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ABSTRACT 

Numerous methods have been proposed for the design of control systems 

which learn to function in unknown or partially known environments. Most 

learning schemes are radica.l departures from _the techniques' using continu­

ous adjustment of parameters which grew out of early developments in r.JOdel 

reference systems. Principal contributions to the area have been control­

ler models and a.lgorithms. In studying these models, the system is ab­

stracted to such an extent that there is quite of'ten a. loss of contact 

vith practica.l considerations. The objective of this paper is to present 

some results in the theory 'of learning control, but a.lso to look again at 

some of the _practica.l problems encountered in applying. a leariung control­
ler to a. probl� 

This paper defines the subgoal as a subordinate to the primary goal. 

of minimizing the performance index. It must evaluate each decision one 

control interval af'ter it is instituted. The subgoa.l problem is to choose 
a subgoa.l which will direct the learning process to the optimal. as pre­

scribed by the given p_erformance index. An ana.lytica.l solution is pre­

sented and extended heuristica.lly for the general case. This extended 

method makes use of the apriori info�tion about the plant. 
Two other problems are a.lso discussed. A fixed grid is used to 

partition the state space into control situations, and a method of ex­

tending the grid is proposed and evaluated. The controller is initia.l­
ized using the apriori information, too. A full sca.le simulation con­

firms that the proposed methods of choosing the subgoa.l,, .extending the 

fixed grid and initia.lizing the controller are imp�ovements over pre­
vious methods. 

* 
This work was �pported in part by Nation!l-1 Science Foundation, 
Grant GK-1970 
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I, INTRODUCTION 

In the current decade, there has been a. surge of interest in design­
ing systems which exhibit learning behavior and research has progressed 
rapidly on probabilistic models and learning algorithms. The control prob­
lem has been abstracted to allow one to isolate the decision problem and to 
study the convergence properties of learning or reinfo1"9ement algorithms. 

� This paper is intended to bridge the gap in the design problem. On 
one extreme is the system proposed by Fu and Waltz1 which assumes only the 
order of the plant is known, a more or less black-box approach. On the 
other extreme is the case where the plant equations are known and the de­
signer solves an optimal control problem. The problem, posed a.s a. question, 
is: How is the theory used to design and mechanize a. learning control 
system? Several facets of the design are considered_in the ensuing sec­
tions following some additional. background. 

On-line learning occurs with the controller embedded in a. closed loop 
control system. 2 A learning controller collects some pertinent info:nna­
tion during its operation about the random variables or functional which 
describe the controlled process or plant-environment relation, and pro­
cesses it according to an algorithm to optimize a. pre-specified perfol'­
cance index (PI).3 Many of the pioneering contributions to the area. of 
learning control originated from the approach of considering a. learning 
system a.s an �tive system with additional memor,y.2'4 More recently, 
contributions to the area. of lea.rnir.g contro1 have sprung from stocha.stic 
approximation6'9a.nd automata theory. 7,B,lO,l2 

II. THE CONTROL PROBLEM 

The general control problem is a. classical optimal control problem. 
That is, it is desired to design a. controller for a. plant described by 
an ordinary differential equation ·as Equation (1) to minimize a perfor­
mance inde,x specified by Equation (2). 

= X  
-o 

In general, the state x is an n-vector and the control input E. is an 
m-vector. 

(1) 
(2) 

The primary goal is to design a controller which minimizes a given PI. 
The learning control designer, in general, does not have complete knowledge 
of :f.• Instead, he must measure the PI as the system operates and use these 
measurements and his incomplete or inaccurate mathematical model to guide 
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after-the-fact decisions. 
The physicaJ. constraint on the control input is that it is bounded a.s 

shown in Equation (3). 
lui (n)l � UM i 

i = l, ••• ,m; n = 0,1, ••• (3) 

In order to develop some of the anaJ.yticaJ. results in Sections IV and V, 

the"'constraint will be relaxed, but it is not ignored. In fact, a.s evi­
denced by the following presentation, the type of constraints fol111 an in­
tegral part of the investigation. 

There are two often cited classes of control constraints which lead 
to different implementation and application results, but which appear the 
same to the decision ·ma.ld.ng element of the control system. 

(1) Parameter Choice - Partition the i-th of M parameters in a speci­
fic fol111 of controller into Ki levels. Learn the best values 
from the set of I) all.owable decisions, where 

M 
K =i�lK. p = l. (4) 

(2) Control Action Choice - Parti t.ion�the closed interval [ -�, + UMJ 
into K levels. Learn the best ui for each state .! from the set 
of K allowable control actions. 

. 
One example of option (1) is: learn the best set of gain values in a con-
trol law constrained to be of the fol111 

u{n) = !:_'_!{n) (5) 
Option (2) is an attempt to learn u*{,!L itself, subject to qua.ntiza.tion of 
both state and control. The proposed system uses this option. 

The following are st.eps for the design and mechanization of' the learn­
ing controller: · 

1. Sample time to allow time for making and reinforcing control 
decisions. 

2. Quantize the control input into a· finite collection of allowable 
control actions. 

3· Partition the state space into a finite collect·ion of regions 
called control situations. 

4. Choose a reinforcement algorithm and a subgoal to direct the 
learning process. 

The reinforcement learning cont�l system1•14is realized by these steps. 
The primary control problem is to design a controller f;;.::- the plant 

in Equation (6) which satisfies the _ rimary goal of minimizing the per-. 
fo=ance index in Equation (7). 
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�(n + 1) = ��(n) + �u(n) n"' 0,1, • •• �(o). "'� 
N 

PI(u,�) = ) [�' (n) Q. �(n) + au2(n-l)] 
n�l 

(6) 

(7) 

�1atrix Q. is at least positive semidefinite and a 2:. o. Plant coefficients 
)ii and� are, in general, unknown or partially known and might depend upon 
the 6pera.ting conditions of the plant. sampling period -r is fixed and 
problem time T "' NT is fixed or infinite. Initial state x is considered . -Q 
fixed for the purposes of solving the optimal control problem, but during 
nonna.l operation of the plant, it can assume any value in a compact sub­
set of the state space. Control input u is to be chosen from the finite 
set U of control actions, formed as indicated in Step 2. 

u(n) E U"' (�, ••• ,�) n"' O,l, ••• ,N-1 

This is not a completely general problem, but the results indicate that 
it is of general interest in demonstrating the design techniques. 

(8) 

The learning control system belo'ngs to. the general class of systems 
shown in Figure 1, in which the decisio� making element of the controller 
:.s a variable structure, finite, stochastic automaton A. All other system 
components are combined into E, the stochastic environment of A. E con­
�ains the plant and its environment, the control input mechanization and 
the performance evaluator. This model is well suited to an investigation 
of the convergence properties of reinforc�ment or learning algorithms. 
Some researchers10'�ave used the model for examin�ng the convergence and 
expediency o:r automata, and some 7'8'12have already applied it to the adap­
tive and learning control system problems. 

This general model is structured to a particular application to con­
trol proble:ns by de£ining the three pertinent terms: 

(i). Control Decision - made in A, sent toE 
(ii) Control Decision Evaluation - made in E, sent to A 

(iii) Control Interval - time for E to evaluate a decision 
It is usually assumed that control decisions require negligible time. 
:'!'.is time is small compared to the control interval, but it is not exactly 
zero. However1 this is a discrepancy that the learning system can auto­
=acically compensate for, provided it doesn't become excessive.1 

Ji.gure 2 is the schematic diagram of the proposed learning control 
�ystem. T'ne plant is usumed to obey physical lavrs which lead to a mathe­
matical model as Equati�n (1) which is then sampled to yield Equation (6). 
In a classical sampled data. control system, the samplir:c period is an im-
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portant control parameter. Here it is even more important because, as is 
made clear in Section TV, the sampling period is al.so the control interval. 
Several authors15 •18have demonstrated that there is an. optimal sampling 
rate for obtaining data to use in digital. identification techniques. 
Though the present application does not perfonn an explicit identification, 
the controller inherently identifies as it learns to make the best deci­
sions. Based on this, it is reasonable to expect that there is some op­
timal sampling rate, which is not zero. However, since there is no unique 
way to choose the optimal T, one was selected by trial. and error for the 
experimental work in Section VI. 

A control situation is a collection of states for which the same 
control decision is optimal.t These states can be generalized to include 
measurable but uneontrollahle inputs as well as measurable state variables. 
It is emphasized that the pu7pose of partitioning the state space into con­
trol situations is to make successive trials as nearly alike as possible.13 
Viewed in' a general sense, ·the system is accumulating experience from a 
succession of trials which are effected by an uncontrollahle parameter �. 
It perfonns best when a control decision is compared only to other deci­
sions made in like circumstances. The fineness of the grid detennines the 
amount that the x effect is reduced. 

� 
Two factors influenced the selection of a fixed grid for the partition 

of state space: simplicity and speed. Fi� 3 illustrates the technique 
for a two dimensional case. The grid partitions the finite region bounded 
by IXJ.I � 5�, ! �� s. 50 into 200 square sets. Symmetry allows quadrants 
3 and 4 to be folded onto l and 2,_ respectively. In higher dimensions, 
the squares would be hypercubes. A state is classified by multiplying its 
elements by appropriate scale factors and truncating to integer values. 
Section V considers the classification of states located outside the grid. 

Since the system can learn only by trying,_ the learning time depends 
on the number of possible trials K L or KL and the trial time T or -r. p p  
Option (l) might use T or �, option (2) uses -r, so the time to perfbnn one 
trial of each decision is L K T, L K T or LKT seconds. Learnir� time will p p  p p  
be multiples o:f this minimum. Based on experiments reported in Section VI, 
a typical learr.::.ng pattern is that the wor!lt decisions are ruled out with 
only one trial and the two or three better one:;; are tried several times. 
A representative estimate is that within each control situation it would 

tTne statement is idealized; in reality there is an inherent averaging 
ove� the states in a given situation. 
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take K + 3X3 = K + 9 trials to select the best. This corresponds to a. 

minimum learning time of L(K + 9)T seconds. 
A stochastic automaton is used as a. model for the learning controller. 

The primary goal of the controller is to learn to make control decisions 
which cause the PI to be minimum. It is conceivable that the PI could be 
used to evaluate decisions a.nd to.direct the learning process. However, 
it :i's not a. suitable evaluator for the system presented here. The control­
ler chooaea one of X admiaaible control action� to act for one control in­
terval, T, Therefore, it is necessary to have a. per-interval (per-decision) 
evaluator or a. subgoal to guide the reinforcement, A detailed description 
of the operation of the controller a.nd the reinforcement algorithm, which 
is simil.ar to that proposed in Reference 11 is given in Appendix A. 

IV, THE SUBGOAL PBJBLEM 
The subgoa.l problem for the proposed reinforcement learning control 

systems is formulated as follows.14 The plant is assumed to be described 
by a. vector difference equation, 

_!(n+l) = �_!(n),u{n),n] n = !), ... ,N-1 _!(0) = .!a  (9) 
The state _!(n) = _!(nT) is a.n n-vector, u{n) = u(nT) is a scalar control 
input, n = nT is time,_ T is the sampling period, a.nd!.. is an n-vector fUnc­
tion of _!(n) 1 u(n) and n. The primary goal is to minimize a perfonnance 
index of the form N 

PI(u,.!o) = L :Ef_!(n),u{n-l),n] (10) 
n=l 

where F is a scalar fUnction of its arguments. The solution of this opti­
mal control problem is subject to the constraint that the control must be 
chosen from a finite set of admissible actions as in Equation (8). 

The primary problem has its primary goal of minimizing the PI, but the 
tenn subgoal is used to refer to both the sub-problem and its criterion. 
Mechanization of the system requires that the subgoa.l (the criterion) have 
these characteristics: 

(i) It must evaluate each decision separately. 
(ii) It must be related to the PI so that minimizing the subgoa.l with 

each decision a.lso minimizes PI. 
T'ne problem posed in Equations (8) 1 (9) and (10) is a specific optimal con­
trol problem which the learning .system is to solve on-line. Solution in­
volves successively trying the admissible control actions until the "best" 
one is learned. If the PI of Equation (10) is used to evaluate the trials, 
rather than-a subgoal satisfying (i), then a control decision is a choice 
of a sequence of N inputs (u(n); n = o, ••• ,N-1}, u(n)eu. There are� 
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such sequences and it "!;akes NT seconds to evaluate each trial. Furthe:noore, 
PI depends on !o• so step 3 in the mechanization procedure is still re­
quired to partially eliminate (or at least desensitize) this dependency. 

Partitioning the state space into L control situations creates L simul­
taneous experiments, in each of which the x dependency is assumed to be 

-o 
negligible. As N increases, both the time to complete a trial and the 
number of possible sequences increase. The control decision in (i) on the 
ether hand consists of choosing a single control input from the K admissible 
actions in u. The subgoal must be capable of evaluating this decision and 
may be called a per-interval. PI. Requirement (ii) is obviously necessary 
since the objective is to solve the primary problem. 

A sub-goal is a function of .!_(n) and u(n) which is minimized .with re­
spect to u(n). Step. 3 in Section II is still required to handl.e the .!_(n) 
dependency, i.e., trials of u(n) are compared for all ,!(n) in a particular 
control situation. Consider 

SG C.:f(n) ,u(n) ,nJ = F1 [.!_(n + 1) ,u(n) ,n] n = 0, • • • ,N-1 (11) 
where .:f(n + 1) depends on .:f(n) and· u(n) by Equation �9), and ·F1 is a sca­
lar function of its arguments. The fonn of the subgoal in Equation (11) 
satisfies (i). However, it remains to find relationships between .f, F and 
F1 to satisfy ·(ii). Finding these relationships is precisely the subgoal 
problem. The F1 satisfying these relationships is the exact subgoal, other­
wise, it is a subgoal referred to as arbitrary, sub-optimal or inexact. 
Only the exact subgoal is expected to direct the learning controller to the 
optimal PI. 

Relationships between f, F and F1 can be obtained via dyDami.c program­
ming for the special case of a linear plant, quadratic PI and unconstrained 
control, as in Equations (6) and (7).. For the unconstrained case with N 
fixed and .:f(N) free, the optimal control law is found to be19 

u*(n) = �'(n + l)�(n) n = o, • •• ,N-1 (12 
and the minimum value of the PI is 

PI*fx ) = PI(u*,x ) = x 'P(O)x (13' � -o -o -o 
where the gain vector �(n) and the. matrix P(n) (an nxn symmetric, time-
varying matrix) are computed by iterating Equations 
in time with starting condition P(N) = !10\1· 

R(n) = P(n) + Q 

h' R(n)9) 
�'(n) =

- h'R(n)h + a  

Q (n) = 9) + .hlf' (n) n = N, • • •  ,1 

P(n-1) = �' (n)R(n)Q (n) + CXl!(n)�' (n) 

(14) and (17) backward 

(14) 

(15) 

(16) 

(17) 
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Consi ii er a. subgoaJ. o� the �o= 
SG(n) = �� (n +·l)G(n)!_(n + l) +A u2 (n) c 8) 

where, in simplified notation, the arguments of SG are represented by n. 
Substituting Equation (6) into Equation (18) and minimizing with respect 
to u(n) yields the solution which minimizes the subgoa.l at time n-r, 

h'G(n)% · 
u(n) = - !!' G(n)h +A !_(n) (19) 

The exact subgoaJ. shoul.d cause Equations (12) and (19) to be identicaJ., so, 
Equations (12), (15) and (19) are coropa.red to obtain these relationships 
between the PI and the !illbgoaJ.. 

G(n) = R(n + l) = 0 + P(n + l) n = O, • •• ,
_
N-1 } 

A = a (20) 

SeveraJ. signi�icant observations bear on this resuJ.t. First, a 
learning controller is being used because o� some lack of information 
about the plant-environment. Yet, % and h are required in computing the 
exact G. Section V presents and evaluates a procedure for choosing an 

inexact subgoaJ. when the known values _of '% and h are in error. It is 
stressed here that the learning system uses the subgoa.l in Equation (18), 
but does not use the anaJ.yticaJ. expression for the control law in Equa­
tion (19) which minimizes it. The system learns the control law using only 
the subgoa.l and past experience to reinforce current decisions. 

A constant G matrix is desirable because of the method for stor:ng 
past experience. otherwise, an additional state, time, must be included in 
the partition �Orminci control situations. It so happens that a constant 
G fonns the exact subgoaJ. if N ... "' or i� Q is properly time variable. 
Though the latter is not too likely or mea.ning:t'ul., the infinite time prob­
lem is an often cited case. Even a know:J.edge o� the �orm of the exact sub­
goaJ. is of some value. It is especially use� to know that the subgoa.l is 
a time-variable quadratic of the states for �inite N. .Then, any arbitrarily 
chosen constant G is sub-optimal except when N ... "'' In the solution, P(n) 
converges after relatively few iterations. So, even though P is unknown, 
it is known to be nearly constant 'lintil the last few sampling periods. 
And, it is reasonable to expect an inexact, constant G to yield near-opti­
mal performance. 

V, USES OF APRIORI INFO�ATION 
In many practicaJ. situations, the designer has nominal values and ex­

pected ranges of the plant parameters a.t h:i.s disposal. His jo'Q is to make 
the best use o� this a.priori information in his attempt to completely solve 
the primary problem. The most important problem c0nfronting the designer 
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is still the choice of a subgoal. Section IV solved the pr�olem for one 
class of systems, with the result depending -on exact knowledge cf f/1 am .h· 
In the following, a practical method of selecting a subgoal is suggested 
and compared to other uses of the same apriori in1'ormation. Then, two other 
aspects of the design are considered: fixed grid extension and controller 
initialization. 

� Choice of a Sub-Optimal Subgoal 
Begin with the ideal case: no control constraints and no state space 

partitions. Let the plant be represented by Equation (6) 'l.'i.th actual para­
meters f/1 and .h· The apriori information is contained in a model composed 
of Equation (6) with given or guessed nc:ninal values� and h. The suggest-• -

ed choice of a subgoal for the primary problem of minimizing the FI in 
Equation (7) is 

SG(n) = �'(n+l)�(n+l) + au2(n) (21) 
where the constant G matrix is computed from Equations (14) and (17) w-:._ 
f/1 = 93, .h = }i and N.. ... These equations become (22) and (25) in their 
s•eady state condition. 

G=P+Q 

. h'� 

!:F = 
- �� G� + a 

1 = 93  +h� 

P=;'G�+a� 

(22) 

(23) 

(24) 

(25) 

The fixed gain � is the ga.in in the optimal control law for the rr.odel. 
T'ne learning system, directed by the sub-optimal subgoal in Equation (18), 
learns � by making on-line trials and reinforcements. Assuming the 
learning process converges, the completely learned �in is given by 

h'� 
!I,=- .!l'� +a (26) 

Neither � nor� is optimal, except as a special case, but the learning 
controller is preferable if the following inequality is satisfied. 

PI(u*,�) $. PI('"r,,�) $.PI(�,�) (27) 

The control inpu1;s '"I, and � are given below for this ideal case. 

� (n) = �(n) (28) 

�(n) = $(n) (29) 

Next, consider the primary problem posed by Equations (6) and (7) with 
a bounded control input. 
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(30) 

This leads to a computationally difficult two-point boundary value prob­
lem, which is not likely to have a unique solution. The complications are 
due to the discrete-time formulation, and they are especially serious when 
N ... .,,. But, knowing that the fonn of the optimal control law is a satura­
ting amplifier22, dependent on x , a procedure for choosing a subgoa.l c&D 

� . ....00 - -
be suggested. Ignore the control bound and calaulate G using �' h and 
infinite N, as above. The fixed gain, calculated at the same time, c&n be 
used for comparison. Equations (31) and (32) are the resultant learned and 
fixed control laws,respectively. 

[ �(n) ] 
�(n) = UM sat --u;-

[ �
(n) 

l '7(n) = UM sat � 

In general, both of these are sub�optimal. 
then Equation ('32) is the Letov solution. 23 

(31) 

(32) 

In fact, if � = �· and h = }i, 
It, too, is sub-optimal except 

for those initial states for which the trajectories enter (or originate in) 
h 1. . d 1 24 

t e �near re�on an never eave. 
An identical app.roach is suggested for choosing a subgoal when the 

control input � �antized as in Equation (8). Compute G (and .!:p for com.., 
parison) using �' .h and infinite N, still ignoring the constraints. The 
subgoal and its constant G matrix are given by Equation (21) and (25) for 
the primary problem posed by Equations (6), (7) and (8). Solutions to the 
primary and sub-problems are switching boundaries which separate the state 
space into regions. In each of these regions, one control action ui is the 
best. And, the s;dtching boundary1 separating the 
from the region in which u* = u. is the set of all 

J 

region in which u* "' ui 
states x for which u. - � 

and u. are equally good. Equivalently, it is the locus 
J 1 

of points .!:£ yield-
ing constant u = -2 (u.+u.). � J 

As N ... .., in Equations (14) and (18), the gain� in Equation (15) be-
comes constant at the optimal value for the infinite time problem with 
unconstrained control. The optimal switching boundaries for the primary 
problem with constraints are conjectured to be the hyperplanes in 
Equation (33). 

�'.!:£ = t (ui+uj) (33) 
Only the boundaries between adjacent values of u are required. vlith no 
loss of generality, order the elenents in the set so that ui and ui+l are 
adjacent numerically as well as i� position in U. Then, Equation (34} 
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gives the (K-1) switching boundaries. 

��� = t<ui+ui+l) i = l,, • • •  ,K-1 (34) 

The learned and fixed switching boundaries are the following hyperplanes. 
1 

� = 2(ui+ui+l) i l, • • • ,K-1 (35) 

1 1Cx = -(u. +u. ) .;;;;y- 2 J. J.+l i = 1, . • •  ,K-1 (36) 

Here, as before, .!£r. and� are given by Equations (26) and (23). Equation 
(35) is the optima.l solution to the sub-problem of controlling Equation (6) 

with actions from U to minimize Equation (21). 

Reference 20"' contains numerous comparisons between the learned and 
fixed controllers using the equations presented above. The next section 
contains simulation .results to compare them. 

:aefore proceeding to the silllllation however, two other uses of apriori 
information are considered. 

Extension of the Fixed Grid 
A fixed grid covers a subset of the state space, as discussed in 

Section III. The states encountered. during system operation will either 

(i) �xactly coincide with, (ii) be contained in, or (iii) cont�n the sub­
set. Presumably, -{i) is the design objective, avoiding either the uneco­
nomical use of memory locations a�companying (ii) or the degraded perfor­
mance of (iii). Of the latter two, (iii) is preferred, provided a means of 
mapping outside states into boundary sets (i.e., for extending the grid), 
is available. It should cause little degradation in performance. Several 
schemes can perform this extension. The simplest method to implement is to 
extend the grid lines outward from the boundary parallel to the coordinate 
axes, as shown in Figure 3 for a second order system. 

The method proposed here uses the apriori information to calculate 
l::.'F and G. This vector � predicts the positions and slopes of the switch­
ing boundaries and can be utilized to extend the boundary sets. Figure 3 

also shows this form of extension in two dimensional space. The slope of 
the predicted switching boundaries (loci of constant u = $) used in this 
case is -2. Results of simulation studies are reported tn Section VI for 
a large number of plants and wide variations of assumed knowledge confi� 
ing that this form of extension yields superior performance. 

An extension in two dimensions can be programmed by examining the 
geometry of Figure 3· Systems of third and higher order are oore diffi­
cult and the classification time for higher dimensional space using an 
extended fixed grid could become greater than for the variable grid it 
replaced. However, it is unlikely that it would be necessary to grid a 
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very high dimensional state space even for high order systems. One reason 

is that only the· measurable s tates or out;Puts wculd be gridded. Besides, 

the. majority of the operation time is with � inside the grid. 

The two learning systems used in the experiments in Section VI differ 

only in their method of extending the state space' grid. 

LERL'f: Extends parallel to the axes 

_, IA.RN: Extends parallel to the predicted switching boundaries 

Initialization of the Controller 

The controller was defined in Appendix A in Equations (Al) and (All). 
Of the variables involved, p . .' (0) and d. · (o) must be initialized. With no �J �J 
knowledge of the plant, the controller is initialized by setting all 
P . . ( 0) = 1/K, d .. ( 0) = C . . ( 0) = 0, and requiring that each action be chosen �J �J �J 
deterministically in each S. (as it is encountered). No reinforcement can 

J 
take place in the j-th column of P(n).until the state has been set K times, 

slowing down the learning process. 

Assuming that some knowledge of the plant is available,this technique 

is no longer necessary. Then, the· following procedure is suggested: 

1. 
2. 

4. 

Use �� !!., Q to compute G, the subgoal to be used henceforth. 

Use �� h and a representative x. = x(O) for each S. and compute - -J - J � 
d . . (0) for each u.. This initializes the estimators d .. (0) = �J � �J 
d . . (0) and s·etting C . . (0 ( = 1 initializes the counters, off-line. �J �J � 
Initialize p .. (0) based on d .. (0), i = l, • • •  ,K for each S., using 

� � J 
the knowledge that if some

.
ui is the best in Sj, then ui+l and 

ui-l are the next best. 
· 

�ake control decisions as in Equation (A3) and reinforce based 

upon evaluations �rith the subgoal using G. 
The typical x(O) used in Step 2 was the center of S., j = l, • • •  ,L. Using - J 
this as the initial condition, each control action in turn was used to 

compute x(l) and then d .. (0) by Equation (A5). - �J 
Three methods for initializing p . . (0) for Step 3 are compared here. 

�J 
a. Set equally likely, making no use of apriori information. 

pij(O) = l/K., . i = l, • • •  ,K; j = 1, • • •  ,L. (37) 

b. Set proportional to the estimates, the method used in Reference -T 
for all time, but here only for initializing. Since -1 � dij(o) 
� + 1, translate it to the unit interval and set the probaoilities 

as follcms, 
- 1 � dij (0) = 2 �dij(O) + 1) all i,j 
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all i,j 

c. Set to fall off from the most likely in a l�near fashion. 
Find M., the index of the maximum d .. ( 0) as indicated in Equa.-

J �J 

(39) 

tion (All) for each j. The equations below cause probabilities 
I 

adjacent to the largest to be (K-1)/K times as large, etc. 

PM.j(O) 2K 
J r- - K 2KM. + 2M. - 2rl: 

J J j 
(40) 

PMJj(O) 
(K-M.+l) 

K 1 ::;_ i < M. 

pij(O) - J 
(K+M.+i) (41) 

PM .(0) 
jJ K· Mj � i � K 

For the conditions in Section VI, Figure 4 depicts these three techni-· 
ques for the 96-th control situation of those e:x;periments for Plant 1, 
��del 1, Condition 1, with �(0) = x2 (o) = 27.5, G11 = 37.8o78151, 
G12 = G21 = 2.2047662, G22 = 1.2�2614, a= 1 and the control sets U given 
in Equation (45). For this case � = 1, and as can be observed, there is 
little difference in· the latter two methods. The linear reinforcement 
technique was used in the simu�ations reported in Section VI, but method b 
could have been used with little difference. The main improvement comes in 
setting them so that the controller may begin to make probabilistic deci­
sions and be reinforced immediatel�, rather than having a period of' deter­
ministic decisions in order to initialize the controller on-line. 

VI. EXPERIMENTAL BESULTS 
Purooses of the Experiments 
Th� basic learning control system has been presented with a formula­

tion of the subgoal problem, and some conclusive results for several spe-· 

cial cases. The suggested method for selecting a subgo� is a heuristic 

extension from the ideal. case, and uses a model of apriori information to 

rrake the selection. Two other aspects of the design were given special 

considerations above. The motivation for s�eking answers about the grid 

and initialization ��s supplied·automatically:when the first simulation 

comparison of subgoals was begu�.20 The most drastic need was to cut 

down the computer time. The s1ri. tching from hyperspheres to a fixed grid 

reduced approximately twenty minute programs on IB.'-1 7094 to about one 
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minute. 

The purposes o:f the experiments reportetl below are to evaluate the 

proposals in Section V on a. full s·cale simulation, accounting for quanti­

zation effects. Learning time was of incidental importance, which is the 

reason the algorithm from [1] was lef't UiliiXldified. The primary pullX'se is 

to establish that in many cases the subgoal chosen a.s suggested yields 

better perfo:noance than other controllers designed with the same\ �riori 

infonna.tion. 

Description of the Experiments 

A plant is controlled by several methods in ea.ch eXperiment, differing 

in their use of the model of apriori information, and data. is presented to 
compare them. 

All plants and models are described by the differential equation 

X = [: _:J � + [: l u x(O) = X - -o 
(42) 

with pa.ra.meter values given in Table 1, including eXa.ct and poor informa­

tion. The primar)r goa.l is to control the plant subject to control con­

straints, given only the model pa.rallleters, so as to minimize the PI o:f 

Equation (7) with a = 1. Though the sampling period, which is also the 

control interval, is T seconds, the perfonna.nce index evaluates response 

over T = NT seconds. Results are presented for two conditions: 

[ 50

0 J " 
J2

0

o 

1

o] 
Condition 1: � , T = 0.25 sec. N = 15, , L (43) 

Condition ' ' 21, • [: J , ' = 0.15 •••· N • 25, Q { 1: 1: J (44) 

Control input u is assumed to be bounded by -20 � u � 20, and this inter­

val is quantized into K even levels. Two sets of allowable control actions 

were used. 

K = 5: u(i) E U = (-20, -].,0, O, 10, 20} (45) 

K = 9: u(i) E U"' (-20, -15, -.10, -5, O, 51 10, 15, 20} (46) 
Equations (22) and (25) and the model c.:.ta �rere used to compute G, 

which is the method suggested, and which assumes T a.nd N are infinite and 

a 
b 

TABLE 1. PLANT AND PLANT PARAMETERS 

MODEL NO. PfODEL NO. 
1 . 2 3 1 2 3 4 5 6 7 

+1.0 o.o -1.0 +1.0 +0.5 +2.0 +1.0 +1.0 o.o -1.0 
5 9 

+1.0 0.0 
.:,. 

25.0 25.0 25.0 25.0 25.0 25.0 12.5 50.0 25.0 25.0 25.0 12'•5 
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u unconstrained. The learning systems are directed by the subgoal of 
Equation (21) with the computed G, and a = 1. Several fixed controllers 
using the 1:r in Equation (23) were used to control the plants. Table 2 
lists the �ontroller gains and ... switching boundary slopes just coqruted. 
Using these 1:r values, the following control laws were used with their 
respective plants: Fixed-Free (u unconstrained), Fixed-Bounded (using 
the .;;ame gain, apply a saturation as . . in the sub-opt.illlaJ.· Letov solution), 
and Fixed-Quantized (quantize using the allowable control actions and the 
same gain value). The fixed control law equations1are: 

�(n) = $(n) [ l -
�(n[ .. 

'7B(n} = 20 �t � 
11. 1 + u. u. + u.+l 

�(n) = ui if l.- 2 
1 :;. �(n):;. 1 

2 
1 

(47} 

(48) 

(49) 

In the learning experiments, nonnal operating conditions were simu­
lated by choosing an .!o with uniform distribution on the region bounded 
by the fixed grid in Figure 3 (and. outside a circle of radius .5), control­
ling the plant for N control intervals, and reinforcing each control de­
cision as discussed above. Every sixth .!o was chosen deterministically as 
the test .!o for that condition [either Equation (43)or (44}], and PI values 
were recorded for learning curves. 

Program output,· after 50 trials with the test ·.!o tor K = 5 (75 for 
K = 9), included a grid which showed the most likely u. for each S. and the . l. J 
learned trajectory. This furnished data to COII!P8ore the learned to the 
theoretical switching boundaries, as well as the PI values. A measure of 
the correctness of the learning is the Number of Incorrectly Learned Sets 
(NILS) given in Table 3· In order to compare LERN to IARN, only the 38 
border sets (j = 1, • • •  , 20, 21, 4o, 41, • • •  , 180, 181, 200) were considered. 
For the most part, LERN and IARN caused identical learning inside the grid. 
Performance index values are given in Tables 4 and 5 for &11 learning con­
figurations. 

The two conditions in Equations (43) and (44) have �dentical T = 3·75 
seconds. Different Q and .!o were chosen so that the trajectory for Cond 
tion 1 would spend less time outside the grid than that for Condition 2. 
As would be expected,in this case, IARN did not improve on LERN as much 
for Condition 2 as for Condition.1. To illustrate, compare the ratio of 
the NILS total from Table 3: 120/50 = 2.4 to 104/lo6 = 2.26 and 191/98 = 
1.95 to 205/108 = 1.90. Typical learning curves and system responses are 
given in Appendix B. 
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Discussion of the Results 

The f'ollowing observations are made on the basis of che experimental. 
rest1lts: 

1. Increasing K yields better perf'orma.nce (See Tables 4 and 5) but 

longer learning time.
20 

2. Learned results compared with Fixed>-Quantized (FQ) is fairer than 

with Fixed-Bounded, assuming K ea.� be increased: 

a.. Learned performance is always better than FQ . .,,., m the gain 

dif'fers; e.g., Plant 1, Models 4 and 5 and Plant 2 and 3, 

C<!odel 9· 
b .  Gener&l trends not apparent for a #a; e.g. 1 Plant 2, Models 

6, 7 and 8. 
3· LARN is better than LERN, with a greater difference in Condition 

1 than in Condition 2, as shown in .t{[LS tota.ls of Table 3 and 

as was predictable from the initial conditions (See Figures 5 

and 6). 
4. It is· especially significant that even when the 1-!odel leads to an 

unstable f'ixed controller, the learned controller is stable, 

e.g., Plant 1, Model 4, Condition 1. 

VII. CONCLUSIONS AND FURTHER RESULTS 

Hithin the scope of the experiments reported in this paper, it is 

concluded that the learning systems directed by the subgoal compares well 

with a fixed controller designed with the same a.priori information. The 

proposed method of erid extension along the predicted m<.Ltching boundary 

slopes yields better performance tha.'l a para.JJ.el extension. It is pa=-ti­

cularly significant that the learning controller leads to stable perfor­

mance even when the apriori information yields an unstable fixed controller. 

This means that though the learning system may not always excell, cases 

might occur when using the fixed controller would be disastrous. 

It is often sa.id that learning control systems, such as the one pre­

sented in this paper are too comvlex and that they are not realistic so­

lutions to practical control problems. There is no doubt that such objec­

tions are valid in sou� sense. But, it is a very narrow and confined sense. 

The randon search is the central part of the controller and this rr.ethod of 

searching is time consuming. Su� there is a trade-off between convergence 

and efficiency. This method of wntrol is proposed for those situations in 

which the use of simpler methods is not possible because of lack of suffi­

cient inf'orma.tion. And, above all, convergence is desired and required. 

It behooves the designer to be on his toes to solve his problem with the 

least complicated technioue which.assures acceptable performance. 
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Pt,.ANT 
NO . 

1 

2 

3 

MODEL 
' NO .  

1 

2 

3 

4 

5. 

6 

7 

8 

9 

TABLE 2 CALCtr�TED GAINS �i) SWITcHING BOUNDARY SLOPES 

. 

CONDITION 1 CONDITION 2 
-k1 

-k2 -SLOPE 
-kl. 

-k2 

0 . 5074222 0 . 1998071 2 . 5395600 
: 

0 . 2652512 0 . 2648241 

0 . 4492075 0 . 2145366 2 . 0938500 0 . 2463311 0 . 2835234 

. 0 . 395 1808 0 . 2308742 1. 7116720 0 . 2283038 0 . 3032204 

0. 5074222 0 . 19 9 8071 . 2 . 5 395600 0 . 2652512 0".2648241 

0 . 4778033 . 0 . 2069751 2 . 3085060 0 . 2556800 0 . 2740493 

0 . 569 6028 0 . 1866106 3 . 0523600 0 . 2850548 0 . 2471174 

0 . 9582076 0 . 3835247 2 . 4984250 0 . 5198223 0 . 5189877 

0. 25 78663 0 . 1010737 2 . 5512700 0 . 1333281 0 . 1331133 

0 . 4492075 0 . 2145366 2 . 0938500 0 . 2463311 0 . 2835234 

0 . 3951808 0 . 2308742 1. 7116720 0 . 2283038 0 . 3032204 

0. 5074222 0 . 1998071 2 . 5395600 0 . 2652512 0 . 2648241 

0. 8490405 0 . 1;145961 2 . 0478740 0 . 4828268 0 . 557 1122 
--- - -- . -

-SLOPE 

1 . 0016130 

0 . 8688212 

0 . 7529304 

1 . 00l6130 

0 . 9 329703 

1 . 1535200 

1 . 0016080 

1. 0001260 

0 . 8688212 
. .  

0 . 7529304 

1 . 0016130 

0 . 8666599 

..., 
a-



TABLE 3 NUMBER OF INCORRECTLY L��D SETS ON THE GRID BOUNDA-'Y 

. CONDITION 1 CONDITION 2 
f-4 ..:1  

j g  
K • 5 l< • 9 K • . 5 K • 9 

P.. ): LARN LERN LAIU� LERN LA&� LERN LARN 

1-1 . 1 5 1 8 1 ' ' 3 4 

1-2 2 .5 2 7 1 .5 1 

1-3 1 .5 6 . 10 :z .5 8 

1-4 3 6 9 10 6 11 20 

;t-.5 14 1.5 2.5 2.5 1.5 14 26 

2-6 1 : 10 3 16 0 4 1 .. 

2-7 .5 7 6 13 · 4 6 7 

2-8 3 8 .5 13 2 10 6 . 
( 

2-9 7 11 9 18 6 10 13 

3-6 2 12 8 15 2 6 4 

3-7 0 9 4 19 0 9 3 

3-8 3 13 10 16 2 7 4 

3-9 8 14 10 ' 21 5 14 11 

TOTAL 50 120 98 191 46 104 108 

L 

LER.."l 

11 

13 

12 

24 

24 

11 

13 

11 

19 · . 

16, 

15 

13 

23 

205 

"' ..... 



!-< ...l 
Z :..l 

FIXED-< Cl  
...J O p.. ;:;: FREE 

1-1 4 . 4 5 1 9 7 4 7  

1-2 4 . 5013914 

1 - 3  4 . 6 5 31649 

1-4 7 1 5079 . 33 

1- 5 5 . 8844 2 9 2  

2- 6 4 . 5 5 1 7 8 2 8 ' 

2- 7 4 . 8004 2 7 3 ' 

2-8 4 . 81 32 76 5 

2-9 6 5 3 3 /o 7 64 . 

3-6 5 . 00'/1)006 

3-7 4 . 6600914 

3-8 6 . 1 9 20 6 80 

3-9 2 81998760 . 

. TALBE 4 PERFO���CE INDICES FOR CO�'DITION 1 

K • 5 

FIXED- FIXED- FIXED-LA'&'< LERN 
BOUNDED QUANT I ZED QUANTI ZED 

-

4 . 6 7 60632 6 . 1 106370 6 . 2207673 6 . 2207673 4 . 9921990 

4 . 7090902 5 . 9691791 6 . 3540898 6 , 2207673 4 . 9846682 

4 . 8070325 6 . 0 10 3 1 3 1  6 . 2207673 6 . 22076 7 3  5 . 1608747 

9 . 1 708926 10 . 5 5 7 3 2 3  6 . 2207673 6 . 2207673 9 . 4454831 

5 . 88442 9 2  9 . 5654211 6 . 2207673 7 . 0ir00880 6 . 12905 7 3  

4 . 6 1 1 7 812 4 . 8695703 4 . 8695703 4 . 8695703 4 . 8695703 

4 . 8004 2 7 3  5 . 5931641 4 . 8695703 8 . 9 823047 4 . 9 600195 

4 . 7864689 4 . 8695703 4 . 8695703 8 . 6693359 5 . 2 368848 

10 . 4 3 5 7 4 5  1 1 . 873711 5 . 5931641 4 . 8695703 10 . 441006 

4 . 9064164 6 . 1079 4 7 3  5 . 9524361 10 . 689633 5 . 3276671 

4 . 66009 14 5 . 9524361 5 . 9524361 10 . 689633- 5 . 0186118 

5. 71 12098 7 . 6081326 7 . 6081326 10 . 104486 6 . 7 481958 

8 . 8255262 1 1 . 37041 1 5 . 9 524361 10 . 689633 9 . 4246295 

(Multiply all values by 10� )  

K • 9 

LARN ' • _L LE'&'I I 

4 . 99 2 l.990 4 . 9921990 

5 . 0892173 6 ; 560194 8 

5 . 2126928 6 . 5601948 

4 . 9922000 5 . 2 867 8 7 3  
5 . 2 126928 5 . 8160306 ti 
4 . 8695703 5 . 9426855 

4 . 9.600195. 4 . 8695703 

5 . 2 368848 5 . 9426855 

4 . 8695703 6 . 5863476 

5 . 0 186118 6 . 5163609 

5 . 0186118 7 . 6088591 

6 . 5163609 14 . 747823 

5 . 3339 149 7 . 6088591 



� i;j  
:3 §  FIXED- FIXED-
.,.. � FREE BOUNDED 

1-1 1 0 . 6 5 2208 10 . 652208 

1-2 10 . 6 7 6504 10 . 676504 
1-3 10 . 7 71583 10. 771583 

1-4 2 3 . 849813 2 1 . 863010 

1-5 1 1 . 177938 1 1 . 177938 

2-6 10 . 6 71340 10 . 67 1340 

2-7 10 . 791525 10 . 791525 

2-8 10 . 810313 10. 810313 

2-9 796 . 9 8002 45 . 247660 

3;-6 10 . 854839 10 . 854839 

3-7 10. 692168 10 . 692168 

3-S 11 . 343090 1 1 . 343090 

3-9 9 2 8 . 98095 40 . 368934 
---- -

TABLE 5 PERFO&V��CE INDICES FOR CONDITION 2 

K • 5 

FIXED 
LAfu'l LEIU'l 

, FIXED-

QUANTI ZED QUANTIZED 

10 . 739136 10 . 7 39136 10 . 739136 10 . 7 39 136 

10 . 739136 '1 0 . 739136 10 . 739 136 10 . 739 136 

10 . 739136 10 . 7 39136 10 . 7 39136 10 . 739136 

4 6 . 638666 10 . 739136 10 . 739136 4 6 . 638666 

10 . 739136 10 . 7 39i36 10 . 739136 1 1 . 17 7420 

15 . 540703 1 3 . 736972 15 . 540703 1 1 . 705210 

15 . 789219 13. 7 36972 15 . 540703 1 1 . 9 8 3990 

1 3 . 551739 15 . 540703 15 . 540703 1 1 . 452744 

4 0 . 22 7500 1 3 . 735972 15 . 540703 4 4 . 664253 

16 . 353739 18 . 062188 18. 062 188 1?. . 1)98742 

16 . 353739 18 . 062188 18. 062188 11. 746322 

1 7 . 684409 18. 0622.88 18. 062188 1 2 . 098742 

4 1 . 693656 18. 062 188 1 8 . 062188 38. 064 325 

(Multiply all values by 10� )  

K • 9 

LARN 

10 . 739136 

10. 739136 

10 . 7 39136 

10. 739136 

11 . 177420 

11. 387266 

11. 387266 

11 . 452744 

11. 387266 

12 . 09 7313 

12 . 09 7313 

11 . 660995 

12 . 097313 
-- -----

LE&� 

10 . 7 39 136 

10 . 7 39136 

10 . 739136 . 

10 . 7 39136 

10 . 739136 

1 1 . 387266 

1 1 . 387266 

11 . 452744 

1 1 . 387266 

1 2 . 097313 

12 . 09 7313 

1 1 . 660995 

12 . 097313 
L___--�---

..., 
-o 
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Appendix A 

A finite, stocbastic automaton is used as the controller to make con­
trol decisions among K admissible actions for each of L control situations. 
Let S .  denote the j-th control situation. Consider that the outputs and J 
the internal states of this automaton are identical, and the automaton is 
characterized by the stochastic matrix P(n) = I ! Pij (n)!l , where 

"' pij {n) = the probability that u{n) = ui 

and 

is the optimal decision for 
x(n) E S .  at time n'l" (Al) - J 
K 

\ P . .  (�) = 1.0 L �J 
i=l 

j = 1, • • •  1K n = 0,1 • • •  (A2 ) 

Unlike many proposed automata model [ 10] , this corresponds to a state 
probability matrix, not a state transition matrix. The elements are rein­
forced during learning as d;i.rected by the learning algorithm. 

Each of the L columns represents an independent learning .experiment. 
ClassifYing 2£(n) into sj determines which experiment is being performed. 
Generate R from a uniform distribution on the unit interval, and the con­
trol decision is:  Chooseu(n) = u. for an i satisf'ying 

i-1 i � 

I Prj (n) s. R s. L Pr/n) (A�) 
r=l r=l 

Learning occurs as a result of a succession of reinforcements ,  and is 
evident in P(n) when one probability in each column tends toward one , the 
others toward zero .  Only one o f  the L experiments i s  i n  operation at a 
given time, the one determined by the present state. Using a subgoal , the 
present state is the initial condition for the optimization. If the grid 
is sufficiently fine to assure that any state will move between sets for a 
any allowed control action, then, it is reasonable to assume that the 
occurrence of any state in a given set is equally likely. Therefore, suc­
cessive trials differ because of th? random variable � .  The assumption 
is not strictly valid with a coarse grid unless measurement noise or 
environmental factors are present . 

In order to define the reinforcement learning algroithm, let the 
subgoal be 

SG(n) = 2£' (n+l) �( n+l) + au2 (n)t (A4) 

t rt satisfies the subgoal conditions ( i )  and (ii) in Section IV provided 
G is chosen appropriately. 
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At time n�, the state �(n) is sampled and classified in SJ. � control de­
cision is made that u(n) = �� based on the- current probabilities in the 
J-th column of P(n) in Equation (Al) .  The subgoal in Equation (A3) evalu­
ates this decision one control interval later, comparing it to the past 
history of choices in this control situation, and rates it as being better 
{or worse) than other choices. Then the probability of making this choice 
the.. next time this control situation is encountered is positively {or 
negatively) rein!'orced. 

The algorithm here is an exact duplication of Reference r . It is 
briefly presented here for a description of the reported experiments . 
To compare to the past history, the subgoal is normalized and the mini­
mization is converted to an equivalent ma.ximization by introducing 

x' (n)Gx{n) - SG(n) 
diJ(n) '" Max(�' (n)�(n),  �1 {n+l)G_!(n+l)) + au 2 

max 
(A5) 

The instantaneous evaluations d . .  {n) are used to form estimates d . . (n) �J �J 
of the value of each decis:i.�n, averaging over � E sj . 

(CIJ(n) - 1) diJ(n-1) + diJ(n) 
ciJ(n) (A6) 

(A7) 

CIJ{n) is the !IUIDber_ of times � has been chosen in SJ and is increased 
each time.t The linear reinforcement is performed only on the J-th column, 
as follows : 

where { 1 for i = M (positive reinforcement) 
A. (u. ,s . )  .. n � J 0 for M f i = l, • • •  ,K {negative reinforcement) 

The learning parameter 
an = 1.0 - 0 . 5  (dMJ(n) - 'dNJ(n) 

depends on 

�(n) = � di/n) 

t in  the systems simulated CIJ{n) is increased up to a maximum of 9· 
this ,  the estimates are weight�d averages,  emphasizing the latest 9 

trials. 

(AB) 

(A9) 

(A10) 

(Ail) 

After 



32 

d
NJ(n) = 1:fa,x d. J(n) 

ifM J. 
(A12 ) 

the largest and next largest , or equivalently , the best a.nd next best 
choices in SJ· This provides reinforcement which is dependent upon the 
relative superiority of' one action , 0 � e n � 1. Section V describes how 
to initialize the estimators and counters in the controller. 
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ОБ ОДНОМ КЛАССЕ АДАПТШШЫХ (САМООБУЧАЮЩИХСЯ) СИСТ�f1 

Доr:лад аа 4-u Всесоюзноu совещании по a:втolLaTИЧf:cr:puy 

управлег.ию 

В. А. Якубович 

Б соответствии с принято• терыииолог�ей dyдeu наз�ВdТЬ адап­

тиВf!Оi·! систему, закон фующиоиироваиия которой 11еияется в зави­

симости от приобретаемого опыта. Системе сообщается в какоu-либо 

·виде информация о "неудачности'�удачности'' ее поведения по от­

ношению к векоторому целевому условию. Существенно при этоu,что 

определенные характеристики среды и систеuы, а также, возuожно, 

некоторые параuетры целевого условия неизвестны конструктору,-

о ни могут быть любыми из векоторого класса .1'1 . Адаптивная сис­

тема (АС) называется разу11ной в к�ассе JVl , если для любого це­

левого условия И любых характеристик этого класса наступает uо­

иент, после которого целевое условие начинает всегда выполняться. 

В докладе приводится точная, формализованная постановка простей­

шего варианта задачи построения по заданно11у классу JVl систеuы, 

разумной в этом классе, а та��е при ряде предположений- решение 

этой точно поставленной задали. Результаты иллюстрируютоя мате­

��атически стил�зованными принерюш простейших систем, "разуuных" 

в указ ан н ом., весьма у слов но м смысл е. 

Другие иетоды построения а.цо.птивных: систеu, связанl:fые, в осно:н­

ноu, с использование11wтематического аппарата стохастической 

аппроксимации, предложены Я. 3.Цыпкиныu [ i] . .d работе [{ J име­

ется также обширная литература по теории адаптивных систем. 

r0.Точная постановка задачи. Буде� считать, что время i; 
принимает значения i =О') i J � >,,, .Величины uеняющиеся 

(вообще говоря) во времени будеu называть переuенными, а величины, 
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значения которых фиксированы для данно�, систеuы (и, сле:цо:ваrель-

но, не uеняются во времени)� параuетрами. Среди пара�етров выде-
лю• так называемые варьируеuые параметры t!- , которые могут �� --- ? 
приниuать любые значения из некоторого задаr1ного uножества М . 

-uногомерный вектор.(Иыделение ,., При этом � = /1 �� /1 
этих Параuетров иuеет следующии сuысл • .tiарьируемюш называются 

те параuетры, которые могут uеняться от экспериuента к экспери­

uенту, и знач"'�!-!е которых заранее конструктору неизвестно.Класс 

М поэтоuу будет определять класс задач, "решаеuых" адаптив­

ной систеuой).Заданное uножество некоторых элеuентов z будем 

обозначать через { 1 � .31Iачение }ереuенной z В момент t 
будем обозначать 21: .Будеu счИтать задаН! ЫlfИ множества 

{.xJ,fJ/,{бJ,{uJ и подлежащиu определению (в соответствии 

с условияuи, сфорuулированныuи ниже) uножество { 't j , эле-

менты которых называются так: :1: -��наты АС, 

./) -среда, б -�н�оры, IJ -управление, � -так_!ика. 

Пусть� на функ;я 'f{i,�, � ) ' 
-- со з начение11 О· 

или r, называеuая сигнапоu вклЮЧения целевого условия, а также 

вещественная функция F(X11>1 �) .Целевыu условиеu (ЦУ) будеu 

называть условив: eaлvj!�=f!{jt,Jt,j)=f. · ,rroF(a�_,J,�-t.JJ,r)ID � Будеu говорить, что ЦУ выполнено в IJOI!eнт 

t+J , если либоj!�:r=i и f'(� ,_L, Ji+J,�)>O� 
либо ./!1:: О , (Отнетим, �то ./:!t =О означает, по 

существу, что целевое условие не поставлено).Целевое условие 

указа н1·ого типа 6удеu называть од ношаговыu. Од ношагавое ЦУ ,буду-

t --чи поставлено в моuент ,дол�но 6ыть выполнено в следующий 

t+J момент 

раздел 6°. 
.Относительно нногошаговых целевых условий сu.ниже 

Бу:це1� считать заданными: ���в�e �-бf�t/�t�� {:fiJ 

�� = � ( х� > !� > S) (J) 
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(опре:целнющее то, что "видит" АС), � . 
� fi = х ( �i 1 lll, �) (�) 

(определяющее двшкение АС), а Также уравнение изuеаения среды 

_Jt�f =S(:r/:,J/.1 �). (3) 
Подлеж)оr определен!IЮ следующие "уравнения uозга" АС: 

f4.:: Ll(бi,'f�:), - ;----- {tt) 
!if{:: f(� l�lj,f{�) • {5"') 

При заданных- XCJ ,80 q; уравнения (I)-(5) позволнюоr 
1 1 __ о . ·  

последовательно найти' значения всех указанных переменных во все 
.юuенты вр�;шеки.При этоu для каждого t =- � 91.•... ЦУ будет 
выполнено или нет. Подчеркне)I, что правые части уравнений (I)-(3) 
(в омичие от уравкений (4), (5)) зависят, вообще говоря, от варьи­
руемых параuетров.Иэuенение варьируеuых параметров ��� 
означает иэuенение Задачи по выполнекию целевого условия или 
изменение условий, при которых решаеоrся фиксированная задача. сtйз­
uенениQ, моторного и се!Iсорных уравне!Iий означаеоr иэuенение в про­
цессе э!<сплуатацИи характеристик АС, изwенеliие фующкй А,/-1 F 
имеет uесто при иэuенении задач, решаеuых АС).Начальliые значенин 

uогут также зависеть от варьируемых параuетров. 
Если определеко все указанное выше, то будеu говорить, что АС 

задана.АС называется раузuной в классе задач .jt{ , если д� лю: 
6ых зна� варьируеuых параuетров � f М �дет�я u��нт t 0 ......--._... - -
�х t � fo - � выпол!Iе� целевое 

��t=Ccмl. � f�io х). 
- . 

После всех этих форнальных определений uожко точао поставить 
задачу о построении "разумной" (в достаточно условноu и ограни-

х)Тр.ебование � ::- (};n"y{ при t � io uожет 6ыrь отброшено 
Оно, однако, по ряду соображений очень удобно, и,кро!Iе того,· 

оно автоиатически выполняется для полученного реШения. 
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ченноu сuысле) систеuы.Эта задача состоит в построении (по за-
данноuу классу · М а за;цанныu функцияufi/�·�Х,S )ура:в-
невкй uозга (4),(5), 'таккх, чтобы АС стала разуuной систеыой в 

классе задач·� (разуuной в указанноu выше с�ысле). 
2°. Основные предположения к основвой результат. Бу;цеы обоз­

качать через. R" ЭВКЛJ(ДОВО пространство разыерхостк n . Пред­
положиu, что { €5l 

;;
заыкнутое ограниченное uножество не кото­

рого Rп 1 2' = JJ§i /IJ=i. _ .Будем считать :выполненвыыи следую-
щке чrrыре условия:. 
(I)Можно ввесrк новые управлен!lя V , где 
ыножество некоrорого Rq, ) V = // � 1/i'; 1 
однозначные функц!lи Il так, чrо ЦУ в uoueнr 
выполнено, если выполнены К неравенств 

{ V J -огранJ.iченно. 
, так, что 11 = Ll(ll) -

i;;i заведоuо 

{6) 1 (ei, � )-Jf l<§i 1 J -1, .... ,1< 
где" {j -параu�тры, el, .. ···;. el< -линейно независmJЫе известные 
векторы и 'J.t= 'f;f..x�;,��oJ.,.&.I:,JOJ., �) -неко-
тооые Фун��ии указанных аогуuентов. • � . 1f 

(П). Существует функция V= V { � �) / называеыая 
идеальныu управлениеu, такая, что ;ля -любых .Х-�; 1 .&� и cf6 М 

при fi: V11(бt, �) выполнено (б) с заuеной 
8; на ·акие-лиоо В. f <.-€. ·- . При этоu в (I) б: Т. 1 .d, ..� 
-<1 - ' _, - � 1 "'""t + 1 с -1 � 

определяются согласно естественной цепочке сооrношений: 

� :Г!J::r�_,.&�;,�),�=U(ti), ��1/Х(�,���� J111= S(xi,�l:, �) 
(Ш)Како.аы б; ни 6ы1rи управления Vt-знач�ние '!/ ;;;jj{eт оыть 

выражено через  vt 1 � 1 ?"t fi , т. е. 'J/:: '!;· {Vf: /!t, §._i) 1 
где �·-некоторые функцки. .Н 
сrУ):для всех �f/'1, о€ [бf существуют oVXIJ· 
1 V11(Q; � )/� еомl, /r;;v11(f fJtf;2,.J � wnd�' 

Jпоясниu эти предполоиения.Условие (I) означает, что, во-первых, 
ЦУ т .е6ует, что6ь "что-то от чего-то отличалось достатояно uало", 
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к,во-вrорых, чrобы это "что-rо" лжиейно завксело or иовых управ- -
лений. Условже (П), грубо говоря, равмосжльно приыципаалыюй 

возuожиосrи решекия задачи. (Непосредствеимо воспользоваться 

управлениен 
, � :V'{pt, !J , разумеется, иевозuожио, 

так ltaк меиэвесriW sкаЧеwха варьхруемых nараметров t ) . Ус­

ловке (Ш) rpeбyer, .чrебы omwкa в иоuен:т f uогла бЫть изuере-

11а по :цаliным в wouei!!:ii • t+1 .Условие (IY) прак-
тическх ае оrраliжчиrельио. 

Теорема r. Прк выпоnкении условкй (!)-(!У) uoгyr оыть пос­

rроекы уравкеиия· uоэга rак. чтобы получекмая адаптивная с�сте­

иа стала разуuаой в классе задач Н • 

Доказатеnьсrво этой теореuы коаотруктивно: при доказательстве 

П9лучаетоя процедура-ооставления уравнеwий uозга адаптивной cиc­

rellы, разуuиой в классе N 
в·· прuодиuЫх виже двух простых, но типичных приuерах адаптив­

ных окетем опущекы (чтобы ае загроuолщать изложеиие) второсте­

пеин:ые детал11.Можно показать, что для этих приuеров, вьтполнен:ы 

условия (1)-(IУ).Поэтоuу, согласно теореuе I, uогут быть постро­

еRы ypaвaeliiLЯ uозг�с те u, так, чтобы эти сисi•еuы стали: разуuны­
uи в указан �  ниже классах аадач.Уравнения иозга этих cv.cт eu 

построе!iЫ; они не пr.;;.mод.нтся здесь тыt. нак, во-нJуьых, для 

этого требовалось бы значительно �vлее детальное описаиие этих 

прииеров, а rак как, во-вторых,уравиения цозга этих скстеu иuеют 

д о с тат очи о грш.юздкllй вид. 

з0 . Адаптив иая систеuа "Куз нечик" С.Ю. Внешкиuи коорд1шатани 

� являются :Х :::// Z1 ![_11 , где -z -конплексное число 

{/t/ '-l) (определяющее декарто:зы координаты Е, а "курсово�" угол .f 
( !�зненяющи1ся в пред елах tJ � l/ <f2 [!' ) определяет ор�еg-

тацию Ji: Сред а А отождествляет7я о KC'!I .лекс::!>НlХ ч:�слон ,-5 (коордн­
н:;.тн цели) , j J:>/ � l . Число t -варьпр;, е!lЫЙ паранетр. 



40 

С�стеuой координат К 6удеu называть систеu• с центром в точке -
i , повернутую на угол У. К видит ориентир в начале непод--• -
вижной систе11ы координат и цель. Точнее, сенсораuи 

�=/1 �о tf,�'flявляются следующие величины, связанные с координата-
- - ,_,__ . 

ми цели и ориентира в систеuе коорЦинат кузнечика: 
z•=!f/2/+!_)-1, 'f'.=-0Jl1�- � �=�(/Z-SI+j)-; 'f'::�(�-"J.)- !!_. 
Здесь if'>() 1 V ;>О ..:..параuетры .движение кузне чик а осу-- -
ществляется так. Кузнечик поворачивается на угол �� , вате� 

прыгает на расстояние �� .Поэтоuу управленияuи являются 

U =11/� 1 /;1)/ , а-уравнения движения инеют вид�;] �+ /1:1 
1�_�1:: 2 �;f 1 ,где 2;1[:�-1: + �het;tpi {'ft т/�;} 1 
если только /"it/�i.J .Если/ z;/'"7i.J (что означает, 

что кузнечик "хочет выпрыгнуть из круга 12/ 't ) 1 то 

"lt+f определяется :{с> :•словкй '':rрилипания" к стенке/�/ =i.J 
или "отражеffия" (по неиоторому закону) от этой стенвк.Сигнал 

включения ЦY:?-t=i, если /2i-SI:f�§ ид-�;=0 
еuли / 'i� -l>tl С:: С .ЦУ состоит в требовании поИuать цель в сле­

дующий момент, если она .сейчас не пойuана: если�t =1 
тo /2t-IJ.-.&I:.fL J <:8,. (Число В -параuетр, �<" ).Ta-
i·;иti образоu, �узнечи;- должен прыгн1� в С -окре�ность тоИ --точi<И, где окажется в следующий uоuент цель.Цель видит ориентир 

и кузнечика, и ее переиещение зависит от того, где она их видит. 

Предположиu, что,целъ не обращает внюшffие на орие!Iтацию куз нечи­

ка
: .&/;Jl= З{Jt, Jl.- �i:' �} .Эдесь �€ N - варьи­

руемый векторfШй параuетр.Если цель пойuана в некоторый uомент 

{}!!=О) , то в следующий моиеf!т в круге / J / � iJ 
появляется квазислучайныu образоu новая цель с тем же законон 

<DУНiЩИОШ!рования. Поскольку цель вицит лишь орjlентир, а ·не связан­

Е!' ю с ней систеtJу r<:оординат, то функц'Ия){ .J1 Wi �) ( 
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должна удовлетворять следующеuу условию: 

S(e'X�;1 el�� !)=el%$(J,W, �) ,где f -лю-

бое ве�ественное Ч!fсло.Кроuе того, будеu сч�fтать, что функция 

$ и ее производные п� /а 6, J'I"'J.1 fa W, "т И1 ограничены 

при /l>J1EL 1 с� JW J�i.� равномерно по ��М 
При этих условиях выполнены предположения (I)-(IY) раэде� 2°, 
и, следовательно, uогут быть прстроены уравнения uозга, так, что !. 

система К стала раэуuной в указанноu к лассе задач. -
Разуuность этой систеuы означает, что для любого фиксирован-

ного типа цели (т. е. для любого фиксированн-ого f �М )кузне­

чик в процессе преследования одной цели или,uожё; �ытъ, несколь­

ких целей как бы выясняет для себя воз1южиую реакцию цели это­

го типа и с некоторого uоиента начинает ловить любую цель этого 

тrша за о.циа такт. Если после этого появляе.тся цель другого 

типа ( с новыu эаконоu функционирования,т.е. с люоыu другИУ 

�G};( ),то, естес�венно, кузнечик сначала не сuожет пой1.нiть 

нОВую цель за о.ц�н такт.Однако, в процессе преследования цввей 

этого типа он "изучит" кх реакцllЮ, начкет верно предугадывать 

прыжок цел� и с векоторого uоuента начнет ловить любую цель вто­

рого типа за один такт. 

Указанное саiJообучен!lе кузнечика будет иuетъ uесто для любых 

целей класса /vf . 
4° .Адаптивная систеuа "глаз-рука". (ГР) .Внешвиu!l координаташr 

ГР является па ра хоuплексных чисел 'Z1l
1 ,связан�ых соотно-

;е tшяни /'l/=l1/1-1.'/=f' , где /?- � 11>-О · -варьи-

руеные паранетры. (Вектор r -"плечо", вектор ( l- l') 
" предплечье " , а точка ?1 -"конец ру:ки"). Среда отождествляется 

1 11 . · - 1 "4', � 
с пара· ·о1щлексных чисел �1",& , г де / �-/� =а,� 

f,ь''f!G l +l � Оо .Здесь fo -параuетр, f -варьируеuый пара-
!.! етр. Числа }./ }., 11 

оп е:ц еля.от ко HIJ.Ы от; еэ ка "объекта"; котор:-�й 1 
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''BI(Д!IT" ГР .Пусть"глаз" находится в точке (l. , (коuплексно�· 
- �1 �1 A,ll 

число а -параuетр).ГР "вид��:т" точки �.1/.,)1д .Точнее, 

rrусть сенсораu11 я�7яют� �=1/�'f:J/;�'f'/l!;.�':fн// 1 где 

Jo:o02LOJ+y) .J'jf:Ohд(i!_a) �� У-'j i;�'Р�1оrrределяются ..., - . d 1 ' ) - - � аналогичным образоu по � J _Jh - -' а е >О, V>- о 
параuетры • .Пусть У- �гол, о6разоваr:ный плеч;., с ф;сироваю;ыu 
наrrравлен��:еu, нarrpwep, }!=-IJ/l.lj 2 и f../..1 -угол uежду 

продолжением плеча и предплечья.Движение ГР осуществляется уста-

новкой задаиных зиачеиий tf и fJ' - • Следо:ааrел.ьно, YJ Cf-
управления а ':J ='е'� �r.:tiY:�в-,ei.f'!&�>'f.J 

- -
' 'i+L <. 1 1 �/.+J G. -иоторные 

уравае1пlя.си:гнал включен��:я ЦУ:л�=/. ,ecли/fi.-S./J � �: 
11: Д-�;=0 1 есл11 /Zi-1>� 1 < f: ЦУ: есл� :.{ 

�­
то 12l-�o{-s;J< � .Такиu образоu, а�аптивиая систеuа _I! доJrжна 

следить концок2"руки" за точкой � , предугадывая ее 

положение в следующ11й uоuент.Будеu считать, чтв 1:\бъект" 

Jt=I!Aj,.J;/1 "видит" лишь конец руки z; · ,т.е., что 

уравнения изuенения среды иuеет вид .&t"i= S(-6-�,, ?i, �) 1 
причеu q>ункция)иuеет производныв по /& J/1 Jm.J,i, .... 1 :Jml; 
1( внесто с этики производныuи ограничена равноuерно по �ЕМ 

1 t -
когда .;5t1 Jt 1 �t меняются в указанных выше 
пределах.При этих условиях выполнены предположения раздела 3°, 
и, следовательно, uогут быть построены уравнения мозга так, чтобы 

систеuа ГР, стала разуuной в классе М. 
Как и в ыше, разуuность этой систе1JЫ ознi.iчает, что для любого 

фиксированного закоиа движения объекта из класса М 
систеuа ГР наблюдая за движениеu объекта и его реакциями на 

приолижающуюся руку начинает предугадывать следующее положение 

объекта и начннает
�

r<ак и требуется, "ловить" точкуJ: т. е.устанав­

лавать i\Онец рукиlв8жрестность той точки, в которую попадет в - , 
следующий uо!Iент точка{При и:з11енении закона движения ооъектn 

сие те на ГР нatrL�:iaeт сш.ш "переучиваться11, и после конечного про-
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межутка вреиени обучения снова начинает правильно предугады­
вать реащию объекта I! ловить точку � 1 • Эаю са11оо6учен�е 

ю1еет несто для любых законов движения объен:та из класса )( • 

5°. Экспеоюiенты на ЭВiА. Доказательство теореuы I, как было 

отuечено выше, конструктивно: при выполнении условий (I)-(IY) 
указывается процедура уравнения rюзга.В1жесте ·с тен остается 

открытыu вопрос о длительности вреuени обучения f.() .В обцеu 
случае вряд ли 1югут быть полученьr точные оценки числа t0 • 
Если бы значения io оказались чрезвычайво большиuи в реаль­
ных случаях, то ценность построевных уравневий �1озга была бы 

соынит�льной.Для того, чтобы определить значевие io в реаль­

I!ЫХ случаях, а также для того, чтобы определ��:ть влияние различ­

ных параuетров на вреuя обучения было проведено uоделирование 

на �М адаптивных систеu типа "кузнечик" для /.., =-15-7-5"00_, 
§_ = J -:-Jo-f fД = 0,06 'i+ о,оо2 .Класс М 
содерлсал от 20 до 40 варьируеuых параuетров.Кузнечllк считался 

обученным в IJO!Ieнт fo , если он ловил любую квазислу-Iайныu 

образом появляющуюся цель за одиl! такт (что и требуется) для лю-

бого t в интервале to � f � fo + 1011• Значе-

ния вренени обучения t 0 оказа·лись вполне удовлетворитель-

ныuи.Если, для наглядности, сiчитать, что один такт длится одну 

секунду, то вре!IЯ обученияf.кузнечика изненялось для различных 

� значений параuетро:в в пределах от однои uинуты до нtскоlrь­

ких часов. 

б0.Некотооые заuечания. !)Методика построения уравнений моз-

га адаптивных систе!.l с описанными выше одношаговю/И ЦУ переносит­

ся в ряде ел· чаев на многошаговые ЦУ.nеле вое условие называется 

l!ногооаговыu, если lfiи6o оно снизывает переиенны в  Jl, [li 
для несколькпх �о�ен тов времени, либо, если оно, будучи поставлено 

в ионент t дотr:но быть выi!олнено в неiюторый моыент t' >t .. 



Есл:и, uaupwep, ввестu: ограничения tia С!\орость иере:цзнжеr:кя 

кузнеч�.r;а ил!l 1:а скоростJl переllещення плеча !! предплечья, а так-. 
же заиен!lт:ь rреооваюtе rюйuать цель в следующшtr UО!Iент 1:t i 

требованiiеu существоания uоuента i.' "7 t, для которого цель бу­

де т пой11ана (в прежних сuыслах), то получается н:!огошаговQе UY. 
· Целевые условия этогш типа uогут быть сно;ва сведеtrы к одношагов;;r:.�, 

CtidCЛ котор�� заключается в правiльноu предсказа�пи поведения 

ЦВЛ.Il В СЛВДУJОЩJLЙ UOI(eFП�. Для CИCTeiJ С ЦУ ЭТОГО ТИПа UOГJT OtzTЬ 

посrроены уравнения uозга, так, ч:.:обы эт!l систеuы сталu разу..!Нi:РШ 

в указанноu выШе сиъrсле. 

fожно, однако, привест!l пр J(i!еры .с:�стен с !.::югооаговыuи ( ! 

да�е с оДношаговшtи) ЦУ для к оторых, хотя и удаеrся свеет� зада-

чу построения уравнею.�:й uозга к некоторы:.! uате!.!ат;�чесюш зад:чан, 

но решен:�е этих задач остается неиз:зестн!:ш. 

2)В раз el!ax 2°,3°,4° был.11 сделаны саиые общие предполо�'\е�чя о 

к:rг.ссе J1 .На cauou деле C_:leдffee :з:;е��я ·Jбучения CililЫ!O зz:s:�с:�т 

от объеuа класса Ь\. .Как правило, среднее вреuя о6учения t о 
увешrчиваетая с увеличеаиеu класса М , т. е. , точаее,с JBB:!.:!'!��:�::�� 

чuсл.з. ва!.JЫ!руеuых параиетров. Таюш ооразоu, если сtютеuы А' 
ц: Д11 ... разуl!f!Ые, соответственно, в классах М1 .u. f'1 и, rrp;!'.re .. 

1 1 j класс М соответствует более пшрокону классу задач ' М :.J М � 

то ципп: в с_реднеu, любую задачу �з 6o;ree узtюго к лас�'Ио .. ее 

Л' ?83'n!�11 с;1с7ена 

! е !!: " f( П;J И рас' !Lренюr анали::;:(руе!�Х возно:·шостей
. 

каi\ бы по :вляется 

pei:Iaeт l!едленее, чем "uенее разуш:ая с:!с-

неко�орая нереш3телъность).Высказенное утвер_ценuе,впрочаu, �О[ус­
кает ряд ,J:::ключt3ний. 

0) разделе I0 и для ПРJ.!Uеров разделов 3° ,L�0 !JОЗГ a;J,E'.!!T!Гor:�;:{ 

систе11 EO'l.r.eн был реиать одновреuенfю цве эадач.r: за�ач .. - пре;r,-
пказэн:r:i :1 зaJta :у .в 1раоот:ш сигналоз управлсы!я· для осущестзле�и. 

;rzнo:::-o . з�1:;;еr..uя. '06ша·_ -xet�a ра:здела I Гtозволяет также расс�.!ат-
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ри�ать эти задачJ�. аздельн.о).!lодче.fJК!iеu, что }JBii.lt: Аб ДЕ.;.(е �J,_:._.o 

второй задачи представляет серьезные трудности.Расоuотрю.r, нarrpi�­

uep, задачу решае�ую uозго� систеuы j! в случае, когда цель не­

подв юr.на. (!Ь положение цели �.::ожет быть разшtЧ!iЫ�!). Задача, тающ 

о� разоu, состоит в создании определенной совокупности с�гналов 

для того, чтобы переwестить конец руки в заданную точку.Можно 

наглядно представить себе k ручек .{k:lDft�пoлoжeн� ;:отор· :·: 
' . 

определЯifТ некото, .. ую тактику.При фи:ксированноv положении этих ру-

чек осуществляется некоторое движение, и это д:в>rжение зависл от 

того, что видит Глаз.Сущеотвуют такие положе ния ручек, при ко �о­

рых осуществляется :верное двшкен11е, т. е. рука ло:в;rт концоtJ l' 
точку 1 l L l 

� , где бы эта точка � не находuлась.Эти 

"ве;:>ные" положевин ручек за:в:Lсят, одна ко, от ряда неиз:вестных 

иозгу факторо:в , :в частности, от длин плеча и пре дплечья (являю­

�ихся, по у .словию, :варьируеuыuи параuетраuи).Задача uозга 

н:а�iти эти вер !Ш е
. 
полот:ения ручек. После того кюt движение осущест­

в;шосъ, в •{озг ГР поступает ttнф ормация о :веЛич:�не ошибки. (::''лаз -
�· �· в1щнт точку -,;, и конец руки � ) .110 ЭТИ� il,aШibll! DОЭГ ДОЛ-

ReH ИЗ�еНИТЬ ПОЛОЕеНИЯ k ручек.Sатеu осуществляется новое 

ц:rш:.iение и новое И3'!е;Н'\НИе положения ручек.После того, как pyr:a 
"схватила" ТОЧ!{У процесс продол:кает<Зя снова для но­

вого 3сход ного положения рукиt и нового положенки �очки �· 
Разуuнос�ь систе1ш ГР в рассиатриваеноu классе м Баръu-
-rре�шх пара�втров означает , что после конечного числа попыток 

�:озг на��дет верriЫе полоЕения ручек (верную тактику) , при которых 

после появленuя цели �, в любоu �есте рука 1з любого 

олоУ'?!'f !Я Г1разу (за один таит) пере!Iещается прав!шыrо, "схваты-

1 1, . 6 1 
вая" :<О!ЩО�J :z. точку :..> • (Разуuеется точка ';) долл:-

на быть в пределах досягаеuостu ) .При изиене н�и длин плеча и пред-
плечья из!.:е·-яютсн верн_ е поло�сения ручек It после ;юнечного ч..:сла 
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попыток uоэг снова их находит. 

Для описа п ного выше класса задач М отсутсшвовала необ­

ходююсть правильного предсr,аэан:ия.В более широких классах М , 
1 6. 11 ll й"' fllll 

·когда "о6ъект11 J =11.1>1 � fl пере!!еща етсн, неооходиыо 

предсказание его полоиения.Он:о теu более необходиuо, если объект 

реагирует на i!рш5ли:i<ение руки. Изложенное выше означает, что в 

раuках ук1занноИ в разделе 4° идеализации uожет быть построен 
uоэг так, чтобы система ГР решала "св�а" все задачи указанного 

типа. 

Цит�рованная литература. 

I.UЫПЮ!Н я.з. Адаптацwя, обучеt1ие и car; обучение 

в автоuатических с�ютеuах. Автонатика 

и теленеханика, т.27, li! I, I%6. 
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In solving problems of opti.ua control with incomplete infor­
mation on the controlled object there arises the question of 
how to gain an appropriate algorithm. Hitherto known control 

algorithms based on the deterministic principle, are not sui• 
table, especially when the object is multidimensional and 
subject to perturbation&. In such cases stochastic methods 
are adequate, based on the principle of the theory of learning. 

In my paper I wich to deal with some new aspects of the algo­
rithm of learning that would consider the entire hispory or 
part of the history of learning as a sequential Markhovian 
phenomenon of the kth order.· I should like t� refer to the 
particularity of such a phenomenon that can be looked upon as 

a matingal of semimartingal phenomenon provided that certain 
assumptions are satisfied. 

2. THE MATHEMATICAL FOIDWLATION OF THE PROBLEM 

The mathematical formulation of the optimum control ot quasi­

-stationary phenomena is defined as follows: 

Assume that tbe optimum control /Fig. 1/ given by a purpose 
function, is of the form 

Q = Q (i) ( 1 ) 



where Q is a scalar tunction indepenaent ·on t 
i is the Yector of the controlled quantity x1•Xa••••ox0• 

The task of opti� control is to determine such a Yector of 
the controlled qnantity u, that the corresponding vector 

i1xi•xi•••••x:/ may satisfy the relation 

sup Q • Clmn • Q(i•) 6 Q(i) (2) 
where i-e-x. 

Let the chosen algoritba· be discrete and given by the recur-
rent relation 
iN+l = i:'f + AiN+l ( 3) 

where 

{�� 
if Q(iN) � Q(ilf) �iN+l = 

•5 if Q( iN) .=! Q( ilf-1) 
(�) 

where lf • 1,2 •••• 
a is the scalar step leDJth 
§ is the realization of the, randoa unity vector. 

The realization of the unity random vector will depend on the 
probability p( wN ) or the storage parameter ;N. This probabili­
ty Will vary according to the amount ot experience accumula­
tion. It the result or the test proves ·to be succestul, proba­
bility p (wN) will grow and reversely. Already R.F . Arnold 1 has· 

pointed out that the optimal strategy or the learning process 
depends not only on the immediate success or failure but on 
the entire history. 

. / 
"bat is the substance or this assertion? 

1. An arbitrary learning and simultaneously optimal system must 
have controlling signals - a control in arbitrary time t, de­
termined on the basis or all observations gained uptill this 
time t. 

2. The concept 
explained. 

information g�ined uptill time t" must be 
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As a .. tter of tact two interesting cases .. y occur: 

a/ when the processes in question are essentially ergodic, 
hence such phenomenon can be considered as a si-rle Karthovian 
process, as a sequential string, i. e. 

evolution, the future of
.

which depends solely on ita behaviour 
in a �iven .ament ot time,

_
i. a. is independent on the behaviour 

ot the system in the past. Graphically this means as it is 
shown in Fig. 2, where <=) determines the state ot the ayate. 
or the direc_tiou of the random vector, respectively, D de­
termines. the performed test in the relevant step. 

It can be seen from the abovesaid that the subsequent step is 
immediately determined only by the i .. ediate state, i. e. tor 
exa.ple by the kth state, if the k+l step is determined. 

Siaple sequential Marthovian processes are defined aaong others 
by conditioned probabiliti88· 

P{ { (t )€A
. 
I { �t1 ) , �(�). •• �. { ( t0)} • P[�(t)EA I � ( t0 )} 

b/ another learning process is, however, also possible. It gi­
ves, in ay opinion, a much truer picture of the actual process 
ot learning, i.e. the working or operational step is determi­
ned by information fro• the.preceding step, e.g. a coaplicated 
Karkhovian process, tor instance ot the kth order with comple­
te linkages. It is true that it has been rather difficult in 
concrete cases to analytically express e.g. the transfer time 

tor the system from one state into another, on the other hand 
the state or the step can be very expediently expressed by 
means ot the Bayesian decision. The graphical representation 
is given in Fig. 3 and the tour-state process shown in Fig. 4. 

Stochastie processes wit.h complete linkage represent such pro­
cesses, in which the conditioned probability ot tbe subsequent 
states depends oc all preceding states. in our case the subse­
quent step ia d3termined by all preceding steps. 
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If a finite Markhovian process of the kth order is in question, 
or if a finite number of steps is assumed, then the complex 
Karkhovian process can be expressed by an ordinary Markhovian 
process having, however, a greater number of states. 

Another approach to the solution ot this problem was dealt 
wi..th by authors [2] [ 5] [7]. 
In my opinion the realization of the random vector will, among 
others, depend on the conditioned probability 

where 0 � p(w) � 1. 

The conditioned probability according to Bayes is given by 
the relation 

p ( w:• 1 J { • • • • • wf ) = 
p ( -:· 1) • ·p ( w� . � ••••• -: 1 -:· 1) 

L P( w� .� .... ,w�-l,w:) 
N 

( 5) 

( 6) 

where p (w:•l) and p (wt .� ••••• {) is the dpriori probability 

( 1 2 N 11+ 1) 1 2 N . and p wi •"'i ••••••t• "i at known values of wi•"'i•···•"'i 1s 
N+l ( N+l) the function of only wi , that i� L w-i • 

This function is a probable function and permits the applica­
tion of the maximal aposteriorial probability principle consis­
ting in the fact that such value of wN+l, is most probable for 
which the function of probability L (::+l) has a maximum. 

The increment of the purpo$e function 

( 7 ) 
is looked upon as the measure of success. 

It has been said that the realization of § will depend on the 
probability 

pr•l = P (•r•l l � ······I )  ( 8 ) 
and 
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i' l- N N a sign .6xi • .6Q 

where d > 0 is the parameter of learning speed, or 

N+l pi : P( w�+l ) 
and ( 9) 

N+l :: WN - er [ p ( -�· 1 I �. � -1 • • • • • -� ) J sign [ �� . ,6 QN J W. 1 1 

It can be seen that the determination of optimum control at a 
given algorithm by the method of learning with the accumula­
tion of experience is, as a matter of fact, the determination 
of such random sequence Q(i1 ), Q(i2), • • •  , Q(ik), which conver­
ges to Q(i� � or to its close neighbourhood, respectively. 

The sequence of random values Q(i1), Q(i2), • • •  , Q(ik) is the 
function of the random sequance or vectors having the form 

il = io + � il 

i2 = il + Ll i2 = io + .6 il + .6 i2 

X-k+l _ _ ;k + -k+l -o -1 ... �x =x + .6x + 

where i0 is the initial vector. 

However, the increments or the separate vectors .6ij are 
!unctions or probability, i.e. 

- [ - I --1 1 )] �iJ = f P(wi wi , . . •  ,wi 

respectively, 

i = 1,2, ••• ,n 
j = 1,2, • • •  ,k+l. 

( 10) 

( 11) 

In addition to the relation (8) and (9), respectively, refer­
red to above, the algorithm of learning can be applied both 
as shown in [6]. 
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3. THE SOLUTION OF THE PROBLEM AS A YARTINGAL PROCESS 

1� our system and the process are such that the relation 

M [ I Q(iJ) I J < 00 
and 

w (IQCiJ)I}
2
< 0c 

( 12) 

respectively, 

j = 1,2, •• • ,k+l 

holds and i� it is tried to investigate the process trom the 
integral point ot view, that is to tind how the probability P 
ot such a complex phenomenom is distributed, then it is found 
that such process is a martingal one. 

According to relation (10) one can put down T4] 
Pi[xf, x�, • •• • �+l ] = Pi[Lixf(xf).�x�(xf,x�) • • • • • 

k+l ( 1 2 k+l' ] 
• Ll. xi xi • xi • • • • • Xi ' 
where i = 1,2, ••• , n. 

( 13) 

Let n = k+l, then by relation (10) and (11) we can put down · 

When turning now to 

[ 1 2 k+1] Pi xi ' xi ' • • • ' xi 
i = 1,2, • • • , n. 

. � ( 4 - xf ) • •• � .  
- xi ) = Pf ( .1xf ) • 

k+l 

i=l,2, • •• ,n 

the conditioned probabili ties, 
k+1 

= T Pt (xi I xt -1 • • • • • xf ) 
j=1 .... 

obtain 

( 14) 

( 15) 

A special case occurs if the phenomenon is Markhovian, then 
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( 16) 

By means ot relations (10} and (16) we can put down the mathe­
matical hope ot the purpose function 

�� { Q ( ll:� + 1 I 4 ) } � �� { Q ( ll:� I � ) } + )I [ Q ( � ll:� + 1 /2:� ) } c 11 ) 
The first term ot equation. ( l7 ) is 

�he second term ot the equation is 

)I [ Q(�ll:�+l, ll:� )j • o. 

When .:1J:�+l will not depend on �. i.e. when .6J:�+l • 

= �+1 [ p�+l] = �+1 [ p(�+lj � •••• ,wf )] will not be the 

function ot L1 �. tha� is that the conditioned probability 
will not alter at the change ot J:� to J:�+l. 
In such case 

�� [ Q ( �+1 I �)} = )I [ Q c � )} 
or 
�� t Q c ll:�+ 1 I � ) } = o ( � ) 
with probability 1. 
By generalizing the relations given above, we obtain 

(18) 

�� { Q c ll:� + 1 I �. ll:� -1 •• • •• ll:� ) } .. Q c ll:: ) c 19 ) 
with the probability 1, tor i • 1,2, ••• ,n. 

It can be said t�at the algorithm ot optimum control ot the 
steady state process, expressed by the method ot learning by 
experience accumulation is a martingal process it the follo-
wing conditions are satisfied 

11 11 { 1 Q c ll:i ) I} <:. oo 

2/ p c W:+l / wt . �-1, •• • •  wf) = p(W:) 

' 
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In the enclosure to the paper i giTe the proof of the conver­
gence of the solution similarly as it is introduced in [9]. 

4. PRACTICAL RESULTS 

The methods hitherto applied and this one were verified and 
mutually compared with the purpose function being generally 
ol the fona, 

Q = t ci 
i=l 

or the concrete model, being o! the form 

-[o,6(x1- 2)2 + o,s(Xa- 2)2 + 
Q(x1•Xa·�·x4,x5) • 2,3 e 

+ (x3 - 2) 2 + 1,2(x4 - 3)2 + 0,7(x5 - 2,5)2] + 3 e-[o,9(x1-4)2+ 

+ 0,7(X2 - 4)2 + l,l(x3 - 5)2 + 1,3(x4 - 4)2 + 0,8(x5 - 4,5)2] 

This !unction has two extremums in point xl = 2; Xa = 2; x3 = 
= 2; x4 = 3; x5 = 2,5; Ql max = 2,3. The second extremum is in 
point xl = 4; Xa = 4; � .. 5; x4 = 4; Xs = 4,5; Q2 = 3. max 

In Table 1 the results of the test are given. 

Test 1 

Test 2 

Test 3 

Test 4, 5 

presents the classical method of a random test, the 
course o! which is in Fig. 5. 

presents the method of random test with punishment, 
the course of which is in Fig. 6. 

presents the method o! random test with the choice 
of the optimal result. The course is given in Fig. 

and 6 presents the method of random search with 
learning and with the uniform law o! probability 
change. The course is in Fig. B. The parameter of 

7. 
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learning speed er and the magnitude of step "a" ha­
Te changed. 

Teat 7, 8 and 9 presents the method of random search with 
learning and experience accumulation as a complex 
process. The course is in Fig. 9. The parameter or 
learning speed and the magnitude of step "a" were 
changing. 

It can be seen from the figures that the algorithm of learning 
with the accu.ulation of experience is one applicable both for 
relatiTely sophisticated multi-parameter systems. 

APPENDIX A 1 

CONVERIENCE OF THE IIABTINGAL PROCESS 

Let the algorit� ot opti.um control be given by the relation 

where a5-- .. guitude ot step 

if rx 

�K - nor.alizing coefficient 

{5 - rando• vector 

ia the unity random vector, 

x(l} i8 chosen arbitrarily. 
then 

Let the following assumption be satisfied 
00 00 

L aN 
= 00 • L_ a; � 00 aN> 0 

N=l N=l 

)( ( �( N ) I X ( 1 ) •• • • •  X ( N ) ) = c \7( N) N + m(N) 

where 0 =cM =c .eo oo 
.ern is the systematic error 

ON = 1 

vNl is the gradient of function Q(x) in point x( N) 

(A .1 ) 

(A.2) 

(A .3) 
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� M ( 11 r(lf) 112 
, . x ( 1) ' • • • ' x (M ) ) � k 

1 
...:: oo ( A • 4 ) 

where � r( N) /12 
is the standard of the random vector 

00 oO 

L 8K II·(K) 11 � 00 : L -tL ll .<Klll � 00 (A.s) N=l K=l K 
D ( rK) I x(l) •• •• ,xon) < 00 . (A.6) 
I claim that this·process is a martingal or semimartingal one, 
respectively and the iterative process converges to the extre­
mum with probability 1. 

Proof 

notation: the scalar product will denote 

a/ 4:. x : y _:t> 
b/ A(x) matrix i • j = 1,2, ••• ,n. 

Procedure 

Distribute Q(xCN+l)) into the Taylor series 

Q(x<N•ll) = cz(x(Nl) _ a¥{K 4 v<N) • fCKl )>. 

Introduce conditioned probabilities 

Y[Q(xN+l)xCl) , • • •  ,x(N)) J� Q(x(N)) _ :��: <( [w ( fN)/ x(lL. 

2 
• • • ,x(N))- m(N)] • M([CN) I x(ll, • • •  ,x(N)) J> + �2Kl = 
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Due to the tact that J l/2 t"a nonnega ti ve and Cauchy-Bu-
janovsk� ·s inequality holds, it follows that 

w[Q(xCN+l) / s(l), ••• ,x(lf)) � Q(s(lf)) + � � •(lf) J. 
• �w(§Clf) / x(l>, ... ,s(lf})J• �KlK2�Q(s(lf)) + ��:N I•(N)� . 

. V ri )l ( 11 r(lf) 121 J:(l) •• •• ,s(Jf) .+ � KlK2 � o(s(K)) + 

+ � i�Nclf 1•(1) I + � KlK2 
due to (A.4). 

We see that this last term can be substituted thus 
00 00 

z(N) = Q(s(lf)) + � L r7lfclf � .�.: I + � L "N2 K� K� 

then we can write 

w(z(N+l)/ s(l) , • • •  ,s(lf)) .s. z(K) 
It the considerations tor all z(i) and s(l) = z(l), are car­
ried out, then 

w(z(N+l)/ z(l) , • • •  ,z(N) )� z(N) 
this inequality forms a semimartingal a this converges with 
probability 1 to the extremum, that means that 

w(z(N) )..:::: • • •  �ll(z(lJ) c:: oo 
(A.7) hence 

)l [ Q (X (N) )] <:: OQ 
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From this convergence ensues also the limitation Q(x(N)) with probability 1. 

It remains to be proved that 

P { lim Q(x(N)) = �· ] w. p. 1. 
N-cc J.n 

Since X is limited o(x(N)) is also limited and it is assumed that O(x(N)) is continuous, then both 11 V'(N) /I is a limited quantity, hence �V N) � � B. 
. 

OQ , then N can always be 
If (A.3) are satisfied, then it 
M ( � f(N) 1121 x(l) , • • •  ,x(N)) L 

follows from (A.5) that 
chosen such that 

Then 
M[o(x(N+l))jx(l) , • • •  ,x(N)J � o(x(Nl) 

it will still hold 

/l vCN)//2 • 

� g( N)ll2 + 

(A. 8) 
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00 00 

L �� )( ' vCK) � 2 � cL_ a, )4 11 \7 K) r <::: 00 

11 1=1 

where � � C 
00 

due to the inequality o� (A.3) since L � = = must be 

I=l 

)( 11 \7(1) 11 2- 0 

the 3rd term of the expression (A.S)...::::. oo , because 

t_ � If .(I) 11 <: 00 
1=1 

the 4th term of the expression (A.S) ...:: oo , 

the 1st term of the expression (A.s)� oo 
)( [ Q(x\10 )] � 00 

N 
because L ai 4Coo 

K=l 

because 

i.e. we obtain the convergence or the sequance 
quadratic. This ensures a sufficient sequence 
convergence to 0 .with probability 1. 

V.( N) in mean 
'i7CMt) or the 

Since Q(x) is a continuous function and converges the sequence 
Q (x(N) ) to the limit with probability 1 we obtain 

p { ��- Q(x(M)) ,. �DJ� 1 
However, the problem remains unsolved, if N is finite, that 
means the question arises when to finish the process on the 
coaputer. 
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- i Q(i) � s F 

-· 

A � � X 

T 
Fig. 1. Sleek diagr4m ef optimum control 

Fig. 2. · Bl�ck diagram ef a simple Markhevtan Pr•cess 
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Fig. J. Block diagram ef a complicated Markhovian process 

Fig. 4. Block diagram of a four-state Markhovian proce�s 
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TABLE 1 

Nr. Nl..f'IBER COORDINATES VALUE OF NOTE CF STEPS OF EXTREMUM EXTREMI..f'l 
.r, • 2,014557 

1 613 .r1 • 2,001217 2,29721 STABLE 
.rJ• 2,00731 
.r,. 2,0152-1 STEP 
.r,• 2,458114 

.r,• 1,SII114 
2 204 

Xz• 2,D313SI 2,29647 XJ• 1,Jf415 
.r,- J.0041 
Xs• 

2,4113 .r' • 1,519431 
3 94.25 Xz • 1,98521 2,29487 .rJ- UISI42 

.r, - 3,00112 
Xs • 2,45172 
ll1• 1,5 

4 427 llz • 

1.1 1,9443 a • 0 ,1 
liJ • 2,Z 
ll,- 3- ba0,2 
lis• 2,5 
ll1 •  ·1,1 

5 165 llz• 2,1 
ll1• 2,1 2,157411 a .. 0,1 
114. 3,1 ba 0,33 
lis• 

2,1 
ll1• 2,1115 

6 171 llz• 1,8211 2,20169 a• �os liJ• 211233 
ll, • 2,15105 b• 0,33 
lis • 2,4388 
ll1• 2,3 

7 62 1tz• 2,1 1,92682 a• �08 liJ• 2,Z 
ll4• 3,1 
lis• 2,1 b• 0,25 
ll1 • Z,OS 

8 61 Jtz• 2,D5 40547 a• 0,08 JIJ• 2,25 
ll,• 3,05 b• 0,33 
lis• 

2,15 llf • 2,15 

9 83 llz • 1,15 a • 0,07 
Jt3 • 2,05 2,1557 ,, - 3,05 b• 0,45 lis • 2,15 
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ON THE ERGODICITY AND D YNAMIC BEHAVIOR OF 

FINITE-STATE MARKOV CHAINS 

H. H. Yeh* J. T. Tou ** 

I. Introduction 

It has long been recognized that Markov chains can serve as 

useful mathematical models in social science as well as in biological 

science, especially in the area of learning control theories. Recently, 

extensive efforts have been devoted to the investigations of stochastic 

automata as learning modeb in engineering systems involving artificial 

intelligence, which make use of the Markov chain t.l,eory in one way or 
1-7 

another. As a matter of fact, it has been well established that 

a stochastic finite automaton is representable by a finite-state Markov 

chain, and vice versa. 4 In the synthesis of learning systems, one of 

the basic requirements is that the system should steadily improve its 

performance while it gains information through the experience of 

operating on the environment of which it has little a priori knowledge. 

This means that the learning section of the system should, as its 

experience increases, eventually reach a beat possible probability dis­

tribution of the output states which minimizes the expected loss or 

penalty, or maximizes the expedience, as in the nomenclature of 

references, S-? according to some performance criterion. When 

the learning behavior is described by a Markov chain, this means 

that the chain must be ergodic so that the learning system will reach 

*Department of Electrical E ngineering, University of Kentucky, 
Lexington, Kentucky, U.S.A. 

**Department of Electrical Engineering, University of Florida 
Gainesville, Florida, U. S. A. 
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a beat final probability dbtribution of the output states regardless 

of the initial distribution which is selected arbitrarily by the designer 
with insufficient a pr!ori knowledge of the media or object on which the 

learning system operates. 

Furthermore, in an engineering system, what is important is 

not only the asymptotical property of the chain when time or operation 

step approaches infinity, but also the dynamic behavior of the system 

before it reaches the steady state. This includes the rate of convergence 
to the steady state, the extent of possible misbehavior during the transient, 
and sometimes the monotonicity of convergence, etc. 

There has been
'

well established relationship between the 

asymptotic properties of a finite-state Markov chain and the eigenvalues 

of ita state transition probability matrix. 8 , It can be shown that a� 
irreducible finite state Markov chain is ergodic if and only if A = 1 is 

the only eigenvalue with modulus 1 of the state transition probability 

matrix. If there exist other eigenvalues of modulus 1, then they are 

necessarily k-th roots of 1, for some positive integer k. In this case 

the chain is periodic with period k. There is indeed mathematical 

elegance in this theorem. Nevertheless, this knowledge is of little 

practical utility for detecting the asymptotic behavior of a Markov 

chain in engineering applications since it is often difficult to find a!l the 

eigenvaluea of a matrix. 

• Some authors maintain that a necessary and sufficient condition 

of the ergodicity of a finite-state homogeneous Markov chain ia that 
4 

the chain ia fully regular. This means that the chain has only one 

minimal closed set of states. If transition from the i-·th state to the j -th 
. / 

state is possible at the m-th step, then the common factor of the set of 

m 's is one for each pair ij in the closed set. The relation between full 

regularity and ergodicity gives some insight into the behavior of an 

ergodic Markov chain, but it is of little use in testing the ergodicity of 

the chain however, 

There also exist other methods suitable in engineering practic e 

to determine whether a particular class of finite-state Markov chain is 
9-11 ergodic. However, besides being restrictive in applicability, 
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these methods give no information about the convergence rate and fall 

,short of geometrical interpretation of the dynanrlc behavior of a chain 

in the state space, which ia actually the learning behavior of a system 

involving an equivalent stochastic automaton. 

This paper analyses the dynamic behavior of ergodic finite­

state Marltov chains in the finite dimenaional linear space. The notion 

of the norms of vectors and matrices and the principle of contraction 

mapping are employed in thia analysis which provide• insight into the 

learning behavior of an equivalent stochastic automaton. As a result, 

a measure of the convergence rate is made possible. An ergodicity 

test procedure of ge_neral nature also results from thia analysis. From 

this test procedure various teat criteria which include many tests given 
9-11 

in the literature as special caaes are derived. One criterion is 

shown to be both necessary and sufficient. 

n. The Finite-state Homogeneous Marltov Chain 

Formal definitions of Marltov chains can be found in many text­

books. In this paper it suffices to say that an r-atate Marltov chain is 

completely defined by the relation 

�(n+l ) = ��(n) (1) 
where �(n) is the n-th step probability distri'blltion vector (or simply 

probability vector) of dimension r, whose i-th component xi(n) i a  the 

probability of the chain being in the i-th state: � is rxr transition 

(probability) matrix whose element pij is the probability of transition 

from the j -th state to the i-th state. If� is independent of n, the chain 

is said to be stationary or homogeneous. Only homogeneous chain is of 

interest in this study. The components of �(n) are non-negative and 

their sum is equal to one: the elements of-� are non-negative and each 

column sum is equal to one. Any square matrix with this property is 

called stochastic (or Marltov). Hence the product of any two stochastic 

matrices is again a stochaatic matrix. In the ensuing discussion, 

capital letters E and S denote seta and space: !.:.• �· :!? and .Q. denote rxr 

square matrices; lower-case bold-face letters denote r-dimensional 

coluinn vectors; superscrift t denotes the transpose of column vector 

or matrix; i, j, lt, m, n, and r denote positive integers; and lower-case 
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Let it be defined that a homogene011s Markov chain with r states 

h ergodic if real numbers 1T1, '!Tz• • • •  , 'IT r exist, such that for any i, j, 

(n) 

llin piJ = T\ 
n --• 

where pij
(n) is the ij element of the matrix Pn. It is readily seen that 

a finite-state homogene011s chain h ergodic, if and only if 

llin xi (n) = 1Ti 

n-• 

(Z) 

(3) 

independent of the initial value xi (0) for i = 1, Z, •• • , r. The probability 

vector .f whose components are "\ 1 '"'zt , , , , TTr is called the stationary 

probability vector. Equation (3 ) suggests that an equivalent definition 

of an ergodic M&rkov chain is that the sequence 

�(0), ;!(1 ), • , • , ;!(n), ••• 
converges toP. independently of �(0). 

The analysis of the behavior of sequence (4) in r-dimensional 

linear space starts in the next section with an algebraic treatment of 

the Markov chain. 

III. Inducement of Transition Matrix on Invariant Subspace 

Let ·E be the r-dimensiona1 Euclidean space. The probability 

vector x is a point on the hyperplane s1, represented by 

(4) 

t s1 = (�: � � = 1} (Sl 

where !.t is the r-dimensional row-vector, every element of which 

is one. The set of points in s1 with non-negative coordinates will be 

denoted by s1 +, Since� is a stochastic matrix, it is easily seen that 

s1 and st are invariant under the transformation represented by�· 

That is to say, for every ! cs1 (or� e s1+), �x again belongs to 

s1 (or st) • . It can be shown that for any constant c, S c which is defined 

by 
t se = (J: !.Y. = c} ( 6 )  

is also an invariant under transformation P, To see this, let y_(O) be 

an arbitrary vector in Se ' and let Y. ( 1 )  = � r_(O), Then 
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!: yi (1) = !: !: pij yj (0) 
i=l i=l j=l 

r 
= t yj(O) = c 
j=l 

r 
t 

j=l 

Hence ,r(l) ia again inS c· Of special: �tereat to the following development 
ie the a et S 0 for c = 0. This set forma a aubapace in E since it ia a 
hyperplane paaaing through the oripn. 

A linear transformation ia. called ·a linear operator if the image .· . 
of the tranaformation ia apin contained in ita domain. Thus the trana­
formation_!' on E ia. a linear operator, and by restricting the domain 
of the definition of! on S0, a linear operation !0 on 80 ia induced. 
This linear operator ia defined by 

(7)  

However, !0 ia different from! since ita·dCIDain h on S0, not on E. 
Let J(l) = !,r(O ) and ,I(O) c S 0• Since i_(O) aatiafiea 

r 
t yi(O) = 0 

i�l 
the i-th component of,r(l) can be put in the followinJ form by uaing (8): 

r 
yi(l) = t (lij - ai) yj(O) 

j=l 
for any re�l number ai. Thus the illduced operator !0 on S0 ia f�d 
to be an rxr matrix whose ij element h pij - a1• It ia worth noting that 
there are infinitely many matrices repre aenting !0• 

ConBider the sequence of (4) where ,!(D) £ s1 + for all n. The 
sequence aatiafl.ea (1). Thus, by iteration, 

(8) 

(9) 

k ,!(n+l) -,!(D) = � �(n-k+l)- �n-k )J (10) 
Let 

fl_!{n) � ,!(D+l) - ,!(D) (11) 
Then 

k t.!in) = P �n-k) (12) 
Since �(n) is in S 0 for all n. 
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lt �(n) = (� )0 �n-lt) (1 3)  
lt k 

where (� ) 0 h the induced operator of! on S 0• The i, j element of 

(,!»lt)0 h found by analogy with (9) to be 

(lt) 
pij - ai 

where p
i
. 
(lt) 

ia the ij element of Plt. 
J -

IV. Ersodic Chain a• Contraction Mapping 
k 

Let a norm be choaen for the matrix (.!» )0• Let the vector 

norm of � be conatru.cted auch that the given matrix norm is consistent 

with it. (That thb can be done !or any given matrix norm ha• been 
lZ shown in the literature. ) Then it follow• frc.m (1 3) that 

It will be ahown in the Hqul that if a norm of a matrix of the induced 

lt operator (P )0 can be fOWld auch that 

ll<�l 11 = � <1 
0 

(1 4 ) 

(1 5 )  

for a01ne poaitive integer k, then ae11uence (4) converges to a limit �(•) 
independent of �(0) • .In thb connection, it ia worth noting that convergence 

in every other norm. Hence in prmng convergence, it auf!ice to choose 

any norm for convenience. lZ 

Subatituting (15) into (14) give• 

ll�n) 11 � � 11 l!!(n-k) 11 
Let m, n1, n2, n1' and n2' be choHn auch that 

Then 

n+m = n1' k + nz • 
nl ·� n1 
n2, n2' <k 

�n+m)-�(n) = Pnllt�(n1 'k-n1 k+n2 1-�(nz)] 

= [(Pk)0fl �(n{'k-� k+n2')- �(n2)] 

By the d efinition of norm, (15) and (Zl) give 

(1 6 )  

( 1 7)  

( 1 8). 

(19) 

(2.0) 

(Zl) 
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ll.!(n+m)-_!(n)ll�c?l kll �(nl 'k-nl k+nz ')-_!(nz) 11 

� crnlk[ ll�(nz ')-_!(nz>ll + ll.!<nz '+k)-�(nz ') 11 +. • • 

· + ll�(n1 'k-n1 k+nz ')-�(n1 'k-n1 k+nz '-k) 11] 

� crnl k 11 �(nz ') -_!(nz) 11 

+cr
n
lkll.!<nz �k)-_!(nz ) 11 (1 +ak+ • •  • +a (n

l ,
 -n-1 )k) 

k 
n, k 

<a ni ll.!<nz ')-�(nzlll + �ll�!nz'+k)-�(nz '>11 1-a 
where n1 ' > n1 has peen asaUD1ed since n1 ' = n1 ia an obvious case. 
Thus for every ;; > 0 there exists an integer N (E:) such that 

ll� (n+m) - _!(n) 11 < E: for all n >N(e). (ZZ) 
Hence it ia seen that (4) h a Cauchy sequence. Since the normed 
Euclidean apace ia complete, sequence (4) converges to a limit �(•) in 
the norm. It is apparent that this sequence also converges to the 
limit �(oo) in the ordinary sense. That is, every component of _!(n) 
approaches the corresponding component of �(•) in the limit. This .is 
because that the norm function ia continuous. However, the proof is 

lZ by no means trivial. Furthennore, by virtue of the continuity of 
the trans!onnation P 

� �(-) = � lim _!,(n) = lim � _!(n) 
n --• n�• 

= lim �(n+l ) = ,!(•) 
n-• 

Thus the limit ,! (•) ia a stationary probability vector. 
More can be said about the limit ,!(•). That is, the existence 

of ,!(•) under the condition (15) is unique. For if there exist �(•) and 
x '(•) in S such that P x(oo) = x(•) and P x '(•) = x ' (•), then - 0 -- - -- -

11�(·)-� '(•) 11= ll�k�(·)-�k,!,(• )ll 

= ll�k(�(·)-_! '(•)) 11 
= ll<.i\l.!<•l -,!'(•))11 

�a kll ��)-,!'(•>11 
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Hence I I.!.(•)-.!_ '(•) 11 = 0, which il:npliu .!,(•) = .!_1•). Obviously, .!,(•) 
is identified with the stationary probability vector ,e. in Section 11. 

It ia interesting to note that for any homogeneous finite-state 
Markov chain there exists a stationary probability distribution. This 
is readily inferred from a. well known classical theorem on non­
negative matrices due to Perron and Froebenius. (For a new proof see 

13 reference ). This classical theorem states that, for an irreducible 
non-negative matrix � . there exists a positive eigenva.lue A which is no 
less than the modulus of any other eigenva.lue of � · and that corresponding 
to A there exists an eigenvector of positive components, and this A is the 
only eigenvalue of� which has a. corresponding eigenvector of positive 
components. However, the absolute probability distribution approaches a 
unique stationary distribution asymptotically only when the chain is ergodic. 

The principle of contraction mapping gives ( 1 5) as a sufficient con­
dition for the ergodicity and describes the manner in which an ergodic 
chain converges to the stationary distribution under this condition. It will 
be clear in the subsequent development that condition ( 15) is also 
necessary for some k. 

V. Determining the Ergodicity and the Rate of Convergence 
In order to show that a finite-state Markov chain is ergodic, it 

suffices to show that the matrix (�) has a norm which is less than 1 for - 0 
some k. A norm of a matrix cannot be less than the modulus of an 
eigenvalue of the matrix. For, if A is an eigenvalue of a matrix � and y an 
eigenvector corresponding to � then �y = AY and it follows that 

IIA:t. 11= IAI • ll:t.ll � 11 �ll·ll:t.ll 
Therefore 

IAI � 11�·11 (2. 3 )  . 
In fact, (Z3) can also be proved without invoking the consistency condition 
between the vector norm and the matrix norm. 

1 
z. In making a test for 

ergodicity, it is desired to find the smallest possible norm of(�) • The-- 0 
oretically, the norm of a matrix can be made as closed as possible to 
the largest value of the modulii of all eigenva.lues, which has been named 
1pectral radium. lZ. However, practical methods for constructing such 
norm• are avilable only for matrices with non-negative elements. For 
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(�) , in general, the beat can be done is to construct the norm to be - 0 
aa close

. 
aa possible to the spectral radius of <t"> . (Here and in 

0 
the sequel, the absolute value syxnbol is applied to a matrix or vector 

to signify the replacement o! each element by ita absolute value.) 

Two norma which serve this purpose are the g-norm and the g •- norm. 

They are defined as follows: Let g be a diagonal matrix whose diagonal . . 
elements are positive numbers gl' g2, • •• , gr. The g-norm of a 

-1  vector x is defined aa the ma.xi!num mo:iwus of the elements g �: i.e., 

ll� l lg ! max l � l 
it 

Subordinate to the vector g-norm defined by 

(Z4) 

where.& is the vector whoae i-th component is g1• The vector g • -norm is 

defined 

(Z6) 

The,matrix g • -n.orm which is subordinate to the vector g • -norm is 

(27) 
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A numerical method of computing� such that the g-norm of an irreducible 

matrix A h a s  close as possible to the spectral rad ius of the non-negative 
matrixli! h available in the literature. 12 Reducible matrices can be 
treated by separate manipulation of the submatrices of the original matrix 

14 after proper permutations. An alternative way of finding such a�-
vector le to successively transform an arbitrarily selected vector of posi­
tive elements by the non-negative matrixl!!f; i.e., if 

then 

11�� l�lli'�� lg .,�I� lg --·'2- • • ' ' 

The lower bound of this sequence is the spectral radius of!� 

The latter method is much simpler in computation. However, when the 

diagonal elements o4�1are all zero, there will be no guarantee that the 

sequence will definitely reach its lower bound. 

Comparison of ( 25) with (27) shows that the g '-norm of a matrix 

� ia juat the g-no.rm of the transpose of�· It also follows from ( 25) that 

the g-norm of a matrix A is the largest row aum of the nonnegative matrix 

G-l 1 ��g. Moreover, �e largest column sum of this matrix is the g '-
1 1 1 norm of�· with the� vector defined aa � = (g-

1
, - , • • • • , - ]. g

2 
gr . -1 Thus either the largest row sum or the largest c olumn sum of g �� � g 

is a norm of A. 



After a chain is shown to be ergodic, the rate of convergence can 
k k 

be determined by the smallest norm found for (£: )
0

. If a norm of(,!: )
0 

is found satisfying (I 5), then 

(28) 

This means that the rate of decrease of the "distance" between the present 

probability vecto:;- and the stationary probability vector is at least IOO 
(I - J<) percent after k steps of operation. If a g-norm for (P

k
) is found 

- 0 
satisfying (IS), then max l x.(n+k )-TT. I /g. is no greater than o

k 
times max 1 1 l lx.(n)-TT. I /g .. In particular if" = e ,  then the maximum of the absolute 

l l 1 A -

value of the components of the vector � -£is reduced by at least 100 (I - o
k

) 

percent for every k steps . On the other hand , if a g'-norm is found satis­

fying (15), then the projection of the vector ��(n+k) -!I on.& is no greater 

than o
k 

times the pr ojection of the vector ��(n) - El on.&· Again o
k 

marks 

the rate of convergence. When.&= .!:.• then the sum of the absolute value of 

the components of the error vector�-£ is reduced by at least 1 00 (I - cr
k

) 

percent after every k steps . Hence in the analysis of a finite- s tate homo­

geneous Markov chain it is desirable not only to know that a chain is ergo­

die , but also the smallest pos sible g -norm or g'-norm, or both, of (P
k

) 
- 0 

for some.&· 

A Test Procedure 

From the foregoing discus s ion a test for the ergodicity and c onver­

gence rate of a chain with transition probability matrix .E can be summar­

ized as follows . 

(A)' Form (P
k

) = [lo.J. (k) - a.] from P
k 

by ass igning a.. Trial may be 
- 0 .1 l - 1 

started from K = I. The choice of a. is aimed at the minimum norm for 
l 

(P
k

) .  - 0 
. k 

( B )  Choose r pos itive integers g , g . . . , g such that the g-norm of (P ) 
-1 lk 2 r k 

-
.
o 

(the maximum row sum of G I <P ) I G) or the g'-norm of (P ) (the max1-_ o- - o 
mum row sum of Q

-1 ,
(,E

k
)
0

1t
Q) is less  than one. If  this can be done then 

the chain is ergodic . The pos itive numbers gl:' g
2

, . . . , g
r 

may be chosen 

by ins i ec tion. 

(C) If such a _g_-vector cannot be easi�y found by inspection, the numerical 

method proposed in Theorem 4. 7 of reference I2 of finding a _s vector 
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. k 

which ·gives the smallest poss ible g -norm or g ' -norm of � )0 may be em-

ployed or , alternatively, the & vector may be chosen a_s 

& = �t�!\ r� (29)  

Example 1 .  As an illustration of the above procedure , consider a 

Markov chain with transition probability matrix 

0 0 . 3 0 0 . 2 0 

0. 5 0 0 0 0 

P = 0 . 5 0 . 7 0 0 0 . 5 

0 0 0 . 4 0 0 . 5 

0 0 0 . 6 0 . 8 0 

Try k = 1 ' a. 
l 

= the third element of the i-th row. Then 

0 0 . 3 0 0 . 2 0 

0 . 5 0 0 0 0 

1�1 0. 5 0 . 7 0 0 0 . 5 

0 . 4 0 . 4 0 0 . 4 0 .  1 

0 . 6 0 . 6 0 0 . 2 0 . 6 

&' = IEol� = Col [o .  5 0 . 5 1 . 7 1 . 3 2. o] 
g " 1Eol 2� = co{0 . 4 1  0 . 25 i . 6  I .  1 2  2. o6] 
g ' n l�, l  � = Col� . 299 0 . 205 I .  4 1  0 . 9 18 I .  856] 

It is s een that every element of &"' is less than the corresponding element 

of &" · Hence the chain is ergodic. The g -norm of the matrix E.a using 

&" as the & vector is the maximum ratio of the elements of &" ' to the cor­

responding elements of &" i . e. , 

f 0 .  299 o . -205 � ��� �&" = max QTt"• QTs• 
= 0 . 90 1 

I .  4 1  
I .  6 1 ' 

0 . 9 1 8  
l.lz •  

I .  856 } 2. 06 

However, if the calculation of & vector is car ried on further , i .  e .  , 

& = Col 0. 24 5 
(4) � 

0 . 1 5  I .  2 2 1  0 . 7 54 I .  6] 
& = Col 0. 196 

( 5 ) � 0. 123  I .  028 0 . 62 I .  35] 
.s.< 6 l  

= Col [o.  1 6 1  0. 098 0 . 86 0 .  5 1 1  I .  126] 
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then it is found that 

l l�l l.s." ' = 0. 868 , l l�l l.s.(4) = 0. 844 , I I.Eol l.s.( S )  = 0 ,  838 

Hence it is known that not only the chain is ergodic , but that the "distance" 

between � and .E. when measured in terms of g -norm with the .&. vector taken 

as _g_ _(S), is reduced at least 100 ( 1  - 0. 838)  = 1 6 . 2 perc ent after each step. 

Theoretically the smallest norm of � for an ergodic chain is the 

maximum of the modulii of the eigenvalues of P ,  excluding the eig envalue 

A = 1. This is because that the only eigenvalue with modulus 1 is the s im­

ple eigenvalue A = 1 and the projection of the operator ,!: on S 0 along .E. has 

all the r e s t  of the eigenvalues of _E. ( Note that S 0 and the subs pac e spanned 

by .E. are two invariant subspaces spanning E . ) Howeve r ,  there is no prac­

tical method available for computing all the eigenvalues of a general !:' 

matrix. The s cheme given in the pres ent paper offer s  a way of computing 

a nea r -minimum norm for ( Pk) , for a chosen s et of a . .  -- 0 1 
The test proc edure is fairly general. Note that no such rel[ltriction 

as r educibility has been impos ed on the transition probability matrix. The 

matrix ( Pk) can always be made irreducible by choosing a .  even if Pk is -- 0 1 --
reducible. When used as ergodicity test, the vers atility of this method lies 

in the freedom of choosing ai . In the following development various test 

criteria of ergodicity are obtained by exercising this freedom. Among thes e  

criteria there is a nec essary and sufficient condition which r equires little 

computation. Hence to determine whether a finite - s tate homogeneous 

Markov chain is ergodic , the criteria obtained in the following paragraphs 

are mor e convenient and effective than the general procedur e.  However 

after the ergodicity is determined, the above procedur e may be followed 

to determine the rate of convergence .  

Some Criteria o f  Ergodicity 

Let a. be the smallest of the elements in the i-th row of the matrix 

( Pk) is non-negative and the sum of -- 0 
k 1 

P for s ome k.  Then it  follows that 

the j - th column of ( Pk) is -- 0 

Note that this is 

f (p .(�) a . ) = 1 - f min pg) 
i= l l.J 1 i= l 

k . the g ' -norm of (,!: )0 w1th .&. = !:.· Hence if 
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( 3 0 )  

then the chain i s  e r g odic . Furthermor e ,  ( 3 0 )  i s  also a nec e s s a r y  c ondition 

for the chain to be e r g odic by virtue of (2 ) .  The p r oof is trivial. T h e r e ­

for e  the following c r iterion is concluded: 

C r iterion 1 .  A finit e - s tate homogeneous Markov c hain with p r obability 

trans ition matrix ..E is e r g odic if and only if the re exi sts a pos itive integer 

k s uc h  that ..Ek ha s at leas t one r ow not containing zero elements . Mor e ­

over , for any p o s itive n > k ,  ..En has at lea s t  one row not c ontaining z e r o  

elements . 

Examele 2 .  The Markov chain with transition p r obability ma t r ix 
0 0 . 3 0 0 0 
0 . 4 0 0 0 0 

P =  0 . 6 o .  7 0 0 0 . 2 
0 0 0 0 . 8 
0 0 0 0 

is e r g odic s ince the fou rt h  row of P3 i s  r eadily s e en to have no z e r o  ele-

ment. Note that the c hain is r educible with two trans ient s tate s . 

In g en e r a l ,  a c hain with a p r obability trans ition matrix of the form 

P =  

0 
0 
X 
0 

X 
0 
X 
X 
X 

0 
0 
0 
X 
0 

X 
0 
0 
0 
0 

X 
X 
X 
0 
0 

whe r e  x denote " non - z e r o  elements , is not e r godic s ince P4 ha s the same 
f. p · (4 ) · h . T h  th h . . orrn as _, 1 .  e . , p ij 1s z e r o � e�ever pij 1s � e r o .  us e c a1n 1 s  

p e r iodic w i t h  p e r iod 4.  
F r om the abo ve examples a c o r olla'r y  c a n  r eadily b e  c oncluded that 

e r g odic ity of a finite s tate homogeneous Markov chain is determined by the 

form of the trans ition matrix. It has nothing to do with the numerical val ­

u e s  of the  e lements of the matrix. 

It is s ometimes p o s s ible to inv e s tigate the e r g odic ity of a Markov 

c h a i n  without having to exhibit a k - s tep trans ition matrix ..Ek , even if ..E ha s 

f" r O  in each r o�N .  L e t  a· b e  the s ma l l e s t  non- z e r o  e lement of the i - th i 
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row .  Then the g ' -norm ofl�j with g_ = � is the Ina.ximum column sum of 

� Since each column sum of _E is one , the following criterion is derived: 

Criterion 2 .  Replace the non- zero elements of _E b y  the negative o f  the 

sina.llest non-zero elements of the row ,  and the zero elements by the 

s ina.llest non- zero element of the row. Then, if each column sum is nega ­

tive , the chain is ergodi c .  

ExamEle 3 .  Consider the transition pr obability Ina.trix 

o. 1 o. 1 0 . 3 0 . 3 0 

�b 0 0 0 . 2 0 

_E= 0 . 5 0 0 . 2 0 . 3 0 . 5 

0 0. 5 0 0. 2 0 

0 . 4 0 . 4 0. 5 0 0 . 5 

Using Criterion 2 one obtains the following Ina.trix: 

- 0 .  1 - 0 .  1 - 0 .  1 - 0 .  1 0 .  1 

0. 2 0 . 2 0 . 2 -0 . 2  0 . 2 

- 0 . 2 0 . 2 - 0 . 2 - 0 . 2 - 0 . 2 

0 . 2 -0 . 2 0 . 2 - 0 . 2 -0. 4 

0 . 4 0. 4 0. 5 0 0. 5 

Since each eo umn sum of this Ina.trix is negatj.v e ,  the chain is ergodic . 

Let ai be the larg e s t  element of the i - th row. 

non-pos itive and the j - th column sum of j�j is 

It follows that P is 
0 

r r · r 
I E (p . .  - a . )  I= E (a.  - p ... ) = - 1  + r Ina.X piJ

" 
i= 1 1J 1 i= 1 1 . 1J i= 1 j 

Criterion 3. If 
r E 

i= 1 
max 

j 

then the chain is ergodic . 

Examnle 4 .  Let 

0. 3 0 0 . 2 

0. 6 0 . 3 0 

p = 0. 1 0 0 . 2 

0 0 . 7 0. 6 

0 0 • 0 

.•. 

0. 3 0 
0. 6 0 
0 0. 2 · -
0 .  1 0. 7 

0 0 .  I 

( 3 1 )  



The �rgodicity of this chain is determined at once using ( 3 1 ) , i. e. , 

r 
!: max p . . = 0. 3 + 0 . 6 + 0 . 2 + 0 . 7 + 0 . 1 =  1 . 9 < 2  

i= 1 j 1J 

For the next criterion, let a. = p . .  for a fixed j ,  all i .  Then the 
1 1J 

j-th column of P is zero. Let g .  be arbitrarily large. Then every 
-o J 

element in the j-
.
row of Q

- i.Eo l G is negligibly small and every element 

in the j - th column of G- 1 1P I G  is zero. - -o -
_5::riterion 4. Let a. = p . . for s ome fixed j ,  and i = 1 ,  2 ,  . . .  , r . 

1 lJ 
Let l�l * 

be the matrix obtained. from deleting the j-th row and j-th column of iP I ·  
* � -o 

If a g -norm or g ' -norm of ��� · is found to be les s  than 1 ,  the chain is 

ergodic. 

Examele 5. Let 

0 0 0 0 . 2 0 . 4 

0 . 4 0 0 . 2 0 . 3 0 

P = 0 0 . 3 0 0. 3 0 . 4 

0 . 6 0 . 7 0 . 8 0 0 . 2 

0 0 0 0 . 2 0 

and a.  be the fourth element of the i -th row. Then 
1 

0. 2 0 . 2 

0. 1 0 .  3 

1 �1 0. 3 0 

0 . 6 0 . 7 

0 . 2 0 . 2 

0 . 2 0 . 2 

1� 1* = 0. I 0 . 3 

0 . 3 0 

0 . 2 0 . 2 

0 . 2 

0 .  I 
0. 3 

0. 8 

0 . 2 

0 . 2 

0. I 
0 . 3 

0 . 2 

0 

0 

0 

0 

0 

0 . 2 

0 . 3 

0. I 
0 . 2 

0 . 2 

0 . 3 

0. I 
0 . 2 

0 . 2 

. ·  

This chain is ergodic since both the maximum row sum and the maximum 

* 
column sum of ��� are les s  than 1 .  

VI. Conclus ion 

When a norm of the induced transition matrix on the invariant sub-

space 50 whose normal is ( 1 , 1 ,  . . .  ) is found to be les s  than one the Markov 
• 

chain is ergodic and operates as a contraction mapping on subspace S 0 • 
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Theor etically the smallest pos sible norm of the induced transition matrix 

is less than one for an ergodic chain because :1. = 1 is the only eigenvalue of 

the transition matrix with modulus one and all other eigenvalues have modulii 

less than one. Hence if a fii:rite- state homogeneous markov chain is ergodic 

it is a contraction mapping on S 0 • The norm of the induced transition prob-.- . 
ability matrix serves as a pes simistic estimation of the convergence rate. 

A general test proc edur.e is summarized for determining the 

ergodicity and convergence rate of a finite-state homogeneous Markov chain. 

A nec es sary and sufficient condition for ergodicity is derived from this 

proc edure together with other ergodicity criteria for special cas e s .  It is 

found that ergodicity is det�rmined by. the form of the transition matrix 

and has nothing to do with the numerical values of the elements of the matrix. 
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STATISTICAL MIN-MAX DECISION METHODS AN D 

THEIR APPLICATION TO LEARNING CONTROL 

1. Introduction 

-
Bunji KONOO and Sbigeru EIHO 
Faculty of Engineering, Kyoto University 
Kyoto, Japan 

RecentlY,  the application of the statistical decision method to learning 
control systems has been advanc_�. However, most of works assume that the 
probability distribution of the system parameters are known or partially known 

. .  1-o a pnon.  
This paper deals with the case where we have little knowledge about the 

statistical property of the system. 

2. Statement of the problem 
2-1 Preliminary 

Consider the usual optimalizing control system with one control variable 
( Fig. l ) .  Optimal control input , which brings P . I .  (performance index) to the 
maximum point, is a function of disturbance Z .  There �. however, be unob­
servable random disturbances. The optimal value of x may ,  therefore , be 
thought of as a random variable with a certain probability distribution 
function;t 

Assume, for the sake of simplicity, that � is one dimensional variable , 
and denote the control input by d. Assume also that x, z and d take discrete 
values. �If they are continuous quanti ties, they can be changed to discrete 
quantities by appropriate qusntization. ) 

The optimal control input can be determined by the statistical decision 
method , as follows: 

Optimal decision d0 (zj) when observed value of z is zj , is a d(z
j

) which 
minimizes f ( z j )  : 

J ( Zj )  s � L ex ... dCX:j J )  P c x  .. /' Zj ) 
where L(x. , d(z . ) )  represents the loss associated with decision cL.....:i ( z  . )  when 

1 J J 
= - , and P(x ./z . )  is the conditional probability distribution. This optimal 1 1 J 
decision is called a sinple Bayes solution. 

However, P( x. / z . ) in many cases is not known beforehand. The control law 1 J 
when P(x./z . )  is constant but unknown is considered in what follows. Inciden-1 J 
tallY, it is assumed that the past control experiences are tabulated as Table 1. 
The t-i element mti in Table 1 expresses the number of x=xi when z�zt. 
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The problem now is how to evaluate d when Z=Z t is observed . Optimal deci­
sion d0 should be fixed in the light of Table 1. Here we assume that zt i s  sta­
tisti cally independent of z (r � t ) .  Then d can be · evaluated only by using the r o 
t-th row in Table 1 .  Finally the problem resolves itself into how to evaluate 
d when data (mtl ' mt2, . • •  , mtk )  is given. Fbr the sake of simplicity, suffix t 

is olllllli tted in the following. 
2-2 Statement of the problem 

Let us state the problem all over again . 'ie use the following no tations: 
X: discrete random variable with k different possible values x1 , x2 , . . .  

and �· 
d: decision. There are q different possible decisions d1 , d2, . • •  
m1 : number of past observations that Jbxi . i .= 1 , 2 ,  • • •  ,k 
n :  sample siz e ;  n = � m . 

..-1 � 
� = ( m1 , m2 , . . •  ,�)T : vector expression of sample ( data) 
M :  set of �. whose element i R  expressed by � 
Li . :  loss associated vi th the decision <bd .  when X:x . J . J � 
L = [ Li j ] : loss matrix 
P(x. ) ;:  e; : probability of lbx . i .. 1 , 2 ,  • • •  ,k  

and d . 
q 

� � � � :: ( 8,, � • • . .  , S,. )  T : vector expression of probability distribution 
function of X. 

The problem is : 'ihi ch of d1 , d2, • • •  , dq is to be taken when � is given? 
The problem can be put this ve;y, too : 'ii th what probability should we take d 1 ,  
d 2 ,  • . •  and dq' when � is given? . 

Let us define the randomized decision function to solve the problem just 
mentioned Y The randomized decision function means the aggregate of probabili ty 
ic:J/Jj • , vi th which d .  is chosen in regard to each element m .  of M ,  where j = 1 ,  

� � . J � 
2 ,  . . .  , q ,  � 7[� . = 1 and i = 1 , 2 , . . .  , s. (s = R1-1f.-/ CII.. ) 

1•1 ' 
Let us use the following two notations: 

Jli : ( 7(�i � 7[�,· ' . . .  J 7[!) T . / 

(7(] = ( ?tt, 'Jl2� . . . , £1s ) : expression of decision function 
The expected loss (risk) when decision d:dj is used, i s :  

r<1, � > = e, L1j + 82 L2j t · · · · + S�r L�i ( 2-l ) 
which corresponds to f ( z) in section 2-1 .  

The exnected risk when decision function D ( [�] ) is used , i s :  . 
l . R(D ; � J = t �  r<J , � J Jlfrt .  Pc.m..: ; g) ( 2-2) 

t'af a=t -1. 
where P(� ;  fJ. )  is the pro bability with which � i s  realized when the probability 
distribution of X is � . i . e . : • 
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( tl ) " «, • e.,.,._, l'J )"'N. • p � ; !Z = tl'y . e2 � . . . . tt-f ( 1 - 6, - 172 - . . .  - e,.._, . n c.!!! 

c'" = '1Z / 11 !!1 m, ! 1112 !  · · · · m,..! 

( 2-3) 

( 2-3) ' 

We consider three cases according as the degree of knowledge about the 
system : 
Case 1 fl is known. 
Case 2 � is tmlmovn but the a priori density of fZ , i . e . , A (j ) is known. 
Case 3 "Even the a priori denaH y .function of � is tmlmown or there is no a 

priori denai ty function of B . 
In case 1., opti:mal decision function ia the simple Bayes solution referred 

to in section 2-1. In case 2 ,  the Bayes decision function IIIIIY be used as the 
optimal decision functton.+. S 

It occasionally happens in conventional systems that the a pri�ri density 
does not exist or is unknown if it exists ( case 3) . The value of � even in 
this case can be es�ted if there · ant enough past data to draw on - that is, 
i::' n is large in number. 'l'hen the simple Bayes .solution is obtai�ble. Bow­
ever, Vi th insufficient data, it is proper to use the llli.n-max decision function 
d-efined in �e n�t · chapter. 

3 Min-.ax decision function 
3-1 Defini tiona 
Definition 1 

Decision function D11 which satisfies the folloWing inequality is called 
the llli.n-.ax decision function; 

...X R(D , 8 ) � 118X R(D, _9 ) ( }-1) 
f • - f 

where D is an arbitrary decision function. 
There can be many llli.n-118% decision " functions which satisfy eq. ( }-1 ) .  It 

is clear that the optimal min-max decision function suggested in Difinition 2 
is the best one, - if it exists. 

Definition 2 
The min-118% decision function which satisfies the following inequality is 

called the optimal min-max decision function and is represented by D011 : 
R(D , 8 ) < R(D , 8 ) for all B ( }-2) 

om - - m - -
where Dm is an arbitrary min-max decision function. 

However ,  Dom ' in many cases ,  does not exist or, if it exists, is hard to 
obtain directly. The following min-max decision function may, therfore, be a 
handy alternative: 
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Definition 3 
The min-max decision function which satisfies the folloWing inequality is 

called a sub-optimal min-max decision function and is represented by D sm • 
. f.t� R C Dsm , � J d � � J! R <D�tt, f1 > d� = S CD ... ) (3-3) 

where D ia an arbitrary min-max decision function. 11 

It is clear from these definitions that Dom ' if it exists , is always Dam. 
Dam is easier to handle than D011 and is dealt with in the folloYi.ng paragraphs . 

where 

The quantity S(D) is calculable as follows: 

S(D) = S.§ R (D, � ) d� 
= t f § 'r< j. �) t 7r£ . P ( m4 ; � > d e  

1=1 t•1 -� -2 
-

...t __r i S '  S '- e, r '-�  e, = L  2: n ,�, . . . .  J i-1 r C J eJPC�n · · g)de i.�t i•f - 0 0 0 ' - _ -c. ..,  -

= t f nk K OJJ.(,i J 
1'"1 /.•t 

• K(!!_, j )  = [ n!/(O+k) ! } ·� Lij (m. +l )  
f.c l 1 

3-2 Sub-optimal min-cax decision function 
Transform expected loss R into : 

R(D, .@ )  = t t rcj, �>1tL .. P c  m, ; 8) �· �, � -

( 3-4) 

(3-5) 

.J:. s i = 1..: r-(jJ g)E 7Cm , P C!!J.i.;� J  (3-6) ' 1•t ,., ... 

=-� r ·£i, e J P liJ fL DJ · . < 3-6 >  ti ,  . 
where P(j,  � ,D) = f, 7C�· p U tu; � )  ( 3-7)  

The right hand side of  eq. (3-7 ) exp�sses the probability With which d .  
J 

4S taken in decision function D. In the light of eq. ( 2-l) ,  eq. (3-7) can be 
transformed into : 

R(D, � )  = �T L f. 
�there f. :  (P(l , �  ,D) , P(2 , tl ,D) , • • •  , P( q , � ,D) )T 

Eq, (3-8) may be interpreted !iS follows by the theory of games:6 

(3-8) 
( 3-9)  

Eq .  (3-8) 
expresses the expected loss of game f1( H, ,f., L) where � and f. are mixed 
strategies which player I and II can take, respectively , and L is a pay-off 
matrix . Rewrite R(D, e! ) to E( g ,J:} and assume that � * = ( 8,* , 91* , . . .  , e,;) 
and f.* = (Pi,�, . . .  , PQ_) is the minimax solution of game fl . Then we get the 
following theorem: 

� 
Assume that D is a min-max decision function and also assume that m 
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R(Dm ' � )  takes i ts maximum value at � .. �.. Then, 
R( , e ' = min max R(D, � ) 

!11 _, 0 § 
= min max (lL P = E( 9* ,P*) .f fl - - - -

Especially R(Dm' � ) has its 1118Ximum value at � = �*· -
( >-10) 

The proof of this theorem is given in Appendix . The next colloraly follows 
this theorem. 
Colloraly 

A min-max decision function [JC] satisfies the following equation. 

� p - .. p .. ;.....1 7L: < m..: ' § > =- _ t "  
where e " '  f:" is the minimax solution of game fJ and 

t ?cilft .  = t ·  
i=1 _ .. 

Generally , there are IDSllY solutions which satisfY eq. (}-11 ) .  Some of them 
are not min-ma:.t: decision functions. I t  is observed in llliilY examples that a 
decision function which satisfies the condition (>-11) and minimiBes S(D) is a 
min-max decision function and , therefore, a sub-optimal min-aax decision func­
tion. The following conjecture seems to be true b.r a physical considerati�n 
though it is difficult to prove it mathematically. 
Conjecture 

The decision function [71: ] that minimizes the following S(D) under the 
conditions (>-13) - ( >-15) is a sub-optimal min-max decision function: 

t p ( m..: ; �) 7r. .4. = p+ 
�·1 - J. T where 7C c.· = ( 'TL �.· 7[!, . , - . .  � 'lCm..: J - - · )  "'' 

7t:!n.: � O  '71f. ,.: -t l1  i= t. 2. - - · , � 
,�:.-L: 7C!n . = 1 i=t _ .. 

1: .s . 
$ ( D ) = L:  '£ Tl� . I< ('!J,.: � j J  

( >-15) 

(3-16) {•1 ""'' -· 
where � *  and f:" is the minimax solution of the game fl ,  and where K(mi , j )  is 
as given in eq. ( >-5) . 

Note that eqs . ( >-13) ,  ( >-14) and ( 3-15) are linear constraints about 7L�K 
and S(D) is also a linear function of 71:'�.. Therefore, the above sub-optima� 
min-max decision function is soluble b.r linear programming te chnique. 

>-3 Simple examples 
1 : ( 0 2 5 ) 

1 0 4 
4 3 0 

�_. = (7/21 ,3/2l ,ll/2l)T 

r = c n/2l , l/21, 9/2l)T 
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The su�ptima.l min-mu decision functions in this example are shown in 

Fig. 2. 

�* = ( l/2 ,0 ,1/2)T 1 : ( 0 1 2 ) 
2 0 2 
2 1 0 f" = ( l/2,0 , 1/2)T� + (O ,l ,O)T

(l� ) 
T = ( �/2 , 1�.�/2) 0� �� 1 

In this case eq. (3-13) is expressible as follows : 

t P C1!1.: ; ft�J ?J;.· = ( �/2 J 1 -PJ {3 1 2 )T � 
which can be transformed into the following tvo constraints: 

t p (  �� � �4-) 7[� = f p � f i.=t 
t_ PC !EL �·) 7r.�· t 2t P( t!J4 ;  �·J7t] = 
£af ,., 

D
sm 

for Ex . 2  are shown in Fig. 3. 

1 : ( 0 1 4 ) 
1 0 1 

�+ = ( l/4 ,0,3/4)Ta + (3/4,0 ,1/4)T(l-a) 
0� a� 1 

4 1 0 f" = (O ,l ,O)T 

P�; fl *) = 0 when m2 in the data � is not zero , because e:= 0. There­

fore, eq. (3-13) is expressible as follows: 

£ P C ( m.,. L 0, htJdT; ft) ?C ..: = ( OJ 1 ,  O)T 
Then the solution of the above equation is 

7L �, : 1 7(� : 7t �I : 0 
where �· is a vector whose 2nd component is zero , i . e. , �· = (m1i ,O'�i ) .  

The other 'lli. have no constraints.  Dsm here is shown in Fig.4.  

�* = ( l/2 , 1/2)Ta + (O,l )T( l-a) 

f" = (O , l )T 

The min-IIIIU decision function is 
:J 1 7[!!! = 1, 7C� = 0 for all �. 

3-4 Relaxed min-max decision func�ions 

for all n 

O � a� 1 

A min-IIIIU decision function is generally used when the statis-tical prop-

erty of the system is unknown. The more data there is, the more accurately the 

property of the system can be estimated. When estimation can thus be accurately 

made, is it all right to use min-max decision functions to the exclusion of all 

other decision functions? In other words, do ( sub-optimal) min-IIIIU decision 

functions all converge on the simple Bayes solution as n increases? 

When there is only one solution to game (7 (  tl , L,f, ) ,  D
am

' s  all converge 

on the simple Bayes soluti::ri. This can be proved by using the "law of large 
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numbers" . If there are tvo or more solutions to game n , D9111 ' �. in some cases, 

do not connrge on the simple Bayes solutfon. (See Ex.3 and 4 in section 3-3. )  

The rate of  convergence of Dsm ' s on the simple Ba;res solution III8Y , in some 
cases, be very elov. It is desirable, in such cases, to relax the constraint 
of lllin.-m.u condition and bring the decision function into the (estimated) 
simple �es solution bf estimating � . 

we rewrite S(D) as follows : 

S(D) = '11. ! -1 - t f t 'Jr� L� ' ( m  • . + 1 } . < n+ R-J J! tt+ R t•f.i,•t r- 1 r � .c.r (3-17) 

If there is no conat�t, [X) l!hlch minimizes S(D) is caluculsble independ­

ently of r. Then 7t�ris  fixed 110 ss to lllinimize the following equation: 

s(D,r) = f. f. L'J· 7t�t ( 11'! J. r t  1 / ...,+� ) ( 3-18) 
1'"' �·1 -

= ( ?r ', n� · · · . 'it � J ·L · ('���r+VmR., ... ., 1fl�r�1/n+w ) T 
When n increa.ses, thie solution coincides vi th the ( estimated) simple. Bsyes 

solution D eeB which is giTe� bf estimating 64"' m/11 ( this is a IIOst-likeli­

hood estimation of P ) . 'l'be corollary in 3-3 tells us that a llli.n...a decision 

function needs to satisfy the following equation: 

. � ;  < §". [�J ) =  P/ ( 3-19)  

Inateed of this equation, use the following inequality:  

1 f i < �� [ 1C l ) - P( I � ti < lfl > �-� 1 .  2, - · ,  l- {3-20) 

or - l'j < m > !:  f 1  ( i', [?CJJ - P/ .::: )ia ( l)t )  ( 3-20) ' 

where ji(n) is a monotone increasing function, � (0)  = 0, and �(10) • 1. 

'ihen the amount of date is small, fix /i (n) at a sufficiently small value . 

Then eq. ( 3-20) is almost the same constraint as eq . ( 3-19 ) .  When n increases, 

1, (n). should be increaaed also. Then the constraint 
_
for a lllin-IIISX decision 

function is relaxed and the decision .function shifts to ( estimated) simple 

Ba;res solution DesB' 
The decision function, which �zes S(D) iD eq. (3-16) under the con­

straints of ( 3-14) , ( 3-15) ·and {3-20) in place of ( 3-13) ,  is called a "relaxed 
cin-:nax decision function" . This is also soluble bf linear program:aing 

technique . 

function lj(n can be fixed in various ;uzys. One way is by consulting 

the value of S(Dsm) (' 1)..ich is obtainable vith the solution of linear program­
�ing) and of S(DesB) . Gene�ally , Th�y decrease as n increases. For example, 

w�en the rate of dec�ease in S( D�) is very s:nall com. ared •� th the rste of 
decrease in S( D " . Y1· ( n should b; :ncreased quickly to l.  

es_ f 
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4.  Conclusions 

This paper has discussed the question of how to use the stati stical deci­

sion method when the statistical properties of the system are no t known. I t  

explains fully the technique o f  obtaining the sub-optimal min-max decision 

function. 

The decision mechsmism in cases 1 ,  2 and 3 cited has the learning property 

as follows: With � known ( as in case 1 ) ,  there is no need for learning and , 

therefore, no need for data. With A ( j ) given (as in case 2) , the calculation 

of the a posteriori probability density of D after .m is observed , ••hich is used 

for obtaining Bayes decision function, corresponds to the learning of the sta­

tistical property of the system. In case 3, the learning property i s  included 

in the mechanism of minimizing S(D) . Therefore, D
am 

which does not reduce S(D) 
even when n increases ( See Ex.4) , includes no learning property. In such a 

case , a relaxed min-max decision function is preferable. 
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and also assume that D* is a d ecision function �ede by 

for all !!! t M 

Substituti� this relation into eq. (3-7) result� in: 

P( j , i/  ,D*) = P .* - J 
and then 

for all � 

max R(D* , 6 )  = E( 9 * ,P*)  
£ - - -

Accordingly 

j = 1 , 2 ,  • • •  , q  

( A-1 )  

( A-2) 

(A-3) 

(A-4) 

(A-5) 
This contradicts the fact that Dm is a min-max decision function. Therefore; 

R(Dm ' j,.) .S E( �* ,f.*) 
On the other band , 

� min (IT � "' E( () * ,�*) 
� -

R(Dm , j,. )  � E( � *,f.*) 
In conclusion, 

R(Dm ' p,) = E( �* ,f.*) 
Now for proof of the last part of the theorem. 

Assume that <B> is the set of ft * a11d assume that J. ..,  � (fj) 

(A-6) 

(.!-7) 

(A-8) 

(A-9) 

Then, 

(A-10) 

This contradicts eq. (A-9 ) .  As a res�t, R(Dm,� ) has i ts maximum value et 

� = i* · 
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OBSERVATION 
MECHANISM 

Fig. l Optimalizing Control system 

xl x2 . . . . .  xi . . .  � 
mll �2 . . . . .  n;,i . . .  n;,k 
m21 m22 . . . . .  m2i . . .  m2k 
. • 
. . 
. . 

mtl mt2 . . . . .  mti . . . mtk 
• . 
. . 

mrl mr2 . . . . . mri . . .  mrk 

Table 1 Data of Past Control Experiences 
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The decision function to the sample on this 
line is 7(2. 1. 
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