иовия, чтобы при одинаковых сигналах на входа.х 

объекта в uоде�и ,достиrа�ось наиuевьшее в определенном сuыо­

.:е рассоr�аооваввю их выходвнх скгвuов. lо.1и O'l'J)fКТJpa моде•' 

�и опреде.иена, то з�ача оптиuа.иьвой настройки сводится к 

нахо.кдевию вехтора оптвuа�ьвых параwе'l'ров, экотреuизи�ующих 

показате�ь рассог�аоованвя выходных сигва�ов. 

Однако, в реа.иьных ус.иовиях своRс�а объекта не остают­

ся поотоянннuи во вреuевв. Возникае'l' необходимость постоявной 

ижи периодической коррек'l'ировкв рптиы�ьных параuетров uоде.ии. 

пgказаво [11] что в ежучае хвазвотациоварвого объе:кта 

задачу адаптации моде� удобно решать о исп�ьзованиеu ue'J.'o­

дa мвоrоuерной .IИ.JRейвой эко'l'раПО.IRциi. Априорные сведения 

о6 объекте на э'l'апе обrчевия ЭJотрапо.IRтора uоино пожучить о 

помощью по.ис:ковых методов оаuовастроЬв .моде.u [IO. II J · . 
Приuевите�ыrо к з�аче,� ц�нтифпации объекта обучаQЦая 
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поо.едоватео�ьн�:>сть до.ава JСтанаuивать соответствие мец7 
вехоторой характеристикой, определяощвА ero текущее оостОR­

ние и параuетраwи uатеuатической uоде�и объекта в этом со­

стоя нии. В процеоо е норuальной экопо�уатации характеристикой 

состояния объекта uoryт служить кхи непосредственно записи 

erQ входного и выходного оигнао�ов, или их статиотичеокие 

свойства. Известно [IФ] что наиболее инфорuативной ха-

рахтеристикой 1� вляе тся взаиuнокорреляционная функция выход­

ного и входвог�о сигналов объекта. В отдельных с.1учаях изuе­

нение состоянJИЯ объекта допускается наблюдать по изuенеlfию 

автокорреJtЯционной функции ero выходного сигнала . Исполь­

зование любо� из уnо�тнутых .функций в качестве ситуации тре-
� 

бует nредваритеАьной их nараuетризации. 1читывая исключитель-

ную трудоеuкость общеприялтого способа параuетризации кор-

ремционных <Ю"нкций [ro] в работе [IIJ принят про-

стейmий способ nредставлен� фун кции в виде вектора : его 

комnонентами являются неnосредст�енно значения функции , на­

пример. k'yx (71.) , соответствущие опреде.аенным m wо-

ме нтаu нез а.вис:иuого переwенного 71· ( i =- /,. . , т}. 
ЗкспериментаАьное исс.1едование процесса хоррехтаровк• 

оnтиuаJiьных параuетров wоде.1и экстрапо.vtционным методоu бl:f.IO 

проDедеяо на ЦВЫ ;п..�я КJlacca объектов, IJ.feЩИX II)Нотоинrю 

переходкую хв�рактермстику. По.кученвые· реЗJ.IЬТ&'l'Ы при С'l'а'l'и­

стических оценках взаиuнокорре.аяционных фyaxu.l под�е� 

ВОЭUОЖНОСТЬ rtpeд.ID:IeHHOГO ПОJI,ХОда Ж ре8еiПIП Э8J.8U ОПер&'!'КВНОГО 
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nриспособJiения uoдe:JIИ. Наиuевьmая погрешность достигается 

при наблюдении вза�Шокорреляционной функции объекта. 

ВЫВОJШ: 

I. Преджоиеи и исследован uвтод беспоисковой адаnтации 

ОJiожной систеw к l!lзuеиенияu многоlерной ситуации. 

г. Uетод основан на экстрапоJIЯции nредыдущего поведения, 

HSKOПJieHHOГO В процессе ОПТИUSJIЬНОЙ работы объекта при аНаJIО­

ГИЧН�Х усJiовиях. Характерной особенностью uетода яВJIЯетоя 

то, что он позвоJIЯет принимать достаточно обоснованные ремв­

иня при весь� о��ниченноu объеме априорных сведений. 

3. Экопериuента�ьиое исс.Jiедовавие uетода в задачах опти­

&Южьноrо прое1Стиро1�ания, предсказания, идентификации и управ­

�енвя nоказажо эффективность развитого подхода х решению 

lадачи а.аптацвв. 
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НАдЛИСЪ К РИСУНК1 

доиада Л.А.Растриrива и В.С.Трахтевберrа 

"Ыноrо.ерная экс'l'рапо.ияция в задачах о пти­

uальноrо управления и Проектарования". 

Рис. I. Соотнс)шение ошибок восс·тано-uения .uнейной функции 

э:кстраlпо.пяционныu и аосоциативныu методами. 
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MINIMUM VARIANCE ESTIMATION OF. PARAMETERS AND 
S1rATIS IN NUCLEAR POWER SYSTEMS. 

L. J. Habeggu 
Araonne National Laboratory 

Araonne, Illinoia, U.S.A. 

and 
R. !. Bailey 

Purdue Univeraity 
Lafayette, Indiana, U,S.A. 

INTRODUCTION 

Experimental identification of dynamic characteriatica of nuclear 

reactor systems by c:urrent methoda , such as 1/e per.iod measurements or 

tranafer function measurement• via control rod oscillation• ·or random noise 

inputs, are limited by one or more of the following: 

(1) a capability of·giving information about only a few isolated 

parametera,, 

(2) a restricti.on to stationary linear aystema, 

(3) a need for long experimental running time, and 

(4) a need for highly specialized equipment for producing a partic-

ular aystem input. 

In this paper, a mi�limum variance 8equential estimation procedure -

suitable for linear and nonlinear systema - is shown to be capable of 

bypassing these limitationa. Tbia procedure estima�es a 8ystem ' s dynamic 
• •• lo \ 

parametere using mea.aurementa of the ayll!tem outp�t from an arbitrary known 

input. Results are presented from the a�tua+ exp�ri�ntal application of 

the procedure to three reactor ayatema - the EBWR (Experimental Boiling 

Water Reactor) and EBR-II (Experimental Breeder Reactor - II) power 

reactor. and the PtlK.-1 (Purdue University Reactor - I) research reactor. 

The work reported here waa largely mot�vated by a need for an expe�i­

.. ntal procedure which ia abort enouah to allow continuous or periodic 

deterainatlon of cbangea which freq�tly occur in the dynamic character­

iatica of nuclear re.actor aystema. The dynamic characteristics of a power 

reactor eyat• 114Y change, for example, as a result of changes in coolant 

flow rate, temperat�re, power level, pressure,"control rod configuration, 

iaotope buildup, or :fuel configuration. 

ApplicabUity tt� nonlinear system& vaa also an important consideration 

iD the development of a parameter estimation procedure aince re•etor dynam­

ics are baaically nonlinear.l 
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The moat widllly known and uaed method for experiMntally determf'nl·na 

reactor characteriatica involve• the excitation of the reactor at varioua 

frequenciea with an oacillatina control rod to obtain the ayat .. •a tranafer 

function.2 Theae experiment• are quite lenathy and. thua not auited to 

frequent redetermination of the ayatem characteriatica. laactor �ynamica 

mea•urementa have more recently been accompliahad throuah the analyeia of 

output noiae resultina from either externally produced input noiae or 

naturally occurring internal noiae. Thia .. thod aignificantly reduce• 

experimental runnina time. However, becauae of • lack of information on 

the nature of the internal noiaa in power reactora, application• to thla 
type of ayatem uaually require elaborate aquip .. nt for externally producina 

input noiae. Both the noiae analyaia and rod oecillator expart.enta are 1G 

aeneral reatrictad to etationary .linear ayatema. lxperl .. ntal procedural 

auch aa 1/a period .. aaurementl id.entify ilolated par ... tera but aha only 

limited 
.
information o·n the ayat .. reaponaa to an arbitrary input. 

The min11Dum vari.ance eat1mat1on procedure uaad in thil paper 1a an 
I 

e�tena1on of Kalman'• aolution to the linear filterina and prediction 

problem . 3 Aeroapaca application• of tbia procedure have alao bean pro­

poaad . 4 • 5 

.!: 
,tl.: 
�· .!1*: 
E(v]: 
61j: 

Ht): 

NOTATIONAL CONVENTIONS 

Underlined lower caee lett era are C'.olUIIID vectora • 

Underlined upper caae letten are matricea . · 
The auperacript (*) repreaenta the tranapoae operation. 

Mean value 10f a random v&riable v • 

�ronecker delta function with &ero value for i � j and unit 

value for i • j. 

Dirac delta function defined by 

f(O) • 

b 3fi (!) 
Jacobi matr:lx with (ij) t element --­oxj 

PROBLEM FORMULATION AND METHOD OF SOLUTION 

The problEm to be aolved here is the eatimation of the parameters � 
oi the system which ill deacribed by the state equatiou. 

.! • 1. (!.(-t) .,A,t) + .[.(t) (l) 
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The aatimataa ara to ba baaad on tha di1crata .. a1ur ... nt1 

.It • �&(ti) + !i• 1. 1,2,•••,t • 

Here .I,(t) •l_l�_lf.r:�{f".co�Uououa and diacrata.·-.I'•DdOII:V•dab1al, 

_ .raapec:�i.vely, .wU'h 
·E(I.(t)] • Jl , l(w1] • .2 

I(I.(t)x*(t)) • !Ct) 5 (t•t), ���*) • }4 4ij 

I(I.CtJ�*] · • .. .2. 
Tba •r•t .. c•o �•· redefined by con1idari� lqn. (1) to be •uameoted 

with the aquationa 

i . .2 + I..'(t) 
and .�tna the naw defjJ.,iliUon 

(2) 

(4) 

n}· (S) 
plua cor"eapopdina ra«iefioitiona for 1(-'), ,!(t), and .!!i• The approach uaed 

in the procedure praaantad ia to aatiaata the antira auamantad atata vector 

A 1n (5), which tnclutilaa tha parametara .1. • Althoush tha ampha11l in thil 
paper 11 on tba a1ttaatioo of the 1y1taa par ... tarl, the aatimatea of the 
1y1tea 1tatea, which are a1ao aiveo in thia app�oach, could be of value in 
a feedback coiltrol ay11t•• 

The alaor1tba fot m1n1.u. variance 1equantial aatimation of the aua­

MDtad atata ,_ctor _!..(ti) le Jiven beloW, The cledvatiOD of thil procedure 
appear• elaavhere�,s and will thua not ba aiven hera. In the alaorithm, 

the eatiaate at time ti , baaed on the .. aaurementa �· i•l,2,•••,1t, ia 
11 denoted by �/k' 

Civeo (1) the dyoamic ayatea in lqn. (1) (augmented with Eqn. (4) ) , 
(2) the maaauraMota .in lq. (2)

.
, and (3) the initial valuee 3.o/o and J.o/o' 

eatimatea of the atatea &(ti) ara aiveo by the recuraiva relatione 

�/1 • �/i-1 + It � - !4�/i-1) 

lo aqo. (6)·, �/i-l 11 the aolutioo at t1• t1 of 
. � • i<!.Ct),t), J. Cti-1) • �-1/i-1 

• * -1 
At • l.ttt-1 111 <!lt�ii-1!4 ... J4> 

�/1-1 • �/1-llt-1/1-1 �/1-1-· !.t 
In lqn •. (9) �/i-l 11 . tb• •htti.� at tt.. · t1 of the -.trix equatioo 

(6� 

(7) 

(8) 

(9) 
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fti 
�(t11t)!(t)�*(t11t) dt • 

ti-1 

1-ttt • l:t�/1-1 - 1t !1t 4/i-1 

(10) 

(11) 

(12) 

Thia eatimation procedure haa the char�cteriatic that if x. I ia • �-1 1-1 
unbiased and has a variance aivan by 4-l/i-l' and if, furthermore, �( t1 ) 
can be approximated by the aolution, at time ti' of the linear relation 

• a.t<.!..<t> ,t> 
� 1\j !.<.!aCt> ,t> + ax <c> <.!.<t> - .!a (t)) + .ICt). (13) 

.... 

then �/i given by Eqn. {6) will have the amalleat variaace of all eatimatea 
which are a linear c()ab.ination of the measureaenta J:s• j•l,2,•••,1. Under 
these condit iona , �/i will be unbiased and will have a variance 4/i aa 
given by Eqn. (12), 

The features which make the above procedure attractive for estimatina 
reactor parameter• are:_ 

1. The experim•e!ltal and computational time required 1e abort. Thua, 
frequent re1astimation of the ayatem'a parameter• becomea practical. 
Since the p1rocedure is sequential, the ca.putationa can theoreti­

cally be coraplet•� aimultaneoualy with the tranaient Maaurementa, 
however, t h• apeed of the computer often prohibita thia froa 
occurring. Also, if the initial eatimatea, �/o' are poor, the 
data may have to be used more than once to obtain aatiafactory 
estimates. 

2. The technique ts applicable to nonlinear syateaa and ayataa with 
tlme varying coefficlent a . 

3. The type of system input to be used la not apecified. Thua the 
need for specialized equipment ia reduced. 

4. If during the transient more than ona eyatea atate, or liaear 

combinations of states, are meaaured aimultaneoualy, theae ... -

suremeots can all be used in the eatillation. The accuracy cf the 

estimates gt�nerally 1ncreaaea with the order of tba .. aauremeat 

vector . � .. 
5. The effects of both measure.ant noiae aod aystea input noiaa are 

considered 1n the estimation procedure . 
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The .. jor restriction in the uae of the procedure ia that the uaer .uat 

provide the followin11 .. priori information: 

(1) the initial eati .. te �/o 
(2) the fora of the model in Eqn. (1) describing the system 

dynamics, and 

(3) the second order atatiati.ca loto' !,(t), and � • 

EXPERIMENTAL APPLICATIONS 
Experimental Boilina Water Reactor (EBWR) 

The EBWll at Arg4)nne Nat�onal Laboratory during the period 1956 - 1962 

served aa a prototyp4a nuclear power plant using a nat�ral circulation, 

pressurized, boiling water reactor in which the steam produced was uaed 

directly to operate a turbine generator. 6 Prom 1964:to-1967·:the EBWR 

vaa a&ain placed into operation for the primary purpose of plutonium irra­

diation in tha Plutonium Recycle Program.7 The experimental data used in 

the following analysis of EBWR characteristics was obtained during this 

latter period of ope1ration. Figure l'ahowa, in block diagram form, the 

simplified theoretic•al model used for�the identification of the EBWR �am­
ice. In this model, the plant feedback reactivity, 6kf(t) , ia assumed to 

result only from void formation in the core. The power voids represent 

a chanae in the void formation rate due to a change in the heat formation 

rata. The flaahing voids are voids which fora •• the result of pressure 

chanaea. The boundary voids represent the effect of variations in the 

height of the bounduy between the boilina and non-boiling regions. A 
dadlar model has pr4avioU.ly been used for the analyaia of EBWR transfer 

function •••ureMnt••. 2 

where 

The zero-power reactor kinetics were assumed to·be of the well known 

R(t): 
Ci(t): 

8 : 

ai/8 : 

Ail 
4kc(t): 
4kf(t): 

3 

l: 

Reac1�or power level 

Concentration of the i!h delayed neutron precursor 

Fraction of neutrons p�oduced which are delayed 

Fraction of delayed neutrons from the tth precuradr 

Decay conatant·for the i!h precursor aroup 

Control rod reactivity 

Plallt� fHclbac:k reactivity · 

(14) 

(15) 

aroup 



11 Pro�t �eutron lifeti .. 

The power outp11.1t in e boil��� water reactor ccmtaiDa DOD•naa11a1ble 

ran�� fluctuation• which are �.inly the reault of randoa boiltna void 

forution. Tbeae r.andoaa fluctuation• were 1110deled by aaauaina the addition 

�f t random input. r(t), on the riaht hand aide of !qn. (14). 

In the EBWR e�perimenta, the tranaient uaed in the eatimation waa 

obUiqed by droppin,a a control rod. Thie input, u a function of the 

meaaured time dependent rod podtion, h(t), waa 110deled by 

6k
c

(t) 

. 
whare 

k
c

�t) 

�k p(t) 

k
c

(t) - k
c

(t0) 

Ak [ !l!1l. - ...1... oin H 2w (2¥>] 
(16) 

(17) 

In Eqn. (16'), Ak b the reactivity worth of a fully inaerted rod .. and b an 

unknown parameter t·O be eatimated. The active core heiaht b H and t0 

ia the time at which the rod waa dropped. The ·fora of Eqn. (17) ia derived 

from perturbation theory for a thin control rod i� an unreflected, bomo­
geneoua reactor.' 

Throuah the uae of thia model, the tranaient meaaurementa, an.i the 

.! priori infonution �/o
' lata' �, and Ji(t), the llliniiDUia variance 

aequential eat1mat1on of atatea and parameter• in the !BWR ayatem ia 

poaaible. However, aa will often. be the caae in experimental application•, 

a limited imprec ia ion exiata in the apecification of the required .! priori 

information. Therefore, prior to the experimental application, the effect& 

on the estimation reeultina from the uae of varioua aaaumptiona for thia 

information were in.veatigated uaing computer aiiiiUlated Maeurementa of 

EBWR power trana1enta. 

The reaulta of thl• atUdy , which are aiven in leference 10, indicated 

that aatiafactory parameter eatimatea can atill be obtained if the A priori 

information uaed CO•ntaina 1naccurac1ea of the lilllited magnitude normally 

occurring in the ez�erimental applicationa. 

In the actual experi .. ntal application to the !IWI, the par ... ter 
eatlmatea were baaed on aimultaneoua .. aaur..enta of both preaaure and 

power durina rod drop tranaienta. The aa.plin& �ter.al durlna the tran� 

aienta waa 0.06 aecoDda. The par ... ter eatt.at1oa waa repeated at aix 

different power levela, ranatna froa lS.l to 69.3 .. a.vatta (tbe�•l) to 
d4tera1oe the para.etera u a fuact1oa of power. The par ... tera eatt.&tecl 

ve.re t.k. Tb, TPV' t'
r

• t1 "• (16kV)1 (16&d)1 (16kb)1 and (K) (eee rta. 1). 
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Becauae_of the larae number of parameters estimated and, at seve�al 

power levele, a fairl:y larae dhcrepancy between the data and the tran­

aienta predicted by the initial estimate• (see for example Fig. 2), there 

wee a poadbility of 'obtaining unaatiabctory estimates during the aimul­

taneoue estimation of all ten of the unknown parameters. This difficulty 

wae avoided by takina advantaae of several observations concerning the 

aystea traneient. Firat, the cajor drop in power occurs during th�_ehort 
period (�.25 seconda) in which the control rod is dropping at the start of 

the tranaient. The magnitude of this
_ 

initial power =hang� �· highly depen­

dent on the control rod worth parameter, .�k, but is only slightly dependent 

on the remaining unknj� parameters which relate to the relatively slow 

feedback effects. Therefore the parameter �k can be estimated independently 

by udna only thia f11r:at portion of the tra�a�ent� A second observation is 

that the f�ur unknown feedback parameters Th' TPV' a, and (K0kV) play the 

majo·r role in det�trmi11in� the system r�atponae after the initial power 

change and can therefore be estimated .independently uaing this region of 

the measured response. Alth�ugh this second observation was originally 

based on empirical results uains different parameters in the model, a 
aiadlar conclusion can be obtained by considering the physical processes 

of the ayatea. In a boiling water reactor, the pcincipa� feedback effect 

1• froa power voida and, from Fia. 1, thia ia related to the parameters 

T
h

' TPV' and (K6kv). The pressure change ia directly related to the 

parameter a which determines the ateaming rate. Uaina these two 

obaervationa, a first coarse estimate can be made of the parameters Ak, Th' 

TPV' a, and (�6kv), follaw.d by a more refined simultaneoua estimate of 

all ten unknown para�ttera. Follow1n& this procedure, the parameter esti­

.. tes in Table 1 were obtained. 

Althougb no true values for the parameters are available for evaluating 

the par ... ter eatiaates, these estimates display the power dependency 

expected froa the model. The estimate changes also reflect a dependency 

OD the chanaea 1D othe:r ayate. variables such as boric acid concentration 

1D the coolallt, cooant.flc:JV rate, and fuel depletion. The parameter 

eatieatea are also 1D the general range of values given by rod oscillator 
teata. The rod 01cillator e1tiaatea, however. cannot be uaed to absolutely 

98rify tba eatiaatea in Table 1 since the oscillator result• are baaed on 

a liaea�ecl mc:lel vbich required .uc:h smaller experimental l"ystem state 
•ariationa. 

for .any applicatioaa. such aa to adaptive control, any parameter 

��tt.atea are aatisfactory that &ive aood aareement between predicted and 
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experimental tra'jectctries. For both power and preseure, the e11timates in 

Table 1 resulted in e:uch a deairable agreement. Examples of the theoretical 

and experimental traj ectories are given in Figures 3 and 4. These figures 

also ahow the haj"ectories obtained using the initial parameter estimate&. 

The evalua"tion of the parameter eatimates from the viewpo"111t .of· their 

phyeical meaning is limited by the accuracy of the dmplified system model 

shown in .Fig. 1. '·6ne ahortcoming of thi s model 1a the aaaumption that the 

tranafer·functi-on 
·
in each process in the feedback 1e independent of the 

atatea of the syatem. 'Another approximation 
·
1n the mcidel· 1e the ils1utupdon 

of space-independent dynamic1. The result of these and other assumptions 

i1 that the parameter e1timstu may vary from .. the ·values auociated with 

their.lctended phy1ical definition 10 that the inexact model will etill 

approximate· t·he 'liystem · r .. aponae. · 

furdue University Reac tor - I (PUR-I) 

In the estimat ion of the EBWR parauie'te·n it was a .. umed that the param­

eters in the &ero-power reactor kinetics, Eqns. (14) and (15) , were those 

giPVen by rod-oscillator tee ts .. at low pOwer (6kf (t) 1\1 0). However, these 

paumetere could also have been obtain.ad at. th'l . • low pnwer ulina the minimum 

variance estimation procedure. Thia capability�� .. experimentally verified 

using a transient power measurement from the Purdue Univeraity low power, 

light water moderated, research reactor.lO 

Experimental Breeder Reactor - II (EBR-II} 
The EBR-11, located ttt the National React\)r Teating Station in Idaho, 

is a firat generation l i quid aodium cooled feat breeder reactor with the 

primary purpoae of providing information on complete breeder reactor fu•l 

cycles. This reactor also serves ae a prototype for laraer power planta 

of thla type. The EBR-11 haa a deaisn power level of 62 megawatts (ther­

mal).ll 

The minimum vari ,ance estimation procedure waa applied to this sys.tem 

using measurements of a power transient provided to the authors by the 

National Reactor Teat·ina Station. This transient was the result of dropping 

a control rod at a power level of 45 megawatts (thermal). The system 

reactivity input was :npreaented by 

where t.k i8 the coatr4�:tl rod vonb, ae in Eqn. (17) , and p(t) , the "11bape 
function," waa obtained from a previous experiment .1 0 

The ayatem model in thia application was .. sumed to consist � 
reactor kinetica in Eqna. (14) and (15} with the feedback reactivft.)' 

(19) 
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(20) 
In a faat reactor auch aa the EBR-II, the principal feedbeck effect la due 

to.varioua c:ore te���perature changea. Tbua the parameter& D and U in 

Eqn. (20) can be roughly related to the time conatant and gain, reapective­ly, of a vei&hted average core temperature change in reaponae to a power 

change, 

Theoretically, the min imum variance eatimation procedure may now be 

uaed directly to obtain eatimatea of parameter• in Eqna. (14), (lS), (19), 
and (20), but c�mputatioual problema require a further m&nipulation of 
theae equation&. In a faat reactor auch aa the EBR-II, the neutron life­

time, 1 , la very amall. Aa a reault, the individual terma on tho right 

hand aide of Eqn. (14) are very large, although their aum, N , 1a rela­

tively amall. Conae,quently, the nUJMrical integration time step muat be 

made proh ibitively SIID&ll to prevent err�ra in the calculation of N • 

To avo id th is c'omputatipnal difficulty, the following approximation 

vas made: 

rrom Eqn. (14), m 

aince 1 

(6k
c: 

(t) + 6kf
(t) - 8) x1 + L eixi+l • 

1•1 • 

ia amall. In Eqn. (21) 
N-IN 

I __ o 1 = N 0 

1\ 0 

(21) 

The approximate algeloraic relation i n  Eqn. (21) could now be uaed directly 

to eliainate 11 • But aince x1 , the reactor power, ia the measured 
variable, the variab :Le 6kf(t) will be eliadnated. Thia ia ac:coapUahed by 

differentiattna Equ. (21) with reapect to time and then ualna Eqn. (20) and 

(21) to eliainate 6k
f

(t) and 6kf(t) in the reaulting equation&. The final 

aet of equations 1a 

il 

ii+l 

(11 + 1) 
- -----

• 

L6t<1t+l+ 1> 
1•1 

{t 81).1(1, - llTl) T (11 T 1) �-
C

(t) 

- D(&l<
c

(t) - 8) + l1U J} - (lt + l)D (22) 

. ll (lt - 11+1) • 1 - 1. 2, 3 • (23) 
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?bia approximate fo·rm gave a transient which differed from the original by 
less than 0.5% ·at each poi�t ·wh�le'decreasing ·the required number of inte­
gration steps 'by a factor--of 250. 

Altho"ugh the EBWR model which was used' is ·-:Of higher order, the uee of 
the EBR-ll model in Eqn�. {22) and (23) prdvi'des· ·an �i:iditionai 'teat of .the 
estimation- procedur'e because ·of the highly nonlinear nature of Eqn. (22). 

The capability· of the procedure to eatiu"te parameters in thia model was 
demonst"rated usin��computer simulated noiae free data. Using thia data, 
the parameters 6k, D, and U, whic_h =±nitially had a 20% average error, were 
simultaneously estimated to an ·accuracy of 6 significant figures. 

In the applica1tion to the EBR-II experiments, the parameters ilk, D, 
and U were estimated by the minimum variance estimation procedure to be 

6k 0.0003034, D -8,755, U • --0.008377. 

The measured transient and the transient using the initial and final 
parameter estimates are shown in Fig. 4. From this figure, it is seen that 
the estimation procedure was again successful ln obtaining estimates which. 
g�ve a very good fit: to the data. 

CONCLUSIONS 
Experimental applications to the boiling water, zero-power, and fast 

breeder nuclear reactor types have demonstrated that a minimum variance 
sequential estimatiotn procedure can be a powerful and versatile tool for 
the identification 01£ reactor system dynamics. A short experimental running 
time, applicability to nonlinear systems, and small requirements for experi­
mental equipment, make the procedure attractive as a replacement or supple­
ment for conventional reactor identification procedures. The aimultaneoue 
estimation of the system states by the procedure, in addition to the 
parameter estimation, introduces the possibility of applications to 
adapti "'e feedback co·ntrol systema. 

Although the emphasis in this paper is on the application to nuclear 
reactor systems, the procedure is applicable to any system described by 
ordinary differential equations with a forward-biased independent variable. 
Use �ith 1ystema described by partial differential equations is fe .. ible if 

the system equations can be approximated by ordinary differential e�uationa 
through medal or nodal expansions. 

In addition to the experimental applications, the minimum variance 

estimation procedure may be of value in the optimization of a ayatra design. 

For example, the procedure may be uaed �o estimate the design par&aetera 

which s1ve the "beat fit" of the predicted system response to a known 
optimal response. 
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Table 1. Minimum Va1riance Estimates of EBWR Parameters 
Power, 
Mw(tb) 15.1 28.5 38.5 49.5 57.0 69.3 

tlk 0.0142 0.0163 0.0103 0.0080 0.0087 0.0080 

Tb 9.00 10.52 6.00 8.62 5.24 5.00 

Tpv 0.0164 0.0150 0.0207 .0.00945 0.0069.2 .•0.00503 

Tr 13.0 13.0 11.0 11.9 76.9 -74.1 

T 0.099 0.099 0.099 0.097 0.111 0.100 

CJ 20.5 19.4 25.5 45.6 43.8 68.6 

l6kV 0.0124 0.0276 0.0144 0.0290 0.0316 0.0321 

lt6kd 0.000108 0.000107 0.000102 0.000084 0.000115 0.00011 

1.6kb 0.000412 0.000403 0.000397 0.000477 0.000606. 0.00061 

BX .237 .238 .192 .282 .769 1.043 
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Figure 2 • Measured EBWR Power and Pree•ure Transients at.28.5 Mw and 
Transients Uaing Initial and Final Parameter Estimates. 
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STATE IDINriiT.CATION OF A CIA$ OF .UNEAR DIS'I'RIBtJI'ED SYS'l'D1S 

A. Introductia.l 

by 
G. 'A. Phillipson� .. and S. 1<. Mitter 

· Systems Resf!arch Center 
Case �em Res� lhiversity 

Cleveland, Ohio 44106 

'Ihis paper :is concerned with the state identiticatioo problem for a 

class of linear distributed parameter systems. Since the SyStem is de­

scribed by a partial differential equa.tioo, its solution n!quU.!s knOwl­
edge of initial condi tians a?ld envirmilel'rtal forcing terms which include 
the boundary cal<:litions. !!he problem studied her'e is the following: 

Given i) iliexact J11ea&\.II'elnents of "the ini'tial conditioos and envi­
rawental interections ii) inexaCt and possibly inoatplete measurements 

1of the state of the system, detenrine oo the basis of the above data the 
�initial and boundary conditions associated with a given partial dif­
ferential equa.ti.cll'l which is in sane sense optimal with Nspect to the 
given data. 

The basis for selecting the estimates of the bo� and initial 
conditions associa'ted with a given partial differential equatial, that 
is, the criterioo of optimality, is that of "least aquares". To be more 
pl"ecise, we mean the following: 
Given: 

(l) . '!he measurement data, which we denote here by e • and 
( 2) An (arbitrary) solutial of the partial di.ffe:A!nti&1. 

equa.ticm, denoted � by Y(y) , wher. y is an cbi­

trery !�timate of the true initial state and boundary 
ocn:ii tioos, then 

Obtain: 
( l) y whidl extremize& the error functional 

JCy> = IIZ ·:.. YCy> 112 

. . 
NcM at Shell _Developuent Catpany.- Houstoo, Texas .  
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when� 11·112 ie acma appropriate squanld mtric. 
'lbe identiticatim problem, treated hens is thus a variatiooal prob-

- lem-that of characterizing extremal.s to a given functional, CXI\Sti'ained 

by a · partial ditfenntial equation. We obtain a chaNcterization of 
these ex'tr'emlll8 which is both necessary and sufficient, using the theory 

ot �onal. ineqUillitiea. 1 '!\«) lll!thoda for_ the nUDerical. recovery of 
tht! extrem&la ftall this characterizatial ana presented . One of these is 
a Ricatti-lilce deoouptling ancs the other is a "din!ct method" involving 
conjugate d.in!ctiala of search on a quadnrtic error surface. CollateNl 
work may be feuld in the � paper of Balakriahnan and E,:i.oos. 2 

'lbe identification problem, as introduced, is c:uatanari.ly given a 

atoc::hastic treatment. In that context, the error associated with the 
measuroement data Z is ccnaidered to be a randan variable, whose values 

are "distributed". in a� way . The state identification or filtering 
�lem, as, i"t-�� �led in. this context, is to detennine the a-posteri­
ori ��� ty density of the state, given the 11.easurements Z • 

ti\der special statistica;L, hypothesis on the error JmX:eSSes, namely 
that they be purely 11ancbn �th Gaussian probability density and in addi­
tim, are additive-:-_that � 

Z. o Y(�) + E 
whel1e .!! is thP. true "state of natunl" and E is the error process, 
then if the system state evolutioo JmX:eSS is also linear, the a posteri­
ori density of the st.ates is also Gaussian. It can be shcwn3 that the 
filt� estimate (given in teiWI of the sufficient statistics of the 
Gauss.ian dist:ributial of the states,  "the msan and variance) coincides 

with the "least-squai1e&" estimate. Thus, under these special hypotheses 
the va:ri.atia\al and atcx:hastic approaches yield identical results. 

We � that the variatimal. problems arising in di.s:tributed opti­
mal C:orrtn>l are amenable to the solutial techniques suggested in the se­
quel. In particular, optimal boundary controllers are recovered effi­
ciently by the "�t method" already mentialed. 
B. Definitiala and !Mathematical Pre!lim:inaries 

Let o be a sin;>ly cxmnected, bounded open set in rf . Points of 
o are denoted by x = <� � • • •  "'r> • r is the boundary of a . Let 
t denote time, t� CO,T] • Define the seta: 
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I = r)lt(O , T] ; Q : Qx(O , T] 

We adopt a notat:ional convention .regarding the functions f 
f(x,t) is a point :in � , (x,t)E Q 
f( ·, t) is an elenv:mt ·of a Hilbert space 1<(�) 
f( ·, ·) is an elenv:mt of the Hilbert space L2CO,T; .K) , 
where L2(0,T; K) is the space of fUnctions (equivalence classes) which 
are square integrable! with values in K • When appropriate, we shall_ 
consider derivatives of f to be taken in "the distltibution sense, that 
i.s, given a function +( • ) € C1(Q) with catpiCt s� .in ·D , then for 
f(•)£ K(D), the mapping 

af(x) : •<x> ... - J f ¥x dx ; i = 1 ,  2 ,  • • • r axi , 
D 

is called the distributioo derivative of the function f • Higher oroer 

derivatives are taken1 in an analogous way. 
Define the second oroer elliptic operator A( ·] : 

_ � a [ at<x,t> J A['] - - . " a;c:- aij(x,t) ax. + a0(x,t); 
� .J=l � J 

where aij<x,t) , (i,j = 1, 2 .• r) are bounded, measu:rable and exhibit 
the coercive property: 

r 
� a .. (x,t) t· t· > a<tf + 

i,�=l �J � J -
a0(x,t) �a 

a > 0 , (x, t) £ Q • 
• 

&y A9 [ • ) we mean the operator A( • ] with an acidi tiooal symnetry 

cxndition: 
aij(x,t) = aji(x,t) (i,j = 1, 2 • •  r) , for all (x,t)£ Q • 

The case where the coeficients �ij(x,t) = aij(x) , a0(x,t) = a0(x) 
leads to the classical Stunn Liouville operator, denoted by A6t . 

We shall be concerned with the properties of solutions to the Stunn 

Liouville problem 
(1) 



37 

with any me of the boundaxy conditials 
(I) w(s) = 0 s c r 

(II) aw(s) : 0 av scr 

(Ill) � + sb> w(s) = o s c r ; S(s) > o :for all s c r . 3\1 
Solutions to (1) with any one of (I) (II) (Ill) are OCJJi>lete in 

L2(c) • Of special interest are the solutions to 

namely, 

w(O) = 0 
w(l) :a 0 

{�sin hi x}i=l,2 • • •  

C. The Distributed Systems 

x£!0 , ll 

I ( 1 )  
* 

We consider in detail identification problems associated with the dis­
tributed system whose evolution equation is linear, parabolic, with inhalo­
geneous boundary OCilditicns of the Dirichlet type: 

ay(�{t) + A[y(x,t)) = f(x,t) 

y(s,t) 

y(x,o) 

= �(a,t) 

= �(x) 

Hypothesis m f(x,t) and � (s,t) , �(x) are: 

f(•,•)£ L2(Q) l 
� ( • , • ) £ :L2 (I) 
�(•)( L2(g) 

(2) 

(3)  

For the system (2) with hypothesis ( 3 ) ,  • o�e  have the following lAmina: 
l.enma 1 (Lions-Magenes) 

There exists one and only one soluti� to (2) with (3)  such that 
y(., •) £ L2(Q) • In ,addition, 

. 

!I (•,•)tL2(Q) • ax 

F.emarl<: Al.l our results hold in the case where the boundaiy CCI'ldi ticns 
en ( 2 )  are Ne\lJDIUUl or "Mixed". Moreover, systems whose evoluti.oo equatioo 
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is of second on1er hyperbolic type, namely: 

a2v<x;t> + A8[y(x,t)) = t(x,t) 
3t 

with any of the three boundary cooditioos fall within the jurisdictial 

of our results. 3 
D. MatherMtical Statement of the IdentificatiOI"\ Problem 

Given: (i) System evolution process-equatioo (2). 
( ii) Input measurements : 

! 
= 
[ ;_Cs,t) ] 

= 
[�(s,t) + IS_ N1Ctl ] 

:�(x) u2Cx) + � N 2Ct) 

where �· = [�(s,t) ; u;cx>JT 
ls the true "state 

of nature", and lS_ and � are oonatants. 

( iii) Output measurements: 
* 

(a) z(x,t) = y(x,t;� ) + K0 N0(t) 
. 

i * . __ { (b) z(x1,t>·= y(x ,t;�) + � �(t) i = 1,2. ·" 

where x1 
t n , N0 (t) , �(t) , N1 (t) and 

N2Ct) are random error processes and K0 is 

a oonstant. · 

(5) 

(6 ) 

(7 ) 

* 
Identification Problem: Obtain � , a "refined estimate" of � , 

based on the data contained in the input and output measUE"eeDellts·. 'Ihe 
"refined estimate" is defined as that u in an admissible set of fune­
tions V which extremizes a certain quadratic error functiooal J(!_) • 

That is, choose � such tJ:Iat 

J(u) = Inf J(v) ; V = L2(t)xL2(a) • -
'lf.V -

It is possible to consider a large varietY of error functional.s 

J(y) • This variety is induced by the type of measunmmt data avail­
able {(ii) and {iii)). Aoareless choice ·of functicnal J(!_) can. lead 

to er'l"QneOUS results. We postpcne a discussiQI'\ of "well set" � 
to Sectioo E. Two specific error functicnal.a CXI18idared in this: study 

are induced by the two' output measurenents (iiia) and (ilib). 'Ibey are: 
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(a) J(y) � J [yCx,t;y) - z(x,t)]2dx dt + J (v1 (s,t)- � (s,t)]2ds dt 
Q E 

· + J [v2Cx) - z2Cx>l2dx • 

Q 
T . 

(8) 

(b) J(y) = J ! [y(xi ,t;y> - zc'xi,t)]2dt. J rvl(s,t)- zl(s,t)]2ds dt 
o i·l E . 

+ J [v2<x> - z2'l>l2dx • (9) 
Q 

Penarics The outPut meas� process· (i.i.i4Fi.S ··physically unrealistic 

as it is not possible to measUN the entin! spatial profile. For the 
same reasa'\, so i·s the input measurement process z2(x)' • The latter 
case . can be rationalized however, by asserting that z2Cx) is obtained 
by conputing an initial steady state profile which is in error. Although 
not considered in this paper, it is possible to treat other measurement 

processes (provided they ant appropriately fomulated) by using the nethods 
of this paper. 

For notational convenience, we shall ooosider (in ·detail) the identi­
fication problem 4Uaociated with (8.) and Nport fonnal.ly the results for(9). 
E. 0\aracterization of Extn!mal.s 

The characteJr:i.zatioo of ext:n!mals to J(v) is afforded by the results 
of Liens and Stanpacchi.a. 1 We first introd� the appropriate fu:meworlc. 

U!t aCy,!> be a coercive continuous bilinear fonn, !•!�V = L2(E) 
xL2(Q) 

tCy> be a oontinuous linear fonn. 
�, if 

J(y) • aCy,y> - 2t(y) + c (10) 
we have the fol.loldng 't:h1ore.m: 
'lheorem 1 ( Licns-Stc1!!J)!CChia): 1 'lh� eXists me and ally one � E V 
such that 

J(�) !. J(:!_) for all y •V 
and it is Characterized by 

•!�•!) ·· t(y) z: 0 for all y •V (11) 



ThecJIIem 1 is an appropriate "maxiDun principle" for the purposes of 
solving the given idl!lltification problem. It is necessary to check 
� J(y) given by (8) (or (9)) has the representation (10). Using 
(8), we can define 

a(y,y> = J [y(x,t;y> - y(x,t;�)]2dx dt + J v1Cs,t)2ds dt 
Q I 

+ J v2Cx)2dx 
a 

t<y>.= -{J [y(x,t;y> - y(x,t;�)](y(x,t;�)- z(x,t)]dxdt 
Q 

- J v1Cs,t) z1Cs,t)ds dt-J v2(x) z2Cx)dx) 
I a 

c = ·J [y(x.,t;�) - z(x,t)]2dx dt + J z1 Cs,t)�ds dt 
Q I 

Then it is clear that J(y) , given by (8), can be written: 
J(y) = a(y,y> - 21(y) + c 

(12) 

(13) 

(1�) 

with a(y,y> , t(y) and c given by (12), (13) and (11+), �spectively. 
f'breover, the hypothesis oo a(y,y> , t(y) and £. are satisfied. Hence, 
by Theorem 1, the �fined �timate � , which minimizes JCy> , is 
U'liquely characteriz:ed by: 

·J (y(x,t;�) - z(x,t)][yCx,t;!> -y(x,t;�)}dx dt 
Q (15) 

+ J [';_(s,t>-z1cs�,t)](v1Cs,t)]ds dt+ J [�Cx>-z2Cx)] v�(x)dx • 0 .  
I 0 

�uatioo (15) is JYJt: of tsaediate utility. However, by defining a system 



edjoint to (l) , (15 ) can be Nnil'ulated to yield a ii'bre workable result. 
'lhus , define p(x;�)  , 'the adjoint vciriable to y(x,t) , whiCh evolves 

acconU:ni to: 
- a;<.fii)' + A[p(x ,t ) ]  = y(x,t i!!_) - z(x,t)  

p('a ,t )  • 0 

pCx,T> � 0 
It can be shown3 11:hat ( 15 )  is equivalent to : . 

apcs1t ' ( ) ( ) _ 0 - + � s, t - z1 s ,  t - . 
av 

p( x,o) + u. 2(x) - z2 Cx) = 0 

x ,t 6 Q  s ,t u I (16 ) 

X � n  

s ,t c I } ( 17 )  

x � n 

'lhus the sinul. taneous solution of ( 2 ) , {16 ) and ( 17) defines the defined 

estimate � and yelds the refined estimate of t.� state , y(x,t ;�) • 

� The extl� to · the functional J(y> given by (9) is given by 

solving ( 2 ) and (17 ) simultaneously with an equation for p(x,t)  given by 

- apC�!t ) + A[p(x ,,t ) ]  = J1 y(x,t ;�) - z(x,t ) ]  6 ( x - xi ) Ci=l, 2 • •  v )l 
p( s ,t )  = 0 · · (18)  

p(x ,T) = 0 
.. ' 3 It can be shown , that ( 16 )  and ( 18 ) have solutions such that 4 ( • , · )� 

0 \1  
L2 ( t )  , so that ( 17 )  makes sense . 

We remarked in Section D that it was possible to ccnstl'U::t func­
tiooal.s J(!) whlch were not "well se-t " .  By Well 

_
set , we mean that a 

representation for J(!) given by (10 )  is possible . As an example of a 
ncn well set· preblem, consider 

JC!> = J [ybc,T;!> - z ( x ,T> l2dX + J [v1 C s , t ) - z1
.
cs

.
,t ) ] 2ds dt 

� I 
. + J [v2 Cx>_ - z2Cx) ]2dx (19) 

. g 
NJ before , we can define 



a(y,y) = J tyC>c:,T;y) - yCx,T;£_) ]2dx + J v1 ( s , t ) 2ds dt 
n I 

+ J v2 Cx) 2dx 
n 

( 20 ) 

Nc:M, aCy,y> is not continuous-3 and the represent�tioo fails . It 
is possible to construct several such ill-posed problems. 2 • 3  Appropriate 
reconstruction can, however, relieve these difficulties .  2 • 3  
F. Recovery of the Extremal.s 

As we annow1ced in Section A, two methods for the recovery of ex­
tremals fron the characterization given by ( 2 ) ,  (16 ) or (18)  and (17 )  can 

be . proposed. Consider first a �catti-like Decoupling. 
F . l  Rioatti-like. Decoupling 

We note that (2 ) ,  (16)  or (18 )  and (17 } cons·titutes a two point 
(time )  boundary-value problem. That is , the "initial" conditions oo 
y(x,t) and p(x,t ) are split. It is possible to detennine an equation 

I 
for y(x,T) , with which the system of equations ( 2 ) ,  (16) or (18 ) and 

( 17 )  can be solved ( in  principle) as an initial value problem. lb.lever, 
y ( x ,T) --that is , y(x,T;�) is the refined state estimate at the termi­
nal tine T , which is fixed , but arbitnuy. Thus we shall consider the 

identification problem to be solved a"lce having obtained an equati.oo for 
y(x, T;_!:!) • We give the result as a theorem: 
Theorem 2 Given the system of Equations ( 2 ) ,  ( 16 )  and ( 17 ) ,  then if 
P(x,J , t) satisfieS 

(a) �P(x,t,t )  - A [P(x t> t)] - A (P(x r t )'6- 6 ( r - x) at t , .,. , x ,.,. , r .,. 

+ J aPCx,s.1t )  aP ( s ,t.t > ds = 0 C �� n...-...co T] ; , x , t , '1-. UA.NA , 
_ _ _  r av �v 

s 

P(x ,s ,t )  = P(s,t,t) = 0 

PCx , c,o> = 6 (x - t >  

2 aP 2 (b) P( • , •,t ) E H  (Qxg) , at ( •, •,t) E L (OxO) , t t (O,T] , 
CH2( nxn) is the second Sobolev space) then: 

< 21)  

(22)  

( 23 ) 
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(i) There exi.!Jts ooe and only ooe y( • , • )£ L2CQ> such that 

yCx,T;�) = y(x,T) 
wheN y(x , t) is the unique solution of � follc:u.ing 

linear integral equatioo of the s� kL"''d : 

(24) 

J P(x ,E; ,t){ ayclf1:) + A(yC �; , t> l- fCt
.
,t ) }dt = zCx,t) - yCx ,t>  ( 2�> 

Q 
The oondidans satisfied by y(x,t) on the closure of 

Q a%"8 :  

y(s,t)  = z1Cs,t) 

y(x,o) = z2 Cx) 

<.s ,t > e  t 
X & Q 1 (26) 

For a. proof of this theorem, see Philllpson, 3 The numerical solution , : .. . 
ottequati.oos ( 21) through ( 26 )  is not trivial . tbwever an app�ximate 
solution is possiblo, using an eigenvalue expansion. 3 With the defWtions 

l. i.m m 
PCx, E; ,t) = Pm(x , E; , t) ; Pm(x,E; ,t) = . I Pi3. ( t) w. (x) w. ( E; )  

1 ,J=l 1 J 

y(x,t)  
m 

• I y. ( t) w. (x) i=l 1 1 
where wi <x> and "'j ex) .

satisfy cl) , it can be shown3 that c21> through 
(26 ) yield the familiar "luq>ed" results: 

� (P-1Ct) ) + p-l( t)A + AP-1( t) + P-l( t) IP-1Ct) - WWT : 0 (27)  

p-l(O) : I (28 ) 

�) + Ay(t) - f(t) + ;, (t) = P-1Ct>.[ z(1:) - y(t)] (29) 

� 

y(O) • z2 (30 )  

P(t) = (P . � {t) } . j-l � 
l..J 1 ,  - , .. .. . m 

y(t) = {yi(t) }i=l,2 • •  m 
A • diag{li}i=l,2 • •  m 



z2 & {z2i }i=l ,2 • •  m ; z2i a J ;2(x) w;(¥� dx 
g . 

f(t) a {fi (t) }ial, :2 • •  m ; fi (t ) 
= r !Cx,t) w1 Cx) dx • 

Q 
In Section G, 11re n!pOI't �sults Using the suggetted deooupling. � aub­
sequent �ion., for a sinul.a.ted exanple. � . we alao give 
results pel!t� to � "di.s�e measurement" case induced by the 
functiooal. ( 9 ) .  t. 2  A �  Variational Method 

\ To �i tulate, ·the problem is to select lil £ V such that 
J(u) = Inf J(v) • ( 31) 

� ycV � 

As we ��.��- there is a unique � E V wi� � pxoperty ( 31) and it 
� ��zed by 

a(�,y> - t(y) = 0 ( 32 )  
F.quatioo ( 32) is the derivative of the functional J(y) evaluated at !! • 

In tenns of the gi'adient �(�) , ( 32)  is equivalent to: 

<�<�> ,y>v = o 

with · GC�) given by ( 17) . '!he direct method for det� !! 
involves searching on � quadratic surface J(v) along directions 
!k<�> which lead eventually to � • That is ,  - · 

( 33 )  
Because of the dellOl&t:rated efficiency of conjugate directialS of search,, 
we sl'W.l enpJ.oy them here. 'lhe algori thrn is as follows: 

(i) Select �0 E V (Initial guess) 
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(ii) Evaluate G(u0) via (17 ) .  If G(u0) a 0 , then by ( 32 ) , 

�0 ie the-
.;1ution. If §,<�0) f. 0 , then for the (i+l)st 

itenatior11, Ci•O ,l • • •  , ) Proceed as follows : 
(ill) · �i+l 8 �i + •i !!' .5 !o • _ §.C�o) • 

!i+l a _ §_(�i+l) + 8i !.i 

(G(u1+1) G(ui+1� )  
1 - - • - - V 

a 
• 

cr;.c�1> • §.<�1> >v 

in edditi.cn, ,,1 . is chosen 80 that 
J(ui+1) • Inf J(u1 + y1 8i) 

- i 1 - -Y IR 
It is possible to obtain an e�llcit �asicn for •1 : 

aca1 u1· > - 1Ca1) (GCu1> GCu1 > )  i - •- - a - - '- - V • a -
&(li1 81) . a(a1 81) -· ·- - .  

We n�view sane properties of the algorithm in the following 1:hec:rems: 
'1heorem 3 If GCu1> f. 0 • JCu1+1) c J(ui ) 
�l�; '1he ;.;\mlC!e of rul n\lllbenl 

-J(�i) is DalOtone decftaail'lg 
and hu � �t in the extended n!lala :  

lia1 JCu1> • J. • Inf J(v) 
i + • - - . y_aV -

� &J 'lhe Hqtuenoe (�1 } converges weakly to a unique ��V and 
the limit � hu t:he pzoperty that 

that ia ,  

J(u) a Inf J(v) 
- �V -

liD• i � � � V  <unique> 
i • •  
end J(u) • J • . • t - • 

We � that at each iteration, the evaluation of �(�;) . involves 
the n\.111!rlcal sol�ion of C2) forwards in time, then (16 )  backwaros in 
time, which � the (n\IDI!t'icaliy) ttab1e di.Ncticns of solution. 

lw before, the n\.lllel"icill solution requires en �ti.cn of the 
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solutions to a set of �!al. di.fferentia.l. equations . Again , we use the 
eigenfunctions of ( l )  to achieve this approximation . We discuss the 
results in the nex:t section .  
G .  Numerical Results 

The system chosen was the following : 

2 ay(x , t )  _ a y(x ,t )  = 212 (x,t ) E ( O ,l)x(O ,T] ( 34 )  at ai 

y(o , t )  = u1Co , t )  
y(l , t )  = u1 ( l ,t ) 
y(x , o ) = u2 ( x) 

Inpu� �£a�uremPJ1ts 
* z1 (p,  t )  = u1 (o,,  t )  + k1 N1 ( t )  
tt 

z1C l , t J  = u1C l ,�) + k2 N2 C t )  
• 

z2 ( x )  = u2 ( x ) + k3 
"1. = 4 • 2 ' . 2 = 0 '  k3 = 2 • 8 

• 

t a ( O ,T] 
't ' ( 0 ,  T] 
X f ( 0 , 1 )  

u1<o ,t ) = 7 0  + 1 0  s in  2 wt 
tt 

u2 C l , t)  = 54 . 5  
= 70 e-0 . 2 5x 

N1 ( t )  purely randclm fWlCtion with amplitude ± 1 . 0 .  

Output f-!eas\li"PJTlf'nt s 
(t (a)  z(x , t )  = y(x ,t ;� ) + k0 N0( t ) i 

i * i i ( b) z { x  , t )  = y(x. , t ;� ) + k0 N0( t )  ( xi = 0 . 2 ,  0 . 4 ,  0 . 6 ,  0 . 8 ) . 

k� = 8 .  0 ,  N , Ni are randcm telegraph signals with amplitu:ie t 1 .  0 .  0 0 0 

The e igenfunctions appropriate to the suggested approximatioos are those 
A 

given by ( l )  -· 

The results obtained for our ex.arrq>le using the :nethcx1 of Section F . 1  
are stum in Figures 1 ,  2 'and 3 .  An e ight  term expansion was adopted, 
arrl several selected variables .:u-e sro..n . It should be stated that the 

integration step size necessary to obtain a numerically stable solution 
for the { P ij ( t )  } \olld.S small ( 0 . 0 Ol)  aro this n!'sul ted in a large canpu­
tational effort .  � total time for soluticn was of the oroer of � 

minutes. On the other h3nd, using the direct meth:xi of Section F . 2 ,  

three iterations , (sufficient to recover � such that G(�) '6 0 )  w:re 
· 

a.ccor!l>lished in only 75 secords . Sane selected results are srown in 
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Fi�s 4 ,  S, 6 ,  7 ,  and 8. Note that J(:!) is minimized rapidly (Figure 
9) and observe that J(:!)measun!JII!llt (a) < J(:!)measun!Jiellt (b) • 

We renark that G<i> given by (17 )  was approximated by Gm<·:l> 

• 4 aw . (s) • 

Gm(�1) = - . I  pi(t) � + �(s,t) - z1<s,t) 
1=1 a" 

4 . • . I  pi(o) wi(x) + �(x) - z2(x) • 
1=1 

We observed that for the exanple chosen, the last �e t� k t� 
sunmati.oo were identically zero .  that is .  

Gm(�) = G(�) 

lic:Mever in general, it is not clear in what sense Gm(�) + G(�) , and we 

are attenpting to establish an appropriate result. 
H. Surrmary and Ccl'llcludons 

A_ special variatiooal phrasing of a distributed identification 
probiem resulted in a fl'alneWOli< in which solutions were characterized 
using the � of variational inequalities . Nunerical techniques 
were suggested for t'ecoveri.ng extrem:lls to the variational problem, one 

of which , the direct nethod, yielded p�ing results . This di� 
nethod is also applicab�e t� the Problem of detennining optimal boUndaiy 
oontrols for oertain distributed optimal control problems. 
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MEASUREMENT OPTIMIZATION IN BATCH PROCESS OPTIMAL CONTR 

Akira Sano and Mitsuru Terao 

University of Tokyo 

T?tcro , �apan 

INTRODUCTION 

In order to achi eve the �ffictent computing control systems for b&:!;ch 

proc esses , it is i�ort��� to f�vestigate the measurement optimi zation so · 

as to minimize the information qandling.  The problem is to find the min�­

mum required prech ion and the optimum timing of the measuremen�s .  Thi s  

point becomes �pre important when the measureme�t i s  expensive . 

Concerning the· optimum timing of observations , Kushnerl discussed for 

the discrete unstable l inear proc ess with Unknown initial state and without 

any disturbances . Me ier,  Pesphon and Dre ssler2 have formulated the measur­

ing adaptive problem in which control is  available over not only the pro­

cess  but al so the mea•tirement subsystem . 

In general , the optimum timing of measurements is strongly influenced 
. . . 

no·t only by the process constant , the form of the cost function and its pa-

rameter ,  but also by the precision of measurements and the disturbance sig- , 

nal to the proc esse·s .  When the emphasi s  is pu t on the transient s tate of 

th 3 tart up in bat.ch proc esses in whi ch the proc ess output reaches to the 

specified final value in relative ly short time compared wi th the response 

time of the proc esses , the measurement optimi zation can be regarded as the 

terminal control problem. At the same time , the optimi zation of relatively 

long interval should be also considered putting emphasis �n the steady state 

after the process output has reached to the spec ified final value . 

This paper discus ses the optimum timing of measurements in the case 

when the control pr·ocess is  a linear time-varying continuous sys tem dis­

turbed by whi te Gaussian noises and the output measurements are impul sive 

modulated with the restriction of the preci sion and t�e total number , and 

represents the analytical solutions in several spec ial cases . 

It wi l l  be seen that under some assumptions the optimum control and 

the optimum timing of measurements can be determined independently to mini­
mize the cost function with quadratic form so that the timing of measure­

ments can be specil'ied a priori . The lllf' asurement optimi zati on c an  be rep­

resented �y the deterministic facter s��h as �roces s cons tan ts and the pa-
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ra.metera of co21t func:tions as well as by the · •t•i-iistical factor• ��c� . tre 
the ratio of the varbnce of measure��rit ' �·rror . and the initial uncer�inty 

.. ' "'. · 

to the variance of eltternal disturbances .  
The two types of coat  function are conaide:Jd ; The one conai ste of 

quadrati c in the control and terminal error , and the other conaiata of gurd­
rati c  in the control and the steady state error . The steady state optimi� 
ti on is especially required in the direct digitai control . The minimum � 
quired . information qtaantity of measurements can b� �educed if we allow some 
d gradation of the pt!rformance ( coat functi on) . 1 c�m:putational reault

,
P' .. 

sented in the final SE!ction shows that there is a co��omise between the � 

ber and the precision of measurement� for various near ��timum performance� 

PROBLEM STATEMENT 

The dynamics  of batch processes ia gene�al ly described by the tollow­
l ilf.S  linear time-varyi.ng noise perturbed differential equation 

i ( t )=A( t ) x ( t )+B( t )u (t )+v(t )  

•·here x ( t )  is  an n-state vector , u (t )  i s  an  r-control vector and T(t)  i a  
n-white Gausaian noise Tector wi th zero mean and covariance 

Ev( t )v ' ( t ' )=V( t ) S(t-t ' ) .  (2)  
The state of thet proceaa i a  estimated from a set  of noise corrupted b­

pulsive measurements given by 

i=l , 2 , • • •  , k  (3 )  
where y( t )  i s  an  m-measurement Tector and w (t }  i s  the white Gauasian me&a• 
urement error with zero mean and covariance 

_ Ev(t)'w ' ( t ' ) =Y(t)�(t-t' } .  (4 )  
The uncertainty of the initial state is  normally distributed with mean 

val ue Xo and cova�riance matri� Po . For simplicity, the random varia­
bles  x ( O ) , v ( t ) and �r ( t )  are independent of each others . 

The number and the precision of possible measurements are usually lim­
i ted because of physi cal or economical constraints ao that it is important . 
to find the optimum timing of the k measurement pul ses which Qinimizes the 
cost function vitb the following quadratic form 

J=�E [x' (T ) :f'x(T)+ 0 x' ( t)Q(t)x(t)+u' (t )R(t)u (t)} d-t , ( 5 ) 



vhere P and Q ( t )  a:n n x n  nonnegatin dd ini te matricea and R ( t )  u an r •  r 
pod tin defini te nsa�ri.� .  

EVALUATION O P  THE OPTIMUM COST PERPORMAJJCE 

The aiDiiDWil va�lue of the cost func tion can be evaluated by the use C?f 
the linear estimati.on theory and s tochastic optimi zation technique . 

The problea o1� minimizing the c�at func tion ( 5 )  subj ect to ( 1 ) ,  ( 2 ) , 
(.3 )  and (4 )  may be decoupled to the proble11 of deter..ining the minimum var­
iance linear estimate of x ( t ) and the �roblem of ·atochastic optimum control 
u0 ( t ) , us ing the conditional expected value x( t)  with knowledge ot a set of 
meaauremen ta 3 ' 4 vhe,re 

( 6 )  
There fore , the· minimum c o s t  ot ( 5 )  can b e  derived by the choice o f  tne 

optimum timing of m1easurements { ti} and the optimum control u0 ( t )  as 

( 7 )  
vbere 

. T 
Jl"'·�E (( x ( T ) -i(r) )' P( x ( T ) -x ( T ) ) j +�E [ � (x (  t ) -x (  t) )' Q (  t ) ( x( t) -x ( t )  )d t ] ,  ( 8 )  

T o 
J2==�B (xtr> Pi ( T ) +  �{x' < t )�(  t ).x( t ) +u'. < t)R( t ) u( t ) }  dt] • ( 9  > 
The J1 of ( 8 ) , that, is the estimation error , i a  revri tten by denoti�g covar-
iance matrix of es timation erro� wi �h. P( t ) � ( x ( t ) -x ( t ) ) ( x ( t ) -x ( t ) )' aa 

. 

J1 =itr [PP ( T) ] � f�r .[�( � ) P( tJ.; J  dt . 
. 

( 10 } 

The conditional e�pected value x ( t) and ita covariance P ( t )  are der iv­
ed by tbe following equations uains hllii&D ' a  l inear estimation the�ry .• 5 , 6-, 7  

+ - + - ' It there �•-no aeaaureaent in an interval [ti-l • t1 ] where ti-1 and ti de-
note the instant after the observation at ti-1 and before the observation 
at � reapectin l7, then 

i( t)z..l( t) :i ( t)+B( t)u( t ) , 

P( t ) :A(t)P(t )+P( t)A' (t)+V( t) , 

+ -
t1_1�tsti , 

+ -
ti-l�titi 

( 1 1 ) 

( 12 ) 

and it there ia one •eaaurement and correction abou� i(t) and P ( t )  i s  per­
formed, then 

i( t.t):i( t;l)+E( ti ) [.y( ti )-y( ti>l 

' where 7<�r>="<ti lxhr> . and 
( 1 3 ) .. 
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' ( 14 )  

( 1 5 )  
Combining ( 1 1 ) w�th ( 1 3 ) for x ( t )  and ( 12 )  with ( 14) for P (t )  

�: " t·S.t x (  t )=A( t ) x (  -t, )+B( t )u (  t ) + �  z (  ti ) 8( t-ti ) ,  ( 16 )  1•1 
P( t )-=A(  t )P ( t )+P( t)A'  ( t ) .:�\ ( ti )M(  t)P(  ti>�<  t-ti ) +V( t )  ( 17 )  

1•1 
where the third term in ( 16 )  i s  easi ly shown to be a white r&ndom variable 
with zero mean and covarianc e 

( 18 )  

Solving for P t t )  us ing the initial conditiob P(O )=P� ,  ve obtain the 
e � timati on error term ( 8 ) .  

On the other haml , we can obt.ain the optimum control u0 (t )  and the op­
t i mum performance J� (x(O ) , 0 ) , regarding ( 16) ae the noise perturbed con� 
pr o c e s s  equati on with the quadratic performance index ( 9 ) . 1whe dynamic pro.:.: 
gramming approach in the ato chastic opti�l contro18 • 4 leads the Hamilton 
Jac obi 1 s  equati on 

• , \  

( 19 ) 

whe r e  zj 1 ( t )  i s  the j , l -el ement of the covariance matr.ix Z ( t )  given by ( 18� 
"'l- ,1 s the optimum control is determined from ( 19 )  as 

u0 ( t )=-R-1 ( t )B1 ( t )  a J� ( 20) ai(t) • 

The approach assuming the so lution of the form 

J� < x � t > , t >=�x ' < t > s < t >x<t >�u < t >  

y i e l ds  �he fol l owing differential equations for S ( t )  rnd U ( t ) . 
ing ( 20)  and ( 21 )  into ( 19 ) , ve have 

S ( t )=-S ( t ) A ( t )-A' ( t ) S ( � ) +S ( t ) B ( t )R-1 ( t )B' ( t ) S (t ) -Q ( t ) , 
• tet 
U ( t )=- �tr (S ( t ) Z ( ti ) ) o ( t-ti ) 

i•1 
w i th boundary c ondi tion S ( T) =P and � ( T) =O .  

( 21 )  
Subatitut-

( 22 )  

( 23 )  

Tr erefore , the optim..un performance J �  is given by 

J� ( x ( O ) , O )=�x�S (O)x0+���r[K(ti ) M' ( t )P ( ti ) S ( t )) 6 ( t-t1 ) .  ( 24 )  
As a r e suJ t ,  the ori gi nal optimum performance ( 7 )  i s  reduced t o  the 

followi ng , using ( 10 )  and ( 24 )  and omitt ing the te� whi ch does not affect  
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( 25 )  

The first and the second terms denote the coat due to the state uncert�inty 
caused by external di e:turbances and measurement error , and the third term 
denotes the coat l,t c cnitrol corrections based on the measurements . The 
following sections ill.ust'rate several e�lits in a scalar case . 

SOME ILLUSTRATIONS FOR TERMINAL CONTROL PROBLEM 

Aa · an example ,  the optimum timing of measurements ia derived for a 
scalar linear system ''ith a coat function that ia quadratic in the control 
and t�rminal error . I,et A(t)=a, B (t )=M(t)=P=l , Q ( t )=O,  R (t )=r ,  V (t )=V and 
V(t)=V in ( 1 )�( 5 ) , then the minimum coat function of ( 25 )  in scalar cases 
i s  reduced to 

J0= �n [ 1P(' T) �� S(t)z2 ( ti) O( t-t · > )  ( 26)  
{�i } � ' 2� P( ti)+V 1 

where S (t )  is the solution of the Riccati ' s  differential equation ( 22 )  giv­
en by 

S ( t )= ,_,;;;2;;.;ar __ r"r''�'!'"l 
1+( 2u-l ) e-2:atT-'t) 

1 .  The case with no di sturbances 

( 27 )  

The case i n  which there i s  only an initial uncertainty is  discussed . 
Normalizing J0 of ( 26]� by the varianco of the initial uncertainty P0 and 
manipulating P(ti )  using ( 17 ) , the . optimum performance is given as 

Jo /Po= i [ 11. e 2aT + t .. 
. . . 

�r �4�'tj ] ( 28 )  {�tt 2 (  telati +11.) t•t {l't( 2ar-� ) e-2a<T-
. 
>_} (  1 e2atj + )..)( •le2a'tj+ A) 

where h=V/P0 is the rntio of the varianc� of mea�ement error to the ini­
tial uncertainty. The cost perfor�ce (2 8) i a - tQ be minimized with re­
spect to ti , i=l , 2 ,  • • •  , k .  If  k=l . the caae of a single measurement, the 
optimum timing may be easily derived as follows . If a < O ( stable  process 
having time constant •C)f 1/a) , the both first and second terms in ( 28 )  for 
k=l increase as the t1 increases ,  and so tbt optimum t1 is always zero . If 
a > O  (unstable proceu having a pole in right half plane ) the optimum t1 is 
obtained by 8.ifferent;�ating ( 28 )  for k=l with respect to t1 . As a result ,  

t1..0, a £ 0 · · 

. 
t1=T- /a. ln [ .F< l+ e2a.T/11.) +1 ] ,  o � t1�T ,  a> O . . 

( 29a ) 

( 29b) 

In Pig .  1 ,  the O]�ti mum timi ng is shown against the proc ess  paramet�r a 
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for ·'ftri oua n:lu .. e1f � and r in the ea .. of Tal . It. h liit.e tu ti D1 to 

Jmow ·that &!-thOugh the optiiii'Uil tiaain1 for a <  0 h al vaya the ini Ual tl• , 
the tl.IDinC fol' a >O becom . . later and approach .. to T/2 fo r lar1• a ,  aa 
indicated b� Xu•hn,r1 • Pi 1 .  1 aho� a tha t the op\i �  t iain1 become• l ater 

&I the pr.c.b i On o f  meaaur'emen t  and the we i gh.t l nl oo•fff C' i ent r, d'eoreaae 
and i t  •••m• to be cons i stent w i th our i n tu i tioo-. · 

2 .  The case wi th d i e tur-bane ea 
I t  h _ co�� ei'ftbtl'e ._that th'e c ontro l proceun . •re a�_waya perturbed by 

esf.4r�IUI!l d. i.aturbance•a .  Ve cl l a.cuaa the fol l owing -e a�• when the measurements 
are quite prec i se or the d i s-turbance i s  q u i te l arge compared wi th the i n i ­
t i al uncerta i n ty and. the measuremen t  error . 

I f  k=l , then th.e, opti mum performanc e of ( 26 )  normal i zed by tbe vari­
anc e -of dhturbancea . . h ghen cal c u .l at i ng P ( ti )  of ( 17 )  subj ect to d i s turb­
ance• and aasum i �g that the measurement ia qui te prec ise , as 

Jo /V= m in [ - e2&tt.- e2aT + r {( 2&2+ 1) �tt-1 } ] · t1 4 a e 221t1 2 { 1 + ( 2ar-l ) e-ZaCT-t, > }  

where � =Po/V . - Ttl e re to r o  the optimum t_i_minJ o t  one measurement 
unique ly determined d i f fe rentiat i n g  ( JO) aa 

t1 • T- fa l n [+J2ar { 2ar- 1 + ( 2az+l )eZ&T } - ( 2ar-l ) ] ,  

( JO) 
pul se may be 

The �p.ti aiUm t i m ing obta i ned ana ly�ical ly by ( )1) h shown in Pi g .  2 
againat the .pro�eaa parame ter a tor varioua w�i gb t i ng coe ffi c i ent r and 
i n i tial uncerta(nty �. I t  i a  s e e n  that t o r  large poa i tive a ( very uns tab l e  
prec u s )  the· optimum, t i m i ng •pproachu to the aidd l e  o f  the c ontrol i n ter­
Y&l and for l arge negati ve a ( stab l e  proceas having abort ti .. con a tant) it 

approaches to the termi nal time T aaymptoti cal ly.  Por &D ordinary a tabl e 
proc e u ,  i t  the i n i tial un�t.-1'-��-nty h negl i 1i bh , L e . , � ..0, the timin1 i a  
to be near th e  termi nal ti� o f  the control i nterval aa represented by tbe 

s o l i d  l inea in Pi g .  2 ,  however ,  _i f  the ini tial uncertainty l a  presen t ,  
i . e . ,  7 =1, the 'tlili ng become• e�l � e r  a a  rep�e sented by the daabed l ines i n  
Pi g . 2 .  I t  the f n i U.al unc erta i nty · ? h qui te Wl• • th e  ... aure .. n t.  l a  to 
be made at t.be ini t i 1al instant of the i nterval . 

Vben i.he meaaur•ement haa arbi trary prec h i oa i t  h ut •o •ilrple to 
derive tbe optiaua timi ng analyi. i cal ly aine e  tbere i• aot al�y• oAly oae 
l ocal opthrum. So w�e obtain the o pt i - t1 tor the caae Dll8erical ly. Pta.) 
shovs tbe o pti.ua tiainl agaiaat ·proc e•• coa•t&at f o r  • ....-ral .. aaure .. at 
,rade• ot prec i s i on aor.al i aed by tbo varianc e  of di aturbaace . 
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STEADY- STATE OPTIMIZATION 

In thi s section the eo•� function is assumed to consist ot quadratic 
in the control and th� steady state error . It the control intenal [O,T ] 
is to be large enough compared vi th the process parameter a, the steady 
state optimization c•Ln be achieved . Let A(t)=a, B(t)=M( t ) =Q ( t)=l ,  P=O, 
R( t)=r,  V ( t ) �v· and W l[ t )=W, then the optimum performance (25 )  is given by 

J0.,. mip [ !  fT
P( t)dt + l � S(t)�2( t.l) ·8 ( t-ti )] ( 32 )  {tu 2 lo 2f;, P( ti )+W 

Where S( t) h the sol�ution o1 the· Riccati •·s 'dffferential ·equation, 
•2,CT-t > p·l s (t)•  1- e � - .... 2 

�-a-tl[�+a) Ef�CT-t) ' r • 
( 33 )  

If  the control optimhation interval T h conddered to  be  large enough, 
then ( 33 )  becomes 

S+r(,e+a) ( 34)  

1 . The ca11e vi  th no  dieturbnnces 
We usual ly requjlre more than one measurements to achieve the eteady 

state optimiaation. However, tor •ome ·. nalytical investigation, it may be 
connnient that ve cc,naider the case 'of k=h Ye can aleo obtain the opti­
mum timing tor arbi tnry k by using the limph bil l  climbing method since 
there 1a only one loc�al optimum in thh caae. 

Normal izing J0 jlo ( )6)  by Pe ve obtain the following tor k=l , 

Jo/Po• min [ e�t,_ e2.at, +�{eaT_l) + r(!+e.)e4a.t, ] ( 35 ) 
tt 4&( e2a.t, +>.) · 2 (62at, +�) 

where �W/Po . The O]�timum timing of t1 MY be obtained by differentiating 
( 35 ) vi th repec t to 1i, and the result 11 

tlii(J, a �  O ,  
1 _ [j' 2 � 2a.T ] · tl .. �n � + e 

) 
-� ' 

2a 2ar(p+a +1 

( 36&)  

( 36b) 

Pig. 4 above thct solution given by ( 36)  against the procees parameter 
a )  0 for various � aud r in the caee of T=5 . When the penalty i s  paid tor 
the steady state errc)r more than tor the control corrections , that i s ,  the 
vei ghting_ c��tficien1� r decreasee,  the optimum t1 approaches 

t1• 'f;ln [ �f�2+"Ae�AT � j ,  a >  0 .  ( 37 )  

Pig.  4 shows thiL\ th e  optimuiD timing doea not depend o n  r so much, but 
on the meuurement plrecbiu �.  The .are precise the measurement' h (the 
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smaller �) , the earli er the measurement should be made . 
2 .  The case with ext,ernal disturbances 

The cost performance ( 32 )  subj ect to external disturbances i s  rewrit­
ten as 

J0 /V= Qlif [ ..!..{� ( <P (  t.t )+.l.) ( eza(ti-+1-ti> - 1  )-T } + �fSp2(�i>. ] 
{t.i 4a f:'o 2a . 1•1 <S> ( ti ) + �  

where <S>(t! ) =P ( t!)/V, 7�P.(O+ )/V, and li =V/V. 

( 38 ) 

Por arbitrary �' and � ,  it is too muc� elaborate to obtain the optimum 
{ ti } ana_lytically, 1110 that we got numerical solutions by a digi tal computez:. 
The resuU.s tor k;::l ar·e summarized in Pig. 5 and tor k;::5 in Pig.6 .  Por k.=l ,  
the optimum timing otf the measurement ill plotted for various intial uncer­
tainty ? and measure�·�� �r.e�lsion � .  Yben the controlled procesa is  eta-

} - � . 

ble (a<O) , the optiarum timing of the measurement depends on the initial un-
certainty 'rather sen�sitively and approaches the initial part of  the control 
interval as 'l incre•asea . On the other hand tor the unstabl e  proces.s ( a>O), 
the optimum timing a.pproachels the middle of the interval tor any 'I � � • . 

In . t�e steady . state optimization , it is considered that there is not so 
much the e ffec �  of  t.hf initial unc�trtainly but of  the external diat\U'bancea. 
In thi s  cal'e the optoi�um timing t1 --��  obtained analyt ical ly as 

T 1 · , ) tl =� - ra· ln l2ar (p+a )+l ( 39 )  

and i s  apprpxima te_ ly  the middle of  the interval . Por arbi tra.ry k it  i s  re­
c o gn i zed that k meBI!tUrements are t·o be taken at almost uni form interva.�s as 
shown in ��g . 6 .  
J .  Compromise  betweetn the number and the preci sion of me&s\l.l'ements· 

In the last sec: tion we confirmed that the timi.ntr of  ll!'asurements in 
the s teady s ta te opt.imization subj ect  to external disturba.nc�s has uni form 
interval s .  I n  conne•ction w i  �h the direct digi tal control for the process 
i t  is  s igni ficant to' reduce the total required information quantity of  me .. 
urements as far as .etpeci fied control performance is aathfie�.  The infor­
mati on quanti ty wh ic:h c onnects wi tb the number a.Qd the pr'!cision ot aeasure­
ments can be re juced, remarkably i f  we al l ow some degradation of the cont�o� 
per formanc P. .  Pi g . 7  and Pig . S  shov the control performances for the epec i� 
f i ed number and prec is ion o f  measurements in the case of T=� r . fo� �� and 
�=-1 respec t i ve ly.  The performance of the near optimal systems is normal­
i zed by the ideal pe·rfoi'IQ&nce in wh ich measurement's are not constrained . 

Pi g .  7 and Pi g . S. Bi ve a c<?mprom i se between the number k and the prec i­
.e i on s o t  measuremen:ts tor some s pec i fied performance .  The Jid denotes 
the ideal pe r formanc e � i c h  i s  o b ta i ned from ( 38 ) by k•oo and 1 /  � It is 
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noticeable that more intormaticn quantity should be required for optimizing 

an unstable process . It we spec ify 

and the pr·ecbion, we can determine 
diag�am ahoYD in Pig .. 7 a� Pig . 8 .  

the coat relation between the number  

the optiliiWII k and � by  the u11e of the 

CONCLUSION 

In connection wi.th the computing control ,  the measurement optimizat� 
have been discussed in th• case where the control process is a l inear con­

tinuous system disturbed by · noi ses subject to the spec ified cost function 

which consists of tbie control cost and the terminal error or steady state 

error . Por a stable scalar system the optimum timing of measurement is al­

ways the initial part of  the control inte�al if the external disturbances 
are absent. In the p1resence of disturbances , however , the optimum timing 

strongly depends on the form of cost function. Por a considerably unstable 

process , the measurements ar,e desired to be made about at uni form intervals 

independent of the initial uncertainty, disturbances and the parameter of 

the cost function . 

The steady state optimi zation which is espec ially required in the di­
rect digital control has been di scussed representing a compromi se between 

the number and the preci,s�on of measurements for various desired near opti­

mum performance .  
These discussions have rather general nature and inc lude not only the 

stable controlled process but the unstable one such as fermentation proc e� 

es  or nuclear reac to�s and may be appl ied to the measurement optimization 

for multivariable  processe s .  
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OBSERVABII.rrY OF LINE AR  DYNAMIC ?1EASURING SYSTEM 
L\� SOME APPLICATI ONS 

1 Introduction 

Takashi Sekiguchi 

Yokohama Nattonal Universi ty 

Yokohama., Japan 

A measuring de,rice or system is preferabl e to have a much wider fre­

quency range than the v�ue to be measured. But i f  we cannot  assume tn·- � 
the response speed of a measuring de�ce. or sys tem is large enough and th e 
response time · is sma.ll enough to be ignored in comparison wi th the cn·mge of 
the value to be meanured , we must treat this sys tem as the dynamic msasuring 
system. The relation between input and output values of this sys tem is de­
soribed by differential or difference equations with the aid of state vslue3 
of the system (Fig. l ) . In this paper, observabilitr pro bl ems of tha dynami c 
measuring system a'l'€! di scussed . 

On the 1st IFAC Congre � ,R.E . Kalman
1

discus sed state cuntrollabi l i � ,  

s tate obs ervability and thei r duali ty. After that thi s preblem i s  discussed 
by man,y papers ;  oont;rollabili ty al"li observabi l i ty of the compos i te systems 
with distinct roots by E.G. Gilbert! �he composi te ff,fstems wi th mul tiple 

3 
roots represented by Jordan form by C . T ,  Chen and c . A. Deso�r , repres�nted by 

the general form by c.T ; Chen� output control l a.b i l i  ty of the continuous-time 
J ' 

systems and the d.isc:rete-t ime sys tems by E. Kreindler and P . E. Sarachik , the 

synthesis probl em based on controllability ,  observability and s tabil i ty by 
� · a D.G. Luenberger, n-observabili ty  by J . D. Gil cnri st , input obser1ability for 

the constant: mean VA�ues by B.E.Bona� 
Observability of dynami c measuring system is an extension of Kalma..."l '  s 

state observability and . equivalent to input observabi1 1 ty. Tr�s paper atu­
clie• input obaervabi.l i ty., that is , possib i lity of determination of any in-
1 tial input values f'rom the measurements of output values over finite time 

interval. 

2 Observability of the discrete-t ime sys tem 

Let us consider· the di scre te-time dynamic measuring system represented 

b7 the difference equation { Z(kT)..C�( (k-l)T)+FX( (k-l)T) 
Y(kT) •H· Z(kT) k•l , 2 ,  • • • • •  

(l ) 

where X i s  rxl vector representing the values to be measu.-ed ,  Z is nxl vector 

. r"?presentin6 the state values of t!1e measuring system, ': is mxl vector rep.. 
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re "'ent�ng the state values of the measuring system,  F i s  nxr matrix, G is 

nxn mat�i x an1 S iP.  nxm matrix (* denotes conjugate transpose ) .  Tne problem 

is to obtain the neces e1e.ry a."'ld sufflcient condi ti ons for de te rmining any r 
:ni tial values from m va:uee measu�ements. Then we can assume rank. of F is r 
ana �ank of H is m. And let us assume rank of G is n. Thi e system is shown 

on ··ig. � . In case Z10)  is U."lAl'lown , it is first desirable to tletermine Z(O ) .  
o �e di scu3c  t wo  cases ; in c as e  l the determination of X(O)  where Z ( O )  i s  

lc1own a:'ld i n  c s e  2 the� determ1 nation o f  Z(  0) . 

2 . 1  in: i al  state values (Z(O)) of the l:3yetem (1) are kno�>.'l'l 

The discre te-time dynamic measuring system is said to 
have tne i-th obeE�rvabili ty if the minimum m.unber of sampl ings to deter-
mine X(O) is i .  

Thi s def�ni ti on shows that X(O)  of the i-th observable system ca.�ot be de ter­

mined ! �om Y(T) , • • • , Y( ( i-1 )T) but can be determined from Y(T) ,•••, 
Y (�-l )T)  and Y( iT) .  

On each sampling 1.o; e  have ::n data, but al so r unk.no�-n values .  Then the follow·· 

ing equation i$ necessary for observ�bility of the system ( 1 ) . 

r ' m 6 n  ( 2) 
Now we oonside� the i-th obe ervable condi�ione cf the sys tem ( 1 ) .  

We can !'ind e<> si y that the necessary and sufficient condi t i on of. the system 

, ( l )  fer the 1-st observa"t.J i l i ty is �ank [H*F) • l't ·�· If  runk (H*F)·l1 <: r , we must 
consider the ne.xt s�pling da'te.. From theorem .. ...... .m of Appendix I-lP, the neces­
sa� �"'ld sufficient condi tj on for the 2-nd �b s e rv&b i l ity i s  

�ank rH*F 0 } P2•r+.l 1  
tB*GF R*� 

For exampl e ,  let us con ider the fol l owing system 

- G- r � � ;1 t2 3 1 .. 
F- [� �1 

l Oj 

H-�1 01 0 1 1  

o oj 
Calculating tne above equations , we have 11 .. 1 and 14 •3•r+ 21 • 
If 1:.< r+ /1 , we need more data observed , and the ne cessary and sufficient oon­

di t l on for the }-rd observa�i l i t� is  
�ank lr H*F o o � -13 -r+ lJ. 

H'*GF R*F 0 H*�'i' ll*GF H*F J 
Thus �e have the folloN� ng thecre�. 

Theorem ls The necessarj and suffi cient condi ti on for the i-th observa­
bil i ty of the sys tem ( l )  for X(O) is 



77 

t ·2 , 3 ,. • • • • , i lo-o 

where ../{ •rank 
[
H�F • • • • • • q l 
H�Gl-lp • •• H*F J 

0) 

(4)  
On the k-th sampling, the first r columns of the matrix in  equation (4) are 
added, and so 1e obtain the following corollary. 

Corollary 1-lz The necessary condition for the i-th observabi lity of the 
system ( 1 )  for Jlt( O )  is that rank of the folloving matrix i s  r 

[F*H :F*G*H : • • •· ! F*(G* i··S H) 
We can al so regard that the ll\st m rows of the matrix in equation ( 4 )  are 
added on the k-th �ampling, and so the following corollary. 

Cprollary 1-?j The necess� condition for the i-th observability of the 
system ( 1 )  f r X(O) is that rank of the following mat�ix is r 

·rH*F !H•GF ! • • . :H*Gt• a F) I� • • • 

The above corollary l.-2 ah�wa the necessity of the r new inde,Pendent infor­
mations among m data of the i-th iampling. 

On the other. h�td , the coroll� l�l shows the· necessity of independence 
of the r column vectors which are coefficients of x 1(0) ,• • •  ,xr (O) . The mat­
rix in equation (4 )  can be regarded as the set of r><k coefficie�t column 
vectors , and so theorem l means that no one column vector among t�e first r 
coefficient column ve!ctors c� be represented by the linear combinations of 
the other rxi-1 coefficient column vectors. That i s ,  · 

Cprqllary 1-3z Tha necessary and sufficient condition for the i-th 
observability of the system ( l )  for X(O )  is for any ¥1( non-zero) , J'a, ··· ·l'i u::.-.t•[�ocl·>l'+ • 

• 
• • [�•Fr 't O 

(5 )  

where rt· (r,t . . . ·�i�o. 11*• [�.· • � ��·) , .  • • • •  (&*• (ii,* .. .  �lb*] . 
If we cannot f rm t E� l-st ,  the 2-nd , •  • • ,  and the i-th obeervabili ty of the 
system ( 1 ) , then fl."ODl Corollary l-3 there are Y1 ( non-zero) , l'.i• • • t Y4 SUCh as 

[r
F
. lt�+ �· · + [f ] ri. ·rrF �� 1 ·[f] (6)  H•ct·l � H*F H*(G�·tr.;.. +FJU 0 

Let us put f1 •Ft. •  • • , !;..C""1Ft, + ·  •+F tL •  Then f1 t • · ,  fi represent vectors 
in the n dimensional space. As the column V9ctors Hl • • • • , Hm of H �e inde­
pendent. they spa."'l the m dimensional subspace in the n dimensional space·. 
If we denote thi s m d.imansional subspace by S\H)9  th3n equation (6)  means 
that vectors fa ,•  • • • fi cross S(H) at right angle ,  i . e. f1J.S(H) & !1.L.S(hj 

• , & . flJ.S(H) , Vectors f1 ,  • • • ,  fi lie in the n-m dimension&l subEtpaoe \.'hich 
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is complement of S( H) (Fig. 3) . Now consider q.,-crl +FYL;1• It f.t•1.l.. S(H) 
for some 1L� I , then this system has no t the i +l - th observability. Putting, 

here , i•n , . then from Appendix V r�.,  oan be represented by the linear combi-
nation of f1 , · · · •  fa • The vector f•1 lies in the n-m dimensional complementa­
ry subspace and f•t1J.S(H) . That is , this system hrls not the n+l-th observ­

abili ty . Thus the theorem 2. 

2 . 2  
• 

Theorem 2 :  If the system ( l ) does not have the n-th observability for 

X(O ) , then the system is non-observable ,  i . e . the order of observability 
for X(O)  is a� most n .. 

In �ase initial f�ta.te. values (z(o)) of the sys tem (l) are unknown 
I t  is not� ·.;qs . ...nece.esary to kno� Z(O)  before determiming X(O) , but it  

is  sometimes desirable to determine Z(O)  i f  possible. So the problem of this 

section is to obtain Jlecessary and sufficient condi t ions for observabi lity of 
( the system ( l )  for Z(O)  from Y(kT) not knowing X( (k-l)T) (k•l , 2 • •• ) precisely. 

Definition 2 z  Ve s �  the syutem (l ) is the i-th observable for Z(O) , 
when i is the minimum number of samplings necessary to determir.e Z(O)  
wi thout knowled�e of X(kT) . 

In this case•  if the order of obsP.rvability for Z(O) is the same as t�\ for X( O )  
:r; <  m � n  (7 )  

Th  minimum number of  necessary samplings to determine Z (O)  is  dependent on 
wave forms of inpu t s ,  ·and it is attained when zero value inputs. There­

fore sampl i ne . noe·r- must be equal to o� -larger than n/m. 

Now,  the coe fficient m�trix obtained from i samplinga is [�*G rF • .  • 0 l 
(8)  

H•G1 H*G .. 1 F • • • H*F 
Let us denote rank of matrix (8 )  by 1; , and we have the fol lowing,theorem 

similar to U:eorem 1 .  

Theo:r;cm. .3 t .  Th e  neoessai-y- an d  suffici · :tt conditions for the i- th obsArva­
bi l i ty of the sys tem ( l ) for Z(O)  i s  

S l•'<n+ lt /t-1 , 2 ,  • •  • , i-1 . (9) 
l J1 •n+ 1;, 

Coroll�r$ 3-l J The neceasary condition for the 1- tb obserYabilit7 o! the 

sys t�m ( 1 ) for Z(O) i s  that rank ot following matrix is D 
(H : G•H : · .. • • i (G*)�· · H) 

Tr,e above coroll 'U"Y }*1 shows the . necessity ot indeP"'ndence ot. the first n 

column vectorR in · m�t-rix (ej , and 
.
theorem . 3 is equal ·�o the !act that none ot 

the first n col umn VE!Ctors C'lll .• b� represented by the linear combinations of 

the other n+rxi-1 column vectors in !:lat-ri� (a) . thus the corollary similar to 

corol l ary l - 3  fo l lows . 
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Corollary 3-2 : The necessary and sufficient condition for the i-th 

observability o·f the system (1)  for Z(O)  is for a:ny (, (non-zero) ,  t1 : • • r4 

[!:t •[!::-.t· · · ·ll' � 0 
. . 

( lO) 

where Y,*· [ �r .. . · a;*· • • ��o, (a*•[t.,*· · ·t.,* J , ... .  ,rt·[r�* . · ·(,� j � 
From Appendix VT and the same di scussion as that in 2 . 1 ,  we obtain the fol-

lowing theorem simil�r to theorem 2 except the order n-1. 

3 

Theorem 41 If the system (1) has some non-zero inputs and does .not have 

the n-1 th obse·rvabili ty for Z(  
0

) ,  then the system is non-observable ,  i . e. 

the order of ob,servabili.ty for Z(O) is at most n.-1 .  

Observabili.ty o,f the continuous-time system 

Next we oonside'r the continuous-time dynamic measuring system repre­
. sented b,y the differ�ntial equation { Z • AZ+ BX  

(11) 
y • C*Z 

where X is rxl vecto'r ,representing the values to be measured, Z is mcl vec­
tor repre11enting the· state values of the measuring system, Y is mxl vector 

representing the out:put values of the measuring system, B is mer matrix, A 
is men matrix and C is nxm matrix. Here we assume the values to be measured 

X( t ) are continuous and finite� and X( t ) � O (o�O) without loss 
.
of generality 

( see Appendix lr ) .  The problem is  to determine the mean values X( to ) ( Oi to� T) 
of X( t ) over small time interval .Q. ' t� T {Fig. 4) . 

3. 1  I n  case ini tial. state values (Z(O)) of the system (11) a·re known 

From (11)  we obtain 

W( t )•Y(  t) -C*aAt Z(O) •C* r EfC+-t>BX( T)dT 

W( T)•C* S T eAn-,r>BX(t )dt 0 0 Since a ACT- -r > is col'lttinuous functior.. · .  
'0 

W(T) •C*eM T- f..>:EI [ X(t )dr•C*e AC'T- J.)�TX( to) (O � �.!.T) 

where X( to) is mean value, i . e. 
X( to) •  � �: X(T)dT 

Let p denote the de��e of minimal polynomial of A and olt( t) scalar value of 

t 1 1, and we have . 

w(T)=C* f}-0 T o<�l(T-f.J I Bx( to) • �o To<,t(T-,,) (B*( A* )1fc ,x( to) )  
where ( ) denc1tes inner product. Taking the inner product of 
TOe'( ( T-� and a couip,>nen t of w( T) , we obtain [(TO(.,W) J'• [(Tc<., T �) · · · (TO(., To<r-1 ) l r(B*C , X( to) ) ] 

(�r-hW) (��(p-l tT�o) · · ·  (�f-1 ,TIXr- • ) l(�*( A*·f-1c ,  X( to) )  
Let u s  describe the above equ,.:.tion in brief 
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[' TC>tt, w)) • ( (T�t • TO:J ) ] (C B• I A•Y! c , X( to) )) 
Since the oc'f(T-).) are li.nearly ind e p(lnd cm t of each o t.hH r , · Gra!ll matri x ((Tol.t, TO(;. ) J i s  non-singular , n.nri �ote obh.in the fo l lo ving (B* ( A*)* c ,  X to) ) =• �4 lf,.O , • • • , p- 1  f1 :mxl vec tor 
From the above cquations1 , x 1 ( 0 ) , · · ·, x ,( O )  CM be uniquely Bolved i f  and onl y  
i f  r ank  o f  the fol lowin ·r m:.ttr i x  i s  r 

( B •c : B*A*C ! • ·  · · · · · :  B• ( A* t·1 c) 
R<mk of thi s lil3.trix i s  the am • rls 

rH*C ! B • A • C : · · • • • • • . : B • ( A• J- 1 C :  · · . : B. ;  A• )"��- l r.) • t f I f ' 'wl 

Next we coni:l idcr to use data over onP- mo re i n tE. -rvul Ts t s2T. 
Frorn ( 10� w e  ge t 

W( 2'r) ... � { Tc<t( 2T-'� ( B* ( A•f c , X  to) ) +Tcx't( 'r- J,) ( B • ( A* )'l C , X( T·tt s ) )l  't " " 
whP.re 0 � �1 , t1 � T  ru1d X (T-+h ) ·-.\= )2r X( t ) dt 
I f  t.hc 0(�( 2T-,11) ru1 u  thr1 o(�(T- f,) are l i nearly intiep<:!nden t ,  w e  obtain r F T� ?1'-�c) ,W(2T) )J 1 � r  [U u• ( A* )4 c , X( to ) ) ) ] l(( T1X,4 ( T- �v ,':l( ?T) ) J j  (t h • ( .  ,. yf c , X ( T +- t :  ) ;1 
·..�1-: n ro:, f" .. rr( 'rol.f{ ?T- }��) ,'i� O(,i. ( ?'r- )?J )) (( To(l( 21'- �o) , T o</'I'-Jr) ) ]] i (( 7 !X.f( '!'- � 1) . T<�� ( 2'£- �o) ) J ( ( T o<l'P- )r) , 're<; ( T- �,) ) 1 
S i n e < :  � n �� Grmr. m:ttr i x  r'' i r; non- n ingu l a.r ,  we h·we 

X( to) ) =  (3� · 
X(T•t  I ) )  .. 0( 

fr. :0 ' 1  ' . . .. ' p- 1 
d( : rnxl vcc tor 

rnh,: rr� f0 rt ! '"''' c ·m no t. cv1; n.ny o(I:O r· : n ·w i n formrlt ions ttbou t X( to ) , I f  ol)T-�,) 
cP..n ,�,; !" ' : i J r  · !  �� n t_:d by th l im:H.r -'?inb i na t ion o f  the o t  .�ra , i . e . 

• l · ('I'- � , )  .. z .. coJ ci.J ( ��- )o) -+ :�-: C , . olJ (T- � . )  
• J • ..., I . 

whr: r�:  Co. , C  1 j  r1.r;: coru; t -\!l ts , •11e o b t 1.i n  [((Td.t( �T- �.) , 'rJ( 2T :  )] •f;. [(( h* ( A• tc , X ( to) ) +C a ( ( B* ( A*/ (; , X(T+t , ) )  ] ] 
� , · � (T- j , ) , '•!( ?T) ) )  (( B* ( A• )' c , X( 'r + t , ) ) +C , � ( B• ( .�.* f � , X( T+t 1 ) ) ] 

whro ra r .. i . J thu Rwne ;; r wi thou t the terms <X .;.(T- ),) . Since :he Gram ma.trix 
r4. in l. ')fl- flin·�u l::l.r , w e  have . ..  { ( B� ( A• )'� C ,X( to) ) +C 0 1, (B* ( ft.• )i C.' X(T+tl ) ) •  �� 

(8•\A • yi c , X( T+t  ) ) +C ; t (B* ( A • � c , X( T+t d )  .. S,t 
� · �kmxl 'lec tor 

,! ..0 , 1 , · · ·  , :l)-1 & �. .,...;_ 
I n  thi !l c e we ca.'L t�- t no �0 re new informations about X( to) as well.  Th'..1s 

tne theorem . 
Th<>o!"e:n. ) : The ne<�essary and sufficie�t condition for obaer"'l:.bil i  ty of 
th'J sy.:; tem ( 11 ) folr X{ to )  is that the fo ll owing matrix h,-\s rar.k r 

�3•c ; B*A•C : • • · · : B*( A•)'• I c) 
.hL.J_:-l_C 'l_._e _-:.:' n.:.:' :.:.:.;.::.....:s�t:..';'l.:.;:t�e-v.;..:a:::l:.;:u::.::�:.:::s....:( Z�(..::C::..�):..�.)...:.o:...f_t:.:he.:;;....;.:.�Y .... s::..t:.;. e:.::m::....:..(.::.l 1:... .. �...) ..:�:;:reo;:....;::un�llc;;:::n.:.:o;.;;wn� 

_'he r'rom ( lO)  we g<� t  
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Y( T) ·C*eAT Z( 0 )+C<t·aA c r- Jo> BTX( to )..'f.o { ol,t ( T ) C ,.  � .. (0  ) +Tr:x'� (T- ).) C•A� EX( +.o)} 
Taking the i ru1er produc t ,  we obtain 

r[('4(T) , Y (T) )) ] · [( ( Oit(T) , c<� ( T) )) (( ci', ( T), TIXJ (T- ) • .  )]"'j fr((A'•JtC , L<OI ) )  1 
L(( T o<A(T- j,) ,Y(T ) ) ]  ((io<.4 (T-,.),ot,;(T))) [(To<'f(T- �.) ,  TO(,�. T-,.,))] �( B,.(A•)tc ,  X(to))]j 

Since the o(((T) R.nd the Tc<t(T-Jo) are all l in arly independ . t ,  we ob ta� n  { ( ( A* )C c , Z(O) ) - Ef 4 1mxl ve� tor 

( B* ( A* )" c ,  X( to) ) . ,{ ·�-o , l ,  . .  · ,  p-1 

Even if we use d�ta over one more interval �t �2T, we c�� �o t get any more 
infor-:1�\+;:J:ons about Z(O ) . So the following theorem. 

Theo r�m 6 :  The necessary and suffi cient condi tion fo � observabil i ty 
of the sys te� ( 11 ) for Z(O ) is that rank of the follvwing matrix is n 

(c i A*C i  . . . . i ( A* )"'- 1 c) 
4 Observn.b · 1i ty of the time-va:r:ying .sxs te;n 

Here we consider only the di screte-time system described by the follow��g 
di fference equation 

{ Z(kT ) aG( (k-l )T) Z( ( k-l )T )+F( ( k-l )T)X( (k-l)T)  
Y(k'I') .H*(kT) Z( kT) , k•l , 2 ,  • • • 

( t 2 

Fro:n i samplings , we olbt:1in the following coeffic ient matrix [ �*( T)!:( T ,O )  �* {T)�T,T) F(O) 0 . · · · Q · 1 H*( iT )!( iT , o )  H•( iT)E iT , T ) �·( o) H*( iT)�( iT , 2T)F(T) • · • K" ( iT):!( iT , iT )  (� - � �T � 
where fdeno tes th� tr�1si t ion matrix. Putting as the following {?; ( 1T ,O )•(!.*(T ,O)  H( T);  · · · : !..* ( 1T ,O )  H( iT) )  

Pf ( iT , 0  ) . {F• (O )3!.* ( T , T ) H( T):  · · · : : F•( 0 )1•( i'r , T )  H( iT)) 
we get the following corol l a=io� s imL .<J.r to corollary 1-1 and 3-1 . 

Coro l l ary 1-4: TI1e necessary condi tion for the 1 - th o bse rvab i l i ty of t h e  

sys tem (12) fox X(O )  1:3 that rank of P1* ( iT ,O)  is r ,  i . e .  th . f;)llo• .. d !1g 
Gram matrix 1.s non-singular 

fi "'?.* ( iT , v )  P 1 ( 1T ,O)  
· Corol l}rl 3-3a Tl1e necessary condi tion for the i - th observab i l i ty of 

thl! system (12) f<>r Z 0) is that rank of P.* ( iT,O ) i s  n, i . e  •. the fo l ow­

ing GratD matrix is non-singular 
� •P: ( iT,O) P0 ( iT,O) 

5 The a:oplication tc1 an open loop system 
The analy�is of d,nami c behaviour of � non-linear sys tem to &� arbi t r�J 

input is in general very di fficul t , and we C[.L."l no : unders tand i t  ••i thout 
r:lea.surement. The problem is to grasp the characteristics of tho non- l inear 

system from measurement; through the l inear dynamic meatiuring ays tem Fig '; • 

Let us consider an induction mo tor as an e�a::tp le oC non-linear sy s te.. � 

' transient response , e special ly tr· :1si nt torqua response to a sud-.en c . .  ·mee 
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of operating conditio:n driven by sinusoidal volta&e has been studied until 
U-l'f 

now from the point of design and operation. But the speed control of an 

induction motor with a variable frequency inverter has been possible because 
,.-.u 

of the recent semicon,duc:tor ' a advance. The vol ta&e wave form supplied from _ 

the semiconductor inv·erter is not sinusoidal , nnd the new problems· have a-
.11 - �  . 

ri sen. There are so�e studies on static characteristics , dynamic and 

transient behaviour2S'··.2'f and analog simulation!f.21 Here we consider the 

observability problem1 of dynamic or transient torque of the induction motor. 

The motor-loa.d-m·easuring devi ce system is shown in Fig. 6. Putting 

&, - B.z •Z1 , Sf •z.z , �-z, , T,., •x " T�, •X.zt K/J, •at t  E . /Jt •bt ,1/J, •o, ,K/� •a1 ,  
E2./J2 •b.l , l/J2 •cl , we obtain the following state equation of the dynamic 

measuring system 

-k r:�� J- !�st :b 

. .. � J!��J + !�· � J: [��J .Z3 a1 0 -� ZJ 0 -cJ.  

U s ing the torque meter of strain gage and two tachometers , the observing 
equP..'tion of thi s syst•em is 

Therefore 

[���- ] - [ � � � - l r�� J ;y3_ 0 0 � lZ_, 
(B* C i B*A'*C · l B* (A* )2 C) • [ 00 L(Cj 0 ' M. C 1 - JI,b1 c 1 0 '1 -JL�Ct v_ (b� -a , )c, u a2 c , ] ;· 

I 
"'A (13 ) 

0 -.Vz ·cq-c�.. 0 Ji b..z � 1 -).tb• c" - .v, a, c.2 �(b� -a 1 )ea 
Thi s system has bservability for X( to ). From the above matrix, it is eas­

ily seen that this system does not lose �bservability without two arbitrary 

measuring devi ces amo:ng_ three. We know observability for Z( 0 ) , because 

o- v. o ;J4 - v, b , o : -)lb1 v,(b�.- •, )  �a: (14)  
(c iA*C i ( A*Y- cJ- (� o  o :o - v, a ,  �� : -JL< a , +a.z > "" a, b ,  -M as'b.! ] 0 0  4. : -,.u. 0 - J12b2. • Pbl .v, a , . .ll(b,i -a,z) 

But if we choose stat•e variables as e, •z 1 , (J, .z,_ , 9.a•Z_, ,  -�-zt, thi s sys tem 

d.oes not· have observa'bility for Z(O)  any more ,  without losing observability 

for X (  to ) with only one arbitrary measuring device when b, � b.2 • _ This means 

th�t the way to choo s e  etate vari�ble has an effect on observability for Z(O) 
bu+ d o e s  not tor X ( to ) . 

If we put x1• 0, then the probl e m  becomes t.o measure the loa.d or braking 

torque behaviour. Putting c,_ -o in equation (13 ) ,  we obtain observability f.or 

X ( to ) with an arbitr�y measuring device. The condition c,a -o  does not change 
the matrix ( 14)  at all. Thi s means that the way to choose input variables 

does not have an effe·ct on observability for Z.(O ) .  
�!!0 means the m1otor is driven w1 th inertia loa.d. Concerning observa-
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bili ty,. thi s is the same as x. a O. Put Js •• ,.· and we have the condi tion 
with load looked or the condition on starting. Therefore 8J ..O •  Fig. 7 shows 
the transient torque behaviour of the three phase induction motor (P , 2kw, 
200v, 4P) with load locked. These have been observed with the torque meter 
at the moment ot swi tcMng-on. This system has J, -6 , 5�9 , 8xlOlN· m· sl ] , 
K·26x9 ,8  (lf · m/rad).. L1et us neglect the fri ction loss , i . e .  E 1 • • The natural 
·angular frequency uJt•/K/J, ·632. When the motor torque changes slowly o r  nas no 
harmonics ot larger than ""• • we need not to treat this system as dynamic 
measuring system.. Othtnwise J1 fj, has an effec t on �he torqu.e measurement  
P'ig.8 and Fig.9 show the maani tUdes or "  the. influence::� of J 1  e, in compari son 
with K 61 ,  when the torque changes sinusuidally. Fig, 10 shows that J1 a, is 
larger than K 8, on sud1ien changes.  

Next we diacretlzt:! this system 11• 

G• [cos w.T �sint4,Tl F•JiR[-k (l-cosfoleT)l H· [JI.
o
l 

- tr. sin �T COS<4,T sin '-'eT _i 
where T i s  the eampl inl� period. The coefficient matrix is [H•F 0 1 ·  ( �( 1-cos �JeT) : 0 ] H*GF H*FJ l 1  ( 1-�os c.JeT)cosii\T+:inJw.-T : �( 1-cos w,T) 
Choosing the s�1ing period as T-2�j/� ,  j•l , 2 , • • • ,  we h ve no t observa­
bility of this sys tem. Otherwise we do have ( Fig, 11 ) . Thi s  shows the close 
relation. between observability and sampling period , and the s im i l o.ri ty to the 
Jampling theorem. 
6 The application tc> a

' closed loop sys tem 
L. I .  i:i·· zonoer points out the close relation hi p bQ tween contrc l l a.t. i l i  ty , 

obs�T"Vabili ty -md the posHibi l i  ty of describing a .model by m'l.thematics1 • I t  
i a  vgr,y useful to construc t a model i n  order to understand the complex �ech­
anism of n11.ture . The dleeper gets our recognition into the nature , the more 
precise becomes our mode l ,  and conversely we need the more precise model in 
order to understan� the deeper nature . The propriety of a mathem�tical model 
depends on the degree c1f coincidence between the resul t::; of  C'\lcul a.tion and 
data of measurement. It i s ,  therefore , desirable for a. new m1.thematical model 
to possess observability and to be exam ·ned by experiment .  Here w e  connider 
a lllA.thematical model of the human thermal system. Since a. living sy. tem has 
JD.a1V closed loops and c:an not be exar.Uned in"the state of open l oop , we mus t  
atud7 i t  i n  the uswU. s1tate o f  closed loop (Fig. l2) . 

. There proposed some mathematical models £Uch as cylinder models  of C.H. 
Wlodham and A.R. Atkins

• 
o; of E.B. Wlssler� , slab model of R . J . Crosui e ,  

J .D.  Hardy and E.Fessenden l1 • Here �e discuss the model proposed by Y • Ko.wa.­
, shima,H. Ya.mwnoto and M. Ma.subuchi �(Fig. l 3 ) •  This model consists of three 



part , i . e .  body hel l , body cor 1;•.nd nervecentcr for the thermal regula.tion. 
The thermal re !.Ulr ��e>ns a.re done in thi A model by eva.por:1tion ,  shivering and 
b" ood circul ·.tion. r'rom heat bal rmce , we obtain the foll owing basic :rel a­

tion { v, c� "(� t 1 ·c� (b R ( tl -t , )+A , h , ( tt- t , )  
V2 cb l, t, •c i, "(b R ( t, -tz )+A: h1 ( t3 - tz ) 
VJ c 1 13 t_, .. A2h ( t2 -:tJ ) +AJhJ ( tc -t J ) +At fl.t (  �-t3)-N 
vt c1 � i ... -A , h 1  ( t ,  -t .... )+��( tJ -t.,)+Q 

After the proper o-perati on of dimen s ionl e ss and l inea.rization around a steady 
s t ate , 'tie get A·[�� � 0 1 B

T
, -t , ,  0 0 0 c-[1 0 

�] ��- J:J.. 0 � 0 0 0 0 T� T4 ..&. 
0 3&. � .Q.i. 0 .A! .=L 0 l ·� 1j � T� ,.l 

....L 0 ...ii.. � 0 0 0 � 0 1; --; 
This sys tem does not have observabi l i ty for X( to) because the sooond ar.d t�e 
third rowo of the matrix (B*C ; B*A*C i B* (A* f c ; B( *f c )  are linearly dependent .  

THi s means that we c�umot di s tinguish between evaporation and environment 

t empe rature influences . Therefore we must adopt one of the foll owing two methods 
for examining tni s model by experiment. The first is to choose the environment 

t empe L"ature as the basi s  and cons tF.:Illt .  This temperature is ohanga<i as suddenly 
a s  possible l i ke step func tion ,  and after that it is held constant. The 
o ther temperatures must be measured from thin constant one. The data of 

r.i verin and evaporo .. tion are compared wi th the resul ts of the ca.lculat.ions 

of the model . 'Phe accuracy of this method is not so good because of the 

roughnees of the measurement of shivering and evaporation. It is better to 
� s �  the environment temperature for comparison. The second method ia �o 

cho9&e it  and shivering as the inputs to be compared• Thi s  experiment must 
be d o.1e in the cold tmvironment where the effect of evaporation is ne gl i ­

ri b e .  

7 Conclu s i on s  

Ob. ervabili ty of l inear dynamic measuring system O l. '  input observa.bi li ty 

is verJ use��l for both measurement of complex sys tem ' s beh�viour and r xam­

in� tion of a. new mathem�ti cnl model. 

On the theoreticA.l. point of view there i s  o")fle point made clear in this 
_ aper, i. c . the di ff1�rence between d i screte- time and continuous- time system. 
Thc:o o..:m 5 and 6 give nec-e s sary and sufficient condi tion , ,  b� t the simil 11r ma­

t r i c e s  of coroll ary 1-1 a..'ld )-1 give on_y n -:es1>a.ry cond.l tions . 1'bv necoe­

s a:ry cond i tions of ( ;? )  and ' 7 )  fo r t .e ci:i C:!'ete- ti(ile sy e " em have noue o f  
the corre: epond · ngs fo:- t t  e ccn U.n�c· s- i -;e ya"ten. s . 'l'he duE'.l i ty bet�o�ec.l 
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ou tpu t control l abil ity end input observability is proved for continuous-time 

sy s tP.rns but not for 1i i s ore te-time systems ,  
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Appendix 

I Let ue consider the equation 

w� • t, 'ff r X; , li •l , ·  • · , l ,  • · • , m 

vhere rank (tf) -.£, 1�!�; m. We CIU'l ns "ume without lose of genera._l i  ty 

Ll . •  , r·· . . . r� l I � o I 'ft., • • . <f.��. 
Pntting x. h l  •ri 1 ,  • • . ,, x1:11(t.' • 1.t.1 •% ,.., !'_t r,:.t' ' we obtain from (1-1 ) 

t. t X; •Wt -!.r ��; Cl(. 

(l -1 )  

(I-2) 

( I - 3) 
Solving ( I - 3. we get x 1 , · · · ,x1 each of which is the l inear combination of 

the "'• and the « ; . 
Le t us , now, introduce the ·u.; (� •1 , · • ·  ,1)  sat i sfying the following 

· t. �' Xi • !:- � .... , IL; (1 -4 ) l ... , .., ... .. , ... 
wh�re rank (p)-1. We can put ,  for exa.mpl e , ft} � J4� . �e �Dnsi�cr thi s case . 

li: J.t''rom (I - 3) , we get . 

X1 • :Hl w• A� , - .f:. � £ 'JfAsJ (1-1 ) • • , l"'i'T •• , 
where A ; .t  io the cofac tor of the coeffic ient matrix of (l -3)  about the j-th 
row Md the k- th cclumn. x ,  tmd ex 1 are combined if and only i f  f:.. Cf.: Ai'  � o 

� .. , , 
Thus the theorem. 

Theorem l :  _x.(tf ••l , · · · · ,1 )  and X •H (J •l , • • •  , .(' ) 
the transformA.U or. (1 -4 ) if and only i f  

of (l -1)  are combined on 

,!_ CD ' fl J�J A.;.( � 0 (1.-2) 
lii. .' on � thf;: colwm1 \'e>c tors of the co ffi c i ent matrix of (l - 1 )  only the 

Q column vec tors :->.rC! l inearly indepen e�l � .  The ra ford 

ng tha 

') ·e 

r '!.' ] • C, r CJ>  J _., · · ·  +Cr[tf l (;. .. 1 , ·  · · ,  l') 1 }.i ; J l l  # , ' (  . . l ' . 
'f.. ' 

• 

.... Cf.,. , •d 
.., U, l L Ct · '" -lf-�a__ 

� .fi; �t ... . . 
r� "' J. f. w A , � -f_. C , .  iJ.. . -... A _; .,. 1 4 .- lt ,.� • I  � .t 

(i-l ) 
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Therefore XA•/.t,C•;� � ·1./: w,. A;t 
If we put "t·�l +(., CtJ 01.� 
then the transformation ; (I -4) is performed. 

Thus the theorem. 

Theorem 1 1  It we put 

and 

under the condition1� ( I -2 )  lllld (1 -1 ) ,  then the transforaation U -4 )  

c an  be . performed. 

lV Let us consider the system ( 1 ) .  From the above theorema we can put 
H*FX-pU , where � is the set of independent column vectors of H*F and U i s  

vector whol!e element i s  � -xa + /.;C�O(• o 
Then fv( T) ] • [H*F o l [x(o)] • [H*F o] [x(o)l lv( 2T) H*GF H•F X( T) H*GF ' U( T) 
Since rank or [H*F 0 ·.l i s  equl\l to rank of [H*F Oland rankfHF �1+11 means the 

H*GF H*F H*GF . fl LJbF �j 
�poss i bi l i ty of determining X independ ently from U , we obtain the following. 

Theorem • 1 The ay a t�m . ( 1 )  h11B the 2-nd observabil i ty for X( 0) i f  And only 

i f  rank [ H*F · 0 l .. · r + l ,  
H*GF H*F 

V cf -K1 G.__, + o • • +Kn l  where K . , ·: 1  Kn are oon A tMts 

· •  f,. , ..Cf,+FY"'•' • .c "'- 1 F(K,  t, +r:&)+ .. +CF(K,.1 Y1 + ¥.) +F(K.,.J, +  r.,. .. , )  
On the oth'1r hrmd the 1 111!"1\r combinat ion or r, , •o •, r .. is 

� >ince 
c 1  f, + • • · +c-.f1 ·G'- 1 Fc 1  T, + • • o  +CF( o1 t •· • + • • •  +c.,._, l'1 ) +F( c . r, + • • o  +0" '(1 ) 

r;ml< [f• ? o • · ? ]  -n , there are c 1 , • • •,o •  such that 

.. , ... . . . ... , . [K ' J [ 1 T,l + r1 = r. o . . . 0 ] !' l J. rfl + r�, �' i_ .. �� �� 
'!'h � rc fo re .r •• , .c ,  r .. + • • • +c. fl • 

vt 3incfl G'·K 1 G'·t . . . . ... r,.J and f11-1 -G ,..., Ye+ o• • +F l ... , 
. fa•c •-' (K , Y.+Pt, ) + • • · + l(l.l'e+P T.) 

On th:.: o ther h·t:'ld th� l inear combination of t, ,••• •,t .. - ,  is expressed by 

G'-' 'YoC I +  · · · ...C (P r-.. .� c I +  •• • + T.C ·-· ) +I( F r ... c ,  + •• • +P r,c ,_ , )  ltr.j·:: ; !J •n-1 

P r- . . .  Y Y, 

S. nce rank 

the re arE: ·c ,  , • •  • ,c4•1 ex ::ep t thf. case l'; • .... • • J.. ..O such that 
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Therefore r. -c , r,._, + . . .  +e ,_ _, r ,  
� Since X( t)  i s  continuous and finite , there i� some M auoh that 

X' (t )•X( t )+MlO (or�O) 
Ch�o,ing . such a proper M, we obtain { Z' ( t)•Z( t )+ �e A U - t )  BM liLt . 

'Y'' ( t )•C*Z ' ( t)•Y( t )+C* r e AC • -t> BM •t 
• {. Z ' •AZ ' +BX' 

T' •C*Z ' · 
and 
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OBSER'IA.BILITY OF' LINAR DYN u'UC ME ASURING SYSTEM 
AND SOME AP?LI CATIONS 

Takashi Sekiguchi 
Yokoh.<Uila Nat i.on l U iversi ty 

Fig. l : Dynmnic weasuripg syg ter.J. 
Fig. 2 s  �e r inputs , m outputs and th_ n-th orde r d i 3 c r e te- t ime 

d,tnnni c  ���suring sys tem. 

Fig. 3 :  Non-o b s e rva.bla ve tor and sut.,;,)ac e s . 

F i g. 4 :  Real and equivalent values of ·an input and an outpu t .  

F ig. 5 :  An open-loo; problem .  

Fig. 6 :  Mo tor-�oad-rnea.suring devi ce sys ';em. 
Fig. 7 : Trans ient torque behaviour me sured by the torque meter.  

- . 9 :  J, G . . ""u to .frequency c h 1.r·'l.cteri s t i c  ( o'bserved waves are K ( 8J i ..,..u 
smoo�hed in Fig 7 ) .  

Fig. l : Effe t  f J, S ,  on sudden change s .  

Fig. ll :  Rel ation between sampling period an d  nat�r�l frequP.ncy . 

Fig. l 2 r  Measurement of the human therma.i.. regul �tt in6 system. 
Fig. l3 a Kawashima-Yamamoto-Masubuchi 'a model fo = the hu:n:m thermal 

re gu l a t ing sy s tem. 
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Fig. l  Dynami c l'leR.suriJ� �ystem . 

DYNAMIC y X MEASURING. - . ' 
· • SYSTEM 

z 
v alues to be meaeuried · 5tate �alues o utput values 

!"ig0 2 The r .input. • m outpu t s , �� the . . n- th 
'
order · d i scre te - t ime d7naaic 

me asur ing &J e tea . 

}'ig. 3 Non-observable 'VP.ctor and subspaees .  

Fig. 5 An open-loop problem • 

force NON- X 
LINEAR 
SYSTEM 

Fi g. 4  Real and equivalent values of the input and tbe ou tput . 

t T t 
0 

�-AZ+BX 
• Y.C Z 

- - -� Y(T) / -....llesponee to X( t ) 
Y( t) � 0 

0 t 

Figo 6 Motor-load-mea1euring device system • . . ..... 
T ..,. (�-£) -TJ. Tacho����-:��a:l--n Tacho-

meter ���r meter 

: I I : � J, E1 �K J1 E.t.. _, 
J.J. 8, )i1(9, -tJ, ) .v .. 6, 

J :  moment of inertia 
E :  cotfficient of fric tiou lnse 
TM: motor torque 

T1 : load torque 

K( � - �) : trens!llission torque 
,-., "f ,  v.,. : the c oe f1f"i c i e n t a  of 11e aeureme n t  

z DYNAMIC y 
MEA SUR I 
SYSTEM 
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Fig. 7 Transient torque behav�our measured by the torque me t e r .  
Motor ra te�d 0 .  2kw 200v 4P. · Torqu.e me ter rated 0 . 5x9·. a  N-m . 

( a )  On swi tching-on of s ine vol tage ( 50Hz , l }Ov ). 

�� 
10 ms 

( b )  On switching-on of s tep-wi se vol tage ( 30Hz ,,32:0v: · peak · t o 
· · ,. · peak). 

! 0 , 25x9 . 8 N-m 

10 me 
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On swi tching-on of sine vol tage ( 50 Rz , l}OV) . 
Kotor rat,ed 0. 2k'W 200v l4l0rpm . 

J1 ( G, )max/Kti max to frequency characteristics  ( Observed Yaves are 
smooth£d in Fig.7) . 

. t 1 . 4  
• : measureci v &  ue 

1 . 0  

o . s  
0 , 6  

/ 
,/ 

./ 
,.., · "" 

0 . 2  

-- ---- -
0 }0 50 
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;' I 

' / / / / / 

80 
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I I 

I � I I 

lOO 

On swi tching-on o r· step-wise voltage ( 320V peak. to peak) . 
Motor rated 0 . 2Y.:w 200V 4P .  
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Fig. lO Effect of J S on sudden changes ' 1 t 

On swi � ching-on o£ steP-vi se voltage . 
020V jpea.lc to pea �) 
Motor rated o . 2loi 200v 4P. 

'-· 10 ms , 
-0 . 25 

E' I .. 
CD 
0'\ )o( o.oo ........ 
r.l 
§ f5 E-< 

l +0 . 25 

+0. 5 

(\ I �J Ln �  1\ I /, l t\ j 

K V I -..._ �� ·'\..../ u lJ � 
� I � ) ��Jle. 

i\ 
-� 

I 



94 

Fig. l2 Measurement of' the bua:an the rmal regulaU'Ilg' 111te• • 

r;:::==�(Q,N) 
( t ) � ( t

e
) . 

Nerve- cen ter 
for thermal sys tem 
regulation 

z ' y 

Measuring 
devi ces 

Fig. l 3  Kawashima-Yamamo to-Masubuchi ' s  model for the human thermal regulating 

Body she l l  

*'-+ 

Bndy core 

A, 
-h, 

ay a t•• · 

V: volume 
As surface area 
hs heat transfer coefficient 
t : . tem:Perature 
R s  c i rculating blood C: specific heat 
l': mass density 
Qs shiverling calorie 
N: evaporating calorie 
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Shri K. K. Baneyopadhyay • 
and 

Dr. s. Dasgupta •• 

A tidal river is a large scale nonlinear 
physical systEm with tillle varying distributed 
parameters. !his paper discusses the determina­
t ion or some or its important parameters tor 
t1rst order approximation. 1'he ident1tication 
has bee:n achieved tram (a) analog simulation 
(b)  phasllr cliagram as . well as ( c) input - ou!put 
relationship approaches • 

. AD instrumentation schane ot the analog 
set up tor the parameter ident1t1cat1on �· .been 
clven. 

Bxam�le _ has been derived trom the River 
Boogbl.J ot IncUa. · - � . . 

1 Int;rodngt'nn ' . 
Identification or River parameters is necessar,y tor 

. \ . · . 

control purpos.es,  which has • direct bearing on channel 

navigabUltJ. . 

A tidal river is a large scale nonltnear physical 

sy stan with d�� stributed parameters. Since the tidal influx 

changes from hour to hour , trom ·day' to day , from season to 

• Senior Scientific otticer , Hydraulic Stud)' Department , 
Calcutta Port Commiss1�ners , Calcutta (India ) .  

• Profes sor , IC.ectrical Engineering Department , 
Jadavpur Unlversl� , Calcutta ( India) .  
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season , these para:llleters are time varying as well. For 

exercising proper control , it is necessar,y to �ve some 

tiuick rough estimate or thes e  parameters. There are methods 

1n existence , which give estimates or these parameters , 

requiring unavoida'ble assumptions and l eng� iteration. . 

In the pr6 s ·ent paper new methods have been di scussed 
tor th� determinat.ion or some impor tant parameters ·oa•ad on 

measurement alone. In the se me thods , tha e s timation althoUgh 

is or tirst order approximation , it doe s not involve any · 
assumption or iteration , whether s tMulated 1n an analog model 

or computed 1n a d:1gi tal computer. 
-

For the con·trol ot navigational channel a priori 
oi 

knowledge or at least� the following parame ters are nece s sary : �  

( a )  Phase and Range or the tide . 

(b ) Sys tem ��er tia ( cro s s-sec tional Area ) .  

( c )  Sy'stem :storage ( s toring wid th ) . 
' '  

( d )  Roughne:sso or the bottom , pre sence or bend s ,  
bar s ,  obs truction or tral.ning structure s .  

( e )  The con:nuertce anc'i' divergence o r  princip·al 
current s treams . 

(t) Shoaling etc. 

To maintain . .  and control the depths or the channel 

( i . e .  the navigabLL1ty ) ,
� 

modification is exerc ised b7 
dredging and train:�g works. 

The refore ,  it is nece s sU7 to identity these paraaeter• 

at least approx1matel7 tram time to tt.�. 
The system parameters can be iden,;itied through ( i ) · 

analog simulation 1wher.- the differential equations tbat 

describe its dynamic behaviour , is the same as that 1n the 
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prototype �· (11.) t;he analys is or the phasor diagram or the 

system or ( 11i) · 1�e · 1nput - output relationship . 

Bxample ot · the large scale physical sys tem has been 

draw tram the tidal river Hooghly ot In�ia . 

2 . 1. Igentitiga.tion from analog simu1atioq 
the simplj.tied par tial differential equations that 

de scribe the tidaL! motion in an es tuary are s -

and 

were 

� + b �
= O ox a t  

Ab. + _...:1:;.-_ M + 
ax gbZ Of 

Q Discharge 

QjQ 

b I Width of the 

= 0 

estuary 

I 
I 0 § 0 

z I . Average dept;h o f thA r iver 

I Accelaration due to gravity 
h I �ter surface elevation 

CO Chezy 1 s co-efficient 

X Distance from tb.e 
along the channe.l. 

input end 

t Time 

(1 ) 

s ec tion 

( sourc e )  

In tidal rive� s ,  appreciabl e energy lo s s e s  by 

dis sipative forc e s , cause attenuation of the tide along the 

channel . These &Lre los s es , by friction along the bottom , 
form ot sections 11 curvature �d changing cross -se c tions in 

the channel. SeJl1erate accounting make s  the equations rather 

intractabl e. Therefore ,  all these los s e s  �re emerged into 

one equ i �alent re sistance force as sumed to be unifon�ly 

di s tr ibuted along a reach . The e stimation of thi s  pa rrune t 3r 
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again differ s from schematisation to schematisation� The value 

of th1 s co-e ff1cie!nt .:no t only depends on the sand transport, 

s alinity and suspenaed ma ter tal in the now but also on the 

depth of the channel.-. 

Further the1 term Q/Q/ .renders the equation 'C2b2z3 
c 

quasi -linear. Wi th'out much l� s s  Cif accuracy the term may be 

represented linear;ly as : -

., 
c ..L 

gbZ 

, . 

Equation (1) can then �be written as :-

� + b �  
at 

= 0 

and � . _1_ !2 Fl -+ gbZQ - 0 �X gbZ a t  

wb.ere1 .,1 = ( 3: )g � 
c2bz2 

c 

and : Discharge amplitude . 

2. 2 The Ti�al Estuary 

I 
I . . . . (2 ) I Q 0 

. . . .  (2a } 

In mo s t  e s tuarie s ,  the width tapers off exponentialy , 

thus 

b = b & ·'lx 
0 . . . .  

where b0 1 the width ot the river at the input end 
and 1\ : a constant gi v1ng the tape r rate. 

3 )  
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&�bs titu ting eqn. ( 3 )  in eqn . (2 ) th� general solu tion for s inu s o idal 

input becom es s -

<t - •l)x (� + «
l

)x 
. 

h (x , t )  = �& Sin (m\ - plx) + �e S� (mt + �1x) • •  (4 ) 
where 

and 

· -l a tb.e atten;q�1;1o� cons��t 

�l a the phase. �Q"� �ant 
� and � .are the �'WO c.onsta,n ts to be evaluated 

�� the bouridat'Y qqp(\� tion� " 

Cltarly �  the ttr�t '�r t  Qf the equat1on(4 ) repr e s ent s ,  

the incident w�ve while tft �  s eoQpd p�rt , i t s  reflec ted. counterpart. 

Al'\ a,na.logous math§Jll��ieM moc;l�l. may be observe d in 

describing tho p ropaga t io� �f �gw frequency el ectrical wave s 

in exponentially tapered \ r���t s s 19n l ine . The corresponding 
t ransm i s s ion 11ne equatio�3 Aro� : -

and 

ll + c !&  • o  ax ol 
g + L u .  Rf :;; Q ax a'j · !1 

Q 
1 
I 

• . • • ( 5}  



1 00 

"tere 

a the instantaneous voltage at any po int . 
a the instantaneous curr�nt at any po int. 

the capaci tance per . . unit l ength o r  line. 

: tlle inductance per unit length o r  l ine . 

R the resi stance per unit length or line. 

Comparing equations (2 ) and ( 5 )  one obtains : -

b ,  t.l-te ri ver ntorage co-efficient i s  analogous to c ,  

the capaci tance . 

1 
gbZ , . the river inertial co-efficient ·. is analogous to L ,  the 

inducta.nce . 

F, 
gbZ , the r ive r fri c ti on is analogous to B, the resi s tance . 

h ,  the water surface elevation is analogous to e ,  the vol tage . 

', Q , the di scharge is analogous to i ,  the CU]:"rent. 

Thus , con s i de ring tbe exponential taper : -

b : b e -flx 0 
� c = c e -'lx · 0 

£ L = L e'lx 
0 

� R = R &'lx 0 . 

0 
. , 
I 
I 

• • • • (6 ) 

The c orre sponding solution ror �(x, t)  become s  : -
· 

(� -. -=)x {� + .:)x 
e -= E e S1n(cot-�x) + E e S1n(cot + �x)  • . . .  (7 ) 

(x, t )  l 2 

whe re ec + j�  = "J l2 + 1 2 
.· � I 

1 I and 72 = (R + � aL ) � �  0 " 0 " 0 

• • • •  (7a )  
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ror long tidal �hannels ,. the retlectec$. component 1s negligibly 
�aU3 • . 

Therefore we •&7 write the co�responding electrical 
equation as i(i - •)x 

e bc, t) •. �e S1D· (cot � - tsx) • • • •  (8)  

- ·It is •as7 ·to · d-erive th e  expression or c:.urrent trom tbe 

solution (8) and equation (5) ,  w1 th.- appropriate boundary 

conditions . Thus •• 

� . (- i + •)x . . 

i (x, t) "'$ !! 2 e Sill (cot - jlx - 8 )  , . .  (9) (2 + •) + . ' 
where e "' taD-1 {<i; .. >} . 
2.2.2 Determination et • 

Measurement or ampli.tudes .a.t points x1 and � on the 

transmission path tram equation (B) , is related by 1 -

1 · (�) 
-n -=------- • ( t- • ..: ) ( .L • �) 

i(�) z 

Knowing � rram transmission channel 

• is determined. 

2 . 2 . 3  Determination or pl 

• • • •  (lO) 

(line) Ch�racterist1cs,  

From (7a) one obtains 1 -

o
c}S.t c - 1) J�\ - - 1)2+ � 

• = � o o 4m L0C0 � 
2 • •  (11 ) 
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2 . 2 .4 Petermination or � 
Again from (7a) one obtains 

= 2 R 
Knowing" -2-, P is evaluat ed � Lo 

2 . 2 . 5  Dete rm ination or Q 

Fl."om the · ::Value s  o r  • ,  P ,  '1 ,  eo and C , I is evaluated o m 
from e qn .  (9 ) .  Again Im : � in its analog model scal e .  

2 . 2 . 6  Determination: o f  Chezy ' s  co -efficient 

From . the relat ionship (2a ) .  The Chezy ' s  friction 

co-e f fi c i ent can be es timated for each section (reach ) or the 

energy transmitting path .  

3 .... · Identification from the analysis of Phasor Diagr.am_ 

One of the convenient me thods or representation or 

s inu soidally time varying quantities is to repre sent th em  

• •  

by Phasor4 • For steady ' s tate analysis phasor diagram 

reprezentation is a common prae tice in el ectrical engineering . 

A large s c al e  physical system tranSDl·1tt1D& eneru , 

usually consi s ting of ( i ) Inertia, .(11 ) Storage �d ( 1i1 ) 

Fr1ctton parameters maY also be identified separatt!l7 troll\ 

their re sp ective phasor heads. 
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In the propELgat'ion ·Of wave� -·in a tidal channel : ­

The inertial �e�d:�h,sor (in the absence of stornge and f_i_t! n�. . . 

The head loss ana to inertia is given by s -

� = rl � 
g s acce·ler-!L'tion :due to gravity. 

A 1 area .of rcro s���ection Qf the channel . 

t 1 time 

Q 1 dis�p 

Fo� a sinusotael i n put 
q = qle3c.ot 

wheJre Q1 1 discharge amplitude 

� r: � Q • • • • • 0,2 ) 

Head ·loa s  due to storage h8 =· � 
Where b I br.aadth Of the channel 

For a sinusoidal input 

1 
• • • •  (13) 

�ac:t�r�:td phasor (in the absence_£[ 

The head lo,s s  hr due to friction (linearised) is 

given bY 
.. 
h.. = �. (:.9/_ ( ) 4 :-2 l:;L • • • • 14 a;sA-z 

where c0 s .c�y ' s co-etficient 

Z · ., \fette4.; · average flow depth below Mean Tide Level . 

A : l� · 'rthe . cross-sectional area) 



It will be noticed trom equation' (12 ) ,  (13) and (14 )  

( il )  the tn�e rtial head phasor leads the di scharge phasor 

by 900. 
(b) tne st�orage bead phasor lags the di ,charge pbasor 

by 90° ' . 
and . (c )  the rr:1c tional bead phasor is 1n pha se with the 

di scharge phasor . 

When a tidal channel is subj ected to a tidal input, ·the 

phy sical system reach by reach, tor the first approximation be 

represented 1n the '• ' -mode formation , vi th one halt ot t�tal 

channel storage pe r reach being lumped at each end or the 

section and total friction and inertial head being concentrated 

1n series... From know gauge and di�chai-ge curve s or each ends 

ot a section , the�omplet e phasor diagram could be constru� ted 

fOr identificatiOID Of each parameters iDVOlVede 

�:i:�i86�g!;°Cr�;ht!¥:�:!Pn�€w$r�:�;�j 
Schonteld 1 s5 idea or B-Gate system can be util ised 

to r the analysis or a non-uniform long tidal channel . 

The analys is or a non-uniform large p�sical system, 

can be car ried tnllt by di.lliding it into small sub-sections , 

each of which are individually hCDogenous . the input aDd 
output at the eruis or each sub- sectiona - are related b7 !our 

const ants generally known6 as " A,B ,C , D  ccmst&Dts " .  Wbich 

identify th e  characteristics ot the network. In this sort 
..• 

ot identifi c ation tbe character of the 1Dter.entnc struc ture 

between input and output terminal s is immaterial except 1n so 

tar a,.'it de term11ne s  the input and output conditions .  
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·�r-o- - - -�- 8a rT 
�..--__ oJ � c: 0: �o- _ _ _ � c8 u8}-l'ln+l )  

Pig. l  

4.1 h_timat1on o{A,n ,c, D. constant;11n terms of 1nmat - out -b t · 
re la t 1on3hit�. 

Por 8117 secstion or a tidal reaoh 1! the elevation and 

discharge at the lnput and output ends be denoted �/ R8·, Q8 and 
Bat � respectivelT• T'Aay a�e ral.i.ted b77 • 

and 

Bs =· �Ba + �� 
Qs la ��l + �Qa 

I 
I I 0 

• • • • (15) 
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Fo:- sy:::metr ical. s etction 

where Ql l the discharge at the begin1ng or 
eaCh section (in�t) 

and z c (L )2 
ao 

hl 1 tidal elevation at the begining or eaCh 
section(input) 

ao s eXi st!ng average depth or Channel :tor 
that section 

b
o I breadth O! the fiow channel 

Ao 1 area or !l ow cross•aection 

C
O 1 Chezy ' s  constant. 

The equotiotiLS become so 1 involved to account tor the 
d1)Stort1on or th.e -wrave term ,  the non l inear friction being 

I 
mainly responsible !or it. 

However ror the first approximate values ,  these conatanta 

can b e  determined !rem 
ana.l�g where8 1-

E I + LI 
A lC D c ...:L s :A EL.. 

B 

and 

c · 

:s.! J\ + &ai • 

. ..... �'-----�-----
E 10 + E._ I S .n - � 8  

tb�cons1derat1ons ot ita electrical 

• • • •  (19) 

• • • •  (21) 

• • • • (21) 
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Thus ,  it would be convenient to determL�a the hydr ul ic 

cons tants �t �' � and � �m, terms ot the electrical analog . . . 
counterpart with· :some limitations. 

As already mentioned the s,rs tem is diviqed into suitable 

aub•sections . Measurements ar·e made at each junc tion ot the 

consecutive sub-s,ec�1on. In o th er words , measurements conc e :--
• 

ntng gauge height s H and Di scha r ge s  Q ( i . e .  voltage\ E and 
currents I 1n its ela otrio� transmis s.ion line analog )  are made 

ava11Mble. These �1ve s�1lar general circuit as per equations 

(19) (2D) and · (2i) . obtained attar replac ing , E by H and I by Q. 
I f  an appr,oximat.e lumped parame ter equivaler1t i s  a s sum ed 

in the · � ·  mode , then 
A = D = l ·+ X!  2 

B = Z 
C = Y ( l + � )  
Figure 2 s.hows sue� an approx!mate ne twrk. 'l'he 

electrical analog and its. hydraulic counterpart ha s  been sho� 
1n !ig s. 5 and 6. 

Impedance consi s ting I ...... ot -..., 
., Friction and Ine rtia I l ...., 

Twice the Twice the 
total total 

storage s torage 
Reactance Reactanc e 

I ..... I -o ..., 
F1g.2 
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5. Procec«� 
The River fl,Doghly ( of India ) wh i ch  i s the navigable 

waterw�y for the · P1ort of Calcutta (F1g . 3 ) ,  has been used as 

an example for all · the three methods of parameter identi­

fication Qe scr ibed above. 
' 

5 . 1  llr� t Method 
The survey 1data has been used for finding out , the 

t aper rate • ' 'l ' • (lPig.4) . It exhibits two di s tinct z one s of 
tap er rates o. CS/n.mile s ( Sec . A ,  Fig . 4 )  between seaface �Saugor ) 

and th e  fir s t  main branching off (Hooghly Point ) , whereas 1n 

the second zone this rate attains a value 0. 0225/n .miles 
(Se c . E , Flg . 4 )  and remains nearly constant till the end of 

the tidal compar tm ,ent , with a transition zone 1n be�ween. 

The theory lllas b een applied for an average tide 

(27.4.1955) under the foll owing restraints a -

a) there is uo upland dis charge 
b) the input tide is sinusoidal 
c )  ther e is no sudden change in dt�pth or 1n vidtb 

d) the fir s·t harmonic component of the tidEJ. 
elevatiolll gauge curves for each station vas 
used (Th'e wave form was broken up into its 0 cons titu ent com.ponen ts by 12 ordinate scheme h 

Second Method10 

A! if>:act Me�Qg, 

The gauge and discharge curve s wer e  broken up into 

1 ts cons ti tuent col:nponents • . The first harmonic components of 

gauge and di s charge values we�e drawn as H1 ,HJ: and Q1 t � phasors 

re spectively tor eache ends of any sec tion (F�g .7 ) .  
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Referring t·o Fig. 7 the phasor Q�d • H 
s 
c.3;bl) tor 

halt the lumped storage or ' 1 tr '  ' - mode and is drawn being 

at- 90�· with H • • 
The �btrac tion or phasor Qcd from Q8 brings out 

the phasor Qeq , i. e. the effective discharge flowing 1n the 
1 

reaCh , Which encounters series friction as well as inertia. 

From _phasor tip A of the phasor H81 a line AP i s  
drawn parallel to Qeql 

and from the line AP �ottu�.r ptZ.rpend1 
.
cular NB �s drawn, so that it meets the phasor � at B. 

fhe · head _1oss AI in i� proper scale,  gives the friction 

drop (being in �pha se withE:Q��);and·� .'giv�s the inertial drop 
(betng -in quadr·ature ·with Qeq ) as all'eac:!7 described. Thi s 

1 , ' ·procedure· vas · repe.ated reach �7 reach (Fig. S)' tor ide.ntitication .. .,...: . . 

and quick assessmEflit or the channel friction. . .The method 

vas app l ied ro·r the same river and under the same rest raints 

or the preceding method. 

By Approx�ate me� 

In ·tidal now analysis , tor all practical purposes , 

the di scharge for a section is assumed to be mean or the 

discharges observed at the ends or the section under study. 

Therefore for a first order approximation Qeql may well be 

assumed to be mean ot Q8 and �, which simplifies the phasor 

diagram approaCh further (Fig . 9) .  

s .  3 Tl\ird Method � 
The ' 'A,B ,C , D  constants ' '  were computed according to the 

equation s ets , (19 ) , (20) and (21)  from the first harmonic 

com �nents of ��e gauge and discharge curve s of the resp ec � 1  e 

s tations . 
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!he river length being divided into correspond ing 

tour terminal net'IIIOrk blocks (Pig . lO) . 

6. Ba!l\llts 
A. �&bte I shows , values or Cbeq 1 s  constant as 
obtained by 7i-

a) Tapered transmission line ana1oc 

b) Bxact pbasor diagr�'ll approach 

c) Approxi.Daat� phasor diagraDl approach · . : ' 

The values have be en compared with those obtained 
by the existing methods or • -

a) I tera ticln 

and e) Phase mEiasurement . 

B. Table I I  sbovs , the identification or • 1A,-B ,C ,D cor.sta.'lts ' • 
by · �  

and 

7 .  

a )  Four terminal ne two rk concep t  

b )  HYdraul ic computation method. 

They have bean compared with the values obtained by •-
c )  Tape red Transmis s ion line concept 

d) River Geometry analysis . 

Analog computation or ' 'A1B C D  constNGts • • _and  Y.Z 
parameters 1n approximat e -'ul • or • ' T ' '  mode, 

Fig . ll shOW3 po ss�ble s imple analog computation scheme 

to facil itate the de te rm ination or the " A,B ,C ,D " constants "  

rrom the input data or gauge ( tidal elevp.tion) and di scharge 

information or the River. 



Analog comptltation schEIIle with the help or this power 

meter can measure Real or Imag�ery components ot a product·: ot 

two complex quantities, it is necessary to introduce the 

complex conjugate or � and B4 so that . complex products are 

performed. The synchPOS are set tor the phase. angles and 

t�e 
.. 

g��
-
ot the ampl1!1�r�" ��� -· �� ·tor the respective mag­

��;W.des ,._:�:en . the �alue .o-r. Bj_.•.� "!!" B3. B4 is obtained in the 

torm a + 3 b Jll�.a��ring �e Re_al pover : and the. Imagipa17 power . . 
bJ properly- s•���1ng _ s2 tor �dditi on  and then tlipping· •vitCb 
� back and rort)l t:�r -�• ...real

. 
and 1mag1na1"7 components respecti­

ve�. "J. � - B3B4 is eim.:.��arly me_��� .. bf ·putt1n.J .s2 1n proper 

position. v2 - i; is obtained by s etting �be same Talues · tor j, �-

� and 1.z c.nd tor � and &4• A s et ot simple divis�on then 
gives the value s c,t 11 A,B ,C ,D constants • trca equqtiona (19 )  
(20) and (21 ) .  I t  is also pos s ible to dete�ine th e  respective 

values ot Y and Z tor either the ' '  1r " or the " ! " mode, by 

l) In the ttrst method, the e stimation ot the greatest 

uncertain tidal channel parameter i . e. Chezy ' a  co-efficient 

is much simpler caapa:red to its existing counterpart. 

!he results are close to the standard meth� at least 

tor the 
·
rirst ord�er accuracy. 

2) In the second method the representation gives a clearer 

p icture ot the aystea - and henc e  clearer identification or the 

paraetera�e 
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Por rap1�4 schanat1za t1on or a tidal river this method 

would be a powe:rtul tool . 

a. In the third method the identification of ' 1A,B 1C 1 D  

constants " - could · be.-achieved 1D a quick and simple V&'¥ 
evgn vi thou t the river survey data. 

9. Discussion 
Even whe:Jil an exact identification is neces saey 1 the 

initial 1dent1t"lcat1on by the al)ove m9Jlt1oned procedures 

should cut down the lengthy procedure cons1derabl.J. 

The tidal wave form become s more and more distorted 

vith the progress or the vave into upper tidal compartment.. 

xn- that comparnment the more realistic ·rep res entation or the 

wave form would nee6 ��r� number ot har.moni� components. 

!1rst order
· 

app roxtmate values derived wi th the help of 

· fUndamental· �ere!ore differs from the actual . 

!he 

The transfer matrtx for composite constants ot an 

estuaey w1 th cotmplex formations can easily be evaluated tro� 

the knowledge o:r the • 'A1B 1C.,D · constants " ot the individual 

sections. Typ i1::al !ormations al;"e given belova• 

(a)  When two s;haooela are pla,ged 1n tmag 

where t1 = I� 
and 

lquivalent tour tera1Dal 
network correapond1Da to till 
qat• -.re -

' . eft 
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(b) When two channels are p�ace� 1n parallel . a �  

where T1 = � Ell 
cl D

l 

and T2=j A2 B2 1 
cz o2 j 

� 
Equivalent tour term inal n etw·ork corresponding to the sytem 

Thus , for tackling p robl ems o f  tidal channel s with 
br�Lching s ,  this method of identification would be a good tool . 
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Value ot Choz7 1 1 cons tant ( in  tt.� · sac . ) a s  obtah1ed by dif !ere�t methods . 

Betveen !ap ere4 Interation 
3eatio!L. 'fransaia s1on method. 

line sillula t10D method. 
Saugor 

and Gangra 118 1"" 
Onngra 

alld 2alar1 160 133 
Balari and 
Diamond 
Harbour 133 135 
Ho7a�Ur 

an<l . 
Akra 196 ll7 

.Akra and 136 93 Garden Reaoh 

G ard en Reach 
· and l(onna�ar 101 112 

Konnagar 
and Mulaj ore 108 112 

Kula.j ore 
and 

B:.m iib eri a '¥/ 90 

Pha s e  
measurement 
m e thod. 

:).93 

' 124 

11;1 

82 
79 

84 

f11 

77 

Pha�or d .• a�l:W!l &Ji-�J.l:�111 ���bod 
Exact Approximate 

163 150 

130 129 

.96 100 

92 101. 
124 140 

87 81. 

82 7& 

111 llO 

'-"" 



TABLE - I I  
Comparison of the -value s or A and B constan·te by d1 rrerent methods 

sttdlon POur termiD&l-- B7 Hydiau.lic Computation By "ifi�imTeeion By riYt'r Geometry anily-· uitwofk oonoep' Ah � Line concept eia ( electrical equ i •a-

P/•en' • P1 .  
to 

Morapur 
•oJ&JnU' to 
Akra 
era 

to 
G.Rec.oh 
a.Be aob 

· to 
loma.agar 
lo1U18gar 

to llala3ore 
liulajon to Jtaa8Mrt* 

B A B lence ooncept) ( determ1-
nation ot ZA ' 'B of 
lig. 2 )  . 

.A. B 

0. 9876+j�.0�9' 3 . 67+j2.89 0.9695+j0.0464 , . 93+j2. 45 0. 9707+j0. 0,04 - 0. 96�7+J0. 02895 2 . 46+J2. 57 

0. 926,+J0.0712 4 . 35+j4.90 0. 9386+j0.1507 � 11.05+j 3 . 5' 0 . 9414+j0.0585- 0 . 9,46+�0. 0605 4 . 2l+ J 4 . 5 3  
J 

0. ,919+jO.Ol39 , . 25+j2e85 0.9869+j0.0336 6 . 6l+j2e55 0 . 9889+jO.Ol51- ' 0 . 9880+jO. Ol55 2. 78+j2 .16 

o. 9292+jO.l040 16.15+39.65 o . 9231+jO.tla l0-.7·4+36.,5 o. 9266+jO.l523- o . 9192+JO .t586 1,.79+37.01 

o. 9T77+JO.l284 1 3 . ,5+37. 45 0. 9354+,0.1104 15 . ,,.j7.e' o. 9,86+j0.1286- o . 9346+j0.1'2' 16. 44+j8.12 

0. 9517+j0.0899 0. 9502+j0.1566 30. ,7+j9.18 0 . 9490+JO.l558- 0. 946l+j0�1 612 26 . 89+j9e02 

-

o-
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MAP OF RIVER HOOGHLY 
TIDAL G A UGE LOCATIONS 

S CALE � ··= 16 MILES 

POINf' 

DIA MOit'D HARBOUR 

Fi& - �. 
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RIVER HOOGHLY 
(IN F O UR 'l'ERMII/.AL CONCEP'l') 
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3 Phas e  
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Me t e r  

to r t h e  d e t e rm i nat i o n  o t  � A , B , c , n - c o n s t n nt s "  


