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JIPABIAEMOCTDE I CMHTES ONTUMAJBHEX
JAHAMUYECKUX CUCTEM

¢.M.Kupunnosa, f.A.lloneraesa,"

C.B.Yyparosa, P.l'aGacos

Benopyccku#t rocyaapcTBeHHH#t YEuBepcuTeT uM.B.W.lenuna
CCCP

Texmuka noayuenMs ¢yBEAaMeETaIBHOTO pe3yIbTaTa TEOPUH ONTH-
M3IBAHX NpONecCOB — NpUENENAG Makcumywma JI.C.lorrparuEa [I]B
HacTofmee BpeMA pPa3BUTA HACTONBKO OCHOBaTE€NBHO, UYTO HEOOXOZRU-
MHE YCIOBMA ONTHMANIBHOCTH MOXHO 3aMMCaTh NPAKTUYECKH ANA ADGOM
3371a94 ONTHMM3amuM¥ B OOHKHOBEHHHX HENPEPHBHHX AWHAMHUYECKUX CH-
creMax. llocTemeHHO NPUEOMN MAKCUMYMa MEPEHOCHTCA H@ OGBORTH ,
OMMCHBaEMHEe YDaBHEHHAMH, OTIMYHHMA OT OCHKHOBEHHHX AR{depeHmHE-
albHHX. B mocmezEMe I'OAH B CBA3M C ONTHMM3amuel#t TpaeKTopuit Ko-
CMMUECKOfi HaBMraOu¥, 8 TAKXe ANA U3yYGHUS CKONB3ANEX DEXHMOB
Havala pa3BUBAaTHCA TEOPUA OCOOHX ynpaBleHM#. YCHIMUNGH MHTEDEC
K nccnenonaaﬁn IPYyTHX BONPOCOB TEODHM ONTHMAABHHX MPONGCCOB.
371ecs cirexyeT OTMETHTh PaGOTH MO yYNpPaBIAEGMOCTE, IO BONpPOCaM Cy- .
LNEeCTBOBAaHUA ONTHMAaIBHHX ynpaBleHH#t, MO AOCTATOYHHM YCIOBHAM
ONTMMaNBHOCTH, MO BHYACIUTENBHHM QITrOPATMAM TEODHH ONTHMANb-
HHX npomeccoB. llocneEAA npoGneMa, a TaKEe Hanuyue omemEdmuec-—
KUX 337189 ONTHMMM3amu¥ BO3GYAUIM MHETEPEC K TEODHH ONTHMAABHHX
nponeccos B AMCKPETHHX cuUcTeMax. HoBefimee pa3BuTHEe TEOpDHR ON-
THM3NBAHX NPONECCOB CBA33HO TaKxe C Teopueft AuddepeRmEanbANX
urp.

B HacTofimeM AokIaze NPUBOAATCA Pe3yAbTaTH @BTOPOB IO pa3-
NIMYHHM aclleKTaM TeOpuM ONTUMM3aNUM CHCTEM ynpaBIeHHA, NONyYeH-

HHE C MOMOWBD ABYX MeToznoB. llepsuit uerox (weron npupamern# [2])
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OCHOBaH HA MCCHeJOBAaHMM NpUDamMERHM# CKaIADHHX M BEKTODHHX (ByH-
KOE#, 3afaHHHY# Ha TPAaeETODMAX AMHAMUYECKMX CUCTEM. B OCHOBY
BTOPOT'O MeTOZa (MeTOoXa QyHKOHOHANBHOTO aHamM3a [3] ) NomoxeHH

pa3lMYHHEe TeopeMH ¥ (aKTH yHKOHOHANBHOTO aHAIM3a.

§ I. ynopaBafeMocTh

[IlycTs RaHa cHUcTeMa

dx
Z? =f(x,u), f(o,o):O, x:{:r,,...,xa},

rge  x; - $a30BHE KOODAMHATH, XapaKTepu3ybmue COCTORHME 0CB-
eKkTa, «={u,,...,«;} - yipaBuAomee BO3AeHCTBME, [ - BpeMf.

Onpenenenus. I. Cocrosamme x, cucremd (I) HasoBew ynpa-
BIfieMHM, ©CIHM CYMeCTByeT TaK0e KyCOYHO-HENpepHBHOE ynpaBreHMe
«(t)s YTO TPAGKTOPUA X=X (x,, «, L) cucreMs (I), coor-
BETCTBYDNAA YNPaBIGHUD « = & (2) s YAOBIGTBOPAET YCHOBMUAM:
X(t)= Xy 8 I(p=0 ’ t;"’a o

Z. CucreMy (1) BHasoBeM BNONHE ynpaBafeMoit, ecau ANA ANGO-
ro T, €=1I,-t,,T70 , HaRRGTCA YUCIO0 X=X (F)>0
TaKoe, 9TO BCE COCTOAHHMA X,, # X 4 s X o / = YIPaBIAGMH.

NccnenoBanMe aTUX CBOUCTB HAaYHEM C CUCTEMH

dx
e - Axrbcu).
3mecs xT={ x,,..., x,} o, uld Bflts usayidy it 3 L= DOC-

TOAHH@A MaTpuma, 6(«) - nenpépunaaa dyHKmMA .

(I)

(2)

ycts S2( L) BHNyENas 0GONOYKAa MHOEECTBA { 6(«), #u# s L] .

0Go3raguM 9epes 6,’..., 4% (asuc MMHMMAIBHOT'O NOANPOCTPaHCTBA
(pa3uepHOCTH @ =g (L)), CONEPEAWETO MHOXECTBO 52 (L),

MeTozou npupameruii BEKTODHHX (QyHKOME MOXHO MOKa3aTh, UTO

cnpaBeAnBa
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Teopema I. Cucrema (2) BOcnEe ynpaBiseMa OTpaEHMYEHBHMH
ynpaBleHUAMH ( # w4 s L) , €CIM BHNONHAETCA OZHA M3 CIEAyD-
OEX Ipynn ycuosuit:
A. I) pair { B, A8,. A" B}=n, 8={6]...,6%};

Pl
2) Ha9am0 KOOpAWHAT - BHYTPEHHAA TOYKa MHOXECTBA S2(L).

B. Ana Hexoropo# Marpund C , COCTaBIEHHOM M3 HEHYNEBHX
BEKTOPOB C ... c”  TaEMX, uT0C,...,C”€2(L) n B, e

W ,
r/.slpc =0, A #0, ...,/3/, # O, BHIOOIHAGTCA YCIOBHE

pair’ { C, AC,..., A" 'C}=n.
Bropas rpynna ycroBu#t ABNAETCA HEOOXOZUMO# AnA BHONHE yn-

paBIAEMOCTH CHCTEeMH (2) C sus s .

3Ta Teopewa MOXeT OHTh 0COCLEeHAa Ha HeCTaNMOHApHHE CHCTe-

MH.
Ina MccneZoBaHHA yYNpaBAAEMOCTH CHcTeMH (I) paccMoTpuM ee
nuHef#tEyD Mozens (2), rae ’
df(o,0)
J‘Z:T ) 6(“)*]‘(@4)-

Teopewa 2. Ecuu
paer { 8, A8,..., A8} =n,

rae. B={86%...,8%},
¥ HAuamo KOODAMHAT SABIAETCA BAYTPeHHe# TOUKO# MHOXECTBA S2(<f),
ro cucreMa (I) BnONHE ynpaBiafeMa.

PeaynsTaTH MO yNpaBAAEMOCTH OCHKHOBEHBHX AMHSMMUECKHX CH-
CTEeM MOXHO IlepeHecTM B HEKOTOPHX CIyYafx Ha CHCTEMH C 3ala3fH-

BapmuM apryueHroM. llycT®k fnlaEa cucTeMa



dxs)
at
rre A - NOCTOAHHOE 3aMa3ZHBaHME; HAYalAbHOE COCTOAHHE

= Axct)+Baxct-~) +Cuce),

3a7laeTcd COOTHOmMEHHEM

X ()={x(t)=9(t), L,~h sl<l, x(t,):dc,_} ,

8zecs ¢(¢) - HenpepuBHad QyHKOHMA, X, — H3BECTHHH# BEKTOp.

EcmM ana cucTeMH (3) ¥ HaYa@lBHOTO COCTOAHHA (4) BHOOAHE-
HH cBo#icTBa M3 onpezenenuit I-2, To B Kaxzoe U3 onpenenenuit 6y-
ZeM 106aBIATH CIOBO "OTHOCHTEeNBHO", Hanpumep, cucreMa (3) Ha-
3HBAaeTCA OTHOCHTENBHO yNpaBisfeMoit, eclIM ANA KaxAOro HavalBHO-
ro cocrofEus (4) M3 HEKOTOPO# OKPECTHOCTH HYNEBOTO 3NEMEHTa
NPOCTPAaHCTBA HENpepHBHHX (QyHKIOM# cymecTByeT TaKoe KyCOYHO-HE-
NMPepHBHO® yNpaBIGHHE, UTO X (Z¢,)=0 , &, <+o00

[Ipy mccreZOBaHMA OTHOCHTENBHO# yYNpaBIAGMOCTM CHCTEM TMIA
(3) BazEyD ponp MrpaeTr onpezenApNee ypaBHeHHe, KOTOpoe IO Ipoc-

TOMY NpaBUly COCTABAAETCA C MOMONBMD MpaBHX YacTe#t ypaBHEHHA

(3):

(3)

9. D=Ag (D*tBg (s-4); g (0)=C, ¢ (s)=0,s#0

Onpezenspmee ypaBHeAWe HAa30BeM HEBHPOXZAEHHHM, €CIH
paHr {gm CS), e 1.} S, w0
Teopeua 3. JnA OTHOCHTENBHO# yNpPaBAAEMOCTH CHCTEMH (3)

He0o6X0ZUMO M ZOCTATOYHO, YTOOH ONpeZeNAnmee ypaBHEHHE OHIO
HeBHPOXZIEHO,

3TOT pe3ynpTaT IEerK0o o606maeTcA Ha HeCTaOMOHApHHE CUCTe-
MH, H3 CHCTEMH C NepeMeHHHM: 3aNna3ZHBaHHeM, Ha HelMHEH#HHe cH-
CTEeMH C 3aNa3AHBaHHEM.

CneayeT Nox4epKHyTh, YTO OTEOCHTENBHAA yNPaBIAEGMOCTH B
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IMHelHOM cIyyae ypaBHCHuil ¢ 3aMa3ZHBaHMEM CBOZMTCA K anreGpa-
n4yeckoid mpodneMe, TaKxke, KaK B TEODUH YCTOHRYHBOCTM MUCCIGAOBa-
BEMe NIMHEHHHX CHCTEM CBOAMTCA K anrefpaHyeckoif mpoGueme.

CocrosinMe (4) CHCTeMH C 3aMa3ZHBaHHEM B MOMEHT [ oOpeie-
NAETCA OTPE3KOM TPSGKTODHH, NOSTOMYy AXR CHCTOMH (3) ecrecTBeH-
HO clezxypmee NOHATHE.

Onpenenenre 3. CucreMa (3) BasHBaeTCd MOAHOCTHD yOpaBife-
uMoft, eciu ANA KaxAOro HAYaABHOTO COCTOAEMA (4) HalizeTcH KOHEU-
HHl MOMERT [, M KyCOURO-HENDEpHBHOe yNPABIGHH® w (¥ I, st<if
TaKWe, 9T0 TPaGKTOPHA <X (i) yAOBIETBODPEET yCIOBUD I (%)=o0 ,

t,-h $r st, . MoxBO NOKa33Th, YT0 B OCHEEM
ciIyJyae M3 OTHOCHTENBHO! ynpaBIseMOCTH He CleAyeT MOIHAA yOpaB-
neMocTs. OZIHGKO CymMEecTBYeT HECKOABKO KIaCCOB CHCTOM, AN KO-
TOPHX OTHOCHTENBHas yNpaBAAEMOCTH BIeYeT 3a COOO# MOAHYD ympa-—
BIsieMOCTh. Hampumep,

()= Bx(t-A)+r Cuct)
uin

X(t)z Ax(t)+Bx(t-h)+Cuct), C - geocobas MaTpHila .

§ 2. CymecTBOSaEMe ONTHMaNIBEHX yOpaBIeHMM

JnpaBIseMOCTh AMEAMHYECKAX CHCTEM TECHO CBfi3aHa C 384a-
yeif cymecTBOBAHHS MAONYCTHMHX yOpaBIeHH#, YAOBAETBOPADMMX Ipa-
HUYHHM YCNOBMAM. CAEAYDMHM BONPOCOM, BO3HHKaDNMUM NpH HCCIEXO-
BaEMM ONTMMANBHHX MPONECCOB B AMEaMHIECKEX CHCTOMAX, SBIAETCH
npo6neMa CymeCTBOBAHHA ONTHMANBHHX yIOpaBIeHHH.

lycTs Ha TpaexT puax cucrTeMH (I) 3azsH, HanpEMep, QyHK-

OUOHAX
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I(w) =@cxct,) . (5)

llpr KaKMX JCHOBMAX CpeAM W3MEPUMHX (QYHKIME <« c?) CO
oRAUEeHMA:'M B 3alarHOM uEoxecTBe (/  HaliZeTcA yIpaBIGHRS,
ZOCTaBAALIEEe MUHUMY:A QYHKUROHANY (5)?

flaBecTHO, YTO yxe B NpoCTeHmMX 337ayaX ONTHMAABHO® yOpa-
BIEEHE MOXET He CYMecTBOBAaTH.

Opumep 1. X, =, &, = x?, Z,(0)=x, (0)=0, telo 77,

U=fu:u==21}, ()= x,(1).

Meron npupaumenuft ckanApHuX (QyHKImME mO3BonsAeT XOKa3aTh
DAL HOBHX TEOpeM CyLEeCTBOBAHMA ONTAMANbENX yOpaBueHuil, B KOTO-
PHX M3BECTEHE OTPaHMYERMA TuNa BHOYKIOCTH yAaeTCA CHATH. Ha-
npuMep, ONTUMANBHHE yOPaBNERMA CYmeCTBYDT B 3aAave:

dxct
7)= A xct)+ Bet)xct-h)rcluct), t),

CX(t)= P(E), to-h st s,

. .
I(w) = prxce)) +z{ [‘.}X;z T(t-h)) *fai, [y t)sz“_.n‘:m ,

ecmn  @cx), £ (X, - BOTHYTH N0 {X,y} , L - Kom-
naxkT,

Ha cucTeuH ¢ 3aNa3ZHBarAer o0uwero BUAA

d x(t)

7 SS(RC), XL (), wen)t), -(6)

xce)=FE), t €5, S, - HavaNBROE MHORECTBO,
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yaasTcA pacnpocTpaHMTh Teopemy A.$.¢uaunnmoma (4] .
§ 3. [pyHOEND MaRCHMYMa

TpazunMonHass opMa 3amucH NPUHIOUNG MAKCHUMYMa 3aMETHO Te-
pAeT CBOD CTPOMHOCTH npu nepexozse oT cucTeMH (I) K Gonee cio-
EHHM. [JycTh OOBEKT yNpaBAE€HUS ONMCHBAARTCA OAHO# M3 ClIeAyDmyX

cucreM ypaBHeHHi:
a) -“—""—' = fex.w.8),

6)  LEDo reace), xct-h) utl), k= ki)

dx ct)

B)

fff(x(t) X(E-T), LU(E), U(t-6), L, T, 0)dTLE,

1) R R, 1)x(e) =f(.x(t),.z':(t),...,:c""’(t), i
a
RY(2,8)= A(ORY+ur AN, D=7 s

¢
) =) Axmuwm, g t)de.
%o

Kaxayp M3 BBeLEHHHX CHCTEeM NpeACTaBAM B BHAE CHEAyDmMX
ypaBHeHUH
Xz, 20, xO6), uc), 8)=0 , te T=r2 ¢, 7,
TZe CHMBOIH JX; 03HauapT QyHKIMOHANH, OnpeiieleHEHe Ha QYHRIHAX

T2 fxce), teT}, wum={uct), teT)

W MpOMBBOZEEX 2(-), ..., %)

.y .

Ha ynpaBleHUIX « (Z) W TPAaGKTOPUAX X (Z¢),l€7T,

PacCCMOTPUM 337auy MMHMMU3aIMM QYEKUMOHANA
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L
T(w) =/ S, (T 0T
&

C moMOmBD KYCOYHO-HENDEepHBHHX (yHKIMHR < (¢) , NPUAMMADMUX 3HA-

9eHUA W3 OT'PaHMYEHHOT'O MHOXECTBa U .
(-l(t)éZ/, tér. ’ (7\
4
BBeznen ¢yBKOMOHAN

g, t’
Zxp @)= g X(xe),.., x G uc,)dt-[ f, (Ta)L,
i 4

rie (Z) - HEKOTOpHe BCOOMOraTeNbAHEe (QYHKIMH.
Teopema 4. And oNTHMAaNBHOTO YINPaBIGHUA <« °CY)H COOTBETCT-

BYDOEX 6MY B CHNy ypaBHeHHUI

sz(a:;ymo)_o SZ(x2w?ue)
Spcry Sxct) - (8)

TPaeKTOPUR T°(#),y*(¢) BHIONHAGTCA YCIOBUE MAKCHMYMA
8y TCXS P )
Suce)

so, vrell teT, (9)

~

5K
Sxct)

3aecs - BapuanMoOHHAsA NMPOM3BOJHAA B MOMGHT < OT

Sy T
byskour % no QyHKmAAM xCz) , tE€7 5uce) 03HAUAGT Bapu-

aIMOHHYD MPOM3BOAHYD BTOPOr'O poAa, KOTOpas onpeiensieTcs C Io-
J
MONBD MIONBYaTHX BapUamM¥ yNPaBAEHHA «(z) CAEAYOMUM OCDa3OM:

S J(w)

J - - (W) =
(U+aw)- ICU) = ¢ e

oce),

{U'-uch, te [6 O9r¢),

auce) =
té £6,06rg),

JpaBHeHus (8) 3amapr x°(?), wect) , BooOme roBops,
IA0b Ha UHTEepBane (&, ¢,) (HeZocTINmME T'DaHMYHHE yCNOBUA 3aBU-
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CAT OT KOHKpeTHOM 3azaum). YTOOH M3GaBUTHCA OT HEOOXOAUMOCTH
KaxZH#l pPa3 BHOMCHBATH TPaHMYENE YCNOBUA AAA NEPEMEHHEX =z, g,
PEeKOMEHAyeTCS ypaBHEHHA ABUEEHHA CBOXMTH K MHTErpanbHOU (Qopue
(A). Ecnu B ypaBHeHNA IBUXEHMA BXOAAT INHMHe#RHe middepeHumans-
HHE omepaTopd ( 7)) TO ANA YUPONEHMS BHUMCNEHM# UneHH, COOT-
BeTcTByDmAe B (8) aTEMM omepaTopau,1en8cooGpa3HO BHAEMMTH, YpPaB-
REHUs] IBEEXCHUA CUCTEM YNpaBlNeHKS TOrAa 3alUCHBADTCA B BHIE

RN(A; t) x(t) =X—('r(’); i(’);"': x(f)(.), o), t)’

a ¢ nowomsb QyHEIMOHANA

TR Z
Z(x, ¢ u) =/ ) X(xe,...,x Y, u(~),t)a'z;f];" (zu2)d?
Z o

HGOOXOZMMHE YCIOBUSA ONTHMANBHOCTH CBOZATCA K CleAyDmUM COOT-

HOMEHHUSAM
ST (x2S wree)

RYA, t)x°ct) =
Swce)

R, 8) pocty 2E(XEY3 o)
Sxcyy

8, T(x3pruv)

£0 Z r
s e PeT

3mecs R"V(R,t)wct) = 2 (—1)”';— LA ety wer)] -

m

conpaxenEHe AuddepeRIMaNBHEE OOEPaTOPH.

dopua (8), (9) HeoOXOMMMHX yCHOBHH# ONTUMANHLHOCTH MOXET
GHTH pacOpocTpaHeHa HAa 3aAady# ONTUMM3AOMM AN OCHEKTOB yOpaB-
NeHHS, OMMCHPAEMHX JPaBHEHHSIME OTHOCHTENHHO (QYHKIMZA HECEONB-
KMX MepeMeHHNX. Hampuuep, B 3aale MUHMMM3ALAH

:J(u)szjfm (x(s,8),u(s,),s,t)ILsat
w



AN ypaBHEHUA

d%rcts) darcts) dxcts) g
= f(x(Zs), ) s UCL,8),L,S)
2t ds

k. 22 2s

n3ueHednd B OpMynMpoBEE NpUBEAEHHOTO BHIle pe3yAbTaTa CBOAAT~

CA K 3aMeHe OAHOTO apryuMeHTa ¢ Ha IBa 4,5 .

§ 4. [pMHEDAN MaKCHMyMa AIA 3KcTpeMaieit

[Ilpuaoun MaxcuMysa J1.C.IOHTpPATHHE 334349y ONTHMM33aLMA

¢yHKOMOHANa
Jcu) =¢ ’sz‘7) L ECLY=0,

ana cucreMsd (I), (7) cBOAMT E HAXOEJEHHD 3KCTpeMalned, T.e. K

OTHCKAHMD QOYHKOHE «cz) , JAOBAETBODADMUX YCAOBHD

Hlxe), wet), uct), t) = maz H(xct),wen), o, ),
we U

L ACA IR, . AT, Wt
R P A

Buzenense cpeld 3KcTpeManeil ONTMMANBHHX yIpaBaeHMft

pegjs-c.

7uelCTaBAAET Cephe3HyD 3aZauy, €CIM 9MCIO IKCTpeMmaned GecKo-
HeyHo. [loclelHAA CUTyaIUs MOXET BO3HMKHYTH yEe B OpocTeRmux

3anayax.
pamep 2. lana cucrewa: I =u«, Z,=-I, X,(0)=Z,(0)=0,

= e Ot T bl 2o f i [kl e L =Tl SN R )

Cpelun axcTpexaned 3Tof 337auM HAXOZATCH CIEAYDELUES

(1I0)

(II

(I2



(73]

e . (o)X,
L[‘ﬁ,”- 5(51‘1 COS-—z——L > /0:0)7)

H£00X0XKMMHE YCNOBUA ONTMMANBHOCTH ZIA 3KCTpeManell MOEEO
cQOpMYN¥POBaTh CIEAYOLAM OCPa3OM.

0603HaUUM Uepe3 A “(Z) 3ReYEHBE (T (), ¢¥™(1) «*?), )
BIOND> 3KCTPEMANBHOrO yOPaBAGHEA « “(2) H COOTBETCTBYDLNKX
B cuiy \I2) TpPaeKTOpHR T *(2), ¢'°C%).

Teopess 5, CnTHManpHO® yOpaBIEHHE «°(f) B NpoUeccax C Ma-

nof OpOAONEUTENBROCTED 7=/ -Z, TaKOBO, 4TO /4 (Z) nprHaMaeT

MaKCuMalbROEe 3HAUGHME CpeAd OCTalNBEMX 4 (%)

Y =, AN s
ey ;jg?z HTeT) (I3)

flOCKONBKY ANA CTalMOEapHHX cucTeM (QYEKIHEA 4~ Z) BRONE
3KCTpeManr NOCTOSEHA, TO ANA HMX MOCNEAHGE YCIOBME MOXHO Npo-
BepATE B NWCOif TOYKE OTpe3Ka /7 . B CHIy 3TOro KpUTEpHA yapa-
BneBus «’cz), o »7 , B NpUMEpPE 2 HE MOT'YT OHTBH ONTHMBNbHH-
wu,

Scnosua (II), (I3) aABRADTCA ¥ ZAOCTAaTOYHHME ANA ONTUMaRb-
HOCTM ynpapieBEs, ecnk cucresa (I) ® ¢yuxmmoran (IO) uuewr
BUZ

- = (¢ - = - = ' ol = =7 77
I,‘ J.’fv‘.“(),'--,- xf‘_; v;;_7 {“)) x/, Jszva-]J"’)'rﬂ_,)a): I‘.so) O,¢ Geey Tl

, ) ) Yy = () 7z -
/’I‘l ;\A.‘I‘,J...,Al‘ﬂ_,, L{_\' =A V,{{'z—j,v"')xﬂ.,’a)l 3(“) ‘rll ‘2;/-’ 7 2-1,
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Orcoaa cueayeT, 4TO yOpaBIeHMe w=7 B [pHMepe 2 ONTHMANb-

HO.

§ 5. OcoGHe ynpaBleBHA

llHTEpec K TeOpHM OCOOHX yNpaBNeHHH OOBACHAETCH TEeM, YTO
ONTHMAaIBHHE OCOOHEe yNpaBIeHHS He OXBAaTHBADTCA NPUHIMIOM MaKCHU-
MyMa. 3Ta TEODHS HMMeEeT CONBNOe 3HaUEHHEe U NpH H3YyUSHUE CKONb~—
3A0UX DEXUMOB M ZUA onriunaannn TpaeKTopuit KOCRMYECKO# HaBUIra-
ouM. Hanpumep, H3BecTHadA cnupaldb JoyaeHa MOPOXAA6TCHA OCOOHM
ynpaBIeHUeEM.

B GompmmHCTBE M3 CYmeCTBYDmEX pacOT DO OCOOHM ynpaBIeHH-
fid HeOOXOJMMHEe JCIOBHA MONYYEHH MAH AAA YaCTHOT'O BUAA CHCTEM,
MMM B OPEINONOXSHME OTKpHTOCTH o6nactA // JOMyCTHMHX ympaB-
neHud., MeTox npupameHU# MO3BOASAET MNONYIUTH HEOOXOAMMHE yCJO-
BUA ONTHMANBHOCTH OCOOHX yNpaBIeHHA ANsA oOmero caydas 3aAaaqu
uuAMMM3ammn QyEKnEoHaza (5) ansa cucrems (I).

Unpenenenne 4, YnpaBleHue «(¢), te€ 7, Ha30BeM OCOOHM
yapaBieHUeM NepBOTO NOpAAKa, CIH

Hlxct), wed), o t)-H(xct), pet)yuch),t) =0, vell te7,

T.e. QYHRMAA // BIOND wcZ , (€7 , B COOTBETCTBYDMEX EMY

B cuny (I) m

. Ay, t) dpract,)
peax . MR
OyEKDMR =x(¢) , @(Z) He 3aBUCAT OT napaMeTpoB ¢ , ve & ,

Teopeua 6. OnTuManBHOE 0COG0OE yNpaBleHHE MEPBOTO MOPAA-

K8 wecz), te7 , YAOBIETBODAET YCIOBHD

(a
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4, fﬁr wtructh ) [ ¥ &)~ ¥ ¢2)] 4, flxecz,usce), PR

04, f(xeoct), uecd), )
2x

r¢ce) 4, flxxpuxnt) so (IS)

ns Bcex vell tel7.
3necp xe°(Z) — ONTHMaNbHAA TPAGKTOpUSA, @°(Z) - DEMEHHS

cucremu (I4), Y77 - pemenus ypaBHemuit

y}‘o = 3f(x¢(t),a°(t), Z) ﬂ_y‘ af(‘ro(‘f)lao(t)' z)-

2x ¥ ; ox
L e Ot uoct)2) i L G PEX s
o g = R wd dh

STUM Xe MeTOZOM MOXHO MCCIeZOBATH OCOOHEe yIpaBIeHUS BTO-
poro mopsRKa, T.6. T4KUe ONTHMAaNbHHE OCOGHe YOpaBIGHEWS IepBO-
ro nopaaka, BAOAL KOTOpHX IeBad 9acThs (IS) oGpamaercs B TOX-

IeCcTBeHHHH BRyms mo ¢ved , re7 .

§ 6. 3anmavua ONTMMM3ANUM C [apaMeTDaMA.

llycrs 3azars wHoxecrsa / u W B P -MEpHOM U ¢ —-MeDHOM
BEKTOPRHEX NpPOCTPaHCTBAax. Cpelu aneMeHToB ve V/ , we W arux

MHOXSCTH TpeOyeTcs yKa3aTh TaKue ONTHMMANbHHE NapaMeTpH ¢ ° , (A

4yTo
J(rswe) = min J(uw),
velwel (1
rae J(yw)=c x(%) - PyHKOMA, ompeleleHHAs Ha TPaeKTOPUAX
CHICTEMH
ﬂ:f(a: v), veV tel=llot)
d . ’ ) 2 LA £ (17)
C HBYaNBHHME YCIOBUAMHU
.z(to) :dq(w)) we M (18)

060zRauny uene= &7z L) RRE3TEVM DRPRCTHOCTS TOURM 2
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OTHOCUTENBHO MHOEECTBA < ° y€6ce 2Z) , ecm Haitmerca nmocnezo-
BaTENBHOCTD YHCEN ¢&;, ¢ =172,..., §=7 € =0, ( »co .
TaKafd, IT0 (/~&)2 &y € £ npu BCcex ¢~ 7 . BBezeM QyHxumm

HIZ, g 0) =g T, 0), Ay w)=gocw).
Yepea x°cz) u we°cz), te7 , OyneM 0603H39YaTHh PEmMEHHA OCHOBHOH:

cucrTeMd (I7) ¥ conpAxeHHO# CHCTEMH

dy 4.y )

¢ 2z yet,)=-c,

7

COOTBETCTBYDNHME ONTUMANBHHM IapaMeTpaM ¢ °, w° . BHpageHue Tu-
ma f(x, ) o3nauaeT MHOZECTBO
[ R:2=fCx,v),velV ],
Teopeua 7. Hna 3azauu (I6)- (I8) cnpaBexnusH crezyomue

yTBEDEACHUA:

t7
I. a) H(zxez, peock) v ; / H(xec) pece), vl
0

¥
AnA BCeX U TAKMX, 4TO npn’ ter
J(XC),0) € SCAX (L), ), f(Toc2), V) ;
6) ACpect)we)rh(wei,), w) AN BCEX w TaKUX, 4YTO
9w) € 6(gw?, 9(W))-
2, [puAman MaKcuuyma. Eciu IpM KaxZAoM X MHOXECTBA

f(‘r) V), 9( W) BHOYKIH, TO )
7

7
a) H(xecy, wecd), r®) = max H(xect) yoce)v)dl,
) AL ;u))m,tr_&t/’f prer)

) Aty we)= maz A(pech)n),
weE

3. Ecnm QyEKmMM F(X, ¢),g(w) puddepenunpyems mo v, w ,

TO

tf / t’
A (Toct), woct) ve) . IH (Zoct) o) ')
oy i A T wt v

%o Zo
IAns Bcex v e€6(ecV);

4 ° “. o Y, ) ©
2kt iAW), . hLpIIw

ow > AN BCEX

8)

(19)

(20)
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weG(wo W)

4. Ecmu QyEKIMM F(Z,¢), §C¥) Iuddepermpyeun mo ¢,

w , MEOXKecTBa V , W BHOyKIH, TO

21 7, ° t
o) WU, U N .
A Sl )dl‘(/’ = max / 04 (x°ct) g2, (j’)a/z‘(r

a) 2 or vel” o v
8) 7”‘/“’()’”’We=qu LGV
ow WGW ow %

S. Ecn¥ B ZonmomHEEMe K YCHOBMAM YTBEpPEAEHMA 4 QyHEKOMM
Hix, g, v) s #(¢.W) BOTHYTH O ¢ , W , TO ANA V", we
Bunonaanrcea (I9), (20).

Yenosusa ZaHHOTO YTBEPEACHUA pealu3yonTCcA, Hanpuuep, ANd
cucrems (I?), B KoTOpof#t Qyﬂxunnﬁ(x, v) He 3aBUCAT OT X, ,
GynKuAK f, {:r,«),...,];_, (x ﬂ,z(w),...,;”_’ ) nuHE#AN
m v , w , QyHRIME | (X,¢) 4 g« (w) BHOYKIH MO ¢ ,w , NOC-
TOAHHHE C; paBHH HYID, 33 MCKIDYEHMEM Nmocnezreif: c, =7 .,

6. Ecam QyukmuM f(x, ) , g(w) Iuddepernupyedn nc v , w,
unoxecrsa YV , W orKpuTH, TO

4 o H (xocd), woce) ve) o
2

a) z/ Y
£) i DhLEEL W)

w
7. Ecnu QyskmaM f(x o) , g(w) BuddepenupyeMH mo o« , w,

TO rpasueHTH QyHKmAM J(%#) B TOYKe ¢’ ,w’ DaBHH:
]

oI(vin’)

t! 1, 7 "
( o ), ) ,ll

2v 2, or
0I(rw?)  h(p L) w?)
Yo rgaar v 1 TR 4

Tae x#, Y’(f) - peueHUs OCHOBRO# M CONpAXEHHO! cHCTEM, COOT-

BETCTByDLME NapaueTpam v’y w' ,

8. Ecmn f(x,¢) =Ax+ 6(r) , ro ycnosua (I9), (20) Heol-

(21)

(22)

(23)
(24)
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XOZAEMH H AOCTAaTOYHH AN ONTHMaIBHOCTH ¢°, w°
9. [IpEBEOED & -MaKCHMYMA:

5
7
8) H(xct),pc)e)s P f/ H(x o pyun,e)dt-¢,, & 20

LA Bcex U € V H
8) A(prl),w) 2k pl)w)-&, &0,
AnA BCOX we W,
ipr orpaHuYeHBNX MHOXeCTBax / , W nxa mNOHX ¢,70, &, >0
MOXHO YKa3aTh TaKo® uMcIO Z , YTO BHIONHADTCA ycuoBHa (25),
(26) B mooo#t 3amave (I6)- (I8) ¢ &,-¢. T ,
JInA yACHEeEMA CYHECTBEHHOCTH OCHOBHNX YCJOBA#f B mpUBelen-

HHX JTBEPXZGHHAX PaCCMOTDUM

NpuMep 3. =4, &, =4, & =T,/ +x}, X,(0)=W,, X, (0)=W;, X (0) = O,

7?

0stsT, c=20=0, c3-7

V=W={d,&: (41418 e-2)%ce,+2)*s 18]

CHayana pacCMOTPHM 3371849y ONTHMH3AIME TOXBKO NO NapaMeT-

pas v, , ¢, , monmarag W, =#; =0 . Hueew =z, c2)=¢¢, z:02)-
-3
(A

=gt .r,(zys((/,ﬁgz)-— . Orcppia ¢;°=-1, ,° =7 . llanee

/‘/(-I';U(f):/((;(f-f% Y (T +:rz) %--21'}0,)%_ 2.1-,%,/((/_, o,

ﬁ3

Vi(t)=¢ (D=0, ¢h(D)=-1, fﬁ{;z--(t) wrt))dt: 330y u)--g‘— !

NocxezrAn QyHKUAA B TOUR® ¢, =-7 , &%= 7 AocTuraer al-
CONDTHOTO MHHMMYMa cpezu 7~ . Taxdm oO6pasoM, ycuaosue (I9) B
JaHHOM NpuMepe He HMeeT MecTa. [lo To#f xe npuuuBe Hapymaercs
cBoftictBo (2I). B arTom mpuMepe He BHOONHAETCA M CBo#icTBO (22).

[Jepelizen x onrnxéamm o mapameTpaM w, , »; Ipié ycEo-
BUR, 9T0 ¢; =¢; =0 . Hueen (1) , TO=H; | T(D=

~

= TrwA e w?) . Orcoza w,°=-7, w,” = 7 .

(25)

(26)
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HpOBepnI HEeOoOXOZuMHE JCHOBHA ONTHMEa8IBHOCTHK:
é[,«{w) =YW~y Wy, A (@olo) w) = 2T(w-#,)

llocnenBfAa ¢yHROMA He yZAOBIETBODHGT HH OZHOMY M3 CBOHCTB
(20), (22), (24).

Y3 roro, urd cBoiicrsa (I9), (20) RapymamTCs OpH IDGOM 70
clIexyeT, YTO yTBEPRAGHHE 9 B OOmeM CIyYae HEAb3d yIyYmATH.

§ 7. ONTEMH3aIMA AHCKPETHHX CHCTEM

3HaueRHMe TEOpHH ONTUMEAABHHX IPONECCOB B AMCKPETHHX CHCTE-—
Max ompezendAeTcA yxe TeM ¢aKToM, YTO pemeHHe CKOAb-HUOYAH CIO-
ZHNX 33439 ONTMMM33OMM HENPEPHBHAHX CHCTEM CBSA33HO C HCHOAB30-
Banuex JLBM. OOmas Teopudg 9TOro BONpPOCA BeChMa 3alNyTaHa .
Cneayomuit npuuep nNoka3HBaeT, YTO MHOT#E U3BECTHHE GOPMH HE00-
XOZMMNX YCHIOBMH onrnuanhnocrﬁ HEKOPPEKTHH.

upumep 4. JpaBHEBRUS OOBERTA: T (Zt7)=«(Z), yltrs)=0(Z),
(E+1) =2(E)+TUL)+y4(E) , 0 st 2 x(0)=y(0)=£(0)=0

$ y%anneﬂne {«,r} BHOUpaeTCH

u3 wnogecrsa & : [ uri(u-2)cre2) 18, («-%(o+1)?2 8} -

TpeCyeTca MUHMMU3MPOBATH QYHKIMOHAN J(«, o)=X(2) ,
HeTpyZAHO MOACYMTATh, UTO HA ONTUMANBHOM YOpABAEHMW IIDH
t=c dynkous A(x @ «,¢) HEe MMEET CTaIMOHapHOT'0 3Haye-
HHE ¥ He ZOCTUTAaEeT NOKAaNBHEI'O MAaKCHUMYME, |

l2BecTRNE HODNH EEOOXOMMMHX YCNOBKE ONTMMANBHOCTE HMEWT
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TOT HEAOCTaTOK, YTO HE MEepeXOAAT B NPUAIMI MaKCHMyMa, KoTZa
IMCKDETHAA CHCTEMAa CTPEMUTCH K HENpEepPHBHOMY aHANOTY.
llna AMCKPeTHHX CHCTEM CIpaBeANHB. CIeAyDLM# pesyasraT,

CBOGOZHHY OT 3TOr0 HEAOCTaTKa.
Teopema 8. Ecam «°(f) - onTUManbHEOe yNpaBIeHAE B CHCTEM®

X(E+h) = xCL) w&f(:r, W), X(t)=T,, tel=L4,4,7,
Ina ¢yHKO®OHANa
J(w)= pcacdyy), uct)el

rae (/ - orpaEuYeHEOE MHOXECTBO, TO ANA KaXAOTO £,0 MOXHO
yKa3aTh Takoe X4=A(e)>0 , UTO BHOONHAETCA YCIOBME & —MAKCH-
Myma:

H XD, W), L), ) 2 H (X, @cd) v E)- €

ans scex veld , tel, .
37ech H/L,éu,f)=y'1+4wf/@a,f),

AT, 2) 2 ~
k) o ey oL AT 6F . Plxhy)
PE-h) =)+ e we), ;ﬂ(‘z,‘é %)= _5?_)

9ra TeopeMa B ofmeM ClIyJae He MOEXET OHTH yIyumeHa.
llpuMep 5. =,(f+A) =, ()+hu(t), L (Z+h) =X, (2)+
b [ (0)-© L), X(0)Y0)T O, IUl<, PrT)= Ty, =0, 8y =2

B npuMepe 5 BEW Opu KaKOM 4.0 ONTHMAaNBHOE yIpaBIEHHE He
YAOBIETBOPAET AMCKDETHOMY aHANOr'y NpMHOUNA MakcAMyMa .J.C.IloH-
TPATHHA.

N
§ 8. OnTuManbpHHE NpPOLECCH NPH HECKONBKMX ydaCTRax.

[Ip¥ UCMONB30BAHHM M3NOREHHHX BHIE METOAOB B 334avax ¢
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HECKONBKMMM y9acTHMKaMy MO OCHYHO! CxeMe NONyYanTCA HEKOTOpHE
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INTEGRALS OF SET VALUED FUNCTIONS AND
LINEAR OPTIMAL CONTROL PROBLEMS

Czesiaw Olech
Institute of Mathematics, Cracow Branch, Polisk Academy of Sciences

Introduction, Consider a set valued function P sending t€J =
[0,1] into a closed suvset P(t) CE, where E is a finite dimen-
sional real inner product space. Let Ll(J,E) (Ll for short )

denote the space of Lebesgue integrable ruanctions from J into

E and let Ej pe the suoset of L of all v such that v(t) e P(t)
almost everywhere (a.e.) in J. If Ej is not empty then P is

called integrable and the integral of P is defined by

I(P) = ,gp(t)dt = {I(v) = f;v(t)dt | vex?.}. (0.1)
If P(t) = {o,d(t)} » 4€L;, Then Kp :{ X,a | < J,

Ais measv.rable} , where iA stands for the characteristic

function of A. In this case I(P) reduces to the range of the

vector valued measure Iu«(A) = ,fd(t)dt » and a result due to
A

Lapunov [8] tells us that I(P) is compact and convex. This
result has beer generelized, that is convexity and compactness
of I(P) have sen obtained by several authors for various classes
of maps P. Let us mention here papers [11, [21, (41, [5], [61, [71,
(91, [10], [11] and [12]. What was common to all those papers was
a more or less explicit assumption that I(P) is bounded. In
fact from the author ‘s paper [12] one can easily obtained the
following . .
Theorem 1, If P(t) is closed for each t€J and I(P) is bounded
then I(P) is convex and compact. .

In the next section we discuss in more details the
relation between Theorem 1l and the results of [12] as well
as other results in the case when I(P) is bounded. Jowever the
main purpose of the paper is to exemine the case I(P) unbounded
and in particular to extend Theorem 1. In this case examples
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show that I(P) need not be closed. We will give in section 2
a characterisation of I(P) which will lead us in a natural
way to sufficient conditions for closedneds of I(P).

Besides applications to economics {cf.[l] and [6]),
the integrals of set valued mappings are related to the so
called attainable set for a linear control system (cf.[9],
(0] and [11]) and the results we are discussing here have
relevant implications to some optimal control problems. This
application is discussed in the last section.

Pinally let us remark that all results presented in
this paper hold true if the ILebesgue measure on the interval
J is replaced by any abstract measure but finite and nonatomic.

The case of bounded integral., In [12) the author considered

the class KCL, (J,E) satisfying the following three conditions:

(1) K is closed with respect to the convergence in measure
(hence also in L, strong topology). :

(i1) [I(y)1&m < +® for each v € K.

(1ii) If u,v€K and s €J, and if we put w(t) = ul(t) for 0 t¢s
and w(t) = v(t) for s t<1l, then wek.

It is clear that K, satisfies -conditions (i) and (iii)
provided P(t) is closed a.e. in J and condition (ii) is the
same as to say that 'I(P) is bounded. Theorem 5 of [12] states
that if K satisfies (i), (ii) and (iii) than I(K) is closed
and compact. Thus Theorem l.is a consequence of this result.

In the same paper we proved (compare Theorem 1 of [12])
that for each basis in E there is an extremal element in
K, denoted by e(K,‘E ), with the property that for esch ve K
the inequality holds v(t) < e(K, )(t) a.e. in J and
I(e(K.‘f)) is an extreme po:.ns of the closure cl I(K) of I(K).
Vice versa, for each extreme point p of cl I(K), thepe is a
basis j such that p = I(e(K, %‘)) Here " < . " stands for
the lexicographical order with respect to the bssis . Let
us also recall that an extremal face or an extremal subset of
a convex set B is a set A CB with the property that each line
segment contained in B with interior points in A is contained
in A. In particular a single point extremal subset of B is
called an extreme point of B. ‘
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>

Denote by E(E) the set of extremal elements of K and
by K, the closure of E(K) with respect to property (iii). Again
in. [12} we proved the following
Theorem 2, The set Ko is the smallest subset of K closed with
respect to condition (iii) and having the same range of integrals
as K; that is I(Ko) = I(K) and if Kl<: K satisfies (iii) and
I(g,) = I(K) than K CK;.

Theorem 2 can be consider as a generalization of the
so called "bang-bang" principle of LaSalle (cf.[9]).

Let us observe that Theorem 1 and Theorem 2 for K = KP
are true without any regularity assumptions on the map P but
only that values of P are closed subsets of E.

The case of unbounded integral I(P) of P, Notice first thas

convexity of I(P) follows from the results quoted in the
previous section. Indeed, let u,véKP and let KlCKP be the
set obtained by closing with respect to properties (i) and
(iii) the two point set u,v} . It is easy to check that
K1 = {wl w = ﬁAu +)(J\Av, ACJ is measuraole_} . Hence Kl

satisfies also (ii). Therefore I(Kl) is convex. But I(u),I(v)
€I(k;) C I(P), which implies convexity &f I(P).

The basic result in the case we consider is the follo-
wing lemma (compare [13), ILemma 1).
Lemma 1. Suppose e is an extreme point of the closure cl I(P)
of I(P). Then for each £>0 there is § » O such that for any
two u,v€Ep the inequalities |e - I(u)i< 9 and Je - I(V))<c S
imply that |lu - v]|I< E , where | | and || || stand for
the norm in E and I‘l respectively.
Proof. Without any loss of generality we may assume that e = O.
There is a basis (orthonormal) in E such that e = O is the
lexicograthical maximum of cl I(P). That simply means that for
each s€cl I(P),if the firt k coordinates of s with respect to
this basis &re zeros , 0k<n, n is dimension of E, then the
E + 1 coordinate of s in nonpositive. In which follows we shall
consider the coordinates corresponding to this basis in = and
#e denote them by upper script. Hence sl, u’ denotes the i-th
coordinate of point s and function u respectively.

Contradicting the conclusion of the lemma we conclude
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that there exist two seguenses {um}and {vm}, m=1,2,...,00th
contained in KP with the properties

lim T{u ) = 0 = lim I(v ) (2.1)
while
J;zum(t) - v l6)lat 3 & > 0, m = 1,2,...,12.2)
Denote by
vl o= l;lui(t) - vi(t)lat, i=L,...,n, m=1,2,...(2.3)

A simple induction argument allows to choose an integer
k §n and subsequenses b:; with the following properties
-8

k 2’?)0 5 b;‘l /onkx —» 0 as x—>o00 for i<k, (2.4)
4 o
and
i k
Dm“/Dm“ L ¥ <+00 fori> k. (2.5)

Let us define now a sequence W_ € K‘.P so that

wl6) = (e) it ui’f(t)gvfl(t),

(2.6)
wdt) = vle) if up (t)<vl‘(t)

In particular, nﬁ(t) = max (u%(‘t),viit)) and by (2.1),
(2.3) and (2.4) we get that there is «, such that

j‘;wi(t)dt 2 >0  if L3,

oreover, from (2.1), (2.4) and (2.5) it follows that

fJ ;\'\t)ct /o tends to O if i <k and is bounded if
ok

i2 k. Tonerefore there is a subsaguence for simplicity st-l’
denoted by v suck that
o
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fw'i(t)dt / o converges for each i and the limit is O if
1< k and positive if 1 = k. But d = fw (t)at € cl I(P) and

so does O. ‘I'herefore by convexdity of cl I(P) we conclude that
o M d“/ D € cl I(P), since /oi( 1. Hence also the

limit d= d,(/bi belongs to ¢l I(P). But d = (0,...,0, 8,
P where is positive, threfore O is not the lexicogra-~
phical maximum of cl I(P), contrary to what was assumed. This
completes the proof.

Since the space e is complete and K? is closed in e
it follows from lLemma 1 that each extreme point of cl I(P)
belongs to I(P) and the corresponding v €& Ep is unique. This
leads to the following extension of Theorem 1.
Thesrem 3 Suppose values of P are closed subsets of E. ' Then
the integral I(P) of P is convex and each compact extremal
face of the closure cl I(P) of I(P) is contained in I(P).
Proof. Suppose S is a compact extremal face of cl I(P). From
the remark following Iemma 1 it follows that the set ext S
of all extreme points of S is contained in I(P). But I(P) is
convex and S is equal to the convex hull of ext S {since 8
is compact and E is finite dimensional), therefore SCI(P),
what was to be proved. -

A more detailfull analysis allows to prove a sharper
result.
Theorem 3. Suppose S is a compact extremal face of cl I(P)
and denote by E(S) = {veKPl I(v) is an extreme point of S}
Then S = I(Ko), where E, is obtained from E(S) by closing
with respect to property (iii).
Proof. Por each extremal subset S o& a closed convex set B
there are orthogonal vectors al,...,a.k, kgn, ‘such that S =
Sy» where S) = {xeBl {x,a,> = max{p,a,» for b EB} and
Sj = {xesj_ll (x,aj> = max (s,aa.> for 3553-1} 1> 1.
This can be proved by induction. Consider now a basis in B
vhose k first vectors are 8yyeeerly corresponding to the
fixed @ttremal subset 3 of ¢l I(P). With respect to such
bacis the first k coordinates of any two points of S are the
sane, Jorrespondingly one can prove that if u,v eKP and
I(u),I(v) € 3 then the first k coordinates of u and v are
equal a.e2. 1n J, resvectivelz. From it we get that the set Klz
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{VEKPI I(v)e S} is not empty and satisfies conditions (i),
(ii) and (iii). Therefore oy Theorem 1 I(Kl) is convex,
compact and by definition I(K,)CS as well as extSCI(E;). The
last two relation imply that S = I(Kl). From Lemma 1 we know
that to each extreme point p of S there is a unique v in Kl
such that p = I(v). Thus E(S) is the set of extremal elements
of Kl and therefore Theorem 2 completes the proof.

Notice that the closure cl I(P) of I(P) may not admitt
any extreme points. This suggest that I(P) may be open. In
fact it is easy to give examples of P such that I(P) is open,
The set of extreme points of cl I(P) is not empty if and only
if the latter set does not contain a line. From Theorem 3
we will derive now a sufficient condition for closedness of I(P).
Theorem 4, If each proper extremal subset of cl I(P) is
compact then I(P) is closed.

Proof. For each p€ (cl I(P)\I(P)), if the latter is not empty,
there is a hyperplane B which supports cl I(P) at p and which
does not contained cl I(P) (cf. [15}). The intersection

B cl I(P) is then a proper extremal subset of cl I(P) con-
taining p. By assumption it is compact and by Theorem 3 it is
contained in I(P). Hence also p € I(P). Thus I(P) = ¢l I(P),
what was to be proved.

For the next result we need a regularity condition
concerning mapping P. Namely, we assume that for each a

<§ 28> = sup Ge),a)y . (2.7)

This condition is connected with measurability of
set valued mappings.
Theorem 5, If P satisfies (2.7), the values of P are closed
subsets of E and the set

Av= { ' max ,a) exists a.e. in J and is integraole}
L 'DEP(%)

is open, then I(P) is closed.

Froof. For each 2 €A sup {a,s> for s€I(P) is finite.

Since A is open, this implies that I(P) hence also ¢l I(F)

does not contain a line., Coa§equently each extremal subset

of ¢l I(P) does not contail @line but does contain an extreme

point ., Let S oe a proper extremal face of cl I(P) and pé&sS

be an extreme point of c¢lI(F). There is b ¥ O such that
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sC 8, = { xl <x,'u> = (p,0> =y€cxi1a11t(<;50>} . (2.8)

Suppose V€ Ky, and I(v) = p. Then for each w€Ep we
have the inequality {w(t),do) {<&(t),0> a.e. in J. Indeed,
if <w(t),0) { &(t),)on a set BLJ of positive measure, then
putting u(t) = w(t) if t€B and v(t) if t €I~B we get uekp
and (I(u),0p> (v),0>={p,0p , contrary to (2.8). From
(2.7) and (2.8) we have that a.e. in J

sup {p,0> = sup {wlt),0) = {v(t),0> = maxp,o>(2.9)
pE P(t) weEp peP(t)@’

Hence b€ A. Now we will prove that S is obounded. If S were
unbounded then there would exist d # O and a sequence in I(P}
X, =P "'dtn +a, where tn tends to +m and lanl tends to 0.

Suppose X, = I(vn), vV €Ep. Take a =0+ gd, E£>0 and

sup (a,vn(t)> . Since I(<a,vn)) =<{o,p> + 5<d,d>tn

n

+ <an,a> approaches infinity as n-»® , therefore sup(a,vn(t)>
n

£ sup {a,v(t)> is not integrable and by (2.7) a = o + &d

véKP
cannot be in A contrary to assumption that A is open. Thus S
is compact. Since S wa®B an aroitrary proper extremal face of
cl I(P) therefore each proper extremal face of cl I(P) is
compact and Theorem 3 yields the conclusion of Theorem 4.

From theprems 5 and 3°we have the following extension

of LaSalle’s '"bang-bang" principle.
Theorem 5, Under the assumptions of Theorem 5, the set KOC KP
ootained by closing the set of all extremal elements of K
with respect to both Ll topology/and condition (iii) has %he
properties: I(Ko) = I(KP) = I(P) and for each KlC Ep closed
in Ll topology and having the property (iii) we have the inclu-
sion K/ @ K.
Remark. Under the assumption of Theorem 5 one can prove that
if F (t) = cl(ext(cleo P(t))), then P (t) C P(t) a.e. in J
and I(PO) = I(P). Moreover, if Py (t) is closed subset on =,
?1(t) C P(t) a.e. in J and I(P;) = I(P), then P (t)C Fy (¢

2.-in J.
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\
As we pointed out once before I(P) when unbounded need not be

clcsed. Eowever, if I(P) does not contain a line one can show
trat I(P) is "lower closed" (comp. [16],where the same term
is used, though not in the aame sense). To define this consider
ap order in E induced by a closed convex and proper cone CCE;
that is xX,y€Z and x £ y if and only if y - x€C. We will say
that a set SCE is C-lower closed if for each pe cl S there is
q€ S such that q<p.

For the next result we need to recall the definition
of the asymptotic cone of a convex set., Let S be a closed
convex set. Set

c(s) = (cl s + tc€8 for each s €S and t?,O} o

The set C(S) is closed convex cone and proper (C(sS)/\(-c(s))

= @ ) if S does not contain a line. C(S) is called the asymp-
totic cone of S. From Theorem 3 we have the following theprem
(compare [13]),Theorem 2).

Theorem 7, If I(P) does not contain a line, P(t) is closed
supset of E for each t and C= C(clI(P)) is the asymptotic

cone of cl I(P), then I(P) is C,-lower closed .

Proof. Take p€cl I(P) and consider the set Q = cl I(P)N (P'ge)'
e claim that Q is compact (it clearly is noaemty, closed and
convex), If it were unbounded there would exist a ray

{p + tal t>,0} , a # 0, contained in Q. This would imply that
ag (- C,) by definition of Q and also a€ C, - Which can be the
case only if a = O, Thus Q is bounded. Take now 4 such {d,c)
is negative for each ¢ QC! . Since C! is proper, such 4 exists.
Put

y = {q f;QI {a,4) =qmea:Q: (q,d}}.

For each poé Ql we have the inequality Py & Pe On the other
hand let S pe the smallest extremal face of cl I(P) containing
P,- For each s€S there is €>0 such that q = D, + t(s = p,)
delongs to S if |tI< €& . In other words, Py is an interior
point of & relative to the linear variety of the smallest
dimension contairing S. Suppose now S conteins a ray Dot ta
thea_or one hand a¢C, on the other p; = p, - ¢a € S for some
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€ > 0. Henced@,p> = {4,p> =£<4,a)y (d,po>. But p, { P, aBd
py€cl I(P), thus also Py € Q . Hence the latter inequality is
imposible, so S is compact and by Theorem 3 contained in I(P).
Hence also p, € I(P), which finishes the proof.

Suppose now that a cone C is given and we ask for
sufficient conditions for I(P) to be C-lower closed. An answer
to this question is given by the next result.

Theorem 8, Suppose CCE is a proper, closed and convex cone.
Assume that for each a € int C° = int {al <a,c)0 for each cEC_}
sup (p,ad for p & P(t) is bounded by an integrable functinoh,
then I(P) is C-lower closed.

Proof. Again by C_ denote the asymptotic cone of olI(P). By
the assumption for each a &€int c® we have sup{a,p> for ¢ I(p)
is finite. Therefore {a,c) <0 for each ce C; , which implies
that C_ CC. In particular C, is proper and I(P) does not
contain a line. By the previous theorem I(P) is C, —-lower closed,
therefore the inclusion C, C C implies that also I(P) is
C-lower closed , what was to be prowed.

Till now we did not assume any convexity assumption
concerning P. For P with convex valuss some sufficient
conditions for closedness of I(P) could be derived from e:d.sténce
theory in calculus of variation or optimal control theory
(cf. (3] and [14]). In fact the lemma in [14] gives immediatly
the following
Theorem 9, If P(%®) is convex and c!--ed for each t €J, the
asymptotic cone of P(t) is constant ana equal C a.e. in J and
the assumption: sup{p,a) for p€P(t) is bounded by an inter-
grable function for each a € int ¢® holds true, then I(P) is
closed and the asymptotic cone of I(P) is equal C.

Theorem 9 can be obtained also from Theorem 3. In fact
we have the following sharper result.

Theoren 10, Assume all assumption of Theorem 9 exept convexity
of P(®#) . Instead assume that on a set A{J of positive measure

p(e) + c CPpPlt) , tea. (2.10)
Then I(P) is closed 2and the asymptotic cone of I(P) is equal C,
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Proof. From Theorem 7 it follows that I(P) is C-lower closed.
Thus if p€cl I(P), then there is q €I(P) md such that p—q<C.
Let V€K, and I(v) = qo Put w(t) = v(t) if t€ J\A and w(t)

= v(t) + (p-y)sa 1if t€A, where a is the measure of A. By
(2.10), wé€Ep, and I(w) = p. Hence p € I(P) which shows that
I(P) is closed. The same argument shows that I(P) + CCI(P).
Therefore the asymptotic cone of I(P) containes C. On the other
hand as in the proof of Theorem 8 the 0ppositehnclu.sion aan

be established also. Therefore the asymptotic cone of I(P) is
equal C.

Applications %o linear coptrol problems, Consider a linear
control system

x = alt)x + £(t,u) , ‘ (3.1)

where x¢RBP, A is 2 by n matrix and u¢ R®. Suppose the cost
functional is of a similar form, namely

J( (o(8),x(e)) + £, (t,ult)))at . (3.2)
-4

As admissible control function we take all measurable u:J—JR™
subject to constraint u(t) £€U(t) a.e. in J, where U is a given
set valued mapping. The optimal problem we wish to discuss
briefly consists in minimizing (3.2) in the class of solutions
of (3.1) corresponding to admissible control functions and
satisfying the following boundary value condition

X(O) = X, and x(1) = x . (3.3)

The solution to the problem we will call an optimal solution.
Increasing the dimenston by one, we can transform the
problem to the form: the system

7= D(t)y + Plt,u) , ye 2, (3.4)

{a(t),0)
where D(t) :Lb(,_"gj , Flt,u) = (f(t,u),fo(t,u)), the class
L

of zdmissible controls is unchanged, the btoundary value condi-
tion is
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700) = 3, = (x,,0) and y(1)€ {x} XR (3,5)

and the problem is to minimize the last coordinate of y(1)
in the class of all admissible solution of (3.4) subject to
(3.5).

Consider the set, denoted by A, of all points in RP*!
we atbtain by admissible solutions at time t = 1 beginning
at y, for t = O. This is the so called attainable set for
system (3.4) and it is given by

A= { (1) (y, + ‘él Y-l(s)F(s,u(s))ds)'u - admissiolg}

where Y(t) is the fundamental matrix solution of the homogenous
system corresponding to (3.4).

Suppose ¥ is an optimal solution then as is easy to
see Y(1) belongs to the boundary of A. On the other hand
optimal solution exists if the intersection of {;15)(3 with
A is not empty and if the latter set is closed or it is enough
to know that it is C-lower closed for C beeing the positive
half axis of the last coordinate of y.

Now theset A is up to the linear transformation
and translation -equal to the integral of set valued map
P given by

P(t) ={Y_l(t)F(t,u) | ueu(t)}. (3.8)

The inclusion in one way is oovious,in the other some very
mild regularity conditions on D, F and U are needed to en-
force P to be a measurable set valued mapping so that for
each v£ K., there exist an admissible u such that v(t) =

v 1(t) F(t,ult)) a.e. in J . Finally notice that A is C-
lower closed with Cugcscribed above if and only if I(P) has
this property. This,due to a special structure of (%),
namely the last column has all zeros hut the last which is
equal 1.

This discussion indicatea clearly the connection
between the results of this paper and optimal control problems
of the form described nere and others but linear. Consequeantly,
each of theorems given in the previous section can be applisd
to the above probvlem similarly as theorems of the bounded case

are (ef.[9], [10] and [11]).
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In this section we restrict ourselves to one theorem,
an application of Theorem 8,and two examples of classical two
point variational problem ilustrating Theorem 5,

Feeorem 11, Assume that A(t) in (3.1) and b(t) in (3.2) are
integraole, f and fo are measurable in t and continuous in u,
that mapping U is measurable in t, that the set P(t) defined
by (3.6) is cloSed for each t, that for each £>0 *here is an
integravle ‘{?e:J~—)R such that

lf(t;u)l - ef,(t,u) £ ‘Pe(t) it neu(t) . (57)

Under those assumption an optimal solutio:r =xists.

Notice that as in [10] there is no convexity assumption
in Theorem 11 as well as no boundness assumption neither on U
nor on P, but the result applies only to linear proolem. Condi-
tion (3.7) is the so called groth condition. For analogous
existence theorems concerming nonlinear case, but with convexity
assumptions see [3] and (14].

Consider now the two point problem in calculus of
variations of minimizing the integral

fL(t,:‘:(t))dt : (3.8)

in the class of absolutly continuous functions on J with fixed
end points, say x(0) = O and x(1) = 1. Notice that the integ-
rand in (3.8) does not depend on x(t). This‘fthe case when
existence of a minimum follows directly from closedness of the
integral of the set valued map defined oy

P(t) = {_(x,y) | x =u, y = L(t,u), uéR}.

Consider now two examples of the integrand L: 1/2
1) L(t,u) = lul(1 + lulexp(=1ul)),2) Llu) =(1 + u? + Isinulu?)

In both cases L is not convex in u . The set A in Theorem 5

is the set of all (al,az) # (0,0) such that the max(aiu + aaL(u))
for u€ R exists and is finite. In the case 1) A is determined
by the inequality lall & 2 <0, hence A is not open and in

2) by inequality la;1<a, < 0 and A is open. Thus the integral
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I(P) is cloced for the case 2), consequently the optimal solu-
tion exists, while in the case 1) the integral I(P) may me not
closed. In fact, it is easyt.check that infimum of (3.8) in
this case is equal one while for any x satisfying the boundary
condition the value of (3.8) is greater than one. Therefore
the optimal solution does not exist in the case 1).
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l. Introduction
The control optimisation problem considered is:

min V(x_,u) for the linear dynamical system

Ule_yt,]
(d/dt)x(t) = A(t)x(t) + B(t)u(t) : x(ts) = x_ ,
y(t) = c(t)x(t) + D(t)u(t) , : (1)
where V(xs.,u) = IT Fly(t),u(t),tlat + G[y(tf)] 5 (2)

F and G are twice differentiable with respect to 'y
and u almost everywhere on T , with bounded derivatives,

and have zero higher—order derivatives,
and Ig = [ts’tf] .

The first order gradient function (3V/du), or sensitivity
of the performance index on the control function, can be evalu-
ated for a control function u using the following reverse-

time equations:

- (d/dt)Vx(t) C(t)'Fy(t) + A(t)'Vx(t) : Vx(tf) = C(tf)'

(ov/du(t))

Fu(t) + D(t)’Fy(t) + B(t)'Vx(t), te T,

(3)

all derivatives being calculated for the control wu and the

associated response y , of (1).
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In the past,*t:echn:iquesl’z’3 have been developed for cal-~
culating the optimal control function in one iteration as a
function of the initial conditions xs. The computational effort
required becomes large, however, when x has large dimension.

To help overcome this problem, a class of iterative optimisation
algorithm, related to but more versatile than the conjugate-
gradient algorithmh, has been developedS. These algorithms use
only the simple first—order gradient equations (3) but optimise

on a sequence of linear manifolds of the control space of increas-
ing dimensionality. The optimal control belonging to each linear
manifold can be synthesized from the basis-functions spanning

that manifold, as a linear function of the initial conditions
(hence the title of this paper); The paper is concerned with

the determination of the number of basis-functions which are
required to enable an adequate approximation to be obtained to

the optimal control belonging to the (infinite dimensional)
control space U , to which control functions for the above
problem belong.

2. Optimisation on a Finite—=Dimensional Linear Manifold of

the Control Space

Suppose that the linear dynamical system (1) has also the
description:

t
y(t) = 0(tyt Ix_ + Ji Wt 1)ule)ar , teT, (4)
-4

with 0 and W suitably bounded.
On substituting (4) into (2) it can be seen that:

VGEs + bxs,Ti + du) = V(ES,E) + <V_,6x_> (5)

1
+ g <bx_,V_ 6x_ > + fT<V“(T),6u(1)>d1

; _ ; ;

— >drT.
55 ITIT <6u(rl),Vu(Tl)u(Tz)bu(12)>d11dta + IT <6u(1)’,vu(1)x6xs dr.

The optimal control function u* can be obtained as
P T bux s where bux is the function ©6u which mini-

mises (5). Although (5) is a quadratic functional of ©6&u , the
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determination of bux from it is not feasible computationally
because of the infinite dimensionality invelved. Computational
feasibility can, however, be achieved by restraining ©6u to
belong to a finite-dimensional linear manifold of the control
space.

Denote by U(1l,j) the linear manifold of the control space
U which is spanned by the (possibly vector-valued) basis-
functions fi(t), i=142e¢9Js The basis—functions ave assumed

to be orthonormal in that:

[}
(=}
-
"
w
[
-

{7 <fi(t),fj(t)>dt

Denote by U(1,j)" the translate of U(1l,j) along the
initial control function u s sSo that:

U(1,3)" = [u(t) : u(t) = u(t) + s(t) ; se U(1,j) ; t € TI.

A control change belonging to U(l1,j) is then:

pu(t) = F(jy,t)eud , tE€ T,
where F(j,t) = [fl(t) cosse fj(t)] ’
su’ = [6u1 e nlaTe buj]' ’

and is the vector of scalar components bui of the basis-functions
fi constituting the control change 6bu.

Suppose that xs belongs to R"™ and that the initial
conditions of interest belong to a p—dimensional linear manifold
of R" s P £n , which is spanned by the linearly independent
vectors X, € R" , i=1,2, .. ,p. Denote the manifold by X(p).

Any initial condition change of interest can then be written as:

5x
S

xPexP |,

where xP

(X; «eee xp] .

and 6xP € RP is the vector of scalar changes bxi in the

components of the basis-vectors Xi constituting 6xs.
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For control changes belonging to U(1l,j) and initial con-

ditions belonging to X(p) , (5) becomes:

—-— j - — — l
Vix, + ox_,6u ) = Vix_,u) + KV 90x > + 5 <bx_,V_ bx_>
+ <g¥,5ul> + 2 <sud,1(5,5)8u0> + <oud P(5,p)exP> (6)
where gj = I F(j,t)'V dt
T ? u(z) °?

and is the vector of the componentsof fl, cee ’fj present in

the gradient Vu 9
Vi 2 A : :
T(§53) == ITIT F(J,tl) vu(rl)u(rz)F(J’Tz)dtldrz .

and is a j x j matrix mapping changes in the components of
basis-functions f.4, ... 4f. present in the control to changes
1 9

in the components of the basis=functions present in the gradient,

P(j}P) = IT F(j,r)'Vu(T)xdT ’

and is the j x p matrix mapping initial condition changes
belonging to X(p) to changes in the components of £l3 eee fj
present in the gradient.

If T(j,j) is invertible (see 3.), the optimal control

belonging to U(1l,j)" can be determined, and is:
g ’ R . ol | 4
w(0) = W) = PG, 7 () + PGLpIexl (7)
The optimal performance index on U(l,j)" is then:
e 5 - 1
V*(xs * 5XS,J) = V(xs,u) + <V_,6x > + 3 <bxs,Yxxbxs>
j ; csy=lr J 3
- 2 <le? + P(3,p)exP], T(5,3) 7 [e) + P(3,p)exll>, (8)
The construction of the basis=functions fi and the

determination of T(3j,j) and P(j,p) without the explicit
evaluation of the expansion terms of (5) are discussed ins.
For thé purposes cf this paper, however, it is sufficient to

assume that optimisation on U(1,j)" is achieved as sketched

above,
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For finite j , the optimal control belonging to U(1,j)",
u.x, is unlikely to be the optimal control belonging to the
control space, ux. To provide a measure of the closeness of
u.x to ux , we define an g —approximation to the optimal con-

trol function.

Definition For some X the optimal control belonging to
U(1,j)" will be referred to as an € -approximation to the optimal

control function (belonging to U ) if:
lv*(xs,j) & v*(xs)l & g B> B,

where Vx(xs,j) is the optimal performance index on U(1,j)"
and Vx(xs) is the optimal performance index on U , for the

particular xg considered.

This definition seems to be of little practical utility since
the computation of Vx(xs) requires the optimal control belonging
to the control space U , and if this is available there will be
little interest in the optimal control belonging to U(1,j)".

The definition is rendered useful computationally in 4., using

a result of 3.

3. The Minimum Eigenvalue of T(j.j)

For the optimisation problem of 1., assume that:
Fl(y + 8y)(t),(u + 8u)(t),t] = Fly(t),ul(t),t]
1
+ <Fy(t),6y(t)> g <6y(t),Fyy(t)6y(t)>_+ <Fu(t),6u(t)>
+ L <su(t),F_(£)6u(t)> , for all te T, (9)
2 uu
where F is positive=definite and F is non-negative
uu Yy

definite on T. Assume also that ny is non—-negative definite.

Using (9) and the convolution description (4), we see that

Yu(z, dutz,di | 943D ds
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t
-
vu(rl)u(Tz) Fult)olr 7)) + ITa w(t,Tl)'Fyy(t)W(t,Tz)dt
+ D(Tl)'Fyy(fl)D(tl)b(tl,tz) + W(tf’Tl)'nyW(tf’T1)

+ D(Ta)'Fyy(Ta)w(Ta, TB)

where e is the larger of T, and T, ,
B is the smaller of i3] and Ty
6(11,12) is a unit matrix when 71, = T, » and a zero matrix

otherwise.
Then, for a control change belongihg to U(1,j)" of
F(j,t)6ul, we see that:

[Py <6u(tl),Vu(Tl)u(Tz)bu(Tz)>dTld12 <6ud ,T(j,j)oud>
jT <6u(rt),6u(t)>dr 5 <6uj,6uj>
= IT <6u(t),[Fuu(t)]6u(t)>dt
fp <Bu(t),sul(t)>dt
> min  Amin [F_ (t)]
t€T uu
A RN U (10)

where Amin [F (t)] denotes the minimum eigentalue of F__(t).
uu uu
Hence, when (9) holds and F . 1is positive-definite on T,

Fyy is non-negative definite on T, ny is non-negative definite:

1) T(j,j) is positive-definite and therefore invertible
2) the minimum eigenvalue of T(j,j) is greater than or

equal to A* of (10), which is independent of j.

4. Lower Bounds for the Minimum Performance Index

Suppose that the optimal control belonging to U(1,j)" for
some initial condition X is applied to the dynamical system
of 1., and that the associated gradient function, (av(xs,j)x/au),
is calculated. Suppose also that (BV(xs,j)x/au) is exactly
characterised by the components gk(xs,j)x = [0(1,5)
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gj+1(xs,j)x 5 gk(xs,j)x]' € BX of basis=fumctions £1aeeeafy
for some k 2 j+1 , where O0(1,j) is a zero row-matrix of
dimension je. The last of the further basis—functions fj+l’
..,fk s perhaps fj+l if k = j+l , may be defined using Gram-
Schmidt orthonormalisation to ensure that (av(xs,j)x/au) can
be exactly characterised by components of the defined basis-
functions.

Then, from (8), the optimal performance index on U(1l,k)"

is:
Va 8) = VR0x,y5) = 3ideRlx, 305,10 0 g x50
On using result 2) of 3.:
VEGx_,k) 2 VE(x,,d) = 3 <e¥(x_,3)%,85(x_,3)%> / A*
8 Vj*(xs,k) A (11)

ij(xs,k) of (11) is a lower=bound for the optimal per=—
formance index on U(1l,k)" - calculated for the optimal control
belonging to Ull,j)" , k > j.

A stronger statement can in fact be made. Suppose that
optimisation on U(1l,k")" were considered, for k'" > k. The
gradient following optimigation on U(1,j)" would then consist
exactly of the components gk"(xs,j)x = [gk(xs,j)x' 0(1,k" - k)]
of basis-functions floecesfyn since we have said that gk(xs,j)
exactly represents (av(xs,j)*/au). We then see from (11) that:
Vj*(xs,k") = Vj*(xs,k) , so that the lower-bound to the optimal
performance index on U(1,k")" , calculated for the optimal con-
trol belonging to U(1,j)" , is equal to that on U(l,k)" ,

k" > k., Since k" can be made sufficiently large for fl""’fk"
to span the (infinite dimensional) control space with no change
in this result, Vj!(xs,k) of (11) is also a lower-bound to the

optimal performance index Vx(xs) on the control space. Hence

Vx(xs) > ij(xs,k) and:

Remark The optimal control belonging to U(1l,j)" is an
€ —-approximation to the optimal control function (belonging to

U) if:
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‘Vx(xs,j) - V;(xs,k)l £ E .

From the defimition of 2. and (11), we see that the
minimal € for which the optimal control belomnging to U(1,j)%
u? s is an €& -approximation to the optimal control belonging

to U, ux, has the upper-=bound:

E(x_,3)* = 3 < 85(x_,30%, 5x 30" >/ AF . (12)

As j and k increase, allowing optimisation on linear
manifolds of the control space of increasing dimension, we
expect C(x ,J) .to decrease, so that the lower-bound Vx(x yk)
approaches the minimal performance index, Vx(x ), from below.

We have said that the gradient following optlmlsatlon on
u(1,j)", [OV(xs,j)x/Gu], consists exactly of components

gk(xs,j)x of basis—functions f,,...,f

K? i.e. that:

[aV(x_,3)*/0u(t)] = F(k,t) gk(xs,j)*, -

Because the basis—functions are orthonormal, we see from (12)
that:

E(x, ) =3 [ < [V(x_,3)*/8u(t)], [8V(x_,3)*/3u(t) >at/N’
T S S
(13)

(12) or (13) enable an upper-=bound to be efficiently
computed for the minimal € for which the optimal control
belonging to U(l,j)x, u*, is an € —approximation to the optimal
control uJt without knowgng u*, and thus for determining whether
u§ is an adequate approximation to ux. If it is not an
adequate approximation, j can be increased until it is. Care-
ful algorithm organis.:tion can lead to many of the quantities
calculated for optimising on U(1,j)" being used when optimising

on U(l1,j+1)", etc., with computational advantage.

5. An E—( Y- Approximation to the Optimal Control Law

There is little practical restriction involved in restrain-
ing the initial conditions of interest, which belong to X(p)

of 2., to alsc belong to a closed neighbourhood of a nominal
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initial condition E;. The neighbourhood is denoted byﬁiip)

and is defined by:

p
X(p) = [x, : x, =X + &gl X ox ;lbxmlsjéﬁ;l, m= Xooeesply |

A 5
where lbxml is pre-chosen for each m.

Definition Optimal control law (7) synthesizes the optimal
control belonging to U(1,j)" as a function of x . It will

be referred to asenlei(p)-approximation to the optimal control
law which selects the optimal control belonging to the control
space U, as a function of X if the optimal control belong-
ing to U(1,j)" for each xse.f(p) is an € —approximation to

the associated optimal control belonging to U.

It is desirable to determine control law (7) for the
smallest j for which (7) is an Ei(p)—approximation for a pre-—
chesen € , to reduce the computational effort involved. A
simple iterative algorithm for establishing a suitable small
J is next proposed,‘although the resulting j, jp, is not

necessarily minimal.

1) For initial condition is’ determine the jo such that
the optimal control functiog belonging to U(l,jo)", ;;, is an
Eo-approximation to the optimal control function, as discussed
in 4. Denote the gradient function for the control function

- T e bt -
u, by LaV(xs,Jo) /dul]. Go to 2).

2) Set r=1. Go to 3).

3) Equate the control function to ;;.

= A
Perturb the initial condition to X + Xrléxrl, on the boundary
of X{(p). Calculate the resulting gradient function, [3V(r)/dul.
The gradient change caused by the initial condition change

erbgr] is then:
[a7¢( fa:?r[)/au(t)] = [3v(r)/du(t)] - [aV(;S,J‘o)x/Gu(t)], tE€T,

For scme jr (as yet not chosen), the components of basis-functions

fl,...,fj present in the gradient change [6V(’6§r,)/au] can be
r
reduced to zero by applying the control:
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ult) = T Ee) = FG, TG L3 )7 FG_, 1) [av( |6%_| )/8u () Jax.

Denote the resulting gradient function by [dV/3u]l. Then, the
gradient change due to the initial condition change after

optimisation on U(l,jr)" is:

[OV( 6%, | 53, )/3u(£)] = [3V/3u(t)] - [aV(x_,i )*/du(t)], te T.

(14)
If j_ = jr-l is such that:

1 [ <0VC o5, ] 3, 0/8u(£)],[aV( Jok, |, )/0u(t)1>at/A* < €,

< (15)
« Otherwise choose the smallest j_ > j such
r=1 r r-l1
that (15) is satisfied by increasing jr until it is satisfied.

Go to 4).

set jr = 3

4) If the initial condition changes which have been made
do not span X(p), i.e. if r # p, set r = r+l and go to 3).
If r = p, stop.

Remark Optimal control law (7) with j = jp is an Ei(p)—approxi—
mation to the optimal control law determining optimal controls

belonging to U if:

Er of the above algorithm is E/(p+l)2, r = 041,.e4p-

Use of the Remark with the above algorithm enables the j
to be determined for which (7) is an Ei(p)—approximation ' /a

simple and efficient way for any pre-=chosen positive € .

Proof Consider the control function:

u,_p(8) = T(t) = F§,,6)1,,3,) " g -rgF(jr,t)T(jr,Jr)'lx

P(3_plpx,,  (16)
where P(jr’p)r’ column r of the matrix P(jr,p) of 2., maps
initial condition changes 6xr to changes in the componen?s of
basis-functions fl,..,f. present in the gradient, and g‘?’t R%
is the vector of componeﬁts of the basis~functions fl""fj

present in the gradient for the control function u.
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Clearly if uﬁ_p is an g-approximation tg the optimal con-
trol for each initial condition belonging to X(p), control law
(7) with j = jp is also an EE(p)—approximation, since uo-p is
not the optimal control belonging to U(l,jp)" if any jr £ ‘jp’

r = 0,1,...49p=1.
Suppose the gradient following the application of u

o-p
consists exactly of components gk(bxp) € Rk of basis—functions
fl,...,fk for some k > jp and for some choice of f. ,...,fk.

Because the gradient wvaries linearly with the initigtlconditions,

gk(bxp) has the form:
P
EexP) = a6+ S G8x_, (17)
m= .

where Gm € Rk, m=0,1,...yPs
From (12), the minimal € for which Yok, yields an g —approxi=-

mation for some xg € X(p) has the upper-bound:

€(x ,u o i<[p G_6x_J [p G, 6x, I>/A\X (18)
s? o=-p 2 mgomm’igoii ’
where bxo = 1. For all initial conditions xg belonging to i(p):
P P
x 1 A I A x
E(xs ,uo_p) a2 mgo 12;-.:0 Il G, " “Gi" ,6xm| bxil /7\‘ »
19)
A
where ‘6x°|'= AL
Thus control law (7) with j = jp is an Ei(p)-approximation
b 1y K
A
“ Gru lsxrl  TRE |J(2€ K*)I]/(p«»l) B (00 M A 5l
(20)

since then E(xs,uo_ )* < € for all x_€ X(p), which ensures
that (16) is an E-‘-(-(p)—apprqximation.

Consider optimisation on U(l,jo)" for initial condition
X_ . From (18):
s

- *-i” lzl!‘lzx
E(xs,uo_p) = 3 Gol LE V2. S

Hence, for condition (20) to hold for r = O, we require that
E(;s Moo | < €/(p+l)2. Since the control u___ for ;s is the
optimal control belonging to U(l,jo)" for ;s (from (16)), we

require that ‘jo be chosen so that the optimal control belonging

to U(1,j )" for Xs¢ be an € /(p+1)2-approximation to the optimal
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" control. This justifies the above Remark for r = O,

For r = 1y...4p, the gradient function change, following
optimisation on U(l,J )", which is caused by the initial con-
dition change X |6x | is denoted by [aV(lbx |,J )/%ul, of (14).
From (16) and (17), [aV(lbx I,J )/0u] consists exactly of the
components Grlbxr‘e Rk of the basis=functions fl,...,fk, i.e.
[ove|s | ,3 ) /0u()] = Fle,e) 6 _Jex |, teT. (21)

Satisfaction of condition (20) requires that:
2 [ A2 * 2
“ G u | bxrl < 2gN/(p+1)° .

On using the orthonormality of the basis-functions and (21),

this requires that:
A
3 J <OV foX | 53 )/0u(£)],[0V( |ox | ,3_)/0u(t) >at/A* < g /(p+1)?

This justifies the above Remark for r = 1l,...,p, and concludes

the proof.

6. Concluding Comments

In this paper it has been shown how lower=bounds to the
minimal performance index on the control space can be obtained
(when only suboptimal controls are available) and used to
determine the number of basis=functions needed to obtain adequate
approximations, performance=wise, to the optimal control function
or optimal’' control law,

Lower bounds to the optimal performance index have also
been considered by J. D. Pearson ; the developments and results
of this paper are, however, different. Better (more positive)
lower bounds have been determined for both the problem con-
sidered here and a similar problem subject to terminal equality-

constraintss.
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The problem of optimum control of nonlinear systeme
is usually given in terms of a variational problem and hence
the methods of its solution are variational methods. It 1is
shown in this paper that there is a possibility of a differ-
ent /not variational/ approach to this problem:. The method
leading to equations of optimum trajectory presented here
has been suggested by T.Wazewski / 2_/. The present paper
presents on attempt of finding ir this way actual equations
of optimum trajectory and optimum control for nonlinear
control systems.

The method, which is described in detail in further
sections, consists in the following consideration: comsider
a control system and some restrictions imposed upon the
control vector which define the so called control domain,
On the basis of the equations of this system one can find
the orientor field N associated with this system. One can
determine the convex hull /enveiope/ E of the orientor N
at each point of the (x‘t) - gpace /where x 1s the
vector of the state ot the system end ¢ the time/. The
field E (x,t) can be interpreted as a family of convex
cones in the (x,t) space, This family will be treated as
a family of Monge cones of soms first order nonlinear
partial differential equation. Tkhe boundary of the emission
2one of the point Po which represents the initial condi-
tions must satisfy /according to / 2_// this partial dit-
ferential equation and the cptirum time characteristics
of the system extending from the point Po’ are at the same
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time the characteristics of this equation, The problem thus
consists in findlng the above-mentioned differential equa-
tion determining its integral surface and its characteristics.
The application of the method of characteristic strips
permits a reduction of the problem to a system of equations
of the type of Hamilton equations /rigorous definitions of
the sets N, E and Q as well as of the orientor field are
given in Ret. [ 2_7/.

When going over to actual equations and restricting
conditions ocourring in real control systems this method
becomes more complicated owing to discontinuities appearing
in the structure of the sets A aud B, It turns out that
the family of cones, obtained by forming the sets N and E,
usually consists of cones whose lateral surfaces degenerate
to a finite number of rays. The difrerential equation cor-
responding to such a ramily or Monge cones does not satisfy
the assumption of continuity with respect to the partial
aerivatives appearing in this equation, This rules out a
direct application of the method of characteristic strips.,
To apply this method it is indispensable to introduce the
concept of distribution and distributional derivatives

/et €e8e [5_7/.

In the following considerations we shall look for
optimum control signal for a system described by the fol-
lowing set differential equations,

xi = fi (xigooo’%. uigoloo’ns. t) 1
ia= 1...,‘:
whioh in vector notation 1is written as
x=1 (x 0, t) 1a

where X 1is a vector funotion x(t)= (x1(t)1""xn (t))
and analogously u (t) = (“1(t)""’“l (t)) . The function
f 1s a vector function with the componenents ri,...,tn
and depends on n + 8 + 1 variables: XyreeosXp s ui,..,u’p.
The functions x, () seeer x5 (t) will be called coordi-

Astew of the system whils 8, (%);...,a,(t) ceatrel functiess
or simply eontrel.
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The investigated system satisfies the follewing assump-
tions,

Assumption I

The fumctions

ti (xiptoo.. %| uipoooog usg t)
1= 1500090

are defined in a bounded region 52 in n + 8 + 1 dimen-
sional space. They are continuous and bounded. The functions
Uy (t)yeeee, Uy (t) are measurable and bounded for all

t > 0. The control vector fulfils the relationship

u(t)e C(x,t) where C(x,t) 1is a set which will be cal-
led in further consideration the control domain, It is assumed
that this set is contained in a s-dimensional sphere with a
constant radius, is defined for all t, x , and chwages
continuously depending on t, X,

Let us also assume that optimum control for the system
1 1s tendor control /which is a generalization of the
"bang-bang" control/. As it is lmown from Ref./ 4_/ this
assumption is equivalent to the following assumption:

Assumption II

For arbitrary x’ and x* the following inequality
holds:

£ (=" u t) - 2(x", u, t)[{w(Ix- x"1, t)

where w ( v,t) is a function of the coordinates v,t such
that w (v,t) 2> 0 and the equation v 2w (v,t) has a
single solution v = 0 passing through the point (0,0).

We shall now determine the optimum trajectory and
optimua control for a controlled system satisfying the as-
sumptions I and II, The calculations are performed first
for a tmo-dimensional system /for the sake of clarity/ and
then generalized for multi-dimensional systems, Consider
the following for of the equations of the system
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x =1, (x5, x5 uy, 0, t)
X = 1y (3, Xy uy, u,, t)

The control domain is given in the form of a set to which
there belongs a vector u (ui, uz)

2

u € C(x, x, t)
Let us now determine the orientor field associated

with the system 2 . For this purpcse let us perform the
transformation

vy = 1y (= Xy ug, uy, t)

va = 1 (xy X 9y, 6y t)

if now a, and a, take all positions in the set
c (xi,xz,t) then v, and v, will take the values forming
some set N (xi,xz,t) « This set defines the orientor field
associated with the system 2 ., We shall now determine the
convex hull of the set N (xi,xz,t) , E = env N and the
tendor Q(xi,xz,t) of this set.

Let us now consider the general case when the set
Q (xi,xz,t) consists of points of some curve /depending
on t/ as showmn in Fig.ia. Suppose that this curve can be
described by the parametric equations

h, = hi(xi’ %, t, w)
h2=h2(x1’ X,, t, ')

where h:l and I:n2 are coordinates of points belonging
to the set Q (xi,xz,t) and w 1is the parameter. After
going over to tendor control the orientor condition has
the form

xe Q (xl, x,, t)
Thus the set Q (xi,xz,t) defines some set of directions
in (xt,xz,t) - gpace which can be written in the form of
a set of direction numbers
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( hi( xi,xz,t,v) v by (xi,xz,t,v) " 1) 5
where w e [a, b /.
One should find now such nonlinear partial differential
equation of first order that the set of charaoteristic

directions for this equation would coincide with the set 5 ,
Ve shall look for this equation in the form:

F (xitxzotopippz) =0 6
where
i i A
o SO} 7 P2 = Rx,

The set of the characteristio directions of Bq., 6 has
the form

(p”:' Pl’z' piPp # szp 7

where Py and p, may take arbitrary values satisfying the
relationship 6 at each point (xl,xz,t) +« The comparison
of the coefficients 5 and 7 suggests that Eq. 6 has
the form

F = pyhy (240350t % )+ Pohy (34,3 t,w) =120 8
where w 1is some function of the variables X0 Xy t,
PyiPye To determine this function we write explicity the
direction numbers of Eq. 8

3h 3h,
il
(B + 2y 29, ' P2 ap"“”:T‘t apz

ah ?h dh

2F ‘aSineg| 2 %
» 1= Py R Tz P2Py axs1 Ta apz) -
It is seen that the sufficient condition that the set

of direction numbers 5 be identical with the set 9 is
that the following relctions nnst hold simultaneously

Py 51’1 P1
=2 _,5_2 =
Py B Ry THS T O
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that 1is

n
©

Sk Sh
("1 —F * Py "5?&)%';:

Bhl Bha ow
("1 2w T P a-) )

The latter system of equations is fulfilled when

2h ?h 2 2
P, ~met 4 By, —xzE =0 or (—%—;-—1-) +( 2;2)50 10

The relationship 10 permits the function w (xi,xa,t,pi,pa)
to be determined simoe the functiions h1 and h2 are knowm,
After substituting into Eq. 8 in place of w the function
of the variables xi,xz,t,pi,p2 found by means of Eq. 10 ,
we obtain the equation of the boundary of the emission zcne
of the control system 2 :

:

F( xioxzotopispa) =

*
=F (xi,xz,t,' (X4sXp0tsPy,sP,)) = O 11
The emission zZone of the point Po is the characteristic
conoid of the equation 12 extending from the point Po.

It should be pointed out that the systems under conside-
ration satisfy both assumptions I and Ii, and hence their
quasi-trajectories are equivalent to the trajectories of ain
reachability /in the sense of the definition I from Ret./ 4//.
Thus when we 1limit our considerations to the aim reachahility
defined in this way we can regard as valid for these systems
the theorem /3%7/ from Ret./ 1_/ which holds for permanent
orientor fields. According to this theoreq the trajectory
reaching the aim incotimum time /hitting it at the boundary
of the emissigﬁggone/ lies complectly on the boundary of
the emission zone. Hence it follows that the optimum trajec-
tories lie on the boundary of the emission zome and thus
the characteristics of Eq. i1 are optimum trajectories /or
quasi-trajectories/ of the system 2 , and conversely, all
optimum trajectories of the system 2 are characteristics
of Eq, 11 . The non-optimum trajectories obtained for control

i e e
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signal u € C (x,t) may be interpreted as Monge'g 1ines
of Eq. 11 . All such trajectories 1lie inside the character-
istic conoid of this equation.

Let us now consider a special case which, however, is

of great practical importance. Let us namely assume that

the set Q (x,t) cannot be described by means of equations

4 under the assumption of the existence of partial derive-
tives -i%%l. Let us take into consideration the extreme c.ade
when the set consists of a finite number of points /Fig.1b/.
This can occur when the control domain will have the shape

of a n-dimensional cube. The set Q (xi,xz.t) can then be
described by means of Eqs. 4 , the functions hi(xi,xz,',t)
and h, ( 1,x2,w-t) being discontinuous with respeot to

the parameter w . These functions /h and hz/ can be written
in the following way:

P°i1 (x40%50t) LA RS A
°jz (x10%50t) e M ST SR
ny = {7 12
o5x (X31%5t) M S WK

where k 1is the number of points belonging to the set

Q ( 1,xz,t) , i = 1,2, We shall now assign to the funotions
h1 and h2 the corresponding distributions h1 ’ hz with
respect to the variable w. Thus there exist the distributio-
nal derivatives

h. k
gl 5 - 0 i
3% 2 (08, ghal o4, 5) Pma )i, odTektia 1
J=1
where Cf(w-wJ) is the distribution corresponding to Dirac
d -function. The formulae 5 and 10 hold for the distribu-
ticns h: and h; « After substituting the derivatives 13

foroula 10 becomes

K
Z; [Ps (°1,3417%1,9) * P2 (°2,3+1’°z.3)] I(wwy) =0 1

It can be easily siwa that the last equalisy is fulfilled
when: '
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n
v yT-l; [H (°1,5+1701,3) * P2 (03, 54402,3) - 'J]
15

where °1,J " ¢=2“1 and w are functions of the variables
xi,xz,t. Thus this formula defines the function

w (xi,xz,t,pi,pz) we look for. It should be pointed out that
from Eq. 15 results Eq. 14 but, not converselly. Eq. 15
gives one of the possible forms of the function w. Really
important are only the zero points of this function since

the function appears in the equation of the boundary of

the emission zone in the argument of the sign or ¢ -function,

According to Eq, 8 the equation of the emission zone
boundary of the investigated system has the form:

P, (xi.xz,t,w) + Pohy (XXt W) - 120
Substituting into this equation in place of w the function
of the variables Xy Xy t, Pys Py which we have found in
prior considerations, we obtain the following form of our
equation: V

P (xinxzvttpivpz) A pihi[ x1:xzvt" (xioxzitnpinpz)] +
+ pghg[ xisxzs t,w ( xioxzntspiopz)] 16
The set of characteristic directions of this equation has

the form:
(hi [xioxzvtv' (xioxzo tppirpz )] » ha[xioxavt" (xitxztt’p1'p21‘)‘i)

and thus coincides with the set Q (xtxz,t)_detined by
Eqs. 12 . Eqse 12 =~ 16 hold also in the case when
Q (xi,xz,t) consists of an infinite number of points.

The method of determination of the equation of ~mission
zone boundary can be generalized for multi-dimensional systems,
Consider a system whose equations have the form

ik = fk(xigloco' xn, uitoooo, usi t) 17

where n » 8, k =4,..., D,
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For the solve of simplicity let us assume 8 =n
/the vector u (ui,...,us) can be extended to n-dimensions
by assuming U4 Neleler u, = o/.
The equation of the control system can be written in
vector notation: .
x=1 (x, u,t) i8
where u € € (x,t) .
Now we find /in the way described above/ the orientor
condition associated with the system 18
x € N (x,t)
Next we determine the tendor Q ( x,t) of the set N (x,t).
The set Q x,t) consists of the points of some /not neces-
sarily regular/ n-i - dimensional hypersurfaoe. Let this
hypersurface be described by parametric equations /in
analogy with Bq. 4 /:

hk’ hk (xigooo;o. xh""i”""‘n-i) 19
where W,,..., W, _, are parameters ,k=1,...,n.
and W (Wo,.ee0,W )€ A(Xt),

The orientor condition for tendor control has the form
x € Q(x,t) 20

We look for a form of the partial differential equation of
the emission zone boundary analogous to Eq., 8

F = iii pihi(x,t,w) -1=20 21
where w is a vector function w (x,t,p) and
dt

P=p(Pgseeecsny) P=3xc K=l

The function w (x,t,p) must be chosen to satisty
the following relationships:

2
a dhj B (oW \'_
31, AL > \—=3zt) =0 22
5 Pi oy R - ( Pk)

where j = 1,...,0-1 , W taking all positions in the set
A (x,t) at each point (X,t) .
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The function w (x,t,p) found on the basis of Eq. 22
is substituted into Eq. 21 and thus the equation of the
emission zone boundary becomes

n
V= 2 p;b; (x,t,w(x,t,p)) -1=0 23
1=

It can be easily checked that the set of characteristic
directions of this equation is identical with the set of
directions defined by the orientor condition 20 . The
characteristic directions of Eq. 23 have namely the form:

a1 o '3h- Oh, Ow
k

h, + / P; ————rrl h + Z Z ——) 0O
( 1" %= =1 o 31’1 . 1 =Tt 9% 9P,

n-4 n dh: 2w : n-i n ’ahi W,
coey B4+ Z Z P; 3':3—’:'. 1—ipdizpi3wk BPJ)

k=1 1i=1 J=1 k=1 1=1

24

where w € A (x,t) . After taking into account Egqs., 22
these directions'are reduced to the form

(Byseeeey Byy1) 25
and thus are identical with the set of directions defined
by the condition 20 . Eqs 23 1s thus the equation of the
emission zone boundary of the point Po for the system 18 .
This zone is the characteristic conoid of Eq. 23 extending
from the point Po.

Example

Consider a control system described by equations:
iy 5 2
Ey %y

26

-eoen

.ﬁ’ a tp(xi,....,xn,u,t)
where u 1s a scalar , |u] 41 .

Assame that this system satisfies both assumptions
I and II, We form the orientor field associated with this
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system . For this purpose we perform the transformation
Yy W%y
e

27
vw=¢ (xi,...., %,u,t)

When u takes all values from the interval / -i,+1_/
the point v (vi.....,vn) takes positions composing the set
N (x,t) « This set has the shape of a unidimensional 1line
segment in n-dimensional space, since only one component of
the vector v changes with changing u . The tendor Q (x,t)
of the set N (x,t) thus consists of the points:

P, (xz..}'... X s n:x ¢ (XgsoeeerXyot,t))

28
Pa (Bgreeess T 2t ¢ (3g00neimoust)
The set 28 can be described by the parametric
equations 19 , the functions hJ having the form:

hy =x

hy = x5

. 29

Bpo1 = Xy

B = 1(my) Py (Zpreeeesmpet)
*(om) b2 (xpeeeomt)

where
¢1 = ﬂ:x (f ( 81,....%.u.f-)
s v (o
1(w1) - Heav side unit function /step function/

The paranmeters WoveoesWy g are now made dependent on
the varisbles xi,xz....,ﬁ,t.pi..;,pn in such a way that
Eqs. 22 would be satisfied. Wi;--..,w, do not appear
in Eqs. 29 and we can thus assume
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= eece =W -1= 0

" n

2 =

Eqs. 22 reduce in our case to the form

)
Py -7T;E = o0 30

i 3“n

The distributional derivative > has the form

2
'E:h' = d(w) (¢4~ ¢5)
Thus Eq. 30 holds if

'1(xi,....gxnotvpinoonpn) = pn
The equation of the emission Zone boundary for the
system 26 has according to 23 , the form
F = pyXpteeetPy K +Pp [1 (py) ¢1 (xi.....,xn.t) +

+1 (-p,) ¢2 (xi,....,xn,t)] 31

In the case when the function (f in the system 26
is monotonic with respect to u , Eq. 31 can be written
in the form

F = p122+...+pn_1xn+pn[ 1 (pn) (f(xi,..a'.'.%.i,t) +

+1(-py) (F(xi,....,xn,-i,t)] 32

Note that in the last equation the vector u does not appear.
The control vector u doea not appear in Eqs. 19 - 23
either, Therefore the method presented in this papar will be
called, according to the suggestion of Wazewski .

Determination of optimum trajectory and optimum control

To determine the time optimum trajectory of the control
system 18 one should find the characteristics of Eq., 23 .
We shall apply the method of characteristics of Cauchy. This
method can be applied when the function F appearing in
Eq, 23 has continuous derivatives with respect to will
variables, In general this is not the case in practice, which
results in the necessity of making use of the concept of
distribution. In connection with this we shall &ssign to the
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function F and to all not differentiable functions appearing
later, the corresponding distributions which we shall denote

by the same symbols as the functions considered. After
obtaining final results we shall go over to the values of
_distributions appearing in these functions,

Let us thus apply to Eq. 23 the method of characteristic
of Cauchy, Cauchy’s equations for Eq, 23 are:

b g I TR ey -
ds ’api ds axi P ot
n

at _ oF
ds ; pJ BPJ
where i = 1,2..;n , and 8 1is a parameter,

The last of Eqs; 33 permits the parameter s to be
F P
eliminated since Py ~2p. " 1 . We thus obtain a system
=1 J pj

of 2n ordinary differential equations for 2n functions
of time: xi (t) '6o‘o.xn(t). Pi(t) ......pn(f-) :

e OF s OF AF
b e T 7Y ¢ sl Wl T g >

Eqs. 34 describe the optimum trajectory of the system

18 in (xi"""’h't) - space., This trajectory is uniquely
described by giving the coordinates of the initial point Po
and the coordinates of the aim g (gi,....,gn) . Here again
appears the two-point boundary value problem, similarly as

in equaticns obtained by means of variational methods. This
problem consists in the fact that in of the boundary
conditions of Eq. 34 are given at the beginning of the
trajectory in terms of the coordinates of the point Po
while n are given at the end of the trajectory in terms

of the coordinates of the aim.

Knowing the optimum trajectory we can determine the
optirum control signal uopt (t) by substituting the determ-
ined function xopt (t) into the equation of the system 18.
We can also determine the dependence between optimum control
signal and tke vector p (t). For this purpose we can make
use of the knowledge of the depciidence of the vector

Il(hi,....,hn) , Which takes the positions of the set Q (x,t),
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on the vectors x and p /see Eqs. 19 - and 22 /. The set
Q (x,t) has been obtained by making use of the transforma-

tion

v =t (x,a,t) 35
which is analogous to the transformation 3 . Let us now
focus our attention to the fixed point P of the (x,t) -
space. The transformation 3 assigns at this point to each
valune of the vector u a certain element of the set Q(x, t)
and thus also a certain value

h (x,p,t) = tl(x,u,t) 36

In the case when the transformation 3 has ea inverss
we can find on the basis of 36 a unique dependence

Q= n(x,p,t) 37

In the case when the transfomationsshas no inverse the
function u (x,p,t) is not unique which means that there
exists more than one control signal “opt(t) giving the
optimum trajectory.

Example 1

Let us determine the optimum trajectory and optimum
control signal for the system 26 . The equations of the
optimum trajectory for this system are readily obtained
by writing down the Cauchy equations for Eq. 31 :

Lo bl Sast
i: = 1(p,) Py (xyreeecrzgit)+
+1 (_'Pn)q)z (xi.....,xh.t) 38

Py = Pp [i(pn) %%: ('pn)-%]ﬂ’k—

where J=1’ oo.’n-i H k= 1, eoceyld } p°= 0.

From the transformation 27 we obtain the following
form of the relationship 36 :

.by =X
bp_y=Xn

by =¢ ( x1.....,ﬁl,ll,t.)
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After substituting for h1’""'hn the values of 29
and taking into account the fact the w = P, we obtain the

equality:
1(py) Py (xgaeievazyot) + 1(-2,) P, (xg0e0eerxyot)

= ? ( xi. ooo‘;v.&’n.t) 39
and thus
ul ( X .o;;o’ .t) ) J < 0
P B 1 *n n L
n. (xi,.'....xn,t) Pp > 0

(4

where u’ and u’ denote the values of the control
signal u for wkich the function becomes maximum and
minimum at the point (x,t) » respectively. In the case
when (P is monotonic with respect to u for all x,t ,
the optimum control signal must satisfy the relation

ua = gign Pn 41
Example 2

Consider a system described by the equatim
X +m, +X=0, 42
which 18 equivalent to the system of eguations
ik 43
= uy- xu,- 1, = @ (x4035,uy,0,)

MHe M

where
lag] €1, '“zK 1

When writing down the transformation 3 <for this
system we come to the conclusion that the set N (x,t) in
our case 1s a line segment. Thus the set Q (x, ) consgists
of the ends of this segment, i.e., the points

(x s ':'“(‘f))

%4

(%20 , =2 ()
i :

44
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where
u‘“:(‘i’) vk Bt e
172
u-iﬁ(‘f) =-1-X,=-x
172

Eqs. 4 Dbecome
h = x,, h, = sign w1+ ile)- x,

while from Eqs. 10 it follows that
dh

p., ——=4

2 Ow
Hence we can conclude that w = P, and thus the equation
of the emission zone boundary is

F=p3x,+D, [s1en P, ( 1+x2) -x;] 45

=0

The Cauchy equations are in this case the following:

X =% X osim p, (1exp slen x)-x
Py = =Py 1.32 = =P, sign p, sign x, 46
Optimum control signal can be found by means of Eg' 36

sign p, (14X, sign X,) - I, = 0 -Xu,= X,
and thus ‘
u, = sign p, u,= sign (xz)-sign (ry)

The formulae obtained by means of the method

described in this paper are relationships between distribu-
tions assigned to the corresponding functions /cf.p.15/.
To obtain the values of this functions one should go ever
to the values of the corresponding distributions, This is
possible since the distributions obtaincd have some values
at all or almost all points of the regions considered.
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O MHOI'OWAT'OBBIX WUI'PAX

A.U. IDpomnoi

MHCTUTYT aBTOMATUKM ¥ TeleMEXaHMKN /TeXHU-
9ecKoff KuGepHeTUuKu/
Mocksa /CCCP/

I. B HacTODAmEM AOKNaZe MPUBOZATCA HEKOTOpPHE Pe3yabTaTH
13 Teopud MHOIONATOBHX MID, T.€. TaKUX, B KOTODHX MOBEAEHME
UI'POKOB OMMCHBAETCA Pa3HOCTMHMU ypaBHeHMsAMHU. PaccuaTpuBabmTCA
pa3nuyHHE MNOCTAHOBKM MHOTONATOBHX MI'D U- COOTHONMEHUA MEXAY Hu=
M. JlaHH yCJNOBMA ONTUMANBHOCTM AJNA UI'P, MMEDOUAX CEAJIOBYD TOY=
Ky. [IpuBOAATCA YCHAOBUA ONTHUMANBHOCTM ANA BHYMCIEHUA HUXHUX U
BEpPXHMX TpaHUI KayecTBa MUIPH OpU pas3nuvHofl creneHu uHPoOpMUpO-
BaHHOCTHM MI'DOKOB O XOZe HI'PH. B 3aKNIDUEeHMEe aHANOTUYHHE pe3yib-
TaTH QopMyaupynTcA ANA AUpPepeHOMANBHHX MUID.

2. [lycTs noBezeHUe UI'POKOB OMMCHBAETCA PAa3HOCTHHM ypaB—
HeHueM BUZAa

Loy = A%k, %, %) (K=07.., N-1). 2.1/

17 I
31ech BEKTOP &L, ={St,,, Pah iy onmpezeNnfeT COCTOAHWE WUIDH,

4
BERTOPH Le={2%y,..., Wi}, Y={¥4T, ..., U5} - ynpaBuaaomue Boszei-
crBud 4 I u II urpokoB Ha K - oM mare.-Urpok I MoxeT BHGOHU-

paTh 3HaueHus (., U3 sagaHHoro mpozecrsa (J :

w.e (S  (k=a941.. N1 j2.2/)
a urpox II - VY, - Hs KHOXECTBA V 9
el (k=a1 .. N-1). /2.3/

Yycno waros B Mrpe MpeanoanaraeTci QUKCUPOBAHHHM 3apaHee. Ha-
YEeCT50 UI'PH OLEHUBAETCA QyHKUIMOHANOM BUAA

A-1
J =Pz + 2. flamn ng
k=0

npuyey Urpox I cTpeMUTCA MAKCHMU3UPOBATH 3HAUEHME QYHKLUMOHA-
za J , a urpox II - ero MMHUMU3MDOBATE.

B rampuefimer OyZAeM MPEAMONAraTh, 4TO nuoxecTBaU a V
KONRaKTHH, & @*{qum& /;-(x, 2, V), ?(x) (j=01..,4%)
Henpepusie anpdepesuupyenn Ha S A Al .

Hasosey MOCTIELOBATENBHOCTU Z¢ =4 2, Uy, ..., Un-rf,

U= {0 U, ..., Un-0 4, x:[x,...J;L}COOTBeTCTBeHHO ynpaBaeHUueM
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I, II urpoka u TpaexTopuel urpu. /Laxoe ynpaBleHMe 4acTO Ha3H-
BapT NpPOrpaMMBEHM/. UYEBHUZHO, i =] (X, &, V) @

Kpome TOro, BBEZEM MOOCIENOBATENBHOCTH QYHKLuUM
u(l',.z:) :{a"{zojy ceay Upyy (’tﬂ-f)} ’ U.(k,-'l) :'{U;(Xo)y i) LA (xﬂ'i)}’
KOoTOpHe Ha3oBeM cuHTe3oM urpokoB I u II. [locreznoBaTenbHUCTH
w(kx), v(k,z) upM 337ZaHHOM HAYaJBHOM COCTOSIHMM TaKXe M0Ja-
HOCTBHD ONpeAenflnT MIpomecc: 7?](%, w(kx), v(kx)) .

B 3aBUCHMOCTs OT CTENEHW MHYOPMUDUBAHHOCTH MIPUKOB O x0—
e MrpH MOXHU DAacCMOTDETh CleAyDmUe 3azauM.

Sazava I. aonycTUM, 4YTO NEpeX #AY4NOM aI'pH urpuky I cra-
HUCHUTCA MSBECTHHM yhpasjeHne % urpoxa I. B aro#t curyamun
Baunydmu#t BuXox AnA Mrpoka I cocTouT B BHOOpPE TAKOr'o0 ynpasie -
HUA « o KOTOpoe ofecrneyuBaeT

mzf.x 7»;._:."1, J(xo' u, v) = w,'(:co)‘ /2.5/

/llpE 3ToM HEABHO NpexnomaraeTcsa, YTO Urpok I mNpuUMEHAeT mporpau-
MHOE ympaBleHMe & o a He cuHTE3 (K, x) , T.e. HUKAK He
MCNONB3yeT TEKYNyD MEQOPMANUD O COCTOAHMM UrpH/. BuSupas rta~
KOe ynpaBieHue, Urpox I rapaHTupyeT ceGe 3HaueHue QyHKI4AOHANA
J= wy s Kakoe OH ympaBieHue U~ He BHOMpaNl WUI'DOK
IR GF W, - HUEHAA IapaHTUPOBAHHAA OLEHKA KauyecTBa “I'PH ANA
Arpoka I npu NporpaMMHOM yNpaBIEHHUH.

AHanmoruyHHM 0Gpa3oM ompenendaeTCsa BEPXHAA OMEHKA UIDH
u{f(a;) /cnyudait, xorsa urpoxk I MOReT 3HATH 3apaHee ympaB-
neHue ¥~ urpoka II/. Takad WHPODMMPOBAHHOCTH MTpoka I mpuBO—

AUT K HAXOXZEHUD

m;n "1‘—21-5t \-7(‘1'0, L, v} il w:-(zo 5 /2.6/

3azaua 2. [lycts Tenepr urpoky II B xOme MIpH Ha KaxzoM
mare CTAaHOBUTCA M3BECTHHM TEKYLiee COCTOAHUME UIOH L, U
ynpaBaspmee Bo3zelcrBue urpoxal ¢, ; urpox xe I 3HaeT TONB-
KO Ux . B aTolt cuTyanuu HeTpyAHO MOKa3aTh, MHAyKuUMEll Mo wa-
raM, HauuMHas C MOClenHero, 4YTo Hauiaydmee MOoBeneHMe urpoxa I
COCTOUT B BHOOpDE TaKOro ynpaBleHMUA & , KOTOpoe ofecrneuiiBa-

eT

. . 3 = +
maxrmer max nmuee .., PAax i 7(xo,u,v/—«ﬁ(1;}/2.7/
U, Yo U, 7, Up-g -1

Ecniu ®e HaoGopoT, Mrpok I MOEeT moaydaTh MHQOpMALUK He
TOJNBKO O TEKYWEM COCTOAHMM UI'PH X o HO U OC yIOpaBIAwzeM
BoazeiictBun Uy  urpoka II, TO OH MORET BHGMpaTh ynpaBie -
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HUEe, TapaHTHpyDEEe

, n : J Dy ¥
mipmax r;:«..n:x f-é:n '::»: (X, V) wl(z,) j2.8/
3azava 3. llpeanonoxuM, 4YTO Neper HavaloM UCpH urpok II
3HaeT CUHTe3 u(k ) urpoka I, T.e. npaBuna, MO KOTOPHM MI'DOK
I BuGupaeT ynpaBaaouue BO3ZeHCTBMA &, B 38BUCHMOCTM OT CO-
CTOSHMA WIPH X, /4, BooOuE TOBOPH, OT UdCHa WaroB &K /. B
3TOM ciayyae Mrpok I pmomxeH Tak BHOMpPATH CBO# CHHTE3, YTOCH
o0ecnevyuTs

g s 2 bt
Zpan mine S0, SR Y <7 (). R

(W3 (%) - HurHAA OUeHKA KauecTBa WIPH ANA MIpoKa I, ecau

OH MCNONB3yeT CHHTE3. BepXAAA OLEHKA w; (%,) onpexensercs
U3 pemeHus 3azavd

Micn max J x, ukx) vkz)) = w e .
v(‘;l) w(kx) ( o, ’r 4 }] 3 (%)_ /2 Io/
3., JCTAHOBMM COOTHOMEHMA MEXAYy 3aZavaMu Ta=wdk Ana aroro

BOCIONB3yeMcs uanecmmimu M3 TEeopUM OAHONATOBHNX MIP COOTHDmEHU-
fAiMM /cM., Hampumep, - /i

max min P(x,u V) <min max YT W) 3.1/

w(x) viex) V() w(x0)
max min O(x,u, V) = min max rxwy) 3¢/
w(T) y(u,x) & J V(u,x) «(x) A /'

CMpaBEeANMBHMU AJNA JOOHX HEMPEPHBHHX QYHKUMA ¥ OrpaHMYEHHHX H
' 3aMKHYTHX ofnacTed u3MeHeHMa « u U .,

HepaBescrso /3.I/ o3HavaeT, uTO BuMrpum urpoka I B cay-
yae, KOTZa €ro BHOOD L M3BECTEH MPOTMBHUKY, HE MOXET OHTB
Gonble BHATpHENA B clyyae, Korza, Hao6opoT, Wrpox I uoxzer
3HaTh BuGOp urpoka Il. PaBeHcTBo /3.2/ o3HauaeT, 4TO onmeparo-
PH max U /dim  KOMMYTATUBHH, €CJIM NPM 3TOM MHEODMUPOBAH-
HOCTH UI'DOKOB O pelleHuu MPOTMBHMKA HE MEHAETCH.

[lpurenas k 3agavam I-3 gooruomeuua /3.1/, /3.2/, uoxHO
IOKa3aTh CHAEAYOLYyD TEeopeMy .

Teopeua 3.1. lpu cAENaHHHX NPEAMONOXEHUAX OTHOCHTENBHO
yCNOBMA 3aZay ANA JM0O0O. 0 HAYAJBHOTO COCTOAHMA X, CHNpaBEANH-
BO

- - +
Wy (o) =y (x,) Wy (X,) = W, ()

/3.3/
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wWlz,) < wi(x,) < wfra,) < w, () /3.4/

rae wf—/xo) (/ =7, 2,3) naxogarca u3 pemexrus sazay I-5 B cu-
1y ypaBHEHA# IBuxEHMA /¢.1/ upa orpaHuvenusx /2.2/, 62.3/.
Takxe HETDPYAHO yCTAHOBAUTH CAEAYDUMUM PE3YyABTAT .
Teopeua 3.2. JnA INOHX HaYalbHHEX COOTHONEHHMIl CNpaBEANMBH
paBeHcTBa

max micn .] = max Rin c7’
wlkx)  ar(x,x) w(kx) U
, ) /3.54
mivn max J = min max ..7
v(kx) 2 (k,x) 7(kx) o« ’
max t7cn \7 = tax* mdin .7’
4 O . v(kx)
: : /3.6/
mwn miax .7 = mrcn rax
.. & v u(kx)

CooTHDmEHUA /3.3/ MOKa3HBaWT, YTO 3afau# 2 ¥ 3 ABIADTCH,
M0 CymecTBY, Pas3MMUHHMU QOPMYAMPOBKAMU OZHOA 4 TOH Xe 3azavd.
llosToMy B AMHAMAYECKUX UIDAX HYXHO DA3juyaTh ABE OCHOBHHE UI-
pH. B nmepBoit urpe, KoTopyn GyZeM 0GO3HAYaTh qepea/;(zo, xu, v)
MTDOKM BHOMpAaNT CBOM yNpaBJIeHUA 3apaHee M HUKAK He MUCMONB3YDT
TEKymyo MHPOpMALMD O XOAE MIPH; 3TO, MO CYWECTBY, CTATUYECKAs
urpa. Bo BTOpO#t urpe /;(zq u(kx), v(£ x)) UTPOKM OMpenensi-
OT CBOe MOBELEHME B 3aBUCHUMOCTM OT Xo0za Mrpu. CooTHOWEHUA
/3.4/ = /3.6/ NOKasuBapT, YTO B 3TOM Clyyae MIPOK I, Hampuuep,
MOZET MOBHCUTH KauyeCTBO CBoeil UIpH, HE3aBMCHMO OT MOBEZEHUA
NpOTUBHMKA /NPUMEHAET JM OH TOXE CHUHTE3 WJIM MCIONB3yeT MpOrpan-
MHOe ynpaBiaeHuMe/. 43 TeopeMh 3.1 HemocpeACTBEHHO BHTEKaeT
Zeopeua 3.3. IlycTh urpa /;(‘1'0, %, V)  MMEET CELNO0, T.C.
max min J = minmax <7
174 v (2 73
Torza urpa /;(r.,,u(",x’), ¥4 x)) rakEe mMeeT CEANO, T.E.
miax rmcn J = i max .7
u(Kx) ¥(kx) v(kx) «(k,x)
OopaTHOe, BOOGmE I'OBOPA, HEBEPHO.
N3 3TOif TEOpeMH CcleAyeT, YTO MPOrpauMHOE ynpaBleHUe 3K-
BUBANEHTHO CUHTE3Y TOJNBKO €CJU CYmECTBYeT cCeijloBag TOYKa UI-
pH /; , UTO, MO-BMAM{OMYy, PEAKO BCTPEYAETCH B DEaNBHHX KOH-

BAMKTHHX CATJauMAX. B GONBAMHCTBE X UIP v, 3HAUNTENBHO
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donnme . [losTouy ucnomesoBaHue UrpokoM I cuHTE3a YacTo
yayumaeT KadyecTBO €r0 MUIpH.

4, NlepeiizeM K FCIOBUAM ONTMMANBHOCTM 3azay I-3. unA aro-
IO BOCIOJNB3YyEMCA pe3yabTaTaMu =5 s MONYYEHHLMH 0OpU DEmEeHUU
OJHOMAroBHX 3aZady. /IMEHHO, PAacCMOTpMM 3a7auy HaXOEAEHUA

max men w, U
welV veV V/ < J4.1/

rIe U V - KOMNAKTHHE MHOEECTBAa, a QyHKuua ¥ (< U/

Henpepunno—nu@@epeuuupyeua sa UXV | Kak cnexyer us -6 .

dyukuua Frw) = ’?7"1 Y« v) B 9TOM CIyYae HeNpepiuBHa K
IuddepeHMpyeEeMa no mooony HanpasBJEHUD Ju=wu-u s IIpUYEM

_ %) _ -/lf”_ff_f)_
87’(14,)='7 i —V:;’;s coo s oa J42/

Tre V/’“} - MHOEKECTBO ONTHMANBHHX OTBETOB &~ Ha W€ U 3

w)=4dv w V) = ticn (f,'v]_
Viw ={v | y(ic, v) = i pric, »)

Kpoue Tora, BBeZeM CONDAEEHHYD CUCTEMY, KOTODPYD OMNpene—
MUY CIEZYDUMM OODA30OM:

AL (X, Uuc, Uk )
/bk /qu / / '7.I,< /Pk+1 /#.3/

C TpaHMEHHM YCIOBHEM

¢(x~)

woffar X
3Zech BEKTOp /b,< {/bk, ?f:} /Eé—/

o L
/ P Y ("/:7'"" ~);

03HayaeT TPaHCIOHUPOBAHUE.
OnpezenuM TaKxe PyHKUMD [aMUIBTOHA

H oo 5080 0) =15 0 8 o f O] 051

¥ 0003HAYUM Yepe3 5, // u é‘// zlonycwmme IuddepeHuuany
aroit HYHKIMU

UZ// Z(x,( x, Vi ) Onu +ﬁh1 L (%, e 7«)(51

Dty

4.4/
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?0 LY ‘(y; 7"2 Ly « ~
5;,&/:_/%1&“._._);@ “h (X e %) +

it 7
(4 ‘ f‘?w;( l(,

e Sue € K(u.), S € K(g).
K) K(v)

- KOHYCH BO3MOXHHX Bapuanuit B Toukax & € % u Y€ V 78,
Kia)={dicfue U; u+educl, oce=& ]

5. Chopuynupyem Tenepp HeOOXOZMMHE YCHOBUA OMTUMANBHO-
cru ana 3azavuu I. [lpuMeHsAs BBEZAECHHHE B O. 5 MOHATUA U MONB3Y-
ICh OCHYHHMU B TEOPUM ONTUMANBHOIO yMPaBIEHUA PACCYRAECHUAMH
/CM., Hampuuep, . /+ MOEHO yCTAHOBUTH CIEAylWmMA PE3yaAbTAT.

Tycrs f?,, («*) = MHORECTBO OMNTHUMANBHHX OTBETOB

/ynpaBnenuii »* / urpoka II Ha ympaBiaeHne «* ., MHOZecTBO
_Qv.(u"‘) onpezeiseTcA U3 pedeHUA claexyomeid 3azauu

yz{”,,’,"“]/x:m =flog e, ), e Vik=g1.., N-tjfss 1

Torapa cnpaseznusa

Teopeuma 5.I. Ha onrumansHom ympaBaemuu «*  urpona I
BHIIONHANTCA HEePaBEHCTBA

Micn 0{:%/(/&,("/ Xe, & v ) < O /5.2/

7 K gL
ref (u*)

INA BCEX 57«,(6 K(“:} (k:q@,,,, N-7) , npuuex omru-
uanbdse 3HayeHus I, P HaxoxsTCA M3 ypaBHenuidt /2.1/,
/4.3/, /4.4/ mpa cooTBeTcTByOmMX U € 2, («*) .
PaccyuoTpuy Teneph HECKONBKO YAaCTHHX CAYyYaesB.
Pe3 orpaHuyeHusa OGMHOCTH MOEXHO CUUTATH, YTO
ﬂ(x, %, V)= 0, -
T.€. X34Y2CTBG UIPH 3aBUCUT TONBKO OT KOHEUHOIO COCTOAHMA

“7: Fioe)
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Teopema 5.2. [ycTs M3BECTHO, YTO MHOXECTBO
L
lQ(a:zr) {X/X = f(zuv} ’an}
BHIYKIO MPK modux x eV :
Torza Ha ONTHMMANBHOM YNPABJIEHWH CNPABEANMBH DAaBEHCTBA

qu"""/-/f(ﬂ««,'" L, 'V;) //(Prn,r “r,U;}]-"’ /5.3/

wWeV ?/'69 ()

CnpaBeAnuBOCTh TEOPEMH CIEAYET M3 Heganeﬂcrna /5.2/
N BHOYKJIOCTHM MHOXECTBA R‘ (x,7) [cp. /.

Teopema 5.3. OycTs uanecmo, 4TO MHOXECTBO Q («?)
COCTOMT M3 EAMHCTBEHHOI'O ynpaBieHna V¥ ., /PemeHue 3afauu
/5.1/ emuncTBeHHO/. Torza Ha ONTHUMANBHOM yNpaBJIEHHH chpa-—
BELJIMBH HepaBEHCTBA

Tl
8 A (P, ¥, ud %) < O /5.4/
a1a scex S, eK(wl) m
Syl (i, v 2, w2) 2 0 /5.5/
ana scex d Y€ K(4.*) 8 AK=qg1,.., N7 , Tze
ONTHMANBEHE 3HAUEHH{ Pux, XA HAXOZATCA 3 ypaBHe-

uut /2.1/, /4.3/, [44) IDH K =T T =YK
HepaBencTBo /5.4/ HemocpeACTBEHHO clexyeT M3 /5.2/;
HepaBeHCTBO /5.5/ BHpazaeT yCJOBHE ONTMMANIBHOCTH ympaBle-
Hua urpoka II.
PaccuoTpuM Tenepr onaTh caydai#, korza ;ﬁ (%, %, v)=0,
Teopema 5.4. [IycTs M3BECTHO, YTO:
I) usoxmecTBa

Ritsmr{fi~finss o we Ufy Ritmr={2/5firos)ve V]

BHNYKIH OpPY JOOHX 3 ¢ ue[/, ueV;

2) ontumanbHoe ynpaBieHHe ¢ * urpoxka II @AUHCTBEHHO
/MHOEECTBO _Qv ( ©«%  cocrour u3 oxeolt Toukn v /,
Torza anma TOro, 4Tobu U™ 7% OHJIM ONTHMMANBHHMM yNpaB-
neHuamMu urpoxkoB I u II, HeoGxoauMO, YTOOH QyHKnUA I'aMunabTO-

Ha Muena Ceano B TOUKAX <, Vg ('(’ o ..., M-7) 4 r.e.
Ha OMTHMANBHOM yMpaBIEHMUH
VYL(LKM/M H (PK*'” XK, “-K, ) “VHLWM" H("K-ﬂ, x‘-";) =
U Ve Vi W
/5.6/

_H([z,m X uK 1r)
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AHanmoruyHui peayapTar chnpaBeznuB ¥ ANA PYHKOUOHANOB OG-
mero Buma /2.4/ /cp. 8 e

JOKa3aTeArCcTBO, /13 HepaBeHCcTBA /5.4/ M BHOYKIOCTH MHO -
ZecTBa R (x, V) caezyer :

ok (Prers Xa, %, G) =H (P, ¥l X2 %) /5.7

w el
/3T0 Ee paBEeHCTBO, €CTECTBEHHO, clexyeT u u3 /6.3/ B ciayuae

enuHcTBeHHOCTH V¥ /.
43 /5.5/ ¥ BHOYRIOCTH MHOXECTBa /? (x «) cnenyer

7n //(/bk,,, x, “x, x) /L/[/bx,,, | U, x}. /5.8/

’I/‘eV
PaseucrBa /5.7/, /5.8/, RAE U3BECTHO 1,2 » OKBMBAJEHT-
HH /5.6/. YCIOBHA ONTMMANBHOCTH, aHANOTMYHWEe /5.2/ - /5.6/,
MOXHO NMONYYATH M INA HAXOEAEHHA «,’ (X,) /3anava /2.6//.
6. llepeitmen K GopMyAMPOBEE HEOOXOZMMHX YCHOBMA ONTHMAIBHO-

cTH 3amay 2.3.
Oycrs ek, Vi (K=01,..., V1) - onrumanshoe pemeHue

sazauu 2 pada qucuponanuoro HayaJbpHOro cocTosHua L, . Kar
ZI0OKa3aHo B M. 3, = 7 J8 (X)), V7= rr(xl wl) » TIe
wp (%), Ve (2, ?c) - ONTHMAJNBHOE DemeHHe 3azaum 3.
Teopema 6.I. NycTs «* u V* - onTuManbHHE ympaBiae-
HuA urpokoB I m II zaaA HAYaAXIBHOTO COCTOAHUA X, .
Torzna Ha ONTUMANBHOM NpoLECCE, €CHN OH EAUHCTBEHEH,
clIpaBeANNBH HepaBEHCTBA

S H(pt,, v wl, ) <0, JuceK(ud) /6.1/
& (pd, Xeul v¥)z0 dv.cK(v x)

rme % = w3 (N) Ve = U (XL ) , & ONTHMATBHHE
3Haveyua X7 n ,b: HaXomATCA M3 ypaBHeHuit /2.1/,
J4.3/, [4.4/.
Jloka3aTenbCTBO 3TOX TEOPEMH MPOBOZMTCHA OCHYHHMU B ONTH-
YaNBHOM yNpABIEHMM METOZAMM M 3Zech He MPUBOAUTCA /CD. /.
TakuM 06pa3oM, B CIyyae €IMHCTBEHHOCTH ONTMMAIBHOCTM MPO-
uecca ycnosus ONTMMANBHOCTM ANA 3axay I-3 mo dopue commaza-
0T, XOTA M¥enT pas3Huit  CMHCN, YTO MOK23HWEBANT NPUBOZMUMHE HU-
&e CNeACTBUA.
Cnencraue I. llycTs uHOZecTBa /Q /J:) {Z/X =A%, %, 4z, ueyf

rae 4%x, ) (k=04 ..., N-7) - ONTHMATLHEHA

K
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cuETe3 urpoka II, u R: (%) BHOYKIH NMPM MOOKX X
gExel . Torza mna TOr0, YTOOH «™*  OHIM ONTUMANBHHM
ynpaBleHMeM UIpoxka I ZnA HayaJbHOrO COCTOAHMA Xo , HEOOXO-
ZUMO, YTOOH HA 3TOM yMpaBIEHUH

max tmin /7///;'”4':, 2%, 7;):#(/5’:” )54 “x

el yeV ' ) /6.3/
loKa3aTeNbCTBO. M3 BHNYRIOCTH MHOXECTBA /@ (x)
1 HepaBeHcTBa /6.1/ caeayer, uTO
’:’Léa.l,x /7,(/"',(,4,‘(k, x, ‘/“K }}—////bk« X: “k, A’.}/6 4/
«
A3 BHOYRJIOCTH MHOXECTBa ﬁ ( x, %) yu HepaBeHCTBA /6.2/ caeny-
er, 4TO

+ > = > *
Z‘V"L H/ (77 Xk’ 7‘“ (11:/' ’Uk—) ‘”{ﬁkf” X;: Z(" ﬂlz”/' /6-5/

S

LN

specs Ut=17 % (2, % (i) 4y). HcREDUAR 43 BTOrO paBEHCTBA
. ¢ moMompd ypaBHeHult 2.1/ u f4.3/, /4.4/ nepeMeHHHE /bk,, .
3aMeHuM paBeHCTBO /6.5/ Ha
/"'-’v //(/”xmxk. Uy, %) = /‘/(,b,m, xe %, (x % uK))
U3 ﬂero 1 /6.4/ nomyuaeM OKOHYATEIBHO

max min H(pa, 5% %) = H(pl, xx 45, %),

[IpoBepka BHIYRIOCTH MHOEECTBA R (x) TpeldyeTr mpexBapK-
TEABHOTO OMNpeZeNeHUA ONTUMANBHOTO CHHTE3a v*(A,xe«) urpoka II,
4TO HE BCErza yAOOHO. i

CnezcrBme 2. [lycTh MHOXeCTBa /e (7)) & /e, (x, 2)
BHIYKIH NPH JOOHX & u Vel « eU' . Torga ana roro, 4TO-
Ou =* v* OHNM ONTHMANBHHMN YNpaBAEHUAMH UI'POKOB I X
II, HeoOXOmMMO, YTOOH QyHKOUA I'aMMIBTOHA B 3TUX TOYKA MMEJa
ceano, T.e. YTOOH HA ONTHUMAJNBHOM Ipolecce OHJO CNpaBEAJHBO
/5.6/

Jloxa3aTexbCTBO aHANOTHYHO AOKA3ATENBCTBY TEOPEMH S.4.

7. [ycTs Teneps UTpH /,' a /21 MMENT CeZJOBHE TOYKH.B aToM
clyyae urpomafd 3azavya CBOXMTCA, Kak M3BECTHO ' , K mape
3aza¥y ONTHMAJBHOTO YNpaBJIEHUA.

IycTs CymecTBYOT BKME AONYyCTUMHE ympaBaeHua «* u 7% ,
4YTO urpa /;(xa, «, V) unseeT cemngd aToft TOUKE, T.€.

m.axm,«'m.J(Io, @ ¥) = mcin hax J(’o,“. e !7* /7.1/
“ v = i
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B aToM ciydae MCXOZHAf 4rpa CBOAUTCA K NMape CAEAYHIMX
3a7a4 ONTHMANBHOIO yNpaBIEHHA

‘7':{”‘“‘"" J/“’Ku _‘-/(xx, Ux, 7[:), Xo=Q (, € Zj]' /7.2/
.7*:{,,72%”!7/,(,m ~F ) e, Ge V], 7.3/

Npumensa kK /7.2/, /2.3/ ycnoBus ONTHMANBHOCTH AMA AU~

CKPETHHX CHCTEM s HENOCPEACTBEHHO MONyYaeM

Teopema 7.I. /[lna TOro 4ToGH ynpasaeHus &« u % Gunu

CEANOoBOA TOYKOW HIpH /;(:co, « ) » HEo6XozuMo, 4TOOH Ha
ONTHMMANBHOM YNpaBIEHUM BHIOJHAJIMCHH HepaBEHCTBA
* * ¥ F3 *

‘Y“'//(P’(f’l Xk; u“’ ,”;‘ } sol VJ‘““ = K(“K)) /7'4/

Gl (Pl 22 42 52) 2 0, Wy € K (v2) /7.5/

IZe ONTHUATBHHE 3HAUEHHA X /),: HAXOZATCA X3 ypaBHeHuit
2.1/, 83/, [4.4/.
Paccuorpuu Temeph urpy /, o IlycTh cymecTByeT TAaKo CiH-
Te3 u*(K,x) v*(kx) ,uTO '
*
max miv J = min max 17':] 7.6/

ulk,x) vIk,x) V(k,x) wu(k x)

Torza urpa /; CBOAUTCA K 3azavaM

271:{’1:‘41 !]/Xk-ﬂ :—]p(rk, Ue, 7/;“("'&)), Yo=@Q, U, € Z/] /7.7
T mmise 7 [ toew = Fre, ) ), 5o =a, e vy /78

HeTomauu, aHANOTMYHHMM MCMONB3YEMHM NDM ZOKA3ATEABCTBO TEO-
peM nn. 5,6, MOEHO yCTaHOBMTH CNpPABEANUBOCTH CleAywme#t Teo-

PEMH.

Teopeua 7.2. IlycTs w3 e (x%) V' = 7&*("’2)

- ynpaBnexus, yAoBaeTBopawmue /7.6/. Torma, ecam 3TM yOpaB-

JEeHAR eNUHCTBEHHH, CHpaBeANMBH HepaBeHcrsa /7.4/, /7.5/, Tie

x;'(‘, ¥ofd HaxozATcA U3 /2.1/, /4.3/, /4.8/.

KoHeuno, onTMManbHHe ynpaBieHua =* u °F B urpax /:
LIS PAKCUDPOBAHHOIO X, B OOmMeM Clydae He COBIanasT.

8. B 3akmoueHue CHPOPMyNuUpyel MNONyUYEHHHE DEe3yNBTATH HpH~-

MEeHUTeNbHO ¥ AuDICPEeHUJ3NBHHM UIpaM. B 5TOM ciydyae #rIpa 3a-

AaeTcA ypaBHEHASM Bula

x :_/ﬂ(x, w, ), 0. L 7—' ooy A

W la
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C HaYaJBHHM YCIOBMEM X(9) = X, |y OrpaHNYEHUAMH
wyel/ el

a KaueCTBO WI'DH OLIEHMBAETCA (QYHKIMOHAAOM BHAA

J: ?(1(7)/ + /ﬁ{:r, % )AL Z. /8.3/

Tax xe, KaK ¥ B MHOrONArOBWX MIpaX, 3ZeCh MOXHO pa3En—
YaTh 7iBE OCHOBHHE MrpH. [epBas urpa /:(x% « v) s TIE
u={ut)) 0¢t<T} ywv={vé)ost =T} - ynpasnenus
urpoxkoB I u II, cBfA3aHa C pemeHHeM 3azay

Wf () = mrax wrin J(% % V),

/8.2/

Wi(n) = tiv neax J (x4 7).

Bo BTOpO#t Mrpe /; (X, «( £,x) v/t x )) Hy=zHO pemaTs
3a7auu

- = < [ _
wilhe) < s R TR
W] (%) = tmin max J (x, «(€x) 7(E <), /8.5/

V(Ex) ultx)
KOTOpHE I[IOJHOCTHD aHaJOTMYHH 3a7aue 3 B MHOrOmaroBHX urpax.

3azaue xe 2 B auddepeHuMaNBHHX MIpax MOXHO CONOCTaBUThH Ta-
Kyo 3ajady: HaliTu ympaBieHue Urpora I, KoTopoe GH oGechnedu-
BalO Haunyumee 3HaueHHe QyHKIMOHANA J/ , xak Ou Hu Ben ce-
Of nmpy 3TOM MPOTUBHUK /pa3yMeeTcd, OPOTMBHHK "ZOMZeH" BecTH
ce0f HauxyzmuM oOpa3oM/, B NpPEANMONOXEHMM, UTO MIPOKy I ua-
BECTHH B KaxZHii MOMEHT BpEMEHM TERYmUEe 3HAUYEHUHA x(©) u vié),
/TaKk4e UPpH MONYYMNM Ha3BaHWE UTD C AMUCKpUMUMHAUMEl 9,10 /.
TpeGoRaHue 3HAHMA TEKYWWX YNpaBAADEMX Bo3zelicTBuit v(t),
KOHEYHO, HepeaNbHO ¢ (uM3uyecKofi TOYKM 3peHus. OnHaKO, Ha
OCHOBaHUI pe3yNbTATOB M. 3, MOXHO yTBEPEZATh, YTO TaKue UI—
Pl 2KBXBANEHTHH 3ajave /8.5/. llpeanomozeHue, 4YTO UILPOK MO~
XeT 3HATH 3apaHee MpaBuUna, MO KOTOPHM NPOTUBHUK BHOMpAET
CBOM ynpamJaaAwmue BO3ZEiCTBUA B 3aBUCHMOCTM OT TEKYmEro co-
CTOfIHMA WIpPH /T.€. 3HAHUE CHHTe3a/, HE ABIAETCA YEE CIMIDKOM
OCpENEHUTENBHHM o

lpenenbHLHY NEpPeXono¥, XOTA 3AEeCh M MOI'yT BCTPETUTHCHA
TPYAROCTY MaTeMaT#YECKOI'O XapaxKTepa, MOXHO NMOKAa3aTh, UTO U
I8 ugheperiunanbHHX WI'P CNPAaEeZAMBH COOTHOWEHUR Tuna /3.3/
- /5.6/. Takuh 0Gpa3oi, CKa3aHHOE B M. 3 OTHOCATENBHO COOT—
H
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HONEHMUS MEXAy MUIpaMu /: " /27 MOMHOCTED OTHOCHUTCA K K
Iu@§epeHIMaTbHHEM UIpaM.

Takxe npeneNbHHM NMEPEXOAOM MORHO YCTAHOBUTH CHEIyomue
TEOpEMH .

Teopema 8.I. MycTs «* - onTuMamBHOE ympaBIeHHe MIPO-
ka I, a f?,,/u*/ - MHOXECTBO ONTHMANBHHX ynpaBaeHuid o~*
urpoka II B 3agmave /8.4/. Torza Ha ONTHMANBHOM YMpaBIEHUU

CIpaBeANUBO PABEHCTBO

max Hire, X u v) — ¥ =
uecuU "’6‘52(“:) r 4 4 ) H(/b/“,k 5 ?/Z/ 0’
rie ”

H(/S X, u ) —_—%(,\;a’ v) +/’;/(1", 2 r}, /8.6/

a ONTHManbHHE 3HaYeHHA /)"‘/ f) HaXOAATCA M3 compaxeHHON!
CHCTEMH

prlil e e e

Teopeua 8.3. Nycrs « (€)= w*(€ x*) "
V¥(€)= v ¥(€ x* x*) - onruManpHNe ynpaBleHMA B 3azaue
/8.4/ npu HauanmsHOM cocrofHMun X, ., Torza, eciau ONTMMANB-
HHl Mpomecc €IMHCTBEHEH, CNpPaBENNIMBO DPaBEHCTBO

e R R e
rie ¢yHkuua laMuabTOHa onpezeneHa u3 /8.6/, a ,b”/'tf} -
us /8.7/.

Hakosem, M3 TOro, 4TO MIrpa /;(A’o, af x| v/é,x))
MMEET CEANOBYyD TOYKY, CAEAYET, UTO OPUM HEKOTODHX MpPEAMONOKE-
HUAIX OTHOCHTENBHO QyHKUmME Zr/ tﬁ’(/, (T x) , Hamuuue ceznyio-
BO#f TOYKM ()yHK" ‘4 laMuabTOHa. CNpaBEeANMBOCTE 3TOr0 (JaKTa ANA
clIydyafd TaK Ha3wWBAEMOTO "DeryasapHOro" CUHTE3a YCTAHOBIEHA B

U anA cayuas "rnaﬁcoro}’ CUHTE3a B /TNpH Z0Ka3aTeIbCTBE

JonymeHa omuGKa B /.
B 3aRnDYEHUE OTMETUM, UTO MPUBELEHHHE B PaCOTE YCIOBUR

ONTHUMAJBHOCTHA MMO3BOJSANT PA3BUATHP BHUYMUCIUTECIBHHE METOAH IJfA
AMOGXNNYCCKUX HUID.
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