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ЧССР 

ИАентвфИкация объектов ;rправпевка ивжве!са в ваС!о�ее вpe
lli е•воl 'iiз;-.ВЬu�Я•юс задач теорu в праnКD JПpaueвu а раа
работке ьтаrИсrичеёких и �етермииировавных .еrожов реаеиаs аажа• 
цевтификацва в пос.uе.JJ.нве roJUI JЖ�иетса авачиеввое JUUD&81U18 
I -7. Орв этом в свиав с ;rмоsвевием объеаа JПpaueвu в pese101e•. 
ацач упраuенвв слохВНIIВ комПJiексамв кp:rr зцач ре11аеuых � . 
цевrифuацu авачитеnво рас11ириеоrси. Ec.ua в вaчaJJъ!WI перао• 
.пр'В цевтмфииаlUUI в осиовво• опр.е�еnJШисъ. параметра зцаввоrо 
)равнении объекrа, то в иacтoJIIIIee врема цеи8фикацu .......м 
оценку тесноты с:вsэв uещ BXOJUIЫIU! и JiaOЖВШUI пepeJte811111188 ва
хокдевие Jравненив связи и ее параuетро•. кожв.есtвеВВJ8·�88J 
степеив изоморфноста uо�ели реааъа.ому объекr,r. раарабоrкf .ero
�ol ;декомпоа:.щив, аrреrатиро:ваииа, оцевq cttenu �bOCZII 
11 АР• 

В настоИ8еа ;докnце :в осно:ввом pac�..aDrca вопросм 
�девтификацав стохасtических объепов. ccc'I'&.UJIDIUIЖ бonsol 
кnасс с.uохвых реаnъвнх.производсr:веввах ароцессов. Па.уче8ВМ8 
реарътаtн мохво рассматривав нк обо(!щевие peayn!UOI8 ар.__ 
�енкых :в 8,9 nри идентификации детерuиввроваввмх �кtо•• �
вне 1 :выхо.JJ.ине nерекеиные, коtорнх sВJiurca СЖJЧ8ЙВЬ1118 ФJuц••• 
u• CJJyчahнllв JеJiичинамв. В иачаае . расе��атрDа�JТса па.вне а
ракzервсtмкв сtохасtвческоrо в жеtе�кквхро�rо·объекrа-Jсиаа
выо ( выхо;дв�а перемеивых orвocиteJ&Jaнo :вхо.JJ.вых) uв coae�
(azo� в выхоАВЫХ� миоrоuераые лnotкgcra аероВ!во�а. В с..е• 1 
о uрапвчес1001а. tррносtяuи oпpe�P...Ilesaи по'JIВЫХ xapaxrep&C'fq ;.-



иеуrассовских распре]tелеиv.й рассuатривается их алnро1tси1шция 

nри nомощи гауссовых ллотностей и nертурбационных юtох•очленон. 

Да.r.ее рассwатриnаотся uомснтные характерист ика стохастическ'>ГО 

объекта и ввоJtится nонятие л.инеИност11 в срсднеu. В СDяэие с 
тем, что nриыененис·uомснтнuх характерист ик ]!ЛЯ оп исания стоха

стичесюrх о6ъеl<тов no да1шuы их нормальной Эl(сллуатrщии может 

nривести к нсверtsЫN результnтаu в случае, когда услоннан дисnср

СI:IЯ БUХО]IНОЙ леремеННОЙ OTIIOCИTCЛЬllO DXOДIIOЙ l'CTCpOCY.Cl\aCTIIЧHa, 

приводятся рсзультш·ы исследований сюз]ЩС'l'Ичсских фуню.tий. Иссле

]tОl!анию оцсиОit дис:tср,сионнuх фущщи!! лосннщсна rюследннн часть 

ДОКJiадц. В лрИЛО}!СI!ИИ приводнтся нскоторью рсзуJ!Lтаты дл11 uо

uентш.vс: функций гаусс овсюu распределений. 

I. Стохастичесюю оСi'Ь<:I<ТЫ и их nолные, характеристики. По.п 

ноИ х:арактсрист�шоИ динuмичссJсо го и6ъсi<та и!!лнетсн оператор А, 

свпзывающий входнuе :Х: и вuхо;даые ';J nереuсшше: �'"'Ах. . 

Вообще эта свнзь моzет задаваться уранаеш:ем об'�> скта В� ·;;. С Х 
{В и С- нехоторuе oncpaтopu), которое эквивалентно �равнению 

':J= Лх, А :в-' С. , ес.пи сущестнуо.т оператор В-�. 
Оnератор А может рассuа'l·ри'Ааться кnк случаИш1:L или нсслу

ча�ный, и в зав исимости от этого об'Ьекта nодрnздсл яют соответ

ственно на с:r охастичссr.ис и дстерuинироDtшнuе. Ина•iс говоря, 

виу·rренние нар аuстрu oбMY.'l'<l { наnрш.юр, для n шн:!�ноИ с r.сте�ош

коэф-t.�щи�нты nинс Яного дt�фферснциального урав нения) uогут Сiить 

CJJyчtt.й!Шuи v.ли нuт. Кро�1е то.rо, �iсслс;дов ание обоих тиnов ОСi'Ъек

тов uuжно при;зодитъ nри случаИних и детери1шированrшх вxoдttu:x 

сигнuлах Х 1 т.е. мu nолучасu, что каждый тиn объскrа можно · 

исследовать в свою очсрсдL в двух случаях в зависиuости от того, 

случайшl или нет внеiПние воздс l!ст зи я . В дальнейшеы uы введеu 

nрсдnоложсиие о тоu, что оператор А {вид и параыетры) не зав.к- • 
сит от входного сигнала . Х ни в вероя'l·ностиом, н.и в функцио

ншiъноы, ни в какоu-.r.ибо друго11. с�о�ысле, .иnu uенсе :sесткое тре

бование - ви!lолнение э�ого условия хотя бы для .&ходных си гнал ов , 

нрин&дл�zащих нскотороwу КJ\ассу, наnример 1 ограниченных : l,�:J:..l-ll.. 
Кроме того, и это у-а.е 'l·onыro из соображевиl удобства , 

Gyд�u рассмuтр11вать случай одномерных вхо·дов и :выходов Х и �, 
г;де х {/.)-= Xt и � { i) = �t - ·xalUie то функцм (nроцессы) 
врс:u(;JШ t , евучайные али вет. Предположение о везависv.иости 

А от J:t позво�яет ввести понnт.ие пинейноrо объекта хак 
061-:::кта, с.ле}>атор нore>poro А .nинеен и ·не зависит от входного 

воз�сйствин. Этик обесnечивается в�полне:ние nринциnа cy!tepno-



s 

зиции. Полная идснrификация детерыинироJ\анных систеu состоит ъ 
оnределении вида оnератора А и его nараи�тров как наиболее nол
ных харак·rеристик Cltcтeuы, т. к., знаlt А, мы моЕеи определи'lЬ 
однозначно выход У nри любоu известном входе Х. 

Полная идентификация стохастическ·их сиетек состозоz .в опре
де.•Iсюш вида оnератора А и �щ{ouon распредслеuия его napaмe·rpo" 
(а ·не самих параме1•ров). Однако дэяе nри известном оператоJ.е А 
опноэначно опр�делить ныход � nри изnсстнои входе Х нелъ
з а, а uожно только указать распрс;nеление У ' при дзнноы Х, 
т.с. условную nлотность вероятности !::1 относител�ноХ: 't'(Y/x), 
котuJ.IаП будет зав.исить от nероитностнwс xapaктep.ltC'll1K вuутрен
Ш!Х IIapa11.crpoв объекта. Идентификация по данныи норыальаого 
фу!IКЦIЮН;tроваюtя объекта и последующее использова1ше реэульта
·rов идентификации сводится к апа.лизу характср.ltстик выходного 
сигнала Н при услсвии, чrо ua входе действовал входноЯ сиг
нал..Х.. Полной характеристикой является "'f (У/:х.). Слсдо
ват?.льно задачу идснтификаrн1и стохастической Cltcтoюi uожио олре
деливь как за;nачу нахождения условной плотностJ4 'f{!:l,jз:s,s�s�l) 
( $о - uачало отсчета), т.е. оnератора, позволяющего находить 
рD.спрсдсленис выхода · Yt при известноИ входноН рсализзцюr 
Xs, So � S � t , В случае дискретнЫх nроцессов ан.алогичitоА 

хараi<ТеристикоА будет 'f (У .. /:х:�, ... 1 З!n). .В с» язи с эriOl воз
иикаст вопрос иахоцепия функций �{У .. /��:" . . . ,� .. ), Нспс
сре)lственное вычисление ·функций 'r по статистичесю:и даннщ1 
nраю•ичесt:и певоз�&ожно. Лозтоul, .вцнu аnпроксиuирующие фuрwулы. 
Дальше мы приводии rоэульrаты аппроксиыацltИ при поиощи гауссов
ских nлотиостей и rtертурбациоюшх многочленов. Дл!l стат.1tческ1tх 

объектов nолкой характеристикой будет двумерная nлотность�(�/ld. 
2. Аппроксимация статистичаских расnроделенuА 

В IO рассматривается метод nрибюtЖения статистических крl!
�ых распределение 'f (ж) функциями f(�J = Pn<:clГ(xJ , где Г{::.d 
rаусеовское распределение, Pn (х) = � Q.к хк - соответст-
:вующ.v.u образом подобранный многочлек

"'
степепи tt, . 

Коэффиц;Iенты а, этого многочлен:! оnредепяются ИЗ уело-
:вия: 

которое nриводит к ура�невияк моuецтов � . 
m[x"-]:: S х" P"lxJГЫJ�=-�a/fx'l'lxJJ.t."'l;. a.:Nf:�:"'). ..... . t� -7 •. 1) 

( 2. I) 

(С::.2) 
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З�есъ а виzе через ttL обозначены моuенrы статистическо
го распре���еаиа, а через J1 ·- моменты гауссовскоrо распре�е�е
иu. Прuе11, что все встречаю11U4еси случайные 11елиuвы Х иорu.и- · 
ро11аниые и центрированные, в противном случае с�елаем замены 

U. = Х. Gmz.. а вмес�о Х. бУJ'еМ рассматрv.ваr:ь U, Испол:ь
эуем метоl приве�еиныst в . IO дли аnnроксиuации полных харак
теристик стохастическоrо объекта. Б1.Аем приближать многомервые 
М ОТНОС! 1t '/ ( Жt, • •. 1 Х ,.) фyBКЦIIJDIИ f (Жt, .•. ,Ж..}=Р .. (а:с,...,�)Г{Z4, ... ,r.), 
г,��;е Г(%�,, ... , Х�<} - многомерное гауссовсков распре� елевне, 
параметры которого (маr.ожцавu, цепереви ( 1 вас m, =0, 
о�: � и коэффициенты корреляцик) выбраны иаrР.;вовавии,�анн�го 
с:атистического распредвлевив, а P .. l�, .• ,:r..)•l: tt.t, ... i.o ж,' .. . �./-
.- соответствуюiЦИII образок подобранный мно�'бч'iёв. 
Г{:t"._,х.) JШеет вц С e-QJ�",_�,J , г�е C:Шtsl.,Q(�,,-,�>0 - кввдра
тм.чвая форма. Kparepиl ца ивхоцеиия коэффициевто:в й.;., ... l,. 
будет ан�огичев (2.1): 

,., r rr � Q(:c,, •. ,r.J J. . 
· . . ..� = . ... J . 'lt:r •• -,:t.J-P.t�"-.r.JЛr,,.,'l"fe 'J%,_ z.=IJШl. (2.з) -- --

.Ои приво�ит к уравнениям моментов, анааогичвым.(2.2) 

mf�l._ �� 1 = J.-Т ж,� .. z� P.tr.,..,:rJIY:r.,._ ,rJ/a:. ... J-l •.. _Y.rn: а. j ... ,�Нf:t. �.:..;..;.], г-.4 > •• - 'ltr·� 
Есла кы воз:ьмем n � 2. , ·то ре11евием бу,��;ет Р .. (�,, . .. , �,J·-4, 
т. е. пр.и n * 2 иаилучrаИII првбл�rt�еииеli по критер.ию (2.Э) 
бу�ет гауссовсков распре�еление: .flж ...... ,rrJ= гt��. ..... �,J. 

Рассможриu случай n = 3. Но пpezJte орtоrон�изуем веJrв-
чwш �i tак, чтобы "tl} =1'1.[u,u;] =О. Это кэвесжиыl 
процесс ортоrоналкзации: · 

U,_::t", 'li.a=Жa-"tlau,, 
Tor�a . Г {ul, ... , и...) е Г(иJ .... Г���}, . . . 
и (2.4) nримет ви.ц: m[-u� ... �Jor. . . й.j, .. .j./1[�/�1 .. 11lu�'"] (i,• .. . •i.,3), (j. •.• � 
Ре1ением тоr�а бУl{ет ·· 

� {u", •. ,uJ= 1• i:, �J· {u:-31Ц+ [;m.;Uiffl/-J)+ �� lnijк fl&'ll,j и/( , (2.5), 
. l:f i.I-J ".il. 

. "' m[: �1 . 
гж� »i ==-i'.:l - коэффициеи! ассиметрп%i 1 

mlJ== trnfu• u;J, m;J,. w:m[U&fl;fl•]. 
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Д.пи 11. • 4 получим ( ваприr.ер, .PJI .ztвyuepиol мотвоС'f в) 
Qoo= J.•Et +{1+f1 llto=-(ftrm,J, a.,.-(,S:+-m.,), Оа•• -/i' �2EJ, 
Q,, ... (e,a te'J.,),a()J=-{G+2Gz.), ОМ/=f O.J=A Ot.,=�at a,.=m .. E:L с е ь.! з 1 1 • 1 (2 6) Ow• · з , tlo<, = !=J:, а�,=� 1 О,�=� 1 Оа�о::. f", • 

Г.lt8 f;. 2 m[gZJ::1,_ - ЭIЩecc:t;.1f"'m{u\u:J-t.1 e�,=-fm{11&11/J; 
форму11Ы примениыы при ШUtЫХ S;,,m;;,mc.i•,f;.,C,oi.J. 
Пepexo.zt от фуикц.ий �{и., ... , и .. ) к фунJЩиям ft r.,, . .. J -:c,J 
rроuоздок. Поэтому 3пЯ с.пvчая ,�tвуuериой п.потиости мы nриведен 
формулы .ztли коэффиц11еито:в uноrочлеиа Рз (?e�,,z.J , т.е. кor-
Jta х... в ::.С2. . иеортогональны. С nouoDU>D формуж (n:s) -
(П, 8) ПОJiучиu: Q.,o= J., Ot•j=Ott=CloL ::s 0, 
Q ='t,211-f, ... 3't,z.ml/-mt.Z{J*"2t:J а ="'11Jcf*"Зta.l? !.tcmu(lt-2� fCI (J.- '(,t�P· . DJ. 1- 'l.,�;z ' 

а = ��- t�$,. ... 3-r!�m,a- Зlнт:н а = д��ч�� t3Ч�I�u-3l�:.mц .• ill li _ У.,�р el.\ ll- z,,;Jз 
а = 'tt� Sz-tu�+mн+2't�mt,-r.,�mи-2lallla а ="'�S.-r�,��-�п, .. 2rl�щ -ч�тц·2ц,т..4 1t lJ. .,)J n {i-r,1�).3 -t,& . 

В качестве аппроксимации условнwс: плотностей 'f(':J l�t, ... Jx�J 
коео брать функции: �����.J.. =&J;ь_�;;J{{Y,:r,, ... • xd , т.е. 

(х,, . . . ,::с .. ) p.,(:x:., .. . , :r� Г(r. ,, ... ,r..) 
аnпроксiШ�tровать отдел но функции tf(IJ,�,,._,.x,.J н 'ftж,, ···};с,.) · 
по мзпоженноку вЬIDie методу. При этои ПОJI:vчается 
fl�t-,:t:.,)= Ifl!l,:t,, .• x .. )J:t, т .е. &.ппроксиuируя 'fl ':J, !Cs, . .. ,:r.) 
мы одно:вре!.tснно аnnроксикируеu и l.fl�s, . .. , �..) по тому 
ае критериn, так что достаточно найти .fl'J;oe1, . .. ,:roc), 

з.М·оментные характеристи1пt и линейность в сре:пнек. В неко
торых �рактически:х: случаях вместо условных ПJiотцостеВ моzво
оrрав!tчиться менее по.11ньwи, во более удобными, условаьши мо
меитпыки характеристиками и в. частности, условныМ математиче
ским 0JtЦ8HИell BЫXOJta ОТИОСИТеJIЬВО ВХОда М ('Jt/:ts 1 �� S �-/.) 
в иепреры:ввом CJiyчae и 11 (Yn/:t:,, ···/Xn) в жискретном 
�уче.е. 

Эти условные математические оzи.цавия· рассматриваются при 
.ID6Ы:X: :t JIJIII fl. И JID6ЫX � {.1) ИЛИ �i. 11 OПpeДeJifiDTCff 
иекоторыw опер�тором В таким образом, что 



в. 

Ml!it/Xs1!o� s�i)=B,xs в кепрерuвио11 случае, (З.I) 
М. {У .. /�1, ••• , :х: .. )=В / r�, ... , ::�:,.J в дискретиоu случае. 

Введем следующее оnределение:· систеuу � назовем ли-
нейной в cpeдucu, если операrор В JШКСР.Н, t.e. условное uатеuа
тическос о:и:идание nинеИно зависи� от вхо.ца. Окаэt•вается, что 

это оnределение является естественпыu расширенисu классическо
rQ олредР- ления линейности. ДеЯствителъпо, �к l�нейных cиcreu 
оператор В буде'! ИJо!еть вид· · 1 . 

. М (!14/�,. So� s � �1 � I. Kll, r}x(!Jrls 
или · М (� .. /%,, ... ,:J!..)=ZI<;. �,. (3.2) 

. ir 1 
)!ЛИ JIИKeRHЫX ДCJCPI.!I01Иp01!8HHUX CИC'I'C'!J CiJ.ЦG!f Шtеть: 

'd l Ll::: S Wll, r) =-�lf)ds 
ипi -� · 

� ... .r, t-1.: .r, · . .. , 
(Э.3) 

Иструдно. видеть, что если выnолиnете я. ( 8. 3), то выnол

няется и (3.2). В cauou деле, в (8.2) !:i ( t) ОJtН()ЗНачно опре·· 

дел.яе'l·сл знriченинии :>:.{s), s., :> S � i , и зr�ачит 
�Щ.::/il�c/Xs,ro.;r.$-l), т.е. 1ш попучаем (3.2) причеu \.-1(/,ф:Kll,s). 
Аналогично в дискретном случае. Обратно же неворио, :-.к. У/1) 
и з:.ls) в общем случае с:нлзани вероятност!!fllм образо�r. Таюаt � 
образом формула (3.3) является частншJ случасw формулы (3.2}, 

когда. У-4 и Xs связwш. о.цно:шачной завкс.иiiОС'l'Ьо.По;;тоllу 

оnределение линейнос:хи {3.2} Оолее широкое, чси (3.Э). Фрк
циа К {1 ,s) в (3.2) является обобщеииеu весовой Ф. нкции W(i,s) 
для де�·ерuюшровашшх систем , лоэ:rоuу ее uожно назьаrь осред

ненной весовой функцией стохаст!4ческо:t системн. Чт�оu выяснить 
смысл rерщша "осредненная", рассuотриu общее уравиеиr.е линей

ного иохастического объекта :в. :виде: . . ':J�=A�,= l. 'X({,I)�Щd$ 
JtJJ.И u -�" '1" . .: . · (5.4) .J""- :....-� J\., ... ... •( 
Эдесь Х tl1 s) нли 'Jlt, . �. ,"Х" - сдучайuuе функrtи.и. т..-к. оnера
тор А- сiJучаV.ный. В силу сдет.а.нноrо nредnоло!:ениr. о иезависи-

1Юсrи .А or Х. из (3.4) по.пучv.и 

11 (Y./:r::s, �� � s � ·tl= fxa,� �trJ ds 
"�� мв (Э.5) 

М {':1 .. /Xt,···· ,� .. )=� :Кi �i. • . &.'( 
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Сравнивая (S.5) с (8.2), мы видим, что -
KU,sJ= XU,5), 
l<t =Х� (i:..J, ... �n) (3.6) 

ж.е. I<U,s} · явnяется среди� значением весовой с11учайвой 
фующик :КU1s) стохастической системы. · 

Эаuет3111 что веихая �инейнаи система нв11яетсн И линейвой 
в среднем (если А в.е зависит от 3: ) , обратвое ze неверно. 

:U.11я нахоzдевиs осредненноll весовой фующик 1< U 1 s} 
моzно nользоваться_известкым уравнением Винера-Хопфа,которое 
nоnучаетои ив (8.4) . t 1 R�{J,r)=J 'JC{I, <t) fGtz{t,s)J'I::r J<l4t)�{,�sJ d� . с8• 

?) 
$о fo 

Функции KU;s) , находимая аз (8.?), )(aet вам нек:vю "сред
нюю• модель реаиьвоrо объекта. Наскоnько хороша эта модель 
можно судить отчасти по втореl 1словной моментной характери
стике, условной ,ltмcпepcu C!J(Y4/�s, So-' S� -t)· 
ма '7J (У .. / ::t , ,  ... ' rc,.). . . , 
На базе условных мокентных характеристик построены дисперсиов
иые методы ·спучайвых функций 8.9. :J 
Пусть, валример, имеем объе� �Щ= i. J<U,r):dr)Js,.v/l)=k1!s. 
Эту классuческур схему с помехоt uU) uozнo рассматривать 
как •шумящий• стохастический объект, оператор которого А 
- случайиый, J�инейвый вео,ltИородиый. СJlучайиыl параметр опера-· 
�ора А v{J) рре,ltПо.паrаетси обы�9 иезависяЩИII от � {s), 
rorдa H(Y4/�s1 ��s �-i)=lкU,s)�ls)ds.-m."ll)= B�ls)., 
Ес.пи tn11UJ=O , то обозная 'l.U)�H(Yt/�,�-SS�-i) 
nопучаем обычную

j
запись детерuииироваuиой .11инейной uодехв 

объекта: ZU}: � I<U,$)�lsJdr. . . . . s. ' 
4. Скедастическан функции и ее свойства. При идентифи-

кации объекта оrраиичитьси только oпpe,lteneниeu ·nервых ус�овных 
и безусловных мо�еитиых функций моzво тОJiько в том случае,коr
ltа усповвая двеперсив 'f> {!1� /tes) rоuоске,ltастична. При иевыпо�не
вии этоrо требования �орuировавная коррепяциониаи, воркирЬваи
наи дисперсиовваи 't� {J, s} • 'Z v,_ f.l.1 s) фуикцu .хара�ери- · 
эуи степень свиза выходвоl переuеивоl '::JU) а входной z (s} 

. с овибкоl, которав тем бопъsе, чем "менее rомоске,ltастичиа• 

� {!J1/%s). Uопо по�азатъ, что 'ZS«II1s} кубатора� 



10 

ва вхо�е которого. �ействует гауссов nроцесс, степень связк 
!J ( 1/ • X.{S) JtJJJI nll6ыx моментов временм i • S 

характеризуеоr менее точно, чек 'l� {11 s) к:вадратора с тек 

же входом. Своего рода йредельиым RВJiяется, например, с�учай, 
когда У{/) .н � lf) вахо�Ятси и пеевдонормапьной корреляции 

2 • При этом .н "t.�,_{/1�) к 'lпe.{l,.r) тоцест-
:венио равны нулю, хоти исследуеиыё nроцессы зависимы. IJIR 
определения величины ошибки при исnользовании r.:JJL (/.1 s) 
и 'lYX. U1s) в случае неnостоянства yc;roвaol дисnерсии 
введем функцию . { j['l){Y.!xs)-f1['ll{y,f:rJЛ2�l{tts)d::cs 1 И 
]�{IJs}z -: 

fl
z J [У: -1:11{Yt)-H/'l(Y,/�r)] <JzfYJJy, 

.ао 

(4.!) 

и назовем ее взаимной скедастиwеской функцией случайных ·nроцес
со:в �Н) к Q';(.s). 
Расскотрим основные своИства введенного оnределения. I. Взаим
ная скедастическая функция лежит в пределах о� т�и, s)s..d. 
Действительно 
а) Из (4.!) сле]f.ует, что 'Т"xU,s)�O. 
Обозначиu через 'f (У�/ :Cs) - условную nлотность вероятно-
сти YU) относительно :t(s), 
б) Для доказатеJiьства T'lx.U1s) � J. возпользуемся неравенством 

r [ r (':ltl_ M1(':Jt)) 'f{Y,/:.er)dY,] � l {xs) d�s + 
.. оо .ао 

�_r [ I { Yt1- мl(�.JxJ)f'tY./:ts)dYJ9t rx.rJJ�., 
. { 4.2) 

которое становится очевv�ным, если учесть, что в левой части 

(4.2) записано значение CfJ {у,) , а JJ правой -только часrи 
дисперсии �li) • Неравенство (4.2), очевидно, коже% выпох
няться лишь в случае 00 00 s {�:- M2{��J)'f{Yt/XI)J�4 � J{Y42-M'lY,f.tJ)'f'{'JE/;.r1}J!if , ·"" -оо 1 {�.Э) 
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которое используется в приво�иuом виае �оказатепьстве 
... ""' 2 1 f, )t d d � � {�t-M {�)-Mt�l�Mxs)} '/'{'J4/Xt)3,{:rr) !1, ��� 

•••• CIIIO 
� f [ � (У: -N2[Y•J-M{"Ь('jjf��JJ 'fJ(IJ�jxJJYt]z9tfXJ)Jrs � .. оо -� • 

� r [ r ( !1: - M1('Jt/xJ-H�{y,jxJJ) 'f(y,f�)J�3Ltxs)d:rJ= 
-- ..$ 

� j [ 1J("-Afa:s)- М f�fY4/xrJJY �t{xs)d�s. 
-оо 

(4.4) 

2. Взаиuааи ске�астическаи функции равна иуию только в случае, 
коrда '!* tl,r) IШИ 'lvJt (l,s} tочно характеризуют степеиъ 
связи с:пучайных лроцессов � U) и Х (s). Дейст:ви

-'Zел:ьио .мз (4.I) сп�дует, что 1S«/J1$):0при 

.а) � {Y.,/rrs)"= M[lf>{Y.!�r)=cchl/ 
.- условие rоuоскедаотичиоста 

б) 
� (':J�/ 'r.J} = О 

- :rс:повие фующиова:пьноl 
свиаа процессов �U} а . :r..ls}. 

З. Вваиuвая схедастическаи функции достиrает uаксиuальuоrо 
звачевми, xor�a 'tv"' (i.1r} (:а спучае .иинейной сввяа процессоJ 

YU} а -r{S)) мв 'lvrU,f) (в ежучае :пииеlкой связа, npoцec-
coJ YU) а �{r) J раввы a�u. · 

Деlсrвмтелъво известно 8 , что в общем сиучае 

во 1 рассматриваемом част�ом с.иучае 

• 

(4.5) 

(4.6) 
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Из (4.6) следует, что знакенатель и (4.I) достwrает своего 
»:i1Нииапьноrо значения. Если учесть таКJ:е, что функции ?J('J�/�s) 
ПО1IОZИТ61JЬНВЯ ПрИ JIOOOU � { s) , ТО нетрудио по казать, ЧТО 

числитель при этом достигает своего.uакс1шапьного значения. 
4. Чек теснее зависимы случайные процессы !:1 (1.} м :J:(s), 

тек больше значение r�x и J s) и в преде.ие сколь у годно мало 
отличается от I, если при этом 'l'ix U1s)= О. 

Такик образом, взаииная скедастическая функция явпяетса· 
необходимой характеристюtОИ nри идентификации стохастических 
объектов. 

",. / ") При исследовании случаАного процесса � , � Jоэнмхает 
аналогичная задача оценки точности ilспопьзования его автокорре
ляционной и авто]{исперсионной функции в качество характеристnкк 
тесноты связи. Такую оц!Jнку �ст авrос.кедастичсская фJiiКЦitЯ 

случайного процесса Х { 5): . 
{ rr�(:tsJxrJ-N{l;fxsJ:чJl]l1{Xs,)dxs, }Yz 

1х:х ( SJ,Sz)== -.,.. 
2 1z ( 4. ?) _I [ x:z- М (�rt)-H{ь(:ft,/x.J]j �.Jr:tsJJ�J, 

06 оце1шах дисnерсионных Функций. Для целей идентификации 
при оnределении характеристик: связи uezдy входНЬUоiИ Х и 

:выходНЬUоiИ � сигиалаuи, оценке стеnени нелинейпост и, ске]{астич

ности и др. исnользуются вза·;шные корреляпиов!Ше RJJж и ди
сnерсионные Gvx фуНiщии 8•9 В связи с этиы возникает 
воnрос об оценках этих функций из экспериыен�апьных данных. Как 
известно, () 'J� :�учше хараJ<Тjjриэ�ет связь мецу сnучайныыи 
величинами , чек R ��� • ОднаJСО •· большиnстве случаев верно 
следующее: чек сложнее ��рактерист� эависимости.(то есть че� 
лучше характеристика оnисывает зависикостъ ue&,l{v случайиыvи ве
личинаJlи), тек хуже схо]{итси ее оцешса (то есть teu бо.иьше допz
на бить выборка, чтобы с той ze то�иостьа апnроксимировать Зt1 

характерист ику). 

Пусть результатаки наблюдений за спучаlвымв веиичиваwи 
� И !::J будут пары l::tt1!1t)1 • • •  , (r",,!/;,), C'QC!OЯTeJIЬHYD 

и иссыещеиную оценку ]{ЛИ R.'d� находим по фopu,tne 

• 



- �:t; - 'Ё'i;. �=EL- �=� где t1. , n. 

1 

веrствевио дJlll Х и '::1. 
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- выборочные срелние соот-

Дns получения оценки ()�:�е uожно пр�.ненять ;ц:ва uero;цa. 
Обычно кы произво;ции групnироJRУ данных 11 интервалы по �, 
то есrь разбиваеu значения J: по К интерв�1ак, и ках
;цоuу интервалу поставим в соответствие средuее значение �{ 
в этом интервале. Соответственно получик .и разбиение � на 

К групnн: � прина.ц.ле:кит i -ii rpynne, ·если соответ-
ствующее Х принадлежит i -ну интервалу. Таким обраэоu, 
мы группируем � в та6Jiицу: ��· � ·: · .' ��"!. i- ом !:ftct•• · •1 �ICnt. • 
rpyпJW

u.
uoжнo поставить в соответствие групповое среднее 

� = �- . Каи известно, оно является состоятельной .и неемещен
ной оц!шкой для uатематическоrо охидания � nри условии, что 
он пр14Надле:кит i -й группе, ro есть при условии х," . Для 
функции Эуz в качестве�состоятельБ�й ИкНесУещеимой оценки 
можно бра• величииv .е.;;= L.�Ч<ji -9)' + � - i;�� • а. J i•J 11.. n.. /1. , 
r:zte �== � . (!1,;-9) - оценка поnной ;цисперсии �. n- i · 
- оценка дисперсии !::J в 1.-й группе. 

Однв.ко uожно _приыенять Иj друг.:>й мето;ц для оценки диспер
сионной функции, который основан на предположении ионатонности 
регрессии ::J по � (это лре;ццоJiожение выпопняется для 
линейвой регрессии). Доказывается сле�ующая теорема: есла 
Xt�Zt�---��n и (�t,YJ,l�1,'1&.)1 ... , l�n,Y ... ) -измеренные 
�анные, то выборочная оценка для нормированного корреляционно-
rо отношения ��� в схучае ивубывающей регрессии равна: 

n12 = tr ( !/i -/(�J)' L:tz f"' ." " )L . �('Ji-tcJ.1YJ 
r;�te JtJIЯ функции .J ('l!i) .иuеюr uесто соотношения: . tt!,-t 
flжe)= • � .. L: 'd· к:=К.=i. l<i•i=��K 

к ••. - J<� J=l<" ' , • ... • ac·-J � к-· :.: 11'1д.1.)е [кd·=....L..L �"' �J<�L � ... 2-=i.�-l,i·2, ... }. ,., J > i I<J- К;. mz/Cr t- i мsiC; ' 



Приложение 
Wоuенты гауссовских распределений 

Пусть Х .и lJ связаны гауссо:вскоl п�отиостъ ю. 06оэна

чи.м совместную гауссовскую мотносrь через f , одно !е рвые-

через 9· · 

"ожно покаэаr:ь, что �я этого случая имеют место следую
�ие соотношения. 

I. Для моментов одномерного rауссовского распредепев.ия 

имеет место рекурретная фopuy.na: 

- 00 
(П.I) 

в самом дме: н {=t"-•) n.G; = п.б; Sж"-'g:e-lxJcl�-6� r�c�)alж"). 
-- ... 

�:нтеrрируеu по частяu: _ _ -

ttG� М (x"-t)=б:[x"g.tzH--�x"s�lxJJж]=ь�1ж·.r�?�9c(�da!= 
.,.. -

= 5 ���tglf,lж)·d�-mж s�"aclz)r/:r :aJ'1{�n.I.J- т�м {ж"). 
-- - -

2. Д�я ковариац.ии имеем 

R�·:r: = n R!l� М ( �"-•). 
дейсrJiитепьво R'J"ж =.М {�"'ж) -__m2eM {�")= 

(П.2) 

=MГ�"M(ж/':J)]-mжМ('Jn}=.мf�"{т.•tr"��mJH-�ncмl11= 
= �[Ml�n•t)- m,M(YI\)], 
отсюда в сапу (П.I) сже�ует (П.2) 
В ЧЗСТНDС!К, eCJUI m�= Q, ТО 

R -{о - .· 

�"�- (2.к-�mRz� �=·-l 
,.,.N n=2K 
nrм n =2K--l (П.S) 
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ЭШ�ена Х 14• -:1:, ':J на - � Ааёт: м txt"�lf-J. J,. --rr��· �2t-J.f:a."t-�,-':J)dжdy = . а. 08 с:. <Х) 
::-J s�2Jt':Jll-'lulr,'J)JzJy=-.f1.{:t.tJt�Lt-t) t ОТКуда СЛедует (П.4) 

_ ... _ 

.М (�У3) =М (х3 j):.3"tx.y 
. м {:ct�2J= 1 + 2'l�" 

; J'i {х2 ��}= M(x�t�2] == 3 + :127..�� 

:М { :t3 ci) = З 'l:L� + Ь "t�:� 
(П.S) следует из (П.Э) при n = Э ( J.< = 2). 

(П.S) 

(П.б) 

(П. 7) 

(П.8) 

Поскольку условное расnределение 'JI �:с ( � $ х) бу�ет rаус-
совским с парШ�етрами "t:xy �� и б:J i.- "'�� ,то 
(П.I) для условных моментов заnишется так: 

М (�"�Ух)= пЬ: (i- t�)H(�"-'l�J + �J �; �.м.(�.,/х) 
(П.9) 

� н�с t:,�=ь:�=-1.. 
Отсю:�tа .М (�1./ж.)= "l1'J Х.1 t- (J.- ��'J) 

М ( 'i/ х.) == 2f1-t�1)/1{Y/x)f 'lz.1Xf1{i/:r)=lxii1-3'Cz,{J.-r.::,)� 
Tor:�ta п�учим (П.6) 

Н.(xz.'Jt.)=J1[x2M(�Yx)]==J5't.�:t+ f{i. -'t;�J== i ._ 2 t;_-'�. 
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Формулы (П.?) и (П.В) очевидны 

I1 (хч�)=Н[ x"H{if;4J= 15'!� i-3{1-1�}=3.-12 'Z� 
}1(х3 �J=M[x' .М.(�3fx)]::15�:.V + Зtz,(i- r.�'l}:9'lzc1+ Ct�:�. 
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SENSIBILIZING. INPUT "AND IDENTIFICATION 
. by 

An�� Rault, Roger Pouliquen, Jacques Richalet 

National High School of Aeronautics, Research 
Centre for Automation, Paris, France 

1 � INTRODUCTION 

Theoretic automation has attained a high level /optimiza
tion, adaptation, • • •  /while for control e�Lneers more· and 
more important are practical problems of identification and 
simulatio� of real processes� 

Identification by means of a mathematical model has been 
mainly considered as a problem of p�nmeter optimization /3/: 
a cextain functional representing a distance be�veen the iden
tified system and the seeking model1was to be minimized. The 
dis�ance nay be a distance between structural parameters or 
a d�stance between system's ar.A model's states� It will be 
shQ� how the identification based on the distance between 
structural parameters i.e . ·on a s-..ruct-ural distance, results 
in 3imple algorithms describing decisions on pal·ameters varia
�ion in the parameter-space� Considering, on the other hand, · 

the identification based on the states distance we suggest to 
emboss an informational aspect, in contrary to some methods 
not complying the whole information contained in measurement 
data."/4/. We'll show how tha sensibility coefficients introdu
ced by Tomovic /5/ enable to measure a quantity of information 
con�ained in �xperimEntal data relate� to one, defined parame
ter� 
We shall sta�e relations between quantities identified and 
sensibili� c.oefficients. Finally, a sensibility index provi
ding a measUre of the information partitition will be defin�d. 
The index enables to determine inputs called spherezing, which 
uniformly designate the information, as well as inputs called 
sensibilizing whlc.h concentrate the information on a chosen 
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parameter. Practical examples will be added. 

2. IDEli'.i:IFICATION BY A !::OD.,L METHOD 

2.1. Problem of identification 

Consider a dynamic system given by a family of respons s 

for knovm inputs. The problem is to determine a mathematical 

model. of the system, in virtue of the recponses. Another terms, 

in order to identify a certain system, we shall compare its 

output 
_
to the output of a mathematical. model actuated by the 

same input� A "distance" bet�ueen the system and the model. can 

be defined as a distn.ncc between states, or as o. s-cructural 
distance. In the first case, the distance is ex�pressed by a 

functional of a difference between syntem o.nd model outputs, 

':hile in the second one - by a functional of a difference be

tween model and sy:;tem paroncters. A minimization of the di:.Jtan

ce "tr:rninatcs the identification pi·ocedure. 

Different nsJ,Jocts of identification by the model method 

n� '.'Jell oc torminoloe;y usr.d wore precer,ted by Richalet /1/ 
!!owc:vor, we ::;..1-Jull c. !>hazit.e a fact of the e;rcat importan

ce for the identification procedure: thc: main effect of dictur

""u- � .c o.ffcctin{!; th iden'·i:ficution process results in shif't-

i tg of n minimum point with rego.rd to n nominal point lying 

im;ide a cert:.�in ino-orror domain. Dot or iuill{5 o" -...!1is doJ.:ain 

io ·o main goal of the identification. Each method .resulting 

in a point inotec.d of the domain is juot an academic one 1 \'Ji th 

no practical validity /2/� 
It rlill bo oho·.m that the identif'ication problem is not 

strictly a nonlinear p�o�rru�ning problem 113 one could suppose� 

Wher- concidei·ing the structural distunce, a s..;:<.:ci.::.l o.lr;orithm 

·.'fill be presc::nted. If t e. state - distance ic under investi

��tion, then the identification and sensibility ar� intcrret•
t::d. T.--d.3 relationchip v ill enable us for a better understand

inr. of the problem. 

- .2. ::o,lel rePresentation 

',/e shall r strict our considere.tions to linear stationa

ry syctccs, altho�c� th �o�el · .thod can be in use rega.rdless 



19 

to the type of plant� We may consider continous and discrete 
models as well, depending on the kind of data and on the_ 
tools in use. When utilizing a continous model, a transfer 
function between the system_output Bu (t) and its inrut 
e \t) 
!)M (:p\ 
- .. 
E (p) 

serves as the system representatio� 
A discrete model will be represented by a difference equation: 

(2) 

2�3� Identification based on the ·structural distance 

Oolfsider the discrete model described byEq. (2) � A plant 
is described by the same eqution but with parameters a� , 
b 0 . j � The model-plant

_ 
distance 4t ri.r.y tnsia.nt n �s. clef<ned by 

(.;) 

Bei:!wEfen instants n and n+1 the parameters vary according 
to a certain law to be determined' the law establishes the 
identification procedure� 

Develop the time-variation of the distance& 

D· (.n + 1) - D ( n) • . � (A a (n)) + 2 A a (n)· [a (n) - a + 
k [ 2 

1 'G1 1 1 1 i 



k � 2 
+ L. (Ab (n)) + 

j::O . j 

where A a (n) 
1 

and Ab (n) 
j 
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2,A/b ·tn) [ b ( n) j- j - b 

= ·a {n + 1) a (n) 
1 1 

"::: b (n + 1) - b (n) 
j .cl 

j 
OJ} 

(4) 

This distance variation i� a function of the model and plant 
parameters, where the last are unknown� The problem arising 
now is to determine the law of th� wodel parameters variation, 
without a Jr.nowledge of the plc.nt paro.!noters, while se.tisfying 
the condition: 

D (n) __:__ 0 when n � oo 

"Denote 

Then 

·6a1 (n) = x (n) . s0 (n - i) 

6 bj(n'> = x ( n) . e (n- i) 

D �n + 1) - D (n) = / (·n) "[ �- 5 f n _ i) + 
i:::1 0 

+ 2x (n) [ [.(n) -

�Vheref(n) = s (n) - s (D) 
M o 

(5) 

(6) 

The variation [D (n + 1) - D (IV J is negative or equaled to 
zero� The last one is a particular case when c(n) equals to zero 
for the parameter x (ri.) introduced � Eq� (5) by the following 
relation 

[ c(Il) 
x (n) = -

k 
L 
1=1 

k 

L1 a 
i=1 i 

2 
s ( n - i) 0 

(n) · E (n - 1) J 
k 2 ( i') 

+ 2: e (n- j) j=O 
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This brief development shows there exists a po·ssibili ty to 
minimize the structl.J.ral distance by means of the UI!lO:lown parame
ters variations� Furthermore let's note that in the contrary to 
classical methods to be considered below, the method proposed 
converges progressively at each time�instant� Hence it better 
suits to the real-time 1dentificat1o� 

The method can be easily generalized for multivariable systems 
represented by their impulse response, i�e. for systems with m 
inputs and n outputs& 

.! (n) 
�h�re H is a matrix of dimension 
considered instance, A is an ·m 
n m dimensional vector� 

m x nm., n correspon<Ung to the 
dimensional•vector and � is an 

The identification by the structu.ral distance permits to de
termine t'lie decision law for para:net reo variation in the pro•ame-\.. . . � .-
ter space.- We shall not discuss the re5Ulting problem of compu-
tation· algorithms and their applications. Instead we shall con
sider' the more classical problem of identification by means of 
a st'ate-distance·� 

No systematic law for parameter variation in the parameter
space can be detc�mined there. Thus we'll a1ply nonlinear program
ming methods� lt will be shown, that utilization of the sensibili
ty coefficients results in ::. measure of the identii'ication quality, 

furthermore, it permits to determine a minimization algorithn. 

3: RELATION BE'I'.'TEEU IDEUTIFICA.TION AND SENSIBILITY 

Consider the identification procedure shcvm in Fig.1 , where 
� and f �te the parameters and a differeHce between the plc.nt 
output s0 and the model output sM' respectively� B.7 sensibili�J 

coefficients related to the parameter �· for continous and li
near models respectively, we shall call functions 

(t) = 

'C) s (t) 'C)s (n) 
M 0 (n) = M 8� � '()� 
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A nom of the 
2 

h "a (t) '! 
1 

sensibility coefficient will be defined as 1 2 2 
= 6'

ai 
( t) dt or \16'� ( n) � = � 

where H is the Observation horizo� 

Clearly re�tion holds. 

Thus, the e'very :parameter -variation yt�lds a variation of 

the error between the model and the plant, directly proportional to 
the sensibility coefficients� 

Let's a.n error functional (state - distance) describil:lg the 
error surface be of the foDm 

I 

2 
dt or ((£)= L; C (n) 

The classical procedure permittiDg to reach a valley, �sults 
in gradient computation at the given point of the surface• The gra
dient co�onents are 

0 ((£) = f 2 E (t) (; l t) dt or 
() a1. JH 8j_ 

The error-surface gradient depends directly on the model's sensi
bility coefficients� Het�Ge a knowledge the coefficients _yLeLcis 
in d��crtpti.cn of the error-surface� 

'.Ihe surface's slofe towards ·the valley, along one ot the axis 
in the parruneter-spac3 is in proportion to the sensibility· coeffi
cient� In particular, the greater the sensibility coefficient the 
more evident the slope is� 

If the applied inpu-c !E? such that one of the sensibility coeffi-
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cients is much greater than other�, then variations of the error
sur£ace along a direction corresponding to that parameter are gre� 
ater than variations aloi"..g oth.::r directions� It con·esponds to the 
long valley with a steep slope� We say that such the input sensi

bilize the given coef£icient� 
I£ all the sensibility coefficients are of the same value, the 

error-sur£uce variations in nighberhood of tho minimtua are the sa
me along all direction:s� Then the surfaces o£ the equal error will 
bo of the Spheric form� We say the problem is spherical; it cor
responds to the ideal case of mi�uo seeking. 

It would be of interest to const &.tute a measure for the para

meters senaibilization in virtue of certain experiments. We shall 
try to do it in the next paragraph. 

4. SE �;:,IBILIZATION tlEASTJRElitE1"T 

We take a particular interest in nn identification rocedure to 

be fitted :for a digital computer� Thus, \'ie zhall con sider a discre

te model described by .the Eq. /2/� First , it will be sho1-m that 
the sensibility coefficients computation for a discrete system l'�th 

one variable amounts to solving of a s et of difference e uations. 

4�1� Sensibility coefficients of a iscrcte system 

Let's there is given a recurrance input - output relation for 

a system of order k1 

s ( n) "' 

k ' 
+ 2:: b j e ( n ·- jJ 

j=O 
(a) 

The sensibility coefficient f5 i (n) related to the para.oeter a i 
satisfies the £ollov�ng sensibility equation resulting from the 
partial differential of the Eq. 8 for a

1 
k 

6'
1 

( n) "" L a
1 

G"
i

( n -i) + s ( n-i) (9) 
ia1 
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Add to (9) the following equation 

k 

z ( n) = ,L: a i · z (n - i) + s (n) 
"'1=1 

(10) 

It's easy to check /see F�g. 2 I that all sensibility coef

fients referred to parameters � result from that equation 

by means of the relation: 

Si.millary, the eensibili ty equation with regard to parameter 

bj is of the form 

ro] (n) .. ± � 6 )j ( n - i) -� + e (n - j) (11) 
i=1 

' 
Instead, all &Gnsibility coefficients b (n) for each time 

instant can.be derived by considering the �sociated equation 

k 

u ( n) a: � � u ( n- 1) + e ( n) (12) 
1=1 

when knowing roj\ (n) = u (n - j) • .. 

Conside.ring (10) and (12) one can state that the system 

equation \B) is equivalent to 
k 

It
, 

s (n) = L bj
. 

· u (n- _j) (1�) j=O . 
s easy to check �he following relation for the first-

order sensibility coefficients& 

6' ( n - ;1) a: b ( n - k) .. z (n - j - k) (14) k . j 
The second-order sensibility coefficients are e.1 van by 
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,/ s (n) s (1'1) = 

U� 0 aj 
ij 

2 2 
0 s (n) :'! 0 s (n) 

= 6' (n) = 
)) 

obj. 0 ai ji dbj . C)� 
G' (n) 
jk 

Sensibility equations for thes� coefficients, as one can 

check, e.re given by the following recurrence· equations 
k 

t ( n) = -� �. t (n- 1) + 2 z (n) \15) 
k 

w ('n) = )"' a1 . w (n- 1) + u (.n) � 
where 

(j ( n) ., t [ n - (1 + ;S )] ij 
� w[�- (1 + j)] �1 

n) = 

and G')l = 0 
jk 

from definition • 

Thus, the five difference equatioD.S (.10) J (12) J (13) 1 ·(15) 1 

06) describe the system and his .sensibility co efficients of 
the�f�st and second order� UtiJ.izing this information, a mi
niJIP,l�<Point of the error surf�ce and a sensibilization measure 

can be obtainad., 



4.2. The seoond-order minimization procedure 

The procedure to be roughly described here, utilizes 
the sensibility ooe!!ioients oomputed above. 

At the given point of the parameter-space the plant
mo4el distanoe is of value C I£ I• The distan�t variation 
with aoouraoy to seoond-order terms is given b7J 

• 2L Elnl s:.�+b;l��(ll) 
H 

The equation 117/ oan be written in �he tollow1fls veotor fora 

6 C/ E I • g_'t . .d p /18/ 
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where l 1s the parameter vector with compo�nts 

i is a gradient vector of the surface C/ E I and B is a 
matrix of the second-order sensibility coefficients. 
we assume that the system is exactly deeoribed by its equations, 
the error-surface is unimodal,and that we're searching for the 
surface's minimum. It is necessary to determine the parameters 
variation Ap at the point C/ E 1, such that 4 C/ f I is max
imum. This is satisfied when - i • B·�P. 
Henoe, it will be easy to move in the parameter-space accor
ding to the above rule, they determining by an iterative method, 
the point corresponding to the minimum C/ f I• 

However determ�ning the minimum is not sufficient for 
prsotioal identification. It is necessary to determine the 
iso-error surface, while a leTel of the error is to be stated 
in virtue of the analysis of a noise disturbing the input
output measureme.nts. 

4.3. Sensibilization index. 

Theoretically, at the minimum point of Cl E I the eqution 
SKitl • soft/ holds, hence an adjacent iso-error surface 
is g,iven by 

acJEJ • -r " Lip /19/ 

where J. is obtained frca B knowing that E In/ • 0 
Here diagonal elements of the matrix are of the form 

2:(fi2 /n/ 
li 

given by: 

or ,2::: G'"J '2/n/ while other elements are 
lt 

The elements of the matrix .& consist of the first-order 
sensib1lity.ooeff1o1ents only. 
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�oo oiding to our hypo�nesis, there exists an absolute 

minimum, so the matrix � is positive defined. This is a case 

we shall consider only. lri vicinity of the minimum, the error

surface oan be approximate� by an ellipsoid described by the 

above quadratic form. The matrix � is positive defined, it•a 

eigenvalues are distinct, real and positive, while corres

ponding eigenvectors are orthogonal and form an orthog cnal 

basis in the parameter-apace. 

In this basis, the ellipsoid is in reduced form; in 

particular its diameters are inversly proportional to the 

corresponding oigenvalues. Eccentricity of the ellipsoid 

can be described by a ratio of the greatest eigenvalue �K 
to the smallest one /..ml thua lZ. ).11 

'Am 
As we have seen in para0raph J, the eo c�ntricity of the 

iso- t. surface was described by the parameters' senaiblli

zation. 

In practise, the eigen-values computation is often a 

sophisticated and everlasting process. Therefore we shall 

defiJie the. senaibilization index to be used for an upper 

bound o! z 
Let P and S be respectively a product and a sum of the 

eigenvalues. Thus we have 

where n is the paramet9r-spaoe dlmenaiOD. 

Hence 

Note that the sum of the eigenvaluea equals to the t�aoe 

T of the matrix �, while the product equals to the determi

nant D of �. 
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Utilizing this we shall define the sensibilizatian 

The factor rP 
a type, for which 

is a normalizing coefficient of such 

• 1 

if the eigenvalues are equal to each other. 

S ince � is expressed by the absolute value ot a 

logarithm, �\ is a positive functional with a minimum 

value equal to zero . 
This sensibilization index performs two roiea. 

First, when analyz ing, the identification problem, the index 
will allow us to measure the corresponding se nsibility of the 

coefficients. Thus one o an determine if the analized experi
ment is sufficient for a correct identification. 

Second, the sensibilization index is a functional. He�t we 

can use it in the parameter-apace to determine •spherizing• 
inputs i.e. the inputs which sensibilize or aim at sensibili� 

zation of the all system's parameters simultancoua17• 

Given the identi!ioatian problem, ·•tter performing *b• 
oharaoterisati on and the appr oxiaate evaluatiOD ot the nCla1nal 

point in t� paraMter-epaoe, one oan deteraine the apheridng 

2/Dputs b7 thl nonlineu pro61'aaa1Dg. !hue i.D,pvt. fitll be use d 

in a nut expe.rilleat ailling in ilaprO'rizl& ot "i� .initial 14en
t1!1oatica. 

Dete1'Jd.nation of tb!l suoh inputs presuppose, honver, a 

global knowledge of the identified syst!m• Actually, the first 
ide ntification tes t  generally results in the sensibili�ation 

o:t certain parameters onl y. It would be in our inte rest t o  

deter�e inputs focusing information o n  the one, chosen para

mete r. Suoh an input wtll be called the input sensibilizing 
a given parameter. 
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5• SEN'S E3!LIZING !NPUTS • 

5.1. De:1'1ni tion 

Let ai
0 be nominal values of the parameters corresponding 

to the identical outputs of the plant and the model, when 
assuming a-perfect characterization� 

At the nominal point we have: 

We say, ii' the input elt/ exists, it sensibilizes the pa
rameter ai, when the following ccndition is satis!ied1 

It follows_!hat '<>cl£ I will be equal to zero when the 
oai . . 

0 only condition ai • ai is satiL!ied. Hence it results that 

the sensibility with regard to the parameters a3 I j 11/ is 
weak when compared with the sensibility rel&tive to the para
meter ai s G' 8i � G' 83 

As' we shall see, the last aspect o! the definition o! the 
sensib111z1ng inputs is just the one to be utilized 1n praei
tioe. • � 

Consider 't:l particular coae of the system described in the 
three dimensiobsl paramete-r-space; it will allow us to make 
apparent an effect o! the application of the sensibilizing 
inputs. In vicinity of the nominal point the error-surface 
is described by the equation 
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where J �a1

2
dt; r G' 

2 
dt 

• f (Ja1 J • B • ; c ba dt } 
8

2 2 

t4 H "' 

�c/ e I. 2J /a1-a1 
o 

I + C  /a2 - a2 
o/ 

()a'l 

It the input sensibilizes the parameter a1, we shall 
obtain: · 

<Jet!/ /a1°, a2/. 0 "l.fa2 and �a1 "» 6"a2 ()
a1 

thus J » B 

80 c • 0 

or else 

Jor the sensibilizing input a1 an equation o� the error 
ellipse is � the �orm: 

Thus the iao- £ curve in surroundings. o� the minimum has 
axes parallel to-the parameter-space axes •. From this yields 
an important property: 1t an input sens1b111zes the parameter 
a1, the valley in the parameter-space is a line s1 • a1�. 

Th18 is shown 1n Pig.). 

Jfter all, the determination of the e /t/ satisfying the 
definition above as well as the realizability conditions and 
the constraints resulting !raa the problem given, is practi
cally illlposeible. So we are abliged to enlarge our de�inition 
as follCJWing: 
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�n input will be called sensibilizing the parameter s1 
if it msximalizes the functional 

In this way the iao- £ curve size in the direction ai 
will be minimized, but ita axes will not necessarily be paral
lel to the parameter-space axes. 

In virtue of.this definition, the prooess of determina�ion 
of the seneibilizing input will be shown. 

5.2. Example of the practical determination of the 
sensibili zing input for a real problem • 
.. 

Theoretical determination of the input e-ft /t/ maximizing J 
) 

is the complex optimization problem, a solution of which 1e 
praotioally'unrealizable, as for the J computation the know-

l<!dge of the nominal point is necessary, which itsel:r is the 
problem solutio� 

Thus the problem of the aensibilizing input determination 
is theoretically unsolved. The practical solution to be presen
ted below is a pragmatic one takibg into account physical ocn
straints; it partially resolves some of the existing difficUl
ties. 

The identification problem of the pitch chain of the heli
c opte_r . Alouette III was considered. The characterization 
based on the fly-mechanics equations has yielded in the model 
transfer function between the rotor-plate angle e and the 
stick angle {) , of a proper fraotiun form: 

e Jpl 
�/PI • A +Bp 

1 + Cp + Dp2 + 'i'? 

The helicopter .Alouette Ill is pitoP-unstable and the first 
"es:t o"" s ..AatureJ. ..divergence j fo • 0/ .has all ow.a.d :tor a r ·t� 
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identification of the denomina�or paramiters. However, the 

sensibility of the coefficient C was very lmv; it resulted 

in much geater uncertainty region for the parameter C than the 

regions for the parameters D and 3· 

Thus the test was insufficient and gave too less informa

tion on the parameter c. It was necessary, then, to determine 

in virtue of the gathered data, an input se nsibilizing the 

parameter c� 

On account of the lack of knowledge on the parameoers 

A and B, the following equation was investigated: 

' • ·"" . \11 e;t; + c . e ;t; + n . C" ;v + E . e ;v = e /t/ 

Still, th ooe ffioients n and E are well known on the 

ground of the e:xperiments carried ot<t with natural divergence. 

Thus, it was in our interest to add such a constraint on the 

solution E) /t/ to "desensibilize" D and· E in a ce:rtain way. 

The input for which S'n/t/ -=a 0 and G"E/t/ ::: o, is 

unrealizable. However, we can progress in such a way, to pre

�erve sensibility for the ratio D/E only. Impose the following 
constraints 

D 
" e lt/ + B e"'

;t; 

(:)/0/ • 0 
It results in sensibilizing of the ratio D/R only.Indeed, 

a familly of the admissible inputs will be given by: 

D . 
eft/• c1/1-e-lt /+C2t 

where c1 and c2 are constants to be determined from a condition 

that • functional· 

acquires maximum 
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From the nonlinear programming it results far the maximum 
J: 

e /t/ = - 0,6 /1 - e-t/1 ,3/ + 0,26 t 

Taking into account the c cnstrai�t imposed on G /t/, the 
pitch equation reduces to the forr.: 

.'\ (J /t/ + C G /t/ • e/t/ 

Adr:�itting for C an estimated valm equal to -0,1 on ·the basis 
of the experioents carried out with natural divergonce, we shall 
get the following equation for the GenGibilizing input: 

e/t/ .. -0,6 /1 - e-t/1,3;- _QL1- e -t/1•3+ 0126/t-0,1/ 
1,3 

Jlo·never, the input to be realized is in fact such, that. 

•* 
E /p/ • -1-- E/p/ 

A+Bp 

where A and B nre unknown. 

Thus, e�/t/ is an output cf a first-order lag system with 
the input e/t/• Conaidering the class of realizable inputs and 
taking account of the fact resulting from experiments that • • 
B � A, the input e/t/ of the form shown in Fig.4 was experi-· 
mentaly deter mined. Prao�ical realization of this input yielded· 
positive results. To prove it, the iso-error curves for the input 
corresponding to optional pilotage and for the sensibilizing: 
input were shown in Fig. 5 and Fig. 6, respectively. 

I 
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In a particular case of the identification of the tangage 

ohsin for the helicopter Alouette III, the determination of the 

sensibilizing input permitted to realize the identification, 

difficult to carry out in a usual manner because of the system
'

s 

instability. I a precise identification of the initial conditions 

would be necessary/ 

Generally, one o an ascertain that the concepts of the sensi

bilizing input and of the spherizing input are completing together. 

6. CONCLUSIOl'lS 

The advantage of the identification methods based on the struc

tural distance results in simple algorithms determining displace� 
ment laws in the parameter-space. The methods are of a partioula; 
use for the real-time identification. 

The state-distance identification method directly relates to 

the nonlinear programming, [3]. The method, however, does not had 
to simple mathematical formulas. Thus, a certain common senst and 
a skeptioal attitude are necessary when considering identi!io ation 

algorithms aiming in the ·problem solving for arbitrary inputs. It 
ia absolutely indispensable for the inputs to result in auoh 
system

'
s acting or to accentuate such system

'
s properties which 

themselves are the aim of the research. Hence the effective 
identification problem does not rise as a functional minimization 
problem but as an informational problem. 

It lookes, like for aoquising of the necessary information 

the sensibilization index is an interesting criterion. This is 
because of the analysis problem and because of the determination 
of the such input which results in uniform distribution of the 
information, for all structural o oeffioients i.e. the spherizing 
input Qr in the concenorating of the information on the chosen 
paramet�� i.e. the sensibilizing input. 

ThU4 a progress made when considering the identification 

probl.•l!l i;n the manner discussed above, is evident. 17e can 

determ�·the identification quality as well as to settle a 
p.rospe�t fQJ; o,ptimal experiments by preo is.ing a nature of the 
test1ng

, ..-1�lJI•. 
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PROCESS DYNll MIC lDEJ\T1FlCA TION BY THE 
tvrL· i.. TlSTEP METHOD 

M. Menahe:n 

societe Controle Bailey 
32 Bd Ht;nri IV, Paris, France 

I. INTRODUCTION 

The step-response test,i.e. an experimental deriving of the 
system step-res�onse is .a practical identification method wide
ly used in industrial practice, m.ainl.y bi>cause of it sioplici
ty and time-economy. In many cases it may stand for the fre
que�cy-domain analysis with a pretty good res�ts. Still, �he 
step-response t6st as well as the frequency analysis may need 
a lot of researc� time when applied in ita simple fcrm.In prac
tise, one is obliged to �epeat the proce��e many times to av-
erage results, especially when external disturbances are un
neglectable. On the other way the repeating is necessary when 
verifying process linearity hypothesis, by using steps with 
two or three different magni tudes. � 

Thua,the step-�esponse test may lead to a considerable loss 

of time, if the process transient time T0 is large, i.e. in 
thermal processes. If the experiment's time interval T is de
fined and bounded, the unit time T0 determines a total ad
missible number of trials. But that's just the main cumber of 
the method: to keep calculations simple one should'nt repeat 
trials with the frequency greater than 1/T01 conversly,to get 
more information during defined experiments'time, �ore trials 
are necessary. 

Last remark defines a goal of the �tistep method: to deal 
with a train of steps, number of which during some defined 
time-interval is much greater than a possible number of dis
tinct steps, restricted b;r T0 time. 

The m�tistep method represents generalization of the clas
sie�l step-response test. The last one should be treated as a 

simplest ease o� the method. The step-response teat requires 
to put the. process out ot action fo� a larger time, while the 
test's aensibilit;r tor external Qisturbancea rem.iDa conaiuer-
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able. The multis�ep·method enables a becer utilization o: � 

expe�iments'ttmer�.e. a greater accuracy during defined time
-intervs:l. 

This paper dei!s.with general principles o! the multistep 
method and its computational aspects. A problem o! choice o! 
proper control sequencess to simplify computations will be dis
cusses. A strong relation existing between a computational pro
cess in time domain and the discrete Pourier transform will be 
presented. Last of all, a choice o! multiple sequences for mul
tivariable systems identification will be discussed. Actually 
experiments on boilers in a thermal power station are carrying 
into effect. The experimental results will be known, when pre
senting this paper at the Congress. 

II. THE MULTISTEP METHOD 

Consider a physical system will! u input variable e(t) 
Let's s(t) be an output varial>la., which time response due to 
e(t) is under investigation. We are concerned with the open 
dynamic system, as well as with the closeu�lo6p control system, 
which dynamic properties are to be identified. Let's take a 
train ot steps with defined magnitu�e, appiied at determined 
time-coments as a testing signal. 

Suppose T0 is a �t time, equal to the es�imated trans
ient time in the process. Suppose T0 is known. We oan assume 
that a priori limitation of the unit time is rather a qualita• 
tive result issuening from our experie.nce on the process. 

T is an active time, i.e. the time interval during whi�h 
successive steps 'Mill be applied. 

�is an elementary·time-interval. Choice ot �· dependi·on 
the duration time of the transient processes. � de�erminea a 
control step and an observation step. It determines a number 
of points describing the �eeking process' response during 
transient time. 

Assu�e that our process response is a step-response,repre
sented in discrete moments ot time b7 1 + (A /T) values. These 
values, denoted by i0, i1, • •• , ia' (a � T/A) constitute an 

index sequence. 
Tbe point of the matter is an estimation of tbe index se-
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quence in some limited 'time. B'urthermore, we assume t�t. our 
process has a limited static gain, as the identifiqation o� 
processes with pure integration doesn't create any consider
able difficulties. We state ik = im for all k �m • Thus, 

one should make it sure the chosen unit time covers the total 
transient interval. 

Denote by e0, e1, • • • , eu (N = T/A) a sequence of the in
put signal levels,while by a0,a1, • • •  ,aN an acting sequence, i.
e. the sequence of increments applied at the process iDput dur
ing the experiment's time T or so called active time • .  The each 
increment can be determined by its amplitude (positive,or neg
gative). Some of them may be equal to zero. 

There exists a sequential relation ek=ek_1+�.If we choose 
the initial level as the inpu� signal's reference level, we'll 
get elf = � aj; j = 0, 1, • • • , k • 

Let s denote by s0,s1, • •  �,sN a sequence of the signals ob
served during the active ti�e. We assume the knowledge of the 
initial stable state of the observed signal (related to the 
reference level of the input signal). The values � represent 
deviations from this state. · 

we'll assume now that a hypothesis on the system's linear-

ity is valid, so the superpositioQ principle can be used. Let 

us note, that up to date this is the only one hypothesis suf
ficiently general to.practical applications in a broad variety 

of problems met in industrial practice (except those cases 
. 

where a considerable nonliDeari� does eXist).Even if; for cer-

tain defined magnitudes' interval some nonlinearitiea will 

occur (mainly due to curved process' characteristics), the aim 
of the identifiCation procedure is the best possible approxima

tion o� the real process by a linear model, with sufficient 

accuracy �or the later processs' control. 

Let, s express the output signal at the moment k as a �unc

tion ot the control signal in current time and in the past 

m-1 
sk = Z: ij�-j + ek-mim + Gk (1) 

jcO 
where £ k denotes an effective error (unknown) at the moment 

k • £k issues from many reasons1 disturbances during measure-· 



ment process,·proceas ooolinearities, meas�ement inaccuraci�s� 
uncorrect estimation of the process transient time . 

The relation (1) is just a discrete form (oorrespondi::.g to 
the particular signal we're dealing with) of the known equa-
tion 

To 
s(�) : J i�) e(t - u)du + e(t - T0) i(T0) + c(t). (2) 

0 

here e(t) - time derivation ot e(t). One sbou.l.d keep in mind 
an assumption on the process finite memory T0 . •  

In 'each time moment we may compute the i.nde� a&quence, �ak
ing into account m equations of the form (1), corresponding 
to moments k, k-1, • • • , k-m+1 • 

We shall call it toe local computation with index k • Each 
local computation will be performed �sing assumption on 'errors 
�k equal. to �ero. Thus one can easy eliminate this variable 

!rom eq. (1). 
A set of these linear equations can be 'lr.:'i tten in vector 

!orm 
s(k) = B(k - 2m + 2)1 + e(k - m)im (}) 

with following notations 

s(k) = (sk-m+1, • • •  , sk_1 , sk) ' - the observation vector at 
the moment k 

1 = (im_1, • • •• i1, 10)' - the index vector 

ak-2m+2 �-2m+, �-m+1 
H(k - 2m + 2) �-2m+ , �-2m+4 �-m+2 = . . . 

�-m+1 �-m+2 � 
s(k), 1, e(k - m) are column vectors with m 

H(k - 2m + 2) - square matrix of dimension m , 
components, 

with well 
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known structure. Such a matrix is called Hankel matrix 1 .One 
can note it is symmetric so diagonalization is al�s possible. 

If the inverse o! the matrix H(k - 2m + 2) exists,the loc
al computation with index k can be performed. Considering 
the measurement interval ot lenght Ill one can derive the in
dex seg:.1ence, using equation 

(4) 
We stress on two important propertiess 
1) Prom the first sight-seeing it lookes like the number of 

relations in the vector equation (}) is unsutficient to com
pute the full index sequence. However, one can recognize that 
it the number ot values admitted !or computation o! the se-

. quence is sutticie.nt,. im will sllghtl;r di!!er from 1m_1• I! 
� the solution (3) is possible, the result (eq. (4)) can_ be pre

sented by m relations of the form 

(5) 
From the last one we ma;r compute im , substituting 1m = 

= im_1 • Such a hypothesis is admissible 1! the length of the 
admitted unit time is large enough. Besides, one can recognize 
that from the relation (5) for j = 0 ;yields a di!ferent meth
od for computing im , true tor most of the real s;rstems. 

2) It is evident that each local computation depends only 
on the Hankel matrix inverse. I!, !'or _a defined measurement in
terval the inverse of the corresponding Hankel matrix doesn't 
exist, no intormation can be derived from that interval. 

On the other hand, the each matrix R directl;r corresponds 
to the applied control sequence. So, the information, one can 
obtain from the measurement period by means of many successive 
local computations, depends_ on properties of the matrix H, is
sued from the sequence aj • 

So the problem is not to content oneself with a choice of 
arbitrary control sequence, but to improve a fact we have a 
possibility o! a tree choice of the magnitudes aj , at least 
in a broad interval to obtain special scquences,such that cor-

... 



responding Eankel matr���� are invertible. 
We emphasize that obtaining of the local· results depends 

only on the control sequence, not on the output measurements 
quality. It's evident however, that direct influence of the 
measurements quality ts well as of the disturbance level on 
the .results dispersion does exist. 

A representation of the sequence aj presents Fig. 1. It 
explains a type of Hankel matrix i�suing from the sequence. As 
one may recognize, the sequence can be expressed as a sequence 
of the column vectors x(O), x(1), • • • , x(N-m+1) with m com
ponents �· �+1, • • •  , �+m-1 • Each vector x(�) includes 
only one new scalar variable, when compared with the previous 
vector x(k - 1). 

The choice of the. sequence 
mark: eacnpf the vectors x(k) 

aj rely on the following re
can be pbtained by a linear 

transformation on the previous one. The transformation is 
scribed by a square matrix A of dimension m , i.e. �0 1 -...2.__··� 0 ] 

x(k) = A x(k - 1) ; A = ---.._1 
�1 «2 «_, · • · Cl(. m 

This operator is regular when Cl(.1 � 0. 

de-

(6) 

On the other hand, each Ranlcel matrix reslll.ting from the '-e.-_ 
quence aj consists of m successive vectors. Linear inde� 
pendence of the vectors guaranties· existence of the inverse of 
the co1-reepondi:lg matrix H • One can alw� choose the only 

one operator A such that a sequence of the m vectors 

2 x, Ax, A x, .m-1 . • • •  t & % 

\ 

constitutes a set of linear--independent vectors. 

(7) 

So, the control sequence should be determined in virtue of 
the fo�lowings 

1) jn initial vector x(O) "" (SO, �· • • • , .._1) ", called a 

basic requence which determines first 'm increments of the 
control sequence. 

2) A regular . operatc.r A in canonical :tora stated :trom {6). 
The choice of the basic sequence will be made taking into 
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account some restrictions, e.g. 
- restrains on the steps magnitude, 
- trend to enrich an identification signal in the frequency 

intervai corresponding to anticipated use of the system's 
�amic characteristics, 

- basic fact, that A and x(O) cannot be 
entl.y one after another, when demand for 
(7) to be free. 

chosen independ
system.a of type 

I!'we assume !or mat'rix .&. be"diagonalizable, x(O) must 
be an integer linear combination of eigenvalues of the matrix. 
A .  Denoting them by v1, v2, • • • , vm' a condition for x(O) 
will be 

!t•s easy to recognize a considerable simplification of the 
computation issuing from such a control sequence: neverthlessJ 
from the considered measurement interval (of lenght m), the 
matrix inverse alwaJs. concer.ns the same Eankel matrix, inde
pendently of a power of the operator .&. (let•s note that the 
matrix A inversion doesn't create any troubles). This only 
matrix is 

m 

the 

Just a firat matrix to be inverted is 
observations 

8m-1' •m• • • • , 82m-2 

last are to be inverted is a matrix 

H(N - 2m + 2) s .&.N-2m+2 H(O) 

H(O). 

where N denotes the control sequence length. 
This matrix corresponds to observations 

( 8) 

It consists of 

(9) 



� total number of the index sequences obtained from the com
putation, dema.Ddi.ng to ir;vert H(.O) on:cy, equals N - 2m. + �. 

When N :: - nm, the nW!lber · of these sequences equals 
(n - 2)m + 3; while for the same observation period the clae
sical �tap-response method allows·us to apply only n succes
sive steps, distant tor a time T0 one from another, i.e. n 
repetitions only are possible. For example, tor m = 20, n = 4 
the multistep method equivalents to 43 steps while the classic
al method would allow for 4 on�v. 

It may be proved that inversion of the matriX of type H(O) 
doesn't creat acy troubles. More precisely, the inversion as
sociates with the inversion of Vacdermonde's matriX. In fact, 
consider a square matriX of dimension m 

. .. , � X m-1 1 ( 10) 

•here the Yector v and the operator � are given. If we as
•�8. that �- is regular, of the canonical form of (6) and 
possesses distinct eigenvalues ,.,, :X 2, • • •  , A a, then it e&Zl 

. be wri tte11 iD a known form 

where D = { "-,, >.2, ••• , ).m} ·- diagonal matriX 

1 1 1 

V., 
).1 A2 i\a - Vanderm.o11de matriX . • . . . . 
).11.-1 

- 1 A�-1 ... )..m-1 
11 

It yields 

H [ VDV-1 VD2_-1 VDm-1v-1x] • • x, x, -v x, • •• ' 

• �(y' Dy, D2y, •• • , Dm-1'1"] 
-he- .... • v-1x • ( ) • • •• � .,., , '1"2' • • •  , .,. __ , 

(11) 

(12) 

(13) 
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OD tbe other haDd, stating 
Dky .. ldk 

where Y = {Yo• y1, • • •  , :m_1) -
.

diagonal matr� 

and � = ( �1k, �2k, • • • , �mk) 
equation (12) will be 

h = vr [d0, d1, d2, • • • , �-1] = vrv' 

.. 

(14) 

(15) 

Thus, the matrix E has been partitioned to a product of 

ma tr1ces w1 th kn OWD inverse a. Let us DOte 1 the regul.ari ty ot 

matrix H demands for the vector v-1x t'> have no compoDe.Dts 

equaled to zero. 

nr. PARTICUL.Ul, FIDi'DAMENTAL CASE 

• 
It see� like the simplest procedure for obtaining the con-. 

trol sequence re� upon a choice of the matriX A in the form 

ot 

A • [ 0 
-1 

1��1 
0 0 0 j (16) 

We assume, for all of tbe fu��e consideration that a !! 
!!.!A • Then det (A) • +1. One C&XI cheek that A 1a an ortho

gonal operator, so AA' • I • 
Such a choice of the matrix A leads up to periodic con

trol seque11ce with a period equal to the double Wli t time {see 

Fig. 2). 
It a vector 

x{O) • {1, o, ••• ,.0)� 
is applied aa"the basic sequence, the problea reduces to the 

classical step-�sponse method (a train of stepa w1 th equal 

mag��itudes, while aig��s changiDg alternative�). 

For arbitrary basic sequence the matrix. H(O) is of a lm011D 
form, &&e7 to compute 1Dverse. Before starti11g the computation

,. 
let'

s trt.nsform H(O) to the more familiar form, by a simple 

column diaplatioo ' 

• 
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C(O) = H(O)·Z where Z = (1?) 

Hence 

(18) 

�-1 a..-2 a1 8o-
-ao �-1 a2 &1· 

'C(O) 
-a1 � a3 a2.:. 

= . . 
(19) 

. . 

-�-2 -am-3 -8o am-1 

The computation o! the eigenvalues and eigenveetors 'ot C(O) 
is evident. Thus only final results will be pre'lfented. 

First, note that the characteristic equationfor � is 

(20)" 

Denote di!ferent roots o! the Eq. (20) by ?�1, -;\2, • •.r1 X·m • 
The m of the eigenvalues o! C(O) Will be expressed b.i �he 
relation 

' 2 "\ lll-1 
YJt = �-1 + ).lt�-2 + Ak�-3 + • • • + "k 8o . 

(k = 1, 2, • . •  , ·) 
To each eigenvalue corresponds the eigenvector . 

It may be checked, that ykvk = C(O)·vk 
Denote • 

V .. [ v1, v2, • • • , va J 

(21) 

(22) 

(23) 

where V represents a matrix �mposed troa the eigenveeto� 

• 
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of C(O) • It results tben 

(24) 

C(O) CaD possess invers if aD.d only if none of the eigen
- values yk equals zero. This regularity condition defines at 

the same time the validity conditi on for the basic sequence 

x(O). The last condition can be �ormulated as follows: 
· Let's x(O) = (a0, a1 , • • •  , �-1)' 

be a basic sequence. The 
necessary abd suffi ci ent condition for utilization of the se
quence is that the set of algebraic equations: { zm .. 1 =· o 

..m-1 ..m-2 ao� + a1 � + ••• + �-1 = 0 

do not possess any .common roots. 

(25) 

If the condition (25) is satisfied, c-1(0) exists anc e

quals c-1 = yy-1v-1 
0 (26) 

Note that the inverse Vandermonde matrix can be obtained 
easy. Thus a relation for v-1 is particulary simple be cause 
of particular values of the components of V • ID fact , it's 
easy to c�eck that 

v-1 = i �- (27) 
where V' is transponese of V , Z is defined by Eq. (17). 

Note that the eigenvalues of A are expressed b.T 

).k+1 • 8XP (j(2k +1) 'r;m) , k = o. ·1, ••• , m-1 (28) 

a.nd 

�k+1 .• �Il-k 

(where A denotes a complue number, conjugate with :>. ) .• 
Proa Eq. (21) 1t alao reaults 

�k+1 • ia-:t• )t. o, 1, • • • •  a-1 

(29) 

(:�0) 
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On the other hand it'a easy to show t�t the i�1ers of c(o) 
ia a matrix of the same type than C(O}. This property can'oe 
expressed l:>y 

• . •  , .a�o), x�o>]
-1 � 

= [�m-1u�O), • • •  , Au� O), u�o)J (31) 

The components of the vector u(O) existing in the inverse 
o! C(O) can be expressed by components o! x(O). Stating 

u( 0) :a ( 11o, u1 , ••• , u:n_1) ' 

the component � 
m/2 

2: 
b.::1 

is given by 

R ( '\ m-k-1
) .e Yh'/\ h 

(32) 

(33) 

where yh is given by Eq. (21), Re (a)= real part of a .  

Thus the inverse of the matrix C{O) is expressed iD & ex
, plicit form. Therefore the direct inversion by a computer and, 

consequently, considerable computation errors (especially when 
dimension m is large) can be avoided� 

To complete our considerations we'll express the index vec
tor iD a direct form. To do this, consider once more the ma

trtx E(O). In fact, as z2 = I, the Eq. (3) 'can result aa !ol · 
lowing · 

where 

s(k) = H(k - 2m + 2)Z2i + e(k - m)im • 

= H{k - � + 2)Z { + e(k - m)im • 

= C{k - 2m + 2) { + e(k - m)im 

and 
C(k - 2m + 2) • 4k-2m+2 C(O) 

Hence we have 

(34) 
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Because of 

where 

C-1 
0 • 

[u�co> 1 u'co> ... 
l·�o) &a-1 

· u(O) = Zu(O) = (�_1, • • • , �� llo)' 
we obtain m scalar relations of the form 

. . 
1 = 0, 1, 2, • • •  , m-1 

(38) 

(:39) 

where i1 is an 1-nt component of the index vector. Remind 
that Eq. (40) for 1 = 0 and l s m - 1 permit to obtain 
im • .A.ctually the local computation with an index n�ber k (1. 
e. the computation of che second component of th� Eq. (40/)'nev
er results 11 but 

il + f llc 
,y 

where flk represents an l-th comp nent of the veccor 

c-1(k- 2m + 2) · £(k) ('41) 

E ( k) ,. ( E k-m+1, • • • ,  E k-1, £ ic) ' - a vector w1 th coarponents 
representing observation errors made in t�e considered measure
ment interval (see Eq. (1)). 

REM!RK. It ean be shown that the particular easiness of the 
presented computation scheme results from a relationship exist
ing between the proposed method and the discrete Fourter. trans
form. 

The method can be applied to identification of a discrete 
"impulse" atriDg describing a dyDamic system.Noting that,let'a 
come back to Eq. (1} 
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ApplyiDg a recurreDce formula ek = ek_1 + �it's possible 
to evaluate � by �he expressioD 

(42) 

where 
(43) 

ID particular, the sequeDce do• d1, • • •  , dm_1 is called a 
discrete impulse �triDg. The sequeDce ij exact� represeDts a 
discrete impulse r�spODSe i(t). Sowever, it doesD't represeDt 
exactly the coDtiDous impulse respoDse. The sequeDce dj caD 
be treated rather as a modified repreaeDtation ot the discrete .. 
iDdex sequence. 

Now, iD place of the Eq. (1) , coDside� a Dew equ-.tioD 
m-1 

sk = L: djelt-j + E k. (44) 
·O 

assumiDg d equals zero !or all j � m • 

The Eq. t34) admits the form 

where 

s(k) = ce(k - 2m + 2) d : 
) d c <do· d1' • • •  , �1) 

E (k.} (45) 
(46) 

The index e reminds of the !act that C com�ses Dow two 

iDput �evels ej instead of 1DcremeDt �itudes aj .• HeDce 

. Ce(O) • [Am-1 e(O), •
· 
• •  ,. A e(O), e(

_ 
o)J (47) 

where • . . 
e(O} • <•o• e1' • • •  , em-1) ' (48) 

The computation procedure-aimiDg to compute the vector d 

certainly reliai.Ds the same as before. The applicatioD of these 

new deDotatioDs allows,,however, tor a better preaentatiou ot 

a parallels existing between the procedure aud utilizatisatioD 

ot the discret• �ourier trauatora. 

Let's state a time aequance With f1D1ted �augth 
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XQ• x1, • • •  , �-1 (m is event ) 

Most�, the discrete l!'ourier transfon of this sequence 
torms a new sequence ' 

Xo• x1, • .• , x•-1 
where m-1 

xr .. 2: �cr>k 
0 -

W ... eJtp (-j·2 '1/m), r = O, 1, • • •  ·, 11-1 

Consider first the sequence 
11-1 

{49) 

. xr .. 2::: �(r + 1/2)k (50) 
0 

It.representa a connection between the transfol:'lll&tion of 
the complu sequence �.fk/2 (iD sense of the def. (49}) and 
the ��al sequence �· 

Utilizing denotations (28) w�;ll get 

.,r-+1/2 • '\ -1 " /\r+1 .. 1\11� 

or �D vector[
1
no;ati�2 � m-1] 

a a 11 

X• : : : : • X  . . . . 
. 1 '\ " 2 " ·-1 A1 �1 • • • A1 

(51) 

(52) 

(53) 

where x .. cx0, x1, · • • • , �-1·)' �pplication of the def. (2') 
and x. (x0, x1, • • • , �-1)'. and Eq. (2?) results in the 

relationahipa 
X • al""� 

or 
(54). 

(55) 
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The relatioD (55) states aD analo� of the inverse Fourier 
tr&llsform. 

Consider now an o�eratoion of the "finite" convolution of 

the fore appeariDg in E�. (4�). It can be represented by the 
vector equation 

e = Cd 
where C �s of the form (47). 

Tr&llsforming both sides of the (56) yields 

�ut, according to Eq. (24), v-1cv = Y aDd to Eq. (21), 
each elemeDt o! the diagoDal matrix Y c&e be �reseDted 
the. !orm 

"\ m-1 "m-2 
y� c •oAj+1 + e1 A j+1 + • • •  + em_1, � • 0,1 ,2, • • •  ,m-1 

(56) 

(57) 
(58) 
(59) 

8ll 

iD 

{60) 

J.t lut, denoting the transformation of the basic sequence 
by 

E c: mv-1 e(O) (61) 

it ' s easy to check 

(62} 
Hence, the vector equation (59) can be written in a form of 

the m ·�ndependent scalar equations 

Considering Eq. (63) one should remember,that in the trans
formation (5�) convolution operation is substituted by a usual 
product, while . Sj indicates for a time shift between output 
and input sequences (note that periodicii7 of the output be-
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gins no more t hen in the (n - 1)th moment ) . 
This property clarifies't he computation easiness we ha e ob

tained by a choice of tbe particu·ar operator A ,in the first 
part of this paragraph. It's of a sigo ificant impor�arce howev
er, that the gat hered results are obtained on the base of time
-domain considerations only. Still, t here exists a natural re
lationship with the classical deconvolut ion method based on the 
mathematically justified application of the t.aDsforma.tion con
sidered. 

rv. CHOICE OF TrlE l'r:1JIJU?LE SEQUENCES 

The multistep method can be, without any considerable diffi
culties generalized for multiinput systems. o� aim, as before 
is to develop a method enableing a better utilization of the 
time provided for research. Increasing the frequency of the con
trol sigrsU. applied to a given input, passive intervals are 
narrowed. Hence, the awaiting for ending of the research, re
garding these signals responses can be avoided, before starting 
the new research concerning signals applied to other inputs. 
Just such the awaiting is unavoided when using t�e step method. 

We assume here, althought it
•

s not enough that the computation 
easiness will serve.as a criterion for the control 
choice. 

sequences 

Consi4er as aD example, a system with two inputs e1 (t), e
2

( t) 
affecting on the output s(t). Denote by d� and d� · impulse 
sequeDces (in the sense of'the condition (4�)), describing t he 
system. We'make ac aa sumptiov OD the equality of the unit time 
for the bo�p tran sient states considered, i.e. � = m2 • 

The Eq. (44) will be 

111-1 � 1 1 � .  L- dj e�-� 
0 

The x�lation 'G;� aitxers fro� Eq. (44) only by a 

number of parameters to be identified.'Denote by 

d • [�'d2) " .  �d1) ']' 

(64) 

greater 
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the vector o! dimension 2m • Utilizing !or a local computa
tion :wi tb; &D index k , 2m observations corresponding to the 
moments 

k, k-1' k-2, .. . ' k-2m+1 
we'll obtain a vector equation o! t7Pe (45)a 

s(k) .. C8(k - 411 + 2)d + E (k) (65) 

where s(k), E (k) are vectors of dimension 2m, while C8 18 
a square"matrix· of dimension 2m. The matrix C

8 
�ll be de

fined-however, when considering a relation existing oe�een the 
sequences 

I t'� easy to check that in order to give !or the matrix c8 
the form derived in item III, the relation should result.in 

�-��� = and/or (66) 
Thus we have two identical sequences shifted in time !or a 

number of intervals equaled 11 (the lead o! e2 with regard 
to e1 issues only from the particular choice o! the vector 
d ). Thus the application �f the method depends on the initial 
choice. of the basic sequence e(O) o! length 2m , With com
ponents 

eo, e1 • • ·.·' e2m-1 

The sequence e] expressed in a vector form (a• indicated 
in paragraph II) wil� be represented b.1 the veetora 

2 e(O), A e(O), A e(O), • • • 
while fbr the sequence e� 

Am e(O), A [Am e(O)], A2 [A11 e(O)], 

where A is &D operator of the form (16) with diunaiOD 2m. 
Evidently in these conditions we find the same computation 

reductions we have found in the case of the one-input �stem.We 



59 

emphasize the main goal of the choice we made, was to simplify 
computations. However, we still have a greater number of the 
degrees of freedom, as the only constraint given on the basic 
sequence is the constraint of the form (25) . 

V. CONCLUSIONS 

The paper presefits an identification aethod called "the mul
tiatep method". It generalizes the classical step-response 
method. The main advantage of the multistep method is a better 
utilization of tbe bounded time designated for identification 
research. JD identification signal used is not an ordinary 
step but a sequence of steps with defined magnitude,applied at 
stated intervals. It has been showed, that a computation of 
the observed signal (to get a require·d information on the tran
sient properties) �ab be considerably simplified if a proper 
choice of the control signals with stated properties is made. 
The computation doesn't need a direct inversion of the matrix. 
Hence results the computation reduction as well as significant 
errors are avoided (particulary when dealing with matrices of 
a large dimenaionr from 10 to '0 for one input variable) . Be
aides, the proper sequence cho�ce enables to accomplish·' com
putation based on the observed signal measurements,while elim
inating all sin�larities.Thus all .. eonditions for a large num
ber of the local computations are ensured.The number is justi
fied mainl7 for a frequent affecting of the control signal on 
the a,-stem input . ..... 

There was no place to consider the problem of the statistic
al estimation of the index or impulse sequences, based on the 
successive local computations. We only note that the computa

general tion results can be of· a greater value and of a more 
sense than a direct application of tae global least sqWJ.res 
method to the total measurement accomplished during a research 
time . 

• �s work is a part of a broader research progra �d9r 
patronag! �d sul!Port of the Fond& de la Recherche de la Dele
gation Generale a la Recherche Sci'"tUl,que et Technique ' ·'Au
tomat1aat1�"). 

r 
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Signal d'entree e(t) 

�J��--L�--��-L��--�--_.��-------------
Sj gna1 obse�e s( t) 

Tr<in�� d'anreg:etrement utilieee 
___ _, lors du depou.illement local 

d'indice 16, et liPe a la zatrice 
z(o) z(l) z(2) • • • •  

H(6) 
H(6) 

ao &j a2 !13 &4 as as a10 ", l n,2 ., ,  ... 
"1 I � a3 a4 as 
a2 &4 as a6 
a3 . a4 as •s a7 

I :ls a6 a7 Be 

� •to "11 112 ., ,  ..,4''' 
a1o ., ,  a12 � a14 815' •• 
. , ,  a12 a!3 'i4 615 a,6 .. • 
a12 a13 

a14 a,5 416 
a6 a7 ae ag 

7 
H(1 )-I 

lig. 1. Vector represe�tation of the act1�g sequence 
Input 81.gnal e( t) 

a) _jo 

b) 

ObserTed •1�al'e(t} 
Keaa�.ement i�terlal utilized i.n the local com:k'utatio� 
with .index 16, corresponding to matrix H(6) 

Jig. 2. Periodic ••qu�oce (period • 2 m) 
baaic eequeucet a) (1, o, 0, 01 01 0) 

o) (1, _,/2, +51;2, _, , +3/2, +3/2) 
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A THECRY OF PARAMETER TRACKING APPLIED TO 

SLOWLY VA RYlNG �ON LINEAR SYSTEMS 

Boris SegerstAbl 
Automatic Control Laboratory 

Technic�l· University, Helsinki, Finland 

1 .  Definiti on of the system 

1.1. Notations 

Let i and j>i be integers and define /i,j/: {i,i+1, • • •  ,j}. 
T is a given fixed integer and in the following we only 
concider the limited time interval�· /O,T/. 

. . 
A n-dimensional signal is a mapping a:/1,n/x� .... JR ( lR is 

the set of real numbers) whose values are called signal 
elements and are denoted a1t � a(i,t). No difference is made 
�otween a .signal and its matrix and because of this we can 
write 

a c 
[a10 a11 
a20 a21 

. . . . . . 
sno an1 

a1T l 
a2T 

.;..J 
The signal value at associa�ed with a signal a is a 

mapping at:/1,n/-JR such that its matrix is 

at • [a1t a2t • • • 8ntJ T 

(a superscript Ton a ma rix denotes transpose). Hence the 
matrix !or a signal value at is the t+1:th column in the 
matri� for the signal a. 

A restriction a I /1, n/x/t1, t2!, /t1, t2/c:�, called a signal 
segment of a, is denot.ed by a/t1, t2/ and its matrix is 

a;(t1,t2/ = [at :at 1 ; .' • •  :at ]· 1. 1+ . . 2 
In cases where t1Eo we use the shorter notation at • a/O,t/. 

A tilde distinguishes a random variable from its values.· 
Hence x can be a random variable and x one of its values. 
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1.2. Definition 

Let U & U0xU1� ••• xUT be a given subset or �+1• U is the 
space ot input signals and an element u in U io an input 
signal (one-dimensional). 

Let A� A0xA1x ••• xAT be a given subset or ( mm)T+1• A is 
the parameter space. and an element a in A is a parameter. 
This means that every parameter in A is a m-dimensional 
signal. 

Let X :; X0�x ••• xXT be a given subset of ( �)T+1• Xt is 
the state space at the moment t and an element :<t in Xt is a 
state at this moment. An element x in X is a state sequence 
(a state sequence is a n-dimensional signal). 

Let x be a stochastic state sequenc� which assumes values 
in X. For every a in A and every u in U the state transitional 
density or a stochastic system is a density function of xt+1, 
t g /O,T-1/, with values !(xt+11xt,ut,at+1). 

In c�ntrast to deterministic systems, where we can use· a 

state transition equation which uniquely gives a value xt+1 
when xt,ut and at+1 ar.e given, we can use only a transitional 
density which uniquely gives a density function on Xt+1 whe� 
xt,ut and at+1 are given. 

Let Y: Y0xY1x ••• xYT be a given subset of mT+1• Y is the 
space or output signals and an element y in Y is an output 
signal (one-dimensional). 

The relation between state and output signal value in a 

stochastic system is given by the observation density f(ytlxt) 
!or every t in 'lr. I! we know a mapping G:Xt-Yt for every 
t in 'lr such that 

(1) 

thenwe call the stochastic system exactly observable. I! the 
parameter a or a stochastic system is a Markov sisnal, then 
we call the system a Markov system. 

These notations give the following characterization or a 
Markov system on the time interval 'lr. 



A Markov system on the interval �is defined by: 

1) The initial sta e d�nsity f_1Cx0la0) ana 
the initial para�eter density f_1(a0), 

2) The state �ransitional density f(xt+11xt,ut,et+1) and 
the parameter transitional density !(at+11at), 

3) The observation density f(ytjxt). 

In the characterization given �bove the initial conditions 
usualy given for d��erministic systems have been replaced by 
initial densities. 

The general difference between deterministic and stoehastic 
systems is hence that when we use values or functions in 
deterministic systems we use density functions in stochestic 
systems and these density functions are as unique as the 
values of the !unctions in the deterministic case. 

2. Formulation and solution or the problem 

2.1. Formulation 

Our problem is a tracking problem and hence our main interest 
is concentrated on the density !unction or the Markov parameter 
at every moment t • o,1, • • •  ,T. Thi� density is at every moment 
conditional with respect to an input signal segment ut-1 and 
an output signal segment yt. Formaly the problem can be 
formulated: 

Let a Markov system be defined by its state transitional 
density, parameter transitional density and observation 
density. Let the initial state density and initial 
parameter density be· given. Let u be a given input signal 
and y a given output signal. 
Determine at every moment t £ /O,T-1/ the conditional 
dens�ty !unction 

f' 1 t t+1) ·,. #t 
. . ( ) \ 8t+1 i u ,y • •t+1 8t+1 • (2) 
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2.2. Solution 

The problem formulated on the preceding page is a typic�l 
bayesian problem and the solution can be o�tained in tte 
following \�ay: 
The following dens.ity functions are given, 

1) state transitional density f(xt�11xt,ut,at+1), 
2) initial state density !_1(x0la0), 
3) parameter transitional density 1(at+11at)• 
4) initial parameter density r 1(a ), - 0 
5) observation density f(Ytlxt)• 

From 2) and 4) can be computed the initial joint density 
r_1(xo,ao) • i_1(xolao)f_1(ao). (3) 

Let the first observed output signal value be y0• The joint 
conditional density of x0,a0 is 

fo(xo,aoiYo) � f�(xo,ao) • f_1(xo,ao)f(yolxo)No(yo) �; 

where N0(y0) is the normalizing constant (for given y0) 
defined by the cond�tion 

From (4) one can immediately compute !�(a0) as 

f�(ao) • � r�(xo,ao)dxo. 
0 

The following step is to predict the density function 
ot X1•� for given u0• This predicted density function is 
given by 

( 5) 

(6) 

!0(X1 ,�) • j !(X1Ix0,u0,� )!(�I a0)f�(x0,a0)dx0da0• XoxAo (7) 

After this the procedure outlined ebove can be continued 
recursively !or every t in � and the general algorithm at 
a moment t ia: 
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1 ) Compute 

rt <xt+1 ' at+1 >·{ xAr(xt+1 1 xt ,ut , at+1 )t(at+1 1 at)tt_ (xt , at )dxtdat 
t t 

2) measure Yt+1 and compute 
.. I t t+1 . 

!t+1 (xt+1 ' at+1 ) • !t (xt+1 ' at+1 )!(yt+1 xt+1 )Nt+1 (u ,y ) 

where 

Nt+1 (u t , ;y
t+1

) • [J ft(xt+1 ' at+1 )!(y t+1 1 xt+1 )dxt+1 dat+1 r
1 

Xt+1xAt+1 

3) compute 
!t+1 ( at+1 ) ·1 rt.1 <xt+1 ' at+1 )dxt+1 

xt+1 

This  general baye n i an a l �ori thm is theore t i c aly a lmost 

t rivial and analogous to c o rre�pond i ng metods for s t ate 
e a t im a t io n

1
, but computationaly i t is in general not easy 

t o  rea l i z e . 

Even i n  the l i near c a s e  wi th Gau � s i a n  densi t i e s  i t  i s  

d i ffi c u l t  to u s e  this a l�o ri thm f o r  o th e r  systems than 

exac tly o b s e rvable o nes whore we c a n  f i nd an a p o s teriori 

s t a t e  m n pp i nr; I! : Xt_1 xut _1 xY t-+Xt which gives the ru l e  for 
c ompu� i n� the value of the s t a t e  v e c t o r  at eve ry  mom ent t . 

The m a i n  d i f fi c u l ty is due to the fac t t h a t  the out put 
s i ena l v a l u e s  e v e n  i n  a l i near sy s tem w i l l  be products o f  

p- ram e t e r  v a l u e s  a n d  s t a te v l ue s a n d  i f w e  a re � iven o n1y 

d o n� i ty func tions fo r aram e t e r  and s t a t e  values we have t o  

c o m p u t e  den s i ty func t ions o f  . roduc t s  of s to c b a s ti c va ri abl es 
a nd t h i s  i s  ra re ly an ea�y task . 

3. The so l u t i on fo r exa c t ly o b s e rva b l e  l i ne a �  sys t ems 

he ncc e � n a ry  de n s i ·r .!"u nc t io ns a:1d ::J a [' p i ngs f o r  exactly 
o b s c rv � b l o  l i ne 'l r  G n.uss -l .a rko v  !: :r s t c :n s  can be cons t ructed · 
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in the following way. 
Let ·m and n be positive inte�ers defining the order o! 

the sy�tem in such a way that the a poster ri state mapping 
can be constructed by using the rule that for every t in � 

where ui and yi are input and output signal values . All 
signal values with negative time index are initial values 
and can be included in an initial state vector x_1 • 

(8) 

Because ut is included in xt and because we can construct 
xt+1 if we know ut+1 ,  1t+1 and xt we can replace the state 
transitional density !(xt+1 1 xt,ut,at+1 )  by the equaly 
informative density ! ( yt+1 1 xt,at+1 ), and we assume that 

!(yt+1 1 xt,at+1 )  • cexp {- p( yt+1 - xiat+1 )2/2] (9) 

where c i s  the normalizing constant (we will allwars use c 
as a symbol for this constant regnrdless of its real value, 
because thi s value is of no special interest). 

We assume that the parameter transitional density is 

�( �1 1 at) • cexp {- ;cat+1 -at)TR(at+1 -at)} (1 0) 

where R i� nonsingular, positive definite and symmetric. 
A flow graph for the system �s shown in Fig . 1 . In the 

figure n i� a sequence of independent Gaussian variables with 
zero mean and identical precision p .  

I t  �s �ather unusual t o  add the disturbance before the 
feedback because this will give �orrelated distur ances in 
the output, but this is a possible way to construct an 
exactly observable system because the state allways can be 
obtained trom measured inputs and outputs. 

In this special case the solution will be rather trivial 
and can be obtained by the recursive application o! one 
equation !o� the 'mean and one equation for the precision 
matrix or tbe density !unction at every moment t. 

The �lgorithm is given by the rule: 
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If r;(at) i s  given by 

. !�(at)  • cexp[ - l<at-�t )T4t ( at-�t >] 
then 

where -1 R-1 )-1 
4t+1 . ( "t; + • 
.... t+1 • .,.. t + )l(Yt+"l 

T + JlXtXt 
"" -1 - xt"' t >6t+1xt 

�h e p�ocedure is atructuraly equivalent to the Kalman 
!il ter2 and the recursive computation of the mean �t+1 of 
the density function can be done by the system in Fig. 2 .  

(11 ) 

(1 3) 

One should obse!'·e that one reason why the algorith is 
so s imple i s  the fa t that the input signal valu6 is !�eluded 
in the state vector. The computations are far more complic�ted 
if one has to compute the densit ies of a1 t ( the " gain" of the 
system ) and (a2t • • • • • am+n+2 , t) ( the " time constant " of the 
sys tem ) separately. Sometimes this cannot be avoided , for 
instance if our main interest is conc entra ted on the gain or 
t e time constant . In this case ve denote 1 a2t , ••• , am+n+2 t) 
by a t  and compute the density function f(bt+1 1 at+1 )f (at+1 � 
where bt+1 � a1 , t+1 • 
The al�orithrn is in this c ase : 

E���!�r_!��£�!-�-�!-���-������-� 
f t ( at ,bt) B cexp� -� (at-�t )TGt (at-�t )-�l t(bt-Pt Cat ) )2} (1 4) 

ft (8t+1 'bt+1 ) : cexp J -;(at+1 -«t+1 )TGt+1 (8t+1-«t+1 ) 
-�1t+1 (bt+1 -Pt+1 (8t+1 ) )2j (1 5)  

(1 6a) 
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kt • put-1 /l t • xt-1 . 
1 '  (kT (G R) -1 • h-1 1-1 

) -1 t+1 • t t• �t + + t 

Pt�1 ( at+1 ) • f t (-;<t) - ki(Pt+R) -1 R( at+1._"'t ) 
( 1 6b) 

�here we have assumed that the prec i s ion o! ( � t • • • • t am+n+2 , t ) i s  a matrix with s�ruc ture 

wuich means that we azsume that th� transitional densities 
of a � n d  b are independent . 

!t+1 (8t+1 'bt+1 ) • cexp ! -� ( at+1 - �t+1 ) TGt+1 ( 8t+1 - �t+1 ) -

where 
1t+1 • 1t+1 + pu� 

-�1t+1 (bt+, -,9t+1 (at+1 ) )2 } (17)  

Pt+1 (at+1 )  • fJ t+1 ( at+1 ) + f1Ut/1t+1 [Yt+1 -8t1xt-utflt+1 ( "t+� 
Pt+1 a f1t+1/1t+1 
st+1 a (Gt+R)-1 Rkt (18 ) 

These computa�ions are not in principle more difficult �o 
do than the computations in (1 3) but they are or course more 
time consuming. 

The marginal densities to r at and bt c�n easily be obtained 
!zoom tbe equations above at eyer;y moaent t .  
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4 .  Nonlinesr timevarying systems 

We start from the assumption that the �tate transitional 
density of the nonlinear system is the density function (9) 
if we assume that there exists an unknown !unction dt : X-.At 
at every moment t such that in (9)  

( t+1 ) at+1 • dt+1 x ' ( 1 9) 

which �eans that the value of the parameter is a time varying 
nonlinear ( or linear) !unction of past and current states .  

I f  this function i s  completely known and easy to handle 
we have no problem , but we assume that we have very little 
information about how the values of the parameter depend on 
the values of the state and hence we are forced to consider 
the more general case where we do not make the assumption ib 
equation ( 1 9 )  but have to assume that the parameter 

( a0 , a1 , • • •  , aT) • (d0 (x
0

) , � (x
1 ) , • • • , dT (x ) )  

is\ a reali zation or a stochastic variable a .  
\ This means that we have to use our information about the 

effects o! the input and the output on the parameter in some 
other way. 

If we know that the amplitudes of .the input signal and 
output signal vary rather slowly and that because of this 
the values of the parameter vary elowl� but perhaps rather 
u�predictably , then we c�n assume that the parameter ia a 
realization of a �arkov parameter with transitional density 
func tion ( 1 0 ) .  The only thing to do after assuming the Markov 
property is to make a clever guess concerning the optimal 
value or the precision matrix R in (1 0 ) . This is or cource 
one or the main difficulties in applying the tracking 
algorithm to this type of nonlinear systems and i t  is a 
problem which has to be solved ( by trial and error) separately 
in every application. 

To test t�e behaviour of the method simulations were · made 
on two very simple nonlinear sy�tems . The first system was 
one wit� exponential non�inearit7 and the difference equation 
for the system can be written in t�e general form 
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vhere nt is a value of a noise signal . 
The second system was a saturating system and its 

difference equation was 

Yt • min(a1 , s�ut )ut + min(b1 , b2/ut_1 )ut_1 + nt • ( 21 )  

All simulation& were made on the time interval /0 , 200/ 
and the input to both systems vas 

ut • 5 (1 +sin(0.01 5t) )  + 0 . 5sin(0 . 5t) . (22) 

Results of typical simulations are shown in Fig . 3 and Fig . 4. 
Fig . 3 shows the result of  a simulation of the system 

with exponential nonlinearity when as parameter values were 
chosen 

a1 • 0 b1 • 0 . 5  
a2 • 2 b2 • 2 
a3 • 0 . 2  b3 • 0 . 1 5 
a4 • 0 . 9  b4 • 0 . 7 

The variance ot the measurement error nt was in tPis  
s imulation 1 . 5 .  

Fig . 4 shows the result o f  a simulati. on or  the saturating 
system when as parameter values were c ho 6 e n  

The variance or the measurement erro r nt was 0 . 9  in this 
simulation . 

The tracking behaviour is quite acceptable although the 
constant delay cannot be eliminated with a Markov-1 assumption 
In Fig . 4 can be seen the effect of an incorrectly chosen 
precision matrix. The tracking o!  the parameter a becomes too 
slow and the tracking of  b too fast which causes overshooting 
in the tracking of b .  The e�fect ot this can be seen in the 
computed output . In the interval /30 , 1 1 0/ the output is too 
large and in the interval /1 40, 200/ it is too small . 

The correction needed in the value o r  the precision matrix 
c an easily be done as long as the effect or the error can be 
seen in the computed output and hence it would be an easy 
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. task to :repeat ·�he simulation or the saturating system with 
better result than the one shown in Fig . 4 • 

.. �. Conclusions 

It is obvious that there is no sense in applying the 
method to systems with known nonlinear characteristics because 
it is easier and safer to compute all para�eter values from 
input and output signal values if it is possibl e .  The method 
we have used is simple and efficient in problems where the 
nonlinear characteristics of the system are unknown or very 
difficult to use in c omputations . 

Simulations have shown that the methoa gives satisfactory 
results even when the precision of the densitiP.s is approxima
ted by a constant matrix . If the maximum value of the variance 
of the solution has been tested by means of the input ( for 
ins�ance usi�g the method outlir.ed in ref .  3 )  it is quite safe 
to choose a suitable approximation for the precision. 

The algorithm present:d in this paper has in a modified 
form been applied to on-line calibrRtion control of instruments 
used !or measuring process data in digital process c ontrol 
systems , and work on this problem is still being done , but the 
preliminary �esults which have been obtained are rather 
satisfactory and indicate that the .method c an be used as a 
means to overcome some of the difficulties c aused by slowly 
varying operating point·s in nonlinesr systems . 
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H E  AP P RO XIMAT ION METHOD OF IDE NTIFIC A T ION 
H.G6reoki , Department of .Automatics and In4u
strial Electronics ,  Academy of Mining an4 Me- . 
tallurgy, Cracow ,  Poland 
J..'I'U.rowioz ,  Institute of Mathematics ; .cr·aoow 
Branch ,  Polish .Academy of Soienoea, Pol.and • 

Introduction 
For purposes statio and dynamic identifioatioD an appro

ximation method is proposed . 
l� t us c onsider the case of statio characteristic 's ap

proximation. 
The problem is to find a curve representing the statio 

characteristic . 
As a rule we have to our disposal the results of the ex

periments ,  grafically represented by the set of po!Dts ·as in 
fig .1 1 From the shape of this set we can forsee the shape of 
the representing curve . Usually in order to determine such a 
curve we must take in account many values of the input sign� 
in the interval [a , b] • 

It leads to cumbersome calculations. In the proposed me
thod only a s�all number of determined values of the !Dput 1s 
suffic ient for the construc tion of the representing curve • . 

In the problem of dynamic identification the class of 
the func tion to be taken as approximating function usual� · 
i·s mown. This circumstance makes easier applioatioD of ·our . . 
method . 

1 .  In 1928 H.Steinhaus has found the solution of the 
following problem3 : .�e convex function f {x) . is given in 
the interval [a ,� • We look for a linear function g (x) =mx+n, · 
such that the integral 

· I a �� f (x) - g(x) l dx 
a 

has the minimum value. 
In o.ther words we seek the secant of the convex aro sucn 

that sum of areas lying between the aro and the seoaDt be mi-
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nimum. The solution o� H.Steinhaus ia 1 The re
J
�ejted secant 

intersects the arc in the points Mp�b , �( !i+ and. 
N [a+(b, t(a+(b;)] it means that All 3 zr.AB , N ' B= tAB /su 
fig .2/, where .A,B are the end points of the interval,  an4 # , • 
� ,N are projections o� �he points M,N on the x-axis.  

This result appears rather surprising as the abscissas 
of the intersection points don't depend from the shape of tbf 
curve , provided that the curve be convex /the direction of 
the convexity is of no matter/ . 

2 .  It follows from the Steinhaus theorem that for .fin
ding the best approximation in the metric of the L-space we 
need only to know the ordinates of the points M and N 
whose abscissas don't  depend �rom the shape of the curve , U. 
refore the knowled�e of the ordinstes of other points in the 
interval [a , b] is superflous. Finally for the convex curves 
the problem of identification by the li�ear approximation re
quires onLv the measurement of two values of the output. 

The requires !unction is of the form 
:r(•+3b) f(3!1_:+_Q) 

g (x) = f (  -2lli}+ ,.--¥ �+� ( x- ¥) (2} 

3. We will consider now the identification using a po
lynomial-approximation. 

From the Market' s  theorem , see1 follows the collo-
raryz 

U the function t(x) is contLluous in the interval [a ,o] 
and if the poljnom Pn(x)= cl.0+ cJ.1x+ • • •  + O(n� b.as the proper
ty that the difference f (x) -Pn(x) changes its sign ill the 
points 

� * � - ¥  oos �1 k :: 1 ,2 ,  • • •  ,n+1 (3) 

and only in these points of the interval [a , b] then holds the 
following inequalityz 
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where �(x) is an arbitral,J polynom of the at most n-degree. 
The equality in (4) takes place oolJ for �(x) = P n(x). 

We remark that 

k = 1, • • •  ,n+1 (5) 

so the polyn:om Pn(x,) is determined , when we know the values 
:f(�) ' • • •  ,:f (�1) • . 

In order that the polJnom Pn(x) satis.f'ying to (5) chan
ges its sign in the points (3) and on!y in these points we 
·_eve a sufficient but not necessary condition: The po!ynom 
has the derivative of order { n+1) not vanishing in any point 

l' interval [a ,b] , see1 • Therefore 1:t we know the ordinates 
in points (3) ano determine the interpolation-polynom Pn(x) 
then we obtain the optimal approximation of the function f (x) 
in the L-space metria , provided that the assumptions o:t the 
quo ced theorem are fulfilled. 

If not, we have an approximation, but we dont know whet• 
er it is optimal or not . 

Denoting 

we obtain form the Lagrange interpolation formula 

) 
n+1 W(x) . P n (X • 5"" f ( �) 

( ) 
, ( 

) k?l x-� w xk 

(6 )  

(7) 

We c onsider now particular case , see fig.}. Suppose we know 
that the function f{x) is convex and we want to approximate 
i:t with the parabola of the second degree . If we know that 
the sign of f (3) ( x) is constant in the interval [a , b] , then 
the interpolation polynom of the second degree whose �rpo-
lation knotes are 

x... a+b b-a V2 x.... a+b x a+b + b-a '/2' 
-�. = � - � 2 . ,= � .  3= � � 2  

gives the best approxima�ion. 
If the assumptions are not satisfied the� is no know -

ing whether the best approximation is given bY a par•bola � 



79 

te�ing the ara of the aurve in two ,  three or tour points. 
Polynmm P}( x) has the. form 

P}(x) =
(
�

a
? {[4f(�) -st(� +4t(x� x2 - · 

-�(�) ( 4 (a+b) +J2(b-a)) -at(�) (a+b) + 

+t(x,) (4(a+b) -�(b-a)) x+�(�) (C��+b) 2+ �2 _ 

-�("2) (•2+6a�»b2)+t("}) (< .. •)2-�2)J} (a) 

5. U the tunotion t(x) is known in the wnole inter
val [a ,� ,  then the following formula holds1 a 

b 1fT J lr(x) -Pn(x) l dx = t(� +¥oosip) sgn[sin (n+2)�d� (9) 
• . 0 

Due this formula we oan oalaulate the error ot the optimal 
approximation in the L-spaoe metria . 

6. We consider now the oase ot the convex surface 

z = f(x,y) (10) 

where the function t (x,y) is defined in a plane bounded acd 
convex domain G • We may approximate the function ( 10) by the 
linear tunotion 

z • g(x ,y) = lllX + riJ + p (11) 

suoh that the integral 

I • V I t(x,y) -g (x ,y) j dx dy = F (m ,n,p) (12) 

attains its minimum value . 
We denote by K the intersection curve of the surface 

(10) with the plane (11) , and by L the projection of K on 
the plane x ,y , and finally by H1 the plane domain bound
ed by L , see fig .4 1  and by Hz the part of domain G exte-

' 
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rior to the curve L • 
Then we have 

I = J[ [ g (x,z;) -f (x ,y)] dx dy+ JJ [  f (x,y) -g(x,y� dx dy 
� . � 0� 

Remark. �e equality {13) holds when the convexity of the 
surface is directed down. In the case of the oppo
site direction of the convexity we put in (13) (-I) 
instead of I • 

The sign of I is of no matter on the further consid
erations. Suppose , that f(x ,;y) has continuous partial der
ivatives. Then the curve L has in every point a determined 
normal,  and the integral (13) has the partial derivatives 
with respect to parameters m,n,p • We calculate these der
ivatives according to Sobolev 's  formula2• 

In the case ot a oouble integral tPis formula takes a 
form : If 

the 

Q 1: JJ 'f'(x,;y , t) dx dy 
G(t) 

� = Jf a If dx dy + J t9(x,;y ,t)vn(x ,;y) de (15) G (t) TT . L(t) 

where we denote by G (t) and . .L (t) the plane domain of in
tegration and its boudar;y depending on t 1 and by vn(x,;y) 
the velocity in the direction of the exterior normal of the 
curve L(t) in the point (x,;y) of this curve , and finally 
with ds element of the ·arc ot the curve L(t) , see fig. 5 • . 
If · the equation of the curve L(t) iaz 

h(x,;y , t) • 0 

and the domain G (t) is c3efined by the ineqU.l1t7 

then the gradient is directed into the interior ot the dcmain 
G (t) , and 

' 
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c h sz + 8 h � 
0 X dt O v  dt 

. lr £A)2. (£.11)2 V \ a x 'd y  
Differentiating (16) we obtain& 

henoe 

'd h � . � h � . 'd h 
0 Y. dt 'd ,. d t  c t 

< h  
at 

• 0 

Finally the formula (15) takes a form 'a h � 
t
Q .. /J7� ft dx dy • J lP c x ,,. , t > -r:;==:::===:a=t=::::;:;- d s 

c.; )} 
(:xht•(�!Y (2:) h (x ,y , t) �  0 h (x ,y , t) ., 0 v r:7 "  

Applying Sobolev ' s formula to the integral (13) we find 
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.Along the curve L holds the equaliq 

t(x,y) • g (x,y) (25) 
In consequence the all curvilinear integrals in formulas (22), 
(23) t (24) are equal zero. a a �quating to zero the derivatives a l  t KI t a 1 .  •• 

obtain • D o p  

Since 

JJ x dx dy .. 

� 

J'J y dx dy .. 

� 

JJ dx dy 

ff X dx dy . 

� 

JJ y dx dy 
� 

dx dy 

JJ x dx dy + JJ x dx dy = JJ x dx dy 
It, � G 

(2a) 

JJ Y dx dy + JJ y dx dy • JJ y dx dy (29) 

JJ dx dy + JJ dx dy 
H1 H 2 

G 

= JI dx dy 
G 
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from (26) , (27J and (2s) 
Jf x dx o;y = 1 fJ x dx dy � 
a, G 

Jf y dx dy 
1 ff ;y dx dy  = � 

H1 G 

JJ dx d;y = � JJ dx dy 

(:30) 

a, G 
The formulas (}o) express the fact that the area of the 

domain a, ie equal to half of the area o:.: the domain G , 
and the oenter of gravity of the domain B1 c oinc ides with 
the oenter of gravity of the domain G • As the area of the 
domain a, and the coordina�es of its oenter of gravity de
pend upon the parameters m ,n ,p hence the e quations (30) 
constitute the system of th:'ee e quations wfth three unknowns 
m ,n,p • From this system we determine the optimal approxi
mati.Dg plane. 

?. Now we consider the general oase of the function of 
· n-variables t(X1 • · · · ·� ·  We waRt to approximate it with tbe 

linear function g(� ' • • •  ·� = ;:E cn+d in such a way that 
tbe integral · .at:r::1 

I ·= J . . . fl t(X1 ' • • •  ·� -g (� ' • • •  ·xJI dx_, ' • • • ·� (31) 
G . 

yields tbe minimum. 
We assume again that f(X1 • • • • •� 

tion in a bounded and convex domain G 
is a convex f'uno

oontaintid : in the n-
dimensional spaoe. 

Then, if )a1 , . . .  • •n) and ( b1 , . . . , bn) are two points 
of' tbe domain G , and A satisfies to 0 � A. � 1 , we haw 

:r(�A + b1 (1-� , • • •  ,anA +bn (1- A)) � At(� , • • • , an)+ 

+ (1-"} t (b1 , • • •  , bJ (:;2) 
Hor further ounsideration it is ot no matter if we replaoe 



the u o�vex func t ion by a c onoave one . 

Le t  

Then 

Sobolev ' s  formula for n-tuple integral is as follows. 

Q = f·· ·f t(� · · · · ·�·t) d� i · ·· ·d� 
G (t 

� = J • • ·[ � t dx.t '  • • • , dxn + 

G (t t 

+ J . . .  J f(x., , • • •  ,xJ . vn (X., , • • •  ,xJ da (.34) 
L ( tJ 

where L (t) is the (n-1) dimensional b;ypersurfaoe bound
ing the doma in G (t) ,vn(X., , • • •  , x.J is the external normal 
c omponent

-
of the veloc ity of the displa cement of the point 

(x., • • • •  , xa) with the change of the parameter t • Fina lly 
dS is the element of the eurfaoe on L(� • 

B,y the analogous reasoning a s  in the case of ��0 v ari
ables � e  obtain similar resul t s .  

The e qua tion 

.. 

c e f ines the hyper surfa c e L 1 bounding the domain H1 c on
t d ineJ in the d oma in G � 

The lcyperplan is optimal when the volume of d omain � 
L & �ual to the half of the volume G 1 and the c enter s of 
� � a < i �7 of the se d omains c oincide • 

•• r; s g  r e quire :nen t s give us (n-t1 )  equations for. d e ter-
rn . .  : o n  oZ: the c oe!f i c  ient s o1 , ., . . ,  on , d • 

[ 1 _I 

(2 ] 

[>j 
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l � na arer Funkc t ione n ,  Ze it schritt fUr Angewandte 
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